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Abstract

With the continuously growing interest in active galactic nuclei (AGN) and the propaga-
tion of their associated jets, the subject of energy extraction from rotating Kerr black holes
is still highly relevant today. By now, several general relativistic magnetohydrodynamic
simulations validate the Blandford-Znajek process which is a black hole energy extraction
mechanism first proposed by Blandford and Znajek in 1977 [I] that was greatly inspired by
the similar case of the pulsar magnetosphere. Unlike the example of a slowly rotating black
hole, which Blandford and Znajek considered, most observed AGN are found to spin at
rates close to extremality. This means that it is necessary to construct a new perturbative
approach for near-extreme and extreme black holes much like Menon and Dermer did in
the Kerr background [2]. This thesis reviews the near-horizon extreme Kerr (NHEK) limit
of rotating black holes. Consequently, an expansion of the field in orders of the scaling pa-
rameter A is performed in order to construct a magnetically-dominated field strength from
the NHEK attractor solution found by Camilloni et al. [3]. Although this solution is null
everywhere, calculating the first two post-NHEK order corrections to the field allows one
to show that it is indeed possible to construct a magnetically-dominated magnetosphere, at
least in some regions. The near-NHEK limit of the Kerr solution, which is more astrophys-
ically correct than the NHEK limit, is also reviewed. Again, the field is expanded but now
in orders of A and o which measures the deviation from extremality (o = 0). With a novel
expansion of the field variables, I find corrections to the near-NHEK attractor to the second
order in A (and o), and present the field variables that are determined along the way. I show
that the field strength is null in the first order in A and present the general field strength
in the second order in A with field variables that are left unfixed. Lastly, the novel general

expansion is compared with a known solution [4].
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Introduction

Several near-extreme Kerr black holes thought to be the centre of active galactic nuclei
(AGN) have been observed throughout the Universe. These possess rotations high enough to
drive the astrophysical jets that are likely candidates for sites of creation of highly energetic
particles such as high-energy neutrinos. The neutrinos have been observed by detectors such
as IceCube [5] located on the South Pole, and are ideal messengers carrying information
about the Universe which is otherwise not available to us. Generally, information is lost
along the way as it travels through various astrophysical objects before being observed by
detectors on Earth, thus making these neutrinos highly valuable to us. With the publication
of the first ever image taken of a black hole as late as in 2019 [6] it is evident that there
is still much to be studied. The image which in fact is not of the supermassive black
hole M&7* itself but rather the surrounding accretion disc or emitted jet only fuels the
interest in investigating AGN and their central black holes even further. It is thus of
great interest to further understand the mechanics of near-extreme and extreme Kerr black
holes with mass M and angular momentum J (with J = M? in the extreme limit) such
that we may better understand processes like the creation of the relativistic jet or the
emitted high-energy neutrinos, and the process of energy extraction from the highly spinning
black hole possibly through said jets [7]. Several models have been proposed in order
to describe the magnetosphere of the black hole. In order to construct a magnetosphere
which is astrophysically acceptable it must be magnetically-dominated. This means that
the field strength of the electromagnetic field F*” surrounding the Kerr black hole must
be positive F? > 0, or equivalently B2 > E? where B; and E; are the magnetic field
and the electric field, respectively. The approach which has proved to be best equipped to
describe this near-extreme and extreme Kerr background is the force-free (FF) limit of ideal
magnetohydrodymanics (MHD) governed by force-free electrodynamics (FFE) which is a

regime of Maxwell’s equations. It is a closed set of equations describing the electromagnetic



field and the force-free plasma within the black hole magnetosphere [8]. The plasma is said
to be FF when its associated energy-momentum tensor is dominated by the electromagnetic
energy versus the matter energy such that the Lorentz force density in effect vanishes which
is where the term ”force-free” originates from. This was initially inspired by the discovery
of a FF plasma-filled pulsar magnetosphere in 1969 by Goldreich and Julian [9] allowing
for the energy extraction through the relativistic jets originating from the rotating neutron
star. In 1977 Blandford and Znajek applied this idea to the slowly rotating limit of a black
hole as they constructed the Blandford-Znajek (BZ) process. This is an electromagnetic
Penrose-like process describing the energy extraction from a rotating black hole immersed in
a magnetic field supported by the surrounding accretion disc. The presence of the accretion
disc gives rise to a force-free plasma in some parts of the magnetosphere, and consequently
the electromagnetic conversion of the black hole angular momentum into energy that as
mentioned may power the relativistic jet.

Due to the complexity of the non-linear equations produced by FFE in the Kerr back-
ground it is difficult to obtain a stationary and axisymmetric analytical solution for a
magnetically-dominated magnetosphere and in fact only one set of such solutions has been
found by Menon and Dermer [2] [I0] and by Brennan et al. [I1]. Both share the property of
being null everywhere (F? = 0). This motivates the reason to perturbatively move slightly
away from the horizon of the extreme Kerr black hole, a region governed by the near horizon
extreme Kerr (NHEK) geometry which possesses some mathematical qualities allowing for
the simplification of the problem such that an exact solution can be found.

In this thesis I will initially be introducing the general relativistic (GR) Einstein field
equations as well as the Schwarzschild and Kerr solutions before reviewing the FFE equa-
tions. I will then review existing literature in order to derive the NHEK attractor solution
recently found by Camilloni et al. [3] which is null. From this, a stationary and axisym-
metric solution in the Kerr background that is magnetically-dominated can be found using
perturbation theory by computing the n-post order corrections. I will only be presenting
the method with which the first and second post-NHEK order corrections are obtained as
it is not necessary to continue to higher orders in order to recover positive regions of F2.
Subsequently, I will move on to the near-NHEK geometry as presented in [I2] which is used
to study the region close to the horizon of a near-extreme Kerr black hole, i.e. a rotating
black hole that deviates slightly from extremality. I will derive the near-NHEK attractor
solution which is used as a base for perturbing away from the near-NHEK region, again

with the purpose of constructing a FF magnetosphere in the near-NHEK region. As in the



NHEK limit of the Kerr metric I will only consider the first two post-near-NHEK corrections
and I will be presenting the various attempts that were made to procure the appropriate
solution. In this case I will also show that the perturbation which we found reduces to
the Menon-Dermer class of solutions and I will introduce the concept of light surfaces and
analyse whether these critical surfaces help find the desired outcome. Lastly I will compare

our result with another found by Pompili [4] in order to study the similarities.



Chapter 1

Black holes

In this Chapter I will be introducing two exact known solutions to the Einstein field equations
1
R, — ERgW =8nT,, (1.0.1)

which relate the curvature, or geometry, of spacetime through the Ricci tensor R,,, and
subsequently the Ricci scalar R = g""R,,,, to matter via the energy-momentum tensor
T,,. 1 will be fixing the geometric units G = ¢ = 1 and follow the signature (—,+,+,+)
throughout the thesis for the metric g, .

The first exact and most simple solution to Einstein’s equations is the Schwarzschild
solution which describes the spacetime surrounding a static and symmetrical black hole
with the following metric in spherical coordinates (¢, 0, ¢)

1
1—ro/r

dsQZ—(l—%O>dt2+

dr® 4 r2d6* + 1% sin? fdp? (1.0.2)

where M is the mass of the black hole and rg = 2M is known as the Schwarzschild radius.
The metric admits a timelike Killing vector field K = 0; which is evident since the compo-
nents of the metric are time-independent. Killing vector fields (or just Killing vectors) are

four-vectors £ which satisfy the condition known as the Killing equation
0= D,ugy + Dufl“ (103)

where D,, is the covariant derivative, which means that { is a Killing vector if the Lie

derivative with respect to £ of the metric Vanishesﬂ

(Leg)uw = 0. (1.0.4)

'Recall that (Lxg)ur = XPOp(guv) + (0uXP)gpu + (OuXP)gup for an arbitrary vector field X = X#9,,.




As mentioned, this is true for the vector field 0; in the Schwarzschild solution. Killing vectors
are interesting since they are infinitesimal generators of the isometry of the metric, meaning
that they preserve the metric. This allows us to conclude that the metric is stationary and
invariant under time-translations, and due to the metric’s spherical symmetry there also

exists three non-commuting spacelike Killing fields
R=04, S=sin¢dy+ cotfcospdy, T = cospdy— cotlsin@pdy. (1.0.5)

The metric is asymptotically flat at infinity which means that for » — oo or ryg — 0 the
Schwarzschild metric reduces to the metric describing flat space in spherical coordinates.
Since the existence of a Killing vector also implies the existence of a conserved quantity (the
metric is preserved), let us consider the physical meaning of the symmetries they also then
represent in flat spacetime, due to the metric being asymptotically flat. In flat spacetime,
invariance under time-translation results in the conservation of energy, while invariance
under spatial rotations results in the conservation of angular momentum. This means that
the Killing vector K is associated with the conservation of energy, and the Killing vector R
is associated with conservation of the magnitude of angular momentum [I3]. This is true
even for the Schwarzschild metric and not only in flat spacetime.

Another important feature of the metric is the two singularities found at r = ry and
r = 0, where the former becomes evident since the component g;; — 0 and g — 00
for r = rg, however, this turns out to be a coordinate singularity which can be removed
by the appropriate parametrisation. For example using Eddington-Finkelstein coordinatesﬂ

(v,7,0,¢) in which the metric reduces to [14]
ds? = — (1 - %0) dv? + 2dvdr + r2dQ?, (1.0.6)

with the metric of a unit two-sphere dQ) = df? + sin® #d¢?. From Eq. one can infer
that the singularity at » = 0 is a true singularity where the curvature of the spacetime
approaches infinity. However, the coordinate singularity at r = rg is of no less physical
importance as it defines the surface known as the event horizon, marking the boundary (for
fixed t) at which not even light can escape the gravitational pull of the black hole. In fact, it
is the spacetime in the region r < ry that constitutes what we call the Schwarzschild black
hole itself whereas the metric in the region outside of the event horizon r > rg is a solution
to the Einstein equations in vacuum R,, = 0, since T}, = 0 when no matter is present.
As a consequence hereof, the Schwarzschild solution is unique since it satisfies the following

properties [14]

2For ingoing coordinates v = t 4+ 7* where r* = 7 + ¢ log (% - 1).



e The metric is asymptotically flat.

e The metric is stationary.

e There exists an event horizon.

e Outside of the event horizon, the metric is a solution to the vacuum Einstein equations.

The Schwarzschild solution has historically been used to model slowly spinning objects such
as the Sun and the Earth [13] and also in 1977 when Blandford and Znajek proposed a
perturbative expansion method for finding approximate solutions for slowly rotating black
holes [I] which serves as the inspiration for the basis of this thesis. However, more recent
observational findings based on the analysis of the continuum spectrum of the accretion
disc surrounding AGN suggest that most astrophysical black holes rotate at a rate closer
to the extremal limit J = M? [I5]. This motivates the introduction of another solution to
the Einstein field equations, namely the Kerr solution which allows for the evaluation of the

NHEK and near-NHEK regions in later Chapters.

1.1 Kerr black holes

The Kerr metric is a solution to Einstein’s field equations which describes the spacetime of a
rotating (Kerr) black hole thought to be more astrophysically realistic than the non-rotating
Schwarzschild counterpart. It is generally believed that Kerr black holes are birthed through
the gravitational collapse of spinning massive stars, other compact objects or a collision of
binary systems, all of which posses non-zero angular momenta, resulting in a black hole with

mass M and angular momentum J. The Kerr metric in Boyer-Lindquist (BL) coordinates

(t,r,0,9) is

2

ds? = — (1 - %)dt2 - %asin2 Odtde
2 2)2 _ 42A 6 29 N

(r* + a®) Ea sin sin20d¢2+gdr2+2d92, (1.1.1)

with the spin parameter a = J/M, Schwarzschild radius o = 2M, and parameters

S(r,0) = r* + a* cos? 6,

Alr)=(r—ry)(r—r_). (1.1.2)

The metric contains a ring singularity at » = 0, § = 7/2 stemming from the divergence of

the metric at ¥ = 0, and two singular surfaces which are evident since the component g,



diverges at A = 0, with A vanishing at the radii r1 [13]

2
ry = %0 (1 +, /1 4a2> . (1.1.3)

U

The two surfaces r are, however, only coordinate singularities and can thus be removed fol-
lowing the appropriate parametrisation as we also saw with the Schwarzschild solution. The
two surfaces are null hypersurfaces that can be thought of as a collection of null geodesics
[13], where the innermost null surface is the inner event horizon located at r = r_, sur-
rounded by the outer event horizon at r = r; denoting the point at which it is impossible
for massive and non-massive objects to escape the gravitational pull of the black hole. It
is common practise to refer to the surface at » = ry as the event horizon, and I will be
following this convention in the remainder of the thesis as my main focus does not lie in the
spacetime within the event horizon but rather the region immediately outside of it.

From Eq. it is evident that the Kerr metric is equipped with two Killing vector
fields since the metric coefficients are independent of the coordinates (¢, ¢). The Killing vec-
tors K = 0, and R = 0, are generators of time-translation symmetry and axisymmetry [16],
respectively, revealing the Kerr metric to be stationary as well as axisymmetric and since
it is asymptotically flat for r — oo, the Kerr solution is also unique. The two commuting
vectors generate the Kerr isometry group R x U(1) which I will return to when discussing

the NHEK region, and they combine to form the co-rotating vector field
X = Or + Qudy, (1.1.4)

with Qg being the angular velocity of the black hole, or more precisely the horizon

a

Oy =5
2 2"
r++a

(1.1.5)

Furthermore, the Killing vectors will span a surface which is denoted as the toroidal surface,
while the surface orthogonal to this is the poloidal surface spanned by (r,6). This allows
for the decomposition of the metric into a toroidal component gr and poloidal component
gp with the determinant of the metric being a product of the two [3]

. 2
9r = gudss — s = —AS*0, g = grrgoo = 1,

— g=gr gp = —X’sin?6. (1.1.6)

Another important feature of the Kerr black hole is the surface surrounding the event horizon

known as the ergosphere which intersects with » = r; at the poles of the rotational axis



(sinf = 0) as seen in Figure It is found at the surface where the norm of the timelike

Killing vector is null K*K, = gy = 0, i.e. ¥ = rgr, leading to the equation

r? —ror +a*cos’0 =0 (1.1.7)
with the following solutions
A2
r="04 10 120 cos20 (1.1.8)
2 2 T

allowing us to define the boundary of the ergosphere r = r¢g, as

r ro | 4a?
Tergo = 50 + 50 1-— ?% cos2 0. (119)

Inside this region, the ergoregion 74 < r < Tergo, the Killing vector changes from being
time-like K* K, < 0 to space-like K* K, > 0 meaning that while it is still possible to escape
the gravitational pull of the black hole, you cannot stand still and must instead follow the
rotation of the black hole in the increasing ¢-direction with the same angular velocity as
the horizon. This effect is known as frame-dragging as it results in the dragging of the local
inertial frame (the ergosphere) and it motivates the introduction of co-rotating coordinates
which I will present alongside the NHEK limit in a following CHapter. In order to see the
frame-dragging effect explicitly, let us consider a massless particle, i.e. a photon, that has
entered the ergosphere in the ¢-direction at an arbitrary radius r in the equatorial plane
(6 = m/2) of the black hole. Since the photon is moving in the ¢-direction its momentum
will not contain any components in the r- and #-direction thus reducing the null trajectory

of the photon to

0= ds® = gudt® + 2g,4dtde + gppdd?,
_ d¢? Q@dﬁ 4 91

_ 9o~ 1.1.10
dt? " “ges At goo (11.10)
which is solved for d¢/dt, yielding [14]
2 .
—gto £ A
9 _ o (o= 9t 4 (gw) _ 9u _ —gs Esin0VA (L111)
dt 969 969 960 969

Inside the ergoregion gy > 0, g1 > 0, and ggy > 0 such that Q4 (r,0) > 0, meaning that
the photon is bounded by

O_(r,0) < % < Q4 (r,0), (1.1.12)



with d¢/dt being the angular velocity of the photon inside the ergoregion. For massive
particles, that necessarily move slower than the photon, the upper and lower limit is instead

Q_(r,0) < % < Q4 (r,0), (1.1.13)

and if we consider the limit » — r it becomes evident that the upper and lower limit

asymptote to the angular velocity of the horizon

Gtp aror4 a
Ou(rs 0) = — - - , 1.1.14
i( + ) g¢¢ =Ty ((12 + 7'_%_)2 ToT+ ( )

since 0 = A(ry) = 71 + a® — rory. Thus we see that particles inside the ergosphere will
move with the horizon as the black hole rotates.

inner event horizon

outer event horizon

ergosphere

Figure 1.1: Hlustration of a Kerr black hole with a ring singularity at r = 0,
6 = /2 surrounded by the inner horizon at r = r_ and outer horizon at
r = ry. The ergoregion (grey) which is bounded by the ergosphere and
outer event horizon marks the region in which everything must co-rotate

with the black hole. Modified Figure 6.7 from [13].

As I will be considering the extreme and near-extreme limit of a Kerr black hole it is
important to establish exactly when the Kerr black hole reaches extremality. The Kerr black
hole angular momentum is bounded by the condition a < r7/2 with the black hole reaching
extremality at a = 79/2. This results in a maximal angular momentum of |J| = M? and
ry =r_ =rg/2, as well as the angular velocity of the event horizon reducing to Qg = 7*0_1
[B]. The angular momentum of the black hole is limited by the cosmic censorship hypothesis
[13] which states that a naked singularity, i.e. a singularity not surrounded by an event

horizon, cannot be formed by gravitational collapse since we cannot allow the curvature



singularity to affect the surrounding spacetime. If a > ry/2 then A > 0 and no event

horizon would be present which is forbidden.

1.2 Black hole energy extraction

Before concretising what the extremal boundary of the Kerr black hole entails let us first
consider exactly how energy can be extracted from within the ergosphere of rotating black
holes. Perhaps the most well known method of extraction is the Penrose process which can
be visualised by considering a fairly straightforward example inspired in part by literature
by Carroll and Harmark [I3] [14]. Consider a massive particle ”a” with mass m, travelling
from infinity, moving along a geodesic with positive energy since it is moving forward in

time. The energy of the particle will be
E,=-K,ptl>0 (1.2.1)

since we know that the conserved quantity of the Killing vector K is energy, with p# =
mg dat /dr being the four-momentum. The minus sign in F, is needed due to the timelike
nature of the Killing vector K at infinity to ensure that the energy is in fact positive. Inside
the ergoregion of the Kerr black hole, the Killing vector becomes spacelike meaning that it

is possible to imagine a particle for which
E=-K,;p" <0, (1.2.2)

and thus returning to the example, we imagine that the particle ”a” enters the ergosphere
and splits into two particles ”b” and ”¢” near the outer event horizon as seen in Figure |1.2
Particle ”¢” escapes the ergosphere while particle ”b” enters the event horizon; both are

assumed to follow geodesics such that energy and momentum conservation can be considered

E,=Ey+ Ey, po=py+Ppe (1.2.3)

” L0

Since ”¢” is outside the ergoregion it must necessarily have E. > 0 but it is possible for

particle ”b” to have negative energy Ej < 0 if its angular momentum
Ly =R,p) <0 (1.2.4)

or, more precisely, if ”b” has the exact same angular momentum as the black hole but

with an opposite sign. This would mean that E. > F, which can be interpreted as having

10



extracted rotational energy from the black hole by decreasing its angular momentum. To

see this explicitly, consider the momentum of particle ”b” crossing the event horizon

0> pyxp =Py K + Qupy Ry,
=—FE,+Qy Ly

E
— L, < -2 (1.2.5)
Qg

since F, < 0 and Qp is positive, having used the definition of x from Eq. (1.1.4). Since we
know that 6 M = Ej and §J = L; due to energy-momentum conservation, this means

M
57 < M (1.2.6)
Qy

demonstrating that the angular momentum of the black hole has decreased.

ergosphere

Figure 1.2: Sketch of the Penrose process in which a massive particle ”a”
enters the ergoregion (top view) and splits into two; particle ”¢” that es-
capes the ergosphere with positive energy and particle ”b” that enters the
event horizon with negative energy or negative angular momentum thus

extracting rotational energy from the black hole.

1.2.1 The Blandford-Znajek process

Another newer model is the Blandford-Znajek process which is widely regarded as the most

promising model for describing the driving force behind the energy extraction of rotating

11



black holes through relativistic jets of astrophysical phenomena such as AGN (pictured in
Figure , gamma-ray bursts and so forth. General relativistic magnetohydrodynamic
(GRMHD) simulations have been done which support the force-free approximation and
specifically the BZ process [17] thus further confirming the validity of this model. Unlike
the Penrose process, which is mechanical, the BZ process is purely electromagnetic requir-
ing Q < Qg. The outgoing flow of electromagnetic wind (the electromagnetic field) in the
magnetosphere is analogous to the outgoing particle with positive energyﬂ in the Penrose
process, and likewise the ingoing flow of electromagnetic wind is analogous to the ingoing
particle with negative energyﬂ [18]. From the ”"no-hair” theorem [19] we know that a black
hole itself cannot generate a magnetic field, which makes the presence of a magnetised accre-
tion disc consisting of ionised plasma necessary in order to account for the electromagnetic
field present in the black hole magnetosphere [I]. Inspired by the apparent advantages in
modelling the energy extraction inside pulsar magnetospheres using force-free electrody-
namics, Blandford and Znajek applied this concept to slowly rotating black holes. Provided
that the magnetic field and angular momentum is large enough, charged particles will be
accelerated along the magnetic field lines that are ”frozen-in” the plasma and are twisted
due to the frame-dragging effect. This will result in the radiation of curvature energy, ig-
niting a cascade-like continuous creation of electron-positron pairs, in turn leading to an
approximately force-free plasma near the horizon. Finally, this allows for energy extraction
along the magnetic field lines that are threading the black hole, through the relativistic jets
at the magnetic poles where the FF approximation breaks down.

