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1 Introduction

The goal with this thesis is to describe some simple and yet very interesting
applications of spin dependent transport properties in certain media, such as
nanometer-sized Fe|Cr|Fe-heterostructures or 2 dimensional electron gases (aris-
ing in the narrow gap between two semiconductors). What is basically interesting
with this relatively new (and hot) subfield of solid state physics, called spintron-
ics, is that the spin of the electron has become an important factor, in stead of
being just something that cannot be controlled.

The idea is to be able to transport or store information in the electronic spin.
This would make it possible to use the electrons as the basic unit in a computer
and thereby obtaining the so-called quantum computer [Hu|. This is the dream
for the distant future and a lot of the technical details are yet to be overcome
[Das|. Applications within range are electronic devices from ultra sensible sensors
in harddisks to spin filters to be used within the broad field of lasers [Egues].

A condition for this to make sense in the first place is that an electrons spin
is not altered over length scales comparable with the system under consideration,
so the electrons are able to “remember” their spin. This requirement can actually
be met by choosing the right materials, because the spin mean-free path [, is
extremely dependent on the band structure [Das| and the “record” is 0.1mm at
40K in aluminium [Prinz, p.60|. Generally [, is diminished at higher tempera-
tures because of the phonon collisions [Das].

The way the spin of the electrons comes into play is primarily through the
interaction with some magnetic field. This field can be caused by an external
magnetic field, as is the case in the example with the spin filter, where the
paramagnetic property of the system under consideration is exploited. It can also
be introduced by an electric field as is the case in the Rashba-effect, which may
arise in a 2 dimensional electron gas. Also, spin dependent quantum mechanical
transmission coefficients through an interface can be the cause for the spin’s
importance, as is the case in the example with giant magnetoresistance.

At the present state one hopes to explain some of the theoretical aspects of
spintronics and spin dependent transport properties.

Throughout the text we will use the SI-system for the units unless otherwise
specified.
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Figure 1: Geometry of the Fe|Cr|Fe-system which is divided into regions A,B,C and D. The
angle a between the magnetizations in the two Fe-layers which is # 7, when an external
magnetic field is present.

2 Giant MagnetoResistance in Fe-films with anti-
ferromagnetic coupling

Giant MagnetoResistance (GMR) is the description of the phenomenon that some
(structures of) compounds show a large relative change in resistivity when an
external magnetic field is applied. The cause for the slanted name is historical,
i.e. GMR was discovered after “normal” magneroresistance (MR) and got its
name simply because the effect was a lot bigger than that of MR [Prinz|.

In this section we will show how GMR arises in a single nm-sized sandwich
structure of Fe|Cr|Fe, based on [Barnas|. To this end we assume that the two
metals are identical in several ways, i.e. that they have the same Fermi-energy,
the same mean free path and that they are band gap matched, i.e. that there
is no offset between the energy bands in the two metals. Only their magnetic
properties are taken to be different. Consider first the geometry of the system
shown in figure 1. In zero external magnetic field there exists an effective anti-
ferromagnetic coupling between the two Fe-layers due to the intervening Cr-film.
The explanation for this fact is out of the scope for this project. What is interest-
ing is that an external magnetic field will be able to alter the configuration of the
magnetizations in the Fe-films, so that the angle o between the magnetizations
becomes an important parameter in the problem. What we would like to do is
to study the resistivity of the system as a function of this angle (or in an actual
experimental setup, the external field). To do this we imagine that an external
electric field E is applied to the system in the positive x direction, so as to drive
a current in this direction. So we take E = (FE,,0,0) as seen in figure 1.!

Tt may be shown that the effect we are going to describe can be even bigger for perpendicular
transport [Prinz], but we will not consider that case.



2.1 The model

We adopt a semi-classical approach to describe the electrons in the metals. In
this model the transport of electrons is described by the Boltzmann-equation,
which in general is a rather complicated differential equation

of of

— 4+ — .V, 1

ot + f vy f ( ot >collisions ( )
where f = f(r,v) is the classical, non-equilibrium distribution function, i.e.

f(r,v)drdv is the number of particles in the volume drdv about r,v. fy is f
at thermal equilibrium, taken to stem from the Fermi-Dirac distribution (later,
eq. (16), we show how the two are related). It may here be pointed out that it
is actually reasonable to use this semi-classical approach in our problem because
we are going to work with a small and constant external electrical field. This
implies that the electrons, which are to be properly described by a wave packet
extending over a number of primitive cells in the crystal structure, can safely
be treated classically, because they have well defined wave-vectors on the length
scale of the fields variations. So specifying r and v at the same time in f(r,v)
does not violate the Heisenberg uncertainty relation principle AxAp, > h/2 on
these length scales [Ashcroft & Mermin, p. 217].

To use the Boltzmann-equation, one must consider how to model the collisions
of the electrons. One way to do this, which may be considered as the most
simple, is the relaxation-time approximation, in which the electrons experience
a collision in an infinitesimal time d¢ with probability dt/7, and where the role
of the collisions is to drive the system toward equilibrium. In this model the
Boltzmann-equation reduces to

of
o + (2)

where 7 = 7(r,v) is the average time between collisions and is in general a
function of r and v [Kittel, p.647-648]. In our model we take 7 to be a constant.
We define the difference from thermal equilibrium ¢ = f — f; to simplify the
equation.

In the case of steady state current ( = 0) and with & = —¢(F,,0,0)? and
V.f = (0, 0, %), because we assume that the system is homogeneous in the xy
plane, we have

vf"i_ vrf:_

f=fo
T
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Now % = 0 by definition of thermal equilibrium and because we want linear
response in the system upon FE,, we omit - from ffz%, because ¢ is itself

2Here we have omitted the magnetic field from the total force on the electron because its
influence on the electron is negligible compared to the influence from the electric field.



at least linear in £ and we would otherwise end up with a non-linear term in E.
The Boltzmann equation therefore becomes

0 E, 0
dg 9 _ ¢ Jo

dz Tv, mu, 0u,

(3)

which is a differential equation in z for ¢g(r,v). There is one such equation for
each region, according to figure 1, so we divide ¢g according to what region we
consider.

We are now going to impose scattering conditions at the various boundaries.
Because these are taken to be spin dependent, we calculate separately the contri-
butions to ¢ from spin-up and spin-down electrons, (it is of decisive importance
that these contributions turn out not to be equal). Also, we divide ¢ to describe
separately electrons having positive and negative velocities in the z-direction.
Thus for electrons in region A, moving in the positive z-direction, we get

ga+ ('Uza Z) - gAJrT('Uza Z) + gAJrl('Uza Z)

and similarly for g4 and for the other regions. Now, a solution to (3) is given

by
E, 70
Gast(vs,2) = = o (1 + Aspexp ( p )) ) (4)

m  Ovy T|v,|

and similarly for the other regions and for spin-down electrons. The integration
constants Ay, Biy), Cyt), Dyt are to be determined by the boundary condi-
tions.

