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Abstract

This thesis studies interacting multiterminal Josephson junctions in the context of a single-
level quantum dot (QD) coupled to multiple s-wave superconductors using the supercon-
ducting impurity Anderson model. We derive the effective action for electrons on the QD
and show — in the limit of large superconducting gap (proximitized limit) — that this leads
to an effective low-energy Hamiltonian which describes proximity-induced superconductiv-
ity of the QD. In this limit, we obtain the eigenenergies, eigenstates, and the QD phase
diagram, showing the transition from a BCS-like singlet to a magnetic doublet. Next, we
consider the leading order corrections to describe finite-gap systems and find the energy
level shifts through a self-consistent renormalization. We compare the phase diagram with
NRG and find good agreement for single-lead systems in the proximitized limit and even
for moderate interactions U ~ A. For two-lead systems with cancelled proximity effect
(¢ = m), the model fails to describe the persistent doublet region around particle-hole
symmetry. We also develop a zero-bandwidth (ZBW) model which is shown to capture
some qualitative features of the full Anderson model, namely the transition from a BCS-
like singlet to a YSR-screened singlet as A/U is decreased as well as similar bound state
energy spectra, supercurrents, and phase diagrams. In the proximitized limit, we state the
appropriate conversion from the effective ZBW tunneling rate ¢ to the hybrdization I' of the
Anderson model; the conversion is shown to be independent of U. We find solid agreement
with NRG results — showing that the ZBW model is able to describe proximitized QDs
on a quantitative level. In the Kondo limit U > I' > A, we utilize the phase transition
relation T = 0.3A from NRG to scale ¢t. By interpolating between the proximitized limit
and the Kondo limit, we extend the validity of the ZBW model, but find it inadequate in
describing the strongly interacting limit due to the lack of a continuum of states in the

leads.
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1 Introduction

Quantum dots embedded in Josephson junctions is an interesting platform to study as it
lends itself to examination of the intriguing competition between superconductivity and
magnetism. Experimentally, the manufactured devices are engineered to have a high degree
of tunability of the relevant model parameters. The simple nature of the systems makes it
an ideal platform for theory and experiment to come together. In such systems, small quan-
tum dot (QD) regions can be made to resemble a single, localized magnetic moment which
in turn will affect the properties of the Josephson junction in which the QD is embedded.
In this way, measurements such as the conductance of the junction can give insight into
the energy spectrum of the QD and, hence, the underlying physics. The energy scales also
make such systems highly relevant for the study of the Kondo effect in relation to supercon-
ductivity. In a sense, they are competing phenomena as superconductivity seeks to bond
electrons into Cooper pairs that carry no net spin while the Kondo effect tries try screen a
local moment (on a QD) by breaking apart the Cooper pairs into screening quasiparticles
with opposite spin to the local moment. In some parameter regimes, superconductivity
prevails and in others, the Kondo effect.

In this thesis, we study interacting multiterminal Josephson junctions through the
superconducting Anderson impurity model via different approximation schemes. In the
rest of Section 1, we review BCS theory, Josephson junctions, quantum dots, and the
Anderson model to lay the foundation of some of the key concepts relevant for this thesis.
In Section 2, we define the physical system we will be studying along with the Hamiltonian
before we integrate out the leads to find an effective action for electrons on the QD.
In Section 3 we find a low-energy effective Hamiltonian in the infinite gap limit which
describes the proximity effect and discuss the eigenstates, eigenenergies, and the phase
diagram before we move on to finite superconducting gaps in Section 4. In the last part
of the thesis we go into detail with a zero-bandwidth model (Section 5) and evaluate its

effectiveness as both a qualitative and quantitative tool.

1.1 BCS theory

Bardeen, Cooper, and Scrieffer (BCS) introduced their theory of superconductivity in their
seminal paper from 1957 [1]. The idea is that, in an electron gas, the Fermi sea ground state

is unstable towards the formation of Cooper pairs near the Fermi surface for an arbitrary



1 INTRODUCTION 2

small electron-electron attraction. These Cooper pairs, that consist of two electrons of
opposite momentum and spin, are responsible for the superconducting properties such
as zero resistivity and the Meissner effect. BCS explained this for a phonon-mediated
(conventional) superconductor whose effective electronic interactions are modelled by a
simplified Bardeen-Pines interaction.

For an electrically neutral material with a lattice of positively charged ions immersed
in a sea of itinerant electrons, the effective electron-electron interactions are described by

the Bardeen-Pines interaction [2, 3].

e? wg
s R = — ]_ _ . 11
Verr (¢, V) e0(q® + K?) + 2 — wg (1.1)

The first term describes the direct electron-electron Coulomb interactions which are screened
by the positively charged ions over the Thomas-Fermi screening length ! = /e /(2e2vr)
with vacuum permittivity €, electron charge e, and electronic density of states at the
Fermi level vp. The second term describes the phonon-mediated interactions. Here,
wz = Q2¢*/(q*+£?) is a renormalized ionic plasma frequency, where Q2 = (Ze)?nion/ (€0 M)
with proton number Z, ionic mass M, and density n;o,. Due to the heavy mass of the ions
compared to the light electrons, only the phonon-mediated interactions are frequency-
dependent and, hence, retarded in this approximation. The direct Coulomb interactions
are considered instantaneous in time. The cartoon picture of the phonon-mediated interac-
tion is a negatively charged electron traversing the lattice, attracting the positively charged
ions, and leaving behind a slight positive charge compared to the unperturbed lattice. This
attracts another electron, meaning the pair of electrons are effectively attracted to each
other without being close to each other at the same time.

From Eq. (1.1), it is clear that electrons in states with energy difference |v| < |w,| are
attracted (Veg < 0); phonon-mediated attraction overcomes the Coulomb repulsion. BCS
simplified this interaction further and replaced it with a constant attraction for energies
—wp < v < wp within a thin shell around the Fermi surface and Vg = 0 outside. The
thickness of the shell is the typical phonon energy, here given by the Debye frequency wp.

Superconductivity is inherently a many-particle phenomena, leading to a macroscopic,
coherent wave function. Therefore, it serves to describe superconductors in the second
quantization formalism by introducing creation (annihilation) operators for the electrons
c}; »(Crg), which creates (annihilates) an electron with momentum & and spin o € {1,]

}. The operators satisfy the usual fermionic anti-commutation relations {cLJ,ck/U/} =
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Ok k000" {Chos Clior } = {CLU, CLO_,} = 0. The BCS Hamiltonian only considers interactions

between zero-momentum Cooper pair states and takes the form

Hpos =Y &cfycre + O Viwehsel pcopyons, (1.2)
ko [

with electronic dispersion & = €, —u (measured from the chemical potential) and scattering
matrix elements Vi between Cooper pair states. We will only be concerned with zero
temperature physics, meaning the chemical potential coincides with the Fermi energy:
i = e€p. In simple s-wave superconductors as BCS considered, Vi is taken to be an

attractive, constant, and isotropic interaction close to the Fermi surface

—40, |€k|7 |‘£I ’ <wp
Vi = { F

(1.3)
0, otherwise,

where go > 0 is the average interaction strength.
In the thermodynamic limit (infinite system size), fluctuations are negligible and a

mean field approximation is justified, yielding the effective Hamiltonian
H%ACFS = kaclt;gcka o Z <ACITCTCT_M + A*C—kickT) ) (1.4)
ko k

where the pairing potential A = go > ¢, |y, (¢—kiCkt) is determined self-consistently such
that the free energy is minimized. This Hamiltonian is only bilinear and may be diagonal-
ized, yielding quasi-particle excitations with energies F, = i\/{% + |A\2, a gapped spec-
trum around the Fermi level. In the language of the phenomenological Ginzburg-Landau
theory, the pairing potential A = |A|e?¥ is the complex order parameter which becomes
finite and breaks U(1) gauge symmetry when the material becomes superconducting and
coherently chooses a macroscopic complex phase . One might ask what happens when
two superconductors with different complex phases are placed in close contact; this is the

exciting topic of Josephson junctions.

1.2 Josephson junctions

A Josephson junction (JJ) consists of two superconducting electrodes in weak contact
through a region of a different material, e.g. an insulator or a normal metal; these are
abbreviated as S-I-S and S-N-S junctions, respectively. Quantum mechanics allows for
tunneling between the superconducting regions if the tunneling barrier is surmountable.

When the voltage bias between the superconducting electrodes is less than the critical
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value eV, = 2A, normal current can’t flow. However, electrons bound in Cooper pairs
may tunnel through the barrier giving rise to a (super-)current across the junction. This
is referred to as the Josephson effect after B. D. Josephson who received the Nobel prize
in 1973 for his work on this topic [4]. Opposed to normal metals with a finite resistance,
no voltage bias is required between the superconducting electrodes for a current to flow.
The effect is observable if there is a phase difference between the superconducting order
parameters across the junction.

For a perfect JJ with a narrow intersection region compared to the coherence lengths of
the superconductors, the Josephson equations relate the supercurrent I; and voltage drop

V' across the junction to the phase difference A¢ of the two superconductors [5].

I) = Lsin(Ad), (1.5)
d 2eV
(B = —— (1.6)

The maximum supercurrent I. that can be driven through the junction with V' = 0 is
determined by the normal state resistance of the junction and the superconducting gap [6].
In a physical experiment, the current bias may be fixed to a constant value I; < I. which
fixes the phase difference A¢ = arcsin(l;/I.) and V = 0 (since the phase difference is
time-independent). This is known as the direct current Josephson effect. Conversely, if the
voltage bias is constant in time and nonzero V' # 0, the phase difference advances linearly in
time A¢ = Agg+2eVt/h. This produces an alternating current I; = I.sin(A¢g + 2eV't/h)
with frequency v = K;V and Josephson constant K; = 2e/h ~ 483.6 GHz/mV. This is
known as the alternating current Josephson effect.

As mentioned, the weak contact region may be made of different materials. For a
S-N-S junction with a normal metal (not superconducting by itself) in the middle, the
adjacent superconductors will, in fact, induce superconductivity in the material. This
is known as the prozimity effect. Subgap bound states form within the normal region
and Cooper pairs are transported across the junction through Andreev scattering off the
normal-superconducting interfaces. Here, an electron in the normal metal is reflected as
a hole at the superconductor interface if it has less energy than the superconducting gap
E < A; there are no states in the superconductor with that energy. Simultaneously, a
Cooper pair is formed in the superconductor, yielding a charge transport of 2e at the

interface.
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1.3 Quantum dots

Interesting physics arise when one can control the electronic occupation on the level of
single electrons in the junction region. Experimentally, it is possible to confine electrons
to a small region in space. Like a quantum particle in a box, the spacing between energy
levels grows as the region shrinks, making it possible to isolate and conduct experiments
with a single orbital. This is the basic idea behind (single-level) quantum dots (QDs). The
small confinement also results in a large Coulomb repulsion between electrons on the QD,
typically on the order of meV. The electronic occupation of the QD may be controlled
through a capacitively coupled electrode which varies the electrostatic potential close to
the QD. There is a profound difference between an even and an odd number of electrons on
the QD. An odd number of electrons means a half-filled orbital with an unpaired electron
and, hence, a local magnetic moment. Among other things, this affects the bound states
and transport properties, making S-QD-S junctions behave quite differently from S-N-S
junctions. The local electron-electron repulsion gives rise to Coulomb-blockaded transport
and a local magnetic moment may be screened by quasiparticles in the leads.

To probe such an S-QD-S junction, one might construct a device such as the one
depicted in Fig. 1.1 from Ref. [7] in which a QD is placed into a transmon circuit. The
central part of the device is the 10 um long superconductor-semiconductor nanowire with
a core of InAs and Al shell seen in Figs. 1.1(c) and 1.1(d). The actual QD is simply the
200 nm long region seen in Fig. 1.1(d) where the Al has been etched away. Underneath,
there are three gates to tune the electrostatic potential and confine electrons. These control
the QD energy level and coupling strengths to the SC leads. The S-QD-S junction is placed
in parallel with another JJ to form a SQUID loop. Then, the phase difference across the
S-QD-S junction can be measured when an external flux is threaded through the SQUID.
The SQUID is capacitively coupled to an LC circuit to measure resonant frequencies of
the transmon circuit — excitations of the QD. Theoretical models of such systems are often

based on the Anderson model which we will briefly review.

1.4 The Anderson model

Consider an impurity embedded in a metallic host with a localized state at the impurity
site. Let us denote the wave function 1q(r) = (r|d) and charge density pq(r) = e|iq(r)|*. If

the state is doubly occupied by both a spin up and down electron, the Coulomb repulsion
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Figure 1.1: Transmon circuit with quantum dot from Ref. [7]. (a) shows the ciruit diagram
with the transmission line (green) capacitively coupled to an LC resonator and to a SQUID
loop with penetrating flux ®eyt and two JJs — one for reference and one to be measured.
(b)-(d) are images of the actual device, colored to match (a) (zoom region indicated by

inset rectangles).
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between the electrons

U= o [ @ a2 purpatr), (1.7)

 dreg |r — 7|

may be a large energy expense. If this is the case, the system may favor to occupy the
impurity state with only a single electron, leading to the formation of a local moment. This
is the idea behind local moments in the Anderson model.

For simplicity, we consider only a single localized impurity orbital with energy level ¢4

and Coulomb repulsion U. The Anderson Hamiltonian then takes the form [8]

Hy = eqng + Ungpngy + Z fkc};o_ckg + Z tkc,tgdo + t};dicka, (1.8)
ko ko
where ng = ngy +nqy and ng, = dida counts the number of d-electrons with spin o in the
impurity state. The third term in the Hamiltonian is the kinetic term for the conduction
electrons and the last term describes the tunneling or hybridization between conduction
electrons and the localized impurity state.

In the (atomic) limit ¢, = 0 with no hybridization, the Hamiltonian is trivially di-
agonalized. The metal has a filled Fermi sea with three possible ground state energies
for the d-electrons: 0,¢q4,2¢4 + U, corresponding to states with zero, one, or two elec-
trons and denoted by |0), o), |[T]), respectively. The state with single occupancy is doubly
spin-degenerate. For ¢; > 0 (energy is measured from the Fermi energy of the metal), the
impurity state is empty. For €5 < 0, one electron is added from the metal and if e;+U < 0,
it pays off to add a second electron. This is illustrated in Fig. 1.2. For —U < ¢4 < 0, |o) is
the ground state which defines the local moment regime in the atomic limit. At the points
eq = —U, 0, the ground state becomes charge-degenerate. With finite hybridization, these

points evolve into regimes of mixed-valence.

1.4.1 Local moment regime

If the level spacings between the ground state and excited states are large compared to
the hybridization I' = 7wvpt?, the picture with a well-defined particle number does not
change too much and we can consider the hybridization a perturbation to the atomic
limit. In the local moment regime (—U < ¢4 < 0 and |eg + U], |eq| > I'), one can show,
through a Schrieffer-Wolf transformation, that virtual excitations to the empty and doubly

occupied d-states lead to an effective anti-ferromagnetic exchange interaction between the
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Figure 1.2: Impurity energy levels relative to the Fermi energy of the host metal in the
atomic limit of the Anderson model. The energy levels are drawn in the local moment

regime at ¢ = —U, —U/2,0.

local impurity moment and the conduction electrons [9].
Jvp = ————<>0. (1.9)

This effect leads to screening of the impurity spin and the formation of a Kondo singlet
ground state when T' < T. The Kondo temperature Tk is determined by the size of the
exchange interaction J. At the particle-hole symmetric point ¢4 = —U/2, Jvp = 81'/7U,
such that Jvp < 1 when U >> T in the local moment regime. Using a scaling argument of

the Anderson model, Haldane [10] derived an expression for the Kondo temperature

[8T'U meq(eq +U)
T =0.182y/ — - . 1.1
x = 0.18 - exp[2 i ] (1.10)

At particle-hole symmetry in the local moment regime, this energy scale is small compared
to the large Coulomb interaction: Tk /U o /8 /7U exp(—nU/8') < 1. We will return
to the Kondo temperature later. For now, we move on to how we use the Anderson model

to model interacting multiterminal Josephson junctions.
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2 Modelling multiterminal Josephson junctions

In this thesis, we will study so-called multiterminal Josephson junctions (MJJs) with a QD
in the interface region. Instead of only two leads — as in Fig. 1.1(d) — we consider a single
QD tunnel-coupled to N € N superconducting leads indexed by o = 1,2, ..., N. We describe
this system using a single-orbital superconducting Anderson model H = Hg+ Hp+ Hg_p.
We assume the leads are described by simple s-wave BCS Hamiltonians (see Eq. (1.4))

with different electronic dispersions £, in general.

Hg = Z fakclkacakg - Z (AachTCL—ki + Azca—k¢cakT) . (2.1)

ako ak
The pairing potential A, = |A,|e?? can vary between leads in both magnitude and phase.
Absolute phases are, however, gauge-dependent and only phase differences are physically
meaningful (e.g. relating to current flows as in Eq. (1.5)). Hence, without loss of generality,
we set oy = 0 and measure all other phases relative to lead N. The bandwidth of lead
« is assumed to be 2D, such that &, € [—Dq, Do]. We can think of the QD as a single

electronic level with Coulomb repulsion U > 0.

Hp = Z €aNdo + Ungrnay, (2.2)

g
where ng, = d:r,d(7 counts the number of electrons with spin o on the QD. The filling may
be controlled through a gate voltage that adjusts the energy level ¢4; the electrodes below
the QD in Fig. 1.1(d). The QD is in contact with the leads, giving rise to electron-tunneling

which we assume, for simplicity, to be momentum-independent.

