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Abstract

This thesis implements methods developed for Cosmic Microwave Background (CMB) analysis into the
framework of heavy ion physics. This is done in order to investigate simulations of high-multiplicity
heavy ion collisions (events) on an event-by-event basis. A qualitative method for determining the
elliptic flow amplitude and the event plane angle on an event-by-event basis is developed. The CMB
methods are based on the decomposition of a signal into spherical harmonics. Using the coefficients of
the decomposition, called alm, an analytical formula for extracting information on both odd and even
collective flow moments in a heavy ion event is derived. It is shown that elliptic flow is tightly connected
to the a22 coefficient. The data analysis is done on both simple toy model simulations and on HIJING
(Heavy-Ion Jet INteraction Generator) simulations. A tight linear relationship is seen for both toy model
and HIJING simulations (as predicted from the analytical formula). The methods developed here should
be applicable for higher order flow as well.

Resume

Dette speciale tager udgangspunkt i metoder der er udviklet til analyse af den kosmiske mikrobølge-
baggrundsstråling (CMB) og implementerer dem i tung-ions fysik. Formålet er at studere simuleringer
af høj-multiplicitets tung-ions kollisioner pået event-per-event grundlag. En kvalitativ metode til event-
per-event bestemmelse af amplituden af elliptisk flow og event plane angle udledes. CMB metoderne er
baseret p transformationen af et signal til spherical harmonics. Ved at benytte koefficienterne for denne
transformation, kaldet alm, udledes en analytisk formel for lige og ulige momenter af kollektivt flow i
en tung-ions kollision. Det vises, at elliptisk flow er tæt forbundet til a22 koefficienten. Dataanalysen
er udført både p simuleringer lavet med en forsimplet model og p HIJING (Heavy-Ion Jet INteraction
Generator) simuleringer. En tæt lineær sammenhng (som forudsagt af den analytiske formel) ses for bde
den simple model og HIJING simuleringer. De udviklede metoder bør ogsåkunne anvendes for højere
ordens flow.
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Chapter 1

Introduction

The motivation for the topic of this thesis is the idea that knowledge and advances in one field
of physics might benefit another - with methods, physics or just the sharing of ideas. The two
fields in question here are cosmology - in particular the field of Cosmic Microwave Background
(CMB) research, to which the author belongs - and heavy ion physics.

The CMB field has acquired decades of knowledge on performing a statistical analysis of a
very smooth spherical signal with small morphological modulations. The heavy ion field on the
other hand is growing into the need for detailed analysis of fluctuations on an event-by-event
basis instead of doing statistical analysis of a large ensemble of events.

The idea of exploiting the knowledge and tools from CMB physics in the analysis of heavy
ion data is thus compelling, and the potential results intriguing. Such an endeavour was un-
dertaken at the Discovery Center at the Niels Bohr Institute at the University of Copenhagen by
the CMB and heavy ion groups. The author of this thesis has done much of the data analysis for
this collaboration, some of which is part of a paper by the two groups [1]. The paper documents
and discusses the findings and potential applications of using standard CMB tools for the anal-
ysis of simulated particle distributions of ultra-relativistic heavy ion collisions. There are of
course many features of interest in heavy ion collisions, but this thesis - and the paper - limits
itself to the study of collective flow. This thesis goes a bit further than the analysis presented
in the paper, but an extension of the analysis to real data or detector-acceptance simulations is
beyond the scope of this thesis.

The thesis is divided into three parts. Before any direct application of methods can be made
a knowledge of how they were developed and for what, as well as background knowledge of
the problems one wishes to apply them to is necessary. This is covered in part I. Here chapter
2 gives an extended motivation for the collaboration, pointing out the kinship of CMB physics
and heavy ion physics and how the work on the subject should be undertaken. Chapter 3
covers the background of CMB physics, from the theory of the creation of the CMB and the
experiments used for its observation, to the applications of the methods in CMB science itself.
In chapter 4 the theoretical background of the subject of investigation - collective flow in heavy
ion collisions - as well as a brief introduction to the heavy ion field is given.

Once the theoretical framework is set, the actual mathematical methods and computational
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tools can be developed and introduced. This is done in part II, which presents the different
methods to be implemented in the data analysis. In chapter 5 the basis for the analysis is
presented. The method of spherical harmonic decomposition of a signal is introduced, and
equations for a qualitative extraction of flow amplitude from data are derived. The aim is a
direct relationship between observable parameters and the collective flow. Chapter 6 presents
tools used for the data processing.

Part III covers the data analysis on the basis of the methods presented in part II. Firstly,
simulations using a toy model are analysed to test if the mathematical tools developed in part
II are indeed usable for the data analysis. Then simulations by a more complex generator,
HIJING, are taken under consideration.

The hopeful conclusion to this thesis is that the use of methods from the CMB field enables
a qualitative characterisation of collective flow in heavy ion collisions on an event-by-event
basis.
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Background & Theory
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Chapter 2

A cross-field investigation

The particular constellation of cosmology and heavy ion physics is motivated by the fact that
the properties of a heavy ion collision share a remarkable kinship with the physics of the earliest
Universe. An important feature of a heavy ion collision is the creation of a very dense initial
state - the Quark Gluon Plasma (QGP). This state corresponds to the same densities as in the
Universe less than 10−10 seconds after the Big Bang (see figure 2.1), where the quark gluon
soup transitioned to a confined hadron1 gas [2]. One could make the analogy that heavy ion
collision are in fact ’Little Bangs’, recreating primordial conditions.

One may go even further than just the QGP in finding similarities between the early Uni-
verse and the ’Little Bangs’. The early Universe has left its imprint on photons emitted some
∼ 380, 000 years after the Big Bang, and is observable today through the CMB. The ’Little Bangs’
are observable in heavy ion collisions at accelerators today, such as the Large Hadron Collider
(LHC). Both are governed by fluid dynamical propagation of fluctuations, albeit at very dif-
ferent scales. Both are signals with a highly symmetrical morphology with fluctuations. The
study of fluid dynamical evolution of matter through the CMB has yielded constraints on the
contents of the Universe (i.e. visible matter, dark matter and dark energy) and other properties
of the evolution of the Universe [3]. The study of the fluid dynamics in heavy ion collisions
has revealed that it behaves almost like a perfect fluid with a shear-viscosity to entropy-density
ratio that is almost minimal [4, 5].

There are of course also significant differences between studying heavy ion collisions and
studying the CMB. The scales involved are extremely different (order 10−18m versus the entire
Universe), as are the governing fundamental forces (the strong force versus gravitation and
electromagnetism). However, these differences are not so important when discussing the mor-
phology of the signal. More important is the difference between the study of one single event
- the Universe - versus the study of an, in principle, infinite amount of events. The tools and
methods used for the study of the CMB are developed and optimised for the study of statistical
properties and features of a signal, which is not available in any other configurations in nature.

One can think of (at least) two ways in which two fields could contribute to each other.
One concerns the physics involved. Perhaps the cosmological knowledge of fluid dynamical
perturbations in an expanding system or the physics of the non-linear evolution of structure in

1Hadrons are particles composed of two or three quarks.
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the Universe could be of use in heavy ion physics? At the moment, the heavy ion community
is only in the very beginning of exploring fluid dynamical perturbations in the analysis, so
this is indeed possible. The other way is the methods used for the analysis of data. In high
energy physics it is possible to generate millions of events each second, providing a sound
statistical ensemble for the exploration of the data. Contrary, CMB physics has been optimised
for studying one single event and gaining insight into its properties. Heavy ion physics has
not had much focus on the study of fluctuations and properties of the collisions on an event-
by-event basis, because of the the readily available abundance of data. The methods for doing
such an analysis consequently have not been developed. The methods for the CMB analysis,
however, have. This is the motivation for trying to implement the use of CMB methods in the
study of the morphology of heavy ion collisions [1].

Figure 2.1: History of the Universe. Figure by Particle Data Group, LBNL.

Although the two fields are far apart, the data at hand do have commonalities. To show
these commonalities, the data is presented using the same visual representation. Just as the
map of the Earth is a 2D representation of a 3D spherical map so can the CMB be projected to a
2D map. The projection that is used is called a Mollweide projection, which is explained further
in section 6.2. Likewise, a heavy ion collision can be presented as a 2D map in Mollweide
projection. Such a map of a collision is essentially a map of point-like sources (each point is a
particle) which is also known from the CMB - e.g. the map of the CMB itself at high multipoles
(figure 2.3).
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2.1. COMMON FEATURES

Most particles in a heavy ion collision hit the detector very close to the beam directions. The
signal of these particles is almost independent of the azimuthal angle, φ, and presents itself as a
band-like structure in the map. Much of the foregrounds known from CMB analysis share this
band-like morphology, as does the map of pixel noise from e.g. the WMAP satellite (figure 2.2).

Furthermore, the approach presented in this thesis revolves around the exploitation of sym-
metries using the spherical harmonics decomposition, which is the very cornerstone of a lot of
CMB research activities.

2.1 Common features

Figure 2.2: Left: The number of observations at a given point on the sky by the WMAP satellite (Moll-
weide projection and Ecliptic coordinates). Right: A map in Mollweide projection of a heavy ion collision.

In a perfect (fictive) experiment, all areas of the sky could be observed the same number of
times. Experiments are not perfect, however, and CMB observatories such as the WMAP and
Planck satellites are no exception (see section 3.2). It is therefore crucial to know exactly what
the Number-of-Observations map looks like (figure 2.2). Pixels that have been observed many
times will have better statistics than those who have only been observed once. Systematic
errors will also be more enhanced in these areas, as will foregrounds. Figure 2.2 shows the
Number-of-Observations map by the WMAP satellite in ecliptic coordinates. The relation to
heavy ion physics has two sides to it. Firstly, it is something that has to be corrected for when
trying to obtain a truthful map of the CMB. Likewise, heavy ion physicists have to take detector
efficiency into account when analysing their data. Secondly, the signal in figure 2.2(left) is very
similar to the signal seen in a heavy ion collision (figure 2.2(right)). The signal is strongest at the
“poles” (top and bottom) and is (dominantly) band-like in structure - i.e. there is no azimuthal
dependence.

In figure 2.3 the WMAP ILC (Internal Linear Combination) map [6] is depicted for l = 400−
450. The ILC is a map of the CMB cleaned of foregrounds (as far as possible). The multipole
number l is inversely proportional to angular scale - high l corresponds to small angular scales.
Thus, at this range only very small structures can be seen in the map (by construction). It is
seen from the figure that the map almost resembles point-like sources.
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2.2. SUBJECT OF INVESTIGATION

Figure 2.3: The ILC from l = 400 to l = 450 in galactic coordinates.

2.2 Subject of investigation

Using knowledge from the investigation of the morphology of the CMB, this thesis will attempt
a CMB physics approach to heavy ion collision data analysis. Since the study of the morphol-
ogy of a heavy ion collision is a rather broad subject, this thesis will limit itself to the study
of collective flow - in particular elliptic flow. Collective flow is a phenomenon observed in
heavy ion collisions of sufficiently high collision energy. The distribution of particles produced
in such a collision seem to be governed by physics of the earliest stage of the collision. The
difference in pressure gradients due to the initial collision geometry gives rise to an anisotropic
collective flow that propagates to the final particle distribution. This causes modulations of the
morphology of the signal. Flow is also a signature of the production of a QGP (see section 4.1).

The goal of this thesis is to apply CMB methods to simulated heavy ion collision data and
obtain results for elliptic flow on an event-by-event basis. Such an endeavour has been moti-
vated in this chapter, and in the following chapters the theory, background, methods and tools
necessary for an analysis will be presented and developed.
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Chapter 3

The CMB field

The study of the CMB is the study of light that has travelled almost unobstructed through the
vast spaces of the Universe for billions of years. It is the study of photons that even today
retain information about the content, morphology and structure of the Universe when it was
only some hundred thousand years old. It is a secret doorway to looking back before the first
stars were born and illuminated the Universe for our telescopes to see. It is the study of the
Universe on the grandest of scales imaginable - the entire sky.

