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Abstract

A loophole-free violation of Bell’s inequality is required for Device-Independent Quantum
Key Distribution (DIQKD) protocols to work, requiring a certain efficiency of the source.
Both the locality and detection loopholes must be closed; however, while closing the lo-
cality loophole only requires ensuring a determined distance between Alice and Bob, the
detection loophole demands very high transmission efficiencies [1]. To overcome it, we have
introduced a heralding scheme proposed by [2] that, furthermore, creates entanglement by
measurement between the pair of photons shared by Alice and Bob, thus avoiding the po-
tential action of the eavesdropper on the state. We have studied the reliability of InGaAs
quantum dots as single-photon sources for the completion of the protocol, with the inten-
tion of implementing DIQKD based on them in the near future. We have analyzed both
the influence of distinguishability and losses, together with the limitations in the resolution
of the number of photons in the detection. We have studied the effect of the distinguisha-
bility of photons by relating it to the HOM visibility of the sources, finding a threshold of
V ≈ 79%. This visibility is accomplishable by InGaAs quantum-dot single-photon sources
[3]. However, the relation obtained between the local efficiency and the required visibility
shows that the necessary local efficiencies (ηl ≈ 90%) are yet not achievable with current
photonic implementations [4]. Finally, we have aimed to find the best compromise between
a high heralding rate and the probability of receiving incorrect messages of success from the
heralding station by optimizing the probability of transmission T of the local beam splitters.
We find that the optimal probability of transmission decreases with the distinguishability of
photons. Our results show that the necessary experimental time to accomplish the violation
of Bell’s inequality with several standard deviations is not unreasonable.
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Chapter 1

Introduction

This chapter presents the fundamental theoretical background of the thesis. Its heterogeneity
responds to the need of introducing very different topics and tools that are nevertheless relevant
for the correct understanding of the following chapters. Bell’s inequality and the challenges that
its experimental violation implies are presented, followed by an introduction to Quantum Key
Distribution (QKD) and, particularly, both the advantages and experimental difficulties of Device-
Independent QKD implementations. We next explain the Hong-Ou-Mandel effect, as it is the
main concept underlying the scheme of the set-up we will work with. Finally, the basic concepts
of density matrix tomography are outlined.

1.1 Bell’s inequality
The beginning of the 20th century was incredibly fascinating for the development of what, nowa-
days, we call modern physics. The contributions from Hilbert and Dirac in the early 30s gave
the final form and structure to a whole new frame of work in the form of the quantum mechan-
ics theory. This new paradigm was, by this date, far more consolidated compared to the first
approaches and ideas developed by Max Planck that awarded him with the Nobel Prize in 1918.
However, despite the incipient irrefutable experimental success of quantum mechanics, the decade
of the 1930s was also the starting point of deeper discussions, even more focused on the philo-
sophical plane, regarding the nature of quantum theory. They opened a debate that has last for
almost a century. In 1935, Einstein, Podolsky, and Rosen (EPR) published the famous paper “Can
Quantum-Mechanical Description of Physical Reality Be Considered Complete?” [6], where they
claimed that a local realist1 read of quantum theory is not compatible with its basic principles.
Unless immediate effects between quantum correlated systems occur, thus violating relativity, EPR
showed that Heisenberg uncertainty principle is violated. Thus, although not incorrect, the de-
scription that quantum mechanics provides is certainly incomplete, opening the door to hidden
variables that could, in fact, determine these spooky correlations.

A more approachable interpretation of this so-called EPR Paradox was made by Bohm and
Aharonov in 1957 [8]. Let us imagine a spin-0 particle decaying into two identical spin one-half

1A realist theory implies that the measurement outcomes after the observation of a system are not influenced
by the measurement itself, but are determined beforehand instead. On the other hand, a theory is considered local
if the outcome of the measurement performed over a system is independent of another distant system that had
interacted with it in the past [7].

1



CHAPTER 1. INTRODUCTION

particles that move away from each other. The conservation of the total spin forces the sum of the
projection of the two emmitted particles to equal 0 as well. The shared state |ψ〉 between the two
subsystems is an entangled state2, meaning that it can not be written as a product state of its two
different components (in which case would be separable):∣∣ψ−〉 = 1√

2
(|↑↓〉 − |↓↑〉) . (1.1)

If the spin of the first particle is measured along any axis, there is a 50% probability that the
outcome will be ↑ or ↓. However, after that measurement is done, if the spin of the second particle
is afterwards measured over the same axis, the outcome is unequivocally determined: as the total
spin must be zero, if the first particle measured ↑ then the second must show ↓, and viceversa. A
measurement of the spin of the second particle over a perpendicular axis to the one that was used
with the first particle, however, would have again a 50% probability of obtaining one or another
outcomes. This shows the existence of an obvious correlation between both distant particles: the
nature of this correlation is, however, the main point of the EPR paradox. Quantum mechanics
would be a realist theory if the measurement outcomes were prefixed. Otherwise, the measurement
of the first particle would influence non-locally over the observation of the second one. Non-local
correlations would exists between entangled subsystems.

1.1.1 The CHSH Inequality
It was not until 1964 when J. Bell suggested to extend Bohm’s approach to measurements in
any direction, and study the nature of the correlations [7]. His premise was to assume local
determinism in his result, which made him arrive to the so-called Bell inequality. Whether the
quantum mechanical predictions violate the inequality or not would shed light into the nature of
quantum correlations. Instead of following his original work, we have followed for simplicity the
result obtained by J. Clauser, M. Horne, A. Shimony y R. Holt in 1969 (as well as references [9],
[10] and [11]), who developed an alternative version of the original inequality suggested by Bell, in
order to test Bell inequality experimentally [12]. Let us consider that Alice and Bob can measure
two observables (for example, again, the polarization of two photons), a and a′, and b and b′
respectively, which can take the values {±1}. If we assume local realism, Alice and Bob should be
able to measure both of their observables and the outcomes would not be influenced in any case
by the others. Under this assumption, note that the product of any observable will also take the
values {±1}, and thus we can construct the following expression:

ab + a′b + ab′ − a′b′ = a(b + b′) + a′(b− b′) = ±2 . (1.2)

Note that b + b′ can either equal 2, -2 or 0. If it equals ±2, then b − b′ = 0; if on the contrary
b + b′ = 0, then b − b′ = ±2. Therefore we can conclude that equation 1.2 can only take the
values ±2. We can apply now the integral form of the well known triangle inequality3, by taking
the expectation value of 1.2. In fact:

S ≡ |〈ab + a′b + ab′ − a′b′〉 |= |〈ab〉+ 〈a′b〉+ 〈ab′〉 − 〈a′b′〉 |≤ 〈|ab + a′b + ab′ − a′b′|〉 = 2 ,
(1.3)

2The state
∣∣ψ−〉 is in fact one of the four Bell states,

∣∣ψ±〉 = 1√
2

(|01〉 ± |10〉) and
∣∣φ±〉 = 1√

2
(|00〉 ± |11〉),

which constitute a basis of maximally entangled states.
3|
∫
f(x)dx|≤

∫
|f(x)|dx

2



CHAPTER 1. INTRODUCTION

which is known as the CHSH Inequality. We should remark that this result is completely general
and applies to any local realist theory, so the next question would be: what if we calculate the
expectation values of the observables quantum-mechanically? Let Alice and Bob share a maximally
entangled state, for example, of two photons with orthogonal polarizations |→〉 and |↑〉. For
simplicity in the calculation, we choose the state |ψ−〉 = 1√

2 (|→↑〉 − |↑→〉) because it is invariable
under rotations, but it can be proven that any entangled pure state violates Bell inequality [11].
In order to define operators with the same eigenvalues as the observables of the situation described
above, let us just define a general hermitian operator written in terms of the Pauli matrices, where
n̂A and n̂B are unitary vectors that designate the projection that Alice and Bob make with their
measurement:

a = n̂Aσ̂A, a′ = n̂′Aσ̂A, b = n̂Bσ̂B , b′ = n̂′Bσ̂B , (1.4)

then we can calculate the expectation value

〈ab〉 =
〈
ψ−
∣∣a ⊗ b

∣∣ψ−〉 =
〈
ψ−
∣∣ (n̂Aσ̂A)⊗ (n̂Bσ̂B)

∣∣ψ−〉 . (1.5)

As we mentioned above, |ψ−〉 is rotational invariant or, in other words, it is invariant under the
action of a general rotation operator R(θ), that can be written without loss of generality in terms
of the Pauli matrices [10]:

R(θ)A ⊗R(θ)B
∣∣ψ−〉 =

∣∣ψ−〉⇔ (
cos θ21− i sin θ2 n̂σ̂A

)
⊗
(

cos θ21− i sin θ2 n̂σ̂B
) ∣∣ψ−〉 =

∣∣ψ−〉
⇔ −i sin θ2 cos θ2 (n̂σ̂A + n̂σ̂B)

∣∣ψ−〉 = 0

⇔ (σ̂A + σ̂B)
∣∣ψ−〉 = 0

⇔ σ̂A
∣∣ψ−〉 = −σ̂B

∣∣ψ−〉 .
(1.6)

With this result, we can write the expectation value from equation 1.5 as the trace of the reduced
density matrix of only one of the subsystems. For instance, Alice’s ρ̂A:

〈ab〉 = −
〈
ψ−
∣∣ (n̂Aσ̂A) (n̂Bσ̂A)

∣∣ψ−〉 = −Tr{(n̂Aσ̂A) (n̂Bσ̂A) ρ̂A} . (1.7)

Recall that the reduced density matrix is calculated as the partial trace over the other subsystem,
which for a maximally entangled state yields 1

21, as each of the subsystems do not have any
information accesible over the whole state:

ρ̂A = TrB ρ̂ = TrB
∣∣ψ−〉 〈ψ−∣∣ = 1

21 . (1.8)

Thus, continuing with equation 1.7:

〈ab〉 = −1
2 Tr{(n̂Aσ̂A) (n̂Bσ̂A)} = −1

2
∑
ij

Tr
{

(n̂Ai
σ̂Ai

)
(
n̂Bj

σ̂Aj

)
)
}

= −1
2
∑
ij

n̂Ai
n̂Bj

Tr
{
σ̂Ai

σ̂Aj

}
= −1

2
∑
ij

n̂Ai
n̂Bj

(Tr{δij1}+ iεijk Tr{σk})

= −
∑
ij

n̂Ai
n̂Bj

δij = −n̂An̂B .

(1.9)

3



CHAPTER 1. INTRODUCTION

Figure 1.1: Choice of measurement axis n̂A, n̂B , n̂′A and n̂′B with which the maximal violation of the
CHSH inequality is achieved.

Therefore we have found that, according to quantum mechanics, the outcomes of the observables
a and b are anticorrelated and depend on the angle θ, defined as the one between the chosen
measurement axis n̂A and n̂B :

〈ab〉 = − cos θ . (1.10)

If we choose the angles for the measurement axis such that they are restricted to be coplanar for
simplicity, that is considering an angle of π/4 between each of them (the Bell angles), as sketched
in Figure 1.1, we get:

S = |〈ab〉+ 〈a′b〉+ 〈ab′〉 − 〈a′b′〉 |= |− cos π4 − cos π4 − cos π4 − (− cos 3π
4 )|

= |−3
√

2
2 −

√
2

2 |= 2
√

2 > 2 .
(1.11)

The quantum state |ψ−〉 exhibits a clear violation of the CHSH inequality. This has very impor-
tant implications in the fundamental understanding of quantum mechanics: if one assumes that
quantum theory is deterministic and local, reaches a contradiction. The only way to be able to
understand the outcomes of measurements as prefixed would be in a frame of non-locality. If, as
Einstein, Podolsky and Rosen claimed, quantum mechanics is incomplete, it is not only incom-
plete but also wrong. Any theory of local hidden variables is incompatible with the predictions of
quantum mechanics.

1.1.2 Experimental challenges: loopholes in Bell tests
Verifying experimentally the violation of Bell’s inequality is, however, very demanding. The ex-
perimental circumstances in which Bell tests are carried out, might force further assumptions,
and thus local realism could in principle provide with a correct prediction of the outcome of the
measurements too [13]. This is known as loopholes, and we will briefly relate the most significant
ones as well as review some of the most outstanding results so far.

If Alice and Bob are not placed sufficiently far apart, subluminal communication could be
allowed between them, providing each other with information about the choice of measurement axis
they make. In addition, if this choice is made before the experiment starts the assumption of non-
locality is not ensured either. This is known as the locality loophole. Therefore the measurement
settings have to be decided in a time window smaller than the time it takes photons to travel
between Alice and Bob. The first experiment to achieve it was made by Aspect, Grangier and
Roger in 1982 [14], based on the interpretation of Bell’s inequality made by Bohm and Aharonov,
as they used analyzers that varied in a shorter time compared with the flying time of the photon.

4



CHAPTER 1. INTRODUCTION

It was published only several months after a previous experimental attempt was also concluded
[15], in which they did not focus on the locality loophole. However, the detection efficiency of
these experiments was not sufficiently high so as to avoid the detection loophole. This loophole
arises from the fact that one has to be able to identify each experimental run, so it is possible
to distinguish which runs correspond to undetected-photon events. Otherwise, it is not possible
to indentify the events properly, thus invaliding Bell’s inequality. If the experimental runs are
identifiable, in principle, one could think of making a fair-sampling assumption and disregard
all those events in which photons were not detected. However, this is not possible either, as
making that assumption takes for granted that the plausible local hidden variable is not influencing
which photons are detected and which not, and this is something that the hidden variable could
definitely do. Therefore only experiments with sufficiently high efficiency of detection (from the
generation of the photon until the detection itself) can close the detection loophole. For the
CHSH inequality, this efficiency threshold is proven to be η ≈ 82.84% [16], and it varies for
other versions of Bell’s inequality [17]. In particular, one can develop inequalities already free
from the fair-sampling assumption that can lower the efficiency threshold. Eberhard’s inequality
[18] incorporates undetected-photon events to its derivation, establishing a required efficiency of
2/3 ≈ 66.67% by using non-maximally entangled states. After many years in which experiments
closed either one or the other loopholes, both detection and locality ones were closed simultaneously
for the first time in three different experiments in 2015: the ones carried out by Giustina et al. [19]
and Shalm et al. [20], with photons generated by parametric-down conversion and superconducting
detectors and by Hensen et al., with electron spins [21]. Finally, note that to have a completely
loophole free Bell test, one also have to close the coincidence-time, freedom of choice and memory
loopholes [22]. We will not focus on these ones in this present work.

1.2 Quantum Cryptography
Cryptography has experienced an important development over the past century, mostly focused
on public key systems like the asymmetric RSA (Rivest–Shamir–Adleman). These kind of systems
base their security on the need of extremely powerful computers to break them down. With the
promising growth of quantum computers [23], this safety seems to be put into risk in the nearest
future. On the contrary, quantum cryptography protocols rely their security on the very fundamen-
tal principles of quantum mechanics [24] like the uncertainty principle or the non-cloning theorem
[25]. In this section several protocols are introduced to finally motivate why Device-Independent
Quantum Key Distribution represents an encouraging next-step to take in the development of safer
communications.

1.2.1 Quantum Key Distribution: BB84

This protocol was proposed by Bennett and Brassard in 1984 [26], which provided it with the widely
known name of BB84 protocol. Its simplicity is as remarkable as its importance in the development
of quantum cryptography. It is based on the idea of the one-time pad, in which a secret key is shared
between two parts. This secret key will allow them to establish a completely secure communication
after it has been succesfully shared between them, thus no sensible information is sent before this
point. If the protocol is unsuccesful, it will be repeated once and again until it is succesful, and
then the safe communication can start. All the necessary assumptions to be made will be analysed
with more detail for general Quantum Key Distribution (QKD) protocols in the next section;
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Alice
Random bit 1 0 0 0 1 1 0 1 0 1 1 1
Random basis R R D D D R D D R R D R
Polarization → ↑ ↖ ↖ ↗ → ↖ ↗ ↑ → ↗ →

Bob Random basis D R D R R R R D D D D R
Outcome 1 0 0 1 0 1 0 1 0 0 1 1

Check of correct basis 7 X X 7 7 X 7 X 7 7 X X

Check of random bits 0 1 1
Shared secret key 0 1 1

Table 1.1: Example of the completion of BB84 protocol, from the generation of the bit string until
sharing the secret key.

the purpose for the present one is, on the other hand, to introduce one of the many examples
of QKD protocols in order to understand its basic principles. Following the original approach,
and in line with the rest of the thesis, we will consider the encoding of the information by means
of the polarization of photons. Alice will send polarized photons to Bob, with either horizontal
(|→〉), vertical (|↑〉), 45o (|↗〉 = 1√

2 (|→〉+ |↑〉)) or −45o (|↖〉 = 1√
2 (|→〉 − |↑〉)) polarization.

Alice and Bob can choose between two different measurement basis: the rectangular basis (R) and
diagonal basis (D). Note that when measuring horizontally and vertically polarized photons in the
rectangular basis, it gives unequivocally whether the photon was horizontal or vertical, whereas
measuring in the diagonal basis gives either result with 50% probability (and viceversa for the
diagonal basis). Horizontal and 45o photons are identified with a logical value of 1. On the other
hand, vertical and −45o photons are identified with the 0 logical value.