The origin of the electromotive force driving the currents in the BZ process is not entirely
clear and has been suggested to be the event horizon by Thorne et al. [21I] who used the
membrane paradigm to argue their case. In the membrane paradigm, the black hole horizon
is considered to be a spherical rotating conductor with finite resistivity from which the
magnetic field lines originate and transfer kinetic energy to an outward pointing Poynting
flux and matter flux [22]. However, this is not a very physically credible theory due to
the causal disconnection of the horizon from the black hole exterior. Instead it has been
found by GRMHD numerical simulations of the black hole magnetosphere by Komissarov
and Ruiz et al. [23] 24] that the ergosphere is the origin of the electromotive force, which
is also argued by Toma et al. [25] who find that the open magnetic field lines (lines that

leave the magnetosphere and extend towards inﬁnity)ﬂ crossing the ergosphere will have an

3At infinity.
4Also at infinity.
5T will return to the topology of the magnetic field lines in Sections and

12



Black hole

Accretion disk -

Torus of neutral”
gas and dust

Figure 1.3: Artist’s illustration of an AGN enveloped by an accretion disc
of ionised plasma (as well as neutral matter) and with relativistic jets orig-

inating at the magnetic poles. Image taken from [20].

electric field perpendicular to the magnetic field with E? > B? thus driving the poloidal
currents across the magnetic field lines, giving rise to an electromotive force and an outward
pointing Poynting flux where €2 > 0. This allows for the extraction of energy from the black
hole.
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Chapter 2

Force-free electrodynamics

In this Chapter I will be presenting force-free electrodynamics which lay the foundation
for the framework wherein it should be possible to construct a magnetically-dominated,
FF magnetosphere surrounding both an extreme and near-extreme Kerr black hole. Before
turning to the black hole case though, let us first briefly consider the force-free approximation
of a pulsar magnetosphere in greater detail, which is what initially opened for the possibility

of the force-free approach to the rotating black hole magnetosphere.

2.1 The pulsar magnetosphere

In 1969 Goldreich and Julian (GJ) confirmed the existence of a force-free magnetosphere sur-
rounding a rotating neutron star, or pulsar, allowing for electromagnetic driven winds inside
the magnetosphere to extract rotational energy. They achieved this by initially considering
the more conceptually simple case of a pulsar surrounded by vacuum [9]. A pulsar rotating
with angular velocity Sﬂ can be considered to be an approximately perfect conductor whose

rotation will induce an electric current given by Ohm’s law
E+(Q2xr)xB=0. (2.1.1)
This allows one to calculate the Lorentz invariant quantity E - B as

E-B+((Q2xr)xB) B=0
— E-B=0, (2.1.2)

1Here and in the following bold text implies that the quantity is a spatial vector.

14



however, while E = 0 inside of a perfect conductor, there will be an electric field present
E) that is perpendicular to the surface just outside the pulsar [26] and thus, since it can
be shown that the gravitational force on the charges is negligible compared to the Coulomb
forces exerted on thenﬂ7 the vacuum will effectively be filled with plasma, breaking down
the vacuum approximation. The origin of the electromotive force and fluxes is the pulsar
itself, unlike in the black hole case where the horizon cannot take on this role due to the
issue of causality. In order to ensure that the plasma-filled magnetosphere, which we now
know must be present, is force-free with E-B = 0, then the perpendicular electric field must
be ”screened” and this condition was found by GJ to be satisfied at the Goldreich-Julian
charge density

p=V -Ex-20-B, (2.1.3)

where the plasma co-rotates with the pulsar, which is necessary in order to ensure continuous
screening of the longitudinal electric field. This rotation is bounded by the speed of light,

leading to the surface known as the light cylinder with radius

Ry, = (2.1.4)

Q
beyond which the magnetic field lines in the plasma no longer can co-rotate with the pulsar,
meaning that the magnetosphere does not stretch beyond r = Ry. As we shall soon see
in Section 2.5 the magnetic field lines in the pulsar magnetosphere differ slightly from the
lines inside the black hole magnetosphere, as the pulsar lines are allowed to be both open
and closed without further restrictions. Closed magnetic field lines will intersect with the
surface of the rotating neutron star twice, while open lines (in theory) extend to infinity,
exiting the magnetosphere. This is illustrated in Figure 2.1} When the magnetosphere is
magnetically-dominated, the magnetic field lines will be ”frozen-in” the plasma and have to
move with the plasma as per Alfvén’s theorem [19]. This is also the case in the black hole
magnetosphere, where the effect allows for energy extraction along the open magnetic field
lines which follow the plasma out through the jets.

Now that we know that it is indeed possible to construct a force-free magnetosphere
surrounding a pulsar, and that the same idea has been used for rotating black holes by
e.g. Blandford and Znajek, I will continue to a more in-depth walk-through of force-free

electrodynamics and its usages regarding Kerr black holes.

2This means that the effects of GR are insignificant in the case of the pulsar magnetosphere.
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Light
cylinder

Figure 2.1: Illustration of a pulsar with allowed magnetic field line topology
accounting for both open and closed lines. The light cylinder serves as the

outer boundary of the magnetosphere’s reach. Image taken from [27].

2.2 Equations of FFE
Force-free electrodynamics is an regime of Maxwell’s equations which are
D,F" =3, DF,, =0, (2.2.1)

where the square brackets denote antisymmetry of the indices. The electromagnetic field

strength F},, is composed of the gauge potential A, such that

F, = 20,A, (2.2.2)
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and j¥ is the four-current. The electromagnetic energy-momentum tensor
1
TH = FreRY, — Zg’“’Fo‘ﬁFag, (2.2.3)

together with the contribution from the matter distribution constitutes the total energy-
momentum tensor

T = T, + TH (2.2.4)

matter>

and conservation of energy and momentum demands that the total energy-momentum tensor

is conserved [2§]

0=D,T"
= D#T]gll\//[ + D#TW

matter

= p,l/jy + DuTHU (225)

matter

from which the force-free condition can be inferred
F,D,F" =F,, 5" =0. (2.2.6)

This is the equivalent of the invariant E-B = 0 in the pulsar magnetosphere (flat spacetime),
and I will again highlight that this condition means that the magnetic field is so strong that
it greatly surpasses the energy contribution of the plasma. Consequently, the dynamics are
governed entirely by the magnetic field lines while the plasma just serves to realise the FF
condition by screening the electric field in the direction of the magnetic field [29]. Thus
the equations of FFE are Maxwell’s equations Eq. combined with the FF condition
Eq. , and they can be used to describe plasma whose energy-momentum tensor is
dominated by the electromagnetic energy compared to the energy of the matter with
F?=F"E,, = %(32 —E%) >0 (2.2.7)
or equivalently B2 > E2. To really emphasise this important feature, I will present the

nature of the Lorentz invariant quantity F? as follows

F?2>0: magnetically dominated,
F? <0: electrically dominated,
F?2=0: null
In flat spacetime only the magnetically-dominated solution is stable, describing a FF plasma

in equilibrium. This is why we are solely interested in electromagnetic field strengths that

are magnetically-dominated.
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Since the force-free equations are non-linear, as shall soon become more evident, it
is difficult to find exact analytical solutions, and still today only a handful are known.
An example of a solution in the Schwarzschild spacetime is [30], in Kerr spacetime by

[2, 10, 111, ], and in the NHEK limit of Kerr spacetime by for example [28] [31].

2.3 Determinism

It is now fitting to ask ourselves how we are certain that the FFE equations are able to
accurately determine the evolution of the field based only on initial data, and why we
should expect it to be a nice approximation to work with. As found by Gralla et al.
[29], the equations are deterministic provided that the field is magnetically-dominated with
F? = 1/2(B? — E?) > 0 which they demonstrate by making a 3+1 decomposition of the
flat spacetime such that the FF condition takes the form

E-j=0, pE+jxB=0, (2.3.1)
again implying
E-B=0, (2.3.2)

as shown in the derivation of Eq. (2.1.2)). By taking the cross product of the second equality
in Eq. (2.3.1) with B, one finds

pExB+j,B*=0 =

. ExB
JL:WWETET, (2.3.3)

since p = (V-E). The component j can be found using Maxwell’s time evolution equations

OHE =V xB-j, (2.3.4a)
B =-V xE, (2.3.4b)

such that the time derivative of Eq. (2.3.2)) yields

0=0:(E-B)=0;(E)-B+E-0(B)
=(VxB)-B-—j-B—E.(VxE), (2.3.5)

meaning that
) VxB)-B-E:-(VXE
jiL= ( ) B2 ( ) - B. (2.3.6)
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This shows that if B = 0 then one cannot solve for the current j in terms of the fields
and their spatial derivatives, so one must have B # 0 which is true in the magnetically-
dominated case. From this one can infer that B is non-zero in all reference frames and that
E - B = 0, and consequently Eq. , is preserved as time evolves. I should note that a
similar derivation should be possible in curved geometry with a 3+1 decomposition of the
spacetime (see the review by Gralla et al. [29] for reference).

Thus we know that the FFE equations are deterministic in flat spacetime given B2—E? >
0, however, since neither the NHEK nor the near-NHEK geometry is asymptotically flat,
we cannot say for sure that the null solution F2 = 0 or electrically-dominated solution
F?2 < 0 is unphysical in this regime. For now let us assume that the only physically relevant
solution in the near-NHEK and NHEK regime is magnetically-dominated, and continue to
the derivation of the stream equation which is important for understanding the physics of

the magnetosphere.

2.4 Field variables and Kerr field strength

Let us now consider the FFE equations for a field in the Kerr background. Since the Kerr
black hole is stationary and axisymmetric it is appropriate to assume that the same is true
for the electromagnetic field, with axisymmetry around the same axis of rotation as the
black hole, thus allowing for the gauge choice 0,4, = 044, = 0. In order to characterise
the field strength and in turn the magnetosphere, the magnetic flux 1 (r,0) and poloidal

current I(r,6) of the magnetic field lines are defined as follows
Y=Ay I=+—gF". (2.4.1)
Let us consider the toroidal components of Eq. (2.2.6)), first u =t¢

0= Fuj” = Fij" + Fupj® + Fip5°
= (04 A, — 0, Ay)J" + (04 Ag — 09 Ar) % + (0, Ay — 05 A1) 5
= —0,Aij" — O Asj® (2.4.2)

which means that
—0, A" = 9pAss?, (2.4.3)
and secondly for p = ¢

0= Fy,j" = Fyej' + Fprj" + Fyp5°
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= (OpAr — 04 Ap)j' + (OpAr — 0rAg)j" + (0pAg — DgAy) 5’
= —0,Ayj" — DpAyj° (2.4.4)

or

— 0, Apj" = Dp Ay’ (2.4.5)

such that when you divide Eq. (2.4.3) by Eq. (2.4.5) and recall that As; = 9 you find the

following integrability condition
0rA1Opt) = 09 A0 (2.4.6)

from which we infer that A; = A;(¢). This allows one to define the angular velocity of the

magnetic field lines Q(r,0) as
Or Ay Op Ay

o Ogv
and in order to find an integrability condition concerning I differentiate Eq. (2.4.7) as

follows

Q=— (2.4.7)

9(0r Ar) = —09(Q2)0r1h — Q0p(0r1)), (2.4.8a)
Or (D0 As) = —(0:2)utb — 00, (9y) (2.4.8b)

which, since 92/(000r) = 8% /(0rd8), yields the following when divided by each other
0,Q0p% = 09Q0,9 (2.4.9)

meaning that Q = Q(¢). From the pu = ¢ component of Eq. (2.2.6]) alone, that is —0,.1j" =
Dg1p3?, it is possible to find an integrability condition for I using the definition of the poloidal

current Eq. (2.4.1) and j#

o r " 1
- rwj = _8T1;ZJD,LLFM = - rw(_aaF 0) = 8r¢ \/—7989[
. 1
= 801/’]0 = 691/1\/—59&1 (2.4.10)
which reduces to
01099 = Op 101 (2.4.11)

thus showing that also I = I(t). These field variables 1, Q, I can be shown to be connected
by the stream equation found from the p = r, 6 components of Eq. (2.2.6). For p=1r

0=F,j" = Frj' + Froj® + Frpj® = 0, Aj" + Froj® + 0,1p5°
1

= —00,1 (0, F'" + 9y F*°) + F,
¥ ( h F'0) 9\/jg

a'r[ + ar (arF¢T + 89F¢9)
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— 0, (V=gF®") + 8 (V=gF*) — Q0, (V=gF"") + 8 (V=gF") + Fg oL

Ot
=0, (V=gF?) —Q0, (v/—gF") + FM% (2.4.12)
and likewise for ¢ =6 I find
0=20, (V=gF?) —Q0, (v/—gF") + Fw%. (2.4.13)
o

From Eq. (2.4.11) we know that these two equations, Eqs. (2.4.12))-(2.4.13|), are consistent

such that the stream equation reads

0p(V=gF?) = Q9,(v/=gF") + Fer% =0, (2.4.14)

with the stationary and axisymmetric F' in Kerr spacetime which one can always write in
the following form [3} 29]

S1(y)

F =
Asin 6

dr A d + dy A (d — Qi) dt) (2.4.15)

using Eq. . Hereinafter F' refers to the electromagnetic field strength as a two-form
F = F,,dx" Ndz¥, as it is convenient to present the results using differential forms to obtain
a more elegant and compact notation. Eq. is difficult to solve given the integrability
conditions and the demand that the field strength is magnetically-dominated, however, from
Eq. it is evident that we are able to construct the field strength, and thereby the
magnetosphere, by explicitly computing the field variables 1, I, and €2 in the NHEK as well
as near-NHEK limit of the Kerr metric, which is thus one of the main goals of this thesis.
Before I move on to the perturbative expansion of the Kerr metric, however, it is impor-
tant to briefly consider the question of regularity regarding the field strength at the event

horizon.

2.5 The question of regularity

In order to ensure that the stationary, axisymmetric electromagnetic field strength F' is a
physically acceptable solution, we must demand regularity of F' at the future event horizon.
This is not needed for the past horizon as astrophysical black holes do not possess these
[32]. Since the aim of this thesis is to find purely physically acceptable solutions concerning
rotating black holes I will not consider the past event horizon. Thus whenever the event

horizon is mentioned it is to be understood as the future event horizon.
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The Znajek condition presented by Blandford and Znajek in 1977 is used to ensure

regularity at the horizon and relates the field variables in the following way [3]
(IS — AT (r* 4+ a®) (2 — Qu)0pt)) |r=r, =0, (2.5.1)

which when evaluated at » = r; reduces the Znajek condition to

Iy = %(TOQO — 1)(0e®)o (2.5.2)
in the extreme limit in which ry = r¢/2. Here, as well as in the remainder of the thesis,
(Op))0, Qo, and I indicates that the variables v, ), and I have been evaluated at the event
horizon. In the extremal case Eq. cannot stand alone and a second condition is
necessary in order to ensure regularity of the field at the event horizon

(0:10) = > | (000 — 1)@, 0o + (7“0(67-9)0 —A%rQ, + QF) (aewo] L (253)

0
I will be referring to Eq. as the first Znajek condition and Eq. as the second
Znajek condition in this thesis.

In Section [I.1] I briefly mentioned the "no-hair” theorem which can be paired with
the regularity condition to make some comments about the magnetic field lines in the
magnetosphere. Inside the magnetosphere we, as with the pulsar, distinguish between open
and closed field lines, where by closed lines we refer to the field lines that intersect the
horizon r = 4 twice. Unlike in the pulsar magnetosphere where both open and closed field
lines are freely allowed, the ”no-hair” theorem ensures that only closed lines which intersect
with non-force-free regions E - B # 0 such as an accretion disc, can exist. For closed field
lines in a force-free region we deduce from Eq. that I = 0 and Qg = Q with allowed
lines illustrated in Figure

As also mentioned in Section [L.1]it is possible to extract angular momentum and energy
from the rotating black hole by the BZ process with the negative inflow (which can thus be

considered an outflow) of flux across the event horizon given by [3]

dE T _ 9oo

pr 277/0 do Qi (¥) (Qu — Q4+ () (59¢+)2\/ 900 T:“r’ (2.5.4a)
dL _ " B [966

I 27T/0 A0 (Qr — Q4 (1)) (Dot Joo (2.5.4b)

T=T‘+
where Q; = Q(ry,0), and similarly ¢, = ¥(r;,0). The expressions can be found by
integrating the energy-momentum tensor and implementing the condition (2.5.1)), i.e. in-

tegrating 7" K, in order to find the electromagnetic energy flux and T#”R,, in order to
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Figure 2.2: Illustration of allowed and forbidden closed magnetic field lines
in the force-free Kerr black hole magnetosphere marked by blue solid lines
and red dashed lines, respectively. Open field lines (blue solid, only inter-
secting the black hole once) are also allowed. The grey area is the accretion
disc. Taken from [29].

find the angular momentum flux [I]. From this we see that we must have 0 < 0 < Qp to

ensure an outflow of energy, with the maximal energy extraction reached at

_ Qu

QL. = 2.5.5
+ 9 ( )

as found by Blandford and Znajek [I] at the first order in their perturbation theory for small
a =a/M. In fact, in order to find an exact solution in the Schwarzschild metric which also
satisfied the first Znajek condition, Blandford and Znajek perturbatively expanded the field
in powers of « for slowly spinning black holes. However, as we know, this is not representative
of observed AGN with much lager angular momentum than Blandford and Znajek assumed.
Instead the rotation of the black holes approach near-extremality which is exactly why it is

relevant to consider new perturbative approaches that are valid around extremality.
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Chapter 3

The NHEK limit

Having studied the environment of FFE, we are now prepared to consider the region near
the horizon of an extreme Kerr black hole by exploring the NHEK geometry in order to
find the so-called NHEK attractor solution. This is the leading order of the expansion of
the field in A (scaling parameter) which will then be supplemented by corrections up to the

second post order before we are ready to analyse the sign of the invariant F?2.

3.1 NHEK geometry

In order to study the region close to the horizon, a set of co-rotating coordinates must be
introduced as mentioned in Section which take the angular velocity of the horizon into
account [3]
Y =Qut, ="' ®=¢—Qpt. (3.1.1)
T+
This is not sufficient, however, as we also wish to zoom into the NHEK region at the same
time as one co-rotates with the horizon and thus, with the extreme condition for which

Qi la=re/2 = o b, the scaling-coordinates (T, R, 0, ®) are defined as [3]

A 2r — t T
T:)\r/:it’ R = :w7 (I):(b_%:(b_

r
— — 3.1.2
To A /\To /\7 ( )

that span T € (—o0,+00), R € [0,00), 8 € [0,7], and & ~ ® + 27. Using the following

expansion in the scaling parameter A

g=>_ g™, (3.1.3)
n=0
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the NHEK geometry is obtained by substituting the coordinates ¢,r, ¢ with T, R, ® in the
Kerr metric Eq. (1.1.1)). The coordinates (T, R,8,®) are then held fixed while taking the
limit A — 0 yielding to the leading order in A

2 2
ds® = %Or(a) —R%dT? + %d% + A(6)(d® + RdT)? (3.1.4)

with the defined functions I'(#) and A(#) for simplicity

2 .
:1—|—0205 9’ AD) - 2sin 6

) : Ry vy s

(3.1.5)

The event horizon has been relocated to R = 0 as is evident from when the component
grr = 0. Since the NHEK geometry is a non-singular scaling limit of the extreme Kerr
metric it will inherently solve the vacuum Einstein equations thus rendering it a spacetime
in its own right [I6]. However, the spacetime is no longer asymptotically flat as the Kerr
solution is. The so-called NHEK ”throat” , which originates near the horizon, ends at R = oo
where the near-horizon geometry is exchanged for the asymptotically flat spacetime that is

”glued” on to the NHEK geometry [33].

3.1.1 Isometries

While enjoying the same symmetry as the Kerr metric with the Killing vectors K = Op
and R = J¢ generating the time-translation symmetry and axisymmetry, Eq. (3.1.4) is also
invariant under the rescaling

T
R—cR, T— p (3.1.6)

for any constant c. This means that the metric is self-similar in the (near-horizon) extreme
Kerr limit. The Killing vector R is the generator of the U(1) rotational symmetry of the

metric, while K now is a part of an enhanced SO(2, 1) symmetry group [28]

Ho = T8T — R@R, (317&)

H, =20r, (3.1.7b)
1 1 1

H =2 [2 <T2 + Rg) Or = TROR — 20a , (3.1.7¢)

with the following commutation relations

[Ho, Hy] = ¥Hy, [Hy, H_]=2H,, (3.1.8)
(R, Hy) = [R, Hy] = 0. (3.1.8b)
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This means that the isometry group of the NHEK metric is enhanced from the Kerr isometry
group R x U(1) to SO(2,1) x U(1) allowing for the possibility of finding analytical solutions
within the regime of FFE, one of which is the NHEK attractor solution.

