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Abstract

Cotunneling through a spin-orbit coupled quantum dot

Starting from the Anderson model for a quantum dot, with Rashba type spin-
orbit (SO) interactions, coupled to two metallic electrodes, we derive an effective
low-energy Hamiltonian describing the dynamical spin-fluctuations, i.e. the co-
tunneling processes, which remain in the Coulomb blockade regime. This pro-
jection to the low-energy states of the Hilbert space is performed by means of
two consequtive unitary transformations. First we eliminate the spin-orbit cou-
pling to second order in the SO-coupling, which results in an Anderson model
with different spin-quantization axis on the dot and in the metallic electrodes.
Subsequently, we eliminate all but second order charge-fluctuations, leaving the
quantum dot with a single electron, i.e. a single spin-1/2, which can be flipped
by the cotunneling conduction electrons traversing the dot. Due to the spin-
dependent tunneling amplitude deriving from the SO-coupling, we end up with
an effective Kondo-model having a very low spin rotational symmetry in a finite
magnetic field. We show that this can give rise to a nonlinear conductance which
is asymmetric under reversal of the applied bias-voltage.
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Chapter 1

Introduction

1.1 Experimental motivation

Consider a device structure where a scattering region (quantum dot) is connected
to the outside world by coupling to two metal leads labeled by index o = L, R
for left and right. The leads have voltages V;, and Vxz and are assumed to be
described by non-interacting electrons. By applying a bias-voltage across the
device, it is possible to controle the amount of current running through. This
device is described by an Anderson-type model[4] where the quantum dot plays
the role of a magnetic impurity with which the conduction electrons can interact.

The low-temperature transport through such quantum dots is mainly re-
stricted to the socalled charge-degeneracy points at which the number of electrons
on the dot becomes uncertain. Away from these points, transport is strongly sup-
pressed by a Coulomb blockade, reflecting the fact that the capacitive charging
energy of the dot is too large for electrons to freely tunnel onto and off the dot.

Meanwhile, virtual quantum processes in which an electron visits the dot only
in a sufficiently short time, are allowed by the uncertainty principle and these
gives rise to a small cotunneling conductance. In the case where the dot holds
an effective magnetic moment, repeated cotunneling involving spin-flip processes
will accumulate logarithmic singularities and instigate a manner of correlated
transport across the dot. Lowering the temperature, this socalled Kondo effect
lifts the Coulomb blockade completely and results in perfect transmission through
the correlated junction.

Experiments by T. Jespersen et al. in 2006 [12] have demonstrated the pres-
ence of Kondo-effect in quantum dot devices based on InAs quantum wires. This
material has substantial spin-orbit coupling, with a g-factor close to 8-10.

Also traditional GaAs quantum dots have strong SO-coupling and still exhibit
Kondo effect[8][26]. One might wonder why Kondo-effect is observed in such
materials where spin is no longer a good quantum number.

If an external magnetic field is applied, the Kondo peak is Zeeman split into
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two peaks. Experiments have showed an asymmetry in these peaks [5][12]. This
asymmetry can not be explained by the Kondo model for a quantum dot where
SO interactions are not present.

1.2 Spin Orbit interaction

The spin-orbit coupling is a relativistic effect which follows directly from the
Dirac equation. Consider an electron moving with velocity v in an electric field
E. In its rest frame, the electron will experience a magnetic field!

Brr =7 (v x E) /¢
where v is the Lorentz factor v = (1 — 02/02)_1/2. In the following we shall
restrict ourselves to the case where this can be set to one. The magnetic moment
of the electron couples to the magnetic field, leading to an energy that we would
expect to be —(eh/2mc)o - Brp. It has been showed by L.H. Thomas that a more
careful treatment which would take into account the energy associated with the
precession of the electron spin would result in a reduction in this energy of a
factor of two[21]. While Thomas showed this within the framework of classical
electrodynamics, the same result is achived in the nonrelativistic solutions to the

IThis follows directly from the transformation properties of electric and magnetic field in
special relativity. Performing a Lorentz transformation and assuming the magnetic field in the
laboratory frame to be zero yields the magnetic field Brp # 0 in the rest frame of the electron.
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Figure 1.2: (Color onlines) Left: Differential conductance, dI/dV, as a func-
tion of bias voltage, V', for an InAs-wire based quantum dot at 7" = 0.3K. The
data were taken at magnetic fields perpendicular to the wire. B} = 0 (thick),
0.1 (dotted),..., 0.9 T (red), and the curves were offset by 0.008¢2/h for clarity.
The data were taken for an odd occupied Coulomb diamond at gate voltage
Vy = —2.35V.[12] Right: dI/dV as a function of V' for a carbon nanotube
quantum dot at T'= 0.08K. B, = 0 (thick), 0.1 (dotted), 1 (thin), 2, 3,..., 9,
10 T (red), and the curves were offset by 0.008¢2/h for clarity. The data were
taken for an odd occupied Coulomb diamond at gate voltage V, = —4.96V.[23]
(Note that at finite magnetic fields features are broadened due to noise induced
by the magnet power supply).

Dirac equation. The energy is

eh

22<7-[E><p]

Hypop= ———
SO 4dm?c

where v = p/m is the electron velocity. An electric field E can be described
as a gradient of a potential and the time derivative of a vector potential using
the Maxwell equation E = —VV — 0A /0t, where the magnetic field generating
the electric field is B =V x A. Assuming the field to be constant in time gives
E = —VV. Writing out Hgo in terms of o and E gives the Rashba terms

eh

HSO - _m [_Ey(gsz - U:vpz) - Ez(axpy - prx) - Ex(gypz - Uzpy)]
h eFE, h ek, h eb,
- am(oﬁpy - prx) + E Amc2 (Usz - O-xpz)am(gypz - Uzpy)

= Hg, + Hg, + Hpg,
where the Rashba spin-orbit interaction constant is defined by

€EZ‘

— 1.1
4Amc? (1.1)

Q;
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This is a coupling constant defining the strength of the coupling between the spin
and momentum. It has the unit of 1/length and the inverse

is the Rashba spin-orbit length.
For a particle confined in the z-direction (p, = p, p, = p. = 0) the Hamilto-
nian describing the particle with Rashba and Zeeman interaction is given by

H = H() + HSO + HZeeman

2
py  ho, ha
= o m OyPz + #Usz - %Q,UBU -B

The last term is the Zeeman energy which depends on the external magnetic field
B not to confuse with the magnetic field responsible for the spin-orbit interaction.
As shown in the next chapter, an external magnetic field (and hence a Zeeman
interaction) is necessary in order to have energy bands with non-fixed spin quan-
tization axes (meaning that the spin polarization of the electron is wavevector
dependent).

In addition to the Rashba effect, owing to the lack of inversion symmetry
in bulk materials, there exists the so-called bulk inversion asymmetry (BIA) or
Dresselhaus spin-orbit interaction:

h
Hr:_z zPx —
D mﬁ(ap pry)

In a photocurrent measurement on n-type InAs quantum wells[7], Ganichev et.
al have deduced the ratio of the relevant Rashba and Dresselhaus coefficients to

a/f =215

1.2.1 Origin of the electric field

What has not been addressed here is the origin of the electric field that is expe-
rienced by the electron through Brp. Consider a surface of a n < 3-dimensional
crystal. From the point of view of an electron, the surface is established and
maintained due to a confining potential V' perpendicular to the surface. No mat-
ter what kind of complicated structure of atoms the crystal has, an ’electronic’
surface must be due to a potential perpendicular to this. Electrons moving in
the corrosponding electric field E; = e dV/dr, will have their degeneracy lifted
by a Rashba spin-orbit coupling with an interaction constant «; proportional to
EJ_ .

3D crystal measures of the surface state on Au(111) has been done in a high-
resolution photoemission experiment by LaShell et al.[14] showing a splitting of
the parabolic dispersion into two branches. The authors have ruled out other
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possible explanations and have argued that the splitting should be interpreted
as the effect of a spin-orbit interaction. At the Fermi momentum the splitting is
observed to be AFE;.shen ~ —0.1eV.

Assuming the surface electrons in Au(111) to be quasi-2D free electron (con-
fined by a potential V) and including a Rashba spin-orbit coupling, L. Petersen
and P. Hedegard[20] have estimated the splitting using calculations on jellium
By Lang[13]. For a solid, the work function ® is the minimum energy needed to
remove an electron from a solid to a point immediately outside the solid surface
(or energy needed to move an electron from the Fermi energy into vacuum). The
work function corresponds to a gradient potential VV ~ ®/Ap where Ap is the
Fermi wavelength. Petersen and Hedegard have calculated the splitting caused by
this gradient potential to be AE ~ 1075V - five orders of magnitude smaller than
the splitting experimantally observed by LaShell. They conclude that in Au(111)
the potential corresponding to the work function cannot explain the magnitude
of the SO-coupling. Hence the electric field must come from somewhere else: the
atom cores. Starting from the Intra-atomic SO-coupling

Hyoc =al-S = % (L*a* +L o+ Lzaz)

Petersen and Hedegard formulate a tight-band model for the surface states that
includes the SO-interaction. The Hamiltonian for p, bands with only virtual
transitions to p,, p, bands is to second order in o,y and k is

oo 60+ (30497 w) K —i (ky — iky) o
oI +i(ky +ik)ar  —65+ (30 + 992 /w) k2

with ag := 6ay/w. Here w and v are coefficients in the overlap matrix elements in
the tight-binding Hamiltonian while « is the intra-atomic SO-coupling constant.
The effective Hamiltonian is exactly the Matix form of a Hamiltonian consisting
of a free electron part and a Rashba-term. The SO coupling constant apg is of
order of the atomic splitting, and hence the model is able to explain the energy
splitting observed by LaShell.






