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Abstract

I study the Weyl semimetal and TPC semimetal near their topological charge monopoles
with the goal of finding an analytical description of the surface states characteristic of
topological semimetals, for the TPC (triple point crossing). I derive a k-space bulk Hamil-
tonian for a system and demonstrate that it hosts TPC’s. I examine the constraint of
self-adjointness on a Weyl or TPC system, with a physical boundary and what restric-
tion that places on the surface states. Finally I compare my derived surface states to a
numerical simulation of the TPC semimetal I am examining.
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1 INTRODUCTION

1 Introduction

In modern physics, the correspondence between high energy relativistic particle physics
and low energy condensed matter physics has historically been a source of much insight.
Particles predicted from the relativistic Dirac equation, like the Dirac fermion, have seen
equivalent quasiparticles in condensed matter physics, graphene being the most known
example. While there are definitely no elementary Dirac fermions in graphene, the pe-
riodic crystal potential, that graphene imposes upon its resident electrons, gives way to
quasiparticles with the properties of relativistic Dirac fermions albeit at a much lower
velocity.

The Dirac equation was proposed in 1928 by Paul Dirac and became the basis for
the unification of quantum mechanics and special relativity [1]. One year later, in 1929,
Hermann Weyl pointed out that by removing mass from the Dirac equation, one can
make a simpler Weyl equation that describes massless fermions with definite chirality [2].
In 1937 Ettore Majorana found a modification on the Dirac equation that allowed for
another class of fermions based on the Majorana equation. These fermions would have
the unique property of being their own antiparticle.

The three solutions to the Dirac equation give rise to three different kinds of fermionic
particles: Dirac fermions, Weyl fermions and Majorana fermions. While the Dirac equa-
tion has had much success in describing relativistic electrons and the Majorana equation
is a candidate for the description of the neutrino, the Weyl equation has stood without
experimental candidates for Weyl fermions in high energy physics for 89 years.

In 1937 Conyers Herring [3], while studying degeneracies of electron bands, found
that in the absence of any particular symmetry one could have a degeneracy in energy of
electron bands at the same crystal momentum. The particles emergent at these crossing
points where described by the Weyl equation. In modern times these crossing points have
been dubbed Weyl nodes.

When tracing the wavefunction of an electron around a magnetic monopole in real
space, creating a closed loop, one finds that it acquires a phase. This same phenomenon
happens when one traces a loop around a Weyl node in k-space for a many body wave-
function in condensed matter physics. The Weyl nodes thus serve as equivalents to
sources of magnetic charge but in k-space. Instead of charges they are topological charges,
monopoles of Berry curvature or Berry flux [4]. See Appendix A for an explicit calculation
of this.

As mentioned previously, Weyl fermions have definite chirality. This chirality is equiv-
alent to the topological charge of the Weyl nodes which the Weyl fermions are excitations
of and it is quantized. The Nielsen-Ninomiya theorem states that the monopoles of Berry
curvature must always come in pairs [5]. The net topological charge of Berry curvature
over the entire Brilloun zone must be equal to zero. It can be shown that if this is not
the case, electric charge is not conserved in the presence of parallel electric and magnetic
fields [6]. A minimum of two Weyl nodes are therefore always present in a system that
hosts Weyl fermion quasiparticles [7, §].

Because of the conservation of Berry monopole charge, the Weyl nodes are extremely
resilient to imperfections in the host crystal or small perturbations. As long as transla-



1 INTRODUCTION

aky

-71/2

3m2 o 2 0

EN O

-71/2

712 = T
ak, 3m/2 aks 3712

Figure 1: Left: Plot of dispersion relation of equation 1.1 with ky = m. This is an example
of a system with Weyl nodes. Right: Dispersion relation plot of equation 2.20. The TPC
system examined throughout the thesis.

tional invariance is not broken, the Weyl nodes will continue to exist regardless of small
perturbations. It is possible to remove Weyl nodes from a system by introducing a large
enough perturbation that does not break translational invariance. Doing so would con-
tinuously move the Weyl nodes towards each other in k-space until they occupy the same
point, at which point a gap would open in the bands and the system would become an
insulator [9, 10].

Semimetals are a category of systems, that in band theory have multiple bands, but
at a given Fermi energy have multiple partially filled bands, typically displaying small
Fermi surfaces. In the most extreme cases, the Fermi surface can shrink to a discrete
set of points. Topological semimetals are semimetals that have Weyl nodes at the Fermi
energy, or higher monopole generalizations of them. The simplest topological semimetal
is the Weyl semimetal, given by the Weyl equation close to the Fermi energy Hye, = - k ,
where & is the vector of Pauli spin matrices and k is the momentum vector [10, 11]. An
example of such a system could be:

Hyeyr = J (0 sin (k;) + oy sin (ky) 4+ 0, sin (k,)) (1.1)
Near the Fermi energy at (ki, k2, k3) = (0,0,0) this becomes the Weyl equation.
Hyey = J (03ky + oyky +0.k,) = Jo - k (1.2)

The dispersion relation can be seen in full on figure 1.

