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Ã =

(

1 − κ− γ1 −γ2

−γ2 1 − κ+ γ1

) 
�zL3 �

V	kLT�>=T
γ
6A8­:qkLTQ8;kLTCB�>	I?64U?T�K[EeyYT �&JLB�:q6A<?KL8 "

γ1 =
1

2

(

∂2Ψ

∂θ2
1

− ∂2Ψ

∂θ2
2

)

.

�z-0 �

γ2 =
∂2Ψ

∂θ1∂θ2


�zec �

¸7<�V VXTQ@(B�K[M]T��FKLTQ:qk]TOB���lLDA6A�F@(B�:q6A<?K���<�>	B�K�T�v&:qT�KLMLT(M`D9T(K]87��B�8;8 "

A = (detÃ)−1 =
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A± = 1 − κ± γ.
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1 +GM/2R

)
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GM
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(dx2 + dy2 + dz2)
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• r = R(1 +GM/2R)

• x = R sin θ cos Ψ

• y = R sin θ sin Ψ

• z = R cos θ
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ds2 = (1 + 2Ψ)dt2 − (1 − 2Ψ)(dx2 + dy2 + dz2)
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B�E�<?J]:�kL69I?k >;T(ML8;kL6A� :QIeB�D�B v269T�8oV|T�ML<�KL<�:QkFBCU?T�lL>=6A<?>�G-KL<�V	D9T�MLI?T�<?K V	kL69@HkxT�v&:=69KL@�:q69<�KxD9BCV
:=<�@HkL<&<?8;T�1W �KLTP8=<�D9J]:=69<?K�698W:=<�:=>;y :=<��L:oB�DAD G-KL<�V	K�T�v&:q6AKL@�:=69<?K�D9B�V	8	:q<�:qk]TPMLB�:HB�B�KLMN:qkLT�K
@HkLT�@HG V	kL69@Hk��L:7698­:=kLTQE�T�8;:(1

��T�:7JL8	@(<�KL8=6AMLT(>W:qk]>=T(TQ@�<?����<?KYT v2:=69KL@�:q6A<?K�D�BCV	8 "
3�1�uS��lL69>;69@(B�D �QB�D9B�@�:=69@�T v2:=69KL@�:q6A<?KYD�BCV �FlFB�>=B���T�:q>;6���T(MYEey[�­B�>=M]T(D9DA6�T�:oB�D 1�
}3�b?�?b �

A(λ) = E(B − V )[Rva(x) + b(x)] = Aa(x) +
1

Rv
b(x)
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• Rv
698�:=kLT�>=B�:q6A<¬<��^:=<�:HB�D	:=<#8=T�D9T�@�:q64U?T�T v&:q69K]@�:q6A<?K�6AK§:qk]T � EFB�KLM �W6 1{T�1

Rv =
A(V )/E(B − V )

�2V	kLT(>;T�u�
 �%m � �
�
� 
 � �~m~� 
 � �

• a(x)
�
b(x)

B�>=T^l�<?DAy&KL<?��6�B�D98

• x = λ−1

0&1���6AKLTCB�>XT�v&:q6AKL@�:=69<?K�D�BCV
��6AKLTCB�>PT�v&:=69KL@�:q69<�K#D�BCV 698O@HkFB�>=B�@�:=T(>=6A8;:=69@���<?>P:qkLT�T�v&:q6AKL@�:=69<?K«69K«:=kLT�Z2��B�D9D|®`B�I?T(DAD�B�K
�XDA<?JLM 
 Z]®�� � "

A(λ) = A(V )

(

λ

5500Ȧ

)−1

.

)s23 �

c21�R�<�VXT�>�D9B�V
R�<�VXT�>�D9B�V 698	B�KNT v&:qT(K]MLT(M�DA69KLT(B�>­D9B�V "

A(λ) = A(V )

(

λ

5500Ȧ

)−α

.

)s?0 �

�~KN<?>=M]T(>W:q<��L:	:qk]TPMLB�:HB�l�<?69Ke:q8­:=<�:=kLTQI?6AU�T(KNT�v&:q6AKL@�:=69<?K�D9B�V <?KLTQ8;kL<?JLDAMN��<?DAD9<�V :qk]TOlL>;<2@�T�m
MLJ]>=T "

• Z2kL6A� :�:qkLT­VXBCU?T�D9T(K]I�:qk�<��.:qkLTW��TCB�8=JL>;T(M�EFB�KLM�:=<�:qkLTW>;T(8;:S��>=B���TX<��.:qk]TWD9T(K]8=69K]I^IeB�D�B�v2y!"

λj =
λ0

j

(1 + zl)
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λ0

j

698P:qkLTY<�EL8=T�>;U?T�M VXBCU?T�D9T(K]I�:qk 69K ��EFB�KLM B�KLM
zl
698±>;T(ML8;kL6A� :±<��	:qkLT DAT(KL8;69KLI

I?B�D�B v&y
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• �L:	:qkLT^��JLKL@�:q6A<?K[Eey�8;JLEL8;:=6A:=J]:q6AKLI
Adiff(V )

V	6A:qk
A(V )

6AKNT �-JFB�:q6A<?K[h?b�V	k]T(>=T
A(λ)

6A8
<�KLT^<���:qkLT^:qk]>=T(TPT�v&:=69KL@�:q69<�KYD�BCV	8	MLT(8;@(>=6AE�T�M[Eey�T �&JLB�:q6A<?K[s�a �.s23 �.s?021

�WMLML64:q6A<?KFB�DADAy �WV|T¬8;kL<?JLDAM G�T(T�l�69K���69KLM :qkLB�:Y:qkLTx8=l�T(@�:q>=B B�>;T¬B�D98=< B���T(@�:qT�M Eey ��64m
@�>=<?DAT(KL8;69KLI 
¥8=T�T�Z2T�@�:q6A<?K#c21tz � ��E�T(@CB�JL8=T <��WML6A��T(>;T(Ke:�B�lLlFB�>;T(Ke:�8=6 �(T�<�� �-JFB�8=B�>=8±6AK«ML64��T�>=T�K-:
VXBCU?T(DAT(KLI�k-:��X��69@�>=<?DAT(KL8;69KLI�@HkLB�KLI?TY:qk]TY8=l�T(@�:=>=JL��� ��B�I�KL6A� y&69K]I`:qkL6A8±V­BCU�T(D9T�KLI?ke:�69K+V	kL6A@Hk
B��-JFB�8qB�>O6A8Q:=kLT�8;��B�D9D9T�8;:�
�8=T(T�Z2T�@�:q6A<?K 3�0 ��1��~K«<?>;MLT(>Q:q<N��B�G�T�lL>=<?l�T(>P@(<�>=>=T�@�:=69<?K ��<?>^:qkLT
��69@�>=<?DAT(KL8;69KLI�T���T(@�:�<?KLT�kFB�8O:=<�@CB�D9@(J]D�B�:=T�:=kLT >qB :q69<N<��W:=kLT 8=l�T(@�:q>=B�D|DA69KLT�T(��698;8=6A<?K¬:=<`:qkLT
:=<�:HB�D�T(��698=8;69<?KY6AK�TCB�@HkNEFB�KLM�1

jWkLTQT�v&:=69KL@�:q69<�KNK]<�V kFB�8W��<?>;� "