Hs_p =Y tacly dy+thdlcaro. (2.3)
ako

Furthermore, we assume the direct tunneling between individual leads to be negligible, i.e.
all tunneling happens through the QD. If the QD orbital is occupied by a single electron,
a local moment develops. As with a magnetic impurity in a superconductor, this gives rise
to the formation of Yu-Shiba-Rusinov (YSR) bound states inside the superconducting gap
[11-13]. In terms of gauge choice, we have N + 1 degrees of freedom to work with from N
leads and one QD. This means that, without loss of generality, we may choose the phase
of N + 1 parameters from the 2N parameters A, and t,. We already set o = 0 and in

the following, we choose a gauge in which the tunneling amplitudes are real (t, = |ta]).
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2.1 Effective action for electrons on the QD

In this section, we will formulate the problem in terms of path integrals and integrate out
the leads to arrive at an effective action for the electrons on the QD. To this end, we replace
the fermionic operators with Grassman fields that are anti-periodic in imaginary time 7

over a period of the inverse temperature § = 1/kgT

Cakos = Cako(T),
s~ Caka(T),

dy — dg(T)
df — do(7),

)

and write the total action as S = Sg + Sp + Ss_p in complete analogy with how we
separated the Hamiltonian. The terms are given by (suppressing the time dependence of

the fields for the sake of readability)

B
Ss :/ dT{ E Cako (Or + &ak)Cako — E (AaCaktCa—i) + A%Ca—k|Cakt) }, (2.5a)
0

ako ak
B _ .
Sp = / dr { Z do(0r + €q)ds + UdeididT}v (2.5Db)
0 o
p _
SS—D = / dTZ [taéakada + tadcrcoaka] ’ (25C)
0 ako

where the partial time derivative 9, is the Berry phase term. Due to the anomalous terms

in the BCS part, it is convenient to rewrite the quadratic terms using Nambu spinors.

wcak('r) = ( _CakT(T) ) , &cak(T) = ( EakT(T)v Cafki(T) ) s

Ca—kl (7—)

(2.6)
ulr) = ( o ) dur) = (&), 4y ).

dy(T)
Using partial integration and anti-periodicity of the Grassman fields, we write the Berry

phase term as [d7 Y .. CakoOrCake = [ AT Yk VeakOrtbear. We will also transform to
Matsubara frequencies w,, = (2n + 1)7/8.

¢cak Z¢cak an lwnT? wcak chak ZWn MHT
(2.7)
wd(T) = ﬁ ; ¢d(iwn)6_iw7z7'7 &d(T) — ﬁ ; &d(iwn)ei‘””.
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Using the orthogonality relation % [ d7 expli(wy, — wy/)T] = s, the terms of the action

involving the leads become (suppressing the frequency dependence of the fields)

SS = Z&cak (_iwn + gasz - Aloﬂ'x + A/C/ﬂ'y) zl)mk, (28&)
akn
~Gook
Ss—p = Z [&caktoﬂ_zwd + "Z}dtaTzwcak] s (2.8]3)
akn

where 7., . are a set of Pauli matrices acting in electron-hole (Nambu) space and the
pairing potential has been decomposed into real and imaginary parts: A, = AL + iA”.
From Eq. (2.8a), we may directly read off the inverse Matsubara Nambu Green function

for the electrons in lead «. After inverting it, we find

twn + Eak Tz — Afx’rx + A:)/cTy

g&ak(iwn) = (iwn)? — ( Zk T |Aa‘2) (2.9)
It will be useful to also calculate the momentum-summed version, i.e.
Dq
G0, (iwn) Z Go,ak (iwn) = VFa/D déa Go,ak (iwn)
a (2.10)

—iw A
= 2vp  arctan ( *n .a ) ,
\/|A \ w2 \/\A w2 \ AL —iwg
assuming a constant density of states v, near the Fermi surface in lead o.
To arrive at an effective action for the electrons on the dot, we consider the partition
function and perform the Gaussian integrals over the leads (tildes are used to reserve the

effective action for Eq. (2.15)).

2= [ Ddectestavies = [ D [Gava] e 5,

(2.11)
e Seft [a,Pa] _ /D[?Ecﬂﬂc}e_ (Ve e baa)

Completing the square among lead electrons, we find

SS + SS7D = Z [(&cak - J}dtangO,ak:)(_gO_’ik)(wcak - gO,aktaTz¢d) + tiqzdeng,aszwd] .
akn

(2.12)

Changing variables to ¢ . = eak — Go,aklaT:Vd, ’l/;éak = Yook — @dtarzgo,ak, the measure

is unchanged D[y, 1%] = D[tc, 1], and we may perform the Gaussian integral. Comparing
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with Eq. (2.11), we find
So = Sp + Z Va(iwn) Lq(iwn ) a(iwn) — ln(det(—go_l)), (2.13)

with self-energy

Ya(iwy) Zt 7:G0,ak (1w ) T2

ak

ion AL ) (2.14)

= — arctan
Z \/|A | +w2 ) 1aa? +w2< AL in

where I', = 7TVFa is the tunneling rate between lead « and the QD. We define the total
hybridization as the sum of the individual contributions: I' = ) T'y. The second equality
follows from Eq. (2.10).

The last term in Eq. (2.13) is unimportant for the physics of the QD since it depends

on the leads only. Therefore, let us define the effective action as
Set = Sp + Y Pa(iwn)Sa(iwn)haliwn). (2.15)
n

Due to the interacting term in Sp (see Eq. (2.5b)), the problem is not analytically
solvable in general and we have to study the problem in certain limits. The infinite gap/low
energy limit is (analytically) the easiest way to proceed and will, therefore, be our first

order of business.

3 The proximitized QD in the infinite gap limit

Let us consider the limit w < |A,|, i.e. the low-energy or infinite gap limit. This means
we may neglect the diagonal entries in the self-energy (Eq. (2.14)) and approximate
\/|A)? + w2 ~ |A,|. Then the self-energy becomes static and takes the form

zd:—<3* g) (3.1)

where the effect of coupling to the leads is contained in a single complex parameter

2 D ,
v = ; = arctan(@) [pe'?e. (3.2)
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Interestingly, in this limit where the continuum states in the leads are inaccessible, the effect
of the leads boils down to an ‘interference’ problem governed by the tunneling amplitudes
I’y and lead phases ¢,. No matter the number of leads, the QD is only concerned with
two degrees of freedom, e.g. the magnitude and phase of . Clearly, then, all results from
single or two-lead systems in the infinite gap limit, expressed in terms of -, also apply to
multiterminal systems.

The effective action for the electrons on the QD (Eq. (2.15)) takes the form

8 _ _ - -
g — /O dr { > deOrdy + Y €adody — ydidy — vdydy + Udrd,dydy } (3.3)

Hyo[d,d]

Since the self-energy is static, we may directly read off the (normal-ordered) Hamiltonian

H,[d", d] leading to this action.

Hyoldt,d] = eqdldy — ydld] —v*dydy + Udld]d,dy. (3.4)
o
In this form, the proximity effect of the superconducting leads is directly apparent through
the anomalous terms. Hence, the infinite gap limit is also referred to as the “proximi-
tized limit” or sometimes the “atomic limit” (we take this to mean no hybridization — see
Section 1.4).
To write it in a particle-hole symmetric form, we consider the fermionic identity (ng —
12 = 2ngyng, — ng + 1; it follows from Pauli’s exclusion principle that nfla = Nngy. Then
we may write the effective low-energy Hamiltonian as

N U
Hoo = &ang = ydid] — 7" dydy + 2 (na = 1)?, (3.5)

where {5 = €5+ U/2. Note that the zero point energy has been raised by U/2 compared
to Eq. (3.4), hence the tilde. The particle-hole symmetric point is £, = 0 or equivalently
eq = —U/2. At this point, the Hamiltonian is unchanged under the transformation d, <
d:r,, Cako & CL,W; this entails nge, — 1 — ng, and v < —v*.

The Hamiltonian only lives in a 4-dimensional Hilbert space spanned by the states
0),|0) = dj |0), [1)) = didi |0). The Hamiltonian is easily diagonalized since it may be
decoupled into an odd and an even parity sector, yielding two uncoupled 2 x 2 matrices.
The odd parity, singly occupied eigenstates |o) form a doublet with energy EO = &,.

The superscript is placed in anticipation of the perturbation corrections to be discussed
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in Section 4. The even parity base kets given by the empty and doubly occupied states
|0}, [1}), mix and form BCS-like eigenstates with energies EY = &; + U/2 + E4 where
Ea=/E2+ |7|2. We will label the states |+) and they may explicitly be written as

[4+) = —ve T |0) +ultl), =) =ul0) +ve 1), (3.6)

where the real coefficients u, v are given by

1 &q 1 &a
_ / — _2* 3.7
u—\/§ 1+ , U NG 1 , (3.7)

and ( is the phase of the tunneling parameter v = |y|e’.

It is clear that the energies of the even parity states depend on the tunneling couplings
to the leads I', and on the phases of the leads ¢, through the parameter v (see Eq. (3.2));
the doublet energy is independent of . In analogy with crystal momentum on a lattice
with translational symmetry, the superconductor phases ¢, € [0,27) define a periodic
first Brillouin zone. In Fig. 3.1, the ‘band structure’ is shown for different three-terminal
junctions in the limit of infinite electronic bandwidth D, /|Ay| — oo. Depending on the
position in phase-space (1, p2), the ground state of the QD is either the singlet |—) or the
doublet |o). At the so-called Weyl nodes, the even parity eigenstates are degenerate which
occurs when ; = 0 and v = 0. These nodes are seen in Fig. 3.1(a) and Fig. 3.1(c) and may
be associated with topological charges which always come in pairs with opposite sign in
this model. At very strong coupling asymmetry, max(I',) > I'/2, there are no solutions to
the equation v = 0 and, hence, no Weyl nodes in Fig. 3.1(e). In appendix A we show that
the topology is indeed trivial (zero Chern number) in the model considered here. Klees
et al. [14] showed, however, that an additional tunneling term between neighboring leads
gives rise to non-trivial topological phases (nonzero Chern number). Then, the Weyl points
are also protected against deviations away from particle-hole symmetry.

The phase diagram for the QD is very simple in the infinite gap limit. The phase
transition between doublet and singlet ground states occurs when E® = E? which is
equivalent to 53 + |’y|2 = U?/4. The levels are allowed to cross since they come from
sectors of Ho, with different parity. The phase diagram is shown in Fig. 3.2 and illustrates
the competition between local Coulomb repulsion and the proximity effect. Around the
particle-hole symmetric point £; = 0, the doublet phase |o) is stabilized for small tunneling
rates. However, as the tunneling is increased, the phase transition eventually occurs and
the QD favors the BCS-like singlet state |—). Note also that, at the Weyl nodes from
Fig. 3.1, the doublet phase is favoured when —U/2 < {; < U/2 since v = 0.
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Figure 3.1: Infinite gap multi-particle eigenenergies for three-terminal junctions as function

of two independent lead phases; the last phase is fixed by our gauge ¢3 = 0. For simplicity,
we consider infinite electronic bandwidth D,/|A,| — oo. The top row (a), (b) uses a
symmetric coupling I'y = I'y = I's = U/3, while the second row (c), (d) introduces an
asymmetry I'y = 'y = U/4,T's = U/2, and the bottom row (e), (f) uses stronger asymmetry
I'h =Ty = U/5,T3s = 3U/5. The left column (a), (c), (e) is at particle-hole symmetry
(€4 = 0), while the right column (b), (d), (f) has £g = 0.1U. At particle-hole symmetry
(&4 = 0), Weyl nodes are found where v = 0; solutions are possible when max(I'y) < T'/2.
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Figure 3.2: Infinite gap phase diagram for the QD showing the transition between the
singlet |—) and doublet |o) ground states at £3 + Iv|? = U?/4.

4 First order energy corrections to the infinite gap limit

To extend our discussion to finite superconducting gaps, we apply perturbation theory to
the infinite gap limit as done by Meng & Florens & Simon [15] in the case of N = 2 leads.
We follow their methods and generalize the results to an arbitrary number of leads. In
the end, we will find the energy shifts from the infinite gap energy levels and new phase
diagrams. Later, we will refer to this as the “MFS” model.

We start from Eq. (2.15) and split the effective action on the QD into an unperturbed
infinite gap action and collect the rest as a perturbation. Transforming to imaginary time,

the self energy is
1 ,
Zar) = 3 D Baliwn)e T, (4.1)
n

such that Eq. (2.15) expands to

B _ - -
Sur = /0 A7 " do(7)(D; + €a)do (7) + Udr(r)dy (7)dy (7)dy (7)
p (4.2)

g A " / /
+/0 dT/O dr" Ya(1)Zgq(r — 7)a ().

;o) + Spert- The infinite gap action S(fofo)

(S

We write this as Seg = St

€

is given by Eq. (3.3)
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and by comparison with Eq. (4.2), the perturbation is seen to be

B B _ B _ _
Spert = /O dr /0 Ar' Do) Salr — 7 )alr) + /0 dr [/ (7)d, (r) + v°d, (r)de(7)] . (4.3)

Perturbation theory amounts to expanding the partition function in powers of Spert. Ex-

panding to linear order, we find
- - ()
= /D[d, dle™ > ~ /D[d, d)(1 — Spert)e™ Sefi = Zy— Z {Spert ) - (4.4)

The subscript zero indicates that the unperturbed infinite gap distribution function is used
to evaluate the path integral, i.e. Zy (-}, = [D[d,d](- -~ )6_5«5?) and Zy = [ D[d, d]e‘s§?>.
Sufficiently close (we will see what this means later) to the infinite gap limit, this linear
expansion describes the system well. If we introduce the infinite gap single-particle Nambu
Green function for electrons on the QD

_ - - - 6—5’2?)
(i) P

(4.5)

that only depends on the time difference due to time translation symmetry, we may write

B
Spert)g / dT/ dr’ Eaﬁ (r—71 )QOd(T —7) +/ dr 793}(1(0) —l—’y*gé?d(()),
0
(4.6)

=3 /0 dr 257 (1)Gaa(—7) + B1GaY(0) + BY*Gi%(0),

with an implicit sum over Nambu matrix indices «, 8 € {1,2}. The last equality reduces
the double integral to a single integral — this follows from Fourier transformation. To
proceed further, we need the imaginary time self-energy and QD Green functions.

The self-energy may be written as (Eq. (2.14))
Goon(T)  —G02n(7)
%c: gk: go i (7) go 2 (T)

The imaginary time Nambu Green functions for electrons in lead « are derived in Appendix

B through Fourier transformation of Eq. (2.9) and restated here:

Zgo w(1) == %f(ank) (eE"’“(ﬁ_T) + eE"’”) , 0<7<B, (4.8a)
P

Aa -7 T
G () = g (Eai) (P00 —ePos) 0 <r < (4.8b)
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We use the shorthand notation E,; = 4/ fm + ]Aa|2 for quasiparticle energies in lead «
and f(z) = [exp(8z) + 1] for the Fermi function. The two other components are found
from 3y gg?ak(T) =Dk g(%,lak(T)’ gg,lak(T) = gé?ak(T)*‘

The QD Green functions are a little more cumbersome to derive. In the infinite gap
limit, we consider the interactions as they are — it is exact in U. Therefore, if we attempted
to use the equations of motion to derive the single-particle Green function Gy 4, we would
soon run into problems due to these interactions. We would find that Gy 4 couples to a two-
particle Green function. The two-particle Green function couples to a three-particle one
and so on. We would not be able to find a closed system of equations for Gy 4. Furthermore,
due to interactions, it is not possible to apply Wick’s theorem that reduces many-particle
Green functions to a sum of products of single-particle Green functions.

However, since we actually do know the many-particle eigenstates in the infinite gap
limit, we may instead use the Lehmann representation and calculate the QD Green func-
tions in this way. Then, we simply take statistical averages where each state is weighted
by a Boltzmann factor: Zo (---)g = >,
Ing) € {|1),11),]+),]|—)} and with normalization Zy = 3 e FEn.

no

e~ PER (ng|- - +|no) using the eigenstates (Eq. (3.6))

Terms of the form (Ay (7)Bp(0)), need to be evaluated when calculating single-particle
Green functions. Here, Ay (7), Bg(7) are operators in the Heisenberg representation. The
time evolution is governed by the unperturbed infinite gap Hamiltonian (Eq. (3.5)), e.g.
Ap (1) = efl~T Age™H>~T with Ag given in the Schrédinger representation.

We may write the QD Nambu Green function (Eq. (4.5)) explicitly as

(o) @, \ ; o
(dh(7)d}(0)) ©), ) | |

0

God(—7) =
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The statistical averages are evaluated in Appendix C. They end up being

2o (d(r)ds(0)) = u? (e BB . o Bir e )

4.10a
L2 (engTe—Eg(ﬁfr) N 67E2767E0_(577)> | (4.10a)
Zo (dy(1)d}[(0)) = u? (e e oI 4 mERTem R (5o
0 (4.10b)
+ 212 (engTeng(ﬁfT) + eng‘refEi(Bf‘r)) 7
Zy <d¥(r)di(0)>0 = yve ¢ (e_EgTe_Eg(ﬁ_T) A )
_eng‘reng(,Bf‘r) - eng‘refES)r(ﬁfT)) (410(3)

= Zo (dy(7)d+(0)); -
Note that if we exchange E? and E° on the RHS of Eq. (4.10a), we get the RHS of Eq.
(4.10b) and vice versa; i.e. <d;(7)dT(0)>O phidy <d¢(r)d1(0)>0.
Let us now return to Eq. (4.6) and evaluate the first order correction to the partition
function Zg (Spert),- Inserting the expressions for the Green functions and performing the

time integral, the diagonal terms give

B
205 [ ar S G () + SR - )
0
BBar—E) _ gBEY  B(Ear—EY) _ ,~BEY

+
Eozk: - (Eg - Eg) Eak + (Eg - Eg)

. (4.11)

=8 Y taf(Ear)
ak
S=+,—
while the off-diagonal terms give
B
2o [ dr SR(GR(-7) + B3 ()G
0
Re(Aqye ) eB(Ear—EY) _ —BES
= 2uvf tiif E i
% o\ | Fr—er- 29
B(Bar—ES) _ —BEY

Eak + (Eg - Eg)

Eock:

Here, Re(z) denotes the real part of z. The final two terms evaluate to

ZoB [1984(0) + 7 G34(0)] = 28lyluv (P — P (4.13)
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Due to the perturbation, the energy levels are shifted compared to the infinite gap limit.
To first order in Sper, the four energy levels are Ey = EY +0FE: and E, = EY + 6E,.
Since there is symmetry between spin up and down electrons in the system, we will still
find a doublet state, i.e. Ey = E|. To determine the energy shifts, we consider the low
temperature limit, specifically dE,4+) < T' < Eqg. To maintain lead superconductivity,
we require T < [Aq| < Eqk, and the condition 0,4y < T allows us to expand the
partition function (again).

In the limit T < Eup, f(Eqae) = e #Pek and terms that scale as ~ e #Fer are expo-
nentially suppressed and negligible at low temperatures since F,; > 0. Then, combining

Egs. (4.11)—(4.13), the partition function is given by

ARSI
—ﬁEO _BEO
e Prs e—BEZ
t2
+B§ * {5—2.1_:_ Eor — (Eg _Eg) " Eok + (Eg —Eg)
_ QuURG(AO‘e_K) e_BES— B e—ﬂEg - [+ . _]
Euk Eu — (EY — EY)  Eu, + (EY — EY)

— 2Buv|Yy]| <e_BE9 — e_ﬂE$> .
(4.14)
On the other hand, given the energy levels E,, E+, we can also expand the partition
function according to

Z = Z e BBs 4 ¢=BE+ 4 —BE- _ Z o BEQ+IE) + o BEL+SEL) + o—BEC+5E_)

o g

(4.15)
~Zy—f (Z §Eye PEs 4 §E, e PEY 4 5Ee—ﬂE°—> .

