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Abstract

When transport experiments are done on quantum dots in LAO/STO interfaces, electron pairing
is found to occur. This thesis investigates the e↵ect that intraband and interband electron-phonon
coupling can have on electron pairing in a quantum dot in an LAO/STO interface. Initially the
orbital structure of the energy levels in the quantum dot are examined and orbital mixing is found
in the quantum dot. This is done using a particle in a box model and the band structure of the
LAO/STO interface. The e↵ects of intraband, interband and spin-orbit orbit coupling are studied
using a two level Anderson-Holstein model of a quantum dot. With intraband coupling, a Lang-
Firsov transformation is used and the local electron-electron potential U becomes negative for strong
coupling. With interband coupling, the approach of [13] is followed and a modified Lang-Firsov
transformation is used. A positive contribution to the U is found. When averaging out the phonons,
degenerate polaron states with lowered energies are found. The e↵ects of spin-orbit coupling is not
found to a↵ect pairing, but spin-orbit coupling giving rise to interband coupling will give a positive
contribution to the U . Finally a generalized Lang-Firsov transformation applied to a quantum dot
with N levels is studied, finding and a general negative contribution to the U from intraband coupling,
and a postive contribution to the U from interband coupling.



1 Introduction

SrTiO3 (Strontium Titanate, STO) and LaAlO3 (Lathanum Aluminate, LAO) by themselves are two
non-magnetic insulators, but when sandwiched together they form an interface that shows interesting
properties. STO when doped with high electron densities becomes superconducting at 0.35K and
was the first insulator and oxide discovered to become superconducting. [9] The LAO/STO interface
shows properties like superconductivity, ferromagnetism, strong atomic spin-orbit coupling and more.
In 2004, it was shown that metallic conduction occurs at the LAO/STO interface. Then in 2007 su-
perconductivity was reported in the 2D electron gas (2DEG) forming in the interface with a transition
temperature of ⇠ 200mK [11] In 2012 an experimental study on the interface between LAO/STO [8]
found that a Lifshitz transition between d-orbitals of di↵erent symmetries lies at the core of the su-
perconductivity, ferromagnetism and magnetotransport phenomena occuring in the interface. They
found that the maximum superconducting critical temperature occurs at the Liftshitz transition. The
behavior observed follows from only a small number of bands, coming from the xy/xz/yz d-orbitals,
but a simple relation between the specific energy bands and transport phenomena is still missing.
It was then shown experimentally from transport measurements that electron-pairing was occurring
in an electrostatically gated quantum dot on a nano-wire in the LAO/STO interace, without su-
perconductivity, having a higher critical magnetic field and temperature than the superconducting
electron pairs [3]. The conductance peaks in the transport measurements would split into two peaks
at high enough magnetic fields, suggesting paired electrons. The phenomena can be described with a
negative U Anderson-Holstein model with a local attractive potential between electrons on the same
site but no explanation for the negative U center is found from the experiment. The experiment is
performed again with a di↵erent quantum dot [10] where the same tunneling e↵ects are observed and
compared with a negative-U Anderson model.
Cheng et al [4] observed in 2016 that at lower chemical potential the electron–electron interaction is
attractive and the pairing local. As the chemical potential is raised by increasing the gate-voltage,
the interaction becomes repulsive and non-local. Cheng et al proposed that the interaction changes
sign when the xz/yz bands become populated, which is at the Lifshitz-point. In [2] it was found that
the charge carriers in the 2DEG, forming in the STO close to the interface, were polarons, electrons
coupled to the lattice vibrations in the STO.
Polaronic e↵ects in which electrons couple to phonons could be a reason for the negative U-center
creating locally paired electrons [1]. With the population of the xz/yz bands at the Lifshitz transition,
interband electron-phonon coupling could play a role in explaining the local electron pairing in the
quantum dots in LAO/STO.
The aim of this thesis is to study the polaronic e↵ects on electron pairing in a quantum dot in
LAO/STO, by using a one-site Anderson-Holstein model with two energy levels and with electron-
phonon coupling terms added to the Hamiltonian. First a model will be examined where the electrons
in each level couple to a phonon. Later interband electron-phonon coupling will be studied where
electrons scatter between levels due to a phonon. Second, the e↵ects of atomic spin-orbit coupling
on the local interaction potential will be examined too. Before going to the polaronic e↵ects we will
examine the orbital structure of the energy levels in a quantum dot made in the LAO/STO 2DEG.

2 Quantum dot in LAO/STO

In a quantum dot electrons are confined with zero degrees of freedom as they are enclosed in all
directions. This can be thought of as a particle in a box and we will therefore use the solutions to the
simple particle in a box problem and compare them to the band structure of the LAO/STO 2DEG,
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from which the electrons come from. By doing this we will be able to examine the orbital structure
of the energy levels in a quantum dot defined in an LAO/STO interface.
We model our quantum dot in the 2DEG as an infinite potential well lying in the x y-plane with sides
of length Lx and Ly. Due to the quantum confinement the electron wave vector k, will be quantized
in the x and y-direction in levels of ⇡ni

Li

with ni 2 N and i = x, y. The energy is proportional to k2 and
therefore the lowest energy-level that will be filled first will be from an electron with nx = ny = 1.
The next energy level then depends on the symmetry of the quantum dot. For a symmetric dot with
Lx = Ly = L it would be degenerate with either nx = 1 and ny = 2 or nx = 2 and ny = 1. With an
asymmetric dot, like a dot defined on a nano-wire as in [3], we will expect one dimension to be more
confined such that the first energy levels would be e.g. ny = 1 and then nx increasing if Ly ⌧ Lx

due to the quantum confinement. With the gate voltage controlling the electro-chemical level in the
quantum dot, an electron will be added to the quantum dot when the electro-chemical level is lowered
by the addition energy, which is the general energy required to go from N to N � 1 electrons. In
the constant interaction model, which is derived in appendix D, the addition energy required to add
another electron to the quantum dot is the sum of the charging energy coming from the capacitance
and the ”orbital energy” coming from the quantization of the energy levels in the quantum dot.
We will work with the band structure of the LAO/STO interface found in [8]. The numerical values
and form are found in appendix E. The conduction band is made up of electrons in the t2g band
containing the xy, xz and yz orbitals, and the band structure is therefore written in the basis of these
orbitals. The energy of the xy orbital that lie in the x y-plane is lower than the other two orbitals
that lie out of the x y-plane. The Hamiltonian for the band structure in the LAO/STO interface is:

H0 =

0

BB@
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. (2.1)

When adding spin-orbit coupling we get the full Hamiltonian, H:

H = H0 ⌦ �0 +�SO

3X

i

Li ⌦ �i. (2.2)

The addition of spin-orbit coupling to the Hamiltonian is worked out in appendix F. We want to
find solutions to the Hamiltonian for the allowed values of k in the infinite 2D quantum well, and we
use the solution to the single particle Schrödinger equation for an electron in the 2D quantum well
to find the allowed k [6]. As the k’s are quantized in levels of �ki =

⇡

Li

, we know which electronic
states, from each band in the LAO/STO interface, that can occupy the quantum dot. First we can
figure out how many states will be available in the quantum dot from each band. As the electrons in
the LAO/STO interface have wave vectors in the first Brillouin zone with ki between �⇡/a to ⇡/a,
we get that the number of available states in 2D is N = (2Lx

a
)(2Ly

a
), and is thus proportional to the

size of the quantum dot. For a 10nm by 10nm dot we have N = 41002

3.92 ⇡ 2630, with 3.9Å being the
lattice constant of STO, and for a constant ny we will then have ⇠ 51 levels in kx. Thus by solving
the Hamiltonian for �kx nx for each of the 51 electrons with ky = 0 in LAO/STO we get a plot of
the energy levels shown in figure 1:
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Figure 1: Quantum well energy plot along nx
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Figure 2: Contour plots of bands in LAO/STO in the kx ky-plane

As electrons from the LAO/STO 2DEG fill the quantum dot with quantized momenta, we see that
at low energies only electrons from the xy-orbitals are available due to their lowered energies, but
at higher energies also xz/yz-orbitals can fill the dot. In figure 2, contour plots of the energy bands
in the LAO/STO 2DEG show that only one band is populated at low energies. By looking at the
eigenstates from the numerical solutions to the Hamiltonian for each allowed k, we can examine
which orbitals make up the electronic states in the quantum dot.
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For each allowed k, we find the eigenstates of the Hamiltonian in (2.2), and from that we know
the orbital contribution to each quantum dot level, as the eigenstate will be a linear combination
of the xy, xz and yz-orbitals. By restricting ourselves to a constant ny we can calculate the orbital
probabilities at each allowed kx, which is for nx up to ⇠ 51 in a 10nm by 10nm quantum well. From
normalizing the eigenvectors and then calculating the contribution from each orbital we see in figure
3 that the highest lying band is mostly made up of xz-states, whereas the electrons in the lowest
band is mostly made up of xy-states until the Lifshitz point, around nx = 13 for a quantum dot of
this size, where the band shifts to being mostly made up of yz-states. We see that the quantum dot
states are mixed the most around the Lifshitz point where di↵erent types of orbitals will make up
the quantum dot state, depending on the direction of k. The Lifshitz point is where a transition of
the symmetry of the bands happen.

