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Since the recognition of abrupt jumps from a cold stadial state to a warm interstadial state by
Dansgaard et al.[1993, called Dansgaard-Oeschger (DO) events, attempts have been made to model
these as tipping points in a simple dynamical system model. (Berglund Nils 2010} Kowalczyk and
Glendinning 2011; Mitsui and Crucifix |2017; Vettoretti et al. |2022). Using a similar formulation
for the Stommel model as in Vettoretti et al. |2022| (box-model), we attempt to fit model runs to
the ice core behaviour (Rasmussen et al.|2014). We describe the ice core behaviour as the number
of warming events (E) and proportion of time spent in stadial conditions (P) as in Lohmann and
Ditlevsen [2018, This shows the behaviour of the last glacial; emulating this is the end goal of this
project. First, we try to fit the mean structure of the whole glacial with the box-model. We find
a strong second-order polynomial correlation between the model averages ufs and p. This arch
stands above the measured, ur and pp, and shows that the box-model is insufficient in achieving
the average behaviour of the ice core record. Therefore, we propose a novel model, with a sloping
nullcline as opposed to the constant previously used (slope-model). This breaks the second order
correlation allowing us to achieve the average underlying processes of event frequency and stadial
proportion found in data. We then try to introduce outside forcing in the form of a mix between
CO2 and summer insolation at 65° N. As climate systems are highly complex, a simple model
as the box-model, even after the addition of a slope and forcing, struggles in converging to any
predictions. Our current best guess shows that both models struggle with capturing marine isotope
stage (MIS) 3 and overall needs are higher prevalence of DO events. The absence of declining AMOC
strength in interstadial periods in the sloping model does suggest a favouring of the model without
slope. We finish by proposing further model changes and showing first steps in implementing further

complexity.

”Free convection between two interconnected reservoirs, due to density differences maintained by heat and salt
transfer to the reservoirs, is shown to occur sometimes in two different stable regimes, and may possibly analogous to

certain features of the oseanic circulation.” - Stommel 1961 [F]

2 We applaud Stommel’s beautiful one-sentence abstract and recognise our gluttony.
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I. INTRODUCTION

Looking at ice core records from the past glacial peri-
ods, abrupt changes in temperature and climate condi-
tions over the northern ice sheets are evident in the proxy
data (Dansgaard et al. [1993; Rasmussen et al. [2014)). In
and around the geographical area that is now Green-
land, the climate tipped from a cold stadial state to a
warm interstadial state and back again. These events
are called Dansgaard-Oeschger (DO) events, named af-
ter their discoverers, Willi Dansgaard and Hans Oeschger
(Dansgaard et al. [1993). The DO events in Greenland
have been proven to be a global phenomenon linked to
the rest of the coupled climate system with wind, pre-
cipitation, ocean currents, and temperatures around the
globe also changing.(Rohling et al. 2009; Stocker and
Johnsen [2003; Buizert et al. 2015 Pedro et al. 2018}
Corrick et al. [2020; Svensson et al. [2020; Menviel et
al. 12020; Pedro et al. [2022). Since the identification of
these abrupt changes in 1993 and their related effects,
there has been a great deal of interest in understanding
the driving forces behind these rapid oscillations. This
gives rise to important questions: Are the DO events the
driver of the global changes or an effect of another pro-
cess? Are the DO events purely driven by noise? How
fast does the signal travel from the Artic to Antarctica?
How do DO events influence precipitation in the Asian
monsoon region? These and many other questions in
climate system teleconnections have been attempted an-
swered with varying levels of success. It has even been
shown that the current paleo records may not have a
sufficiently high resolution to infer causal relationships
between events or that the global climate system might
be so interconnected that the idea of a linear causal re-
lationship is flawed (Capron et al. 2021)).

In an attempt to examine these issues from a differ-
ent angle global coupled climate system models has been
developed. These models have until recently required a
large amount of operator control of the North Atlantic
climate through artificial freshwater forcing to achieve a
DO mimicking cycle (Menviel et al. [2014; Menviel et al.
2020). However unforced DO events were achieved by
Guido Vettoretti using the Community Climate System
Model 4 (CCSM4) model (Vettoretti and Peltier [2016;
Vettoretti and Peltier 2018; Gent et al. [2011). With
these improved models, it is now possible to increase the

spatiotemporal resolution and get an idea of the climate

responses in places where records do not exist or are of
too low resolution. This can hopefully help in answer-
ing some of the questions in climate teleconnection. The
models do come with their own set of problems. They
are computationally expensive to run, generate results
slowly due to the heavy numeric load, and since they are
highly interconnected and include a myriad of parame-
ters, nailing down the principle mechanisms behind DO
events is difficult. A simple model for describing the DO
events is of interest to find principal mechanisms behind
the complex models. Such a model was conceived by
Stommel 1961} though not with DO events in mind, as
they had not yet been identified. However, climate the-
oreticians have long tried using this model to describe
the DO cycle by assuming a causal relationship between
it and the Atlantic Meridional Overturning Circulation
(AMOC)(Mitsui and Crucifix [2017; Vettoretti et al. 2022;
Riechers et al. |2022)). The idea is that the AMOC trans-
ports energy from the tropics to the north Atlantic during
interstadial conditions. This energy is dissipated from
the ocean surface and heats Europe and Greenland. If
this energy is not added to the northern Atlantic this
The AMOC is driven

by the thermohaline instability between the north and

will lead to stadial conditions.

equatorial Atlantic and Stommel showed that this sys-
tem is inherently unstable using his box-model formula-
tion (Stommel [1961; Menviel et al. [2020; Vettoretti et al.
2022).

Reconciling these simple models with the full-scale cli-
mate models they seem to capture somewhat the same
dynamics (Vettoretti et al. [2022)). Both the coupled full-
scale and the simple models are, however, too regular to
capture the non-periodic and chaotic nature seen in ice
core records.

This project will focus on further developing the box-
model in order to more accurately reproduce the be-
haviour of DO events as seen in the ice core records with
a specific focus on the non-periodicity of observed DO
events. The project is structured as follows:

In section [l we introduce the data and observations
describing the North Atlantic climate, along with the sta-
tistical methods we will use to compare the model output
with the data.

Section [[T]] includes a formulation of a Stommel-type
box model (Stommel [1961; Vettoretti et al.2022). In sec-
tion [[V] this model is analysed with dynamical systems

theory to get the qualitative behaviours of the model. In
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FIG. 1: Analysis of the ice core record. Top: The §'80 record from NGRIP (blue line) with classification of
interstadials by Rasmussen et al. 2014, Bottom: The number of events, F(t) (orange), and proportion of time spend

in stadial conditions, P(t) (green).

section [V] we then compare the model with the observa-
tions, finding the first model insufficient.