Chapter 2

Eigenstates and eigenvalues of
the Rashba Hamiltonian

In this chapter we examine how the quantum dot eigenenergies are modified
in the presence of a Rashba spin-orbit interaction. Expressing the appropriate
Hamiltonian in matrix representation and diagonalizing the matrix yields the
eigenenergies and eigenstates of the dot.

Consider a free particle. The eigenstates are given by the solutions to the
Schrodinger equation. In real space representation the wave functions are

@ka(r) = <I"ka> = @k (I‘) Yo = Aeik.rXa

with corresponding eigenenergies h%k*/2m. Here x, are the two-component
spinors defined as the following eigenstates of the z component of the spin op-
erator: gsz /1 = +/ = (h/2)xq/,- To each eigenenergy corresponds four linearly
independent wave functions, that is

Rk )2m = E(k,1) = E(k,|) = E(=k, 1) = E(-k, |)

and hence the eigenenergies are four-fold degenerate: two-fold degenerate in mo-
mentum and two-fold degenerate in spin.

2.1 Spin-orbit coupling and symmetries

For more complicated systems, solving the Schrodinger equation can be quite a
task. It is then fruitful to consider symmetries in the physical problem as they
can lead to restrictions on the energy dispersion relation.

2.1.1 Time reversal symmetry

Time reversal symmetry (T-symmetry) is the symmetry of physical laws under the
time transformation 7" : t — —t. The T-symmetry of a system is very dependent

7
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of 1) what is considered a part of the system and what is considered external and
2) at which level the system is described (microscopic or macroscopic). See [21]
p. 281.

Consider an electron experiencing a Rashba spin-orbit coupling

eh

Hgso = 2

520 [E X D]

due to an external potential —VV = E. Both the spin and the momentum
are antisymmetric under time reversal'. The electric and magnetic field have
different transformations under TR: E — E and B — —B. Hence the Rashba
SO-coupling is invariant under TR. Similarly, the Zeeman term o o - B as well
as the free energy term oc p? is also invariant under TR. So the Hamiltonian
describing a spinning electron in an external magnetic field and with a Rashba
SO-coupling is invariant under TR.

Generel restrictions on the eigenenergies can be derived from the assumption
of T-symmetry. In quantum mechanics time reversal must be represented as a
anti-unitary operator. Anti-unitary means that for arbitraty states ¢’,p, T fulfils
(o|TTT|¢"y = (¢'|@). Furthermore, it has to have a two-dimensional represen-
tation with the property 7?2 = —1. Following the convention of Sakurai Eq.
(4.4.79)[22], a valid representation for a spin 1/2 particles is

T — e—i(ﬁ/Q)‘TyK

where K denotes complex conjugation. Let H be a T-symmetric Hamiltonian
with eigenstate and corresponding eigenenergy given by Hi = Ev. Then T is
also an eigenstate with the same eigenenergy, since

H(TY) = (H,TI+TH)¢ = [H,T]y + E(TY) = E(TY)

These eigenstates are orthogonal since

(TYl) = =(TY|IT (Ty)) = =(TPly)

! According to the standard account an active time transformation must be of such character
that the spatial velocity v and current j flip under active time reversal, while the charge density
p is invariant. The standard procedure is then to assume that the Maxwell equations and
the Lorentz force law ¢ (E + v x B) = ma are invariants under TR. This toghether with the
tranformation properties of v, j and p leads to the transformation properties

(Vaja Ea B7p7 v7t) Z) (_Va _j7 E7 _B7p7 v7 _t)

However, in Time and Chance[1] (2000) David Albert has argued that the magnetic field is TR
invariant and hence the classical EM theory is not TR invariant. This controversial claim has
started an ongoing debate among researchers in the philosophy of physics. Notable papers are
[15] and [3]. For practical purposes the standard point of view and application gives the right
results. The mentioning of the controversy should be considered an information for the reader
particularly interested in this topic.
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where first step follows from the fact that for half-integer spin 7% = 1 and last
step follows from anti-unitarity. This result goes by the name of Kramers’ The-
orem. So to each eigenvalue E corresponds (at least) two linearly independent
eigenstates. All eigenstates have a two-fold degeneracy. Labeling the eigenstates
with the index A € {+, —}, the eigenstates are ¢, with corresponding eigenvalue
E.

Consider a crystal. The crystal structure is defined by a periodic lattice. The
Bloch Theorem states that each eigenenergy is characterized by a Bloch wave
vector k and Bloch wave state

|
wk)\(r) _ ezk ruk)\(r> _ ezkr ( lf)\ )
Uy (r)
where u is periodic. Acting on this Bloch wave state with the time reversal
operator yields

1*
i~ [ — U (1)
Tepa(r) = €77 ( %7 ) = --a(r)
Uy (T)
where the last identification can be made since the expression is a Bloch wave
state with wave vector —k and since we know that 7" maps an eigenstate with
index A\ into its time reversed eigenstate, having index —\. Letting H act on each
side and using that a state and its time inverted have same eigenenergy gives

E(k,\) = B(=k, —))

2.1.2 Spatial inversion symmetry

Parity is represented as a unitary operator P acting on a state function as
Py(r) = (—r). If g (r) is an eigenstate of P with eigenvalue r, then P%iy\(r) =
K2 (1) = Ya(r). The eigenvalue is thus a phase k = €. For a crystal that
is invariant under P, that is [H, P] = 0, then if ¢y, is an eigenstate of H corre-
sponding to eigenenergy Fi,, so is the transformed:

H (Piyy) = ([H, Pl + PEk)\) (Yir) = Exen (Pixy)

Explicitely applying P to ¥y (r) gives a Block state with Bloch vector —k. Since
there is double degeneracy in A (and since this is the only degeneracy), this vector
must be in span {t)_j(r), __»(r)} and hence be a linear combination of these:

—ikr ULA(—I‘)
Pyp(r) =e ) = ath_pA(r) + b_p_x(1)
Upep (=)
This leads to E(k,\) = E(—k,\) and together with the restriction from T-
symmetry, we have that
E(k,\) = E(k, —\)
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The conclusion is that for time reversal invariant systems, spin splitting £(k, ) #
E(k,—A\) can only occur if the parity is broken, that is if [H, P] # 0.

Bulk Au have fcc lattice structure and since the fce lattice has (3D) inversion
symmetry, bulk Au cannot have a spin-orbit split band structure. However, the
surface of any crystal, there is no inversion symmetry in the direction perpendic-
ular to the surface. This means that we are not able to rule out the possibility
of spin splitting.

2.2 Simple Rashba-term and B-field along x

Single-particle Hamiltonian for translational invariant wire along the x-axis, in-
cluding a Rashba term due to E-field along z-axis and an external magnetic field
along the x-axis

2 h
H:p_w_ &z
2m m

Oybz — 39HUBO By + V (2)

2.3 The splitting of the electron band

For B = 0 the effect of the S-O coupling o,p, is to split the band e(k) = (k* + V)
into two distinct bands

ei(k) = (K*+V) +2a.k = (k +a.) —a?4+V

e(k) = (K*+V) = 2a.k = (k- ) —al+ Vv

crossing at (0, V(0)). The spin expectation values are
(o)1, <0y>1, (0:)1) = (0,+1/2,0)

(<Ux>27 <0y>2, <02>2) = (07 _1/27 O)

and hence the branch € (k) (ez(k)) is characterized by spin pointing parallel to
+y (—y). By relabeling the branches (e;—1,€s,—)) 1= (€1, €2) the splitting of the
energy band into two distinct bands of different spin is emphasized.

As a external magnetic field B = (B,,0,0) is applied, the Zeeman term will
cause a splitting of the energy band. In the absence of spin-orbit interactions the
energy bands are given by ¢, = k* + B, and ¢, = k* — B,.

In the presence of both a spin-orbit interaction —o,p, and a Zeeman term
—o0, B, will result in a mixing of the Rashba-split subbands. The splitting is
shown in fig. ??7. By forming a local gap at k£ = 0 the energy branches avoid
crossing. For large |k| values the spin will be orientated approx. as it was before
applying the external B-field. The spin rotates in a small region around the gap
at k = 0. It is no longer possible to associate a fixed spin direction with each



2.3. THE SPLITTING OF THE ELECTRON BAND 11

E

Y A\

Figure 2.1: Schematic representation of a conduction band structure where
the spin-degeneracy is broken a) by a spin-orbit interaction as described by
the Rashba Hamiltonian and b) by a Zeeman interaction of the spin with an
external magnetic field [17]

Figure 2.2:  Schematic
representation of a
conduction band struc-
ture where the spin-
degeneracy is  broken
by both a Rashba SO
interaction and a Zeeman
interaction. The spin ex-
pectation value is plotted
on the branches. Note
that each branch is no
longer associated with a
single spin. Fig. from [25]

band. Due to the Rashba SO coupling together with the Zeeman splitting, spin
and momentum do not constitute a set of good quantum numbers. Instead we
must label the bands with an index 7 = % that is not associated with a single
spin. We may think of 1 as a pseudo-spin and denote the + values as 1 / {}.

