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Abstract in Danish - Resumé pa dansk

Overordnet handler denne bacheloropgave om hvorledes kvantetilstanden for en lyspuls kan gemmes i,
og senere udlaeses fra, en gas af atomer, hvorved sidstnevnte fungerer som en kvantehukommelse. Dette
hgrer ind under feltet kvanteoptik, som netop beskaeftiger sig med lysets kvanteegenskaber, som de mani-
festerer sig i vekselvirkningen med atomer. Kvantehukommelse udggr en fundamental byggesten i mange
kvanteinformationsteknologiske anvendelser, herunder kvantecomputeren, hvorfor arbejdet med at forstéa
denne komponents virkemade, samt hvordan dens begraensende faktorer bedst handteres, er et vigtigt led i
bestraebelserne pa at konstruere effektive kvanteinformationssystemer.

En kvantehukommelse baseret pa en gas af atomer kan konstrueres pa en raekke forskellige mader. Denne
opgave beskaftiger sig med det tilfeelde, hvor interaktionen mellem lys og atomer er bestemt ved en Ha-
miltonoperator af stralesplitter-typen. Dette tilfeelde er allerede blevet analyseret i ganske stor detaljegrad
i [3, 5], men til forskel fra disse studier vil udledningerne i denne opgave blive foretaget under antagelse af
en cylindrisk symmetrisk fordeling af atomerne i gasskyen; en sddan antagelse medfgrer, at der forekommer
kobling mellem forskellige transverse modes.

Formaélet med denne opgave er at arbejde hen imod en forstaelse af, hvor hgj grad af palidelighed der kan
opnas i forbindelse med udlaesning fra en kvantehukommelse af ovenfor beskrevne type. Mere specifikt vil
et formelt udtryk for effektiviteten af udlaesning fra kvantehukommelsen blive udledt. Ud fra dette udtryk
er det muligt at foretage en numerisk bestemmelse af systemets egenmodes og de respektive effektiviteter,
hvormed de kan udleeses.

I opgaven redeggres ydermere for den bagvedliggende kvantemekaniske formalisme og de approksimatio-
ner, der anvendes for at simplificere udledningerne.
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1 Introduction

The present thesis is concerned with the theoretical aspects of a certain approach to constructing an interface
between light and an atomic ensemble with the purpose of making the latter serve as a quantum memory. In
the following subsections this task will be laid out in the context of both its theoretical foundation in quantum
optics and its applicability in the field of quantum information processing. This will provide the necessary
motivation and background for this largely theoretical treatment of the subject at hand.

1.1 Quantum Optics and Quantum Information Processing

The field of quantum optics deals with the quantum features of light and the manifestations of these in the
interaction between light and matter. For this, a fully quantum mechanical treatment of the light field is
needed (a procedure for quantizing the electromagnetic field is outlined in section 2.1.1). As implied by the
word ’light’, quantum optics is characterized by being concerned with electromagnetic radiation fields in the
optical wavelength domain, that is, in the neighborhood of 400 to 700 nm.

The light-atoms interface, where the quantum state of light is transferred to atoms and vice versa, plays a
fundamental role in the field of quantum information processing. One physical realization of this interface is
the single-mode cavity containing only a single atom or a few atoms. However, this approach (so-called cavity
QED) has proven to be impractical for applications due to the delicate nature of the setup.

Rather, we shall deal with the interaction between light and an optically dense ensemble of many atoms. An
important feature of this setup is that we can map light mode excitations to collective superposition states of
many atoms. The coupling between light field and atomic ensemble can be achieved using various different
techniques, as will be touched upon in the following subsection, but a common feature is the optical depth d
as an important parameter in determining the coupling strength; the greater the optical depth of the atomic
ensemble, the stronger the coupling. [3, 5] A great deal of the current research activity in the field of quantum
information processing, both theoretical and experimental, is directed towards the ensemble approach.

A basic quantum information component is the quantum memory, which can be realized by interfacing light
with an atomic ensemble, the latter serving as the memory, and using a classical control field to facilitate read
and write operations. This ensemble based atomic memory for light is the subject of this thesis.

We will by no means give a comprehensive introduction to the field of quantum information processing here.
However, a few examples of the role of the quantum memory is in order: For instance, any kind of quantum
computer will consist of at least a light interface, a memory unit, and a processor manipulating the data
in that memory. Another example is the quantum repeater component that enables long-distance quantum
communications; quantum memory plays an integral part in this device, too.

In this thesis, we will only consider the direct interaction between light and atoms. However, the generation and
utilization of entanglement between light and an atomic ensemble, as well as entanglement between atomic en-
sembles, is of vast importance. The fascinating concept of quantum teleportation, which has been demonstrated
experimentally, relies heavily on entanglement.

1.2 Interaction types and atomic level diagrams

Several techniques can be used to realize the interaction between light and an atomic ensemble. From a
theoretical standpoint these can be grouped into interaction types based on the structure of the interaction
Hamiltonian pertaining to each technique. In this thesis, we will focus on a single such interaction type:
Beam splitter interaction, being the class of techniques which are formally equivalent to the beam splitter (as
far as the structure of the interaction Hamiltonian goes). Examples of techniques with beam splitter type
interaction include the Electromagnetically Induced Transparency and far-off-resonant Raman techniques. In
this subsection we will explain how this interaction type arises between light and atoms.

We will consider physical situations where, essentially, only a few specific levels of the atom come into play
(as will be commented on below), so that it is a reasonable approximation to disregard all other levels.! In
this sense, we will consider 3-level atoms with ground states |0),|1) and an excited state |e) in the A-type
configuration depicted in the figure below. The light field will consist of two components: A weak quantum
signal (with central frequency wy) carrying the information to be stored into, or that has been read out from,
the atomic quantum memory; and a strong classical control field (of frequency wy) that facilitates the storage
and retrieval operations.

1In a detailed treatment of the impact of spontaneous emission, however, one would have to consider additional levels.
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Figure 1: A-type model atom with a quantum field (dashed line) acting on the |0) <+ |e) transition and a
classical control field (solid line) acting on the |1) «> |e) transition. These fields have a common detuning A
with respect to the excited level |e).

The quantum signal component of the light field acts on the |0) <+ |e) transition, whereas the classical control
field acts on the |1) <+ |e) transition. This specific arrangement of light field components and atomic levels
results in beam splitter type interaction. As indicated in the figure, we will concern ourselves with the situation
where almost all atoms in the ensemble are in the |0) state, while relatively few are in the other ground state
|1) (in this respect, figure 1 is not only representing a single atom in the ensemble). The collective state of all
atoms being in their respective |0) states corresponds to an empty memory. Roughly speaking, the storing of
photons works as follows: For each excitation removed from the light field, one atom is brought from |0) into
the |1) state via the “temporary” state |e). However, this is an oversimplification: Rather than the photon being
stored in a single atom state, it is stored in a collective state of the ensemble; (this is sometimes referred to as
a spin-wave excitation since the ensemble can be described using a spin formalism as we shall see below).

We will briefly discuss what requirements the above modeling puts on real atoms and light fields for the setup
to be realizable. Firstly, the spacings to the atomic levels not drawn in figure 1 need to be sufficiently large that
transitions to these level are very strongly suppressed and hence negligible. Secondly, we need to ensure that
the constituents of the light field, quantum signal and control field, only couple to the transitions indicated in
figure 1. This can be realized for instance by making the two components have (the mutually orthogonal) left
and right circular polarization, respectively, and use the hyperfine levels Sy /5(f = i+1/2) to play the role of the
ground states |0) and |1) [5]. Note that electric dipole transitions between these hyperfine levels are forbidden
by parity; hence, as desired, the light field cannot cause transitions to happen between the ground states |0), |1)
(at least in the dipole approximation to be introduced in subsection 3.1.1). In experiments, alkali gases are
often used as the atomic medium, a typical choice being Caesium.

1.3 Figure of merit and sources of loss

To be able to assess the performance of the quantum memory in a quantitative fashion, we need a figure of merit.
Such a measure will provide us with the understanding of how various parameters affect the performance and
will thereby enable us to optimize it. Moreover, it allows for comparison with the best classical device serving
the same function, which is an important benchmark. The choice of figure of merit is not unique; furthermore,
which quantity is the best measure of performance depends on the specific application. Similarly, the amount
of error that can be tolerated depends on the application and kind of error in question.

In this thesis, we will focus on the process of retrieval from an atomic memory. We will use as our figure of
merit the retrieval efficiency defined as follows: Given an initial excitation in one of the collective atomic modes,
the retrieval efficiency is the probability of finding a photon in some output mode after the retrieval operation.
Note that with this definition we make no demands as to which output mode(s) the excitation is read out into.
This corresponds to the experimental situation of photon counting.

In general, the efficiency depends on how well-adapted the control field is to the quantum signal. However,
a study similar? to this one has shown that for the case of retrieval where we only care about the number of
photons (and not their modes), the efficiency is independent of the control field (and its detuning A) provided
that it is of sufficient strength or duration to remove all excitations from the atomic ensemble [3]. The efficiency
does, however, depend on the mode of the stored excitation. These aspects are discussed in great detail in said
reference.

Various sources of loss are present in the realization of a quantum memory presented here, some more funda-
mental than others. Among those inherent to the physical system, an important example is the finite lifetime

2The analysis in [3] is carried out using an assumption of the atomic number density being independent of the transverse
coordinates n(7) = n(z); we shall use a different assumption here.



of the excited atomic level; spontaneous emission from the excited state |e) (with decay rate ) is a source of
decoherence that must be taken into account (and we will do so in the present analysis). A similar, but less
pronounced, source of loss is decay from the meta-stable atomic state |1) through “forbidden” transitions. For
simplicity, we will ignore this effect here; a non-zero ; will simply result in exponential decay in time of the
output light field at the output end of the ensemble as discussed in subsection VI E of [3].

Other sources of loss in connection with retrieval include the undesired transitions due to atoms colliding with
one another or the container wall. Furthermore, the movement of atoms will smear out the stored modes,
generally resulting in less efficiently retrieved modes.

As always, deviation from ideal conditions will introduce errors. In this respect, the unification provided by
the beam splitter interaction type introduced in subsection 1.2 cannot be retained; the impact of imperfections
on the reliability of various techniques varies a great deal and each mechanism must be analyzed separately.
However, these issues are outside the scope of this thesis.

1.4 Outline of thesis

The goal of this thesis is to derive a formal expression for the retrieval efficiency of an atomic ensemble quantum
memory where the light-atoms interaction is governed by a beam splitter Hamiltonian. This analysis has already
been carried out in references [3, 5], but under somewhat simplistic assumptions in some respects. The present
analysis will be carried out using a slightly more realistic assumption regarding the number density distribution
n(7) of the atomic ensemble, which entails coupling between distinct modes of the light field and the collective
atomic excitations (using the same set of modes for both) as we shall see below.

The analysis is organized as follows:

€ In section 2, we will introduce the respective formalisms that will be used to treat the light field and the
atomic ensemble.

€& In subsection 3.1, an effective interaction Hamiltonian for the light field and a single atom will be derived
using various approximations.

$¢ In subsection 3.2, we superpose these interaction Hamiltonians and rewrite in terms of continuous collective
atomic operators to obtain the light - ensemble interaction Hamiltonian. Additional assumptions regarding
the physical setup will be made.

$¢ In section 4, the equations of motion of the system are determined and then solved formally in section 5
using the specific basis of Bessel beams.

¢ In subsection 5.5, the formal solution is restated in terms of dimensionless variables and from this an
expression for the retrieval efficiency is derived in subsection 6.

€ In section 7, we will briefly touch upon how the formal expression for the retrieval efficiency can be
evaluated numerically.

Details of some derivations have been deferred to appendices in an attempt to achieve a certain degree of
continuity in the presentation.