We propose a novel change by introducing a sloping
nullcline in section [V} to better match the ice-core data.
This new slope-model is analysed with the analytical and
numerical tools previously deployed on the initial model.
In section [VII| we try to improve these models even fur-
ther by introducing external forcing to the model as well.
In section[VITI we conclude and discuss the advantages of
introducing this slope. Following this, an extended Fur-
ther works section explores other additions to the box-
model is shown in section [X]

II. DESCRIPTION OF NGRIP DATA AND
TIMESERIES ANALYSIS

As mentioned, DO events are recorded in ice cores
From these
records, the warming and cooling events have been clas-
sified and synchronized across the NGRIP, GRIP and

GISP2 ice cores (Rasmussen et al.|[2014)). The last glacial
period is divided in several time periods, known as Ma-

though water isotypes and dust content.

rine isotope stages (MIS). We aim to model the behaviour

observed during these periods by constructing statistical

methods for comparing our model data with observed
data. Here we will introduce the scheme employed by
Lohmann and Ditlevsen 2018 and run it on the classifi-

cation from Rasmussen et al. 2014l

The analysis looks at two statistical parameters to de-
scribe the data.
rolling window, E, and the proportion of time spent in

The number of warming events in a

stadial-like conditions, P, again in a rolling window. For
E and P the window length is 20 kyr as in Lohmann
and Ditlevsen E is determined by estimating the
number of warming events in the window, while for P
the number of years in stadial conditions, Tgadial, are
found and then P is given by P = Tyadial/(20kyr). For
the whole timeseries the means, ugp and pp, and uncer-
tainties, 0 and dp, are found. The events to be anal-
ysed come from the classification from Rasmussen et al.
excluding the substructure in interstadials where
climate drops, but does not reach stadial conditions. We
do, however, include GIS-14 from Rasmussen et al.
an interstadial after a small, but (~150years) long drop
in 6'80. This is done to be in line with Lohmann and
Ditlevsen Analysing these events gives the graphs
of E(t) and P(t) seen in fig. |l|and pg and pp found in
table [ The mean structure does, however, not seem to



be representative of the overall ice core record, as the
MIS 2-5 in the last glaciation give 4 distinct data pat-
terns. First MIS 5 has few but long interstadials, making
both Enss () and Pyrss(t) relatively low. Transitioning
into MIS 4 there are still few events, but now it is due
to long stadials making P(t) increase from 85 kyr. MIS
3 then have more warming events and therefore also a
lower proportion of stadials. In the transition to MIS 2
the interstadials become shorter, resulting in an increase

in P(t), while also having a low prevalence of events.

Parameter | Value

E (6.577 £+ 2.998)events/20 kyr

P (0.4 4 0.2)kyr/20 kyr

TABLE I: The results of the analysis of the
categorization from Rasmussen et al. 2014}

Having outlined the observations we wish to compare
to, we now seek to construct a simple model that can

simulate the abrupt changes in the climate.

III. DEFINING THE BOX-MODEL

As our simple model, we have chosen to construct a
Stommel-like model as in Vettoretti et al. 2022l The
original Stommel model, as described in Stommel 1961},
is an idealized representation of the global ocean circula-
tion. It consists of a large vessel filled with water, which
is uniformly mixed to ensure a constant salinity (S) and
temperature (7") throughout. The vessel is surrounded
by porous walls connected to another basin of salinity
(T) and temperature (I"), which allow heat and salt to

diffuse linearly according to

T=cl—-T),

S =d(r-S5), M

where ¢ and d are transfer coefficients for temperature
The dot denotes the time

derivative, it will do so for the rest of the project. The

and salinity respectively.

idealized vessel can be expanded to a two vessel flow ex-
periment as seen in fig. [2l This experiment now has an-
other basin with porous walls, surrounded by a reservoir
of temperature, —I", and salinity, —Y. The two vessels
are connected by a bridge for overflow and a capillary
for underflow. Driven by salinity and temperature differ-

ences, this simulates a region of overturning. The flow, ¢,

Vessel 2

Vessel |

{overflow

-—

q

capillory

——

q

FIG. 2: A double Stommel experiment.Two
well-mixed basins of water with temperature, T', and
salinity, S, separated by porous walls from a further
basin of temperature, I and salinity, T, connected by a
capillary and an overflow to counterbalance the flow
from the capillary. Looking at just one vessel and
disregarding the overflow and capillary, the experiment
reduces to the idealized Stommel model. This is figure 5
from p. 227 in Stommel [1961| with a new name
convention added by us.

going through the capillary is positive when going from
vessel 1 to vessel 2, and negative when going from ves-
sel 2 to vessel 1. This flow is counteracted by a flow
of equal magnitude going through the overflow, so the
volume of the vessels remains constant. Looking for a
solution of symmetric form, we define common tempera-
ture and salinity as T =T = =T and S = S§1 = —55.
Thus, the laws of conservation of temperature and salin-

ity become

T = ¢ —T)—[29|T, -
S =d(YT —5)—|2q| S.

Note that the flux is taken as an absolute value, mean-
ing that the system is indifferent to the direction of the
circulation. This is nonphysical, as the AMOC is highly
directional. However, in our box-model we will be sim-
ulating the changes in AMOC strength as a coupled dif-
ferential equation system, and will thus not be concerned
with the direction of the circulation.

The just presented theory is the principle of the multi-
vessel Stommel model that is used to make the box-model
in Vettoretti et al. 2022, Here we will construct a simple
box-model, which we will generalise to represent a north-

ern and a southern box. In fig.[3]we have a South Atlantic
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FIG. 3: Box-model of the Atlantic Ocean. The box-model includes variables for volume, V', area, A,
pycnocline depth, D, temperature T', salinity, S, density, p, heat flux, ¢, freshwater flux, F', Atlantic-Pacific moisture
transport, R, sea ice melt, I, meridional volume transport, 1, freshwater transport by the AMOC, ¢, residual
buoyancy flux from southern ocean, B, and anomalous buoyancy loss —B. In the box-model, the Atlantic-Pacific
moisture transport flows out of the Equatorial box and sea ice melt from the Arctic to the North Atlantic is balanced
by runoff in the Arctic box, which balances the meridional atmospheric moisture transport from the low-latitude
Atlantic to the Pacific and from the south to the north. The residual buoyancy flux is the long-term imbalance of
heat and freshwater fluxes absorbed into the Atlantic basins and is assumed to balance the long-term anomalous
buoyancy loss along the coast of Antarctica. This is figure S1 from the supplemental for Vettoretti et al.

box and a North Atlantic box with area A = A; = Ay
and volume V = V; = V5, corresponding to the two ves-
sels in the Stommel model fig. 2] These are in contact
with the Southern Ocean and the Arctic respectively, as
well as the Equatorial Atlantic and the atmosphere mois-
ture transport. These represent the interacting basins on
the other side of the porous walls in fig. [2l The Equato-
rial Atlantic will also act as the overflow and capillary, as
there are surface currents and bottom currents that go
in opposite directions (Menviel et al. We start by
considering how an incoming freshwater flux (F) changes
the salinity in a basin of salt water. The laws of mass

and salt conservation gives,
V = FA, (3)

(v s)

—=0= VS = -5V (4)

Considering a column of ocean water we can neglect the
mass exchange due to salinity change from the freshwater
flux caused by evaporation, precipitation, runoff and ice

melt as these are of order 1%, which is small compared to

the average ocean depth (3.7 km). Thus, we will consider
S in regards to a reference salinity, Sy, and introduce a
7virtual salt flux” per unit area (SoF’). Inserting eq.
into eq. @ leveas us with

VS =-SV=-SFA~ —SyFA. (5)

For the temperature the law of heat conservation gives,

To use this we want to get an expression for T in terms
of the energyflux into the box. The temperature change
in a box is given by

T = Q (7)

mep’
where @ is the energy change in the box and cp is the
specific heat capacity of the box. Multiplying by the
volume of the box and defining the heat flux as leaving



the box ¢ = —QA~! we get

VT:@:Q:fﬁ (8)

me,  pcp pCp
We can then further express the conservation laws as a
set of equations for the temperature and salinity in the
South Atlantic and North Atlantic boxes from fig. [3| by
taking the temperature and salinity of the flow between
them into acount:

R ¢A
Vi = — — (T, — T 9
1 Pocy (T —T), 9)
vi, = 4 _ym -, (10)
PoCp
VS, = —SoFA—|q| (S — S3), (11)
VS, = SoFA—|q|(S2—S1), (12)

where 1 represents the mass/volume transport by the
AMOC and q is freshwater transport by the AMOC. The
absolute sign arises from indifference in the direction in
the two vessel Stommel system.