This is valid for energy shifts much smaller than the temperature 0 E,,(+) < T. Comparing
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coefficients in front of the Boltzmann factors, we find

t2 1 1
0E, = — < +
7 % 2 {Eak: + (E?,- - Eg) Eak + (Eg - Eg)

' (4.16a)
Re(Aqe™) 1 1
+ 2uv B o B 5 ,
Eu Eok + (E+ - Eo') Eor + (E— - Ea)
Re(Aye™) 1
SEL =—) 23 1(1-2 -2 4.16b
+ Z o { |: uv Eak: Eozk — (EO _ EO) UU")/|, ( 6 )
ok + g
Re(Aye ™) 1
SE_=—-) 23 [1+2 2 . 4.1
%; p {{ + 2uwv o For — (B — B9 + 2uvly| (4.16¢)

We note that for N = 2 identical leads with symmetric coupling, this reduces to the energy
corrections found by Meng & Florens & Simon [15]. Already now, we may expect to run
into some divergence problems when E{ — E9 ~ +|A,| and the denominators approach
zero. This is indeed a problem we need to deal with shortly.

For now, let us evaluate the momentum summations. We do this inside the lead sum-
mations so the lead index « will be suppressed in the following. In the thermodynamic
limit, we may replace the discrete summations with continuous integrals: > ,(---) —
VE ff)D d¢ (--+). This will leave us with two types of integrals: I; and I — both with
analytic solutions. Using the trigonometric substitutions £ = |A|tan§ and = = tan(6/2),

one may show I; and I are related to the same, dimensionless integral I. Introducing the

notation E(£) = /€2 + | A%, we have
n_ " 1 E (F A
L(E) _/0 U e = 2|A|I<m|> +L(D), (4.17)
N [Tge Lt 2 (F
1) = [ € ey~ 1ar (a1 9

2
The term L(%‘) = ln(}fﬁﬁ) with Tmax = —% +14/1+ % comes from partial fraction
decomposition and describes the logarithmic divergence with increasing bandwidth. The

principal value of I is given by

00, c=1
Zmax 1 Tmax/2, c=-1

I(c) = 77/ dz = _ . (4.19)
0 1—c+ (1+4c)2? Q\S/ir;(_ci In (;:zf;:‘) ;e >1

\/11_7 arctan(Tmax/r+), |c] <1
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Figure 4.1: The integral I (see Eq. (4.19)) for different values of zpax and c¢. The vertical
axis on the RHS relates D/|A| to Zmax through xyax = —% +14/14 |A| . The integral I

diverges on the lines ¢ = 1 and xyax = Tx-

The integrand diverges at z, = ‘ when |c| > 1, giving rise to a divergence of the

o1
whole integral when the upper limit (J)rf integration is set to this value: xpa.x = x+. [ also
diverges when ¢ = 1 and the integrand is 1/(222). Apart from these two lines, the integral
is well behaved. The value of I is plotted in Fig. 4.1 for different arguments ¢ and upper
limits Zmax in the region D > |A|, corresponding to V2 —1 < Zmax < 1. The integral is
positive for ¢ < 1 and negative for ¢ > 1.

In terms of I, the energy corrections (Eq. (4.16)) are given by
2 —EY (E)-EY E)—E° (E)—E° A
™ \A | Al Aol Al Dq

w0 (5550) (5] |
(4.20a)

EY - EY EY - EY
5Ei———ZF {[ i\Aa\ F 2uv cos(pq C)} 2[(M’> —i—L(‘gZ’)}:Fquhf\.
(4.20D)

Note that all energy levels are shifted by the same logarithmic term L, meaning energy
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differences will not depend on this. Just as we anticipated, our perturbation corrections
break down when the infinite gap energy differences approach the gap E) — EO ~ |A,| or
EY — E% ~|A,|, and I diverges.

To extend the validity of Eq. (4.20), Meng & Florens & Simon [15] proposed to renor-
malize the energy levels through a “self-consistency condition inspired by Brillouin-Wigner
perturbation theory” that re-sums the divergences. Their method corresponds to self-
consistently renormalizing the even parity energy levels EL and leaving the odd parity
energy level E, as stated in Eq. (4.20a). It may seem odd to only have self-consistent
equations for some energy levels and not all, but it takes care of the divergences and fits
well with NRG data as we shall see.

Consider the energy differences a = E_ — E, and b = F, — FE, between the two
singlets and the doublet. Let us denote the unperturbed infinite gap energy differences by
ap = E° — Eg and by = ER , and the first order corrections by da = dE_ — JFE, and
0b = 0FEy — §E, such that a = ag + da and b = by + db. The self-consistency conditions
then yield

a b() <—bo> ag <—a0
IS + I + I
Z {|A| (ma|> [Aal \IAl) " 1A \[Ad]

a0 () 122
ZF {m () (a1 (s
)

b —bo
— 2uv cos(pq — C) [ﬂ(ma’) + I(\Aa’

(4.21D)

These two equations are decoupled since no self-consistency is imposed on FE,. Since
bo = EY — E2 > 0, terms with I(—bp/|Aq4|) do not diverge. But ag = E® — E? is negative
in the singlet region of the infinite gap limit, and, therefore, terms with I(—ag/|A4|) may
diverge (when ag = —|A,|). Close to the level crossing of E_ and E,, however, the integral
turns out to be well behaved for the cases considered here. Equation (4.21) may therefore

be used to determine the phase diagram.
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4.1 Phase diagrams and comparison with NRG

Using these perturbative energy corrections, we may update the infinite gap phase diagram
shown in Fig. 3.2. To first order in Spert, the phase transition between the doublet and
singlet state occurs when E_ = FE,, equivalent to a = 0. The easiest approach to find the
phase transition is simply to set a = 0 on the RHS of Eq. (4.21a) and da = —ag on the

LHS. This leaves us with the self-consistency equation
2 bo —bg ap —ao
apg = — Fa I< > + I( )
> {ma\ Bal) 180\ B

+ 2uw cos(pq — ) {21(0) - I<|_l:?|> + I( ’_A‘(‘jﬂ } — 2uwlyl,

which indirectly determines the phase transition.

For identical leads (Do = D, |Aq| = |A|) with no phase differences, ¢, = 0, we find the

(4.22)

same phase diagram as Meng & Florens & Simon [15] computed for N = 2 leads. This is
shown in Fig. 4.2. As the superconducting gap is decreased from the infinite gap limit, the
doublet phase is suppressed. Close to the particle-hole symmetric point £; = 0, however,
the QD will still be found in the doublet phase for strong enough Coulomb repulsion. Note
that the ratios |A|/T" and D/T" are ‘extensive’ quantities that depend on the number of
leads N since I' = ) T’y is the total hybridization. Hence, adding more leads favors the
singlet phase. This was also true in the infinite gap limit (Fig. 3.2). Note, also, that we
did not have to specify the individual couplings, only the total tunneling rate I' = Y T’y
since the leads act in unison when ¢, = 0.

As previously mentioned, I(—ao/|A|) diverges when ag = —|A|. Except at the charge
degeneracy points, the line on which ap = —|A| is far from the phase transition for all
three values of |A|/I" considered here (see Fig. 4.2). Since the curve ap = —|A| is in the
singlet region in the infinite gap limit and the phase transition moves downwards in Fig.
4.2 with decreasing gap, the curve ayp = —|A| will remain in the singlet region. Thus,
the divergence will never be an issue for the determination of the phase transition and an
imposed self-consistency on the renormalization of F, will only change the results slightly.
In the limit |A] — 0, the curve ap = —|A| collapses onto the infinite gap phase transition
curve.

For |A| 2 T, Meng & Florens & Simon found good agreement with numerical renormal-
ization group (NRG) results by Bauer et al. [16] (also shown in Fig. 4.2 but graphically read
off from Fig. 12 in Ref. [16]). For |A| < I" and close to the particle-hole symmetric point,
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Figure 4.2: QD phase diagram to first order in Sper¢ for N identical leads with no phase
differences ¢, = 0, electronic bandwidth D, = 57I", and superconducting gap |A,| = |A]
given by the legend. Solid curves are the analytical expressions (&2 + Iv[? = U?/4 for
infinite gap and Eq. (4.22) for finite gap); symbols are NRG data (graphically read off)
from Bauer et al. [16]; dashed curves (color matches solid curves) are where ag = —|A|,
giving diverging integrals. The doublet phase is stabilized with increasing gap around the
particle-hole symmetric point £; = 0. To read this diagram, it is easiest to think of fixing
I, and thereby |v|, for each line and varying U along the vertical axis and £ along the

horizontal axis.
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the Kondo effect becomes increasingly important since U/T" becomes large (local moment
regime) at the phase transition. Then, the YSR singlet changes character from a BCS-like
singlet (T < A) — the |—) state we saw in Eq. (3.6) — to a Kondo singlet (Tx > A) with
a screened impurity moment. Meng & Florens & Simon argue that this first order pertur-
bation theory underestimates the Kondo temperature at particle-hole symmetry. In this
sense, perturbation theory breaks down since the system is very different from the infinite
gap limit; the continuum states which were ‘frozen’ out and irrelevant in the infinite gap
limit become important in Kondo physics. Non-negligible corrections lie in higher order
perturbative terms. One could return to Eq. (4.4) and include these terms but it becomes
a tedious process. Instead, a Schrieffer-Wolff [9, 17] transformation to an effective Kondo
model in the local moment regime is likely a better approach. This eliminates (real) charge
fluctuations on the QD and considers — as lowest order — co-tunneling processes.

Superconductivity and the Kondo effect are competing phenomena in the sense that
Cooper pairs, that carry no net spin, must be broken apart to screen an impurity moment.
In some parameter regimes, superconductivity prevails and in others, the Kondo effect.
Consider, for instance, the particle-hole symmetric point £; = 0, deep in the local moment
regime of the Anderson model, U > I'. For a single lead with very small superconducting
gap A < Tx (the Kondo temperature is stated in Eq. (1.10)), there are lead electrons
close to the Fermi level and it is energetically favorable for the electrons to screen the local
moment instead of forming Cooper pairs. Therefore, we expect to find a screened Kondo
singlet as the ground state of the system (see Section 1.4.1). As A is increased, we expect
to find a crossover between the energy of the singlet and doublet states when it is favorable
for the lead electrons to condense into Cooper pairs instead of participating in screening
(A ~Tk). NRG calculations [16, 18, 19] have shown that the doublet-singlet transition is
given by Tk ~ 0.3A in the local moment regime when the QD is coupled to a single BCS
superconductor.

To study the effect of a phase difference between leads, we consider a two-lead S-QD-S
system with identical leads D, = D, |A,| = |A|, symmetric coupling I',, = I'/2 and phase
bias ¢. Using the same gap sizes as in Fig. 4.2, we find the phase diagrams shown in
Fig. 4.3. The phase diagrams have a ‘chimney’-like look with a growing doublet region
around the particle-hole symmetric point as ¢ — 7; this is suppression of the proximity
effect. As we saw in Fig. 4.2, the superconducting gap protects the doublet phase, causing

the doublet region to shrink with decreasing gap. The sides of the chimney move from
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Figure 4.3: QD phase diagrams to first order in Spery when coupled to N = 2 identical
leads with electronic bandwidth D, = 57[", phase difference ¢, and superconducting gap
|An| = |A| given by the figure text in the upper right corner. The frame color matches the
line color used in Fig. 4.2. The color indicates where the phase transition lies for different

phase differences; some lines have been labeled.

completely vertical in Fig. 4.3(a) to almost collapsed in Fig. 4.3(d) where the ¢ = 0 and
¢ = 7 phase transitions lie almost atop each other. In the infinite gap limit (Fig. 4.3(a))
at ¢ =, v = 0 and the even parity base kets |0) and |1|) decouple. The system is then
equivalent to the atomic limit of the Anderson model with no QD-lead hybridization (see
Section 1.4). Thus, the ground state is seen to be the singlet |1]) when &; < —U/2, the
doublet |o) when —U/2 < £; < U/2 and the singlet |0) when {; > U/2.

When ¢ = 7, the off-diagonal anomalous terms in the self-energy (Eq. (2.14)) are zero
and the proximity effect is completely cancelled. This is true in general for identical leads
with symmetric coupling — even before we apply any perturbative methods. We can inter-
pret this as destructive interference between the two leads. An instructive picture might
be a field that changes sign across the QD, giving rise to a node in the superconducting
gap at the QD. Since the unperturbed infinite gap limit only considers these off-diagonal

terms, we expect the perturbative results to become gradually worse as we change ¢ from
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zero to m where the diagonal terms become important. To quantify this claim, we compare
our phase diagrams with NRG results by Tanaka et al. [20] who studied both the effect
of asymmetric coupling and phase bias in two-terminal junctions (L = Left lead, R =
Right lead) coupled to a QD. They considered identical leads with superconducting gap
|AL| = |Ag| = A and electronic bandwidth Dy = Dp = 1.0 x 10°A. Fig. 4.4 shows
how our first-order results compare with data from their Figs. 5, 6, and 7; the NRG data
has been extracted graphically. Note that all energies are in units of A instead of U as
in the previous figures. The phase transition agreement is excellent in the proximitized
limit ¢ = 0, A > ' for both the symmetric (I', = I'g) and asymmetric (I'y, = 1.44T'g)
coupling.

The NRG data in Fig. 4.4 show an enlarged doublet region when the phase difference
is nonzero. This effect is captured by the perturbation theory, but it is too conservative.
In the proximity-cancelled limit ¢ = 7w, I'y, ~ I'g, the computed phase transitions are far
off, as expected. The discrepancies are largest at particle-hole symmetry which is shown in
Fig. 4.4(a). Here, the NRG calculations show a doublet ground state for all ' > 0,U > 0
in the case of symmetric coupling at ¢ = 7. Our perturbative results, however, predict a
phase transition (dashed red line) in the middle of Fig. 4.4(a) for finite U. For asymmetric
coupling at ¢ = 7 (solid red lines), we actually have two phase transitions in the plotted
region in Fig. 4.4(a) — in disagreement with NRG. Returning to Fig. 4.3(d), we see that the
‘chimney’-collapse is a flaw of our perturbative results; the doublet phase should remain
protected at particle-hole symmetry when the proximity-induced gap vanishes at ¢ = 7
for symmetric coupling as is clearly evident from the NRG data in Fig. 4.4(c).

Recently, exactly this sort of ‘chimney’-like phase diagram was observed experimentally
by Bargerbos et al. [7] in the phase-biased junction seen in Fig. 1.1. They also used a two-
lead superconducting Anderson model as the theoretical model but used NRG to fit to the
experimental data which yielded good agreement.

We have seen that the MFS model accurate replicates the NRG phase diagram for
single and two-lead systems with A > I". For smaller gaps (A < I') or with a large phase
bias ¢ ~ 7, however, care must be taken since the MFS model becomes gradually worse.
This suggests that the important parameter for the validity of MFS is the induced gap on
the QD v (Eq. (3.2)).
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Figure 4.4: QD phase diagrams to first order in Spery when coupled to N = 2 identical
leads (L = Left lead, R = Right lead) with superconducting gap |Ar| = |Agr| = A and
electronic bandwidth Dy, = Dg = 1.0 x 10°A. The phase difference and couplings for the
different lines is given by the legend below pane (c). Symbols are NRG data from Tanaka
et al. [20] (the data has been graphically read off from their Figs. 5, 6, and 7).
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5 Zero-bandwidth approximation

So far we have studied the infinite gap limit and the first order corrections to the energy
levels and the accompanied phase diagram. In this section, we strengthen our intuition
for Josephson junctions coupled to interacting quantum dots by considering a very simple
numerical model, namely the zero-bandwidth (ZBW) approximation. In the ZBW model,
BCS leads are replaced by single quasiparticles with energy A, disregarding the continuum
of states outside the gap. This makes the model exactly solvable, numerically. Opposed to
NRG, the ZBW model is also easily extendible to more complex systems with more dots,
leads, and other couplings. Despite the crude continuum simplification, it has been shown
to be a useful tool to describe experimental data, in good agreement with NRG [21, 22].

One caveat of the model is the determination of the effective tunneling between the QD
and the single level in the lead. Given the hybridization I" which describes total coupling
to all states in the lead, the conversion to the ZBW tunneling parameter is non-trivial.
In some sense, one can treat it as a fitting parameter when comparing with experimental
data. It turns out, however, that the conversion is straightforward in the infinite gap limit
as we will present in Section 5.6.1.

The ZBW model is also able to interpolate between two distinct regimes: the proximity-
induced superconducting QD (U < A) and YSR screening of a local moment (U 2 A) [17,
23]. Nonetheless, the model fails to describe the Kondo effect in the strongly interacting
limit U > A due to the lack of a continuum of bulk states. In Section 5.6.2 we try to mend
this flaw in the S-QD (N = 1) system by a suitable rescaling of the tunneling parameter.

First, we introduce the ZBW Hamiltonian and write it in a basis of Fock states before
we transform it into a basis that conserves total spin angular momentum. Afterwards, we
study screening of a local moment in the ZBW model and YSR bound states before we
move on to energy dispersions and current-phase relations. In the end, we try to relate
it directly to the superconducting Anderson model and compare with both NRG and the
MFS model from Section 4.

5.1 The ZBW Hamiltonian

The ZBW approximation amounts to keeping only terms involving Fermi surface states

in the Hamiltonian which substantially simplifies the problem. The Hamiltonian H =
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Hs+ Hp + Hs—p (Egs. (2.1) to (2.3)) is then approximated by

Hg ~ — Z (AQCLTCL¢ + AZCQ¢CQT> , (5.1a)
(0%
Hp = Z €daNdo + Ungrnay, (5.1b)
g
Hg p= Z (tac];gda + toédi,cag> , (5.1¢)
oo

where we have dropped the k-index on the c-operators ch; = cS,ﬂF , and chosen a gauge

with real tunneling matrix elements t, € R. The QD part of the Hamiltonian remains
unchanged.