The question now arises as to what effect this mixing of the spin degree of
freedom with the orbital motion will have on electrons tunneling through the
quantum dot. An electron from lead & = L, R in an energy eigenstate |ako)
given by momentum and spin (the lead label « is only written for bookkeeping
purposes) can tunnel into the dot region, where the energy eigenstates are |kn).
This process can be described by a tunneling Hamiltonian in an Anderson-type
model for the electron transport through the junction.






Chapter 3

Anderson Model with SO
interaction

3.1 Second quantization formulation

In the following, both k£ and p will be used as names for particle de Broglie
wavenumber. When dealing with the tunneling Hamiltonian, &£ will be associ-
ated with states on the quantum dot and p with lead states. A scattering region
(quantum dot) is coupled to two metal leads (o = L, R) as well as a gate electode
used to shift the chemical potential on the dot. The lead electrons are assumed
to be free noninteracting electrons while the dot electrons are described by a
Hamiltonian containing a Rashba SO interaction, a Zeeman splitting, a charg-
ing energy and a confining harmonic oscillator potential. The second-quantized
Hamiltonian reads

H=H;r+ Hp+ Hp (3.1)
where

Hiyp = Hp+Hp = Z prCTLPJCLpa + Z prCLpJCRpo—
po po

HD - HDO + HSfO + HZeeman
Hy = Z (takaLpgdka + tzpkdgacapa)

apko
3.2 Cotunneling and Kondo effect in the

absence of SO interaction

Fig 3.1 shows the potential landscape of a quantum dot along the transport
direction. The states in the leads are filled up to the electrochemical potentials
pr and pr which are connected via the externally applied bias-voltage V' =

13
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(g, — prr) /e. This energy window is called the bias window. For energies within
the bias window, the electron states in one reservoir is filled whereas states in the
other are empty. At zero temperature sequential tunneling occurs only if there is
an appropriate electrochemical potential level on the dot within the bias window.
Electron tunneling through the dot thus depends critically on the alignment of
the electrochemical potential on the dot with those of the leads.

a)  [yuwsn b)
p,(NM)
LL(N) 1§
Tr— 3w || To
L(N-1) Fo
— H{N‘”
| | L |
D A \
c) £ E add ,
=1
2
L IN-3[| N-2 || N-1 N [|N+1
S
— D [

gate voltage Vg

Figure 3.1: Quantum dot in the regime of low bias. (a) Coulomb
blockade. Sequential tunneling through the dot is not possible. (b) A
charge-degenerate point at which the number of electrons can fluctu-
ate and thus permitting electrons to tunnel through the junction. (c)
The oscillatory dependence of current on gate-voltage [11]

The electrochemical potential for the transition between the N-electron ground
state and the (N-1)-electron ground state on the dot is

u(N) = E(N) — E(N ~ 1)

All electrochemical potentials have the same linear dependence on the gate volt-
age V,. Therefore shifting V, will move the whole ’ladder’ of electrochemical
potentials without altering the distance between them.

We shall here assume that the temperature is very low compared to the energy-
level spacing. In the low-bias regime the bias window is very narrow. Sweeping
the gate-voltage will give an almost discrete dependense of current as function
of gate-voltage as shown in fig 3.1. At a charge-degenerate point there is a level
1p in the bias window so the number of electrons on the dot can alternate, thus
current can flow. Away from these points, transport is strongly suppressed by a
Coulomb blockade, reflecting the fact that the capacitive changing energy of the
dot is too large for electrons fo freely tunnel onto and off the dot. The sequential
tunneling rate is given by Fermi’s golden rule to lowest order in the tunneling,
HT.
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Figure 3.2: (a)-(c) Cotunneling. The intermediate state can occur as
long as the system only exist in the virtual state for a time sufficiently
short not to violate the Heisenberg uncertainty principle. (d) For
larger bias, inelastic cotunneling becomes available. (3) Cotunneling
is possible in the dark area of the Coulomb diamond. Fig from ref.
Fig. from [12]

For strong couplings to the lead, this is not a correct description as there are
higher order contributions to the tunneling. Transitions in which the intermediate
state has an engergy larger than the initial energy can occur as a virtual process
due to the uncertainty principle. This happens in cotunneling which is of second
order in the tunneling. The process is illustrated in fig 3.2. An expression for
the transition rates is obtained by using the generalized Fermi’s golden rule [4,
p. 88].

In the case where the quantum dot holds an effective magnetic moment, the
dot and the metallic electrodes constitute a system similar to a metal with a
single magnetic impurity. The Hamiltonian (3.1) can be brought on a form that
includes a spin-spin interaction term expressing scattering on the dot due to
virtual scattering in and out of the dot. This causes a correlated transport across
the dot. Contrary to the case of metals, this scattering on the dot increases
the conductance through the dot. Lowering the temperature this Kondo-effect
lifts the Coulomb blockade completely. As an example of a Kondo-peak, see the
measurement by Wiel in fig 3.4.

In order to determine how this picture is modified by the presence of a Rashba
spin-orbit interaction we have a two step plan: First we shall transform away
the SO interaction by means of a unitary transformation. Then we shal follow
Schrieffer-Wolff and transform away the charge fluctuations, bringing the Hamil-
tonian on the form of a spin-spin interaction.
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tr

Figure 3.3: The process leading to the Kondo effect in a odd-N quan-
tum dot. Being a quantum particle, the spin-down electron may tun-
nel out of the dot to briefly occupy a classically forbidden ’virtual
state’ outside the dot, and then be replaced by an electron from the
lead. This can effectively flip the spin of the quantum dot. (d) Many
such events combine to produce the Kondo effect, which leads to the
appearance of an extra resonance at the Fermi energy. Since transport
properties, such as conductance, are determined by electrons with en-
ergies close to the Fermi level, the extra resonance can dramatically
change the conductance. (e) The enhanced conductance takes place
only at low bias (black area). Fig. from [12]

3.3 Transforming away the SO interaction

3.3.1 Simple Rashba-term

We first consider the simplest Hamiltonian covering a Rashba spin-orbit interac-
tion
p*  ha

H:%_}_ﬁayp—i_v(x)ap:px‘

If there exist a unitary operator U, such that UHUT = % +V(z), then the eigen-
values and eigenfunctions of H can be found by solving the eigenvalue problem
for the rotated Hamiltonian. Let 1)’ denote an eigenstate of UHU' with eigenen-
ergy E'. Then U'v’ is an eigenstate of H with eigenenergy E', as can be seen
from (UHUT) YV = EW < HUW) = EUW)=EU%W).

Let U = €' for an operator S, that we will specify in the following. UHU'
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Figure 3.4: Measurements on a semiconductor quantum dot. dI/dV as function
of bias V for for T = 15 mK (thick black trace) up to 900 mK (thick red trace).
The left inset shows that the width of the zero-bias peak, measured from the
full-width-at-half-maximum (FWHM) increases linearly with T. The red line
indicates a slope of 1.7 kB/e, where kB is the Boltzmann constant. At 15 mK
the FWHM = 64 iV and it starts to saturate around 300 mK. [26]

can be evaluated using the the Baker-Campbell-Hausdorff formula

X m

TA —TA T_
e Be 7" = Z m!Bm (3.2)

m=0

where

B,=1[AB|, =[A[AB], | . B =B

The goal is to find a suitable operator S, such that the Rashba term is cancelled

out when performing the unitary transformation. First we examine UHUT to
linear order in S

) 2 h )
UHU' = ¢S <p— +V(X) + —aayp) ¢S
2m m

2 2

p ha ) D . ha

~ 2 Ly 22 Poy(x ne
2m—|—V( )—l—mayp—l—z{S,QmﬂLV( )}+Z{S,mayp}
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The Rashba term can be cancelled out with the first commutator if we let S =
axo, such that ¢S = elowoy.

9 : :
i85 4 V)| = sl )+ gl
+ aizxloy, V(x)| + ailz, V(z)]o,
ha
=——oyp

The second commutator is just a constant

[ ha ia’h ia’h a’h? ) )
i {S, anp} = — [zoy, 04p] = Tay lz,plo, = — - o, = —(h*/m)a

Here we have used the basic identities
[pxi, xﬂ = (—2ih) z;0;
[l‘z‘,pij} = 2ihpxi6ij

as well as the commutator between Pauli matrices

(04, 0p] = 21 Z €abeOc
C

Note that this term is quadratic in the Rashba spin-orbit interaction constant c.
To linear order in o, the Hamiltonian has thereby been diagonalized: UHUT =
P4 V(z) + O(a?)
2m :

To second order in S, UHUT is given by

2

h
UHU ' ~ 2 1 v(X) +i {5, —O‘ayp]
2m m
1 p? 1 hao
- [sts g+ veol| - 3 [s.15. 220
2 .
_r AR N PR
= 2m+V(X)+Z {S, mayp] 5 {S, mayp] 0
2 2 2
P 1%«
- = X) - =
2m +V(X) 2 m
Since Hy = [S, H], = [S,[S, H]] = —% is a constant, it is clear that all higher

2m
order contributions are zero: Bs =[S, [S, H],] = 0 and By,»5 = [S,[S, H],,_,] =

[S,0] = 0. We arrive at the exact relation
2 H202
UHU' = Qp— FV(X) - 22

m 2m
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The transformation is nothing more than a momentum shift p — p + hao, , as
can be seen from

2 A A 2 h2 2
H:p_+_aayp+v(x):(p+ ac,)’  Ha
m 2m 2m

2m
This is also clear since S = axo, is a generator of momentum translation.
If the confining potential is an harmonic oscillator potential

+ V(x)

1
V(z) = imwgf

then H' = UHUT is the Hamiltonian for a harmonic oscillator with eigenfunctions
and corresponding eigenenergies iven by
¢y, and ding eig gies E;, given b
W = Hy,(z/a) (n!2”a7r1/2)71/2 e~ %" /20
1 a’h?
El = — | hwy —
" (" - 2) °" om

The oscillator length a is given by

a = (h/muwo)"?

and H,(z) is the Hermite polynomials defined by the recursive relation

Hyy1(y) = 2yH,u(y) — 2nH, 1 (y)

Ho(y) =1
Hi(y) =2y
The ground state of the harmonic oscillator is ) = (cml/ 2)71/ ?e=a?/2a* and

%Qﬁ(l) = —23. Since UHU™W' = E"W < H(UW') = E'(U)'), the eigenfunc-

tions and eigenenergies of H are

H, A 1
(x/a) e—zawaye—x2/2a2 7 E,=n+- hu)() _
(n!2”a7r1/2)1/2 2

o’ h?