An example of the protocol is detailed in Table 1.1. Alice starts the protocol by generating
two random strings, for which she needs a random number generator: one string of random bits
(1 and 0) and another one with the two different basis of measurement (R and D). Then she can
prepare the corresponding polarized photons: for example, to prepare a logical 1 in the diagonal
basis, she will send a |↖〉 photon. Thus she sends a photon for every bit of the string to Bob. Bob,
on the other hand, will also generate a random string (with his own random number generator)
specifying in which basis he is going to measure every photon that he receives from Alice. In
case a photon is lost in the way, that element is disregarded from the string of bits. He measures
every photon’s polarization that arrives succesfully according to the string of random basis he just
generated. If he uses the same basis to measure the polarization of one photon as the one Alice
used when generating it, then he will obtain the same logical value that she encoded; if, on the
contrary, he used the other basis, there is a 50% probability that he will hit the correct logical
value. After the whole string has been measured, Alice and Bob establish classical communication
through an authenticated channel (this means, the communication is public but the exchanged
information can not be modified by any third party). In this conversation they will compare only
which basis they used to measure the polarization of their photons, and thus they will keep those
bits that correspond to elements of the string in which they used the same basis and disregard
the rest. Those bits that are kept, constitute the secret key with which they can build a safe
communication.

What could a potential eavesdropper (commonly named Eve) do to steal the secret key? The
most naive approach one could imagine is that she intercepts the photons that Alice sends to Bob,
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make a copy, and then send them to Bob so they do not notice her action. Luckily, this is not
allowed by the no-cloning theorem [25], developed by Wootters and Zurek in 1982. However, Eve
can still measure the photon she intercepts and generate another one that she sends to Bob. She
can guess the correct basis in which she should measure with a 50% probability, which establishes
a bound of 1/2 on the amount of bits that she can steal. Furthermore, there is 50% probability
that the photon she intercepts is polarized in the basis that she chose, thus she will insert a 25%
of error when sending the photon to Bob. In order for Alice and Bob to know if she intervened
or not, they will sacrifice some of their succesful bits and compare them through the classical
channel (see again Table 1.1). If the success rate is lower than the error probability induced by
the eavesdropper, they have to re-start the protocol. Note that this also sets a threshold on the
allowed experimental error of the protocol, which can not be higher than the one induced by Eve:
else, the action of the eavesdropper could not be detected. In the next section further actions of
the eavesdropper will be analysed in a broader QKD context.

1.2.2 Device-Independent Quantum Key Distribution
The connection between the violation of Bell’s inequality and the safety of a cryptographic quantum
protocol was proposed for the first time in the famous short publication by Eckert in 1991, which
named the protocol as E91 onwards [27]. Contrary to BB84, in which Alice sent the particles to
Bob, in E91 Alice and Bob receive half of an EPR pair each, which was generated by a third party.
Eckert modelled the potential action of the eavesdropper by introducing elements of “physical
reality” in the form of a certain strategic measurement, that only gives a succesful result within
the constraints of Bell’s inequality. Therefore, if it is violated, the eavesdropper could not have
interfered with the protocol and extract information without being detected. However, the proposal
did not provide with further details about the actual relization of security proofs or the experimental
implementation. Also, all the measurements in which a particle is not registered are discarded in
the protocol, opening the possibility for Eve to bias the detection of events. Furthermore, it was
proven shortly after [28] that E91 and BB84 are security equivalent. If Alice generated the EPR
pair used in E91 and, after measuring her part, she sent the other particle to Bob, we easily see
that the scenario is identical to BB844. They prove that the lack of success of the eavesdropper, as
suggested by Eckert, is not based on the violation of the inequality but on the actual incapability
of generating a state correlated with the EPR pair. She can not generate a state that can provide
with information about the measurement outcomes under the rules of quantum mechanics without
being noticed by Alice and Bob. It is simple to understand why: following [28], imagine that Alice
and Bob share the state

|A,B〉 =
∣∣ψ−〉 = 1√

2
(|01〉 − |10〉) . (1.12)

Eve can add a third-party in the state shared by Alice and Bob such that she gets information
from the measurement that they perform. To do so, she should take over the generation of the
pair and create a general state such as:

|A,B,E〉 = 1
2 (|00〉 |E1〉+ |01〉 |E2〉+ |10〉 |E3〉+ |11〉 |E1〉) . (1.13)

This way, Eve only has to wait until Alice and Bob perform their measurements and measure her
own part of the system. Depending on the outcome she obtains, she will know whether Alice and

4Despite the fact that, as Eckert argued after the publication of [28], the stored information in BB84 is classical,
whereas in E91 can remain stored in the EPR pair until the key is needed and thus the action of Eve would be
easily detected in the disturbance of the system.
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Bob measured |00〉, |01〉, |10〉 or |11〉. However, she wants to be undetected by them. As Alice and
Bob expect to share |ψ−〉, |A,B,E〉 has to be restricted to having only -1 eigenvalues (as these
are the eigenvalues of |ψ−〉: each subsystem will have opposite eigenvalues ±1, thus in both cases
the total eigenvalue is −1) under the measurement in z and x basis. To be undetected when they
measure in the z basis, the state Eve generates has to be constraint to

|A,B,E〉 = 1√
2

(|01〉 |E2〉+ |10〉 |E3〉) . (1.14)

But, at the same time, it has to have eigenvalue -1 in the x basis, as they can also measure this
way. The eigenvector with -1 eigenvalue in this basis is 1√

2 (|01〉 − |10〉), thus the only state that
Eve can generate, in order to not be detected in any security test performed by Alice and Bob, is

|A,B,E〉 = 1√
2

(|01〉 − |10〉) |E2〉 , (1.15)

which is uncorrelated from Eve’s and Alice and Bob’s outcomes. The eavesdropper can not generate
a state that provides her with information without being uncovered. This invited to conclude that
the use of EPR pairs and the violation of Bell’s inequality was not providing with extra security
to BB84. However, this simple argument does not account for more complex ways of attacking
the quantum devices [29], or if Alice and Bob can not ensure that their measuring devices are
completely trustful. If they can no longer know with complete certainty in which basis they
measure, Eve could indeed generate a state, as the one described in equation 1.13.

Some years later a proposal about relaxing the level of trust in the quantum devices of the
protocol was made by Mayers and Yao [30]. As explained, the security of BB84 relies on the fact
that Alice knows whether she sent to Bob photons with either 0o, 90o, 45o or −45o polarization.
They proved that Alice would not need to trust her photon source if she could use a self-checking
source. This source needs to pass certain tests and satisfy a security proof, which imposes conditions
on the measurements that, once again, were equivalent to violating Bell’s inequality. This gave
once more the intuition that it could be indeed possible to strenghten the security of cryptography
by means of Bell violation. But the biggest breakthrough came with the publication by Barrett et
al. in 2005 [31], where they proposed a QKD protocol proven to be secure only with the restriction
of not allowing superluminal signalling. Not the assumption that, as in [28], quantum mechanics
establish the bound on how much information Eve can achieve. The notion of a Device Independent
QKD (DIQKD) idea is introduced.

The necessary assumptions in this context do not differ much from a general QKD protocol
such BB84. From a broader perspective, Eve is only restricted by her impossibility to not use
superluminal signaling, but she can break the rules of quantum mechanics [31]. Thus we will show
that the main difference is that DIQKD is built upon less assumptions than QKD. Any QKD
protocol requires that [1]:

• Alice and Bob share an authenticated classical channel and a noise-free quantum channel. In
the context of cryptography, a channel can be either confidential, authenticated or secure. It
is authenticated if it could be overheard but not manipulated. Alternatively the channel is
confidential in case the information is impossible for anyone to overhear but, on the contrary,
could be tampered by a third party, or secure, if neither overhearing or tampering are possible.
Thus an authenticated classical channel shared by Alice and Bob will allow them to share
which basis they used to measure their qubits ensuring that this information can not be
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manipulated although it is, in principle, public. A noise free quantum channel ensures that
the transmitted quantum state does not suffer any alteration (that could be modelled, for
example, via depolarising, erasure or amplitude damping channels).

• No information is released to the exterior from Alice and Bob’s locations. No information
can be sent by means of the measurements performed by the implied parts. The laboratories
are isolated, in the sense that no eavesdropper can look ”over their shoulder”; therefore,
no information can be gained by spying them, nor escapes from their locations. This also
includes that no one has access to their classical memories, where they store the classical
outputs of the protocols. We will see how fullfiling this assumption automatically ensures
closing the locality loophole.

• Quantum mechanics is correct, as the protocols are based on its most fundamental principles.

• Both have a pure random number generator, which is essential for the choice of the measure-
ment basis and relates to the free-will loophole.

For non-DIQKD protocols like BB84 or E91, additionally:

• Alice and Bob must trust their respective quantum devices. Eve has no access to the devices,
and can therefore not manipulate them. In addition, there is no flaw that would make Alice
and Bob doubt the choice they make for the basis of measurement. In BB84, for example,
the choice of basis and the actual measurement that is carried out always match. This does
not have necessarily to be true, without making this assumption.

In the Device-Independent scenario, however, this last assumption is not made as the eaves-
dropper has access to manipulating the measurement devices. Therefore, ones does not have to
care of whether the apparatus was fabricated by suspicious entities or if it varies over time due to
possible imperfections. Also, distrusting the quantum devices implies that simpler protocols like
BB84 can not be considered secure anymore: Alice and Bob can not even know the dimension of
the Hilbert space in which they are measuring [1]. Recalling BB84, this was precisely the way they
both had to make sure Eve was not interfering. Bob and Alice compare their choice of basis for
every photon and they discard those who do not match. In addition, they compare their outcomes
to evaluate the error and detect the presence of Eve. If, however, they can not trust their measure-
ment devices, this strategy fails as they can not prevent Eve from interfering in this comparisons
by tampering the devices. Recall that, as Alice and Bob do not have complete confidence in the
measurement they are performing, the argument from which we deduced that a state like the one
depicted in equation 1.13 can not be created by the eavesdropper, does not hold anymore. In this
context, the measurement devices are rather approached as black boxes with an classical inputs
and outputs (the outcome of the measurement) [32, p. 307-319].

Let us suppose, in a similar way to how it was explained above, that Eve is in control of
generating the entangled pairs that Alice and Bob will use to perform the protocol. She has to
prepare 2n+ 1 systems: n for Alice, n for Bob and one for herself, that will provide her with the
information about Alice and Bob’s outcomes. Under above assumptions and following [31], it is
possible to make a security proof which ensures that, by sharing a big enough number n of entangled
pairs, there is an upper bound on the information that Eve can get from her measurement as long
as Bell’s inequality is violated. We can try to get an intuition about what is going on, without
working with the security proof, by considering what happens with the conditional probabilities
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on the chosen basis and the actual outcomes. In the QKD context the correlation between Alice’s
and Bob’s measurements can be considered classical. In BB84, for example, there is a probability
distribution for each of them that describes how they will obtain correlated results when they
measure in the same basis (let us say x or z) and totally uncorrelated when they don’t. This
can be provided by a classical random data generator, and then we could express the probability
of observing the outcomes a and b conditioned to the measurements A and B, P (a|A, λ) and
P (b|B, λ), in the following way, as explained in [32, p. 307-319]:

P (ab|AB) =
∑
λ

P (λ)Pλ(a|A, λ)Pλ(b|B, λ) , (1.16)

where P (λ) is the probability distribution for a certain classical variable λ that correlates the
outcome of the measurement with the actual chosen measurement. Therefore, if Eve has access to
this variable λ when also having access to the measurement devices (as it is expected to happen
in DIQKD), she can know all the outcome distributions beforehand. However, if Bell’s inequality
is violated, P (ab|AB) can not be written in that form [7], precisely as proved in the section 1.1.
Thus, the non-local nature of quantum mechanics allows to limit Eve’s access to information, even
if she has control over the generation of the pairs and access to the quantum devices.

However, the perspective of implementing DIQKD protocols experimentally looks just as excit-
ing as demanding. As Bell’s inequality has to be violated, the same experimental challenges that
were explained in section 1.1.2 need to be overcome, both the locality and detections loopholes.
Nevertheless, the context is different: whereas in a Bell test we intend to verify the very fun-
damental principles of quantum mechanics, overcoming the loopholes in the Device-Independent
scanario tries to bound the advantage Eve might have by exploiting them [1]. If we recall some
of the assumptions that are made in any quantum key distribution protocol we see that, in fact,
the loopholes are assumed to be partially closed too. We stated that there is no subluminal sig-
nalling between Alice and Bob that could allow them to know beforehand the sets of measurements
they are choosing, due to the fact that their laboratories are isolated. Furthermore, they have a
(quantum) random number generator that decides the measurement sets, thus Eve has no way to
anticipate their choice. Both conditions automatically close the locality loophole. Therefore the
detection loophole will be the only experimental challenge to face regarding the violation of Bell’s
inequality and it is actually more complex in the Device-Independent scenario. As in Bell tests,
the fair-sampling assumption is not possible if we want to prevent the protocol from the attacks of
the eavesdropper. Eve could bias the photons that are not detected, hidden within the inefficiency
of the set-up and detectors. The events in which photons are not detected can not be disregarded,
regardless of whether they were lost or the detector efficiency prevented from identifying them.
Thus the efficiency of detection will play an important role in overcoming of detection loophole,
establishing a threshold of at least 92% required efficiency [1]. This threshold is higher than the
one we pointed out for the CHSH inequality due to the additional need of performing a security
proof that guarantees that the key is delivered safely. A way to work around this loophole consists
in heralding the reception of the entangled pair to Alice and Bob, in a similar way to a quantum
non-demolishing measurement (QND) [33]. In case both Alice and Bob receive a positive mes-
sage from the heralding system, they are ready to measure the entangled photons, avoiding the
detection loophole. All these technical requirements make of DIQKD a challenging experimental
implementation which has still not been carried out succesfully.
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Figure 1.2: Description of the transformation that the beam splitter performs over the incoming field
(âs) and the vacuum field (â0). The reflected mode is given by âr and the transmitted one by ât.

1.3 Hong-Ou-Mandel Interference
The Hong-Ou-Mandel effect was firstly described and realised experimentally by C. K. Hong, Z.
Y. Ou and L. Mandel in 1987 [34]. It was introduced in order to measure the time intervals be-
tween emitted photons by parametric down conversion. Nowadays, however, the Hong-Ou-Mandel
(HOM) interference is widely used as a tool to study properties of quantum implementations (such
the visibility of single-photon sources, as explained in section 3.2), as well as fundamental charac-
teristics of quantum mechanics itself [35]. The key essence of this interference effect is manifested
when two single photons interfere on a 50:50 beam splitter. To understand this effect we start
by describing how a beam splitter works. A beam splitter is an optical element that consists of
either birrefringent glass prisms or mirrors and have two input and two output ports. It reflects
and transmits the incoming photon with a determined probability given by its transmittance (T )
and reflectance (R). Therefore the state of the photon after the beam splitter is a superposition
of reflected and transmitted states. Note that the quantum mechanical description of a beam
splitter for a single incoming photon needs to include vacuum in one of the ports in order to sat-
isfy the commutation relations of the photon operators. This is described by a general unitary
transformation over the vacuum field and the incoming mode, ÛBS :(

âr
ât

)
= ÛBS

(
â0
âs

)
, (1.17)

which, following [9, p. 138], equals: (
âr
ât

)
=
(
t′ r

r′ t

)(
â0
âs

)
, (1.18)

where the vacuum field is represented by â0, the reflected mode is given by âr and the transmitted
one by ât (see Figure 1.2). Moreover, the following relations are satisfied:

|r′|= |r|, |t′|= |t|, |r|2+|t|2= 1, r∗t′ + r′t∗ = 0, r∗t+ r′t′
∗ = 0 . (1.19)

We next choose the above parameters in terms of the transmittance T as

t′ = t =
√
T , r′ = r = i

√
1− T , (1.20)

which is equivalent to setting the imaginary phase for the transmittance and reflectance to 0 and
π/2 respectively. It can be verified that the transformation ÛBS is unitary and satisfies all the
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Figure 1.3: Two input photons with different modes i and j arrive to a beam splitter with transmittance
T .

relations from equation 1.19. Substituting 1.20 in equation 1.18:(
âr
ât

)
=
( √

T i
√

1− T
i
√

1− T
√
T

)(
â0
âS

)
⇒
(
â0
âs

)
=
( √

T −i
√

1− T
−i
√

1− T
√
T

)(
âr
ât

)
. (1.21)

Therefore, taking the hermitian conjugate of equation 1.21, the creation operator of the photon
that arrives to the first port of the beam splitter is:

â†s = i
√

1− T â†r +
√
T â†t (1.22)

Let us take a step forward now. Imagine that the two photons that arrive at the beam splitter
have different modes i and j, that could be, for example, different temporal modes, arrival times or
polarizations. For simplicity, we identify the four different beam splitter modes as 1,2,3,4. Thus,
the creation operators of each of them are labeled as â†1i

and â†2j
, respectively (see Figure 1.3).

The input state that reaches the beam splitter is:

|ψin〉 = |1i, 1j〉 = â†1i
â†2j
|∅〉 . (1.23)

Applying the transformation described in equation 1.21 to the creation operators, we obtain the
output state:

|ψout〉 =
(
i
√

1− T â†3i
+
√
T â†4i

)(√
T â†3j

+ i
√

1− T â†4j

)
|∅〉

=
(
i
√
T (1− T )â†3i

â†3j
− (1− T )â†3i

â†4j
+ T â†3j

â†4i
+ i
√
T (1− T )â†4i

â†4j

)
|∅〉 .