Figure 3.1: Left: The CMB in the W-band (94 GHz. Linear scale from -200 to 200 µK) from the WMAP
7 year data release. The foreground is easily seen. Right: the CMB ILC map (lmax = 100), also from the
WMAP 7 year data. Both maps are in galactic coordinates, and were produced by the NASA/WMAP
Science Team [7].

In order to study the CMB it has to be observed first. Due to absorption and noise in
the Earths atmosphere one needs space based telescopes to obtain full-sky observations of the
CMB. There have been three space based CMB observatories - only one is still operating. The
first was COBE (COsmic Background Explorer)[8], which was followed by WMAP (Wilkinson
Microwave Anisotropy Probe)[9]. The latest one is the Planck satellite [10]. Only data from
WMAP is used in CMB studies at present (Planck data has not yet been released, and COBE
data is outdated by the WMAP data). In figure 3.1 (left) a sky-map of the CMB, as observed
by WMAP, is shown. It is evident that the CMB is contaminated by some sort of foreground
obscuring the primordial signal, the Milky Way galactic disk being the main contributor. The
WMAP ILC map (right) is cleaned of foregrounds, as far as possible [6]. The observation of
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3.1. FROM THE CREATION OF THE UNIVERSE TO THE CMB - THE SHORT STORY

foregrounds and their removal is an important difference from between experiments.
Once observed, the CMB is analysed using various methods. When analysing the CMB

it is useful to decompose it using spherical harmonics, which is a fourier transformation in
spherical coordinates. The CMB is usually visually presented as a two-dimensional map in a
Mollweide projection, as shown in figure 3.1.

Information on the properties of the Universe is gained from the CMB through the study
of its statistical properties and morphology. The CMB can be used to constrain parameters
describing the Universe such as the matter content, dark energy, the Hubble constant etc.. Var-
ious predictions for primordial and extra-galactic effects on the signal, e.g. Gaussianity (or
non-Gaussianity) and the Sunyaev-Zel’dovich effect2, can be affirmed or disproved by the data.
Peculiarities of interest in the signal itself are e.g. parity asymmetry [11, 12], alignment and the
quadrupole anomaly [13]. Soon, the Planck CMB data will be released, which will be substan-
tially better than the WMAP data and also with different systematic errors. This will greatly
improve CMB maps and new and exciting results are to be expected.

The rest of this chapter is organised as follows. The story of how photons in the early Uni-
verse can be seen as the Cosmic Microwave Background today is told in section 3.1, and is based
on [2, ch. 1 & 2][14, 15]. Section 3.2 covers the WMAP and Planck experiments, their accom-
plishments (or prospective accomplishments) and shortcomings. In section 3.3 an introduction
to the methods used for analysis of the CMB is presented. In section 3.4 some important results
obtained from the study of the CMB until now are presented.

3.1 From the creation of the universe to the CMB - the short story

Almost every observable galaxy in the Universe share a common feature: they are all moving
away from our own galaxy. But this is not all. At the same time, they are also moving away
from each other at an increasing speed. There are exceptions though. The Milky Way is mov-
ing towards the Andromeda galaxy in our own local galaxy cluster (the local group), due to a
decoupling from the expansion of the Universe. The galaxies themselves also consist of mat-
ter that has collapsed into structure and which thereby decoupled from the general expansion.
However, the expansion of the Universe is accelerating (due to dark energy), and thus at some
point the gravitational force holding both clusters of galaxies and the galaxies themselves to-
gether will not be able to counteract the expansion of the Universe. By extrapolating into the
far future one may thus predict a cold, desolate Universe where everything has been torn apart.

One may also look back in time. Reversing the clock reverses the picture: everything is now
moving closer together, until everything is contained in a single point - the singularity denoted
as the “Big Bang”. However, extrapolating this far back in time and still maintaining sensible
physics has some problems. The further back in time one goes, the higher the densities and
temperatures. The matter itself is squeezed together, until a point is reached where particle
interactions, as described by quantum field theory, have to break down and unknown physics
must rule. This happens at the Planckian scale. It is at an energy scale called the Planck Energy

2high energy electrons in clusters of galaxies interact with CMB photons via inverse compton scattering
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3.1. FROM THE CREATION OF THE UNIVERSE TO THE CMB - THE SHORT STORY

defined from the Planck Time (proposed by Max Planck), which is believed to be the smallest
quantum of time that can exist. Once the Planckian scale is reached it is no longer possible to
do any meaningful extrapolations or assumptions. This happens at t = 10−44s.

After this earliest time, popularly referred to as the “space-time foam”, it is in fact possible
to explain the underlying physics. The era succeeding the space-time foam, in the fractions of
a second after the Big Bang, is called the inflationary era. During inflation the scale factor3 of
the Universe grew exponentially and thus everything expanded rapidly. Quantum fluctuations
were blown up to large sizes due to this expansion and densities of any particles or photons
were completely diluted.

When inflation ended the Universe was large, cool and dark - not very much like the normal
hot, dense picture that is the primordial Big Bang theory. Then a reheating of the Universe
occurred which is effectively the Big Bang as we know it.

After reheating the Universe was very dense and very hot, with a photon to baryon ratio
of 2 million to 1. The Universe then proceeded through a period of hot plasma state, firstly
as a Quark Gluon Plasma with quarks and gluons in unbound states and later in a plasma
where the QGP had condensed into protons and neutrons. In this plasma photons scattered off
electrons and protons, keeping matter and radiation in thermal equilibrium, and preventing
any atoms from forming. Because of the high photon pressure it was not possible for ordinary
matter to accumulate, but the density perturbations introduced by fluctuations during inflation
provided the basis for dark matter accumulation. Dark matter is not affected by photons, and
could therefore slowly but surely increase the differences in density that were already present.

The mean free path per photon was very short due to the large amount of free electrons,
effectively preventing the photons from escaping to anywhere. During this period there was
no longer exponential growth of the scale factor, only power law growth, as the Universe was
then dominated by radiation instead of a component with constant energy density (as was the
case during inflation). As the Universe expanded it cooled, and at some point the mean energy
of the photons was no longer high enough to keep electrons and protons from forming neutral
hydrogen. Once this started the epoch of primordial nucleosynthesis where the light elements
were formed began, binding electrons to nuclei and thereby drastically lowering the abundance
of free electrons. The combination of no longer being able to break apart hydrogen and the
rapidly falling abundance of free electrons meant that the photons were no longer trapped but
free to move through the Universe. This was the photon decoupling.

Nucleosynthesis and photon decoupling happened shortly after each other, although not
exactly at the same time. Though the mean energy of the photons was too low to ionize hy-
drogen, there was still a large exponential tail of the distribution of photons which had very
high energies. The surface of last scattering was when the photons decoupled from the matter
of the Universe. It is not so much a surface as it is a layer, because photon decoupling did not
happen instantaneously. Any primordial density fluctuations in the Universe would translate

3The scale factor of the Universe determines the expansion of space-time itself. If one imagines a grid, with two
observers placed at neighbouring grid points, the expansion of the Universe is not the movement of the observers
in the grid, but the expansion of the grid itself. Thus, when the Universe expands the observers find themselves to
be further apart in space, and both observe the other to be moving away even though they are both standing still. It
is in fact the distance between grid-points that is increasing. The scale factor describes this expansion.
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3.2. EXPERIMENTS

into perturbations of the energy densities of the photons on the last scattering surface. Denser
parts of the Universe would mean lower energy for the photons of that part (because of a higher
gravitational redshift), while less dense areas would have higher energy photons. The photons
have been travelling through the Universe ever since, mainly uninterrupted, and can be seen
as a relic radiation today: the CMB. Thus it is possible to study primordial fluctuations and
anisotropies through the CMB.

3.2 Experiments

As mentioned in the introduction of this chapter, there have been three spaced-based CMB
telescopes to date. The data from the COBE satellite is no longer used as it has been outdated
by the WMAP data. This section will introduce the WMAP and Planck satellites to give an
overview of the more technical background for the CMB analysis and the future prospects for
CMB data.

(a) The WMAP satellite.
Figure by NASA / WMAP Science Team

(b) The Planck satellite.
ESA 2002: Illustration by Me-
dialab.

Figure 3.2: WMAP and Planck satellites.

3.2.1 WMAP

The WMAP mission was launched in 2001 and presented its first year results in 2003. The latest
data, 7 year data, is from 2010 and 9 year data are expected to be released in 2012 [7]. WMAP is
a space based telescope following the first space CMB-surveyor, COBE, and ended its active sci-
ence observations in 2010. WMAP had the aim to investigate the CMB radiation and especially
the anisotropies of the background. The science goals were to determine the parameters of the
Universe to high precision, and thereby determine both content and evolution of the Universe
to an unprecedented accuracy - which it has fully achieved [7]. The results for these parameters
are presented in section 3.4.

While the WMAP data was a vast improvement from COBE data (see figure 3.3), the anal-
ysis of the data has presented some significant challenges. Both systematic effects (from in-
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struments, satellite operation etc.) and foregrounds are difficult to completely remove from
the data - even the ILC shows clear indications of residual foregrounds. Such contamination
induces effects of non-cosmological origin into the CMB dataset, affecting the results of any
analysis of the data.

Specifications for the WMAP instruments are listed in table 3.1.

Frequency Beam size (deg) ∆T/T (µK / pixel)4

K 23 GHz 0.88 ∼ 35
Ka 33 GHz 0.66 ∼ 35
Q 41 GHz 0.51 ∼ 35
V 61 GHz 0.35 ∼ 35
W 94 GHz 0.22 ∼ 35

Table 3.1: WMAP specifications for frequency, beam size and sensitivity for each observational band [7].

Figure 3.3: Left: The CMB at 90 GHz (Linear scale from -100 to 100 µK) from COBE. Right: The CMB
in the W-band (94 GHz. Linear scale from -200 to 200 µK) from the WMAP 7 year data release. Maps
produced by the NASA/WMAP Science Team [7].

3.2.2 Planck

Planck is the third generation of space based CMB telescopes. It was launched in 2009 by the
European Space Agency (ESA) and is still taking data (only LFI). The scientific instruments are
the Low Frequency Instrument (LFI) and High Frequency Instrument (HFI) covering the ranges
30-70 GHz (3 bands) and 100-857 GHz (6 bands) respectively. Planck represents the future of
CMB science for the next years because it surpasses WMAP in both resolution, sensitivity and
frequency range. This will allow testing, probing and falsifying many theories that all are
in accordance with WMAP data but often in conflict with each other. Especially theories of
inflation will be testable with Planck data, which will give a deep understanding of how the
very beginning of our Universe took place.

Specifications for the frequency, beam width and sensitivity of Planck are listed in table 3.2,
and can be compared with table 3.1 for WMAP. Note that even though the sensitivity for Planck
doesn’t seem to be much improved compared to WMAP this is not so. The sensitivity is listed

4∆T/T is the sensitivity per pixel of 0.3 x 0.3 degrees.
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as sensitivity per pixel - the WMAP pixel is much bigger than the Planck pixel. Thus the actual
sensitivity for Planck is much higher than for WMAP.

Another advantage of Planck is that the instrumental set-up and construction of the satel-
lite and instruments is fundamentally different from the WMAP satellite. Thus, systematic
effects will be different in the two experiments and therefore easier to account for and possi-
bly subtract from the data. The wide frequency range covers much more than just the peak of
the CMB. It is also sensitive to frequency ranges were free-free emission, dust emission, syn-
chrotron emission5 and other foregrounds peak, allowing a much better isolation and removal
of these galactic and extra-galactic foregrounds.

Frequency Beam-width (’) ∆T/T (µK / pixel)6

LFI
30 GHz 33 2
44 GHz 24 2.7
70 GHz 14 4.7

HFI

100 GHz 9.2 2
143 GHz 7.1 2.2
217 GHz 5 4.8
353 GHz 5 14.7
545 GHz 5 147
857 GHz 5 6700

Table 3.2: Instrument specifics for Planck. Beam-width is in arcminutes (one degree is 60 arcminutes) at
FWHM. [16].