(mB −mA)(λj) = A(λj) + ∆m̂ + srj

)s�z �

V	kLT�>=T$"

• s
698	B���69@�>=<?DAT(KL8;69KLI±lLB�>qB���T�:=T(> �

• rj
698	B���TCB�8;JL>=T�M[>=B�:q6A<�<��w8;l�T�@�:=>qB�D�DA69KLT�T���6A8=8;69<?KY:q<�:=<�:HB�D�T(��698=8;69<?KY6AK�EFB�KLM ��1

¸�<�Vg:qkLT�<?KLD4y«:=kL69KLI DAT�� :�698±:=<¬@Hk]T(@HG#V	kL6A@Hk§�L:�6A8�@�<?>=>;T(@�:���<�>�I?6AU�T(K MFB�:HB21+j�<xML< 6A:
<?K]T±�±JL8�:QT(8;:=69��B�:qTO:qkLT�T�>=>=<�>�<��%:qkLT�lLB�>qB���T�:=T(>;8^<��%:qkLT±�L:;:qT�MxT v&:q69K]@�:q6A<?K�@�JL>;U�T(8(1� �KLT�<��
:=kLT���T�:=kL<2M]8���<?>7T(8�:q69��B�:=69KLI�:qkLTOT(>;>=<?>;8o698�JL8=6AKLIY®N<?Ke:qT��­B�>;D9<�8=69��JLD�B�:=69<?K�1­�n:�6A8oEFB�8;T(M�<�K
:=kLT[I�T(KLT�>qB�:=69<?K <�����B�Key B�>�:q64�F@(69B�D­MFB�:qBxl�<?6AK-:=8�V	64:qk§B«�QB�JL8;8=69B�K§M]698;:=>=6AELJ]:q6A<?K EFB�8;T(M <�K
>;TCB�D�MLB�:HB ��V	kL69@Hk¬B�>=T±:=kLT(K �L:^:=<�6A:�:=kLT�T�v&:q6AKL@�:=69<?K D9BCV	8(1±jWkFB :^�L:Q698�@�<?>=>;T(@�:O64�S:qkLT��L:;:qT�M
lFB�>qB���T�:=T(>=8	B�D98=<���<?DAD9<�V B��PB�J]8=8=69B�K�ML698�:q>;69ELJ]:=69<?K�1

jWkLT�>=T^kFBCU?TQE�T(T�KN8;T�U�T(>qB�D�8;:qJ]ML69T�8WEFB�8=T�M�<?K :qkL6A8X:qk]T(<?>�y �L<?K]T^<���:qkLT�� �&:qkLT^8;JL>;U�T�yY<�� 3�a
I?>=BCU264:HB�:=69<?KLB�D9D4y D9T�KL8=6AKLIYIeB�D9B v269T�8oEey uSD��9B�8=M ��:=:=69>7T�:PB�D)1 
)0�a?a?h � 1QjWkFB�:Q8=J]>;U?T�y JL8;T(MxMFB�:HB <��
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a]1ia�z�mH3?1ta]3	<?E]:qB�69K]T(M�Eey �^�&j 69K�<?l]:=69@CB�D.B�KLM KLT(B�> 69K]��>=B�>=T�M�EFB�KLML8(1

�78=69K]I �-JFB�8qB�>	69��B�I?T�8WuSD��9B�8=M���:=:q6A>XT�:oB�D 1�
)0�a?a?h �XT�v2lLD9<�>=T(M�:qk]TPT���T�@�:=87<���T�v&:=69KL@�:q69<�K 1
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:=<�Eey

A(V ) = 0.56± 0.04
B�KLM >=B�:q6A<O<���:q<�:qB�DF:q<�8;T(DAT(@�:=6AU�ToT�v&:=69KL@�:q69<�K

Rv = 2.8± 0.4
V	kL69@Hk
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z = 3.6
)_�<?kLKL8�:q<?K�T�:YB�D 1­0�a?a?c � 1£jWkL698Y8�y28�:qT�� @(<?Ke:qB�69KL8 :=kLT�:~V|< �-JFB�8qB�>Y6A��B�I�T(8�
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B�DA69I?K]T(MN<?K`:qk]T±<?lLl�<?8=64:qTO8=69M]T�<��S:=kLT�DAT(KL8;69KLI�IeB�D�B�v2y[B�:�:qkLTO>=T�ML8=kL64� :
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• ε = 0.4 ± 0.1

• θε = 4◦ ± 4◦
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• ȧ(t0)/a(t0) = H0
6A8	B�57JLELELDATQ@(<?KL8�:HB�Ke:

• t0/t1 = L
698	B�lLkey&8=6A@CB�D�M]698;:qB�KL@�T

¹w6AKFB�D9D4y�VXT^l]J]:W:qkLToD�B�8�:­:~VX<�T �&JLB�:q6A<?KL8W69Ke:=<±T��-JFB�:=69<?K 3Ca]3QB�KLM :=kLTQ5�JLE]ELD9T^D9B�V�@(B�K�E�T
V	>;6A:qT^M]<�V	KN69KY:=kLT^��<?>=� "

z ≈ υ ≈ H0L

}3�ae0 �

¹F>=<��gT �&JLB�:q6A<?K 3�ae0OV|TO8;T(T^:qkFB :W:qkLTQ57JLELELDATP@�<?KL8�:HB�Ke:7698­M]69��T(KL8;69<?KFB�D�lFB�>=B���T�:qT�>X:qkLB�:	MLT�m
8;@(>=6AE�T�8w:qk]T­@(JL>;>=T�K-:%T v2lFB�KL8;69<?K�>=B�:qT|<��.:qkLTW�7KL6AU�T(>;8=T�1wjWkLT� ia  �6AK�:qkLT­5�JLELE]D9T­@�<?KL8;:qB�Ke:%>=T���T(>=8
:=<N:=kLT�lL>;T(8;T(Ke:±T�l�<&@Hk 1�jWkLT�M]69��T(KL8;69<?K <��

H0
698Q:qkLT�69KeU?T�>=8;T�<��­:=69��T�ELJ]:O@(<?KeU?T�Ke:q69<�KFB�D9D4y

V|ToT v]l]>=T(8;8W6A:XB�8
kms−1Mpc−1 1wjWkLT^5�J]ELELD9T�@(<?K]8;:HB�K-:X698|E�T�D969T�U?T�M�:q<�D969T	8;<?��T�V	kLT(>;T�69K�:qkLT

>=B�KLI?TPf�a�m�s�a
kms−1Mpc−1 ELJ]:	:qk]TP8;l�T�@(64�F@^U�B�D9JLT^6A8WJLKL@(T�>;:qB�69K 1

s?f



� � �Y� � �­� �Y� ��
 � � � ��
O

� � 	(��� � �Y� � � � � 
�� �X�O�N
 � 
P���

jWkLT�>=TOB�>=T�:~V|<���B�6AKY��T�:qkL<&ML8­��<?>W<?E2:HB�6AKL69KLI�57JLELELDAT^@(<?K]8;:HB�K-:��.8=<�@CB�DAD9T(MY8�:HB�K]MFB�>=MN@CB�KLMLD9T
B�K]M¬lLkey&8=6A@CB�D ��:qkLT�I?>=B�U&64:HB�:=69<?KFB�DwD9T�KL8=6AKLI�E�T�D9<?K]I?8�:q<�:qkLT�8;T(@(<�KLM#I?>;<?JLl 1�5�T�>=T�VXT�lL>;T(8=T�Ke:
:=kLT^��T�V���T�:=kL<&ML8­��<?>W<?E]:qB�69K]69KLI±:=kLTQ5�JLE]ELD9TQ@(<�KL8;:qB�Ke:�J]8=T(M[EeyNB�8;:=>=<?KL<���T�>=8(1

 ���¨F����¨L� � �?¨F����¤�$ ª«$e��,�� � ¹F>=<��¯MLT��LKL6A:=69<?K[<���:qk]T±5�J]ELELD9TP@(<�KL8;:qB�Ke:oV|T±G-KL<�V�:=kFB�:
kFBCU&69K]I >=T(M]8=kL64� : 
 � ��B�KLM£ML698�:HB�KL@�T 
¥M �[��<?>`K&J]�±E�T�> <���IeB�D�B�v]6AT(8[<?KLT @CB�K£T�8;:q6A��B :qT

H0
1

(�kLT�>=T(B�8Q>=T(M]8=kL64� :O@(B�K E�T���TCB�8;JL>=T�MxV	64:qk U?T�>;y I?<&<&M B�@(@�JL>qB�@�y ��ML698�:HB�K]@(T�8=J]��T(>;8Q<��X��B�Key
G-69K]ML8S<���D�B�>;I?TXT�>=>;<?>=8�1S\oT(l�T(K]ML69KLIQ<?K�V	kL6A@Hk���T�:qkL<&M±VXT	JL8;T­VXT	@(B�K�<?E]:HB�69K�ML64��T�>=T(Ke:�U�B�DAJLT(8
<��wB�ML698�:HB�K]@(TPB�KLM��-JL6A:=TQML6A��T(>;T(Ke:	U�B�D9JLT�8W<��

H0
1

jWkLT�>=T B�>=T���T�V 8�:HB�K]MFB�>=Mx@CB�KLMLD9T���T�:qk]<2ML8PB�DAD�<��|:qkLT��r>=T(D9BCy <?K :qkLT�lLkey&8=69@(B�D%>=T�D�B�:=69<?K
E�T�:~V|T(T�K B���TCB�8;JL>qB�E]D9TQlFB�>=B���T�:qT�>oB�K]M[:qk]T(69>7B�E]8=<?DAJ]:qTP��B�I?KL6A:=JLMLT�1��^KL<�V	69KLI�:qkLTP>=T�D�B�:=69<?K
<?K]T�@CB�K @CB�DA@(JLD9B�:qT�B�K B�EL8;<?D9J2:qT���B�I?K]6A:qJ]MLT�<�� B�K�<?E��;T�@�:QB�K]M�V	kFB�:���<?DAD9<�V	8�B�ML698�:HB�K]@(T�1^�
ML6A8;:qB�KL@(T^@(B�KNE�TQ@CB�D9@(J]D�B�:=T(MY��>=<?� :qkLTQT �&JLB�:q6A<?K "

m−M = 5 log d− 5

}3�a?c �

V	kLT�>=T$"
m
698	B�K[B�lLlLB�>=T�K-:7��B�I?KL64:qJLM]T �

M
698	B�K`B�E]8=<?DAJ]:qT^��B�I?KL64:qJLM]T^B�KLM

L
6A8	B�M]698;:qB�KL@�T

5�T�>=TPB�>;TPT v2lLD�B�6AKLT(MY:=kLT^��<?JL>W��B�69KY8�:HB�KLMLB�>=MN@CB�K]MLD9T^��T�:=kL<2M]8 "

• �XT(lLkLT�69ML8 
 ®`B�ML<?>=T � ¹F>=T(T�ML��B�K�3�b?b23 � "P:qkLT�8;:HB�>=8�l]JLD98=B�:q6AKLINV	64:qkx:qkLT�l�T�>=69<&M«@�<?>�m
>;T(D9B�:qT�M«V	6A:=k#:qkLT�69>±B�EL8=<?DAJ]:qT���B�I�KL6A:=JLMLT ��:qk-JL8��%��TCB�8;JL>=6AKLI`:=kLT l�T(>=6A<2M«<?KLT @(B�K+I?T�:
B�EL8=<?DAJ]:qT^��B�I?K]6A:qJ]MLT^B�KLMN@CB�D9@(J]D�B�:=To:qkLTQML6A8;:qB�KL@(T^:=<�:=kLTQ<?E��;T�@�:C1

• Z2JLl�T(>=K]<�U�B�Tx3�B :~y2l�T 
¥RSkL69DAD969l]8±T�: B�D 1W3�b��es � "�:qk]T[>;T(8=J]DA:q8���>=<?�²T�v2lLD9<�8=69<�K <���V	kL6A:=T
M2V­B�>�� ��:qk]T­��B�v]6A�±JL�£D9J]��6AKL<?8=64:~y^MLJL>;69KLIoT�v2lLD9<�8=69<�K±698�@�<?>=>;T(D9B�:qT�M�V	6A:=k�B�EL8=<�D9J]:=TX��B�I�m
K]6A:qJ]MLT�1