We will then start reducing the dimensionality of the
equations, into a single equation describing buoyancy.
First we define meridional temperature change as AT =
Ty, —T1, and likewise for density and salinity, Ap = pa—p1
and AS = Sy —S57. We will then introduce a linear equa-

tion of state for seawater,

p%:lJrﬁs(SfSo)fOéT(T*TO) (13)

This implies

% =1+ Bs(52 —S) —ar(Ta —Tp) — 1
= Bs(51 = So) + ar(Ty — To) (14)
= Bs(S2 — S1) —ar(Tr —T1),

= Ap = po(ﬂsAS — OéTAT),

where Ty, So and py are reference values for their re-
spective properties and ar and g are the thermal ex-
pansion and haline contraction coefficients. Subtracting
eq. @ from eq. , we get the relation for AT and AS,

20 A
PoCp
26 A

PoCp

V(Ty —Ty) =

- 2¢(T2 - Tl)a
(15)
VAT =

— 2YAT.

A similar derivation for salinity can be done using eq.
and eq. , obtaining,

VAS =2FSyA — 2|q| AS. (16)

To further simplify we take the time derivative of density
found in eq. , remembering that pg, Bs, and ar are

constants,

. d
VAp= VPO%(ﬁSAS —arpAT) (17)

= Vpo(ﬂsA.S — aTAT).

We use the time derivative of salinity and temperature

from eq. and eq. as well as setting ¥ = |q| to
allow us to move salt and heat with the freshwater:

VA= po [55 (2FSpA — 2|q| AS)

— QT (W - 2’1/}AT>

PoCp

= 2po [Bs(FSoA —|q| AS)

A
—OZT<¢ —|q|AT>
PoCp

While this may not be the most physical representation

of the heat and haline flux, it allows us to reduce the
number of degrees of freedom in the simple system. Ha-
line flux refers to the movement of salt across two media,
usually, two bodies of water or a body of water and the
atmosphere. Defining buoyancy as

b=— gm7 (19)

Po

we can describe the meridional buoyancy gradient be-
tween the southern and northern boxes as

Ab=by — by

—g <P2 - Po) Yy (Pl - Po)
Po Po (20)

;gAp.
Po

Combining this with eq. , we can get the variation

in buoyancy,



. 20 A Ab= —— — — —Ab| Ab. 2
VAp=py |Bs (2FSoA —2|g| AS) — ar (fc - 21/1AT> D v|Pty ‘ (25)
0Cp
QA
=2py | Bs(FSoA —|q| AS) — ar —lal AT |,
PoCp For the slow timescale, we will use an equation with a

PA

PoCp

=2
Rb= 7| BsSoFA - ar lql (BsAS — arAT)

(21)

The generalized expression for the total surface buoy-
ancy flux, Br + By, is a combination of the haline and
thermal forcing derived from the density flux in Schmitt
et al. [1989,

» = —po(aFr — BFs)

¢
= SoF —
poB3So Poacp o (22)
¢
_gﬁSSOF‘i‘gOZT )
PoCp

Br + Bg =

where the kinematic fluxes (Wallace and Hobbs [2006)
is Fr = cfpo and Fs = SoF and the density flux has

been converted to a buoyancy flux by eq. .

Looking at the final term of eq. we can use eq.
combined with eq. to get,

Api_&

Po g

BsAS — apAT = (23)

Using the generalized expression in the time-varying
buoyancy, we can simplify eq. to

Ab = E(BF + By) — MAb,

- (24)

where D is the pycnocline depth and the depth of the

box fig. From Vettoretti et al. 2022 (found in the

_2B
D

with B as the area-weighted sum of the buoyancy fluxes
of the Atlantic Boxes. It also introduces ¢ = qg + g—iAb
as a way to relate the simple model to simulations by the
CCSM4 model (Vettoretti and Peltier 2016; Vettoretti et
al. 2022]).

Thus the formulation for the fast timescale becomes,

supplementary), it is shown that %(Bp + By) =

constant atmospheric COs concentration, v, as a control
parameter. -y is given in units of buoyancy as to func-
tion with the rest of the box-model. Temperature is a
function of the difference in incoming shortwave radia-
tion and outgoing longwave radiation, which in turn is
a function of CO5 concentration, thereby relating COo
concentration to the heat flux, thus justifying the follow-

ing:

- F
B= (A7), (26)
.
where Fp is the characteristic haline flux ([m/s]). The
haline flux in the box-model is an effect of precipitation,
evaporation and sea ice melt, causing the concentration of
salt in the water to change, at the surface. Alternatively

we might use,

B= 2" (Ab—),

Dt (27)

where £, is the diapycnal diffusivity ([m?/s]) and the
pycnocline depth D ([m]) represents ocean vertical mix-
ing. Diapycnal diffusivity refers to the rate at which a
substance is mixed or diffused across the different layers
of a fluid, in this case, the ocean water. The pycnocline
is a layer of the ocean where there is a rapid change in
the density.

The AMOC is highly affected by interactions at the
ocean surface, resulting in a great influence from pre-
cipitation, sea ice melt, runoff and evaporation. There-
fore using the surface haline flux Fjy might be favourable.
However, when working with the Antarctic Bottom Wa-
ter (AABW) changes at the surface play less of a role,
and looking at the ocean vertical mixing ,/D might be
more accurate. With values of Fy and ‘% chosen here
and in Vettoretti et al.|2022|these two equations are very
close to being the same, however, different values of «,
will yield different model outcomes.

The 7 in eq. dampens the change in B, causing B

to change much slower than Ab, constructing a slow-fast



system. Here one variable changes considerably fast than
the other. The normal convention would have a time
scale on both egs. and (26)), Trast and Tgou, where

Tslow > Tfast- (28)

However, the same can be achieved with 740, = 7> 1 =
Tfast, Which is how it is implemented in our equations.

For numerical analysis, we will need egs. and
in non-dimensional form. Non-dimensional parameters
will be expressed as a relative quantity scaled to a char-
acteristic unit and denoted with a prime, for example,
t/t. = t'. Expressed in non-dimensional form egs.

and become

d(i,b/ =-B' —|¢| AV, (29)
= S ), (30)
with
te = %; e = %; Be. = Fobe; be = e, (31)
and
q =aqp+q AV (32)

Fy can be replaced by k,/D in all the characteristics,
when changing between the slow egs. and .

The output of our box-model is presented in non-
dimensional units, which can be difficult to interpret and
relate to real-world phenomena. To make the data more
meaningful and easier to understand, we will convert it to
an AMOC flow, ¥ 4p0c in units of Sverdrups (Sv). For
the transformation, we will utilise the meridional buoy-
ancy gradient as a scaling factor. The meridional buoy-
ancy gradient refers to the difference in density between
different latitudes in the ocean. To relate Ab and ¥ a0
Vettoretti et al. 2022] uses

Yamoc = o + 1 Ab, (33)

where g and v are free parameters. To determine these
Vettoretti et al. 2022 fits eq. , with values of the
AMOC strength, 14y 0c and the buoyancy gradient be-
tween the South and North Atlantic box, as modelled

by the CCSM4 model and finds the values given in the
appendix.

Vettoretti et al. 2022 also introduces a By(7y) term,
which produces horizontal shifts in the slow manifold and
a by term, which produces vertical shifts in the manifold.
We have chosen to omit the By(7y) term, as we work with
quite sensitive changes in the box-model, and even small
shifts with changing ~ can prove quite interfering with
the stability of the box-model. As the by term is con-
stant, it does not contribute to disruption between model
runs and is added to the model. Thus we arrive at the

governing equations,

Ab = —B —|qo + q1(Ab — bo)|(Ab — by), (34)

B= %(Ab — ). (35)

Having constructed the governing equations for our
simple model, we wish to analyse the theoretical be-

haviour of the proposed slow-fast system.

IV. SLOW-FAST DYNAMICAL SYSTEMS

The coupled differential equations derived from the box
model eqs. and can be analysed using the theory
of dynamical systems. In this section, we will introduce
slow-fast dynamics, slow manifolds, nullclines, fix points
and their stability. Further solutions of stochastic dif-
ferential equations and the Wiener process will also be
introduced. As these concepts are developed they will be
applied to egs. and throughout this section.

