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Abstract

In this thesis a photon propagating in a 1D waveguide with multiple chirally coupled

emitters is investigated. A general transfer matrix for multiple emitters is deduced. Based on

this transfer matrix, numerical solutions for the reflectance and transmitance are plotted and

compared with the nonchiral systems. It is found, that the chiral systems are much more prone

to loss, which increases with the difference between the coupling to the fields propagating in the

left and right directions. With the strong coupling the chiral systems has a smaller photonic

band gap than the nonchiral system.
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1 INTRODUCTION

1 Introduction

The introduction of quantum mechanics has led to a whole new understanding of the world. The
last few decades the applications of quantum mechanics in a more practical manner have flour-
ished and the theory has become the foundation in the development of new technologies, such
as quantum computation and quantum information. Light-matter interactions are essential for
building such systems, where quantum optical systems are used to carry information[1].
Light-matter interactions in cavities are of great interest and has been investigated in many as-
pects in order to build quantum optical devices, which enable us to store optical information for
a tunable amount of time[2]. In order to build such devices, it is essential that we understand the
very basic properties of light-matter interactions.

One important aspect of light-matter interactions is the scattering of the photons[3]. The scat-
tering can be changed by using arrays of atoms. Working with such a problem, one are dealing
with a many-body problem. The usual approach to the solution is to solve the system for one
atom, then try to generalize the system of one atom to a whole array of atoms. One method that
has proven very effective is describing the system with a transfer matrix.[4]. This allows one to
investigate important features of the interaction between photons and atoms. In [5] this method
is used in order to look at the scattering properties of the system.

Another aspect is that due to the high velocities of the photons, the coupling between the light
matter is often very weak. To exploit the full potential of light-matter interactions we need sys-
tems with strong coupling, which is slowly becoming a reality. Experimental achievements[6] has
produced near unity coupling effiecency for a system with a quantum dot coupled to a photonic-
crystal waveguide.

Most of the research on systems, with photons interacting with multiple atoms, is based on the
assumption that the systems are nonchiral, i.e. that the interaction between the fields propagat-
ing in the left and right directions are the same. However, recent studies has led to the creation
of chiral systems, where the interaction with the left and right going fields are not the same[7].
The effect of such propagation-direction-dependent emitters has not been investigated much and
is the foundation of this thesis.

In this thesis, I shall be investigating the behaviour of a photon, travelling within a 1D waveguide
with multiple chiral emitters and compare it with the nonchiral system. The main goal is to
derive a general transfer matrix, in order to describe the scattering properties of the system.
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2 PRELIMINARIES

2 Preliminaries

Throughout this thesis, I will assume the reader knows the basic notations and mathematics
used for dealing with quantum mechanics. I will start with a description of the quantization of
the electromagnetic field and continue to the description of the Jaynes-Cummings Model, which
describes the interaction between an atom and a quantized field. This will be the basis for the
derivation of the Hamiltonian operator for the system.

2.1 Quantization of electromagnetic field

I will be looking at a multimode field moving inside a waveguide with multiple emitters. I start by
looking at a classical field, moving in free space without any sources of radiation. Using Maxwell’s
equtations, the electric and magnetic field can be described in terms of a vector potential A(r,t)

[8], where
OA(r,t)
E(rt)=—%7—= 2.1
() =~ (212)
B(r,t) =V x A(r,t) (2.1b)
The vector potential satisfies the differential eqution
1 6°A
2 —_——— =
VA 202 0 (2.2)
and the Coulomb gauge condition.
V-A(rt)=0 (2.3)

This choice of gauge requires the polarization to be orthogonal to the direction of propagation,
which will simplify the later calculations. Assuming the field is moving within a cubic cavity with

side length L, where L > %, allows me to impose a periodic boundary conditions. Requiring
eikmz _ eik’m(az—&—L) eik:yy _ eiky(y—i-L) eikzz _ eikz(z-l—L) (2 4)
Y ) M
allows only certain modes. Thus the wave vector can be described as
27
k = (kz, ky, k2) = f(mx,my,mz) (2.5)

where m;, m, and m; are integers which can be both positive and negative. Distinct sets of these
integers specify distinct normal modes of the field and k = |k| = wy/c. In the interval Am,, Amy,
and Am,, the total number of modes is given by

™

3
Am = AmyAmyAm, =2 (QL) Ak, Aky Ak, (2.6)
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2.1 Quantization of electromagnetic field 2 PRELIMINARIES

where the factor of two has been added in order to take the two independent polarizations into

account. The vector potential will be defined as

A(rt) = Z exs(Ays()e™ T + A} (t)e ) (2.7)
k,s

where I sum over all the modes and the two independent polarizations. Af{*l (t) are complex time
dependent amplitudes and ek, is the polarization vector. From the gauge condition (2.3), the
polarizations must be orthogonal to each other and to the direction of propagation. Thus

€ks * €ky = 653/ (28)
k- e =0 (2.9)

Plugging (2.7) into (2.2) gives the wave equation for the complex amplitude

%Ay
e 4 WA, =0 (2.10)
which has the solution
A () = Agpetiont (2.11)

where A, = Ag(t = 0) and wy, = ck. I only want solutions traveling along k, which correspond

only to the negative solutions. Using (2.7) in (2.1) gives me the electric and magnetic field