2m

¢n - UW; -

By finding a unitary transformation between the Hamiltonian concerned and a
Hamiltonian with known solutions, the problem is solved. All one has to do is
to apply the hermitian conjugate transformation (for a unitary transformation,
this is the inverse transformation) to the set of known solutions. This is often
much easier than to solve the problem from scratch. Using the Baker-Campbell-
Hausdorff expansion to write out the transformed Hamiltonian in terms of the
operator S makes it a bit easier to find an S that does the job.

Using a unitary operator on the form e* and using the Baker-Campbell-
Hausdorff formula to calculate the transformed Hamiltonian is a neat way of
making perturbation theory. The BCH-formula is a series expansion in the orig-
inal Hamiltonian. Since the Rashba spin-orbit coupling « enters linearly in both
S and H, the element B,, in (3.2) will contain terms up to order O(a™*1).
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3.3.2 Rashba-term and an external magnetic field

In this section we shall use the techniques of above to find eigenstates of the
two-dimensional Hamiltonian

Hp=Hqg+ Hp, + Hy

2
p [ 2 ha 1
= gm T2 (YY) + T (0upy — o) = Sgupo B

following Golovach[9]. The Hamiltonian describes a particle in a 2-D harmonic
oscillator potential, subject to a Rashba spin-orbit interaction and a magnetic
field. The eigenstates are then used to calculate the tunneling coefficients in the
tunneling Hamiltonian that describe tunneling between the leads and the dot.

We want a unitary operator U = e°, such that UHU" = H; + H,. That is,
such that the Rashba spin-orbit interaction is transformed out. As in the previous
section, the strategy is to find an operator S, such that the part [S, Hy + Hz| of
the first commutator in the Baker-Campbell-Hausdorff expansion cancels out the
spin-orbit term. On order to identify S, we first rewrite —Hpg, as:

= ZZ &, Hy+ Hy) 0y

= [2 Zfﬂi, Hy+ Hy

[S1,Hq+Hz]

—1 Z & o, Ho+ Hy|

where we have defined € = (ay, —ax,0) = < Yy =z ,O) with Ago = 1/ being

Aso’ Aso
the spin-orbit length. In order to bring —Hg, on the right commutator form, we
got an additional term, that is not immediately on the right form. It can however
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be brought into the commutator form

—1 Z gz [Uiy Hd + HZ] = _gMBBa (ynyaz - ynzay — TN 0y + Inaco-z)

= —guzBa((=n.) [p,. Via.y)) oy + (=n2) [pa. V()] 0,
iy V)]0 4 e e Vel on) e

= —guBB&< [—n.0y, Hg+ Hz) 0y + [-1.0,, He + Hz) 0,
7 1

[nyﬁy + nx@x, Hd + HZ] O'Z) ﬁm (—Zh)
gupBa
— ? [ — n.0,0, — n.0y0,

+ (ny0y + ny0;) 0, Hy + HZ} + 0(32)

B
= {—9“32 n % ¢] -a,HdJrHZ} +0(B?)
mwg

where ¢ = (—ad,, @0,,0) = <—L(9 L&,O) and n = B/B. We thus have

Aso Y7 Aso
[S,Hy+ Hy] = —Hp, + O(B?)

with

B
S:Sl+52:i€~0'—gu—3a2[n><§']~a
ha)o

and to linear order in B, the rotated Hamiltonian is given by
-~ 1
Hp =UHpU" ~ Hy+ Hy + 5 19 Hral (3.3)

Note that % S, Hg,] has terms up to quadratic order in the coupling since S is
linear in . Restricting ourselves to one dimension, the quadratic contribution
to the rotated Hamiltonian is

042h2+ 1 ( a )quBB

m m hwg

Aso

1
5 [Sa HRa] - : (O'x,O,O'Z) p?g

The second term is an anisotropic correction to the g-factor which is negligible if
the dot is much smaller than the Rashba spin orbit length

a << )\50
and if the Zeeman splitting is much smaller than the level splitting

gupB < hwy
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. In the following we shall assume this to be the case and thus
Hp=Hy+ Hy

Acting with U on the harmonic oscillator eigenfunctions gives eigenfunctions
of H. In the following, we shall consider a quantum dot where transitions to
exited states can only happen as virtual processes allowed by the uncertainty
principle. Our hope is that this is sufficient to describe the characteristics of the
spin-orbit effect on the tunneling through a quantum dot.

The ground state wave functions of the two-dimensional harmonic oscillator
are

foo(,9)|0) = po(@)po(y)]o) = (ar'/?) T e (#249°)/26% g

for spins o =1, |. We choose the quantization axis along the z-axis. That is, |o) is
an eigenstate of S, and S%. The spin-orbit interaction gives rise to a new branch
index 7 = £1, that we will here symbolize as a pseudo-spin n € {+1, -1} = {1
A}, Multiplying with the identity operator and using

(02, 04,02) [ T) = (| 1), 1), ] 1))
(0z,04,02) [ 1) = (I 1), =il 1), =] 1))

the ground states of H are given by
01) = (1—=25)[00)] 1)
=100)| 1) — ia (yon — xay) [ 1)]00)
+ gupB—— [(~1.0,) 0 + (=1.9,) 0, + (n.; + D) 2] | 1)]00)

2
0

_ (1+gMBBmO:) (120 + 1y, )) 100)[ T)

2

0
. . « .

+ (120@ -y — QMBBm—wgnz (0 + Zay)) 00)] 1)

and

04) = (—z o — iay — gup By @—z’ay)) 00)] 7)

0

+ (1_g,U/BBmCL (140, + 1,0 )) 100)] 1)

0
Comparing the spin-up part of 1y to the spin-down part of ¢y, there is a lack of
symmetry regarding signs. This is due to o, having different eigenvalues associ-
ated with | 7) and | |). Similarly, the difference between the spin-down part of
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1y and the spin-up part of 1 is due to different eigenvalues of o,,.

We now restrict our attention to one dimension. We denote by C; the ratio
between the Zeeman splitting and the level spacing

n grsBi
KB mwia? Fuwyg

<1 (3.4)

which we assume to be much smaller than one. The energy eigenstates are

0) = (14 a0, ) 1011) + (az s a0 2 ) 101

= (1 - Cax) [0)| 1) + (*az + C.az) 0)] 1)

04) = (~ax = gua o0, ) 01 1) + (1= guab a0, ) 0] 1)
)10}/ 1)

A general dot state |n ft) (|n {})) is likewise given by applying the inverse trans-
formation (1 — S) to the oscillator eigenstate [n)| T) (|n)| 1)):

= (=t*az + C.az) [0)| T) + (1 + Crax

n, p==%1)= > [0/o')(n'c’| (1 - S)|n)|o = +1)

‘o=,

Here the notation gets a bit tricky. It is important to stress that |n, n = £1) =
In,n =1 / {) is a dot state determined by n and pseudo-spin, whereas [0 = £1) =
lo =1 / 1) is a normal spin state. In order to keep track of where which spin
o came from and to be able to write a general expression, we use an alternative

notation, namely
)T forp =
L forn =

3.4 Tunneling coefficients

A conduction electron in the lead o € {L,R} is initially in the state |ako)
determined by its momentom and spin. The alpha in the ket is only written for
bookkeeping purposes. The Hybridization Hamiltonian that describes tunneling
of electrons between the leads and the dot is

_ E on *
HT - takn ako’dnﬂ + takndincakﬂ
a=L,R k
o=T1,l n=1{
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where the tunneling coefficients are given by the overlap

tokn = (ko | Holnn)
= (ake|Hr|n'c’)(n'o’|nn)
n’o’
= Z Zin/mZ’Z
n’o’
In this expression t77 , := (ako|Hr|n'c’) is the tunneling coefficient between

a metallic lead and a dot with oscillator eigenstates where no SO-interaction
is present. This problem is well known, so in this thesis the tunneling co-
efficient tgi;l, is taken as model parameter. In order to find the coefficients

a'n _
n'n

m (n'o’|nn) we first find the kets to multiply:

fnm) = (1=5) [n}]or)
= [n)[o) + iawo,|o,)ln) + gus——

5 [—1:0:05 + n,0,0.] |oy)|n)
0

= (1 + CuaPaloy 0. ) n)loy) + (iarioy| - Cua?ad, ) in) 75)