Figure 3: Orbital probabilities along kx for the nx’th level

Figure 4 shows the same plot but with constant nx, where it is shifted such that at the Lifshitz point
the bands are made up of xz and xy states instead of yz and xy. As the quantum dot levels with
lower energy are from states with low nx and ny, and since we see the same pattern for a constant nx

we expect in general to not see much mixing of the d-orbitals in the quantum dot states before we
get to the Lifshitz point. Due to the band structure in figure 1 and the orbital probabilities of the
bands in figures 3 and 4, we see that the density of states of the xz/yz is going to be higher than the
density of states of the xy electrons above the Lifshitz point, and we therefore expect a high density
of mixed xz/yz states past the Lifshitz point.
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Figure 4: Orbital probabilities along ky for the ny’th level

We note that changing the size of the quantum dot, by changing the side lengths Li, should only
result in a change of �ki, changing the number of electrons in the quantum dot and their energy
level spacing. The quantum dots used in the experiments discussed in the introduction have larger
dimensions and are also not symmetric, but the same mixing of orbitals should still occur. The
mixing of orbitals in the quantum dot could change the types of electron-phonon couplings present,
possibly creating or destroying the electron pairs seen in an LAO/STO quantum dot.

3 Intraband electron-phonon coupling

Considering that the charge carriers in the LAO/STO interface are polarons, electrons coupling to
the lattice vibrations in the solid, we are motivated to work with a Hamiltonian that incorporates
electron-phonon coupling. As stated in the first aim of this thesis, we want to study the e↵ect of
electron-phonon interaction with multiple bands available, and we will do that by using a one-site
two level Anderson-Holstein model to describe a quantum dot with electrons localized on the same
site and with an energy di↵erence between the two levels due to the addition energy in the quantum
dot. When we have two electrons on the same site we will have a repulsive potential and we want to
study the e↵ect that electron-phonon coupling will have on that interaction. In this section, we will
examine the e↵ect of intraband electron-phonon coupling where electrons in the two energy levels
couple to the same phonon but no scattering between levels occur. We work with the following
Hamiltonian

H = ✏c
†
c+ (✏+�)d†d+ Undnc + !0b

†
b+ �(d†d+ ↵c

†
c)(b† + b), (3.1)
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where c
† and d

† are the creation operators for the electrons in the c and d quantum dot energy
level. b

† is a phonon creation operator. U > 0 is the repulsive electrostatic potential between the
two electrons on the same site. !0 is the phonon frequency and � is the electron-phonon coupling
constant with the dimension of energy. The energy of the d-level electron is shifted by � due to
the energy cost of adding an electron to the quantum dot. ↵ is a dimensionless constant creating
a di↵erence in the coupling strength for the d and c-level electrons. Especially for higher energy
levels in the quantum dot with mixed orbitals, we could imagine that the electrons in di↵erent levels
couple di↵erently to the phonon. The second quantization electron operators in the two levels follow
standard anti-commutation, whereas the phonon operators follow bosonic commutation relations.
This model is a modified Anderson-Holstein model with only one site i, being the quantum dot. We
work with two levels representing two di↵erent energy levels in the quantum dot coming from the
energy spectrum discussed in section 2.
The Hamiltonian then consists of a part diagonal in the space of zero, one or two electrons and n

phonons, H0 = He +Hph:

H0 = ✏c
†
c+ (✏+�)d†d+ Undnc + !0b

†
b. (3.2)

H0 describes the energies of creating the electrons in the c and d-levels, the phonons and the energy,
U , of the two electrons repelling each other, when both electrons are located on the quantum dot.
Then we have

He�ph = �(d†d+ ↵c
†
c)(b† + b), (3.3)

which is the coupling between the phonons and electrons in both levels. Both energy levels in the
quantum dot couple to the same phonon. We thus have the total system H = He+Hph+He�ph. We
want to see how the electron-phonon interaction term a↵ects the energy levels of the system, and if
it will result in a negative e↵ective interaction potential, U < 0, giving attractive electron-electron
interaction.
The electronic part, He has eigenstates in the 4-dimensional Hilbertspace consisting of either no
electrons (vacuum state), an electron in the c-level, an electron in the d-level and electrons in both
levels. The states will be represented in same order as

|0i , |ci = c
†
|0i , |di = d

†
|0i , |cdi = d

†
c
†
|0i . (3.4)

In this basis He is diagonal and will have energies 0, ✏, ✏+� and 2✏+�+U . The phonon Hamiltonian
with eigenstates |ni and energies n!0 is infinitely dimensional. We can now have electrons in either
or both levels and phonons which gives us the Hilbert space spanned by |ii⌦ |ni with i 2 {0, c, d, cd}
and n 2 N, with kets |i, ni. Only with the addition of He�ph do we end up with H not diagonal in
the |i, ni basis.

3.1 Perturbation theory

To extract information about the electrons in the system with electron-phonon coupling, we look
towards perturbation theory where we will stay in the basis of uncoupled electrons and phonons. H0

has non-degenerate eigenstates so we will use non-degenerate perturbation theory up to second order
in � and we will treat He�ph as the perturbation. We already know the solutions to the unperturbed
Hamiltonian and their energies. Up to second order we have

En ⇡ E
0
n
+H

e�ph

nn
+
X

m 6=n

|H
e�ph

mn
|
2

E0
n
� E0

m

. (3.5)
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As the perturbation has a bosonic creation and annihilation operator, the first order correction will
be zero.
We will use a notation where a state in the Hilbert space is |cdni = |ci⌦ |di⌦ |ni, with c and d being
0 or 1, as they are fermions and n 2 N representing the phonons. This will give us a second order
correction. We are only interested in the terms where the phonon numbers di↵er by one as all other
terms will be zero. This will then give an energy correction to the states only one or two electrons.
We will begin by calculating the second order correction. First we will do it for the state |10ni:

E
(2)
10n =

X

m0n0o0 6=mno

| hm
0
n
0
o
0
|H

e�ph
|mnoi |

2

E0
mno

� E
0
m0n0o0

, (3.6)

but knowing that the perturbation, He�ph, contains electronic number operators and bosonic anni-
hilation and creation operators, we have that n = n

0, m = m
0 and o

0 = o± 1. Also we will use that
b
†
|ni =

p
n+ 1 |n+ 1i and b |ni =

p
n |n� 1i. From this we can find the energy correction to the

state |10ni:

E
(2)
10n =

| h10(n+ 1)|H 0
|10ni |2

("+ !0n)� ("+ !0(n+ 1))
+

| h10(n� 1)|H 0
|10ni |2

("+ !0n)� ["+ !0(n� 1)]

=
| h10(n+ 1)| (�↵

p
n+ 1) |10(n+ 1)i |2

�!0
+

| h10(n� 1)| (�↵
p
n) |10(n� 1)i |2

!0

= �
�
2

!0
↵
2
.

(3.7)

We get that the correction lowers the energy of the state. It is also easy to see now that for the state
|00ni we will get no correction, for the state |01ni we will get the correction E

(2)
01n = �

�
2

!0
and lastly

for the |11ni we get:

E
(2)
11n =

| h11(n+ 1)| (�!0(1 + ↵)b†) |11ni |2

�!0
+

| h11(n� 1)| (�!0(1 + ↵)b) |11ni |2

!0
= �

�
2

!0
(1 + ↵)2.

(3.8)
We see that the energy correction to the state with both levels occupied is lowered more than the
states with only one level occupied. From the perturbation theory, we have that for strong enough
coupling, �, the energy of having two electrons will become lower than having one electron in the
quantum dot resulting in electron pairs.

3.2 Lang-Firsov method

Now we will attempt at solving the Hamiltonian exactly by doing a unitary Lang-Firsov transfor-
mation to get rid of the coupling term, in the hopes that we can exactly solve the transformed
Hamiltonian. This will give us new eigenstates U | i, not necessarily pure electronic states, but we
can still analyze the energy levels. We do a unitary transformation of the Hamiltonian using the
unitary operator U = e

iSp with

iSp =
�

!0
(b† � b)(nd + ↵nc), (3.9)

where nc = c
†
c and nd = d

†
d. To ease notation we will use nt(↵) = nd + ↵nc, with nt(↵ = 0) being

the total number of electrons. We will need the factor �

!0
in iSp for the coupling term to cancel out in
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the transformed Hamiltonian. We do the transformation H
0 = UHU

† which means the eigenstates to
the transformed Hamiltonian are | i

0 = U | i, with | i the original eigenstates. We only transform
the annihilation operators since (A0)† = (UAU

†)† = UA
†
U

† = (A†)0. Also we will transform each
operator independently, as it is possible to insert the identity UU

† between operators. We will make
use of the Baker-Campbell-Hausdor↵ formula:

e
A
Be

�A = B + [A,B] +
1

2
[A[A,B]] + ... =

X

n=0

1

n!
[A,B]n, (3.10)

and to that we will use that [cA,B]n = c
n[A,B]n. First we will transform c and from that d will

follow:

c
0 = UcU

† =
X

n=0

1

n!


�

!0
(b† � b)nt(↵), c

�

n

=
X

n=0

h
�

!0
(b† � b)

in

n!
[nt(↵), c]n. (3.11)

We need to calculate the commutation between nt(↵) and c, and we get

[nt(↵), c] = [nd + ↵nc, c] = ↵[c†c, c] = ↵(c†cc� cc
†
c) = �↵(1� c

†
c)c

= �↵c,
(3.12)

by using that c2 = (c†)2 = 0, and that [nd, c] = 0. This gives us that

c
0 =

X

n=0

h
�

!0
(b† � b)(�↵)

in

n!
c = e

↵
�

!0
(b�b

†)
c. (3.13)

When letting ↵ = 1 we get that d0 = e
�

!0
(b�b

†)
d. We then see that

n
0
c
= (c†c)0 =

�
c
†�0

c
0 =

⇣
e
↵

�

!0
(b�b

†)
c

⌘†
e
↵

�

!0
(b�b

†)
c = c

†
e
�↵

�

!0
(b�b

†)
e
↵

�

!0
(b�b

†)
c = nc, (3.14)

and likewise n
0
d
= nd. The transformation of b follows:

b
0 =

X

n=0

h
�

!0
nt(↵)

in

n!