• �PB�D9B v269T�8 "
¦ Z2lL69>=B�D�IeB�D9B v269T(8 
�j�JLDADAy�� ¹�698=k]T(>P3�bes?s � "XkLT�>=TP:qkLTOlLkey28;69@(B�D�>;T(D9B�:q6A<?K�6987E�T�:~VXT�T(K
:qkLTQ:q<�:qB�D DAJL��6AKL<?8;6A:~y�<��w8;lL69>=B�D�IeB�D9B v269T�8WB�KLM�:qkLT�69>	��B v269�±JL� >=<�:HB�:=69<?KYU?T�D9<&@(64:~y �
6A:	698W@(B�D9DAT(MYj�JLD9D4yem}¹w6A8=kLT�>­>=T�D�B�:=69<?K 1

¦ u%DAD96Al]:q6A@CB�D�IeB�D9B v269T�8 
)\�>=T(8;8=DAT(>^T�:PB�D 1�3�b?�es � "7:=kLT�>=T�D�B�:=69<?K`698oE�T�:~V|T(T�K¬:=kLT�8;:=T(D9D9B�>
U?T(DA<2@�6A:=69T(8�ML6A8=l�T(>=8;69<?K�B�KLM :=kLT`6AK-:=>=6AKL8=6A@[DAJL��6AKL<?8;6A:~y?1 jWk]698 IeB�D�B v269T�8�<2@�@(JLley B
����JLKLMFB���T�K-:qB�D]l]D�B�KLT �|V	kLT(>;TW:qkLTW8;6��(TW<���B�I?B�D�B v&yO698�@�<?>=>;T(D9B�:qT�M±V	6A:qk�:=kLTW8=JL>��¥B�@(T
EL>=6AI?ke:qKLT�8=87B�KLM�:qkLT^U�T(D9<&@(64:~y ML6A8=l�T(>;8=69<�K 1

• Z2JL>;�¥B�@(T �X>;69I?ke:qK]T(8=8	¹�D9JL@�:qJFB�:=69<?K]8 
 Z��­¹��|��T�:=kL<2M 
)Z2@HkLT�@Hk-:=T(>P3�bes�h ��°�:qkLT^>;T(8;<?D9J]:=69<?K
<��|8�:HB�>;8Q69K IeB�D9B v269T�8�698�M]698;:qB�KL@�T�M]T(l�T(KLMLT�M 1 �|y K]<?>=��B�D96 �(6AKLI�:=kLT���T(B�K�pFJ2v�VXT�@CB�K
I�T�:	>=T�D�B�:=6AU�T^ML698�:HB�KL@�T^:q<�IeB�D9B v269T(8�1

s�h



�O,�/�'C�¥�?¨F¤|ª«$e��,�� �
jWkLTPB�D4:qT(>;KFB�:=6AU?T^<���:=kLTOZ&:HB�K]MFB�>=M`�­B�KLM]D9T^��T�:qk]<2ML87B�>;T^8=<�@CB�DAD9T�MYlLkey28;69@(B�D���T�:qkL<&ML8(1
 �KLTN<���:qk]T[lLkey&8=6A@CB�D7��T�:qk]<2ML8�698�EFB�8;T(M�<�K �W® �·<�EL8=T�>;U�B�:q6A<?KL8 
 ®Ny�T(>;8`3�b?b?s ��1�jWk]T

kL<�:�@�D9JL8�:qT�>7I?B�8��X<���l]:=<?KN8=@CB :=:qT�>=8	:qkLTP@(<�8=��69@^��69@(>;<�V­BCU?TPEFB�@HG-I?>;<?JLKLM 
 �W® � �W>qB�ML6�B�:=69<?K�1
jWkL6A8O8;@CB�:;:qT�>=69K]I ��@(B�D9DAT(M :qkLT�Z2JLKey?B�T�Uem���T�D9ML<�U&69@Hk«T���T(@�: 
 Z�� u � ��6A8Q��T(B�8=JL>=B�ELDAT�J]8=69K]I`>qB�ML69<
:=T(D9T�8=@�<?l�T�8(1 jWkLT`�W® � kFB�8�B�:qT(��l�T(>qB :qJL>;TN<��^021is�c � V	k]69@Hk l�T(B�G-8�B :�B�VXBCU?T(DAT(KLI�:qk <��
B�>;<?JLKLM+3����N1� �EL8;T(>�U�B :q69<�KL8QB�:^@�T(Ke:q6A��T�:qT(>�V­BCU?T�D9T�KLI�:qk]8O8;T(T±:qk]T�Z�� u B�8�B�>;T(MLJ]@�:q6A<?K 69K
:=kLTQEL>=6AI?ke:qKLT�8=8	:q<�V­B�>=M[:=kLTQ@(DAJL8;:=T(>���B�8W:=kLTOl]kL<�:q<�KL87B�>=TQ8=@(B�:=:=T(>;T(M�JLleVXB�>=M[69K�T(K]T(>=I�y?1XjWk]T
<?E]8=T(>�U?T�M�MLT(@�>=T���T�K-:�698	lL>;<?l�<?>;:=69<?KFB�D�:q<�:qk]TO6AK-:=T(I?>=B�:qT�M�T(D9T�@�:=>=<?K[MLT(KL8;6A:~yNB�DA<?KLI±:=kLTODA69KLT^<��
8;69I?ke:W:qk]>=<?JLI�k�:=kLTQ@(DAJL8;:=T(>(1

jWkLT�Z�� uxMLT(l�T(KLM]8|DA69KLT(B�>=D4yO<�K�:=kLT	IeB�8SMLT�KL8=64:~y �&B�KLM�V	64:qk�B^ML6A��T(>;T(Ke:%l�<�V|T(>%<��
H0
�?:qkFB�K

:=kLT ��mn>qBCy±T���6A8=8=6A<?K �?8;<^:qkLTW:~V|< �-JFB�Ke:=6A:q6AT(8w:=<?I?T�:qkLT�>%V	6AD9D-y&69T(DAM�B^��T(B�8=JL>;T	<���E�<�:=k�:qkLTW��B�8=8
B�K]M�:=kLTQB�KLI�JLD�B�>|ML6�B���T�:qT(>XML698�:HB�KL@�T 
)B�K]M�:=k-JL8W:qkLTQ57JLELELDAT^@(<?KL8�:HB�Ke: �X6A��:qkLT^@�D9JL8�:qT�>7M]T(l]:=k
6A8­:qkLTQ8qB���TQB�8W:=kLTQ<?EL8=T�>;U�T(M�B�KLI?JLD9B�>­ML69B���T�:qT�>(1

jWkLT�<�:=kLT(>^lLkey&8=6A@CB�DS��T�:=kL<&ML8^698�ELB�8=T�M¬<?K :=kLT±:q6A��T±M]T(D�BCy`<��­B I�>qBCU&6A:HB :q69<�KFB�D9D4y�D9T�KL8=T�M
�-JFB�8=B�>(1w¹F>=<?� :=kLT MLT��FK]6A:q6A<?KP<��]:=kLTX57JLELELDAT|@�<?KL8�:HB�Ke: � 
¥T �&JLB�:q6A<?K�f ��B�K]MO��>=<�� :qkLT MLT��FKL6A:=69<?K
<���:qk]TPI�>qBCU&6A:HB :q69<�KFB�D.:q69��T�MLT�D�BCy � 
�T��-JFB�:=69<?K[f�c �X<?KLTQ@CB�KNI?T�:�"