2.2 Boundary conditions

At the outer boundaries z = +b, an incoming electron will have a certain prob-
ability Ry to be reflected specularly (mirrorlike) and a certain probability to be
reflected in a random direction, which we will call diffuse reflection [de Vries|.
The electrons which are diffusely reflected tend to restore the thermal equilib-
rium, i.e. in average they will not contribute to g, the difference from equilibrium
(see figure 2 on the following page). The distribution functions at the boundaries
will therefore be related according to

garr = Rogat at z=—b
dp— = RogD+T atz:+b.

and similarly for the spin-down electrons. However, according to [de Vries|, it is
an reasonable simplification to assume that Ry = 0, so that every electron hitting
the boundary will be scattered diffusely and there will be thermal equilibrium
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Figure 2: The difference between diffuse and specular scattering

right at the outer boundaries. This determines A, = A, = D 4+ = D_| =
—exp(,7)-

At the interfaces between the Fe- and Cr-layer, there is also in general both
reflection and transmission for an incoming electron, where the reflection and
transmission can be specular or diffuse. Again it is reasonable to assume that
there is no specular reflection, and because diffusely scattered electrons in average
do not contribute to g, we consider only electron transmission which conserves
the direction of the incoming electron (see figure 2). Therefore we can describe
the scattering at the interfaces by only the spin dependent diffuse scattering®
coefficients Dy and Dy, and the transmission to be considered is 1 — D4 for the
spin-up electrons and 1 — D, for the spin-down electrons. These two parameters
are not equal, which is what basically gives rise to the magnetoresistance effect.
We define N = %I' At the interfaces we now have relations between the various

g’s:

gar = (1=Di)gp+ at z=—a (5)
gyt = (L—=D)garr at z=—aq, (6)

and similarly for the spin down and at z = +a, i.e. there are 6 more equations
like this.

Introducing the angle o between the magnetizations (see figure 1 on page 2)
in the two Fe-films, we can now describe the boundary conditions at 2 = 0. When
passing from A to D (or from D to A), we change the basis for the spin space,
because the electrons spin is to be described relatively to the magnetization in
the region where it is. Taking this change to occur exactly at z = 0 is of course
an approximation, because in reality the change in magnetization takes place
in a continuous way through the Cr-layer. Now, for a general orientation (not
necessarily in the xz-plane) of the magnetizations we define a new coordinate
system with the origin coinciding with the old, but with the z'z'-plane defined
as the plane spanned by the two magnetizations and the y’-axis perpendicular to

3The diffuse scattering coefficient is the sum of the diffuse reflection and diffuse transmission
coefficients.



this plane so as to define a right-handed system.* According to general quantum

mechanical principles for rotations of spinors, (e.g. [Sakurai, p.166|) we have for

a general spinor (¢2%) in A that the corresponding spinor in D for a rotation

about the y'-axis, is
cp+\ _ [cos(§) —sin(§)\ [cast
cp—)  \sin(§) cos(5) Ca

With this equation we get for a spin-up electron, ((1)) at z = —0 that the spin-
down part of it, (]) at z = +0 is T}, = sin?(«/2) and that the spin-up part is
Ty, = cos(a/2) . With this notation, we have

Ty = T}y = cos*(/2) (7)
Ty, = Tjy = sin’(er/2) (8)

(which is seen by inspection to be valid also in the limiting cases, & = 0, 7) and
the “boundary” conditions at z = 0 become

govr = Tygper + Thgpey (9)
gory = Tugpey +Tirgp sy (10)

and similarly for gp_+ and gp_;. The equations (5), (6), (9), (10) and the two
equations for gg_+ and gp_, together with (7) and (8), now give® us the remaining
integration coefficients, one of which is ©

o= |1 (57) ) =20 =1 o ().

and the others being similar or slightly more complicated. a and b are the di-
mension parameters according to figure 1.

Now we have found all the ¢’s (the coefficients just have to be substituted in
(4)), and it is seen that they are functions only of the parameters Dy and D;.
So we are now in a position where we can find the current density in the various
regions, by performing the integration

J:/ / evyg(v,, 2)dvdz (11)
region Jall v's

where the integration with respect to z is to be split up according to the several
regions.

4If the magnetizations are not linearly independent, which will be the case for zero magnetic
field, this construction obviously fails, but we will see that the limiting result for this case
is in accordance with what one should expect from first principles, i.e. that a spin-up (spin-
down) electron entering another region will certainly be a spin-down (spin-up) electron if the
magnetizations are anti-parallel.

By tedious solving of linear equations.

6The rest can be seen in appendix A.



2.3 The calculations

The integral for the electrons with positive velocity in A is explicitly:

o2
E.t / / Vg Ofo 24+ (A +Apy)exp — dvdz  (12)
all v's 8'UIL’ |UZ|

To evaluate this and the other similar integrals in practice, several modifications
need to be done. First we make a change of variables for the velocity integral
into polar coordinates in the velocity space. Now, working at room temperature’
and changing the velocity integral into an energy integral would enable us to
substitute the factor f 0 appearing in the integrals with a Dirac delta function in
the energy, if f, were the Fermi-Dirac distribution, because this latter approaches
a unit step function when the temperature goes to zero (|[Kittel, p.147]). But f
is a classical distribution function, describing the distribution of particles in a
(modified) phase space (v in stead of p), and not the distribution of particles
in quantum states (like the Fermi-Dirac distribution), so we have to find the
connection between these two ways to express the same thing.

To do this, we consider the problem of finding the thermal equilibrium average
of a quantity X = X(|v|) using the two different distribution functions. The
results must be equal. Using the classical distribution f¢ one should write

(X(|V|)>=/11 CX(vD v (13)

By doing the integration in polar coordinates we obtain (the 47 comes from the
¢ and 6 integration)

(X)) =dm [ XD =7 [/ X @ ()

where we have converted the integral over v into an energy integral, using ¢ =
imo?.
By using the Fermi-Dirac distribution f"P one should write

X(D = [P EDE X s (15

where D(e) is the density of states for a free 3-dimensional electron gas and is
found from the number N of one particle orbitals of energy less than or equal to
e as (|Kittel, p.149])

ANV [(2m\*? |,
%FE:%*?>“

"Room temperature is much less than the Fermi temperature for the metals, which is typi-
cally of the order of 10*



By equating (14) and (15) we obtain
m3

Fo(wr) = P (16)
Putting all this together, i.e. changing the integration over |v| into an energy

integral by substituting e = {m(v2 4+ v} + v2) and using the result from (16),

remembering that % = 0(¢ — ep), we have from (12):

Ofo yy_ Wove, _ 0
ov,  Os v An3h3

d(e — ep) sin(@) cos(¢)de,

where £ is the Fermi energy.®

Doing the energy integration (over the delta function), inserts the values of
the several variables at ep, and we are now left with (for the electrons moving in
the positive z-direction in region A)

erZTE —z
J = 47T3ﬁ3 / dZ/ d9 Sln (2 —+ (A+T —+ A+¢) exp (m))

(17)

and similar integrals in the other regions. vp is the velocity at the Fermi energy
and the mean free path A has been introduced as an approximation for 7 by
A = 7tup. Now, also the current density of electrons moving in the negative z-
direction are to be concerned, but because the part of the system not concerning
magnetizations and spin exhibits a 180° rotation symmetry, this is the same as for
the electrons moving in the positive direction. The total current density is thus
twice the value obtained by (17). These integrals were evaluated by Mathematica,
where it turned out to be very tough for the computer to do, unless the z-
integration was done before the #-integration and the integrands were expanded
as much as possible to overcome problems concerning partial integration.

The resistivity can now easily be found using Ohm’s law J = oF and the

definition p = X (assuming isotropic conductivity).