⇥
(b† � b), b

⇤
n
, (3.15)

where we have that
⇥
(b† � b), b

⇤
= [b†, b] = �1, giving

⇥
(b† � b), [(b† � b), b]

⇤
= [(b† � b),�1] = 0, (3.16)

such that according to equation 3.10:

b
0 = b�

�

!0
nt(↵). (3.17)

From equation (3.14) we see that He does not change during the Lang-Firsov transformation as nc

and nd do not change so we only have to work out the transformation of Hph +He�ph:

H
0
ph

+H
0
e�ph

= �(nd + ↵nc)


b
† + b� 2

�

!0
nt(↵)

�
+ !0


b
†
�

�

!0
nt(↵)

� 
b�

�

!0
nt(↵)

�

= �nt(↵)
�
b
† + b

�
� 2

�
2

!0
nt(↵)

2 + !0b
†
b� �nt(↵)

�
b
† + b

�
+
�
2

!0
nt(↵)

2

= !0b
†
b�

�
2

!0

�
↵
2
nc + nd + 2↵ncnd

�
.

(3.18)
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Putting the transformed terms back in the full Hamiltonian and collecting terms we end up with the
total Hamiltonian:

H
0 = ✏cc

†
c+ (✏d +�)d†d+ U

0
ncnd + !0b

†
b, (3.19)

where the energies are now shifted to

✏c = ✏� ↵
2�

2

!0
, ✏d = ✏�

�
2

!0
, U

0 = U � 2↵
�
2

!0
. (3.20)

We can then easily find the eigenstates after the transformation. The transformed Hamiltonian is
diagonal in the basis {|00ni , |10ni , |01ni , |11ni} with the eigenenergies:

E|00ni = n!0 , E|10ni = ✏� ↵
2�

2

!0
+ n!0,

E|01ni = ✏+��
�
2

!0
+ n!0 , E|11ni = 2✏+�+ U �

�
2

!0
(1 + ↵)2 + n!0,

(3.21)

corresponding to zero particles, one particle in the c-level, one particle in the d-level and two particles
in the system, along with n phonons. To get the eigenstates of the untransformed Hamiltonian, we
know that the solutions to the transformed Hamiltonian are U |ii, with |ii being the eigenstates to
the untransformed Hamiltonian, so we just apply U

† to the new eigenstates to retrieve the old ones.

We then see that |ii = U
†
|cdni = e

� �

!0
(b†�b)(nd+↵nc)

|cdni, and in the electron and phonon basis the
state will be electrons coupled with phonons, which we see when Taylor expanding the exponential
function. This new polaronic eigenstate will have a lowered energy compared to the electron energies
in the uncoupled system. We also see that the energy of the state with two polarons is lowered faster
as a function of � than the energy to the states with only one polaron, similar to the result found from
perturbation theory. We note that at strong enough coupling and ↵ < 1 the energy of the polaron in
the d-level will become lower than the energy of an electron in the c-level. We can also conclude that
the energy gap between the levels does not give rise to any resonant e↵ects so the coupling will only
result in electron-pairing if we have a large enough � or the phonon mode becomes soft and !0 ! 0.

4 Interband electron-phonon coupling

Following the results of section 2, and the change in orbital population of the quantum dot energy
levels at the Lifshitz transition discussed in the introduction, we imagine di↵erent types of polaronic
e↵ects could be in play at di↵erent points in the energy spectrum of the quantum dot. One such
polaronic e↵ect could be the intraband electron-phonon coupling discussed in section 3, another
e↵ect could be interband electron-phonon coupling. This leads us to studying a Hamiltonian which
allows electrons to scatter between levels due to interband electron-phonon interaction and we want
to examine the contribution to the U that this type of coupling can give. We could imagine that
around the Lifshitz point, where the bands with xz/yz orbitals starts to be populated, some coupling
between orbitals could occur where an electron could be scattered from a level comprised mostly of
one type of orbital to a level comprised of another type of orbital. If the scattering occurs between
orbitals we could imagine that this type of coupling only could be possible around and after the
Lifshitz point. We could also have made the other guess, that interband transition is only allowed
until the Lifshitz point, where scattering between levels would not be possible anymore due to the
levels having di↵erent orbital symmetries. If the interband coupling turns out to create a repulsive
potential, and interband coupling occur after the Lifshitz point, it could be interesting due to [4]
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where local electron pairing occured only up until the Lifshitz point when the xz/yz-orbitals become
populated. This brings us to the following model:

H = ✏c
†
c+ (✏+�)d†d+ Uncnd + !b

†
b+ �(b† + b)(d†c+ c

†
d), (4.1)

where we divide it into H = He+Hph+He�e+He�ph. The electron-phonon interaction is understood
as an electron in the initial c-level being scattered into the d-level by either absorbtion or emission
of a phonon or similarly from d-level to c-level. We have also again used that the 1

2~! from the
zero-point mode of the phonon will only add a constant to the total energy so we have ignored it.
Again by treating the electron-phonon term as a perturbation, we can easily find the unperturbed
energy levels from having an electron in either level, both levels filled or no electrons denoted as
|cdni = |ci ⌦ |di ⌦ |ni with the first being the c-level, then d-level and lastly the phonon number.
This gives us the energies 0, ✏, ✏ + �, 2✏ + � + U , plus the phonon energy, for the system without
electron-phonon coupling, same as in the intraband model.

4.1 Perturbation theory

We again start by using perturbation theory where we work with the electron-phonon coupling as
perturbation to the Hamiltonian H0 = He + Hph + He�e. With this model we can then apply
perturbation theory to find corrections to the energy levels due to the interband electron-phonon
interaction. We quickly see that the first order corrections are going to be zero due to He�ph either
raising or lowering the phonon level, so we go to second order. At second order we note that the
corrections to the highest and lowest energy level will be zero, as both levels are either empty or full
such that a phonon can’t scatter an electron between levels. We then have for the |10ni state which
is the state with an electron in the c-level and the phonon mode exited to the n’th level:

E
(2)
|10ni =

X

m 6=|10ni

| hm|�(b† + b)(d†c+ c
†
d) |10ni |2

✏+ n! � E
(0)
m

. (4.2)

We see that the m-state can only be either |01(n+ 1)i or |01(n� 1)i for the correction to be non-zero
so we get:

E
(2)
|10ni = �

2

✓
n+ 1

��� !
+

n

��+ !

◆
= ��

2

✓
n+ 1

�+ !
+

n

�� !

◆
, (4.3)

with the right most term coming from absorbing a phonon, and we see that there is no correction
from absorbing a phonon if there are no phonons in the system, since n = 0. We also get from the
other intial state the same correction but with a sign di↵erence on the �:

E
(2)
|01ni = ��

2

✓
n+ 1

��+ !
+

n

��� !

◆
. (4.4)

We see that we get divergences around the point where the energy gap between the quantum dot
levels is equal to the phonon energy. At this point we have that E

(0)
|10ni = E

(0)
|01(n�1)i, and we get

degeneracies in the system resulting in the perturbation theory breaking down. It could look as if
resonant coupling might be possible around the point where the energy gap and the phonon energy is
close to the same energy. This resonant energy would then depend on the addition energy, �, in the
quantum dot which depends on the charging energy that we assume is constant and the di↵erence
in orbital energies which depends on the size. In [3] it was found experimentally for their quantum
dot that the addition energy varied, but was at energies in the orders of 100µeV whereas the phonon

10



energies in LAO/STO are in the order 10meV [2]. With ! � � we have from equations (4.4) and
(4.3) that

E
(2)
|10ni = �

�
2

!

 
n+ 1
�
!
+ 1

+
n

�
!
� 1

!
! �

�
2

!
, (4.5)

E
(2)
|01ni = �

�
2

!

 
n+ 1

�
�
!
+ 1

+
n

�
�
!
� 1

!
! �

�
2

!
, (4.6)

which are the energy corrections we expect for the states with one electron, with phonon energies in
the range of 10meV. Since we saw from perturbation theory that the |11ni is unchanged we would

expect that U ! U + 2�
2

!
to second order such that E(0)

|11ni = Ec + Ed + U doesn’t change.

4.2 Transformation of the interband Hamiltonian

We will now use a unitary transformation on the Hamiltonian to solve for the states and energies of
the full system without the use of perturbation theory. From the perturbation theory we expect to
find a positive contirbution to the U from the interband electron-phonon coupling. Again, we will
use a Lang-Firsov type transformation. If we use the same unitary operator U = e

�

!
(b†�b)(nc+nd) to

transform the system so thatH 0 = UHU
†, it will give the same transformed operators as earlier where

the operators nc, nd , c†d and d
†
c don’t change under transformation. This transformation will help

cancel out intraband coupling but not interband coupling. Since we only have an interband coupling
now we will instead make use of a modified Lang-Firsov transformation. To get a Hamiltonian
without an interband electron-phonon coupling term we will use a transformation with U2 = e

S2

where

S2 =
�

!
(b† � b)(c†d+ d

†
c). (4.7)

We then work out the transformation H̄ = U2HU
†
2 , following the approach of [13]. We will start by

transforming the operators in the new Hamiltonian. When doing this we keep the Baker-Campbell-
Hausdor↵ formula used earlier in mind. Beginning with the phonon creation and annihilation oper-
ators we get:

b̄ = e
�

!
(b†�b)(c†d+d

†
c)
b e

� �

!
(b†�b)(c†d+d

†
c)

= b+
�

!
(c†d+ d

†
c)[b† � b, b] + ... = b�

�

!
(c†d+ d

†
c),

(4.8)

similar to how we did when dealing with intraband coupling. Now to the electron creation and
annihilation operators:

c̄ = e
S2ce

�S2

= c+
�

!
(b† � b)[c†d+ d

†
c, c] +

1

2

�
2

!2
(b† � b)2[c†d+ d

†
c[c†d+ d

†
c, c]] + . . .