E(rt) = i) wreks (Ais()e’™™ = AL (H)e ™) (2.12a)
k,s
i k ikr * —ik-r
B(rt) =~ w ] e (Ars (D)™™ — A (t)e ™) (2.12b)
C
k,s

where the term k/|k| comes from the fact, that the two polarizations form a righthanded system,
such that

k
ekl X ex2 = k| (2.13)
The field energy is given by
1 2 1 2
H= f/ AV | 0| E(r,t)2 + —|B(r.1)| (2.14)
2 v 1o
Looking at the boundary conditions in (2.4) gives me
/ AV e KT — 6 v (2.15)
\%4
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2.1 Quantization of electromagnetic field 2 PRELIMINARIES

which shows, that only modes with the same integers or exactly opposites contribute to the energy.
Thus the contribution from the electric field is

3 J, VAlBEOF = 55 S (20
—eks " € ky [Aws(t) ALy (1) + Ao () Aks (1)] } (2.16)
I now look at the contribution from the magnetic field. The cross product can be separated into
two parts
(k x eks) - (k X exs) = dss (2.17)
(k x exs) (~k x e_yy) = —eys - ey (2.18)

Thus I get a change in sign when calculating the contribution from the magnetic field. I get

€0V
5 ) VB - it (2045,
ks - et [Aks (A% () + A (DA e (D]} (219)
Putting (2.16) and (2.19) into (2.14), the two last terms cancel out and I end up with
H =260V > wipAks(t)Af,(t) (2.20)
k,s

From (2.20) it is apparent, that the energy only depends on each individual modes, since all
the terms including crossterms cancel out. Thus, all modes are decoupled and do not interfere
with each other. This feature gives rise to a canonical quantization of the field. Thus I wish to
introduce the canonical momentum py, the canonical position gys, that are both dependent on
time. I define

1
Aps(t) = ——— +1 2.21
ks() 2Wk\/£W(WRQkS Zpks) ( a)
1
AL () = ——— —1 2.21b
ks (1) o \/go—v(kaks iPks) ( )
Inserting this in the Hamiltonian in (2.20) and it becomes
1
H= 5 Z(pl%s + wl%‘]l%s) (222)

k,s
which is just a sum of multiple independent harmonic oscillators. Looking at Hamiltons equations
of motion[9] I get

oH

s _ 2.23

Gks 8pks DPks ( a)

. OH

s = =5 — = — Wl s (2.23D)
Gks
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2.1 Quantization of electromagnetic field 2 PRELIMINARIES

from which it is apparent, that the dynamics of the new variables are the same as what I got from

Maxwell’s equation, since
ks +Wiges =0 and s + wiprs =0 (2.24)

and are thus canonical conjugate variables. This means that I can proceed the quantization by
changing the canonical variables to the canonical operators Gy and Py, which satisfy the canonical

commutation relations[10]

[Gis>Gis] = [Prs:Pros] =0 (2.25a)
[GksPrs] = ihde (2.25b)

This allows me to describe (2.20) as a Hamiltonian operator

1 ~2 252
H = B > (D + wiidies) (2.26)
k,s
which is just the quantum mechanical description of a harmonic oscillator. Working with the
harmonic oscillator it is convenient to introduce the annihilation(creation) operators, d,(j). These

operators will be defined as

A 1 N .
s = 37— (Wkks + 1Pks) (2.27a)
A 1 N .
a’Tks = ka (kaks - Zpks) (227b)
which fulfils the commuation relations
[&kadk’] = |:d;;.7d;2./:| = (228&)
(.} ] = o (2.28b)
This allows me to rewrite (2.26) as
~ o 1
H = Z Aoy, (aLsakS + 2) (2.29)

k,s

The amplitudes in (2.21) can now be described as operators in terms of the annihilation and

creation operators defined in (2.27)

R i 1/2
A _ ( ) () 530
ks = \QupegV ) Mk (2.30)
Thus the electric field can be described as an operator
n ; mk 12 ~ ik-r PN —ik-r
E(r) =i ; (250‘/) €ks [akse — aLSe (2.31)

6 of 25



2.2 Jaynes-Cummings Model 2 PRELIMINARIES

1/2
where & =1 (%) , where V is the volume of quantization.
Since the strength of the magnetic field is in order 1/c compared to the electric field strength, the
effects of the magnetic field are negliable compared to the ones from the electric field and will not
be investigated further.

In this thesis the electromagnetic field is interacting with multiple emitters within a 1D waveguide,
which will lead to guided and unguided modes. Thus the electromagnetic field can be described

as a sum over all guided modes plus a sum over all unguided modes of the waveguide.

E = (guided) + » _(unguided) (2.32)
k k

The only modes that will interact with the atoms are the ones supported by the waveguide. I will
assume the electric field is focused around the atomic frequency wy with a flat profile with cross
section A and extend to some length L > 1/k. The effective volume of quantization will thus be
described as V' = AL. To simplify the calculations, I will be assuming the field will be polarized
in the x-direction and propagating in the z-direction. Thus, the guided modes can be described
by the quantized field

A 1 . .
Eo(2) =Y & —= |age™ — al e~ (2.33)
; °VL { e

1/2
where & = i (;;"T’;‘) / , which is the definition I will be using in the later calculations. Later I
will take the unguided modes into account, by adding a term to my Hamiltonian, which describes

the decay to unguided modes.

2.2 Jaynes-Cummings Model

The interaction between an atom and a quantized electric field is described by the Jaynes-
Cummings model[8].
H=H,+ H;+ Hi (2.34)

where fIa is the free atomic Hamiltonian, H 7 is the free field Hamiltonian and fImt is the inter-
action Hamiltonian, that describes the interaction between the field and the atom.