In the ZBW approximation we are left with a Hilbert space of size 4V+1 (4 states in
each lead and 4 on the QD), meaning we can diagonalize the Hamiltonian numerically if

N is reasonably small. Let us denote the Fock states by
D, 81, Sy, ..., Sn) = DT SIs...s1 10y, (5.2)

where the creation operators D and Sl[ mean

1 (np = 0) 1 (na = 0)
DT = dl’? o :Ta\l/ (nD = 1) ) S(‘i)-c = cLO’? g :T7\lf (na = 1) ‘ (53)
aqdi (np =2) CLTCLi (ng =2)

The number n simply counts the number of creation operators (electrons) and will become

useful to keep track of minus signs when commuting operators. Single electron operators

anti-commute between a lead and the QD and between different leads: cfj,ldé” = —d((j)cgo)-,

C((;BCS/) = —CS,)UCSQ (a #£ o). Thus,

[

SHSW = (—1yrenarsDgh o 2o, (5.4a)
SHpM = (—1)ranp ph) g, (5.4b)

The states are orthonormal, meaning

(D, S1,.... SN|D, S1, ... Sn) = (0|Sy -+ $1DDST - SL10) = 65, [ [ dae- (5.5)

Before we can diagonalize the Hamiltonian, we need to determine the matrix elements

in this Fock basis. The QD part is diagonal.

(D, 8y,.... SN|Hp|D, 81, ..., Sn) = Epépp | [ a0 (5.6)
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where Ep = 0,¢4,2¢4 + U for the states |0,S1,...,Sn), |0, S1, ..., Sn) , |1, S1, ..., SN), Te-
spectively. The lead part Hg also simplifies nicely since it only concerns electrons in the
same lead. Let us write Hg = ), HS, where Hg = —AacLchw — A} cqlCar from Eq.
(5.1a). Note that operators pertaining to different leads or the QD commute with Hg
since it is bilinear. Using Eqgs. (5.4) and (5.5), we find

(D,S1,.... Sn|Hs|D, 81,....Sn) = > (0|Sn - S DHED'S] - - SL|0)

=0pp > (01Sy - SaHES] - SLI0) T] darer

a'<a
=d0pp Y (0[S HESH0) T] (1) @tmemer TT daar
a a''">a a'#a
=0pp Y (0[S HESH0) ] daers
« o' #a
(5.7)

where we have used that n, + no = 2 when <O]5’aH§‘Sll]O> # 0; the BCS terms create or
destroy a Cooper pair of two electrons. We represent Hg in the single lead subspace as a

4 x 4 matrix. In the basis {|04),|Ta), [4a) s |Ta)}, the matrix representation is

0 0 0 —A

Hg = 0 00 0 58)
0 00 0
—Ay 00 0

The tunneling part Hg_p couples each lead to the QD and, hence, takes a more com-

plicated form. Similar to before, we write Eq. (5.1c) as Hs_p = >, HS_p, where
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HY_ =3 (tachods + t5dbcag), such that
(D,Sy,...,Sx|Hs_p|D, Si, ..., Sn) = Z (0|Sn - - S1DH§LDDTSI .. SEFV‘(»
=" (0|8 -+~ SaDHE_pDTSL - S4]0)

% H nD+nD n /5” ,

a'<a

=> (0[SaDHE pDSH0) T (—1)™ 650

a'<a
X H (—]_)(ﬁa+ﬁD+nD+nQ)ng(5&//a//
o' >a
=Y (01SaDHE_pD'SL0) (~1)%e<ae TT 6a
«@ a'#a
(5.9)

In the third and final equalities we used that np = np +1 (one electron is either added to
or removed from the QD) and np + i, = np + Ny (the number of electrons is conserved)
when <0|S’QDH%UDTS£|O> # 0. As in Eq. (5.8), we can write the matrix representation
of Hg 5, in a subspace of the full 4N+1_dimensional Hilbert space. Since Hg , couples a
single lead and the QD, we need a 16 x 16 matrix to represent this term. Due to the size,
we omit the explicit form and simply note that it is a sparse matrix with only 16 nonzero

entries.

5.2 Conservation of total spin angular momentum

The ZBW Hamiltonian has spin rotational symmetry which we will exploit. In this section
we will show that the total spin is conserved, simplifying the job of diagonalizing the
Hamiltonian.

The spin of the QD and of lead o are measured with the operators Sqp and S,
respectively. The usual commutation relations between different directions apply and the

square of spin operator commutes with any of its three components.

[Si7 S]] = ZGijSka iaja k€ {$7y, Z}v (510&)
[52, Si] =0, i€{x,y,z} (5.10b)

Here, €;;;, is the Levi-Civita symbol and we set 4 = 1. Thus, only one component of the

spin and S? may be measured simultaneously. Note that operators pertaining to different
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‘channels’ (QD or leads) commute, e.g. [S(’SD, Sg] = 0. The z-component of Sqp and S,

have the explicit forms
1
Sqp = 5 (nat = nay),

1
S: = §(naT — Ny )-

(5.11)

Instead of working with S, and S, directly, we introduce the non-hermitian ladder opera-
tors: Sy = S, £1Sy. They are easier to find explicit forms of than S, and S, and will be
more useful to us.
Sdp =dldy,  Sop =dlds, 5.12)
St = CLTCai, S, = CL¢CaT' '
From these expressions, it is straightforward to verify the commutation relations [Sy,S_] =
2S5, and [S;, S1+] = £5+. These are equivalent to Eq. (5.10a). Using the ladder operators,

one may write S? = 52 4+ S 4+ S7 as

1 _ _ . \2 3 3
Stp =3 (S&pSap + SanSap) + (S4p)” = " = Snainay, )
2 .
52 = 5 (S3S7 +5258) + (S5 = Snec— S,

The (single-channel) operators have the following properties:

5210y = Sz [) =0,

1 1 (5.14)
S\ =5, Sl =-351),

S [0) = Su [14) = 0,
Sely =1, Sct=o, (5.15)
S_I =1, S-l)=o,

§%10) = S*|t4) =0,
(5.16)
5%l0) = 1o}
Due to the tunneling part of the Hamiltonian Hg_p, only the total spin across the QD

and the leads will be conserved. Let us construct the operator that measures the total spin
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of a Fock state.

SZSQD+51+...+SN
=Sep®L1®@---R1Iy+1gp®S1 0L ® - @In+ ... +1gp @ - ®1In_1 @ SN.
(5.17)

The operators on the RHS only act in their respective ‘channel’, i.e. the QD or lead
a. Since all single-channel operators on the RHS satisfy Eq. (5.10) and commute across
channels, the total spin S also satisfies Eq. (5.10). The z-component of S has the explicit

form

1 1 1
S, = S(SD + Sf + ...+ S]ZV = i(ndT — ndi) + 5(71” — nu) + ...+ §(nNT — nNi), (5.18)

and the ladder operators extend to

Sy = SgD + Sfr + ..+ S]J\? = d$d¢ + cJ{Tcu + ...+ cJ]rVTcNi,

(5.19)
S =Sqp+ Sy +..+ Sy =dldi + e jerr + ...+ ey eny
Expanding S?, we have
2= +> 82+2) Sqp Sa+2> Y SoSu (5.20)
«a « a a'>a

The combined spin operators S,,S? and S4 satisfy the same commutation relations as
the single channel ones: [52,52] = [Si,Sﬂ =0, [S+,5-] = 25,, [S,,S+] = £5+. Note,
however, that [SQ,SéD] # 0 # [52,52]; one can only describe the system using the
single-channel operators (S, S3) or the total spin operators (52,5.).

Now we show that the ZBW Hamiltonian (Eq. (5.1)) commutes with both S, and S2,
such that they correspond to conserved quantities and ‘good” quantum numbers. It is clear

that ‘cross-channel’ commutators are zero.

[Hp,Sa] = [Hp, Sa] =0, (5.21a)

[Hs, Sqp] = [Hs, Sdp] =0,

(5.21b)
[Hgasa’] = [Hgasc%’] =0, O/#O‘a

[Hg—Dasa’] = [Hfg)‘_D,Si,] =0, o #a. (5.21c¢)
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Let us first show that [H,S,] = 0. Using Egs. (5.18) and (5.21), we find

(H,S5.) = [Hp., Sap] + > [HE. 53+ [HE p. Sap + 57, (5.22)

Since [ngy, ngor] = 0, the first term is zero: {H D, SéD} = 0. The second term is also zero

and the QD and lead contributions cancel in the final term.

1 * *
[HS,SZ] = D) (_AQCLTCL¢ + A%cq Cat — AQCL¢CLT + A caTcM) =0, (5.23)
t
[HE_p, Sop] = 5 (CLTdT —dlear — ¢l dy + dle, ¢) = —[HS p,SZ]. (5.24)
Thus, we conclude [H, S,] = 0.

Next, let us show [H, $?] = 0. Using Eqs. (5.20) and (5.21), we find

[Hp, S| = [Hp, Sdp] + 2[Hp, Sqp] - > _ Sa, (5.25)
[Hs, 5% = 2Sap - Y [HS, Sal + Y ([H§: Sal - Sar + Sa- |[HE,Sw|),  (520)

[Hs-p,5%] => [H¢ p.(Sqp +8a)’) +2 > [HE p,Sqp +Sa] - Sar. (5:27)

o ool #a
We use the ladder operators (Eq. (5.12)) to write Sy = (S++5-)/2, Sy = (S+—5-)/2i. We
find [ndm S(:QED] = :l:aSéD such that [HD, SgD] = 0. Remembering that [HD, SéD} =0,
we conclude [Hp, Sqp| = 0 and, hence, [Hp, S?] = 0. It is easy to see that [HZ, ST] = 0
such that also [Hg, S,] = 0 and, therefore, [H S, 52] = 0. This leaves us with the tunneling
part for which we find

(S p, 5T = taldicay = clyd)) =~ |HE_p, SGp . (5.28)

[H3_p.Sa) = ~[HE_p, 541" = = [HE_p. Sgp] (5.29)

The terms in Eq. (5.27) evaluate to zero since the QD and lead commutators cancel,

ie. [HY p,Sqp + Sa] =0 (the z-component is zero from Eq. (5.24)). In conclusion, our

ZBW Hamiltonian commutes with both S, and S? which is a consequence of spin rotational

Symmetry.

We now have a set of three commuting operators (H, S, S?) which we may use to label
the eigenstates |n, s, m).

H|n,s,m) = E; |n,s,m), (5.30)

S, |n,s,m) =mln,s,m), (5.31)

S%|n,s,m) = s(s +1)|n,s,m). (5.32)
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We may not add SéD or S2 to the set of commuting operators (H, S, S?) since they do
not commute with Hg_p. Notice that the energy is independent of m. The degeneracy
is due to spin rotational symmetry and may be broken by e.g. an external magnetic field.
Combining the intermediate results in proving [H , SQ] = 0, we showed that [H,Sy] = 0.

Thus, the states |n,s,m) and Sy |n,s,m) « |n,s,m £ 1) are degenerate.
H(S4 |n,s,m)) = S+(H |n,s,m)) = E; (S |n,s,m)). (5.33)

All states within the same multiplet are degenerate.

To find the energy spectrum of the ZBW Hamiltonian, then, one may use the eigenstates
of S? and S, to block-diagonalize H through a change of basis. Only states with the same
quantum numbers s and m are connected via H. We wish to find a unitary operator U

which maps the Fock states onto eigenstates of S? and S..
|X75am> :U|D751752a"'7SN>' (534)

The x indicates that these states are not necessarily eigenstates of H, but some linear
combination of eigenstates with the same s and m; it represents our ignorance.

Ix,s,m) = Z (n,s,m|x,s,m)|n,s,m). (5.35)

n

Multiplying Eq. (5.34) from the left by the bra (D,Si,...,Sx|, we see that the matrix

elements of U in the original basis are the appropriate Clebsch-Gordan coefficients.
<D, 51, ceny §N|U|D, Sl, SQ, ceey SN> = <E, gl, ceey §N|X7 S, m> . (536)

Except for the largest multiplet s = spax = (N + 1)/2, this mapping is not unique. In
other words, the expansion coefficients (n, s, m|x, s, m) in Eq. (5.35) are not unique. The
set of states {|x, s, m)} is just one particular basis which block-diagonalizes H.

Conveniently, the Fock states are already eigenstates of .S,.
Sz ‘D, Sl, SQ, ceny SN> =m |D, Sl, SQ, veey SN> . (5.37)

The z-projection of the total spin is just the sum of individual contributions from all single-
particle states: m = mqp +mq +mg + ... +my. This follows from the linearity of S, (Eq.
(5.18)). If we consider

0= (D,S1,....,SN8[S: = Sgp — ST — .- = Sxx, 8,m)

(5.38)
=(m—mqgp —mi1 — ... —mn) (D, S1,..., Sn|x, s,m) ,
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then it follows that the Clebsch-Gordan coefficients vanish unless m = mqp + m1 + ma +
... + my such that the transformation matrix U only connect states with the same m as

usual.

U= Um(smmeD+m1+-..+mN- (5.39)

The eigenstates of S? are a little more cumbersome to obtain but largely follows the
usual procedure of applying S_ from the highest weight state and ensuring orthogonality
between different multiplets (different s). If we list all 4V*! Fock states, it is easy to
divide them into groups with the same quantum number m. We only need the states with
m > 0 to find all energies E in the end. This results in N + 2 blocks — one for each
spin z-projection m = 0,1/2,...,(N + 1)/2. In each group there will be states from higher
multiplets (s > m), except for the two groups with largest m: m = Spax, Smax — 1/2. We
know that the highest weight state |1,7, ..., 1) belongs to the largest multiplet as the only

state with m = Spax-

‘5 = Smax, M = mmax> = |T7T7 7T> ) Um:(N+1)/2 =1 (5'40)

In the next group (m = smax — 1/2) which contains Fock states with N spin-up electrons
and 1 empty or doubly occupied single-particle state, there are 2(N + 1) Fock states. They
all have the same quantum numbers s and m and, hence, any linear combination of these
states are also simultaneous eigenstates of S2 and S..

N (N
S2 H\v "'71\7071\7 7T> = E (2 + ]-> H\) "'71\)0)1\) )/]\> )

(5.41)

N (N
52 ’Ta "'7T7T\L7T7 7T> - E (2 + 1) H\a "'7T7T¢7T7 7T> .

As mentioned, this freedom means the mapping in Eq. (5.34) is not unique. We would
need more ‘good’ quantum numbers / commuting operators / symmetries to choose a better
basis. For simplicity, we take the basis of eigenstates of S? and S, in the s = m = N/2-

subspace to be the Fock states |D, S1, ..., Sn). Then U, is, again, just the identity.
Upny2 = L. (5.42)
From here, we apply S_ to the basis states to lower m.

S_ lsmaxa Smax> X ‘Smaxy Smax — 1> s

S, |X> Smax — 1/27 Smax — 1/2> X |X7 Smax — 1/27 Smax — 3/2> .

(5.43)
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Then we construct the states |, Smax — 1, Smax — 1), |Xs Smax — 3/2, Smax — 3/2) by ensur-

ing they are orthogonal to the higher multiplets and within the same multiplet.

(Smax> Smax — 1[X; Smax — 1, Smax — 1) = 0,

(X Smax — L, Smax — 1[X', Smax — 1, $max — 1) = .y,

(X Smax — 1/2, Smax — 3/2|X', Smax — 3/2, Smax — 3/2) = 0,
<X7 Smax — 3/2, Smax — 3/2‘)(/, Smax — 3/2, Smax — 3/2> = Oy /-

(5.44)

This may be done using the Gram—Schmidt process, for instance. Again, the basis is not
unique. We continue using S_ and forming an orthonormal basis for each m until we reach
m = 0 and m = 1/2. The Clebsch-Gordan coefficients for m < 0 may be inferred from
Up,>o if need be.

Having constructed the transformation matrix U, the Hamiltonian becomes block-
diagonal upon a change of basis: H — UTHU. Due to the m-degeneracy, it suffices to
study the blocks with m = 0 and m = 1/2 where we find all s-values. We denote these
blocks H,, = Uﬂ%HUm. Assuming N is odd, Smax = (N + 1)/2 is an integer and the
S = Smax multiplet will be in the m = 0-block — otherwise it will be in the m = 1/2-block.

Hipno = diag (Hgm, Hy™ ", .., HY)

N odd
. o max—1/2 max—3/2 1/2 s
Hme 2 :dlag(Hfﬂ / HY; / v~--aH1//2)
(5.45)
Hyo = diag<H§maX—1/27Hgmax—?,/z’ L HO
= 1 Smax Smax—1 1/2 N even.
Hm:1/2 = dl.ag(Hl/2 >H1/2 ,...,H1/2>
Here, H?, is the part which has not yet been diagonalized in each (s, m)-block.
Hy = Z Ix,s,m) (x,s,m|H|x',s,m) (x',s,m]|. (5.46)

XX

Diagonalizing anzo,l/2 for each s = 0,1/2, ..., Smaz, we find the full energy spectrum and
the eigenstates. The degeneracy follows from the quantum number s; there are 2s + 1
states with same energy but different m = —s, —s+1, ..., s in each multiplet. If we require
the eigenstates for m > 0,1/2 (m < 0,1/2), we may apply the ladder operator Sy (S_) to

the eigenstates |n,s,m = 0),|n,s,m = 1/2).
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5.2.1 The dimensionality of spin-blocks

The unitary transformation H — UTHU outlined in the previous section block-diagonalizes
the ZBW Hamiltonian by utilizing the spin-rotational symmetry of the system. In this
section, we find the dimensions of the remaining blocks of UTHU, namely those we denoted
H {31:0,1 /2
system of n spin-1/2 particles into irreducible representations.

with s = 0,1/2,..., Smax. This is related to how one decomposes a composite

The general rule of angular momentum addition for two particles with spin s; and s9

is
S1®8y~81+8Ds1+s2—1D...D|s1 — sg. (5.47)
The LHS represents eigenstates of ST and S35 while the RHS are all the irreducible repre-

sentations using eigenstates of the total spin: S+ S3. A composite system of two spin-1/2

particles gives a triplet and a singlet.

1 1

- ®-~1640. 5.48
Using this decomposition, three spin-1/2 particles combine in a quartet and two doublets.

1 1 1 1 3 1 1
—®-|l®-~(1 S~ DD 4
Q®2>®2 (+m®2 505®3 (5.49)

Four spin-1/2 particles combine in a quintet, three triplets, and two singlets.

(;@;@;)@;N(3@;@;>®;~2@1@1@1®0@0. (5.50)
One may continue this iterative expansion by adding one particle at a time.