(1.24)

If the beam splitter is 50:50, then the output state reduces to:

|ψout〉 = 1
2

(
iâ†3i

â†3j
− â†3i

â†4j
+ â†3j

â†4i
+ iâ†4i

â†4j

)
|∅〉 (1.25)

Here is when all the interesting physics begin: if the two incoming photons are indistinguishable,
that is, they are not in different modes (i = j), then the output state is a superposition state:

|ψout〉 = 1
2

(
iâ†23 − â

†
3â
†
4 + â†3â

†
4 + iâ†24

)
|∅〉 = i

2

(
â†23 + â†24

)
|∅〉 = i√

2
(|2, 0〉+ |0, 2〉) , (1.26)

with both photons going together to either one detector or other, thus no coincidence clicks between
both detectors are ever detected5. This effect is known as bunching. A way to understand what

5Note that we have taken into account that â† |n〉 =
√

1 + n |n+ 1〉.
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Figure 1.4: All the four different paths that lead to the interference of indistinguishable photons when
interacting through a 50:50 beam splitter, creating the HOM effect. Paths a) and b) interfere destructively,
whereas paths c) and d) are completely distinguishable and do not interfere, generating the bunch of the
photons in the output state.

ocurres is to think of how all the possible paths that photons can take interfere. Figure 1.4 shows
the four different options: either they click on different detectors or bunch and click in the same one.
Due to the extra phase that it is gained with the reflection, the paths a) and b), that correspond
to the terms −â†3â

†
4 and â†3â

†
4 in equation 1.26, interfere destructively. On the contrary, paths c)

and d), corresponding to the terms iâ†23 and iâ†24 , are distinguishable paths that do not interfere,
thus only contributing with a global phase i to the output state. If the two input photons are
not completely indistinguishable the paths a) and b) in Figure 1.4 do not interfere and thus all
four different combinations of clicks on the detectors are equally probable. We can also approach
the effect by calculating the coincidence probability Pcc using equation 1.24 for indistinguishable
photons as:

Pccind
= 〈ψout|ψout〉cc = 〈∅| (−(1− T )â3â4 + T â3â4)

(
−(1− T )â†3â

†
4 + T â†3â

†
4

)
|∅〉 = (2T − 1)2

,

(1.27)

which, in fact, verifies that Pccind
(T = 1/2) = 0. If, on the contrary, we assign different polariza-

tions to the incoming photons:

Pccdis
= 〈ψout|ψout〉cc = 〈∅| (−(1− T )â3H

â4V
+ T â3V

â4H
)
(
−(1− T )â†3H

â†4V
+ T â†3V

â†4H

)
|∅〉

= (1− T )2 + T 2 ,

(1.28)

that gives Pccdis
(T = 1/2) = 1/2, that is, a 50% probability of both detectors clicking simultane-

ously for distinguishable photons. The HOM effect is, therefore, a very useful way to determine the
degree of distinguishability of two photons. In the original experiment they vary the displacement
of the beam splitter towards the detectors, so that the incoming photons do not click simultane-
ously. Depending on the degree of displacement cτ (with τ being the time delay between the arrival
of the incoming photons to the two input ports of the beam splitter), the probability of measuring
coincidence counts goes from 0 for τ = 0 to 1 for a sufficiently big displacement compared to the
inverse of the bandwidth of the photons. In reality as photons are not completely monochromatic
but present a certain bandwidth ∆ω, the dip in the probability of coincidence counts becomes a
function of this width [34]:

Pcc ≈ 1− e−(∆ωτ)2
. (1.29)
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Figure 1.5: Probability of coincidence counts Pcc as a function of the time delay in the arrival of photons
to the input ports of the beam splitter. The plot shows the so called HOM dip.

The plot of the probability of coincidence counts versus the displacement of the beam splitter
exhibits the so called HOM dip (Figure 1.5). The normalized difference between the maximum
and minumum of the HOM dip is defined as the visibility of the sources that generated the photons
[35]:

V = Pccmax − Pccmin

Pccmax

. (1.30)

1.4 Density matrix tomography
Throughout the thesis we will be interested in measuring a determined state of the system in
the form of its density matrix before the measurement is carried out. For this purpose, quantum
tomography provides with a process that allows to reconstruct any state by means of a certain
number of measurements that depends on the size of the Hilbert space of the state. It is based
on the idea that any matrix can be written in terms of a certain basis, and therefore, finding the
appropiate coefficients allows to reconstruct it. Following [36] in this section, in the simplest case
of a single qubit, the density matrix can be written in terms of the so called Stokes parameters Si
and the basis formed by the Pauli matrices:

ρ = 1
2

3∑
i=0

Siσ̂i , (1.31)

where the pauli matrices are:

σ̂0 =
(

1 0
0 1

)
σ̂1 =

(
0 1
1 0

)
σ̂2 =

(
0 −i
i 0

)
σ̂3 =

(
1 0
0 −1

)
, (1.32)

and the Stokes parameters are defined by:

Si ≡ Tr{σ̂iρ} . (1.33)

We will use, as in the previous section, the canonical base

â†H |∅〉 ≡ |→〉 =
(

1
0

)
, â†V |∅〉 ≡ |↑〉 =

(
0
1

)
, (1.34)
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where the Stokes parameters can be defined in terms of the probability of measuring the system
in different projective states Pi as

S0 = 〈→| ρ |→〉+ 〈↑| ρ |↑〉 = PH + PV ,

S1 = 〈↗| ρ |↗〉 − 〈↖| ρ |↖〉 = PD − PA ,
S2 = 〈�| ρ |�〉 − 〈	| ρ |	〉 = PR − PL ,
S3 = 〈→| ρ |→〉 − 〈↑| ρ |↑〉 = PH − PV ,

(1.35)

where the diagonal and circular states are defined as usual:

|↗〉 = 1√
2

(|→〉+ |↑〉) , |�〉 = 1√
2

(|→〉+ i |↑〉)

|↖〉 = 1√
2

(|→〉 − |↑〉) , |	〉 = 1√
2

(|→〉 − i |↑〉) .
(1.36)

So by substituting in equation 1.31 any one-qubit density matrix can be reconstructed by measuring
the state in the projective states given in equation 1.35 as:

ρ = 1
2

(
2PH (PD − PA)− i (PR − PL)

(PD − PA) + i (PR − PL) 2PV

)
. (1.37)

For the n-qubit case, the Stokes formula generalizes to:

ρ = 1
2n

3∑
i1,i2,...in

Si1,i2,...in σ̂i1 ⊗ σ̂i2 ⊗ ...⊗ σ̂in , (1.38)

which, for the case that will concern us (2-qubit density matrix) reduces to:

ρ = 1
4

3∑
i1,i2

Si1,i2 σ̂i1 ⊗ σ̂i2 , (1.39)

with the Stokes parameters Si1,i2 defined as:

Si1,i2 = Tr{(σ̂i1 ⊗ σ̂i2) ρ} . (1.40)

For instance, S12 would be calculated as

S12 = Tr{(σ̂1 ⊗ σ̂2) ρ} = PDR − PDL − PAR + PAL , (1.41)

Therefore, one can calculate the general 4 by 4 density matrix in terms of the Stokes parameters and
then substitute them by the corresponding probabilities. Below we write explicitly all the elements
of the density matrix (note that the remaining elements can be calculated by the hermitian property
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of the density matrix):

ρ11 = PHH ,

ρ12 = 1
2(PHD − PHA − i(PHR − PHL)) ,

ρ13 = 1
2(PDH − PAH − i(PRH − PLH)) ,

ρ14 = 1
2(PDD − PDA − PAD + PAA − PRR + PRL + PLR − PLL+

− i(PDR − PDL − PAR + PAL + PRD − PRA − PLD + PLA)) ,
ρ22 = PHV ,

ρ23 = 1
2(PDD − PDA − PAD + PAA + PRR − PRL − PLR + PLL+

− i(−PDR + PDL + PAR − PAL + PRD − PRA − PLD + PLA)) ,

ρ24 = 1
2(PDV − PAV − i(PRV − PLV )) ,

ρ33 = PV H ,

ρ34 = 1
2(PV D − PV A − i(PV R − PV L)) ,

ρ44 = PV V .

(1.42)
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Chapter 2

Implementation via single-photon
sources

We have detailed in the introduction what the main experimental challenges are regarding the
implementation of a DIQKD protocol. As the same time as the locality loophole can be closed by
ensuring a sufficient distance between Alice and Bob in isolated stations, the detection loophole
remains as the main obstacle to overcome. In this chapter we will introduce the set-up proposed
by [2], which uses an heralding scheme to prevent the implementation from opening the detection
loophole in relation to the transmission efficiency. Furthermore, we will analyse how the heralding
procedure generates the entangled state that Alice and Bob will use to perform the protocol.

2.1 Introduction to the protocol and set-up

Despite choosing a mechanism that helps to close the loopholes, the final success of the DIQKD
protocol will be proven along the thesis to be highly dependent on the quality of the single-photon
sources (SPS) used to generate the transmitted photons. Therefore, the choice of which kind
of source should generate the single photons is very relevant. The quality of a single-photon
source is determined by several parameters: the purity of the generated photons, that measures
by means of the second order correlation function g(2) the probability of the source to emit several
photons at once (perfect purity would imply that truly single photons are being generated); the
distinguishability of photons regarding their temporal pulse shape, which is measured performing
HOM interference (see section 3.2) and whether photons can be generated on-demand. A very
promising candidate that fullfils satisfactorily all these criteria is a single-photon source based
on InGaAs quantum dots (QD) embedded in nanostructures. Contrary to photons generated
by Spontaneous Parametric-Down-Conversion (SPDC) [37], quantum dot SPS can generate them
deterministically, and can achieve more than 99.4% purity and a indistinguishability up to 94%
[3]. Thanks to the nanostructure in which the quantum dot is embedded, one is able to couple the
emmitted photon, as the direction in which the quantum dot emmits it can not be anticipated.
The coupling efficiency to the nanostructure has been proven to be as high as 98% [38]. We will
thus conclude that single-photons sources based on InGaAs quantum dots are a very good choice
for the generation of the photons of the protocol.

The scheme suggested by [2] consists of three different parts (see Figure 2.1): Alice and Bob’s
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Figure 2.1: Simple scheme of the main parts of the set-up proposed by [2]. Alice and Bob each generate
a pair of photons with orthogonal polarization. One from each pair is transmitted to a central heralded
station (CHS), which performs a Bell state measurement on them that creates entanglement in polarization
between the two photons that stayed in Alice and Bob’s laboratories. The CHS will send a positive
or negative message back to Alice and Bob, indicating if photons arrived succesfully (thus clossing the
detection loophole) and, depending on the detection pattern, if the desired entangled state was generated.

laboratories, and a central heralding station (CHS) in between them. Each of them has a specific
function and related apparatus. One can describe the functioning of the set-up as follows: Alice and
Bob each generate a pair of single photons with orthogonal polarization, of which one is transmitted
to the CHS and the other remains in the station where it was generated. The heralding station
will perform a measurement on the two photons that it receives. This measurement, according
to certain conditions that will be detailed later, will create an entangled state in polarization1 by
measurement [39] between the photons that stayed in Alice and Bob’s stations. Finally, both Alice
and Bob measure the state of their respective photons in a determined basis in order to proceed
with the protocol. The main purpose of this scheme is to be able to avoid the detection loophole
described in the Introduction by means of the heralding station: due to the fact that Alice and Bob
will not consider any event that has not been approved by the CHS, the transmission efficiency
between them and the heralded station becomes irrelevant. A low transmission efficiency will only
force them to wait for a longer time until a succesful event happens. The station will report when
it succesfully received the photons and, then, Alice and Bob can identify the event related to that
pair as a succesful one. This way, the detection loophole is closed. In some way, the heralded
station acts as a Quantum Non-Demolishing (QND) measurement [33], which allows to identify
the state without disturbing it. The difference is, however, that the information about the state
arises from the detection pattern at the heralding station. It is, precisely, the state measurement
that CHS performs what will allow Alice and Bob to know, in principle, if they succeeded with the
transmission and thus close the loophole but, furthermore, they will also be able to identify the
state of their entangled pair of photons.

The complete scheme is introduced in more detail in Figure 2.2. Alice and Bob’s stations
consist on isolated laboratories that, as explained, generate the photons and measure those that
are not transmited to the heralded station. They generate the pair of photons with orthogonal
polarization (horizontal and vertical) by means of two quantum dot single-photon sources. This is
modeled by the creation operators

â†sH
|∅〉A = |1H〉A , â†sV

|∅〉A = |1V 〉A , (2.1)

b̂†sH
|∅〉B = |1H〉B , b̂†sV

|∅〉B = |1V 〉B , (2.2)

where â†s (b̂†s) denotes the creation of a photon by a source from Alice (Bob). Other optical
1The details of how this measurement is performed are explained in the following section 1.2.
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Figure 2.2: Scheme of the set-up proposed by [2], consisting on two local stations (Alice and Bob) and
a central heralding station (CHS). All the different optical devices involved are indicated: beam splitters
with transmittances T and t, half and quarter-waveplates (HWP and QWP), polarizing beam splitters
(PBS) and single-photon sources (SPS). The photo-detectors are labeled as D1, D2, D3, and D4 for the
ones belonging to the CHS and AH (BH) and AV (BV ) for Alice’s (Bob’s) detectors, with the subindex
indicating the polarization of the corresponding incoming photons. The operators that model the creation
of photons at each section of the set-up are as well indicated.
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devices that are part of the local stations are beam splitters (already introduced in Section 1.3)
and a specific type of beam splitters: polarizing beam splitters (PBS). They have several layers of
very thin dialectric material in the diagonal face that reflects and transmits the incoming beam
with orthogonal polarization [40, p. 350]. In other words, depending on the polarization of the
incoming photon it will be either transmitted or reflected, which is very useful in order to separate
photons with different polarization that travel together in the same beam. On the other hand,
the measurement devices that Alice and Bob will use consist of two different waveplates: a half-
waveplate (HWP) and a quarter-waveplate (QWP). In practice, a waveplate acts as a rotation
of the state in the Bloch sphere by a determined angle. The action of these two optical devices,
consisting of a plate made of birrefringent material that delays the output of one polarization
component of the incoming beam, is also described by unitary operations (see Section 3.2.1). The
difference between a HWP and a QWP is that the delayed component falls behind either half or
a quarter of the wavelength of the incoming light, respectively. In both cases, which component is
delayed is determined by the angle that the device has been rotated, making them very useful in
order to choose how to project the state. Finally, the detection of photons is made by measuring the
electric field, usually, by photo-ionization: the detectors absorb one or more photons that provoque
the excitation and release of an electron from a bound to a free state [41]. This process can be
simplified and described with the measurement of the incoming electric field (see Section 3.2.2).
In the following section we will describe more explicitly the action of all these optical devices on
the photons and how entanglement is generated.

2.2 Transformation of the initial creation operators

In this section we will analyze in detail how every optical element acts on the generated photons.
However, let us first have an intuitive approach on how the set-up works before describing the
transformation of the creation operators. We start by considering the case in which the two photons
that are transmitted from Alice and Bob’s laboratories have the same polarization, and thus also the
ones that stay in the local stations. The transmitted photons will arrive to the central beam splitter
with either diagonal or antidiagonal polarization after the action of the HWP (the transformation
will soon be detailed). If we consider, to simplify the example, that the transmittance of the

Figure 2.3: Scheme showing the dettection pattern that indicates which entangled state has been gener-
ated between Alice and Bob’s photons. The central beam splitter has been set to t = 1/2.

20



CHAPTER 2. IMPLEMENTATION VIA SINGLE-PHOTON SOURCES

beam splitter is t = 1/2, the photons will bunch due to their indistinguishability (see section 1.3).
Therefore the detection pattern in the heralded station will consist of combinations of two clicks
in detectors that correspond to the same PBS (either clicks in D1 and D2, or in D3 and D4).
On the other hand, if the transmitted photons have different polarization, the beam splitter will
receive a pair of distinguishable diagonal-antidiagonal photons in its input ports. No bunching
will occur, thus the detection pattern in the heralded station can not only constist of clicks on
D1 and D2, or in D3 and D4, but also in detectors that correspond to different PBS (clicks in
D1 and D4, or in D2 and D3). On the other hand, we must take into account that, as it will
be proven later, entanglement will only be generated if the detected photons have orthogonal
polarization. This restricts the possible positive detection patterns to D1D2, D3D4, D1D4 and
D2D3. The combinations D1D2 and D3D4 will happen only if the photons that stayed in the
local stations have equal polarization, as we just explained. Given that the pattern is detected
we can not know for certain the original state of the photons, the state of the pair that Alice
and Bob share is, not surprisingly, proportional to |φ−〉 = 1√

2

(
â†H b̂

†
H − â

†
V b̂
†
V

)
|∅〉. Moreover, the

combinations D1D4 and D2D3 will occur if the photons that stayed in the local stations have
different polarization, heralding that the state that Alice and Bob share must be proportional to
|ψ−〉 = 1√

2

(
â†H b̂

†
V − â

†
V b̂
†
H

)
|∅〉 (see Figure 2.3). The combinations that generate entanglement

(D1D2, D3D4, D1D4 and D2D3) represent a 50% of the total number of detection patterns that
can occur, that also include those which generate separable states in Alice and Bob’s photons (D2

1,
D2

2, D2
3 and D2

4). This agrees with the fact that any linear-optical circuit that performs Bell-state
measurement can only generate distinguishable entangled states with 50% probability [42].

