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Abstract

The study developed in this thesis concerns the dynamics of Galaxy Clusters.
To estimate the total mass of a Galaxy Cluster we can rely on X-ray observations,
and on the assumption of hydrostatic equilibrium. Galaxy clusters are known to
be powerful cosmological tools, and measuring the total mass of different Galaxy
Clusters is crucial to give us information on some of the cosmological parameters.

We propose a new method to constraint the Cluster’s total mass from X-ray
measurements, without relying on the assumption of hydrostatic equilibrium. This
method relates the dynamics of the gas with the dynamics of dark matter particles in
a Galaxy Cluster, and allow us to layout the dynamical state of the cluster. We apply
this method to X-ray measurements of the Cluster A2052 and we find the difference
between the total mass measured with this method, and the mass measured under
the assumption of hydrostatic equilibrium, to be extremely significant. We also try
to measure the gas velocity at the virial radius for this Cluster, and we constrain
this to |vr| ≤ (3.0± 0.8)× 102km · s−1.
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Chapter 1

Introduction

Our thirst for knowledge is never ending. Most of us are fascinated by what is out
there, when, how did everything start, how is the universe organised. We now know
that surrounding this planet, there are other planets and stars. Not even our galaxy
is alone and at night, if the sky is clear, one can catch a glimpse of Andromeda galaxy
with the naked eye or if you happen to be in the southern hemisphere, to the Large
Magellanic Cloud - an irregular galaxy, that along with our galaxy, Andromeda and
other galaxies form the Local Group. As the Local Group, there are also other
collections of galaxies, also known as clusters of galaxies. These clusters are known
to be the largest gravitationally bound objects in the universe and are the subject
of study for this thesis.

In this Introduction we set the scene for this thesis work. References for the
introduction are Binney [4], Dodelson [12] and Freeman [19].

1.1 Scaling towards galaxy clusters

It all started at a singularity, with the Big Bang. As the universe expanded it also
cooled down and when the temperature of the gas was of a few hundred kelvin, the
first electrically neutral atoms started to form. The photons, that before were scat-
tered by collisions with charged particles, could then start to travel freely through
space. These photons have come a long way and we can now measure them from
the Cosmic Microwave Background (CMB). After approximately 109 years, the pri-
mordial atoms started to clump together and the first stars were formed. In the
hierarchical merging scenario, large scale structures formed by merging of smaller
objects, due to gravitational attraction. Stars and gas agglomerated into galax-
ies. Gravitationally bound galaxies then agglomerate into what we call a cluster of
galaxies. Such clusters are formed by the infall of clumps along filaments and are
still forming at the present epoch [31].
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6 Chapter 1. Introduction

Figure 1.1.1: Representation of the evolution of the universe at different epochs since the
Big Bang. General Relativity starts to be valid after quantum fluctuations, early before
the CMB was emitted. Current cosmological models such as the FRW universe (a(t) ∝ tq,
a is the cosmic scale factor), predict that it all started with an initial singularity, the Big
Bang (singularity when t → 0 a → 0). At early times radiation dominated (q = 1/2), at
later times non-relativistic matter dominates (q = 2/3) and we now have a universe which
is dominated by dark energy, Λ. This energy can be interpreted as the vacuum-energy.
Image from NASA webpage.

1.1.1 Probing the universe

Galaxy clusters are the largest gravitationally bound objects in the universe. Typ-
ically, matter inside these clusters is comprised of 75% dark matter, 20% of hot
diffuse intra cluster plasma and 5% of stars, dust and cold gas being mostly tied to
galaxies. Overall their mass1 is of the order of ∼ 1013 − 1015 M� and size2 of ∼ 103

kpc.

Galaxy clusters are spectacular [21] and are powerful cosmological tools as they
mark the transition between large and smaller scales [7]. In particular, they can set
constraints on the matter density parameter Ωm, 3 see fig. 1.1.2.

Preferably, one should study how clusters evolve in cosmological time scales, but
these are just too long. For this reason, it becomes relevant to look at how an
entire population of clusters, with the same mass, changes with redshift, z. The
mass function n(M, z) gives the number density of virialised halos (where the virial
theorem holds) found at redshift z with mass in the range [M,M + dM ].

Thus, if we want to set better constraints on this parameter, it is crucial that
the cluster’s total mass is estimated at different redshifts with the highest accuracy
possible [41].

11 M� = 1.98× 1030 kg.
21 kpc = 1× 1019 m.
3For details on how to obtain Ωm and relating it to the mass function from σ8, refer to the

Press-Schechter formalism, chapter 9.5 in Dodelson [12].
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F��. 3.— Constraints on the σ8 and ΩM parameters in a �at ΛCDM cosmol-
ogy from the total (both low and high-redshi�) cluster sample.�e inner solid
region corresponds to−2∆ ln L = 1 from the best-�t model (indicates the 68%
CL intervals for one interesting parameter, see footnote 13) and the solid con-
tour shows the one-parameter 95% CL region (−2∆ ln L = 4). �e dashed
contour shows how the inner solid con�dence region is modi�ed if the nor-
malization of the absolute cluster mass vs. observable relations is changed by+9% (our estimate of the systematic errors).

the relative number density of clusters near the high and low
mass ends of the sample. Since the volume is a fast-decreasing
function at low M’s, the V(M) variations are important. �e
most important parameter of the L −M relation in our case is
the power law slope, α (see eq. 20 in Paper II). Variations of α
within the errorbars (±0.14) of the best�t value lead to changes
in the derivedΩMh of±0.027. Adding this in quadrature to the
formal statistical errors quoted above, we obtain a total uncer-
tainty of ±0.035. We have veri�ed that other sources of sys-
tematics in the ΩMh determination are much less important
than those related to the L −M relation.
In principle, a non-zeromass of light neutrinos has some ef-

fect on the perturbation power spectrum at low redshi�s. We
checked, however, that their e�ect on the shape of the cluster
mass function is negligible for any ∑mν within the range al-
lowed by the CMB data (Komatsu et al. 2008). �erefore, neu-
trinos do not a�ect our results on ΩMh.
Our determination of ΩMh = 0.184 ± 0.035 compares well

with the previous measurements using cluster data and galaxy
power spectra. Of the previous cluster results especially note-
worthy is the work of Schuecker et al. (2003) whose constraints
are based not only on the shape of the mass function but also
on the clustering of low-z clusters. �eir value is ΩMh =
0.239 ± 0.056 (errors dominated by uncertainties in the con-
version of cluster X-ray luminosities into mass; this source of
uncertainty is avoided in our work by using high-quality X-
ray mass proxies). ΩMh is measured accurately also by galaxy
redshi� surveys. �e results from the 2dF and SDSS surveys
areΩMh = 0.178± 0.016 and 0.223± 0.023, respectively (Cole
et al. 2005; Tegmark et al. 2004, —we rescaled to n = 0.95 their
best �t values reported for n = 1). �e individual errorbars
in galaxy survey results are smaller than those from the clus-
ter data; however, a recent work by Percival et al. (2007c) sug-
gests that the previous galaxy redshi� results may be a�ected
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F��. 4.— Comparison with other σ8 measurements. Solid region is our 68%
CL region reproduced from Fig. 3 (this and all other con�dence regions corre-
spond to ∆χ2 = 1, see footnote 13 on page 7). Blue contours show theWMAP
3 and 5-year results from Spergel et al. (2007) and Dunkley et al. (2008) (dot-
ted and solid contours, respectively). For other measurements, we show the
general direction of degeneracy as a solid line and a 68% uncertainty in σ8 at a
representative value of ΩM . Filled circles show the weak lensing shear results
fromHoekstra et al. (2006) and Fu et al. (2008) (dashed and solid lines, respec-
tively). Open circle shows results from a cluster sample with galaxy dynamics
mass measurements (Rines et al. 2007). Finally, open square shows the results
from Reiprich & Böhringer (2002, approximately the lower bound of recently
published X-ray cluster measurements).

by scale-dependent biases on large scales. Indeed, there is a
tension between the SDSS and 2dF values at � 90% CL and the
di�erence is comparable to the errorbars of our measurement.
�e cluster results can be improved in the future by extend-

ing the range of the mass function measurements. Not only
can this improve statistical errors in the mass function mea-
surements but it can also improve the accuracy of the L−M re-
lation, a signi�cant source of uncertainty in our case. We note
that it ismore advantageous to increase statistics in the high-M
range than to extend the mass function into the galaxy group
regime. In addition to greater reliability of the X-raymass esti-
mates in the high-M systems, the surveys become dominated
by cosmic variance approximately below the lower mass cut in
our sample (the cosmic variance is estimated in §7.1 of Paper II
using the prescription of Hu & Kravtsov 2003).
Combined with the HST prior on the Hubble constant, our

constraint on ΩMh becomes a measurement for the matter
density parameter, ΩM = 0.255 ± 0.043 (stat) ±0.037 (sys),
where systematic errors are also dominated by the slope of
the L − M relation. �is agrees within the errors with other
independent determinations, such as a combination of BAO
and CMB acoustic scales, ΩM = 0.256 ± 0.027 (Percival et al.
2007b), and a combination of gas fraction measurements in
massive clusters with the average baryon density from Big
Bang Nucleosynthesis, ΩM = 0.28 ± 0.06 (Allen et al. 2008).
It also agrees with another independent measurement based
on our data, ΩM = 0.30 ± 0.05 from evolution of the cluster
temperature function, see (§ 7 below).

6. CONSTRAINTS FROM THE NORMALIZATION OF
THE CLUSTER MASS FUNCTION: σ8 −ΩM

Figure 1.1.2: Constraints on σ8 and Ωm parameters in a flat ΛCDM cosmology from a
cluster sample (both low and high-redshift), and σ8 is the amplitude of linear perturbations
at the length scale 8h−1 Mpc and is given from cluster abundances. Image by Vikhlinin
[3].

Dark Matter

To prevent the cluster from gravitational collapse, it is necessary that the kinetic
energy from particle’s motion balances the gravitational one. The system will then
settle into an equilibrium condition. This is the same as saying that the object
is virialised or that the Virial theorem holds: 2 〈Ekin〉 + 〈Epot〉 = 0. We can then
apply this theorem to galaxies, and by measuring the motion of the particles inside a
galaxy it becomes possible to infer the total mass of the system: MTotal = rG 〈v2〉 /G,
with rG being the gravitational radius4 and 〈v2〉 the evaluated velocity dispersion5.

In the last century this theorem allowed astronomers to postulate the existence
of dark matter as the total gravitational mass obtained from dispersion velocity
measurements was different (higher) than the one expected purely from the lumi-
nosity mass. The presence of dark matter halos can also explain the rotation curve
of luminous matter in a galaxy.

The composition of this missing matter is currently unknown, but some of the
best candidates are neutrinos or WIMPS (weakly interactive massive particles). So
far, the detectors that are searching for a dark matter particle have shown no signal
of it. Dark matter halos can be modelled by the following double-power law:

ρ(r) =
ρ0(r

a

)α (
1 +

r

a

)β−α (1.1.1)

4 rG ∼ 1 Mpc. 1 Mpc = 3.08× 1022m. Gravitational constant, G = 6.673× 10−11m3kg−1s−2.
5
〈
v2
〉

= 3σ2
r , where σ2

r is the radial velocity dispersion.
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with (α, β) = (1, 3) gives the Navarro-Frenk-White (NFW) profile, predicted
by N-body simulations [29], with two free parameters ρ0 which is the central dark
matter density and a the scale radius.

1.2 The problem at hand

With this thesis, we want to describe a method that can possibly give us more
knowledge about how dark matter is distributed. At the same time, we also want
to try and see if it is possible to get some insight about the cluster dynamics.
Such a comparison between the dark matter distribution and the cluster’s complete
dynamics has not been done before taking X-ray observations only, which makes
this project so exciting.

A critical point will be to estimate the total mass of the cluster. For that we
could rely on different methods apart from X-rays such as studying the motion of
galaxies or using weak-gravitational lensing (WGL).

Galaxy motion

Even though it is possible to make an estimation of the mass of a galaxy by mea-
suring the galaxy’s velocity dispersion, the same is not so easy for real clusters as
they are not isolated systems, thus we can not consider clusters to be in a steady
state. For example, we can have infalling of matter into the cluster at the cluster’s
outskirts.

General idea of WGL

Galaxy clusters are massive bodies, and as such, according to Einstein’s theory
of General Relativity, the cluster’s gravitational field will curve space-time. The
principle behind lensing is that since light (and matter) always take the shortest
path (geodesic), if the geodesic is curved due to the presence of the cluster, their
path along it will curve for the observer. When we have a background radiation
from a source object behind the cluster, we will have a distorted image from light
passing in the cluster’s neighbourhood. The amount of distortion will tell us about
the cluster’s total gravitational mass which is biased by any mass distributed along
the line-of-sight as it will also affect the photon’s path.

Zhang et al.[43] tried to compare this method with the one applied for X-ray
observations (under the assumption of hydrostatic equilibrium) to see how different
the mass estimations are, and they found that they can diverge by ∼ 10 − 40%.
However, the uncertainties on weak-lensing mass estimates can be 10-50% which
does not make it a good method for what we are trying to achieve.
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X-ray measurements

With temperatures of the order of 107 K, the gas in the intra-cluster medium (ICM)
of the cluster is fully ionised, giving it the properties of plasma. At that temperature
the cluster emits X-rays (kBT ∼ keV) due to Bremsstrahlung effect (see app.B.1).
Due to this effect, the emissivity depends on the electron density (ne) and on the
temperature (T ) in such fashion: εν ∝ n2

eT
1/2 exp(−E/T ).

Fig. 1.2.1 shows us a X-ray spectrum obtained from counting photons and its
energy at a certain distance from the centre of the cluster. From the spectra we see
that its shape follows an exponential: Iν ∝ exp (−hν/kBT ). 6

Figure 1.2.1: X-ray energy spectrum obtained from XSPEC in log-log scale. The x-axis
corresponds to the energy of the photons in keV and the y-axis to the normalised surface
brightness. The lines are related to the metallicity of the cluster, and with it we are able
to calculate the redshift for the cluster (see app. B.1). From the continuum, we estimate
the number density from the normalisation and temperature for the gas from the shape
of the spectrum.

From observations we would like to have access to regions close to the virial
radius, which is taken to be approximately R200. R∆ is defined to be the radius at
which the enclosed spherical over density is ρ(r) = ∆× ρc, ρc is the critical density

of the universe at the cluster’s redshift: ρc = 3H(t)2

8πG
, 7. Typical values for R∆ are

R2500(∼ 0.25 R200) ∼ 500kpc, R500 ∼ 103kpc and R200 ∼ 2× 103kpc. With today’s

6h - Planck’s constant. kB - Boltzmann’s constant.
7H - Hubble constant at the cluster’s redshift.
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X-ray telescopes we trust data from cluster centric distance R2500 as far as to R500,
in a near future it will be possible to get information about the cluster up to R200,
where the cluster is still forming.

Density profile

The surface brightness can be modelled to the β and Sérsic model for non-cool core
clusters (NCC) and cool core clusters (CC), respectively [26]. Here we write the
correspondent density profiles which can be obtained by deprojecting its surface
brightness8. First the β-profile:

ρg (r) = ρ0

(
1 +

r2

r2
c

)−3β/2

(1.2.1)

where ρ0 and rc are the central gas density and core gas radius, respectively and
β is the shape parameter [11].

If we were to consider a β-model for a CC cluster, what would happen is that
the mass derived from hydrostatic equilibrium (2.2.9) would turn out to be negative
close to the central region as the temperature decreases towards the centre. Which
is of course a non-physical solution. One may instead use the Sérsic-model to model
the gas density for such clusters:

ρg (r) = ρ0

(
r

rs

)−p′
exp

[
−
(
r

rs

)ν]
(1.2.2)

where p′ is correlated with ν, a shape parameter: p′ = p/2, p = 1 − 0.6097ν +
0.05563ν2, rs = r′s2

1/ν and r′s being the scale parameter [15].

Temperature profile

To determine the temperature, there must be enough source counts to ensure a good
signal-to-noise ratio. The temperature can be obtained from the fitting of the spec-
trum (fig. 1.2.1). Again, with deprojection techniques we will have a measurement
of the temperature for each radial bin.

Total Mass

Having access to the gas density and temperature and how its gradient varies along
the cluster, it is possible to estimate the cluster’s total mass assuming the gas in
the ICM to be spherical and in hydrostatic equilibrium. Such estimation on the
cluster’s total mass have 10% accuracy with current telescopes from Chandra and
XMM-Newton [17].

8Deprojection is like making onion peeling, and we will have to do spectra subtraction to get
information at different radii.
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For real clusters it is unlikely to have such perfect equilibrium state. Moreover,
outside the scope of X-ray observations are the detection of magnetic fields and
cosmic rays which also contribute to the cluster’s dynamics.

1.2.1 Magnetic fields and Cosmic Rays in Galaxy Clusters

There is observational evidence that magnetic fields and cosmic rays are present in
all clusters. As cluster mergers are the most energetic events in the universe, it is
believed that they power the mechanisms responsible for the origin of these non-
thermal components in clusters. A fraction of the energy dissipated during these
mergers is expected to be channelled into the amplifications of magnetic fields and
into the acceleration of particles via shocks and turbulence [9].

Magnetic Field

It is still not clear how magnetic fields arise in cluster of galaxies, or how their
structure and magnitude behave[25].