Let d(n, s) denote the number of singlets (s = 0), doublets (s = 1/2), triplets (s = 1),
etc. in the decomposition of n spin-1/2 particles into irreducible representations. Then,

the decomposition gives the recurrence relation
1 1 n
dn,s)=d{n—1,s—=|+d{n—-1,s+=), n>2 0<s<—;
2 2 2
d@ﬁ>§>=ﬂm8<®=& n>1; (5.51)

1
1,-) =1
()

When we add a spin-1/2 particle, the spin only changes by s = £1/2. Therefore, the
irreducible representations with spin s for n particles must come from irreducible represen-

tations with either spin s —1/2 or s +1/2 at n — 1 particles. Of course, s =0 and s = n/2
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n S
0 3 1 5 2 § 3 3 43
1 1
2 1 1
3 2 1
42 3 1
5 5 4 1
6 5 9 5 1
7 14 14 6 1
§ 14 28 20 T
9 42 18 27 8 1

Table 1: The number of irreducible representations d(n, s) with combined spin s from the
product of n spin-1/2 particles: ", % Each entry is the sum of the two entries above it

(Eq. (5.51)). Blank entries are zero as well as entries with s < 0.

are special cases, for they are only connected with s = 1/2 and s = (n — 1)/2, respectively.
Table 1 shows d(n,s) for combining 1 < n < 9 spin-1/2 particles. One finds that these
form an asymmetric Pascal’s triangle where an entry is the sum of the two entries above.

Given that there are 2541 states in each multiplet, one may check that the dimension of
the Hilbert space is still 2" after the decomposition; e.g. forn =5, 5-24+4-4+1-6 = 32 = 2°.

For the ZBW Hamiltonian, we have to include the vacuum state and the doubly occu-
pied state. In terms of angular momentum addition, these are “spin-0 particles”. According
to Eq. (5.47), this does not change the decomposition itself, only the number of times it
has to be counted. The Fock states |D, Si, ..., Sy) describe N + 1 “particles” in a 4V +1-
dimensional Hilbert space. We denote the number of irreducible representations with spin
s by D(N +1,s), where

NN
DQWS%zEjW(,)d@V—jJ% (5.52)

=0 7
and (JJV ) = NI!/(N — j)!j! is a binomial coefficient which counts the number of ways to
place j “spin-0 particles” into a combined Fock state of N particles. The factor 27 reflects

the two choices of “spin-0 particle”: vaccum or doubly occupied. Eq. (5.52) states that we
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N S

0 53 1 5 2 3
1 2 1
2 5 4 1
3 14 14 6 1
4 42 48 27 8 1
5 132 165 110 44 10 1

Table 2: The number of irreducible representations D(N, s) with combined spin s from the
product of N — j spin-1/2 particles and j spin-0 particles of which there are two types:

®£\;1 (0@ 0@ 1). Blank entries are zero as well as entries with s < 0.

can compute the number of irreducible representations with spin s by weighing the rows
of Tab. 1 by the number of times we need to perform that particular decomposition. The
values of D(N, s) are collected in Tab. 2 for 1 < N < 5.

Another way to look at it is the expansion of the product ®Z]\L1 (O ©0D %), which
is directly related to the Fock states. Each single-particle state is either from a doublet
(s; = 1/2) or a singlet (s; = 0), and there are two singlets (vacuum and doubly occupied
states). Therefore, each term in the expansion corresponds to a unique Fock state. From

the expansion follows a useful recurrence relation analogous to Eq. (5.51).

1 | N
D(N,s):2D(N—1,s)—|—D(N—1,s—§)+D(N—1,s—|—§>, N22, 0<s<

D(1,0) = 2; D(l, %) — 1, D(N,s > g) — D(N,s < 0) =0.
(5.53)

This, in fact, implies that all the rows of Tab. 2 are contained in Tab. 1 if one ignores the
blank spaces; compare rows N = 1,2, 3,4 from Tab. 2 with rows n = 3,5,7,9 from Tab. 1.

The number D(N, s) is precisely the dimension of the spin-blocks Hy _ /o Thus, the
problem of diagonalizing the ZBW Hamiltonian — originally a 4V +1 x4N*! matrix — reduces
to a set of smaller matrices of dimension D(N+1,s), s =0,1/2, ..., (N+1)/2 given by Tab.
2. Numerically, this decomposition is more efficient due to the (time / space) complexity
of eigenvalue and eigenvector determination. The added cost is just the determination of
U, which only needs to be done once for each N (it is independent of model parameters),

and a matrix product H — UTHU which needs to be done for each set of parameters.
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With the matrix elements and the simplifying observations about ‘good’ quantum num-
bers in place, the Hamiltonian is readily diagonalized numerically. As we proceed down
this avenue in the next section, we supplement the discussion with perturbation theory to
understand the process of screening in the ZBW model. It is instructive to consider the

single-lead S-QD system first.

5.3 YSR bound state in the single lead system

Let us study the atomic limit ({ — 0) of the single lead (N = 1) ZBW model and the
leading order perturbative corrections. In the end, we will find a ground state transition
at some finite ¢ to a screened YSR singlet in the local moment regime.

We take Hy = Hg + Hp as the unperturbed Hamiltonian where
Hg = —Acki —Acjcy, Hp = eqng + Ungyngy, (5.54)

and treat
Hs p=t. (cj,da v d:r,cg> (5.55)

as a perturbation. Note, that both A and t are real, positive numbers without loss of
generality. In the unperturbed system there is no tunneling between the lead and the
QD. Therefore, the ground state of the combined system is simply the combination of the
isolated QD ground state and the isolated lead ground state. The atomic limit of the
(normal metal) Anderson model was dicussed in Section 1.4. The only difference with
superconducting leads is the condensation of electrons into Cooper pairs in the leads.
Diagonalizing Hg, the eigenstates are |og) = ¢ [0g) with energy EZ = 0 (at the Fermi
level) and BCS states (cf. Eq. (3.6))

l+s) = \}5 (—10s) +tds)), |—s) = \}5 (10s) + [Tls) ), (5.56)

with energies Efqt = £A. The subscript S is for superconductor (lead). The state |—g)
has lowest energy. The ground state of the isolated QD is determined by ¢4 and U (see
Fig. 1.2). The unperturbed eigenstates of the combined system and their energies are
summarized in Tab. 3. From the previous section we know that we may decompose
the 16-dimensional Hamiltonian into three blocks of dimension 5,4,1 corresponding to
s =0,1/2,1, respectively (cf. Tab. 2).
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s=m=20
Ey €d —A A 2¢q +U — A 2¢q + U + A
s=m=1/2 s=m=1
Ey €q— A €q+ A 2¢q+ U 0 €d

Table 3: Unperturbed eigenstates and energies of Hy = Hg + Hp (Eq. (5.54)) for N =1
lead in the ZBW approximation. Due to spin-rotational symmetry, energies are degenerate

in m. Hence, only states with s = m are shown. The states are written as |QD, Lead) with
|£) defined in Eq. (5.56).

In the local moment regime —U < ¢4 < 0, the isolated QD ground state is |op) with
energy E7, = €4. Therefore, the (doublet) ground state of Hy is
1
V2
The doublet has combined spin s = 1/2 and unperturbed energy EFY = (Dg|Ho|Dg) =
eq — A. Note that there are three other doublets than |D) in the system (with higher

Do) = |o, =) = |op) ©|—s) (lo,0) + 1o, 14) ). (5.57)

energy).
For some critical t = t., it will be energetically favorable to screen the local moment

on the QD such that the ground state of H has spin s = 0. To find this critical tunneling
rate, we will apply degenerate perturbation theory. Thus, we need to find the ‘good’ linear
combinations in the degenerate subspace that split up when the perturbation is applied.
Then we can apply the results of non-degenerate perturbation theory. We will limit our
discussion to the local moment regime where the level spacings between |0, —) , [T, —) and
the two degenerate states [T, 1), |}, T) are large: A — U < ¢4 < —A. For small A, we can
find such €4, but at A ~ U/2, this obviously breaks down for all ;. In this regime, we can
neglect the mixing between these states and focus on how the degeneracy between [1,])
and |}, 1) is lifted.

If we apply the perturbation to these states and project onto the unperturbed eigen-
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states, we find

Hs—p |1, 4) =t (10,14) +[14,0)) = \7(\0 ) 10, =) ML =) =1L 4)),  (5.58)

Hs-p [, 1) = —Hs-p[1,]). (5.58b)

It is clear that the symmetric combination

[s=1,m=0)=— (It} +11.1)) (5.59)

1
V2
is an eigenstate of the full Hamiltonian H = Hg + Hg_p (with energy E*=! = ¢;). It
is not affected by the perturbation at all. This is just a statement about spin-rotational

symmetry; with only one lead, there is just one triplet (s = 1) and, therefore, no further

mixing. The odd combination

1So) =Ix=1,s=0,m=0)=—=(I,1) - |1, 1)) (5.60)

1
V2
is not an eigenstate of Hy + Hg_p, however, since it mixes with |0,1]) and [1],0). The
X-label is there to remind us, that |Sp) is just one of the five singlets that will mix when
we turn on Hg_p. We will refer to |S) as the screened YSR singlet. In the limit ¢ — 0,
|s =1,m =0) and |s = 0,m = 0) are degenerate but they are the ‘good’ states to use for
non-degenerate perturbation theory since they obey the spin-rotational symmetry.

Now we compare the perturbative energies of the doublet |D) and singlet |S). Using
Eq. (5.58), we find

Hs_p |Do) = 0,0) = [1},0) ), (5.61a)

L
Hs-p|So) =t (10,4) + [0, =) + [T, =) = [T, +) ). (5.61Db)

From here, it is easy to see that the first order energy corrections are zero: (Do|Hg—p|Do) =
(So|Hs—p|So) = 0. Summing over all other eigenstates |n) of Hy, the second order terms

are

| ”|HS D|D0>| 2 1 1
5E2 _Z 2 A—€d+6d+U+A ’ (5'6221)

Z’ n]HS D‘Sg)’ g2 1 B 1 " 1 n 1
— O A —eq4 A+ eq eq+U — A e+ U+ A '

(5.62D)
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Close to the particle-hole symmetric point €5 ~ —U/2 and with large Coulomb repulsion
U > A, we may neglect A in all terms. It is then clear that both corrections are negative
and that the correction to the singlet state is larger: 5E25 JOEP ~ 4. The singlet has more
tunneling options and becomes more delocalized. Thus, at some finite t = t., we expect an
energy level crossing: EP — E¥ = 0.

1/2 1 1 1/2
EP —E% = —A 44 — : 5.63
* (A—ed A+ed+ed+U—A+ed+U+A> (563)

We find that the critical tunneling rate is given by

) 2A

e, pt. — T 1 2 2

t —— —
A—eq A+eq eq+tU—A eq+U+A

(5.64)

The subscript “p.t.” stands for “perturbation theory” and is meant to discern it from the
true critical tunneling rate t. we find from numerical diagonalization of H. As expected,
in the case of a normal metallic lead (A = 0) in the local moment regime, the screened
singlet becomes the ground state for finite tunneling (¢ > t, = 0). This is the ZBW version
of the Kondo effect when Tk > A; the YSR singlet becomes the Kondo singlet in this
limit. For a superconducting lead, it takes extra persuasion (¢, > 0) to convince the lead
to split up the Cooper pair and screen the local moment on the QD; it only happens if
SEP —0ES > A.

The eigenenergies of H are shown in Fig. 5.1 as a function of ¢ at the particle-hole
symmetric point ¢; = —U/2 for a small A = 0.1U. The doublet-singlet phase transition
occurs at t = t. ~ 0.14U, but second order perturbation theory (dashed curves) estimates
te pt. = 0.12U (Eq. (5.64)). Since the doublet and singlet have different quantum numbers
s =1/2,0, they don’t mix and are allowed to cross each other in energy. The corresponding
eigenstates |D) and |S) are shown in Fig. 5.2 at the energy-crossing (¢ = t. ~ 0.14U).
They have very large overlap with the unperturbed states |Dg) and |Sy), respectively. The
singlet, in particular, shows some (small) charge fluctuations which would increase with
larger A. In the proximitized limit, the lowest energy singlet resembles the BCS state
— =) = (10, =) + 14, )/ V2.

Fig. 5.3(a) shows how t. 1 (Eq. (5.64)) varies around the particle-hole symmetric
point. As mentioned, our perturbative results are only valid in region A — U < ¢5 < —A.
In this region, we compare with the exact result (numerical diagonalization of H = Hy +
Hgs_p) in Fig. 5.3(b). For A < U, t. is small and the agreement is excellent. As we move

away from particle-hole symmetry or increase A, the discrepancy grows and perturbation
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0.25 ——————————————————————————
[ A=0.1U, ¢;=-05U
0.00 i
- 3 s=0
E_O'%f s=1/2 ]
s=1
—0.50
—0.75

Figure 5.1: ZBW eigenenergies of H = Hy+ Hg_p as function of the tunneling rate ¢. Black
dashed curves are the second order energy corrections (Eq. (5.62)). The doublet-singlet
phase transition occurs at ¢ = ¢, ~ 0.14U while ¢, , ~ 0.12U (Eq. (5.64)). Parameters
used: A =0.1U, ¢q = -U/2.

1 M

. @ o (b)
0,-)
) |14, +)
o I 1)
)
E — o

0.0 — 0?5 — 1.0 0.0 — Of5 — 1.0
Amplitude Amplitude

Figure 5.2: Lowest energy ZBW eigenstates |D) (a) and |S) (b) at the critical tunneling
rate t. &~ 0.14U. The phase is encoded in the bar color (grey: 0, black: 7); with parameters
as real numbers, the eigenvectors are chosen to be real. Other parameters used (same as
Fig. 5.1): A=0.1U, ¢g = -U/2.
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Figure 5.3: ZBW critical tunneling rate for the singlet-doublet phase transition in second
order perturbation theory in ¢ around particle-hole symmetry in the region of validity:
A—-U < ¢ < —A. (a) shows t. p¢. calculated with Eq. (5.64). (b) shows the relative

error between Eq. (5.64) and numerical diagonalization of H = Hy + Hs_p.

theory underestimates t.; it is worst close to the lines ¢, = A — U and ¢ = —A where our

perturbation theory breaks down and t. . goes to zero.

5.4 YSR bound states in the two-lead system

When we add another lead, we can study the effect of asymmetries and interference effects.

Now, the unperturbed Hamiltonian Hy = Hg + Hp is given by the terms

Hg = — Z <AQCLTCL¢ + AZCQ¢CQT> , Hp=¢eqmg+ UndTndi, (5.65)
a=L,R

where the summation runs over the left (L) and right (R) lead. The tunneling perturbation
is

Hsp=3 (tacLUdJ + tadj,cw> . (5.66)

ac
Again, we limit our discussion to the local moment regime: |A,| — U < ¢ < —|A4|.
We will only study the A-asymmetric case (|Ar| < |Ag|) with perturbation theory since
symmetric gaps requires us to resolve a degeneracy which only lifts to second order in t;
the point is not to test or use perturbation theory directly, but merely as a tool to aid our
understanding of the model. Without loss of generality, we have taken the left lead to be
the one with the smaller gap in the following.

All unperturbed energies are found in Tab. 4 along with the corresponding eigenstates

for s = m. Being in the local moment regime means that the ground state will be a state
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with only a single electron occupying the QD. Thus, most states from Tab. 4 will not be
ground state candidates due to their high energy. The unperturbed ground state is the
doublet |Dy) = |o, —, —) from the block with s = 1/2. This expands to

Do) = lo. =) = 5 (10,0,0) + €5 o, 11,0) + €7 [0,0, 1) + P54 0,1, 11))
(5.67)
As in the single lead case, a screened YSR singlet will become the ground state for
sufficiently large tunneling. In the A-asymmetric case, the two unperturbed screening

states

[S5)

= (b =) = 1)),
1
V2

which describes screening by the left and right lead, respectively, are non-degenerate with

(5.68)
|S6°)

(=8 ==1),

energies B = ¢; — |Ag| and Eff = ¢; — |AL|. If the left lead — which we assumed to have
the smallest gap: |Ar| < |ARg| — couples at least as much to the QD as the right lead:
tr, > tr, we expect the screening to be done primarily by the left lead. We will call this

(tr > tg or t; < tg) a t-asymmetry. In this case, |ST) will cross |D) in energy at some
critical ¢ = t.. If the tunneling is skewed in the right lead’s favor (tg > t1), it is unclear
SL> might mix a lot with ‘SR>

before it crosses |D) in energy. In terms of energy scales, if |Ag| +t2 /U > |Ap| + t%/U,

which of the two leads will be the ‘primary screener’. Then,

it will be energetically favorable to break apart the Cooper pair in the left (not right) lead
and screen the local moment. Hence, the left lead will be the ‘primary screener’. In the
opposite case, the roles are reversed and the right lead will be the ‘primary screener’. In
the intermediate case, both leads will participate and screen the local moment on the QD
coherently. We will see examples of this shortly.

In both t-asymmetric cases, we consider the second order energy correction to both

‘S’é:> and ‘S§>. Applying the perturbation to the singlets, we find

HS*D ‘Sé/> = tL ( ’07 +7 _> + eii@L |07 ) _> + H\\LJ ) _> - ei@L |T\l/7 +7 _> )
- t?R ( |0"L’T> - eilpR H\\La\LaT) - |O7Ta\l/> + eiLPR |T~L7 T, \l/> )7
HS—D ‘S§> = tR ( ’07 ) +> + €_Z¢R |07 ] _> + H\ia ] _> - ein |T\L> ) +> )

" %L (10,1,0) = €2 111, 1) = (0,4, 1) + €2 [11, 1, 1)),

(5.69a)

(5.69D)
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s=m=0~0
State H\)\lq i) - Hf)T) i) ‘T7i7\L> - H/?iaT> "T[)J,v/[\v\l/> - "r(ia\LaT>
E() Gdi’AR| Ed:t‘AL’
State ‘T?Lv =+, j:>
E, +|AL] £]AR| +|ALl F [AR]
2€d+U:|:|AL’:|:|AR‘ 26d+Uﬂ:’AL‘:F‘AR|
s=m=1/2
State [}, 1) + et D) F ) L)+ A4 + el 1)
E() €d
State [T, £, 1)
Ey cat |AL| £ |AR| ea + |AL| F |AR|
State ‘T(l, =+, T>
+|ALl
Ey
26d+U:|:|AL‘ 26d+U:|:|AR‘

s=m=1 s=m=3/2

State H\v T7 :t> ‘T? :ta T> ‘TO,La Tu T>
0
Ey eq £ |AR| eq AL
2¢q +U
Table 4: Unperturbed eigenstates and energies of Hy = Hg + Hp (Eq. (5.54)). Due to

spin-rotational symmetry, energies are degenerate in m. Hence, only states with s = m

are shown. For easy of readability, the composite states are not normalized and ¢ = e

with the property 1+ ¢ + ¢? = 0 that ensures orthogonality.