A more complicated system with higher monopoles of the Berry curvature present
the so called triple points crossing (TPC), sometimes referred to as triple point fermions.
This system has three bands instead of two, and has the following dispersion relation
near the Fermi surface Hype = S - k [12], where S is the vector of the three 3x3 matrices
(S;)m = —i€j, which are the three generators of rotation in SO(3). This dispersion
relation can be seen on figure 1 and features two bands that are linear near the Berry
curvature monopole, hence known as the TPC and one flat band. The TPC is less stable
than the Weyl node and requires additional chiral symmetries whose analysis is beyond
the scope of this thesis [13, 14]. The monopoles of the TPC have chirality £+2 instead of
the +1 of the Weyl nodes [14, 12].
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It has been shown that only a finite number of zero gap topological semimetals exist,
that are protected by lattice symmetries [12]. This makes the cataloging of their properties
all the more interesting. The TPC is one of these semimetals.

A property characteristic of topological semimetals like the TPC and the Weyl se-
mimetal is a linear dispersion relation near their Berry flux monopole. Similar to 2D
topological materials, one of the main characteristics of these topological systems is the
appearance of chiral surface modes with Fermi-arcs, that continuously exist between the
monopoles in k-space when a boundary is introduced [4, 15]. The states that form these
Fermi-arcs are localized surface states, localized on the boundaries of the system. This is
a property of Weyl fermions unique to condensed matter physics and has no parallel in
high energy physics.

The aim of this thesis is to explore and derive an analytical description of surface
states in a TPC system, once a boundary is introduced into the system. The main
tool I will exploit is the self-adjoint extensions of the Hamiltonians, describing the TPC
semimetals. While the bulk Hamiltonian is self-adjoint and Hermitian upon a Hilbert
space that spans all of R?® and has no boundaries, that may not necessarily be true for
the same system but restricted to a slab with finite length in one dimension. One must
limit oneself to a domain (of the Hilbert space) upon which the Hamiltonian is self-adjoint
with the boundary [16]. This requirement vastly limits the form of wavefunctions that
can exist.

2 TPC Hamiltonian derived from real-space lattice

The system I am working with is a 3-D Lieb lattice as described in [14]. The Lieb lattice
is a 2-D structure made out of L shaped unit cells with 3 sites. The unit cell that defines
it is as follows: Site 1 is located at (1,0), site 2 is located at (0,0) and site 3 is located at
(0,1), with Bravais lattice vectors a; = (2,0) and ay = (0,2), as seen on figure 2, using
units where the lattice spacing in the square lattice is a = 1.

To expand this to 3-D we extend the lattice along a third direction with Bravais vector
a3 = (1,1,1), changing a; = (2,0,0) and as = (0,2,0). Keeping 3 sites within the unit
cell with the basis: site 1 = (1,0,0), site 2 = (0,0,0) and site 3 = (0,1,0). This creates
the unit cell seen on figure 3 in green. It is created such that any 2-D plane cut along
any of the Cartesian axes will form a Lieb lattice. Thus there is no favored axis with the
addition of the third dimension.

The reciprocal lattice vectors ki1, ko, ks are the following;:

a; = (2,0,0) ki = (1/2,0,—1/2)
as = (0,2,0) ky = (0,1/2,—-1/2) (2.1)
as = (1,1,1) ks = (0,0,1)

Considering only nearest neighbor coupling where Cf is the fermionic annihilation opera-
tor at the site located at 7 and C'T is the creation operator, yields a real space Hamiltonian
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Figure 2: The Lieb lattice. A unit cell is shown in green with blue arrows being the Bravais
lattice vectors.

that reads [14]:

H=—-J Z CTF'+ZCF+ Z CTF+Q‘CF+ Z CTF+fCF +h.c. (2.2)

7 (1" =1 R (1) =1 R (-1¥ =1

where the boolean requirement in the sums require 2-sites to couple in the x-y plane, 3-
sites to couple in the y-z plane and 1-sites to couple in the x-z plane. I introduce a vector
potential A which applies a phase to every coupling[17, 18, 19], based on the direction of
the coupling as shown below in equation 2.3.

PR

CTF_H:;OF — et K'dfCTF+ﬁCF (23)

By taking A=n (O, 0,x — 2+ %) we get the following phase change in the z-direction[14].

H=—-J Z (—1)30720&?4_5’0;4- Z CTF_@'CF—F Z CT;_,_ECF +h.c.
7(—1)* TV =—1 7(=1)%*=—1 F(—1)¥t=—1

(2.4)

Introducing a notation where the creation and annihilation operators have 4 indices: The
first index is the site number within the unit cell and the next 3 indicate the coordinate
in terms of the Bravais vectors.

CVJrsite,l,m,n (25)

The Hamiltonian can now be written as a sum using only the indices [, m,n specifying
the unit cell.