Magnetic fields are created by moving electric charges 9. The origin of these
magnetic fields is nowadays one of the most challenging problems in astrophysics,
and observations are still poor. Different measurement methods are described in
app.(B.3). Some of the discussion about origin of seed fields in clusters refers to the
Biermann battery effect in shocks [42], galactic outflows and jets10.

The Biermann battery effect goes way back to mergers and shocks related to
the hierarchical structure formation which give rise to small electric currents and
may generate magnetic fields. Due to the large conductivity of the ICM these are
extremely weak magnetic fields (∼ 10−20 G, 11). Other arguments such as the high
metallicity observed in the ICM suggests a significant enrichment that must have
occurred in the past (low redshift (z ∼ 2 − 3)) due to galactic winds or active
galactic nuclei (AGN) giving rise to magnetic fields ∼ 0.1× 10−6 G. The winds and
jets produced can then carry the magnetic fields through the ICM.

Current measurements of magnetic fields in galaxy clusters are of the order of
10−6 G, suggesting amplification of these seed fields.

Cosmic rays

Cosmic rays is the name given to relativistic particles. Non-thermal electrons such
as cosmic ray (CR) electrons can be observed directly via their radio synchrotron
emission (see appendix (B.2)), forming the cluster radio halos. In the same way as
moving charged particles create a magnetic field, the presence of such a field will
induce charged particles (e.g., CR electrons) to move.

9Electric fields that vary in time, recall Maxwell’s equations.
10Further reading in Dolag et al.[13].
11G - unit of gauss. In SI: 1 G = 10−4 T.
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From the radio signature, via synchrotron emission, it is known that the CR elec-
trons and protons can be injected into the ICM mainly by three different processes:
acceleration by shock waves from structure formation; re-acceleration from winds;
gas stripping due to sources in the host galaxy such as radio galaxies, supernovae
or AGN [32].

The associated cooling time of the CR electrons ∼ 102yr tell us that these CR
electrons must have been recently injected or re-accelerated. On the other hand, CR
protons have long radiative lifetimes in the ICM of the order of Hubble time which
allows them to be as old as the cluster itself. A CR protron can collide inelastically
with a nucleon (N) of the ICM (approximately once in a Hubble time that can
happen) where secondary particles such as secondary CR electrons and γ rays are
produced according to the following reaction chain [16], 12:

p+N → 2N + π±/0 (1.2.3)

π± → e± + νe/ν̄e (1.2.4)

π0 → 2γ (1.2.5)

Secondary CR electrons can be observed from the same radiation processes as the
primary ones. Gamma rays (γ) can be detected in the future with better gamma-ray
telescopes.

1.2.2 Summary

In summary, we want to measure the cluster’s total mass accurately from X-ray
observations alone since this is the best method so far. Observations are not able
to tell us about the gravitational mass of the cluster, since we can not observe dark
matter. For this reason, we will have to study its dynamics.

Usually, one considers the gas in the ICM to be spherical and in hydrostatic
equilibrium. This assumption may not be always true because the cluster’s dynamics
can be influenced from the presence of magnetic fields, cosmic rays and the gas
velocity13. Therefore, the mass given from direct X-ray measurements under this
usual assumption may not be the true dynamical mass of the cluster.

Our goal is to derive a method that takes the data from X-rays observations
and estimates the mass of the cluster. This method shall be different assuming
hydrostatic equilibrium. We propose such method by also studying the dark matter
halo.

We will then take the difference between the cluster’s true mass and compare
it with the hydrostatic mass. The difference between the two masses should tell
us something about the magnetic field, cosmic rays or the gas’ velocity distribution
along the cluster.

12We are not writing the decay of the pion into a muon and a muon neutrino.
13In the case of not static: dv

dr 6= 0



Chapter 2

Galactic Cluster Dynamics

In this chapter we show how to obtain an estimation on the total mass for the
cluster and its dynamics. I will start with the collisionless dynamics for dark matter
particles present in the cluster. This will lead us to Jeans’ equation.

Another way to estimate the total mass of the cluster will be to study the gas in
the ICM. As it is fully ionised, we can consider it to be a fluid. With this description
we will for now assume that the gas is static and only thermal pressure (from the
gas) is acting against gravitation.

If the reader prefers to skip the technical details of these two derivations, then
go to page 18 where the Jeans’ and the hydrostatic equilibrium equation are again
explicitly written.

2.1 Collisionless dynamics

Numerical simulations show that dark matter should be mostly cold and collisionless.
We combine the notes from Binney [4] and from lectures in Advanced Cosmology1

to describe such dynamics and how the cluster’s total mass can be derived.

2.1.1 DF and CBE

In 3D we can define some point in space to have a certain amount of solar masses per
cubic parsec which would be difficult to measure. Therefore, to describe an ensemble
of collisionless particles we go to phase-space where we should then consider the
phase-space coordinates w = (x,v) in 6D 2. The probability of finding a dark matter
particle inside an infinitesimal volume d3xd3v is given by the distribution function
(DF) f(w, t)d6w and evolves with time as particles move in phase-space. These
dark matter particles do not suffer from collisions, therefore they can not jump from
one point to another but move smoothly throughout phase-space. From statistical

1Lectured by Steen Hansen, 2010.
2We use the notation in bold when referring to a vector.

13
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mechanics we know that the evolution of the DF for a collection of particles is given
by the Boltzman equation which in the case of no collisions is:

df

dt
=
∂f

∂t
+
∂(fẇα)

∂wα
= 0 (2.1.1)

This equation is formally known as collisionless Boltzmann equation (CBE) and
is the starting point to derive the Jeans equation. Here we are using Einstein’s
notation where α = 1, 2, ..., 6 and i = 1, 2, 3 unless otherwise stated. The third term
can be expanded, which will lead us to:

∂(fẇα)

∂wα
= ẇα

∂f

wα
+ f

(
∂vi
∂xi

+
∂v̇i
∂vi

)
(2.1.2)

The velocity does not explicitly depend on the position and from the equation

of motion, v̇i = − ∂
∂xi

Φ, with Φ being the gravitational potential. Assuming that

the potential only depends on position and time, we can see that the term inside
the curved brackets will be equal to zero, and the CBE (2.1.1) becomes:

∂f

∂t
+

(
ẋi
∂f

∂xi
+ v̇i

∂f

∂vi

)
= 0⇒ ∂f

∂t
+ v ·∇f −∇Φ · ∂f

∂v
= 0 (2.1.3)

2.1.2 Jeans equation

When we try to solve the CBE (2.1.1), the quantities described in it are virtually
impossible to measure. The standard approach is then to integrate the CBE with
respect to any quantity we can not observe. Even though we end up losing some
information, we end up with an equation built on observables which we can handle.

We begin by taking the zero-th order momentum of the CBE. Recall that velocity
does not explicitly depend on the position

∫
vi

∂f
∂xi
d3v = ∂

∂xi

∫
vifd

3v:

∫
df

dt
d3v = 0⇒

∫
∂f

∂t
d3v +

∂

∂xi

∫
vifd

3v− ∂Φ

∂xi

∫
∂f

∂vi
d3v = 0 (2.1.4)

We define now a probability density for the system, ρ = fd3v. The second
term can be simplified if we introduce the mean particle velocity vi = 1

ρ

∫
fvid

3v 3.

Recalling the divergence theorem (see appendix C.2), the last term becomes
∫
fd2v

which must be zero since it is not possible for any particle to have infinitely large
velocities at boundaries4.

∂ρ

∂t
+

∂

∂xi
ρv̄i = 0 (2.1.5)

3X̄ =
∫
Xfd3v∫
fd3v

.
4Nor outside boundaries for that matter.
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This can be seen as the continuity equation in phase-space. Eq. (2.1.5) tells us
that the probability density ρ is conserved so that dark matter particles can not be
annihilated or created (if a particle disappears it is because it has moved away from
the system).

We continue by taking the first momentum of CBE:

∫
vi
df

dt
d3v = 0⇒ ∂

∂t

∫
vjfd

3v +
∂

∂xi

∫
vjvifd

3v− ∂Φ

∂xi

∫
vj
∂f

∂vi
d3v = 0 (2.1.6)

For the last term we can write the integral explicitly:∫
vj
∂f

∂vi
d3v =

∫
∂(vjf)

∂vi
d3v−

∫
f
∂vj
∂vi

d3v = 0− δijρ (2.1.7)

The other terms are the same as before and we are able to re-write eq.(2.1.6):

∂

∂t
(v̄jρ) +

∂

∂xi
(vivjρ)− ∂Φ

∂xj
ρ = 0 (2.1.8)

Introducing the velocity-dispersion tensor σ2
ij = vivj − v̄iv̄j and since we are

assuming that the system is motionless on average, σ2
ij = vivj (no bulk motion or

flow). We then take the first momentum of the collisional continuity equation (2.1.5)
and subtract it from eq.(2.1.8). This will lead us to the Jeans equations (they are
three, one for each coordinate):

∂v̄j
∂t

+ v̄i
∂v̄j
∂xi

= −1

ρ

∂(ρσ2
ij)

∂xi
− ∂Φ

∂xj
(2.1.9)

This equation derived in phase-space, is analogous to the Euler equation (2.2.7)
that we will derive in the next section. We are left with an incomplete set of
equations, have ten independent parameters5 for only four equations (eqs. (2.1.3)
and (2.1.9)). It is now a good idea to make some assumptions on our system, so
that we end up with the same number of equations and independent components.

When in spherical coordinates (see app. (C.2)) we will simplify assuming that we
have spherical symmetry: v̄θ = v̄φ = 0, that σ2

ij is diagonal: σ2
r = σ2

rr, σ
2
t = σ2

θθ = σ2
φφ

and finally, that the system is steady (∂/∂t = 0).
From the Poisson equation, in spherical coordinates and assuming spherical sym-

metry, app. C.2:

4πGρ = ∇2Φ =
1

r2

∂

∂r

(
r2∂Φ

∂r

)
⇒ (2.1.10)

4πG

∫
ρr2dr = r2∂Φ

∂r
⇔ (2.1.11)

GM

r2
=
∂Φ

∂r
= −Fr (2.1.12)

5Note that σ2
ij is symmetric.
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With M the enclosed mass at radius r, we can write the Jeans’ equation as:

− GM

r
= σ2

r

d log(ρσ2
r)

∂r
+ 2β (2.1.13)

The quantity β is what we call the velocity anisotropy for dark matter (DM) and
tells us how isotropic the distribution of particles is, giving us a relation between

radial and transversal velocity: βDM = 1− σ2
t

σ2
r
. To be physically valid, this quantity

must be constrained: −∞ < βDM < 1.
Solving the previous equation with respect to the mass:

MJeans = −rσ
2
r(r)

G

(
d log ρDM
d log r

+
d log σ2

r

d log r
+ 2βDM(r)

)
(2.1.14)

When we derive the total mass from this equation, we will call it the “Jeans’
mass”. Later, we will compare this with the total mass derived when studying fluid
dynamics.

2.2 Fluid Dynamics

Here we give the tools to describe fluid dynamics with reference to Landau [27].
This will allow us to describe the dynamics of the gas in the ICM.

We start by treating a fluid as a continuous medium which is valid if we consider
a small volume element in the fluid when in comparison to the total volume of
the body and, at the same time, large enough when in comparison to inter-particle
distance. We will be neglecting processes of energy dissipation that may occur,
such as viscosity, and will consider the fluid as ideal, hence incompressible, so that
∇ · v = 0. In the end we will obtain the hydrostatic equilibrium equation that we
will refer to several times.

2.2.1 Euler Equation

To describe the fluid dynamics we first need to consider the velocity of the fluid at
coordinate (t, x, y, z) so that we can get to the equations of motion for the fluid. With
the Lagrangian description we will take a certain path and see how the velocity6

changes along that path.

dv ≡ ∂v

∂t
dt+

∂v

∂x
dx+

∂v

∂y
dy +

∂v

∂z
dz ⇒ dv

dt
=
∂v

∂t
+ (v · ∇)v (2.2.1)

Here, we can define the total derivative:

d

dt
=

∂

∂t
+ (v · ∇) (2.2.2)

6Velocity: v = dx
dt in cartesian coordinates.
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From mass conservation we can relate the rate of change of the total mass in a
volume V0 with the total mass flux through the infinitesimal surface area dS. The
total mass flux can be expressed in terms of volume recalling the divergence theorem∮
ρv · dS =

∫
∇ · (ρv)dV

∂

∂t

∫
ρdV = −

∫
∇ · (ρv)dV ⇔

∫ [
∂ρ

∂t
+∇ · (ρv)

]
dV = 0 (2.2.3)

Since we have set no constraints on the volume, eq.(2.2.3) must hold for any
volume and the integrand must vanish (see here the similarities with the CBE 2.1.3).

∂ρ

∂t
+∇ · (ρv) = 0 (2.2.4)

Equation (2.2.4) is what we call the Continuity Equation and it must always be
satisfied.

To get the force acting on some volume in the fluid, we integrate the force acting
on a surface element dA over the surface of the fluid element:

F = −
∮
pdA = −

∫
∇pdV (2.2.5)

From Newton’s law of inertia F = ma, we can relate it to (2.2.5) as the force
acting on the fluid per unit of volume dF

dV
= dm

dV
dv
dt

.

−∇p = ρ
dv

dt
(2.2.6)

Any external force acting on the fluid can be added in eq. (2.2.6). We assume
that the fluid is subject to a gravitational field alone which adds a force term of
F = −∇Φ.

dv

dt
=
∂v

∂t
+ (v ·∇)v = −1

ρ
∇p−∇Φ (2.2.7)

This equation is known as the Euler equation and is the starting point for es-
timating the cluster’s dynamical mass. The gas in the ICM can be well described

in the ideal gas model and we write its equation of state as p = kB
µmp

ρT , where p

is the pressure, kB the Boltzmann constant, µ the mean atomic weight (which we
assume to be 0.61 ), mp the proton mass and T the temperature. Furthermore, we

will make the wrong assumption that the gas is in static equilibrium, dv
dt

= 0.
Assuming spherical symmetry we can write the Euler equation in spherical coor-

dinates (see app. C.2) and considering the Poisson equation in spherical coordinates
(eq.(2.1.12)), the Euler equation can be easily solved in order to obtain the mass
inside a sphere of radius r:

− 1

ρ(r)

d

dr

ρkBT

µmp

êr =
GM

r2
êr ⇔ (2.2.8)
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⇔MHE(r) = −rT (r)
kB

Gµmp

(
d log ρ

d log r
+
d log T

d log r

)
(2.2.9)

Equation (2.2.9), is called the hydrostatic equilibrium equation. In cluster dy-
namics this is the simplest way for estimating its mass from the gas density and
temperature radial profile that can be obtained when analysing X-ray spectra as
discussed in introduction. When estimating the cluster total mass under this as-
sumption, we will call it the “hydrostatic mass”.

2.3 Comparing collisional and collisionless to de-

termine the cluster’s mass

Here we write the hydrostatic equilibrium equation and the Jeans’ equation, de-
rived in this chapter. For the gas we assumed the systems to be spherical and in
hydrostatic equilibrium::

MHE(r) = −rT (r)
kB

Gµmp

(
d log ρ

d log r
+
d log T

d log r

)
(2.3.1)

For the dark matter, we assumed the system to be also spherical and motionless
on average. This lead us to the Jeans’ equation:

MJeans = −rσ
2
r(r)

G

(
d log ρDM
d log r

+
d log σ2

r

d log r
+ 2βDM(r)

)
(2.3.2)

Comparing these two different equations, derived for two different systems, one
collisional (gas) and the other collisionless (DM). They both give us the total mass
of the cluster7, therefore we can equate both, MHE(r) = MJeans(r):

Tg
kB
µmp

(
d log ρg
d log r

+
d log Tg
d log r

)
= σ2

r

(
d log ρdm
d log r

+
d log σ2

r

d log r
+ 2β

)
(2.3.3)

From X-ray observations we have access to all quantities needed to describe the
left-hand side (LHS), that is the gas temperature and density profiles, necessary to
solve the hydrostatic equilibrium equation. For the right-hand side (RHS) however,
we are less fortunate. It is still not possible to measure any dark matter directly.
Nevertheless, we know that the cluster’s gravitational mass is the sum of all particles
comprising the cluster. Neglecting stars and dust, we can estimate the dark matter
density distribution: ρDM(r) = ρTotal(r) − ρg(r), where ρTotal is the density of the
cluster from eq.(2.2.9) 8.

7This is only correct to say if the assumptions so far made, are also correct.
8The density can be calculated from the total mass assuming spherical symmetry (see

eq.(A.1.7)). For now, we are assuming MTotal(r) = MHE(r).
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We continue relating the gas with dark matter quantities. Note that, if we take
the Jeans equation (2.1.14) and say that the velocity dispersion tensor is isotropic
(β = 0) this equation gets reduced to the hydrostatic equilibrium equation (2.2.9).
The effective dark matter temperature9 is defined as a function of two parameters for

dark matter: radial dispersion velocity (σr) and velocity anisotropy (βDM ≡ 1− σ
2
t

σ2
r

),

see app.A.1, where we write the temperature as:

TDM =
µmp

kB
σ2
r

(
1− 2

3
βDM

)
(2.3.4)

We can then assume that the dark matter temperature and the gas temperature
are the same (Tg(r) ∼ TDM), as it was proven to be true from numerical simulations
[23] so that eq.(2.3.4) can then be inverted, in order to give us the velocity dispersion:

σ2
r =

[
µmp

kB

(
1− 2

3
βDM

)]−1

Tg (2.3.5)

Note, that we are still left with one free-parameter, βDM , which to be physically
valid must be constrained: −∞ < βDM < 1. For an isotropic velocity distribution,
β = 0 and for a radial biased velocity dispersion: 0 < β < 1.