The Planck Scientific Programme (as presented in [10] and [17]) is divided into six cate-
gories, of which three are primarily cosmological. It covers the following:

1. CMB based cosmology

2. Non-Gaussianity of the CMB

3. Secondary anisotropies

4. Extra galactic sources

5. Galactic science

6. Solar system science

The first category contains a study of the CMB anisotropies, the angular power spectrum, de-
termination of cosmological parameters (with special focus on inflation), B-mode polarization
anisotropies and gravitational lensing induced in the CMB by large scale structures. The second
category concerns the possible detection of non-Gaussianity of the CMB, and the consequences

5Free-free emission is from free electrons scatterings off ions in the Inter Stellar Medium (ISM) of the galaxy, dust
emission is from the dust in the ISM and synchrotron emission is from electrons being accelerated by the galactic
magnetic field.

6∆T/T is the average sensitivity per pixel achievable after two sky surveys (14 months). A pixel is a square
whose side is the full width, half maximum (FWHM) extent of the beam.
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hereof (see also section 3.3). It includes analysis of the bi-spectrum, testing theories of infla-
tion, the possibility of primordial magnetic fields, studying the geometry and topology of the
Universe and testing for the presence of ’defects’ in the fabric of the Universe such as cosmic
strings. The third category focuses on the Sunyaev-Zel’dovich effect, the ionisation history of
the Universe and the dark energy equation of state. The last three categories contribute into
CMB science by adding knowledge of various foregrounds (both extra galactic, galactic and
from the solar system).

Planck data will be publicly available from (probably) the spring 2013.

3.3 Analysing the CMB sky

Because the CMB is an imprint of how the Universe looked at an age of ∼ 380, 000 years, it is
a unique gateway to studying both the initial conditions of the Universe as well as the seeds
that later became galaxies and large scale structure of the Universe. The CMB may tell us about
the content of Dark Matter in the Universe, because this content has a crucial influence on the
size of density perturbations at the time of decoupling. Using Monte Carlo simulations with
varying values for the matter content of the Universe (and other parameters) one may try to
fit the CMB data. Standard tools of the community have been developed for such simulations,
e.g. CAMB [18] and Cosmo-MC [19].

The quantum fluctuations from the inflationary era that evolved into density perturbations
later on are also present in the CMB. They were the seeds for the anisotropies of the CMB. In the
simple inflationary models, Gaussianity of the quantum fluctuations is assumed. The morphol-
ogy of the anisotropies of the CMB seems to be perfectly Gaussian in distribution, supporting
these theories, but other theories propose non-Gaussian initial conditions. As was mentioned
in section 3.2, WMAP data is not good enough to definitively observe non-Gaussianity but
Planck data will be.

In figure 3.4 the Gaussianity of the CMB is illustrated. H(x) is a probability distribution
function of the CMB fluctuations, normalized to the total number of pixels. The distribution
function describes the number of pixels with corresponding amplitude of fluctuations within
an interval, (x − dx, x + dx), starting from the minimum value of the signal and going to the
maximum value. These are the fluctuations with respect to the mean value of the signal, which
is why they are centered around 0. It is clear that the ILC (blue) is very close to Gaussian (red).
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Figure 3.4: Probability distribution function of CMB fluctuations, normalized to the total number of
pixels. The blue histogram is the ILC (lmin = 1, lmax = 100), and the red line is the Gaussian fit. The
parameters of the fit are inserted in the plot. The binning size is Nbin = 500.

3.3.1 Spherical harmonics

When analysing the CMB, one could do the analysis of the signal on a pixel by pixel temper-
ature basis, but it is much more convenient to quantize the signal by spherical harmonics, a
three dimensional fourier transform. Both computationally and in analytical expressions it is
easy to work with the spherical harmonic coefficients. A spherical harmonics decomposition
of a signal, f , is given by

f(θ, φ) =
∑
l=0

l∑
m=−l

almYlm(θ, φ). (3.1)

Normally in CMB science it is ∆T/T and not T itself that is of interest, in which case the l = 0

mode (corresponding to an average over the whole sky) is omitted.
The alm’s encode all information of the signal itself, while the harmonics Ylm(θ, φ) are pre-

defined functions on the sphere, and based on Legendre polynomials. The alm’s are complex
numbers, with a real and imaginary part. It is convenient to express the coefficients as

alm = |alm|eiΦlm , Φlm = arctan

(
=(alm)

<(alm)

)
. (3.2)

l is called the multipole. For l = 2 there are five coefficients, but using the relationship al,−m =

a∗l,m(−1)m reduces this to three possible maps. In figure 3.5 the maps for these three coefficients
are shown. Note that the a20 is completely φ independent.
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Figure 3.5: Three examples of spherical harmonics. From left to right: (l,m) = (2, 0), (l,m) = (2, 1)
and (l,m) = (2, 2). The real part is set to 1 and the imaginary part to 0, (a20 = a21 = a22 = (1, 0)).

3.3.2 The power spectrum

The power spectrum of a signal is defined as

C(l) =
1

2l + 1

l∑
m=−l

|alm|2. (3.3)

In CMB physics the power spectrum is a very powerful tool for determining cosmological pa-
rameters. The information contained in a power spectrum is a graph over the power on differ-
ent scales.

3.4 CMB Results

Using statistical methods and tools optimised for the study of the CMB the best fit parameters to
the theory for the Universe have been found using the WMAP data. This fit is the most accurate
determination of cosmological parameters to date. These are shown in table 3.3 and constitute
the ΛCDM7 concordance model of Cosmology - the Standard Model [20, 21]. In figure 3.6 the
power spectrum (multiplied by l(l + 1)/2π) for the CMB is shown. The data points (WMAP)
have error bars that are almost too small to see for low l. The red line is the best fit model.
Markov Chain Monte Carlo formalism is used for calculating the best fit parameters.

The connection between the power spectrum and the physics of the early Universe is intri-
cate. One connection is through the dark matter content. In the CMB power spectrum there is
a very powerful peak at l = 200. This corresponds to the most common size of clustering of
the CMB anisotropies at the time of last scattering, which in turn depends on the dark matter
content. The following peaks are related to Baryonic Acoustic Oscillations in the hot plasma
and help constrain dark energy [22].

7The ΛCDM model is a Cold Dark Matter (CDM) model including dark energy (Λ).

17



3.4. CMB RESULTS

Figure 3.6: The WMAP 7 year temperature power spectrum for the CMB and the ΛCDM model best fit.
The red line is the best fit of the model, and grey band is the uncertainty due to cosmic variance9. Figure
taken from [23], by the NASA/WMAP Science Team.

In table 3.3 the best fit parameters are listed to show how high accuracy has been obtained.
The parameters themselves are not used in the rest of this thesis, and are therefore only super-
ficially explained.

Parameter 7-year Fit 5-year Fit

Fit parameters

102Ωbh
2 2.258+0.057

−0.056 2.273± 0.062

Ωch
2 0.1109± 0.0056 0.1099± 0.0062

ΩΛ 0.734± 0.029 0.742± 0.030

∆2
R (2.43± 0.11)× 10−9 (2.41± 0.11)× 10−9

ns 0.963± 0.014 0.963+0.014
−0.015

τ 0.088± 0.015 0.087± 0.017

Derived parameters

t0 13.75± 0.13 Gyr 13.69± 0.13 Gyr
H0 71.0± 2.5 km/s/Mpc 71.9+2.6

−2.7 km/s/Mpc
σ8 0.801± 0.030 0.796± 0.036

Ωb 0.0449± 0.0028 0.0441± 0.0030

Ωc 0.222± 0.026 0.214± 0.027

zeq 3196+134
−133 3176+151

−150

zreion 10.5± 1.2 11.0± 1.4

Table 3.3: Six-Parameter ΛCDM Fit - Models fit to WMAP data only. Table from [3]

9Cosmic variance is due to the fact that only one observable Universe exists, making it impossible to say whether
it is statistically probable or not. Therefore, a model of the Universe (such as the ΛCDM model) can never be better
than the cosmic variance [24]
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Ωbh
2 and Ωch

2 are the physical baryon and dark matter density respectively, ΩΛ is the Dark
Energy density, ∆2

R is the amplitude of curvature perturbations and ns the spectral index of
density perturbations (k0 = 0.002 Mpc−1). τ is the reionisation optical depth and ASZ is the
amplitude of the Sunyaev-Zel’dovich spectrum. t0 is the age of the Universe, H0 is the Hubble
parameter (H0 = 100hkm/s/Mpc), zeq is the redshift of matter-radiation equality and zreion is
the redshift of reionisation.

3.4.1 Low multipole anomalies

From the analysis of the WMAP CMB data, different issues have arisen. At the Planck group at
the Discovery Center three of these have been the focus of investigations.

Firstly, the observed CMB quadrupole is very low compared to the ΛCDM model, see figure
3.6, as it cannot even be accounted for by cosmic variance [13].

Secondly, There is a peculiar alignment between the quadrupole and the octupole, com-
monly referred to as the ’axis of evil’ [13, 25]. Two of the main principles in cosmology are
the assumptions of homogeneity and isotropy on large scales. Homogeneity means there is no
preferred location in the Universe and isotropy means that there is no preferred direction. This
is to be expected if the origin of structure in the universe is random Gaussian fluctuations dur-
ing the inflationary period. Therefore an alignment in quadrupole and octupole - indicating a
preferred direction - is in contradiction to strong basic cosmological assumptions.

Thirdly, parity asymmetry is observed in the Universe. Parity symmetry is if the signal
in one direction in the sky and the signal in the exact opposite direction is the same (S(n̂) =

S(−n̂)) and parity asymmetry is if the signal is S(n̂) = −S(−n̂). The Universe is expected to
show neither parity symmetry nor parity asymmetry, due to causality10. Instead, the signal
should show random behaviour [11, 12]. In figure 3.7 the parity asymmetry is documented.
P+/P− is defined from

P+ =

lmax∑
l=2

1

2
(1 + (−1)l)l(l + 1)/2πCl,

P− =

lmax∑
l=2

1

2
(1− (−1)l)l(l + 1)/2πCl. (3.4)

P+/P− > 1 means parity symmetry and P+/P− < 1 means parity asymmetry.

10It is hard to avoid that the Universe should show even parity preference on large scales.
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Figure 3.7: P+/P− for the ILC (blue dots), the WMAP Temperature power spectrum (red squares) and
the ΛCDM model (blue line). If P+/P− = 1 the power in even (symmetric) and odd (asymmetric)
multipoles is the same, and there is neither parity asymmetry nor asymmetry.

It is expected that these issues will be resolved with the coming release of Planck CMB data.
Either by being proven to be effects caused by non-cosmological contributions in the signal
(noise, foregrounds, systematic effects) or by proving to be true features of the signal and thus
creating the need for new physics to explain them.

The connection to heavy ion physics is through symmetries. Symmetry is a critical issue for
the CMB (e.g. no preference for even or odd modes in the parity and no preferred direction in
the Universe is expected). For heavy ion physics, the collisions of highly relativistic heavy ions
express a very high degree of symmetry. This commonality in symmetry will be exploited in
the next chapters.
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Chapter 4

Heavy ion physics

With the CMB side of the story covered it is time to look at the field of application - heavy ion
physics.

Heavy ion physics is the study of matter under the extreme conditions created in collisions
of highly relativistic heavy ions. Such conditions are created by colliding e.g. Au (gold) or
Pb (lead) ions in particle accelerators such as RHIC (Relativistic Heavy Ion Collider) at the
Brookhaven National Laboratory or the LHC (Large Hadron Collider) at CERN (European Or-
ganization for Nuclear Research).

The particles produced in heavy ion collisions are measured and various features of the
collision may be studied. E.g. particle species, the momentum distribution, the multiplicity and
the morphology of the particle distribution. The morphology is of particular interest because it
carries information about very fundamental physics on the quark level [26]. The study of this
morphology is also the study of the initial collision geometry, which will be explained in more
detail in section 4.2.