I am considering a single-mode field in a cavity and a two level atom. The ground state shall be
denoted as |g) and the excited state as |e). Assuming the dipole moment and the polarization of

the electric field is in the same direction, the interaction Hamiltonian is given by

A

Hipy = —d - Ey(2) (2.35)

where d is the dipole moment operator and E is the one found in (2.33) evaluated at the position
of the atom z;. I use an index, as I shall later be looking at an array of atoms.
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2.2 Jaynes-Cummings Model 2 PRELIMINARIES

Looking at parity considerations, one realizes that the dipole moment is odd under parity trans-
formation, so only off-diagonal terms are non-zero. Hence the dipole moment operator can be

written as, in the basis of the atom states

A

d = le) (el d|g) (9] + |g) (g] d |e) (e] (2.36)

Defining d = (e| d |g), d* = (g|d|e) and &;; = |i) (j|, where i and j can be either e or g, (2.36) can

be written as

A

d = (dGeg + d*Gge) (2.37)
Inserting (2.37) and (2.33) in (2.35)

A

1 | }
Hiny = — Z Eo—=(dbeg + d"Gge) CAlkelkzi + &Le_mzi
ST ( )

Lo ke A AT ik o ik At ik
=—h) N3 (gaegakemzl + gBegite 5 4 "G peare™ + g* 6 cake ’kzl) (2.38)
k

where 6., is the operator that takes the atom from the ground to the excited state and &4, from
the excited to the ground state and ¢®*) = d*)&y/h is the coupling between the atom and the
field. & depends on the cross section of the effective quantization volume, which makes sense
physically. If A is numerically large, the chance that the field will interact with the atom is much
smaller, since the field has more "free" space to propagate in.

Looking at (2.38), it is apparent that 5eg€ﬁ corresponds to the atom going from the ground to the
excited state by emission of a photon and 64.a corresponds to the atom going from the excited to
the ground state by absorption of a photon. Hence they do not conserve energy and will be left
out. This can also be shown using the rotating wave approximation, where it can be shown that
since I am looking at near resonance frequencies, these two terms will vary in time with a much
higher frequency, and can thus be neglected. I end up with the following interaction Hamiltonian

A

1 g D
Hipt = —hz T (gdkﬁegelkzl + g*azagee Zkzl) (2.39)
A L

The free atom Hamiltonian describes the energy between the ground and the excited state and is
given by
H, = hwooee (2.40)

where fiwy is the energy between the ground and excited state. Inserting (2.39), (2.40) and (2.29),
without the zero-point energy term, in (2.34) I arrive at

A 1 g fat A ik
H = hwobee + hz ﬁwk&};&k — hZ(g&kﬁegelkzl +g CLJ;LUgee zkzZ) (2.41)
k k
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3 THE MODEL

3 The Model

In this section I will start deducing my Hamiltonian describing the system I am looking at.
After that I will solve the time dependent Schrédinger equation in order to look at the behavior
of an atom interacting with an electromagnetic field. Lastly I will solve the time independent
Schrodinger equation, in order to see how the electromagnetic field scatters when interacting with

an atom.

3.1 The System Hamiltonian

I shall be investigating a photon incident from the right into a waveguide with an emitter. In
section 2.1 I made a detailed description of the quntized field inside the waveguide. In order to
take the decay to modes outside of the waveguide, I will be adding a complex term, A s, given by

_ s, (3.1)

which describes the decay to unguided modes. This added term will be justified later in section
3.2.

I am investigating near-resonant frequencies and can thus treat the photons propagating in the
left and right direction as separate fields, defining

~  ikz deefikz for k<0 (3 2)
ape"™* = . .
* apge™  for k>0
which allows me to rewrite (2.41) as
f{ = hwoGee + hzwkazék — Z f gL Lar, kO’ege —ikz; +gz,k&£k5’geeikzi)
k k<0
+> — \F (9R kAR KGege ™ + g ik Ggee Z’“Z’)] (3.3)
k>0

where g(L*) is the coupling between the atom and the field propagating in the left direction and

gg) is the coupling to the field propagating in the right direction. The fact that I use direction-
depended couplings, is what makes the system chiral. In a nonchiral system, on would assume
that gr = gr. In section 3.2 this will lead to two distinct decay rates to modes propagating in
the left and right directions. I wish to go from the Schrédinger picture to the interaction picture.
I define the following Hamiltonian and state vector

I:IQ = I:Ia ~+ hwy Z &L&k (34)

k
iHgt

(W) =e T |¥) (3.5)
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3.1 The System Hamiltonian 3 THE MODEL

This allows me to rewrite the Hamiltonian in the Interaction picture

A~ iHgt A ~ iHgt
A =e 7 (H-Hy)e 7
= hZAde&k - Z \F (9Lar kGege —tkzi gz&j:’kﬁgeeikzi)
k k<0
+ Z \/~ (grar kaege . +g>}k{d};’k&ge€_ikzi) (3.6)
k>0

where Ay = wp — wp, is the detuning. From now on I will be working in the Interaction picture
and will write A’ as H.
I wish to change the sum to an integral. From (2.5) I get the separation between points in 1D

k-space, which is
27

I define the continous creation and annihilation operators as
L/ +(— +ik
dzE e~ 3.8a
il = / L) (3.50)
L 1
PN ikz A (T NG
aM (k / dzET () (2)e Tz = %al(ﬁ) = ma,(c) (3.8b)

where Et(z) = aie™™ and E*(z) = [E*(2)]!. Looking at the commutator for a(f)(k) I get
(a(k).af (B)| Ak = [ax,af] = S (3.9)

If I sum (3.9) over all values of k it will equal one. Assuming the separation of modes gets negligibly
small, compared to the full length, the sum goes to an integral and Ak may be approximated by
the differential dk. Thus I get

> la(k),a' (K)]Ak =1 — /dk[a(k),aT(k’)] =1 (3.10)
k

The right hand side can only be true if the commutator of the continuous operators equals the
dirac delta function.