2.4 Results

In figure 3(a), we show how the maximum resistivity changes as a function of
Dy and N = g—I. It is seen that the effect is of the order of some percent.
The figure shows that the effect on the resistivity grows with N and D;, which
means that both % and the absolute value of D; are important parameters in the
setup and should be specified with care. The parameter N has to be measured

8We have omitted V from this equation, because we are calculating the current density and
we are therefore in fact using f¢/V from (14) as fo. We can do this because we can always
consider f¢ in as small a volume V' as necessary.
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Figure 3: (a) The maximum relative change in resistivity as a function of Dt. pst is the
resistivity for @ = 0, and pqy the resistivity for o = 180°. (b) The relative change in resistivity
as a function of the angle between the magnetizations in the Fe-layers for N = 6 and Dy = 0.48.
In an actual experimental setup, the resistivity would be measured as a function of the applied
field. To compare experiments and theory, one must therefore find the functional dependency

of the angle on the applied field [Barnas, p.666].

experimentally, but some evidence, both experimentally and theoretically, exists
[Barnas, p.666|, that N should be about 6. Furthermore, D; being a measure for
the roughness of the interfaces, is found experimentally. In figure 3(b) we have
plotted the resistivity as a function of the angle oo between the magnetizations in
the two Fe-layers for N = 6 and Dy = 0.48, where the value for D; is obtained
in [Barnas| by fitting to experimental results.

It is seen that the relative change in resistivity is largest when the magneti-
zations are antiparallel (& = 7) and that the resistivity change for this case is
about 1.4 percent. The results are in quite good agreement with experimental
results shown in ([Barnas|). The figures 3(a) and 3(b) are for a = 125A, b = 54,
i.e. the calculation is for a (120A Fe)|(10A Cr)|(120A Fe) sandwich structure,
and we take A = 180A. One last parameter which it could be interesting to vary
is the mean free path A which we until now have taken to be 180A, a number
appropriate to room temperature. But the model will be valid in a tempera-
ture interval, which is limited primarily by the approximation A = 7vr. Because
this approximation becomes better at low temperatures, we can safely consider
longer mean free paths. The plot for the resistivity change as a function of A is
shown in figure 4. It shows that the maximum change in resistivity grows with A
(decreasing temperature) and that the most dramatic change occurs in the low
temperature limit. This result is also in agreement with experimental values,
according to [Barnas|.
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Figure 4: Relative change in the maximum resistivity as a function of the mean free path X
measured in A for three different combinations of Dy and N :
(—)D4 =05,N=12; (---)D+ =048, N =6; (— - —)Dy =0.5,N =2

2.5 Conclusion

We have shown how there can be a change in the resistivity for a Fe|Cr|Fe sand-
wich structure as a function of the relative orientation of the magnetizations in
the Fe-layers. We based our model on the semi-classical model for the electrons in
the metals, and imposed spin-dependent scattering conditions at the boundaries
and the interfaces.

2.6 Closing remarks

The effect considered in this section is of the order of some percent, but can be
extended by considering a lattice structure consisting of many (on the order of
10%) layers in stead of a single sandwich structure, thereby obtaining changes
of about 100% or more [Barnas|. Noteworthy, GMR has come to use in the
computer technology as sensors in harddisks where the ever growing demand for

greater density of stored data leads to the development of more sensible sensors
[IBM].

10
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Figure 5: (a) The geometry for the spinfilter structure. (b) The potential difference for the
spin-up and spin-down electrons in the Zn; ,Mn,Se layer on a relative scale.

3 Quantum mechanical approach to spin filtering

3.1 The model

In this section we describe a model for spin filtering of an electrical current. It is
based on quantum mechanical scattering of electrons on a rectangular potential,
and was first proposed by J.C.Egues [Egues|. We will try to emphasize the quan-
tum mechanical nature of this problem. We consider a ZnSe|Zn; ,Mn,Se|ZnSe
sandwich heterostructure as in figure 5(a), where we model a perpendicular cur-
rent (as opposed to the current in the GMR section), i.e. the current is in the
z-direction. It turns out that the current will be spin polarized in the presence
of an external magnetic field (of about 2-3T), i.e. the current will consist of
electrons with only one spin orientation.

The cause for the difference in spin-up and spin-down current is the exchange
interaction between the conduction electrons and the electrons in the Mn*"-ions.
The exchange interaction is a purely quantum mechanical effect, occurring be-
cause the electrons are fermions and therefore obey the Pauli principle. Now in
the ZnSe|Zn; ,Mn,Se|ZnSe structure some of the Zn*"-ions in the middle layer
are replaced by Mn*-ions. Mn?*-ions have the electron configuration (Ar)3d°.
By applying Hund’s rule’ we see that all the electrons in the outer shell of Mn?"-
ions have the same spin orientation, making the Zn;_,Mn,Se-layer paramagnetic
(in comparison the ZnSe-layer is non-magnetic, Zn** and Se®~ having the config-

9Hund’s rule states how the electrons distribute in an atom or ion in its ground state, i.e.
it gives the S,I and J quantum numbers, given the principal quantum number n. In this case
we get S = J = g and [ = 0. [Kittel, p.424]. Hund’s rule may be seen as a compact way of
expressing the Pauli exclusion principle, the Coulomb interaction and the spin-orbit coupling
at once.

11



urations (Ar)3d'® and (Ar)4s?4p®). By applying an external magnetic field, the
Mn?"-ions will tend to anti-align their spins to the magnetic field but align them
to each other, thereby giving rise to a potential difference for spin-up and spin-
down conduction electrons: when a conduction electron with its spin aligned like
the electrons in the Mn?**-ions approaches the ions, the exchange energy grows,
whereas for an electron with its spin anti-aligned with the ions the exchange
energy falls off, see figure 5(b) on the page before'.

The basic assumptions in the model are that the electrons are mutual non-
interacting, that there is no overlap of the energy bands in either of the metals
and that there is no electron scattering on the lattice. We further assume that
the concentration of the Mn*"-ions is small (5%) and that we work at low tem-
peratures (5K).

The ZnSe|Zn;_,Mn,Se|ZnSe structure was chosen because with z = 0.05 it
is band-gap matched (i.e. the offsets of the valence and conduction bands in
the different layers are taken to be zero), so the conduction electrons feels no
interfaces in the heterostructure when zero magnetic field is applied (see figure

5(b)).

3.2 The Hamiltonian describing the system

We will now find the Hamiltonian for one electron in the heterostructure. This
is the relevant Hamiltonian for the problem, because we assumed independent
electrons, so in the end the total wavefunction will be given as a product of single
electron wavefunctions. Because we also ignored the electron scattering on the
crystal structure, we obtain (except for the spin interaction) the Hamiltonian as:

. 1 R 1 R 1 .
(b~ €A = 5 (b + 5eBy)*+ (b — 5eBa)* +72)  (18)

Here m? is the effective mass of the electron (assumed equal in the two layers),
|IB| = B and we have used the gauge freedom |Griffiths, p. 429| to choose

A = (—3B,,1B,,0) so B=V x A is along the z-axis. This Hamiltonian shows

that motion in the z-direction is not coupled to the motion in the xy-plane. The

energy of the zy motion is quantized in the Landau levels E, = fiw.(5 +n) where

n is a nonnegative integer and w, = an is called the cyclotron frequency [Liboff,

€

p. 442]. The motion in the z direction is represented by plane wave states e*:
21.2
with energy E, = Zn]f This makes it possible to use one dimensional potentials

in this direction to describe the system and the cause for the spin filtering.
First we derive these potentials and see how they become rectangular. The
general interaction between the spin & = (6,,0,,0,) of the conduction electron