To describe the particles produced in a heavy ion collision various parameters are im-
portant. Each particle has a transverse momentum (transverse to the beam axis), defined by
pt ≡

√
p2x + p2y (see definition of x and y in figure 4.1). The particles also have a momentum

in the beam direction z, pz . This goes into the definition of rapidity, y (which should not be
confused with the spatial coordinate), y ≡ ln1

2

(
E+pz
E−pz

)
where E is the energy of the particle

[27]. In contrast to pz the merit of rapidity is that it is Lorentz invariant.
Determining momentum requires knowledge of both mass and velocity, as does determin-

ing the rapidity. Since the mass of a particle is not always known in an experiment it is conve-
nient to define a pseudorapidity, η,

η = − ln

(
tan

(
θ

2

))
. (4.1)

Here θ describes the angle between the momentum vector of the outcoming particles and the
beam axis, z. For m � p, y → η.

Using a fourier expansion of the azimuthal dependence of the particle distribution in re-
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spect to the reaction plane, one obtains [28].

E
d3N

d3p
=

1

2π

d2N

ptdptdy

(
1 + 2

∞∑
n=1

vncos(n[φ−Ψn])

)
, (4.2)

The coefficient of expansion describe the different orders of anisotropic collective flow, vn, as
will be explained in section 4.2.

Figure 4.1: The two overlapping circles are the two colliding nuclei. The shaded area is the participant
region, which is where the nuclei actually collide. b is the impact parameter. z is the beam axis, x and
y define the transverse plane. The reaction plane angle, ΨR, is also defined. Lower right corner: The
almond shaped region of interaction.

In a collision, the amount of produced particles is called the multiplicity. Two other param-
eters of importance is the impact parameter and the closely related centrality [29]. The impact
parameter b in figure 4.1 is defined as the vector from the center of one colliding nucleus to the
other. The impact parameter itself is not observable, instead one uses centrality. One is inter-
ested in how central a collision is, because the physical observables depend on the centrality of
the collision. E.g. a very central collision produces a high multiplicity whereas a very periph-
eral collision results in very low multiplicity, because most of the nucleons in the two nuclei
do not participate in the collision. It is exactly the dependence on multiplicity that is used to
determine the centrality [30].
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4.1 Quark Gluon Plasma

QGP is a phase of de-confined quarks and gluons at high energy densities of order 1 GeV fm−3

(the energy density inside a heavy nucleus is ∼ 6 times smaller than this) [27, Ch. 1]. The
very early Universe had such high energy densities before it expanded and cooled, causing
the QGP to do a phase transition to bound states - hadrons. Since the early Universe, quarks
and gluons have been confined to hadrons11. In heavy ion collisions one can reverse the order
and make a transition from bound state quarks and gluons to a QGP, if the collision energy
is high enough. However, one cannot observe the QGP directly because it is so short-lived -
the plasma cools fast, and the quarks and gluons are no longer free but combine into hadrons
that are subsequently detected by the detector. Different particle production mechanisms and
effects are predicted for a collision where a QGP has been produced than for a collision where
it has not [31, Ch. 7][32]. The QGP can be either strongly interacting (sQGP), in which case an
effect is the presence of collective anisotropic flow, or weakly interacting. Collective flow is a
hydrodynamical feature, and can only be produced in a collision if a sQGP phase is created and
has had time to reach local equilibrium [26, 27].

4.2 Flow

Due to the relativist speed of the ions they are Lorentz contracted, and thus appear pancake-
like in the laboratory frame of reference. One can project the collision geometry to a two-
dimensional picture as illustrated in figure 4.1. Here the overlap between the two nuclei is
approximately almond-shaped, except for very central collisions [33, 34]. The almond-shaped
region is spatially very anisotropic and gives rise to different pressure gradients along the major
and minor axis. These propagate to an anisotropy in the azimuthal particle yield. The collision
itself creates a QGP state, which has been found to behave like a fluid [35, 36]. Thus, the
propagation of particles due to different pressure gradients does so through a fluid dynamical
flow [33, 34, 37, 38]. Recent experimental results indicate that anisotropic collective flow is
sensitive to the viscosity of the system [4, 5].

For the particle distribution collective flow is a modulation in φ. In cylindrical coordinates
the signal from a collision (Eq.(4.2)) can be represented by:

S(z, φ) = R(z, φ)

1 + 2
∑
n≥1

vn cos(n[φ−Ψn])

 , (4.3)

where R(z, φ) is a ’background’ signal without any collective flow, and the vn describe the
amplitude of collective flow of order n. Ψn is the event plane angle.

The almond-shaped region of interaction, as shown in figure 4.1, is well fitted by an elliptic
shape. The anisotropic flow connected with this shape of the matter is called elliptic flow (v2).
This picture is simplified, however. The nuclei are composed of protons and neutrons, and the

11There are speculations that the extreme densities in neutron stars may allow for free quarks and gluons, but
this has yet to be observed.
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participating nucleons are randomly distributed inside the nucleus. These perturbations are
the cause of higher order flow moments, v3, v4, .., etc., which give rise to other shapes than just
an ellipse. This has also been seen recently experimentally [39–44].

The reaction plane angle, ΨR, is defined from the reaction plane. The reaction plane is
defined to be the plane spanned by the impact parameter vector b and the z axis (see figure
4.1). The event plane angle, Ψn, is related to the planes of symmetry of the collision, n. The
eccentricity of the ellipse (almond-shape) in figure 4.1 depends on how much the two nuclei
overlap, and its orientation depends on how their centers are located with respect to each other.
The actual elliptical shape of the participating nucleons may be shifted slightly in respect to the
major axis of the ’perfect’ ellipse, because of the random distribution of the nucleons inside the
nuclei. The angle of this actual elliptical shape is the one that can be measured experimentally
as Ψ2. Higher order flow moments result from the shape of the initial geometry of the collision
being different from that of an elliptic shape - e.g. a triangular shape. Such flow, here v3, would
give rise to event plane angles Ψ3 which are totally uncorrelated with Ψ2. By definition Ψ2 is
closely related to ΨR.

The standard heavy ion analyses utilise two- and multi-particle correlation methods to
extract information about collective flow from heavy ion collisions [33, 34]. However, these
methods suffer from problems with separation of components, a problem also known in CMB
physics. A heavy ion collision does not only produce collective flow, but also dynamical fea-
tures12 such as jets, resonance decays etc.. The approach is then to either clean the signal of
anything but collective flow in order to study that particular effect, or to remove collective flow
effectively from the signal in order to study e.g. jets without bias [1].

4.3 The ALICE experiment

This thesis deals with simulations of heavy ion collisions at energies obtainable with the LHC
at CERN. Since the natural extension of the analysis of simulated data is to real observational
data, a word on the LHC and its experiments is appropriate. The methods can also be applied
to other experiments that can obtain multiplicities comparable to those observed at the LHC.

The LHC is a huge circular collider with a circumference of 27 km. It was designed to
collide beams of protons or lead ions, and in 2011 it has been doing so at energies of up to 7
TeV/nucleon for protons and 2.76 TeV/nucleon for lead ions. The beams are brought to collide
at the sites of the experiments [45].

There are four major experiments at the LHC. ATLAS (A Toroidal LHC ApparatuS) and
CMS (Compact Muon Solenoid) which are both looking for new physics - e.g. the Higgs -
in proton-proton collisions. LHCb (Large Hadron Collider beauty) looking for - among other
things - the reason for the universal matter-antimatter inequality and lastly ALICE, a general
purpose detector optimized for observing heavy ion collisions, looking at e.g. glass-colour
condensate, QGP etc. in heavy ion collisions [45].

12Dynamical features are correlations of “few” particles whereas collective features involve correlations of many
(or all) particles in a collision.
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Figure 4.2: The ALICE experiment. Top right corner shows the inner detectors, where the collision takes
place. Figure by the ALICE collaboration.
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Chapter 5

Mathematical tools

Now the theoretical basis and background has been laid out for both the CMB field - the theo-
retical basis for this thesis - and the heavy ion field - the data to be analysed. This chapter will
develop the mathematical methods, tools and derivations to be used in the analysis of heavy
ion data. The next chapter will cover the CMB tools for the processing of data and how to deal
with the heavy ion signal in a CMB framework. The methods and tools of this part will be
implemented in the analysis in part III.

The aim of this chapter is a mathematical method for determining the amplitude of elliptic
flow in a heavy ion collision, and the determination of the event plane angle, Ψn. The chapter
starts with a word on symmetries of a signal. This is followed by a decomposition of a heavy
ion signal into spherical harmonics in section 5.2. In section 5.3 a direct determination of flow
through spherical harmonic coefficients is investigated.

5.1 Using symmetries

Using the spherical harmonics representation introduced in section 3.3.1 one can investigate
the symmetries and anti-symmetries of a signal.

For any spherical signal s(n̂) with unit vector n̂ = (θ, φ), one can define its symmetric,
s+(n̂), and antisymmetric, s−(n̂), parts

s(n̂) = s+(n̂) + s−(n̂) (5.1)

To define these components of the signal, note that the symmetric part is expected to be zero
for all odd l, and the antisymmetric part is expected to be zero for all even l. Furthermore s+(n̂)

and s−(n̂) should be normalized, to give s(n̂) when added. The components are described by
[46]

s+(n̂) =
s(n̂) + s(−n̂)

2
=
∑
l

l∑
m=−l

almYlm(n̂)cos2
(
πl

2

)
(5.2)

s−(n̂) =
s(n̂)− s(−n̂)

2
=
∑
l

l∑
m=−l

almYlm(n̂)sin2

(
πl

2

)
(5.3)
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The distribution of particles produced in a heavy ion collision shows a very high degree of
symmetry. Flow is also a very symmetric modulation of the signal. Thus, it should show up
very strongly in the symmetric part - i.e. even multipoles - of the signal. In a power spectrum
(see Eq.(3.3)), symmetric particle distributions will express themselves in a strong preference of
even multipoles over odd ones.

5.2 Decomposition of the signal

A fourier transform is a representation of a signal through a superposition of sinusoidal func-
tions. In one dimension the fourier transform of the function f(x) is defined as

f̃(k) = C

∫ ∞

−∞
f(x)e−ikxdx, (5.4)

where C is a constant [47]. One can also do the fourier transform discretely as a sum instead of
an integral.

For a spherical signal in three dimensions one should use spherical harmonics to do the
fourier transformation. These were introduced in section 3.3.1. The signal is then represented
by coefficients and harmonics, where the coefficients encode all the information of the original
signal.

The decomposition of the signal into fourier (spherical harmonics) coefficients is useful, be-
cause one can do analytical manipulations on the coefficients easily. It is also computationally
less costly to do calculations in fourier space than in pixel space. This section will derive the
equations for the decomposed heavy ion signal. This will be used for the derivation of equa-
tions for determination of flow in section 5.3.

Tools for CMB analysis have been developed for decomposing a spherical signal into spher-
ical harmonics, as will be described in chapter 6.

5.2.1 Spherical harmonics decomposition

The signal in Eq.(4.3) in spherical coordinates is given by

S(θ, φ) = R(θ, φ)

1 + 2
∑
n≥1

vn cos(n[φ−Ψn])

 . (5.5)

The fourier decomposition is now done by using spherical harmonics,

S(θ, φ) =
∑
l,m

almYlm(θ, φ)

R(θ, φ) =
∑
l,m

clmYlm(θ, φ)∫
Ω
S(θ, φ)Y ∗

l′m′dΩ = almδl′,lδm′,m, (5.6)
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and by using that

cos(nx) =
einx + e−inx

2
. (5.7)

Substituting into Eq.(5.5) gives∫
Ω
S(θ, φ)Y ∗

l′m′dΩ =

∫
Ω
R(θ, φ)Y ∗

l′m′dΩ+
∑
n≥1

vn

∫
Ω
R(θ, φ)ein(φ−Ψn)Y ∗

l′m′(θ, φ)dΩ

+
∑
n≥1

vn

∫
Ω
R(θ, φ)e−in(φ−Ψn)Y ∗

l′m′(θ, φ)dΩ. (5.8)

Using the orthogonality of Ylm’s, one can do the integral and obtain the coefficients,

alm = clm +
∑
n≥1

vne
−inΨn

∫
Ω

∑
l,m

clmYlm(θ, φ)Y ∗
l′m′(θ, φ)einφdΩ

+
∑
n≥1

vne
inΨn

∫
Ω

∑
l,m

clmYlm(θ, φ)Y ∗
l′m′(θ, φ)e−inφdΩ

= clm +
∑
n≥1

vn
(
cl,m+ne

−inΨn + cl,m−ne
inΨn

)
. (5.9)

Note that alm is the observed signal, whereas clm is the constrained random signal without
any modulations. In an event only alm is available, and all knowledge on vn and Ψn must be
extracted from it.