2 Formalism

We will follow the approach of reference [5] with regard to the formalism being used to describe the light field
and the atomic ensemble. Accordingly, we will work almost exclusively with operators rather than state kets.
It is, however, still useful to consider what parts of the ket space are acted upon by the various operators. The
total ket space of the system is &€ = Egm ® Eensemble; light mode operators act exclusively on the former part,
while atomic mode operators act exclusively on the latter, whereas operator products including operators from
both categories will couple the two parts of the ket space.

In the process of setting up the formalism and deriving the Hamiltonian, we will work in the Schrédinger picture.
But eventually we will derive the equations of motion in a Heisenberg rotating frame.

We will use CGS units and set & = 1, whereby the units of energy and frequency coincide.



2.1 Description of the light field
2.1.1 Quantization of the electromagnetic field

In order to properly treat the interaction between matter and light, a quantum mechanical description of the
electromagnetic field is needed. Such a description can be achieved through the procedure outlined in the
following (see references [6, 7] for a full treatment):

Write down the classical equations of motion for the combined system of matter and the electromagnetic
field, which are the Newton-Lorentz equations for the former part and Maxwell’s equations for the latter. We
then obtain from these the classical Hamiltonian H({¢;},{p;}) by means of a variant (involving Lagrangian
and Hamiltonian densities) of the usual procedure known from analytical mechanics. The canonical position
variables {g;} corresponding to the degrees of freedom of the electromagnetic field turn out to be the transverse

components® A\ of the vector potential fT, whereas the scalar potential ¢ is not an independent dynamical
variable and the longitudinal component A is a non-physical gauge degree of freedom (which we fix by choosing

Coulomb gauge V - A = 0).
For now we will only consider the EM field part Hg of the total classical Hamiltonian H = Hgy+ Hmatter+ Hint,

while deferring the treatment of the remaining parts.* By suitable canonical coordinate transformations to so-
called normal variables aj u (and their complex conjugates a]iz.“), the electromagnetic field part Hgy of the

classical Hamiltonian can be cast in the form of a sum of harmonic oscillator Hamiltonian functions,

Hegyo= Y wilag 2 (1)
(k)

5 is over EM field modes, each being characterized by a wave vector k and a

(having set h = 1), where the sum
polarization index u (there are two independent polarizations for each k); the corresponding polarization vector

is denoted € . The angular frequency wy, is related to k through the vacuum dispersion relation wy = |E|c
M

The vector potential A for the free field in Coulomb gauge is to obey the wave equation

o 1 92A(7,t)
2 - ’ _n-
using separation of variables A(7,t) = A(7)f(t) and denoting -4 826{3) = k%, we obtain the spatial part of the
equation - the Helmholtz equation: .
(V2 4+ k2 A(F) = 0. (3)

At this point, we may pick any complete set of solutions {EE,HQE(F)}E,M to this equation; we will need two
independent polarization vectors € (u = 1,2) for each k as A(,?) is a transverse vector field in Coulomb
gauge. Then arbitrary A(7,t) can be expanded on this set with time-dependent coefficients ag ,(t) whose
equations of motion are given by eq. (2). In the case of the interacting field, we can equally well expand /Y(F, t)
on the set {¢;  gz(7)}; the equations of motion for the expansion coefficients, however, will be given by eq. (2)
with the source term —%”J | added to the right-hand side. The quality of using a complete set of solutions

to eq. (3) as a basis is that these modes represent waves of definite k; hence the EM Hamiltonian function
Hpgy in eq. (1) makes sense as a measure of the energy of the radiation field. In either case, the expansion is
conventionally written as:

_ 2mc? 1 . o
A0 =5 3 e 00605 + 0, (0530, (@)

(k)

where V is the quantization volume. A similar expression for the transverse part of the electric field E 1 (7 1)
can be obtained®

BL(7t) = ﬁ S VaRiE ap (D7) — iE as (0gE); (5)
(k)

3See reference [6] for a discussion of transverse and longitudinal vector fields.
4The results obtained in the following hold true for both free and interacting EM fields; however, the equations of motion for
the canonical variables involved depend on whether one considers interaction or not.

5We assume a discretized E—space as would result from imposing periodic boundary conditions.
6 Although E | (7,t) = f%%

complicated in the case of the interacting field. See reference [6] for details.

, this is not the easiest way of getting eq. (5) as the time-dependence of alz#(t) may be



it is exactly E 1 (7, t) that will appear in the final form of the interaction Hamiltonian H;,, as we shall see in
subsection 3.1.1.7

To quantize the EM field Hamiltonian Hgy;, we reinterpret ag and a%u as quantum harmonic oscillator

annihilation and creation operators ag and ag , respectively, satisfying the usual commutation relations
: Y

T s . . _ T T _ . . . .. . 2 .

[aau,a];/ u’] = 0 p0uyw and [ap . ag, ] = [aE R u/] = 0. In the classical Hamiltonian, writing |ag [* is
, Lo ; ;

k,p k.p

variables as quantum operators and we will choose the normally ordered version.® Hence, the Hamiltonian

operator for the electromagnetic field is

unambiguous since aj e ag s however, the ordering does matter once we reinterpret the normal

Hpgym = Z wl?a%,talz,u' (6)
(F.n)

By reinterpreting the normal mode expansions of A and E |, eqs. (4) and (5), in a similar fashion, we obtain
the following quantum fields (operator valued functions) in the Schrédinger picture

-, [2mc? 1 . x
A(F) = % Z\/('TE( ;;,MG;;HQ;;(F)+€E7ua£,#g;(f§)

(kyp)
o 2m - - o *
EL(F) = v > Verlieg ag 95:(F) — 26,;7#&%#9,5(7"’))
(k1)

= > Voglig 95 () + H.C.), (7)
%

(k)

where “H.C.” stands for Hermitian conjugate.

2.1.2 Paraxial approximation, mode functions, and slowly varying operators

In the particular model for interaction between light and atoms to be investigated, we will consider forward-
propagating light beams with k-vectors that we assume to be essentially pointing in the positive Z-direction;
this is the parazial approximation. The gas is taken to be confined in a “cylinder” of length L and infinite radius
whose symmetry axis coincides with the aforementioned z-axis.

We will assume that each mode in the paraxial subset of {g;:(7)}; can be factorized as g;(7) = u, (7L, 2)etkz,
where k = |I;: |, so that each k corresponds to a pair of indices (n, k) € Z x R, at least in an approximative sense
within the paraxial regime. In subsection 5.2 we will solve the Helmholtz equation in cylindrical coordinates to
obtain a specific mode set {g;(7)}; and carry out the approximate factorization just mentioned; but for now,
we will be slightly more general and work with the unspecified mode functions g;(7) = u, (7L, 2)e'**. Moreover,
we will assume the set {u,,(71,2)} to be complete and orthogonal in any plane z = zy transverse to the beam
direction, that is to say

/ P, (7L 2)un (P, 2) = Sy (8)

so that any operator O(7,t) can be expanded on the set as O(7,t) = > um(7'L, 2)On(2,t) with O, (2,t) =
fdQFJ_u:n(’FJ_,Z)O(F, t).

As described in subsection 1.2, the light field will consist of two components, a weak quantum signal and a
strong control field: B B B
EL(T_) = Eq(F) + EC(F) = Eq(F)gq + EC(F)gw 9)

introducing the additional simplification of only allowing one polarization vector for each part; we choose these
polarization vectors in a way that realizes the beam splitter coupling scheme described in subsection 1.2.

The control field (of frequency wy) is assumed to be of sufficient strength to be treated as a classical field so that
we can replace the field operator by its expectation value with respect to a coherent state E.(7,t) ~ (E.(T)).
Hence, for this part of the field we do not need the quantized description developed above.

"Meanwhile, the longitudinal part of the electric field EH (7,t), which arises from the electrostatic potential of atomic charges,
will not enter the interaction Hamiltonian in its final form.

8Normal ordering results in a vanishing vacuum energy, for instance. That the quantization procedure cannot be entirely
deductive stems from the fact that quantum mechanics contains more information than classical mechanics. In the end, experiments
must decide whether the quantized theory is correct or not.



For the remainder of this section we will focus on the quantum signal part Eq(F, t) of which we will assume that
all frequency components lie in a narrow band around wg, wi &~ wp. Using this and the paraxial approximation
as well as the fact that we are only considering one polarization €, for the quantum signal, eq. (7) can be

written®
_ 2mw o = ikz
Eq(r) = \/T D Eum (L, 2)ampe™ + HC), (10)

(m,k)

where we have absorbed a factor of 7 into the definition of the (generally complex) polarization vector.

We now introduce the slowly varying, position-dependent annihilation operators defined as

am (2, 1) = \/fzei(k—ko)z-‘riwotam’k’ (11)
k

where the dominant time dependence of a,, 1 (in the Heisenberg picture) has been removed. In the continuum
limit I — oo, the slowly varying operators a,,(z,t) can be shown to have the (equal time) commutation relations
[am(z),ajn,(z’)] = Cmm0(2 — 2') and [an,(2), @ (2')] = 0. a,(2)an(z) is the flux of photons (“photons per

time”) at z in the mode m. Rearranging eq. (11) to get ﬁam (2)eilkoz—wot) — % >k €% ay, . and plugging this
into eq. (10) we get

B 2 -
B (") =/ ”6“0 S (Gt (FL, 2)anm(z, t)elFosm=0t) L H.C)), (12)

where we have tagged a subscript 'L’ onto the light annihilation operators to distinguish them from the collective
atomic annihilation operators to be introduced below. Equation (12) is the final expression for the Schrédinger
operator Eq () that we will use below; note that its explicit time dependence is only apparent, whereas the
slowly varying ar, . (z,t) does have explicit time dependence.

2.1.3 The light field Hamiltonian

The electromagnetic field Hamiltonian was derived in subsection 2.1.1 and stated in eq. (6). In the previous
subsection we introduced the paraxial approximation, allowed only a single polarization vector €, for the quan-
tum field and expanded on the orthogonal set of mode functions {gz(7) = u, (7L, 2)e™**}; with these changes,
the Hamiltonian of the light field can now be stated as

HEM = Z kca}:ymkahmh (13)
(m7k)

where we have inserted the dispersion relation wy, = ke (k > 0, as we consider only forward propagating light
components). The light mode Hamiltonian will enter the equation of motion of the quantum signal light field
annihilation operators ar, ., (2, t).

The state space Egm that the operators ar, mk, a}: mk act on is a so-called Fock space.!® A natural basis consists
of states designated by a list of occupation numbers, one for each field mode: [{nm i }) = [, ) ®[nm,k), these
are eigenstates of Hgyy.

2.2 Description of the atomic ensemble

In section 1.2, we described how we will model the individual atoms of the ensemble as effective 3-level atoms. In
this section, we will transform the atomic Hamiltonian Hp to a rotating frame and develop a way of treating the
ensemble as a whole in terms of an angular momentum formalism. In turn, these collective angular momentum-
like operators can be rephrased in terms of harmonic oscillator annihilation and creation operators in a certain
approximation. Finally, we will make the shift to continuous, position-dependent operators. We will not,
however, reexpress the atomic Hamiltonian in terms of the continuous operators at this point for reasons to
become clear below.

We will label operators pertaining to an individual atom (or rather, operators that act specifically on the
associated single atom Hilbert space) with an integer index 4. Ultimately, we are interested in describing an

9Here we are normalizing with respect to the length [ (in the 2 direction) of the virtual quantization volume. The physical limit,
in which the k-values form a continuum, is [ — co. Note that [ is not to be confused with the length of the gas container L.

10A Fock space has an uncountable basis, whereas the basis of a Hilbert space must be countable. This distinction will not
concern us here. (A countably infinite product of countably infinite sets is uncountable.)



ensemble of atoms for which the corresponding Hilbert space Eensemple i the tensor product of a number of
single atom Hilbert spaces &;:
gensemble = gl ® 52 X...Q gNA7 (14)

where IV is the number of atoms in the ensemble.