H0 =
(1 + zl)

∆τ

D̃LOD̃SO

D̃LS

{

1

2
(θ1 − β)2 − 1

2
(θ2 − β)2 − ψ(θ1) + ψ(θ2)

} 
}3�a�z �

V	kLT�>=T$"
D̃ = D/RmH

1

j�B�ELDAT�3Cb�"XjWkLT�B�I?TP<��w:=kLT±�7KL6AU�T(>;8=T
t0
69K`�^y&>	��<?>	U�B�>=69<�JL8WU�B�D9JLT�8�<���:qkLTO5�J]ELELD9TP@(<�KL8;:qB�Ke:

H0
�L:=kLT^��T(B�KN��B�:;:qT�>­MLT(K]8=6A:~y

ΩΛ
B�K]MN@�<?8=��<?DA<?I?69@(B�D�@(<?KL8�:HB�Ke:

Ωm

H0 Ωm ΩΛ t0(Gyr)f�a 3 a 3Cc
f�a a]1ic a 3�f21i�
f�a a]1ic a]1is 3C�]1i�
h?a 3 a 3Ca]1ib
h?a a]1ic a 3Cc]1 0
h?a a]1ic a]1is 3�f21 s
s�a 3 a b21ic
s�a a]1ic a 3�3?1ic
s�a a]1ic a]1is 3Cc]1 f

s?s



� �¬�	��
�	�� � � �Y�W� �	�

¹w6A>=8�: �	D9T�:YJL8NB�8=8;JL��T�:qkFB�: D9T(K]8YkFB�8�B+8=lLk]T(>=6A@CB�DADAy§8;y&����T�:q>=6A@���T�:q>;69@ 
�:qk]698Y8=64:qJFB :q69<�K�698
8;kL<�VXT�M«<?K :qk]T�¹w69I?J]>=T±z-0 ��1±�78=6AKLIY:qkL6A8^��T�:q>=6A@±69K�:=kLT�uS69KL8�:qT�69K T��-JFB�:=69<?K <?K]T�@CB�K <?E]:qB�69K
Z2@HkeVXB�> ��8=@HkL6AD9M���T�:=>=69@ ��V	kL6A@Hk±698�BoMLT�8=@�>=69l2:q69<�K�<��.8;lLkLT(>;69@(B�D9D4yQ8;y&����T�:=>=6A@|I?>=BCU264:HB�:=69<?KLB�D��FT�D9M 1

¹w69I?J]>=T�z-0 "%\oT�pFT�@�:=T(M�DA69I?ke:WE�TCB��·B�KLMNI?T(<&MLT�8=69@QDA69KLT�8­<���8=lFB�@�TP:=69��T�KLT(B�>	��B�8;8=64U?TQ<?E��;T�@�:

RS>=<&@(T�MLJL>=TQ:q<�<?E2:HB�6AK�B�K[T �-JFB�:q6A<?KY��<?>WD96AI?ke:WMLT�pFT(@�:q69<�K[6A8­��<?D9DA<�V	6AKLI�"
 ��,�
±¨L���-'C� ,��¥¤¥� ª«$e��� �¥� 6AK�lLD�B�K]T^kFB�87B±��<?>=� "

ds2 = (1 − 2MG

r
)dt2 − (1 − 2MG

r
)−1dr2 − r2dφ2 
}3�aef �

V	k]T(>=T$"
r, φ

B�>;T78;lFB�@�T7U�B�>;6�B�ELDAT(8 �
t
6A8|B^:q6A��T|U�B�>=6�B�ELD9T �

M
6A8%BP��B�8=8%<�� B^MLT�pFT�@�:=<?>XB�KLM

��698­:qk]TPI�>qBCU&6A:HB :q69<�KFB�D�@(<?KL8�:HB�Ke:(1

� ����¨]���¥����'����7ª«�F������� � j�<P<?E]:qB�69K�lFB�:=k�<���DA69I?ke:S6AK�:=kLT�Z2@HkeV­B�> �(8;@HkL69DAM ��T�:q>;69@XV|T7JL8=T	:qkLT
T �-JFB�:q6A<?K�<��wB���<�:=69<?K "

d

dt

∂

∂p
F = 0


}3�a?h �

V	k]T(>=T
p
698	B±U�B�>;6�B�ELDAT^B�KLM

F
6A8	B���J]KL@�:=69<?KFB�D I?6AU�T(K�Eey�T��-JFB�:=69<?K'"

F =
ds2

dλ2
= (1 − 2MG

r
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ṙ = dr

dτ

B�K]M
φ̇ = dφ

dτ


¥k]T(>=TQV|T�JL8;T(M`:=kLT���B�:qk]T(��B�:q6A@CB�D�:q>=6A@HG "|V|T�@CB�K
K]<�:^ML64U26AMLT±T �&JLB�:q6A<?K+3�h Eey

dτ
E�T(@CB�JL8=T±��<?>�:qkLT�DA69I?ke:

dτ = 0
� 8;<N6AKL8;:=TCB�M�V|T�ML6AU&6AMLT

s��



64:7E-yY�¥B�@�:q<�>
dτ/dλ

� 1	 �KLT�@(B�K`T(B�8=6ADAyY8;T(TP:qkFB�:7��JLKL@�:q6A<?KFB�D�¹ 698 �;JL8;:oB Z2@HkeVXB�> ��8=@HkL6AD9M
��T�:=>=6A@�ML64U26AMLT(M`E-y

dτ/dλ
1P¸�<�V�VXT�lLJ2:P¹ ����>;<?� :qkLT�T �&JLB�:q6A<?K+3�aes ��:q<YT �&JLB�:q6A<?K <��

��<�:=69<?K�3Ca?h �FB�K]MNV|TQI?T�: "
d

dλ

∂

∂φ̇
(
ds

dλ
)2 = 0


}3�a?� �

d

dλ

∂

∂ṫ
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ṙ
=
dφ

dr
=
J

r2

1
√

1 − J2

r2 (1 − 2MG
r

)
.