See appendix A for more details on the above derivations, as well as a cylindrical decom-
position (the coordinate system of the detector) for comparison.

5.3 Determining the flow

Chapter 4 motivated the importance of flow in heavy ion collisions. This section will use a
CMB approach to formulate mathematical tools for the investigation of flow - both elliptic and
higher orders.

This section discusses the dominance of the components of the signal, and a way of effec-
tively removing ’background’ signal without removing the flow signal. Also, general equations
will be derived for even and odd flow moments, as well as a derivation of a direct way of cal-
culating the amplitude of elliptic flow in an event.

5.3.1 A very dominant background

When two nuclei collide in a heavy ion collision they are travelling at very high energies along
the beam axis. The collision leads to a very high concentration of outcoming particles along
the beam axis. If one sees the particle distribution in a spherical representation where the z-
coordinate is replaced by θ (see section 6.1), this would mean a very powerful signal around the
polar caps and a weaker contribution at the equator. In the spherical harmonics decomposition
of such a signal, the al,m=0 mode would be very dominant, especially at low multipoles, because
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5.3. DETERMINING THE FLOW

the m = 0 mode is constant in φ - it therefore fits very well with the symmetry of a collision
(see figure 3.5).

In the study of finer structures or modulations, the strong signal from particles in the beam
direction can be treated as a background. Omitting all m = 0 modes in a spherical harmonic
reconstruction of the signal removes much of such a background. A modulation in φ, such as
flow, should not be affected by the removal of the m = 0 modes.

A method for ensuring that removal of m = 0 removes unwanted background and isolates
information on the morphology of the fluctuations of the event, is taking a look at the power
spectrum, CT ,

CT (l) = C(l) +D(l) =
1

2l + 1

(
|al,m=0|2 + 2

l∑
m=1

|alm|2
)
. (5.10)

Here the total power spectrum is split into C(l) which contains the most azimuthally symmetric
part of the signal, contained in all m = 0 modes, and D(l) which contains information on all
|m| > 0 modes. An example of such a power spectrum is presented in figure 5.1, left. It indicates
that the two components have very different properties.

Figure 5.1: Left: power spectrum of a heavy ion event. The black line is the total power spectrum, blue
dots is C(l) and the red line is D(l). Right: the normalised distribution function, H(s), of the amplitude
of fluctuations. The black line is for the total signal, and the red line is for m = 0 removed. Figure from
[1].

If a collision produced a totally symmetric signal around θ = π, all odd-components of the
power spectrum would vanish, following Eq.(5.3). Even though a collision does not produce
perfect symmetry, the strong suppression of odd-modes in CT in figure 5.1 shows that it is re-
markably symmetric. The total signal is of course always a positive count of particles, but when
the mean signal is subtracted the resulting signal is both positive and negative with respect to
the mean. The strong presence of particles in the beam direction causes areas of strongly pos-
itive fluctuations with respect to the mean. The removal of this ”background“ should give
a symmetric distribution of fluctuation-amplitudes around the mean. This is exactly what is
shown in figure 5.1 right. H(s) is the probability distribution function, normalised to the total
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5.3. DETERMINING THE FLOW

amount of pixels, Ntot ∝ 8l2max
13. The number of bins is 200. s is the signal, which is the ampli-

tude of fluctuations after the mean signal has been removed. It is clear that the removal of the
m = 0 mode converts the signal from a strong preference for positive signal to an almost Gaus-
sian distribution around zero, confirming the successful subtraction of unwanted background
[1].

5.3.2 vn modulation for even n

In this section a mathematical expression for isolating the amplitude of vn, for even n, in an
event is sought.

The final equation of section 5.2.1 is revisited,

alm = clm +
∑
n≥1

vn
(
cl,m+ne

−inΨn + cl,m−ne
inΨn

)
. (5.11)

The most powerful component of the signal is the m = 0 mode of the background - cl,0 -
according to section 5.3.1. Clearly al,0 is then dominated by cl,0,

al,0 = cl,0 +
∑
n

vn
(
cl,ne

−inΨn + cl,−ne
inΨn

)
⇔

|al,0| = |cl,0|+
∑
n

vn|cl,n|2 cos(Φcl,n − nΨn)

≈ |cl,0|. (5.12)

To obtain this result some mathematical relationships for spherical harmonics and their coeffi-
cients are used. Firstly alm||m|>l = 0, which removes all coefficients where |m| becomes bigger
than l, while al,−m = a∗l,m(−1)m eliminates alm’s with a negative m-value. Secondly, the fact
that one can split the coefficient into a real part and an imaginary part (Eq.(3.2)). If m = 0 the
phase is zero, i.e. Φcl,0 = 0, because the imaginary part for a coefficient with m = 0 is always
zero. The last step uses that we can assume |cl,0| � |cl,m 6=0| (as argued in section 5.3.1).

cl,0 is also in resonance with al,m 6=0 modes. I.e. there are al,m 6=0 modes that are coupled
to cl,0 because of the mixing of modes in Eq.(5.11) (m ± n instead of m). From Eq.(5.11) it is
clear that al,m 6=0 is maximal if m = n, because the last term in the brackets then becomes cl,0.
For n = even this is a22, a42, a44, a62, ..., because l = even dominates completely over odd l, as
argued in section 5.1.

For l = 2 the only resonance with c2,0 is a2,2 through v2. For l = 4 both a4,2 (through v2)
and a4,4 (through v4) are in resonance with c4,0. This motivates the more general formula, for a
given n

an,n = cn,n + vncn,0e
inΨn ⇔

|an,n| = |cn,n|ei(Φcn,n−Φan,n ) + vn|cn,0|e−i(Φan,n−nΨn). (5.13)

13Ntot = Nθ ·Nφ = 8l2max + 8lmax + 2 ∝ 8l2max. Nθ is the number of bins in the θ direction, and Nφ the number
of bins in the φ direction. The relationship with lmax is Nθ ≥ 2lmax + 1 and Nφ = 2Nθ .
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5.3. DETERMINING THE FLOW

Provided that the amplitude of the flow is strong enough that the assumption vn|cn,0| �
|cn,n| is valid, vn can be isolated using Eq.(5.12) and Eq.(5.13),

vn ' |an,n|
|an,0|

, nΨn = Φan,n . (5.14)

For v2 this is easily shown to be true,

a2,2 = c2,2 + v1c2,1e
iΨ1 + v2c2,0e

i2Ψ2 + v3c
∗
2,1e

i3Ψ3(−1) + v4c
∗
2,2e

i4Ψ4 ⇒

|a2,2| ≈ v2|c2,0|e−i(Φa2,2−2Ψ2). (5.15)

Thus, only the n = 2 flow component is contributing to the a2,2 coefficient which makes it a
good estimator for the amplitude of the elliptic flow. By dividing |a2,2| by |a2,0| (in accordance
with Eq.(5.14)), v2 can be found

|a2,2|
|a2,0|

≈ v2e
i2Ψ2 |c2,0|

|c2,0|eiΦa2,2

= v2e
−i(Φa2,2−2Ψ2)

= v2, 2Ψ2 = Φa2,2 . (5.16)

This gives a direct analytical result for the elliptic flow from a single event decomposed into
spherical harmonics, as well as a result for the event plane angle for elliptic flow, Ψ2.

5.3.3 vn modulation for odd n

As mentioned in section 4.2 higher order flow-moments are also seen in the data, including
flow-moments where n = odd. Although Eq.(5.16) is in principle also valid for odd n it is not
very useful because l = odd is very suppressed in the signal.

By the same arguments as for the even moments, al,m is in resonance with cl,0 through the
odd n flow moments for a2,1 (v1), a4,1 (v1) and a4,3 (v3), etc. The formula for n = odd flow is
simply

an+1,n = cn+1,n + vncn+1,0e
inΨn ⇔

|an+1,n| = |cn+1,n|+ vn|cn+1,0|e−i(Φan+1,n−nΨn). (5.17)

This gives the general formula

vn ' |an+1,n|
|an+1,0|

nΨn = Φan+1,n , (5.18)

for n = odd.
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5.3. DETERMINING THE FLOW

5.3.4 Uncertainties of the calculation

Because this approach on determining the amplitude of elliptic flow and Ψn is aimed at an
event-by-event analysis (it can of course also be used on an ensemble of events), one needs a
measure for the uncertainty of the resultant v2. Since there is no ensemble of events to make
a statistical uncertainty by, another way of quantifying the uncertainty is needed. For this a21

is examined. Because the signal is Gaussian (as shown in section 5.3.1) the probability density
functions for alm’s with same l values are the equivalent (except for m = 0) if there are no
modulations, i.e. no flow [24, Ch. 8.5]. Since v2 does not contribute to a21 it is a good coefficient
to compare a22 to, since they share statistical properties.

a2,1 = c2,1 +
∑
n≥1

vn
(
c2,1+ne

−inΨn + c2,1−ne
inΨn

)
= c2,1 + v1(c2,2e

−iΨn + c2,0e
iΨn) + v2c2,−1e

i2Ψn + v3c2,−2e
i3Ψn

≈ v1c2,0e
iΨn ⇔

|a2,1|eiΦa2,1 ≈ v1e
iΨn |c2,0|. (5.19)

Thus, a21 has no contribution from n > 1 flow, provided that v1|c20| is the dominant part of the
signal. |a2,1|

|a2,0| can be used as an order of magnitude indication of the uncertainty on |a2,2|
|a2,0| .

Note that the approach for determining the flow is limited by the level of statistical noise in
the data. For a Gaussian signal this level is determined by dN

N ≈ 1√
N

[48, Ch. 4], where N is the
multiplicity, and thus

1√
N

≤ vn. (5.20)

For a v2 = 0.01 (one of the values used in the analysis part) this requires N ≥ 10000.
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Chapter 6

Data processing

The main idea of the methods presented here is to find ways of exploiting the well developed
tools from CMB physics to study heavy ion collisions.

For the data processing several tools have to be utilised. Before any programs can be used
to do operations on the data it has to be in a suitable data format first. In section 6.1 the issue of
the cylindrical nature of a heavy ion detector is addressed, as well as how it may be represented
in a manner similar to CMB data for the analysis. The CMB program GLESP (Gauss-LEgendre
Sky Pixelization)[49] is commonly used in CMB physics for calculations, manipulations etc. on
CMB sky maps. In section 6.2 the utilisation of GLESP for the benefit of the analysis of heavy
ion collisions is presented, and the pixelisation explained.

6.1 Conversion of a heavy ion signal

The heavy ion signal is cylindrical, as this is the shape of the detector. However, since CMB
methods are developed for a spherical signal the heavy ion signal is converted to a spheri-
cal one. In figure 6.1 the coordinate shift is shown, were a spherical system of coordinates
is imposed on the cylindrical one. The plane in the figure corresponds to z= 0. In spherical
coordinates φ runs in the x-y plane, and θ from +z to -z.

The transformation is very simply done by converting the (η, φ) coordinate of a particle (in
radians) to (θ, φ) (in degrees), using η = − ln(tan(θ/2)). Then the signal is decomposed into
spherical harmonics as is customary in CMB analysis by using the package GLESP, which is
also used for further analysis of the data.