2.3.1 The data for the gas

To study the cluster’s dynamics we will be needing reliable data for the gas as if we
had it from X-ray observations. Hence, we will need the gas density and temperature
measurements at different radii.

We will first use this “fake” (but reliable) data to estimate the cluster’s total mass
assuming hydrostatic equilibrium. However, there could be a contribution of the
gas velocity, and pressure from magnetic fields and cosmic rays present in the ICM,
which are not given by X-ray measurements. These three different contributions
will have to be taken into account when estimating the cluster’s total mass, and will
be discussed in further detail.

To simulate such data we assume that we have access to the dark matter particles
in the cluster, in particular to the properties needed to estimate the Jeans’ mass
from the Jeans’ eq. (2.1.14), ρDM , σ2

r and βDM . We assume that ρDM follows the
NFW model (eq.(1.1.1)) and for simplicity βDM = 0. In app. A.2 we give the
details on how we obtain the gas density and temperature, given the dynamics of
dark matter particles in a cluster.

To be true to observations we choose typical values for the gas central value
ρg(r0) = 103 cm−3 and a = 500 kpc [37]. From Vikhlinin et al. [40] we took as typical
value R200 = 1.8 Mpc. Note that typically, X-ray observations span ∼ 10 − 1000
kpc, only two orders of magnitude whereas here we take a larger sample. Thus,

9Dark matter is collisionless, therefore the temperature for dark matter is not defined as if it
was in thermodynamic equilibrium.
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whenever we want to relate to what we can actually observe from X-rays, we should
consider the central area of the graphics [0.01, 1] R200.

The comparison between the dynamics of a collision and collisionless system will
appear again in chapter 4.1, with a different purpose than to simulate “fake” data
for the gas from X-ray observations.
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(a) Density profile (b) Total mass of the cluster assuming hydrostatic
equilibrium

(c) Total mass of the cluster assuming hydrostatic
equilibrium

Figure 2.3.1: “Fake” data for the gas fitted within the sample [0.001, 10]R200. Fig. 2.3.1a

shows the gas density profile, γg =
d log ρg
d log r , it follows the NFW model. The density profile

is fitted to a double power-law with ρg(r0) = 103 cm−3 and a = 500 kpc. Fig. 2.3.1b
the temperature profile obtained from eq.(A.1.13). From the temperature and density we
calculate the total mass (fig. 2.3.1c) assuming the gas to be in hydrostatic equilibrium,
eq. (2.2.9). See app. A.2 for the details on how to get such properties for the gas.



Chapter 3

Beyond the hydrostatic mass
calculus

In the previous section, while deriving the hydrostatic equilibrium equation (2.2.9)
we assumed that the fluid was spherical and in static equilibrium. This was a fairly
simplified model of the gas’ dynamics, as we have ignored the gas velocity in Euler’s
equation and other pressure effects.

We will recast Euler’s equation (2.2.7) and proceed with the full description for
the dynamics of the the cluster. We will not neglect the velocity of the gas and see
how this will be different from the hydrostatic equilibrium equation (2.2.9).

Furthermore, we have seen that any external force acting on the fluid can also
be added in this equation (2.2.7). We will be discussing the influence of magnetic
fields and cosmic rays present in galaxy clusters. We define the term non-thermal
pressure (when referring to the non-thermal gas motion, magnetic fields and cosmic
rays) to distinguish from the pressure exerted by thermal electrons, Pg.

3.1 Non static fluid

3.1.1 Euler equation

We have previously derived Euler’s equation in its most general form (2.2.7). We
consider only its radial component since we are still assuming spherical symmetry.
Here we re-write it as:

∂vr
∂t

+ (v ·∇) vr = −1

ρ
∇rp−∇rΦ (3.1.1)

The RHS of this equation should be familiar to us by now and on the LHS we
have the acceleration. With the tools derived in app. (C.2), this equation can be
explicitly written:

22
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v̇r −
v2
θ + v2

φ

r
+

(
vr
∂

∂r
+

vθ
r sinφ

∂

∂θ
+
vφ
r

∂

∂φ

)
vr = −1

ρ
∇rp−∇rΦ⇔

MTotal(r) = MHE(r)− r2

G
v̇r +

r

G

(
v2
θ + v2

φ

)
− r2vr

G

∂vr
∂r
− rvθ
G sinφ

∂vr
∂θ
− rvφ

G

∂vr
∂φ

We define MHE to be the cluster’s mass estimated under the assumption of the
gas in the ICM being in hydrostatic equilibrium, see eq. (2.2.9). MTotal in this case,
is the cluster total mass estimated under the assumption of a non-static fluid, which
can be different from the hydrostatic mass.

We assume that there is no acceleration or that the velocity changes slowly in
time, allowing us to ignore v̇r = dvr/dt ∼ 0. Overall, we are considering that the
radial velocity does not have any angular dependence, which lead us to ignore the
last two terms:

MTotal(r) = MHE(r) +
r

G

(
v2
θ + v2

φ − rvr
dvr
dr

)
(3.1.2)

We define the extra mass term: ∆M(r) = r
G

(
v2
θ + v2

φ − rvr dvrdr
)
. The presence

of this term will introduce a bias on the total mass estimations, when assuming
hydrostatic equilibrium 1. Neglecting this bias will not only give us the wrong total
mass, but also the wrong dark matter mass profile 2.

We see that the presence of bulk rotation (v2
θ + v2

φ) will add more mass into
the total mass estimation as this term is always positive. The effect of radial bulk
motion (vr) can go either way 3 depending on its velocity distribution.

3.1.2 Effect of velocity

To get an idea how the motion of the gas affects the mass estimation we need to
know roughly the order of magnitude of these velocities and how it describes different
cluster dynamics. Measuring these velocities in a galaxy cluster has proven to be
very difficult, for technical details go to app. B.4. Brunetti et al. [9], show that we
can have bulk motion (vr) of the order of 102 − 103km·s−1, 4 at the virial radius in
massive clusters, due to cluster mergers and accretion. They do this with numerical
simulations. For a cluster with M = 1014M� its circular velocity at the virial radius
its typically 103km·s−1, 5.

We will take as an example, a cluster with no bulk rotation and that is not
undergoing any merger. In this way, we consider that the gas is infalling (vr < 0) in
the cluster’s outskirt. We consider the case of outflow in the cluster’s core (vr > 0),

1So far, we have been saying that in the hydrostatic equilibrium equation, MHE(r) = MTotal(r).
2MDM (r) = MTotal(r)−Mg(r).
3“Adding” or “subtracting” dynamical mass.
4Tangential velocity of the Sun around the Galaxy ∼ 200km·s−1.
5vc(rvir) =

√
GM(rvir)/rvir
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this may happen due to the presence of AGNs, a recent supernovae explosion, a
gamma ray burst or some other phenomena that may heat the gas and expel matter.

The velocity profile adopted can be seen in Fig.3.1.1 (left). Note that in the
trivial case of considering no relative motion of the gas, there is no bias introduced.
Between the cluster’s outskirts and its centre we assume the gas to be motionless
on average.

The effect that ∆M will have on total mass estimation can be seen as a bias
effect in the same figure (right). We define this bias in percentage:

b(r)[%] =
MHE(r)−MTotal(r)

MTotal(r)
× 100 (3.1.3)

b(r)[%] = − ∆M(r)

MTotal(r)
× 100 (3.1.4)

The results obtained with such a model are as shown in Fig. 3.1.1, due to our
choice of the velocity profile, we have ∆M≥ 0 which makes the bias always negative,
hence the total mass is underestimated if we consider hydrostatic equilibrium.

We could have also considered the gas to be infalling towards the center of the
cluster. In that case this would mean vr

dvr
dr

< 0, which would have a positive
contribution to the mass estimation (∆M> 0), and would also cause a negative bias
in the centre. The infall of the gas in the centre of clusters happens for clusters with
short cooling times. The gas in the centre will become highly dense and cool due to
radiative mechanisms and in the absence of heating mechanisms, the gas will have
to flow in to maintain hydrostatic equilibrium, this is also known as cooling flow.

Furthermore, if the gas velocity is v2
r ∼ v2

vir ∼ 103 km·s−1, the contribution on
the cluster’s total mass from ∆M will be almost the same as MHE:

∆M = 1/G(rv2
r) ∼ 0.5MHE

Corresponding to a change in the bias to approximately 50%.
What people have been doing so far is to neglect the gas’ velocity in the Euler

equation. Moreover, even when knowing that the gas’ velocity should introduce
some bias, they have done it wrong as it was done by Lagana et al. [26] by taking
some sort of isotropic turbulent pressure Pturb = 1/3ρg(σ

2
r + σ2

t ) which adds into
Euler equation as an extra pressure term. This should not be the case as the Euler
equation, as we have written in (3.1.1), fully describes the gas’ motion in the ICM
and there is no need of such assumptions.

3.2 Extra pressure support

To continue with the full description of the gas motion in the ICM we consider other
extra-pressure terms present in the ICM that along with the gas pressure, balance
gravitation. For simplicity, we will neglect the velocity terms, that we can just



3.2 Extra pressure support 25

sum up in the end into our equations. When assuming static equilibrium, Euler’s
equation can be written as

1

ρ
∇p = ∇Φ (3.2.1)

Other extra pressure terms that may be present will add a contribution: p =
Pg + Pextra, where Pg is simply the pressure from the gas. As usual, we will assume
spherical symmetry and the previous equation can be re-written as:

1

ρg(r)

dp

dr
= −dΦ

dr
⇔ (3.2.2)

− 1

ρg(r)

d(Pg + Pextra)

dr
=
GMTotal(r)

r2
⇔ (3.2.3)

MTotal(r) = − r2

Gρg(r)

d

dr

ρkBTg
µmp

− r2

Gρg(r)

dPextra
dr

⇔ (3.2.4)

MTotal(r) = MHE(r)− r2

Gρg(r)

dPextra
dr

(3.2.5)

What people have been trying to do is to take observational measurements (these
can not be from X-rays) of this extra-pressure which may come from the presence of
magnetic fields and cosmic rays, and add them in the hydrostatic mass, estimated
with X-ray observations. As an example take, [26].

3.2.1 Magnetic pressure

To study how the magnetic field acting back on the plasma contributes to the gas
pressure support, we introduce Lorenz force as an extra external force term [8, pp.
58] .

ρF = j×B (3.2.6)

The current density j, is given by Ampère’s law j = 1
µ0

(∇ × B), with µ0 the

magnetic constant 6 and B the magnetic field.
Adopting the vector identity ∇

(
1
2
B ·B

)
= B× (∇×B) + (B · ∇) B

ρ
dv

dt
= ρ∇Φ−∇p+ ρF =

[
−∇B

2

2µ0

+
1

µ0

(B · ∇) B

]
(3.2.7)

where B2

2µ0
can be defined as the magnetic pressure and the second term inside the

square bracket represents a tension force that is different from zero if the magnetic
field is curved [8, pp. 83].

When substituting this new pressure term into eq. (3.2.5), we end up with the
magnetic hydrostatic equation

6µ0 = 4π × 10−7 NA−1 in SI units.
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MTotal(r) = MHE −
r2

ρg(r)G

1

2µ0

d 〈B2(r)〉
dr

(3.2.8)

From observations of galaxy clusters and several magneto-hydrodynamics simu-
lations, we expect observations of the magnetic field to decrease with distance to the

centre meaning that dB2(r)
dr

< 0 [6]. This is in agreement with the theory that tell us
that this fields could be seeded amplified in the cluster’s center due to astrophysics
phenomena.

Note that if we neglect the extra term in eq.(3.2.8) considering only hydrostatic
equilibrium we expect that the total mass estimation of the cluster will be underes-

timated. To see this, note that r2

ρg(r)G
1

2µ0

d〈B2(r)〉
dr

< 0. Therefore, it is expected that

the magnetic pressure should be more significant close to the cluster’s centre than
close to the virial radius.

To know how much bias we have when neglecting magnetic pressure, we took
the same magnetic profile as the one in [6] derived from radio observations of the
Coma cluster, assuming the magnetic field to be constant at each radius.

〈B(r)〉 = 〈B0〉
(
ρg(r)

ρg0

)Ψ

(3.2.9)

We changed the central value B0 to typical values for NCC and CC cluster which
are estimated to be on the order of 2 − 30µG, respectively [26], and at the same
time we also changed Ψ for each choice of B0. We show the results, again in terms
of how much bias b(r) (3.1.4), can be introduced due to the presence of magnetic
fields. We considered two different ranges for the shape parameter, in fig. 4.1.4a
and fig.3.2.1b.

From Fig.3.2.1 we see the effect that the magnetic field has on the cluster’s mass
estimation.

Here we see what was already expected, that the bias in the cluster’s mass
estimation is more significant closer to the center. At the virial radius, the bias
introduced can be negligible for weak magnetic fields or account up7 to -30% when
we have strong magnetic fields (∼ 20µG).

Of course these results can be argued. Due to the chaotic nature of the magnetic
field in the ICM, we should not expect such a nice behaviour as the one modelled
in (3.2.9). Nevertheless, this model illustrates well that the intensity of magnetic
fields decrease as we go further out from the cluster’s centre. This seems reasonable,
since we are not expecting that the magnetic field can be amplified at large distance
from the cluster’s centre. This study then shows, that close to the virial radius
we can have a bias on total mass estimation from X-rays under the assumption of
hydrostatic equilibrium from -1% up to -30%.

7The word “up” is used to mention the bias in modulus, as in the overall effect that the non-
thermal pressure has in the total dynamical mass.



3.3 Overall 27

3.2.2 Cosmic Rays pressure

The pressure effect that cosmic rays have on the cluster is not totally clear as
observations are still poor. Even though it is not possible to set a real constraint
on this pressure, one way to study its contribution is to define a ratio between the
pressure from cosmic rays (CRs) and gas Yp(r) ≡ PCRs(r)

Pg(r)
⇔ PCRs(r) = Pg(r)Yp(r).

From Euler’s equation (3.2.5) we now have:

MTotal(r) = MHE −
r2

Gρg(r)

d(PgYp)

dr
⇔ (3.2.10)

MTotal(r) = MHE −
r2

Gρg(r)
Yp(r)

d(Pg)

dr
− r2

Gρg(r)
Pg(r)

d(Yp)

dr
⇔ (3.2.11)

MTotal(r) = MHE + Yp(r)MHE − rT (r)Yp(r)
kB

µmpG

d log Yp
d log r

(3.2.12)

In general there should be a dependence of cosmic ray’s pressure with the radius
but since we know nothing about this, let us parametrize Yp(r) with a simple power-
law as it was done in Ando et al.[1]:

Yp(r) = Yp0

(
r

r0

)βcr
(3.2.13)

With a wide range of values adopted for the Yp0 ratio at cluster center and β
a shape parameter, we could study the bias introduced by cosmic rays into the
calculus of the cluster mass only from X-ray observations assuming hydrostatic
equilibrium. We take these values to be 0.1 < Yp0 < 0.5 and −0.3 < βcr < −0.7,
which makes a positive contribution on ∆ M: MTotal(r) = MHE(r) + ∆ M(r), since
this parametrisation translates into an effect of cosmic rays closer to the cluster’s
center. As discussed in the introduction, cosmic rays can be created by shocks and
AGN which are not expected to be present in the cluster’s outskirts. Furthermore,
there must be a correlation between magnetic fields and cosmic rays and we have
just seen that this has a bigger contribution in the cluster’s centre.

As expected from the correlation between cosmic rays and magnetic fields, their
effect on the mass profile is very similar. What this means is that if we have access
to the information about ∆M(r), this is degenerate as we are not able to distinguish
∆MB(r) and ∆Mcr(r) apart. To remove this degeneracy we would have to rely on
other observational methods, see app.B.3. Nevertheless, having access to ∆M(r)
could give us some insight on how things may be behaving in the ICM.

3.3 Overall

Considering all the three different contributions into Euler’s equation, we get the full
description for the dynamics in the cluster. Here we write all the terms explicitly,
with MHE(r) being the hydrostatic equilibrium mass (recall eq.(2.2.9)):
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MTotal(r) = MHE(r) (3.3.1)

+
r

G

(
v2
θ + v2

φ

)
− r2vr

G

dvr
dr

(3.3.2)

− r2

ρg(r)G

1

2µ0

dB2(r)

dr
(3.3.3)

+Yp(r)MHE(r)− r2Tg(r)

(
kB

µmpG

)
dYp
dr

(3.3.4)

Fig. 3.3.1 shows us how much contribution we could expect from combining the
previous models for the velocity, magnetic fields and cosmic rays combined (second,
third and fourth term in eq. (3.3.4)). As before, we show their contribution to the
cluster’s total mass by relating the cluster’s true dynamical mass with a bias if we
were to consider that MTotal(r) = MHE(r).

We should keep in mind that this bias profile is related to our choice in the
profile chosen for the three different contributions to the cluster’s total mass. The
velocity of the gas can contribute positively or negatively. Our choice made this a
positive contribution, which translates in an overall bias, close to the virial radius, of
approximately -20 to -50%. Overall, the real minimum that we should be considering
is the trivial one where bias is zero, that is the case of a cluster to be in hydrostatic
equilibrium.