}3?3�0 �

¹F>;<?�·E�<?JLKLMLB�>;y�@(<?KLM]6A:q6A<?K "
rmin = r ⇒ dr

dφ
= 0

VXTQI?T�:�"

J =
rmin

√

1 − 2MG
rmin

.

}3?3�c �

j�<�8=6A��lLDA6A� y�@CB�D9@(J]D�B�:=69<?K�V|TQ:HB�G�TPK]T�V�U�B�>;6�B�ELDAT "

x =
rmin

r
.


}3?3Cz �

(¬T^lLJ]:	:=kL698­U�B�>;6�B�ELDATo:q<�T �&JLB�:q6A<?K¬3�3�0 �2V|TP69Ke:qT�I?>qB�:=T^6A:7B�K]M�V|TPI?T�: "

φmin − φinfty =
∫ 1

0

dx
√

1 − x2 − 2GM
rmin

(1 − x3)
.


}3?3�f �

jWk]T±T��-JFB�:=69<?K+3�3�f�698oB���JLDAD�MLT�8=@�>=69l2:q69<�K <�� B�D96AI?ke:olLB�:qk 6AK B 8=lLk]T(>=6A@CB�DADAy�8�y2����T�:q>;69@
I�>qBCU&6A:HB :q69<�KFB�D.�FT(DAM���<�>	B�K`B�>=EL64:q>qB�>;y�ML698�:HB�KL@�T^��>=<?�·B�M]T�pFT�@�:q<�>(1

s�b



� � � � � �|� � 
 ��� 	�� � 
Q�
	��O�

��T(K]8=69K]I±@HkFB�KLI�T(8WB�DA8=<�B�KYB�lLlLB�>=T�K-:­D9JL��69KL<�8=6A:~y±<���BODAT(KL8;T(MY<?E��;T�@�:	B�8­B�@�<?KL8=T �-JLT(KL@�TQ<���:qkLT
ML6A8;:=<?>;:=69<?K 
�8=T�T�@HkLB�l]:qT�>O021 f&1 0 � ��B�DA:=kL<?JLI�k`:qkLT�>;TCB�D�8;JL>;�¥B�@(T�EL>=6AI?ke:qKLT�8=8^6A8^KL<�:Q@HkFB�K]I?69KLIYEey
DAT(KL8;69KLI�T���T�@�:C1 j�<�M]T(8=@�>=6AE�T^:qk]698WEL>;69I?ke:qK]T(8=87@(<�KL8=T�>;U�B�:q6A<?KYVXTPkFBCU?TQ:q<�MLT��FKLT^��<?DAD9<�V	69KLI�"
 ��� �n¨L�?$�µ�� ��!�,�����$2'('

I(ν)
°[:qkLT±pFJ&v <��|T(KLT�>=I�y �

E
��<��%:qk]T�I�6AU?T�K ��>=T��-JLT�KL@�y �

ν
��@(>=<�8=8=6AKLI

B�K�JLK]6A: B�>;TCB �
dA
�-l�T(>;l�T�KLML69@�JLD�B�>�:q<Q:qkLT	ML6A>=T(@�:q6A<?K�<�� lL>;<?lFB�I?B�:q6A<?K �?l�T(>%JLKL64:%:q69��T �

dt
�

l�T(>WJ]KL6A:	8;<?D96AM�B�KLI?DAT �
dΩ
�Fl�T(>WJLK]6A:W��>=T �-JLT(KL@�yN69Ke:qT�>;U�B�D �

dν
"

I(ν) =
dE

dtdAdΩdν


}3?3�h �

�O,�¨L'($ �H' � ¨F�?$ ��$&��'C� � /
f(~x, ~p, t)

°x:qkLTYK-JL�±E�T(>�<��7lLk]<�:q<?K]8��
N
�%69K B I?64U?T(K lLkLB�8=T m~8=lLB�@(T

U�<?D9J]��T �
d3~xd3~p

"

f(~x, ~p, t) =
dN

d3~xd3~p


}3?3�s �

G-KL<�V	6AKLI�:qkFB�: "
dE = hνdN = cpdN

�
d3~p = p2dpdΩ

B�KLM
d3~x = dAcdt

VXTQ<?E]:qB�69K'"

f(~x, ~p, t) =
dE

hcp3dνdΩdAdt
=
I(ν)

hcp3


}3?3�� �

�W@�@(<?>;ML69K]I�:q<Q��69<?J2U26AD9DAT :=kLT(<?>;T(����:qk]TWlLkFB�8;T�m~8;lFB�@�T7M]T(KL8;6A:~y�<���lLk]<�:q<?K�E�TCB�� 698w@HkFB�KLI�m
6AKLIQ<?KLD4y�6A� B�EL8=<�>=l]:=69<?K�<?>%T(��698;8=69<�K�B�lLl�T(B�>(1wjWk&J]8��]64��:=kLT(>;T�6A8 K]<±B�EL8;<?>=l2:q69<�K�<�>|T���6A8�m
8;69<?KNB�K]M[�7KL6AU�T(>;8=TPT�v2lFB�KL8;69<?KN@CB�K[E�T^KLT(I�D9T(@�:qT�M �F:qkLT�KN:=kLTQEL>=6AI?ke:qKLT�8=8	698W@�<?KL8=T�>;U�T(M 1

� � ��!�,�����$&'C'��?����'($-��¶L¨]������� 69K�T�v2lFB�KLML69K]I��7KL6AU�T(>=8;TOkLB�8W��<?>=� "

I(ν) =
I(ν(1 + z))

(1 + z)3


}3?3�b �

V	k]T(>=T$"

• �o° >;T(ML8;kL6A� :

• I(ν)
° B±pFJ2vN6AK�:=kLTQI?6AU�T(KY��>=T �-JLT(KL@�y �

ν

�?a



� ��� � � � � 
�	�� 
Q�
	����

�]3



A&A 455, L1–L4 (2006)
DOI: 10.1051/0004-6361:20065502
c© ESO 2006

Astronomy
&

Astrophysics

L   E

Microlensing variability in time-delay quasars�

D. Paraficz1,2, J. Hjorth1, I. Burud3, P. Jakobsson1 , and Á. Elíasdóttir1

1 Dark Cosmology Centre, Niels Bohr Institute, University of Copenhagen, Juliane Maries Vej 30, 2100 Copenhagen, Denmark
e-mail: danutas@astro.ku.dk

2 Nordic Optical Telescope (NOT), Apartado 474, 38700 Santa Cruz de La Palma, Canary Islands, Spain
3 Norwegian Meteorological Institute, PO Box 43, Blindern, 031 3 Oslo, Norway

Received 26 April 2006 / Accepted 15 May 2006

ABSTRACT

We have searched for microlensing variability in the light curves of five gravitationally lensed quasars with well-determined time
delays: SBS 1520+530, FBQ 0951+2635, RX J0911+0551, B1600+434 and HE 2149−2745. By comparing the light curve of the
leading image with a suitably time offset light curve of a trailing image we find that two (SBS 1520+530 and FBQ 0951+2635) out
of the five quasars have significant long-term (∼years) and short-term (∼100 days) brightness variations that may be attributed to
microlensing. The short-term variations may be due to nanolenses 10−4−10−3 M�, relativistic hot or cold spots in the quasar accretion
disks, or coherent microlensing at large optical depth.