OFor the conduction electrons we measure “up”™ and “down”-spin relative to the average
alignment of the Mn?*-ions

12
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and a single Mn**-ion spin Gyper = (T, a2+, Oy an2es O a2+ 1S Viingle ion =
CO \o2+ -0 Where ¢ is a constant. This is the dominant interaction for the electron
spin in the heterostructure. This operator acts on the system consisting of an
electron and a Mn?"-ion, i.e. on a superposition of |SMg)yg2+|sms).- states.
This means that ‘/}Single ion 18 not (like equation (18)) a Hamiltonian for a single
conduction electron alone, and before we can use them together to describe the
energy of the electron, we have to make it independent of the ions. The total
interaction in the structure for one conduction electron spin & and the Mn?*-
ions is (because we assumed low concentration x and thereby neglecting the small
ion-ion interaction [Ashcroft & Mermin, p. 681]):

Vipin = 3 i+ + O (19)

3

where the sum is over the Mn?"-ions in the lattice. We now make a mean field ap-
proximation for the Mn?"-ions, so that for all 7, Oi\m2+ = (04,,04,,0;,) becomes
(\m2+) = ((64), (0y),(6)). Here (6,) = (6,) = 0 because the magnetic field is
in the z-direction, which implies that the 2 and y components of the Mn*"-spins
are randomly oriented.

Equation (19) can also be written as

~ 1
Vspin = Z &) <§(&z‘—,Mn2+&+ + a'z'+,Mn2+6.*) + &iz,MnH&z) (20)

i

by using lowering and raising operators |[Liboff, p.528]. This shows that ‘Zpin
gives rise to transition between spin states (spin flips). By making the mean field
approximation we ignore the possibility for spin flips.

In the mean field approximation the interaction becomes:

Vépin = Z Ci<&i,Mn2+> o= Z Gi <&Z,Mn2+>a—z
1 [

(2
= (Gw2+)0: Y G = (0, )52 Noow (21)

Here Ny is called the exchange constant and z is the Mn?" concentration. We
defined ). ¢; = x Ny which is reasonable because the greater concentration, the
greater the interaction. This potential can now be seen as an operator for a single
conduction electron only and as it is present in the Zn;_,Mn,Se layer only, we
have as a function of z:

Vo (2) = 2Noa(0, pne+ ) 6.0(2)0(L — 2). (22)
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Here

0 forz<0
H(Z)_{ 1 forz>0

is the unit step function, and L is the length of the Zn;_,Mn,Se-layer.

The only dependence of the B-field in V., (z) is through ( Zan+> and it is

found by considering the magnetization M. The fraction of Mn*"-ions in a given
Nms exp ( E€ms /ka)

state my is e = e, where Z is the partition function and Ny, is the
total nurnber of Mn?*-ions. The energy is ¢,,, = —ji - B = —p,B = myqupB
expressed in the Bohr magneton up = fof , the magnetic quantum number mj

and the dimensionless Landé factor g. The magnetization is now found:

5
2
5
M=% Nu(=gupms) = 5NigusBs (7) (23)
S—
where!!
1
By(y) = gcoth(%y) - - coth(}) (24)

is a 2 Brillouin function and where we have defined y = 5355,3 to simplify ([Kittel,
p.417-422| and [Ashcroft & Mermin, p.655-656]).

On the other hand we must have that M = Ny (py2+), where (pyp2+)
is the thermal average of the Mn?" magnetic moments. g2+ is given by

Pzt = —BES)por = — B Gy oy where S is the Mn®"-ion spin. This means
that (pype+r) = —WTB<O'MHZ+> and as earlier noted (6, \p2+) = (6, \m2+) = 0, s0
(yppo+) = — (G, \py2+), Which gives the expression M = — Ny 252(5, \pp2+)-

We can now obtain (6, yp,2+) as a function of B:

3 .
W20 p0+) = 5 NingnnBs (1) = (0. p0+) = —5B3(7)  (25)

The only thing we now need to determine in V. (2) is the g-factor. This is
found by the general formula for a free atom or ion [Kittel, p.420]: g = % +

M = —Nio

% = 2, because Hund’s rule gave us S = J = g and [ = 0.
So we have now derived the spin interaction to be:
V,.(2) = —zNoabBs (7)0.0(2)0(L — 2) (26)

where [Egues| uses Nyaw =
tration used iS Zefrective = T
spin interaction.'?

0.26eV and T = 5K in the calculations. The concen-
1—

1
4
(1— =)' with z = 0.05 to account for Mn?*-Mn?**-ion

"The second = in (23) requires some algebra

12These values were not present in the article, but were given to us by J.C. Egues himself.
(He actually gave us Noa = 0.26eV, but due to his notation inconsistency regarding S and o
we changed it.)
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Figure 6: The transmission coefficients for (a) spin down and (b) spin up electrons versus
B /Tesla for E, = 1meV

3.3 The spin polarized current.

Now we know the full Hamiltonian, which gives rise to Landau quantization in
the xy plan and a one dimensional scattering problem on a rectangular potential
in the z-direction, where the potential is different for the two spin directions.
This is what essentially gives the spin filtering.

In the one dimensional motion along the B-field we have plane wave states

eth=* ﬁ2k§. The rectangular potential in the ZnMnSe layer now

with energy E, = 5—
makes it possible to use known quantum mechanical transmission coefficients
appropriate for such problems. The spin up electrons have potential energy V; =

xNoa5Bs (7), so the transmission coefficients for V; < E, is:

T.(E., B) =
—1
55 NaBy) f fomi(B seNoaBy ()
4 BB +5aNeaB3 (7)) 2

(27)

Similar expressions can be obtained for T4(E,, B) for V; > E, and for T\ (E,, B)
(|Liboff, table 7.2 or section 7.6-8]). These transmission coefficients are plotted
by Mathematica in figure 6 and 7 as a function of the B field at a given energy FE,.
For spin up electron transmission we see the resonances (i.e. 7' = 1) whenever
sin?(k,L) = 0 or, with k, = i—” being the wave vector in the ZnMnSe layer,
whenever m’\? = L, i.e. an integral number of half-wavelength fit into the system.
The difference for spin-up and spin-down transmission for E, = 5meV (figure 7
on the following page) shows that it is in theory possible to control by the external
B-field the amount of spin up/down that you let through the system. It is seen
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Figure 7: The transmission coefficients for (a) spin down and (b) spin up electrons versus
B /Tesla for E, = 5meV

that for B > 2T the current consists only of spin down, i.e. we have a totally
spin polarized current! Therefore we have constructed, in principle, a spin filter
and the currents can be calculated by the same means as in the GMR section
under the assumption of low temperatures. It is intuitively clear that the currents
essentially will reflect the transmission coefficients, so actually all the important
information about the spin filtering is shown in these.

3.4 Conclusion.

We have now shown that by the means of a simple quantum mechanical model
using a 1-dimensional, rectangular scattering potential, we can construct a spin
filter. An actual experimental setup that can give rise to the difference in energy
for spin-up and spin-down electrons (and thereby in transmission coefficients)
could be a layered heterostructure of the form ZnSe|Zn;_,Mn,Se|ZnSe. It is the
exchange interaction between the electrons and the Mn?*-ions, §an+ -0, that is
the basic physical property explaining this. This interaction’s strength depends
in the mean field approximation on the net alignment of the magnetic moments
of the Mn?"-ions, which can be controlled by changing an external magnetic field.