(4.9)

We start by calculating the commutators. To do this we use that the electrons in the c and d-levels are
fermions so that their operators obey the normal anticommutation relations, {c†

a
, c

†
b
} = {ca, cb} = 0

and {ca, c
†
b
} = �ab:
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[c†d+ d
†
c, c] = [c†d, c] + [d†c, c] = c

†
dc� cc

†
d+ d

†
cc� cd

†
c

= �d{c, c
†
} = �d.

(4.10)

Now we can calculate the third term in the Bakers-Hausdor↵-Campbell formula:
⇥
c
†
d+ d

†
c, [c†d+ d

†
c, c]

⇤
= [c†d+ d

†
c,�d] = �[d†c, d]

= �d
†
cd+ dd

†
c = d

†
dc+ dd

†
c

= {d
†
, d}c = c.

(4.11)

From this we know that the uneven terms give �d and the even terms give c. This gives us the
transformation of c as:

c̄ =
X

n=0

⇥
�

!
(b† � b)

⇤2n

(2n)!
c�

X

n=0

⇥
�

!
(b† � b)

⇤2n+1

(2n+ 1)!
d

= cosh


�

!
(b† � b)

�
c� sinh


�

!
(b† � b)

�
d,

(4.12)

where we used that sinh(x) =
P

n

x
2n+1

(2n+1)! and cosh(x) =
P

n

x
2n

(2n)! . Then we also know that:

c̄
† = cosh


�
�

!
(b† � b)

�
c
†
� sinh


�
�

!
(b† � b)

�
d
†

= cosh


�

!
(b† � b)

�
c
† + sinh


�

!
(b† � b)

�
d
†
.

(4.13)

Similarly for d̄ we use the same procedure and find that [c†d+ d
†
c, d] = �c giving us that⇥

c
†
d+ d

†
c, [c†d+ d

†
c, d]

⇤
= [c†d+ d

†
c,�d] = c, so we find that we just exchange the c and d to get d̄.

We now have the transformed operators as:

b̄ = b�
�

!

�
c
†
d+ d

†
c
�

, b̄
† = b

†
�
�

!

�
c
†
d+ d

†
c
�
, (4.14)

c̄ = cosh


�

!
(b† � b)

�
c� sinh


�

!
(b† � b)

�
d , c̄

† = cosh


�

!
(b† � b)

�
c
† + sinh


�

!
(b† � b)

�
d
†
,

d̄ = cosh


�

!
(b† � b)

�
d� sinh


�

!
(b† � b)

�
c , d̄

† = cosh


�

!
(b† � b)

�
d
† + sinh


�

!
(b† � b)

�
c
†
.

We can now work on transforming the Hamiltonian. The transformation of the Hamiltonian requires
a bit more work in the interband case, since the number operators after this transformation contain
multiple terms so the calculation have been moved to Appendix A. To transform the Hamiltonian
we transform it one term at a time and introduce the notation:

A1 = cosh2


�

!
(b† � b)

�
, A2 = sinh2


�

!
(b† � b)

�
, A3 = cosh


�

!
(b† � b)

�
sinh


�

!
(b† � b)

�
.

(4.15)
From this we get that A4 = A

2
1, A5 = A

2
2, A6 = A

2
3, A7 = A1A3 and A8 = A3A2. We then end up

with a transformed Hamiltonian on the form:
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H̄ = Ēcnc + Ēdnd + Ūncnd + V1d
†
c+ V2c

†
d+ !b

†
b, (4.16)

with the transformed energies:

Ēc = ✏��A2 �
�
2

!
, Ēd = ✏+�A1 �

�
2

!
, Ū = U + 2

�
2

!
,

V1 = ��A3 � 2UA8, V2 = �A3 � 2UA7. (4.17)

This gives us a Hamiltonian without the coupling term, but we have instead ended up with the
exponential factors containing the phonon creation/annihilation operators, and therefore the result
from the unitary transformation is not as clear cut as it was with the Lang-Firsov transformation in
section 3. We do already see that the U ! U +2�

2

!
, which works to create a repulsive potential. We

also get similarly to the Lang-Firsov result that the energies for a single particle on the quantum dot,
Ēc and Ēd are again lowered by �

2

!
. These two results are the same as we got from perturbation theory

to second order in � for ! � �. We also get two new terms from the transformation, the V1 and V2

that give an on-site hybridization that mixes the orbitals. The transformation has thus gotten rid of
the electron-phonon coupling term but by expanding out the A’s we get infinitely many terms with
both electron and phonon operators. We have achieved the goal of removing the electron-phonon
coupling term but that didn’t diagonalize the Hamiltonian. To study this new Hamiltonian further
we will try averaging over the phonons.

4.2.1 Averaging over the phonons

We will trace out the exponential function with the bosonic operators. We do this by assuming that
we are in a thermal equilibrium at a low temperature, and then trace over the unperturbed phonon

states with the density operator ⇢ = e
��H

ph

Tr[e��H
ph ]

, and Hph = !b
†
b. We use the result, he±↵(b†�b)

i =

e
� 1

2↵
2coth(�!

2 ), from appendix D, and for low temperatures where limx!1 coth(x) = limx!1
e
2x+1
e2x�1 = 1,

we have that:
1

Z
Tr

h
⇢ e

±↵(b†�b)
i
= e

� 1
2↵

2coth(�!

2 ) ⇡ e
� 1

2↵
2
. (4.18)

We can now easily calculate the reduced Hamiltonian by using that the trace is a linear mapping.
As an example:

1

Z
Tr (⇢A5) =

1

Z
Tr

⇢
⇢ sinh4


�

!
(b† � b)

��
= Tr

⇢
⇢ sinh2


�

!
(b† � b)

�
sinh2


�

!
(b† � b)

��

=
1

Z
Tr


⇢
1

24

⇣
e

�

!
(b†�b)

� e
� �

!
(b†�b)

⌘⇣
e

�

!
(b†�b)

� e
� �

!
(b†�b)

⌘�

=
1

Z
Tr

✓
⇢

1

16
(6 + e

4 �

!
(b†�b)

� 4e2
�

!
(b†�b) + e

�4 �

!
(b†�b)

� 4e�2 �

!
(b†�b)

◆

⇡
1

8

✓
e
�8 �

2

!2 + 3� 4e�2 �
2

!2

◆
.

(4.19)

Having averaged the Hamiltonian over the phonons, we now have have a completely fermionic Hamil-
tonian. We can then examine the eigenstates of the Hamiltonian in the limit of weak and strong
coupling.
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4.2.2 Strong coupling regime

In the strong-coupling regime �

!
� 1, we see that Tr(⇢A5) ⇡

3
8 . We calculate the rest of the averages

over the A’s in the same way as in (4.19) and get the same result as in [13]. In the strong coupling
regime, where the exponential functions go to zero, we get:

Tr(⇢A1) ⇡
1

2
, Tr(⇢A2) ⇡ �

1

2
,

Tr(⇢A3) = Tr(⇢A7) = Tr(⇢A8) ⇡ 0, Tr(⇢A4) = Tr(⇢A5) ⇡
3

8
, Tr(⇢A6) ⇡ �

1

8
. (4.20)

At last we have the term !hb
†
bi = !

exp{��!}
1�exp{��!} = !nB(!). These are boson operators and it will give

us the Bose-function that goes to zero for T going to zero with a constant phonon energy. So we
can safely neglect the phonon energy for low enough temperature. For T = 1K and ~! ⇡ 20meV,
an LAO/STO phonon energy from a phonon possibly involved in the electron pairing [2], we get
�~! > 200. This limit then gives the totally fermionic reduced Hamiltonian, HF :

HF = Ēnc + Ēnd + Ūncnd, (4.21)

with the transformed energies

Ē = ✏+
�

2
�
�
2

!
, Ū = U + 2

�
2

!
. (4.22)

We thus have two degenerate states, as the states with one particle in the c or d-level now have the
same energy. With our new Ū > 0, the energies of the system are:

E00 = 0,

E10 = E01 = ✏+
�

2
�
�
2

!
,

E11 = 2✏+�+ U.

(4.23)

We see that the energy of having a particle pair does not change, just like the model predicts, as
it doesn’t allow jumping between levels with both levels already occupied, but it still allows for
polaron modes with lowered energy, favoring single particle states over particle pairs. We note the
main result of this calculation, that the interband electron-phonon coupling results in a positive
addition to the electron-electron potential U , and thus works against electron-pairing as the energy
of single particle states was lowered compared to the two-particle state. We now understand that
in a system with both intraband and interband coupling mechanisms, we would have a competition
between pairing up electrons and breaking up those pairs. Since we have not studied the actual form
of electron-phonon coupling in LAO/STO, but only worked with made up toy-models for intraband
and interband electron-phonon coupling in an Anderson-Holstein model we can not know if this exact
pairing mechanism is present in the interface. We do know however that there are polarons and if
these types of couplings exist, then an intraband coupling between the xy-orbital energy levels below
the Lifshitz point and an interband coupling between the mixed levels above the Lifshitz point, could
encourage electron-electron paring below the Lifshitz point, and discourage the pairing above it, and
thus be in line with the experimental findings in [4]. We also note that this coupling requires the
electrons to coupling to the same phonon.
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4.2.3 Weak coupling regime

In the weak coupling regime with �

!
! 0 we expect to recover the non-perturbed eigenenergies

in the low-temperature regime with hni = 0. For weak coupling we can expand the exponential
functions, that we get after averaging the A’s, to second order in � and we get that Tr[⇢A1] ⇡ 1� �

2

!2 ,

Tr[⇢A2] ⇡ �
�
2

!2 , while Tr[⇢A3] = Tr[⇢A7] = Tr[⇢A8] ! 0 this will gives us

Ec ! ✏+
�
2

!