By |o,| we just mean +1 for  ={} and —1 for n =|}. The m coefficients are given
by

mz;z = 6n’n50/0'7, 4+ ]an\Cxam&,/% <n/‘(‘9x’n>

— aloy|0m(n|zn) — C.a®abm=(n'|0;|n)

The inner products concerning x are[16]

a
(1 leln) = = |V s + VT F T

The differential operator acting on a harmonic oscillator state |n) is

VENTIREY

a

Orln) = == n) + 61 (n)

where 6, (n) is the Heaviside step function with 6; (0) = 0 and 6; (n > 0) =
1. Sandwiching the operator between harmonic oscillator states gives the inner
product:

(n'|0,|n) = —a=2(n/|z|n) + 01 (n) 220~ /n(n'|n — 1)
= =@ 2 [V St VI LS|+ 01 (0) 2207 b
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and hence the m-coefficients are

M = Bndre, = 1018950272 [V By + VW L S
10| o, (= a7 272 [V Gy + VI 1 by
+ 61 (n) 21/2a_1\/ﬁ(5n/n_1)
- Cutadm( — a8 VAT s+ VT TS0
+ 01 (n) 21/2a’1\/ﬁ(5n/n,1)

/

/
o'n o’'n
mgy, and mj, are

mib =(071]01) =1 myy =(07104)=0
m00—<0l’0ﬂ>_0 m00—<OHOU>_1
mlo—<morr> —2712C,an mlé*—< 1104y =27 2aa [1 + C.]

mlO =(1l]jof) =27 UQ@O‘[ 1+ (] mlO = (1104 = 2712C a0
The tunneling coefficients between n = n’ = 0 states are

t(T)le:O - <O[]{} T |HT|O ﬂ Ztakn/m 0

— ¢

= t(T);cO tl;le Y2Ca0 + tlkl [_CWQ 2 4 CZGOKQA/Q}

k)
omoo + takOmOO + taklmlo + taklmlo

Lo = ok | [Hp|0 J) = Zti‘,’m/m b
1 no1
= Tako™m + takO + takl + Lak1 ™10
- tﬁqo + tﬁﬂQ 1/2090@04 + tikl [@042 V2 Cz@o‘2_1/2:|

ttTJ}ILcO <C(]€ T ‘HT’O ‘u Z takn

_ 4Tl m I Tl W
=1 kOmOO +1 k:OmOO +1 klmlo + 1Mo

= tlbo + il [aa27 V2 + CLaa27 2] 41k 27Y2C a0

thLO <Oék l ‘HT‘O TT Ztakn’m 0

_— T

omoo + tak:OmOO + tl klmlo +tl k110

— tiTkO + takl |: aq2” 1/2 + OZCLOZQ 1/2j| - tiTle_lﬂCxaoz
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If t?9 , is independent of k, proportional to d,, and also spin independent, then

akn’
akn § : tom/ m

The tunneling matrix between n = 0 states is thus

Mmoo _ Cuaa aa
o= (110 1000 ) = (o Ty e (35)
tak:O takO a_\;% [_1 + Oz] tal taO + \x/%atal

Notice again that
ax <1 and C; <1

If we consider a quantum dot with only one n-level, namely n = 0 with
pseudo-spin 7 € {1}, {}}, then the transition is determined by these overlaps.

3.5 Rotating the lead operators

We now focus on a single orbital, for simplicity take n = 0. Only virtual tran-
sitions are allowed to the other orbitals. The tunneling in and out of the n = 0
orbial from lead « is now described by the following tunneling term in the Hamil-
tonian:

4
Z takocakadon Z [(tljlzodoﬂ + thodOU) CLkT + < odop + takOdOU) Cak J

kon

- Z [( k‘OcakT + takocakl) dOTT + < akOCakl + takOCLkT) dOl}}
(3.6)

Note that in the tunneling process any dot pseudo-spin electron (i.e. both 1
and |}) can become a left lead electron with any spin (T and |). This differs
from the trivial spin conserving form. A first attempt to deal with the tunneling
Hamiltonian would be trying to rotate the operators in a way that brings the
Hamiltonian on the trivial form. If it is possible to define a new set of creation
and annihilation operators obeying fermion statistics that brings the Hamiltonian
on the right form, then we are done. With the first line of (3.6) in mind, one
could define the two brackets as some new operators and check whether they
are fermion operators or not. Provided they fulfil fermion statistics, the problem
is solved by expressing the Hamiltonian in terms of the new (rotated) set of
operators. In this way the problem is solved by means of a rotation of the lead
spin quantization axes.

The left tunneling coefficient ¢77, will in general be different from the right
tunneling coefficient ¢%’,,. Thus if the dot creation and annihilation operators are
rotated, there will be two distinct rotations, one associated with the left tunneling
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coefficient and one with the right. Instead we want to rotate the two set of lead
operators. These are destinct anyway. The result is

T _ T T
Z toukoCoko oy = Z [Cak:OﬂdOﬂ + Cakoudoll]
kon k

where a new operator CTLkOn has been defined as

CLax ao
CLkOTr - (tao - —\/5 tal) CLsz + (ﬁ -1+ C,] tal) c&kl
3.7
Crac (3.7)

ax
CLkOlL = (ﬁ [1 + Cz] tal) CLsz + (tao + Wtal) CLkzl

with tunneling coefficients from (3.5). This can be interpreted as an operator cre-
ating a fermion with momentum % and pseudospin 7 only if the anti-commutator
relations are fulfilled.

Crax 2 ac 2
{Cak(m, CLk()ﬂ} = (tao — W?ﬁm) {Cam, Clm} + (ﬁ -1+ tal) {Cakia CLkL}

CLax
= tio — Wtaotal -+ 0(042, B2)
CLax
{Cakzwa CLkOlL} = too + Wtaotal +0(a?, B?)

{cakw, chOﬂ} = V2aaC.taote + O(a?, B?)
T T _ _
{Cakom CakOn’} - {Cakm Cakn’} =0

For B = 0, this is {cakon, Clkon/} = Oty +0(a?) & b, t2, and {CLkOn, Clkon/} =
0. If t2, is absorbed into the creation and annihilation operator, then the
anti-commutator relations are fulfilled to linear order in @ and B. For B =
(B:,0,B,) # (0,0,0) and a non-zero SO coupling, the anti-commutation rela-
tions are not fulfilled. The anti-commutation relations hold only in the trivial
case with a magnetic field along the y-axis, B = (0, B,0). In that case

t t ac t
Cakop = ta0Cak — \/italcakl
(3.8)

cf = ﬂt ¢l taoc!
ak0y — \/5 alCqk 0%k |

Expressing the tunneling Hamiltonian in these fermion operators brings it on
the form of a trivial, spin conserving tunneling Hamiltonian. For B, # 0 # B,
it is not possible to solve the problem by means of such a rotation. Therefore we
have to deal with the tunneling Hamiltonian (3.6).






Chapter 4

Kondo model

We consider a dot Hamiltonian given by
[N{D = Hd +HZ+ Unﬂnu

The Hamiltonian describing the system constituted by the leads and the dot is
thus . 3
H=Hp+ Hpr+ Hr

4.1 Transforming away the charge fluctuations
(Schrieffer-Wolff transformation)

Following Schrieffer-Wolff[24] we want to perform a canonical transformation
of the Hamiltonian that eliminates the high-energy states. The transformation
should project the Hamiltonian onto a subspace with only one electron on the
dot, and where excursions to the double- or single-occupied states can occur
only virtually. A such transformation can be represented by means of a unitary
transformation €™ acting on the Hamiltonian

Hg = e He™™

such that the tunneling part is transformed away:
i [S, Hp+ Hyp| = —Hr + 0 ((t70)2)
To second order in the tunneling, the rotated Hamiltonian is given by
iS I7,—iS ~ g
H5':€ He %HD+HLR+§[S,HT]

Such a transformation exist. Let S be given by

S=5+(5)

29
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s

t
ST =—i — 0 d, — 9 (1—ny)c, d, ) =S +S;
ZZ(Ek—E2+E aka +€k+EO_E1( nn)cakan 1+2
Then the first part of the commutator is

(ST Hp + Heg| =iy toongcl, d,

akon

where we have used that n = nyand Ey—FE; = U+e,. Similarly [52_, Hp + HLR} =

Z.Zakan a0 (]‘ - nT]) akzad and hence

[S_,HD + HLR} =1 Z tggclkad

akon

Using [S™, Hp + Hpp|+[S™, Hp + Hrg] = [S™, Hp + Hpgr]—[S, Hp + HLR]Ta
we see that the first commutator in the Baker-Campbell-Hausdorff expansion
cancels out the tunneling hamiltonian:

[S Hp + HLR (Z tggcjxkad + Z tan*cakad Caka) = —Hrp

akon akon

Calculation of H( = L[S, Hy):

CONEY (4.1)

!
_ +1 . a0a’0
[Sl 7HT:| =t 2 : 5 _ Ea + B [ akad d ’Ca/k/o'l]
akon ak 2 1
a/k/o./n/
ono'n'*
e —Z E Lclkgca/k’a’dndt
‘e Sax — L+ By !
a/k/d’n’

where we have used that nzd,, = 0 and nﬁdndil, = dndg/ when acting on a dot
occupied by one electron (in {} or |} state). [SQ_ ,HE } is calculated similarly.
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If £ < By — By, Eq— E, the dependence on &, in the denominator can be
neglected[4]. Using the relation dndj?, = Oy — d;,dn, the commutator reads

1 1
- + ~ § : onyo’ 77 * T T
[S 7]J —1 t t { ( El + EO _ El) Cakaca/k/a/dn/dn

akon

lk’o"nl

1
(5o g) tmelaare "

1
— =14 Y /dT,d
(EO_El) ako,a'k’o’ Yy 77}

Letting s (S) denote the spin on the lead (dot), one can define spin operators
by[4, p. 172]

_ E T
Sa'k’ak = 5C ko To'oCako
oo’

S = d

'’

d

n Tn'ntn

where 1,., = (o'|7*, 7Y, 7%|0). In addition we define
0 _ T 1
So'klak — CakTCO/k‘/T + Caklco/k’l
SU=didy +djdy =T

Note that since we are in the Kondo regime where the quantum dot is populated
by exactly one electron in either the f} or the | state, S° is simply the identity
operator. The creation and annihilation operators expressed in terms of spin
operators are given by

i _ L i L/ i 1o .
CaktCa’k'T = 5 CakCalk'1 + Cak| Ca'k’| + 5 Cak1Ca’k'T — Cok | Ca'k!| | = isaka’k’ t Saka/k!