As mentioned, by introducing the mean field approximation, we ignore the
possibility for spin-flip due to the actual magnetization. This effect will tend to
make our results less noticeable because of the mixing of spin-up and spin-down.
Also, imperfections in the doping of ZnSe by Mn will cause the potential barriers
to be less well defined and again the results will be less pronounced and the
current will be less polarized.

16



z + + + + + + + F + + F + F + +

Figure 8: The system in which we derive the spin-orbit coupling.

4 The Rashba Hamiltonian

4.1 The Rashba Hamiltonian and its order of magnitude

The spin-orbit coupling of an electron in an atom is known in atomic physics
to give rise to splitting of the energy levels, part of the so-called fine structure
[Sakurai, p.304-307|. A similar effect arises for the conduction electrons in a solid
in an external electric field, i.e. spin-splitting the energy.

Consider a conduction electron moving in the z direction in a homogeneous
electric field produced by a plate capacitor, see figure 8. We consider the Lorentz
transformation of the electromagnetic field from the capacitors rest frame S to
the electrons rest frame S’, which is moving with constant velocity v along the z
direction relative to S. In S we have E = (0, E/,, 0), so the Lorentz transformation
gives the following fields in the electrons rest frame S’:

v
E' = (0,vE,,0) B’ = (0,0, —’YEEZ/)

1
1=(2)?
work at relativistic velocities. The electrons “feel” the magnetic field B’. We can
now use the basic spin interaction Hamiltonian H = —p - B with u = —9£& to
find the Hamiltonian for spin-orbit coupling:

where v = is to a very good approximation unity, because we do not

7y IGUBY 1~ 4
Hgo = K- B' = _m yPz0=

We can easily generalize this result to situations where v = (v, v,,v,) and E =

E(r,) and obtain Hy, = —352-(p x E) - &, because at B = 0 we can use the
Lorentz transformation as B' = —%(v x E) [Griffiths, p.532] and by inserting

this into H = —u - B', we get H,, right away.

The order of magnitude of this effect at a realistic Fermi velocity v = 106%
|Ashcroft & Mermin, p.36] and even for an extreme electric field £ = 10X is
only 107°eV. (gelectron = 2 and pp = % were used). This is very small considered
the extreme electric field, so spin-orbit coupling as a relativistic effect is actually

not seen in normal solids!
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Figure 9: Geometry of the system

Nevertheless in a 2 dimensional electron gas (2DEG), which may exist in the
(narrow) gap between two semiconductors, e.g. InAlAs and InGaAs, calcula-
tions of the band structure [de Silva|] show an energy term similar to spin-orbit
coupling:

Hr=a(p xE)-&

Here o is no longer %52, The expectation value of () times 7 at realistic
electric fields is of the order 10~ eV m [Bauer|. By using the Fermi wave vector
kr of order 10'm™", Hp is of the order 107"'eV/, i.e. 10* times greater than the
relativistic effect. This Hamiltonian Hp is called the Rashba Hamiltonian and

was first considered in 1959 by E.I. Rashba [Rashbal.

4.2 Application of Hp to a system with Fe-magnets and a
2DEG.

As an application of the Rashba effect, we consider a system consisting of a 2DEG
with two semiconductor-ferromagnets as contacts in both ends (see figure 9). We
would like to calculate the transmission for electrons through this system, hereby
obtaining the conductance, as a function of the Rashba-parameter («F) and the
magnetization in the two ferromagnets. Since («E) may be controlled to some
extent by an external electric field, this is what is interesting for application in a
real experimental setup.

Before we dwell on the calculations involved in this problem, we would like
to give an overview of what is happening in a qualitative way. In the following
we refer to figure 9. We consider an electron from the left ferromagnet through
the 2DEG and into the right ferromagnet. In the left ferromagnet with magne-
tization M, the electrons spin are polarized in favor of the down direction, i.e.
the direction anti-parallel with the magnetization. At the interface between the
ferromagnet and the 2DEG, scattering of the electrons occurs in the following
way: a fraction of the electrons are reflected with their spin unchanged, but also
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a fraction (which, for our special problem, actually will turn out to be zero) will
be reflected into the down state in the ferromagnet. Now, for the transmitted
electrons there are also two possible (spin) states, namely up and down, but
this time measured relative to the eigenstates of the Rashba-Hamiltonian, which
are in general different from those in the ferromagnets. The eigenstates of the
Rashba Hamiltonian suggest that one could speak of a pseudo magnetization (de-
pending on k) in the 2DEG. Therefore, as will be shown later, spin precession
occurs for the transmitted electrons, and the spinor for a transmitted electron
will change as the electron travels through the 2DEG. Reaching the right ferro-
magnet, again a certain fraction will be reflected into the two eigenstates in the
2DEG and a certain fraction will be transmitted into the two eigenstates in the
second ferromagnet, according to what state the precessing electron is in and to
what magnetization there is in this ferromagnet.

In 1990 [Datta & Das| proposed this system and that one should be able
to control the current through the system by applying an external electric field,
thereby controlling the Rashba-parameter and the precession, and controlling the
current through the system by the means of only small changes in the external
electric field.

4.3 Calculation of the transport properties
4.3.1 Eigenstates in the ferromagnets

We will now find the energy spin-splitting for the conduction electrons and the
energy eigenstates in the ferromagnets.
We assume that the energy bands are quadratic in k, so that the kinetic part

. . . 75y 22 . .
of the Hamiltonian is Hy = 22X where mj, is the effective mass assumed to be
Fe

isotropic in space.

The conduction electrons spin interact with the atoms in the ferromagnet via
the exchange interaction, as in the spin filter section 3.1, so the Hamiltonian reads
Hp = A% - &, where M = M (sin 0 cos ¢, sin § sin ¢, cos #) is the magnetization,
and A is the material dependent exchange energy found experimentally. The
Hamiltonian also consists of a constant term E.¢ which is the lowest subband
energy in the ferromagnet. By calculating the inner product M - & one gets the
total Hamiltonian as'3:

o~ A Pk (1 0 cosf  sinfe 1 0
_ Fe _ " ™ ] Fe
H=Ho+ Hp + By” = 2m, <0 1) A <sineel¢ —cos 6 ) 5 <0 1) '

(28)

'3 Another way to find Hp is to rotate o, so it becomes parallel with M and then write
Hp = Ag™® as done in [Bauer].
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To find the eigenenergies and the energy eigenstates, we solve the time inde-
pendent Schrodinger equation by diagonalizing the Hamiltonian (28). If € is not
0 or 7 we find":

7i’k?

*
2mFe

EY = Eg° + (29)

xr [ CcOSO L1
+A :li:e(xayaz) = :lljeelk ( sin Hei‘b >

7

as eigenenergies and eigenstates, where “+”7 and “—" represent up- and down
states relative to the magnetization (see figure 10). Here N}® is the normalization,
which we will return to later (in section 4.3.3). So there is an energy splitting
of 2A of two conduction electrons with the same size of the wave vector k =
(kg ky, k) but different spin.

4.3.2 Eigenstates in the 2DEG

As in the ferromagnets we will find the energy and energy eigenstates in the
2DEG. Here the Rashba contribution is present, so by assuming quadratic energy
bands again, we obtain the Hamiltonian as:

A2

*
2my

~

H:ﬁg—f—ﬁR:

+a(pr)-&+E§}<é ?) (30)
where El is the lowest subband energy in the 2DEG.