A. Analytical analysis

A 2D slow-fast system is a system that contains one
fast variable, and one slow: The fast variable is named
accordingly as changes in the fast variable will seem vir-
tually instantaneous in the slow variable, and the slow is
named accordingly as changes to the slow variable will
seem constant in the fast variable as they happen so
slowly. In egs. and the fast variable is Ab and
the slow is B as 7 >> 1. The slow manifold is defined
as everywhere the time derivative of the fast variable is
0 (Berglund Nils [2010; Strogatz [2018; Vettoretti et al.



2022). In our case that is,
Ab=0 = B=—|qo+ q1(Ab—bg)|(Ab—by). (36)

This is the yellow, purple and blue line seen in the left
panel of fig.[4] The slow manifold cuts the plane in two
regimes with different signs of Ab. If the system is above
and to the right Ab < 0 and the system moves down to
the manifold. On the other side of the manifold, Ab > 0
and the system will moves up to the manifold. If the
system reaches a fix point it will stay there as time pro-
gresses. Fix points are when the derivative of both vari-
ables is 0. For egs. and 1) this is Ab = 0 and
B=0 = Ab= v represented by the yellow, purple
and blue dots on fig. @l Nullclines are the lines where
B =0, shown as horizontal lines. The intersect between
Null-
clines also divide the plane into two regimes relating to
the B. If the system is above the nullcline, B > 0 and
vice versa (Berglund Nils [2010; Strogatz 2018; Vettoretti
et al. [2022)). We will in section give the nullcline a
slope, making it possible to have multiple fixpoints in a

a nullcline and the slow manifold is a fixpoint.

system.

Stability is defined through the system’s tendency to
diverge or converge to a fixpoint. If the system converges,
the fixpoint is stable and if it diverges, it is an unstable
fixpoint. Regions of the slow manifold, are called either
stable or unstable if a fixpoint in this region would be
stable or unstable. Stability is dependent on the eigen-
values, A1, A2, of the Jacobian matrix for the system,

here given by

OAb OB
0Ab OAb
J = _ e (37)
oAb OB
0B OB

Many classifications of behaviours have been defined from
these eigenvalues for dynamical systems in general. Here
we only need the general definitions of stable or unstable
fixpoints and bifurcation points. The following is true for
fix points and the slow manifold, (Berglund Nils |2010));

e if Ay, A2 € R and Ay, A2 < 0, then it is stable;

e if A\, 2 € Rand A\; > 0 for any ¢ = 1,2 then it is

unstable;

o if Im(A1),Im(A2) # 0 and Re(A;) = Re(A2) = 0

then it is a bifurcation point.

With this we can classify the behaviour of egs. (34)
and , determining where there are bifurcations and
where the slow manifold is stable. The only non-trivial

derivative in 7 is,

OND
AL —|q0 + @1 (A = bo)| — A(Ab)q1(Ab —b,), (38)
where
0 if Ab= =2
A(AD) = ' o T

sign(qo + q1(Ab —bg)) otherwise

The Jacobian thereby end up being

oAb -1
IAb . (39)
-1 0

Finding the eigenvalues, A; 2, of J will let us determine
the stability of each point on the manifold, fig.[dl We only
do this within Ab € [0.6,1.58]. Outside these bounds the
manifold does not change stability. Using the definitions
outlined above we conclude that, the system for Ab < 1
is in a stable state since A; 2 < 0, see right panel of
fig.[dl This corresponds to the lower part of the manifold.
Then at Ab =1, A\; 2 becomes purely imaginary and the
system is undergoing bifurcation. Moving further up,
the manifold becomes unstable as Re(A12) > 0. Here
the system will follow the purple arrows around the slow
manifold if not placed perfectly on the fixpoint with no
noise. If y €]1, % + by [ this system will always converge
to the trajectory shown by the purple lines. This is called
the limit cycle. The mathematics of defining limit cycles
are beyond this project. Definitions and discussions can
be found in Berglund Nils 2010| and Strogatz |2018.

At b= TT?O + bg the manifold is non-differentiable and
therefore J is undefined, it can however be shown that a
non-smooth bifurcation occurs. Here non-smooth means
the absence of the continuous transition from R to C
to Re(A1,2) = 0 as seen in the lower bifurcation. The
mathematics involved in this proof is beyond this project.
We have chosen to set 8AbAb = 0 to give the desired
eigenvalues. For proof of this bifurcation and further
discussion see Kowalczyk and Glendinning 2011 After
the bifurcation, the manifold is then stable. This is the
basis for the classification seen in fig. |4f and much of the

further analysis and exploration of this system.
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B. Stochastic systems and defining interstadial To numerically solve this system we use the Euler-

onsets

Looking at the NGRIP ice core and weather and cli-
mate data in general it is obvious that there is internal
variability in all climate systems. To incorporate this in-
ternal variability, a Wiener process is added to the model.
A Wiener process is a simple stochastic term, dW, added
to the ODEs. This term will add a random value drawn
from a unit Gaussian to each time step (Berglund Nils
Vettoretti et al. . To control how much noise
dominates our system it is multiplied by a control pa-
rameter o, which allows us to control that our system is
not purely noise driven. This gives what will from here

on be defined as the box-model,

dAb = [-B — |qo + q1(Ab — bo)|
(Ab — bg)]dt + odW (40)

dB = 1(Ab —y)dt + odW.
T

Maruyama (EM) method, which uses Euler integration to
find the next step from the previous step and then adds
the Wiener process to each time step. Using EM is not
without its consequences as eq. (40)) is a stiff system, but
by lowering the size of the time step and with the noise
in the system, the EM method is stable. The method is
favoured for its fast runtime as some experiments require
Finally to be

able to test our model runs against the analysis outlined

solving the system thousands of times.

in section [T} we need a systematic categorisation of when
an interstadial and stadial onset happens. The intersta-
dial onset is defined as the first transition above an upper
threshold set to 22 Sv after being below a lower threshold
of 11 Sv as in Mitsui and Crucifix2017. A stadial onset is
defined as the reverse process. Understanding the stabil-
ity of our system and how to model the internal climate

variability, we will now solve the system numerically.
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close to the unstable part of the manifold then the
box-model exhibit periodic oscillations.

V. RESULTS FOR BOX-MODEL RUNS

In section [Tl we introduced the features in the ice core
record that we want to model. We will now run the box-
model in different configurations and compare it to the
ice core record. At first, runs mimicking the results from
Vettoretti et al. [2022| will be shown. Then the statistics
to compare box-model and data will be introduced. This
will be used to make a grid search for the optimal fit to
we and pp. Lastly, we will discuss the box-model validity
focusing on the grid search and the periodicity.

With configurations similar to Vettoretti et al. [2022
we get similar results, as expected. Numerical imple-
mentation of eq. shows warming and cooling events
mimicking a DO cycle-like behaviour, seen in fig.|5| For v
levels sufficiently below or above, the bifurcation points
shown in fig. [4] the box-model is stuck in either inter-
stadial or stadial conditions. If v is closer to or in the

unstable part of the manifold, the box-model exhibit peri-

10

odic warming and cooling events. Similarly to Vettoretti
et al. 2022 we get that « is a control parameter for the
amount of warming events and time spent in interstadial

conditions.

Looking at the Antarctic Bottom Water (AABW),
lighter colours in left panels of fig. it increases in
strength during interstadial conditions and vice versa in
stadial. Since AABW is driven by cool freshwater up-
welling near Antarctica, a strengthening of this flow leads
to a cooling of Antarctica. This is in line with the the-
orised bipolar seesaw where the signal in the Antarctic
ice core is seen as an integrated signal from the AMOC
(Stocker and Johnsen 2003; Buizert et al. [2015; Pedro
et al. [2018; Svensson et al. [2020)). It is also evident that
the effect v has on the AMOC also manifests in AABW
with long gradual slow downs and fast uptakes coinciding
with low v and short interstadials and of course fast slow-
downs and slow uptakes coinciding with high v and long
interstadials. Further analysis of the AABW is beyond
the scope of this project.