With this, we see that if the theoretical framework presented here is correct, we
should expect to measure some bias in the cluster’s total mass, when the assumption
of hydrostatic equilibrium does not completely describe the dynamics of the gas
in the ICM. For this reason, we know that with today’s total mass estimations
from X-rays alone, which is calculated at the virial radius with the hydrostatic
equilibrium equation, we are driven into an over- or under-estimate on the cluster’s
true dynamical mass. The dynamical mass needs to be equal to the gravitational
mass, and the latter is simply the sum of all particle’s mass.
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(a) Radial velocity

(b) −vr dvrdr (c) v2θ + v2φ − vr
dvr
dr

Figure 3.1.1: On top, the radial velocity profile with respect to the circular velocity
(vc(r) =

√
GM(r)/r). On the bottom, mass bias in % (see eq.(3.1.4)): on the left a

picture showing that the influence of infall of the gas at the cluster’s outskirts that gives
a negative contribution to the total mass, and on the right, the influence of bulk motion
and rotation which in this case, turns out to give a positive contribution in mass. We see
that close to the virial radius (R200) there will be a significant underestimation of 10%
when neglecting this effect in total mass estimations. At the centre of the cluster this
effect is not negligible if the gas particles have velocities of the order of 102 − 103km s−1,
however, these values can be overestimated, which would correspond to less bias in the
cluster’s centre. Here we are considering that the cluster is not relaxed in its outskirts as
there was not enough time for energy dissipation to occur from collision of gas’ particles.
We considered vr ∼ 104 km·s−1 at the virial radius. If we had considered one order of
magnitude less, underestimation on the mass calculus would be ∼ 1% instead of 10%.
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(a) 0.1 < Ψ < 0.9

(b) 0.5 < Ψ < 0.9

Figure 3.2.1: Mass bias in % vs R/R200. On the left, we have taken a broad range of
values for the parameters B0 and Ψ in eq.(3.2.9) and calculate the bias in the total mass
when neglecting magnetic pressure. We have found that under the model assumed for the
magnetic field, (〈B0〉 ,Ψ) = (24.4µG,0.74) maximised the overall contribution until the
virial radius and (〈B0〉 ,Ψ) = (2.0µG,0.1) minimises. For reference we have (〈B0〉 ,Ψ)ref
= (4.8µG, 0.6). We observed that for a choice in Ψ < 0.5 the bias in mass increases (is
more negative) as the we get further out in the cluster, which does not seem reasonable.
On the right, we considered as lower limit Ψ = 0.5, which agrees from observations by
Dolag et al.[14]. Here we account for a minimum underestimation in mass as low as 1%,
or even less close to the virial radius, up to -50%. There could also be the case that
the intensity of the magnetic field in the cluster is even weaker than from what we have
assumed, which could make this bias almost negligible.
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Figure 3.2.2: Mass bias in % vs R/R200. When we calculate the total mass of a cluster
considering the simplest case of spherical hydrostatic equilibrium this value is biased if we
do not consider cosmic ray pressure. In this figure we see how much this is biased with the
assumed model for the pressure exerted by cosmic rays. At the virial radius we have that
if we ignore the pressure from cosmic rays, total mass estimations can be underestimated
from a few% up to 30%. This is of the order of 50-80% in the central part of the cluster.
Remember that if we are to compare with the hydrostatic equilibrium mass estimated
X-ray observations, we should only consider the radial range [0.01, 1] R200.

Figure 3.3.1: Mass bias in % vs R/R200. Considering the contribution from cosmic
rays, magnetic field and the gas’ velocity. We take the previous model for the radial
velocity of the gas, plus the turbulence. As for the magnetic field we take (〈B0〉 ,Ψ)min =
(2.0µG,0.5) and (〈B0〉 ,Ψ)max = (24.0µG,0.7), and for cosmic rays (Yp0, βcr)min = (0.1,-
0.5) and (Yp0, βcr)max = (0.5,-0.5). We see that under these assumptions the overall
hydrostatic mass estimation is at least 10% underestimated and at most it can have the
same weight as hydrostatic mass hence, representing 50% of bias in the total mass.



Chapter 4

A new method to estimate the
cluster’s total mass

From observations of galaxy clusters in the X-rays spectral band, we have access
to the gas’ density and temperature profiles. Assuming the gas in the ICM to be
in hydrostatic equilibrium and spherically distributed, the hydrostatic mass can be
calculated (with the hydrostatic equilibrium eq. (2.2.9)).

Usually one assumes that the hydrostatic mass is the total mass of the cluster,
since the dynamical mass and the gravitational mass are just two different ways to
get to the same physical result. The gravitational mass M is simply the sum of the
mass of the N particles inside the cluster:

M =
N∑
i

mi

In the previous chapter we showed the consequences of the gas not being static,
and what would happen to the dynamics if we also had a non-negligible contribution
of magnetic fields and cosmic rays to the pressure in the ICM. In such conditions,
we no longer can assume the cluster to be in hydrostatic equilibrium. For this reason
the dynamical mass could not be given by the hydrostatic mass. We argued that it is
possible for the dynamical mass to increase (or decrease) by a half of the hydrostatic
mass: MTotal(r) = MHE(r) + ∆M(r), with ∆M(r) R 0.

In this chapter, our goal is to derive a method that give us the total mass of a
cluster from X-ray measurements, without the usual assumption that the gas in the
ICM is in hydrostatic equilibrium.

4.1 The method

To derive this method we start with the “fake” data for the gas, as if they came
from X-ray observations, as we did for the previous chapter. We will later apply
the method to a real cluster on the attempt of extracting ∆M(r) if the condition of
hydrostatic equilibrium is not verified.

32
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4.1.1 First assume hydrostatic equilibrium

From X-ray observations we can measure the gas density and temperature of the gas
in the ICM. Assuming the distribution of the gas to be spherical and in hydrostatic
equilibrium, we can calculate the hydrostatic mass from the hydrostatic equilibrium
equation:

MHE(r) = −rT (r)
kB

Gµmp

(
d log ρ

d log r
+
d log T

d log r

)
(4.1.1)

When the cluster is in hydrostatic equilibrium, eq. (4.1.1) is the total mass of
the cluster which we call the hydrostatic mass. Hence, MHE(r) = MTotal(r).

To estimate the total mass of the cluster without relying on the assumption of
hydrostatic equilibrium, we will compare different ways to calculate the total mass,
from X-rays measurements alone.

In section 2.1, we derived the Jeans’ equation (4.1.2). We simplified the dynamics
of the dark matter ensemble by saying that it is motionless on average, spherical
symmetric and static. In this case, we have called this mass the Jeans’ mass and
MJeans(r) = MTotal(r).

MJeans(r) = −rσ
2
r(r)

G

(
d log ρdm
d log r

+
d log σ2

r

d log r
+ 2β(r)

)
(4.1.2)

From observations, we are still not able to make direct measurements of dark
matter particles. Nevertheless, we have some insight on the Jeans’ equation by indi-
rect analysis, and from numerical simulations. The parameters needed to calculate
the Jeans’ mass are the velocity dispersion for the dark matter, σ2

r(r), the gradient
of its density, γDM(r) = d log ρDM

d log r
and the velocity anistropy profile, β(r).

We make the pivotal assumption that the temperature of dark matter and the
gas are the same [23], and that the temperature of the dark matter is related to the
velocity dispersion. We will make assumptions on the velocity anisotropy profile,
which from numerical simulations [20], we take −1/2 < βDM(r) < 1/2. The density
of dark matter will be calculated from the gravitational mass assuming that only the
gas and dark matter particles contribute to it. From observations of galaxy clusters,
we know that is an excellent assumption: MDM(r) =MTotal(r)−Mg(r).

In the case of the gas and the dark matter being in hydrostatic equilibrium,
both the hydrostatic and the Jeans’ mass give, individually, the cluster’s total mass.
Therefore, it is expected that they should be equal to each other: MHE(r) =
MJeans(r). On the other hand, if the previous condition turns out to be false, it
means that we have made the wrong assumptions on the cluster’s dynamical state.
The wrong assumption could come either from the gas or the dark matter.

To show numerically the agreement between these two functions (MHE and
MJeans), we used the reduced χ2 as a test [36], where σ2

M are the uncertainties:

χ2 =
1

N

N∑
i

(MHE(ri)−MJeans(ri))
2

σ2
MHE

(ri) + σ2
MJeans

(ri)
(4.1.3)
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Figure 4.1.1: Mean radial velocity for the DM particles in a cluster given from numerical
simulations. This was done for a cluster with M = 4 × 1014M�, R200 = 2Mpc and
vvir = 103 km·s−1. From this numerical simulation, we observe that the radial velocity
for the DM particles is almost negligible until we reach the virial radius. This was one of
the assumptions that we have made when deriving the Jeans’ equation, that the system is
motionless on average. In this way we neglected any infall or outflow from DM particles.
Note that it is close to the virial radius that the DM particles start to fall towards the
cluster. The shift in the velocity at 2Rvir comes from the expansion of the universe.
Credits to Martina Falco.

We test the case which we knew would lead us to MHE(r) = MJeans(r). In our
case, this gives us the precision in our numerical simulations: χ2 = 10−5.

4.1.2 Testing the assumption of hydrostatic equilibrium

Now, we want to study the case when

MHE(r) 6= MJeans(r)

Assuming that the condition of hydrostatic equilibrium does not hold, which
may be the case for a real cluster, then the hydrostatic mass will be different from
the cluster’s total mass. In this way, MTotal(r) = MJeans(r) and we propose

MTotal(r) = MHE(r) + ∆M(r)

The concepts that we are about to go through in this short section are not so
trivial, and it may confuse the reader. Here, we explain how we simulate MHE(r) 6=
MJeans(r). If the reader prefers to skip this intricate discussion, then go directly to
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page 36. In page 36, we start explaining the optimisation method which will lead
us to MJeans(r) = MHE(r) + ∆M(r).

We have derived the “fake” data for the gas, which of course will remain un-
changed. Hence, the hydrostatic mass will continue being the same as before, lead-
ing us to no other option than to change the Jeans’ mass. We continue assuming
that TDM = Tg.

In a first attempt to calculate the Jeans’ mass, we will have to calculate the
density for the dark matter, assuming that the total mass is given by the hydrostatic
mass: ρDM(r) = ρHE(r)− ρg(r), which in this case gives a NFW model for the dark
matter density profile.

Basically, we want to introduce a deviation between the Jeans’ and the hydro-
static mass. We do this by choosing a βDM(r) that does not translate into the
velocity anistropy, chosen to derive the properties of the gas (see app. A.2). We
choose βDM(r) to be related with γDM(r) = ∂ log ρDM

∂ log r
:

βDM(r) = −1

6
(1 + γDM(r))

Since ρDM(r) follows a NFW, βDM continues to be zero in the inner part and
changes to 1/3 in the outer part. This difference in βDM(r) will induce a difference
in MJeans(r).

We again compare the agreement between the hydrostatic and the Jeans’ mass,
and χ2 goes to 4.67. In fig.4.1.2 we show the hydrostatic and the Jeans’ mass. At
large radii, the two masses are still the same, and they both give the total mass of
the cluster: MTotal = 1015M�. As we move towards the cluster’s centre, MHE(r)
becomes different than MJeans(r). We want to extrapolate ∆M(r):

∆M(r) +MHE(r) = MTotal(r)

and
MJeans(r) = MTotal(r)

The change in the Jeans’ mass will be a consequence of relating the dark matter
density with the total mass of the cluster. In the case of hydrostatic equilibrium
we get the trivial solution of ∆M(r) equal to zero, but when we now assume that
∆M(r) 6= 0, then MDM(r) = MHE(r) + ∆M(r) - Mg(r).

Looking at the difference between the hydrostatic mass and the Jeans’ mass
we start by making an ansatz on the bias in mass b(r) by assuming hydrostatic
equilibrium. Recall its definition in eq.(3.1.4), which can be solved in order of the
total mass, MTotal(r)= MHE(r) + ∆ M(r):

MTotal(r) =
MHE(r)

b(r) + 1
(4.1.4)

where b(r) ∈]− 1, 0], to prevent MTotal(r) to reach unphysical values.
We make an ansatz for the bias, as being a simple function as the one seen in red

in fig.4.1.4a, which was somewhat inspired on the bias function obtained in chapter



36 Chapter 4. A new method to estimate the cluster’s total mass

Figure 4.1.2: In red, is the mass calculated under the assumption that the gas is in
hydrostatic equilibrium and in green, the mass calculated with the Jeans’ equation. The
two masses agree at large radii, and because of that we calculate the cluster’s total mass
under the assumption of hydrostatic equilibrium. The two masses disagree at small radii,
we postulate that there must be a ∆M(r) such that, MHE(r) + ∆M(r) = MJeans(r).

3.1.2. Making the same calculations as before, we get a χ2 = 100. From now on, in
eq.(4.1.3) one should read MTotal where before it was MHE. This tells us that we
have made a wrong guess on the ansatz and one that is worse than neglecting the
bias. We know that there must be some ∆M(r) which translates into having

MJeans(r) = MTotal(r) = MHE(r) + ∆M(r)

Since we want to derive a method that leads us to the right ∆M(r), we should not
expect to make the right guess every time we have access to real data. Therefore,
we should develop an optimisation process that can give us the function of the bias,
which gives the minimum χ2.

We could think about taking each data set and randomly assign a value for
∆M(r) ∈ ]− 1,max]MHE(r) (in principle, we should expect max not to exceed the
value 1, so that the bias is not greater than 50% in modulus) and make a random
walk at each point. This problem however is not so trivial, given the nature of
our calculations, we will have to perform integrations, derivations and fittings, and
the neighbouring points are correlated with each other. Trying to find the exact
combination for more than 103 points (for our simulated data) which minimises χ2,
is simply not feasible.

4.1.3 Optimisation process

The most commonly used optimisation method in Physics to solve such problems,
is the Monte Carlo method which takes the advantage of randomness. We choose
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a similar approach by implementing the Metropolis Algorithm. With this algo-
rithm, we are capable of exploring the phase-space of configurations without getting
trapped into local minima. The advantage of this algorithm is that we assign a
probability of accepting a configuration even if it does not follow that χ2 is smaller
than before. A description of the Algorithm, and how it was implemented can be
found in app. A.5. In this case we want to look for the bias function that minimises
χ2 so that we get to ∆M: MTotal(r) = MJeans(r) = MHE(r) + ∆M(r). In our case, a
configuration is defined by a random combination of the free parameters that define
the bias function.

From fig. 4.1.2, we see a difference in the Jeans and the hydrostatic mass in the
cluster’s centre, and not so much in its outskirts. For that reason we will take a
simple model for the bias, and set it to zero in the cluster’s outskirts, and negative
in the center. This is the function that we will adopt to fit and is inspired on
the bias function obtained in section 3.2. Such choice of fitting a function with
the Metropolis algorithm, instead of a random walk will make the iteration process
much faster.

We will take the function of the bias to be constant to a minimum, until it
reaches x0, in the x-axis. From that, it will be increasing linearly until x1, at the
point where it has arrived to a maximum value. We choose b(min) = -99.9% and
b(max) = 0. When running the Metropolis Algorithm, we will have x0 and x1 as free
parameters, and for each iteration there will be a χ2 associated for a combination
of x0 and x1, as the one seen in Fig. 4.1.3.

The important thing to collect from this process, is that we calculated ∆M(r) so
that end up closer to the equality MJeans(r) = MHE(r)+∆M(r). This was done with
the information from the gas temperature and density provided from the simulated
data, and with the optimisation process described. In Fig.4.1.4b we show how the
total mass MTotal(r) = MHE(r)+∆M(r) and MTotal(r) = M’Jeans(r) are again alike.
The χ2-test gives us the value of 0.02, which is a good result.

During the optimisation process we have been relating the dynamical mass with
the gravitational mass, as they should be always equal. The final dynamical mass,
whether calculated from the dark matter or the gas dynamics, is different from its
initial estimation. As a consequence, the gravitational mass will also change. Since
we are relying on the X-ray “fake” data to give us the gas mass distribution (which
we assume to be spherical), and we consider that the cluster is only built up on gas
and dark matter particles then, we will have a different model for the distribution
of the dark matter. This is shown in fig. 4.1.5b for the dark matter density, before
and after the optimisation. Fig. 4.1.5a represents the mass for the dark matter and
the gas.