T _ 1 0 z
Cak)Ca'k'l = §5aka/k/ — Saka/k!

CLszCa’k’l = S;rko/k’ = Sekarkr T isgka’k’
CLlea/k/T = Saka'kr = Seka'k' ~ WSagarks
for the lead operators a € {L, R} and for the dot:
1 1 1
T T T | T —
dfdy = 5 (dhdy + dldy ) + 5 (dhdy = djdy) = 580+ S.
1
dydy = 55 — 5.
didy = ST =S, +i5,
djdy =S~ =8, —iS,
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Expressing (4.2) in components of the spin operators gives

1 1
ST HI| ~ —i
5]~ Y {(EEEE)
Saka /k/S + aka,k/S +25ak:o/k’s +Saka/k’sz

)
— 55kar S’ — 2 SetarkS” + S S?)
/k,S +25aka,k/5 2 8 S® — aka’k’SZ)
+ 20t (4 Okt S = 28% ke SY A+ 280 kS — SiperinS?)
+ togtiros i (58° 4+ 5%) + th tl/o (380 + Soparr) ST
+taotaoSarar (357 = S7) + taotart (35akam = Sakarwr) S
+taotaroSakar (357 57) + taotart (35ararn + Sakarn) S
+taota0Saran (357 = %) +taotarn (35 )

11,225 + 12,215 + i
+ taotaroSakarS T taota ’OSaka’k/S

lk.l - Szka/kl Si

/05 akalk! + /05 akalk!

1 11 411 12 ;12x% 1.0
- [ (taota’o + taOto/O) (QSakzo/k’ + Sak:o/k’)
Es — E;

+ (tQ%]tQ +t22t2 ) (2 Saka'k! aka’k/)
+(t1%t2 +t12t2 0) Skt
+

(4 U35 Suarn|
(s [t
+ (tl%tl +t22t2 )(; )
+ (tiotare +t20t28) ST
+ (thotars +t20the) S~ ]

S0+ 5%)

where again S° is really the unit operator, just kept here to remind ourselves
where it came from.

The types of terms in (4.3) are i, .., S% 8., 5% 80,050, 828" and
wS? for ij € {z,y,z}. Subtracting the hermitian conjugate in (4.1) gives a

aka
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Hamiltonian on the general form:

A =5 3 TS Y (Vawr sl + VawrS°)

ad'kk’ ije{z,y,z} aa’kk’
E 0 0 E E i i 0 i 0 i
-+ wOlO/Sak:o/k‘/S + (w;a/saka/kls —+ Wéa’saka’k’sz)
oo kk’ ac’kk’ ie{z,y,z}

+ Z Z (Liza’sizkzo/k:’ + Mtia’si)

ad'kk’ ie{x,y,z}

or inserting that SY = I:

Hé?) = Z Z Joizjo/ Sika/k/si + Z Z Kézo/sgzko/k/si

ad'kk’ ije{z,y,z} ad’kk’ ie{x,y,z}
-+ (Laa/saka’k/ + Maa/S ) —+ Naa’saka’k/ + Oaa’
ad'kk’ ie{x,y,z} aa’kk’ oo’ kK

(4.4)

Ea—Er1 | Eo—FEs
In the following j.k,1,...,0 shall denote the energies J,K,L,...,O without these pref-
actors.

All of the energies J K,L...,O contain an energy prefactor, e.g. < N — )

4.2 The Kondo Hamiltonian

We shall now focus on the exchange-like term

[S 7HT}K =2 a%/ (E2 — B * Ey — El) Z-Zj]aa/saka/k/s

with the complex matrix given by (4.6). In order to find
(2) 1 -~ 1 _ _ T
HK _§[S7HT]KN§<[S 7H7—L_]K_[S 7H;:|K>

one needs the hermitian conjugate of the products ;¥ sﬂk, S’ The matrix el-
ement j¥ is a complex number (and not an operator or a pseudoscalar), hence
e T = 4%, By writing the spin operators in terms of the creation and annihi-

lation operators and using the fact that dot operators anti-commutes with lead

T

operators, one finds that (sika/k/si) = si,k,akSi for all i, 5 € {z,y, z}. The term

to subtract is thus

. | 1 1 e
[S 7H;;i|1}-( — +2Z Z (E2 — El + EO — El) Zjo;ya/ Si/k/aks
)

ao’kk’
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and since j = j, the "sum” is

(2) _ 1 1 i g i g i
HK - a;d (E2 _ El + EO _ El) Z (jaa’saka/k’ +ja/a80/k’ak) S

ij

The Kondo Hamiltonian is

H(2) — 2 +1] , J , ,SZ
" a%/ Ey, — E - Ey— £ izjjaa Tockal (4.5)
with
2, 0 —29taotar
jaa - 0 tio 0
27ta0ta1 0 tio ij
tonto/O ZCx’y (talto/O - to/ltoz0> - (talto/O + to/ltoz0>
jaa’ - _ZCIP)/ (tozlto/o - to/ltOzO) tonto/O _ZCZ’V (tozlto/o - to/ltoz0>
Y (talto/O + to/ltaO) ZOz’y (talto/O - to/ltaO) taOto/O
(4.6)
where

¥ = —2712qa
Note that the alpha in v is the SO coupling strength unlike the labels on M
that numbers the leads. The Rashba Hamiltonian was transformed away only
to linear order in the coupling (see (3.3)). The Shrieffer-Wolff transformation
is valid only to linear order in the tunneling coefficients. Therefore we have
neglected higher-order terms in the the above.
In the absence of spin-orbit interaction the Kondo Hamiltonian is isotropic:

Jao/ Z Sgka’k/si
i
An anisotrpic form would be

E 7 7 T E + — — + z z
Jaa/Saka/k/S — JJ_ (Saka’k’S + Saka’k/s ) + J”Saka'k’S
7 7

In the case of a Rashba SO interaction, the Kondo Hamiltonian is even more
complex. The Kondo Hamiltonian thus has very low symmetry. For magnetic
field, B = (0, B, 0), the awv-contribution to the Kondo Hamiltonian is

1 0 6,
S (isia) S =2 0 1 0 |se-Sx (R (6a)sa)- S
ij -6, 0 1

Ry (02)+0(62)

where 6, = V/2(ta1/tao) aa. These terms are on the form of a dot product
between a rotation of s,, and S. The anisotropicy can be understood as a
rotation of an isotropic system.
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4.3 Current

In a system described by the Kondo Hamiltonian, a transition from left to right
is due to

T i
]RLch/ 5! aaCLkUS

The transition rate DX5o"247 is between an initial state i) = |ir)|iz)|n) fulfilling

ChroCrrolin) = |ir)

ChpworCRIVor |iR) = 0
and a final state

1f) = Chpr ol dncrkoli) =l Crmaliv)lin)|n)

Here the lead eigenstates |i,) are N-particle basis states in the occupation number
representation.