In the specific system, we consider the 2DEG to be in the xy-plane with a
perpendicular electric field (see figure (9) on page 18), so P = (ps, Py, 0) and
E = (0,0, E) which gives'®:

(31)

. Ef+ 5% (aB)i(k, + ik.)
~ \(aB)#(k, — ik,)  EF 4+ 2K

*
2my

by using p; = fik;. As before we diagonalize H to find the eigenenergies and
eigenstates. When &k = /k2 + k2 # 0 we get'’:

R (k2 + k2
EY = Ef+ (ke + y) + (aBE)hy k2 + k2 (32)
2my Y
4 kytike
Wi(r,y) = Nietnrth) ( VT ) (33)
1

Mf 9 =0 or m, His already diagonal, so the eigenenergies are EY® = E}® + g;]iz + A and
Fe

the eigenstates is ¢f® = N e ({) and ¢ = N_e™~ (), where Ny is the normalization
constants.

15Tn [Bauer| there is a wrong sign here, which penetrates the calculations.

161f k = 0, the problem is obviously not interesting.
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where NI are the normalization constants to be determined later. E} can also
be written as

ﬁ2
Ef = By + 5 —((k & kr)” — kp) (34)
2my
by introducing kr = O‘Eﬁm*, which will be a convenient form later on. For the

eigenstates, we see a very peculiar phenomenon, namely that the eigenstate is
dependent on the direction of the wave vector k = (k, ky,0) and thereby on the
direction the electron travels! Furthermore the energy splitting depends on the
size k = /kZ + k2. This is in contrast to the ferromagnets (see equation (29)),
where the energy splitting and the spin part of the eigenstates are independent
of both the direction and size of k. This difference arises, because p x E can be
seen as the effective B field the electron feels and it is dependent of both size and
direction of p. In figure 10 we show the difference between the energy bands in
the two materials.

4.3.3 Normalization of the eigenstates and derivation of the velocity
operators.

There are different ways to normalize the eigenstates found in the previous sec-
tions. The most common is to require (¢|¢)) = 1, i.e. that the probability of
finding the particle in some state is unity.

However, we choose to normalize in another manner. We are going to use the
normalization, arising from letting the probability current |J| = 1. This is an
often used condition in scattering problems ([Flensberg| and [Bauer]), because
the transmission and reflection coefficients simply becomes the square of the
absolute value of the amplitudes of the respective wavefunctions as we shall see
later (section 4.3.5).

The probability current is found by imposing the condition from the continuity
equation: % = —V - J, where p is the particle density. This is a statement
of the conservation of matter. In the ferromagnets J becomes the usual J =

b (*Vip — ¢pVep*) [Liboff, p.227]. In the 2DEG things are not so simple,

—
2mp,t
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because the potential depends linearly on p (cf. (30)). However, to keep things
as simple as possible, we are going to consider only the one dimensional problem,
and we will therefore normalize the eigenstates in the 2DEG in one dimension
only. We do this by letting J, = 1."" To derive J, in the 2DEG we identify p

with |¢|> and use the time dependent Schrédinger equation %—‘f = —%Hw and
its complex conjugate % = %(ﬁw)* By using the form of our Hamiltonian,
Hp = 2’;;2”* + Ap,, where we have temporarily defined A = —(aE)d,, we find'®:
R
o _ 0w ) _ 0v  ov
ot ot ot ot
¢ * 77 77 *
= (-0 By + (7))
D P D "
= — |[Y(—+A4 —+ A 35
re (v ro (2 aw) ) (35)
By comparing with the continuity equation we get!'

1 Da Da R "
=< — —(aF)o + — — (aF . 36
s=5{v (- ema) veo (- @ma) | o)

By introducing the velocity operator v, we will see that this expression has a
simple interpretation because we will find that we may write

1 * A ~ *
The way we introduce the velocity operators is by considering the classical Hamil-
ton’s equations of motion [Goldstein, p.342| and simply replacing the classical

Hamiltonian with the Hamilton operator, obtaining ¢, = gTH [Bauer|.?° In the
ferromagnets and in the 2DEG the velocity operators are:

. 8(]?[0 + HB) ﬁ 1 0
Fe T
= = 38
Ve 0P mk, \0 1 (38)
sR = 0(Hy + Hg) _ :;; Z<O‘E> (39)
v 0Py —i(al) %
R

It is seen that in the ferromagnets 05° is exactly n’if as one expects, but in the
Fe

2DEG the p, dependence in the Rashba term makes 9% more complicated?'. By

17 Actually we consider the wave function for the electron to be a product of a plane wave in
the z-direction and a standing wave with only one mode in the y-direction so there will be no
net current in the y-direction.

8The complete calculations are shown in appendix B

9Up to an additive constant.

2°This is also a natural way of turning the group velocity [Kittel, p.102] 9, = +2£ into an
operator.

21 This fact was disregarded by [Grundler| and corrected recently by [Bauer].
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comparing (38) and (39) with (36) we obtain (37) which states that J, is just the
real part of 1/*9%), which is intuitively appealing.
Finally the normalization constants are found:

* 1
Fe =1= NFe — Mpe 40
T *+ hky 2(1 £ cos ) (40)
and:
Wl*
JR=1= NF = R (41)
2ﬁkx(1j:%§)
where kr = <aE’ém;‘. If § = 0,7, NI® does not make sense, but that is no problem

because our eigenstates were not valid for these values. As we will see later
NJ}} = N® in our problem, because of energy conservation.
4.3.4 Energy considerations and wave vectors

We are going to calculate the wave vectors for the different electron states under
the assumption that the states have the same energy. In our model for the

ferromagnets the eigenenergies are gives by (29). Choosing Ej¢ = —A makes
the spin-up electrons have zero potential energy, so that a spin-up electron with
2mg Er

Fermi energy, Er will have wave vector k4 = From the equation

ﬁ?

ﬁ2k2 . . .
—A + 35— — A = Ey for the spin-down electrons at the Fermi energy, we infer
Fe
that they will have wave vectors k| = w, where we have taken the

positive solution.

The energy splitting 2A can be found as a function of the Fermi energy Fp

by using the knowledge of the fraction % which is the fraction of conduction

electrons in the ferromagnet with spin down. For iron and nickel this fraction is
0.6 and 0.9 [Prinz]. By using the fact that the electrons travel with the Fermi

energy we get:

h2k?
IEF‘ — l;Pb — T
+ 2mi,
h2k?

= Ef*=_1t A
2mi,

h?k? . . .
Where Eyf _ = 53—+ is the kinetic energy for spin down and E}f, . = Ep. Now

Fe
as Ni(N,) is proportional to k?(k}) [Kittel, p.146-149]** we have:

22Kittel’s argument for this proportionallity has to be modified a bit to fit our situation, but
it is still true.
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In iron, Er is 11eV [Ashcroft & Mermin, p.38], so A is 1.65¢V.

Now ky = 4/ Qm;F{%EF and k| = w, where we have taken the positive

Epn — B =2A

kin,—

which gives:

solutions.
In the Rashba-split 2DEG we have the eigenenergies given by (34) on page 21.
Choosing E = 0 gives the size of the wave vectors for an electron at the Fermi

energy:
ki::FkR—F\/k%{—Fk% (42)

according to what spin-state it is in. Remember kr = («E,)m/h. We have chosen
the positive solution for the wave vectors k.. Because the pseudo magnetization
and thereby the Rashba-energy depends on what direction the electron moves,
also the wave vector depends on the travel direction in the same spin state.