(k). (k)] = o0k — k) (3.11)
I multiply the right hand side of (3.6) with &%

~ 1 1 ) )
_ A &T Ak —h | ————— ar 1.5 e—zkzi + * &T & ezkzi Ak
L ; kW Gk [ /727-( ﬁAkZ Z(QL L,kOeg gy, L.kOge )

k<0

> (graRkGege™ + ghith G gee” ) Ak (3.12)

1
+7
V2mv Ak >0
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3.2 Time dependent Schrédinger Equation 3 THE MODEL

Using (3.8) and assuming the separation gets negligibly small compared to the full length, such
that the sum goes to an integral, I can rewrite (3.12) to

N h - oo
H=h / dkARal (k)a(k) — Nex { / dk(grar (k)6ege™ ™ + gtal (k)6 gee™)

- / dk(grar(k)Gege™ + gga;(k)&gee“%)} (3.13)

I now wish to describe it in real space. I define the creation and annihilation operator in real

space, as the fourier transform of the ones in k-space.

/dkaR Uk—ko)z and /dch ik—ko)z (3.14)

er(z) = \/—27 / dkar (k)e "*F=ko)z and / dzep (z)elk—ko)z (3.15)
which have the following commutation relations

[e0(2).21(2))] = [er(2),85(=)] = 8(= = 2') (3.16a)

le0(2).6h(2)] = [er(2).eL(2)] =0 (3.16b)

I am assuming the photons are near resonant with the frequency of the atom, thus I can approx-

imate Ay, as
Ak =~ Ug(k‘ - ko)

This allows me to transform (3.13) into real space and my finale Hamiltonian is thus given by

f=_"s, L (ug / iz <iéTLaéL(z) - ié}z(z)aé}g(z)>
2 0 0
= [ dzd(z — ) {gren(Doege 0 + gicl ()™
—/dzé(z — %) {gRéR(z)A etkoz 4 gRCE( )agee_ikoz}) (3.17)

where I have added the side term from (3.1), which describes the decay to unguided modes.
The second term in the first line describes the propagation of modes in the left and right going
directions. The two last lines describe the coupling between the left- and right-going quantized
field and the transition |g) > |e). For a more detailed derivation see Appendix B.

3.2 Time dependent Schrodinger Equation

I wish to solve the time dependent Schrodinger Equation, in order to look at the dynamics of the

atom.

0 .
i |¥) = H|¥) (3.18)
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3.2 Time dependent Schrédinger Equation 3 THE MODEL

I use the Hamiltonian found in section 2.2, equation (3.17), described in the interaction picture

and where the rotating wave approximation has been used. I define the state vector
) = £ 1) 10) + [ dz (FR(=)h() + LLG0E) 19)10) (3.19)
where |0) is the vacuum state. I wish to find solutions that fulfil
frR(z<04)=0 or  fr(z>0t)=0 (3.20)

The left hand side of (3.18) is

o1w) _
ot

i =i (7010 10) + [ = (Faledh + fulz0() ) 19)19) (3.21)

Using the commutation relations in (B.4a), the right hand side becomes
2 .0 x _—ikgz | af
A1) = h [ dz{ (=ivy g fr(zt) = 0 = 20 foO)ghe™™0%) 2)
z

+ (g ue) = 8 = 20t ™ ) ) o) 10
B {thS

£(t) + / dz (g fu(z0e ™ 0%6(z — )
+grfr(zt)e?5(z — 2)) }le) |0) (3.22)
I multiply both sides of (3.18) with (| (| and (0| (g| and arrive at
fo(t) = —% folt) +i / dz6(z = 2) (g1 fu(z,t)e™ + g fr(zt)e™)

_%fe(t) +i (gLfL(zi,t)e_ikOZi - ngR(z,-,t)eikOZ") (3.23a)

[ @z (fate) + o) = [ ae{ (<vpatinet) + i6( = 21 Ogie )

+ (vga fr(zt) +1i6(z — z) fe(t) 9], ’“0)} (3.23b)

From (3.23b) I get two differential equations
fr(zt) + vg%fg(z,t) = i0(2 — 2;) fo(t) gheto (3.24a)
fr(zt) — 6 fL(z t) = i6(z — z) fo(t)gt e *Ho? (3.24b)
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3.2 Time dependent Schrédinger Equation 3 THE MODEL

I start looking at (3.24a). I assume the solution takes the form fr(z,t) = GRr(z,7r), where
Tr =t — =. The left hand side of (3.24a) becomes

: 0 0 0 1 0
fR(Z,t) + ’Ug&fR(Z,t) = %GR(Z,TR) + ’Ug (&/GR(Z?TR) — 'Uga'rRGR(Z’TR)>
0
= 'Ug@GR(Z7TR) (325)

The same method can be used for fr,(z,t), assuming the solution takes the form f7(z,t) = Fr(z,71)
where 77, =t + % Using this and the conditions in (3.20), I get the solutions

Gulr) = M )t (3.26a)
g

Gr(z7) = w fo(t)eihoz (3.26D)
g

Plugging (3.26a) and (3.26b) into (3.23a) and assuming the atom is placed at the position z; = 0,
I have to evaluate #(0), which is undefined since the Heaviside function is only defined for values
less or greater than zero. To get a result, I will have to make a choice, thus I will assume 6(0) = %
At the end one will see that this choice gives the same result as I arrive at, if I only look at an
atom, with no photons present, see Appendix A, where this approximation has not been used. I

get the following differential equation
T +Tr+T5

fe(t) = 9

where T g1y = |gr(1)|*/vg- (3.27) has the solution.