We now want to find the optimal parameters for mod-
elling 1 and 6p, and a slightly modified x? test is per-
formed, where the uncertainty on the measured values

are also included,

(15 — 1)
0% + 02

2 (MP—M/P)2 n
0%+ 62

: (41)

where primed values are simulated and non-primed are
measured, this convention is also for E’(t) (simulated)
and E(t) (measured) and so on. This notation is kept
from here on. To find the minimum of x? we will perform
a grid search. From the analytical stability, it is evident
that for the box-model to exhibit tipping behaviour -y
has to be in the unstable part of the slow manifold. The
noise makes it possible to have noise-induced tipping even
though the nullcline intersects in the stable part of the
slow manifold as long as it is sufficiently close to the un-
stable part. To avoid the system being purely noise we
chose a max value of o = 0.3. This sets a bound on how
far v can be from the unstable parts of the manifold be-
fore the model stops oscillating. The relevant parameter
space is therefore o € [0;0.3] and v € [0.6; 1.5]. For each
grid point, a Monte Carlo sampling with 20 runs is per-
formed. This gives 20 values for u'y, up, 0%, and ¢ for

each point. These are then combined into a single num-
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ber for each grid point by taking a weighted mean, with
the weights being the standard deviation. Using eq.
each point’s mean run is compared to the data, giving a
x? value for all. The results of the grid search can be seen
in fig. @ W is in the phase space distributed as a hill,
topping with v around 1.1, as expected as this value lies

in the unstable region of the manifold. With more noise,
the number of events also goes up as it is more likely for
the system to do a noise-induced tipping point earlier on
the slow manifold. The proportion of time spent in sta-
dial conditions is dependent on the level of the nullcline,
as also found by Vettoretti et al. It is indepen-



dent of the noise in the system. The y? is minimised at
x? = 0.26, but a large area of the plot can obtain this
value. This area has the nullcline to both the upper and
lower bifurcation point with ¢ spanning the whole of the
parameter range. This large area is due to the relatively
poor precision of the values coming from table [[, making
the cost of deviating from the true value rather small.
This suggests that for a large range of parameters, the

box-model can capture pug and pp.

A scatter plot of each pair of ufy and p found in
the grid search with §% and % as the uncertainties are
shown in the lower right panel of fig.[6] It shows that the
pairs are clearly correlated with a second order polyno-
mial correlation. These form an arch above the measured
pe and pp, drawn with an oval of one standard devia-
tion around it. The measured values are clearly outside
the oval. The data points that are the closest have the
lowest o, and therefore we do not expect that values out-
side the searched parameter space can come nearer the
data than the simulations shown here. Since if we run
the simulation with ¢ > 0.3 it will be further out in the
distribution and if we look for v ¢ [0.6,1.5] the system
will be stuck on the stable part of the manifold.

In spite of the low x2, the box-model is, therefore,
insufficient when it comes to simulating the measured
pe and pp. To find a model that can exhibit the mean
behaviour of the ice core record we propose adding a slope
to the nullcline.

VI. SLOPING NULLCLINE

To remove the strong second order polynomial corre-
lation between pg and pp, lower right panel in fig. [6] we
add a slope to the nullcline. The hope is that the inclu-
sion of this parameter lets the model achieve ug and pp
closer to the measured values. Of special interest is the
effect of a nullcline that intersects both the upper sta-
ble part of the slow manifold and the lower stable part,
causing the model to have two stable fix points.

Adding this slope is not without its consequences
since at the moment there is no physical representation
of what the sloping nullcline represents. Therefore we
will not include the AABW from here on since the slow

parameter can no longer be dimensionalised to this.
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Adding a slope, changes equation eq. to
. F
B="22(Ab+aB—~), (42)
T

with the same non-dimensionalization constants and
Qe = F(fl giving:

. AY B — A

- BV +a ") (43)

7_/

We will omit the primes henceforth. This equation
combined with eq. will hereafter be called the
This will be analysed with the tools
developed for the box-model.

slope-model.
First, we will do some
example runs then we will use the analytical analysis
to determine the stability of the manifold. Lastly, we
will do a grid search and check if we can fit the mean
structure, looking especially at if we managed to break
the second-order polynomial relation.

A. Example runs

Analysing the behaviour of the slope is two-fold; we can
look at the effect of a constant slope and changing the
intercept and we can look at the effect of a constant in-
tersection with the slow manifold and changing the slope
of the nullcline. Naturally, we will look at both, and later
combine these.

First, we will look at a constant slope while changing
the intercept. To get a positive slope, « is taken to be

negative, since the nullcline is found from,
B'=0 = Ab=—do'B' ++. (44)

In the left panel of fig. [7] we can see the effect of
increasing the intercept, 7, on the system. At first,
the system is confined to the lower stable region of
the manifold. However, as the intercept is increased,
noise-induced jumps from the lower to the upper region
of the manifold begin to occur. Eventually, the system
becomes purely noise-driven and fluctuates between the
two fix points. As the intercept is increased further, the
system no longer intersects the lower stable region and
becomes stuck in the upper region, with noise-induced
jumps to the lower region and around the limit cycle.

This is the inverse of the situation observed earlier when



13

25 25 25 25

“ s “ 5 “ s “ 5

25 25 251 25

15 W £15 @ ‘15 ﬂ\w §15 H
5 “ s "5 “ 5

25 25 251 25

T s “ s s “ 5

25 25 257 25

.15 4’\/ $15 é 5 15 ‘\.\j )\w\/ J15 @

T s “ 5 "5 ° 5

10000 8000 6000 4000 2000 O 2 4
Model Time [years]

Slow time-scale [Sv]

10000 8000 6000 4000 2000 O 2 4
Model Time [years] Slow time-scale [Sv]
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Right: Slope-model run with fixed intersection and « going from 0.1 to —0.3

the system was primarily confined to the lower region.

Now to examine the effect of changing the slope on the
system while keeping the intersection with the manifold
constant, we will fix the nullcline’s intersection at the
lower bifurcation point of the slow manifold. This allows
us to investigate how the system behaves as the slope
is varied and the nullcline approaches and intersects the
upper stable region of the manifold. The intercept, =,
is given by the equation v = aP, + P,, where (P,, P,)
represent the coordinates of the fix point.

In the right panel of fig. [7} the first three situations
show the slope-model being confined to the lower fix
point, with noise-induced jumps to the upper manifold
and around the limit cycle. In the fourth situation, the
slope-model exhibits behavior similar to that seen in sit-
uation three of fig. [7} with the system becoming purely
noise-driven as the nullcline intersects the slow manifold.

Additionally, we can observe the general effect of the
extra term on B. As increases, the slope-model exhibits
shorter stadial periods and longer interstadial periods,
even when the nullcline does not intersect the upper part
of the manifold. This demonstrates the influence of the
slope on the system’s behaviour, even when the intercept
is held constant.

B. Stability analysis

We now want to analyse the effect of the added slope
on the stability to better understand how it changes the

system. This is done to restrict the possible values of « so
that a grid search again can be undertaken in a relevant

parameter space.