2mi/3
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In terms of energy corrections, the screening lead gives a contribution similar to Eq. (5.62b)

and the other lead gives a contribution similar to Eq. (5.62a).

SELD — 42 ! - ! + ! + !
? MR\ JALm| —e [Aum|+en cat+U—]Aun|  ca+U+]ALn)

t2
'R 1 n 1
2 (!ARw)\—fd €d+U+|AR<L>\>’
(5.70)

The difference between §FEL and §EL is just the interchange of L and R. Applying the
perturbation to the unperturbed doublet ground state |Dg) = |o, —, —), we find

Hs_p|Do) = _\/%L (10,0, =) — €% |14, 0, ) ) + \tg (10, —,0) — e 1], —,0)). (5.71)

This leads to an energy shift of

5ED——t%< L ! )—t%( S— . >(572)
2 2 |AL’_€d ed—i—U—l-’AL‘ 2 |AR’_€d 6d+U+’AR| ’ ’

The second term of Eq. (5.70) is contained in Eq. (5.72) and, thus, eliminated from the

energy difference.

12 1
)| —€a AL +ea

EP — B"®) = —|Ap )| + t1m) (\AL
(5.73)

N 1 N 1/2
catU—|Apr)| ea+U+|Aym)|)

This is completely equivalent to the single lead case (cf. Eq. (5.63)) and gives two critical
tunneling rates — one for each lead (Eq. (5.64)). One can easily generalize this to an
arbitrary number of leads as long as the system is A-asymmetric.

The characteristics of the YSR state is dependent on the level of t-asymmetry. In Fig.
5.4 the bound state energy spectrum is shown when varying the average tunneling rate
t = (tp+tr)/2 for fixed ratios tg/tr,. This is done for a A-asymmetric setup (|Ar| = 0.05U,
|Ar| = 0.2U) at particle-hole symmetry. For tp = t; (Fig. 5.4(a)), the situation is
analogous to a single-lead setup since the right lead is not participating in the screening.
We see the same crossover as in Fig. 5.1. As the ratio tg/ty, is increased, the right lead
takes over the screening and we observe an avoided crossing between ‘SL > and ’SR> in the
energy spectrum. This is most noticeable in Fig. 5.4(c).

This explanation is inferred from the eigenstates which are shown in Fig. 5.5 for the

lowest energy state in the s = 0 spin block (the YSR state) at t = t.. For tg =t (Fig.
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: 1 v N\
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tavg /U tavg/U tave/U

Figure 5.4: Bound state energy (Ey, = E — Eground state) s a function of the average
tunneling rate tayg = (tr +tgr)/2 in the A-asymmetric two-lead ZBW system for different
coupling ratios. The black dashed curves are the second order energy corrections around
t =0 (Eq. (5.73)) which are plotted up to the doublet-singlet phase transition (red dotted
line). Note that many levels are outside the plotted energy window, including the quartet
(s = 3/2). Parameters used: |Ar|=0.05U, |Ag|=0.2U, ¢1, —pr =0, ¢g = —-U/2.

5.5(a)), the YSR state is predominantly screening by the left lead (|S§) — Eq. (5.68))
when we only consider the two components with largest amplitude. For tp/t; = 4, the
YSR state can be very well described as |SOL > + ‘S§>, i.e. coherent screening between the
left and right lead. And for tg/t; = 20, the YSR state is mostly screening by the right
lead (|S§t)). The other states with smaller amplitudes are the ones from Eq. (5.69).

5.5 Energy dispersion and current-phase relations

So far we have not addressed the phase bias of a two-lead ZBW system. We have only
studied systems with @7 = ¢gr. As previously mentioned, we have some gauge freedom
when we choose the phases. Here, we define ¢ = ¢ — ¢ which is 27-periodic and lives
in the (first) Brillouin zone: ¢ € [0,27). In this context, we may refer to the phase-
dependence of the energy, F(y), as the energy dispersion. In Fig. 5.6, we show the
dispersion for different coupling strengths/asymmetries as well as away from particle-hole
symmetry. The degree of particle-hole symmetry is parametrized by the dimensionless
quantity = 14 2¢4/U which is zero at particle-hole symmetry and x = £1 at the charge-

degeneracy points. For symmetric coupling and at particle-hole symmetry (Figs. 5.6(a)—
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Figure 5.5: YSR eigenstates (lowest energy singlet) from Fig. 5.4 at the critical tunneling
rate / doublet-singlet phase transition. Only the components with non-zero amplitude are
shown. The phase is encoded in the bar color (grey: 0, black: 7). Parameters used (same
as Fig. 5.4): |Ar| =0.05U, |Agr| =0.2U, o5 —pr =0, g = —U/2.
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(c)), the ground state is a doublet for all ¢ € [0, 27) when the coupling is weak (Fig. 5.6(a)),
but a singlet ground state is found for stronger coupling (Figs. 5.6(b)—(c)) except close to
¢ = m where the ground state remains a doublet. This is still true for even stronger
coupling (¢ > 0.2U) as long as x = 0 and t;, = tg, but the doublet region shrinks. A Weyl
point is located at ¢ = 7 where the two singlet (and triplet) levels touch. As was the case
with the infinite gap limit (Section 3), this degeneracy is lifted when moving away from
particle-hole symmetry (Figs. 5.6(d)—(f)) or with an asymmetric coupling (Figs. 5.6(g)—-
(i)). In both cases, there is no protected doublet region around ¢ = 7; the ground state
is a singlet for all ¢ € [0,27) at strong coupling (Figs. 5.6(f) and 5.6(i)). In this way,
particle-hole asymmetry and coupling asymmetry has the same effect on the energy levels.
Note, however, that the (small) coupling asymmetry mostly affects the energy levels that
meet at the Weyl point ¢ = 7 (forces an avoided crossing) and only close to ¢ = 7, while
particle-hole asymmetry affects all energy levels in the whole p-range. In other words, the
coupling asymmetry only opens a gap between degenerate levels at the Weyl point.

Even in systems with A-asymmetry, it is possible to tune t; and tg such that the
gap between the two singlets with lowest energy closes at ¢ = w. This still seems to
require particle-hole symmetry, however. Furthermore, the doublet remains the ground
state at ¢ = m; the singlet is not pushed below the doublet — not even at strong coupling.
In Fig. 5.7(a), we show how the singlet gap in Fig. 5.6(h) closes with a fine-tuned A-
asymmetry. Only the singlets are degenerate at ¢ = 7 (not the triplets) and this Weyl
point is not protected against a change in coupling strength tavs (cf. Figs. 5.6(a)-(c)). In
Fig. 5.7(b) we plot the set of parameter configurations that keep the singlet gap closed.
These surfaces are parametrized by |Ap|/U. For large couplings (t1,tr > |ALl,|AR|),
|AR|/|AL| seems to be proportional to (tg/tr)? (a straight line in the plot). The surfaces
touch on the line of A- and t-symmetry, meaning the Weyl point is proteced against
coupling strength variations ¢,ye in this case (as shown in Figs. 5.6(a)—(c)).

The energy dispersion is important for the physical system. It determines the super-
current that runs across the junction (here in arbitrary units).
= 9Fas.

dp

Junctions are often categorized according to their current-phase relation (CPR). If the

(5.74)

phase is a free variable, the system chooses the phase which minimizes the (free) energy. If
the energy minimum is at ¢ = 0 or ¢ = 7, the junction is referred to as a 0- or m-junction,

respectively. It may also be noted that the singlet-doublet phase transition, we have been
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Figure 5.6: ZBW energy dispersions in the A-symmetric two-lead system. The average
tunneling rate tavg = (tr + tr)/2 as well as particle-hole asymmetry = 1 4 2¢4/U and
coupling ratio tg/t;, are varied between panels as indicated by the column and row labels.
Note that many levels are outside the plotted energy window of 2A, including the quartet
(s = 3/2). Common parameters: |Ar| = |Ag| = 0.1U.
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Figure 5.7: Weyl points with asymmetric couplings and SC gaps. (a) shows a Weyl point
at ¢ = m where the two singlets with lowest energy become degenerate — compare with
Fig. 5.6(h). The set of configurations of ¢, and A, which closes the singlet gap are shown
in (b) for fixed values of |Ap|/U. In the symmetric case, all surfaces touch (dashed red

line). Parameters used in (a) are the same as in Fig. 5.6(h) except for |Ar| = 0.122U.

Parameters used in (b): z =0, ¢ = .
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Figure 5.8: Exemplary energy dispersions (a)-(d) and corresponding current-phase relations
(e) for the four different junction types: m, 7/, 0', and 0. In (a)-(d), the blue (orange) lines
are s = 0 (s = 1/2). Discontinuities in the current are due to quantum phase transitions.

Common parameters: |Ar| = |Ag|=0.1U, z = 0.

concerned with, is also commonly referred to as a 0-m-transition due to the shift in energy
minimum. As is evident from e.g. Fig. 5.7(a), the ground state may change when ¢ is
varied (GS: singlet — doublet — singlet). This leads to a discontinuous current flow and
provides a further distinction within 0- and 7-junctions. Such junctions are referred to as
0’- or 7'-junctions, depending on where the global energy minimum is. Examples of the
four different junction types are shown in Fig. 5.8.

The ZBW approximation produce, qualitatively, the same phase diagrams that we
have previously studied — e.g. Fig. 4.4. In Fig. 5.9, we show phase diagrams for different
two-terminal junctions with both symmetric and asymmetric couplings and SC gaps. For a

junction with symmetric coupling (¢;, = tr) and equal gaps (|Ar| = |Ag|) as in Fig. 5.9(a),
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Figure 5.9: Phase diagrams for different coupling and gap asymmetries in two-lead ZBW
systems. The color scale is the difference between the energy minimum of the singlet

(¢ = 0) and the doublet (¢ = 7). Common parameters: |Ar|=0.1U.

the O-phase is inacessible at particle-hole symmetry (z = 0); the doublet remains the ground
state at ¢ = m even for strong coupling (cf. Fig. 5.6(c)). The same is true for asymmetric
junctions (Fig. 5.9(d)) if they are fine-tuned as in Fig. 5.7(b). One may run through the
junction types by tuning t.., for fixed  # 0 or vice versa for weak coupling. For other
asymmetric configurations, the chimney-like 0’-phase around x = 0 becomes a closed dome
(Figs. 5.9(b)—(c)). These phase diagrams are similar to what we find in e.g. Refs. [17, 24].

5.6 Relation to the superconducting Anderson model

So far we have seen that the ZBW model may be used as a qualitative tool describing
a lot of the physics of the superconducting Anderson model. In this section we will try
to connect the ZBW to the Anderson model on a quantitative level. We will do so by
a suitable renormalization of the tunneling parameter t“BW which describes the effective
tunneling to a single SC level. We introduced the superscript “ZBW?” to discern t“BW from

the original tunneling amplitude ¢ of the Anderson model, introduced in Eq. (2.3). The
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rest of the parameters we leave unchanged compared to the full superconducting Anderson
model. We split the problem into two parts: the proximitized limit and the Kondo regime.
These are treated separately, initially, but connected in the end via a suitable interpolation
function. Along we way, we compare with NRG results and find good agreement with
the renormalized ZBW model in terms of the phase diagram — except in the intermediate
regime where the system is neither in the proximitized limit nor the Kondo regime. The
subgap energy spectrum and the supercurrent is shown to match poorly with NRG in the

Kondo regime which we attribute to the lack of a continuum.

5.6.1 Renormalization for the proximitized QD

In the proximitized / infinite gap limit we find the correct renormalization of t“BW by a
comparison of the QD self-energy in the superconducting Anderson model and in the ZBW
model. To calculate the self-energy in the ZBW model, we may retrace our steps from
Sections 2.1 and 3 and reuse the results derived there. We find that the Matsubara Nambu

Green function for electrons in lead « is given by

Go.oliwn) = 1 ( feon _,A“) . (5.75)

]Aa|2+w% —AY dwy,

Comparing with the Anderson model (Eq. (2.9)), there is only a single momentum value,
k = kp, and, hence, no k-index in the ZBW approximation. Integrating out the ZBW

leads, we find

ZBWN2 /.
Zd(iwn) = Z (thW)2 ngo,a(iwn)Tz = - Z M < " ‘ACY) (5'76)

[0 6 ‘Aa”2 + wT2L A:; Wn

as the self-energy for electrons on the QD. Comparing this result with the self-energy of
the full superconducting Anderson model (Eq. (2.14)), we see that we can’t simply replace
thW by I'y = FVF,ata in the ZBW model. In general, the conversion also depends on the

gap and the energy.

2 D
(thW)Q = Zarctan | ——=—xor— | T4/ ]Aa|2 + w2, (5.77)
i \/ |Aa‘2 + W%

For the proximitized dot, |Ay| > w, the conversion becomes energy-independent.

2 D,
(thW)Q ~ arctan<|A )Fa|Aa|, |Ag| > w. (5.78)
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t“BW and a

In this infinite gap regime, Eq. (5.78) gives the correct renormalization of
way to compare it to other, more exact, methods such as NRG or quantum Monte Carlo
(QMC). Previously, we found that the leading order corrections to the infinite gap limit
were of order I'y/|A,| (see e.g. Eq. (4.20)). Therefore, we should expect Eq. (5.78) to
hold for |A,| > I'y. Curiously, if one is working in units of A = 1, this renormalization is
equivalent to (neglecting the bandwidth term) just replacing (t“BW)? with I" as one might
do.

Figure 5.10 compares this t-conversion method to NRG data by Bauer et al. [16] for
a single-lead (N = 1) S-QD system. Here, we have kept all other physical quantities
unchanged compared to the Anderson model, i.e. U“BW = U, AZBW = A, and so on.
We see that the agreement between the simple ZBW model and NRG is excellent in the
proximitized limit (A 2 I') both at and away from particle-hole symmetry — on a par
with MFS considered in Section 4. Moving towards the Kondo regime (U > T', A), how-
ever, Eq. (5.78) fails to capture the YSR singlet ground state for Tx = 0.3A as NRG
predicts. ZBW predicts that the doublet phase wins out for U 2 6I' (Fig. 5.10(a)). The
pertubative expansion around the infinite gap limit (MFS) from Section 4 describes this
singlet-doublet crossover more accurately in the Kondo regime even though it underesti-
mates the Kondo temperature somewhat at particle-hole symmetry; Meng et al. [15] finds
that Tk o exp(—7nU/AT") instead of Tk o exp(—7nU/8T") as expected from scaling theory
(Eq. (1.10)).

Note also that the YSR bound state crosses the gap, E° — EP < A, in the lower
left (dark blue) corner of Fig. 5.10(a) for A < I'. This is unphysical as the bound state
is always within the gap in the real system (see e.g. Fig. 5.15). The gap crossing is an
inherent problem of the ZBW model in the strong coupling limit, I' > A, as there are no
bulk states to repel the bound state from the gap edges. On the other hand, Eq. (5.78) is
not expected to describe the system in the strong coupling limit, anyway.

Previously, we also compared the MFS model to NRG data from Tanaka et al. [20] in
the two-lead system S-QD-S with and without coupling asymmetry and SC phase bias (see
Fig. 4.4). There we found that the perturbative approach was able to describe only the
proximitized QD, i.e. ¢ = 0. For both symmetric and asymmetric coupling, the predicted
phase transition was quite far off in the proximity-cancelled case, i.e. ¢ = w. The ZBW
model handles this much better as illustrated in Fig. 5.11. For ¢ = 0, the ZBW model and

MFS are almost indistinguishable, except for large U/A in Fig. 5.11(b) when compared
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Figure 5.10: Phase diagram comparisons between ZBW and NRG data from Bauer et al.
[16] for a single-lead (N = 1) S-QD system. Pane (a) reproduces their Fig. 9 at particle-
hole symmetry with the ZBW phase transition line (using Eq. (5.78)) along with the
infinite gap asymptote and the first order corrections to the infinite gap limit (Eq. (4.22)).
The ‘Kondo asymptote’ Tk = 0.3A in the strongly interacting limit is also shown. The
color indicates the energy difference between the lowest energy singlet and doublet (red:
doublet; blue: singlet). Pane (b) compares the ZBW phase transition (lines) to the NRG
data (symbols) given in Fig. 12 in Ref. [16]. The bottom two lines (A/7I' = 0.05) compare
the ZBW model (using Eq. (5.78)) with the ‘Kondo asymptote’ Tx = 0.3A; at particle-
hole symmetry, U ~ 8.1I" at the phase transition (see (a)). Compare (b) with Fig. 4.2.
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with Fig. 4.4(b). In this case, both approaches are close to the NRG phase transition with
small deviations for large U 2 5A. The proximity-cancelled limit, ¢ = 7, is where the
ZBW model really discerns itself from the perturbative approach. Here, the ZBW model
agrees well with NRG for small U/A; large deviations occur for U 2 5A. Opposed to
MFS, the ZBW model correctly predicts the characteristic ‘chimney’ around the particle-
hole symmetric point in Fig. 5.11(c) for symmetric coupling and ¢ = 7. The ‘chimney’ is
also present in Fig. 5.11(b), but the right-hand side is outside the plot limits — quite far
from the NRG data (here we approach the Kondo regime).

5.6.2 Renormalization in the local moment regime

Through Eq. (5.78), we are able to reproduce the NRG phase diagrams on a quantitative
level in the weakly interacting limit, U < A, with the simple ZBW model. Equation (5.78)
seems to break down around U ~ 5A, A ~ I'. Thus, in the strongly interacting limit,
U > A, we need to do something else to use the ZBW model. For a single-lead S-QD

system, we propose to use the universal phase transition relation [16, 18, 19]
Tk ~ 0.3A,, U>A, e¢=~-UJ/2, (5.79)

and map the ZBW phase transition onto this curve for U > A. This is an empirical
observation based on NRG results and also shown in Fig. 5.10. To emphasize that Eq. (5.79)
only holds at the phase transition, we added the subscript ¢ (for “critical”) to A. on the
RHS. At the phase transition, Eq. (5.79) relates the physical quantities U, I', and A. As
stated in Eq. (5.79), the definition of the Kondo temperature is the one given in Eq. (1.10).
Note that Eq. (1.10) is valid away from particle-hole symmetry, and Yoshioka et al. [19]
showed that the ratio Tx /A, is only weakly dependent on ¢4 around the particle-hole
symmetric point, so we can neglect this effect (see also Fig. 5.10(b)).