✓
�

!
� 1

◆
, Ed ! ✏+��

�
2

!

✓
�

!
+ 1

◆
, U ! U + 2

�
2

!
, (4.24)

where we see that we recover the perturbation result from equation (4.5) and (4.6) in the limit of
! � �.

5 Spin-Orbit coupling

We now introduce spin and spin-orbit coupling to the system. This expands the Hilbert space to 16
dimensions. We now have the Hamiltonian:

H = He +Hph +HSO +He�e +He�ph. (5.1)

The angular momentum matrices in the {yz, xz, xy} basis are:

Lz =

0

@
0 i 0
�i 0 0
0 0 0

1

A , Lx =

0

@
0 0 0
0 0 i

0 �i 0

1

A , Ly =

0

@
0 0 �i

0 0 0
i 0 0

1

A .

8
<

:

|yzi

|xzi

|xyi

(5.2)

They are worked out in appendix F. The terms He +HSO in the Hamiltonian with spin is then:

H = H0 ⌦

✓
1 0
0 1

◆
+�SO

X

↵

L↵ ⌦ �↵, ↵ = x, y, z (5.3)

which in the basis of {yz ", yz #, xz ", xz #, xy ", xy #} turns out to be

H = H0 +�SO

0

@
0 i�z �i�y

�i�z 0 i�x

i�y �i�x 0

1

A . (5.4)

We see that HSO is zero on the diagonal and the second quantization Hamiltonian will then have
terms like c

†
yz"cxz#. So with i, j 2 {yz ", yz #, xz ", xz #, xy ", xy #} , we have:

HSO =
X

ij

c
†
j
hj|HSO |ii ci, (5.5)

HSO = �SO

0

BBBBBB@

0 0 i 0 0 �1
0 0 0 �i 1 0
�i 0 0 0 0 i

0 i 0 0 i 0
0 1 0 �i 0 0
�1 0 �i 0 0 0

1

CCCCCCA

8
>>>>>><

>>>>>>:

|yz, "i

|yz, #i

|xz, "i

|xz, #i

|xy, "i

|xy, #i

. (5.6)

The goal is now to examine the e↵ect of spin-orbit coupling in the two-level one-site Anderson-
Holstein model. We will work the special case were d

†
�
|0i = |yz, �i and c

†
�
|0i = |xy, �i. We imagine
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that this could be for a quantum dot where Lx ⌧ Ly such that the orbital contributions to the
quantum dot states resemble those in figure 4, combined with being around the Lifshitz point to
allow for energy levels containing di↵erent orbitals. We work out HSO in the basis {|yz, �i , |xy, �i},
and the only non-zero elements in our second quantization Hamiltonian, HSO, are

hyz #|HSO |xy "i = �SO & hyz "|HSO |xy #i = ��SO, (5.7)

and their complex conjugates. We now have in second quantization that:

HSO = �SO(c
†
"d# � c

†
#d" � d

†
"c# + d

†
#c"). (5.8)

In more compact notation we get for the t2g band the entire spin-orbit coupling Hamiltonian in second
quantization as:

HSO = i�SOc
†
yz,↵

�
z

↵�
cxz,� +H.c

+ i�SOc
†
xz,↵

�
x

↵�
cxy,� +H.c

+ i�SOc
†
xy,↵

�
y

↵�
cyz,� +H.c.

(5.9)

With �i

↵�
being the matrix element between spin ↵ and � for the i-th pauli matrix. We get this from

equation (5.3) by multiplying the matrix element in orbital space first and leaving the spin space
matrix element. This notation gives (5.8) and is general for the spin-orbit coupling of t2g-electrons.
We know that the Lang-Firsov transform will not a↵ect this Hamiltonian as c� and d� acquire the

same factor e�(b
†�b) so that c̃†

�
d̃� = c

†
�
d�. We instead transform it with the transformation used for

the interband electron-phonon coupling. This gives:

c̄
†
"d̄# =

n
c
†
"cosh

⇥
�(b† � b)

⇤
+ d

†
"sinh

⇥
�(b† � b)

⇤o�
d#cosh

⇥
�(b† � b)

⇤
� c#sinh

⇥
�(b† � b)

⇤ 
. (5.10)

We multiply this out and rewrite it in terms of the matrices Ai. By permuting c and d and taking
the conjugate transpose (or permuting spins) we find all the transformed terms:

c̄
†
"d̄# = c

†
"d#A1 + (d†"d# � c

†
"c#)A3 � d

†
"c#A2 , d̄

†
"c̄# = d

†
"c#A1 + (c†"c# � d

†
"d#)A3 � c

†
"d#A2,

c̄
†
#d̄" = c

†
#d"A1 + (d†#d" � c

†
#c")A3 � d

†
#c"A2 , d̄

†
#c̄" = d

†
#c"A1 + (c†#c" � d

†
#d")A3 � c

†
#d"A2, (5.11)

which gives the full H̄SO and we get:

H̄SO = �SO(c̄
†
"d̄# � d̄

†
"c̄# � c̄

†
#d̄" + d̄

†
#c̄")

= �SO(c
†
"d#A1 + d

†
"d#A3 � c

†
"c#A3 � d

†
"c#A2 � d

†
"c#A1 � c

†
"c#A3 + d

†
"d#A3 + c

†
"d#A2

� c
†
#d"A1 � d

†
#d"A3 + c

†
#c"A3 + d

†
#c"A2 + d

†
#c"A1 + c

†
#c"A3 � d

†
#d"A3 � c

†
#d"A2).

(5.12)

We are now left with:

H̄SO = �SO{(A1 + A2)(c
†
"d# � d

†
"c# � c

†
#d" + d

†
#c") + 2A3(c

†
#c" + d

†
"d# � d

†
#d" � c

†
"c#)} (5.13)

From earlier we know that in the strong coupling limit, hA1i = �hA2i =
1
2 and that hA3i = 0 which

will give that hH̄SOi = 0 for T ! 0.
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If we instead chose that d†
�
represents the xz, � state, we arrive at:

H
xz,xy

SO
= i�SO(d

†
"c# + d

†
#c" � c

†
"d# � c

†
#d"), (5.14)

which under the unitary transformed used earlier transforms like:

H̄
xz,xy

SO
= H

xz,xy

SO
(A1 + A2), (5.15)

which when averaged over the phonons is zero, at T ! 0 and goes back to H
xz,xy

SO
at T ! 1. We

see from this result that when working with interband and intraband electron-phonon coupling the
spin-orbit coupling of the electrons will not a↵ect the U in the Anderson-Holstein model and change
the result from sections 3 and 4.

5.1 Spin-orbit e↵ects on electron-phonon coupling

We could imagine that the spin-orbit coupling could a↵ect the electron-phonon coupling term in the
Hamiltonian and only allow certain interband scattering terms depending in the symmetry of the
phonon. Here we work with an electron-phonon coupling term only allowing scattering between levels
with di↵erent spins:

He�ph = �(b† + b)(d†"c# + d
†
#c" + c

†
"d# + c

†
#d"). (5.16)

This leads us to use a non-spin conserving unitary transformation, U = e
iS with the anti-hermitian

operator iS:

iS =
�

!

�
b
†
� b

� ⇣
d
†
"c# + d

†
#c" + c

†
"d# + c

†
#d"

⌘
. (5.17)

For ease of notation in this section we’ll use S = �

!

�
b
†
� b

�
Ê, with the electronic part Ê = d

†
"c# +

d
†
#c" + c

†
"d# + c

†
#d". Then we can find the transformed operators in the same was as we have done

before, only now with spins:

UbU
† = e

S
be

�S = b+
�

!
Ê[
�
b
†
� b

�
, b] + ... = b�

�

!
Ê, (5.18)

and for the fermionic operators with spin:

Uc�U
† = e

S
c�e

�S =
X

n=0


�

!

�
b
†
� b

��n [Ê, c�]n
n!

. (5.19)

To evaluate this we use that

[AB,C] = ABC � CAB = ABC + ACB � ACB � CAB

= A{B,C}� {A,C}B.
(5.20)

We then have
[Ê, c�] = [d†"c# + d

†
#c" + c

†
"d# + c

†
#d", c�] = �d�, (5.21)

where we used that [d†
�
c�0 , c�00 ] = 0, and that [c†

�
d��, c�0 ] = �{c

†
�
, c�0}d�� = ��,�0d��. Then we

evaluate the next term in the sum

[Ê, c�]2 = [ê,�d��] = �[d†"c# + d
†
#c", d��] = �(�c�). (5.22)
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We can now evaluate the entire transformed operator, as all even terms of the commutator evaluates
to c� and the uneven terms to �d��:

Uc�U
† = c�

X

n=0

⇥
�

!

�
b
†
� b

�⇤2n

(2n)!
� d��

X

n=0

⇥
�

!

�
b
†
� b

�⇤2n+1

(2n+ 1)!

= c�cosh


�

!

�
b
†
� b

��
� d��sinh


�

!

�
b
†
� b

��
.