3.1.2 Particle orbits

Let us briefly consider the motion of particles in the extreme Kerr background. The following
is another example of why the NHEK spacetime is nice to work with if you want to consider
the BZ process and magnetosphere of a rotating black hole. A simple way of modelling
accretion onto the extreme Kerr black hole is by considering the accretion of matter in form
of particles following the prograde, circular geodesics at some radius r (in BL coordinates)
[16]

us = utx, = ul (0 + Qs0p) (3.1.9)

with

3/2 M1/2 1/2
ug = ra ;o Qs = L S (3.1.10)
* V3 —3Mr? 4 2aM1/2r3/2 r3/2 + aM1/2

The particles will at some point reach the innermost stable circular orbit (ISCO) effectively
marking the end of the accretion disc, after which they will plunge into the black hole. To
the leading order in the extremal limit, the ISCO lies at

li = i , 3.1.11
i nisco = lim oy (3.1.11)

which is inconsistent since the trajectories on the event horizon are null geodesics while they
are timelike on the ISCO. This is a result of the Kerr metric failing to resolve the spacetime
of the NHEK region accurately, which is one of the motivating factors of working in the
NHEK limit instead. In the NHEK spacetime, the particles on the ISCO will co-rotate with
the black hole as we already know, with stable orbits extending down into the throat until

particles are perturbed from the ISCO geodesic and fall into the black hole.

3.2 The NHEK attractor solution

The Kerr field strength Eq. (2.4.15) which is stationary, axisymmetric and regular on the
event horizon, as well as the four-current are expanded in a similar fashion

F=Y AF®, (3.2.1a)

n=-—1
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J=rou=Y_ A" (3.2.1Db)

n=-—1

The leading orders F(—1) and j(-1 constitute the self-similar NHEK attractor solution
in the NHEK geometry Eq. (3.1.4). The field variables ¢, Q(¢), and I(¢)) will be Taylor

expanded as follows such that it is ensured that they will be regular near the horizon [3]

o(r6) =3 %(%‘)AR)"(@@%)O — o (6) + (%R¢1(0)>>\ +O0), (3.2.2a)
I(r,0) = 2 % (%OAR)"(aWI)O = Io(0) + (%Oml(e))x + O, (3.2.2b)
Q(r,0) = > % (FAR) "), = Q0(0) + (SR 0)A+0002), (3.2.2¢)

where ¥, = ¥, (0) = (8§")w)0 is the n-th radial derivative of v evaluated at the event
horizon of extreme Kerr spacetime. The variables I,,, ¥,,, €, with n > 0 are to be derived
later as functions of Iy, ¥y, and €. In the following I will use ”prime” to denote derivatives
with respect to 6, assuming v, # 0 since otherwise the NHEK attractor solution would
vanish at the leading order in NHEK and the field would also be electrically-dominated
which is not the case that is being investigated in this thesis. The leading order F(~1 is

found by expansion in the limit A — 0 as

_ rolo dR
FCD = [OAORZ + (roQ — 1)1} dT] A df (3.2.3a)
T()IO 1
= d|T——=)ANdb 3.2.3b
a(r-3) (3:2:30)
with 7= found using
1
3= =0, (V—gF""), 3.2.4
yielding
4 1 A 0 0
(-1 _ % L Qo — DL (22 —Z22) _1'oR | . 2.
J 73 T2A {8‘9(7«0 (rofko )%) <R2 R) 0dr (3:2.5)
Next, the Bianchi identity, FF condition, and F? are expanded in X as follows
oo
dF = ) A\"(dF)™ =0, (3.2.6a)
n=—1
F-j= Y M\(F-j)™ =0, (3.2.6b)
n=—2
F2= " an(F?)m = 3" ()2, (3.2.6¢)
n=—2 n=-—1
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Both the Binachi identity dF' = 0 as well as the FF condition Eq. (2.2.6)) are satisfied in the
leading order due to the first Znajek condition Eq. (2.5.2), with

2 1 A2
N (=2) 1 (=1) _ 2 2 2 —

The first Znajek condition is also imposed to show that the field is null

8 A?
—1)\2 _ 2\(=2) _ 2 QO 2 2

Thus, we have found the self-similar, FF and null NHEK attractor solution which is the

starting point of our perturbation away from the horizon.

3.3 Post-NHEK order corrections

After having found the NHEK attractor solution it is possible to perturbatively move away
from it in order to reconstruct a FF field F' in the extreme Kerr background by computing
post-NHEK order corrections to the FF field in the NHEK geometry. This is motivated by
the fact that despite the leading order being null (F2)(=2) = 0, it should still be possible
to construct a magnetically-dominated FF field by going to higher orders in A\ as shown
explicitly in [3]. As mentioned earlier, I will not be continuing beyond the second order

correction in this thesis.

3.3.1 1st order correction
The first post-NHEK order of the field strength with n = 0 is found to be

lovs
A g

To 2 IO I1 dR /
+ 5 (FA+TOA> 5 N0+ do A dD. (3.3.1)

2 2
pO ooVt g T (

/
= A . +¢091)RdTAd9

It is scale-invariant (self-similar) under the rescaling T — T'/c, R — cR and contains
the unknown field variables ¥, €7 and I; that depend on ¥y and g, and in turn also the
current Iy = In(to, Qo) as evident from the first Znajek condition Eq. . The unknown
variables can be found using the Bianchi identity and FF condition but before I turn to these
I will present the correction to the four-current j(°) which is composed as follows

or

= 36 ROR + §(0)00 + 50) Oa (3.3.2)

GO = j(i(“))

28



with the components given by

2 1 Iy [0p(2 + r§Q) Ahy] 2 LI I 21/’1 0 !
L2 2ro AT —_2 o0 _ Yo
iy = riT2 A [ I + 2" PACT  1,) T IO o
(3.3.3a)
21 /21 I
R 0 1
”m_ﬁW(FA_mA> (3:3.50)
211
-0 1
, 21 Iy [24 (! N AN 1] o
T 0 0 0 272 0 2 1
- _ -0 o= I'2A =
J() ‘](0)+r§F2A[AIO (wo A)”‘) (A+r+210) 0%
(3.3.3d)

Both of the Znajek conditions Eq. and Eq. inherently enforce the FF
condition on the field while ensuring that (F(®))2 = 0. However, it is still interesting to see
how the field variables I, 11, 21 are found such that we may establish a general course of
action regarding later calculations. I will thus linger at this post-NHEK order before moving
on to the second post-NHEK order corrections. In order to determine the field variables we
need to consider the first order correction to the Bianchi identity as well as the FF condition
as mentioned. The Bianchi identity (dF)® = 0 yields

Q = Z; Q, (3.3.4)

while the FF condition (F -5)(-Y = 0 yields
I
Wy = —}wg, (3.3.5a)

I 0, Q 1 AT Q 3.3.5b
i= 2 [aultrao — o) - 2T (0 - 25w (3.3.50)

Eq. (3.3.5b)) is recognised as the second Znajek condition which we recall is also needed

to ensure regularity at the event horizon at extremality. From Eq. (3.3.5) combined with
Eq. (3.3.4)) it is possible to construct a first-order linear differential equation describing 11,

A/ /1 A2 1][}/ 2
/ 0
— 0 (- = | = 3.
v ( %)wl ro TS — 1 (TO ’ 1“2/\2) ! (3:3.6)

from which it is evident that indeed ¥1 = 1(100, ). The solution to the differential

namely

equation yields a result which is presented using the function G defined as

Al 2
[ [
g = TOQO 1 (7‘090 A2F2>a (337)
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such that the first post-NHEK order correction to the field variables reads

A

1#1 = ﬁw(), (338&)

Q, = Ag%, (3.3.8D)
To

L=, (3.3.80)
To

The relations in Eq. (3.3.8) reduce the field strength to

! I 11
F) :LogjodT/\ dR + Log [Io <gg L zb) + A%Qg} RdAT A d6
0
21, d
5 ( 0 g10> If A df + phdf A dD. (3.3.9)

We have consequently seen that it is indeed possible to find the unknown field variables in

terms of g, Iy, and .

3.3.2 2nd order correction

The second post-NHEK order correction to the field strength with n =1 is

Io ¢
A%

A) AR A d + - wldR/\d<I>+ 1/J1Rd9/\d<1> (3.3.10)

Iy o
(1) o 0 %2
F ( w’+w19>RdT/\dR+8 (

To 4[0+T0]1
8

+ Qo + 29019 ) R2dT A db

r A
with the unknown variables 15, 29, and I> that likewise must be found in terms of g, I
and g, and also 11, 1, I; given by Eq. (3.3.8). At this order, the four-current is quite

involved and of the form
3V =il 0r + Rl 0k + Rjly 06 + Rj 00 (3.3.11)

with components that can be found in Appendix [A]
From the Bianchi identity (dF)*) = 0 the field variable Qs is found to be

V2 1111 ;Y [1/12 GA? <Q" ”)] )
Qp = 2200 + Lo - T = |22 4 o Po o 3.3.12
Tyt Tl R\ )] (3312
while the FF condition (F -7)(®) = 0 yields the following expression for I
Yoo, U1, Y1 {1/12 GA® (I()’ ”)}
I =L+ I+ L =|—>4+"5 (= —— )| I} 3.3.13
2T Yo ot Yo ' Yo ' (2 ro \1Iy ¥ 0 ( :

with G given by Eq. (3.3.7). From the FF condition it is also possible to construct a second-

order linear differential equation for 15 which is quite lengthy

5 +a(0)vh + b(0)P2 + c(0) =0, (3.3.14)
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with coefficients a(#), b(f), and ¢(6) given by

_oh N ¥
a(f) = A o (3.3.15a)
Lo M (Y (o XY (X )
W) =2 - =2 -5 (3t ) (3.3.15b)
2.0,/
c(0) = —Ar}fjo (A(0) +G(0)B(9) + G*(0)C(9)) , (3.3.15¢)

where the functions A(#), B(#), and C(#) are presented in Appendix [A] The field strength
(F()2 can be written quite compactly as
anz _ 2 (%o ?

(F'Y)? = r—g (FA) (D) +G(O)E(9)) (3.3.16)
using the functions D(#) and E(f) which are presented in Appendix Before I move
on to analysing whether the second order correction to the field strength is magnetically-
dominated or not, let us first consider the Menon-Dermer solution. Given that the expansion
of the field is consistent, it should be possible to recover one of the only known exact results

for the Kerr metric; the Menon-Dermer class of solutions.

3.4 Menon-Dermer solution from NHEK

As we by now know, one of the only known exact solutions that is stationary and axisymmet-
ric in the FFE Kerr background is the Menon-Dermer (MD) class of solutions, represented
by a set of field variables (¢¥np(0), Qup (0), Inp (0)) with no radial dependence. The angular

velocity is fixed as
2

. )
sin? 6

while Iyip is given by the Znajek condition and ¥\p is arbitrary. Since the current associated

TQQMD = (341)

with this solution flows along null geodesics, the solution itself is also null, Fg, = 0,
everywhere in the magnetosphere. It is possible to show that the MD class of solutions
follows from the NHEK order given that all (¢, Qn, I,) ¥V n > 1 vanish, i.e. it is found
by removing all of the post-NHEK orders in the expansion Eq. . In order to find the
field’s angular velocity we demand that the first order field variables in Eq. are zero.
For this to be realised G must vanish, yielding

2
A2T2’

where Qyp = ¢, which means that from the first Znajek condition I find Iyip = Iy

A A
In = —(roQ0 — )¢} = ( 2 —1) Yo

’I"oQ() = (342)

To To A2T2
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_ 2sin 6 2 1) g
~ 7ro(1+4cos?0) \sin?6 0

2y (1 .
= 2-— 6

o sin @ <1+c0520( sin” )
2 Y 2%

rosing  ro AL

(3.4.3)

and Yyp = g is still arbitrary. Thus without the post-NHEK orders, the Kerr field strength

Eq. (2.4.15)) is found using Eq. (3.4.2)) and Eq. (3.4.3))

v
Fup = ——2d0 A dr + datbodz® A (de — Qodt)

ATA
Xl /
= —AFAde Adr +ydd A (dp — Qpdt)
__ AE;R 40 A dr + 2T A0 A (d6 — Qudt)
- —Azfr‘j\de Adr + %OIOFAd& Adg — l%de A dt
_ 71%6%) A :dt i idr} 1 %OIOFAdH A do
_ _I%da . :dH r? 4 (ro/2)2(1 +P2A2)dr} N %OIOFM(MM
- _%da A :dt + Wdr} T %OIOFAdQ Adp— Wdr A df
— _l%de A :dt n Wdr} + %OIOFAdO A (d¢ + ;—Zdr) : (3.4.4)

which along with its associated current appear to be singular on the rotational axis but it
is possible to fix this issue by choosing the appropriate 1. The associated current can be

written as follows

. iy
o = 5™ (3.4.5)

where

2 2
n=nkd, = (r”at o+ “a¢) (3.4.6)

A A
and this current along with the MD field strength will reduce to the NHEK attractor solution

a:r0/2’

in the NHEK regime when all post-NHEK orders are ignored. This emphasises that one
always ends up with the null and self-similar NHEK attractor solution in the NHEK region
of an arbitrary stationary, axisymmetric and regular FF magnetosphere further cementing

the result found by Camilloni et al. [3].
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3.5 Sign of F?

In order to solve Eq. (3.3.14) analytically (such that in turn (F(1))? can be found analyt-
ically) you need an ansatz for 9. In [3], Camilloni et al. present the following educated

guess
Yo(0) = ko/ df (1 —roQ) A2, 4 (0) =0 (3.5.1)
where kg is an integration constant. This produces the general solution

1

Pa2(0) =
with the non-homogeneous 15" and homogeneous ! solutions

ng(@) = ¢y cos (\@9) + ¢g sin (\/59) , c1,c2 €R, (3.5.3a)

n 17281 (v20)
21(0) = + cos (\/59) /d@ c(0)(1 — 1oAY —G
_sin (\/59) / 6 c(6)(1 — TOQO)AUQCOS(\/@, (3.5.3b)

with ¢(0) given by Eq. (3-3.15¢). Since 1> = O(6?) it is regular on the rotation axis. The
paper shows that it is indeed possible to construct a magnetically-dominated magnetosphere
with F2 > 0 (at least in some regions of the magnetosphere), however, with the drawback
that the field strength is irregular on the rotation axis. In order to show this explicitly by

constructing novel perturbative solutions, the arbitrary angular velocity {2 is chosen to be

2
TOQO =1+ g (1 - P2A2> 5 ,8 € R;ﬁo (354)

which in turn from Eq. (3.3.7)) yields

G(0) = g — <1 + Z) cosf (3.5.5)

with the integration constant g. The choice § = —2 returns the Menon-Dermer angular
velocity Qprp while g = 0 results in (F(l))2 = 0, meaning that the NHEK radial corrections
to the MD solution are only taken into account for g # 0. In fact, selecting (8 = —2,¢g = 0)
will result in 5" and the first post-NHEK order vanishing while one can ensure that 1%
and the second post-NHEK order vanishes by fixing the coefficients ¢y, ¢y appropriately.
Due to the integral in the non-homogeneous part of 15 in Eq. it is difficult to
analytically determine the sign of (F (1))2 everywhere. In order to circumvent this problem

one can consider a Taylor expansion of the field around the rotation axis, i.e. 6, by inserting
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the ansatz for 1 as well as Eq. (3.5.2) into Eq. (3.3.16) before letting 6§ — 0

ko ¢ k k 10 ko (24 8)(6+115)] 1
()2 — _g,/gR0C2 R0 1, Ko _fo 2
(FM) 2\@292+2 [ o =5 <7+ﬁ)g 2 P 7
42 k
7*3[ %CQ +0(0). (3.5.6)

It is evident from Eq. (3.5.6) that (F(?))? diverges at the rotation axis so in order to ensure

regularity, the coefficients c1, ¢y are fixed to be

c] = ;f(()) [592 -2 <7+ 1;) g+ (2+5)é62+ Hﬁ)} , ¢ =0, (3.5.7)

which with the choice of kg = 2, rg = 1 yields for small polar angles

[ 32¢ 16 (2+8)(2+38)
FUY2 — g2 22 L AT OR g
(FM)? = + 8 T35t 5

(34 , 40 1 8 (24 8)(11+128)]

— = 4 _
157 ( 9 B)g 45 52 o

+_£_i43+25ﬁ 8 C+BHO+B)] ps
21105 B8 Y7105 32

N (349 , 3T70+17678¢ (24 F)(187794 + 1001635)] 7
14007 5670 124740032

N [ 203537 e 3398 +23488 g (24 F)(187794 4+ 1001638)] o ) o)
| 2494800 31185 124740032 '

(3.5.8)

Indeed it was found in [3] that it is possible to construct a magnetically-dominated magne-
tosphere given 3 = —2, 0.67 < g < 1 as I have plotted in Figure

The energy and momentum outflow presented in Eq. are found at the leading
order in \ using the ansatz for vy, Eq. , and Eq. for 2y yielding

1dE _ 1 ,
= 8;(7)"2 [(6 4+ 78)0 4+ B(8cot b + cosbsinf) + sin(26)], (3.5.9a)
0
1dJ 1 o
o dl /d9 (0 —Qo) (¥o)"A
K2 .
= Shre [660 4 sin(20)]. (3.5.9b)

For 8 — 0 then dF/dt — oo while dL/dt — 0 meaning that at the rotation axis, the energy
outflow diverges whereas the angular momentum outflow is finite and negative given 5 < 0.

The divergence of the energy outflow is probably due to the ansatz for )y and Q4 and could
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Figure 3.1: Plot showing the positive, i.e. magnetically-dominated regions
of (FM)? from Eq. (3.5.8) in the range g € (—10,+10) and 3 € (—20, +20)
with kg = 2, rg = 1 and coefficients ¢;, ¢o given by Eq. (3.5.7).

perhaps be fixed given other ansatzes are used or if the critical surface known as the inner
light surface had been taken into account. Seeing as my thesis focuses more on the lesser
well-established near-NHEK limit I will not be investigating these features further but I will
briefly return to the subject of light surfaces in connection with the near-NHEK limit in
Chapter

With the procedure of constructing a magnetically-dominated magnetosphere in place
in the NHEK region (that, however, isn’t entirely regular), it is now fitting to move on to
the near-NHEK limit. Here I will utilise the same method established in the NHEK limit
in order to find the near-NHEK attractor solution. This will in turn allow me determine

whether it is possible to find magnetically-dominated solutions for the field strength or not.
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Chapter 4

The near-NHEK limit

The extreme Kerr black hole and its NHEK region is a useful tool for understanding the
magnetosphere of a rotating black hole but it is in fact generally accepted that the black
hole angular momentum has an astrophysical upper limit lower than J/M? = 1. In 1974,
Thorne released a paper [34] in which he concludes that while the accretion of matter onto
the black hole will spin it up to extremality, the radiation from the disc absorbed by the
horizon will limit the spin-up to J/M? = 0.998. Thus it is natural to turn our attention
to the near-extreme Kerr black hole in order to, hopefully, find a more physically suitable
solution to the problem at hand.

In this Chapter I will be presenting the near-NHEK geometry in order to find the apper-
taining near-NHEK attractor solution which serves as a starting point for the perturbative
analysis of the near-NHEK limit of the Kerr metric. This will be followed by the attempts
at computing the first two post-near-NHEK order corrections and the struggles of finding a

consistent expansion that entailed.

4.1 Near-NHEK geometry

In order to realise the near-NHEK limit we once again zoom into the region near the Kerr

event horizon r = r using the following scaling coordinates [12]

a= %0 1—02X2, (4.1.1a)

- ~ T—1ry ~ t T
T=\— =2 =¢p——=0¢—- — 4.1.1b
e (41.10)
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The spin parameter a now depends on the scaling parameter A as well as 0 < ¢ < 1 which
characterises the deviation from extremality (¢ = 0). The spin parameter is expanded as
a= " - (%00)\)2 + O(A\?) meaning that the scaling limit A — 0 is not a coordinate limit
unlike the NHEK limit, and the near-NHEK geometry is thus only valid for near-extreme
Kerr black holes [12]. As the Kerr black hole approaches extremality its near horizon region
will develop a throat governed by the NHEK spacetime and by the near-NHEK spacetime

as seen in Figure The far region (extreme Kerr) metric fails to accurately portray the

Far region

NHEK

azl. L--—7777 T al near-NHEK

Figure 4.1: Tlustration of the geometry of a (near-)extreme Kerr black
hole with spin parameter a = %Om . The far region (extreme Kerr)
expands into the throat region consisting of the NHEK and near-NHEK
regions as the black hole approaches extremality for A — 0. Modified
Figure 1 from [16].

throat region while the NHEK and near-NHEK metrics are not asymptotically flat and thus
cannot describe the far region.

The near-NHEK geometry is obtained by letting A — 0. The coordinates T, R, and ¢
are held fixed as the radial component approaches the horizon and a approaches extremality
yielding

12

. - - - N\ 2
ds* = %F —R(R +20)dT? + _dR +do* + A? (d(b + (R+ a)dT)

R(R + 20) ;o (412)
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with the event horizon located at R = 0. The near-NHEK geometry is embedded with the
same isometry group as the NHEK geometry, i.e. SO(2,1) x U(1), again allowing for the
possibility of constructing analytical solutions using the FFE approach. The near-NHEK

metric admits the following Killing vectors [16]

1 eToT R ~ 9
— 0

In [I6] it was found that there in fact is an infinite amount of physically distinct near-

horizon limits which describe the near-NHEK throat physics but at different scales for

a:T—O\/l—JQ)\Q, T:/\pi, RZQT_TO, ‘i)=¢—i, 0<p<l (4.1.4)
2 T0 )\Pro 0

The choice of p = 1 ensures that one zooms into the near-horizon region while simultaneously
letting the black hole spin approach extremality. Note that the above equations with p = 1

are almost equivalent to the choice of scaling coordinates in this thesis, apart from R =

(2r — 70)/(Aro) compared to R = 2(r — ) /(Arg) in Eq. (.1.1D).