Once we can intuitively understand how the heralding process works, we proceed to analize the
functioning of the set-up and construct step by step the state that Alice and Bob share at the end
of the process. The state of each pair of photons after their creation in each laboratory is described
by

â†sH
â†sV
|∅〉A = |1H〉 |1V 〉A , b̂†sH

b̂†sV
|∅〉B = |1H〉 |1V 〉B . (2.3)

Note that, then, the global state of the system of the four photons is simply the product state

|1H〉 |1V 〉A ⊗ |1H〉 |1V 〉B = â†sH
â†sV

b̂†sH
b̂†sV
|∅〉 . (2.4)

After being generated, the two pairs of photons with orthogonal polarization will encounter a beam
splitter with transmittance T (this transmittance is considered to be equal for both Alice and Bob’s
stations). In order to simpify the notation, we will denote the reflected photon as â†r ≡ a†. Applying
the result obtained in equation 1.22 and including the polarization of the photon, the emmitted
photons are transformed as:

â†sH
= i
√

1− T â†H +
√
T â†tH , â†sV

= i
√

1− T â†V +
√
T â†tV , (2.5)

and similarly for Bob’s photons. The following step is to calculate the next transformations for the
transmitted photons. As can be seen in Figure 2.2, these photons then go through from both Alice
and Bob’s sides a half-waveplate. A HWP follows the unitary transformation ÛHWP (φ), which is
one of the so called Jones matrices [43]:

ÛHWP (φ) =
(

cos(2φ) − sin(2φ)
− sin(2φ) − cos(2φ)

)
. (2.6)
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Figure 2.4: Description of the transformation that the central beam splitter of the set-up performs over
the transmitted photons from Alice and Bob’s stations that arrived succesfully to the CHS (given by â′t
and b̂′t, respectively). The outgoing beams are given by the operators p̂ and q̂, which encounter a polarizing
beam splitter, dividing the beams depending on the polarization of the photon (p̂H and p̂V , and q̂H and
q̂V ). The final beams arrive to four photodetectors.

Therefore, by fixing the angle φ = −π/8 for both HWP:(
âtH
âtV

)
= 1√

2

(
1 1
1 −1

)(
â′tH
â′tV

)
. (2.7)

Thus, applying the transformation to the initial creation operators from the sources (equation 2.5):

â†sH
= i
√

1− T â†H +
√
T

2 (â
′†
tH + â

′†
tV ), â†sV

= i
√

1− T â
′†
V +

√
T

2 (â
′†
tH − â

′†
tV ) . (2.8)

Although losses are incorporated in the model thoroughly in Chapter 3, in order to follow the first
approach introduced in [2], we will consider a possible loss in transmission between Alice, Bob and
the heralded station. The probability of successful transmission is given by ηt, so therefore:

â†sH
= i
√

1− T â†H +
√
ηtT

2 (â
′†
tH + â

′†
tV ), â†sV

= i
√

1− T â†V +
√
ηtT

2 (â
′†
tH − â

′†
tV ) . (2.9)

Once the photons reach the heralded station they encounter another beam splitter, this time with
transmittance t (see Figure 2.4). Following 1.21:(

b̂′t
â′t

)
=
( √

t −i
√

1− t
−i
√

1− t
√
t

)(
p̂

q̂

)
. (2.10)

Thus, equation 2.9 is transformed by 2.10 as:

â†sH
= i
√

1− T â†H +
√
ηtT

2 (i
√

1− tp̂†H +
√
tq̂†H + i

√
1− tp̂†V +

√
tq̂†V ), (2.11)

â†sV
= i
√

1− T â†V +
√
ηtT

2 (i
√

1− tp̂†H +
√
tq̂†H − (i

√
1− tp̂†V +

√
tq̂†V )) . (2.12)

Note that this beam splitter is the one that weights the mix of photons coming from Alice and
Bob, depending on the value of t. This means, that it is expected that t will govern the level of
entanglement of the remaining pair after the measurement of the CH station. Re-organising the
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CHAPTER 2. IMPLEMENTATION VIA SINGLE-PHOTON SOURCES

terms and applying the same transformations on Bob’s pair of generated photons, we obtain:

â†sH
=
√
ηtT

2 (i
√

1− t(p̂†H + p̂†V ) +
√
t(q̂†H + q̂†V )) + i

√
1− T â†H ,

â†sV
=
√
ηtT

2 (i
√

1− t(p̂†H − p̂
†
V ) +

√
t(q̂†H − q̂

†
V )) + i

√
1− T â†V ,

b̂†sH
=
√
ηtT

2 (
√
t(p̂†H + p̂†V ) + i

√
1− t(q̂†H + q̂†V )) + i

√
1− T b̂†H ,

b̂†sV
=
√
ηtT

2 (
√
t(p̂†H − p̂

†
V ) + i

√
1− t(q̂†H − q̂

†
V )) + i

√
1− T b̂†V .

(2.13)

Thus, the total transformation for each pair generated with orthogonal polarization in Alice and
Bob’s labs is:

â†sH
â†sV

= ηtT

2

[
−(1− t)(p̂†2H − p̂

†2
V ) + t(q̂†2H − q̂

†2
V ) + 2i

√
t(1− t)(p̂†H q̂

†
H − p̂

†
V q̂
†
V )
]

+ i

√
ηtT (1− T )

2

[
â†H(i

√
1− t(p̂†H − p̂

†
V ) +

√
t(q̂†H − q̂

†
V )) + â†V (i

√
1− t(p̂†H + p̂†V ) +

√
t(q̂†H + q̂†V ))

]
− (1− T )â†H â

†
V ,

b̂†sH
b̂†sV

= ηtT

2

[
t(p̂†2H − p̂

†2
V )− (1− t)(q̂†2H − q̂

†2
V ) + 2i

√
t(1− t)(p̂†H q̂

†
H − p̂

†
V q̂
†
V )
]

+ i

√
ηtT (1− T )

2

[
b̂†H(
√
t(p̂†H − p̂

†
V ) + i

√
1− t(q̂†H − q̂

†
V )) + b̂†V (

√
t(p̂†H + p̂†V ) + i

√
1− t(q̂†H + q̂†V ))

]
− (1− T )b̂†H b̂

†
V ,

(2.14)

which represents all the possible situations in which the two photons can end up. The first line
of each transformation compends both photons being transmitted and arriving to the heralded
station. Due to bunching effects at the HWP because of the indistinguishability of photons, note
that in fact there would be only simultaneous clicks with the same polarization in case both photons
are transmitted from the same side (p̂†2H , p̂†2V , q̂†2H , q̂†2V , p̂†H q̂

†
H and p̂†V q̂

†
V ). These events correspond

to single clicks on all detectors (given that the photo-detectors can not distinguish how many
photons arrived simultaneously) and the combinations D1D3 and D2D4. The second line of the
transformation describes one photon staying in the station where it was created and the other
one being succesfully received at the CH station. These are the events we consider as successful
because, recalling the purpose of the set-up, we want Alice and Bob to share an entangled pair
that they know has the correct state thanks to the measurement performed by the CHS on the
other two generated photons. This is only possible in the scenario described by the combinations of
operators multiplied by the coefficient i

√
ηtT (1−T )

2 . Finally, the terms â†H â
†
V and b̂†H b̂

†
V correspond

to the pair staying in its respective lab without being transmitted at all, which is of course not a
sucessful event.

2.3 Postselection of events at the heralded station
We are only interested in the transformation leading to succesful events, as they are the ones
we will select when performing the experiment. Thus, the transformation for the whole system,
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selecting the terms multiplied by i
√

ηtT (1−T )
2 in equation 2.14, is:

â†sH
â†sV

b̂†sH
b̂†sV

= −ηtT (1− T )
2 ·[

â†H(i
√

1− t(p̂†H − p̂
†
V ) +

√
t(q̂†H − q̂

†
V )) + â†V (i

√
1− t(p̂†H + p̂†V ) +

√
t(q̂†H + q̂†V ))

]
·[

b̂†H(
√
t(p̂†H − p̂

†
V ) + i

√
1− t(q̂†H − q̂

†
V )) + b̂†V (

√
t(p̂†H + p̂†V ) + i

√
1− t(q̂†H + q̂†V ))

]
.

(2.15)

We can construct the density matrix ρtot of the state of the photons that stayed in Alice and Bob’s
stations by tracing out the CHS operators p̂†H , p̂†V , q̂

†
H and q̂†V as:

ρtot = TrCHS
{
â†sH

â†sV
b̂†sH

b̂†sV
|∅〉 〈∅| âsH

âsV
b̂sH

b̂sV

}
, (2.16)

where the density matrix is written in the
{
â†H b̂

†
H |∅〉 , â

†
H b̂
†
V |∅〉 , â

†
V b̂
†
H |∅〉 , â

†
V b̂
†
V |∅〉

}
basis. The

subindex tot of ρtot stands for the fact that we are including all the combinations of clicks of the two
photons arriving to the heralding station. Using the transformation from the previous equation,
2.15:

ρtot = η2
t T

2(1− T )2

2 ·
2(1− 2t)2 + 8t(1− t) 0 0 0

0 (1− 2t)2 + 4t(1− t) + 1 (1− 2t)2 + 4t(1− t)− 1 0
0 (1− 2t)2 + 4t(1− t)− 1 (1− 2t)2 + 4t(1− t) + 1 0
0 0 0 2(1− 2t)2 + 8t(1− t)

 .

(2.17)

We stress that in evaluating the above expression we considered all the possible events that can
lead to two photons clicking in the heralding station. Thus, the trace of ρtot should correspond to
the probability of two photons arriving succesfully to the CHS. In fact:

Tr{ρtot} = η2
t T

2(1− T )2

2
(
6(1− 2t)2 + 24t(1− t) + 2

)
= 4η2

t T
2(1− T )2

. (2.18)

Indeed, the probability for a successful photon to reach the heralding station is η2
t T

2(1− T )2.
The factor of 4 is due to the fact that there are four different combinations of generated pairs
that can arrive to the CHS: both horizontal generated photons, both vertical or with orthogonal
polarization. The state depicted by ρtot is not useful for the protocol: it does not correspond with
any entangled state of Alice and Bob’s remaining photons, nor tunable enough in t. Instead, if we
select only some of the events ocurring at the heralding station, we can generate entangled states
of photons in polarization when the photons that click in the middle have orthogonal polarization.
With this aim, we restrict the transformation of equation 2.15 to events consisting of the arrival
of photons with orthogonal polarization represented by the combinations of simultaneous clicks on
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detectors D1D2, D3D4, D1D4, and D2D3. Rearranging the terms we get:

â†sH
â†sV

b̂†sH
b̂†sV

= −ηtT (1− T )
2 (â†H b̂

†
H

[
(1− 2t)(p̂†H q̂

†
V + p̂†V q̂

†
H)− 2i

√
t(1− t)(p̂†H p̂

†
V + q̂†V q̂

†
H)
]

+â†H b̂
†
V

[
−(p̂†H q̂

†
V − p̂

†
V q̂
†
H)
]

+ â†V b̂
†
H

[
(p̂†H q̂

†
V − p̂

†
V q̂
†
H)
]

+â†V b̂
†
V

[
−(1− 2t)(p̂†H q̂

†
V + p̂†V q̂

†
H) + 2i

√
t(1− t)(p̂†H p̂

†
V + q̂†V q̂

†
H)
]
) .

(2.19)

Following again a technique of tracing out the detection in the CHS, like in equation 2.16, it leads
to the density matrix ρ12,34,14,23:

ρ12,34,14,23 = η2
t T

2(1− T )2

2


1 0 0 −1
0 1 −1 0
0 −1 1 0
−1 0 0 1

 = η2
t T

2(1− T )2 (∣∣ψ−〉 〈ψ−∣∣+
∣∣φ−〉 〈φ−∣∣) ,

(2.20)

where |ψ−〉 = 1√
2 (â†H b̂

†
V − â

†
V b̂
†
H) |∅〉 and |φ−〉 = 1√

2 (â†H b̂
†
H − â

†
V b̂
†
V ) |∅〉 are the previously defined

Bell states. Due to the fact that we have dropped half of the events which involve two photons
arriving succesfully to the CHS (we have not considered two photons arriving to the same detector,
nor D1D3 or D2D4 either as they accord with same polarization photons), now the trace of the
density matrix has been reduced by a factor of 2. Indeed, the probability of half of the events to
happen is 2η2

t T
2(1− T )2. Still, this state is not really useful for the protocol either, as it is a mixed

state and, furthermore, it is independent of t. We seek a state whose level of entanglement can be
modified by a parameter (in our case, the probability of transmission of the central beam splitter).
Hence, we restrict further our analysis to events which are succesful for the protocol. For this
purpose we need the photons arriving to the CHS not only to have orthogonal polarization, but
also get to different polarizing beam splitters. As a result, only the detection on D1D4 and D2D3
is now considered as the correct detection event at the heralded station. Thus the transformation
is reduced to:

â†sH
â†sV

b̂†sH
b̂†sV

= −ηtT (1− T )
2 (â†H b̂

†
H

[
(1− 2t)(p̂†H q̂

†
V + p̂†V q̂

†
H)
]

+ â†V b̂
†
V

[
−(1− 2t)(p̂†H q̂

†
V + p̂†V q̂

†
H)
]

+â†H b̂
†
V

[
−(p̂†H q̂

†
V − p̂

†
V q̂
†
H)
]

+ â†V b̂
†
V

[
(p̂†H q̂

†
V − p̂

†
V q̂
†
H)
]
) .

(2.21)

Tracing out again the operators p̂ and q̂ we obtain the density matrix ρ14,23:

ρ14,23 = η2
t T

2(1− T )2

2


(1− 2t)2 0 0 (1− 2t)2

0 1 −1 0
0 −1 1 0

(1− 2t)2 0 0 (1− 2t)2

 . (2.22)

This density matrix averages the states |ψ14〉 and |ψ23〉, corresponding to the combination of
simultaneous clicks on the detectors D1D4 and D2D3 that we restricted ourselves to (operators
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p̂†H q̂
†
V and p̂†V q̂

†
H in equation 2.21, respectively):

|ψ14〉 = −ηtT (1− T )√
2

(
−
∣∣ψ−〉+ (1− 2t)

∣∣φ−〉) ,
|ψ23〉 = −η

2
t T

2(1− T )2
√

2
(∣∣ψ−〉+ (1− 2t)

∣∣φ−〉) . (2.23)

In contrast with the previous density matrices, ρ14,23 allows to tune the amount of entanglement
of the state shared by Alice and Bob’s photons by choosing t. The states |ψ14〉 and |ψ23〉 are
a superposition of Bell states; if the central beam splitter is chosen to be 50:50 (t = 0.5), then
Alice and Bob share the maximally entangled state that we predicted by argumentation in the
begining of the section. On the contrary, in the limit where the central beam splitter reflects or
transmits with total probability the incoming photons (t = 0, 1), there is no entanglement between
the photons in A and B, which is why one ends up in the same mixed state as ρ12,34,14,23. As it
was mentioned in the Introduction, this ability to tuning entanglement is crucial in order to find a
lower threshold of success of the protocol regarding local efficiency of the set-up by exploring other
inequalities than CHSH [18].

For completeness, we finally calculate the state that would correspond to the events D1D2 and
D3D4, this is, from the transformation:

â†sH
â†sV

b̂†sH
b̂†sV

= −ηtT (1− T )
2 (â†H b̂

†
H

[
−2i

√
t(1− t)(p̂†H p̂

†
V + q̂†V q̂

†
H)
]

+â†V b̂
†
V

[
2i
√
t(1− t)(p̂†H p̂

†
V + q̂†V q̂

†
H)
]
),

(2.24)

leading to the same state for both combinations of clicks:

|ψ12〉 = |ψ34〉 = 2iηtT (1− T )
√
t(1− t)

∣∣φ−〉 , (2.25)

and the density matrix ρ12,34:

ρ12,34 = 2η2
tT

2(1− T )2
t(1− t)


1 0 0 −1
0 0 0 0
0 0 0 0
−1 0 0 1

 . (2.26)

As a sanity check, it can be easily prove that ρ14,23 and ρ12,34 indeed satisfies ρ14,23 + ρ12,34 =
ρ12,34,14,23. Following the arguments presented before, this pure state is as good as ρ14,23 regarding
the entanglement generated, but the transmittance t can not modify it.

2.4 Summary
We have argued how the heralding station allows to closing the detection loophole opened by the
inefficiency in transmission. Furthermore, we have argued why a post-selection of events at the
heralded station leads to ensuring that Alice and Bob share the optimal state for the protocol.
These combinations have been proven to be simultaneous clicks on the detectors D1D4 and D2D3,
this means, photons arriving with orthogonal polarization to different polarizing beam splitters
(see Figure 2.4). By making this choice, the pair of photons that stay at Alice and Bob’s stations
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respectively share the following states, depending on the ocurred combination:

|ψ14〉 = −ηtT (1− T )√
2

(
−
∣∣ψ−〉+ (1− 2t)

∣∣φ−〉) ,
|ψ23〉 = −η

2
t T

2(1− T )2
√

2
(∣∣ψ−〉+ (1− 2t)

∣∣φ−〉) . (2.27)

The amplitudes of these entangled states depend on the transmittance t of the central beam splitter.
In the following chapters, thus, we choose D1D4 and D2D3 to be the only events that lead to a
positive message from the heralded station.
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Chapter 3

Description of errors in the
experiment

So far, we have assumed that the photons emitted by the sources are indistinguishable beyond
their polarization [2]. This does not have to be necessarily true. Each of the sources can add noise
on top of the single photon wavepacket, making it clearly distinguishable from the others and
therefore affecting their final interference. Furthermore, photons can get lost at any point during
the experiment, which has not yet been taken into consideration. The objective of this chapter is
to describe how all these errors are modeled so the following chapters can calculate quantitatively
their effect and how they can potentially influence the success of the protocol.