To calculate ρDM , we initially took MTotal(r) = MHE(r) and after optimisation,
MTotal(r) = MHE(r) + ∆Moptimal(r). We present the fitting parameters to the dark
matter density profile under the two different assumptions. A routine was created
using gsl functions. Providing the function to be fitted to data, this routine returns
the fitting parameters and respective standard deviation, see app. A.4. The results



38 Chapter 4. A new method to estimate the cluster’s total mass

(a) x0 (b) x1

Figure 4.1.3: The best configuration is the one that minimises χ2. We take the “fake”
data for the gas temperature and density and calculate the hydrostatic mass. Expecting
the hydrostatic mass to be the total mass, we can then calculate the density for dark
matter: ρDM = ρHE − ρg. The Jeans’ mass is calculated with ρDM , TDM = Tg and with
βDM . The “fake” data was simulated with βDM = 0, which gives us MJeans = MHE . By
changing βDM to a different profile, MJeans = MHE + ∆M . We find the ∆M for this
specific case by relating ∆M to a bias function, b (in eq. (4.1.4), ∆M = MTotal −MHE).
We assign two free parameters x0 and x1 as described in the text. We show the χ2-
distribution for the different choice of (x0,x1). The minimum χ2 was found to be equal to
0.02 for (x0, x1) = (7.1 × 10−5, 1.03)R/R200, in green in fig. 4.1.4a. The χ2 distribution
has the expected shape in lin-log scale as we have taken the random number uniformly
distributed in log-scale, see app. A.5, and it is not less than the initial precision in
χ2 (10−5). Moreover, from the law of large numbers, this method will exhibit a 1/

√
n

convergence, n being the number of iterations (we chose n = 500).

are given along with the error:

parameter DM initial DM optimised
ρ0 (10−3 cm−3) 10.2 ± 0.6 11.9 ± 0.2
a (Mpc) 0.49 ± 0.03 0.42 ± 0.03
α 0.998 ± 0.003 1.1877 ± 0.0006
β 2.997 ± 0.003 2.927 ± 0.006



4.1 The method 39

(a) Bias function - before and after (b) Jeans’ and hydrostatic mass - after

Figure 4.1.4: We have estimate a new total mass for the cluster, one that truly describes
the total mass of the cluster (when assuming the βDM in question. We have done so
by adding ∆M(r) to MHE(r). ∆M(r) comes from the optimisation of the bias profile
(fig.4.1.4a). This was only possible by relating MTotal(r) = MJeans(r). Furthermore, we
have derived the dark matter density profile from MTotal(r) = MDM (r) + Mg(r), and
assumed that the gas and dark matter “temperature” are the same. Fig. 4.1.4b shows
how good do both masses agree, giving a χ2 = 0.02.

(a) Mass for gas and DM before and after optimisation (b) γDM before and after optimisation

Figure 4.1.5: On the right, fig. 4.1.5b: dark matter density profile (γ = d log ρDM/d log r)
modelled to a double power-law. We see that it follows a NFW. This is the profile as the
simulated gas density. We have estimated a new total mass, one that better describes the
total mass of the cluster for our choice of βDM . We have done so by adding MHE to ∆M
which comes from the optimisation of the bias profile (fig.4.1.4a), by relating MHE , MJeans

and MTotal(r) = MDM (r) +Mg(r). In the cluster’s outskirts, the relation MDM = 10Mg

[35] is still valid, and in the cluster inner part there is more dark matter than previously
expected.
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4.2 The study of A2052

We will now apply the method derived in the previous section to real X-ray mea-
surements of the A2052. This is an Abell cluster at redshift z = 0.0348 [5] with
R500 = 1.38± 0.39 Mpc [24], and the virial radius, ∼R200, should be approximately
100kpc further out when in comparison with R500.

Fig. 4.2.1 shows the X-ray image of the region that surrounds A2052. From the
X-ray image it is possible to recognise a point source which is associated with the
center of the cD galaxy and the central AGN. Having in mind the discussion in
chapter 3.1.2, from the presence of the AGN we should expect non-thermal pressure
to act back on the gas in the ICM, being this the case we can no longer assume the
central region of the cluster to be in hydrostatic equilibrium.
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Fig. 1.—Adaptively smoothed image of the region surrounding4!.2# 4!.2
the center of Abell 2052. The image has been corrected for background and
exposure. The color scale is logarithmic and ranges from to!62.5# 10

counts pixel!1 s!1.!21.1# 10

Fig. 2.—(a) Surface brightness, (b) electron density, (c) temperature, and
(d) pressure, as a function of radius. The vertical dashed lines mark the mean
inner and outer radii of the bright X-ray ring.

easily seen in the raw image prior to any smoothing, back-
ground subtraction, or exposure corrections.
Figure 1 gives the impression that the two holes in the X-ray

image are relatively empty regions surrounded by dense shells
of gas and that the shells are limb-brightened. To test this, we
determined the surface brightness in the centers of each of the
holes. From the deprojection of the X-ray surface brightness
discussed below, we estimated the X-ray brightness expected if
the holes were indeed empty, were centered at the same distance
as the AGN, and all of the X-rays were due to projection. This
gave a predicted central surface brightness of 1.5 counts s!1
arcmin!2, whereas the observed values are 1.5 (1.3) counts s!1
arcmin!2 for the northern (southern) hole. As a further test, we
determined the mass for the southern shell, assuming it is spher-
ical and taking the density from deprojection. We compared this
mass to the total mass predicted to be within the volume of the
shell by extrapolating the deprojected density distribution outside
of the disturbed region into these radii. For the southern shell,
the observed mass is , whereas the predicted mass106# 10 M,

is , depending on how the density distri-10(9! 5)# 10 M,

bution is extrapolated. Thus, these numbers are consistent with
the idea that the holes are devoid of X-ray–emitting gas and that
the missing gas was pushed out of the holes and compressed
into the shells.
To understand and model the structure in the inner regions of

the cluster, we extracted the X-ray surface brightness (Fig. 2a),
and spectra in 20 circular annuli centered on the central point
source, with radii ranging from 4".7 to 226". Each spectrum typ-
ically contained several thousand source counts and was fitted
with a single-temperature MEKAL model with the absorption
fixed to the Galactic value ( cm!2; Dickey &20N p 2.85# 10H
Lockman 1990). Background was taken from the blank sky fields
(see footnote 4). The fits reveal that the gas has cooled to a
temperature of keV at the center compared to the valuekT ≈ 1.4
of approximately 3.4 keV found for the outer annuli (Fig. 2c).
The surface brightness values for the 0.3–10 keV band were

deprojected to determine the X-ray emissivity and gas density

(Fig. 2b), assuming the emissivity is constant in spherical shells.
The density and temperature measurements were used to de-
termine the radial variation in the pressure in the gas (Fig. 2d),
assuming the temperature in the projected spectrum fit is the
temperature at that spherical radius. Outside of the brightened
shell of X-ray emission, the pressure exhibits a smooth, mono-
tonic decrease with increasing radius, which is presumably the
result of nearly hydrostatic equilibrium. There is a nearly con-
stant pressure ( dyn cm!2) at radii correspond-!10P ≈ 1.5# 10
ing to the bright ring of X-ray emission and just outside it.
Interior to the ring, the pressure is lower and shows large os-
cillations. This is the result of the complex, noncircularly sym-
metric structure (the holes, bar, and spur) within this region,
and the spherically averaged pressure is not meaningful.
In order to better determine the pressure in the brightest

regions of the ring of emission, we measured the pressure in
a pie-annular region of the bright ring located to the west of
the center of the cluster. The surface brightness was measured
for the region and corrected for background taken just outside
of the ring. We assumed that the emission in this region was
part of a spherical shell of emission. A spectrum was extracted
and the pressure was determined in a manner similar to that
described above. In this case, the pressure was found to be

dyn cm!2, which is consistent with the val-!10P p 1.43# 10
ues derived assuming spherical symmetry (Fig. 2d).

4. INTERACTION WITH THE RADIO SOURCE

An overlay of the 6 cm radio contours (Burns 1990) onto
the adaptively smoothed X-ray image (0.3–10.0 keV) of the
inner region of Abell 2052 is displayed in Figure 3. There is
a core source located at the center of the cD galaxy that is seen
in both radio and X-ray. Most of the extended radio emission
is projected within the X-ray holes to the north and south.
Almost all of the radio emission is contained within the bright
X-ray shells. However, there appears to be faint radio emission
extending slightly beyond the shells to the south and north
where the shell is faint or absent.

(a) X-rays

No. 1, 2001 BLANTON ET AL. L17

Fig. 3.—Radio contours of 3C 317 (Burns 1990) overlaid onto the adaptively
smoothed Chandra X-ray image of the central region of Abell 2052.′′ ′′76 # 76

Figure 3 suggests that the expansion of the radio source has
displaced the thermal gas that was formerly in the X-ray holes
and compressed this gas into the bright shells. As noted above,
the X-ray holes do indeed appear to be devoid of X-ray–
emitting gas, and the mass of the shells is consistent with the
mass that might have been located in the holes prior to the
displacement. How violent and energetic is the expansion of
the radio source? Heinz, Reynolds, & Begelman (1998) and
Rizza et al. (2000) suggested the radio source would create
cavities in the intracluster gas by highly supersonic expansion
into the gas. Such a violent expansion would drive strong
shocks into the intracluster gas. As a result of such strong
shocks, the shell of X-ray gas surrounding the radio-filled cav-
ity would have a higher temperature, pressure, and specific
entropy than the gas just outside the shell. In fact, this does
not appear to be true of the shells in Abell 2052, although we
cannot rule out supersonic expansion by the radio source in
the past when it was much younger. Our fits to the X-ray spectra
indicate that the average temperature of gas in the shells is
1.1 keV, whereas the temperature of gas just outside the shells
is 2.6 keV. Since the gas in the shells is denser than the gas
outside the shells, the specific entropy is actually much lower
than that outside the shells. Figure 2d shows that the pressure
in the shells is roughly equal to that just outside the shells, and
there is no evidence for a sharp increase in the pressure that
would indicate the presence of a shock. The largest increase,
which is still roughly consistent with the gradient in pressure
associated with hydrostatic equilibrium, occurs between radii
of approximately 40!–45!. If we take the pressure increase at
this point as an upper limit on any shock, the Mach number
of any shock associated with the radio source expansionM

must be . Thus, the expansion of the radio source isM " 1.2
subsonic or mildly transonic. Similar results have been found
for the radio source cavities in Hydra A (McNamara et al.
2000a; David et al. 2001) and Perseus (Fabian et al. 2000).
The relatively slow expansion of the radio source implies that

the material in the radio cavity and the surrounding shell should
be nearly in pressure equilibrium. Assuming equipartition of

energy, Zhao et al. (1993) calculated the minimum radio pres-
sures for several components of 3C 317 using 6 cm observations.
For their radio “halo” component (the region centered on the
core source with dimensions kpc, which corresponds75# 45
to most of the volume of the radio-filled holes), they determined
a minimum pressure of dyn cm!2, approxi-!11P p 2# 10min
mately an order of magnitude lower than the Chandra value for
the X-ray shells. Even for the radio “bipolar” component (a

kpc region centered on the core), they calculated a value30# 15
of dyn cm!2, still lower than the value derived!11P p 5# 10min
from our X-ray observations.
Thus, it seems likely that the radio cavities contain some

component with a larger pressure than given by these equi-
partition arguments. This may indicate that one of the basic
assumptions of the standard equipartition arguments (random
pitch angles, magnetic field not parallel to the line of sight,
etc.) is wrong. The high degree of polarization of the radio
source once corrected for Faraday rotation (Ge & Owen 1994)
suggests that the latter assumption might be nearly correct.
There may be a large contribution to the pressure from very
low energy relativistic electrons. However, the radio spectrum
of the large-scale radio component is quite steep ( ),a ≈ !1.9
so the equipartition estimates already include a large population
of such particles. The steep spectrum also makes extrapolation
to low energies more uncertain. However, since confined radio
sources typically have curved spectra, the assumption of a
power-law spectrum should overestimate rather than underes-
timate the pressure from the radio source. The energy and
pressure contribution of ions may be greater than assumed by
Zhao et al. (1993); minimum energy arguments would be
roughly consistent with the observed X-ray pressure if the ratio
of ions to electrons was ∼70, rather than unity as assumed by
Zhao et al. The magnetic field may be larger than the equi-
partition value. Finally, the nonthermal plasma may contribute
only a small fraction of the total energy in the radio-filled
cavities (either because the local nonthermal pressure is low
or because the radio plasma is filamentary and does not fill the
volume), with the majority of the pressure coming from very
hot, diffuse thermal gas. We extracted the X-ray spectrum of
the southern hole and searched for a very hot component in
the spectrum. None was seen, but the observations are not very
restrictive.
Cluster cooling flows with central radio sources are useful

bolometers for determining the total energy output of radio
sources, since the energy is apparently confined within the radio
holes by the high-pressure intracluster gas rather than going
into adiabatic expansion losses. Assuming that the pressure
within the radio cavities is dyn cm!2 and ap-!10P ≈ 1.5# 10
proximating the holes as spheres ∼20 kpc in diameter, one finds
that the total energy output of the radio source (including the
work done on compressing the intracluster gas) is about

ergs. There is a factor of ∼2 uncertainty as-59E ≈ 1# 10radio
sociated with our ignorance of the nature of the dominant en-
ergy component in the radio source (higher energy for relativ-
istic particles, lower for magnetic fields). The assumption of
near pressure equilibrium implies that this energy is comparable
to the energy content of the thermal X-ray gas that filled the
holes but very small compared to the total energy content of
the intracluster medium (ICM). This suggests that individual
radio sources can have dramatic effects locally, but individual
radio outbursts are unlikely to have large global effects (i.e.,
on scales much greater than 30 kpc). On the other hand, central
radio sources are found in most cooling flows, and the radio
source lifetimes are much shorter than cluster lifetimes; thus,

(b) Radio contours

Figure 4.2.1: Left: Adaptively smoothed image of the region surrounding the center of
Abell 2052 from X-ray observations with Chandra. Right: Radio contours measured with
theVery Large Array (VLA). Credits to Blanton et al. [5] and [10].

From the temperature profile (fig.4.2.2), A2052 is defined to be a cool-core (CC)
cluster [33]. With the cooling time tcool ∼ 2.6 × 108yr [5] much shorter than the
probable age of the cluster which can give rise to cooling flows. In fig. 4.2.2 we show
a possible good fit for the data. For both the gas temperature and density we fit to a
double-power law. Note that we have set the outer slope for the temperature α = 1.
This was a simple way of not allowing the hydrostatic mass to decrease at large
radii. For the density profile, we see that we have a good fit, for the temperature
profile this could also be the case, if we neglect the last data point.
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(a) Temperature (b) Density

Figure 4.2.2: We fitted a double power-law (see eq.(1.1.1)) to both the gas temperature
and density for the cluster A2052, with fixed parameters (α, β). On the left we fitted (α, β)
= ( -1/2,1) to T0 = (1.8±0.2)×108 K and rs = (2.5±0.4)×1022 m. On the right side of this
figure, we have the fit for the density with (α, β) = ( 1/2, 2): ρ0 = (5.6±0.7)×10−24kgm−3

and rs = (4.3±0.5)×1021 m. The error bars in blue were obtained from error propagation
from the fitted parameters.

4.2.1 Problem in assuming hydrostatic equilibrium

Assuming the gas in the ICM of A2052 to be spherical1 and in hydrostatic equilib-
rium, we can estimate the hydrostatic mass from eq. (2.2.9).

We have taken the set of points for the gas temperature and density and calcu-
lated the hydrostatic mass. Unfortunately, there was a problem with this task. The
hydrostatic mass decreases when we go to the last data point, and of course, the
mass of an object can not decrease as we go further out from its center. This would
mean having negative mass, which is physically unacceptable.

The nature of this problem comes from assuming the gas to be in hydrostatic
equilibrium at that radius. We should note that the last data point in the tem-
perature drops abruptly, and the hydrostatic mass strongly depends on how the
temperature gradient relates to the gradient of the gas’ density. We have then taken
a different approach, we took a selection of 35 points at each radial bin: both for the
temperature and density of the gas. These points were randomly generated from a
Gaussian distribution within a 1σ. In this way, 68% of these points are expected to
be within the error-bar given from the X-ray measurements, and we could calculate
the hydrostatic mass from eq. (4.1.1), fig. 4.2.3 in red.

The cluster’s total enclosed mass is M(r(max)) = (1.00 ± 0.13) × 1014M�. Com-
paring this value with the value in the penultimate point, M(r(penu,max)) = (0.93 ±
0.14) × 1014M�, does not exclude the fact that the hydrostatic mass can decrease
when at larger radii. This is another hint that the estimate of the cluster’s total

1The overall X-ray emission of the thermal gas is fairly circular [5].
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mass under the assumption of hydrostatic equilibrium may not be the right one.

4.2.2 Comparing collisional with collisionless (one last time)

We have previously compared the cluster’s dynamics for a collisional (gas) and
collisionless (DM) systems. We have seen that if the assumption on the derivation
of the Jeans’ and the hydrostatic equilibrium equation are true for the cluster in
question, then MHE(r) = MJeans = MTotal(r) should hold.

To derive the Jeans’ mass, we begin by estimating the dark matter density profile:
ρDM(r) = ρTotal(r)−ρg(r), see fig.4.2.8 (blue), where we have taken the total density
from MTotal(r) = MHE(r). We are still left with two unknown parameters which are
not possible to measure. We make the key assumption that TDM(r) = Tg(r):

σ2
r(r) =

[
µmp

kB

(
1− 2

3
βDM(r)

)]−1

Tg(r)

For the βDM profile, we have carried out two different studies, one with βDM(r) = 0,
and another with βDM(r) = 1/3, inspired on the work of Hansen & Piffaretti [20]
for the case study of A2052. With this we calculate the Jeans’ mass using the Jeans’
equation (2.1.14), and we can then compare this mass with the hydrostatic mass
(see fig. 4.2.3).

Figure 4.2.3: We give the hydrostatic mass and respective error. Assuming that this
mass is the cluster’s total mass, then we obtain the dark matter density profile which can
be seen in comparison with the gas: ρDM = ρTotal− ρg, fig. 4.2.8. We also plot the Jeans’
mass, taken from the dark matter density profile and assuming, TDM = Tg. We show two
different results for two different assumptions on βDM : βDM = 0 and βDM = 1/3.

In fig. 4.2.3 we see that they do not agree at the cluster’s inner and outer radii.
Close to the virial radius, which is where we estimate the total mass of the cluster,
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the hydrostatic and the Jeans’ mass do not agree. Therefore, we no longer expect
that with the hydrostatic equilibrium equation (4.1.1), we get the total mass of the
cluster.