4.1.1 The near-NHEK attractor solution

The leading order of the field strength in the near-NHEK limit is found using the same
expansion of F' in A as before Eq. (3.2.1a]), imposed on the general Kerr field strength

Eq. (2.4.15) yielding
~ I | 20
FOU =100\ T — —log (142 )| Adb. 4.1.
A 25 o8\ 1+ & (4.1.5)
This is the so-called near-NHEK attractor solution found by Camilloni et al. [12]. The

four-current associated with the field strength is found to be

1

RN GT — (R + 0)63}
I2A

ey 4
J =3 ==
T R(R + 20)

A
Do (%(TOQO - 1)%) - 1651%] ; (4.1.6)

with which (-1 satisfies the equations of FFE, i.e. including the FF condition. It is also
self-similar under scalings T — T/ ¢, R — Re, 0 — oc, and it is inherently axisymmetric
and stationary. Furthermore, the near-NHEK attractor solution is null, (F(=1)2 = 0, as

can be seen from

(FDY2 = 8 1 A:(TOQO 1)) - I2| = i(}?“l))2 (4.1.7)
5 T2A% R(R + 20) | 75 O T R(R+ 20)

due to the first Znajek condition.
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Conclusively, just as with the NHEK attractor solution in the NHEK limit, any mag-
netosphere which is regular, axisymmetric and stationary is governed by Eq. (4.1.5)) in the
near-NHEK limit.

4.2 From near-NHEK to NHEK

By now it becomes increasingly evident that the NHEK and near-NHEK attractor solutions
are very similar in form which makes it interesting to compare the two. There are several
ways to recover the NHEK metric from the near-NHEK metric, and these consist of the

following [12]

e The most straightforward way to recover the NHEK metric is by setting ¢ = 0 in
Eq. (4.1.2) which is the same as letting the black hole reach extremality as seen by
Eq. (4.1.1a)). In this case, the near-NHEK attractor solution reduces to

FEY = FEY 4 0(0). (4.2.1)

e By letting ¢ < R such that the near-NHEK metric becomes asymptotically NHEK.
This again illustrates how the spacetime of the near-extreme black hole can be consid-
ered to consist of the three different patches or regions; Kerr, NHEK, and near-NHEK
as illustrated in Figure In this case, the near-NHEK attractor has the same

tensorial structure as the NHEK attractor

FOD o %d (T - ]1%) A df. (4.2.2)

e Using the local diffeomorphism from near-NHEK coordinates (T, R, 0, (i>) to NHEK
coordinates (T, R, 6, ®) that is given by

- 1 1 ~ 1
T=——log(T?- = =0T+ =
2Uog( R2>’ R O’( +R>

d=ad+ %log G%) : (4.2.3)
the NHEK attractor solution is
. 1 1\ "
Fev- L <T _ R) FeD, (4.2.4)
with ] ) 1\
jn=-1 (T _ R) D, (4.2.5)

thus allowing for F(-Y and F(-1 to be superposed to creative new FF solutions.
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4.3 Near-NHEK post order corrections

In order to find the near-NHEK post order corrections to see whether a magnetically-
dominated magnetosphere can be recovered in higher orders of A, I will initially be fol-
lowing (what I dub) the ”naive approach”. I will assume that the expansion of the field
variables ¥, Q,, and I, for 0 < n < 2 is identical to the expansion used in the NHEK
limit Eq. . However, as will soon become apparent, this expansion is insufficient in
recovering a physically acceptable non-zero field strength and thus other measures must be

sought out.

4.3.1 The naive approach

Using the same expansion of the metric, field, current and so forth in A as for the NHEK
limit (Eq. (3.2.1) and Eq. (3.2.6))) and the same Taylor expansion of the field variables, the
first order correction to the near-NHEK field strength is found to be

g 2oty - o~ 12 - Iy ¥, 8
FO 020 gm s gk TR OV L uray ) dT A de
2 A T B+ Tttt
ro R+4o 2 I 11) . ) By
077 (220 400} dR A dO 4 ol dO A dD, 4.3.1
2 R(R+20) (FA UA Yo (43.1)
and the four-current is of the form
. 1 - 1= -5 -
i(0) — _ L 0n+ —5F a~} + B 05 + 586, 4.3.2
P T TN R(R + 2000 [J(m t+ 3I0% | + ikt o (4.32)

with the following components

ity =2(R +0) (To[o(A(?l—‘/w(’) — AT + roT2) + roT2A",)

+ FA?/J/O (A/QZJ([)(F(TSQl + 47’090 — 2) — 47"090 + 4) + A(T0(96(4(F — 1)1/}6 + rofq/)'l)

+ DY) + T (3 + 4ro0 - 2)) ), (4.3.3)
B 2(R + o) (roTI; — 2IY)
R _ 1 0
Joy = — r3T5A : (4.3.3b)
~0 2]1

](0) = 7"81—‘72/&’ (433C)

3y = T ((roT w6 %A + Srovh 2 A°
— 21 (1o (row; Qp + 1h (492 + Q1)) A® + (A% (Qurg + 4Q070 — 2) — 2)Yg A
+ (72 + 49070 — 2)A2 + 2)A’¢6))R2 + 2a(r0r3¢gQgA5 + Srouh QA

— QF (To(rowigé + w6(496 —+ Toﬂll))Ag -+ (AQ(er(Q] + 4907“0 — 2) — 2) gA
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(2 + 49010 — 2)A? + 2)A'¢g))fz — 202A? ((747‘090 FT(Qur2 + 3Q0re — 1) + 4)A'¥),

+ A (rowh((3T — )% + rol'2h) + T(81 1 + (7 + 30070 — 1)) ) ) )

+ oMo (= 2(roAYIT? + Aoy T? — 4Y{T + 20'05) ) o + 2R(A2(BA'Yf + AT

2N — 200 (M) + A(s -+ ¥ )T + BN + AU§T — 4AT" U)o

+ 2 (AN + AT + 20T — 2ng(A' + A + ¥f)r®

(A + AT — 4AF’¢())). (4.3.3d)
The correction to the Bianchi identity (dF)(®) = 0 produces an equation from which € is
found to be identical to Eq. (3.3.4), and again, similarly to what was found in the NHEK
limit, the correction to the FF condition (F - 7)(=1 = 0 yields ¢, equal to Eq. (3.3.5al)
with I; given by the second Znajek condition. Together with ¢, this allows one to rewrite

1, I1, and ©; with the exact same structure as for the first post-NHEK corrections, i.e.
Eq. (3-3.8). The correction to (F(®)? is found to be

- 8(R+ o)
FOHY2 = _ ~~ ST Ioly — A% (rof — 1
) réT3A2 R(R + 20) (ro T Io1a = A% (ro% — 1))
x (o (rg D Q1 +2ro(I — 1)Q0 + 2) + 7o T b} (1o — 1)) (4.3.4)

which is null when the two Znajek conditions are implemented. Thus, so far no problems
regarding the results or method have surfaced, and we can safely move on to the next order
of corrections.

The second order correction to the field strength is found as

- 3(R T . -
O :M <1/)20 +¢191> dT A dR

4 v A
3D 2 T ! ~
LB (o o0 + 0¥ gF a g
8 A g
ro <4IO(R(R +20) — 203 — 1)) + ro(R + 0)2 (411 + TOIQI‘)) )
+ — dR A db
8R(R+20)TA
+ %Owl dR A dD + %O(RJra)wg df A dd, (4.3.5)
with a rather lengthy current
~ 1 1 ~5 ~
(1) _ S O — a& + 5805 + 5% 0, 4.3.6
J 2raTSAR(R + 20) [ T A3 P J()%r T J(1)% ( )

where the components can be found in Appendix |B| The Bianchi identity (dF Y1) = 0 yields
Q, identical to Eq. (3.3.12), while the FF condition (F-7)(® = 0 produces a set of equations
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that must be reduced to zero. All but one, are solved by the first Znajek condition, the
first order corrections to the field variables as well as I which is found to be identical to
Eq. . The remaining equation which is yet to be reduced to zero is used to find a
second-order linear differential equation for 15 of the same form as Eq. , ie.

Y+ a(0)ph + b(0)ps + &(0) =0, (4.3.7)
where @(6), b(f), and &(0) are constants of similar form to a(f), b(6), and ¢(f). In fact

a(f) = a(6), while the constant b(f) is evidently dependent on R

b(o) = !
T MR+ o) (rof — 1)

+ A/2’(/)6(1 — T‘(JQQ) —|— AQ(—2’I"0’¢(I)/Q/0 —|— 2’(/}6(7"090 — 1) + w0(3)(1 — 7‘090)))

[20}? (A (%(A” ~ (2N + QoA")) — 3AY! (roQ — 1))

+ 2 (A(H(A” = ro(20/Q% + R0A")) = B (roQ — 1)) + A5 (1 = o)
+ AZ( - 27‘01%/96 + 2¢6(TOQO —1)+ wo(g)(l — TOQO)>> + o? (AA’(—Qqu%QE)
= 34 (rof20 — 1)) + A(A"%(l —10Q0) + A(tho® (1 — roQ0) — 2roy) 6))

A1 — TOQO))} . (4.3.8)

The constant ¢(6) is very lengthy and can be found in Appendix [B] From the Taylor expan-
sion of the field variables Eq. as well as the MD class of solutions, we know that all
field variables ,,, Q,,, I, ¥ n > 0 can only depend on the variable § and must not contain
a radial dependence in order to ensure regularity at the horizon. However, from the differ-
ential equation for ¥y in the near-NHEK limit, specifically Eq. , it becomes evident
that the only way to ensure that all radial dependence is eliminated is by demanding that
o = 0, which would result in a return to where we started; the NHEK limit. This is not the
desired outcome as we stand to learn nothing about the behaviour of the magnetosphere
in the near-NHEK limit, and it can therefore be concluded that the ”naive approach” is
inadequate. As a consequence thereof, it is rather pointless to calculate (15'(1))2 as we now
know that the above method is wrong. This leaves us in a bit of a pickle as alternative
methods for producing a magnetically-dominated magnetosphere in the near-NHEK limit

of the Kerr metric must be found.

4.3.2 A brief history of a failed attempt

On the path to singling out an appropriate expansion which allows for the construction of

a FF, stationary and axisymmetric magnetically-dominated magnetosphere I had to work
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through different suggestions through trial and error. In this Section I will present another
attempt which was unsuccessful in recovering a physically acceptable solution as it is equally
important to delve into the failed attempts as the successful ones, since they provide us with
hints about how to proceed and assist us in the process of learning.

My first attempt aside from the "naive approach” was made using the following sugges-
tion. Similarly to the NHEK limit expansion it is assumed that the field variables follow

this expansion around the horizon

19"
00 =3 2T (439)
n=0 "

however, with

r—ry = \Rry

_ 4a2
_"0\Rk (1 +./1— a2> (4.3.10)
2 5
such that for a = (r9/2)v/1 — ¢2A2 I find
To \ ~
r—ry = EAR(I + o)) (4.3.11)
resulting in the following expansion written explicitly
. > 1 8”’[[) 7o . =\" n
b(r, ) = z:: — (E)Ji’) (1+ o)) (4.3.12a)
= 1o + (%Rm) A+ %OR (4a¢1 + romg) A2+ OO, (4.3.12b)

i.e. an extra o A-term compared to the NHEK limit Taylor expansion and a "mixing” of field
variables at the second order post-near-NHEK correction. The Taylor expansion Eq.
successfully recovers the near-NHEK attractor solution presented in Section[f.1.1]that is FF,
self-similar, axisymmetric and stationary. When looking at the first post-near-NHEK order

corrections I find the following field strength

FO = 0 (100 — 1)dT A dR + dO A |0 dd — %OR (roQu ) + 1] (roQ — 1)) dT

2
T (2Io(—oR(T - 3) + R? + 20%) + roI' L R(R + 20)) if (4.3.13)
2TAR(R + 20)2 o
and current
~ 1 ~ 1 -z P -
A — 25007 — — 2 05 | + j& 05 + 58 4.3.14
7 T IR(R 1 2002 { J(0) 97 Aﬂ(o%} +70)9% + J(0) %% (4.3.14)
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where the components are rather messy and given by

3y = M(2(R + o) (R + 20T (ro 20 — 1) + T (20 R (r85 Q% + ot (102 — 1)
+ UG (B0 + 4rofo — 1)) = 667 (100 — 1)) + roth (ro RT (R + 20)2)
+ 4R+ )% (R(T — 1) +o(T - 2)) ) + BT (819 + rovf (rofo — 1)
+ U5 (B + 4rof0 — 2)) — 4 (10 — 1)) + 4026 (ro(T — 2)20 +2) ))

+TA (1/)6 (rgéml(é +20) + 2(R + ) (é(_r + 2r0(D — 1)Q0 + 2) + 20(ro (T — 2)Q0 + 2)))

+ roRD(R + 204 (100 — 1)), (4.3.15)
-z AI(R+ ol 4 o) — 2roRIT}
R _ 0 1
Joy) = 3T9A ; (4.3.16)
- 2I
) 1
Jo = j2rep (4.3.17)

jE) =42 (r(r 4 ro(T — ) + 4) AP, + A (2(roQ — DT + (T — 4)T0)
+T(T 4 ro(T = 4)Q0 + 4)9) )0 + 22 = 4T (ro Q0 — 1T A°
—or* (3(7’090 — DAY, + A(roth Q% + (100 — 1) 6’))/\4 +10(ro — DIVYHA°
— 200 (o2 — 1)A"9f + A(royho%) + (rof2 — 1)g))A* + T (SA/%
n A<<4row1(r090 —1) — 598 + 10 (2r0¢’195 (159 + 2roQ,) + (1590 + 210 )Y
+2(r — 1) ;/))M FA((20072 + 15Q070 — B) + 2r0 (1o — 1)¢))A — 8%’)))02
+ 21?22( — AT3(ro Qo — DTWHAS — 204 (3(ro Q0 — DAY, + Ao + (reQo — 1)wl)) A%
+8(roQ — DIy A® — 16T((roS20 — 1) A4 + A(rotpQ + (r0Q0 — 1)) A”
+1I? (8/\/% + A((4r011 (r0Q0 — 1) — 63pg 4 ro(3r01y Qg + 1) (149 + 3ro€2))
+ (1490 + 3rQ1) 0y + 3(roQ — D)WY )A? + A ((3Q175 + 14Q07¢ — 6)10)
+ 310 (1o — DW)A — 8%’)))0 + R?’( — T3 (rgQp — IV)AS — I (3(r090 1A,
+ A(rovh % + (rof0 — 1)E) ) A + 4(r0Q — DI'A* = 8T (0 — 1A'
+ A(roh % + (o — 1) g))A2 + 22 (2A'¢g + A((rowl(rOQo — 1) — 2
+ 70(row 1 Qp + ¥4 (490 + 7o) + (4920 + 7o )Yf + (1o — 1)¥7))A?
+ A (72 + 49070 — 2)10) + 10 (roQ0 — 1)1} )A — 21/)(;))). (4.3.18)

The Bianchi identity (dF)(© = 0 yields the same 2, as in the NHEK limit, while v, found
from the FF condition (F-7)(=1) = 0 is also identical to the first post-NHEK order variable.
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However, the second Znajek condition fails to reduce one of the equations produced by the

FF condition to null and instead the following field variable I; is found

2

1 _ A ) L
212120 (R + o) + = (roQo — 1), ((2(3 +0) (R +roR(T + 1)Q

I = ==
' R3I0R(R + 20) r

F o2+ +ro(l — 2)90)) +r2R(R+ QU)ml)wg 1o R(R + 20)T (1000 — 1)1/);)

(4.3.19)

Already we notice a problem since we only allow I; = I1(f) while Eq. (4.3.19) clearly also
contains a radial dependence. The expansion is thus inconsistent at the first post order cor-
rection and, therefore, cannot be used to recover a magnetically-dominated magnetosphere

in the near-NHEK limit. I must yet again turn my attention towards other options.
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Chapter 5

Novel general expansion

In this Chapter I will be presenting an expansion of the field variables with respect to
not only the scaling parameter A but also the parameter x (or o) which is introduced in
order to present the most general Taylor expansion of the field variables. I will examine
the regularity condition using said expansion and confirm whether it is possible to recover
the Menon-Dermer class of solutions given the exclusion of the purely radial near-NHEK
contributions before presenting the leading order of the near-NHEK limit of the Kerr metric

as well as the post-near-NHEK order corrections up to the second order in A.

5.1 Expansion of the field variables

Consider the spin parameter parametrised by s
1
a=§\/1—/<2, (5.1.1)

and coordinates

ot - t
T=", R=2l"" -—p_".
To To To

(5.1.2)

In the near-NHEK limit the field variables are expanded for small R = AR and k = \o
yielding the following

’L/)(R7 9’ H) = wlR:m:O + A (aaﬁw‘R:K:O + Raﬁw‘R:n:O)

1 . .
57 (0202 ey + 2RO0Dp | e + REO%] ) + OONY). (5.13)
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In order to make the above expression more digestible and present it in a similar way to

earlier Taylor expansions of the field variables at the horizon, I define

Vg0 = Y00, Ox¥|prg = Yo1, Op¥lp_.o = Y10,
| perg = V02, OuOp¥| g = 11, 3]2%1/41”3:,{:0 = 120,

with the subscript ”00” pertaining to the leading order, ”01” and ”10” to the first order
post-near-NHEK correction, and 702", 720", and ”11” to the second order post-near-NHEK
correction. The 6 dependence is omitted explicitly but is implied as we know from the MD
class of solutions that the field variables cannot contain a radial dependence.

Thus in Boyer-Lindquist coordinates Eq. (5.1.3]) reads

2
r—r 1 r—r
Y(r,0) = oo + Kibo1 + 2 " T (1o + Kth11) + 3 <(2 *) a0 + 521/;02) ., (5.1.4a)
r—r 1 r—ry\2
I(T,H) 2100+I€101+2 , + (110+I{111)+§ ((2 , +> 120+I€2]02> s (51413)
0 0
r—r 1 r—ri\’
Q(T’, 9) = Qoo + I‘-?Qol +2 r + (Qlo + HQH) + 5 <<2 , +) on + H2902> y (514(‘,)
0 0

where I have included the expressions for I and €2 for completeness.

5.2 Expansion of the Znajek condition

Before I move on to the explicit perturbation of the field it is fitting to consider the Znajek
condition at near-extremality with the expansion of field variables presented in the previous
Section. The Znajek condition on the event horizon is, as before, given by Eq. . The
scaling coordinates Eq. as well as Eq. are implemented in the condition while
letting A — 0, yielding to the leading order the first Znajek conditiorﬂ

Ioo = 7%(7“0900 — Do (5.2.1)

as expected. Expanding the left-hand-side of Eq. (2.5.1)) to the first order in A I find

Toloo(é + 0') + F |:7'00'101 + 7"0[%]10 — A(T()O"L/)(/)O(Qoo + Q()l)

+ (oS00 — 1)), + R((TO(QOO + Q10) — 1)thgg + (10000 — 1)1/’10))} (5.2.2)

1Note how this is equivalent to the first Znajek condition, just written using the new convention.
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which when evaluated at R = 0, i.e. r = r4 yields the following correction to the Znajek
condition
A
In1 = s (1 +7o(T" = 1)Q00 + 70T Q01) P + T'(r0Q00 — 1)t51) 5 (5.2.3)

while the Znajek condition at the second order in A is found to be

1
Ipo = Py l— 2rolor + A((2 — 2r9Q00 + I'(2roQ00 — 1 + 2798201 + 7“0902))1#60

+ 1—‘(27’09011#(/)1 — g2 + 70S200(2¢001 + 7/’(/)2)))] . (5.2.4)

Note how the corrections to the Znajek condition only produce equations pertaining to the
k-derivatives of the field variables, that is Iy1, Ip2, and so forth. This is because the Znajek
condition is evaluated at R = 0 where the R-derivatives, naturally, are zero. However, the
second Znajek condition Eq. is still valid for k = 0, i.e. for I1g.

While we are on the subject of regularity I find it fitting to introduce the concept of light

surfaces which, if physically relevant, can impose further regularity upon the solution.

5.3 Light surfaces

In this Section I will be considering two critical surfaces which I have not yet properly
introduced. The two surfaces appearing in the Kerr metric are known as light surfaces and
I will presently investigate their relevance to the main objective of this thesis.