2.2.1 The atomic Hamiltonian in a rotating frame

We will decompose the atomic Hamiltonian Ha of the entire ensemble into a sum of Hamiltonians for the

individual atoms, Hy =), HX), corresponding to the decomposition of the Hilbert space seen in eq. (14). In
what follows, we will work in the Hilbert space of the ¢’th atom.

Given that the only accessible states of the atom are two ground states {|0)(*),|1)()} with energies Ey and Ej,

respectively, and an excited state {|e)(?)} of energy E., the atomic Hamiltonian H,"” can be written in diagonal
form in terms of its eigenstates as

1
HY =37 Eylg)D (gl + Eele)@el.
g=0

In this section and below we will transform the various parts of the total Hamiltonian to a rotating frame in
order to simplify our calculations and to be able to carry out certain approximations. More specifically, we will
go to a rotating frame in the sense described in Appendix A; as stated there, the rotating frame Hamiltonian
is given by

Hy =iU'U + UTHsU, (15)

where U is a unitary operator. Our focus in this section is on the purely atomic part of the Hamiltonian,
but of course we have to be consistent in applying the transformation by considering the effect on all parts of
the Hamiltonian. The physics behind the transformation to be performed is that only frequency differences
matter,'! it is therefore desirable to get rid of the dominant time dependence due to the free evolution of the
system.

Now consider the following unitary transformation which is defined in terms of Schrédinger picture operators
that act on the Hilbert space of the ¢'th atom &;,

1
U® = exp [—it <Z Eg|g>(i) (9] + (Ee — A)|€>(i) (e|>1 ) (16)

9=0

where we have introduced the common detuning of the light fields with respect to the excited state (see figure
1) A = (E.—Ey) —wy = (E.— E1) —wy],, which is the difference between resonance frequency and light frequency.

Transforming Hg) by U according to eq. (15), noting that U0t = U®t; (Z;:O E,lg)D{(g| + (E. — A)\e>(i)<e|)

since the exponent of U®T commutes with its own partial derivative w.r.t. ¢, we get

1 1
gy = -yt (Z E,lg)D(g| + (E. — A>|e><l‘><e|> U@ +y®i (Z Eylg) ™ (g| + Ee|e><”<e|> Ut
g=0

g=0
= (Be — (Be = A))le)V el = Ale)Vel, (17)

where we have made use of the fact that [U®), e} (e|]] = 0 = [U®,]g)?)(g|] for g = 0,1, which follows from the
following obvious property of the orthogonal projection operators [|g)® (g],|e)@ (e|] = 0 = [|g)®(g], |¢") D (¢|]
for g,¢’ € {0, 1}.

As mentioned above, we must be careful about keeping track of how the transformation affects the other parts

of the total Hamiltonian. We note that the transformation U(® leaves Hgy and ngj), j # i, invariant because
U does not act on these degrees of freedom of the total state space. However, we will need to pay attention
to the effect of the transformation specified by U® on j20%)

int» the interaction Hamiltonian of the ¢’th atom, to
be considered below.

11 For the purposes of this thesis, this is true. But if one are to derive how spontaneous emission enters the equations of motion,
the absolute frequencies matter in general.



2.2.2 Angular momentum operator formulation

The ground states |0), |1) of the A-type system can be described in terms of spin-1 angular momentum operators;
for each m we define the following operators, using the z-axis as quantization axis

Jeam = 10)O] = 1) (A1) ym = 1O+ 1D (O] e = 510 (1] = 1) 0]

Jam = Jym + 8Gzm = 0) ™ (L5 = yam — iGam = |1)™(0].

The operators j; m (i = x,y, z) obviously obey the standard angular momentum commutation relation [ m, jj.n] =
> & 1€ijkJk,mOm,n. From these we can define collective total angular momentum operators J; acting on Eensemble:
Ji = >, Jim for i = x,y,z,£. The collective operators J; (i = x,y,2), too, obey the standard commutation

relation
[Jivjj] :ij m»]jn ZZZEz]k]km mn—zieijkjlv
m,n

m,n k k

2.2.3 Harmonic oscillator formalism

We will be interested in collective states where almost all of the atoms are in the |0) state. Using standard
notation, the eigenstate of J, (in Eensemble) in which all atoms are in the state |0) (“spin up”) is designated
|J = %, M, = %% Na being the number of atoms in the ensemble. Assuming that the system is close to this
state at all times, the .J, operator can be approximated by its expectation value J,, &~ (.J,), which can be taken
to be positive under the circumstances just described. This is effectively an approximation of the ensemble as
a harmonic oscillator, since the following collective annihilation and creation operators

(18)

R N LA N S R
A*\/2<J$>zm:]+”” V200 A «/2<Jw>;]’ 2 )

will now obey the harmonic oscillator commutation relation

1
"2

1
[ClA,CL;] = 2<Jz> Z[]-‘r ’m7.] 2JI ~ 17

m,n

where we have used [jt m;J—n] = 2Jz,mOm,n Which follows from the angular momentum commutation relation
of the j;’s

This reformulation using harmonic oscillator formalism can be seen as arising from the Holstein-Primakoff
transformation, which is briefly discussed in Appendix B.1. Note that the annihilation operator aa consists
of a sum of raising operators jy ,, rather than lowering operators j_ ,. This stems from the fact that the
Holstein-Primakoff transformation maps the fully polarized state |J = %, M, = %> to the vacuum state of
the harmonic oscillator; these states must vanish when acted upon by J; and aa, respectively.

2.2.4 Continuous, position-dependent mode operators

Continuous, position-dependent annihilation and creation operators can now be introduced:

. 1 i+ () . 1 s Jj-(7)
ap (7 5(3)r—rm m = J+ al (7) = §O(F -7, = ———,
= T Vien = T A= G & = g

where 7, is the position of the m’th atom and we have defined the continuous spin operators
i) =Y 6O F = ) jim (i =, ).
m

We will take (j, (7)) (assumed to be positive) to be the average over the random atomic positions {7} of
the quantum mechanical expectation value of j, (7). The commutation relation for the continuous harmonic
oscillator operators is seen to be

laa (7). ah ()] = mg;))) 5O (7 %)~ 6 (7 ),

using [J+.m,J—.n] = 2Jz,m0m.n and assuming small fluctuations in the spin density j,(¥) compared to (j,(7)).

10



In section 3.2, we will reexpress the total Hamiltonian in terms of the continuous, position-dependent atomic
mode operators defined in this section. The equation of motion for aa(7), as given by Heisenberg’s equation,
involves the commutator of as (7) and the Hamiltonian. Rather than working with a Hamiltonian expressed in
terms of both j,(7) and aa (7) in this connection, we will carry out the following replacement reminiscent of the

(exact) Holstein-Primakoff expression J, = 24 — aLaA stated in eq. (82):
- n\r -
() = "0l (Fan (), (20)

thereby following reference [5]. However, this replacement does not follow directly from the discrete operator
expression J, = % —aga A; hence, eq. (20) should be considered a prescription for obtaining the correct Hamil-
tonian in terms of the continuous operator aa (7). To make the shift to continuous operators aa (7) in a more
stringent way, we would have to derive the equations of motion for the discrete operators before introducing the
continuous operators. One could also simply verify by inspection that [a (7), j.(7)] = [aa(7), ";) - aR(F')aA(F)]
and note that the replacement under consideration preserves the vacuum expectation value of j, (7).

3 Light - atoms interaction

3.1 Interaction between light and a single atom

The Hamiltonian of the entire system consisting of the light fields and the atomic ensemble has the following
general form H = Ha + Hgum + Hing, where Hiye accounts for the interaction between the light field and the
atomic ensemble.

Like we did with the atomic Hamiltonian, we will decompose the interaction Hamiltonian Hj,; into a sum of

Hamiltonians for the individual atoms, Hi, = ), Hl(g,z

For the remainder of this subsection we will restrict
our attention to working out an effective expression for H{) + H") (which acts on Egy @ &), that is, for the

single atom case.

3.1.1 Electric dipole interaction

We outlined a procedure for quantizing the electromagnetic field in section 2.1.1 including the case of the field
interacting with charged matter; but our focus thus far has solely been on the Hgyp, Ha parts of the Hamiltonian.
In this section, we will be concerned with the interaction of the quantized EM field with the charged constituents
of an atom (whose nucleus is assumed to be essentially motionless as compared to the dynamics of the electrons).
The total Hamiltonian of the combined system will be subjected to a unitary transformation and expanded in
terms of the various electric and magnetic multipole moments of the atom of which only the dominant term, the
electric dipole contribution, will be retained. This is the electric dipole approximation which is commonly used
in the domain of quantum optics. This subsection is based on [8] (chapter 4) and [9], see these for a detailed
treatment.

The dipole approximation is basically to take the transverse electric field operator E| tobe spatially uniform over
the volume occupied by the atom E | (7) ~ E, (7a), where 74 is the position of the atom under consideration.
That this is reasonable under the circumstances we are dealing with can be argued as follows: Considering
typical atomic dimensions on the order of Angstroms (1071%m) over which || varies and optical wavelengths A
in the neighborhood of 400 to 700 nm, the quantity k-7 < 27“ |7], as would appear in a plane wave expansion of

EL(7) ~ Yok eiF T s certainly rather small.

Higher order terms account for the so-called electric quadrupole interaction and the magnetic dipole interaction,
which are both smaller than the electric dipole contribution by about a factor of the fine structure constant
o~ ﬁ under the circumstances we are concerned with. These higher order terms, along with others, will be
neglected.

The total Hamiltonian operator of the EM field/atom system in the Schrédinger picture is
1 . e ,.12%2 1 . 1 = s
# =g S et LA g [ oo+ o [ @[+ Ber), 21)

where 7, Dy, are position and momentum operators, respectively, for the a’th electron, o(7) is the charge density
(including proton charges), and ¢(7) is the non-retarded'? Coulomb potential of the charges; the last term in

12The non-retarded part of EL cancels the non-retarded part of E_"” = —V ¢, thereby preserving causality.
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eq. (21) corresponds to Hgy in eq. (6), the transverse field Hamiltonian. In this form of the total Hamiltonian,

the interaction terms are seen to be > (ﬁﬁa AR + %E(F@ﬁ

We will now subject the total Hamiltonian in eq. (21) to the unitary transformation U = exp (—% S d3FP(F) - ff(F)) ,

where ﬁ(F) is the atomic polarization, yielding transformed Hamiltonian and kets given by H = UH'U' and
[y = Uly'), respectively. The H so obtained is called the Power-Zienau-Woolley Hamiltonian in which the EM
field is solely represented by the physical fields £ and B.

Transforming the first two terms of H’ results in the atomic Hamiltonian Hy = 5> 72 + 3 [ d*Fo (7)¢(F)

as well as magnetic contributions, that we will neglect, from the p, E(Fa), /Y(FQ)Q terms. The electric dipole

term appears when transforming Ef_ in the final term of H' as the lowest order contribution of a multipole

expansion New terms generated by U BU' are neglected. This leaves us with the free-field Hamiltonian
& [d*F [E L(M*+ B (f’)ﬂ (equivalent to eq. (13)) and the electric dipole interaction Hamiltonian

Hin = —D - E| (7s),

where D = —e > o Lo is the electric dipole moment operator of the atom and 7 is its position.

The total transformed Hamiltonian for the single atom system in the dipole approximation is then H = Hp +
Hgym + Hine. Note that the forms of Hy and Hgy did not change, which tells us that we can still use the
non-interacting atomic Hamiltonian HX) of section 2.2.1 and the light field Hamiltonian Hgyp of section 2.1.3.
Since we will ultimately be dealing with an ensemble of atoms, we will write the result of this section for the

7’th atom as Hl(éz( ) = —D@W . E | (7) . Below we will simplify this single atom interaction Hamiltonian by

making further approximations.