Key words. gravitational lensing

1. Introduction

The effect of a background source being gravitationally lensed
by foreground compact objects is known as microlensing. Chang
& Refsdal (1979) predicted that in lensed quasar systems the
light path should be affected by stars in the lensing galaxy.
Moving compact objects in the lensing galaxy can cause spec-
tral changes, brightness variability and, in the case of multiple
images, flux ratio anomalies in the lensed quasar. When the fore-
ground galaxy causes multiple images of the quasar, photomet-
ric monitoring can be used to isolate intrinsic quasar variabil-
ity from microlensing variability by comparison of the separate
light curves. Likewise, spectral differences between quasar im-
ages, caused by differential magnification across the quasar, can
be directly detected in multiply imaged quasars. Microlensing
offers the opportunity to study the nature of matter in foreground
galaxies and the spatial structure of the lensed quasar at very
high angular resolution (Kochanek 2004). The first quasar mi-
crolensing events were discovered 17 years ago by Irwin et al.
(1989) and Schild (1990).

In this Letter we analyze the light curves of five lensed
quasars for which a time delay has previously been mea-
sured in dedicated monitoring campaigns (Burud et al. 2000,
2002a,b; Hjorth et al. 2002; Jakobsson et al. 2005). Four of
them were observed at the Nordic Optical Telescope (NOT) be-
tween 1998−2002 and one (HE 2149−2745) was observed at
the Danish 1.5-m telescope. We here examine the light curves
for microlensing variability and at the same time make all data
points available online at the CDS.

� Tables 3–8 are only available in electronic form at the CDS via
anonymous ftp to cdsarc.u-strasbg.fr (130.79.128.5) or via
http://cdsweb.u-strasbg.fr/cgi-bin/qcat?J/A+A/455/L1

2. Analysis

The images of a lensed quasar may vary due to intrinsic quasar
brightness changes and/or microlensing. Microlensing affects
the light paths of each image differently (in the simplest case
only one path is affected) whereas the intrinsic variations show
up in all the images but at different times due to the time delay.
Therefore, one can isolate the microlensing signal by calculating
the difference between two light curves, suitably shifted in time
to correct for the time delay.

Observationally, quasar light curves suffer from sampling ef-
fects leading to a need for interpolation. Due to their small sep-
arations and the presence of the lensing galaxy they may also
potentially be affected by systematic errors in the photometry.
To eliminate artifacts arising from such effects we do not inter-
polate data points with a gap bigger then a time delay of a system
and we require that the light curve difference be (1) uncorrelated
with the quasar variations and (2) independent of which image
light curve we interpolate. These are conservative criteria for de-
tection of a microlensing signal in the light curves which ensure
that the signal is reliable and robust. If the criteria are violated
the variability may be the result of observational, systematic or
interpolation errors.

3. Results

Were we apply the analysis to the five quasar light curves to
search for microlensing events.

3.1. SBS 1520+530

The doubly imaged quasar SBS 1520+530 (see Table 1) was
monitored between February 1999 and May 2001 at the NOT.
In Fig. 1 we show the light curves of the two images, A and
B, where B has been shifted in both time (−130 days) and

Article published by EDP Sciences and available at http://www.edpsciences.org/aa or http://dx.doi.org/10.1051/0004-6361:20065502
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Table 1. Properties of the lens systems. The time delays were obtained
by: 1. Burud et al. (2002b), 2. Jakobsson et al. (2005), 3. Burud et al.
(2002a), 4. Hjorth et al. (2002), 5. Burud et al. (2000).

Name zl zs ∆t (days) Separation Ref.
SBS 1520+530 0.72 1.86 130 ± 2 1.57′′ 1
FBQ 0951+2635 0.24 1.25 16 ± 2 1.10′′ 2
HE 2149−2745 0.495 2.03 103 ± 12 1.70′′ 3
RX J0911+0551 0.77 2.80 146 ± 4 3.10′′ 4
B1600+434 0.41 1.59 51 ± 2 1.38′′ 5

Fig. 1. R-band light curves of SBS 1520+530. Top: time-delay shifted
light curves, with the B image offset by −0.69 mag and −130 days.
Middle: difference between linearly interpolated A image and B image.
Bottom: difference between linearly interpolated B image and A image.
The middle and bottom panels also present linear fits (where a is the
slope) and Gaussian fits (where T1/2 is the FWHM) to the data.

brightness (−0.69 mag). Also shown are the magnitude resid-
uals, ∆m, obtained by linear interpolation of one of the images.
The middle panel shows the difference between a linearly in-
terpolated A light curve and the B data points (∆mAB). The
lower panel shows the difference between a linearly interpolated
B light curve and the A data points (∆mBA). Any deviation from
a constant difference lightcurve (dashed horizontal line) can be
attributed to microclensing. In both residual plots one notices
a constant magnitude increase and an approximately 200-day-
wide magnitude bump. In the following we characterize such
residuals phenomenologically using linear or Gaussian fits.

A linear fit shows that the slopes of the plots are
0.0073 ± 0.0014 mag/100 days for ∆mAB and 0.0070 ±
0.0016 mag/100 days for ∆mBA. The agreement between these
values indicates that the mean difference between the images
increases by about 0.007 mag per 100 days. This is consistent
with the observations of Gaynullina et al. (2005) who found an
increase in the magnitude difference between the quasar images
of 0.14±0.03 mag over 1500 days (0.009±0.002 mag/100 days).
We interpret this signal as evidence for microlensing.

A Gauss function with baseline zero, fitted to the bump
for ∆mAB gives a FWHM of 220±42 days and a peak magnitude
variation of 0.053 ± 0.008 mag. For ∆mBA the FWHM is 183 ±
29 days and the peak magnitude variation is 0.063 ± 0.009 mag.
These values are consistent within the errors.

Fig. 2. R-band light curves of FBQ 0951+2635. Top: time-delay shifted
light curves, with the B image offset by −1.06 mag and −16 days.
Middle: difference between linearly interpolated A image and B image.
Bottom: difference between linearly interpolated B image and A image.
The middle and bottom panels also present linear fits (where a is the
slope) and Gaussian fits (where T1/2 is the FWHM) to the data.