3.1 Time dependent operators
For completeness and in order to proceed with clarity in the following sections, we take a small
step back before introducing any time dependence in the creation operators. The operators satisfy
the commutation relations [9, p. 138]:[

âi, â
†
j

]
= âiâ

†
j − â

†
j âi = δij , [âi, âj ] =

[
â†i , â

†
j

]
= 0 , (3.1)

where the index i, j stands for a particular mode and δij is a Kronecker delta. Thus, given that〈
âiâ
†
j

〉
= δij , a matrix element corresponding with the creation of two photons of modes i, j yields〈

âiâj â
†
i â
†
j

〉
=
〈
âi(δij + â†i âj)â

†
j

〉
= δij

〈
âiâ
†
j

〉
+
〈
âiâ
†
i

〉〈
âj â
†
j

〉
= δij + 1 . (3.2)

In fact, equation 3.2 was implicitly used already in the previous chapter, when calculating matrix
elements such as

〈
p̂H p̂V p̂

†
H p̂
†
V

〉
= 1 or

〈
q̂2
H q̂
†2
H

〉
= 2. However, taking into account the distin-

guishability of photons will modify this result. The commutation relations for time dependent
operators corresponding to different temporal modes:[

â(t), â†(t′)
]

= â(t)â†(t′)− â†(t′)â(t) = δ(t− t′), [â(t), â(t′)] =
[
â†(t), â†(t′)

]
= 0 , (3.3)

where δ(t−t′) is not a Kronecker delta anymore, but a Dirac delta. We next introduce the function
fi(t), with i = 1, 2, 3, 4 (different for every source in which the photons are generated), such that
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the mode operators can be defined as

âfi(t) =
∫ ∞
−∞

fi(t)â(t)dt . (3.4)

In order to simplify the notation, we denote âfi(t) ≡ âfi . The function fi(t) convolutes with
each photon’s creation operator differently in time. Thus, we are in fact introducing different
temporal modes for each photon. In another way, the original âs that we worked with in the
previous chapter represents the creation of the wavefunction correspondent to one of the four
sources. It is very likely to be identical for all of them. On the contrary, âfi

takes into account
the noise added to each wavepacket, different for every source and dependent of time. The above
introduced functions satisfy the normalization

∫∞
−∞|fi(t)|

2dt = 1 and the following overlap integral:

∫ ∞
−∞

f∗i (t)fj(t)dt ≡ 〈fi|fj〉 . (3.5)

These inner products 〈fi|fj〉 define the indistinguishability of the photons generated by the related
sources. Without loss of generality, the distinguishability is defined to be real, and thus 〈fi|fj〉 =
〈fj |fi〉. When two photons are generated in the same single photon source, 〈fi|fi〉 = 1, as the
functions are properly normalized. If, however, the photons are completely distinguishable, 〈fi|fj〉
yields 0. Therefore the distinguishability between two photons 0 ≤ 〈fi|fj〉 ≤ 1. In addition, it will
be really useful to define further variables, αij and βij , which represent the distinguishability of
photons from the same station and opposite, respectively:

α12 ≡ 〈f1|f2〉 , α34 ≡ 〈f3|f4〉 ,
β13 ≡ 〈f1|f3〉 , β14 ≡ 〈f1|f4〉 , β23 ≡ 〈f2|f3〉 , β24 ≡ 〈f2|f4〉 .

(3.6)

Let us calculate now the following expectation value

〈
âfi

(t)â†fj
(t′)
〉

=
〈∫ ∞
−∞

fi(t)a(t)dt ·
∫ ∞
−∞

f∗j (t′)a†(t′)dt′
〉

=
∫∫ ∞
−∞

fi(t)f∗j (t′)
〈
a(t)a†(t′)

〉
dtdt′

=
∫∫ ∞
−∞

fi(t)f∗j (t′)δ(t− t′)dtdt′ =
∫ ∞
−∞

fi(t)f∗j (t)dt = 〈fj |fi〉 = 〈fi|fj〉 .

(3.7)

Even though both operators belong to the same mode defined before, their temporal modes
are different. This means that only for completely indistinguishable photons we will obtain〈
âfi

(t)â†fj
(t′)
〉

= 1 as follows from the relations given in equation 3.7, whereas for distinguish-
able photons the expected value yields zero. One can guess already the impact that the use of
distinguishable photons could have on the results obtained in the previous chapter.

Similarly, we recalculate equation 3.2 with the time dependent operators

〈
âfi

(t)âfj
(t′)â†fk

(t′′)â†fl
(t′′′)

〉
=
∫∫∫∫ ∞

−∞
fi(t)fj(t′)f∗k (t′′)f∗l (t′′′)dtdt′dt′′dt′′′

〈
a(t)a(t′)a†(t′′)a†(t′′′)

〉
,

(3.8)
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and by making use of the commutation relations from equation (3.3) we obtain〈
âfi

(t)âfj
(t′)â†fk

(t′′)â†fl
(t′′′)

〉
=
〈
âfi

(t)
(
δ(t′ − t′′) + â†fk

(t′′)âfj
(t′)
)
â†fl

(t′′′)
〉

=
∫∫∫∫ ∞

−∞
fi(t)fj(t′)f∗k (t′′)f∗l (t′′′)δ(t′ − t′′)

〈
a(t)a†(t′′′)

〉
dtdt′dt′′dt′′′

+
∫∫∫∫ ∞

−∞
fi(t)fj(t′)f∗k (t′′)f∗l (t′′′)

〈
a(t)a†(t′′)

〉 〈
a(t′)a†(t′′′)

〉
dtdt′dt′′dt′′′

=
∫∫∫∫ ∞

−∞
fi(t)fj(t′)f∗k (t′′)f∗l (t′′′)δ(t′ − t′′)δ(t− t′′′)dtdt′dt′′dt′′′

+
∫∫∫∫ ∞

−∞
fi(t)fj(t′)f∗k (t′′)f∗l (t′′′)δ(t− t′′)δ(t′ − t′′′)dtdt′dt′′dt′′′

=
∫∫ ∞
−∞

fi(t)fj(t′)f∗k (t′)f∗l (t)dtdt′ +
∫∫ ∞
−∞

fi(t)fj(t′)f∗k (t)f∗l (t′)dtdt′

= 〈fi|fl〉 〈fj |fk〉+ 〈fi|fk〉 〈fj |fl〉 .

(3.9)

Therefore, in the case when photons share the same temporal modes (which is the inner product
that will arise more often throughout the thesis), one obtains〈

âfi
(t)âfj

(t′)â†fi
(t′′)â†fj

(t′′′)
〉

= 1 + |〈fi|fj〉 |2 . (3.10)

Note that the above expectation value = 2 only when we consider indistinguishable photons.
Otherwise, the matrix element value will stand between 1 and 2.

Let us next calculate an example that mixes both situations: photons with different polarization
and different temporal modes. To begin with, we apply the initial commutation relations (equation
3.1), by recalling that the operators corresponding to different polarization modes commute, and
the results obtained in equations 3.7 and 3.10 along with 3.6:〈

q̂Hf1
q̂Vf3

q̂Vf4
q̂†Hf2

q̂†Vf3
q̂†Vf4

〉
=
〈
q̂Hf1

q̂†Hf2

〉〈
q̂Vf3

q̂Vf4
q̂†Vf3

q̂†Vf4

〉
= α12(1 + α2

34) . (3.11)

For completeness and given that it will be necessary in the following chapters, one can calculate
as well (ommitting the time dependence in the operators to simplify the notation):〈

âfi âfj âfk
â†fl
â†fm

â†fn

〉
= 〈fi|fl〉 [〈fj |fm〉 〈fk|fn〉+ 〈fj |fn〉 〈fk|fm〉]

+ 〈fj |fl〉 [〈fi|fm〉 〈fk|fn〉+ 〈fi|fn〉 〈fk|fm〉]
+ 〈fk|fl〉 [〈fi|fm〉 〈fj |fn〉+ 〈fi|fn〉 〈fj |fm〉] .

(3.12)

It will be useful, again, to substitute in 3.12 the case when i = l, j = m and k = n. It reduces to:〈
âfi âfj âfk

â†fi
â†fj

â†fk

〉
= 1 + |〈fi|fj〉 |2+|〈fi|fk〉 |2+|〈fj |fk〉 |2+2 〈fi|fj〉 〈fj |fk〉 〈fk|fi〉 . (3.13)

We have thus described how we will model the distinguishability of photons by taking into account
the time dependence of the creation operators and defining the convoluting functions fi(t). We
are able to quantify the degree of distinguishability with the parameters α and β, which take the
limiting value of 0 for completely distinguishable photons and 1 for the indistinguishable case.
However, how can one measure them? So far, they only relate the overlap of these functions
abstractly. In the next section, we will find a relation between them and an actual observable: the
visibility of the sources.
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Figure 3.1: Realization of Hong-Ou-Mandel interferometry to calculate the visibility of the sources i and
j. The beam splitter has 50:50 probability of transmission/reflection.

3.2 Visibility and distinguishability
The visibility of the sources is measured experimentally by Hong-Ou-Mandel interferometry. One
can perform the interference by pairing the sources that form part of the set-up in all possible
combinations (with four single-photon sources, there are 8 different visibilities to measure) and
thus obtain all the visibilities accurately. We will prove that those visibilities correspond to the
parameters αij and βij defined in the previous section. Following Figure 3.1, the incoming beams
emmitted by the pair of sources are represented by the operators â and b̂, respectively. Each of
them has a different temporal shape, as defined in equation 3.4:

âfi(t) =
∫ ∞
−∞

fi(t)â(t)dt, b̂fj (t) =
∫ ∞
−∞

fj(t)b̂(t)dt . (3.14)

They are transformed by the 50:50 beam splitter of the interferometer as

â†fi
= 1√

2

(
iĉ†fi

+ d̂†fi

)
, b̂†fj

= 1√
2

(
ĉ†fj

+ id̂†fj

)
. (3.15)

Therefore, the input state |ψin〉 = â†fi
b̂†fj
|∅〉 to the interferometer leads to the output state after

the 50:50 beam splitter:

|ψin〉 = â†fi
b̂†fj
|∅〉 → |ψout〉 = 1

2

(
iĉ†fi

ĉ†fj
− ĉ†fi

d̂†fj
+ ĉ†fj

d̂†fi
+ id̂†fi

d̂†fj

)
|∅〉 (3.16)

We are interested in the coincidence counts (cc), this is, when both detectors click simultane-
ously, reducing the output state to |ψccout〉 = 1

2

(
ĉ†fj
d̂†fi
− ĉ†fi

d̂†fj

)
|∅〉. The probability for coincidence

counts to occur then evaluates to

Pcc = 〈ψccout|ψccout〉 = 1
4

〈(
ĉfj
d̂fi
− ĉfi

d̂fj

)(
ĉ†fj
d̂†fi
− ĉ†fi

d̂†fj

)〉
= 1

4

(〈
ĉfj
ĉ†fj

〉〈
d̂fi
d̂†fi

〉
−
〈
ĉfj
ĉ†fi

〉〈
d̂fi
d̂†fj

〉
−
〈
ĉfi
ĉ†fj

〉〈
d̂fj

d̂†fi

〉
+
〈
ĉfi
ĉ†fi

〉〈
d̂fj

d̂†fj

〉)
= 1

2
(
1− |〈fi|fj〉 |2

)
.

(3.17)

This means that the probability for both detectors to click at the same time depends on the degree
of indistinguishability of the incoming photons. This agrees with the cases introduced previously
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for HOM: when photons are indistinguishable, 〈fi|fj〉 = 1 and thus the probability of coincidence
counts is zero. As they bunch together in the beam splitter, they will both click either at one or the
other detector. On the other hand, if we identify the modes i and j with orthogonal polarizations,
then photons are completely distinguishable (〈fi|fj〉 = 0) and therefore there is equal probability
for coincidence counts and clicks on different detectors, as discussed in the Introduction. The
probability Pmax = Pcc(〈fi|fj〉 = 0) = 1/2 is the maximum value that it can reach. Given the
distinguishability of photons, the minimum one is precisely Pcc. We can then calculate the visibility
V of the sources [35]:

V = Pmax − Pmin
Pmax

=
1
2 −

1
2
(
1− |〈fi|fj〉 |2

)
1
2

= |〈fi|fj〉 |2 . (3.18)

Equation 3.18 relates the distinguishability of the photons with the visibility of the sources that
generated them. This way we can fully describe with actual measurable quantities the temporal
evolution of our operators and the density matrix of the system.

3.3 Losses
The loss of photons always plays an important role in any optical experiment. In this section we
will model this possibility, as well as calculate its impact on the success of the protocol. When
the final state was calculated in the previous chapter, we already introduced one type of loss: a
transmission loss between Alice and Bob and the heralding station (equation 2.9). However, the
option for the photon to get lost on its way to the heralding station does not affect the success of
the protocol itself. It rather only influences the key rate, that is, a low transmission rate will imply
that many photons will have to be sent before we can generate a succesful entangled pair. Is this
also the case if the photon gets lost even before it is transmitted to the CHS or, alternatively, while
being measured? In Chapter 1, we considered only the desired case for the CHS station where one
photon from Alice and another from Bob arrived at the same time with orthogonal polarizations at

Figure 3.2: Typical spectral attenuation in Silica. Source: [5]
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different PBS. If two photons arrived to the heralding station and gave an incorrect combination of
clicks, the event was disregarded; if the combination was correct, we were guaranteed the success
of the event. Note that, even if Alice or Bob does not receive any photons to measure, they need
to consider a strategy to account for this photon loss process that will indeed affect the success
of the protocol. New creation operators describing the photons lost from the set-up at different
points are therefore needed.

3.3.1 Transmission losses
The loss of photons during the transmission from Alice and Bob’s stations to the heralding station is
due to the attenuation of the optical fiber. The attenuation, in general defined by a coefficient α, is
given in dB and is due to absorption, scattering, bending of the fiber and interface inhomogeneities
of the medium in which photons are transmitted. This is the reason why the attenuation coefficient
is naturally dependent on the wavelength of the transmitted photons (see Figure 3.2). It is defined
as

α = − 10
z(km) log P (z)

P (0) , (3.19)

where z is the distance, typically given in kms, that the photons travel with the rate of optical
power at the point where photons where emitted (P (0)) and received (P (z)) [44]. The transmission
efficiency ηt that was already used in the previous chapter is precisely this rate, given that it
represents the probability for the photons to travel succesfully the distance z. In fact, from equation
3.19:

ηt ≡
P (z)
P (0) = 10−α

z(km)
10 . (3.20)

The probability of transmission is, thus, very low for long distances. For example, let us consider
the natural emission wavelength of a InGaAs quantum dot, 0.95µm [45], which according to Figure
3.2 leads to an attenuation factor of 2 dB. If there is a distance of 10 km between Alice and Bob
and the heralding station, applying equation 3.20 a value of ηt ≈ 0.1 is obtained. This means,
only one in 100 photons will arrive succesfully to the heralding station. Under these conditions, it
becomes irrelevant to account for different transmission efficiencies for each emmitted photons and
one transmission coefficient interpreted as approximately identical for all of them can be used.

3.3.2 Local losses
It was pointed out above that it is necessary to introduce further efficiency parameters. With this
purpose, η1fi

is defined as the probability of the photons to arrive succesfully from the source that
generated them to the first beam splitter and η2fi

is the probability for the reflected ones to be
detected as sketched in Figure 3.3. The local efficiency ηlfi

is thus defined as

ηlfi
≡ η1fi

η2fi
(1− T ) . (3.21)

Note that the different probabilities of transmission within Alice and Bob’s stations do depend
in this case on the source of the specific photon. This accounts for possible assymetries in the
local transmission at Alice and Bob’s laboratories, as well as different responses of the optical
devices to the photons depending on where they were generated. Furthermore, we can try to
estimate a typical value of the local efficiency. Regarding the probability of photons to reach the
first beam splitter, it will mainly depend on the coupling efficiency from the quantum dot to the
corresponding nanophotonic waveguide (we will neglect the absorption of the optical fiber within
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the local stations, as the distances are not comparable to the distance between them and the
heralding station). This coupling efficiency has been proven to reach up to 98% [38]. However,
the coupling efficiency from the waveguide to the optical fiber has tipically a 60% efficiency [4].
On the other hand, η2 will be limited by the reflectance of the wave-plates. The reflectance of
wave-plates can vary between 0.25% and 0.5% depending on whether they are made of quartz or
a liquid crystal polymer (LCP) [46]. With all these numbers and a low transmittance of the beam
splitter (T ≈ 0.1) we can compute an estimation of the local efficiency, giving ηlfi

≈ 58%.