6.2 GLESP

GLESP [49] is a program package developed for analysing CMB maps, such as those presented
in figure 3.1. It can be used to do analysis on a map itself or decompose it into spherical har-
monics and do calculations directly on alm’s. Furthermore one can do arithmetic operations on
both maps and alm’s, apply masks, and much more14. The GLESP maps can be made using two

14See www.glesp.nbi.dk for a full description of the program.
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Figure 6.1: The set-up of coordinates. The cylinder represents the ALICE detector, which is then projected
onto the sphere. The z-axis is pointed into the beam direction. The x axis points either into the center
of the collider ring or away from the center, depending on the standard of the experiment in question.
Figure by J. Kim.

kinds of pixelisation. For this thesis the ”n“ pixelisation was used (see section 6.2.1). Maps can
be visually presented in a Mollweide projection. A Mollweide projection is a way of presenting
a three-dimensional spherical signal in two dimensions, and is commonly used for maps of the
Earth or the sky.

The output of the heavy ion simulations is a list of particles. Each line corresponds to one
particle, and has information on its position (η, θ, φ) and possibly on the z-vertex (the exact
point on the z-axis for the collision), input reaction plane angle (ΨR) and centrality. To convert
this list to a GLESP map, the command mappat is used. mappat converts CMB maps from
.ASCII format to .fits format, or converts a list of particles (.ASCII) to an heavy ion map (.fits)15.
After making a map, the decomposition into spherical harmonics coefficients is done by the
command cl2map. cl2map can make maps based on a power spectrum or from a list of alm’s. It
can also compute the power spectrum or alm’s from a map. alm2dl does calculations on alm’s.
It can also be used to convert an alm.fits file to .ASCII format. To visualize a map the command
f2fig can convert a .fits map to a .gif file.

Here cl2map is used to find the spherical harmonics coefficients from the ALICE map, and
alm2dl is used to produce the corresponding power spectrum and a .ASCII file of the alm’s. The
computation of |a22|/|a20| is done in IDL.

In appendix B all used commands are listed and flags are explained.

15The implementation of processing an heavy ion map in GLESP was done by Oleg Verkhodanov, Special Astro-
physical Observatory, Russian Academy of Sciences, Nizniy Arkhiz, Russia
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6.2.1 Pixelisation

The pixelisation used for the data analysis is the ”n“ pixelisation in GLESP [50]. It is illustrated
in figure 6.2. Each latitude has the same number of pixels. Thus, the poles and the equator has
the same number of pixels, but different pixel size.

Figure 6.2: GLESP ”n“ pixelisation. To the left the polar cap is shown, and to the right a Mollweide
projection of a map in n pixelisation is shown. Figure from [50]
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Data analysis
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Chapter 7

Analysis of toy model simulations of
heavy ion collisions

The analysis part of this thesis is split into two chapters. Firstly, a toy model is tested to estab-
lish whether the tools and methods presented in chapter 5 & 6 are viable at all for determining
the amplitude of flow and give sensible results that can be of use in heavy ion physics. It is im-
portant to ensure this by firstly using a toy model because of the computational time required
for more complex simulations. Secondly, a more sophisticated model is used, to see if the meth-
ods are also applicable on relatively complex simulations. This chapter will cover the analysis
of the toy model, and chapter 8 will cover the analysis of simulations using HIJING (Heavy-Ion
Jet INteraction Generator) - an event generator commonly used in heavy ion physics.

The aim of the analysis is to ultimately determine the amplitude of elliptic flow on an event-
by-event basis, and secondly to investigate the reaction plane angle (only for the HIJING sim-
ulations).

The work presented in this thesis has been done in collaboration with the heavy ion group
at the Discovery Center, which has been responsible for the production of simulated data. The
processing and analysis of this provided data is the subject of this thesis. Therefore, a detailed
description of the models used to simulate data will not be presented here.

Since this is a very preliminary study of the application of new methods on collisions, not
all features that are expected in real events are included. It is important to control as many
parameters and dependencies as possible and show how the methods perform under these
conditions before a full analysis of complex simulations is done. Thus, v2 is constant with θ

and no dependence on transverse momentum or particle identity (e.g. baryons and mesons) is
included. Also, no higher order flow is induced.

7.1 Model and simulation

The toy model simulates an event as a Gaussian distribution in η (pseudorapidity) generated
by a Monte Carlo generator (using a random number generator). This of course also gives sta-
tistical fluctuations. The Monte Carlo generator and model was partly written by Jens Jørgen
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7.1. MODEL AND SIMULATION

Gaardhøje, NBI, and partly uses the ROOT analysis package [51]. In figure 7.1 the pseudo-
rapidity density and the corresponding density in θ is plotted, to show how the particles are
distributed. The multiplicity is set to 30000 particles.
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Figure 7.1: Left: dN/dη, the pseudorapidity density as a function of η. It follows a Gaussian distribution
with statistical fluctuations. Right: The corresponding dN/dθ distribution, by using Eq.(4.1). Figure
produced by J. J. Gaardhøje

PHI
0 1 2 3 4 5 6

C
o

u
n

ts

310

Phi with flow phiflow
Entries  100000

Mean    3.134

RMS     1.852

Phi with flow

Figure 7.2: Flow induced in the signal by modulating in the φ direction, according to Eq.(4.3). Figure
produced by J. J. Gaardhøje

These basic simulated events may afterwards be induced with additional effects, such as
flow or jets. Here the focus is on elliptic flow, n = 2. To keep the simplest configuration
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possible, ΨR is set to zero. Since it only induces a shift in φ of the modulation but does not alter
the amplitude this can be done without loss of flow information. In figure 7.2 the modulated
equivalent of figure 7.1 is shown. Note that here the multiplicity is 100,000. The cosine nature
of the flow modulation is easily seen.

The output of the program is a list of particle coordinates. Only the spatial distribution
of particles is of interest in this model, in order to study the morphology of the event. The
simulated data was processed using GLESP, as described in section 6.2. The list of spatial
coordinates for each particle was converted to a map of the event and a file of corresponding
alm’s was produced. The power spectrum was also calculated using GLESP.

7.2 Background

What is defined as a background in the simulations, is the kinematic background of a collision
with no effects (such as flow, jets, etc.). There will be a larger amount of particles in the beam
directions than orthogonal to the beam, as described in section 5.3.1. In figure 7.3(left), this
kinematic background is presented from a simulation with v2 = 0 and multiplicity of 30000.
The resolution corresponds to lmax = 100. The poles (top and bottom) correspond to the beam
directions, whereas the equator is 90o to the beam.

Figure 7.3: Left: one simulation of the total kinematic background, all modes included. Right: The same
simulation with the m = 0 mode removed.

In figure 7.4, the power spectrum of one kinematic background realisation is plotted. In
accordance with the argumentation in section 5.3.1 the m = 0 mode is removed in order to see
the finer features of the background (the effect is also easily seen in figure 7.3).

The map and power spectrum of a background without modulation serve as reference to
the simulations where the signal has been modulated.
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Figure 7.4: Power spectrum for the kinematic background. The blue curve is the total power spectrum
(all m modes), the green is only for the m=0 mode, and the red is for m ≥ 1.

7.3 Modulations of the signal

In this section, flow of varying strength is induced in the φ direction. The modulation is shown
in figures 7.5 (v2 = 0.05) and 7.6 (v2 = 0.3). The strong flow, v2 = 0.3, is included to show very
visually the effects of such a modulation, while the v2 = 0.05 is a realistic value for the flow in
an actual collision. v2 = 0.05 is not visible from the map itself, whereas v2 = 0.3 is very clearly
seen.

Figure 7.5: Maps for a simulation with a modulation by flow in the φ direction, with a realistic value for
the flow: v2 = 0.05. Left: Total map. Right: m = 0 mode removed.

46



7.3. MODULATIONS OF THE SIGNAL

Figure 7.6: Maps for a simulation with a modulation by flow in the φ direction, with a high value for the
flow: v2 = 0.3. Left: Total map. Right: m = 0 mode removed.

The power spectrum for four amplitudes of flow is depicted in figure 7.7. The total power
spectrum for the four different flow amplitudes is more or less the same, but the power spectra
for m ≥ 1 are very different. This is to be expected, because the background (section 5.3.1)
dominates over the effect of flow in the total power spectrum. Because elliptic flow contributes
mostly into the even multipoles, especially at low l, a higher amplitude of flow causes higher
power at these multipoles. This is clearly seen in the power spectra.

Figure 7.7: Power spectrum for four amplitudes of flow. The lines represents the full power spectra, the
dots the power spectra with the m = 0 mode removed. Note that the axes have logarithmic scale.

As argued in section 5.3.2, elliptic flow is the only flow moment contributing to the a22 com-
ponent. Thus, mapping a22 for different amplitudes of elliptic flow is a clear visual indication
of the contribution of elliptic flow into a22. One expects the component to become more pow-
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erful with increasing flow. This is indeed the case in figure 7.8. The signature of a22 for v2 = 0

is fundamentally different from the ones with flow, and the higher the flow the more powerful
a22 becomes. As mentioned in section 7.1, ΨR = 0. A different reaction plane angle would
manifest itself as a phase shift in the ’East-West’ direction.

Figure 7.8: From the top left down to the bottom right: Maps of a22 for representative input flow values
of v2 = 0, 0.01, 0.05, 0.075, 0.1, 0.2, 0.3, 0.5, respectively. For simplicity ΨR = 0 in all maps.
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7.3.1 a2,2 analysis

To obtain the amplitude of elliptic flow in an event the a22 analysis method is used, as presented
in section 5.3.2. The idea is to take advantage of the fact that only v2 is contributing to the l = 2,
m = 2 component of the spherical harmonics coefficients of a given map. One takes the ratio

|a22|
|a20|

≈ v2. (7.1)

The dataset contains one event per amplitude of flow. The ratio was calculated for each
event and plotted against the input v2, see figure 7.9. The plot clearly shows that the theory
holds, as the regression gives a fit of |a22|

|a20| = v2 ∗ 1.09+ 0.00888. Thus, this method seems viable
for determining the amplitude of elliptic flow on an event-by-event basis. The error bars are
estimated by |a21|

|a20| , as described in section 5.3.3. Note that the regression is made for the values

of |a22|
|a20| only, and does not take the error bars into account.
The slight deviation from perfect 1:1 correlation is probably an experimental calibration

factor. It can be due to the fact that when the amplitude of flow becomes too low, |a22|
|a20| is

dominated by random noise and cannot determine v2. This is expected at v2 . 0.01. Thus the
data points at v2 = 0.01 and v2 = 0 are ’contaminating’ factors in the fit. Another explanation
is the limited resolution for the decomposition into alm’s by lmax = 100, since the theoretical
formula in principle assumes infinitely good resolution. Furthermore the theoretical formula
is based on the assumption that |c2,2| � v2|c2,0| (or equivalently |c2,2|

v2|c2,0| � 1). The validity of
this assumption is tested in table 7.1. Note that c2,0 is for the background without any flow
modulation, whereas a2,0 would be the total signal with flow modulation. Thus |c2,2| and |c2,0|
are the same for all values of v2.

v2 |c2,2|/v2|c2,0|

0.01 0.7233
0.05 0.1447
0.075 0.09644
0.1 0.07233
0.2 0.03617
0.3 0.02411
0.5 0.01447

Table 7.1: Test of |c2,2|
v2|c2,0| � 1 assumption for toy model.

Except for v2 = 0.01, and to some degree also v2 = 0.05 the assumption seems legit.

In conclusion, the methods from chapter 5 perform very well in the analysis of the toy model.
The elliptic flow amplitude of an event is reconstructible with very good agreement with the
input flow, and shows a tight linear trend for increasing flow amplitudes as predicted by the
model.
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Chapter 8

Analysis of HIJING simulations

Since the analysis of toy model simulations proved to be quite promising (as presented in the
previous chapter), further analysis is undertaken with a more complex model for simulations.
Whereas the toy model was simply based on a random generator, this chapter will use the
HIJING [52] event generator developed (and commonly used) by the heavy ion community for
more sophisticated simulations of heavy ion collisions16.

The objective of this chapter is to see if results similar to those in figure 7.9 can be ob-
tained, as well as a determination of the event plane angle, Ψn, for different amplitudes of flow.
Whereas the toy model focused on a broad range of flow amplitudes, this chapter will limit
itself to physically realistic flow amplitudes.