(5.23)

From this we have all the transformed operators and it is then only a matter of transforming the
Hamiltonian following the same approach as used before. We get that:

d̃
†
�
c̃�0 = d

†
�
c�0A1 + (c†��c�0 � d

†
�
d��0)A3 � c

†
��d��0A2, (5.24)

and with this we have that UÊU
† = Ê. We can now transform the electron-phonon coupling term

and the phonon term in the Hamiltonian:

H̃e�ph = �

�
b
† + b

�
� 2

�

!
Ê

�
Ê = �

�
b
† + b

�
Ê � 2

�
2

!
Ê

2
, (5.25)

H̃ph = !b
†
b� �

�
b
† + b

�
Ê +

�
2

!
Ê

2
, (5.26)

giving us that the coupling term cancels out again. To understand the e↵ect of the contribution
�

�
2

!
Ê

2 we look at the term Ê
2 which will give some terms proportional to n

c

�
and n

d

�
, some terms

proportional to n
c

�
n
d

��
and then some orbital mixing terms:

Ê
2 = d

†
"c#d

†
#c" + d

†
"c#c

†
"d# + d

†
"c#c

†
#d" + d

†
#c"d

†
"c# + d

†
#c"c

†
"d# + d

†
#c"d

†
#d"

+ c
†
"d#d

†
"c# + c

†
"d#d

†
#c" + c

†
"d#c

†
#d" + c

†
#d"d

†
"c# + c

†
#d"d

†
#c" + c

†
#d"c

†
"d#

=
X

�,�

n
�

�
� 2

X

�

n
c

�
n
d

��
+ 2d†#d

†
"c"c# + 2c†#c

†
"d"d# + 2

X

�

c
†
�
d
†
�
c��d��,

(5.27)

with � representing the quantum dot levels c and d. We see that the term contributing to the on-site
potential proportional to nc

�
n
d

��
is negative and will give then a positive contribution to the interaction

term from the transformation of the phonon and electron-phonon term in the Hamiltonian, and we
see that this potential electron-phonon coupling will also contribute towards a repulsive potential
just like we had it for the interband case. An electron-phonon term like this could work to break up
local pairs. With the spin-orbit coupling allowing interband electron-phonon interaction terms, only
when a mixing of orbtitals is available, it would then only contribute to breaking up electron pairs
around and above the Lifshitz point.

6 Generalization of electron-phonon couplings to N quan-
tum dot levels

With these previous sections in mind we have an understanding of the contribution that electron-
phonon coupling can give to the potential between two electrons on the same site in a two-level
Anderson-Holstein model. Now we can briefly discuss the more general e↵ect of electron-phonon
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coupling for an N -level quantum dot with interband and intraband electron-phonon coupling. We
use a general electronic contribution :

Ê =
X

ij

↵ijc
†
i
cj, (6.1)

with an electron phonon coupling on the form

He�ph = �
�
b
† + b

�
Ê, (6.2)

so that we can use a unitary transformation on the form e
iS, with iS = �

!

�
b
†
� b

�
Ê, as we see from

the Baker-Hausdorf-Campell formula (3.10) that Ê will transform to itself, while b
† + b transforms

to b
† + b � 2 �

!
Ê. We will then always end up with Hph + He�ph transforming to !b†b � �

2

!
Ê

2. We

then examine the e↵ect of the Ê
2 on the U in the Anderson-Holstein model and we have:

Ê
2 =

X

ijkl

↵ij↵klc
†
i
cjc

†
k
cl. (6.3)

Terms with i = j = k = l will contribute to lowering the energy of the polaron on the quantum dot.
Terms with i = j and k = l but i 6= k, which corresponds to intraband coupling, will recover the
result from section 3, where Uij ! Uij � 2�

2

!
↵ii↵jj. We also get two interband terms with i = l and

j = k but i 6= j which will give contributions like ↵ij↵jic
†
i
cjc

†
j
ci = ↵ij↵jini (1� nj) which will give

that Uij ! Uij + 2�
2

!
↵ij↵ji, which recovers the result of section 4 and section 5 which works against

local electron pairing. If we could have an interband type electron phonon coupling where the sign
of ↵ij is opposite of the sign of ↵ji it would result in a negative contribution of U , but we do not
know if a phonon that couples to the electrons in LAO/STO like that exists.

7 Conclusion and discussion

The e↵ects of electron-phonon coupling on the electron pairing in a quantum dot in LAO/STO has
been investigated. First we used the band structure of the LAO/STO interface to examine the orbital
structure of the energy levels in the quantum dot, and orbital mixing was found to occur after the
Lifshitz transition. The e↵ects of electron phonon coupling were studied using a two level Anderson-
Holstein model of a quantum dot, and both interband and intraband electron-phonon coupling was
examined. In the intraband case a unitary Lang-Firsov transformation was used, and it was found
that the eigenstates are polaronic states with a lowered energy. It is also found that the local pairing
potential U becomes negative for strong electron-coupling strength giving rise to local electron pairing.
In the interband case the approach of [13] was followed. A new unitary transformation was used, and
it was found that the interband electron phonon coupling resulted in a postive addition to the U in
the Anderson-Holstein model. After averaging over the phonons in the system, degenerate polaron
states were found with lowered energies. A two-electron state was not a↵ected by the interband
electron-phonon coupling. In the end, a possible electron-phonon pairing coming from spin-orbit
coupling was examined and had the same result as the interband electron-phonon coupling.
For the results in this thesis to align with the experimental results from [4], we could expect that
if polaronic e↵ects are the explanation for local electron pairing in an LAO/STO quantum dot,
then the energy levels below the Lifshitz point would have dominant intraband electron-phonon
coupling. Thus, resulting in electron pairs, whereas above the Lifshitz point interband coupling
would be dominant. This could be due to the spin-orbit coupling a↵ecting the electron-phonon
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coupling term. To further examine if intra and interband coupling is the reason for electron pairing
an investigation of the possibility of interband coupling would be needed. Then also the strength
of the possible intraband and interband coupling below and above the Lifshitz point would have to
be found. Studying the electron-phonon coupling between xz/yz states could be interesting due to
their mixing and high density of states above the Lifshitz point. The possibility of electron-phonon
coupling a↵ected by spin-orbit coupling in LAO/STO could be studied, as phonons with di↵erent
symmetries might interact di↵erently with electrons in di↵erent orbitals, that also have di↵erent
symmetries. The e↵ect of the electron phonon couplings on a physical observable would be a way
to extract quantitative results and it would avoid possible problems of changing the basis since the
expectation value is independent on the basis.
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A Unitary transformation of the interband Hamiltonian

To transform the Hamiltonian the number operators are no longer the same as with the Lang-Firsov,
so lets start by transforming the Hamiltonian one term at a time:

H̄ = ✏c̄
†
c̄+ (✏+�)d̄†d̄+ Uc̄

†
c̄d̄

†
d̄+ !b̄

†
b̄+ �(b̄† + b̄)(d̄†c̄+ c̄

†
d̄). (A.1)

Starting with the number operators:

c̄
†
c̄ = (cosh


�

!
(b† � b)

�
c
† + sinh


�

!
(b† � b)

�
d
†)(cosh


�

!
(b† � b)

�
c� sinh


�

!
(b† � b)

�
d)

= cosh2


�

!
(b† � b)

�
nc � sinh2


�

!
(b† � b)

�
nd + cosh


�

!
(b† � b)

�
sinh


�

!
(b† � b)

�
(d†c� c

†
d).

(A.2)

Likewise we get:

d̄
†
d̄ = cosh2


�

!
(b† � b)

�
nd � sinh2


�

!
(b† � b)

�
nc + cosh


�

!
(b† � b)

�
sinh


�

!
(b† � b)

�
(c†d� d

†
c).

(A.3)
Now on to the electrostatic interaction term with Uncnd. Here we use that nc(c†d + d

†
c) = c

†
d as

ncc = c
†
cc = 0 and also nd(c†d+ d

†
c) = d

†
c. Also we use that

(d†c� c
†
d)(c†d� d

†
c) = d

†
dcc

† + dd
†
c
†
c

= d
†
d(1� c

†
c) + (1� d

†
d)c†

= nc + nd � 2ncnd

= (nc � nd)
2
.
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n̄cn̄d = c̄
†
c̄d̄

†
d̄

=

⇢
cosh2


�

!
(b† � b)

�
nc � sinh2


�

!
(b† � b)

�
nd + cosh


�

!
(b† � b)

�
sinh


�

!
(b† � b)

�
(d†c� c

†
d)

�

⇥

⇢
cosh2


�

!
(b† � b)

�
nd � sinh2


�

!
(b† � b)

�
nc + cosh


�

!
(b† � b)

�
sinh


�

!
(b† � b)

�
(c†d� d

†
c)

�

=

⇢
cosh4


�

!
(b† � b)

�
+ sinh4


�

!
(b† � b)

��
ncnd

� cosh2


�

!
(b† � b)

�
sinh2


�

!
(b† � b)

� ⇥
nc + nd � (d†c� c

†
d)(c†d� d

†
c)
⇤

� cosh3


�

!
(b† � b)

�
sinh


�

!
(b† � b)

� ⇥
nc(c

†
d� d

†
c) + (d†c� c

†
d)nd

⇤

� cosh


�

!
(b† � b)

�
sinh3


�

!
(b† � b)

� ⇥
nd(c

†
d� d

†
c) + (d†c� c

†
d)nc

⇤

=

✓
cosh4


�

!
(b† � b)

�
+ sinh4


�

!
(b† � b)

�◆
ncnd

� cosh2


�

!
(b† � b)

�
sinh2


�

!
(b† � b)

�
(nc + nd � nc � nd + 2ncnd)

� cosh3


�

!
(b† � b)

�
sinh


�

!
(b† � b)

� �
c
†
d+ c

†
d
�
� cosh


�

!
(b† � b)

�
sinh3


�

!
(b† � b)

� �
d
†
c+ d

†
c
�

=

⇢
cosh4


�

!
(b† � b)

�
+ sinh4


�

!
(b† � b)

�
� 2cosh2


�

!
(b† � b)

�
sinh2


�

!
(b† � b)

��
ncnd

� 2cosh3


�

!
(b† � b)

�
sinh


�

!
(b† � b)

�
c
†
d� 2cosh1


�

!
(b† � b)

�
sinh3


�

!
(b† � b)

�
d
†
c.