In chapter 3.1.2, we showed that the gas motion and non-thermal pressure can
be relevant for the cluster dynamics. From the X-ray image we do not expect the
cluster to be in hydrostatic equilibrium in its centre (strong radio source) and in its
outskirts (infalling accreting gas). We accounted for this effect as a ∆M: MTotal(r) =
MHE(r) + ∆M(r). In eq.(3.3.4) we have written the full expression of ∆M .

In fig. 3.3.1, we showed that the effect of non-thermal pressure and the gas’
velocity may be non-negligible in the inner and outer radii, which is what we are
now observing when comparing the Jeans’ with the hydrostatic mass, see fig. 4.2.3.
Note that, if we want to make any comparison between both figures, we should
constrain it to the radius where we can have trustful X-ray measurements, typically
from [0.01,1]R200. We had our definition of the bias in the cluster’s true mass when
assuming hydrostatic equilibrium:

b(r)[%] = − ∆M(r)

MTotal(r)
× 100 (4.2.1)

Nevertheless, from X-ray observations, we know nothing about the origin neither
can we directly measure the contribution of ∆M to the cluster’s dynamical mass.

4.2.3 The degeneracy in βDM

Let us first look at the difference in the Jeans’ mass for the two different βDM models
and see if it can explain ∆M.

When we make a χ2-test2 we have a clear difference in the different choice of
βDM : χ2 = 24.9 for β = 0 and χ2 = 7.75 for β = 1/3. In section 4.1, we have seen
that the change in this parameter could be responsible for the difference in both
masses.

The difference in the Jeans’ mass from choosing βDM = 1/3 and 0, seems to be
only relevant at the inner radii. When βDM = 1/3 we have that the Jeans’ mass is
closer to the hydrostatic mass at inner radii, than when setting it to be zero. When
we change βDM(r), it means that in the Jeans’ equation (4.1.2) we change

d log ρDM
d log r

+
d log σ2

DM

d log r
+ 2βDM(r) = γg(r) + γσ2

r
(r) + 2βDM(r) (4.2.2)

Assuming that we have a NFW model (1.1.1) for the dark matter density profile,
its contribution to the equation above mentioned will be −1 in the inner part (R <
rs) and −3 for the outer part (R > rs). In app. A.1 we show γTg = γσ2

r
, see fig.

2We are no longer using the reduced χ2-test. For this reason we do not divide by N (the number
of radial bins) in eq. (4.1.3)
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A.2.1, which comes from assuming that the gas and dark matter temperature are
the same. From the fit to the temperature of the gas, fig. 4.2.2a, we should then
have γσ2

r
∼ 1/2 for inner part and γσ2

r
∼ −1 for the outer part of the cluster. When

we add γg and γσ2
r
, we have the solution of ∼ −1/2 and ∼ −4 for the inner and

outer part, respectively. From numerical simulations of galaxy clusters, we expect
−1/2 ≤ βDM(r) ≤ 1/2. We then see that, in the Jeans’ equation, the choice of βDM
is relevant at small radii, and at larger radius γg + γσ2

r
dominates over βDM , making

this choice less relevant.
We could then argue that this profile bring us closer to the one needed to describe

the dark matter and that at the same time it allows the gas in the ICM to be in
hydrostatic equilibrium. We try to tune βDM(r) towards MHE(r) = MJeans(r), for
the observed region in the cluster.

Figure 4.2.4: Difference in the inner part

In fig. 4.2.4 we show the comparison between the hydrostatic mass and the
Jeans’ mass, assuming βDM = 1/2 and βDM = −1/2. For βDM = 1/2 the Jeans’
and the hydrostatic mass agree at small radii, and not much was improved at larger
radii. Setting βDM = −1/2 makes a slight difference at larger radii, which we have
above discussed. Just by looking at the error-bars, we see that the χ2 decreases for
the first choice of βDM . We conclude that the choice of βDM will indeed have an
impact on the result given by the Jeans’ equation (2.1.14) and a wrong choice of
βDM could be the reason behind the difference observed between the Jeans’ and the
hydrostatic mass.

Nevertheless, we should also consider that the difference between the Jeans’ and
the hydrostatic mass could also come from the effect of non-thermal pressure and
the gas motion on the dynamical mass as we showed in chapter 3.1.2. For this
reason, it is important to note that not only have we observed a degeneracy in the
influence of magnetic fields and cosmic rays at small radii, but now we also have a
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degeneracy in the choice of βDM .

The degeneracy is lifted in the outermost part of the cluster, see the discussion
in eq. (4.2.2). We see that the choice of βDM does not affect the Jeans’ mass much
at large radii, for the choice of −1/2 < βDM < 1/2. The major contribution to the
difference between both masses comes from the non-thermal pressure. From what
we have studied, we know that at larger radii, the effect of the velocity of the gas
gives a larger contribution to the dynamical mass than the pressure support from
magnetic fields and cosmic rays. For this reason, if we can calculate ∆M close to
the virial radius, than not only do we get a better estimation for the total mass of
the cluster but also, we can have an estimation of the velocity of the gas at that
radius.

4.2.4 “Extra” dynamical mass

In section 4.1.3, we derived a method capable of extracting ∆M from X-ray mea-
surements alone (the “extra” dynamical mass which is not accounted for in the
Hydrostatic equilibrium (HE) eq.). This method was derived taking the gas’ tem-
perature and density profile, and ∆M optimised, so that we end up with MHE +∆M
= MJeans = MTotal

3. The method derived will now be used for the particular study
of A2052.

To use the routine built in the previous section, we need first to make a choice
on the shape of the bias, b(r). In section 3.1.2 we studied the overall contribution
that we can have from non-thermal pressure and the gas’ motion could have to
the cluster’s mass. In particular, fig. 3.3.1 shows the bias in mass when assuming
hydrostatic equilibrium. From the choice in the models, the bias function had a
shape that can be simplified to a hat-function, linearly increasing and then decreas-
ing function (x0 < x1 < x2 < x3, mx and bx are fitted to make it as a continuous
function):

b(r) =


min if r < x0 and r > x3

m0r + b0 if x0 > r > x1

max if x1 > r > x2

m1r + b1 otherwise

We now assume, that this function for the bias is the one that we may have
for the cluster A2052, this can in principle be true. We generalise this problem by
dividing the hat-function into two functions: b(r) = bleft(r) + bright(r),

bleft(r) =


min if r < x0

max if r > x1

m0r + b0 otherwise

3Being an optimisation process, we actually get (MHE + ∆M) ∼ MJeans and not the equality.
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bright(r) =


min if r < x2

max if r > x3

m1r + b1 otherwise

Both bleft(r) and bright(r) are similar to the bias function that was used in section
4.1.3. For this reason, we take the same code, adjusting it slightly. First, the code
will have to be run twice, one for bleft and another for bright. For each we run, we
are fitting the combination (xi, xj) that minimises χ2. Note that we allow x1 > x2.

To fit the free parameters (x0, x1, x2, x3), we take the minimum and maximum
plateau to be -99.9% and 99.9% respectively. We take the first five and the last five
set of data for A2052 and optimise bleft(r) and bright(r), respectively. For each run
of the Metropolis we will have b(r) = bleft(r) + bright(r). Note that, overall we were
given eight set of data, meaning that the left- and right-functions have two common
points. We do this so that we can have a correlation between these two functions,
when summing them together.

In fig. 4.2.5, we show the result obtained from running the algorithm at each
resolution for the random Gaussian distribution. We have also try to optimise
different combinations of bright(r) and bleft(r), but our first choice seems to give the
minimum χ2, for the particular case of this cluster. Remember, that we define χ2

as a measure for the difference between MJeans and MHE + ∆M (eq.(4.1.3)), where
∆ M changes according to the choice of b(r), see eq. (4.1.4).

To account for the systematic error that we have from the different choice of
βDM and for the statistical error that comes from the Gaussian distribution of data
within the 1σ. We estimate the error in the bias: σ2 = σ2

stat + σ2
syst. In fig. 4.2.6

we account for this error and show a better plot of the bias in the hydrostatic mass
along the cluster.

From the bias, we can make an estimation about the cluster’s true mass. Fig.
4.2.7a and fig. 4.2.7b, show that the Jeans’ mass and the new dynamical mass
(MHE+∆M), can be similar to each other which give us a better estimation of the
cluster’s total mass, than simply assuming the gas in the ICM to be in hydrostatic
equilibrium. And this method can now be applied to other clusters.

From the bias at the virial radius: b(rmax)=−0.48 ± 0.13 and MHE(rmax) =
(9.98± 1.4)× 1013M�, we calculate ∆M given by eq.(4.1.4): ∆M = (rmax)= (9.2±
3.8)× 1013M�.
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Figure 4.2.5: Bias in the true mass of the cluster when neglecting ∆M. In the inner part,
the bias can be of the order of -70% to -100% depending on the choice of βDM . This bias,
not only comes from the choice of βDM but also due to the presence of magnetic fields
or cosmic rays and some infall of the gas towards the cluster’s centre. Close to the scale
radius, this bias is less relevant. This tell us that the influence of non-thermal pressure
to the cluster’s dynamical mass is no longer relevant beyond this radius. The bias at the
outermost radii is dominated from the effect of the gas’ velocity in the ICM. Therefore,
from the bias, we can infer about the order of magnitude of the velocity of the gas at such
radius.

Figure 4.2.6: Bias in Total mass when assuming hydrostatic equilibrium. The error bars

now account for the systematic error on the different choice of βDM : σ =
√
σ2
stat + σ2

syst.

At each point we took σ2
stat = max(σ2

β=0, σ
2
β=1/3).
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(a) MJeans & MHE+∆M when βDM = 0
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(b) MJeans & MHE+∆M when βDM = 1/3

Figure 4.2.7: Comparison between MJeans and MHE+∆M, for the two different cases of
choosing βDM = 0 and βDM = 1/3. We see that we finally have MJeans = MHE+∆M. In
this way, we have derived a method that can give us a better estimation about the cluster’s
total mass from X-ray observations only, than considering the gas to be in hydrostatic
equilibrium. For comparison, we also show the hydrostatic mass.
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4.2.5 The Dark Matter halo

We have been arguing that if we assume the gas in the ICM to be in hydrostatic
equilibrium, then there is a mass, ∆M, that is not been taken into account, as a
consequence of considering the full dynamics of the cluster. Moreover, we must have
a one to one correspondence between the cluster’s dynamical mass and the cluster’s
gravitational mass. Hence, if we now have an extra-∆M in the dynamical mass, this
factor should also be added to the gravitational mass.

Since the gas’ mass is estimated from X-ray measurements of the gas’ density
assuming spherical symmetry, it remains invariant under any of our assumptions.
From simple calculus, we then conclude that we what we are changing is our per-
ception on how is the dark matter distributed along the cluster. For A2052, we have
more dark matter in the ICM, than previously assumed with hydrostatic equilib-
rium of the gas: MDM(r) = MTotal(r)− Mg(r). At the cluster’s centre this may be
overestimated. We know that A2052 hosts a cD galaxy at its centre4, and we see in
fig.4.2.8, that there is not a smooth transition in the dark matter density from the
first to the second data point. At the cluster’s outer part there is only gas and dark
matter, and with our method there is a new distribution of the dark matter halo.

Fig.4.2.8, shows the dark matter density profile and how it changes under the
three different assumptions, after the optimisation process: MTotal(r)=MHE(r) (blue),
MTotal(r)=MHE(r)+∆Mβ=1/3(r) (green) and MTotal(r)=MHE(r)+∆Mβ=0(r) (red).
To recover the density profile from the mass, we assume spherical symmetry, eq.
(A.1.7).

4.2.6 Constraint on the cluster’s dynamics

The work develop during this thesis project has come to terms to its main goal: to
better constraint the dynamics of a cluster. Making it possible to better estimate
the total mass of a cluster, which is not in hydrostatic equilibrium close to the virial
radius. Furthermore, this can also give us some insight of the motion of the gas in
the ICM.

Total Mass

We have derived a method that accounts for any deviation in the total mass, when
compared to the hydrostatic mass calculated with X-rays measurements alone.

The cluster’s dynamical mass, can be estimated with the derived method:

MTotal(r) = MHE(r) + ∆M(r)

∆M(r) is the missing mass that is extracted with the method derived (generalising,
∆M(r) could also give a “negative mass”).

4MDM (r) = MTotal(r)− Mg(r) - Mstars.
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Figure 4.2.8: Density of the gas obtained from X-ray measurements. Comparison with
the density of dark matter, under the assumption of hydrostatic equilibrium and after
the optimisation process for the two different choices of βDM . We have constrained the
total mass to always be bigger than the gas’ mass to prevent any non-physical result. The
dark matter density profile can be fit to a NFW. In the cluster’s outskirts the relation
MDM ∼ 10 Mg [35], assume spherical distribution of matter. In the inner part we have a
denser region of dark matter than expected when assuming hydrostatic equilibrium.

For the study of A2052, we calculate

MHE(rmax) = (0.99± 0.14)× 1014M�

and estimate ∆M(r), considering statistical and systematic errors:

∆M(rmax) = (0.92± 0.38)× 1014M�

The estimate for the total mass of A2052 with this novel method, gives

MTotal = (1.92± 0.40)× 1014M�

This is an impressive result. We show that for the particular study of A2052, the
total mass is twice the hydrostatic mass which is quite a significant difference. This
result lead us to conclude that for clusters, which have not yet reached hydrostatic
equilibrium at the virial radius, current measurements of the hydrostatic mass can
not be compared to the cluster’s mass, otherwise we would be working with the
wrong physics. We strongly advise applying this methods to X-ray measurements
of other clusters, and measure the cluster’s total mass again, only now, do this by
applying the method shown in this thesis.

Gas motion

We have been studying the dynamics of a galaxy cluster, and what could possibly
be powering the cluster, to not let it settle to a state of hydrostatic equilibrium. We
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found that non-thermal pressure and the velocity of the gas are responsible for this.
We can now try to measure their contribution to the cluster’s dynamical mass, by
measuring the difference between the cluster’s dynamical mass and its hydrostatic
mass, which we defined as a ∆M(r).

In chapter 3.1.2, we showed that, by only looking ∆M(r), it is not possible to
distinguish between the magnetic field and cosmic rays pressure as their signature in
∆M(r) are the same. Moreover, we assume that their contribution is mostly relevant
in the cluster’s inner part, where the degeneracy with βDM can not be neglected.

With the result obtained for the bias function, fig. 4.2.6, we see that the A2052
reaches hydrostatic equilibrium (where the bias is close to zero) at R ∼ 100kpc, and
when we look further at R ∼ 200kpc, this is no longer the case. Based on the bias
function extracted from our method, this is how we picture the dynamics of this
cluster to be:

• At the cluster’s centre we have the presence of magnetic fields, cosmic rays
and the gas is not static. So close to the centre, the bias represents an under-
estimation of the hydrostatic mass of 60% up to 100% 5. We can not make
constraints on the intensity of the magnetic field, the abundance of cosmic
rays or even the turbulent motion due to the degeneracy between them, and
βDM . Besides, we would have to trouble ourselves to solve eq. (3.2.5) to
recast them from ∆M(r), which concerning all the three factors in this equa-
tion, it is impossible to solve it without other measurable quantities with other
observational methods.

• As the bias function starts to increase (from negative values to zero), the non-
thermal pressure decreases, and the gas particles start to become motionless
on average. This is most likely to be the case, as the non-thermal contribution
for the bias is always negative. Doubtfully, would we expect that the gas to
suddenly change its motion to balance the bias from non-thermal pressure.
We reach hydrostatic equilibrium when b(r) ∼ 0.

• When R & 200kpc, ∆M starts to increase again, showing that the gas is driven
away from hydrostatic equilibrium. Rudnick et al. discuss on a recent paper,
that the radio halos measured outside the cluster core (rotation measurement
(RM), see app. B.3), could come from shocks of the plasma and its turbulent
character along the connecting filaments, and not from the magnetic field
strength. For this, we will only consider the velocity of the gas, at such radius.

We are now able to constraint the velocity of the gas at the cluster’s outskirts
from the estimated ∆M. The relation between the gas’ velocity and ∆M is given by
eq. (3.1.2):

∆M =
r

G

(
v2
θ + v2

φ − rvr
dvr
dr

)
5We are not considering the non-physical result of b(r)[%] < −100%.
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It becomes possible to get an estimation of the bulk rotation and motion of the
gas at this radius:

∆M

MTotal

∼
v2
θ + v2

φ − vr dvrdr
σ2
r

⇒ (4.2.3)

v2
θ + v2

φ − vr
dvr
dr
∼ σ2

r

∆M

MTotal

= −bσ2
r (4.2.4)

From the gas’ temperature we infer about the velocity dispersion for dark matter,
eq. (A.1.13):

σ2
r =

[
µmp

kB

(
1− 2

3
βDM

)]−1

Tg

Substituting this in eq. (4.2.4), we get:

|v2
θ + v2

φ − vr
dvr
dr
| = (3.0± 0.8)× 102km · s−1 (4.2.5)

We have set a constraint to the bulk motion and rotation of the gas close to
the virial radius. Until today, if we wanted to measure the velocity of the gas
at this radius with such accuracy, this could only be done from high-resolution
numerical simulations as done by Norman and Bryan [30] which result gives vturb =
300 − 600km·s−1, which are in good agreement with the result obtained with this
method.
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Discussion

Galaxy clusters at the virial radius, may not obey the condition of hydrostatic
equilibrium. This assumption, is commonly used when we want to measure the
mass of clusters with X-ray observations.