If one is only interested in what happens on the dot, one can define a tran-
sition FR,% as the sum over all possible initial and final states of the transition,
each weighted by a thermal distribution function W. Going a step further and
summing over all directions of currents gives I',/,,, the transition for the process

of the dot spin changing from n to ' € {n,7}. In generel this is[4]

ok o ako 2w N2
Ly o = - [{flHr )]0 (Ey — Ei)
oo o'k'o’ ako 10 .
Fn’n - Z ZF Wi
kk'oo’ 1

. E o o
Fn/n — Fn/n
aa’

The transition T'[}} is between an initial state |i) = |iz)|ir)|n) and a final state

1f) = Chpr o dnCrkoli) = chpr Crmali)ir)n)

The transition rate from |i) to |f) is given by Fermi’s Golden Rule:

DS

fL,frRIL R

<77,|<fR|<fL|HT|iL> lir)|n)

X 6[EfL + EfR + En’ - EiL - EiR - Eﬂ]
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Neglecting everything but the first term in H[(?), the transition rate from |i) to
|f) is given by

=2 Y Y 572 2 (e ) ST

kok'c’ ir iR ijk'k

X VVZ VVZ 5[£Rk/a/ + 57)’ - (€Lk0 + 577)]

2
] . .
Z ﬂ7-0 07-17/7) (Z Wi, <2L‘CTLI<:JCU€U ’2L>>

i
X (Z W/%R@R\CRMU'CEMJ/VRO <Z<77/‘dj7dﬁ”77>>
iR '

0[eror + &y — (Sho + &)

2

2

o T
z]ch,wd dyCR /o

_ Z 1287r

kok'a’

To_ 07—77/77

>3

Z np (Erke — pr) [ —np (Erwo — pr)]

kK’

[gk’a/ + 577/ - (gka + 57))]

with np (§Lke — 1) being the Fermi-Dirac distribution function

1
exp [(§oke — pr) /kBT) + 1

F(ELke — 1) =

Here we have used that (iz|cl, ¢, |ir) o 0,70, and likewise for the inner prod-
ucts conserning the right lead and the dot. Assuming that the lead energies are
independent of spin, that is {uke = Ear, the Fermi distribution functions and the
delta function can be taken outside the spin sum. In an isotropic Kondo model
( ng o 0;;), the product of Pauli matrices is simply

Z ZJU 0; TaoTn/n

oo’ i

Z i ok T 5 kT
jRLjRL ToroTolo Ty 777-77/7)
oo’

K RL
= ZJRLJRL Tr[rir }TTJ; T = 20,7

26,1,

where theta has been defined as
RL ._ T A
077/7) T Z (jRL) Ton Ty
J
Here hermiticity of the Pauli matrices (7';r = 7') have been used to find 7, * =
(o'|7'|0)" = (o|7%|0’) = 7¢_,. In the anisotropic case the product of Pauli matrices
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18
2

k * l * kl *
jRL oo nn - jRL oo nn To'o

oo’ i oo’ ij
E * E k
- jRLjRL To'oToo! 7-77/777-1777
ijkl
- 2§ :]RLJRL T nn
ijk

_22 RL k,:_QHRL

with ARL = =2 ]%L Jpr, - Because of the continuous density of states, we replace

sums by 1ntegrals
Z - / dgakg(gak)
ak -

for« = L, R. Assuming that g(£1x)g(€rk) is constant in the relevant energy range
and hence can be taken outside the energy integrals, we obtain the transition rate

Fﬁ% = ?—ZQﬁﬁngR /oo d€ Ry /oo dérine (§ok — o)
X [1=np (Ere — pr)| 0[Err + &y — €k + &)
— 167 (Prtr)” glth) QRL ILIR /Z dérenr (Srp + &y — & — pr) [1 —np (Erw — pir)]

167
= —QﬁgngRnB (& — & — pr + pr)

U2
X / d€ gy [np (ka/ — ,UR) —nr (ng/ + fn/ - gn - :UL>]

= 167TU729L9R9§'I¢; (& — & — pr +pr) np (& — & — pr + 1r)

FLR

A transition from right to left, , is given by initial and final states |f) =

chUdn dyCrivor|i) and the Kondo Hamﬂtoman jLRCTLk~TgU/CRk/ ,S%. With the sub-
stitutions (R, L,0,0") ~ (L, R,0’, o), the calculation runs like the above.
2
F%—Z Z] Too! nn ZnF Error — pir) [1 — e (§pke — pr)] 0[]
kk!

= 167U~ QLQRQLR &y — & — pr+ pn)np (& — & — pr + 1r)

with
HLR

§ :jLR]LR n’n nn
ik
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Note that the relation j;ja/* = jg}a (v # ) is not sufficient to ensure identical
thetas:

LR . RL
O - ZJLRJLR T Tm Z]RL jRL - 7777 %Z]RLJRL T 7777 =0y

ijk ijk ijk
Similar calculations leads to I'y, a € {L, R} In these cases the transition
is described by initial and final states |f) = akadn dyCakio|?) and the Kondo
Hamiltonian j% ¢! kgTia’Cak’ S

2
ros =

4 o 4
-7 7 2 -
’Ca ka T] ’Ca,k/a/ U/2 E : (j()zjasa]}/@];) S ‘7’>

kok'o! i ijk'k
X I/Viag[gak/a/ + gn’ - (gako' + 677)]

Since only one lead is involved, the initial state |i,) is sandwiched between not
only one anihilation and one creation operator, but between two of each, all with
different momenta and spins. The inner product is

Z <ia‘clk/a’cakaclizgca1}/&/‘ia> = Z <ia,clk'a'cakaclkéca’5’5"ia)ak’;ék/’;'(saé(s"/&/
Lk 56 kk'G5'

= (ia Clk/a/cakoclkacak/o/ [ia)

= <ia‘CLk/U/Caka <5kk/5aa’ - Cak’U’CLka> ‘ia)

= <ia|clk/o./cak:’o" Cakaclkg|ia>

= Z<ia|clk'a'0akz’a’ |.7a> <]a |Cakaclka|ia>
Jou
= (ialc} jyorCatrorlia) (ial Caro Chiglia)

Each of these inner products equals zero or one. Therefore

Z Z |<Za||la> |2 Wi, = Z Z<ia|clk’a’cak’0’|ia><ia|0akaclka|ia>w

kk!  ia kk!  ia
- Z ng (gak/a/ - ,Ua) [1 —np (gako' - ,Ua>]
kk’

The transition rate is

roy = 167TU_29210,°;/°7¥7 &y — &) np (& — &)

with 095 = 37,4 i kTl . All transition rates o/, € {L, R} are on the
same form:

F%Y = 167TU_2ga’ga‘97?/,7? (fn’ - 577 = Ha + ,U/o/) np (577’ - 577 = Mo Tt Na’) (47)
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with / .
ng’a Zjaa]aa 72777 '’ Z]aa]aa’ To'n 7777
ijk ijk
A transition between dot states  and 1’ can happen in a process where an

electron tunnels from lead o € {L, R} to lead o € {L, R}. In other words, if one
is only interested in the net process on the dot, a transition rate I, is defined
by

0y, = DL T T2
We can now determine the nonequilibrium occupation numbers P (7). This is
done by solving the following master equations:

n'n

deiﬂ) = —Typ P (1) + Ty P (V)
d};](fu) = TP (J) + Ty P (1)

with the constraint that P (f}) + P ({}) = 1. In a steady state (dP(n)/dt = 0),
the master equations give
0=—TpP{)+ TP (1) = =Tpy + Lpy +Typ) P ()
and hence
Ty Lyg
PM)=c—5 PU)=—"F+—
Loy 4Ty Cpy 4Ty

Inserting the transitions rates in the above relations yields P (7). To calculate the
current through the junction, one needs the transition between all states within
the Kondo regime:

I= (=) (Upr =T P (n)

'

= (—e) 167TU*2939L Z (fn/ - & — V)ng (57)’ — & - V) 9717%’]5

'

(4.8)

- (fn’ —&+ V)ng (fn’ &+ V) ‘976'}; P(n)

(4.9)

where the potential V' has been defined as V' := pu — ugr. Note that also P ()
depends on §,/,&, and V' through the transitions I',/,,.

A mathematica-calculation of the differential conductance as function of bias-
voltage is displayed in fig. 4.1. See the code in Appendix. A similar mathematica-
calculation of the conductance in the case of a vanishing magnetic field do not
show a Kondo peak. This is due to the fact that higher order contributions have
been neglected. These become increasingly important as the magnetic field is
decreased.
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200 -

150 -

100 -

-2 -1 N 50

Figure 4.1: Differential Conductance dI/dV plottet against V
for the values: C, = 04, C, = 0.1y = —2"Y2aa = 0.1,
tro = Litro = Litgr = —1, T'= 0.4, B = 1.0. Notice the strong
asymmetry in the peaks at V = £1.2. By zooming out it is pos-
sible to see that dI/dV converges to the same value in V = 400

4.3.1 Differential conductance for |V| >> |B|
The energy of state |0, / |}) is to linear order in B given by

& = ngupB/2

Then (¢, — &,) o< B so the condition |V| >> |£,,—¢&,]| is equivalent to |V| >> |B|.
The probability P (n) is a rather complicated expression of the energies and the
bias-voltage. The transition rate I',5z that enters P (n) contains terms linear in V'
and terms linear in B. Neglecting all terms linear in B yields the transition rate
in the case of |V| >> |B|:

Ly = Io [0 (V) np (=V) + 0V ng (V)]
with Iy := (—e) 167U 2grgr, so

G (0B (V) np (=V) + 0EEV ng (V)] + [05E (=V) ng (=V) 4 058V ng (V)]

In this case the only difference between P ({}) and P ({}) are the thetas in the
numerator. For a bias-voltage much larger than the temperature, that is V' >>
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kgT, the product of the bias-voltage with the Bose-Einstein distribution function
is approximately linear in V. Introducing a step function 6(z), the product is

+V

(V) s (£V) =

~ [VIo(FV)
For V' >> kgT (and still for |[V| >> | B|) the occupation is

RL RL RL
P ~ {e)% (GZEM%) for V>0
0,57 (% + 07, ) forV <0

The differential conductance is given by

Iy Ze LORE ) (ORF + 651) for V > 0

n'n”nm

dI/dV ~ (4.10)
Iy Z OLROLE ) (OL1 4+ 01 for V < 0

n'n nn

If there is no spin-orbit coupling, then jéf}a = ¢;; for all &/, € {L, R}, hence
O = ZZ T Ty = O - In this case (4.10) shows that the dlﬂ:ferentlal Condufz—
tance will be equal in £V (for |V| >> 7). In other words, there is a symmetry in
left and right, such that by flipping a large bias-voltage V' the current will main—
tain its magnitude and shift direction. With a finite Rashba-coupling «9““ £ 0%

c.g.

nn’

9# HTNL = 4C, (tratro — trotm)y(—2trotro + tratroy + trotriy) (4.11)
which in general is non-zero. Here v = —27'/2aa and we shall remember that
the expression is only valid up to linear order in the gammas and magnetic field,

hence we shall only look at the terms linear in these:
Q#R Q;ﬁf = 80x(tL1tR0 - tLOtRl)tLOtRO (—2_1/2(106) (412)
By expressing all thetas in terms of gammas and C’s, one finds that

ORLORE ] 055+ O5Y) = 0480 (0L + 01

and the differential conductance (4.10) is thus equal in £V (for |V| >> 7).