H=H,, + H. (2.6)
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Figure 3: The figure to the left shows the 3-D Lieb lattice. The sites are numerated based
on their lattice vectors; solid lines have normal tightbinding coupling while dashed lines
have a negative sign due to the applied vector potential. The right side shows the Brilloun
zone and the reciprocal lattice vectors inside of it. The blue and red points are the two
Weyl points where the three bands touch. Picture taken from [14]

where H,, includes all the terms for hopping in the x-y plane and H, includes the hopping
terms that change z-coordinate.

ny =—J E CTl,l,m,nCQ,l,m,n + CTS,l,m,nCZl,m,n + CTl,lfl,m,nCQ,l,m,n + CT3,l,m71,n02,l,m,n + h.c

I,m,n
(2.7)
Hz =—J E CTl,lfl,m,nJrlCS,l,m,n + Cer3,l+1,m,nflCfl,l,m,n
Im,n
T T (2.8)
—J E —C 1,l,m+1,n7103,l,m,n -C 3,l,m71,n+101,l,m,n
Il,m,n

I use the Fourier transform of the annihilation and creation operators to transform the
Hamiltonian into k-space, where k; labels the momentum coordinate along k;[18].

1 * —1 m n 7
C1site,l,m,n = W/OO dke (krltham-tks )Csite (k> (29)
I further subdivide H,, into terms that couple sites 1 and 2, and terms that couple sites
3 and 2. Since H;y and Hjo are identical in form, due to the symmetry between x and
y direction in our system, I only need to evaluate one of the terms.

Ha:y =—J E CTl,l,m,nCZl,m,n + CTB,l,m,nCZl,m,n + CTl,l—l,m,nCZ,l,m,n + OT?:,l,m—l,nCQ,l,m,n +h.c
TV TV

Hi 2 in H3 2 in Hi 2 out Hsz 2 out

l,m,n

(2.10)
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I split H; 2 in two parts: The part that has coupling inside the unit cell.

lmn
= —J= / / dkdl " el =kl ko)t (hs=ks)m) ¢ C +h.c
z ol (e (F)
va(k-i)

:_JZC1 () ()+hc

(2.11)
And the part that has coupling outside the unit cell.
Higou = —J Z CMtmnCopmn + h.c.
Lm,n
— _J Z / / ARk (k1 =k D)l (ke =k 2)me+ (ks —k'3)n) ot (E) Cy <E’> =ik 4 e
lmn
= —JZ Cyt (lg) Cs (E) e ™ + he
k (2.12)

Combining the above I get H; 5 and Hj .

H12_—JZ(71 (F) € (F) (14 e™) (2.13)

Hyy = —JZCg (F) & () (14 ) (2.14)
I move on to solve H,

Hz =—J E CTl,lfl,m,nJrlCS,l,m,n + CT3,I+1,m,nflc’1,l,m,n

I,m,n H. .,

; : (2.15)
—C 1,l,m+1,n7103,l,m,n -C 3,l,m71,n+101,l,m,n
H.
Focusing only on the parts where site 1 is created.
Hz,1,3+ =—J Z CTl,Zfl,m,nJrlCS,l,m,n
l,m,n
—_ —J—/ / dkdk/ Z 6 (k:l k'1 H— ko— k’g)m-i— ks— k’g)n)C«T (k) CS <E> k1+k3)

l,m,n

= =T (F) G (B) et
:
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(2.16)

Subdividing further into terms that acquire a negative sign because of the vector potential
A and the ones having a positive sign.

Hz,l,?)— =J E CTl,l,m-l—l,n—lC?),l,m,n

l,m,n

:_J_/ / dkdk’ (1=K )+ (koK 2)met- (ks —K's)m) (ot (?) Cs (E) i(ka—Fks)

lmn
= JZ ch (E) Cs (E) gi(ka=ks)
k (2.17)

I combine it and get the following H,
H, = —JZ ch (E) Cs (E) (ei(_k1+k3) - ei(kQ_k:”)) + h.c (2.18)
k

Giving me the following complete Hamiltonian

H=H,+H >+ Hss

0 14+ e—ikl 6—i(—k3+k1) _ e—i(kg—kg)
=—J(Ch Cfy Cf3) 1+ e 0 1+ ek
ei(—k3+k1) _ ei(kg—kg) 1+ e—ikg 0
(2.19)

The bulk Hamiltonian in k-space is then the following: [14].

0 1 + e—ik‘l 6—i(—k3+k‘1) _ e—i(k‘g—k’g)
H=-J 1 4 ek 0 1 4 etk2 (2.20)
ei(—kat+ki) _ pilks—k2) 7 + e tk2 0

with O-point energy at (ki, k2, k3) = (m, 7, 7/0) and every multiple of 27 in any direction,
as the Brillouin zone is periodic with 27. The dispersion relation can be seen on figure 1.
I wish to find the surface states that exist in this system when it is restrained by a wall
at x1 = 0, such that for ;1 < 0 the wavefunction vanishes. x5 and x3 are not restrained
and go to minus and plus infinite. To make the problem simpler I do an expansion in k;
around the 0 point for the Hamiltonian at k; = 7.