3.3.3 Theoretical model
The transformation of the initial creation operators needs to include new creation operators that
describe all the possible processes corresponding to the loss of photons. They are defined as â†γjfi

,
and indexed depending on the source that generated them (fi) and where the photon got lost
(j = 1, 2, t). The transformation associated with the loss of a photon has the following normalized
structure:

â†fi →
√
ηjfi

â†fi +
√

1− ηjfi
â†γjfi

. (3.22)

We next define an operator L̂†fi, that represents all the possible lost photons that were generated
in the same source:

L̂†fi ≡
√

1− η1fi
â†γ1fi

+ i
√
η1fi

(1− η2f1)(1− T )â†γ2fi
+
√
η1fi

(1− ηt)T â†γtfi
. (3.23)

It will be relevant for the upcoming calculations to calculate the following expected values (note
that all the photon operators from different zones of emission commute, as well as the ones with
different polarization or proceeding from different labs):〈

L̂fiL̂
†
fi

〉
= 1− η1fi

+ η1fi
(1− η2fi

)(1− T ) + η1fi
(1− ηt)T =

= 1− η1fi
η2fi

(1− T )− η1fi
ηtT ,

(3.24)

which is the probability for one photon to get lost. One can read equation 3.24 as 1 minus all
the probabilities of photons arriving succesfully to detection, η1fi

η2fi
(1 − T ), or to the heralding

station, η1fi
ηtT . Note that

〈
L̂fiL̂

†
fj

〉
i 6=j

= 0. This is due to the fact that the creation operators

Figure 3.3: Simple sketch that shows to which part of the set-up is every efficiency η assigned, as well
as the lost photons (represented by their creation operators). Every value of η also depends on the source
which emitted the photon.
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of lost photons generated at different sources always lead to an expectation value equal to 0, as
they either come from different labs (expectation values of the form

〈
âfib̂

†
fj

〉
= 0) or, if they

were generated in the same station, they would have orthogonal polarization, leading to 0 as well.
Similarly, we can calculate the expectation value for two lost photons〈
L̂fiL̂fjL̂

†
fiL̂
†
fj

〉
= (1− η1fi

)(1− η1fj
) + (1− η1fi

)η1fj
(1− η2fj

)(1− T ) + (1− η1fi
)η1fj

(1− ηt)T

+ η1fi
(1− η1fj

)(1− η2fi
)(1− T ) + η1fi

η1fj
(1− η2fi

)(1− η2fj
)(1− T )2+

+ η1fi
η1fj

(1− η2fi
)(1− ηt)T (1− T ) + η1fi

(1− η1fj
)(1− ηt)T

+ η1fi
η1fj

(1− η2fj
)(1− ηt)T (1− T ) + η1fi

η1fj
(1− ηt)2T 2 ,

(3.25)

which simplifies to〈
L̂fiL̂fjL̂

†
fiL̂
†
fj

〉
= (1− η1fi

η2fi
(1− T )− η1fi

ηtT )(1− η1fj
η2fj

(1− T )− η1fj
ηtT )

=
〈
L̂fiL̂

†
fi

〉〈
L̂fjL̂

†
fj

〉
.

(3.26)

As expected,
〈
L̂fiL̂fjL̂

†
fiL̂
†
fj

〉
is simply the product of the probabilities of the lost photons i and j.

Indeed, we could have arrived to this result directly, as the creation operators of photons generated
in different sources commute. Furthermore, note that

〈
L̂fiL̂fjL̂

†
fkL̂

†
fl

〉
i6=k,j 6=l

= 0 holds indeed
from equation 3.24. Now the whole transformation for the initial creation operators is completed
by adding the two extra mechanisms of loss with equation 3.22 and is found to be:

â†Hf1
→
√
η1f1ηtT

2 Ô†f1 + i
√
η1f1η2f1(1− T )â†Hf1

+ L̂†f1,

â†Vf2
→
√
η1f2ηtT

2 Ô†f2 + i
√
η1f2η2f2(1− T )â†Vf2

+ L̂†f2,

b̂†Hf3
→
√
η1f3ηtT

2 Ô†f3 + i
√
η1f3η2f3(1− T )b†Hf3

+ L̂†f3,

b̂†Vf4
→
√
η1f4ηtT

2 Ô†f4 + i
√
η1f4η2f4(1− T )b†Vf4

+ L̂†f4 ,

(3.27)

where the following operators have been defined representing the creation of the photons that
arrive to the heralding station:

Ô†f1 ≡ i
√

1− t(p†Hf1
+ p†Vf1

) +
√
t(q†Hf1

+ q†Vf1
),

Ô†f2 ≡ i
√

1− t(p†Hf2
− p†Vf2

) +
√
t(q†Hf2

− q†Vf2
),

Ô†f3 ≡
√
t(p†Hf3

+ p†Vf3
) + i
√

1− t(q†Hf3
+ q†Vf3

),

Ô†f4 ≡
√
t(p†Hf4

− p†Vf4
) + i
√

1− t(q†Hf4
− q†Vf4

) .

(3.28)

We have thus written the whole transformation of the initial creation operators in a very compact
and clear way: each photon has a certain probability to click in the heralding station (Ô†fi), to be
detected at the local measurement station (â†fi and b̂

†
fi) or to get lost (L̂†fi). This representation

of the transformation will allow us in Chapters 4 and 5 to separate clearly all the different events
that influence the protocol introduced in Chapter 2. As we did with the L̂†fi operators, it will be
very useful to calculate the expectation values of the creation operators at the heralding station.
These calculations are detailed in section 5.2.1.
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Figure 3.4: Example of a multiphoton detection event. The heralding station receives what it considers
a succesful event. However, two photons clicked on D4 instead of one, providing Alice and Bob with
misleading information about the quality of their shared pair of photons as in reality Bob will not detect
any.

3.4 Multiphoton detection
Unfortunately, detectors that can resolve the number of detected photons are expensive and not
very common in most of photonic experiments. Instead, most photodetectors give a response when
light arrives, indistinctively of how many photons did. This gives rise to a simple problem: so far
we have based the success of the protocol on the fact that once the heralding station receives the
valid combination of clicks, Alice and Bob can ensure that they share an entangled pair. However,
if the heralding station can not differentiate between whether one or two photons clicked on the
same detector with the correct combination, it will be taken as a successful event by Alice and
Bob although the combination is, essentially, incorrect. Let us consider an example. There is a
fair probability that the two photons generated in the same station are transmitted to the CHS.
If we imagine a scenario in which both photons generated by Bob are trasmitted to the heralding
station and only one from Alice’s station, a situation like the one depicted in Figure 3.4 can occur.
One photon clicked on detector D1 and two clicked simultaneously on detector D4. The detector
can not distinguish the number of photons that clicked on D4, implying that the heralding station
reckons the valid combination D1D4. Consequently, it will transmit to Alice and Bob that the
state they share is correct, but Bob will detect no photon. This will be an important source of
noise in the protocol and all the different contributions will be discussed carefully in Chapter 5.
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Chapter 4

Effect of the distinguishability of
photons

So far, we have assumed that the photons emitted by the sources are indistinguishable beyond their
polarization, as it has been considered in [2]. This does not have to be necessarily true. Each of
the sources can add noise on top of the single photon wavepacket, making it clearly distinguishable
from the others and therefore affecting their final interference. The objective of this chapter is to
calculate quantitatively the effect of how much the emmitted photons can be distinguished and
how it can potentially influence the success of the protocol. The rest of errors introduced in the
previous chapter (losses and multiphoton detection) are not included yet.

4.1 Transformation of the time-dependent creation opera-
tors

We in this section consider photons coming from the sources at Alice and Bob’s stations with
different polarizations and temporal modes. They are no longer indistinguishable and due to this,
the state shared by the entangled pair in possesion of Alice and Bob can no longer be represented
by equation 2.23. Instead, the quality of the state will depend on the HOM visibility, written in
terms of the inner products 〈fi|fj〉. Each source has one function fi(t) associated (see table 4.1),
with the creation operator for the photons coming from that source. The transformation of the
creation operators is exactly the same as in Chapter 1 with each of the operators now carrying

Polarization Function Creation operator

Alice H f1(t) â†sHf1

V f2(t) â†sVf2

Bob H f3(t) b̂†sHf3

V f4(t) b̂†sVf4

Table 4.1: Brief explanation about the notation of the creation operators of the photons and its proce-
dence: polarization and original source, providing with four different temporal modes fi(t).
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the label indicating its temporal mode as shown in table 4.1. The photon operators at Alice and
Bob’s stations corresponding to the transformation at the central heralding station then becomes

â†sHf1
→
√
ηtT

2 (i
√

1− t(p̂†Hf1
+ p̂†Vf1

) +
√
t(q̂†Hf1

+ q̂†Vf1
)) + i

√
1− T â†Hf1

,

â†sVf2
→
√
ηtT

2 (i
√

1− t(p̂†Hf2
− p̂†Vf2

) +
√
t(q̂†Hf2

− q̂†Vf2
)) + i

√
1− T â†Vf2

,

b̂†sHf3
→
√
ηtT

2 (
√
t(p̂†Hf3

+ p̂†Vf3
) + i
√

1− t(q̂†Hf3
+ q̂†Vf3

)) + i
√

1− T b̂†Hf3
,

b̂†sVf4
→
√
ηtT

2 (
√
t(p̂†Hf4

− p̂†Vf4
) + i
√

1− t(q̂†Hf4
− q̂†Vf4

)) + i
√

1− T b̂†Vf4
.

(4.1)

The main difference now that the distinguishability of photons has been introduced is that there
will be many crossed terms that will not cancel anymore. For example, −p̂†Hf1

p̂†Vf2
+p̂†Hf2

p̂†Vf1
would

cancel in the indistinguishable limit but they do not with different temporal modes. Recall that
it is the same situation that was explored when HOM was introduced: paths do not interfere
destructively anymore once one can distinguish one photon from the other. Like in Chapter 1, we
keep again those terms that are multiplied by the coefficient

√
ηtT (1−T )

2 , because those are the only
ones that can lead to succesful events (one photon staying in the station where it was generated
and another arriving to the CHS):

â†sHf1
â†sVf2

→ i

√
ηtT (1− T )

2 (i
√

1− t((p̂†Hf1
+ p̂†Vf1

)â†Vf2
+ (p̂†Hf2

− p̂†Vf2
)â†Hf1

)

+
√
t((q̂†Hf1

+ q̂†Vf1
)â†Vf2

+ (q̂†Hf2
− q̂†Vf2

)â†Hf1
)),

b̂†sHf3
b̂†sVf4

→ i

√
ηtT (1− T )

2 (i
√

1− t((q̂†Hf3
+ q̂†Vf3

)b̂†Vf4
+ (q̂†Hf4

− q̂†Vf4
)b̂†Hf3

)

+
√
t((p̂†Hf3

+ p̂†Vf3
)b̂†Vf4

+ (p̂†Hf4
− p̂†Vf4

)b̂†Hf3
)) .

(4.2)

As in the indistinguishable limit, we focus on two-click combinations, specifically those correspond-
ing to photons that arrive simultaneously to different PBS and with orthogonal polarizations.
Furthermore, in order to clarify the notation, the following operators are defined1 as

Θ̂†1 ≡ (1− t)
(
p̂†Hf2

q̂†Vf4
+ p̂†Vf2

q̂†Hf4

)
+ t
(
−p̂†Vf4

q̂†Hf2
− p̂†Hf4

q̂†Vf2

)
,

Θ̂†2 ≡ (1− t)
(
−p̂†Hf2

q̂†Vf3
+ p̂†Vf2

q̂†Hf3

)
+ t
(
p̂†Vf3

q̂†Hf2
− p̂†Hf3

q̂†Vf2

)
,

Θ̂†3 ≡ (1− t)
(
p̂†Hf1

q̂†Vf4
− p̂†Vf1

q̂†Hf4

)
+ t
(
−p̂†Vf4

q̂†Hf1
+ p̂†Hf4

q̂†Vf1

)
,

Θ̂†4 ≡ (1− t)
(
−p̂†Hf1

q̂†Vf3
− p̂†Vf1

q̂†Hf3

)
+ t
(
p̂†Vf3

q̂†Hf1
+ p̂†Hf3

q̂†Vf1

)
.

(4.3)

The operators Θ̂i thus include all the creation of photons at the CHS station, corresponding to
1We have already defined operators that account for the distinguishability of photons in the previous chapter.

However, they also include more mechanisms of error. We thus considered that, in order to introduce with more
clarity how the transformations and measurements are calculated, it is better to write explicitly all the detection
operators involved in this chapter and regroup them in the operators Θ̂i. The operators Ôfi, introduced in Chapter
2, are used in the following chapter.
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the postselected succesful events, simplifying the global transformation to

â†sHf1
â†sVf2

b̂†sHf3
b̂†sVf4

→− ηtT (1− T )
2

[
â†Hf1

b̂†Hf3
Θ̂†1 + â†Hf1

b̂†Vf4
Θ̂†2 + â†Vf2

b̂†Hf3
Θ̂†3 + â†Vf2

b̂†Vf4
Θ̂†4
]
,

(4.4)

where as before â†Hf1
, â†Vf2

, b̂†Hf3
, b̂†Vf4

represent the creation operators for the photons arriving
to the measuring devices at Alice and Bob’s stations. The output state is not going to be as
straightforward as last time (a superposition of Bell states) due to all the extra terms that the four
distinguishable photons contribute to it.

As in Chapter 1, the density matrix representing the state of the pair shared by Alice and Bob
before the detectors at the CHS click. With the new notation, it is equivalent to tracing out the
operators Θ̂i. Applying the cyclic property of the trace then we get:

ρ = TrOi

{
â†Hf1

â†Vf2
b̂†Hf3

b̂†Vf4
|∅〉 〈∅| âHf1 âVf2 b̂Hf3 b̂Vf4

}
=
〈

Θ̂1Θ̂†1
〉
â†Hf1

b̂†Hf3
|∅〉 〈∅| âHf1 b̂Hf3 +

〈
Θ̂2Θ̂†1

〉
â†Hf1

b̂†Hf3
|∅〉 〈∅| âHf1 b̂Vf4 + ...

(4.5)

which is a 4 x 4 matrix. Recall that the density matrix is written in the basis2:{
â†Hf1

b̂†Hf3
|∅〉 , â†Hf1

b̂†Vf4
|∅〉 , â†Vf2

b̂†Hf3
|∅〉 , â†Vf2

b̂†Vf4
|∅〉
}
, (4.6)

which is both polarization and time dependent. We next calculate the state of the two photons that
is created at Alice and Bob’s laboratories right before their respective measurement devices. For
this purpose we trace out the detectors, i.e. the Θ̂i Hilbert space, by calculating all the

〈
Θ̂iΘ̂†j

〉
,

with i, j = 1, 2, 3, 4. Applying equation (3.10) and (4.3) we get:〈
Θ̂1Θ̂†1

〉
= 2

(
1− 2t (1− t)

(
1 + β2

24
))
,
〈

Θ̂2Θ̂†2
〉

= 2
(
1− 2t (1− t)

(
1− β2

23
))
,〈

Θ̂†3Θ̂†3
〉

= 2
(
1− 2t (1− t)

(
1− β2

14
))
,
〈

Θ̂4Θ̂†4
〉

= 2
(
1− 2t (1− t)

(
1 + β2

13
))
,

〈
Θ̂1Θ̂†4

〉
= 2 (−α12α34 + 2t (1− t) (α12α34 + β14β23)) ,〈

Θ̂2Θ̂†3
〉

= 2 (−α12α34 + 2t (1− t) (α12α34 − β13β24)) ,

〈
Θ̂1Θ̂†2

〉
=
〈

Θ̂1Θ̂†3
〉

=
〈

Θ̂2Θ̂†4
〉

=
〈

Θ̂3Θ̂†4
〉

= 0 .

(4.7)

If we now consider the hermiticity of the density matrix we get all the 16 matrix elements.

In order to visualize better how the ideal state obtained in Chapter 1 has been modified by
introducing the distinguishability of photons, we simplify the matrix elements obtained in equation
4.7 choosing a 50:50 beam splitter (t = 1/2) in the CHS station. Furthermore, we consider a
plausible symmetric limit, in which all the sources belonging to the same station have the same
visibility, and the crossed visibilities between Alice and Bob’s sources are identical. That is,

2This means that the density matrix is written in a basis dependent on both time and polarization. In the
following section it will be detailed how the time will be partially traced out. For now, this density matrix is
suficient to explore most of the physics that are relevant to the discussion in the present section.
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α12 = α34 ≡ α and β13 = β14 = β23 = β24 ≡ β. In this limit, the density matrix yields, after
substituting the results from equation 4.7 in equation 4.5:

ρ = ηt
2T 2(1− T )2

4


1− β2 0 0 β2 − α2

0 1+β2 −(α2 + β
2) 0

0 −(α2 + β
2) 1 + β2 0

β2 − α2 0 0 1− β2

 . (4.8)

We find from the above density matrix that, if the photons are indistinguishable (α = β = 1),
equation 4.8 gives ρ = η2

tT
2(1−T )2

2 |ψ−〉. As photons become more and more distinguishable (α, β <
1) the state is not a pure Bell state anymore and extra terms arise in the density matrix. If one
can completely distinguish all photons (α = β = 0), equation 4.8 equals a perfect statistical
mixture: photons do not bunch together at any point in the set up, and thus, entanglement is
never generated. The probability of detection is calculated as

P14,23 = Tr{ρ} = ηt
2T 2(1− T )2

. (4.9)

It can be seen from Eq. 3.9 that the probability does not depend on the distinguishability of
photons, as long as the four crossed combinations of visibilities are equal. This makes sense given
that it is known beforehand that a pair of horizontal and vertical photons flying from Alice and
Bob’s stations are required to arrive to the beam splitter at the CHS (even though we do not know
who produced which).

In the ideal case studied in the previous chapter, this “distinguishability” in polarization did
not affect the probability of the final state. It was expected that the visibility of the sources did
not affect either in this case. However, this argument does not hold when the photons are not
equally distinguishable and thus the probability of clicks of detectors D1D4 and D2D3 depends on
β13, β14, β23, β24. In this case the odd distinguishability between the arriving photons generates
bunching at the central beam splitter that de-compensates the state and therefore affects the
probability of detection. Nevertheless, it can be verified (it will be done in more detail in the
following chapters, including losses) that the probability of detection at the CHS including all
the possible events is independent of the visibility of the sources and, as calculated before, gives
4ηt2T 2(1− T )2. This can be justified by the fact that the probability for the CHS to detect two
clicks should not depend in any case on how distinguishable the photons are, but rather on the
probabilities of transmission.