3.1.2 The rotating wave approximation

We will now express Hi(gz = —D@ . E | (7) in the basis of atomic states {|z)@ (y|} where z,y € {0,1, ¢} (in the
following we will suppress the /(i)' labels on D and the 7; argument of the electric field). We assume that
the states we use as our basis in the single atom Hilbert space are eigenstates of parity and, moreover, that the
ground states {|0),|1)} have the same parity while the excited state |e) have the opposite parity. According
to the Laporte selection rule then, the diagonal elements of the dipole operator vanish (g|Dl]g’) = 0 = (e|D|e)
for g,¢’ € {0,1}; this rule is proved in appendix B.2. Then defining so-called positive and negative frequency
components Dée = (g|Dle) and ﬁg? = (D(Jr)) = (e \D|g> g = 0,1, the dipole operator D, being Hermitian,
can be represented in the single atom Hilbert space as D = 2220(5§;)|g> (e] + ﬁ£2)|e)<g\) .

The transverse electric field can be decomposed into positive and negative frequency components too, E =
EM®) + EC). In the case of the quantum signal part of the electric field, Eéﬂ is the sum of all terms containing

annihilation operators and Eé" is the sum of the terms containing creation operators.!®> Recall that in the steps
that lead to our final expression for the quantum part of the light field, eq. (12), we split out the dominant
part of the (Heisenberg picture) time dependence by introducing slowly varying annihilation and creation
operators. For the purpose of the present argument, we will work only with this dominant part of the time
dependence and therefore split out these dominant terms from the electric field operators EéJF) = E_"((,f]) - g iwot

and E( ) = E( ). etiwot , and similarly for the classical control field E_':gi)(t) = Eéi) ~e¢i‘*’6t; the slowly varying'*

operators Eé q) are defined by these equations.

With these definitions in place, the interaction Hamiltonian of a single atom at 7; can be stated as

H(l) _ _ﬁ . (E("!‘) + E(—)) — _(ﬁét)

int s

|0){e| + ﬁ£5)|e><0|) ) [E{(}Z) L e—iwot Eé;) ) ewot}
— (B el + DS jey)) - [EC . emiwat 1 5L giwst]
l,e e,1 0,c 0.c

by making use of the property that the quantum field couples exclusively to the |0) <> |e) transition, while the
classical control field couples only to the |1} > |e) transition.

In section 2.2.1 we transformed the atomic Hamiltonian Ha to a rotating frame by means of a unitary operator
U=1I @U@, where U, given by eq. (16), acts exclusively on the Hilbert space of the i’th atom. As pointed

13Note that whereas E(t) are vectors of operators, D( ) are vectors of C-numbers.
141n the sense that they are slowly varying when Vlewed in the Heisenberg picture.
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out there, this transformation has to be applied consistently to all parts of the total Hamiltonian. Note however
that the sAUTU term of the transformation equation (15) was absorbed into the definition of the transformed

atomic Hamiltonian H); hence, this term is accounted for, once and for all. The transformed single atom

interaction Hamiltonian H’ l(fl)t is then simply H’ l(fl)t =U (i)THi(rft)U(i). To carry out this transformation we need

to do the following operations (suppressing (i) most places)

UDT|g)(e| = exp (itEylg){g]) l9) (e = exp (itEy) [g){e| (9=10,1)

where we used that (|g){g|])™ = |g){(g| for any integer n > 1, as is true of any projection operator. Similarly,
we find that U®|e)(g| = exp(it(F. — A))|e){g| (g = 0,1) and related results for U through Hermitian
conjugation. Putting these together we get

U(i)THi(;z U@ —
— (DS exp (it[Eo — (wo + Eo)]) [0)el + DLy exp (itl(wo + Eo) = Eol) [e)(0]) - [ESS) - e 0t 4 B - e']

— (DS exp (it Er — (wh+ B1)]) [1){e] + DL exp (itl(wh + Br) — Erl) ) (1)) - [ESD - e=™0 + Eé;’ el

= [ B8 ES,) + DS - L) exp(—2wot)| (0)el — [BLG) - L) + BLY - EG,) exp(2iwot)] o) (0
[D(H E( )+ D(Jr) . E&t) eXp(—inét)} [1){e| — [ﬁg E(H + D( ). _’é;) exp(2iw(’)t)} le)(1]

Since wy,w], are optical frequencies, the exp(£2iwgt), exp(£2iw(t) terms vary rapidly compared to the time we
allow the system to evolve (i.e. the duration of an experiment) and effectively average to zero; hence, we will
neglect these terms. In this Rotating Wave Approzimation the single atom interaction Hamiltonian reads

H/()

int

S o(— A=) B B+ p= R(=) B+
= Dy ESI0)el - DL - ESYe)o — D - ES 11 (el - DG - ESD ley ]

1
- ‘Z(D(“ EfloMel + DG - E§ )l 22)
=0
e B3 = B o 5, = 2

3.1.3 Adiabatic elimination of the excited state

The result of the previous section, eq. (22), can be further simplified in a way that removes any explicit
appearance of the excited state |e)(*) in H’ @

it through a process called adiabatic elimination. But we will go

further and use this approximation procedure to obtain an effective expression for the combination H'} Oy ’l(fl)t,
so that all occurrences of |e)(?) are eliminated from our equations. In this thesis, we will settle for a somewhat
crude adiabatic elimination procedure; but in reference [2] it is shown how the result that we obtain arises

rigorously from a series expansion of the exact solution (in the case of classical, external light fields).

We consider the Heisenberg equation of motion in the rotating frame (see appendix A) for the operator |g) () (e|
(for g = 0,1): i4[|g)D{elr.u] = [lg) P (e|, H'1,u, where H' = H} + Hgn+HY,, but obviously [|g)® (e|, Hem] = 0

int>»
and [|g)@ (e], H'l(rjlg] =0=[lg)D(el, H'(J)] for i # j because these operators do not act on the Hilbert space &;
of the i'th atom. Hence, [|g)@ (e|, H'] = [|g)@ {e|, H'}{ O 4 H’(Z)} where H’X) + H'l(;)t is given by egs. (17) and

int
(22). We find that

d , ooy , Loy oy ,
i=119)elin] = | Alp) D e Z (D) B9 4g) + D) - 5Dl el
=0 LH
Now assuming ﬁé;) : Eé;) < A, weak excitation D&;) : Eé?;)|e>(i) (e| ~ 0 and slow dynamics 4% [|g)® (e|;n] ~ 0
as compared to the detuning A, we obtain for the Schréodinger picture operators:

0~ Al - Y (B B0 10O i( By lo) )

g'=0
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It is this approximative expression for |g)(?(e| (g = 0,1) that allows us to eliminate the excited state from

H", @ 4 1(n)t; either by directly replacing instances of \g>( )< | by the approximate expression, or indirectly

through the identity |e)®(e| = (|e)@(g]) - (]g){e|). In this way we find that
]. — —(_ i (. N
1Y) = Ale)(e| ~ 5 Y- DSY - Ey ) 19) 91 DLy - EG)
9,9’
and from eq. (22)

1 Ly = ; " ; " L
H'g ~ =5 By, - Do) g/ |EL) - D) + HC. = ZEo,g D3le) g |Esy - Doy, (23)

9.9’

using normal ordering of the operators Eéfz)’ positioning Eﬁ&? (which contains creation operators) to the left
of E?g‘? (which contains annihilation operators). Adding these equations yields an effective expression for

H’( R + H') which can be written as

int

) (7 ngg (7o) @ (o), with V.0 (7) = — < (B4 B ()(B,) - B ), (24)

where the ﬁﬁnzl correspond to the dipole operator of the ¢’th atom. Note that the V, ./ () are operators acting
on the light field Fock space Egy and that HXi) is in the rotating frame even though we have dropped the prime.

3.2 Interaction between light and the atomic ensemble

To obtain the effective interaction and atomic Hamiltonian of the ensemble, we simply sum the single atom

Hamiltonians Hj(fi) (73): Hai({Ti}ieqr,..oNa)) = 22 H,«(xii) (7;) . Hence, we now have an effective total Hamiltonian

in the rotating frame H' = Ha; + Hgym. The next steps are: 1) to reexpress the Hamiltonian in terms of light
mode annihilation and creation operators and the continuous atomic mode operators introduced in subsection
2.2.4; 2) to reduce the Hamiltonian from 3-D, where # enters, to 1-D, where only the z-coordinate enters, while
the transverse coordinate integrals over 77| have been carried out (at least formally).

3.2.1 Effective Hamiltonian in terms of continuous mode operators

In this section, we will be concerned with expressing the effective atomic ensemble and interaction Hamiltonian
Hp; in terms of the continuous mode operators introduced in section 2.2.4. The key to doing this is to introduce
the density operator n(7) = >, §®) (7 — 7;) as follows

HallFhetn,on) = S HYG) = [ #7500 -2 ) (25)

where we are integrating over the volume of the cylinder. Plugging eq. (24) into eq. (25), a number of terms
appear, one of which is (the V;;’s are understood to depend on the integration variable )

/dSFZ S (7 — ) Vor [0) D (1] = /dgfz SO = Fi)Vorsy i = /d3W01j+(F), (26)
now using the relation between j; (7) and aa (%) eq. (19) we get

- / & Vorv/2(j (7)) aa (7) ~ / d* Vo1 v/n(Faa (), (27)

where we have used the approximation that the atomic ensemble is close to the fully polarized state (j, (7)) =
@. Similarly, the Hermitian conjugate of eq. (26) appears in eq. (25); this term can be written as

[ @®#Vio/n(P)al (7).

The remaining terms are

- . n(r
/d3 26“) 7i) (Voo 0) (0] + Vi [1) (1)) = /d3 %O—Vu)yw()+%<%o+vm, (28)
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where we used the definition of j, (') and the fact that >, (|0)® (0] + [1)(1]) = 1 is a resolution of the identity
on the effective atomic Hilbert space Eensemble (having adiabatically eliminated the excited states |e )(’)). Now
using the prescription eq. (20) for replacing j,(7), eq. (28) becomes

= [ @7 (Voo + (Vis  Vanah (aa () . (29)

The effective interaction plus atomic ensemble Hamiltonian expressed in terms of continuous collective mode
operators is then the sum of eq. (27), its Hermitian conjugate and eq. (29):

Hy = /d%[(\/ﬁ%(mm +H.C.) + n(F) Voo + ay (Maa(P) (Vi1 — Voo)} : (30)

where the Vj;’s contain the light field operators. We will neglect the aL(F)a A(7)Voo term which represents the
contribution to the AC Stark shift from the quantum field, which is small compared to that of the classical
control field.

Next, we evaluate the V;;’s in accordance with the beam splitter light field setup described in section 2.1.2.
Starting with Vo, we have from eq. (24) that

Voolr) = — (BS) - B (B - B ): (31)

here, the quantum signal part of the light field alone enters and we use expression (12) to plug in for E‘éf]) in

eq. (31), thereby achieving

. 1 2mw
VOO(T) = 0 |D | ZCm n (z,t)aL’n(z,t),
m,n
where we have defined Dy = 525) <€ and (mon (7L, 2) = u), (7L, 2)un (71, 2). Then, by further defining the

2nwon(F)
c D07

coupling function g(7) = the term n(7)Vyo in eq. (30) can be written

lg(M)? .
Vo =~ 055 G 2 (e 2)
Next, we turn to Vi1; in parallel to eq. (31), we have
1 -
Viu(7) = — 5 (D1 - B (M)(DE) - B (7). (32)
but this time it is the |1) <> |e) transition that enters, which the classical control field couples to exclusively in

the beam splitter setup. Defining the slowly varying Rabi frequency Q(7,t) = 21_)’;_1) (E, (+)(7’)> —ikoz (where
(E}g?(?)) is the expectation value w.r.t. a coherent state) and noting that (D‘é? . Eé?(?)) = DLE) . Eé?(?),

we see that eq. (32) becomes
(7, )2
VAN

Finally, for V51 (note that Vig = VOTI) we have from eq. (24)

Vi (r) = —

1 = v Loy o
Vor (7) = =5 (DG - Bg ) (M) (Dey) - Eo (7);

,€

here, both transitions enter the equation and each part of the field is treated as above. Hence,

Vo) = () Dy 3w (7 2Dl (ot RN (B - (B ()

1 27TLU() % i _ —(_ — ikl 2
= Ry T DA D i 2ai (z:))@DC) - (B (7)e*07),

so that the term /n(7)aa(7)Vp1 in eq. (30) becomes

Viaas@Vor = - LD ki ob=(5 s 2 )l ()aa(),

m
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The mode independent phase factor ei(*0=%0)% is now absorbed into the mode set {un,(71,2)} by defining
P (7L, 2) = U (7L, 2)e!Fo=k0)2; note that Conn (7L, 2) = wph (T, 2)un, (FL, 2) = G (7L, 2). We drop the prime

on u}, (71, z) henceforth.