With the added slope on the slope-model, the stability
of the system changes tremendously. This is not due to
changes in the slow manifold seen in the left panel of fig.
as it is not dependent on «. However, B is dependent on

a introducing a non-zero entry of the Jacobian compared
to eq. , resulting in,

OAb 1/7
_ [ A
J (—1 a/7> ’

where aAb/ OAD is given by eq. . The stability of the
slow manifold is given by the eigenvalues of J, seen for

(45)

four different slopes in the right panel of fig. [8] « has a
multitude of effects on the stability. The biggest change
is the disappearance of the bifurcation in the discontinu-
ity given that for a« # 0, J does not have eigenvalues
with zero real part. The eigenvalues as a function of Ab
have the same shape but shifted. The imaginary part of
the eigenvalues (green lines) is shaped like an oval around
1 and two points at the discontinuity (green points), and
increasing the slope moves the oval upwards and moves
the two points at the discontinuity closer to 0. Decreas-
ing the slope below o = 0 moves the oval down and also
For the
real part of A; (light red) the shape is constant above
the discontinuity but the rest of the real parts (both red

moves the discontinues points closer to zero.
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lines) moves up and to the right. The movements of the
real and imaginary parts combined change the stability
of the manifold drastically. For « = —1.8 (top left) there
are no bifurcation points as Re(A2) < 0 (dark red line)
and the eigenvalues cannot be solely imaginary. At the
discontinuity the stability changes from a stable to an
unstable fixpoint since Re(A1) > 0 (light red). Above
the oval Re(\1) becomes negative again and the mani-
fold is stable. For a = —0.35 (top right) the stability is
similar to a = —1.8, however here there is a bifurcation
(green shading) in the imaginary oval above Ab = 1. For
a = 0.15 and o = 0.35 (bottom row) the stability of
the whole manifold changes. The upper and lower parts
of the manifold becomes unstable (purple shading) and
the system diverges instead of converging to a fix point
or the limit cycle. For a = 0.35 (lower left) some of
the lower manifold is stable (blue shading) but then at
around Ab = 0.87 the real part of Ay (dark red) becomes

positive, making the manifold unstable. This allows for
a half-stable limit cycle where if the system is inside, it
converges out to the limit cycle, but if it is outside it
diverges. This is a very unstable system as the internal
variability will quickly push the system to the outside of
the limit cycle. Lastly, for o = 1.8 (lower right) Re(\2)
never becomes negative and no part of the manifold is
stable.

This analysis restricts the possible values of a in our
analysis to « € [—1,0], as for a > 0 parts of the manifold
becomes unstable with no limit cycle to diverge to and a
diverging paleo climate is not physical. The lower bound
of @« = —1 is somewhat arbitrarily chosen to be the point
where the lower bifurcation point disappears. We shall

see that to fit pg and pp this is a good bound.
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C. Numerical analysis

As with the constant nullcline, we will do a grid search
and map the }? scores. The parameter space in o is
still [0,0.3]. From the analytical results, we see that o €
[—1, 0] are good bounds and to accommodate the need for
larger intersects as the slope increases we set € [0.6, 3].
In the interest of run time the Monte Carlo sampling has
been lowered to 10 runs per grid point.

Fig. shows clearly the constraints the noise has on
the system. The lower the noise, the more combinations
of a and o, which will result in the slope-model getting
stuck in a fix point. A region of low x2 is evident as
a v-shape extending to steeper slopes as the noise in-
creases. The minimum of x? is found in this region to
be x? = 0.0054 at o = 0.19 £ 0.04,v = 1.74 4 0.04, and
a = —0.53+0.05, with the uncertainties coming from the
resolution of the grid search.

Looking at the scatter plot of u; and u's in fig. El it is
now possible for the slope-model to simulated pairs close
to the measured pair, see the coloured points inside the
1STD dashed line on fig.[9] In contrast to the scatter plot
from the box-model, lower right panel of fig. [6] there is

no longer a region without values and the strong second
order polynomial correlation has disappeared. This per-
mits values close to the means estimated from data and
with the closest being the same as the one found with
the x? test, marked with a black circle in fig. @

To see how this configuration models the last glacial
it is run 100 times. The mean E’(¢) and P’(¢) are found
and plotted against the measured E(t) and P(t) see in
fig.[TT} It is clear that the slope-model captures the mean
behaviour very well and is close to the measured value
both in ur and pup. This was impossible with the box-
model. It is however also evident that as highlighted
in section [[Il the mean structure does not emulate the

different MIS’s and the transitions between them.

Having shown that adding a slope gives good results
concerning the mean behaviour. We now want to sim-
ulate the whole glacial with all the different MISs and
transitions between them. To attempt this we will intro-

duce a model with outside forcing.
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VII. TIME-DEPENDENT NULLCLINE

Up until now, we have run simulations with a static
nullcline through time. As we want to work towards ap-
plying different kinds of climatic forcing and solar insola-
tion, which is not constant in time, we will investigate the
effect of letting the nullcline change throughout time in a
model run. Letting the nullcline change through a model
run adds another level of complexity to the simulation
and allows us to further manipulate stadial/interstadial
length and frequency of events.

Before adding the slope to the box-model, the con-
stant nullcline was used to represent different CO5 lev-
els. While we can not propose a physical representation
of the sloping nullcline, we still believe it to be some kind
of proxy for a climatic forcing.

We will only have v changing, but it is possible to have
a changing as well. We will implement forcing based on
insolation and COg, as scaling of the intercept, v. As we
still have no physical representation of «, we also have no
way to add an actual data-based time-dependency, thus
we will disregard having a changing « in this project.

In fig. [12] we see four different simulations of the box

model with an added time dependency on ~, following
a defined function. In the first three, we observe similar
behaviour to fig. [5} higher ~ results in longer interstadials
and shorter stadials, and vice versa when v is low. We
can especially see the effect we want to investigate in the
parabola and sinusoidal v runs, where 7y rises and falls
dynamically, making the frequency and duration of the
events change dynamically as well. This is a very power-
ful tool, as we attain the ability to manipulate the null-
cline to produce whichever kind of behaviour we would
like; fx. if we want to create a perfect Bond cycle (Bond
et al. we can construct a time evolution of -, which
simulates just this, as seen in the bottom right of fig. 12}
In this construction of Bond cycles, it is, however, appar-
ent that the constraints on the changing of the nullcline
is quite harsh and probably does not represent anything
remotely physical. Thus, the challenge is to find a proper
physical forcing which can be implemented to the box-
model and the sloping model.

A plethora of external factors have been proposed to
force the DO cycles (Mitsui and Cruciﬁx Lohmann
and Ditlevsen 2018} Vettoretti et al. Riechers et al.
. In our project we have chosen to focus on insola-
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constructed to simulate Bond cycle behaviour (Bond et al. [1997)).

tion, Finso, and atmospheric COy concentration, Feo,.-
Fipnso is given by the total energy in summer at 65° N
from Huybers Fco, is given by the combined COq
record by Bereiter et al. To implement this forcing
as a divergence from a given mean the data is standard-
ised. This is done by subtracting the mean and divid-
ing by the maximum absolute deviation, giving a series
around 0 that maximally deviates from this mean by 1.
To combine the two data series they are interpolated, us-
ing cubic interpolation, to be on the same time scale as

the simulations.

As it is unknown what the optimal mix and strength
of the external forcing is the amplitude of the forcing and
the mixing of Fj,s, and Fro, are left as free parameters.

Thus the v used in the simulations is,

Y=+ A I:BFCOQ + (1 - B)Finso] ) (46)

where v is a free parameter controlling the mean value,
A is the amplitude of the forcing and (5 is the percent-
age of forcing being Frop,. Another parameter is needed
as Finso requires a threshold to define summer, S,yy.
We want to analyse the two models when v is given by
eq. . To determine whether a simulation is close to
the data a sample of 100 runs is made and the mean
and uncertainty on the mean of the 100 time-series for
E'(t) and P’(t) are found. This is then compared to the
measured E(t) and P(t) using a x? test. We want the
x2-value to be the same size as the number of degrees of

freedom, given by

Ndof = Ndata — v,

where Ngqio = 87437 and v is either 4 or 5 for the box-

and slope-model respectively.