0 —i(ky —m) ek 4 eilka—ke) 0 =0, pf
H=1] i(ky — ) 0 —1 — ¢tk = 0y 0 CF
ef’ikg + e’ik‘gfk‘g _1 _ ef’ik‘g O ,U C’ O

(2.21)

In the second equality I translate the Brillouin zone by 7 along k; and I have defined C
and p as the following:

U= 6—ik3 _|_ eikg—k‘z
C=—1—¢
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To verify that my Hamiltonian does indeed describe a H = S .k TPC semimetal, I can
simplify the problem by writing the Hamiltonian of equation 2.20 in Cartesian momenta
space and expanding around the triple point crossing to first order. I use the following
identity to map the momenta from the reciprocal lattice to Cartesian coordinates.

1/2 0 0 1 0 0
k=Fk 0 +kq 1/2 +hs | O | =k | O |4k, | 1 |+k. | O (2.22)
—1/2 —1/2 1 0 0 1

which results in:
ki = 2k, ke = 2k, ks =k, +ky,+ k. (2.23)

Mapping equation 2.20 into equation 2.24.

0 1+ e—Qikx e—i(kx—ky—kz) _ e—i(—ky+kx+kz)
H=-J 1+ ¥k 0 1+ ey
ilke—ky—k:) _ gi(—kythoths) 1 4 o=2iky 0
(2.24)

In these coordinates the TPC is at (k,, k. k.) = (5,5,0) or (kg  ky, k) = (5,5,7). 1

2090
expand around the first of these TPC to linear order in &.

Translating k, and k, into &'y, = k, — 5 and &'y = k, — 7.

X 0 ik, —ik, 0 8, —0.
GH==J| =ik 0 —ik, | ==J| -8 0 -9, (2.25)
ik, ik'y 0 g. 9, 0

Giving me the desired H = S .k expression up to a sign in the %, and k. direction,
showcasing that the chosen system gives rise to TPC’s in k-space.

3 Boundary Conditions on Weyl equation

Before addressing the problem of boundary conditions on the TPC, I wish to first examine
the simplest semi-metal, the Weyl semimetal, and derive the maximal subspace of the
Hilbert space that the Weyl Hamiltonian is self-adjoint within (D(Q)), specifically the
condition 3.2. I start with the Weyl equation in the bulk. [10]

(3.1)

H:lZ.&:( k. kx—zk:y)

ky + ik,  —k.

Bounding the wavefunction with ¥ = 0 for x < 0, but making space infinite in y and z,
such that £, and k. remain good quantum numbers and £, does not, thus I substitute
the momentum k, with the differential operator k, = —i0,. I create the integral required
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by the equation of self-adjointness.

(Hilo) — (W|Hp) =0

NN (( )R
() Calin, " )(2;)

Expanding the expression
. . i
<[ [ kb — 10,100 — iky1)s ) < 1 )
= drdydz : : Y
/—oo /—00/0 Y ( —10,1 + ik — k.1)o 05
i . .
_( (O ) ( k.p1 — 10,09 — ikypo )
(0> —10,¢01 + ikyp1 — k.o
All the terms that do not contain differentials of z cancel out and I am left with

0= / / / dxdydz (10,15 ¢1 + 10,901 da + ih1 1 0pha + inho10,61)
—00 J —00 JO

Performing partial integration I am left only with the surface term created by the barrier
at x = 0. Writing v instead of 1|,—o, meaning the wavefunction at the surface z = 0.

0= [lge + ln]"° = Wlould)  0x = (? é) (3.3)

I now look for the space of wavefunctions at the surface of the system that conform to this
equation, starting with the general normalized 2-vector. Taking 6 € [0, 27| and x € [0, 7].

%=<fm”)) (3.4

sin (0) eX

Any set of vectors inside the domain D(Q), where the Hamiltonian is self-adjoint with
my erected boundary must fulfill this equation, including the case where v = ¢. I thus
choose the set of vectors where the parameters are the same.

(31Qly;) = ( Si;o(se()f);x )T ( (1) (1) ) ( Si;()(S ggge)ix ) — cos (6) sin (0) (¢ + e=X) =0
(3.5)

From this T see that the complex phase x must be 7. I thus have one less parameter

and my subspace of self-adjoint wavefunctions is parametrized by a single parameter and
includes only a single wavefunction. It becomes clear that in this case there was no other
choice in equation 3.3 than two wavefunctions that were the same at the surface.

== (0 )} .
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3.1 Probability current density for Weyl Hamiltonian

It is interesting, useful and correct that the space of wavefunctions is reduced by a bound-
ary inserted into the system, but what does this reduction of self-adjoint space physically
mean? By calculating the current density of the system, I wish to showcase the physical
implication of this reduction of the Hilbert space.

dp _ : d¢ wa
Yo v T= W) = Dyt

I find the differentials with regard to time by looking to the time dependent Schrodinger

(3.7)

equation with units of A = 1.

i dy

—=H = —iH .

i = HY & o = —iHY (3.8)

d .

d—@i = i(Hy)! (3.9)
Substituting and calculating explicitly I find the current. Replacing k; = —i0,

d . . Lo . .

= D iH) e wt (H) = Y i(=ide) v - i (—idoy)

j=.y,2 =92 . (3.10)
= Z —( Jw) oY — o ; (0 Z 8 -J
J=x,y,z j=x,9,2

Making the current:

5, = (o) G.11)

This was the same equation that had to be 0 at the surface of our system for self-
adjointness. We see then that requiring self-adjointness in the system is the same as

requiring no probability current to flow out of the system.