The analysis presented here only uses pure Monte Carlo simulations and does not take
detector effects into consideration. Simulations with detector effects take into account the fact
that a detector never has full acceptance over the full φ or θ range. This causes ’holes’ in the total
map of the event, where particles are either not detected at all or are only detected with some
reduced acceptance. Since this is indeed the case for real collision data it would be interesting
to apply the methods to such simulations, but this is beyond the scope of this thesis and will
have to be covered in future work instead. Thus, all produced particles are assumed observed
with uniform acceptance but still with a resolution limited by lmax = 100.

8.1 Model and simulation

HIJING uses physics to simulate the outcoming particles and their distribution. The initial ge-
ometry, impact parameter, number of participating nucleons and the distribution of the matter
is determined by a Glauber model [30] event-by-event. HIJING reproduces some of the main
features of heavy ion collisions at the RHIC and LHC energies. It does not, however, include
collective flow. Instead flow is induced a posteriori using an “afterburner”17. Just as for the
toy model no η, particle species or pt dependence of the flow is included in the model, in order
to keep the setup as simple as possible. Also, no higher order flow is induced. However, each

16The simulation of data has been undertaken by the heavy ion group as part of the collaboration, and the author
has therefore not been directly involved in their production.

17The AliGenAfterBurnerFlow developed by the ALICE experiment at CERN.
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8.1. MODEL AND SIMULATION

event is supplied with a randomly chosen reaction plane angle, ΨR, which is set to be Ψ2. This
only shifts the signal in the φ direction, and has no influence on the amplitude of the flow. Ψn

is included in the HIJING simulations because the method derived in chapter 5 also includes a
way of determining Ψn, which is worth investigating.

HIJING produces events with distributions in (η, φ) or (θ, φ) quite similar to the toy model.
Figures corresponding to figure 7.1 are presented in figure 8.1. Figure 8.2 corresponds to figure
7.2. Note that figure 7.2 is made for an event with a multiplicity of 100,000, whereas figure 8.2
is for an event with a multiplicity of 10,802.
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Figure 8.1: Left: Pseudorapidity density of particles for one HIJING simulation (v2 = 0). Right: same
plot, in polar coordinates. Number of bins is 200, multiplicity is 17,782.

The fluctuations in the simulation are quite large, which might be problematic for the a22

analysis because it assumes that the statistical noise is much smaller than the total signal (for
a Gaussian distribution at a multiplicity of 10,802 the statistical noise should be comparable to
∼ 1%). The fit in figure 8.2 is done using Eq.(5.5), and has a goodness of fit18of R2 = 0.7285,
which reflects the influence of the large fluctuations.

18R2 measures how successful the fit is in explaining the variation of the data. R2=1 is a perfect fit. A R2 value
of 0.7285 means that the fit explains 72.85% of the total variation in the data about the average.
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8.2. FLOW

Figure 8.2: Density of particles as a function of azimuthal angle, φ. Simulation using HIJING and
modulated by an elliptic flow of v2 = 0.15. The red line is a fit with fixed v2=0.15 to the distribution.
The dotted lines show the 95% confidence level of the fit. Number of bins is 200.

8.2 Flow

The difference in statistical properties for the HIJING simulations and toy model simulations
might affect the applicability of the a22 method derived in chapter 5. This is investigated in
section 8.2.1. To visualise the flow, a map of a HIJING simulation with flow (v2 = 0.15) is
shown in figure 8.3.

Figure 8.3: Maps of a HIJING simulation with v2 = 0.15 and multiplicity 10802 (1 ≤ l ≤ 100). Left:
all modes included. Right: m = 0 mode removed. Ψ2 = 1.23 (rad.)

Mapping a22 is a clear way of visually presenting the effect flow has on the coefficient. The
amplitude of a22 is expected to grow with increasing flow amplitude, as can also be seen from
figure 8.4. Note that each map has been rotated by φ−ΨR, to be easily comparable.
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Figure 8.4: From the top left down to the bottom right: Maps of the |a22| amplitude for input flow values
of v2 = 0, 0.01, 0.05, 0.07, respectively. The maps have been rotated by the input ΨR.

8.2.1 a2,2 analysis

The main task is to extract information about the amplitude of the input elliptic flow and the
reaction plane angle (in practice the event plane angle). Contrary to the toy model investigation
an ensemble of events was produced for 5 values of flow, and a reference with v2 = 0. In total
630 event for each flow amplitude was produced. However, a HIJING simulation is based on
random generation of how the two nuclei collide, and thus also the multiplicity of the event.
Thus a selection on the multiplicity has to be used, to avoid dominance of statistical noise (see
section 5.3.4). The selection is presented in table 8.1. The multiplicity of the 630 events per flow
range from of ∼ 10 to ∼ 30000. The selection is chosen to be high enough for v2 = 0.01 to
just exceed the level of statistical noise (for events of ∼ 10000 it is just at the level of statistical
noise). A higher cut on the multiplicity would lower statistical noise, but would result in a very
small ensemble of events.

v2 Selection # events

0.00 10000 ≤ Nmult < 30000 71
0.01 10000 ≤ Nmult < 30000 135
0.0375 10000 ≤ Nmult < 30000 105
0.05 10000 ≤ Nmult < 30000 124
0.07 10000 ≤ Nmult < 30000 164
0.15 10000 ≤ Nmult < 30000 114

Table 8.1: Selection for the events. Nmult is the multiplicity.
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The distributions in figures 8.1 and 8.2 suggested that the level of noise is larger for the
HIJING simulations than for the toy model. Before the data analysis is undertaken, a test of the
assumptions in section 5.3.2 is therefore in place. A key assumption is that the m = 0 mode is
the most dominating component of the signal, and thus that v2|c2,0| � |c2,2| (or equivalently
|c2,2|

v2|c2,0| � 1). This is tested in table 8.2. Here |c2,2| and |c2,0| are averages of the 71 events with
v2 = 0. The table should be compared to table 7.1.

v2
|c2,2|

v2|c2,0|

0.01 2.160
0.0375 0.5760
0.05 0.4320
0.07 0.3086
0.15 0.1440

Table 8.2: Test of |c2,2|
v2|c2,0| � 1 assumption for HIJING events.

For v2 = 0.01 the approximation is not valid, which is expectable since v2 = 0.01 is at the
level of the statistical noise. For v2 = 0.0375, 0.5 and 0.7 the fraction |c2,2|

v2|c2,0| is non-negligible,
and only for v2 = 0.15 does it begin to approach order 10%. This indicates that the derived

|a22|
|a20|

≈ v2. (8.1)

relationship will have some correction factor. Just as for the toy model, the limited resolution
due to the choice of lmax = 100 will also cause a deviation from a pure 1:1 correlation.

Furthermore, in figure 8.3 it seems as if there is a tilt of the symmetry plane of the flow
- it does not coincide with the θ direction. A tilt would induce a θ-dependence of the data,
mimicking a θ dependent v2. Such a tilt would show up in e.g. the |a21| component in respect
to the |a22| component, since a21 represents both θ and φ dependence (see figure 3.5, middle).
In table 8.3 this is shown to be the case for the HIJING simulations; |a21| is between 20-100%
of the |a22| component for v2 = 0.01− 0.05. Comparing to the toy model, where the fraction is
|a2,1|
|a2,2| = 0.13 for v2 = 0.075 for just one event, whereas for the HIJING simulations the average
over 124 events for v2 = 0.07 is 0.1948 with a spread of ∼ 0.10.

v2
〈|a2,1|〉
〈|a2,2|〉

0.00 1.445
0.01 1.462
0.0375 0.4872
0.05 0.3001
0.07 0.1948
0.15 0.09815

Table 8.3: Test of |c2,2|
v2|c2,0| � 1 assumption for HIJING events.
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Even so, the data is plotted in figure 8.5, which is the HIJING equivalent to figure 7.9. The
error bars are 1σ deviations calculated from the ensemble for each flow value.

The regression is only with respect to the points (crosses) that represent the mean of |a22|/|a20|
of the ensemble for each input flow amplitude. It does not take the error bars into considera-
tion, just as the data points for v2 = 0.01 and v2 = 0 are not used, because they are on the level of
the statistical noise. Another regression with higher or lower inclination is also possible within
the error bars. The regression is still useful because it clearly shows the linear relationship.

The original equation, Eq.(5.16), does not take a θ dependence of the signal into account, and
thus cannot predict the behaviour in figure 8.5 perfectly. The factor of 1.81 (∼ 2) is related to
both the breakdown of the assumptions on the dominance of v2|c20| and the tilt of the signal. As
was also the case for the toy model, the limited resolution also contributes into this calibration
factor.
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8.2. FLOW

8.2.2 Error estimation for HIJING simulations

The aim of the analysis presented in sections 7.3.1 and 8.2.1 has been to be able to determine the
amplitude of elliptic flow on an event-by-event basis. In the analysis of HIJING data 630 events
(after selection on high-multiplicity only ∼ 100 events) for each amplitude have been analysed,
which makes statistical error analysis over an ensemble of events possible. This includes a
measure for the uncertainty and error by taking the standard deviation of the sample. Taking
the standard deviation of a data sample to be the 68% confidence level requires Gaussianity of
the data. The validity of this assumption is shown in figure 8.6.
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Figure 8.6: Gaussianity of data for v2 = 0.07. Number of bins = 50.

The use of standard deviations is not viable for a single event. It is still necessary, though,
to provide a measure of how exact the results are, and what the errors on the output flow
amplitude should be. In section 5.3.3 it was postulated that |a21|

|a20| is a good measure for the
uncertainty of v2 for an event, because there is no contribution from n > 1 flow into this fraction
and because the statistical properties are the same as for |a22|

|a20| .

In table 8.4 this postulate is tested and the errors on the a22 results are presented. |a21|
|a20| is

only a measure of the magnitude of statistical fluctuations.

v2 〈 |a22|
|a20|

〉 σ 〈σ21〉

0.00 0.0216 0.0112 0.0230
0.01 0.0324 0.0150 0.0295
0.0375 0.0736 0.0230 0.0304
0.05 0.0960 0.0197 0.0279
0.07 0.136 0.0225 0.0259
0.15 0.278 0.0235 0.0269

Table 8.4: Error estimation for high multiplicity events, 10000 ≤ Npart < 30000. σ21 =
|a21|
|a20|
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8.3. DETERMINING ΨN

The first column is the value of the input flow. The second column is the mean of |a22|
|a20| for

the number of events as specified in table 8.1. The third column is the standard deviation of
|a22|
|a20| for the specified number of events. The fourth column is the mean of |a21|

|a20| .
|a21|
|a20| is of the same order of magnitude as σ, but for v2 < 0.05 it seems to overestimate the

uncertainty. It was argued in the previous section that a tilt in the data would enhance the a21

component, in which case it is no longer a proper measure of the uncertainty. In order to use
|a21|
|a20| as the order of magnitude for the uncertainty, ones needs to correct for the tilt.

It is seen from the table that even though v2 = 0.0375 should be above the level of statistical
noise, the uncertainties are almost of the same amplitude as the signal itself, indicating that
this is not the case. According to table 8.4 one should be careful with the determination of flow
amplitude for v2 . 0.05.

In conclusion, the results on the determination of the flow amplitude are not as promising
for the HIJING simulations as they were for the toy model simulations. The level of noise and
uncertainty is comparable to that of the values of flow for v2 . 0.07. The linear correlation of
|a22|
|a20| and v2 is confirmed though, indicating that the strategy of implementing CMB methods
into the field of heavy ion collisions is still promising but needs more work. One possible direc-
tion for future work could be the investigation of either decreasing the significance of the noise
or enhancing the signal of interest (e.g. using masks or window functions).

8.3 Determining Ψn

In addition to determining the flow amplitude, one is also interested in the reaction plane angle,
ΨR (in practice Ψ2). This was not found for the toy model since ΨR was set to zero. From the
data Φ22 can be found for each event. Using the formula in Eq.(5.16), one can obtain the input
ΨR. This is plotted in figure 8.7.