(A.4)

We have for the bosonic operators that:

b̄
†
b̄ =


b
†
�
�

!
(c†d+ d

†
c)

� 
b�

�

!
(c†d+ d

†
c)

�

= b
†
b+


�

!

�
c
†
d+ d

†
c
��2

�
�

!
(b† + b)(c†d+ d

†
c)

= b
†
b+

�
2

!2
(nc + nd � 2ncnd)�

�

!
(b† + b)

�
c
†
d+ d

†
c
�
.

(A.5)

Now we find:

c̄
†
d̄ =

✓
cosh


�

!
(b† � b)

�
c
† + sinh


�

!
(b† � b)

�
d
†)(cosh


�

!
(b† � b)

�
d� sinh


�

!
(b† � b)

�
c

◆

= cosh2


�

!
(b† � b)

�
c
†
d� sinh2


�

!
(b† � b)

�
d
†
c� cosh


�

!
(b† � b)

�
sinh


�

!
(b† � b)

�
(nc � nd),

(A.6)
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d̄
†
c̄ =

✓
cosh


�

!
(b† � b)

�
d
† + sinh


�

!
(b† � b)

�
c
†)(cosh


�

!
(b† � b)

�
c� sinh


�

!
(b† � b)

�
d

◆

= cosh2
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!
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d
†
c� sinh2
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!
(b† � b)

�
c
†
d+ cosh
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!
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�
sinh
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!
(b† � b)

�
(nc � nd),

(A.7)

which gives us:

c̄
†
d̄+ d̄

†
c̄ =

⇢
cosh2


�

!
(b† � b)

�
� sinh


�

!
(b† � b)

��
(c†d+ d

†
c). (A.8)

Now we have with (c†d+ d
†
c)2 = nc + nd � 2ncnd, that:

(b̄† + b̄)(c̄†d̄+ d̄
†
c̄) =


b
† + b� 2

�

!
(c†d+ d

†
c)

⇢
cosh2


�

!
(b† � b)

�
� sinh2


�

!
(b† � b)

�� �
c
†
d+ d

†
c
��

=


(b† + b)(c†d+ d

†
c)� 2

�

!
(nc + nd � 2ncnd)

�⇢
cosh2
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!
(b† � b)
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� sinh2
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!
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(c†d+ d
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!
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(A.9)

This gives us that the coupling term in the Hamiltonian cancels out:

!b̄
†
b̄+ �(b̄† + b̄)(d̄†c̄+ c̄

†
d̄) = !b

†
b+

�
2

!
(nc + nd � 2ncnd)� �(b† + b)(c†d+ d

†
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†
c)� 2

�
2

!
(nc + nd � 2ncnd)
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†
b�

�
2

!
(nc + nd � 2ncnd).

(A.10)

We have now removed the coupling term in the Hamiltonian. We simplify notation and use:

A1 = cosh2


�

!
(b† � b)

�
, A2 = sinh2


�

!
(b† � b)

�
, A3 = cosh


�

!
(b† � b)

�
sinh


�

!
(b† � b)

�
.

(A.11)
Then it follows that A4 = A

2
1, A5 = A

2
2, A6 = A

2
3, A7 = A1A3 and A8 = A3A2. This gives that:

H̄ = ✏
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†
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(A.12)
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Then using that A4 + A5 � 2A6 = (A1 � A2)2, and that A1 � A2 = 1, we arrive at:

H̄ = Ēcnc + Ēdnd + Ūncnd + V1d
†
c+ V2c

†
d+ !b

†
b, (A.13)

with the transformed energies:

Ēc = ✏��A2 �
�
2

!

Ēd = ✏+�A1 �
�
2

!

Ū = U + 2�
2

!

V1 = ��A3 � 2UA8

V2 = �A3 � 2UA7.

B Evaluating
D
e
±↵(b†�b)

E

In this appendix we will show that
D
e
±↵(b†�b)

E
= e

� 1
2↵

2coth(�!

2 ). (B.1)

This is done by working out the trace Tr
h
⇢ e

±↵(b†�b)
i
. We will be using boson annihilation and

creation operators b |ni =
p
n |n� 1i and b

†
|ni =

p
n+ 1 |n+ 1i with

⇥
b, b

†⇤ = 1. First, we use the
Baker-Hausdorf-Campbell formula where e

X
e
Y = e

Z , with

Z = X +
1

2
[Y,X] +

1

12
[X, [X, Y ]]�

1

12
[Y, [X, Y ]] + ... (B.2)

As the boson annihilation and creation operators commute to a constant we have that:

e
↵b

†
e
�↵b

e
� 1

2↵
2
= e

↵(b†�b)
. (B.3)

We now calculate:

hn| e
↵(b†�b)

|ni = e
� 1

2↵
2
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†
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�↵b

|ni

= e
� 1
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1X
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n
p
n� 1 . . .

p
n� (m+ 1)

p
n . . .

p
n� (m0 + 1) hn�m|n�m

0
i .

(B.4)

The square roots come from applying the annihilation and creation operators to the bra and ket. We
will use that hn�m|n�m

0
i = �m,m0 , and that

p
n
p
n� 1 . . .

p
n� (m+ 1) =

p
n!p

(n�m)!
giving:

hn| e
↵(b†�b)

|ni = e
� 1

2

1X

m

(�↵2)m

(m!)2
n!

(n�m)!
. (B.5)

Upon using that n!
m!(n�m)! =

�
n

m

�
, we arrive at:

hn| e
↵(b†�b)

|ni = e
�↵

2

2

1X

m

(�↵2)m

m!

✓
n

m

◆
. (B.6)
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We then have that

d2

dx2
x
2 =

d

dx
nx

n�1 = n(n� 1)xn�2

)
dm

dxm
x
n (mn)
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✓
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(xn) .

(B.7)

Now using ⇢ph = e
��!(n̂� 1

2), we get with B.6 and B.7 that
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��!
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(xn) ,

(B.8)

where we defined x = e
��!. In the second line the sum is only for m  n because of the derivation

of B.7, but since dm

dxm (xn) = 0 for m > n anyways we can sum over m going to infinity. We will now
use that 0 < x < 1 so that we can perform the sum over n,

P
n
x
n = 1

1�x
, and we get:
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(B.9)

We now evaluate the di↵erentiation:

dm

dxm

✓
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1� x

◆
=
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1(1� x)�2 =
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. . .

= m!(1� x)�1�m
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(B.10)

and using this we get that:
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We then use that:

Z = Tr[⇢ph] = e
��!

2
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=
e
��!

2

1� e��!

=
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��!
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(B.12)
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so that we get:
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We now have that: D
e
↵(b†�b)

E
= e

�↵
2

2 coth(�!

2 ) (B.14)

C Anderson-Holstein model

P. W. Anderson proposed a model for amorphous diamagnetic semi-conductors, preferring paired
electrons. Anderson assumed a potential between a pair of localized electrons of opposite spin on a
covalent bond. The potential, V , included the electrons interacting with lattice vibrations in addition
to the repulsive Coulomb potential, U , between the electrons:

V =
X

i


1

2
cx

2
i
� �xi(ni" + ni#)

�
, (C.1)

where xi is the vibrating bond length between a pair of atoms with a covalent bond. c is a bond force
constant and � an electron-phonon coupling constant. The electron number operator is ni� = c

†
i�
ci�

for spin � at bond site i. The Hamiltonian considered by Anderson is then:

H
tot =

X

i�

Eini� + U

X

i

ni"ni# +
X

ij�

Tijc
†
i�
cj� +

X

i

1

2
Mẋ

2
i
+ V, (C.2)

where Ei is the energy of an electron localized at site i, U the repulsive electrostatic potential of
two electrons localized at the same site and Tij the electron hopping energy from site i to site j. M
being the mas of the vibrating pair of atoms on the covalent bond and ẋi being the linear velocity
of vibrating atoms. This is simply the kinetic energy of the vibrating atoms on the bond. Then
by minimizing the potential energy of the bond: @V

@xi

= 0 we can eliminate xi and get a minimum

potential energy, with our new equilibrium x0 = �

c
(n" + n#) which upon substitution back into V

gives:

V
min = �

�

2c

X

i

(ni" + ni#). (C.3)

Now substituting V
min into the Hamiltonian we get:
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H
min =

X

i�

✓
Ei �

�

2c

◆
ni� +

✓
U �

�

c

◆X

i

ni"ni# +
X

ij�

T
0
ij
c
†
i�
cj� +

X

i

1

2
Mẋ

2
i
+ V. (C.4)

Since we have used the minimized potential, which corresponds to a static case with x0 we ignore the
kinetic term. This is valid for very low frequencies with ! ⌧ !0 with !0 =

p
c

m
, occurring at very

low temperatures. We now see that we have the e↵ective potential

U
eff = U �

�

c
, (C.5)

which for strong enough coupling constants or weak bond force constant can become negative, referred
to as Anderson’s negative-U which tells us that a pair of like charges can be localized on the same
bond. This should also tell us that all covalent bonded materials with two electrons on the same
bond must have a strong electron-phonon coupling strength.
We also have that the energy of an electron localized on site i is lowered. The hopping integral T 0

ij
is

also lowered by a lot giving strongly localized states. If we then neglect the weak hopping term we
are left with, for very low frequencies:

H
eff =

X

i�

E
eff

i
ni� + U

eff
X

i

ni"ni#, (C.6)

where E
eff

i
= Ei �

�

2c . This gives us the energy spectrum:

ni = 0 : E = 0

ni = 1 : E = E
eff

ni = 2 : E = 2Eeff + U
eff

.