4.2 Measuring the state

Up to this point, the entangled state that has been described is shared by Alice and Bob and
corresponds to the pair of photons that stayed in their stations. The information from the CHS
about whether the pair has become properly entangled arrives way after the photons are reflected
and thus a postselection process of data is needed. In any case, the state shared by both photons
has not been measured yet neither by Alice, nor by Bob. In this chapter we address this and
recreate a experiment in which Alice and Bob measure the state of their qubits and try to violate
Bell’s inequality. This way we will be able to establish a threshold in visibility of the sources for
the protocol to succeed.
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Figure 4.1: Detail from the main set-up, focused on Alice’s station. Her measuring device consists of a
Quarter-Wave Plate (QWP) and a Half-Wave Plate (HWP) followed by a polarizing beam splitter that
directs the photon to the detector AH if it is horizontally polarized or to AV if it is vertically polarized.
Bob has an identical measuring set-up.

4.2.1 The measuring devices

In the previous section the state of Alice and Bob’s photons was evaluated using a density matrix
representation. The way this state can be measured is by means of density matrix tomography,
which was introduced in section 1.4. The way one can project the state in different ways on the
Bloch sphere is by using two different waveplates (see Figure 4.1). The density matrix can be
calculated in terms of the probabilities associated to measuring in diferent projective states. In an
optical circuit, one can create these projective states by varying the angles of two consecutive QWP
and HWP. The next step is to describe explicitly how they can reconstruct the state that they
have my using such measurement device. The action of the waveplates on the creation operators of
the photons is represented by the Jones matrices [43], which are described by unitary operations:

ÛQWP (θ) = 1√
2

(
i− cos(2θ) sin(2θ)

sin(2θ) i+ cos(2θ)

)
, ÛHWP (φ) =

(
cos(2φ) − sin(2φ)
− sin(2φ) − cos(2φ)

)
. (4.10)

As explained, these unitary transformations act on the creation operators of the photons right
before they arrive to the measurement devices; that is, they act on â†Hf1

, â†Vf2
, b̂†Hf3

and b̂†f4 to
transform them as

Â ≡
(
ÂH
ÂV

)
= Ûtot(θA, φA)

(
âHf1

âVf2

)
≡ Ûtot(θA, φA)â

B̂ ≡
(
B̂H
B̂V

)
= Ûtot(θB , φB)

(
b̂Hf3

b̂Vf4

)
≡ Ûtot(θB , φB)b̂

. (4.11)

The operators Âi and B̂i represent the measurement of photons at the corresponding detector
(Figure 4.1) and Ûtot is the total transformation associated to each set of waveplates, given by the
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product of the two consecutive unitary transformations:

Ûtot(θ, φ) = ÛHWP (φ)ÛQWP (θ) =

= 1√
2

(
cos(2φ)(i− cos(2θ))− sin(2φ) sin(2θ) − sin(2φ)(i+ cos(2θ)) + cos(2φ) sin(2θ)
− cos(2φ) sin(2θ)− sin(2φ)(i− cos(2θ)) − sin(2φ) sin(2θ)− cos(2φ)(i+ cos(2θ))

)
.

(4.12)

One can try to rewrite this transformation in order to get a more intuitive overview of its action
on the Bloch sphere. We can do that by using the Stokes parameters, writing the transformation
in the basis of the Pauli matrices using equation 1.31. We calculate the corresponding parameters
Si and obtain3:

Ûtot(θ, φ) = 1√
2

[− cos 2(φ− θ)1 + i(− sin 2φσ̂x − sin 2(φ− θ)σ̂y + cos 2φσ̂z)] , (4.13)

which is a more useful expression for the upcoming calculations. Then, with this transformation
we can now relate the basis in which 4.8 is written to the detector basis.

4.2.2 The detection of photons
In order to proceed with the measurement we have to take one final step - to understand how the
photodetection works (following [41]). The quantization of the electromagnetic field allows us to
write the electric field operator, Ê(x, t) = Ê(−)(x, t) + Ê(+)(x, t), as

Ê(+)(x, t) ∝ â(t), Ê(−)(x, t) ∝ â†(t) , (4.14)

where Ê(+)(x, t) is the component of the field that describes absorption [9, p. 121]. The detection
of a photon has to account for all the transitions from the initial state of the detector |ψi〉 (which
can be the ground state of an atom, for example) to all possible final states |ψf 〉. The probability
of detection is, thus:∑

f

|〈ψf | Ê(+)(x, t) |ψi〉 |2 =
∑
f

〈ψi| Ê(−)(x, t) |ψf 〉 〈ψf | Ê(+)(x, t) |ψi〉

= 〈ψi| Ê(−)(x, t)Ê(+)(x, t) |ψi〉 ∝ 〈ψi| â†(t)â(t) |ψi〉 ,
(4.15)

where we have assumed a complete basis of final states
∑
f |ψf 〉 〈ψf | = 1. As the probability of

detection follows equation 4.15, it is reasonable to define a photodetection operator as N̂ ≡ D̂†D̂.
If, furthermore, one wants to account for the number of photons that arrive at the detector during
a certain integration time τ , then4 [47, p. 70-73]:

N̂(t, τ) ≡
∫ t+τ

t

D̂†(t′)D̂(t′)dt′ (4.16)

The measurements that Alice and Bob will perform with their measurement devices respectively,
will be the difference in number of counts of their pair of detectors whose clicks are created by the
operators ÂH and ÂV , and B̂H and B̂V . Therefore, taking into account that in our case we consider

3Here we change the notation of the Introduction into the following one, more convenient in this section and the
rest of the thesis: σ̂0 ≡ 1, σ̂1 ≡ σ̂x, σ̂2 ≡ σ̂y , σ̂3 ≡ σ̂z .

4In case it was desirable to account for the efficiency ηd of the detector itself, it suffices with modifying the
expectation value of the photon detector operator as

〈
N̂ ′
〉

= ηd

〈
N̂
〉
[47, p. 71].
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an infinite integration time for simplicity, and using equation 4.16 we obtain the expression for the
difference in counts operators Q̂A and Q̂B :

Q̂A(t) ≡ N̂AH
(t)− N̂AV

(t) =
∫
Â†H(t)ÂH(t)dt−

∫
Â†V (t)ÂV (t)dt,

Q̂B(t) ≡ N̂BH
(t)− N̂BV

(t) =
∫
B̂†H(t)B̂H(t)dt−

∫
B̂†V (t)B̂V (t)dt ,

(4.17)

which can be written in terms of σ̂z by using vector notation:

Q̂A(t) =
∫∫ (

Â†H(t) Â†V (t′)
)
σ̂z

(
ÂH(t)
ÂV (t′)

)
dtdt′ =

∫∫
Â†(t, t′)σ̂zÂ(t, t′)dtdt′,

Q̂B(t) =
∫∫ (

B̂†H(t) B̂†V (t′)
)
σ̂z

(
B̂H(t)
B̂V (t′)

)
dtdt′ =

∫∫
B̂†(t, t′)σ̂zB̂(t, t′)dtdt′ ,

(4.18)

However, we would like to write the result in terms of the creation operators of the photons that
arrive to the measuring devices,

{
â†Hf1

, â†Vf2
, b̂†Hf3

, b̂†Vf4

}
, as it is the basis in which the state of the

entangled pair is written. We can change to that basis by applying equation 4.11 to equation 4.18:

Q̂A(t) =
∫∫

a†(t, t′)Û†tot(θA, φA)σ̂zÛtot(θA, φA)a(t, t′)dtdt′ ≡
∫∫

a†(t, t′)M̂A(θA, φA)a(t, t′)dtdt′,

Q̂B(t) =
∫∫

b†(t, t′)Û†tot(θB , φB)σ̂zÛtot(θB , φB)b(t, t′)dtdt′ ≡
∫∫

b†(t, t′)M̂B(θB , φB)b(t, t′)dtdt′ ,

(4.19)

where we have defned the measurement operators M̂A and M̂B as:

M̂A(θA, φA) ≡ Ûtot(θA, φA)†σ̂zÛtot(θA, φA)

M̂B(θB , φB) ≡ Ûtot(θB , φB)†σ̂zÛtot(θB , φB)
(4.20)

The measurement operators include all the action that is made by the measurement device:
both the unitary transformation performed by the two waveplates and the difference in counts at
the detectors. If we substitute equation 4.13 in the definition 4.20, one can see that M̂A and M̂B

are again a combination of Pauli matrices, which can be written in the form:

M̂i = Xiσ̂x + Yiσ̂y + Ziσ̂z (4.21)

where i = A,B and normalization is satisfied (X2
i + Y 2

i + Z2
i = 1). In other words, these mea-

surement operators can be easily written in terms of coefficients that will help us understand
better, their action on the Bloch sphere. By combining equations 4.13 and 4.20 and applying the
trigonometric identities sinA± sinB = 2 sin A±B

2 cos A∓B2 , cosA+ cosB = 2 cos A+B
2 cos A−B2 and

cosA− cosB = 2 sin A+B
2 sin A−B

2 , the coefficients Xi, Yi, and Zi are found to be:
Xi = − sin 2θi cos 2(2φi − θi)
Yi = − sin 2(2φi − θi)
Zi = cos 2θi cos 2(2φi − θi)

(4.22)

One can find the inverse relation for equation 4.22, so it is possible to evaluate the angles
corresponding to a given set of coefficients (which will be usefu later for optimisation over the
coefficients):

θi = −1
2 arctan Xi

Zi
, φi = −1

4(arctan Xi

Zi
+ arcsinYi) . (4.23)
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We rewrite equation 4.22, to parametrize in terms of spherical coordinates:
Xi = sin ξi cos γi
Yi = sin ξi sin γi
Zi = cos ξi

⇐⇒

ξi = acos (cos(−2θi) cos(−2(2φi − θi)))
γi = asin sin(−2(2φi−θi))√

1−cos2(−2θi) cos2(−2(2φi−θi))

(4.24)

We have then fully characterised the measurement operators M̂A and M̂B , in a more comprehensible
way in the Pauli matrices basis. Moving forward, the total measurement operator of both systems
M̂ ≡ M̂A ⊗ M̂B (with M̂ = M̂(θA, θB , φA, φB)) can be calculated now explicitly by using the
coefficients from equation 4.24 and the Stokes expression from 1.39:

M̂ = 1
4

 S33 S31 − iS32 S13 − iS23 S11 − iS12 − iS21 − S22
S31 + iS32 −S33 S11 + iS12 − iS21 + S22 −S13 + iS23
S13 + iS23 S11 − iS12 + iS21 + S22 −S33 −S31 + iS32

S11 + iS12 + iS21 − S22 −S13 − iS23 −S31 − iS32 S33

 ,

(4.25)
where Sij are calculated following equation 1.35 as Sij = Si ⊗ Sj . Recall that, in terms of the
coefficients in 4.21, 1

2S1 = X, 1
2S2 = Y and 1

2S3 = Z. For example, the Stokes parameter S32
equals S32 = S3 ⊗ S2 = 4ZA(θA, φA)YB(θB , φB). Note that S0 = 0 both for Alice and Bob. This
simplifies considerably the total measurement operator (equation 4.25). The purpose of writing M̂
in the form of equation 4.25 is to have a more compact expression, compared to simply expanding
the tensor product M̂A ⊗ M̂B . Later we find that calculating the total difference in counts of the
system is, thus, also more compact using the Stokes parameters. Furthermore, the measurement
over the whole system, that is, the difference in counts for the total system, is given by the tensor
product of both Q̂T = Q̂A ⊗ Q̂B . Next, we expand it in terms of the measurement operators,
using equation 4.19. In addition, we change index notation for the polarization, so we can pull the
measurement operators out of the integrals and just leave inside the time-dependent operators:

Q̂T (t) = Q̂A(t)⊗ Q̂B(t) =
∫∫∫∫ (

a†(t, t′)M̂Aa(t, t′)
)
⊗
(

b†(t′′, t′′′)M̂Bb(t′′, t′′′)
)
dtdt′dt′′dt′′′

=
H,V∑
ijkl

∫∫∫∫ (
â†i (t)M̂Aij

âj(t′)
)
⊗
(
b̂†k(t′′)M̂Bkl

b̂l(t′′′)
)
dtdt′dt′′dt′′′

=
H,V∑
ijkl

(
M̂Aij

⊗ M̂Bkl

)∫∫∫∫
â†i (t)âj(t

′)b̂†k(t′′)b̂l(t′′′)dtdt′dt′′dt′′′ .

(4.26)

The expected value of the total difference in counts denoted by the operator Q̂T is calculated
by using the density matrix that we just calculated in equation 4.8. We get:〈

Q̂T

〉
= Tr

{
Q̂T ρ

}
= Tr


H,V∑
ijkl

(
M̂Aij ⊗ M̂Bkl

)(∫∫∫∫
â†i (t)âj(t

′)b̂†k(t′′)b̂l(t′′′)dtdt′dt′′dt′′
)
ρijkl


≡ Tr


H,V∑
ijkl

(M̂Aij ⊗ M̂Bkl
)ρ′ijkl

 = Tr
{

(M̂A ⊗ M̂B)ρ′
}
,

(4.27)
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where ρ′ has been defined as the density matrix representing the state before the measurement but
without any time dependence in it, as the time dependence left in the creation operators of the pho-
tons after the reflection at the first beam splitter is already integrated in

∫∫∫∫
â†i (t)âj(t′)b̂

†
k(t′′)b̂l(t′′′).

In other words, redefining ρ as if it was already time independent before the measurement allows
us to perform theoretically the measurement only via the angle-dependent operators M̂ on a time-
independent density matrix ρ′. In reality, the integration in time is carried, obviously, after photons
are detected; however, acknowledging how the density matrix would have looked before the mea-
surement in polarization provides us with a more complete picture of the entangled state shared
by Alice and Bob, as well as a simplification of the measurement process itself. Following equation
4.27, the global difference in counts

〈
Q̂T

〉
depends simply on the expected value of the measure-

ment operators of the systems Tr
{

(M̂A ⊗ M̂B)ρ′
}
. Let us calculate explicity the time-independent

density matrix ρ′5:

〈
Q̂T

〉
= Tr


H,V∑
ijkl

(
M̂Aij ⊗ M̂Bkl

)
ρ′ijkl

 =
H,V∑
ijkl

Tr
{(
M̂Aij ⊗ M̂Bkl

)
ρ′ijkl

}

= η2T 2(1− T )2

4

(
Tr
{(

M̂AHH
⊗ M̂BHH

)(∫∫∫∫
â†H âH b̂

†
H b̂H

)
ρHHHH

}
+ ...

)
= η2T 2(1− T )2

4 ·

( Tr
{(

M̂AHH
⊗ M̂BHH

)(∫∫∫∫
â†H âH b̂

†
H b̂H

)
(1− β2)â†Hf1

b̂†Hf3
|∅〉 〈∅| âHf1 b̂Hf3

}
+ Tr

{(
M̂AV H

⊗ M̂BV H

)(∫∫∫∫
â†V âH b̂

†
V b̂H

)
(β2 − α2)â†Hf1

b̂†Hf3
|∅〉 〈∅| âVf1 b̂Vf3

}
+ ...) .

(4.28)

Now we can apply the cyclic property of the trace again, giving〈
Q̂T

〉
= η2T 2(1− T )2

4 ( Tr
{(

M̂AHH
⊗ M̂BHH

)
(1− β2)

〈
âHf1 b̂Hf3(

∫∫∫∫
â†H âH b̂

†
H b̂H)â†Hf1

b̂†Hf3

〉}
+ Tr

{(
M̂AV H

⊗ M̂BV H

)
(β2 − α2)

〈
âVf2 b̂Vf4(

∫∫∫∫
â†V âH b̂

†
V b̂H)â†Hf1

b̂†Hf3

〉}
+ ...) .

(4.29)

Given that the creation operators from Alice and Bob commute, the expectation value can be
rearranged as:〈
Q̂T

〉
= η2T 2(1− T )2

4 ( Tr
{(

M̂AHH
⊗ M̂BHH

)
(1− β2)

∫∫∫∫ 〈
âHf1 â

†
H âH â

†
Hf1

〉〈
b̂Hf3 b̂

†
H b̂H b̂

†
Hf3

〉}
+ Tr

{(
M̂AV H

⊗ M̂BV H

)
(β2 − α2)

∫∫∫∫ 〈
âVf2 â

†
V âH â

†
Hf1

〉〈
b̂Vf4 b̂

†
V b̂H b̂

†
Hf3

〉}
+ ...)