Ideally, we want to interpolate between the proximitized limit and the local moment
regime in a way that matches more accurate methods such as NRG. The intermediate
regime is hard to match with a hands-off approach. In this case, a simple ZBW model may
not be able to give quantitative predictions. The ZBW model loses its edge on e.g. NRG
if it can’t be used as a stand-alone tool.

In the single-lead S-QD system, the ZBW tunneling amplitude t“BW may be related
to the hybridization I'" of the Anderson model through Eq. (5.79). At the ZBW phase

transition, we write t“?BW /U = f(A/U,z) for some smooth, bijective function f. See
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Figure 5.11: ZBW phase diagrams for N = 2 identical leads (L = Left lead, R = Right
lead) with superconducting gap |Ar| = |Agr| = A and electronic bandwidth Dy, = Dp =
1.0 x 10°A. The phase difference and couplings for the different lines is given by the
legend below pane (c¢). Symbols are NRG data from Tanaka et al. [20] (the data has been
graphically read off from their Figs. 5, 6, and 7) while the lines are ZBW results using Eq.
(5.78). Compare this figure with Fig. 4.4.
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appendix D for some details. Using Eq. (5.79), we find

tZBW _ Ty
0.3U°

), U> A, (5.80)

where the RHS depends on the ratio U/I" and . To map the ZBW phase transition onto
the line Tk = 0.3A., we find that the ratio t“BW /I" must be varied as in Fig 5.12. Again,
we have kept all other parameters unchanged: UZBW = U, AZBW = A e = ¢4. Close
to the particle-hole symmetric point, x = 0, the surface does not vary much, but develops
a ‘shoulder’ for z = 0.5. We really only care about the asymptotic behavior in the limit
U > T since this is where Eq. (5.79) is valid. In the limit U > A — which is satisfied at the
phase transition (of the full Anderson model) when U > I' — the ZBW phase transition
occurs at (Eq. (5.63))

2 A
(t7BW)2 = =3 . U >tV A, (5.81)

Q\H

6d+U

We want this to align with Tx = 0.3A, meaning that we should choose t“BW such that

20 T
(t2BW)2 = 5%, U>T, (5.82)
eq+U €4

which reduces to (t?BW)2 = 5TxU/9 at particle-hole symmetry, e = —U/2. Inserting Tk

from Eq. (1.10), we find
(t7PWV)? ~ 0.161UVTUe ™/ U>T, x=0, (5.83)

at particle-hole symmetry.

5.6.3 Interpolating between the proximitized limit and the local moment

regime

To connect the limit of the proximitized QD and the Kondo regime, some kind of interpo-
lation function is needed. In this case we combine Eq. (5.78) and Eq. (5.80) and write the
ZBW tunneling as

tZBW _ (U, A, F)\/i arctan(i)FA +[1-Z(U,A,T)) Uf(()z;,KU > (5.84)

with interpolation function Z(U,A,T"). We know that this expression must reduce to
Eq. (5.78) in the proximitized limit (Z = 1) and to Eq. (5.80) in the Kondo regime (Z = 0)
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Figure 5.12: Rescaling of t2BW

in the ZBW model to map the phase transition onto the
‘Kondo asymptote’ Tk = 0.3A. The surface is mirror-symmetric in the plane x = 0 and,

hence, only shown for 0 < x < 1.

to match the NRG phase transition. The best interpolation function is hard to find and
would require extensive comparison with e.g. NRG and more data. Here, we take the

interpolation function to be a simple Fermi function

U-U~

I(U,A,T) = np< ) np(z) = (1+e%)7", (5.85)

with some center U* and width w. We set U* = 18.6A to match the intersection of the
ZBW transition (with Eq. (5.78)) and the ‘Kondo asymptote’ Tx = 0.3A in Fig. 5.10(a).
We set w = 2I" to smooth out the transition between the regimes. The resulting phase
diagrams and comparison with Bauer et al. is shown in Fig. 5.13. In Fig. 5.13(a), the ZBW
phase transition moves from the line in the proximitized limit (Fig. 5.10(a)) for U < 4I" to
the ‘Kondo asymptote’ for U 2 5I'. In between the two regimes, the ZBW phase transition
suffers a kink and is not as smooth as the NRG data suggest. In this intermediate regime,
the ZBW model struggles and does not quite match the NRG. As Fig. 5.13(b) shows, the
ZBW model does well also away from particle-hole symmetry in both the proximitized
limit (A/7T" > 0.3) and the Kondo regime (A/#I' = 0.05).

We also show the ZBW phase diagrams along with the interpolation function in Fig. 5.14.
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Figure 5.13: Phase diagram comparisons between ZBW and NRG data from Bauer et al.
[16] for a single-lead (N = 1) S-QD system using Eqgs. (5.84) and (5.85) with U* = 18.6A,

w = 2I'. The transition between the proximized limit and the local moment regime is

smoothed out but still visible. Compare with Fig. 5.10.
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The kink in the intermediate region is also visible in Fig. 5.14(a) as a bend in the phase
transition surface. In Fig. 5.14(b), the axes are chosen differently and it looks smooth.

The phase diagram is, of course, only part of the story. If an experiment probes the
subgap states in some way, the ZBW model should, ideally, be able to explain this, too —
not just predict the phase transition. Bauer et al. [16] calculated the bound state energy
for a single lead S-QD system in their NRG analysis of the superconducting Anderson
model. In Fig. 5.15, we compare their NRG results with the interpolated ZBW model and
the MFS model, we considered in Section 4. For A = 0.3xT" (black curves), both ZBW
and MFS models match the NRG data quite well up until the phase transition. The MFS
model sees a small dip for U < I" which is due to a divergence in Eq. (4.21a) in the singlet
region when E® — EQ = —A (see Section 4). For U > 5I", the MFS model starts to deviate
from the NRG data while the interpolated ZBW model follows NRG until U =~ 13I". The
ZBW model interpolates smoothly between the infinite gap curve (black dashed curve)
and the ‘Kondo asymptote’ (black dash-dotted curve), extending the validity of the ZBW
model.

The t-conversion from the ‘Kondo asymptote’ (Eq. (5.80)) is, however, not able to
capture the bound state energies in the Kondo regime, only the position of the phase
transition. This is especially apparent from the small gap curves in Fig. 5.15(a): A/7[" =
0.05, 0.005 in red and blue, respectively. Here, Z ~ 0 along both curves, meaning the
Kondo rescaling is used. One of the issues is the aforementioned inherent gap crossing
of the doublet in the ZBW model which stems from a lack of continuum states in the
superconductor at the gap edge. As is evident from Fig. 5.15(b), the doublet in the MFS
model also crosses the gap edge for small A/I". Both models work well in the proximitized
limit, with a small edge in favor of the ZBW model, and both models fail in the Kondo
regime.

In a recent article by Zonda et al. [25] an extension of simple the infinite gap limit
(see Section 3) was explored. In addition to the off-diagonal, anomalous terms in the
self-energy (Eq. (2.14)), they included the leading order (in A/w) diagonal terms of the
self-energy. Since these are proportional to w, they were able to include the effect in the

Berry phase term through a simple renormalization of the parameters and reach the same
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Figure 5.14: ZBW phase transition surfaces for a single-lead (N = 1) S-QD system using
Egs. (5.84) and (5.85) with U* = 18.6A, w = 2I". The phase transition occurs across the
surfaces with the doublet phase residing inside the ‘domes’ (cf. Fig. 5.13). The color map
on the ‘floor’ is the value of the interpolation function Z at the phase transition (color bar

below (b)). The difference between (a) and (b) is simply the choice of y- and z-axis.
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Figure 5.15: Comparison between bound state energies at particle-hole symmetry in the
single lead S-QD system calculated with NRG (filled circles) by Bauer et al. [16], the
interpolated ZBW model (a) (Egs. (5.84) and (5.85) with U* = 18.6A, w = 3T), and
first order corrections to the infinite gap limit (b) (Eq. (4.21a)). To show the effect of
the interpolating function, for the largest A = 0.37" (black) in (a), both the infinite gap
curve (dashed) using Eq. (5.78) and the ‘Kondo asymptote’ (dash-dotted) using Eq. (5.80)
are shown along with the interpolated curve (solid) using Eq. (5.84). Note that for strong
coupling (small U/T"), both ZBW and MFS have doublets that cross the gap edge.
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Figure 5.16: Subgap bound state energies as a function of the QD energy level &; in a
phase-biased, symmetric two-lead S-QD-S system. Symbols are NRG data graphically
read off from Ref. [25] while the curves are interpolated ZBW (solid) and MGAL (dashed).
Parameters used: |Ap| =|Agr|=A, T =Tr=A,U =5A, ¢ =0.97.

effective Hamiltonian (Eq. (3.5)).

€4 — &g = V&4,
Y=y =y, (5.86)

U— U=,

where v = 1/(1 4+ I'/A). Via comparisons with NRG, they found better agreement when
rescaling the QD energy level as £; — §§/IGAL =12, \/m . They called the infinite
gap limit with this parameter rescaling the “modified generalized atomic limit” (MGAL).
Among other things, they compare the energy of the subgap states in a two-lead S-QD-S
system with NRG close to the proximitized limit. We show a comparison with the ZBW
model in Fig. 5.16. Here, MGAL seems to have the upper hand but ZBW is not far off —
both models certainly seem to qualitatively agree.

Zonda et al. also looked at the energy dispersion of the subgap states and the corre-
sponding supercurrent in the proximitized limit. In Fig. 5.17 we reproduce the relevant
figures and overlay the ZBW and MFS results. The energy dispersion in Figs. 5.17(a)
and 5.17(b) show very good agreement between ZBW, MGAL, and the NRG data for both
bound state energies close to the phase transition — they deviate slighty from NRG for
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smaller ¢. On the other hand, MFS has a hard time predicting the phase transition as we
saw in Fig. 4.4 for non-zero ¢ (when the proximity effect is reduced). MFS describes the
bound state energy well in Figs. 5.17(a) and 5.17(b) for small ¢, however.

In Fig. 5.17(c), we note a few things about the supercurrent. First of all, the ZBW
model matches more closely the NRG data than both MGAL and MFS. Second of all,
they all fall short for large U/A as we have previously seen. Third of all, MGAL fails
on two qualitative aspects as noted in Ref. [25]: the current is independent of U in the
singlet phase and zero in the doublet phase since MGAL is only a rescaled infinite gap
Hamiltonian (Eq. (3.5)). These shortcomings are not oberserved in ZBW and MFS. In
a following paper, however, Pokorny & Zonda showed that these problems of MGAL are
largely solved by a band correction which includes higher-order terms in the self-energy
[26].

The ZBW model with appropriate rescaling of the effective tunneling parameter ¢ does
seem to match with NRG results in the proximitized limit and with the interpolation
between the proximitized limit and the Kondo regime, the model’s range of validity does
seem to improve. The strongly interacting, U > A, Kondo limit is, however, not described
to a satisfying degree. Here, other methods — such as an effective Kondo model [17] — need

to be used.
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Figure 5.17: Bound state energies (a)-(b) and supercurrent (c) as a function of the SC phase
difference ¢ in a symmetric two-lead S-QD-S system. Symbols are NRG data graphically
read off from Ref. [25] while the curves are interpolated ZBW (solid), MGAL (dashed), and
MFS (dotted). In (a) and (b), there are two singlets (s = 0) within the gap that become
degenerate at ¢ = 7. In (c), the supercurrent I = 2e/h(0Eqs/0p) has been normalized
with Iy = eA/h. Common parameters: |Ar| = |Ag|=A, T =Tr=A, & =0.
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6 Conclusion

In this thesis we have studied interacting multiterminal Josephson junctions consisting of
a single-level quantum dot coupled to superconducting leads through the superconduct-
ing impurity Anderson model. We used the path integral formalism to integrate out the
superconducting leads and arrive at an effective action for electrons on the QD. In the
limit of large superconducting gap, we found an effective low energy Hamiltonian which
described proximity-induced superconductivity of the QD. We diagonalized the Hamilto-
nian, found the eigenstates and eigenenergies, and obtained the phase diagram, describing
the transition from a BCS-like singlet to a magnetic doublet state.

To extend the model to finite superconducting gaps, we developed the multiterminal
MFS model. Here, we expanded the partition function around the infinite gap limit and
considered the lowest order corrections to the QD energy levels. In an effort to re-sum
leading divergences, we introduced a self-consistency condition to attain the phase diagram
from the renormalized energy levels. Good agreement was found with NRG data close to
proximitized limit for single-lead (S-QD) and two-lead (S-QD-S) systems. In the proximity-
cancelled limit (¢ = 7) of the two-lead (S-QD-S) system, however, the phase diagram was
qualitatively wrong.

In the second half of this thesis, we studied the zero-bandwidth model which trades
the continuum of bulk states in each lead for a single quasiparticle at the gap edge with an
effective tunneling rate to the QD. First we explored the qualitative features of the model.
We saw that the model was able to describe both the proximity effect and YSR screening
of a local moment. Through perturbation theory we were able to understand the energy
reduction of the many-body system by screening and the breaking apart of Cooper pairs
in the leads. In a two-lead system, we saw that, depending on the (a)symmetry of the
system, the screening could be carried out by a single lead or shared among the leads. We
also calculated the energy dispersion and supercurrent in the ZBW model and used it to
characterize S-QD-S systems as 0- or 7-junctions.

In the end, we established a direct, quantitative connection between the ZBW model
and the superconducting impurity Anderson model. Through comparisons with various
NRG data, it became evident that the simple ZBW model — with effective tunneling rate
found from the self-energy — provides an accurate description of the phase diagrams, bound
state energies, and the supercurrent in QD-based JJs in the proximitized limit, A > I', U.

It was also able to describe the phase diagram of proximity-cancelled (¢ = 7) two-lead
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S-QD-S systems — an advantage over MFS. In the proximitized limit of two-lead systems,
the ZBW model is also favorable to the “modified generalized atomic limit” (MGAL)
considered by Zonda et al. in terms of determination of the supercurrent and both models
give an accurate description of the bound state energies.

In the local moment regime, we mapped the ZBW phase transition onto the ‘Kondo
asymptote’ T ~ 0.3A. in an attempt to extend the use of the ZBW model. By interpo-
lating between the two regimes, we were able to better capture the onset of Kondo physics.
Deep in the local moment regime, however, we were not able to describe the energy of the
subgap states away from the phase transition — partly due to the gap crossing of the dou-
blet in the strong-coupling limit of the ZBW model. To mend this, one likely needs to add
more SC bulk states to the Hilbert space or use some clever parameter renormalization.

Adding more states, of course, defeats the purpose of a simple, exactly solvable model.

7 Outlook

Recently, experiments [27-29] with full-shell InAs/Al nanowires coupled to a quantum dot
have been performed, measuring the effect of an axially applied magnetic field on e.g. the
subgap energies. A superconducting shell gives rise to the destructive Little-Parks effect
[30, 31] and phase winding of the SC pairing potential when a flux penetrates the core.
With a phase winding, opposing points on the shell geometry cancel each other in the
proximity effect as in a two-lead (S-QD-S) junction with ¢ = m. This has been studied
using mean-field theory [32] but it would be interesting to develop and explore a ZBW
model. The multiterminal ZBW model investigated in this thesis could be considered a
‘tight-binding’ model by discretization of the superconducting shell into smaller segments
and introducing a nearest neighbor inter-lead coupling. At this point, the approach is
speculative but definitely an interesting idea to pursue.

As already showed by Ref. [14], such an inter-lead tunnel-coupling can lead to a non-
trivial topology in non-interacting MJJs with three or more leads in the infinite gap limit.
Physically, this is exciting because the transconductance is proportional to the Chern
number and, therefore, quantized — as in the quantum Hall effect — in units of 4e?/h [33].!
Therefore, it would be interesting to study the topological properties of MJJs further —

especially, if all this is contained within the ZBW model, now that we know it agrees

! An array of SQUIDs aranged in a chain has also been proposed to realize fractional transconductance

— as in the more exotic fractional quantum Hall effect [34].
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with NRG on the phase diagram, bound state energies, and the supercurrent close to the
proximitized limit.

Another extension of this work — perhaps more straightforward compared to the above-
mentioned future projects — is to use our quantitative ZBW model to calculate the current
response to an ac bias voltage as done in Ref. [23]. This relies on the current matrix
element between the ground state of the system and excited states within the same parity
sector. In Ref. [23], they argue that a ZBW model qualitatively matches other analytical
approaches but quantitative comparisons with e.g. NRG were missing to substantiate the

application of ZBW models.
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Appendices

A Berry curvature and Chern number in the infinite gap limit

This section is partly based on the lecture notes by Kolodrubetz et al. [35] and Klees et al.
[14].

We derived the many-particle eigenstates in the infinite gap limit in Section 3, describing
the low energy effective Hamiltonian of the QD. Here, we will show that the topology of the
eigenstates is trivial in the sense that the Chern-number is always zero in the ¢;, pp-phase
space.

We may characterize the topology of the eigenstates using the geometric tensor. This
tensor contains the information about the geometry and thus the topological features.

First, let us define the Berry connection of state |n) = |o),|£)

AW =i (n|o;n) (A1)
9
dpj
and thus A;.U) = 0. The even parity states depend on ¢; through u,v, and ¢. Using Eq.

(3.6), we find

where 0; = . The odd parity eigenstates |o0) do not depend on the phases of the leads

A§+) = 020,;¢ + i(udju + v;v) = — (Ag._)) . (A.2)
Using 9, E4 = |y|/Ead;j|y| = —|y|T;sin(¢; — ¢)/Ea, we differentiate Eq. (3.7) with respect
to v;

&Ly

Oju = 4E§"u sin(qu - (), (A.3)
&N

oy = 2 sin(e; = ) (A1)

;¢ = ﬁcos(@- —¢), (A.5)

where fj = %arctan(ﬁ)lja. We note that udju + vd;v = 0 which reduces the Berry

connection of the states |£) to

AW =290 = — A0 (A6)

The curl of the Berry connection is the Berry curvature which contains the topological

information of the state. From Eq. (A.6) we get

FOP = 9,47 — 0,47 = 0;(0%)04(0) - 0x(v))05(C) = ~F, (A7)
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since 9;(9k¢) = Ox(0;C); the second derivatives of ¢ are continuous. Using 9;v* = 2v9;v
and Eqgs. (A.4) and (A.5), we find

&y . _
) =53 B Sino = 6)) = —F. (A8)

The integral of the Berry curvature is quantized in most cases and known as the Chern

number on on
c<i>_7 dep; / d@kF : (A.9)

This number tells trivial (C' = 0) topologlcal states from non-trivial (C' # 0). In this case,
it evaluates to C&) = 0. Let us show this explicitly.