Due to time constraints in the project, we have not
been able to have a fitting routine to converge and we
have shown an example found by educated guesses. For
the box-model the lowest x2-value found is 10® using the
parameters shown in section [VII} This is not close to the
desired value of around Ngof ~ 9 - 104, this run is shown
in fig. . It is clear that the box-model mainly diverges
from the data in the number of events in MIS 3. The
proportion of time spent in stadials seems to follow the
general structure of the real data but is in the x2-test also
very far from the real value. Looking at the slope-model,
the best y?-value found is x% = 5-107 and x% = 107,
using the parameters from section [VII] Here P'(t) fits the
overall structure but E’(t) seems further off. However,
the y2-scores are lower for both E'(t) and P’(t) with
the slope. We attribute this to a higher variation in the
runs leading to larger uncertainties on the mean when
run with the same number of experiments. These lower
x2-values, do not necessarily reflect a better fit but might
be caused by this larger variation. Looking purely at the
distance between the models and the data in E’(¢) the
box-model is better at capturing the data. Moreover, the
box-model is more dynamic reaching a higher maximum

value and lower minimum before MIS3.

It is paramount to find a way to fit the forced mod-
els E'(t) and P’(t) to the observed values. We suggest
a basin hopping algorithm, as this might avoid the false
minimums that stem from the Wiener process. Further-
more, global ice volume should be included in the forcing

mix, since global ice volume has been found by Mitsui
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and Crucifix 2017 to be more dominant compared to at-

mospheric CO, and summer insolation at 65°N.

Box-model|Slope-model

X% 108 5-107
% 10% 107

v 1.2 1.82

o 0.14 0.23

8 0.55 0.45

A 1 0.8
Sory| 4005 3257

a n/a —0.58

TABLE II: The model parameters that give the lowest
x2-values when compared to F(t) and P(t) from
section [ These are found by guessing as a fitting
routine could not converge therefore no uncertainties
could be estimated.

VIII. DISCUSSION AND CONCLUSION

We set out in an attempt to make a simple model that
could simulate the ice core record in the MIS and the
transitions between. First, we tried to model the mean
structure of the whole record. Here we found that by
adding a slope to the nullcline the model improves its
ability to simulate the estimated mean behaviour of the
ice core record. By adding the slope we were able to ob-
tain values of p/; and p/» that were closer to the measured
values than without a slope. The area under the arch in
fig. [6] can only be achieved by the slope-model. As up
and pp do not accurately represent the MIS structure we
then tried to introduce external forcing.

We attempted to simulate the entire ice core record
and found that the ability to fit E(¢) and P(t) is not
necessarily improved by adding a slope. Comparing the
best guess for the two models with external forcing shown
in section a x2-test showed that the sloping nullcline
may be a better model, but this could be due to the added
variability it brings. It is not clear which model is better
because we were unable to get a fit to converge, thus a
better set of parameters might exist for both models. As
suggested it might be beneficial to look at bassin hopping
algorithm to avoid false minimums.

In the forced model runs, it is evident that both mod-
els fit the data for P(t) best. There are two main reasons
for this: firstly, as shown in the top right panel of fig. [6]

there is a strong linear relation between the value of v
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and p/p. Secondly, the forcing affects v, and there is a
numerically large Pearson correlation coeflicient between
the chosen forcing and P(t) in the ice core record, at
Proz = —0.88 and pgiope = —0.84. Examining E(t), we
see that there is no linear relationship between v and p/p
in fig. [6] and this relationship is not independent of o.
In the three-dimensional case, this relationship becomes
more complex, but not linear. The Pearson correlation
coefficient between the combined forcing and E(t) in the
ice core record is relatively weak, at ppor = —0.54 and
Psiope = —0.29. While both models can achieve good cor-
relation between E’(t) and FE(t), reaching a correlation
coefficient up to 0.85 for the slope-model with certain pa-
rameter values (y = 1.575,0 = 0.139,a = —0.290,8 =
0.5,A=0.7, and Sozs = 325-%). These runs (not shown
here) are, however, too low in E’'(t) and P’(t) and fit
poorly with the y2-values.

Both models fail to fit the data in MIS 2 and MIS 3.
One potential reason for this is the absence of volcanic
eruptions in the model. As demonstrated in Lohmann
and Svensson [2022, volcanic eruptions are more closely
associated with interstadial onsets than would be ex-
pected if they were unrelated random processes. There
are as mentioned in section [[|a lot of caveats with timing
and the causal relationship between interstadial onsets
and other climate events (Capron et al. [2021; Lohmann
and Svensson 2022)). If we assume that the seven events
identified in Lohmann and Svensson [2022| are causing
warming events during the period from 10 ka to 60 ka,
we can expect an average of three additional events in
each time window. This may add another volcanic event
during the Last Glacial Maximum, bringing the average
number closer to four in this period. This could make up
for the difference between modelled and observed E(t).
Looking at P(t), these additional events would occur at
low ~ values, resulting in short DO events that only
slightly decrease the modelled P(t).

models have too high of a P(t) at this time, the inclusion

Since the current

of these events may also correct this. One way to incor-
porate the effects of volcanoes in the model is by adding
a large increase in the AMOC or increasing the noise, o,
drastically for a few time steps. This should have a small
chance of occurring at each time step, matching the fre-
quency of volcanoes during the last ice age. To see if this
frequency is constant throughout the last glaciation we
must wait till we have the data set for the whole period.

Lohmann and Svensson are currently working on extend-



ing their study to include the Last Glacial Maximum and
the period from 60ka to the glacial onset. Another exter-
nal forcing is global ice volume which has by Mitsui and
Crucifix 2017 been shown to be a more dominant forcing
than both atmospheric CO, and summer insolation, and
should therefore also be included in the analysis.

When examining individual interstadials in greater de-
tail, the two proposed models produce different results.
In the box-model, fig. [I3] there is a gradual weakening of
the AMOC and therefore a gradual cooling of the Green-
landic climate, while in the slope-model, fig. the in-
terstadials have a constant AMOC and climate.

The differences between the two models are due to
the number and stability of fix points. In fig. with
v = 1.2, there is only one unstable fix point which causes
the model to follow the limit cycle, following the manifold
in its entirety and thus having cooling in interstadial and
warming in stadials, see purple lines in fig. [l In fig. [[4]
with v = 1.821 and a = —0.579, there are three inter-
sections, two stable and one unstable, fig. [§] As a result,
the system follows the slow manifold until it reaches a
stable fix point. If the added noise is large enough, it can
push the system to the other side of the slow manifold,
causing it to follow the limit cycle until it reaches the
second stable fix point, where it remains until the noise
pushes it around the limit cycle again. When the system
is stuck at a fix point, the AMOC and climate condi-
tions are constant and therefor; the model has constant
conditions in stadial and interstadial conditions. In the
NGRIP record, fig. [1} the 6'®0 in the interstadials also
falls, which does not match the tipping modelled by the
box-model with a slope. However, this does not neces-
sarily reject the slope-model, as there are pairs of v and
o where there is only one stable fix point and sloping
interstadials, as shown in fig. |7} Adding the slope to the
equations results in an additional term on the slow pa-
rameter. « and B are both always negative, resulting
in a positive feedback on the slow parameter, making it
unintuitive that the interstadials are slowing down. How-
ever, the relative increase in the value of v outweighs the
positive feedback from the addition of the slope, though
high values of « can shift the feedback. The system will
at that point be more affected by the double intersection.

In summary, based on the data and analysis presented,
it can be concluded that a box model alone is insufficient
for simulating the mean behaviour of the last glacial pe-

riod. The addition of a slope is necessary to accurately
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represent the measured pup and pup. Additionally, the
study concludes that to achieve a description of the whole
temporal structure of E(t) and P(t), forcing needs to be
added to the model. An attempt using COs and solar
insolation was set forth, but more work is needed to find

the representation of climate forcing.