Figure 8.7 uses v = 0.07 with the selection presented in table 8.1. A linear relationship is
clearly seen, with small deviations (order of ±0.2 rad), which is in very good agreement with
the theoretical formula, 2Ψn = Φ22.

A note on the data analysis for Ψn: the definition of the φ-coordinate and the position of
φ = 0 is not the same for the simulation and the angle calculated from Eq.(3.2). The difference
is the direction of the z axis, or equivalently θ, as well as a shift of the direction of φ = 0

(orientation of the x-axis). Therefore a coordinate shift was done on Ψn
19. The shift has nothing

to do with Eq.(5.16), it is only a definition of the orientation of the coordinate system that is
different in GLESP and the HIJING simulation.

In most cases, it is not proper scientific conduct to remove data points that seem wrong from
a dataset. However, in the case of a cyclic signal the point s is the same as s+ p, where p is the
period. This is the case in figure 8.7. The two points at (ΨR = π,Φ22 ≈ 0) and (ΨR = 0,Φ22 ≈
2π) might just as well be shifted with 2π in Φ22 since Φ22 = 0 = 2π. Thus one should be careful
to remember the periodicity of the signal when dealing with values of Φ22 very close to 0 = 2π.

19Ψn → −Ψn + 2π
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Figure 8.7: The (corrected) input ΨR versus Φ22 in radians. The equation shows the linear fit to the
corrected data. A linear fit to the total dataset gives Ψin

R = 0.456 ∗ Φ22 + 0.128 instead.

Another thing to note is the relationship between Ψn and Φ22

2Ψn = Φ22 + 2πk, k = 0, 1, 2, 3, ... (8.2)

One specifies v2 for each simulation (ensemble of events), and the generator generates events
with ΨR randomly chosen between 0 and 2π. In practice it is not possible to distinguish a
reaction plane angle of e.g. 1

2π and 3
2π because of the symmetry20. Thus the event plane angle

is only defined for [0 : π] (and this is the only one observable in practice).
Because the data plotted in figure 8.7 is Φ22 vs. Ψin

R , a shift has been made to show the linear
relationship from [0 : π]. The input ΨR range from [0 : 2π] from the simulation. To correct for
angles that are in praxis the same because of the symmetry explained before, the following shift
was done on the data: for Ψin

R > π, → ΨR = Ψin
R − π.

20see figure 4.1. The reaction plane angle is defined by the vector from nuclei “A” to nuclei “B” no matter the
orientation, and it therefore spans the whole 2π interval. If the two nuclei were interchanged the event plane angle
would be the same, but the reaction plane angle would be ±π
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Chapter 9

Conclusions

In this thesis a novel approach to the analysis of high-multiplicity heavy ion collisions has been
presented. The approach is the use of methods and tools developed for the analysis of the
Cosmic Microwave Background (CMB) in the field of cosmology, applied to the analysis of
the morphology of heavy ion collisions in the field of heavy ion physics. The specific topic of
investigation was elliptic flow, v2, on an event-by-event basis.

The CMB analysis approach is based on the decomposition of a signal into spherical har-
monics, a three dimensional fourier transformation. The coefficients of the decomposition,
alm’s, encode all information of the decomposed signal, and it is thus possible to do analytical
calculations on the signal using these coefficients.

Using the power spectrum obtained through the spherical harmonics coefficients, the back-
ground of a heavy ion collision signal - an event - was identified as being strongly represented
by the m = 0 modes of the coefficients (because m = 0 modes are φ independent). Removing
the m = 0 mode clearly removed the dominance of the background without influencing mod-
ulations in the φ-direction such as flow. The spherical harmonics coefficients were also used
to derive equations for separation of both even and odd flow moments from the total signal,
and a direct analytical expression was obtained for the isolation of flow in an event. The results
show that elliptic flow is best determined from the a22 coefficient from the spherical harmonics
decomposition.

In order to do the analysis of the heavy ion data, it was first converted to a format suitable
for the CMB program package, GLESP. GLESP was used for the decomposition into spherical
harmonics and the calculation of the power spectra.

The data analysis was split into two parts. The first implemented the mathematical methods
on a toy model, which is based on a simple random generator. The second part extended the
analysis to the more sophisticated HIJING generator, which uses physics for the generation
of simulations. The analysis of the toy model data showed a very strong linear relationship
between the input v2 and the calculated v2, as was predicted by the equations from the methods
chapters (figure 7.9). A small deviation from the predicted behaviour was seen, which was
ascribed to a calibration factor due to limited resolution.

The HIJING simulations were analysed in a similar way and also showed a strong linear
correlation, albeit with a slope that differed with regards to the predictions (figure 8.5). The
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method for analysis was the same for both toy model and HIJING, which suggests that it is
improbable that the derived equations for the calculation of flow are erroneous per se. How-
ever, high fluctuations in the signal in the φ direction were seen for the density of particles.
These prompted the investigation of the assumptions for the formula, which showed that noise
is prominent in the data, and that the fraction |a21|

|a22| is unexpectedly large which indicates a tilt
with respect to θ of the symmetry plane in the data. Such a tilt would mimic a θ dependence of
v2, and would induce couplings of l-modes. The original equation does not take θ dependence
into account, and thus cannot predict the observed behaviour perfectly. This is a possible ex-
planation for the discrepancy. Also, the limited resolution contributes to the calibration factor.
In conclusion, the linear relationship is sound, but further investigation into the origin of the
tilt is needed as well as either discriminating the noise or enhancing the flow signal in the data
(e.g. filters, masks, window functions).

The analysis of HIJING simulations also investigated how well the event plane angle, Ψn,
could be reconstructed for each event. A sample of 164 events with v2 = 0.07 and multi-
plicities 10000 ≤ Npart < 30000 was analysed. A plot comparing the input reaction plane
angle (ΨR = Ψ2) and the calculated event plane angle from the phase of the a22 coefficient,
Ψn = 0.5Φ22, showed a very tight relationship completely in agreement with the analytical for-
mula (figure 8.7). The event plane angle is not expected to be affected by effects that influence
the amplitude of the flow, as it is only a shift of the distribution in φ.

The method presented in this thesis has proven promising for the determination of elliptic
flow in heavy ion collisions on event-by-event basis. The main result is that the relationship
|a22|
|a20| = v2 was supported by the data for a toy model. For HIJING with afterburner the linear
relationship is also confirmed albeit with a discrepancy. It has been shown that one can qualita-
tively characterise properties of collisions on event-by-event basis by using methods normally
used in CMB science, even if a completely successful application to more advanced simulations
requires either more sophisticated estimators or better reduction of the noise.

The outlook for the data analysis of this thesis has many sides to it. Firstly, the discrepancy
of the HIJING simulations requires further investigation. Then one should check the method
for higher order flow, for limited detector acceptance and simulations with more effects. The
next step would be analysis of real data from the ALICE detector. Since the ’true’ v2 (or higher
orders) and ΨR (Ψn) are not known in real data, one could compare the results to other observ-
ables known to be correlated with collective flow, e.g. the centrality. Another way could be to
determine the calibration factor using a large ensemble of events with v2 determined through
usual heavy ion methods, and then using it on an event-by-event basis.

An outlook into the field of cosmology also presents possibilities. For cosmology, the study
of modulations in the morphology of a signal is highly relevant for CMB investigations. Fore-
grounds and cosmological signatures both present themselves through a modulation of the
morphology, and thus the approach presented here can - although not directly - also be applied
to studies of the CMB.
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Appendix A

Fourier decomposition

A.1 Cylindrical fourier decomposition

In cylindrical coordinates the signal from a collision is represented by:

S(z, φ) = R(z, φ)

1 + 2
∑
n≥1

vn cos(n[φ−Ψn])

 , (A.1)

as defined in Eq.(4.3). The fourier decomposition in φ is done by

Rm(z) =

∫ π

−π
R(z, φ)e−imφdφ, (A.2)

and by using that

cos(nx) =
einx + e−inx

2
. (A.3)

The decomposed signal is then given by

Sm(z) = Rm(z) + 2

∫ π

−π
R(z, φ)

∑
n

vn cos(n[φ−Ψn])e
−imφdφ

= Rm(z) +
∑
n

vn

(∫ π

−π
R(z, φ)ein(φ−Ψn)e−imφdφ+

∫ π

−π
R(z, φ)e−in(φ−Ψn)e−imφdφ

)
= Rm(z) +

∑
n

vn

(
e−inΨn

∫ π

−π
R(z, φ)e−iφ(m−n)dφ+ einΨn

∫ π

−π
R(z, φ)e−iφ(m+n)dφ

)
= Rm(z) +

∑
n

vn
(
e−inΨnRm−n(z) + einΨnRm+n(z)

)
. (A.4)

A.2 Decomposition in spherical coordinates

∫
Ω
S(θ, φ)Y ∗

l′m′dΩ =

∫
Ω
R(θ, φ)Y ∗

l′m′dΩ+
∑
n

vn

∫
Ω
R(θ, φ)ein(φ−Ψn)Y ∗

l′m′(θ, φ)dΩ

+
∑
n

vn

∫
Ω
R(θ, φ)e−in(φ−Ψn)Y ∗

l′m′(θ, φ)dΩ ⇔ (A.5)
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A.2. DECOMPOSITION IN SPHERICAL COORDINATES

alm = clm +
∑
n

vne
−inΨn

∫
Ω

∑
l,m

clmYlm(θ, φ)Y ∗
l′m′(θ, φ)einφdΩ

+
∑
n

vne
inΨn

∫
Ω

∑
l,m

clmYlm(θ, φ)Y ∗
l′m′(θ, φ)e−inφdΩ

= clm +
∑
n

vne
−inΨn

∫ π

0

∑
l,m

clmKPlm(cos θ)K ′Pl′m′(cos θ) sin θdθ

∫ π

−π
eiφ(m+n−m′)dφ

+
∑
n

vne
inΨn

∫ π

0

∑
l,m

clmKPlm(cos θ)K ′Pl′m′(cos θ) sin θdθ

∫ π

−π
eiφ(m−n−m′)dφ

= clm +
∑
n

vnclm

(
e−inΨn

1

2π
δl,l′δm,m′2πδm′,m+n + einΨn

1

2π
δl,l′δm,m′2πδm′,m−n

)
= clm +

∑
n

vn
(
cl,m+ne

−inΨn + cl,m−ne
inΨn

)
, (A.6)

where

K =

√
(l −m)!

(l +m)!

2l + 1

4π
,

K ′ =

√
(l′ −m′)!

(l′ +m′)!

2l′ + 1

4π
, (A.7)

and ∫ π

0
KPlm(cos θ)K ′Pl′m′(cos θ) sin θdθ =

1

2π
δl,l′δm,m′ . (A.8)
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Appendix B

GLESP commands

The command used for making a map is

mappat -A ALICE input.txt -o ALICE map.fits -nx 201 -np 402

The flags −nx and −np define the resolution of the map. −nx is the resolution in θ and −np is
the resolution in φ. The relationships nx ≥ 2 ∗ lmax+1 and np = 2 ∗nx must be fulfilled; In this
analysis lmax = 100.

After making a map, the decomposition into spherical harmonics (and coefficients) is done
by the command cl2map. cl2map can make maps from a power spectrum or a list of alms, or
compute the power spectrum or alms from a map. alm2dl does calculations on alms. It can also
convert a alm.fits file to ASCII format. Here cl2map is used to find the spherical harmonics
coefficients from the ALICE map, and alm2dl is used to produce the corresponding power
spectrum and a ASCII file of the alms.

cl2map -map ALICE map.fits -lmax 100 -ao alm.fits

decomposes a map into alms.

alm2dl -cl alm.fits -lmax 100 -o cl.fits

computes the power spectrum from a list of alms.

alm2dl -g alm.fits -o alm.dat

converts a list of alms in fits format to ASCII format.
To produce a figure from a map the command f2fig is used. The flag −Cs allows for

manual determination of the temperature range (in this case, particle counts).

f2fig map.fits -o map.gif -Cs Low,High

where Low and High are the limits.
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