One final manipulation of eq. (30) remains: We expand all occurrences of aa (7, t) in terms of the set {u,, (71, 2)}
as aa (7, t) =Y, um(FL,2)aa,m(z,t) as described in section 2.1.2; the operators aa ., (2,t) are easily shown to
have the equal time commutation relations [aA,m(z),aR)m, (2] = dm,m (2 — 2') and [aa m(2),aa,m (2)] = 0.
We then arrive at the following restatement of eq. (30)

HAi B /dgF [ |Q y t Z Cm n (Z7 t)aAﬂl(Za t) - |g(?| Z Cm,n("zly Z)afi,m(za t)aL,n(Za t)

" 33
f)Q 7, t) (33)

- Zcmn ml(z)ann(z 1) + HC.

where, as above, occurrences of the mode functions w,, (¥ , z) have been absorbed into y, (71, 2) = wh, (L, 2)un(FL, 2).

3.2.2 Simplifying assumptions and reduction of the Hamiltonian to one dimension

In the treatments mentioned in the introduction [3, 5|, the next step is to make assumptions about the atomic
number density n(7) (= n(z) in the former, = n in the latter) in order to be able to carry out the integral over
the perpendicular plane in eq. (33) by exploiting the orthonormality property of the set {u, (7, z)}.

In the present treatment, we will use a somewhat more realistic assumption about the number density n(7),
2

_ P
namely, a cylindrically symmetric Gaussian distribution n(7) = n(p) = nge *°1, the symmetry axis being the z-
axis so that p = |7, |. The quantity o, is the standard deviation of the atomic distribution in the perpendicular
plane. ng = n(p = 0) is determined through the following normalization, where Ny is the total number of

atoms and the integrals are over the entire cylindrical volume (of length L and infinite radius):

Ny = / n(F)dV = / n(p)pd0dpd — 2L /O  np)pdp

0 ,Pii 2 5 700
= 27rL/ nge 271 pdp = —27TL’I’Loo'i [efp /2%} = 277Lnoai,
0 0

through integration by substitution; thus, ng = Then ¢(7), defined above, simplifies to g(p) =

2

T 152
2ﬂ%n(p)Do = goe *°1, where we have defined gy = / 2’;‘”0 noDgy = ‘;’Ef‘* Dy.

Furthermore, we will assume the “slowly varying” Rabi frequency to be a constant Q(7,¢) = 2, corresponding
to an essentially monochromatic control field. The effective interaction plus atomic ensemble Hamiltonian can
now be written as

/ dz

) o
ks U 0T G (7L, 2)e ] af, (2 )L (2, 1) (34)

m,n
9092
2A

where we have factored out the part of the integral which is not over the perpendicular coordinates. The first

of the transverse integrals [ d®7| (;m (71, 2) can be carried out immediately due to the orthogonality property
of {um (7L, 2)}, eq.(8). Then, stated in different notation, eq. (34) becomes

HAi:/dZ

Na
27rLa'i

|Q|2 2= = T
d TLCm,n(TLa Z) aA,m(Z7 t)CLA,n(Z, t)

_ 02
/dQFJ_Cmyn(FJ_,Z)e “”i} aLm(z,t)aA,n(z,t) +H.C.>

m,n

Q
| ‘ ZaAnZt)aAnzt ‘90 Zﬁmn Zt)aLTL(Z t)

( Z'Ymn CleZt)aAn(Z t)—FHC)

(35)
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where we have introduced the coupling functions

Boun(2) = / 7L (s 2)e T, ymn(2) = / P G (FL, 2)e T

that govern the coupling between modes; these functions cannot be evaluated before a set of mode functions
{un (7L, 2)} has been chosen. We see that with eq. (35) we have in fact obtained a one dimensional effective
Hamiltonian describing the atomic ensemble and its interaction with the light field. Note that the Hermitian
conjugate of > 'ymyn(z)a}:’m(z, t)aa n(z,t), which enters eq. (35), is (suppressing z and ¢ dependencies)

+
lE vm,nai,maA,nl =D VAL = DT mh nLm = Y Ymnh L,

m,n m,n m,n m,n

since the Hermiticity of v is equivalent to y* = lt or, in component form, v, . = Ynm-

4 Equations of motion

4.1 Determining the equations of motion
In this section we wish to find differential equations governing the evolution of the collective atomic mode
operators aa m(z,t) and the light mode operators ar, m,(2,t) in the Heisenberg rotating frame.

Heisenberg’s equation of motion for an operator in the rotating frame is derived in Appendix A. It reads

dAIH . aAS
—— = (i[Hy, Ag) + =2
dt (Z[ I, S] + ot )LH7

where subscript 'I,H’ denotes conversion from the Schrédinger picture to the Heisenberg rotating frame, and
Hy = iU'U 4+ UTHgU is the rotating frame Hamiltonian obtained in the course of the previous sections. We
found Hy = Ha; + Hgy, where the constituents are given by egs. (35) and (13), respectively.

In the following we are dealing with Schrédinger picture operators unless otherwise stated. We begin with

setting up the equation of motion for ar, (2, t)1 . Since %“é%*‘t(z’t) = iwoar q(2,t), as is seen from eq. (11),
the equation of motion for ar, (z,t)1,u is given by

d ) .

—aL.m (Z, t)I,H = (—Z[(J,L’m(z, t), Ha; + HEM] =+ ZWUaL’m(Z, t>)I,H . (36)

dt

To start out with, we determine [ar, 7 (2,t), Hem] using the relation between the Schrédinger picture operators
ar s and ag, qk in eq. (11), the commutator identity [4, BC| = [4, B]C + B[A, C], [CLL,mk,GIJE i) = O Ok e
and [aL’mk, aL}mk/] =0:

C il 2 i 1 0ar, m (2,1t
lav,m(2,t), Ham] = ; \/Zel(k ko) tiwol kg o = ¢ @% + koaL,ﬁL(zat)> ;

plugging this into the expression for the equation of motion eq. (36) and using koc = wy we get

d 0 .
£CLLJ7L (Z, t)I,H = (_C&QL’m<Z’ t) — Z[CLL,m (27 t), HA1}> - . (37)

We now introduce a rescaled time 7 =¢ — 2 and define new rotating frame annihilation operators that depend
on this variable ay ; (2,7) = axm(z,t = 7 + Z), where X=L,A. It is shown in Appendix B.3 that the rescaled
time equivalent of eq. (37) is

i

0
Getton e = (=Ll HA) (39)

which is now a differential equation in z; whereas for @y - (z,7)1,u, we have

Oap (2, t)LH

En (39)

=0 (2 T =

or

t=T+2
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Taking note of egs. (38) and (39), we will drop the prime on ag(m and simply denote the rescaled time by ¢ in
all that follows.

Evaluating the commutator in eq. (38) by using eq. (35) and the various (equal time) commutation relations
involving ar, m(#,t), we achieve the final expression for the equations of motion for the light modes

0

%GL,m(% 13181

C/ <|gO| Zﬁmn mm (Z_Z)aLn Z t +7Z’ymn Céﬁmm(s(g)(z_z)aAn(Z t))

m,n m,n

<|gO| Zﬁ'rn n aLn Z, t + Z’Ymn aAn z t))

Next, we wish to find the equation of motion for the atomic modes aa (2,t); in this case we have no explicit
time dependence contributing to the Heisenberg equation of motion (also, recall that Ha has been absorbed
into Ha;):

LH

LH

an (2, ) = (—ilaam(z, 1), Hai]);

Q*
- / ( N Za (z— 2 )aan(z) — g; A D man(Z)omm(z — z')aL,n(z'))

m,n

ot

LH

2
gQ
(L )+ B S )

LH

At this point we can drop the 'IH’ subscript as the coupled differential equations for ax (z,t)1u (X=L,A)
arrived at above are expressed entirely in terms of Heisenberg rotating frame operators. In summary, then,

&aL,ﬁl(Zﬂf) = |gO| ZﬁnLn aLn Z, t AgOQZ’Y’m n CLAn z t) (40)
8 2 *
EaA,m(z,t) = Em\ aam(z,t) + ﬂgoﬁ ;vm’n(z)aL,n(z,t). (41)

4.2 Spontaneous emission from the excited state

In the case of beam splitter interaction, which is what we are concerned with, spontaneous emission from the
excited state |e) with decay rate v can be included in the equations of motion by making the replacement
A — A —i2. The details behind this are rather involved and we will refer to Appendix D of reference [5] for a
treatment of these aspects. Having made this replacement, the equations of motion (40) and (41) read

) i ,
go () = Fgzlao an/sm,n<z>aL,n<z,t>+( QZ%M 2)aan(z1) (42)
) i 9 i *

Hrtam(zt) = mml aA,m(Zat)ergOQ ;%m(z)am(%ﬂ- (43)

5 Solving the equations of motion

The equations of motion, egs. (42) and (43), are operator differential equations. But in fact, the operators
ax m(z,t) (X = L,A) can be reinterpreted as C-valued functions, which are mathematically simpler, without
thereby throwing away essential information. This point is argued in two different ways in section II C of
reference [5], one of which is based on the facts that the set of coherent states spans the ket space and that
taking expectation values w.r.t. coherent states preserves the form of the equations.

Since we are concerned with the process of reading out from the atomic ensemble (starting at ¢ = 0), we need
to solve for ar,(z,t) with initial conditions ar,(z,t = 0) = 0 and some ap(z,t = 0) assumed to be given.
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5.1 Elimination of aa(z,1)

We start out by eliminating aa(z,t) from the set of coupled differential equations (42) and (43) by means of
the Laplace transform, which is defined as

Flw) = L{f(1)} = / et f(oyr,

where w is a complex frequency variable. The Laplace transform is a kind of one-sided Fourier transform yielding
a frequency-domain representation of a time-domain function.

Laplace transforming eq. (43) and exploiting that E{%GA,,;,(Z, 1)} =w-L{aamn(z,t)} —aam(z,t=0) we get

i

—19%as m(z,w) +
e LRONACHD

)
wap m(z,w) —aam(z,t =0) = 1)909* Z Y (2)ar,n(z,w), (44)

2(A i}

where we have defined aa s (2z,w) = L{aa m(2,t)} with a similar definition for ar, ,(z,w). Switching to matrix
notation, where for instance (3(2))m,n = Bm.n(2) and the m’th component of da(z,w) is aa,m(z,w), eq. (44)

can be rearranged to read

(w _ Mm?) @a(z,w) = da(z,t =0) + Mgoﬂ*v(Z)é'L(z,w)-

Assuming w — Wiil)m\g # 0, we can solve for @ (z,w):
2

—1

i) = (0 rergyiof) (=0 gr e ) (15)

then Laplace transforming eq. (42) and plugging in eq. (45) for @a(z,w) we obtain in matrix notation

J B i 2050\
&QL(Z,CU) = A_Z.%|90| Q(Z)QL(va)JF

i i} .

Q(T_i%)gogl(z)‘m(zaw)
2 = 2 . .Y -1 * —

= M (2,w)a(zw) = 2 (|02 + 4i(A —i2)w)  gi()da(,t =0),  (46)

A — 157 2 =

= |go\2

—1
with M(z,w) = 6(z) — (1+4i(A — %)) 22(2).