(C.7)

We see that the system will always prefer either zero or two electron states. For 2Eeff

i
< �U

eff we
have that the state with ni = 2 will have negative energy and will be preferred while for 2Eeff

i
>

�U
eff the states with ni = 1 and ni = 2 will have E > 0 and thus the state with zero electrons is

preferred, given here that we are a temperature of kBT ⌧ U
eff such that around E

eff

i
⇡

1
2U

eff the
energy gap up to the state of ni = 1 is very large. This now gives us that the Fermi level ✏F = 0 as
the state with ni = 2 is only occupied if E < 0. [12] [1]

D Constant interaction model

The constant of proportionality between the charge and potential di↵erence is called the capacitance
and is defined as C = Q

V
. As we have that W = Q [V (b)� V (a)] is the work required to bring a

charge from a to b in a potential independent of path, then we will have that bringing another charge
from the the negative conductor to the positive is dW = Va!bdQ

0 = Q
0

C
dQ

0
) W = Q

2

2C which gives
the work required to bring Q charge onto a capacitor. The constant interaction model builds upon
two assumptions

1. The coulomb interaction between electrons in the dot and between electrons in the dot and
outside is described by a constant capacitance parameter, C, which is the sum of capacitances
between the dot and source, gate and drain and other sources of capacitance: C = CS+CG+CD.
This means that we assume that the capacitance of the quantum dot doesn’t depend on the
number of electrons, bias or gate voltages or anything but is constant. We have a Thomas-Fermi
wavevector of k0 ⇡ 0.25nm�1
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2. The single particle energy spectrum is independent of the couloumb interactions from the
voltage sources around the quantum dot

We will use that for N electrons Q = �|e|N = CV and U = Q
2

2C , with U being the electrostatic energy
required to add Q electrons to the capacitor, then the electrostatic energy of a quantum dot with
capacitance C with N electrons, with voltages VS, VD and VG is given by:

U(N) =
(�|e|(N �N0) + CSVS + CDVD + CGVG)2

2C
, (D.1)

where �|e| is the electron charge, the term N0|e| is the charge in the quantum dot compensating for
a positive background. N0|e| is then the number of electrons on the dot with all voltages zero. The
total energy of the quantum dot with N electrons is then given by the electrostatic energy plus the
sum the N single particle energies:

E(N) =
(�|e|(N �N0) + CSVS + CDVD + CGVG)2

2C
+

NX

n=1

En. (D.2)

The last term is a sum of the occupied energy levels that depend on the confinement potential. The
electrochemical potential is defined as the energy required to add the N ’th electron to the system,
and is then:

µ(N) = E(N)� E(N � 1). (D.3)

We will then work out E(N�1) as follows, where we will shorthand CSVS+CDVD+CGVG = QS,D,G:

E(N � 1) =
(�|e|(N � 1�N0) + CSQS,D,G)2
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N�1X
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En
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2
� 2|e|QS,D,G

2C
� EN

= E(N)� EC

✓
N �N0 �

1

2
�

QS,D,G

|e|

◆
� EN ,

(D.4)

where we introduced the constant energy EC = |e|2
C
. We can now easily find the energy required to

add the N ’th electron to the system:

µ(N) = EC

✓
N �N0 �

1

2
�

CSVS + CDVD + CGVG

|e|

◆
+ EN . (D.5)

We can finally find the addition energy which is the general energy required to go from N to N + 1
electrons on the quantum dot:

Eadd = µ(N + 1)� µ(N) = EC + E�. (D.6)
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We now have that the energy from adding one more electron only depends on the constant term
energy term EC and the energy di↵erence between the N ’th and (N +1)’th energy level in the dot as
�E = EN+1 �EN . �E between two levels can be zero in a system with degeneracies due to spin or
symmetries. In a quantum dot modeled as a particle in a 2D box we will necessarily have degenerate
energy levels as we can rotate the momentum vector ⇡

2 and have the same energy. [7] [5]

E LAO/STO Band structure

In STO the electrons are confined to the d-orbitals dxy, dxz and dyz [8]. The 2DEG is located on the
STO side of the LAO/STO interface [2]. The band structure is described by the Hamiltonian:

H0 =

0

BB@

~2k2x
2mh

+
~2k2y
2ml

�d~2kxky 0

�d~2kxky ~2k2x
2ml

+
~2k2y
2mh

0

0 0 ~2k2x
2ml

+
~2k2y
2ml

��E

1

CCA (E.1)

It is easy to see that along �X(ky = 0) and �Y (kx = 0) the Hamiltonian is diagonalized with the
eigenvalues along the diagonal. We first make the Hamiltonian dimensionless by factoring out the
dimension of energy ~2

a2me

(6.24E18 eV
J ) in eV. We get that ~2

a2me
= 0.4997eV. Then for every kx that

we choose, we solve the Hamiltonian. We use some dimensionless values for all the values in the
Hamiltonian, we use:

ml = 0.7

mh = 15

�E = 50

�d = 0.28

kx, ky 2 {�
⇡

3 ,
⇡

3}

Giving us the band structure without any spin-orbit coupling as:

Figure 5: Bands along the [1, 0, 0] direction (ky = 0)
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Figure 6: Bands along the [1, 1, 0] direction (ky = kx)

F Spin-orbit coupling for d-orbitals and angular momentum
basis change

To add atomic spin orbit coupling to the electrons in the bands we want to add the spin orbit term
�SOL · S. First we put spin on the original Hamiltonian written in the basis of the d-orbitals, by
taking the tensor product with the 2 by 2 identity matrix so that H = H0 ⌦ �0 which takes us to
the 6-dimensional space spanned by {|dyzi ⌦ |"i , |dyzi ⌦ |#i , |dxzi ⌦ |"i , ...}. To add the spin-orbit
term to the Hamiltonian we must change the basis of the angular momentum matrix to the basis
of H0. The Hamiltonian H0 is written in the basis of the real d-orbitals that are superpositions of
eigenstates to the angular momentum operator:

|dxyi =
i
p
2
(|ml = �2i � |ml = 2i) ,

|dxzi =
1
p
2
(|ml = �1i � |ml = 1i) ,

|dyzi =
i
p
2
(|ml = 1i+ |ml = �1i) . (F.1)

The electrons are in states that are solutions to angular momentum operators. As we know from
quantum mechanics that the Hydrogen atom commutes with the total angular momentum operator
and the angular momentum operator, [H,L

2] = [H,Lz] = 0, we choose eigenstates that are eigenstates
to all the operators with di↵erent eigenvalues, n, l and ml. The eigenfunctions to the square of the
orbital angular momentum operator L̂ = r̂ ⇥ p̂ are the spherical harmonics Y ml

l
(r). We can choose

them to also be eigenfunctions to the orbital angular momentum operator Lz but then not to Lx, Ly

as they do not commute, and as is standard they are chosen to be eigenfunctions to just Lz. The
t2g orbitals, dyz, dxz and dxy, are by convention written as real orbitals so that they have direction
and are easily plottable. They are thus written as linear combinations of the complex Y

±1
2 and Y

±2
2

spherical harmonics.

Y
±1
2 = ⌥

r
15

8⇡
e
±i�sin(✓)cos(✓) = ⌥

r
15

8⇡
sin(✓)cos(✓) [cos(�)± isin(�)] , (F.2)
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and with x = r sin(✓)cos(�), y = r sin(✓)sin(�) and z = r cos(✓) we get that:

Y
±1
2 = ⌥

r
15

8⇡

z

r2
(x± iy) (F.3)
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For the last one we have:

Y
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2 = ⌥

r
15

32⇡
e
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r
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32⇡
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but sin(2x) = e
2ix�e

�2ix

2i = (eix+e
�ix)(eix�e

�ix)
2i = 2cos(x)sin(x) we get that:
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2
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i
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2
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By writing our orbitals as real orbitals they are no longer eigenstates to Lz angular momentum
operator and thus don’t have a momentum around the chosen z-axis.
We can now change the basis of the orbital angular momentum operators from {|ml = ↵i} with
↵ = �2,�1, 0, 1, 2 to the basis of {dyz, dxz, dxy} by calculating the matrix elements hi|Lj |ki with
i, k = dyz, dxy, dxy and j = x, y, z. This is straight forward matrix multiplication when we have the
matrices Lx, Ly and Lz in the Lz basis, so that:

Lz =

0
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0 0 0 �1 0
0 0 0 0 2
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(F.9)

The last vector in brackets indicates the basis. We also have that Lx = L+L�
2 and Ly =

L�L�
2i . In the

Lz basis we then have that:
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We now get from calculating each matrix element, that:

Lz =

0

@
0 i 0
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1
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0 0 i

0 �i 0
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(F.11)
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From this we can now nummerically compute the eigenvalues of the Hamiltonian

H = H0 ⌦

✓
1 0
0 1

◆
+�SO

X

↵

L↵ ⌦ �↵, ↵ = x, y, z (F.12)

which gives us plots on the form:

Figure 7: Bands along the [1, 0, 0] direction (ky = 0), �so = 10meV

Figure 8: Real d-orbitals with ligands. From chem.libretexts.org
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