4 Boundary condition in linearized TPC

I now turn to the more complicated TPC, derived in section 2. Requiring self adjointness
in a system where the wave equation is 0 when x < 0 but not restrained in the y and z
direction.

(Hy|g) = (Y|He) (4.1)

By integrating by parts, I can make everything simplify except the surface term in
the x direction. It is done as following:

]

o oo e 0 0, —0. U1 o1
/da:/dy/dz -J| =0, 0 =9, () Py | =
0 “s - 0. 9, 0 3 ®3

@ e e G\ [0 8 0.\ [
/dm/dy/dz —J| s -0, 0 =0, o

0 “o oo V3 9. 9y 0 P3

10
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—.J cancels out on each side of the equation and I suppress the integrals of y and z.

T

o0 0 0, —0, (G ¢1
V(R
EAR AT OIE

I move everything to the left side of the equation and explicitly calculate Hvy and H¢. I
then calculate the scalar products.

T

*° 009 — 0,13 1 (2 Opp2 — 0.3
/ / / de| —opn s | | s | = [ wn | | —0u6r— 0,05 | =0
0 0.1 + Oy1ho ¢3 3 0.01 + OyPo

=

/ / / 0z (Dtbs — 0:05") b1 + (—0ths! — 0,0") 6o + (Din + Byi6a')
0

- (¢1T (8x¢2 - 8z¢3) + wQT (_8x¢1 - 8y¢3) + ¢3T (8z¢1 + 8y¢2))

Every term with differentials in y and z cancel out when integrating by parts, since the
surface term is 0.

/ / / da (0,002 1 — Doty 00) — (110,60 — 15051 (4.2)
0

Since there is translational invariance in &, and k., the wavefunction must take the form
b (x, ky,k.) = ehueth=qf (). The integrals over y and z can thus be evaluated and I get
the following, where k; and k’; are the momentum vector in the j direction for the ¢
wavefunction and ¢ wavefunction respectively.

§(ky—K,) 6 (ke — k) / dz (0ptha’ 1 — Outhr ) — (117002 — 1210, 1) (4.3)
0

Doing integration by parts in regards to x, I can make the rest of the integral cancel out
and be left with just our surface term. Suppressing the Dirac delta functions for ease of
reading.

/ dr (Outh' 1 — Outn ) + (OuthiTha — Outbn' ) — [Ty — Ty _ " =0

0

0 0
[Wid1 — Pido)loco = 0= W[Qle) Q= |1 0 (4.4)
0 0

11
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where T suppress the index to evaluate at 0, such that v¥|,—o = v and I assume the
wavefunction to be 0 at infinity. This is justified by the fact that we are going to look for
real exponentially decaying solutions later.

Equation 4.4 constitutes a constraint on the wavefunction spinors. To deduce what space
(D(Q)) of spinors I have available that makes the Hamiltonian self-adjoint, I start with
an arbitrary normalized complex 3-vector and narrow down the scope of it using equation
4.4.

cos (6;) sin (¢;)
Y (x=0)= [ sin(6;)sin(¢p;) e (4.5)
cos () €70

An arbitrary normalized 3-vector has 5 degrees of freedom in the form of parameters, one
for each dimension in both real and imaginary space, and 1 less because it is normalized.
I can add an arbitrary phase to my entire wavefunction, which I use to remove the
possibility of the first row being imaginary, reducing the degrees of freedom to 4.
I take two generic wavefunctions v¢; and 15 and insert them into equation 4.4.

0 = (¢1|Qltb2) = — cos (1) sin (¢y) sin (6;) sin (¢o) €2 + cos (6y) sin (¢2) sin (0;) sin (¢1) e
= [~ cos (61) sin (65) € + cos (6,) sin (61) e~**] sin (¢1) sin (¢2)
(4.6)

Any pair of wavefunctions in a given domain D(Q) must fulfill the previous equation. This
includes the case 1 = 5. Therefore I am placing no extra restrictions on the parameters
by looking at and requiring equation 4.6 where ¢; = 1.

0 = cos (#) sin (#) 2i sin (¢) sin? (@)

€ is thus 7 -n. e = 0 and € = 7, change the sign of the second row but nothing else. This
freedom is already given in the freedom of 6, since § — —6 yields a sign in the second
row as well. e can therefore be set to 0 with no loss of generality, reducing the degrees of
freedom to 3 parameters. Making our requirement for the domain D(Q):

0 = [cos (#2) sin (61) — cos (#) sin (05)] sin (¢1) sin (¢2)

This is only possible if ; = 65, independently of the value of ¢; and ¢5. Given this, the
complete set of domains of 3-vectors on which the Hamiltonian is self-adjoint is defined
by a single parameter 6.

cos () sin (¢)
Dy (Q) = §¢ = | sin(#)sin(¢) | V(9 x) (4.7)

cos (@) ex

This means that whatever solutions we gather from our eigenvalue equation, at the surface
it must reduce to a spinor inside one of these domains, fixing 6 for the system. the same
solution and restricted space applies to the TPC system described in equation 2.21, since
there is translational invariance in ks and k3, and a first order differential in 2. This
result can be shown using the same method.
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5 DERIVING SURFACE STATES

5 Deriving surface states

I set up the eigenvalue equation with the linearized Hamiltonian in equation 2.21. Since
J is just a general energy rescaling factor, I set it to 1.