Jfe(t) (3.27)

oty =3 (3.28)

where I' = I'p + I'f, + I'g, is the decay rate of the atom. I'p and I'y, are the decay of modes
propagating in either the left or right direction inside the waveguide and I'g is the decay rate to
unguided modes, as shown in Figure 1. The fact that I used direction-dependent couplings in
section 3.1, is what gives rise to chiral decay rates.

.
@

1D waveguide

R

Figure 1: An atom(red dot) in a 1D waveguide, which may decay in left(I'z) or right(I'g) going
guided modes or unguided modes(I'g).
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3.3 Time independent Schrédinger Equation 3 THE MODEL

The results from (3.26a) and (3.26b) justify the added side term to my Hamiltonian. I could have
solved the time dependent Schrédinger Equation using the sum over all modes in my Hamiltonian
instead, leading to the results I just found, a decay into left and right going guided modes plus a

term of the decay into unguided modes.

3.3 Time independent Schrodinger Equation

I now wish to solve the time independent Schrédinger Equation in order to look at the interaction

between the quantized field an the atom.
H|U) = E|¥) (3.29)

As before, I will use the Hamiltonian found in section 2.2, equation (3.17) and the state vector
(3.19). The Hamiltonian is described in the interaction picture and the rotating wave approxima-
tion has been used. The energy is £ = Eppoton — Eatom- Plugging into (3.29)

B (116} 0)+ [ dz (fa2)cheh() + 1221 )) lo) )]
=i [ @z {(<ivggn i) - 8z - 2)£.(Oghe ) eh(2)
+ (i Fu(20) = 8l = 2 ult)gie™ ) 2L o) 0
{00 + [ a0 - 2) (91 Sue00e M + grntz0e ) He ) (330

Multiplying with (@] (g| and (@] (e| on both sides and T get

Efe=—h <9LfL(Zi)€ikOZ + grfr(z)e*0% 4 ZFTS fe> (3.31a)
E/dz fr(2) + fr(z)) = h/dz { (—ivgafR(z) — 52— Zi)feg};e—ikoz>
+ (i 12) = 0z = 2) e ) | (3.31b)
From (3.31b) I get differential equations
aifR(z) - ;ng(z) + Zgj foe~h0z5(5 — 2;) (3.32a)
%h(z) = _évngL(Z) — igngeeik()za(z — ) (3.32b)

When looking at the scattering, I am only interested in looking at what happens around the atom
at z = z;, and not how the field evolves between the atom. Thus I integrate from z; — € to z; + ¢,
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3.3 Time independent Schrédinger Equation 3 THE MODEL

where z; is the position of the atom and € is a small distance which I will let go to zero at the
end.

zite€ ] zite€ ok zite .
[ e ney = o [ g+ g [ gz 2 (3.33)

i—€ N hT’g zi—€ Vg i—€
Doing so, the middle term will go to zero in the limit ¢ — 0. The last integral on the RHS will
just be e?*0%  since z; is included in the area of integration. The left hand side will just be fr(2)

evaluated at two end points. Defining z;r = z; +eand z; = z — € and rearranging I get

Fr(a7) = f(er) + 2B femihos (3.340)
g
fr(z7) = fu(zh) + Zf—z fee'kozi (3.34b)

g

where fr(z; ) and fr(z; ) are to be considered as the left and right going fields a distance —e
from the atom and fr(z;") and fL(z;") are to be considered as the left and right going fields a
distance +¢ from the atom.

Since both fr(z) and fr(z) has to be continuous at z; I can write

fry(z) = % (fR(L)(ZQL) + fR(L)(ﬁ)) (3.35)

Using the result from (3.34a) and (3.35) I can rewrite (3.31a) as

Cikoz D TS i
Efe = —h {gLfL(z;“)e ikozi + 7Lfe + ngR(Zi )ezkozz + TRfe + ;fe] (3'36)
2
where I'p(1y = % are the decay rates of the left and right going fields. If I rearrange I get an

expression for f,

o = Mo fnEne s gnfr(en)e) (3.37)

e~ ihT :
E+ 1L

where I have defined the total decay I' = T'p + I'p, 4+ I's. Plugging this into (3.34a) I get my two

functions, describing the scattering of the fields

fr(z") =tr(E)fr(z;) + r(E)e_i%OZ"fL(zf) (3.38a)
fu(z) = to(E)fL(z) + r(E)e™™% fr(z) (3.38b)

where I have defined

ihl'R ihl'y, th/I'rl'y,
tr(E)=[1- 28 ) B =(1- 2L ), B) =V R L 3.39
R( ) < E+”’2’F> L( ) < E+,;72,F> T( ) E+,;72,F ( )

For the nonchiral system one would get tgr = t1, thus the probability for decays to modes prop-
agating in the left and right directions would be the same. It is important to notice, that the
reflection coefficient is not chiral, and thus the probability for the field to get reflected is the same
for both directions.
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4 SCATTERING OF THE FIELD

4 Scattering of the field

In this section I will be investigating the scattering of the field. Using the transfer matrix
method[4] T will deduce a general transfer matrix, describing the scattering of the field from
a whole ensemble of atoms. I then plot numerical solutions based on the transfer matrix, where
I compare the chiral system with a nonchiral system.