In one dimension equation (42) shows that NI = N¥, because ky + kp =

+v/k% + kF, so
m*
NF= [— R 43
* 28i\/kZ + k2 (43)

From now on we consider only the one-dimensional problem, where the trans-
port is along the z-axis (see figure 9 on page 18). From (41) it is seen that the
normalization in the one-dimensional case is the same for the two spin-states.
For an electron traveling in the +z-direction in the “+” spin-state, (i), the wave
vector is k. If the electron in the same spin state is moving in the —z-direction,
the wave vector is k_, because the pseudo-magnetization changes sign, when the
electron travels in the opposite direction.

4.3.5 Transmission and reflection at the interfaces

We are now ready to calculate the total wavefunction in the system, by using
the solutions to the Schrodinger equation in the different regions. By imposing
continuity conditions, we will be able to find reflection and transmission coeffi-
cients at the interfaces as functions of the parameters in the problem, especially
the magnetizations directions and the “strength” of the Rashba effect, (aE).
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In the first (left) ferromagnet the wavefunction will consist of a superposition
of three plane waves, namely

Fer _ ppFer gikya [ COS 6, +1 NFer g-ikya (€O 0, +1
¥ t € (sin 0, e'¥1 Tl e sin f; e*#

Incoming up—reflected

Fer —ikiw [COSO — 1
+T1¢N\Lele ky (sinelewl> (44)

.

~
down—reflected

because the reflected electron will in general have a possibility to undergo a spin-
flip, thereby being reflected into the down-state. In the 2DEG there will be
transmitted states from the left ferromagnet and reflected states from the second
interface. In the 2DEG we therefore have the wavefunction

¢R — NR<t1T€ik+m (i) + tu,eik_m <_1Z> + TQTeiik_m (i) + T2¢€7ik+x <_12> )

~~ ~” ~~ ~”

transmitted-“up”  transmitted-“down” reflected-“up” reflected-“down”

(45)

In the second ferromagnet, there will be only waves traveling in the 4u-
direction because we imagine making a perfect measurement of the transmission
in this ferromagnet, thereby having no reflected states in this region. The wave-
function is

Fey _ Fey ik | COS B2 +1 Fes ik,a [ COS 02 -1
¥ by e <sin Oe'¥? +ig N e sin fye'?? (46)

up-transmitted down-transmitted

To find the various coefficients (ry 24, t1.21,), we impose continuity conditions
at the interfaces. First, the wavefunction has to be continuous, according to the
general quantum mechanical interpretation of the wavefunction as a measure of
probability. Imposing this criterion at the interfaces x = 0 and x = L, we get

Y (0) = ¢™(0) and (L) =4 (L) (47)

Secondly, expressing mathematically that the number of electrons is conserved
locally, the probability flux has to be continuous, which in more simple scattering
problems, where the velocity operator is simply proportional to the gradient
operator V, reduces to the condition that the derivative of the wavefunction
be continuous. But in our problem, where the velocity operator is not simply
proportional to the gradient operator, this is not the case. The flux continuity
condition is therefore:

ore o= o™ [ and  opt =00 | (48)
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with the velocity operators given by (38) and (39) on page 22.

Performing these operations gives a system of 8 linear equations with 8 un-
knowns?®, which is solved with the help of Mathematica. The result, the 8 coeffi-
cients 1 94|, 11,21, are actually almost the reflection and transmission coefficients,
as defined for example in [Liboff, p.227|, i.e. they are themselves a measure for
the transmitted and reflected probability current density, which is seen as follows.
The transmission and reflection coefficients are defined as

n]] refl
n]] inc

J trans

T —

(49)

and R:‘

inc

with incoming, transmitted and reflected states in one dimension. But with

L= (00t (0,0)) (50)

cos(f2)+1
sin(f2)ei¥2

malization.?* This allows us to identify Ty = [t2r|?, for the up-transmission
coefficient through the system, and similarly for the other coefficients.

the current for e.g. ty N erethr® (
4

) is |tar|* because of the chosen nor-

4.3.6 Precession in the 2DEG

We now show, that in the 2DEG, the transmitted electrons precess as a function

of z, due to the difference in wave vector for the two different spin-eigenstates.

We project the state in the 2DEG onto the eigenstates in the second ferromagnet
25

as™:

Yt = (L [T 4 (0 [Tyt (51)

A plot? of the squared amplitudes for the two coefficients as a function of x, is
seen in figure 11, where the precession is clear. Noteworthy, the precession is on
realistic?” length scales, with a realistic value for (aE).

We see that the probability of finding the down state is always the larger. This
can be understood in terms of what direction in space the electron is precessing
about. An intuitive picture of the situation is that the amount of transmission at
L is determined by how much the electron has precessed in traveling through the
2DEG. By comparing figure 11 to figure 13(c) we see that there is a resemblance,
which supports the intuitive understanding of the problem.

23 Actually, it can be shown that 71, = 0, using that the group velocities for the two spin
states in the 2DEG are the same, which is only correct in one dimension.

24Which is seen by a straightforward but tedious calculation.

25To be able to do this we must change the normalization of the wavefunctions to the one
obtained from imposing (¥ |¢)) = 1, which is done for this section only.

26This plot is for a one interface problem, only.

2"Which will be made precise later.
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Figure 11: Probability for the precessing state in the 2DEG to be in the up-state(- —) and
the down-state(—) in the right ferromagnet and the sum, as a function of z measured in nm.

The plot is for the same effective mass, 0.15m, in the two materials and for a realistic value of
(aE).

4.4 The conductance of the system.

The calculations so far has not included a chemical potential difference between
the two contacts. So we have at the present state no net current thought the
system. But by introducing a small bias (compared to the order of the energy
splitting 2A) we can still as a first approximation [Egues, p.4580| use our calcu-
lations in the zero-bias situation.

The conductance of the system is given by the Landauer-Biittiker formula
[Flensberg, p.7|, which we will not show, as:

G = ZZT” (52)

where the sum is over all possible ways that an electron can be transmitted
thought the 2DEG and T, is the transmission coefficients. To find all transmission
possibilities we have to consider both incoming electrons with spin up and spin
down. The spin up case is already treated and the spin down case is done similarly

by sending ;" = N1tk ( cos 0 1 ) into the 2DEG. So in all we have:

sin 0; el

62

G =+ ((Tyr + Tny) + (Ty + Tiy)) (53)
Where Ty = |t21]? is the transmission coefficient for an incoming up-spin which
transmits to the up state and Ty, = |t |* is the transmission for an incoming up
and transmitted down electron.
By using this formula we are in a position to find the conductance G as a
function of («F), L and the two magnetization directions.

4.5 Results and comments

In figure 12 we plot the conductance (the constant line) as a function of the
angles of the magnetizations together with the four transmission coefficients
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(T4, Try, Ty4, T ), where the first subscript refers to the incoming state and the
second to the transmitted state. It is seen that for all plots, T+ and T} are not ex-
actly equal, while T} and T are the same. The conductance remains in all plots
in figure 12 constant, the value depending on the other parameters, most dra-
matic on the difference of the effective masses. These plots are for mj, = 0.23m,
and mj = 0.07m, and in each plot, the non-varying angles are chosen randomly
because numerical experiments show that these angles do not influence consid-
erably on the conductance. So, for the conductance of the system, the angles
are rather irrelevant, only influencing on whether the electrons have to turn their
spin-direction before entering the second ferromagnet or not.