4.3.2 Differential conductance for V = +B

For a bias-voltage V' in the neighbourhood of +B, there is a difference in diff.
conductance for £V. For —B < V < B only the ground state ({}) can be
occupied, hence the only transition allowed is the spin-preserving one I'yy. For
|V| > B, spin-flip processes Iy and I'4 are possible since the potential difference
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"delivers the energy needed to flip the spin”. By turning up the bias-voltage from
|V| < B to V = +B there must be a step in dI/dV where the first spin flips, that
is where the transition I'y; becomes possible. Here, the current is given by

I=1Ty| (& =& —V)np (& — & — V)05

— (& =&+ V)np (& — &+ V) oy

+ (=V)np (=V) eﬁf — (+V)np (+V) Q{Iff P({})
For B = (& — &) = —V the differential conductance is:
dl d IR
i _IOW [(B+V)ng (B+V)] B:_v%
and for B =V:
dl d
— ~ Iy [(B=V)ng(B-V 05
v, gyl B=VinsB=V)]| Oy
and hence

dI/dv. _ 0ff
dI/dv_ "~ ok

(4.13)

The difference (4.12) is to linear order in the Rashba coupling given by
(Q#f — Oﬁf) = 4\/§Cx(tL1tR0 — tLOtRl)tLOtROQQ

Taylor expanding (4.13) as a function of the Rashba spin-orbit coupling o around
a = 0 gives (to linear order in «)

dI/dv, ot O

A 055 lazo

Using
9#1? = tholhy — 2V2 (t7otrot 1 — thotrotr1) aCyror
yields the result

dI/dV, ton  tri\ gpsBs a
o4y o 4.14
dl/dv_ v2 (tLo tRo) hwoy  Aso 1)

where Ago = a~! is the Rashba spin-orbit length. Hence the peaks in differential
conductance at V' = £B are equal only if

o _tm (4.15)

tro  tro
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or if either the spin-orbit coupling or the x-component of the magnetic field is zero.
The tunneling coefficient t,,, = t77 := (ako|Hp|no') which we have assumed in-
dependent of spins and momentum is the tunneling coefficient between a metallic
lead and a dot described by oscillator eigenstates (without SO-interaction) with
harmonic oscillator length a. If the tunneling coefficients fulfill ¢11/tro # tr1/tro
and if a Rashba spin-orbit interaction is present, then the the magnetic field B
is a handle for controlling the asymmetry of the differential conductance.

In the g-factor g enters in its original form. This is due to the neglection
of higher order terms in the transformation (3.3). The quadratic term % [S, Hg,]
contains an anisotropic correction to g. Carrying out the transformation to higher
order (infinitely high order) will thus lead to a renormalization of the g-factor.

A recent measurement by Csonka et al. have shown an asymmetry in the
Zeeman-split Kondo zero bias anomaly [5](see fig. 4.2). Other experiments such
as the one by Park [19](see fig 4.3) have showed a slight asymmetry.  This

B[T]
010 015 020 0.25
s 10.2

o

o

N

(9]
T

lgl=1840.5 o

-0.2 0.0
VSd [mV]

Figure 4.2: Magnetic field splitting of the Kondo zero bias anomaly. (main
panel): Differential conductance vs. source drain voltage at different perpen-
dicular magnetic field values B = 0, 5, 10, ..., 240mT (back to front). Measured
at Vbg = -2.64V and Vtg = 0.08V. The curves are shifted for clarity. The two
side peaks (gray arrows) are superconducting features induced by the Ti/Al
electrodes. (inset): The position of the inflection points of the Gd(Vsd) curves
from the main panel (orange dot and green triangle) as a function of the mag-
netic field. Linear fit (line) with the extracted |g|-factor. [5]

04

asymmetry cannot be explained by a Kondo model that does not take into account
spin-orbit interactions. The model examined in this thesis offers an explanation,
namely that for a given a,oc and B the asymmetry is determined by the tunneling
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< T=15K —0T
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Figure 4.3: Right: Magnetic-field dependence of the Kondo peak.
The peak splitting varies linearly with magnetic field. Notice the
slight asymmetry. [19]

coefficients tr1, tro, tr1, tro- The result will be modified by contributions of
higher order in the coupling and in the magnetic field. However, this simple
approach is sufficient to describe the characteristics of the asymmetry.

4.3.3 The spin-orbit coupling constant «

The relation (4.3.2) can be used to determine the coupling . Say that we have
a mesoscopic quantum dot that can be described by a harmonic potential with
a certain oscillator (or frequency) length a (wp) that is known. We apply a fixed
external magnetic field B, and measure the current throught the junction as a
function of applied voltage. In order to determine o one has to find a way to
evaluate the fractions (t11/tro) and (tg1/tro).

Typical values of the the spin-orbit length Ago = 1/a are 50 — 200nm. Fasth
et al. have measured the spin-orbit length in an InAs nanowire quantum dot of
length 46nm and width 18nm to be Ago &~ 127nm[6]. For unconfined electrons
in similar InAs wires, Hansen et al. have found a spin-orbit length of \gp =
200nm([10]. In a recent experiment P.D. Nissen have estimated the spin-orbit
length in InAs nanowire quantum dots of length 220-250nm and width 75-90nm
to )\SO ~ 80 £ 20nm[18].

4.4 Potential Scattering Terms

The other contributions in (4.4) are calculated similarly to the Kondo Hamilto-
nian. Collecting terms of the same type in (4.2) and using that
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hd (Sgka/k’)T - Sé/k’ak ) (SZ)T - SZ and [Séka’kH SJ] =0 for i7j S {O,x,y, 2}

e the prefactor p € {k,[, ..., 0} multiplying the concerning term fulfills
(piza’)* = pé/a

o HY = 5[5, Hrl = 4 ([57, 1]~ [57 7))

yields
H(Q) _ Jij Sj gt + Ki g0 g
s - aa’ Caka’ k! aa’ Caka’ k!
ad'kk ije{x,y,z} ac’kk’ ie{z,y,z}
=+ ( aa’sakza’kz’ —+ Mao/S ) + Naa’sakza’k’ =+ Oaa’
ad'kk’ ie{z,y,z} aa’kk’ oo’ kK

with the energies

K ( . . 1 ) ac C'Yz(lgtalgtal +tta2ta/§>
aal = S ! arolal = taola’l
E2 — E1 EO - El \/i Ox (ta/otal + taOto/l)

i

I ( 1 1 ) ax _Qz(ita’;)tal +tta(;ta’3)
aod — - = —t\lo/olal — laola/l
Ey—E, Ey—FEi) V2 Cy (taotar + taotarn)
1 2a0 _Qz (tarotar + taotarn) (4.16)
Maa’ = E E —1 (ta’Otal - taota’l)
0— = \/5 Cx (to/Otozl + taoto/l)

1

E,—E, FEy,—E 2

1
Opor = (ﬁ) (—taotaro)

In the particle-hole symmetric point L,o = Ny = 0. In the absence of spin-orbit
interactions the only terms beside the Kondo term are the constant term O, and
the potential scattering contribution N, . For a nonvanishing SO coupling there
are two additional contributions (again in the particle-hole symmetric point),
K, and M, . This is not potential scattering in its traditional sense. However,
it is fundamentally different from the Kondo term in that it is not an exchange
scattering. The Kondo Hamiltonian describes that the spin of the lead electrons
can change if, at the same time, the spin of the dot changes. The terms K, and
M. do not have a such exchange. It is the still Kondo term that is responsible
for the interesting physics.

1 1 —taota
Nao/ - ( ) ( 0 0)






Chapter 5

Summary and Outlook

Starting from the Anderson model for a quantum dot, with Rashba type spin-orbit
interactions, coupled to two metallic electrodes, we have derived a Kondo-model.
The model has a very low symmetry and the the resulting Zeeman-split Kondo
peak in the conductance has an asymmetry controlled by the coupling to the
leads. In a quantum dot where the coupling to one lead is different from the
coupling to the other, the Zeeman split Kondo peak will be asymmetric. This
model offers an explanation of why a Kondo-effect is observed in materials that
has substantial spin-orbit coupling. Moreover, it can explain the asymmetry in
the Zeeman-split Kondo peak that has been observed by Csonka [5].

Solving the Kondo problem for this Kondo-model is outside the scope of this
thesis. An approach could be to make a 'poor man’s scaling’, inspired by Ander-
son’s solution of the original Kondo problem|2].
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Appendix A

Mathematica code

See the next page.
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