0 =0, 4 a(z) a(z)
0, 0 Cf Ba) | eltrotbom) = g | g(a) | etrethon (51
po C 0 7 () 7 ()

From this I get 3 core equations, that define the eigenstates.

0y, B+ u'y = Ea (5.2)
Oy, + Cly = BB (5.3)
pa+ CpB = Ey (5.4)

I isolate « from equation 5.2 and 5.4.

—0,,BE + Cul
o= 52 + ” b (5.5)
(B2 — ppl)
Inserting « into equation 5.4, I isolate . So that I now have o and v as just functions
of 8 and 9,,0.

B — S
v = <—E2 — MMT) Oz, B + 7 (—E2 — + 1) 5 (5.6)

Combining equation 5.5, 5.6 and 5.3, I can create a differential equation with only £,
as an unknown function, using that Cu' is real.

833105 + CT’Y = Eﬁ

=
8961( (E? — ppt) )+C E2 — it amﬁ‘f'E EZ—;LMT+1 6 =EpB
=
Cul Clp cct
0 f+ (T - T) O, B + ( = (o + B = uu*)) B = (E*—pup') B
<~

—0? B+ (CCt+ ' —E*) B =0

The solutions to this linear homogeneous second order differential equation are exponen-
tials.

§=em
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5 DERIVING SURFACE STATES

Inserting the solution I find 7 to be the following:
0 =CCV 4 pu' — E?
n=+/CCt + pput — E2 (5.7)
= +1/2(2 4 cos (ka) + cos (2ks — ky)) — E?2

Looking for localized states on the z; = 0 surface we have 1 positive, while on x; = L we
have 7 negative. For CCT + pu' < E? we get imaginary n and we enter the bulk state.
From equation 5.5 and 5.6 we know that o and v will also be exponential functions

of the form:
a(xq) o
V()= Bx) | =| B |e™ (5.8)
Y (1) Yo

Comparing this to equation 4.7 we can find the values of 8, ¢ and y, from the parameters
of kz, ]{73 and F.

ap cos () sin (¢)
Bo | = | sin(0)sin(¢) (5.9)
Yo cos (¢) e’
Taking the ratio between [ and « from equation 5.5 I can find 6.
E2 _ T EI2 _ t
b tan(e)=— L B e (5.10)
a —*6(115“?)‘ & nE+Cut £B\/CCT 4 put — E? 4 Cpf
E2—pp
In terms of &y and ks
2 _ —
tan (9) E 2(1 -+ cos (2]{Z3 kg)) (511>

N +E1/2 (2 + cos (kg) + cos (2ks — ko)) — E2 — 2 (cos (ks — ka) + cos (k3))

I find that for differing signs of n (and thus different sides of the material that our
bound states are localized at) there are differing values of the defining parameter for our
boundary condition €, as one might expect since the boundary is different.

I find ¢ by inserting equation 5.9 into equation 5.4.

pcos (0) sin (¢) + C'sin () sin (¢) = E cos (¢) '

=

tan (¢) (jcos (0) + C'sin (9)) = Ee'X
=

tan (¢) = ——

~ pcos (0) + Csin (0)
By taking the absolute value of this expression I can find ¢ independently of .
E

V/ (1 cos (0) + Csin (0)) (ut cos () + Ctsin (0))
E

N V ppitcos? (6) + CCtsin® (A) + 2C ut sin () cos (6)

tan (¢) =

(5.12)
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6 BZ ANALYTICS COMPARISON TO DATA USING AMPLITUDE APPROACH

In terms of the conserved wave numbers ks and k3 of our Brillouin zone.

tan (6) =
E
/2 + 2cos (2ks — ky) cos? (0) + 2 - cos (k) sin® (A) + 4 (cos (ks — ky) + cos (k3)) sin (8) cos (6)
(5.13)

x is derived from the phase we removed

peos (0) + Csin (0)  prcos (0) + C'sin (0)

e = tan (¢) B  |ucos () + C'sin (0)]

— (e 4 eilha=k2)) cos (0) + (1 + e~*2) sin ()

N V2 4 2cos (2ks — ky) cos? (0) + 2 - cos (ky) sin® (0) + 4 (cos (ks — ky) + cos (k3)) sin (8) cos (6)
(5.14)

6 BZ Analytics comparison to data using amplitude
approach

To investigate to what degree these analytical results are correct I received numerical
simulation data by Dr. Fulga of Leibnniz Institute for Solid State Materials Research
(Dresden). The simulations were tight-binding simulations of a system with the Hamilto-
nian in equation 2.20, with a finite number of unit cells in the a; direction, (either 100 or
200) with no translational invariance broken in ay or ag, making ks and k3 good quantum
numbers by which the surface Brillouin zone is defined (Creating an infinite slab whose
plane can be defined by being orthogonal to k).