4.1 Transfer Matrix

In section 3.3 I found the equations (3.38) describing the scattering of the field. I now wish to
describe it in matrix form such that

+ -
fr(z") fr(z)
where I on the LHS have the fields just right of an atom and on the RHS I have the field just left

to the atom multiplied by some transfer matrix T. Rearranging (3.38b) and inserting in (3.38a)

gives me the matrix

T =D 'MD (4.2)
where ,
_ T ikozi
M = (te=5) 7 and D= y (4.3)
_r 1 0 e thoz
tr, tr,

It is important to notice, that the matrix D depends on the position of the atom, z;, hence the
transfer matrix for each atom will be different. If I want to look at an ensemble of N two-level
atoms, I first assume that the atoms are arranged periodically with some lattice constant d and
that the first atom is located at z; = 0. The n’th atom will thus be located at z, = (n — 1)d.
This allows me to write the transfer matrix for the n’th atom as

T, =D, " "™MD{" (4.4)
where I have defined
eikod 0
Do={ "y i (4.5)

Thus, the transfer matrix for the first atom is just Ty = M, since D8 = I, where I is the
indentity matrix. Now if I am looking at an ensemble of N atoms, the full length of the system
is L = (N — 1)d, and the complete transfer matrix, Tg is

Tp=TyTy ;- Ty =Dy VUMDY 'D; M PMD"...D;'MDM  (4.6)

16 of 25



4.1 Transfer Matrix 4 SCATTERING OF THE FIELD

which can be simplified to
Ty = DyV (DeM)Y (4.7)

Thus the output can be written in matrix form in the following way

fr(LT) \ fr(z)
( fr(Lh) ) -t ( frz) ) (48)

where L™ denotes the position right after the last atom in the ensemble as illustrated on Figure

fr(z1)
—>_—;
—
fL(Z1) — | 4 fL(LJr)
2 | T R

Figure 2: A 1D waveguide (green area) with N two-level atoms (red dots) separated with the
lattice constant d. The first atom is located at z; = 0 and the n’th atom is located at z, = (n—1)d.
The full length of the system is L = (N — 1)d. The field on the RHS is described by the field on
the LHS multiplied with the Transfer matrix Tp.

To find the transmittance and reflectance for the left going field f1(z) interacting with N atoms,
I will assume to have light incident from the left and (4.8) reads

LT = )=
Ia(L7)=a ) g (Jrla) =0 (4.9)
fo(LT) =0 fr(zr) =c
where b is the incident field, a is the reflected field and c is the transmitted field. T g will have

some matrix elements
T T
Tp=| 1 712 (4.10)
Tor T

One can now easily find the transmittance and reflectance in terms of matrix elements, by looking

at the ratio between the incident, reflected and transmitted fields. Thus I get

ER 1 la* _ |Thof?
T E = 7779 — T/~ 19 and R E = — =
L(E) = 158 = TP LUE) = 2 = P2

(4.11)

To find the reflectance and transmittance for the right going field, one just has to switch around
FR and FL.
It can be confirmed, that (4.11) gives the same result for one atom, as one would get calculating

the transmittance and reflectance from (3.38).
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4.2  Scattering of ensemble of two-level atoms 4 SCATTERING OF THE FIELD

4.2 Scattering of ensemble of two-level atoms

In section 4.1 I have just derived equations which allow me to calculate the transmittance and
reflectance from the Transfer matrix of the ensemble, equation (4.11). It can certainly be done
analytically, but for high values of N the results gets very ugly and does not give much information.
Instead I have made numerical solutions.

The chiral system is highly dependend on I's and will in general have a higher loss than the
nonchiral system, see Figure 3. The loss increases with the difference between coupling to the left
and right going fields. The transmittance goes to zero when the number of atoms are increased.
This is due to bragg scattering, reflected fields with a phase 2kd = nn will have constructive
interference, creating a photonic band gap(PBG), where certain modes cannot pass through[11].
In the nonchiral system, this will lead to complete reflection at resonance and no loss, where the

chiral system will have no transmittance, but always some loss.

(a) Ts = 1T and I‘R:%I‘ (b) T's = T and I‘R:%I‘

-2 1 -2

Figure 3: The transmittance and reflectance plotted as functions of the number of atoms in the
ensemble, with kgd = m and E = 0. Both chiral(I'r # ') and the nonchiral(T'r = I'y) systems,
denoted with ¢(chiral) and nc(nonchiral), have been plotted. The relation between I's, I'g and T’
is noted under the plots. Both plots are between strong and weak coupling. In all cases T goes
to zero and Rg converges to one for the nonchiral system and to some number, depending on the
difference between I'p and I'r,. The nonchiral system has less loss than the chiral system. It is

the same picture one sees for the strong and weak coupling.
From Figure 3 it is apparent that the chiral system will always be connected to some loss, whereas

the nonchiral system will end up as a Bragg Mirror for high values of IV for certain frequencies.
When the system is in the weak coupling regime, the PBG is wider in the chiral system, and
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4.2  Scattering of ensemble of two-level atoms 4 SCATTERING OF THE FIELD

the reflected field is almost nonexistent, thus greatly restricting the allowed frequencies for the
system, see Figure 4. In this case the nonchiral system seems to be more efficient and has more
properties. Looking at the strong coupling regime, the picture changes. Suddenly the PBG is
much wider for the nonchiral system and the loss of the chiral system has decreased dramatically.
The chiral system even allows transmittance of frequencies, where the reflectance of the nonchiral
system reaches unity. Though this is an extreme case with I's = 0.01T", it is not an unrealistic
picture, since systems with very strong coupling are being developed[6]. I have looked at the
system where the atoms were separated by a lattice constant such that 2kod = /4. If the atoms
instead were separated by a lattice constant such that 2kgd = n7 and the system had the strong
coupling, the transmittance of the nonchiral system would almost go to zero with just two atoms,
whereas transmittance for the chiral system would be almost unity and then slowly decrease as

N would increase.