Microlensing in SBS 1520+530 was already detected spec-
troscopically by Burud et al. (2002b) who analyzed continuum
normalized spectra and showed that the equivalent widths of
emission lines in A were larger than in B.

3.2. FBQ 0951+2635

The doubly imaged quasar FBQ 0951+2635 (see Table 1) was
observed between March 1999 and June 2001 at the NOT.
Spectroscopic indications of possible microlensing in the sys-
tem were found by Schechter et al. (1998) and Jakobsson et al.
(2005).

We repeat the microlensing-extraction procedure described
above for FBQ 0951+2635. In Fig. 2 we show the light curves of
the two images, A and B, the latter shifted in time by −16 days
and in brightness by −1.06 mag. The middle and lower panels
show ∆mAB and ∆mBA. In both plots one notices a constant mag-
nitude increase and a bump at the beginning of the observations.

Linear fits to the data yield slopes of 0.0095 ± 0.0011
and 0.0077± 0.0007 mag/100 days for ∆mAB and ∆mBA respec-
tively. A Gauss function with baseline zero, fitted to the bump
for ∆mAB gives a FWHM of 151±111 days and a peak magnitude
variation of 0.048± 0.009 mag. For ∆mBA gives FWHM of 81 ±
27 days and a peak magnitude variation of 0.061 ± 0.016 mag.
These values are consistent within the errors.

3.3. Quasars where no microlensing is confirmed

The three quasars where no microlensing variabil-
ity was reliably detected are the double quasar
HE 2149−2745 observed at the Danish 1.5-m telescope,
ESO-La Silla (October 1998−December 2000), the quadruple
quasar RX J0911+0551 observed at the NOT (March 1997−
April 2001), and the doubly imaged quasar B1600+434
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Fig. 3. V-band light curves of HE 2149−2745 and the shifted light curve
differences. The middle and bottom panels include linear fits with a
being the slope of the linear fit.

observed at the NOT (April 1998−November 1999) (see
Table 1).

Plots similar to Figs. 1 and 2 are shown in Figs. 3−5. For
HE 2149−2745 (Fig. 3) and RX J0911+0551 (Fig. 4) we see
some long term variations in the light curve difference but the
analysis shows that the slopes differ depending on which of the
two light curves are interpolated. In B1600+434 (Fig. 5) one
sees clear magnitude variations in the light curve differences but
they do not satisfy our second condition for microlensing. By
comparison with the top plot we see that they are correlated with
the quasar variations (the magnitude bump appears at ∼420 days
on all plots).

Thus, while we detect intriguing light curve differences and
cannot rule out microlensing variability in these systems, this
indicates that the detected magnitude changes may also be at-
tributed to photometric or interpolation errors.

4. Discussion

We have demonstrated the existence of a short-term microlens-
ing variability in the photometric data sets of the two quasar
systems SBS 1520+530 and FBQ 0951+2635. Interestingly, mi-
crolensing has previously been detected spectroscopically and
as flux anomalies in both systems (Burud et al. 2002b; Faure
et al. 2002; Schechter et al. 1998; Jakobsson et al. 2005). We
note that the time scales of the short-term variability detected in
the quasars (50−200 days) is similar to the “90 day” events in
QSO Q0957+561A,B (see Schild 1996).

In principle one can calculate the masses of the lenses re-
sponsible for the microlensing from the time scales of brightness
variations (FWHM) and the transverse velocities of the compact
objects. An approximate value of the lens mass is given by

M ≈

(

time × Ve

RE

)2

· (1)

Fig. 4. I-band light curves of RX J0911+055 and the shifted light curve
differences. The middle and bottom panels include linear fits with a
being the slope of the linear fit.

Fig. 5. I-band light curves of B1600+434 and the shifted light curve
differences.

Here Ve is an effective source velocity, defined as the change in
time of the source position measured by the observer, and RE is
the Einstein radius,

RE =

(

4GM

c2

DLSDS

DL

)1/2

, (2)

where DLS, DS and DL are the lens–source, the source–observer
and the lens–observer angular diameter distances, respectively1.

In Table 2 we show the values of possible microlens masses
and the corresponding transverse velocities are given by Eqs. (1)

1 We assume a flat universe with Ωm = 0.3, ΩΛ = 0.7 and Hubble
constant H0 = 70 km s−1 Mpc−1.
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Table 2. Mass-speed relation for SBS 1520+530 and FBQ 0951+2635.

Mass SBS1520+530 FBQ 0951+2635
[M�] Velocity [km s−1] Velocity [km s−1]
1.0 2.44 × 104 6.87 × 104

0.001 771 2171
0.0001 244 687

and (2). In these calculations we assume that the microlensing
is caused by a single compact object. Even with that simplifying
assumption, the lens mass can not be determined without know-
ing the transverse velocity.

There are two possible limits. Due to short duration of the
events the microlenses may actually be nanolenses (planets) with
masses of order of 10−3 M� for typical transverse velocities of
the source of 200−700 km s−1. Similar results were obtained for
QSO 0957+561 (Pelt et al. 1998). Conversely, fast microlens-
ing variability can be caused by a solar mass object magnify-
ing small continuum parts of the quasar with relativistic ve-
locities (hot spots) (Schechter et al. 2003) or smooth accretion
disk occulted by optically-thick, fast moving clouds (Wyithe &
Loeb 2002). Applying this to the two quasars, for microlens
mass 1 M�, we obtain source (hot spot, cloud) transverse veloci-
ties of 0.08c for SBS 1520+530 and 0.23c for FBQ 0951+2635.

Because of the mass-velocity degeneracy none of these pos-
sibilities can be eliminated from a simple analysis. Moreover,
we stress that mass determination using Eq. (1) is only possible
for single isolated microlensing events and when the transverse
velocity is known. More detailed analyses (Lewis et al. 1993;
Wyithe & Turner 2001) assume that the quasar light is affected
by numerous compact objects in the foreground galaxy, creating
a complex network of caustic lines, and not by a single object
(Paczyński 1986).

We conclude that, of the systems we have studied, those with
detected flux varability due to microlensing are also reported
to have intensity anomalies of spectra continuum and emission
line differences. For these systems we have found small linear

trends of ∼0.005−0.010 mag/100 days and bumps with ampli-
tude of ∼0.05 mag and durations of ∼100 days. Interestingly,
the systems for which no microlensing variability was de-
tected have no convicing detected microlensing from other meth-
ods, although there may be indications in e.g. HE 2149−2745
(Burud et al. 2002a). However, smaller microlensing signals
(∼0.005 mag/100 days) in these systems would have been un-
detectable in our observations.
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