I considered data of the exact diagonalization of the Hamiltonian in the energy regime
of 0.4-0.5J, in order to avoid overlap with the flat band. These data show, for which
values of the momentum components along the surface of the slab, eigenstates occur,
with eigenvalues in the simulated spectrum. On figure 4 these states can be seen plotted
in the Brilloun zone defined by ks and ks.

Along side this I received wavefunction data for 3 wavefunctions at specific points in the
Brillouin zone, that also had energies in this regime. These points have been marked on
figure 4.

To sort these wavefunctions into surface states and bulk states I used a ”position” value
created by Dr. Fulga that accompanied the data. This position value is the absolute
value of the wavefunction at given ko, k3 and E summed over the first half of the material
divided by the absolute value of the wavefunction summed across the entire material.

Ziiié/z [V (a1, ko, k3, B)|
ZZEOL [V (a1, ks, ks, B)|

Defining x; as the coordinate propagating into the slab, parallel to k.

poOs =
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6 BZ ANALYTICS COMPARISON TO DATA USING AMPLITUDE APPROACH

Figure 4: Plot of the Brilloun zone at E/J = [0.4, 0.5] all layered on top of each other.
Blue points are states with position in the interval [0.99, 1], red points are states with
position in the interval [0, 0.01] and the green points are states with position in the
interval [0.4, 0.6]. The 3 markers are the 3 surface state wavefunctions I examined.
They are dubbed wavefunction 1 through 3. Circle is localized on 1 = 0, triangle is
localized on x1 = L and square is localized on x1 = L, but is strongly localized compared
to wavefunction 2.

For surface states we would have a position value that is very close to 0 or 1 depending
on whether it is localized on the surface at ;1 = 0 or the surface at z; = L. States far
from these position values are not strongly localized. This means that they are either
bulk states with imaginary n (see equation 5.7) or localized states with small absolute
values of 7, resulting in slow exponential decay as a function of system depth from their
corresponding surface.

From figure 4 we see green bulk states inside an elongated Fermi surface, projected on
the surface Brillouin zone. Two Fermi arcs, one made out of z; = 0 localized states
and one made out of ;1 = L localized states, stretch from the triple point crossing at
(ka, k3) = (m,m), to the triple point crossing at (kq, k3) = (m,0). These two Fermi arcs
can be deduced and expected from the sign in equation 5.10, which predicts two kinds of
surface states continuous in the Brillouin zone based on the sign of 1 in equation 5.7.
From section 4 we know that the surface states are defined by the boundary condition
parameter 6, that describes the boundary of the system. To find out what this value of
0 is in our numerical data, I use equation 5.10 for the numerical points at the surface of
the simulated material.

_ ’5((11 = O)|

0w =0l

(6.1)
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7 ANALYTICAL WAVEFUNCTIONS COMPARED TO DATA

Figure 5: The purple arcs are from wavefunction 1 and match a value of 0 = 5 exactly. A

state where site 1 has zero amplitude on the surface. The yellow arcs are from wavefunc-
tion 8 on the left and wavefunction 2 on the right. Wavefunctions 2 and 3 have negative
values of n while 1 has a positive value of n.

By considering the sample wavefunctions with n negative and positive, I can find the two
values of 6 that define the two Fermi arcs along the two surfaces of the system. I have
worked with the data sets of wfl, wf2 and wf3. Wfl and wf2 are clearly localized, as can
be seen on figure 6, but overlap with the bulk states in the Brillouin zone and have very
slow exponential decay. Wf{3 is very far from the projection of the TPC’s and is more
strongly localized. On figure 4, the 3 points are marked in the Brillouin zone.

By calculating 6 and inserting it into equation 5.11, choosing the sign in equation 5.11
based on which side of the slab the wavefunction is localized on, we get the equation that
describe our Fermi arcs in the Brillouin zone for a given energy. This is seen on figure 5,
where pairs of them are plotted at energies 0.4J and 0.5J for differing values of 6 based
on which wavefunction we extracted it from.

7 Analytical wavefunctions compared to data

By calculating n from equation 5.7 and € from the amplitude approach described in equa-
tion 6.1, I obtain wavefunctions from equation 5.8. I compare these analytical functions
to the numerical results in figure 6. An important thing to note about these plots is
that the wavefunction that is calculated analytically and shown as a solid line, is the
exact analytical expression from equation 5.8; there is no fitting parameter. Because n
is very important for the normalization of the wavefunction, any change in it will make
the plots displaying the absolute value of the wavefunction appear much less accurate.
In particular this can be seen on the bottom plots of figure 6, where the logarithmic
plot showcases the small difference in n between the data and the analytical function.
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7 ANALYTICAL WAVEFUNCTIONS COMPARED TO DATA

Wavefunction 1 and Analytical Wavefunction

Wavefunction 2 and Analytical Wavefunction

|yl 7
0.25
— Site 1 — Site 1
0.15
0.20 Site 2 Site 2
— Site 3 — Site 3

50 100
Wavefunction 3 and Analytical Wavefunction

50 100 150 200

Wavefunction 3 and Analytical Wavefunction

[l logly|
1.0
— Site 1
0.8 Site 2
— Site 3 n
0.6
0.4
0.2
i ~ — Site 3
w @ w 9-4 - _50

Figure 6: Absolute value of wavefunctions on sites 1 (red), 2 (green), 3 (blue) for wave-
functions 1 through 3. Since 3 is heavily localized a logarithmic plot is also provided.