Cluster which are still undergoing mergers, suffer from the motion of the infalling
gas or outflow and this will contribute dynamically to the cluster’s total mass.
Moreover, it can also happen that the magnetic and cosmic ray pressure acting on
the plasma approaches the thermal pressure. Consequently, it is not possible to
retrieve information about the gravitational mass of the cluster, assuming that the
gas in the ICM is in hydrostatic equilibrium.

In section 4.1, we show that it is possible to recover the dynamical mass from X-
ray measurements. We take the X-ray measurements and relate the dynamics of the
gas with the dark matter. We assume that the gas and dark matter are spherical,
and that the dark matter is in static equilibrium. This method relies on the key
assumption that we can relate the temperature of the gas with the dark matter.
In particular, we take TDM(r) = κ(r)Tg(r) with κ always equal to one. Numerical
simulations show that κ varies less than 20% with radius: κ(r) ∈ [0.9,1.2] [23, fig.
1]. This change in κ(r) is not so straightforward to implement, but is fundamental
in our method. For now, we take the consequences of our choice and leave it as an
open problem.

In summary, with this novel method, we no longer need to assume the cluster
to be in hydrostatic equilibrium to get an estimate of the cluster’s total mass if we
want to rely on X-ray measurements alone. We apply this method to A2052 and
find that the total mass of the cluster is almost twice the hydrostatic mass at the
virial radius. This difference is extremely significant, and we can not be neglected if
we want to better constrain the cosmological parameters. By applying this method,
we can potentially measure Ωm more accurately. Hence, giving us more information
about the content of dark matter and dark energy in the universe.

Furthermore, there have been attempts to calculate the velocity of the gas, mag-
netic fields and cosmic rays in galaxy clusters. With this method, we can constrain
their contribution to the cluster’s dynamics. Close to the virial radius, the velocity
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of the gas is responsible for the observed difference in the cluster’s total mass, and
with this difference, we were able to constrain the velocity of the gas close to the
virial radius, for A2052. It is the first time, this is done so straightforward, and with
such precision.



Appendix Overview

The structure of this appendix is as follows:

Appendix A - we go through some of the most important calculations to built
the functions necessary in our coding, and also how to simulate the “fake” data
for the gas density and temperature for a galaxy cluster. It ends by describing the
libraries and routines, that were written for this work. Apart from “gsl”, everything
was written from the very beginning. using C programming.

Appendix B - this appendix is related to observations of galaxy clusters. We
briefly mention X-ray observations, since this was already so discussed during the
course of this thesis. We continue by describing the physics behind radio observa-
tions, and how it can be related to cosmic rays and magnetic fields in the ICM.
Finally, we end by mentioning how others have been trying to measure the velocity
of the gas in clusters.

Appendix C - a description of vector calculus in spherical coordinates and a
short explanation about the divergence theorem.
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Appendix A

Galaxy Cluster Dynamics

A.1 Calculus for Galaxy clusters

Mass assuming spherical symmetry The mass of a homogeneous object
can be determined in terms of its density, in spherical coordinates :

Mj(ri) =

∫
ρj(r

′)dr′dΩ = 4π

∫ ri

0

ρj(r
′)r′2dr′ (A.1.1)

When referring to a certain quantity X assigned to j we use the notation Xj,
where j can be g, DM or t is the short notation for gas, dark matter and total
contribution of species in the galaxy cluster, respectively.

Density from cluster’s total mass

We see that if we know the total mass and the temperature for the gas, it becomes
possible to derive the density for the gas, all we have to do is to invert Eq. (2.2.9)
and take the integral over the limits. The same is true for the dark matter if we
invert Eq. (2.1.14) and instead of the temperature we are given a dispersion velocity
and βDM profile:

γg(r) =
d log ρg
d log r

= −d log T

d log r
− Gµmp

kB

Mt(r)

rT (r)
(A.1.2)

γDM(r) =
d log ρDM
d log r

= −d log σ2
r

d log r
− 2β(r)

GMt(r)

rσ2
r(r)

(A.1.3)

ρ′j(ri) = ρ′j(r0) exp

(∫ ri

r0

γj(r)d log r

)
(A.1.4)

Where we assign ρ′j(r0) to be equal to a random number. We normalise the den-
sity since we know from observations that typically the gas mass fraction (Mg/MHE)
gives Mg(rmax) = 0.1MDM(rmax), [35] hence we normalise the gas density:
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Mg(ri) =
1

10

MDM(rmax)

Mg(rmax)
M ′

g(ri) (A.1.5)

Under the same principle, the following condition should be verified when we
generate a pseudo dark matter mass (M ′

DM(r)):

MDM(ri) = 10
Mg(rmax)

MDM(rmax)
M ′

DM(ri) (A.1.6)

A density profile can then be obtained from the normalised mass by taking the
derivative of Eq. (A.1.1).

ρj(ri) =
1

4πr2
i

dMj

dr
(A.1.7)

Velocity Dispersion for dark matter

Velocity dispersion for dark matter can be obtained from Jeans equation (2.1.14) in
spherical coordinates:

σ2
r(ri) =

G

ρ̃(ri)

∫ ∞
ri

ρ̃(r′)Mt(r
′)

r′2
dr′ (A.1.8)

With the introduction of a new parameter ρ̃ and taking ρ(rmin)/ρ̃(rmin) = 1

d log ρ̃

d log r
=
d log ρ

d log r
+

2β(r)

d log r
d log r ⇒ ρ̃(r) = ρ(r) exp

(∫ r

rmin

2β(r′)d log r′
)

(A.1.9)

We can re-write Jeans equation (2.1.14) as

M(< r) = −rσ
2
r(r)

G

(
d log

(
ρ̃σ2

r

)
d log r

)
(A.1.10)

and solve Eq. (A.1.10) with respect to the velocity dispersion

1

G

d
(
ρ̃σ2

r

)
dr

= −Mρ̃

r2 ⇒
1

G

d
(
ρ̃σ2

r

)
dr

=
1

dr

(∫ ∞
r

Mρ̃

r′2
dr′
)
⇒ σ2

r(r) =
G

ρ̃

∫ ∞
r

Mρ̃

r′2
dr′

(A.1.11)
Another way to calculate the radial velocity dispersion σ2

r is to related it to some
kind of temperature measure for dark. Imagine a system with collisional particles
(like the gas’ particles in the ICM) each with mass m, then the absolute temperature
is simply a measure of the kinetic energy:

1

2

〈
v2
〉

=
3

2
kBT ⇔ T =

m

3kB

〈
v2
〉

(A.1.12)
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In analogy, we define dark matter’s “temperature”1, and what is the mean-square
velocity for collisional particles, we consider the velocity dispersion: σ2

DM = σ2
r +2σ2

t

and define the velocity anisotropy (βDM ≡ 1− σ2
t

σ2
r

), and we can now write,

σ2
r =

[
µmp

kB

(
1− 2

3
βDM

)]−1

TDM (A.1.13)

A.2 Relating Gas and DM in clusters

As the gravitational mass for the cluster can be obtained both with Jeans equation
(2.1.14) and the hydrostatic equilibrium equation (2.2.9), we can take advantage of
this equality and relate the properties of the gas with dark matter in order to create
“fake” data that describes the physics of the gas in the ICM.

Deriving gas properties

We start with the NFW profile ((α, β) = (1, 3)) for dark matter and a Hernquist
profile ((α, β) = (1, 4)) for the gas, see eq. (1.1.1)). We take the total mass as the
sum of dark matter and gas mass, which derive from the density assuming spherical
symmetry (see section (A.1)).

To calculate the gas temperature we need to assume a profile for the velocity
anisotropy of dark matter, for simplicity and also to check if the functions are built
correctly we set β = 0, meaning that dark matter behaves in the same way as a
collisional system like the gas in the cluster. We should then expect that the gas
and dark matter density profiles should have the same shape: γg = γdm. In this way,
the temperature and dispersion velocity squared will be equal up to a proportional

factor of
µmp

kB
.

When we changed the βDM profile to follow γdm =
d log ρdm
d log r

: β(r) = −1
6

(1 + γdm(r)),

the derived gas density profile changed with (α, β) given by γg = 1
1− 2

3
β
(γDM+2βDM+

2
3
βDM

d log σ2
r

d log r
+ 2

3
dβDM

dr
) [18] and the temperature and velocity dispersion also changes.

The latter is shown in fig. A.2.1.

We end up with a new total mass by summing the gas and dark matter masses.
We continue with this method until the new gas density profile does not change
when comparing with the previous one. To illustrate just this you can follow the
flow diagram (A.2.2).

The end result is the one expected, where the final gas density profile follows
exactly a NFW, since we considered βDM = 0 and also a NFW density profile for
dark matter.

1Quotation marks to remind that the temperature for dark matter is not defined as if it was in
thermodynamic equilibrium, since dark matter is collisionless
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Figure A.2.1: Relation between the gas temperature and the velocity dispersion for dark
matter. On the left, the two physical quantities are proportional to each other by a factor
of

µmp

kB
. On the right we have the difference between both, introduced by a different

choice of βDM .

Deriving DM properties

Symmetric

Several tests were made to see if everything was doing exactly what we were asking
for. The last one was to derive a dark matter profile from the gas which was just
derived. We should then expect that we obtain the initial dark matter properties as
the one used for the gas if we assume spherical hydrostatic equilibrium. This turned
out to be true, as we will now prove.

We assume that all the gravitational contribution comes from the gas and dark
matter particles in the cluster: MTotal(r) = MDM(r) + Mg(r). The total mass in
this case, is estimated from the hydrostatic equilibrium eq.(4.1.1).

Here we write the Jeans’ equation, previously derived in Chapter 2.1:

MTotal(r) = MJeans(r) = −rσ
2
r(r)

G

(
d log ρdm
d log r

+
d log σ2

r

d log r
+ 2β(r)

)
(A.2.1)

We want to relate the cluster’s hydrostatic mass and the Jeans’ mass, since they
should both give us the cluster’s total mass.

If we want to study the Jeans’ equation, we see that we need to know about the
profiles of the dark matter density, its velocity dispersion and velocity anisotropy.
The first can be estimated from the dark matter mass (MDM = MTotal − Mg)
assuming spherical symmetry. We make the assumption that TDM = Tg which then
relates to σ2 by a factor of kB/(µmp) and take βDM to be zero, note that will later
remove the assumption in βDM .

Finally, if our assumption on how the dark matter relates with the gas are
correct and if we are lucky to have chosen the correct βDM then, we should expect
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Figure A.2.2: We start by assuming a NFW model for the dark matter density and a
Hernquist pro�le for the gas. With this we know that MTotal = Mg + MDM and we
can estimate the temperature from the hydrostatic equilibrium equation. By assuming a
pro�le for the velocity anisotropy we can calculate the dispersion velocity for dark matter
and with that derive the Jeans� mass which we take it as the new true mass. With this
new mass we can calculate the new gas density from the �rst relation and derive a new
temperature pro�le. We have encountered a loop which will end when the new gas density
pro�le remains the same as before, meaning that the new gas pro�le follows the physics
of the cluster.

that MHE = MJeans = MTotal. To show numerically the likelihood between these
two function, we use the χ2 as test, ([36]) by calculating the reduced χ2:

χ2 =
1

N

N�
i

(MHE(ri)�MJeans(ri))
2

φ2
MHE

(ri) + φ2
MJeans

(ri)
(A.2.2)

Since we are dealing with numerical data we assumed the associated error to be
φMj

(r) = 0.1Mj(r).

Note, that we have derived the numerical data for the gas, assuming that we
knew about the behaviour of dark matter, that we have taken �DM = 0. It should
then come by no surprise that χ2 � 10�5, meaning that the Jeans� mass follows
exactly the hydrostatic mass2, q.e.d.

2Constraint to the precision in our numerical calculations.
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A.3 Numerical calculus

Integral Calculus

The integral of a function f(x) will be calculated numerically by means of the trapeze
rule. We define the infinitesimal area at point xi:∫ xi

xi−1

f(xi)dx = Area[f(xi)] =
1

2
(xi − xi−1)(f(xi) + f(xi−1)) (A.3.1)

this is true for i = 1, .., N − 1 and Area[f(xi)] = xif(xi) when i = 0. Finally,
the integral of a function is taken, as the sum of all the infinitesimal areas:∫ N

0

f(x) =
N∑
i=0

Area[f(xi)] (A.3.2)

Derivative Calculus

The derivative of a funcion f(x) at a given point xi will be calculated numerically
by taking the average of the segment’s slope at xi and its two first neighbouring
points:

f ′(xi) =
1

2

(
f(xi)− f(xi−1)

xi − xi−1

+
f(xi+1)− f(xi)

xi+1)− xi

)
(A.3.3)

when i = 0 or i = N − 1 we take the derivative equal to the slope between the point
at xi and its first neighbour.

A.4 GNU Scientific Library

This library is important for three reasons:

• “gsl/gsl const mksa.h” - access to all physical constants in SI units.

• “gsl/gsl rng.h” - collection of random number generators. The interface can
be found in “libraries/rng.h”.

• “gsl/gsl fit.h” and “gsl/gsl multifit nlin.h” - non-linear square fitting. The
interface can be found in “libraries/test fit.h”. For each fitting function we
also need to calculate the Jacobian. For the minimisation, gsl makes use of
the Levenberg-Marquardt algorithm.

A.5 My Library

3

3This library can be downloaded HERE or in https://jorge.estamine.net/My_Library_

catz.zip.

https://docs.google.com/leaf?id=0B5hGj3xJJ7ZVNzgyZWM1ZTQtNmMxMS00M2Y2LWFhN2QtZjU4ZWUyNjZkMTU4&hl=da
https://jorge.estamine.net/My_Library_catz.zip
https://jorge.estamine.net/My_Library_catz.zip
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Since we are programming in C, we use object-oriented programming. We define
two classes in “library/class.h”: “array” and “cluster”. Each object “array” has an
array of bins (N) as a member, each of type “double”. Class “cluster” is a collection
of “arrays”, in it we decide which are our initial conditions, how many entries we
wish for the array to have, assign values for maximum and minimum radius as well
as the virial radius, and choice of a gas or dark matter profile if desired. We are also
given the freedom to create all the parameters that we can help us in defining our
cluster, these parameters belonging to class array. Furthermore, we define all sets
of functions and routines for the cluster that can be used.

To prevent any memory leaks, it is important to remember deleting the pointers
that are no longer needed to run the program. This will also make the program run
much faster, avoiding any other conflicts.

array mathematics.h This library contains the most common operations for
and between arrays: copy array to array, set all entries to a certain value, summing
arrays, multiplying, sine, calculate the integral or derivative of an array with respect
to another array, write an array to a file with x- and y-axis, the list can go on.

array functions for cluster.h Here we will take the operations built in the
previous library and construct a set of functions that will return an array according
to the mathematics needed for a cluster of galaxies. Some of these functions will be
explained in detail.

cluster set parameters.h Reads the number of entries of an array, defines
parameters as it sets initial values such as minimum and maximum radius.

cluster make it happen.h As the name says, it is where everything for the
cluster can happen. We initialise all parameters to value “0” and we can also delete
them to free memory. Here is where our cluster begins to take shape. Whenever we
want to refer to a certain annulus i, we can do so by using a radial bin notation:
ri, i = 0, 1, ..., N − 1. The first and last annuli are defined to have a radius equal
to rmin and rmax respectively. As for the other N − 2 annuli we assign radius such
as it follows a logarithmic scale, allowing us a wide range of scales. We define
∆r = 1

N
(log rmax − log rmin). Therefore, log ri = log rmin + i × ∆r ⇔ ri = 10log ri .

We define all density models for gas and dark matter, calculus of quantities such as
γj if ρj has been calculated and if not one can ask for a density profile. Velocity
dispersion and temperature calculus are also available.

cluster relate gas nTh dm.h In this library, we create functions with the
tools developed. With it, we want to be able to determine the gas properties from
dark matter and the contribution of non-thermal pressure in the total mass for a
given model.
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array fitting functions.h (& double fitting functions.h) Here we have
the interface between gsl and the user. With a given set of data points (it can be an
array or a pointer to a double) and their standard deviation, we can try to fit this
data to a function. We have to write the function and its Jacobian with respect to
the fitting parameters.

As an example, we can fit the density to a double power-law given the mass:

M(ri) = 4πρ0r
β
s ×

∫ ri

0

r2−α(r + rs)
α−βdr (A.5.1)

array error propagation.h (& double error propagation.h) Calculates
the error of a given array (vector) (X) given the building parameters (A, B, ...) and
respective error. When the parameters are uncorrelated this is easily calculated:

∆X =

√
|∂X
∂A
|2∆2

A + |∂X
∂B
|2∆2

B + . . . (A.5.2)

read data save to SI.h Reads the data of choice and writes it to a file in SI
units.

optimisation.h We built this routine with searching methods. In particular,
we built a sub-routine to find the free-parameters (x0, x1) for the bias function, b
(see eq. (3.1.4)), which minimise the difference between the total mass of the cluster
given the option of the cluster not being in hydrostatic equilibrium, and the total
mass of the cluster from the Jeans’ equation. The difference between these two
masses is given by a measure of χ2 (defined in eq. (4.1.3)).