It is customary to consider the light surfaces when looking at the field strength in the
NHEK and near-NHEK limit since these critical surfaces are singular points of the stream
equation and they can thus have an impact on the final result. However, before I delve
into how the light surfaces affect, or if they affect, the magnetosphere in the near-NHEK
limit of the Kerr metric, it is appropriate to explore the surfaces in greater detail. The Kerr
background actually contains four critical surfaces one of which is the event horizon and the
second is the asymptotic region at infinity. The remaining two surfaces are found using the
velocity vector y from Eq. , or more precisely by looking at the surfaces where y of

an observer co-rotating with the magnetosphere becomes null
X'“Xp = it + 2001 + Q%94 = 0. (5.3.1)

This allows one to solve for r,g() which reveals the position of the light surfaces. On these

surfaces one would have to move with the speed of light to follow the plasma on the magnetic
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field lines. The two solutions will correspond to the inner light surface (ILS) at r = r,5(0)
and the outer light surface (OLS) at r = rops(f), where the OLS can be considered the
analogue of the pulsar light cylinder while the ILS is a purely GR occurrence. By considering
small but constant € it is possible to see that the the radius is of the order 1/, i.e.
cylindrical similar to the pulsar light cylinder. By instead setting 2 = 0, corresponding to
g#+ = 0, one can infer the existence of the ILS from the existence of the ergosphere [35].
The ILS will lie inside of the ergosphere where the Killing vector x is spacelike, while x is
timelike for rips(f) < r < rons(f) and again spacelike for rors(#) < r. The location of the
light surfaces of a Kerr black hole is illustrated in Figure [5.1

In order to consider the norm of y we need to make an ansatz for how R scales with A,

since we are solving for R while also expanding in powers of X. I found that for

2
R= Z /\nRLs,n (5.3.2)

n=0
the leading order is not consistent, so instead the following expansion was used

R= A" Ry - (5.3.3)

1

™

The leading order is now consistent but it is evident that since RLS7_1 scales as A~! then
the ILS will approach infinity as A — 0. Thus just as how the ergoregion is pushed towards
infinity as we zoom into the near-NHEK region, the ILS is also pushed towards infinity. This
means that we cannot gain any information by looking at the field lines crossing the ILS as
this will not happen in the near-NHEK region of the Kerr black hole. In fact, the ILS will
only extend into the near-NHEK region at the magnetic poles. The ILS will presumably

appear in orders higher than A\? which is outside the scope of this thesis.

5.4 Recovering the Menon-Dermer solution

In order to check the validity of the expansion Eq. let us consider whether it is possible
to show that the Menon-Dermer class of solutions follows from the near-NHEK order. If
not then we know that the direction in which we are heading is wrong. By removing all
terms proportional to R in the expansion Eq. it should be possible to recover the
Menon-Dermer solution since we know that this class of solutions purely depends on 6 and

not R. This results in the following expansion to the second order in A\ (contained in k)

Y(r,0) = Yoo + Ko1 + %/@2¢02 + O(k%), (5.4.1a)
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Figure 5.1: Sketch of a Kerr black hole with the inner light surface (dashed
line) within the ergosphere (solid thin line), and outer light surface (dashed
line) to the right of the black hole.

1
I(T, 9) = Igo + klp1 + §l€2102 + O(li?)), (541b)

1
Q(T, (9) = Qoo + Q1 + §/€2QOQ + O(I{S), (5.4.1C)

which recovers the near-NHEK attractor solution in the leading order as expected. When
expanded to the first post-near-NHEK order the following correction to the field strength

is found

Ioo(R InD - .
wilft+o) +olul’ \n ot 0 4d| Ao,

Fl&% = |0 (roQo1%o + (1000 — 1)y dT + 10

R(R +20)TA
(5.4.2)
with the four-current 31(\2%) of the form
~(0 ~T ~R ~&
Intb = 3oz + 3lo)0r + o) 0 (5.4.3)
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and components

1
rAR(7 4 20) (T — 1)I'4

— oo (T = 2)T 1 ) ¥y — (T = 2T (oS00 — 1), |
+4(I - 1)F{7’0¢6I()(2(R +0) (T = 1)Qp + oT2;) — 2(R + o) (roQo0 — 1)2b0y

+ F(Too'il)(l)lﬂ()o + ((R + 0') (27"0900 — 1) + 1"00’901)¢)6’0 + 0'(7"0900 — 1)1/)6/1) }:| s

ity = (27 (R 4+ 0)(6 — 6T + T — 2r(I — 3)(T" ~ 1)20)

(5.4.4a)
W) ((R + o)l — 0F161>
I = (5.4.4b)
(0) ray/I—T12 ’

1
" rAR(7 + 20)
+ 02(F — 1)(12(7“0900 — 1) + F(lO — 14TOQOO + F(3’I"[)QOO — 1) + 27“0(F — 2)901))

e e [T{ (B2(12 ~ 1200900 — (I = 2P(~11 + 7(13 + (I = 2)T)0))

+20R(12 = 12r€200 — (T = 2)0(=11 + ro(13 + (I = 2)T) Q00 — 70(T = 1)Q01)) ) Yo

+20(R + 0)(T — 2)(T — 1)T (10000 — 1)%1} o — 1)F(r0(F — D)o (—4(R + 0)?

+3(R+0)’T 4 R(R 4 20)1?)Q0y20 (R + )T, + roR(R + 20) T3 Qo1

+ 4(R + 0)(roQ00 — 1)1y — (R + 0)T(2rool, o + (R + 0)(TroQoo — 5) + 2r0o Qo1 )1,

+ 20 (1000 — 1)) + T2 (2r00 (R + 0)1bh,

+ (=0 + 19(30% + 2R(R + 20))Q00 + 2700 (R + 0)Q01)0 + 20 (R + 0)(rof200 = DY) ) |.
(5.4.4c)

Here A has been substituted by
v2-=2T
T

for simplicityﬂ The Bianchi identity is automatically satisfied meaning that I cannot learn

A= (5.4.5)

anything about Qg from it, and the FF condition only produces one equation which is of

the form

0=R(...)+o(..), (5.4.6)

meaning that the component proportional to R and the component proportional to o must
be set equal to zero independently. The o-term is reduced to zero given the modified first
Znajek condition Eq. (5.2.1) for Ipg and the Znajek condition Eq. (5.2.3)) for Ip; while the

R-term is solved for
2

Qoo = ———
00 T0F2A2

21t is easy to verify this expression by substituting I" and A by Eq. (3.1.5).

(5.4.7)
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which is recognised as the leading term of the MD angular velocity Q;p. This allows one
to show that

Yor =c1+ %0/ df I T'A, (5.4.8)
where ¢; is an arbitrary integration constant and this is exactly the Menon-Dermer ¥np
with @ = ro/2, i.e. at extreme Kerr, when ¢; = 0. Using Eq. and the Znajek
condition for Ipy and Iy; it is now also possible to show that the field strength (Fl\(/%)z is
null.

Continuing to the second post-near-NHEK order 1 find the field strength to be

. 1 N
FI\(/E)) = l20’2 (roQ02%00 + 2roQ01¢0; + (10Qoo — 1)¥,) dT

To (IOO (20’R+R2—202(F—1)>+0’(2[01(R+0’)+0'102F>) ~ ~
+ — dR — bl d®| A d6,
2R(R+ 20)TA
(5.4.9)
with jﬁ/}%) of the following form (and components in Appendix
~(1) 1 |:”Zf‘ 0~ 1 ~§ :| 1 ~R
= — + — - 1 5.4.10
D= T SRR+ 20) TOT T T 10 T s A s’ (5:410)

The Bianchi identity is again automatically satisfied and the FF condition is solved using

the Znajek conditions for Iyg, Ip1, and Ipe as well as Eq. (5.4.7)) yielding
Qo1 =0 (5.4.11)

which in fact is the first order correction to Qyp since

Qo2 1 2
MP T 0T2AZ 2 g 2A2

a2\ + O(N\3). (5.4.12)

As expected, the field strength (13‘15/[11)))2 is found to be null when implementing the Znajek
conditions and the expressions found for gy and g, which is consistent with the MD
solution. Knowing that it is indeed possible to recover the MD class of solutions from the
expansion it is finally time to consider the near-NHEK limit such that it can be determined

if a magnetically-dominated magnetosphere can be constructed.

5.5 The near-NHEK limit

In this Section I will present a general perturbation of the Kerr metric in the near-NHEK
limit in which the variables g, Qg are left arbitrary and ; and ¢; will be kept uncon-

strained for the sake of generality.
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The expansion Eq. (5.1.3)), or Eq. (5.1.4]), successfully recovers the near-NHEK geometry

- . dR? - \2
3% = °T | R(R + 20)dT? + ————— + d6* + A2 (d(I) +(R+ a)dT) (5.5.1)
2 R(R +20)
as well as the near-NHEK attractor
- I 20
FED = 10y Tf—l a9 5.2
A og R A ab, (5.5.2)

which as known is null, FF and self-similar. The interesting part, however, is the post-near-
NHEK corrections and I will thus quickly move on to these.
The first order correction to the near-NHEK metric is somewhat cumbersome to look at

and is found to be, explicitly

(d5*)H) = ? %(R +0) (zfz(}? +20)(20 = 1) + 2(=(R 4 0)* + (07 + 2R(R + 20))T")A*

~ ~ ~ 2 ~ ~ ~ ~
— R(R + 20\ A% dT2+A— — RIPA%(R+20) + 2I'(2R + 0)(2R + 30
4

. R . . .
—4(R+0) )de@Jr(;U) 2+ (R+0)do* + (R+0)(2I — 1)A?dd? |,
R(R + 20)
(5.5.3)
while the correction to the field strength is found to be
FO =do A lwgo do — (roaﬂm%o + o (r0Q00 — 1)1l
~ ~ I (R+U)+(UI()+110R)F) ~
L R (roQuotly + (roS0 — 1)) )a — ool o dR
(roS210%50 + (rof200 )%o)) (R 1 20)TA
+ ¢10(T0900 - 1) dT A dR. (554)
The current 7 is quite lengthy
. 1 z -
0 = O + — 8~] + 5805+ 75,0 5.5.5
I = R(R 1 20T0A [ it A2 3% | + o0 + 3oy 9s (5.5.5)

with components
](0 =TA ({0(2 — 2r9Q00 + T'(=1 + 27000 + 70Q01))
+ R(2 — 2r9Q00 + T'(—1 + 2r9Q00 + 10Q10)) )0 + L'(ro€00 — 1)(01/)61R1//10)}
+ A{(R + ) (roQ00 — )T + F<TO¢60((R +0)(I' = 1)Qo + L(0Qp; + RQIN))

—2(R+ o) (rQ00 — 1)l + L (rooh, Qo + o (=1 4+ r0Q00 + 70Q01) %50
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+ U(TOQOO - 1)'(/1(/;1 + R<r0w/10960 + (*1 + 27’0900 + 7”0910)1/)6/0 + (TQQOO — 1) 6/0))) },

(5.5.6a)
-5 AR+ 0)I}y— AT (I}, + RI},)
R _ 00 01 10
Jo) = 3T ; (5.5.6b)
~ 41
9 4loo
Joy = roTZA (5.5.6¢)
e roAloo 20 R(203 AST 4. — 4T/ T4A2(3A ! A ST(A ! A
Jo) = Uho o P00 Yoo + (3A 5o + Arbg) + 8L (A'thgg + Atgg)

= 2T (Y, + o) + 28010) ) + B2 (2DPAPT Yy — AT Uy + THAZ (30 g + Atio)

+ 8T (A9 + Agy) — 4T (Ao + A¢10)) — 40 (A" — 20 + T245y) + FQA/T/an)}
+T{20R((— 20 ( = 2006 + Ao (A2 (ro(4900 + Qo1 + Qo) — 2) +2)

+ A3( — 2450 — Y1 — Yo + 7o (900(4%’)’0 + o1 + ¥10) + Yoo (40 + Qo1 + Qi) + Yoo(Q01 + Q1o0)
+ Qoo (Y01 + 1/40)))) + 1ol AP0 + 8T0A3¢60960)

+ B2 (= 47 (= A + N6 (A% 2roQ00 + 70010 — 1) + 1)

+A° (Tow(l)o(QQf)o + Qo) + ¥00(270Q00 + 10210 — 1) 4 10910200 + Y16 (1000 — 1)))

+ T3 AS )y Uy + 8T0A31/160960> — 20272 (A’%O(F(STOQOO + 210001 — 1) — drogo + 4)

+ A (T (Who(3ro%00 + 2rof0n — 1) + 2oty o) + 70t (3T — 4)2%0 +20%,) ) )
(5.5.6d)
The Bianchi identity (dF)® = 0 yields the same Q19 as in the NHEK limit (corresponding

to Ql)
(5.5.7)

and the FF condition (F-7)(~1 = 0 also yields 11 similar to what was found in the NHEK

limit

I /
Y10 = 1;,%0 )
00

The second Znajek condition is valid when « = 0, i.e. for I;¢p and this paired with the
Znajek condition for Iy; Eq. , satisfies the remaining equation obtained from the FF
condition. It is possible to show that the NHEK solution found at the first order solves the
first order correction in the near-NHEK limit. Using the NHEK result Egs. —
as well as the Znajek conditions for Ip; and Iyp one ensures that the field is FF and that
the field strength (F(0))2

1
rART3A2(R + 20)

(5.5.8)

(F(O)Q = 161\2’1/)60(7’0900 - 1)(1/)60(R(T0(F - I)QQO + TOFQ10 + 1)
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+ T’oO’F(Qoo + 901) — TQUQOO + (T) + ].—‘(7”0900 — 1)(R’L/)/10 + 0’1/)61))
— 16720 Ioo(RI10 + 0 lo1) (5.5.9)

is null, i.e. (F(-D)2 =0.

The field strength at the second order is quite messy but I will present it for good measure
FO = (R(Toi/flleo + 120(10200 — 1)) + 100910201 + 011 (10200 — 1)) dR A dT

1 -
+ {5 (20]-1’(7"0(9117/160 + Q10w + Qo1v1) + ¥iq (roQoo — 1))

+ R? (roﬂgowéo + 2r0Q10%10 + Yoo (1000 — 1)) +100%Q02t60

—+ 02(2T0901w61 —+ w62(7"0900 — 1))) } dT
1

+4—=————(r0(Ioo(20R + R? — 20*(I' — 1)) + 2(R + 0)(RI10 + o1
{QRFA(RJFQU)(TO( 00(20 o ( ) ( o)(RIo+ olor)

+ D(R(RIy + 2011 + 0—2102))) } dR + (mpgl + fwgo) dd| A dO + 1o dR A dD,

(5.5.10)

and the four-current ;1) is even worse to look at. As it is very lengthy I will only present

its form while omitting the components that can be found in Appendix

(1) _ 1 [
réT°AR(R + 20)

=5 ~ 1 -5
+ 1ol R(R+20) 700 + 3 71005 (5.5.11)

The Bianchi identity (dF )(1) = 0 contains a term proportional to R and one proportional

to o which must be set equal to zero independently, allowing me to solve for {299 and €211,

yielding the following expressions

G*A? (5020 — P50S%0) + 41200
4o ’

L (o (2911 — GAYpy)

Q=3 7

2 Yoo

where G is defined in Eq. (3.3.7). From the FF condition (F-7)(®) = 0, which produces several

equations, I again find one equation with a term proportional to R and one proportional to

Qo =

(5.5.12a)

+ gAle) (5.5.12b)

o that are solved independently yielding

_ G2A? (Wol0 — Yo Lo0) + 42010
40 ’

1 1
Y1 = 57— [2Iavh - W{QA(F(A’%O(%O(W(F —1)S%0 + 7ol + 1)
00

120 (5513&)
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+ Tp1 (roQ00 — 1)) — 10T Ing) + Abhg (F/%o(TOQOO -1)
+ F(W’)’O + 1000 (T = 1)Q00 + Ty ) + 70800 (T — 1)Q00 + TQ01)

+ oDy Qo + Tl (1000 — 1)))) }] . (5.5.13b)

The other equation that I obtained from the FF condition proved to be much more com-
plicated while also being rather long. However, it should still be somewhat similar to the
equation from which I found the second-order linear differential equation for ¥y in the NHEK
limit, just with some additional terms proportional to ¢. While the equation also contains
terms proportional to o2 these are easily eliminated by imposing the Znajek conditions for

Iyo and Iyg. Thus, the equation should be of the form
5o 1 a(0)1hgg + 0(0) 120 + c(0) + a(...) =0, (5.5.14)

and in fact when ¢ — 0 I find that a(f) and b(0) are identical to the constants in the NHEK
limit presented in Eqs. (3.3.15a)-(3.3.15b)), while the constant ¢(#) differs slightly from the
one found in Eq. . This discrepancy is likely due to the difference of a factor of 2 in
the definitions of the NHEK and near-NHEK expansions concerning the terms containing

Yno, Qno, and Inglﬂ Since the constant ¢(6) that I have found in the near-NHEK limit does

not contain R it should not be a problem and I will just leave the constant as it is. The term
proportional to ¢ also contains the variable 199 such that it should be possible to integrate
the associated coefficient into the constant b(#). The residual with no sp-dependence can
be used to redefine the NHEK ¢(6) in order to recover the following differential equation for
Y20

50 + a(0)hg + b (0)1h20 + ¢*(0) = 0, (5.5.15)

where b*(0) and ¢*(0) are the revised constants containing o. The constant b*(6) now reads

AT4AI2
b*(0) = b(h) + o ——0'0 (5.5.16)
Y00
while the constant ¢*(0) is of the form
cO)y=(..)+ao(..), (5.5.17)

and can be found in Appendix [B] as it is extremely long.
The variables g, Qoo are still left arbitrary, while six others remain unfixed. These

are Qo1, Vo1, Qo2, 111, Vo2, and of course 15, allowing for quite some room to play around

3Here n = [0,2].
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with. Since this result is very general it is difficult to analyse the sign of the invariant (1:" (1))2
which can be found in Appendix [B] due to its length. Thus in order to make some concrete
comments about the field strength, I will compare the novel general expansion to a known

result.
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Chapter 6

Special case of novel

near-NHEK expansion

In 2020 Pompili presented in his Master’s thesisE] [4] an expansion of the field variables
in the near-NHEK limit with which it was possible to recover not only the near-NHEK
attractor solution but also the NHEK second order differential equation in the second post-
near-NHEK order. I will presently argue that the expansion which was found is a special
case of our general near-NHEK expansion Eq. , and that it is possible to recreate
their results using Eq. and the scaling coordinates Eq. with the appropriate
conversion. Let us therefore consider the expansion and relevant results found in [4].

The following expansion of the field variables ¢, 2, and I was used (written using the

same convention as in Chapter [)

=T T, 02)\51(9)> P10p + NPy p(R)20p + O(N),  (6.0.1a)

7/1(7”79)_1/)00+>\< 3 5

Q(r,0) = Qoo + A (" ;Tp + %Oa + 0’2)\(.01(9)) Quop + A2 5(R)Q0p + O(A®),  (6.0.1D)
I(r,0) = Ioo + A (r _>\Tp * %0" + 02%(9)) Lop + N La(R) Iop + O(N%),  (6.0.1¢)

where I have added a ” P” to the name of the first and second order field variables in order
to distinguish them from the ones in our general near-NHEK expansion. The functions s,
i1, and wy are used to ensure that the second order linear differential equation for yq is

consistent, with all of the field variables only depending on 6 and not R. It is, furthermore,

1The thesis is available at: [https://www.dropbox.com/sh/ap4co4v4qd91d6z/AAD17xn4mTfmA5wI1080tQ_
na?dl1=0.
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found that the second order field variables ¥, 229, and I are consistent when the following

expressions for 1,5, (0,5, and I, 5 are chosen

1 To 2
Yor = (5) (R(R +20)), (6.0.2a)
1 To 2
Qp = (5) (R(R + 20)), (6.0.2b)
1 To 2 ..
Lip=1 (5) (R(R + 20)). (6.0.2¢)
Our coordinate transformation from r to R is slightly different from the one used in M,
which is
S 2r—7ry
R=——— 6.0.3
g (603)

compared to our R = 2(r —r, )/(\ro). However, as will soon become evident, I am still able
to recover the same solution using our expansion and scaling coordinates. Let us consider
the expansion Eq. (6.0.1)) using our scaling coordinates while letting A — 0 up to the second

order in A

1 . 1 -
¥(r,0) = oo + §>\T01/J10P(R +o0)+ A2 (8T3¢20PR(R +20) + 02¢10p81> , (6.0.4a)

1 ~ 1 -
Q(T, 9) = Qoo + 5)\7”091013(]% + CT) + A2 <87”SQQOPR(R + 20’) + 02Qlopw1) , (604b)

1 ~ 1 -
I(r,0) = Iy + 5A7=01r10p(1~z +0)+ A\ <8r§120PR(R +20) + 02110Pi1> , (6.0.4c)
and compare it with the expansion of Eq. (5.1.4)) using the same scaling coordinates
- 1 - -
(1, 0) = oo + M Rip1o + 0tbo1) + 5)\2 (321/120 + ooz + 203¢11) ; (6.0.5a)
- 1 . .
Q(r,0) = Qoo + MR1o + 0Q01) + 57’ (32920 + 02000 + 203911) , (6.0.5b)
. 1 - .
I(’I“7 (9) = Igo + /\(Rllo + 0’]01) + 5)\2 (RQIQO + 0'2102 + 20’R111> . (6050)
From this it is possible to infer that the expansions are identical given
o 702
1o = o1 = Eil}wpy o2 = 2s1¢10P, Y11 = 20 = (5> aop, (6.0.6a)
o 02
Q10 = Qo1 = EﬁloP, Qo2 = 2w1Qiop, 11 = Q20 = (5) Qaop, (6.0.6b)
To . To 2
Iig=1Ip = ElloP; lo2 = 2i1Iiop, T11=1Ip = (5) Ixp. (6.0.6¢)

Using the expansion Eq. and scaling coordinates Eq. with Eq. it is
possible to show that the first order corrections to the field variables are identical to the
NHEK variables (now omitting the subscript ” P”)

AG AG

AG
10 = —Yoo, o = — g, T10 = — I, (6.0.7)
To To To
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with

AT 2
! —
O 0 1 (Togoo A2F2) (6.08)

just as in [4]. This of course means that the field strength is null, FF, and self-similar at
this order. At the second order in the near-NHEK limit the expansion yields
Yoo | GA® (Qf 00 / Yoo | GA? (I 00 /
Qoo = |: + - — Qoo, loo=|"7+"— |- — Ioo, (609)
Yoo e \Qo Yoo o0 Yoo e \1oo oo 0

i.e. the same as the second order corrections to €2 and I in the NHEK limit and the same

as was found in [4]. This allows one to write the second order differential equation for 15

in the near-NHEK limit as

bo + a(0)tho + b(0) 20 + c(R, 0) = 0 (6.0.10)

with a(6), b(0) given by Eqs. (3.3.15a)-(3.3.15b), while the radial dependence of ¢(R, 6) is

removed by setting

| ro GAQY,\ 1
= o - = .0.11

11 =581+ 5 [7’0 <Qoo+ 5 rl (6.0.11a)

_ ; m08200 — 1 roS0(I — 1) + 1 1 3ro

wp =81 — 8 7 + 251 - — —— —

oo rGTAQ,  GUAQY, 4T

1 rg o 3100 — 1

—a— |G A + - (3roQoo +2) + — e — .0.11b
T ot — 1 [g 3 Moo + 3 (3r08o0 +2) S are = (6.0.11b)

where the function s; can remain arbitrary while still ensuring that ¢(R,6) is reduced to
¢(9) given by Eq. . This is again in agreement with the results found by [4]. The
field strength F(!) will be different from its NHEK counterpart since it depends explicitly
on o and the function s; but at second order in \, (F()? is identical to (F(1)2.