5.2 Bessel beams as basis modes

To proceed, we will need to choose a specific basis {g;(7)} of solutions to the Helmholtz equation, which, in
turn, gives rise to the set of modes {u, (7L, 2)} as described in section 2.1.2. We will make our choice so as to
make subsequent calculations as simple as possible; to this end, we would specifically like to get rid of the z
dependence of the matrix M for reasons to be explained below. In section 3.2.2 we introduced the assumption
that the number density n(7) be cylindrically symmetric around the propagation axis, that is, n(¥) = n(p),
where p = || (in fact, we assumed a Gaussian distribution in the radial coordinate). To find a complete
set of mode functions {g;(7)} adapted to this symmetry, we study the solutions of the Helmholtz equation in
cylindrical coordinates. It is the Sturm-Liouville theory of differential equations that guarantees the desired

properties of the set of solutions: Orthogonality and completeness.

The Helmholtz equation in cylindrical coordinates reads:

0? 10 0? 1 02

Assuming separability u(p, ¢,z) = Y(p)®(¢)Z(z) and dividing through by u, wee see that %%ﬁf = const.
Choosing this constant to be —kﬁ, the forward propagating (non-decaying) solution is (up to a multiplicative
constant) Z(z) = e'*17; here k| plays the role of a longitudinal wave number. Inserting this result back into the
Helmholtz equation and multiplying by p? we now have

1,0 02 21,2 1 ?0(¢) _
D(p) 9¢? ’

m(/’a*p + PQTpQ)T(P) + [k = Kflp® +
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then similarly we conclude that ®(¢) = e™? with m € Z from the periodic boundary condition on @, i.e.
O(¢p) = (¢ + 27). Plugging this back into the differential equation we get

0 0?
(g, pzaTﬁ)T(p) + ([K* = kflp* =m*)Y(p) =0
or, by introducing the rescaled coordinate p = , /k? — kﬁp (since we interpret the constants k|, k& in relation to

a wave vector k, k > |ky[), this is exactly Bessel’s differential equation:

2+ 2

)Y (p) + (5> — m*)Y(p) =0,

where T(p) = T(p/,/k? — k?) or T(p) = T(,/k* = kp).

The solutions relevant to our problem are the Bessel functions of the first kind Y(5) = J,,(5), hence T(p) =
Im (4 /K2 — k‘ﬁp) In order to achieve a discrete set of solutions, a boundary condition must be imposed on the

set of solutions. We will require Y (p) to vanish at some virtual cut-off radius p = R, from which we get the
following condition , /k2 — kﬁ = Amn/R for some n € N, where A, ,, is the n’th zero of J,,,(p). Rearranging the

. . . / A2
relation between k|, k and A, , in order to get an expression for k| we find that &y, , = & k2 — &5, oW

indexing the “allowed” k). Since we will consider forward propagating light only, k; > 0, we choose the plus sign;

o . . A .
moreover, because we are working in the paraxial regime and k1, , = %™ can be seen as the perpendicular

wave number of the mode function we are determining, we get the condition £ > )‘"I“é’"'.

Thus, for each k = |E\, we have obtained the following (countably infinite) basis set of Bessel beam solutions to
the Helmholtz equation:

{gk,nb,n(pv (ba Z) = N?n,neik”m’nzeim(ﬁ']?n(klm,np)}mez,nENa (47)

where the normalization constant is Ny, ,, = (wR*J3, 4 (/\mm))_% and the components of k are given by k Lmn =

Am.n An
R K = \J B2 = TRt

In section 2.1.2 we assumed that we could factor out the k dependence of the solutions as g m.n(p, ¢, 2) =
U n(T1, 2)e**, thereby obtaining a mode set {w,, (71, 2)}. For the set of Bessel beams in eq. (47), this
can be achieved by writing (suppressing mode indices) e**1% = ¢i(FI1=*)2¢i+2 and performing the following two

2
approximations: Firstly, kj — k = \/k? — k2 —k =k (\/ 1- IZ—% — 1> = —%%, valid in the paraxial region

2 2
where k) < k; secondly, we further approximate —%% R —%% which is OK since we consider a narrow band
of k-values around ko, %—f < 1. Hence, the k-independent set of modes {um, (71,2)} corresponding to the

paraxial Bessel beams is!®

2
i kJJn,n

{um,n (P» ¢v Z) = Nm,nei(ko_k())z67 2 ko Zeim(me()\m,np/R)}mGZ,nGNa

i(ko—ki,

where we have included the phase factor e )% absorbed into the Um,n s in subsection 3.2.1; however, at this
point the u,, »’s only enter the equations in the combination ((, n);(m,a) = U, (7L, 2)tm,a (7L, 2), accordingly
the factor e(ko—ko)z
as above.

in %, n (7L, 2) does not make a difference. The normalization constant N,, ,, is the same

These mode functions are indeed orthogonal in any transverse plane:
/ d27?J_U;kn’n(”_"J_, Z)’LL 7 ’5(7:]_, Z) = 5m7m(5n’ﬁ (48)

as can be checked by exploiting the orthogonality properties

2 1
Lo 1
/ d(bez(mim)d) = 27r6m,fn,; / dSJm(>‘7n,n5)Jm()\m,ﬁ5)5 = 5n,ﬁ§Jn21+1(>\m,n);
0 0

15Note that although we have written u,, in the above (with one integer index variable) rather than Um,n for the mode functions,
the two sets Z and Z x N are in bijection. Hence the two are equivalent as index sets, although obviously the latter is the more
natural one for this particular set of modes.

20



(notice the weight function w(s) = s in the latter).

Now that we have achieved a suitable set of mode functions, we move on to work on the coupling functions
introduced in eq. (35) of section 3.2.2; carrying out the angular integral using fozﬂ dpeim=—m)¢ — 270 m We
get:

Y(m,n);(m,n) (7)) = dZFJ_C m,n);(m,n FJ_7 < 6_4Zi = 6171 memio (kim’”_kim’ﬁ)zG 'm_) 49
(m,n);(m,n) (m,n);(m,n) , n,i
where we have defined
R _2
G = 21N, Nonn / dp T A p) R) T A p/ R)pe 272 . (50)
‘ 0
By a similar calculation,
0?2 B
ﬂ m,n);(m,n)\Z) = dQFJ_C m,n);(m,n FJ—7 z 6_ 2gi = 6m m@QkO (kim’nikim’ﬁ)zB(m;) o1
( ’ )7( ’ ) ( ) )7( ’ ) ? n,n
where we define . )
P
B = 27N N / dp I Amnp/R) I (Am.ap/R)pe 271 . (52)
0

Thus, we see that By, n);m,n)(2) and Yim n):(m,n)(2) are both diagonal in the m-m indices, which is why we

have introduced the more natural Bf:%% GE:'}B notation which singles out the various m-subspaces. Moreover,

the z-dependence of B, ny:(m,a)(2)s V(m.n);(m.i) () i seen to be simply a phase factor 7o Flmn=Fima)?

5.3 Discussion of the R — oo limit and evaluation of GEZ}L), Br(:%)

The cut-off radius R, at which all mode functions are required to vanish, is entirely unphysical. It only serves
the technical purpose of yielding a discrete set of mode functions, which is what we need in order to make
connection with the theory laid out above (in which we have dealt only with expansions in terms of discrete sets
of modes). Once we have obtained a solution using a finite cut-off R, we could make the transition to the more
realistic case of a continuum of modes by taking the limit R — oo. This approach, however, will turn out to be
troublesome as we would be taking the limit of an infinite series of infinite dimensional matrices as it turns out.
It is more manageable to go back to the equations of motion, (42) and (43), and pass from a discrete mode set
to a continuous one at that stage. We will demonstrate how this transition is carried out later in this section.

That we did not choose to follow that path back in section 4, was in anticipation of the fact that ultimately
we will have to resort to numerical methods which necessarily entails discretization. The rationale being that
the error introduced by using a finite cut-off radius R is equivalent to the error introduced by discretizing in
connection with solving numerically. Thus, we might as well work with a finite cut-off radius R all along which
is large compared to the characteristic radius o, of the cloud of gas.

5.3.1 Evaluation of G B

(
n,n’ n,n

We will now evaluate the quantities GELmﬁ) , By(:%) defined in egs. (50) and (52). We will make use of the following
integral identity [4]:

oo 1 a24p2 b
/0 clme(ap)Jm(bp)pe_“zp2 = ﬁe 0.2 I, (;MQ) for |arg(p)| < %;Re(m) > —1;a,b >0, (53)

where I,,,(z) = i~™J,,(iz) is the modified Bessel function of the first kind of order m. But since J_,,(z) =
(=)™ Jn(z) for m € Z, we have the following special case of eq. (53) which is better suited to our needs
o0 22 1 _a%4? ab ™
/0 dpJm(ap)Jm (bp)pe™ 7 = Tlﬂe 5 | (2#2) for |arg(p)| < mE Z;a,b > 0.
To be able to use this result, we will introduce the approximation of replacing the upper integration limit of
value R in eqs. (50) and (52) by co;'6 this is a good approximation as long as R > o, . In this way we obtain

p2
2

GE«:’% ~ 27TNm,nNm,ﬁ/ dp']m(>\m,np/}%)']m(>\m,ﬁp/}%)pei4(7L
0

=

-1 O'i ,i()ﬂ +A2 ) O'i
:4(|Jm+1(>\m,n)Jm+l(>\m,ﬁ)|) ﬁe RZ \m,n men I\m\ ZEAm,nAm,ﬁ 5 (54)

16Note that we are not taking the limit R — oo which would entail a transition to a continuum of mode functions as mentioned
above; we are simply approximating the value of an integral.
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p2

Oo PR AN
) 27Ny N / 0pTon () R) T 0/ R)pe >
0

Z

B

o2 2 2 o
= 2 (i Gl r O )) ™ G5O (LAMAM). (55)

5.3.2 Equations of motion in the R — co limit

In order to demonstrate how to take the R — oo limit, we will now restate the equations of motion (42), (43)
for ar,, as in terms of the basis of Bessel beams. To begin with, note that the set of Bessel beam modes is
indexed by a pair of integers (m,n) € Z x N rather than a single integer (see the footnote on page 20), therefore
the aforementioned equations must be modified accordingly n — (m,n). We then plug in the expressions for ~y
and S in terms of Gf{rg and Bf:%), egs. (49) and (51), and carry out those sums made easy by Kronecker deltas
to get:

0] (K2, -—k2
5 0L m.) (2, 1) ,v Ze“‘) L =R ie) (90 B ar imm (1) + goQG Ay(mon) (%) t)) (56)

o 7 1 * i (k2 k2 z m
&aA,(m,ﬁ)(za t) = 2(?_2%) <2|Q|2aA,(m,ﬁ)(Z7 t) + gOQ ; e2ko (KL, kLm'n) G»EL il)aL (m, n)( )> . (57)

When we pass into a continuum of modes by taking the limit R — oo, the sums over n will turn into integrals
over k since in this limit, the discrete variable n is superseded by the continuous &k, as the variable indexing the
set of modes within a given m-subspace. From here on we will suppress the m and n indices at times, however,
note the following correspondences for fixed m: kimpm, = A"‘T’" ki kima = /\Tgﬁ < k1. To facilitate the
change of summing variable, we write 1 = An = (%)71 Ak, where Ak, is the change in k; when n is

18 Ak, dk
An 7 dn

increased by one.!” As we let R go to infinity, the difference quotient becomes the derivative
while Ak, — dk, ; we obtain the former by treating n as a continuous variable:

B _ 1D,
dn R dn ’

, it is the asymptotic behaviour (n — 00)
of /\mm that matters. Hence we consider the asymptotic form of .J,, ( ) as x — oo [1]

2 1 1

7 N _ _Z 58
m () — cos(z 5T 47r), (58)
from which it is easily seen that, asymptotically, the zeros obey A, , = mn + const; thus ‘D‘T =7 and
dk]_ ™
. 59
dn R (59)

As for the matter at hand, the important parts of eqs. (56) and (57) are

Z eZkO (kLm Ak, n)ZB?(Z”;)aL (mn) (Z t and Z e2k0 (G R Lm n)ZG n)

(m
n,
n

where X = L,A and G(":L) and B(m) are given by egs. (54) and (55), respectively. The treatment of the two

n,n

expressions are very sumlar so we will only work out the second one in detail; plugging in for G multiplying

nn’

by 1 =An= (AAkni) Ak, and reexpressing everything in terms of k|, k7,

P 2
3 e FI D2 (| s (kL R) T (k1 R)|) 4%e—oi<ki+ki>

Ak \ 7!
X A (20’3_/@_]{)1) ax,(mmn)(2,1) (An) Ak .