We use the successful method of simulated annealing, which is implemented
by the Metropolis algorithm. The essence of this algorithm is that sometimes, we
accept the choice of taking an uphill step, which in our case is a worse χ2: χ2

k+1 > χ2
k,

allowing us to escape from local minimum and giving us access to a larger region
of phase-space. Note that k is defined as the position of the configuration in the
Markov chain.

The configuration of a thermodynamical system is defined by a set ri is weighted
by its Boltzmann (probability) factor, exp(−E(ri)/kBT ), where E(ri) is the energy
of the set ri, kB is the Boltzmann constant and T is the temperature of the thermal
bath. To offer the option of taking the uphill or downhill step, the algorithm assigns
a probability w = exp[−(E2 −E1)/kBT ]. In our case, we want to minimise χ2, and
we change w to become equal to ∆χ2 = χ2

k+1 − χ2
k.

The Algorithm was implemented as follows:

• Assign how many times you want to generate a new configuration - Niter; the
first guess for bias b with free parameters x0 and x1 and fixed parameters bmax
and bmin; the step-size δr.



64 Appendix A. Galaxy Cluster Dynamics

• Generate a random configuration for the free parameters in bias: xi = xi−1 ×
10rdm(−δr,δr), i = 0, 1. The factor rdm(−δr, δr) is a random number generated
uniformly [−δr, δr], given by rng.h. In this way, the random free parameter
will be generated from a logarithmic distribution;

• From this new bias (b(r)) calculate the total mass of the cluster, MHE + ∆M,
paying attention so that the total mass is bigger than the gas mass at all radii,
if not the configuration is rejected as it is not physically possible;

• From the total mass, the gas mass, density and temperature, calculate the
dark matter properties and derive the Jeans’ mass.

• Calculate the new χ2 from eq.(4.1.3);

• If the new χ2
k 6 χ2

k−1 we accept the new configuration;

• If not, then we assign a probability r4 and compare with w = exp−1/2(∆χ2):

– If r > w - accept the new configuration

– Else - reject the new configuration by keeping the old one. We decrease
the step-size so that we do not end with more than 50% of rejections.

• Repeat from the second step Niter times.

We also develop the Genetic Algorithm, even though the Metropolis is already
very powerful avoiding getting trapped in local minimum by assigning a probability
w of escaping from it. The advantage of using the Genetic Algorithm is that it mixes
our testing function, introducing mutations. At each run we start with a family of
functions and for each member we apply a simple Monte Carlo Algorithm. The best
two members (for which chi2 is less than the other members) will be mixed again
and the process will start over. We stop when we see fit. The advantage of this
algorithm is that it goes through most of phase-space quite fast because it mixes the
sample and can easily get out of a local minimum. Nevertheless, we did not have
time to test if this was the best option since the Metropolis worked quite well.

4Generate a random number uniformly distributed between 0 and 1 with rng.h.
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Observations

B.1 X-ray spectrum

The observation of the continuum part of the spectrum from X-ray radiation (see
Fig.1.2.1) is due to “Bremsstrahlung” effect, when a charged particle is deflected
from its inertial movement and emits electromagnetic radiation. The movement of
such particles changes due to the Coulomb interaction with an electric field from
an atomic nucleus. As the charge is deflected, it will accelerate resulting on the
emission of a photon, and the photon’s energy will be proportional to the difference
in the charged particle’s kinetic energy: hν = Ki −Kf .

The X-ray spectrum shows spectral lines. These emission lines are related to the
metallicity of the cluster as it corresponds to the electronic transitions in the atom.
Moseley established a relation between a spectral line’s characteristic wavelength ν̄l
with the atomic number Z of the element:

ν̄l = Cl(Z − s) (B.1.1)

where Cl is a constant and the value of s depends on whether it is a K or L line.
Since we know the spectral lines’ wavelength in the lab rest-frame, it is possible

to estimate the cluster’s redshift by measuring the 7keV line for iron (Fe). We should
observe a change in the wavelength from the Doppler effect.

B.2 Cosmic Rays spectrum

Synchrotron spectrum

The main process at the origin of the radio emission in the universe is due to the
synchrotron process. As relativistic electrons spiral in the presence of a magnetic
field frozen in the ICM they emit radiation. An electron with energy E = γmec

2,
experiences a force F = v × B and emits radiation. Given the large number of
relativistic electrons in radio sources, the radiation will be observed as a continuum
signal, with a spectrum peaked near the frequency ν, [34]:
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νsyn =
3e

4πm3
ec

5
(B sin θ)E2 (B.2.1)

where θ is the pitch angle between the electron velocity and the magnetic field
direction. The power emitted by a relativistic electron,

dE

dt
= − 2e4

3m4
ec

7
(B sin θ)E2 (B.2.2)

Which substituting in eq.(B.2.1) gives

νsyn[MHz] ∼ 16× 106(B[G] sin θ)E2
[GeV ] ⇔ (B.2.3)

νsyn[MHz] ∼ 4.2(B[G] sin θ)γ2 (B.2.4)

This tell us that relativistic electrons (γ ∼ −103 − 104) moving in a region with
magnetic field of the order of µG radiate in the radio domain (30kHz-300GHz).

B.3 Measuring the intensity of magnetic fields

There are different methods used to estimate the intensity of the magnetic field in
the ICM. These are from observation of the Faraday rotation effect, the comparison
of the synchrotron radiation fluxes with inverse Compton X-ray emission and with
equipartition measurements.

With these three different methods, we get different magnetic field intensity
estimations on a range from 0.1µ G to 10µ G. This is because the magnetic field in
the ICM has quite complex structures at different scales, and the different methods
rely on different assumptions. We will put emphasis on the Faraday effect.

Faraday Effect

To understand the physics behind the Faraday effect we took as reference the dis-
cussion in Hecht [22].

Light travelling inside a bi-refrigent material can be influenced by an external
magnetic field as the material will interact with the right- and left-circular polarised
component of the light beam with different refractive indices. A consequence of this
will be a change in the relative phase-shift between the two circular components,
thus there will be a rotation in the position angle of polarisation. This phenomena
was discovered in 1845 by Michael Faraday. When testing this effect in materials,
the rotation angle β of the vibration plane is given by the empirical expression:
β = VBd with V being Verdet’s constant, B density of the magnetic flux and d the
distance that light travelled inside the medium.

With the discovery of the Faraday rotation effect associated with the polarised
radiation from radio sources in galaxies and galaxy clusters (since magnetised plasma
is optically bi-refringent), it is possible to have some information on the distribution
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of free electrons and magnetic fields both in the source itself and along the line of
sight between the source and the observer. For this reason, it seems clear that the
more RM we have from different radio sources placed within and behind the cluster
at different radii with respect to the cluster centre, the better we know about how
the magnetic field behaves inside the cluster.

Rotation Measurement

As we will see, by analysing the polarised emission of radio sources within the
cluster it is possible to estimate the average magnetic field. The polarised signal
is described by the polarisation vector (p), whose intensity (P ) and angle (χ) are
given by (Murgia et al. 2004)

P =
√
Q2 + U2 (B.3.1)

χ =
1

2
tan−1 U

Q
(B.3.2)

where Q and U are the Stokes parameters (see section (B.3) for details about
Stokes parameters) and the polarisation degree can be evaluated as P/I where I is
the total intensity. The presence of a magnetised plasma between the observer and a
radio source changes the properties of the polarised signal due to the Faraday effect.
The polarisation vector rotates while crossing a magnetised and ionised plasma
according to the λ2 law:

∆χ = RM
λ2

(1 + z)2 (B.3.3)

where ∆χ = χobs(λ) − χint is the difference between the polarisation angle ob-
served at a wavelength λ, z is the redshift of the Faraday screen and RM is the
rotation measure that depends on the magnetic field strength of the medium B[µG],
as well as the number density of free (thermal) electrons ne[cm

−3], along the line-
of-sight:

RM ∼
∫
neB · dl [radm−2] (B.3.4)

the factor of proportionality being e3/2πm2c4 and the integral is taken over the
the distance from the source to the observer (in kpc) [6]. From observations from
radio sources, we are given a RM map and from X-ray analysis we know ne(r),
it should then be possible to know something about the magnetic field along the
line-of-sight. However, due to the random character of the magnetic field in the
cluster, eq.(B.3.4) is not analytically solvable [28], and one usually takes an average
of the field to determine the power spectra. This is by far an oversimplification of the
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problem and other more complex methods are proposed such as Fourier transforming
the RM1.

Mathematical description of polarisation

The state of polarisation is given by the Stokes parameters (S0, S1, S2, S3) = (I,Q, U, V )
that can be defined as:

S0 = 2I0

S1 = 2(I1 − I0)
S2 = 2(I2 − I0)
S3 = 2(I3 − I0)

(B.3.5)

S0 is irradiance and S1, S2, S3 specify the state of polarisation. To determine
experimentally the state of polarisation of an arbitrary beam of electromagnetic
radiation, four sets of experiments need to be carried out providing us with infor-
mation about the intensity of the beam: i) & ii) the degree of plane polarisation
with respect to two arbitrary orthogonal axes, iii) the degree of plane polarisation
with respect to a set of axes oriented at 45◦ to the right of the previous one and iv)
the degree of circular polarisation. In optics, we can measure the polarisation by
measuring the radiation transmitted when applying one of the four different filters:
isotropic, linear polariser on the 1st and 3rd quadrant and circular polariser to the
incoming light, giving us Ii with i = 0, 1, 2, 3, respectively.

We define monochromatic radiation:

Ex(t) = E0x(t) cos
[
(k̄z − ω̄t)

]
Ey(t) = E0y(t) cos

[
(k̄z − ω̄t)

] (B.3.6)

where k̄ and ω̄ correspond to the average of the values associated with the wave
spectrum. When we have a detector, the measured value will be an average over
time. In this way, Stokes parameters can written as

I = S0 = 〈E2
0x〉+

〈
E2

0y

〉
=
√
Q2 + U2 + V 2

Q = S1 = 〈E2
0x〉 −

〈
E2

0y

〉
= I cos 2β cos 2θ

U = S2 = 〈2E0xE0y cos ε〉 = I cos 2β sin 2θ
V = S3 = 〈2E0xE0y sin ε〉 = I sin 2β

(B.3.7)

If we normalise it, we can represent natural light as (I,Q, U, V ) = (1, 0, 0, 0) and
we will do so from now on. β is the angle whose tangent is the ratio of the two axes
of the polarised ellipse and in the case of circular polarisation β = nπ

4
, n = 1, 2, ...

which makes V =
√

2I and when we have linear polarisation β = nπ, n = 0, 1, ...
leading to V = 0.

1For such studies one can read for example, Enßlin & Vogt [16].
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Inverse Comption scattering

The Inverse Compton scattering, is of course, the inverse of the Compton scatter-
ing. In Compton scattering, we study the physics of high energy photons’ transfer of
energy and momentum to non-relativistic electrons. This makes the photon’s wave-
length increase. In Inverse Compton scattering, we study the case of relativistic
electrons colliding with low-energy photons. After the collision, energy is trans-
ferred from the electron to the photon. Relating this with our problem, we have
that the photons are emitted in the radio-band from synchrotron emission, when
the magnetic field accelerates the CR electrons. These electrons will then collide
with the same emitted photons. From this scattering, the photons will gain energy
up to the X-ray-band.

We can make an estimation on the magnetic field strength, relating the energy
emitted by synchrotron radiation and the inverse Compton effect by the same elec-
tron distribution: (

dE
dt

)
|sync(

dE
dt

)
|ic

=
B2

2µ0

1

Uε
(B.3.8)

where here B is the magnetic flux density in the source region and Uε is the
energy density of radiation.

B.4 Measuring the velocity for the gas

Sunyaev et al. [39], consider observing the gas motion of galaxy clusters via:

Doppler Broadening and Shifting of Emission Lines This technique
needs high-resolution the observations of the X-ray spectrum of galaxy clusters2.
It is expected that with such resolution it becomes possible to measure the Doppler
shift of the iron emission lines [38]:

∆λ ≈
0.124

m
∆θÅ (B.4.1)

where m is the spectral order and ∆θ is the half energy width of the source in
arcmin. The observed broadening is the sum of the spatial broadening (∆λ), the
thermal broadening of the ICM and any turbulent motions within that region. We
see a problem with this choice, it seems to be sensitive to the Doppler effect, with this
we mean that we can only measure the velocity of the gas that is transverse along
the line-of-sight. The resolution of today’s telescopes does not allow to measure
this velocity. Sanders et al. [38], try to do so. However, we can not trust their
results as they give their results lacking on precision and accuracy (their error-bars
are sometimes even larger than the given value).

2ALMA (Atacama Large millimeter array) can potentially give the high-resolution needed for
this task.
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SZ effect The SZ effect is the same as the inverse Compton scatter (app.
B.3), with the particularity that in this case, we have CMB photons colliding with
the hot gas in the ICM. After collision, these low energy photons are boosted to
higher frequencies, distorting the Planck blackbody spectrum. This distortion in
the spectrum is related to the measurement of y, the line-of-sight integral of the gas
pressure through the ICM:

∆T

T
= −2y

and

y =

∫ ∞
−∞

kBTe
mec2

σTnedl

with Te, me and ne being the electron temperature, mass and number density,
σT is the Thompson scattering cross section. From this effect we will have a total
temperature decrement, which is the sum of the thermal and the kinematic (SZ)
effect of the gas in the ICM. The first corresponds for the the inverse Compton
scattering of the CMB photons with the plasma, and can be proposed to be measured
with the spectral lines. The latter, corresponds to the turbulent motion of the
cluster. The scattering of CMB will suffer Doppler shift from the radial velocity of
the gas along the line-of-sight, and the shift in temperature is related with the fluid
velocity along the line-of-sight. Measuring the kinematic SZ, is below current limits
of detectability [39].
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Mathematical background

We take as reference, Arfken [2].

C.1 Spherical Coordinates

In spherical coordinates, we make use of the convention (r, θ, φ): r ∈ [0,∞[, θ ∈
[0, 2π] and φ ∈ [0, π]. In this way we can write the position vector as

r = r(cos θ sinφ, sin θ sinφ, cosφ) (C.1.1)

A unit vector can be defined in the general form by êi =

∂r
∂xi∣∣∣∣∣ ∂r
∂xi

∣∣∣∣∣
. In this way we

can write our unit vectors in spherical coordinates:

êr = (cos θ sinφ, sin θ sinφ, cosφ) (C.1.2)

êθ = (− sin θ, cos θ, 0) (C.1.3)

êφ = (cos θ cosφ, sin θ cosφ,− sinφ) (C.1.4)

It can easily be shown that the rate of change of the unit vectors can be written
in the following way where ẋ is just the time derivative of x:

˙̂er = θ̇ sinφêθ + φ̇êφ (C.1.5)
˙̂eθ = −θ̇ sinφêr − θ̇ cosφêφ (C.1.6)

˙̂eφ = −φ̇êr + θ̇ cosφêθ (C.1.7)

From (C.1.1) we can derive the velocity v = (vr, vθ, vφ) = dr
dt

= êrṙ + ˙̂err:

v = ṙêr + rθ̇ sinφêθ + rφ̇êφ = (C.1.8)
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In the same way we can derive the acceleration a = (ar, aθ, aφ) = dv
dt

= v̇rêr +

vr ˙̂er + v̇θêθ + vθ ˙̂eθ + v̇φêφ + vφ ˙̂eφ:

a =

(
v̇r −

(v2
θ + v2

φ)

r

)
êr + (C.1.9)(vrvθ

r
+ v̇θ + vφθ̇ cosφ

)
êθ + (C.1.10)(vrvφ

r
+ v̇φ − vθθ̇ cosφ

)
êφ (C.1.11)

The gradient can be written in the general form for any orthogonal coordinate

system ∇ = êi√
gii

∂
∂xi

and as the metric gij in spherical coordinates is

gij =

 1 0 0
0 r2 sin2 φ 0
0 0 r

 (C.1.12)

We can explicitly write the gradient in this coordinate system:

∇ = êr
∂

∂r
+

êθ
r sinφ

∂

∂θ
+
êφ
r

∂

∂φ
(C.1.13)

The divergence of a vector F = (Fr, Fθ, Fφ) is

∇ · F =
1

r2

∂

∂r

(
r2Fr

)
+

1

r sinφ

∂Fθ
∂θ

+
1

r sinφ

∂

∂φ
(sinφFφ) (C.1.14)

The curl in spherical coordinates, where F = (Fr, Fθ, Fφ) is

∇× F =
1

r sinφ

[
∂

∂φ
(sinφFθ)−

∂Fφ
∂θ

]
êr + (C.1.15)

1

r

[
∂

∂r
(rFφ)− ∂Fr

∂φ

]
êθ + (C.1.16)

1

r

[
1

sinφ

∂Fr
∂θ
− ∂

∂r
(rFθ)

]
êφ (C.1.17)

C.2 Divergence theorem∫
V

(∇ · F) dV =

∮
S

F · dS (C.2.1)

Physically, this theorem states that in the absence of the creation or destruction
of matter, the density within a region of space can change only by having it flow
into or away from the region through its boundary.
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Abbreviations

AGN active galactic nuclei

CBE collisionless Boltzmann equation

CC cool core clusters

CDM cold dark matter

CMB cosmic microwave background

CR cosmic ray

DF distribution function

FR Faraday rotation

FRM Faraday rotation measurement

FRW Friedmann–Robertson–Walker

HE Hydrostatic equilibrium

IC inverse Compton

ICM intra-cluster medium

LHS left-hand side

NCC non-cool core clusters

NFW Navarro-Frenk-White

RHS right-hand side

RM rotation measurement
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