Hence, I have successfully shown that the result found in the thesis [4] is a special case

of the more general expansion Eq. (5.1.4) evaluated in the scaling coordinates Eq. (4.1.1h))

up to the second order in .
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Chapter 7

Discussion

In this Chapter I will return to certain points from throughout the thesis which demand
further discussion.

Although the validity of the BZ process by now is quite clear there is still much left to be
investigated about the transport of energy from the rotating black hole. The earlier setbacks
of the theory have been attributed to the lack of understanding of the physical processes
behind the mechanism. However, as mentioned, many numerical GRMHD simulations sug-
gest that the BZ process is a good candidate for describing the energy extraction of Kerr
black holes, and that the presence of an ergosphere is an important factor in the mechanism.
Thus, I accepted the general consensus that this process is in fact the driving factor behind
the energy extraction of rotating black holes, such that I was able to start my analysis of
the magnetically-dominated magnetosphere. Since the main goal of my thesis was to per-
turbatively move away from the near-horizon spacetime towards the far region, I did not
spend more time familiarising myself with the BZ process and its possible shortcomings.

Throughout the thesis and the articles reviewed within this project, primarily [3], 2], it
was assumed that since the only stable and physically acceptable solution in flat spacetime
had to be magnetically-dominated with F2 > 0, then this also had to be true in the NHEK
and near-NHEK limit of the Kerr solution. However, neither the NHEK nor the near-NHEK
spacetimes are asymptotically flat, and it is thus not entirely clear whether the electrically-
dominated solution, F? < 0, or null solution, F2 = 0, could have any physical meaning
in this regime, instead of the sought out magnetically-dominated solution. As mentioned
in [32], electrically-dominated solutions are unstable with regard to acceleration of charged

particles in flat spacetime where it is possible for the magnetic field to locally vanish. This
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would allow for an infinite acceleration of particles. The instability could possibly be resolved
due to the strong gravitational fields in the NHEK and near-NHEK region but as far as [
can tell at this date, not much (if any) work concerning this has been published.

The magnetically-dominated NHEK solution had the disadvantage of lacking a regular
energy outflow (or negative infall) at the rotation axis, sinf = 0, as well as F itself being
irregular at the rotational axis. The latter problem was countered by performing a small
angle expansion around 6 = 0. In [3] it is postulated that this might be due to the choice
of ansatz for 1y used to solve the second order linear differential equation for . A choice
which was made specifically with the intention of finding an exact solution such that the
sign of F? could be investigated. It is, therefore, natural to search for other ansatzes which
could ensure regularity, however, this was not the main goal of my thesis, and I did not have
the time necessary to consider other possibilities.

Finding a novel perturbation which allowed for a consistent expansion of the near-NHEK
attractor proved to be somewhat tricky. I quickly realised that using the same Taylor ex-
pansion of the field variables which led to the NHEK attractor solution as well as the
magnetically-dominated second post-NHEK order failed to satisfy the condition of consis-
tency in the near-NHEK limit. I dubbed this the "naive approach” since it did not take the
deviation from extremality characterised by ¢ into account and in turn ignored the contri-
bution from the near-NHEK terms. In an attempt to correct this, my next course of action
was to introduce a o A-term in the expansion which resulted in a mixing of the field variables
11 and 15 at the second order in A. This, however, also resulted in an inconsistent expansion
of the field variables, specifically yielding a radially dependent polar current which of course
was not permitted. The expansion which I settled on did not only permit an expansion
of one variable, A\, but in fact an expansion of two variables, i.e. A and the introduced
quantity K = Ao to the second order in both A and k (or o). This meant that the purely
NHEK terms v,,0 and near-NHEK terms ), were introduced at both the first and second
post-near-NHEK order corrections, while also taking the possibility of mixed terms 1, into
accoumﬂ Without much loss of generality this expansion made it possible to find that the
first order correction to the near-NHEK limit was solved by the same equations and field
variables found at the first order in NHEK. I also found that it was possible to construct
a consistent second order correction to near-NHEK limit. While perhaps being both the
weakness of the expansion as well as the benefit of having constructed such a general pertur-

bation, the transition from having only one of each field variable at each post-near-NHEK

1Here 1 <n < 2.
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order to work with, to having 1o and 1g; at the first order in A and s, Y92, and 117 at
the second order in A, allows one to play around with, or tweak, the solution much more.
The setback of this is that we are left with more variables than equations which means that
one has to get creative in order to explicitly determine the unknown variables that of course
must be known in terms of ¥gg, Ipg, and 9. Only then will it be possible to determine
the sign of F2 which, hopefully, is found to be positive given the appropriate ansatz for 1o
and Qop. Another, arguably less prominent, setback of the expansion in Section [5.1]is that
due to the many field variables, some of the first order corrections are rather lengthy and
perhaps overwhelming to look at, while the corrections at second order in A are even worse.
Especially concerning the second order differential equation for 159 where the constant ¢*(6)
from Eq. is huge, a problem which should be possible to alleviate by using parts
of the constant to define some functions that would allow one to write ¢*(f) much more
compactly. I did not have enough time available to perform this algebraic manipulation,
but it would definitely help make the results more digestible to the reader.

Ideally the presence of the light surfaces in the black hole magnetosphere should also be
taken into account in the NHEK region as the ILS, possibly, will lie within the ergosphere.
In [3] they were able to perturbatively construct a magnetically-dominated magnetosphere
in the second order of A without considering the ILS and since the goal was to review the
paper, finding the location of the ILS in the NHEK limit was outside the scope of this
thesis. However, it could still be interesting to locate the ILS in order to see if this, like
in the near-NHEK case, is pushed towards infinity or if it actually contributes to the field
strength found in the magnetosphere.

In Section [5.5] I argue that it should be possible to manipulate one of the two equations
(the one which did not yield Iy and v11) obtained from the FF condition at second order in
A. The goal is to write it of the same form as the NHEK second order differential equation
for 9 plus some new o-dependent terms that constitute the deviation from NHEK, i.e.
the near-NHEK terms. While I do find that it is indeed possible to recover a differential
equation for 1oy with a(f) identical to the NHEK constant, b*(#) that is also the same as
in the NHEK case plus some small ¢ deviation, I did not recover a constant ¢*() that was
entirely equal to the NHEK ¢(0) plus an additional o-term. As mentioned, the divergence
from the desired result is likely to have arisen due to the discrepancy in the Taylor expansion
of the field variables used in the NHEK limit versus the near-NHEK limit. Of course it would
be ideal to discover the exact transformation which renders ¢*(0) = ¢() 4+ o(...) but at this

point I was running out of the time required to perform the necessary calculation. Since
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the constant did not contain a radial dependence I concluded that the overall result would
not differ greatly from if T had indeed succeeded in showing that ¢*() is the same as the
NHEK constant with an additional o-proportional term. Therefore, I accepted that while

not ideal, this would probably not affect my calculations.
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Chapter 8

Conclusion

In this thesis I have reached the conclusion that the FFE equations are deterministic in
the magnetically-dominated magnetosphere. They are thus useful tool for describing the
energy extraction from the rotating black hole ergosphere which is governed by the BZ
process. I determined that the extreme Kerr background is not able to correctly resolve
the near-horizon spacetime which instead is governed by the near-horizon extreme Kerr
geometry. The geometry was found to be a spacetime in its own right with co-rotating
coordinates (T, R, 0, ®). I found that the enhanced symmetry of the NHEK regime allows
for the possibility of solving the non-linear FFE equations, specifically the stream equation
Eq. by constructing the field strength using the field variables (¢¥(8), I(6), 2(6)). I
was able to derive the NHEK geometry Eq. by considering the scaling coordinates
Eq. and by performing an expansion in A. Starting from the NHEK geometry it
is possible to recover the null (given the Znajek condition of regularity) and self-similar
NHEK attractor solution Eq. at leading order in A\ for A — 0. This is in fact the
solution that one finds at leading order for all stationary, axisymmetric field strengths F' in
the NHEK limit of the Kerr metric. In the first post-NHEK order I recreated the results
found in [3] where I found the field variables to be given by Eq. with the function
G given by Eq. , while the second post-NHEK order field variables €25 and Iy were
found to be Egs. (3.3.12)-(3.3.13). The magnetic flux ¢, was a bit more tricky and had to be
determined by the second order linear differential equation Eq. . With appropriate
ansatzes for ¥y and 2y the general solution Eq. , which consisted of a homogeneous
and a non-homogeneous term, was found. This allowed for the expansion of F? around

6 = 0 such that an explicit equation for the field strength Eq. (3.5.8) could be used to create

65



Figure This illutrates the positive regions of F? in the range 8 = —2, 0.67 S g < 1. I
concluded that while the extraction of angular momentum L is finite (and negative) at the
rotation axis, the extraction of energy E was irregular for § — 0, Eq. . Lastly in the
NHEK limit I found that you recover the MD class of solutions Eq. from the NHEK
order as long as the post-NHEK orders vanish.

I concluded that while the NHEK limit of the Kerr solution is a nice introduction to the
the near-horizon geometry, observational evidence suggests that black holes are more likely
to rotate at a near-extremal rate rather than at extremality with J = M?2. Consequently,
the near-NHEK limit of the Kerr solution is probably more astrophysically realistic and
was introduced. I found the near-NHEK geometry using a new set of scaling coordinates
(T, R, 6, ®) and an expansion in the deviation of extremality o given by Eq. . I
find that the near-NHEK spacetime co-exists with the NHEK spacetime, and far region
(the extreme Kerr limit). It was concluded that the far region does not resolve the throat
region (see Figure while neither the near-NHEK spacetime nor the NHEK spacetime are
asymptotically flat and thus cannot resolve the far region. From the near-NHEK geometry,
the near-NHEK attractor solution was found Eq. which, just as the NHEK attractor
solution, is null and self similar. It is also the solution one ends up with for any stationary,
axisymmetric Kerr field strength in the near-NHEK limit. I concluded that the NHEK
attractor and near-NHEK attractor solutions are very similar and that it is indeed possible to
recover the NHEK attractor solution from the near-NHEK attractor solution in three ways;
i) by setting ¢ = 0 in Eq. (£.1.2), ii) by considering the limit o < R, and lastly iii) by using
the local diffeomorphism from near-NHEK coordinates to NHEK coordinates Eq. .
This also showed that one can superpose F(~1 and F(-1 to create new FF solutions.
In my attempts to find a consistent post-near-NHEK expansion, where the field variables
only depend on the quantity 6 as dictated by the MD case of solutions, I concluded that
what I dubbed the "naive approach” failed to produce a consistent second order differential
equation for the second order field variable 5. I, furthermore, found that the expansion
Eq. presented in Section with the extra gA-term also could not be used to find
consistent field variables, failing at the first order in A. I concluded that the expansion
which is consistent in all post-near-NHEK orders was not only an expansion in A but in o
too, Eq. . Using this expansion, the Znajek condition of regularity at the horizon now
yields conditions for Iy, and Iz Egs. — while the second Znajek condition was
still valid for k = 0, i.e. I1g. I found that the critical surface, the ILS, is pushed towards
infinity in the near-NHEK limit, like the ergoregion, as seen by Eq. . Thus we cannot
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use this surface to say anything about the field strength inside the magnetosphere. Instead
I demonstrated that by removing all radially dependent terms from the novel near-NHEK
expansion, you recover the MD class of solutions with corrections to the field strength Fi2
in both the first and second post-near-NHEK order. Both orders of corrections to the field
strength are null and self-similar. This is a necessary condition that must be satisfied since
the MD solution is one of the only known analytical solutions in the Kerr spacetime. I then
found that the first post-near-NHEK order (now including radial dependent terms) is solved
by the NHEK field Variableﬂ found at the first order in )\EI Hence, the field strength is null
and self-similar at this order. At the second order in A I was able to determine the variables
Qo0, Q11 found in Eq. , and variables I5g, I found in Eq. . I also constructed
a second order differential equation for o, Eq. , which approximately contained the
NHEK differential equation for 1o (with o = 0) plus some extra o-proportional near-NHEK
terms that were ”packed” into the constants b*(6) and c¢*(6) given by Eqgs. (5.5.16)-(5.5.17).
This leaves you with the following eight unknown variables: oo, Q00, %01, Q01, Qo2, Y02,
11, and lastly 1s0. I conclude that it is difficult to analytically examine the sign of F2 due
to the many unknowns. Finally, I concluded that the expansion and results found by Pompili

[] is a special case of our novel near-NHEK perturbation with the conversion between our
and their field variables found to be given by Eq. (6.0.6).

Despite the fact that the NHEK limit of the Kerr solution is less physical than the near-
NHEK limit, it still is interesting to explore the possibility of making the energy outflow
inside the magnetosphere regular. There is ample opportunity to play around with the
ansatz for 1o (or ), which could be the key to ensuring regularity at the rotation axis.
Perhaps it would be interesting to consider the ILS to this purpose since this could produce
a regularity condition which could be relevant in the NHEK regime.

The novel near-NHEK expansion and the eight unknown field variables that have yet
to be explicitly determined allow for plenty to be discovered. Given that one is creative
in terms of finding equations that open for the potential of determining the field variables,
it should be possible to make some concrete statements about the positive, or negative,
regions of the field strength F2 at second order in A. Furthermore, it would be interesting
to investigate the possibility that the electrically-dominated solution has physical meaning

in the near-NHEK region which isn’t asymptotically flat, as I already touched upon in

1Of course one has to rewrite the variables such that they follow the convention ¥ = oo and so forth.
2The expansion is also technically in o but I have not written this explicitly since it disrupts the flow of

the text.
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Chapter Lastly it could be interesting to study the perturbative approach numerically
in order to reach higher orders in A than A\? and investigate whether this helps to recover
a magnetically-dominated field strength or reveal other fascinating features which can be

explored.
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Appendix A

Post-NHEK expressions

The 2nd post-NHEK order correction to the four current is [3]

with the following components
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The functions in the ¢() coefficient of the second-order linear differential equation for

g are [3]
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The coefficients of Eq. (3.3.16)) are given by
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Appendix B

Post-near-NHEK expressions

The components of the second order correction to the four-current j(V) in Section are
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o+ A%+ % + 2019 + Dol + 22 + 1)) )13

LoDy
%o

)2 4 4(
6[0[\’7’0
T

6[01/)6/1"0
(e

+ R%( — 2ro A2 (L (3% A" + AQL) + AQuu! )T — 4rg A2QoT i T + 1
0 0 0 0

+ 6A1/}6 967’0 +

+ N (49 4+ Qo(Whrg + 8¥iro + 1694) + ro(—h + (roQa + 8Q1) ¥ + 2reQ11)))
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— AA(1 — 4940% — 4200 + ¥) ) T2 — 4(10(6h(Q A + M) + AQov)ro — 6 + Av)
rBCYSU% + VGO + QA + UNYE? + oy + 2N+ 20NV Yo

_|_

Agp
I F/ /.2 6[ A/ 6] "
+4(= e U L T Y L LN W T W BTG )T — 24ngLoT),
12[)() A w()
(B.0.1a)
o ToT(R+0)? (41} = rol' L) + 41} (QUR(F 9+ R¥(—2) — 202((0 — 1)L + 1))
Jo = 2r3T4A ’
(B.0.1b)
- R Tl —2I
ity = (R +0) (roly — 21) (B.0.1c)

ral3A
= (o R)[A(r§ (o (N9 + AG) + AvG (20 A" + Qa(AYG + Av) + A%

it

~—

040 + 2019 +20007) ) )T+ 203 (26T} + T(BT — NG (0 + Q1) — 4Lot)
+ A (1 (2004 + T(3T = 4)u) + T((8T — ) (849 + w62 + 3T0) ) )T

—12(T = 2)AUG(AYGT? + (N'T? + A7) + 7o (2804(~A"] + 10AU60% + 1020(A'Vf + Avf)
— AY)T? — 8Ap) (=AY + BAYHQ, 4+ 5 (A ) + Aghg))T? + 4(A%(5Q0I + 69 )

+ 610(N'h + Mg — 240°Q01' 42 ) )0 + 2 (r3A (6 (v + wh% + 2019 + a0
20 (21 + o) ) A% o (A (Qav + 20000 + Lo(dia + ) )A + ToA'} )T

+ 495 ((A(=20°A% = 3A% 4 2)T7 + D(=30°A" 4 2(T + 3)A2 — 4T)A )

+ TA(=T*A® + 2(1 + 8)A + 4T)f )T — rgA (A% (p(65 Q% + 6% + Qi) A?

+ (BQNYE + To(201 + ¥)A + BIoA'Y] )T + 2A°T (A2 + Lo )T

— AV (A (Qat8h + Qth) + A% + ¥4 + Qv + Qo201 + i) )T

+ 4200 (V192 + Yo + Qyg)A” + (22N + T (311 + 20]))A + 2L AT

— AATY (A4 + To)) )T+ 2o (20% (A2Q? + Io(3M'0f + Auf))r*

+ 0 (BITAY = 2(201 — 2009% — 2000 + ¥)A® + 20 (20004 — ¥))A?

= 2(2061 + ) A + 2075 ) T% = 20420 (U (A + A + AT

+ 20 (A2 (51 + 62))042 + 6Io(A'h + AT — 1202605 ) )

o+ B2 (A (el + v + 2059 + Qv + 200 (261 + 0) ) A+ (NGh(Q20 + 20 )

+ To(daa + V))A + ToN )3 + daf, ((A(—2F3A4 — 3A% 4 )17 + [(=303A% + 2(T + 3)A% — 4F)A’)1/;6
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+ TA(=TPA® + 2(1 + 3)A + 4T)ef )T — rgA (A% ((65 Q% + 4% + Q) A?