Consider the inner integral

2m sin(¢r — ;)
N — dop —7% 737 A.10
F(5) /0 P (§3+ |7|2>3/2 (A.10)

This function is odd around the point ¢; = (o = arg(yzjk) = arg(d,.;x Lne%); the
angle of v in the complex plane before summing over lead j and k. If ¢; = (o, then the
angle of v is unchanged when adding lead j, i.e. yx = |7¢k|ei®. For the integrand in Eq.
(A.10), we have |v]* = |yzr|® + T3 + 2|v.|Tk cos(éx — Co), using the law of cosines. The
integrand is thus also odd around ¢ = (p and 27-periodic, so it integrates to zero over a
full period; f(¢p) = 0.

A reflection about the axis ( = (o does not change |y|. Parametrizing ¢;, o5 by Ag;,n,
[7(0 = Co+ Bepj, ¢k = Co + Apj + )| = [7(pj = Co — Apj, dr = o — Apj —n)|. Using
this and the 27-periodicity of the integrand in Eq. (A.10), one may show that f({o+Ap;) =
—f(Co — Ag;), such that [27dep; f(p;) = 0 and thus C#) = 0. This holds for all finite
I';, Ty, such that the topology of the eigenstates |o) , |£) is always trivial in the infinite gap

limit.
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B Imaginary time Nambu Green function for lead electrons

In Eq. (2.9), we found the Matsubara Nambu Green function for the electrons in lead a.
Here we Fourier transform this expression to arrive at the imaginary time representation
of this function.
By definition
Go.ak(T Zgo ak(iw)e™™n T 0 <1 < B, (B.1)

where G o (iwy) is given by Eq. (2.9), restated here with Eqj, = /&2, + |Aq|%:
iwn, + EakTz — A/aTx + A/o,zTy
(iwn)? — E2,

We may evaluate the Matsubara sum with complex contour integration. Consider the

g(),ak (iwn) = (B2)

integral

y L4 ..
I—/Cgm.u—f(Eak))EQe L 0<r<p (B.3)

using a circle of infinite radius centered at the origin as the contour C' and integrating in
the counter-clockwise direction. Here, f(z) = [exp(82) + 1]7! is the Fermi function. The
notation [1, z] is simply to evaluate two similar integrals at the same time. By Jordan’s
lemma, I = 0 since the integrand is exponentially suppressed along the contour. The
integrand has poles at z = iw,, due to the Fermi function and at z = +F,x. The poles at

z = iw, are simple poles with residue 1/8. Thus, by the residue theorem

1 1.4 .

= B Z Mﬁﬂwm +2miRes(z = Eop) + 2miRes(z = —Eap)

(B.4)

] Z %fzwﬂ + f;gak) [eEak(ﬁ‘T) — ePor Far(f=7) 4. 6Eak7:| :
Z(A.)

Combined Wlth Jordan’s lemma, we find

1 ZOJn —wn T J (Eak) |: Eor(B—7) Eoxt FEar(B—T7) Eqk :|
Wn ST | gla — e e T + e . B.5
5 Z Z( ’n 2Eak ’ ( )

The components of the imaginary time Nambu Green function are then for 0 < 7 <

Z go ak _ Z %f(Eak) <6Eak(5—7) + 6Eak7’> ’ (B.Ga)
k
Aq _

The momentum-sum is simply there to kill the anti-symmetric term &, that sits on the
diagonal. Note that ), QO 2.(n)=Y,6} ak< T), go L) =G} ak:( 7)* determines the two

other components.
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C QD Nambu Green function in the infinite gap limit

In this section, we derive the components of the Nambu Green function for electrons on
the QD in the infinite gap limit. In imaginary time, the components of the Green function

are given by Eq. (4.9), and copied here

<d;(7)dT(0)>O (dy(1)dr(0)),

Goal=m) = (dindf)  (d(r)d]©) e

0

The Green functions are evaluated in the Lehmann representation, meaning Zy (- - -),
5y @754 (o] --|ng) using the cigenstates o) € {[1).11).|+) .|}, where (Eq. (3.6))

) = ultd) —ve € [0), =) = ul0) +vei [11), (C.2)

and |[1) = dldl |0). The time evolution is given by the infinite gap Hamiltonian (3.5) such
that Heisenberg operators evolve as A (1) = efoo AgeHooT where Ay, Ag refer to the
operator A in the Heisenberg, Schrédinger picture, respectively. It is useful to consider the
identity

1 — T — T
(An(r)Ba(0))g = 5= > e PP (nole'~T Ase™ =T By|no)
no

1 (B—7)E° (C.3)
— —\P=T7)bn T
- 7026 (nolAse Bs|no)
no
Let us also apply e =7 to the states |0),|]) that are not eigenstates.
e Mt 0) = e T (_UeiC +) +u |_>) — _peie—EYT |+) + P |-)
; (C4)
— (uZQ*EET + ,U2€7E$T) ’O> + uvelC (67E9~r B 67E2T> H\\L> ,
e T 1)) = e T (“ +) +ve ™™ \—>) = ue BT |4) 4 vem e BT |
(C.5)

= uve ™ (e_on - e_E37> |0) + (uge_EgT + UQe_EgT) 1)
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Now, we are ready to calculate the Green functions.
20 <d > Z e B-T)Ey n0|dT H°°Td¢|n0>

- (e—“—ﬂET (tdle™ a1y + e E I (dlem =T dr | +)
eI (e gy ) )

- (6‘”‘”]5? (Ofe™ "0} + e (6= (1)) (C6)
eI (e ) )

— 2 (efEJe—E‘g(ﬂ—T) + e—EJeng(ﬁfT))

+ 02 (e‘ES)rTe*E?(ﬁfT) + efEETe_EO—(B_TO )

—(B—7)E° —Hoor
Z (d(r)d0)), = 3O (nofd,e~ =)

no

= (7 (tdye T dl 1) + T (dy el )
eI (gl |-) )

= (7P (e HoTry) + 026 (PIES (e finr ) (C7)
e OTIEL (|l )

— 2 (e_EQrTe—Eg(ﬁ—r) I e—nge_Eg(ﬁ_T)>

12 (e—nge—Eg)(ﬁ—T) n e_nge_Eg(ﬁ—T)) ,

Zo<dT > Ze BB (no|dl e Hod! |no)

- (0 ey 007 o
+ e—(ﬁ—T)E(l <_|d’Tre_HoonI|_> )
= (= P (0l T 1) — wve e TR (e T

o uve (BT (| et )

= yve (engTe_E(T)(B_T) e M )

(C.8)

BT ~EQ(B-T) _ BT —EY (,3_7))

= Zo (dy(7)d+(0)); -

The last equality follows from (no\d%_HOOTdUnO)* = (no|d e H>Tdy|ng).
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D ZBW single-lead phase transition

In section Section 5.6 we needed the function f which relates A/U to t“BW /U at the
singlet-doublet phase transition in the ZBW model for some z = 1+ 2¢,4/U.

tZBW A
i :f<U,x>. (D.1)

We approximate f numerically through diagonalization of the ZBW Hamiltonian for fixed

x on a 2D grid (A/U, t?BW/U) and, afterwards, using the marching squares algorithm
('mpl2014’ in ContourPy) to estimate the singlet-doublet phase transition E¥ — EP =
0 through linear interpolation between grid points. The grid is of size 200 x 200 with
logarithmic spacing (A/U € [1074,103], t“BW /U € [5 x 1074, 30]) and we repeat this for
101 different = € [—0.99,0.99] (evenly spaced in linear space). See Fig. D.1 for examples
of this. The sampled values of f are shown in Fig. D.2. Outside this grid, the asymptotic

values are used (dashed lines in Fig. D.1).

2A/3U0
A Jo e U
f<a)ﬁ TR (D.2)

U7 AQ 1 52 1/4
d
Ln@‘mﬂ AU

The asymptote for U > A is found from Eq. (5.63) while the other (A > U) is given
by the infinite gap limit of the ZBW model. From the QD self-energy in the ZBW model
(Eq. (5.76)), we find that the infinite gap Hamiltonian has the same form as Eq. (3.5) but
with a different tunneling parameter, 7. For a single-lead S-QD system, v = (t2BWV)2/A.
From Section 3 we know the phase transition occurs at &2 + Iy]> = U?/4 and inserting
v = (t*BW)2/A, one finds the asymptotic behaviour of t*BW /U given by Eq. (D.2) in the
limit A > U.
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Figure D.1: ZBW single-lead (S-QD) phase diagrams for different x = 1+2¢,/U on a log-log
scale. Phase diagrams are identical for x — —z. The dashed lines denote the asymptotic
phase transition lines given by Eq. (D.2). It depends on x, when the asymptotic behavior

is reached.
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Figure D.2: ZBW single-lead S-QD system: relation between A/U, z, and t“BW /U at the

singlet-doublet phase transition.



BIBLIOGRAPHY 83

Bibliography

[1]

[11]

[12]

J. Bardeen, L. N. Cooper, and J. R. Schrieffer, “Theory of superconductivity”, Phys.
Rev. 108, 1175-1204 (1957).

J. Bardeen and D. Pines, “Electron-phonon interaction in metals”, Phys. Rev. 99,
1140-1150 (1955).

P. Coleman, Introduction to many-body physics (Cambridge University Press, Nov.
2015).

B. D. Josephson, “Possible new effects in superconductive tunnelling”, Physics Letters
1, 251-253 (1962).
J. Sélyom, “Superconductivity”, in Fundamentals of the physics of solids — volume

II: Electronic properties (Springer, Berlin, Germany, 2009), pp. 449-515.

V. Ambegaokar and A. Baratoff, “Tunneling between superconductors”, Phys. Rev.
Lett. 10, 486-489 (1963).

A. Bargerbos et al., “Singlet-Doublet Transitions of a Quantum Dot Josephson Junc-
tion Detected in a Transmon Circuit”, PRX Quantum 3, 030311 (2022).

A. C. Hewson, The Kondo Problem to Heavy Fermions (Cambridge University Press,
Cambridge, England, UK, Jan. 1993).

J. R. Schrieffer and P. A. Wolff, “Relation between the Anderson and Kondo Hamil-
tonians”, Phys. Rev. 149, 491-492 (1966).

F. D. M. Haldane, “Theory of the atomic limit of the Anderson model. I. Perturbation
expansions re-examined”, J. Phys. C: Solid State Phys. 11, 5015 (1978).

L. Yu, “Bound state in superconductors with paramagnetic impurities”, Acta. Phys.
Sin. 21, 75-91 (1965).

H. Shiba, “Classical spins in superconductors”, Prog. Theor. Phys. 40, 435-451
(1968).

A. 1. Rusinov, “Superconductivity near a paramagnetic impurity”, JETP Lett. 9, 85
(1969), [Zh. Eksp. Teor. Fiz. 9, 146 (1968)].

R. L. Klees et al., “Microwave spectroscopy reveals the quantum geometric tensor of
topological Josephson matter”, Phys. Rev. Lett. 124, 197002 (2020).


https://doi.org/10.1103/PhysRev.108.1175
https://doi.org/10.1103/PhysRev.108.1175
https://doi.org/10.1103/PhysRev.99.1140
https://doi.org/10.1103/PhysRev.99.1140
https://doi.org/10.1016/0031-9163(62)91369-0
https://doi.org/10.1016/0031-9163(62)91369-0
https://doi.org/10.1007/978-3-540-85316-9_11
https://doi.org/10.1007/978-3-540-85316-9_11
https://doi.org/10.1103/PhysRevLett.10.486
https://doi.org/10.1103/PhysRevLett.10.486
https://doi.org/10.1103/PRXQuantum.3.030311
https://doi.org/10.1103/PhysRev.149.491
https://doi.org/10.1088/0022-3719/11/24/030
https://doi.org/10.7498/aps.21.75
https://doi.org/10.7498/aps.21.75
https://doi.org/10.1143/PTP.40.435
https://doi.org/10.1143/PTP.40.435
http://jetpletters.ru/ps/1658/article_25295.shtml
http://jetpletters.ru/ps/1658/article_25295.shtml
https://doi.org/10.1103/PhysRevLett.124.197002

BIBLIOGRAPHY 84

[20]

[21]

23]

[24]

[26]

[27]

T. Meng, S. Florens, and P. Simon, “Self-consistent description of Andreev bound

states in Josephson quantum dot devices”, Phys. Rev. B 79, 224521 (2009).

J. Bauer, A. Oguri, and A. C. Hewson, “Spectral properties of locally correlated
electrons in a Bardeen—Cooper—Schrieffer superconductor”, J. Phys.: Condens. Matter
19, 486211 (2007).

G. Kirsanskas et al., “Yu-Shiba-Rusinov states in phase-biased superconductor—quan-

tum dot—superconductor junctions”, Phys. Rev. B 92, 235422 (2015).

K. Satori et al., “Numerical renormalization group study of magnetic impurities in
superconductors”, J. Phys. Soc. Jpn. 61, 3239-3254 (1992).

T. Yoshioka and Y. Ohashi, “Numerical renormalization group studies on single im-
purity Anderson model in superconductivity: a unified treatment of magnetic, non-
magnetic impurities, and resonance scattering”, J. Phys. Soc. Jpn. 69, 1812-1823
(2000).

Y. Tanaka, A. Oguri, and A. C. Hewson, “Kondo effect in asymmetric Josephson
couplings through a quantum dot”, New J. Phys. 9, 115 (2007).

K. Grove-Rasmussen et al., “Yu—Shiba—Rusinov screening of spins in double quantum
dots”, Nat. Commun. 9, 1-6 (2018).

J. C. E. Saldana et al., “Supercurrent in a Double Quantum Dot”, Phys. Rev. Lett.
121, 257701 (2018).

C. Hermansen, A. L. Yeyati, and J. Paaske, “Inductive microwave response of Yu-
Shiba-Rusinov states”, Phys. Rev. B 105, 054503 (2022).

A. V. Rozhkov and D. P. Arovas, “Josephson coupling through a magnetic impurity”,
Phys. Rev. Lett. 82, 2788-2791 (1999).

M. Zonda et al., “Generalized atomic limit of a double quantum dot coupled to
superconducting leads”, Phys. Rev. B 107, 115407 (2023).

V. Pokorny and M. Zonda, “Effective low-energy models for superconducting impurity
systems”, Phys. Rev. B 107, 155111 (2023).

S. Vaitiekénas et al., “Flux-induced topological superconductivity in full-shell nano-

wires”, Science 367, eaav3392 (2020).

D. Razmadze et al., “Quantum Dot Parity Effects in Trivial and Topological Joseph-
son Junctions”, Phys. Rev. Lett. 125, 116803 (2020).


https://doi.org/10.1103/PhysRevB.79.224521
https://doi.org/10.1088/0953-8984/19/48/486211
https://doi.org/10.1088/0953-8984/19/48/486211
https://doi.org/10.1103/PhysRevB.92.235422
https://doi.org/10.1143/JPSJ.61.3239
https://doi.org/10.1143/JPSJ.69.1812
https://doi.org/10.1143/JPSJ.69.1812
https://doi.org/10.1088/1367-2630/9/5/115
https://doi.org/10.1038/s41467-018-04683-x
https://doi.org/10.1103/PhysRevLett.121.257701
https://doi.org/10.1103/PhysRevLett.121.257701
https://doi.org/10.1103/PhysRevB.105.054503
https://doi.org/10.1103/PhysRevLett.82.2788
https://doi.org/10.1103/PhysRevB.107.115407
https://doi.org/10.1103/PhysRevB.107.155111
https://doi.org/10.1126/science.aav3392
https://doi.org/10.1103/PhysRevLett.125.116803

BIBLIOGRAPHY 85

M. Valentini et al., “Nontopological zero-bias peaks in full-shell nanowires induced
by flux-tunable Andreev states”, Science 373, 82-88 (2021).

W. A. Little and R. D. Parks, “Observation of Quantum Periodicity in the Transition
Temperature of a Superconducting Cylinder”, Phys. Rev. Lett. 9, 9-12 (1962).

M. Tinkham, Introduction to Superconductivity, Dover Books on Physics Series (Dover
Publications, 2004).

S. D. Escribano et al., “Fluxoid-induced pairing suppression and near-zero modes in
quantum dots coupled to full-shell nanowires”, Phys. Rev. B 105, 045418 (2022).

R.-P. Riwar et al., “Multi-terminal Josephson junctions as topological matter”, Nat.
Commun. 7, 1-5 (2016).

H. Weisbrich et al., “Fractional transconductance via non-adiabatic topological Cooper

pair pumping”, arXiv, 10.48550/arXiv.2212.11757 (2022).

M. Kolodrubetz et al., “Geometry and non-adiabatic response in quantum and clas-
sical systems”, Phys. Rep. 697, 1-87 (2017).


https://doi.org/10.1126/science.abf1513
https://doi.org/10.1103/PhysRevLett.9.9
https://doi.org/10.1103/PhysRevB.105.045418
https://doi.org/10.1038/ncomms11167
https://doi.org/10.1038/ncomms11167
https://doi.org/10.48550/arXiv.2212.11757
https://doi.org/10.48550/arXiv.2212.11757
https://doi.org/10.1016/j.physrep.2017.07.001

	Introduction
	BCS theory
	Josephson junctions
	Quantum dots
	The Anderson model
	Local moment regime


	Modelling multiterminal Josephson junctions
	Effective action for electrons on the QD

	The proximitized QD in the infinite gap limit
	First order energy corrections to the infinite gap limit
	Phase diagrams and comparison with NRG

	Zero-bandwidth approximation
	The ZBW Hamiltonian
	Conservation of total spin angular momentum
	The dimensionality of spin-blocks

	YSR bound state in the single lead system
	YSR bound states in the two-lead system
	Energy dispersion and current-phase relations
	Relation to the superconducting Anderson model
	Renormalization for the proximitized QD
	Renormalization in the local moment regime
	Interpolating between the proximitized limit and the local moment regime


	Conclusion
	Outlook
	Appendices
	Berry curvature and Chern number in the infinite gap limit
	Imaginary time Nambu Green function for lead electrons
	QD Nambu Green function in the infinite gap limit
	ZBW single-lead phase transition

	Bibliography