17The quantity Ak, is of course generally a function of n.
18 Although, strictly, it doesn’t make sense mathematically to differentiate with respect to an integer variable since it takes on
discrete values.
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We are now about to take the limit R — oo in which we can replace the occurrences of J,,;1 by its large

AkL
)1

argument asymptotic form eq. (58) and plug in eq. (59) for 5%L; we then get,

oo .
/ o7hs (K —K2)z (
0

cos(k1 R — %(m + )7 — %r) cos(k; R — 1 m+1)r — iw)

5(

R R
><4fT2 «/kj_lvR—L e LR [ (202 ki k) axm(kL, 2, 1) () dk
77
= / eto WK D2 S 02 e ot BN (202 Ky k1) axom (kL 2, t)dhy (60)
0
where we have made use of the fact that in the R — oo limit, k1 R is a zero of cos(z — gmm — 1), hence
|cos(kL R — 3(m+1)m — m)| = 1 in this limit. Note that we have set co as the upper integration limit despite

the facts that physically k 1 cannot exceed the length of k and that, moreover, we are working in the paraxial
regime. We assume, however, that the contribution from modes with k; values outside the paraxial region
is negligible; if this were not the case, working in the paraxial regime would not make sense. By introducing

rescaled, dimensionless variables k; = k| k%,lzzl =ki k%,y L,axm(kj_,z t) = axm(kL = kJ_\/ , 2, 1),
eq. (60) reads

/ eé(kiiki)yllﬂ' TCL/;JlF6727TF(E2i+Ei)I|m‘ (47TF];JL];}l) E,X,m(EL,Z,t)dkl,
0

2
where we have defined the Fresnel number F = % where \y = i—g; note that F' is the only constant appearing
in this equation. We will refer to this result later.

5.4 Formal solution

Since the matrices 3(z),v(z), that govern how modes couple in the equations of motion, are diagonal in m,m,

there is no coupling between modes with distinct m values. Hence, we can consider each invariant m-subspace
separately when solving the equations of motion.

The restriction of the matrix M(z,w) to a particular m-subspace is then (in component form)

(m) _ LA (m)
B, <1+4Z(A 12)|Q|2) ZG(MG

k2 —K2 z m
— €2k0( Tma—Kim,p) Di,ﬁ)(w) (61)

(Mo p(5,0) = eotlma=Fin):

which defines the matrix D(mﬁ)( ) (=bracketed term in 1st line). The expression for D( o B) (w) can be simplified
using the following resolution of the identity (restricted to a particular m-subspace):

Z 270 [N I (Amnp/ R)] [Nm,nJm()‘m,nP//R)]* =d(p—1), (62)

which can be verified by checking that for any function f(p) =3,/ ¢n' N n' Jim (Am, s p/R) it holds true that

R

0

using this resolution of the identity, eq. (62), it is easily shown that (here using the definition of GETB), eq. (50),
rather than the approximate expression, eq. (54))

Z GG =B (63)

Using this result, we can now simplify D((Xmﬁ) (w)

—1 2 -1
(m) , Y, W (m) |€2] (m)
D =[1—(144A—iz B =1 B
a,B (w) [ < + Z( 22) |Q|2) ] a,B ( + 4i(A _ il)w a,B

2
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By plugging in eq. (61) for M(z,w), the differential equation (46) for agl) (z,w) now reads

0 (m 2 2 . . . RN m) (m
8 afmew) = = 3 esto W) (w (ita-ip+ 55) Bl
B

2 4 gilA — i) et a™atm) (s g -
+2(\Q| +4Z(A72§)w> gOQGaﬁaAﬁ(z,tO)) (64)

Defining &g@(@w) = aim)(z,w)e_ﬁkimﬂz, &&Tg(z,t =0) = agtg(z,t = O)e_ﬁkrimvaz and noting that

s O

2 i
2 [&i@(z,w)] Jriikgzj’“&iwg(z,w) = e_WkimaZ% [ag';)(z,w)] equation (64) becomes

a ~(m .kima~m . ’7 Qz ! m)~(m
e [aiﬂ)(z,w)] +270’a£7(3(z,w) = 7; Nk <z(A - 15) + ul) Béﬁ)aiﬁ)(z,w)

—1
+2 (|Q\2 F4i(A — i%)w) GG\ (2, t = 0)) . (65)

2
Furthermore, by moving the term ik;@';“ di";) (z,w) to the right-hand side and defining

(m) K e o (- RN (2] N
B ) = i, 5 — ool (08 D)+ BL) B0, (66)
we can write eq. (65) as
0 ~(m m ~(m . Y -1 * m)~(m
5 [ag;(z,w)} -y (E((xﬁ)(w)a(hﬁ)(z,w) —2 (|Q|2 +4i(A — z§)w) 3G ") (2,1 = 0)> . (67)

B

At this point we do not have to write the matrix indices explicitly anymore and we can restate the previous
equation as

= gm (w)c:iim)(z, w) + u(w)g(m)f‘i&m)(z, t=0), (68)

2 [

where we have defined the function v(w) = =2 (|Q|? + 4i(A — il)w)fl g5€2. Since the matrix g(m) (w) multi-

2
plying c?ém) (z,w) is independent of z,'? the formal solution to this equation is

?L(m) ( , ) ( ) / / p [E(m)( )(2 /)] Q(m) i& 1) ( /’ ; O), (69)
L Z, W - V(W dz" ex = 2 = z
as can be confirmed by inspection:

3™ (2,)] = vle) exp [E () - )] @ (.t = 0)

zl=z

+ v(w)EM™ (w) / dz' exp {Q(m) (w)(z — z’)] Q(m)c:igm)(z’, t=0)
0

— V(W)G(m)C:L'(Am)(Z, t = 0) + é(m) (w)a»£m)(27w)_

Since we are interested in examining the retrieval efficiency, we set z = L in eq. (69), thereby obtaining

L
@™ (2= Lw) =v(w) [ dZexp [E<m> (W)(L—2)| @™a(" (2t = 0). (70)

0 =

5.5 Restatement of formal solution in terms of dimensionless quantities
The formal solution for c:iim)(z = L,w) in terms of the initial condition c:i(Am)(z’,t = 0) is given in eq. (70); this

expression is, however, not amenable to analytical solution. Instead, we will work towards a numerical solution.
In order to bring the solution into a form suited as input to a computer, we will rewrite it solely in terms of

90therwise, in a scenario where [E(m)(z),g(m)(z’)} # 0 for z # 2z’ we would have to concern ourselves with length-ordering
which would enter in much the same way that time-ordering appears in the Dyson series for an interaction Hamiltonian that does
not commute with itself at unequal times.
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dimensionless quantities. But just as importantly, this will, in addition, provide us with physical insight into
which quantities (or combinations thereof) are actually determining the dynamics of the system.

Eq. (70) involves the following dimensionful quantities: The mode frequency w, detuning A, spontaneous decay
rate 7, and Rabi frequency 2 = _’(*) . <E(I)(ﬁ>e—ik6z

The following quantities have dimensions of length: Cutoff

. ile; the quantum field coupling

constant gy = (:E]:A Dy has unit of m

radius R, radial spread of atormc density o, and the length of the container L. Meanwhile, wave vector
quantities kg, k1 have unit of

length

We define dimensionless length and frequency variables y' = 2'/L,u = ﬁ, dimensionless wave vector com-
ponents kimn = kimny/ kL, and the following dimensionless function of u: X (u) = 2 (4(A/y —i/2)u —14) " ".
The dimensions of a(m)( = L,w) and "(m)(z/ t = 0), respectively, can be obtained by noting that the following
integrals should yield (dimensionless) probabilities [ |"(m) (z = L,w)\2dw,fOL \c:igm)(z',t = 0)|?dz’ from which

we see that the former has dimension of v/time and the latter ﬁ. We define a new vector of rescaled,

dimensionless light mode annihilation operators?® c:iim)(u) = /ic:iim) (z=L,w=u \fil ) which is a function of the

dimensionless frequency u = (&fz; the probability integral is [ @™ (u)|2du = |”‘2|s?\2 [1@™ (z = L,w)|?dw,
hence we can choose k = = in the definition of & *(m) (u). Similarly, a vector of dimensionless atomic anni-

Nl
hilation operators is obtained as a ( N = \/>_'(m () = y'L,t = 0), the normalization of which (w.r.t. the

dimensionless ') follows from that of @3™ (2/,¢ = 0) (w.r.t. 2/): 1 = fOL 0™ (2t = 0)2de’ = fo |"(m Y |2dy’.

We will now restate the formal solution eq. (70) in terms of these newly introduced dimensionless quantities

including the transformations of variables w — u = |Q|2 ,2" =y’ = £. To begin with, we consider the term
Lg(m)( ), eq.(66), that will appear below; in component form it can be written as
(m) % [ wWoNA 1 12 (m)
LES0) =~ ados + 2 | Do | () B

where the dimensionless matrix B (™) has components as given by eq. (55) and the bracketed term denotes a
dimensionless combination of constants.

We now transform the integration variable z/ — 3’ in eq. (70) and then factor and move around various
dimensionful quantities:

[a‘im)(z:L,w)fj;] = [v(w)\/fa*] [ e [LE™ @)1 =] € =y Lo = 0)VE) &

~ w ! S(m /
@) = z‘[\/ﬂm] X (u) /O dy'exp [LE™ (u)(1 - )| G (). (71)

The formal solution has now been put on dimensionless form in eq. (71); summarizing the constituents of this
expression (all of the following are dimensionless quantities):

€ Atomic input?! state: &'&m)(y’ ) specifies the initial (¢ = 0) atomic state as function of the dimensionless
axial position y € [0; 1].

€ Integral transform kernel: K(m)(u y') =il /2Na DE) X (u) exp [Lg(m) (u)(1 - y’)] g(m) governs the cou-

C'ya
pling of the atomic input modes at 3’ within some m-subspace to a specific frequency component u of the
light field output modes (in the same m-subspace). The constituents of the integral kernel are:

v X(u)=2(4Ay—i/2u—1i)",
v LE() (1) = 33, 000, + 2 [ 420 | Dol | uX (u) BY"Y

1m,a a,B
m _ 0_2 . 7.2 i ~ — —
v B’EL,ﬁ) =2 (|41 A g1t A ) ) 7 ZEe F(kim‘"’+klm‘"’)f|m| (27 Fkmnkima),

m 12 _ (k2 7.2 - — -
v szﬁ) = 4(|Jm+1(Amn) Im1(Am,a)l) ! z=e 2 F(kmeJrkme)I‘M (A7 Fk Lk L)

20We are of course still working with their C-number representations.
21¢Input state” in the sense that it is taken as a given.
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¢ Light field output state: (:z’im)(u) represents the light field at the output end (z = L) of the gas volume as
a function of the dimensionless frequency variable u = %

The constant g is an artifact of the artificial discretization we have introduced (as discussed in section 5.3)
and not a charactemstlc quantity of the physical system; accordingly, all occurrences of %3~ disappear in the
R — oo limit as we demonstrated in subsection 5.3.2. The set of constants (with physical reahty) appearing in

2
the solution has thus been boiled down to the following three quantities |, /‘;’gN £ Dy, $,F = . We see that

the  dependence has disappeared; that we were able to absorb it into the rescaled frequency varlable 4 means
that  only sets the frequency scale, but doesn’t influence the efficiencies.