Another important thing to note is that the x-axes in these plots are measured in the
unit cell coordinates a;, because the data is sampled for sites in the a; direction. This is
different from the z; coordinate used in my analytics, which is perpendicular to the slabs
surface. To remedy this I simply rescale using x; = a; A/2. This causes the data and the
analytics to sync up in depth into the system perpendicular to the surface, but not in the
coordinates along the surface of the system. Since the system is infinite in the ks and kj
direction this has no effect on the absolute value of the wavefunction, but it does mean
that the adapted approach, cannot accurately predict the phase of the wavefunction. The
linearized approach we use towards k; is also unsuitable to estimate this phase, so the
loss is minimal.

From looking at this data we see that the amplitudes of site 2 and 3 are the same at
the two surfaces, while site 1 has zero amplitude at the x; = 0 surface. This corresponds
to § = 7 at the r; = 0 surface and approximately # = 0.157 at the x; = L surface.
n ~ 0.057 in wavefunction 1, n ~ —0.028 in wavefunction 2 and n ~ —0.940 in wave-
function 3. Showcasing the expected difference in localization to the surface between the
wavefunctions close to the triple point crossing and those far from it.
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8 CONCLUSION

8 Conclusion

The Weyl semimetal and TPC semimetal systems were studied near the Weyl nodes
and TPC, with the goal of finding the maximal reduced Hilbert space D(Q), where the
bulk Hamiltonian is self-adjoint after inserting a physical boundary at x; = 0. It was
shown that a boundary could be defined by a single parameter that I dubbed 6. It was
shown that this reduction of Hilbert space could physically be understood as restricting
probability current from flowing out of the system. A system that hosts TPC’s in k-
space was derived from a real space Hamiltonian through a Fourier transformation of the
fermionic annihilation and creation operators. Utilizing the reduced Hilbert space D(Q)
and the preservation of translational invariance in directions x, and x3, an analytical
description was derived for the surface states characteristic of topological semimetals.
Using simulation data provided by Dr. Fulga, I found the value for 8 based on the relative
amplitude of the numerical wavefunctions and compared the analytical description of these
wavefunctions to the simulated ones. As seen on figures 5 and 6, the resulting analytics
are very close to describing the real phenomenon.
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A APPENDIX

A Appendix

A.1 Berry curvature monopoles of the Weyl Hamiltonian

To give credence to the earlier claim that Weyl nodes are monopoles of Berry curvature,
I address the problem of calculating the Berry curvature. The Berry curvature is defined
from the Berry connection and the Berry connection is defined as follows [15, 20]:

A =i (| Vily) (A1)
And the Berry curvature is defined as:
B=V,xA (A.2)

Where 9 are the eigenstates of the Hamiltonian in question [15]. I therefore start by
finding the eigenstates for the Weyl Hamiltonian & - k.

H ko ky—ik
H=5 k= 2 BT A.
7 (kzx—i—ik‘y —k, > (4.4

It is useful to write the Weyl Hamiltonian in spherical coordinates around the Weyl node.
Using the following mapping;:

k., = ksin (0) cos (¢)
k, = ksin (0) sin (¢) (A.4)
k. = kcos (0)

This yields the Hamiltonian:

B cos (0) sin (0) cos (¢) — i sin (0) sin (¢)
H=k ( sin (0) cos (¢) + isin (#) sin (¢) —cos (0) ) (4.5)

That has eigenstates:

Yy = —e @sin <g> 1) + cos (g) 12) ",
Yy = €7 cos (g) |1) 4 sin (g) |2)

With Eigenvalues
E =7k (A7)

Calculating the Berry connection in spherical coordinates for 1, yields.

A =i ()|Vi|) = iesin (Q) Ve sin <€> + i cos (€> V. cos <€>
2 2 2 2
i 6 LAY 1 YA 0\ . (0 ;
= o 08 (5) - sin (5) 0+ e (g)sm (§> o — of 08 (5) sin (5) 0 (A.8)

Y (AW,
B ksin(@)sm (5) ¢
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A APPENDIX

While the Berry curvature is

~ - 1 0 1 6 ~ 10 1 0 -

B A= — in? (=) -sin(@) ) k— =k in® (=) )0
Vi X A= T 0) 06 <ksin(0)sm (2) sin ( >> kak( kesin (0) (2))

= 1 2 lSin2 Q l;:—;-sin Q coSs Q I%—Ll%
~ ksin(0) 00 \ k 2 ~ k2sin (0) 2 27 2k2

Integrating the flux through a sphere around the Weyl node yields the Chern number

(A.9)

times 2.

1 1
C=_—4nk’— =1
o 2k

(A.10)
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