IX. ADDING COMPLEXITY

This section will explore and explain further ideas,
which can be implemented in the box-model to achieve
more complexity and possibly more accuracy in the sim-
ulations. We show the first steps in implementing and
analysing these ideas and discuss the results we expect

to evolve from these implementations.

A. Superposition

The box-model (Vettoretti et al. |2022)) uses a single
equation for the slow timescale dynamics which can be

either,
dB F,
e N 4
= Dab-), (47)
or
dB K
4 _ Fv (Ap— ). 4
G = DA (48)

As described in sec. [[T]] there is an argument for using
the former with increased AMOC strength and the latter
with increased AABW strength. Thus it might be more
correct to use a weighted effect of both. We will therefore

introduce the following equation for the slow timescale:

dB  Ab-— v bint — Ab Ab — bgq
s 7("”" ¢ i ) (49)
dt T

D bint —buta * bimt — beta

with b;,: and bg, as bounds for where the system is
entirely driven by interstadial or stadial conditions re-
spectively. This can be seen by looking at Ab in the
limits Ab — b;,: and Ab — by, here eq. reduces to
eqs. and respectively.
Rewriting equation eq. , and adding the slope, leads



to:

dE_FAb+aB—7 Ky  bint — AD Ab — bgiq

ar — ° T DFp bint — bsta  bint — bata
(50)

Ry

DFy’
the rest of the equation can be non-dimensionalized using

We can introduce the dimensionless size ( = and

the same characteristic values as the original equation

and bpaz,c = bmin,c = be, leading to

AB' AVt aB o (Vo = AV AV b,
dt’ B T’ b;nam - b;nm b;naz - b;nzn .

(51)
This model will henceforth be called the superposition-
model. Looking at how the stability is affected, this adds
another dependency on Ab, changing 2 of the eigenvalues
of the Jacobian eq. to

. Ab — bgiq
bint - bmln
1-¢

bint - bsta

dAb T

B 1 < bint — Ab

bint - bsta
+ (Ab+aB —v)

= m l((bmt — Ab) + (Ab — bsta) (52)

+ (Ab+ aB —v)(1 — C)],
n Ab — bgta
bint _bmin '

This gives rise to several complexities in the stability,

45 o (. b
dB T

bint - bsta

as the eigenvalues also become dependent on B. We only
want to explore the effects of the superposition. There-
fore, we will take « to be 0, as otherwise, the complexity
rises beyond the scope of this project. Thus the previous

equations become

dB 1
dAb - T(bint — bsta) lc(blnt - Ab)

+ (Ab = bsta) + (AD —7)(1 — C)] , (53)

dB

— =0.
dB

However as we still have a dependency on v, we will

investigate the effects on the eigenvalues from changes
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in~v. As vy > 1.6 and v < 0.6 does not provide further
interesting model results, we will do a stability analysis
as in section [[V] for fixed 7 in the two edge cases, see
in fig. Here we have calculated the eigenvalues of
both the system with and without superposition and then
shown the difference in these, for both values of 4. On the
two plots on the right of fig. [[5] we can see, that there is a
difference in the value of the eigenvalues. However, in the
oval region, the difference is solely in the imaginary values
and thus does not change the stability of the system.
Interestingly enough, while there are differences in the
imaginary and real parts of the eigenvalues for different
Ab, there is never a difference in both the imaginary and

real parts at the same time, only in one or the other.

—— ARe(Ay)
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— AIm(Ay)

— AIm(Ay)

||[ === Birfurcation point

0.8
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FIG. 15: Stability of the superposition-model
Left: Overlayed eigenvalues of the superposition-model
for fixed v = 0.6 and v = 1.6. Dashed lines denote
eigenvalues with added superposition, solid lines denote
eigenvalues without. Right: Difference in eigenvalues.

Therefore, we will not concern ourselves with the effect
of v going forward. Running the box-model with added
superposition, v = 1.4 and ¢ = 0, for both values of
Ky = 1-107% and K, = 1-107°, resulted in the plots
shown in fig.

Here we first see the minimal difference in using super-
position when x, = 1-107%, as the value almost coincides
with using Fy. However, lowering k, results in longer sta-

dial periods, while preserving the interstadial behaviour.
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Further exploration of k., is required.

B. Variability Analysis

In order to enhance the capabilities of our box-model,
we propose the incorporation of a dynamic noise mag-
nitude, o, that varies based on the state. Specifically,
this noise magnitude would be dependent on whether the
model is in interstadial or stadial-like conditions.

By implementing higher noise in stadial conditions, we
increase the chances of noise-induced transitions to the
On the other hand, when the box-
model is in interstadial conditions, we could reduce the

interstadial state.

noise magnitude in order to constrain the box-model from
easily transitioning back to stadial states. This helps to
maintain the box-model in a more stable, interstadial
state for longer periods of time while destabilizing the
stadial state, as is desired due to the lack of events and
too high values of P’(t) in figs. [13] and

Therefore, we aim to investigate whether the North At-
lantic sea exhibits different levels of variability in stadial
versus interstadial conditions, and if so, which one ex-
hibits higher variability. To do this, we will analyze high
temporal-resolution model data from a CCSM4 model
run, using simulated data from a hundred-year period
in stadial-like conditions and a hundred-year period in

interstadial-like conditions. The data has a three-hour

—60

-120

FIG. 17: Standard deviation [Pa] of sea level pressure
at each point of the earth in a 48x96 grid.

resolution and is based on a 48 by 96 grid of the world.
Using the deviations in sea level pressure (PSL) as a
proxy for the storminess of the region. Calculating the
standard deviation of the 100-year periods, of each grid
point and mapping the results on the world. The results
from the stadial conditions are then subtracted from the
interstadial results, and shown in fig. fig.

We observe that, in general, pressure exhibits lower
variability in interstadial conditions over landmasses and
vice versa over oceans in the Northern Hemisphere. How-
ever, the region of very large interstadial variability in the
North Atlantic ocean stands out as particularly interest-
ing.

We see that this region of large variability exhibits
higher pressure fluctuations in interstadial conditions
compared to stadial conditions. This suggests that the
North Atlantic sea is more prone to stormy conditions
during interstadial periods in this particular region. In
addition to using storminess as a proxy for noise in our
box-model, we also want to investigate the relationship
between noise in pressure and in temperature. We cal-
culate the standard deviation of temperature at the 850
hPa level for each grid point in both stadial and intersta-
dial conditions, and then subtract the stadial value from
the interstadial value. The resulting data is depicted in
Figure [1§

Upon examining the results, we find that temperature
variability appears to be relatively constant across the

entire world when comparing stadial to interstadial con-

Standard Deviation, interstadial - stadial

Standard Deviation
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FIG. 18: Standard deviation [K] of temperature at
each point of the earth in a 48x96 grid.

ditions. However in the North Atlantic ocean, we observe
that temperature is actually more variable in stadial con-
ditions than in interstadial conditions, which is the op-
posite of what we found for pressure. This suggests that
there may be complex and possibly counteracting influ-
ences on temperature and pressure variability in this re-
gion, which we can not give physical reason for at the

moment.
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Name Symbol Value Unit
pycnocline depth D 1000.0 m
ocean vertical mixing Koy 1.0x1074 m?s~!
buoyancy flux e-folding time scale T 150.0 years
characteristic time Te 166.6 years
characteristic buoyancy b 0.004 ms 2
characteristic buoyancy flux B, 3.8x10710  m2%s73
characteristic COy (buoyancy units) Y.  0.004 ms 2
characteristic volume transport Qe 0.67 Sv
dimensional freshwater stream function y-intercept Qo -6.0 Sv
dimensional freshwater stream function slope a1 8.0 Sv
buoyancy (y-axis) adjustment parameter bg 0.625 I
AMOC stream function y-intercept Yo -4.5 Sv
AMOC stream function slope 1 20.0 Sv

TABLE III: Important parameters from the supplemental of Vettoretti et al. 2022,
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