- = Traoo(E/T)

_RR300(EIF)
0.8 f | T (E/T)

R30nc
E/T)

R

R30nc(

- - 'TRSOC(E/F)
— RRsOC(E/P)
......... TrsoneEL)

- RRSOnc(E/r)

0.6

0.4

7

]
Ve G

1 15 2 25 3 35
E/T

(a) T's = 0.9T and T'g = 0.096T (b) I's = 0.01T" and ' = 0.95T

Figure 4: The transmittance and reflectance plotted as a function of E/T', with kod = /4 and
N = 30. Both chiral(T'g # I'1) and the nonchiral(I'g = I') systems, denoted with ¢(chiral) and
ne(nonchiral), have been plotted. The relation between I's, I'g and I is noted under the plots. (a)
is the weak coupling regime and (b) is the strong coupling regime. For the weak coupling regime,
the PBG is bigger for the chiral system, whereas for the strong coupling regime it is opposite.
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5 CONCLUSION AND OUTLOOK

5 Conclusion and outlook

In this thesis I have investigated how a photon interacts with a chiral ensemble of atoms within
a 1D waveguide.

I have solved the time dependent Schrodinger equation, in order to look at the dynamics of the
atom. It was shown that the atom will decay into a left or right going guided modes or into
unguided modes and thus leaving the system.

Next the interaction between the field and the atom was investigated. By solving the time de-
pendent Schrédinger equation, I found that the incoming fields would result in a superposition of
a reflected and transmitted field.

Based on the result from the time independent Schrédinger equation, the Transfer matrix method
was used to develop a transfer matrix, describing the interaction for one atom. This was used to
develop a general transfer matrix describing the interaction of one photon with a whole ensemble
of N emitters, based on the assumption that the atoms were arranged periodically with some
lattice constant d.

The general transfer matrix for the ensemble of atoms was then used to produce numerical solu-
tions for the system. The chiral system was compared with the nonchiral systems. It was shown,
that the nonchiral system would have almost no loss as the number of atoms would increase,
whereas the chiral system would have a huge loss. The loss of the chiral system would increase
with the difference between the coupling between the atom and the left and right going fields.
Differences between the strong and weak coupling regimes were investigated, where it was shown,
that the photonic band gap, relating to the Bragg scattering of the system, would decrease for
the chiral system, as the coupling would increase.

The chiral systems shows a different behaviour than the nonchiral systems and it will be inter-
esting to see if such systems can be used to construct arrays of atoms with the desired properties
to build effective quantum systems. On a theoretical manner, this would be easy to investigate
further, now that a general transfer matrix for a chiral system has been developed. One could
imagine looking at an ensemble of atoms with different chirality. Furthermore, I have assumed
that the atoms are placed periodically with a periodic lattice constant. In practice, this is very
hard to accomplish, hence it would be more useful to analyse the system, where the atoms are
randomly placed in the waveguide.

20 of 25



REFERENCES REFERENCES

References

1]
2]

3]

[11]

[12]

H.J.Kimble. The quantum internet. Nature, 453, jun 2008.

M. Hafezi D.E. Chang, A.H. Safavi-Naeini and O. Painter. Slowing and stopping light using
an optomechanical crystal array. New Journal of Physics, 13, feb 2011.

D. Witthaut and A.S. Sgrensen. Photon scattering by a three-level emitter in a one-
dimensional waveguide. New Journal of Physics, 12, apr 2010.

A.R. Lupini M. C. Troparevsky, A.S. Sabau and Z. Zhang. Transfer-matrix formalism for the
calculation of optical response in multilayer systems: from coherent to incoherent interference.
Optics Ezpress, 18(24), nov 2010.

Ivan Iakoupov. Photon gates in atomic ensembles. Master’s thesis, University of Copenhagen,
2013.

M. Arcari et al. Near-unity coupling efficiency of a quantum emitter to a photonic-crystal
waveguide. Physical Review Letters, sep 2014.

Peter Lodahl et al. Chiral quantum optics. Nature, 541:473-480, jan 2017.

Christopher C. Gerry and Peter L. Knight. Introductory Quantum Optics. Cambridge Uni-
versity Press, 2004.

Alexander L. Fetter and John Dirk Walecka. Theoretical Mechanics of Particles and Con-
tinua. Dover Publications, INC., 2003.

David J. Griffiths. Introduction to Quantum Mechanics. Cambridge University Press, second
edition, 2017.

A.V. Gorshkov D.E. Chang, L. Jiang and H. J. Kimble. Cavity qed with atomic mirrors.
New Journal of Physics, 14, jun 2012.

J.F. Leandro and F.L Semido. Entanglement in weisskopf-wigner theory of atomic decay in
free space. Optics Cimmunications, 282:4736—4740, dec 2009.

21 of 25



A DECAY OF SINGLE EMITTER INITIALLY IN EXCITED STATE

Appendix A Decay of single emitter initially in excited state

I wish to describe the decay of a single emitter, which initialy starts in the excited state, with no

photons present. I define the state vector
[t =0)) =[e)|0), b)) = fe(t)]e) [0) + D fu(t)af g} |0) (A.1)
k

I am only interested in solving the system in order to see how the atom will decay. I could solve
it for all modes and polarizations, but for simplicity, I shall only be looking at guided modes for
k > 0 polarized in the z-direction. The Hamiltonian describing the system is given by

H =1y {vg(k = ko)alax — grindey — ghaloge | (A.2)
k>0
where &,(j) is the creation(annihilation) operator, 64 is the operator taking the atom from the

excited to the ground state, 4. is the operator taking the atom from the ground to the excited

state and gg) = id™ /h (;Z"T’{,) 12 is the coupling between the field and the atom The Hamiltonian
is described in the Interaction picture and the rotating wave approximation has been made. I have
furthermore assumed, that the system will have frequencies, wy, close to the atomic frequency, wy
and thus written (wy —wg) = vg(k — ko). I wish to solve the time dependent Schrédinger equation