+ (BN + To(20n + UT))A + BIA'Y] )T + 2071 (AQ 2 + Low) )T

— 8AG (A(Qufh + Qo) + A (592 + w64 + Qef + Qo(2un + ) ) )T

+ 4200 (V190 + ¥ + Qupg)A% + (2Q AW + To(3¢1 + 2¢7))A + 2L A"¢y)D

AT (AQ 2 + Iowg))r + 2r¢ <2A3(A2%¢62 + Io(3A'W) + AY)T* + v (3T A%

= 2(2¢1 — 2000 — 2Q0% + ¥7)A% + 207 (2008 — P1)A% — 2(2¢1 + YY) A + 2A9)T

— 20A%44 (Y (A + AQY) + AQo) )T + 2A (A% (59T + 6Q4)0 + 6In(A'10h + Ay))T
- 12A210F’¢6))}. (B.0.1d)

The coefficients of the second order linear differential equation for s in Section

are
a(0) = a(0), (B.0.22)
b(0) = T 0)2;6(7«090 - [20R<A(¢6(A” — 1o(2N Q) + QoA”)) — A (1o — 1))

A1 = rofo) + A2t + 26 (oo — 1) + v (1~ o))

+ 12 (Ah(A” = ro(20% +Q0A") = BAUf (oS0 — 1)) + A5 (1 = 70%)

+ A2 (= 2rouf 2% + 206700 — 1) + %o (1 = rof0) ) ) + o (AN (~2retp

= 3¢ (1o — 1)) + A(Aﬂ%(l —1090) + A (1 = 70Qp) — 27‘0%/96))

+ A2 (1 — TOQO))]7 (B.0.2b)

with a(f) which can be found in Eq. (3.3.15a). The expression for &(0) is very long and I

have thus imported it directly from Mathematica below. The function G(6) is to be read as

G from Eq. (3.3.7).
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60% rgT (017 Al0]% y2[0] 2 [0]% Yo' (6] - 207 ryT[8]% Al0]1% ¥2[0] 20 [0]° Yo' (O] -
2y [6] (4ﬁ(Za+ﬁ)r[e]2A'[e]wa'[e]+4(c‘<-1+(-2+r[9]) [6]) -20R (1+T[0] +T[0]?%) -
3R (20+R) T[0]%A[6]* A'[6] wo'[6] -4R (20+R) T[0]2A[6] Uo” [0] +R (20+R) T[] A[6]° (217 (0] Yo' [6] +T'[6] Yo" [0]) +
21013 ((202+20ﬁ+§2) T'[6] o' [6] +2 (02 (-1+ (-2+T[6]) T[6]) -20R (L+T[6] +T[6]%) R (1+T[6] +r[e]2)) wa"[e])) +4G[e] A[6]2
wo" (6] +2T (8] ¥ [6])) +

* (1+T(0] +r[9]2)) A[6]2 A [0] o' [6] +

vo'e] (o (21“[9] A'[0]% W' [0] +A[6] (¥o'[0] (-I'[6] 4'[6] +2T[8] A”[6]) + 6T [6] &' [8] ¥e” [0]) +A[6]* (-T"[6] )
20R (-a[€] T'[0] (A'[6] Yo' [0] + A[€] Yo" [6]) +T[0] (247017 Yo' [O] +2A[0] (Yo' [0] A" [0] +34'[6] Yo" [0]) +A[6]% (Yo' (€] + 245 ¥ [0]))) +
R (-l 1 (a'[0] W' (0] + A[0] Yo" [0]) +T (0] (21'[6]% Yo' [0] +2A[6] (Yo' [0] A" [0] +34"[0] Yo" [0]) + A[6]% (¥o'[0] + 2o [91)))) +

(o+R) (612 a[6]° (31[6]% Yo' (8] Yo" [0] + A" [8] (3o’ (017 A" (8] -3 A[6] Yo" [6]% +5A[6] Yo' [6] ¥ [6]) +

nle] (vo' (01> A (0] - A[0] Ue” [6] Yo [6] + U (0] (31" (6] Yo" [6] +A[6] Yo [6]))) - r3a[0])% Qe (6]

2T'(0] Yo' (612 + 2R (20 +R) T[01* A[6]% 20 (€] Yo' [6] (Yo' [O] (32 [6] A'[€] +A[6] R0’ [0]) +A[6] Q% [O] Yo [6]) +

(4R (204R) r[e1% AL0)% 20 (0]
o'[6] - (0+R)>A[0] (-2+G[6] ~A[0] I'[6]) Uo” [€]) +

400[012 00" (8] ((R (20+R) A[8] (6] - (0+R)? (-2+G[e] ~A[6] I"[6]) A'[€]) U
4T([0)  [6] Yo' [6] (-zﬁ (20+R) A[6] ¥’ [6] Q'[6] -2 (20 +3R (20+R)) Qo [0] (A'[6] Wo'[6] +A[6] Yo" [6]) +
N'[6] o [6] +A[e] ¥e ) [6])) +

6[6] (207 (al6] 2’ (6] (A'[0] o' [0] +A[6] we” [6]) +R0[0] (A'[61% Yo' [6] + A[0] Yo' [0] A" [0] + 3A[6]
2 (290'[0] wo" [0] +

20R (200 [6] 1 [0]% o' [8] +2A[6] (Yo' [6] (1'[0] ' [6] + Q0 [6] A" [6]) + 300 [€] A'[6] ¥o” [€]) +A[6]
16 (vo'[e] +2ue® [0]))) + R (290 (0] A" [6]% Uio (6] + 2A[6] (Vo' (6] (A'[6] R’ [6] + Q0 [8] A" [€]) +3 0 [6] A'[6] Ue” [6]) +
AT61? (290'16] U [6] +R0[6] (U0’ (6] + 240 [61))))) +T[€1? (-800 (612 ' [0] (-0* - 2R (20+R) +Gl6] (0+R)*a'6]) vo'(0] +
Al6] Yo' [6] (60 ¥2[6] +Q0(6] (Vo' [0] (-8 (-R (20+R) +G[6] (0+R)*>a'[6]) Q' [6] +G[6] (0+R)*p(6] (-8+3G[6] A'[6]) A" [6]) +
Q9 [0] (8 (c*+2R (20+R)) -246G[6] (0+R)*> (8] +36G[6)* (0+R)*a'[6]%) wo” [0])) +
L] al617 Q0 [6] (0 (-8 ue'[6] (20'[6] we” [8] + 20 [0] Yo '® [61) +GI6] (-390 [6] A'[6] Yo" [€]7 +uo'[6]?
(290" (0] 1" [0] + Q0 [0] A [0]) +¥o" [0] ((24°[6] Qo' [6] +3 0 [0] A" [6]) Wo” [6] + 580 [0] A'[0] U6 [0]))) +20R
(2w0’ (6] 6 [€] (G[O] Yo' [6] A" [€] + (-4 +G[6] A'[0]) Uo” [6]) + 0 (0] (-3G[6] A'[6] Yo" [6] + o' [6]7 (-8+G[0] A [6]) + Uo' [6]
(3610] A" (6] Wo" (6] + (-8 +5G[0] A'[6]) Yo ® [6]))) + R (20’ [0] %’ [0] (G[O] Yo' [0] A" (6] + (-4 +G[6] A'[6]) e” [6]) +
90 (6] (~36[0] 47 [6] Yo" [6]7 + o' [617 (-84 G[6] AV [0]) + o' [6] (3G[O] A" [0] Ue” [6] + (-8+5G[6] A'[0]) Yo ¥ [0]))) ) +
Gle12 afe1% 20 [0] (-20R (2u0'[0]7 Q' (6] + Yo" [6] (220" (0] U [6] + 20 [6] ¥o*) [6]) - s’ [6] (290" (6] Yo P [6] + 20 [0] we ™ [6])) +
R (-240'(012 Q0" (6] - Yo" (0] (290’ [6] wo” [6] + 20 [0] U™ [6]) + o’ (€] (290" (0] Uo® [6] + Q0 [0] o™ [6])) +
o (~290[6] (vo” [61% - o' [8] Yo ¥ [6]) + R0 (0] (~Uo” [0 we ) (6] +vo’[6] ws“ [6])))]) +
riare)? (4ﬁ (20+R) T[01° A[6]° Qo [0]2 T [0] Yo' [0]% + 2R (20 +R) T[6]* A[6]% Q0 (6] We'[O]

A[8] Q' [0]) +A[0] Q0 [8] Yo" [6]) -

(Yo' [0 ] (3%[9] ‘[e] +
400 (0] %o’ [0] (-6 (0+R)? A" (0] We'[0] +3G[0] (0+R)>Al0]2T'[0] Yo" [0] +
NG| (r [0] (20*-R (20+R) +36G[0] (c+R)>n'[0]) wo'[0] -6 (0+R)Z Yo" [0])) +
4T[6] Q[6] Yo’ [6] ( 4R (20+R) A[6] Yo [6] '[6] -2 (20° +5R (20+R)) Q[6] (4[6] U’ [6] +AL6] Yo" [6]) +
6] (20 (28[0] 2’61 (A'[6] Uo'[6] +A[6] Yo" [6]) +300 (6] (A'[612 o' [6] + A[E] Yo' [6] A [0] +3A[8] A'[0] U [8] +A[0]% ¥e ™ [6])) +

oR (690 [6] 2'[6]% Yo' [8] +2A[0] (Yo' [6] (217 [6] Q' [6] + 300 [6] A" [6]) +9 00 [0] A'[6] Yo [8]) +A[6]7
(490" (0] Wo” [0] +3Q0[0] (Vo [0] +26 ™ [0]))) + R? (600 (0] A [0]% Yo’ [0] +2A[6]
(o' [6] (28] 0" [6] +3R6[0] A" [0]) + 900 [6] A'[0] Yo" [8]) + A[6]% (420 (0] Yo" [6] +3R0 (0] (Vo' (0] +2us ) [6])))]) +
r[e]? (7169@[912A’[ ] (*-R(20+R) +G[0] (0+R)> A" [0]) vo'[6]% +A[6] ¥o'[6] (20% Y2[6] +
Qo [6] (Vo'[6] (-4 (01-4R (2c+R) +6G[O] (cwﬁ)zA'[e]) Q' [6] +G[O] (a+§)2;zg [6] (-16+9G[e] A'[6]) A" [8]) +
Qo [6] (-160% +16R (20+R) -48G[0] (0+R)*a'[6] +9G[0]? (0+R)? A" [0]2) wo" [0])) +
Gle]afe1? Qo e] (0 (~4ue'[0] (520°[6] Ue” [8] + Yo' [0] R0 [8] + 420 [6] Ue*) [6]) + G[6] (-9 [0] A'[6] Yo" [6]7 +
o' [0]% (40" [0] A7 [0] +3Q0[0] AP [0]) + Yo’ [6] ((447[0] ' [0] +900[6] A7 [6]) Yo" [0] + 150 [6] A'[0] Yo > [0]))) +

20R (4yo’ (6] (%' [6] (G[O ] 0 [6] A7 [6] + (-5+G[8] A'[6]) Yo" [6]) - Uo' [6] Q" [6]) + 0 [6]
(-96G[o] A'[6] o [6]% +¥e'[01% (16 +3G[0] A [0]) + o [0] (9G[O] A" [6] We” [6] + (-16 + 15G[6] A'[0]) Ue ® [0]))) +
R (400’ (0] (2 (6] (G[6] wo'[0] A" [6] + (-5 +G[6] A'[6]) Uo” [0]) - Yo’ (6] Q" [0]) + 2 [6)
(-96G[e] A'[6] Yo" [6]% +¥o' [€]% (-16 +3G[0] A [0]) +wo'[6] (9G[O] A" [6] Yo" [€] + (-16 + 15G[6] A'[6]) Yo ® [e])))) +

G612 a[61% 20 (6] (-2 R (440'[6]7 R’ [6] + Yo" [0] (420" [0] we” [6] +320 (6] ¥o ™) [6]) - o' [6] (4%0[0] e [6] +300 (0] Us®) [6])) +
R (-440' (012 Q0" (8] - Yo" [0] (490 [0] wo” [6] +3 %0 (0] o [6]) + U’ [€] (406" [] o) [6] + 300 (6] wo [€])) +
o (-490°[0] (¥o" (617 - wo' (8] e ®) [0]) +390 (6] (-we” [6] o ¥ [6] + v’ (6] o [6])) ] )] +
o (zw@ e} (4 (20+R) T[6]% 20 (0] A'[0] o' (6] + 4 (73 (o+R)?+ (7202+2cﬁ+ﬁz) riel + (40* -R (20+R)) r[e]l) A[6]% Q0 [6] N (6] e’ [6] +
3R (20+R) T[6]* A[6]* Q0 [€] A'[0] Yo' (0] - 4R (20+R) T'[6]% A[6] R [6] Yo" [6] +R (20 +R) T[6]° A[6]° 00 (€]
(21°[0] wo'[0] +T[0] U [6]) +24[6)> (W' (0] ((40® +20R+R*) ao0] T'[0] +T[6] (2R (20+R) +30°T(6]) 20’ [0] ) +
2 (-3 (o+R)?+ (-202+2oﬁ+ﬁz) rie] + (40> -R (20+R)) r[e]z) Q0 [6] w@”[el)) .
46[0] A[0]% yo'[6] (0® (2 (-3+T[6]) T[6] 20 [6] A'[6]° o' (6] +A[6] (o' [6] (2T(6] (-1+2T[6]) A'[6] %’ [6] +
Q0[] (3T7[0] A'[6] +2 (-3+T[0]) T[6] A”[0])) +6 (-3+T[6]) I'[0] R[] A'[O] Yo" [0]) +
A[€1? (T[6] ((-2+3T[6]) Q' [0] Yo" [8] +T[6] Yo' [6] " [6]) + R [6] (3T[6] Yo" (6] +2 (-3+T[6]) T[6] ¥ > [6]))) +
20R (3a[6] Qe [6] T'[€] (1'[6] o' [€] +A[6] Yo" [6]) +T[6]° (200 (6] A'[6]% Yo' [0] +2A[6] (o' [6] (2A7[6] %' [6] + 0 [0] A" [6]) +
300(0] A'[0] Yo" [8]) +A[6]% (300" (6] Yo" [8] + U0’ [8] (2R [0] +R” [0]) +220 (0] ¥o> [6])) T (6] (690 (6] A"[6]7 Yo' (€] +2
A[6] (Yo' [8] (A'[6] R6'[0] +3Q0[6] A”[6]) +9 Qe [6] A'[6] Yo [6]) +A[6]° (20" [0] Wo” [8] +3 Q0 (0] (Vo' [0] +2U6 P [6])))) +
Yo' [8] (2A[8] Q' [8] +Q[8) A [8]) +

R® (3a[6] Qo [0] ' (6] (A'[6] o' [6] +A[6] Yo" [6]) +T[6]% (200 (6] &' [8]% Yo' [6] +2A(8] (
2yo' (0] +2

300 (0] 1'[6] ¥o” [€]) +A[0]7 (300" [6] Yo" [6] + o' [8] (290 (6] +R”[6]) +200 (6] Yo ® [6])) ~T[6] (620 (6] A'[6]

A[6] (o' [0] (A'[6] R0 [6] + 390 [6] 4 [6]) + 900 [0] A'[0] e [6]) +A[6]7 (206" [6] we” [0] +3 20 (0] (vo'[6] + 246 [0]))))) -

Glo1?r(e]? ale]® (20R (95 (6] A'(0] e’ [0] (Vo' [0] A7 [6] + A" [0] Ue” [6]) +A[6] (-9 (6] A'[6] k" [61% +uo'[0]?
(200" (6] 2" (0] +300 (0] 1 [0 )+ws [6] ((21°[6] R0’ [6] + 990 [8] A" [6]) Wo” [6] + 1590 [8] A'[6] Uo® [6])) +
A[6]% (~240"[8]% Q6 (€] - o [6] (29" (6] Wo” [6] +3 26 [6] Yo > [6]) + ue’ (6] (290" (8] Uo® [8] +3 00 (6] wo* [6]))) +
R® (900 (0] A'[0] Yo' (6] (Yo' [] A" [6] + 4 [0] Yo" [6]) + 6] (-9%0 (6] A'[6] Yo" [6]% + o' (6]
(290" (6] A" (6] +3 00 (€] A [€] )+we [6] ((21'[6] R0’ [6] + 990 [8] A" [6]) Wo” [6] + 1590 [8] A'[6] Uo® [6])) +
AL017 (~240" (17 Q0 (0] —Ue” (0] (290 (€] wo” [8] + 320 (6] o> [6]) + e’ (6] (220" [6] o> [6] +300 (8] wo ' [6]))) +
0% (21[0] Q0" [6] (4o’ (€17 A" (0] - A[6] Yo" (0] +yo' (6] (A'[6] Yo" (6] +A[6] ¥o® [€])) +
300[6] (31'[6]% Yo’ [0] o [0] +A'[6] (3’ [6]° A" [6] ~3A[6] ¥e” [6]° +5A[6] Yo' [6] ¥e ¥ [0]) +A[6] (we'[6]% A [6] -
Al8] o (6] we ™ [6] + o' [8] (347 (6] Ua” [8] +a[0] bo ' [01))))])) / ((0+R)* r3r(612 AL61® (-1 +re s (6])* bo'(6])



are

ith

ith

The components of the second order correction to the MD four-current in Section [5.4

— ol — 1)r(r2( — 20 Rlly + 6ro0 R0ty + 4roo RO0190,

+ 2700 (2(R + o) + o) + 4roo R0, + 310 R2Qootly — 30244y — 2024,

— 24y + 610’ Qooty + 41 Qo1 + roo? Qoo + 4roo? Qoo + 2rooQo1by,

+ ooy + roa2900¢6’2) - 2F( a (201%(5r0900 +10Q01 — 3) + R2(570Q00 — 3)

+ 202 (310900 + 10201 — 2)) + 200 (R + o)y Qg + 20(R + o)l (r0Q00 — 1))

+ oty ((r — 1) (20 R(T2 + AT — 6) + RA(T2 + AT — 6) + 60%(T — 1))

+ oT(4(T = 1) (R + o), + amgp)) + 1o RT3 Q00 (R + 20)1 () + 6(R + )4y (1000 — 1))
-I (1/’60( —20R(I - 1)( — 2roI"*(Qoo + Qo1) + 6T (410000 + 10001 — 2) + 101> Q0o

— 24700 + 24) — R2(T = 1)(roT®Q00 — 2012 Q0 + 12T (2r¢Q00 — 1) — 2470000 + 24)

+ o2(I3(610Q00 + 470001 + 70002 — 3) — 2 (18rQ00 + 8101 + 7002 — 11)

+ 6T(9r0Q00 + 2roQ01 — T) — 24700 + 24)) +oT(2¢0, (é(r2(2r0900 — 1) + T(6 — 8ro00)
+ 679Q00 — 6) + o (T%(2r0Q00 + 10Q01 — 1) — 2T (470200 + 70Q01 — 3) + 676000 — 6))

+ (T = 2)Tp0 (1000 — 1)))7 (B.0.3)

) = V2 (Ijo(—20R(T = 2) = RA(T' = 2) + 20* (% = T + 1)) + oT (T, — 2R+ ) Ify) ),

(B.0.4)
- r’(((r — 1)((5r09%00 + 37001 + 70002 — 3)T% — 2(1576Q00 + TroQo1 + 1082 — 9)T2
£ 12(470000 + 1001 — 3)T — 247600 + 24)0® + R( — 20901 T + (9769200 + 870001
+ 70002 — 3)T* — (757000 + 3470Q01 + 370Q02 — 29)T + 2(9970 Q00 + 2670201 + 70202
— 63)T2 — 12(17ro00 + 21001 — 14)T + 72(roQ00 — 1))02 + R?( — 70Q01T° + (67600
+ 4r¢Q01 )T + (=6070Q00 — 177901 + 12)I% + 2(9070Q00 + 137001 — 54)T2 — 6(337r0Q00
+ 270001 — 27)T + 72(10Q00 — 1))0 + 2R} (rOQOOF4 + (2 — 10r¢Q00)T® + 6(570Q00 — 3)I'2
+ (27 = 33r0Q00)T + 12(roQ00 — 1)))%0 n gr(((r — 1)((3r0Q00 + 2roQ1 — 1)T2
— 2(7r0Q00 + 2r0Q01 — 5)T + 12(rQoo — 1)) + 2R(—710Q00T* + 70(4Q00 + Qo1 ) T3
4 (=170 — 370001 + 11)T2 + 2(1376Q00 + 70Q01 — 11)T — 127000 + 12)0
+ R (—roQ00T% + 4700013 + (11 — 1776Q200)T2 + (2610200 — 22)T — 1216000 + 12))1/)61
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+ 00+ R)D(I? = 3T +2)(rof00 — 1)¥a ) ) = 20 = T (roo R(20 + R) (¥, 0 + or

+ Qoo )T + a<5r0900¢6'002 + 3r0Q01900 0% + 10Q0240? — 3Yiea? + 3reQooty, o

+ 200104102 — Yo% + 10Qo0tiao? — Wieo? + 1o(0 + R)WeQ00 — 3R

+ 579 RS040 + 410 RQ010000 + 1o RQ020(00 + 410 RQu0vh, 0 + 2ro RQ013,0 — Ripgpo

+ 1o R0 (a0 + 1o, (30 + 4Ro + 2R%)Q + 20(0 + R)Q, ) + 2ro R*Qoa vy + QTORQQOOUJ&)FB

— (04 R)(rovhaQe0> + 1510Q001000° + TroQo1 o + 10Qe2tioo” — (o0 + TroQeots o

+ 2r0Q019510° — 5010”4 10008020 — Y20 + 10801 (7(0 + R)g + 2090, )0 — 4RyGo0

+ 1679 RQ00100 + TroRQ01t(00 — BRYY 0 + Tro Rty o — 224, + 8ro R* Qoo )T

+2(0 + R)(2roo (0 + R)Yh, Qb + (2(470Q00 + 70Q01 — 3)02

+ 2R(TroQ00 + 70Q01 — 5)o + R2(7r0Q00 — 5))1bhy + 20 (0 + R)(10Q00 — 1), )T

+ (T = 1), ((a + R)((51'2 — 10T + 6)0? — 4R(4T — 3)o + R?(6 — 8T"))Q0, + oT(((3T — 4)52

+2R(T? + 3T — d)o + RA(T? + 3T — )%, + 0(0 + RIT%y) ) = 60 + R)*(ro00 — 1)050 ).
(B.0.5)

The components of the second order correction to the four-current j*) in Section are

3y = 2(r’ (670200 + T(=12r0900 — 470001 + T(ro (6200 + 4201 + Qoz) — 3) +8) = 6 )y
+ T (2(=2rof00 + T(2r0Q00 + 70001 — 1) +2)%f; + T(rofo0 — 1)) ) + A (20 ((~370%00
+ T(3r0Q00 + 10Q01 — 2) + 3)¥g0 + (1000 — 1)) + F(( — 3o — 2001 — Yoo
+ 7o (@/’62960 + 2901 (29200 + Q1) + (49201 + Qo2)vgo + 2201%051 + Qoo (6¥50 + 45 + 1/’6’2))>F2
— 4(rov5, Qoo + (3roQ00 + 1001 — 2)150 + (10800 — 1)1g1)T + 1ot (6% (T — 1)
+ DA — 1), +TQy)) + 6(roQ00 — 1) 6/())))02 + 2R( — rgA? (ngo(ngoA' + AQ,)
+ AQOO¢6/0>F5 — 2rg A3 Qoo Yol + 2 (A'( — Yo — V10 — Y11 +To <(2910 + Q1)
+ Qo1 + Qo1 (2800 + Y10) + Qoo(4ehgo + 2(vor + ¥10) + 7/’11))) + A(2¢20(TOQOO -1
+ 2¢h10(2r0Q00 + 1010 — 1) — ¥ — ¥l — Y1 + 10 ((27/’/10 + P11)Q00 + P01 + Y01 (20 + Qo)
+ 00 (4920 + 2(1 + Qo) + Q1) + (20 + Q11)¥go + Quovor + Qo1 (2450 + Y1)
+ Qoo (4855 + 2066, + i) +w11)) ) JT¥ = 4( N ((ro(50 + Qo1 + Rro) = 3o