In figure 13(a) we show the conductance in units of % of the system as a func-
tion of («E) for different effective masses for the ferromagnets and the constant
value mj = 0.07m, in the 2DEG. From the bottom to the top the effective mass
is mf, = 120.8120.6220.2320.07. It is seen that for (aE) between 0 and 2-10*2,
which is the realistic interval for the value for («E) [Bauer|, the conductance
is constant, i.e. we cannot make a transistor with changes the conductance by
varying (aF) on a realistic scale.

However, in figure 13(b) we show the conductance in units of % for only one
set of effective masses (m} = 0.07m, and mf, = 0.23m,), and it is seen, that one
can control the conductance if («F) is allowed to be in the interval 0-150 - 10" 2.
These two results are in fact reasonable if we compare the size of («F) with
another velocity in the system, namely the Fermi-velocity, which is of the order
of 10°. So only when (aE) approaches 10°% it becomes appreciable compared
to vr and the Rashba effect can be seen in the conductance.

In figure 13(c) we show that even if the conductance of the system is constant
for realistic values of (a«F) the transmission coefficients may vary. The plot shows
that for an incoming spin-down beam, the transmission to the two states in the
second ferromagnet varies as a function of («E), even at realistic values. This
reflects that the electrons are precessing in the 2DEG as described in section
4.3.6.

In figure 13(d) we try to model the system that is proposed in [Datta & Das]|,?®

28Which cannot be done completely with our model, so the result may not be exact. However,
we believe that at least the qualitative behaviour is representative

Figure 12: Plots of the conductance (constant) in units of % and T4 (---), Ty (- ), Try and
T+, both (—) as functions of the angles of the magnetizations.
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Figure 13: The dimension of (aE) is in all plots 10*2 (2 - 10*2 corresponds to h{aE) =
10~eVm) (a):Conductance of the system for different effective masses. (b):Conductance of
the system for unrealistic large values of (aE). (c):T+(- -) and Ty (—) (d):Conductance for
a totally polarized ferromagnet as used in [Datta & Das]. All conductances are measured in
units of %

where total polarization of the electrons in the first and second ferromagnet (that

NT]Y"lNl. = 1) is assumed. We send in only spin-down electrons and plot 7, which

is
is in this situation equal to the conductance in units of %, because we assumed
that only the favored state in the ferromagnet exists. This plot is made with
both magnetizations in the +x-direction. We conclude that if the polarization
is complete in the ferromagnets, the conductance can be controlled at realistic
scales for (aF). But as seen in figure 13(a), the actual situation in a ferromagnet,
with only partial polarization, leads to constant conductance.

At this point it must be pointed out that to make our considerations more
realistic, the two dimensional problem should be considered. In this situation one
would expect smaller effects, as pointed out in [Datta & Das].

4.6 A possible spin polarizer?

The spin free path in a ferromagnet is very small, because of the coupling of
the spin to the magnetization, so even if we have a spin polarized current at the
second interface (x = L), it is destroyed right away in the ferromagnet. So the
considered system is not a possible spin polarizer.

This motivates us to replace the second ferromagnet with a non-magnetic
semiconductor contact in which the spin free path is longer and can actually be
enlarged by several orders of magnitude by doping the semiconductor [Fabian]|.
By the choice of materials it is possible to obtain the same effective mass mf,in
the two contacts, but they will generally be different from m}, in the 2DEG. Now
we apply a small external bias as before.

We assume that the eigenstates in the semiconductor are ¢ = Ne'** () and
¥j = Ne' (0) with the same eigenenergy E = ’;if? and N = /== both spin
independent.

The injected current can have different spin polarizations. In iron the fraction

NT]Y"lNl. of conduction electrons with spin down is 0.6 and in nickel 0.9 [Prinz, p.58].
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Figure 14: (a): T4(—) and T (- ) as a function of L. (b): ?Jr? as a function of L, where

Ep = 10eV, h{aE) = 107"eVm, ¢ = £, 0 = Z and m}, = 0.15m. and m}, = 0.25m.
were used in both (a) and (b). (c¢): Th(—), T\(~ -) as a function of (aE) - 10*2. Note that

h(aE) = 10~*eVm, which is the realistic value, corresponds to (aE) = 2 10*2. (d): %1%

as a function of (aE) - 10*2 where in (c) and (d) L = 100nm and the rest as in (a) and (b).

Based on arguments involving the density operator [Sakurai, p.174-187] we get
the transmission to the up state (§) T to be:

T = oy o e P
TN+ N TN N

where 4 and 5] is calculated for an incoming spin up. A similar equation for

T) is true.

In figure (14) we plot T4, T), and =

as a function of (aE) and L, where ; J;l

T+T

is used as a measure for the polar1zat1on For the T * plots, (—) corresponds

T
A +N = 0.9 and (- 7) to NTN = 0.6. We have

for iron and nickel as representative values, even though we have a

to an 1ncom1ng polarization

taken N - N
semiconductor ferromagnet. We see that the maximum size of the polarization
is very sensitive to the incoming polarization. Furthermore since it is possible to
control (aFE) by the external electric field to some extent, it is also possible to
W = 0.9) by changing the
field. Numerical experiments show that the larger the incoming polarization, the
larger the effect. As a function of L we can read off a suitable value for the length
of the 2DEG region, if we wish to make a device with a specific polarization. By
numerical experiments we found that changes in the magnetization direction does
not change the showed graphs considerably so arbitrary values of # and ¢ were
chosen. So, we have in theory made a possible spin-polarizer, but not a spinfilter
as in [Egues|.

control the spin polarization from —0.6 to 0.6 (for
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4.7 Conclusion

We have described the Rashba Hamiltonian for electrons in a 2DEG and consid-
ered a system consisting of a 2DEG with ferromagnetic contacts. In one dimen-
sion we have calculated transmission coefficients and shown that with realistic
values for («F) the conductance is constant. However, precession in the 2DEG
accounts for different transmission coefficients for the up- and down states in
the second ferromagnet as a function of («F) - even at realistic values. At very
large values for («F'), the conductance shows oscillatory behaviour. If the system
should be able to act as a transistor, as proposed by [Datta & Das|, a fully polar-
ized incoming beam is required, which is not realistic with normal ferromagnets.
(One could therefore consider an incoming beam from a spin filter like the one
we have described).

We have constructed a possible spin polarizer by substituting the second fer-
romagnet with a non-magnetic semiconductor. The spin-polarizer changes the
polarization as a function of (aF) and L. The polarization effect is very depen-
dent on how much the initial beam is polarized - the effect increasing with the
polarization.

From our point of view the most interesting question at the moment is to
what extent («F) can be controlled.
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Appendix A
The g-function’s coefficients

Now follows all the coefficients for the various g-functions.

symmetry of the system manifests itself in these coefficients.
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Appendix B
Calculation of the current density

The calculations leading to (35):
o[> _ oW -4) o oy
o~ o Vo a
(—¢* Hy + (HY) )

(2

B RN

~9 n2
_i (—w*”—w (Lo gy prp v + (ﬁmAw)*w)

h 2my 2my
. l ~ * ﬁ:z: ﬁ:z: * % A Nk
= 5 (00 [ o vy |+ wpav e ntav)
_ P (w* Pr (L) +w*Aw>

iR\ 2my 2m,

=B (v vy + 50w+ )

2my 2my
_ Do (e Pr Pr )
— Lo (v v (L= aw) ) (54)

Where in () we have used that pi = —p, and (Ay)*tp = * Ay because A is
Hermitian.
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