6 Retrieval efficiency

In subsection 5.5, eq. (71), we arrived at a formal solution for (the C-number representation of) the dimensionless

light mode annihilation operator a( )( ) which is a function of the dimensionless frequency variable u. However,

the retrieval efficiency is defined in terms of the time-domain function aim) (z=L,t) as

=2 / @ (= = L )dt, (72)

since the flux of photons is given by aLaL. Retracing the various operator definitions we have made use of in

the course of the analysis, the relation between aing(z =L,t) and a A(m) o (u= i ’IY ) is seen to be

i 2 i 2
e = L.0) = £ = L) = 3L @7 = L)) = et T 6l = ),
but to carry out the inverse Laplace transform of the solution eq. (71) is difficult because of the way in which
u enters the exponentiated matrix herein. Instead, we will convert the time-domain integral in eq. (72) to the
frequency-domain.

6.1 Plancherel-type theorem for the Laplace transform

For the case of the Fourier transform, which is equivalent to the bilateral Laplace transform, the well-known
Plancherel theorem relates the time- and frequency-domain integrals [ [j(t)|?dt = [*°_|J(w)|?dw, where
J(w) = F{j(t)} is the Fourier transform of j(¢). We need a relation along these lines, but in general there
is no Plancherel theorem for the Laplace transform. However, for the special case where all of the isolated
singularities {s;} of F(w) = L{f(¢)} are in the left half of the complex plane (Re(s;) < 0 for all 4), there is in
fact a Plancherel-type theorem relating the time- and frequency domains.

For a frequency-domain function F'(w) with all its singularities in the left half-plane, the inverse Laplace trans-
form is given by
1 3-00
O =L P@) =5 [ e, (73)
2'/Tl —i-0c0
which is equivalent to the inverse Fourier transform as seen by making the change of integration variable
w = 2miv whereby we get

ft) = / P (w = 2miv)dy = FH{F(w = 27iv)}, (74)
where we have defined the Fourier transform as J(v) = F{j(t)} = [*_e~2""*j(t)dt. From eq. (74) we see that
the Plancherel theorem for the Fourier transform implies

(oo} (oo}
/ F()|2dt = / |F(w = 2miv) 2dv. (75)
— 00 — 00

This is not exactly the result we need; furthermore, f(t) is not necessarily meaningful for ¢ < 0. But by plugging
some t_ < 0 into eq. (73) we see that the factor ¥~ decays for Re(w) — oo; then assuming that F(w) is
well-behaved for large arguments we can employ the standard technique of closing the contour with a semi-circle
at infinity in the right half-plane. Now since F'(w) has no singularities in this region by assumption, Cauchy’s
integral theorem implies f(¢) = 0 for ¢ < 0. Hence, eq. (75) reduces to the desired relation

/OOO F()2dt = /OO |F(w = 2mi)[2dv = % /DO F(w = i) 2. (76)

— 00 —00
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6.2 Formal expression for the retrieval efficiency
By inspecting eq. (71), we see that the only singularity of di";)
up = (—% + ié)/(4A—; + 1), for which indeed Re(up) < 0, whereby a( )(z = L,w) has its only singularity at

w = 7' ug. Furthermore, ai a) (z = L,w) is seen to have the asymptotic behavior ~ ﬁ for large arguments.

(u) is at ug given by 4(A/y —i/2)ug —i =0«

Hence, the result of the previous subsection applies to our case and we obtain from eq. (72) the following
frequency-domain expression for the retrieval efficiency

1 < m
n = —g / |5:£ )(z:L,w:iV)|2d1/

2~ ]
1 * =m

= 5 E / |Ei£ )(z:L7w:i1/)|2d1/
T — 00
1 i 2(m) S INI2 70

= %E la;" (u = iu')|[*du (77)

using Ezgfg(z,w) = a(ﬁz(z,w)e_%kimz in the second line, and @™ (u) = %E(Lm)(z =Lw= umvl ) and
u = 1G> in the final line. The formal solution for ai )(u) is given by eq. (71); plugging this into eq. (77), using

the abbreviation K (™) (u,y) for the integral transform kernel introduced in section 5.5, we get

1 e ! ! ~5(m m . m . S(m
n= o Z/ du’/ dy’/ dy"ag )T(y’)é( )T(u _ wf, y/)é( )(u _ zu', y//)a‘(A )(y//)’ (78)
m Y~ 0 0

which is the final form of the formal expression for the retrieval efficiency 7.

7 Comments on numerical evaluation

The objective of this thesis, to derive a formal expression for the retrieval efficiency, was attained with eq. (78).
This provides a starting point for numerical evaluation of the retrieval efficiency, a task that will be saved for
later work. We will, nevertheless, make a few remarks in this section on how to adapt the formal expression to
numerical treatment.

To begin with, we will need to choose Values for the quantities that we found to characterize the system in

section 5.5; these are ,/““Na Dy, & F = . Next, we must choose a value for the artificial constant % <1

0y 5
eyot ¥
and choose reasonable finite ranges of m and n. The dimensionless perpendicular wave vector components are
then given by k1 mn = Amon = \/ﬁv where M, , is the n’th zero of J,,(z).

Further discretization of eq. (78) is needed with respect to the integration variables y',y” u'. After having

introduced such discretization, whereby K™ (u = iu',y") — K E"f,))(" ) and @™ (y") — d&mg v+ the contraction

between these quantities appears in the equation as ) o (K(m)(u/)) dg T)L " But we can re-index so as
B\ = A AT

to turn the pair of indices (n,y”) into one integer index (n,y”) — 7 (see the footnote on page 20), whereby

the aforementioned contraction takes the form ), (é(m)(“/)> N dg"f% which we will write as é(m)(“,)ﬁgm) for
brevity. This transformation has a significant impact on the form of eq. (78):

m  u’

while two generally distinct matrices form the combination K™ (v = iv/,y NK My = i, y") in eq. (78)
(as generally y' # y”), we have in eq. (79) the product of a matrix with its own Hermitian conjugate
K (m) (w/ be (M) Tn the latter case, the resulting matrix is obviously Hermitian and hence diagonalizable
according to the spectral theorem. Performing the diagonalization will yield a set of elgenmodes of the system,
the associated real eigenvalues being their retrieval efficiencies; the matrix K (m)(w’ ye (m)(w) g easily shown to
be nonnegative-definite, so the eigenvalues are guaranteed to be nonnegative. o
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8 Conclusion

We have achieved a formal solution for the retrieval efficiency of an ensemble based quantum memory for
the case of beam splitter type interaction in the paraxial regime assuming a cylindrically symmetric Gaussian
atomic density. We saw in course of the analysis that the dependence of the atomic density on the transverse
coordinates resulted in coupling between distinct modes. The theoretical derivation given here provides the
foundation necessary for determining the eigenmodes of the system and their efficiencies numerically; carrying
out this next step will, among other things, give insight regarding which modes are most efficiently retrieved.
The present analysis also uncovered which combinations of physical quantities are determining the operation of
the quantum memory.

A Heisenberg equation in a rotating frame

To obtain a slowly varying operator, we define the Schrédinger picture operator A; s = UAgUT for some unitary
operator U to be specified below. The corresponding Heisenberg picture operator is Ay g = TTALST , where the
time evolution operator T of the system obeys the Schrodinger equation i7" = HgT. The Heisenberg equation

of motion for Ajy is
dArg | 0Arg
) — H A )
o =t Are] + ( o ). (80)

where Hy = TTHST and subscript 'H’ denotes conversion from the Schrodinger picture to the Heisenberg
picture. We rewrite the commutator term as

[Hy, Arn) = T'[Hs, A1s]T = TTU[UTHsU, As)U'T.

The second term, that accounts for the explicit time dependence of A; g, is

A . . .
(3 LS) — 7t (UASUT L UASUT + UASU*) T
ot ),

. . . . 0A
=11 (UUTUASU + UASUTUUT + UASUT) T = T'U ([—UTU, As| + 8ts) UtT,
using UUT = 1 and UUT = —UU'. Plugging these expressions into eq. (80), we obtain a Heisenberg equation
for Arm:

dAI,H

. 24 9A
_ 7ty (a0t [t s\t . s\t
=7ty <Z[U HgU, Ag) [U U, As} - > Utr =7 U< [Hi, As) + = ) U'T, (81)

where we have defined the rotating frame Hamiltonian Hy = iUTU + UTHgU. Hence, to get diH we take the

commutator of the original Schrédinger picture operator Ag with Hy, add the contribution from the explicit
time dependence, if any, and convert the result to the Heisenberg rotating frame. The latter conversion amounts
to tagging a subscript 'I,H’ onto the Schrodinger picture operators.

B Supplemental details of derivations

B.1 The Holstein-Primakoff transformation

The Holstein-Primakoff transformation is a mapping of angular momentum operators to bosonic harmonic

oscillator operators. The exact Holstein-Primakoff transformation in the case of angular momentum J = % is
Na t a Aa A aTAa A
JI:—2 —ajaa, =1/Nay/1— NAGA 1- Na (82)
A

Given that the operators aa, aL obey the usual harmonic oscillator commutation relations, it can be shown that
the operators J;, J+ defined in egs. (82) will obey the angular momentum commutation relations. From the

relation between J, and the number operator aLaA found in eq. (82), we see that the fully polarized angular
momentum state |J = 7, M, = %) must correspond to the vacuum state of the harmonic oscillator under
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the Holstein—Primakoff transformation. Assuming that the large ensemble is very close to the fully polarized

LaA

state |J = & 5, M, ) we can expand the square roots of operators in egs. (82) in the small quantity

1 alaa Lalaa 1alaa
Jo = Na( - ]Q[A ), Jy = /Na( -3 ]@A +..)aa, J_=+/Naak(1- 5 ]‘; +..). (83)

B.2 The Laporte selection rule

Consider two states |z), |y) that are parity eigenstates 7r|z> = ¢|z), |y) = e|y) with the same eigenvalue €, where
the eigenvalue is either ¢ = +1 € R from the fact _that 72 = 1; we then have, noting that the dipole operator D
is odd under a parity transformation rt D = —D,

(|Dly) = £*(z|Dly) = (x| Dely) = (z|x' Drly) = —(z|Dly),

proving the Laporte rule that <x|5|y> = 0 for states of the same parity.

B.3 Transformation to rescaled time

All of the following are Heisenberg rotating frame operators. We introduce a rescaled time 7 =t — Z and define
new annihilation operators that depend on this variable ay ; (z,7) = ax m(z,t = 7+ £), where X=L,A. Taking
the derivative and using the chain rule yields

O (r) = 2umlzd) L Oz t) Ar+2)
0z 0z t=r4 2 ot ey Dz

_ Odan(zt) 4 L dam(zt)

- 9z t=7+2 c ot tmriz ’

since now z, 7T are considered to be the independent variables. Then, by evaluating the equation of motion for
ar(z,t), eq. (37),2 att =71+ Z, it is seen to be equivalent to a differential equation for ay (z,7) in position z

.

0
&ai’m(z, 7) = —=lag, 7 (2, 7), Hail,

o

in light of the definition of ay, ; (2, 7).

With regard to a/y ;(2,7), we simply note that the chain rule implies

Oap m(z,t) 0z = Oap m(z,t) ot dap m(z,t)
—a. . — amAT 7 el ZAsmAT 7 L = ZTAamA\Tm )
3TGA’m(Z’T) 0z or + ot or ot ’

t=7+2%

t=7+2% t=7+2% z

again considering z, T to be the independent variables.

22Note that the notations %7 % are in fact equivalent in the present case.
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