+ (r0Q00 — 1) (g1 + o)) + A(i/flo(ToQoo — 1) = 3o — Vo1 — Yo + 7‘0((%1 + 110) Q00
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+ 105900 + Qo1 + Qo) + (o1 + Q10)¥igo + Qoo (5% + Y1 + l//fo))))Fz

+ 2(6(7“0900 — DA%g0 + AT ((r0(5Q00 + Qo1 + Q10) — 3)100 + (1000 — 1) (¥ + ¥10))
+ 670100 + 6(70000 — 1)) ) T = 12A(roQ00 — DIt ) + B2 (= 7oA (10 (32001
+ M%) + Aoth)T® — 20N> Q0T g T +2( A’ (704910 + R0}t + 2roSrotiho

— 29p19 — P30 + 70S00(4(Wg0 + P1o) + 1/’50)) + A(2¢10(2T0900 + 7080 — 1) = 2(th20 + Y1)
— by + 70 (27/’20900 + (4(¥00 + Y1) + ¥30) Q00 + (4910 + 130) Q00 + 20100210

+ o (4o + Qo) + Do) + (4910 + Qa0)ebf + 207y ) ) )T? = 4( N (57000

+ 2roQ10 — 3)¥g0 + 2(roQoo0 — 1)¥14) + A(wlo(ToQoo — 1) = 3¢50 — 2¢, + 70 (3¢50

o+ 200) %0 + 20600 + (520 + 2210)t0 + 2200015) ) ) T2 + 2(6(r0%00 — DAY

+ AT (570900 + 2108210 — 3)¥50 + 2(10Q00 — 1)¥10) + 670150200 + 6(r000 — 1) 6’0))1“

—12A (10000 — 1)r’¢60), (B.0.6a)
it =1 (40R(F —2) + 2R*(I — 2) — 40*((D — I + 1)) _or (F(QaRI{l + BRI}y + 02T})
—20(R+ o)l — 2R(R + U)I;) (B.0.6b)
Jly = AT(RIz + 0l1) — 41 (R + 0). (B.0.6c)

The ®-component of the four-current was imported directly from Mathematica due to its

length and is presented below.
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-20°A[6]% (T[6] A'[6] ((-6+6r0QO0[6] +T[0] (6-10 r0 Q0[] -4 r001[6] +T'[6] (-3 +r0 (5Q00[6] +3Q01[6] +Q02(6])))) 400’ [6] +
T[6] ((4-4r0Q00(6] +T[6] (-1+3r0QO0[E] +2r0QO1[6])) Yol [6] +T[6] (-1+r0Qe0[e]) yo2 [6])) +
A[6] (T'[6] ((6-6r0Q[6] +T[6] (-3+5r0000[6] +2r0Q0L[6])) y8e'[6] +2T[0] (-1+reQo0[e]) yol1 [8]) +
r[e] (rouee’[6] ((6+5 (-2+T[0]) T[6]) Q00 [6] +T[6] ((-4+3T[6]) Q01 [6] +T[0] Q02 [6])) +6 (~1+ r0 Q[6]) Y00 [6] -
2T[6] (2r0 Y01 [6] Q0O [6] + (-3 +5r0 Q0[] +2 rd QO1[6]) Y80” (6] +2 (-1 +rdQE0[6]) ¥O1” [8]) +
T[0]2 (-3 00" [0] - YO1” [0] - Y02” [6] + r0 ((3 Y01 [6] + Y02 [6]) Q0O [6] + 2 YL [6] Q0L [6] + (3Q0L[6] +02[6]) YB8” [6] +

2001[6] Y01” (0] +Q00[6] (5400” [8] +3 401" [6] +402”[6])))))) +20° R (18A[6]° (-1+r0QE0[6]) I'[6] YOO’ [6] -
r[e] «a[e] (T'[6] ((4+A[S]Z (-9+15r0Q00[6] +4r0QOL[6] +2r0Qle[e])) Yoo’ [6] +2A[0]2 (-1+r0QE0[6]) (2401 [8] + Yl [e])) +
184[6] (400 [6] ((-1+r0QE0[6]) A'[6] +rOA[0] Q00 [6]) +A[6] (-1+r0Q00[6]) ¥80” [6])) +2T[6]* A[e]*

(-3 (-1+r0 QB0 [0]) A'[6] YOO [0] +A[O] (I'[6] ((2+r0QOL[O]) Y00’ [6] + (-1 +r@QRO[6]) Y81’ [6]) +YBO” [6] - rd (YOO’ [6] Q00 [6] + Q0 [6] YOO [6]))) +
T[6]°A[6]% (3N [6] ((2+r0QOL[6]) YO [6] + (-1 +r@QO0[6]) YOl [0]) +
A[6] (2¥10[0] (-1+r0QBO[O]) + rd Yol [0] QOO [6] + ré Yo' [0] Q01 [0] + 2 Y00 [6] + rd QO1[6] Y0” [6] + (-1 + r@ QOB[6]) YO1” [6])) +
2T[0]2A[6]% (A'[0] ((-9+15r0Q0[6] +4r0QeL[e] +2r0Qle[6]) Yoo [6] +2 (-1+r0Q00[0]) (2401 [6] +yle [6])) +
A[6] (6Y10[0] (-1+r0QBO[O]) - 9Y00” [6] - 4 Y01 [6] -2 Y10” [0] + r0 (2 (2Y0L1' [6] + Y10’ [0]) QOO [O] +
Y00’ [0] (15000 [0] +4 Q01 [0] +2Q10'[0]) +2 (2Q01[6] +Q1O[6]) ¥00” [0] +Q00[O] (15 Y00” [6] + 4 yO1” [6] +2¥10” [0])))) -
r(e]® (3A[6]° (-1+r0QE0[6]) I'[0] Y00 [6] +44"[6] (-2¥00'[6] + Y01 [0]) +A[6]° A'[6]
((1+r0 (90Q00[6] +800L[0] +002([6] +3010[6] +2Q11[6])) YOO (8] +2 (-2 +r0 (4000([6] +Q01[6] +Q1O[6])) YOl (8] - ¥02'[6] -
Y10 [0] -2 Y11 [8] +r0 (2001[6] Y10’ [6] +QO0[6] (Y02 [6] +3 Y1 (8] +2 Y11 [6]))) -4 A[6] (2410[6] -2 Y00 [6] + YO1” [8]) +
A[6]% (-4420[6] + 4 Y11[0] (-1+r0QEO[6]) +4Yl0[6] (-2 +r0 (4Q00[6] +Q0L[6] +Q1O[O])) + Y08” [6] - 4 YO1” [6] - Y02 [6] - Yy10” (O] -
24117 (6] +r0 (4 Y20[6] ~QO0[6] + (Y02 [6] +3 Y10 (0] +2 Y11’ [6]) QOO [6] +2 Y10’ [6] QO1'[6] + 2 YOL1 (8] (4000 [6] + Q01 [6] +Q1E'[6]) +
Y00’ [6] (9000 [6] + 8001 [6] + Q02 [6] +3 Q10 [6] +20Q11'[6]) + 8Q0L[6] ¥B0” [6] + Q02[6] YOO” [6] + 3Q1O[6] YOO (6] +20Q11[6] Y0” [6] +
2001[6] ¥01” (6] +20Q10[6] YO1” (6] +2001[6] ¥10” [6] +Q00[E] (9 YB0” [0] + 8YO1” [0] + 02" (6] + 3y10” [6] +2y11"[6]))))) +
R® (12a[6)7 (-1+r0QO0([6]) I'[6] YOO’ [6] ~2T (6] ~A[6] (r'1e) ((2:«1\[9]Z (-3+5r0900([6] +2r00Q10[0])) Y00’ (6] +2A[0]% (-1+r0Q00[6]) y1e'[e]) +
6A[0] (40O [6] ((-1+r@QO0[6]) A'[0] +r@A[0] Q00 [6]) +A[6] (-1+r0Q00[6]) ¥00” [0])) +2T[6]* A[6]*
(-3 (-1+r0Q0[6]) A'[6] YOO [6] +A[6] (I'[6] ((2+r0QLO[O]) Y00 (6] + (-1 +r0 QRO [6]) Y10’ [6]) +YB0” [6] - rd (YOO’ [6] QOO [6] + Q0 [6] YO0 [6]))) +
Te]° A[6]* (BN [6] ((2+r0QlO[6]) Yoo [6] + (-1 +r0QEO[6]) Y10 [6]) +
A[6] (2910[6] (-1+r0Q00[6]) +ro Yyl [6] QOO [6] + rd Y00’ [6] Q10 [6] + 200" (8] + rO Q10[6] ¥00” [6] + (-1 +r0QE0[6]) ¥10”[6])) +
47012 A[6]% (A'[6] ((-3+5r0Q00[0] +2r0Ql0[6]) Y00 [6] +2 (-1 +r0QE6[O]) Yyle'[6]) +A[6] (3Y1O[6] (-1+r0QEB[O]) - 3 y08” (0] -
24107 (8] +r0 ((5Y00' [6] +2¢10'[6]) QO (8] +2 Y00’ [6] Q10'[6] + (5Q00([6] +2Q10[6]) YB0” [6] +20Q00(8] ¥10” [6]))) -
T(6]® (3a[6]° (-1+r0Q00(6]) T’ [6] YOO [6] +44"[0] (-2Y00'[6] + Y10’ [0]) +2A[6]> A'[6] ((2+r0 (2Q00[6] +4Q10[6] +Q20([6])) Y00 [8] +
2 (-1+2r0Q00[0] + reQle[o]) yle' [6] + (-1+r0QeB[6]) Y20 [6]) -4 A[0] (2¥l0[6] -2 460" [6] + Yle” [0]) +2A[0]°
(4420[0] (-1+r0QO0[O]) +4Y10[6] (-1+2r0QOO[O] + ro QlO[6]) +2yY00” [6] - 2 Y10 [0] - Y20” [6] + r0 ((4 Y10’ [6] + Y20’ [0]) QOO [6] +2 Y10 [6] Q16|
6] +y00’[8] (2000 (6] +4010"[6] +20'[6]) + (4Q10[6] +220[6]) Y00” [6] + 2010 [6] ¥10” [6] + Q00 [6] (2Y00” [6] +4y10” [8] + 420" [6]))))) +
oR? (36a[6]1° (-1+r0QE0[0]) I'[0] YOO [6] +2T[6]*A[0]* (-9 (-1+r0QE0[6]) A'[0] YOO [6] +
Ale] (T'[6] ((6+r@QOL[e] +2r0QlO[e]) y0o' [6] + (-1+r0Qe0([6]) (401 (6] +2¢10'[6])) -3 rd Y00’ (6] Q00" [6] -3 (-1+r0Qe0(6]) Yyee” [6])) -
2r(e] ~a[e] (T'[€] ((6 +A[0]2 (-9+15r0Q00[6] +2r0Qel[e] +4r0Qle(e])) Yoo (o] +2A[0]% (-1+r0Q00[0]) (¥O1'[6] +2y10'[0])) +

18 A[0] (¥00'[6] ((-1+r0Q00[6]) A'[6] +rOA[6] Q00'[6]) +A[6] (-1+r0QE0[6]) ¥00” [6])) +
r[e]®A[6]* (3A'[6] ((6+r0Q01[O] +2r0QlO[6]) YO0 [0] + (-1 +r®QEO[6]) (YOL [6] +2y10'[6])) +A[O] (6Y1O[6] (-1+r0QBO[6]) +6Y00” [6] -
W01 [6] - 2 ¥10” [6] + rO ( (YO’ [6] +2 Y10’ [6]) QOO [6] + Y00 [6] (R01'[6] + 2010 [6]) + (ROL[6] +2Q10[6]) YOO [6] + QB0[6] (YO1” [6] +2¥10” [6])))) +

ar(e]?A[6]% (A'[6] ((-9+15r0Q00[6] +2r0Q01[6] +4r0Qle[e]) y0e [6] +2 (-1+r0Qe0(6]) (Y01 [6] +2 1@ [6])) +
A[6] (9¥10[6] (-1+r0Qe0[e]) - 9y00” [6] - 2 401" [6] - 4 Y10” [6] + r® (2 (YO [0] +2 Y10 [6]) Q00 (6] +
Y00 (0] (15 Q00 [0] + 2001 [6] + 4 Q10 [0]) +2 (Q01[6] +2Q10[6]) Y00” [0] + Q00[6] (15 Y0 [8] + 2 Y01 [6] + 4 y10” [6])))) -
r(e]® (9A[6]® (-1+r0Qo0[6]) I'[6] YOO [6] +4A'[6] (-6400 (6] + Y01’ [6] +2410'[6]) +24[6]% A" (6]
((6+r0 (6Q00[6] +4Q01[6] +8Q10[6] +2Q11[6] +920[6])) YOO [6] +2 (-1 +2 r0QEO[6] + ro Q1O[6]) YOl (6] +2 (-2 + rd (4Q00[6] +Q01[6] +Q10[6]))
Y10 (0] +2 (-1+r0QO0[6]) Y11'[6] + (-1 +r0Qe0[6]) Y20 [6]) -4 A[6] (6Y1lO[6] - 6 Y00 [6] + YO1” (6] + 2 Y10” [6]) +
2A[6]% (2411[6] (-1 +r0QO0[6]) +2Yl0[6] (-6 +rd (12900[6] +Q01[6] +5Q10[6])) - 2 (5y20([6] - 3 ¥00” [6] + YyO1” [6] + 2 ¥10” [6] + yl11”[6]) -
¥20" [6] + r@ (10 y20[6] Q0[6] + 4 Y01 [6] Q00 [6] + 8 Y10’ [6] QOO [6] + 2 Y11’ [6] QOO [6] + Y20 [6] QOO (6] + 2 Y10’ [6] QL' [6] + 2 (YO [6] + Y10’ [6])
Q10'[6] + Y00’ [6] (6200 [6] + 4901 [6] + 8Q1E (0] +2Q11 [6] +920'[6]) +4Q01[6] Y00” [6] + 8QLO[6] YO [6] + 2Q11[6] YO0 (6] +
Q20[0] ¥00” [6] +2010[6] YO1”[6] +2 (2O1[6] +Q10[6]) ¥10” [6] +Q00[6] (6 400" [6] +4 YO1” [0] + 8 Y10” [8] + 2Y11” [6] + 420" [6])))))



The part of the constant ¢*(6) in Section with no o-dependence is given by

1

* 3
¢ 47"8F2AI 01/)00 [ - 4g[00w60 (F2 620(A( —2rg ("/}60 + "/}(()0))030 + 2("%0 - TOQE)Ong

+ 53 ) 000 + 30160 + Yoo, ) — 2(r0S200 — 2)A"9oQ00)A® — 2roLoo [0 (FQOO(%OAI2

+ BAYGA + Ao A") — Ao (Ao + Avo) ) A + oI (T (ho + 2063 )A% + 2(poA”

+ BAYR)A + 204600 ) — AT (Nl + AvGo) ) )7 + G2 I3 A (Yo (2o R0t

+((1— TOQOOW(()?)) — 219y (()g))%o +270Q00%00) A + 1o (—2Q00 A" Y55 — 20" Qg ¥iotio

+ ool ) A2 — roLoo (AP YR + (BA Wiy + 5N Ve — BAY42)A

— 3roLooA Y (Voo A" + A go))ﬁ% — 2900 (4F21/’60( r5400250 + 75 (T0%00200 — 2¥60) 250

+70(¥00 — 2ro¥0200) Qo0 — Ygo) A + 75 155100 (BA (1000 + 1A Yol — 4(rotpoS 0

+ (37000 + 1)100)T" + 2(r0Q00 + 1)T"950) A% + 415 I (A"t + Atiy)

+70loo 50 <2F2( 69%0 — DT %0 A° + T (Qo0v00 Q0070 + Do¥0070 — Yo0)A°

A(=3r808) + 20000 + DA'YhA? + AD(A2(2r308 +1) = DAWGo + Avfn) ) )]

(B.0.7)

while the part of the constant ¢*(6) with a o-dependence is extremely lengthy and can thus be
found in a drop box that I have created: https://www.dropbox.com/sh/ap4co4v4qd91d6z/
AAD17xn4mTfmA5wJ1080tQ_na?d1=0. Again the function G(6) is equal to G, Eq. (3.3.7), and
the variables 900, 110 are to be read as ¥gg, ¥19 and so forth.

The second order correction to the field strength in Section is

- 2 - - -
F(l) 2 — _ _ R2F4 12 A4 4 20'RF4 12 A4 _ r2R21—\4Q2 12 A4
( ) 4 R(20 + R)T1A? (&) Yo 0 00%00

— 220 RT*Q2 02 A* + AR?T22 A% + 8o RT 24 A? + 4r3f%2r2¢§09301\2

+ 8r20 RT3, 02, A% + 120292 A% 4+ 12R* Y2 A% + 40°T2p2 A% — AR?T 22 A2

— 8o RI*Y( A% + 12r5 0 Qg0 A + 127 REOG1o A + 1250 T2 QG gup A

+ 8re RPT202 002 A% + 16120 RT? Q2,02 A% + 24120 ROZ ik A% — 24120 T2 i3 A2

— 20r2 RP T2 i3 A% — 40r20 RT Q22 A% + 4120’ T2Q2 A A2 + 4r2 RPT2Q2 2 A2

+ 240 R A? — 80 Thg A2 — ARPT2 A% — 8RB A? — 24700 Qoo A2

— 2470 R?Quotp A A2 — 12100 T2 Qo3 A% — 48700 R0 UE A% + 32rga T Qooti2 A2

+ 2470 R*T Q0002 A2 + 48190 RT Qo5 A% — 8roo 12001902 A% — 8roo RT2 Q01103 A2

+ 167002 T Qo195 A% + 16700 RTQo1 3 A2 + 161202 T2 Q00 Q0105 A% + 16720 RT2Q00Q01 15 A2
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https://www.dropbox.com/sh/ap4co4v4qd91d6z/AADl7xn4mTfmA5wJ108otQ_na?dl=0
https://www.dropbox.com/sh/ap4co4v4qd91d6z/AADl7xn4mTfmA5wJ108otQ_na?dl=0

— 16r50°T Q000201956 A° — 16150 RT Q00901950 A> — 4100 T Qoatpio A + 4r§0 T Qo021 50 A°
— 8roR*T2Q 002 A? — 8roo RT?Quohia A2 + 167 R T Q093 A% + 16700 RTQ 03 A2

+ 1672 R2T2 Q00 Q1002 A% 4 16720 RT Qoo Q103 A2 — 1612 R2T Qo0 Q10thia A2

— 16720 RT Q00003 A% + 8720 RT?Qo1 Q003 A? — 8roo RT?Q 3 A2 + 8120 RT 2 Q00011 i3 A2
— drR*T2Q0p A A2 + 4r2 R*T2 Q00 Qa0 i3 A% 4 40222 A% + 4r2o? D202, 02 A2

— 8roa’ T2 Qoo A% 4+ ARPT A A% + 4r2 R*T2 Q2 012 A% — 81 RT2 Qo3 A2

— 8rgR* T2 Qoo A2 — 16100 RT 2002 Qoo A% + 167202 T2Q21bbo b, A% + 16720 RTZ Q2,100 hh, A2
— 167202 T Q2 bbby A% — 16720 RTQZ,hhothhy A2 — 1602 Taphgih, A2

— 160 RT)otbh, A% — 16700 T2 Qbbb A2 — 16100 RT2Q001h o1k, A2

+ 32100 2T Qoothho by A2 + 32100 RT Qb A2 — 1610012 Q01 060 U A

+ 167202 T2Q00Q01 Y Vo A2 — 16700 RT Q100050 A% + 16120 RT2 Q0001005016 A2

+ 402F2¢60¢62A2 + 47’(2)02F29301/1607/162A2 - 87’002F2900¢60¢62A2 + 167"(2)R2F29(2Jo%0¢/101\2

+ 16720 RT2Q2 b0t o A2 — 1672 R2TQ2 006000 A2 — 16120 RTQ2 b0 tio A2 — 16 RZTeph g A2
— 160 RTp)oth o A% — 167 R2T2Q001bh ot o A% — 16700 RT2 Qo1 o A2

+ 3210 R2T Qo0 Who ¥ o A% + 32ro0 RT Qootbho g A% — 16m00 RT2 Q100 o A2

+ 16120 RT2Q00Q0190h0 1 o A2 — 1670 R2T2Q1 01000010 A% 4 1672 R2T2 Q0 Q1010 o A

+ 80RF21/’617/’/10A2 + 8780RF29(2)0¢61¢10A2 - 16T00RF2900¢617/’/10A2

+ 80 RT29g b} A2 + 8r2a RT2Q2 bbb A2 — 16100 RT? Qo) A2

+ 4R*T?(ro000 — 1)) A2 — 4720212, T2 — 47213, R*T? — 8r2o Iy, 1o RT?

— 4r2Io0(Ina0® 4 2111 Ro + IogR?)T? — 4R*T22 — 8o RT2y(2 |. (B.0.8)
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