L O10() _ A
th = H [¢(1)) (A.3)
Plugging in (A.1) and (A.2)

Fele) 10y + > fral 1g) 10) =i > {gnf(t) |e) |0)
K

k>0
+(gife(t) — fr(t)vg(k — ko))al |g) 0} } (A4)
giving me two coupled differential equations
fe = z'gR Z fk(t) (A5a)
k>0
fr = ighfe(t) — ifr(t)vg(k — ko) (A.5b)

(A.5D) is a linear first order differential equations, which has the solution

t ,
fk(t) _ 2973/0 6fzvg(kfko)(t7t )fe(t/)dt/ (AG)
Inserting this in (A.5a) gives me
. t ,
o= —lgnl® Y [ et yar (A7)
k>0"0
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A DECAY OF SINGLE EMITTER INITIALLY IN EXCITED STATE

Assuming the separation between modes in k-space is negligibly small compared to the full length,
Ak can be approximated with the differential dk and the sum goes to an integral

1 1 [
> Ak — — / dk
Ak = Ak Jo
With Ak =27/L (A.9) can be written as

i [ [ peatan (4.8)

1/2
where gg) = id(*)/ h (ﬁ‘;’;) / . In order to solve the above equation, I will be using Weisskopf-

Wigner approximation[12]. Since the field will be focused around the atomic transition frequency,
wp, I will assume, that the excited state amplitude f(¢t') varies on a rate I' < wp, and thus
approximate it as f.(t') = f.(t) and take it out of the integral. Now, the time of interest will be
t > 1/wo and the upper limit of integration can be taken to infinity. I get

¢ ~ 1 o * —1iv —ko)T
feRﬁ—|gR|2%fe(t)/0 /O o=ivo(k—k0)T g (A.9)

where 7 = (¢t — t). The integral over dr can now be rewritten as
/0 " ettt gy /_ T H(r)e k0T (A.10)
which is just the Fourier transform of the Heaviside function, which is
/_O:o H(r)e Wolk=ho)T g — ﬁ&(k — ko) — iP(k) (A.11)

The last term P(k) is the Cauchy Principal part. Because it is complex, it will lead to a change in
frequency, the so called "Lamb-shift", which will diverge and I will thus assume that —iP (k) = 0.
Inserting back in (A.9) and I get

. irl? oo T
fo= -9 1) |6tk = ko)dk = == 1.1 (A.12)
2|vg| 0 2
where I have defined T'p = 122 g' The solution is, assuming fe(t =0) =1
Tr
fe(t) =27 (A.13)
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B TRANSFORMING THE HAMILTONIAN TO REAL SPACE

Appendix B Transforming the Hamiltonian to real space

In section 3.1 I arrive at the following Hamiltonian operator for the system described in k-space.

2 h . ,
H = h/dkAk&T(k)d(k) - — {/dk(ngL(k)ﬁegelkzi +gzd2(k)69661k21)

V2T
+ [ ahgran(R)ouge™ + gidl(k)ge )} (B.1)

In order to transform the Hamiltonian operator in (B.1) I define the creation and annihilation

operators in real space, as the fourier transform of the ones in k-space.

/ dkap(k)etk—Fko)z and  ap(k) = \/; / dzég(z)e” kF—ko) (B.2)
7T
1 ,
7 / dkar(k)e {k=k0)z  and  ap(k) = Nor / dzep,(z)e’F ko) (B.3)

which has the following commutation relations
en(2),L(2)] = [en(2).ek(z))] = 0= = #) (B.4a)
le0(2).(2)] = [er(2).eL(z)] =0 (B.4b)

I am assuming the photons are near resonant with the frequency of the atom, thus I can approx-

imate Ay as
Ay = vg(k — ko)

Looking at the first term in (B.1) I get
/ dkAgal (k)a(k) = v, / dk(k — ko)(ah,(K)ar(k) + &b (k)aL(k))
_ \/ﬂ (k — ko) (/dz i(h—ko)zg +/dz (ko) ZAL(Z)>
= v, /dz (éR(z)\ﬁ /dk(k: — ko)ag(k)e' ko)

vol / dk(k — ko)ar (k <’f—’“0>2>
W (k)e™
0. . a .
= vy /dz (chLaZCL(z) - zc}r%(z)ach(z)) (B.5)
where I between the last two lines have used the fact that
1 A
—i%é}g(z) v /dk(k: — ko)ag(k)e'F—ko)2 (B.6)
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Looking at the second term in (B.1) I get
i /dk(gL&L(k)&ege—ikzi 4 gzd},(k)&geeikzi)
V2r

= \/127_/dk {gL(}ege_ikzi ( /dch i(k—ko)z >
e ([ o))
= /dz {gL&egelkoz/dkze_’k 2=zi) +g}:éTL(z)6'gee_ikOZ217r/dkeik(z_zi)}
= [ ez = ) {gnen(2ouge " + gid) ()50 (B.7)
and in the same way it can be shown that
17r / dk(gran(k)Ge e + ghak (k)6 ee™ ™)
= /dz&(z —z;) {gRéR(z)ﬁegeikoz + g}‘%é}%(z)ﬁgee_ikoz} (B.8)
Putting (B.5), (B.7) and (B.8) together and I arrive at my final Hamiltonian in real space
i m;s boe + I ( v / dz (ia}(fq(z) _ iag(z)iaR(z))
/dz5 ) {chL( 2)6ege” thoz 4 gzéTL( )ageeikoz}

/dz5 z—2i) {chR( )Gege o —i—g}}éTR( )&gee_““’z}) (B.9)
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