= η2T 2(1− T )2

4 ( Tr
{(
M̂AHH

⊗ M̂BHH

)
(1− β2) · 1

}
+ Tr

{(
M̂AV H

⊗ M̂BV H

)
(β2 − α2)α2

}
+ ...) ,

(4.30)

To calculate the expected values we have integrated in time and applied both the Dirac delta
relation

∫
δ(a− x)δ(x− b)dx = δ(a− b) and the properties of creation operators discussed in the

5The time dependence has been ommitted in the integrals of the following equations to clarify the notation.
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previous chapter. After integrating, the expected values proporcionate further combinations of
overlapping 〈fi|fj〉 inner products in the density matrix of the state. Note that while expected
values of the diagonal give 1, the expected values corresponding to the off-diagonal of ρ provide with
extra α2 terms. However, if we continue the calculation from here, the polarization dependence
is also traced out, as we basically then trace over all the degrees of freedom. It was explained in
the tomography section that, to figure out the density matrix before the measurement, we would
need to reconstruct it by measuring a finite amount of times. Instead, in equation 4.30 we have
the necessary ingredients to make a certain educated guess on how this time-independent density
matrix would look like, by associating the coefficients we just found out in each element of the
sum. This time-independent density matrix ρ′ yields:

ρ′ = ηt
2T 2(1− T )2

4


1− β2 0 0 α2(β2 − α2)

0 1+β2 −α2(α2 + β
2) 0

0 −α2(α2 + β
2) 1 + β2 0

α2(β2 − α2) 0 0 1− β2

 . (4.31)

This matrix, unlike ρ, verifies that a statistical mixture is obtained when photons from the same
station are completely distinguishable, α = 0. This stronger bound on the distinguishability of
photons coming from the same station than from the opposite is intuitive and only arises after all
the time dependence that has been traced out from the state. We can now, finally, calculate the
result of the measurement. The expected value for the difference in counts, measuring over ρ′ and
inserting the measurement operator written in terms of the Stokes parameters (equation 4.21):〈
Q̂T

〉
= Tr

{
M̂ρ′

}
=

= ηt
2T 2(1− T )2

16 (
(
1− β2)S33 + α2 (β2 − α2) (S11 − iS12 − iS21 − S22) +

(
1 + β2) (−S33)

− α2 (α2 + β2) (S11 + iS12 − iS21 + S22)− α2 (α2 + β2) (S11 − iS12 + iS21 + S22)
+
(
1 + β2) (−S33) + α2 (β2 − α2) (S11 + iS12 + iS21 − S22) +

(
1− β2)S33) ,

(4.32)

which simplifying gives the final result:〈
Q̂T

〉
= −η

2
t T

2(1− T )2

4
[
α4S11 + α2β2S22 + β2S33

]
. (4.33)

Finally, we write the result in the notation introduced for the coefficients of M̂ (equation 4.25),
giving:〈

Q̂T

〉
= −η2

t T
2(1− T )2[α4XA(θA, φA)XB(θB , φB) + α2β2YA(θA, φA)YB(θB , φB)+

+ β2ZA(θA, φA)ZB(θB , φB)] .
(4.34)

As we can see, the outcome of the global measurement in difference in counts depends solely, up
to normalization of the state, on the chosen angles of the two sets of HWP and QWP and on
the distinguishability of photons. Therefore we can optimise the outcome of the measurement by
choosing the appropiate measurement angles.

4.2.3 Violation of Bell’s inequality
In the following we will calculate how the degree of distinguishability of the photons can affect the
required violation of Bell’s inequality during the protocol. The inequality that will be used is the
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CHSH inequality [12]:

S = |C(a,b) + C(a′,b) + C(a,b′)− C(a′,b′)|≤ 2 , (4.35)

where a,a′,b,b′ are unitary vectors along with the correlation C, that are measured as explained
in the Introduction. The correlations used to calculate the inequality are the output of the final
measurement (equation 4.34). Both Alice and Bob need two different sets of angles in their cor-
responding HWP and QWP. However, before calculating the correlations we have to normalize
the total difference in counts. We do it by dividing equation 4.34 by the total number of counts〈
N̂T

〉
, which equals the probability of the two chosen events to occur: recall from Chapter 1 that

this probability is η2
t T

2(1 − T )2 as only two of the total 8 possible events are considered valid.
Looking at equation 4.18, it is easy to see that the total number of counts can be calculated with
measurement operators that satisfy M̂i = 1. In fact, the total number of counts reduces to the
trace of ρ′: 〈

N̂T

〉
= Tr{(1A ⊗ 1B) ρ′} = Tr{ρ′} = η2

t T
2(1− T )2 . (4.36)

Thus the angle dependent correlation yields

C(a,b) = −
(
α4XA(θA, φA)XB(θB , φB) + α2β2YA(θA, φA)YB(θB , φB) + β2ZA(θA, φA)ZB(θB , φB)

)
.

(4.37)

We can then write all the correlations needed to construct the inequality. The angle dependence
will be ommitted for simplicity, as well as the global minus sign, which becomes irrelevant inside
the absolute value of the inequality:

C(a,b) = α4XAXB + α2β2YAYB + β2ZAZB ,

C(a′,b) = α4X ′AXB + α2β2Y ′AYB + β2Z ′AZB ,

C(a,b′) = α4XAX
′
B + α2β2YAY

′
B + β2ZAZ

′
B ,

C(a′,b′) = α4X ′AX
′
B + α2β2Y ′AY

′
B + β2Z ′AZ

′
B .

(4.38)

Recall that because of their normalization condition, {Xi, Yi, Zi} ∈ [−1, 1]. The task now
is to relate the visibility, and thus the distinguishability of the photons, to the violation of the
inequality. It is important to note that the visibility of sources from the same lab (α) is assumed
to be better than the one from opposite sides (β), meaning that α > β. However, to begin with,
we study a simpler limit in which α = β. In Figure 4.2 left, S is represented in terms of the
distinguishability after optimising over the parameters XA, X ′A, YA, Y ′A, ZA, Z ′A, XB , X ′B , YB ,
Y ′B , ZB and Z ′B for every value of distinguishability. The obtained result shows that for the protocol
to succeed, a visibility of the sources of α = β ' 88% is required. As a sanity check, note that for
the indistinguishable case (α = β = 1), the maximum violation of Bell’s inequality S = 2

√
2) is

achieved as expected. For the case when α 6= β, a contour map has been plotted in Figure 4.2 right.
The border between the green and orange section delimites the violation of the Bell inequality. It
is observed that a potential distinguishability of photons from the same station being better than
across stations (meaning α > β) matches the result: for example, if a distinguishability of 90%
can be reached by single photon sources from the same station, it is only required that they are
distinguishable from photons coming from the other station in a 87%.
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Figure 4.2: On the left, the CHSH violation parameter S is represented in terms of the distinguishability
after optimising the angles for every value of α and β. A distinguishability of α = β ' 88% is required
for the protocol to succeed in this limit. On the right, contour map of the CHSH violation parameter as
function of the distinguishability variables α and β. The measuring angles of the four HWQ and QWP
have been optimized for every combination of distinguishabilities. The limit for the protocol to succeed is
delimited by the border between the green and orange regions in the plot.

4.3 Visibility achieved with InGaAs quantum dots and con-
clusion

An important question to investigate is whether the single-photon sources that we want to work
with, InGaAs quantum dots, can satisfy these conditions of visibility. In general, the reason
why the visibility of the single photon sources is never completely perfect is due exclusively to
the coupling of the quantum dot to phonons under resonant excitation [45]. In fact, this coupling
creates decoherence within the decay time of the quantum dot and therefore the emmitted photons
are not completely distinguishable. To answer properly to whether they would be able to satisfy
the protocol, first of all we translate our results given in α and β to the visibility of the sources by
using the result obtained in the previous chapter (equation 3.18):

Vα = α2, Vβ = β2 . (4.39)

We can then plot our results in terms of the HOM visibilities Vα and Vβ instead, which is shown
in Figures 4.3 and 4.4. For equal visibilities, a minimum Vα = Vβ ' 79% is required. To place our
results in context, note that already years ago HOM visibilities of 87% were reached by Spin-Flip
Raman Transitions in quantum dots [48] and 67% for on-chip proposals [49]. More recently, almost
complete indistinguishability has been accomplished experimentally using InGaAs quantum dots
[50] [51]; in particular, a distinguishability of 94% has been reached at 4K [3], as well as 93% for
distant qubits [52]. In conclusion, InGaAs quantum dots should be very much able to satisfy the
visibility requirements of the protocol.
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Figure 4.3: The combination of CHSH violation parameter S is represented in terms of the visibility after
optimising the measurement angles. A visibility of α = β ' 79% is required for the protocol to succeed in
this limit.

Figure 4.4: Contour map of the HOM visibility, giving the corresponding value of the CHSH inequality
in the coloured z axis. The measuring angles of the four HWQ and QWP have been optimized for every
combination of visibilities. The limit for the protocol to succeed is delimited by the border between the
green and orange regions in the plot.
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Chapter 5

Analysis of the effect of losses and
multiphoton events

The central heralding station will tell Alice and Bob when two photons arrived and clicked in the
correct combination. But does it mean that the protocol succeded? We described in Chapter 2
how photons can get lost at any point of the set-up, as well as the existence of multiphoton effects
that disguise incorrect combinations of clicks as correct ones due to the incapacity of the detectors
to measure how many photons arrived simultaneously. In this chapter, a thorough analysis of the
protocol will be done by taking into account all kinds of losses, multiphoton detection errors, and
the distinguishability of photons.

5.1 Introduction to the notation
The purpose of this chapter is, as mentioned above, to account for all the events that can be
detected as correct by the heralding station. We will calculate the probability of each of them to
happen, and thus we need to introduce a proper notation to label clearly each of them. We define
the probability Pijkl of each event as:

Pijkl ≡


i → number of photons that arrived to the CHS
j → number of photons detected by Alice
k → number of photons detected by Bob
l → number of lost photons

(5.1)

Note that in the above definition of probabilities we do not include events concerning more than
one photon emission by the sources. Therefore, it is obvious that i+ j + k+ l = 4 must always be
satisfied. Furthermore, i ≥ 2 holds, as at least two photons must arrive to the heralding station to
be able to produce a combination of clicks that the heralded station detects as valid. Let us consider
an example. The heralding station sent a message to Alice and Bob, stating the reception of a
correct event after two photons were detected simultaneously with orthogonal polarizations. Bob
starts then to measure his part of the entangled state; however, Alice did not detect any photon
associated to the event. How could this happen? There are two different possibilities, the first one
being that corresponding to the term P2011, which considers that one photon got lost. At the same
time, this contribution can be generated by two different events. The lost photon could have been
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Event probability CHS Alice Bob Lost photons

P2110 AB A B ∅
P2200 BB AA ∅ ∅
P2020 AA ∅ BB ∅

P2101
AB A ∅ B
BB A ∅ A

P2011
AB ∅ B A
AA ∅ B B

P2002

AB ∅ ∅ AB
AA ∅ ∅ BB
BB ∅ ∅ AA

P3100 ABB A ∅ ∅
P3010 AAB ∅ B ∅

P3001
ABB ∅ ∅ A
AAB ∅ ∅ B

P4000 AABB ∅ ∅ ∅

Table 5.1: Description of all the different probabilities of events that lead to what the heralding station
interprets as a correct generation of the entangled state. The notation used is defined in equation 5.1. The
labels A and B describe where were the photons indicated by the notation Pijkl generated. The header of
columns assigns where the photons were detected.

generated by Alice if the two that clicked on the heraled station came from Alice and Bob stations
respectively. In this case the photon got lost during the transmission within Alice’s station. On
the other hand, maybe both photons generated by Alice made it to the heralding station, and
therefore it was one of Bob’s photons that got lost. The other probability contribution is P3010,
that considers that no photon was lost at any point, but both photons generated by Alice arrived to
the heralding station and created a correct combination of clicks together with Bob’s transmitted
photon in a way that the station could not identify as incorrect. Table 5.1 collects all the different
possibilities that, similarly to the example just depicted, have one or more contributions from
where the photons are generated and detected.

5.2 Analysis of events

We have all the necessary tools to calculate the probability of each projection. The way the
probabilities are calculated, is a bit different to that in the previous chapter. In order to delimitate
each event, the corresponding density matrix ρijkl is calculated1. This density matrix will be
written in the basis of the creation operators â†Hf1

, â†Vf2
, b̂†Hf3

, b̂†Vf4
. We will transform it into the

basis of the detectors by applying the unitary transformation Ûtot(θ, φ):

ρ′ijkl = Ûtot(θ, φ)ρijklÛ†tot(θ, φ) . (5.2)

1This is not the same matrix element ρijkl from Chapter 3
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On the other hand, the operators that represent a click occurring on either the detector AH or AV
(BH or BV ) are given by the identity minus the projection of vacuum on that detector. This way
we ensure that we do not limit the projection of the incoming state:

M̂+A
≡ 1− |∅〉 〈∅|AH

, M̂+B
≡ 1− |∅〉 〈∅|BH

,

M̂−A
≡ 1− |∅〉 〈∅|AV

, M̂−B
≡ 1− |∅〉 〈∅|BV

.
(5.3)

Therefore, the probability of a certain projection will be given by:

Pijkl+ = Tr
{
M̂+ρ

′
ijkl

}
= Tr

{
M̂+Ûtot(θ, φ)ρijklÛ†tot(θ, φ)

}
,

Pijkl− = Tr
{
M̂−ρ

′
ijkl

}
= Tr

{
M̂−Ûtot(θ, φ)ρijklÛ†tot(θ, φ)

}
,

(5.4)

where M̂+ = M̂+A
⊗ M̂+B

and M̂− = M̂−A
⊗ M̂−B

. In the following subsections we will calculate
the necessary ingredients to be able to complete the whole analysis of events.

5.2.1 Calculation of expectation values

In this subsection, we calculated all the necessary expectation values for the upcoming analysis. In
Chapter 2, we explained how we choose the combination of operators at the heralding station that
lead to the correct combinations of clicks. We do a similar task when calculating the expectation
value of the operators Ôfi (equation 4.3), that represent the creation of a photon at the heralding
station. If two photons arrive at the heralding station from different preceeding stations (for
example, the photons f1 and f3):〈

Ôf1Ôf3Ô
†
f1Ô

†
f3

〉
=

<
(
−i
√

1− t(p̂Hf1 + p̂Vf1) +
√
t(q̂Hf1 + q̂Vf1)

)(√
t(p̂Hf3 + p̂Vf3)− i

√
1− t(q̂Hf3 + q̂Vf3)

)
·(

i
√

1− t(p̂†Hf1
+ p̂†Vf1

) +
√
t(q̂†Hf1

+ q̂†Vf1
)
)(√

t(p̂†Hf3
+ p̂†Vf3

) + i
√

1− t(q̂†Hf3
+ q̂†Vf3

)
)
> .

(5.5)

Selecting only the combinations of operators that lead to a correct event, that is, D1D4 and D2D3
and applying the relations from section 2.1, we finally obtain:〈

Ôf1Ôf3Ô
†
f1Ô

†
f3

〉
14,23

=<
(
t
(
p̂Hf3 q̂Hf1 + p̂Vf3 q̂Hf1

)
− (1− t)

(
p̂Hf1 q̂Hf3 + p̂Vf1 q̂Hf3

))
·(

t
(
p̂†Hf3

q̂†Hf1
+ p̂†Vf3

q̂†Hf1

)
− (1− t)

(
p̂†Hf1

q̂†Hf3
+ p̂†Vf1

q̂†Hf3

))
>

= 2
(
1− 2t (1− t)

(
1 + β2

13
))
.

(5.6)

Similarly, for the other combinations:〈
Ôf1Ôf4Ô

†
f1Ô

†
f4

〉
14,23

= 2
(
1− 2t (1− t)

(
1− β2

14
))
,〈

Ôf2Ôf3Ô
†
f2Ô

†
f3

〉
14,23

= 2
(
1− 2t (1− t)

(
1− β2

23
))
,〈

Ôf2Ôf4Ô
†
f2Ô

†
f4

〉
14,23

= 2
(
1− 2t (1− t)

(
1 + β2

24
))
.

(5.7)
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On the contrary, if we do not postselect any event and accept all the combinations in order to do
a sanity check, the expectation values are independent of the distinguishability of photons and the
probability of transmission t of the central beam splitter and satisfy:

〈
Ôf1Ôf3Ô

†
f1Ô

†
f3

〉
=
〈
Ôf1Ôf4Ô

†
f1Ô

†
f4

〉
=
〈
Ôf2Ôf3Ô

†
f2Ô

†
f3

〉
=
〈
Ôf2Ôf4Ô

†
f2Ô

†
f4

〉
= 4 . (5.8)

For completeness, we further obtain

〈
Ôf1Ôf2Ô

†
f1Ô

†
f2

〉
14,23

= 4t (1− t)
(
1− α2

12
)
,
〈
Ôf3Ôf4Ô

†
f3Ô

†
f4

〉
14,23

= 4t (1− t)
(
1− α2

34
)
,〈

Ôf1Ôf4Ô
†
f2Ô

†
f3

〉
14,23

= 2 (−α12α34 + 2t(1− t)(α12α34 − β13β24)) ,〈
Ôf1Ôf3Ô

†
f2Ô

†
f4

〉
14,23

= 2 (−α12α34 + 2t(1− t)(α12α34 + β14β23)) ,

(5.9)

which also satisfies
〈
Ôf1Ôf2Ô

†
f1Ô

†
f2

〉
=
〈
Ôf3Ôf4Ô

†
f3Ô

†
f4

〉
= 4, if no postselection of events is

done. It can be checked that any other expectation value corresponding to the creation of two
photons at the heralding station is equal to 0. Note that, on the other hand, for the indistin-
guishable case (α12 = α34 = 1),

〈
Ôf1Ôf2Ô

†
f1Ô

†
f2

〉
14,23

and
〈
Ôf3Ôf4Ô

†
f3Ô

†
f4

〉
14,23

equal 0 for any
value of the probability of transmission t. This makes sense, as the click combinations that are
considered as valid correspond to clicking at different PBS with orthogonal polarization. If the
photons have been generated by Alice, for example, the following transformation applies after the
fixed HWP in transmission between her station and the CHS:

â†Hf1
â†Vf2

→ (â
′†
Hf1

+ â
′†
Vf1

)(â
′†
Hf2
− â

′†
Vf2

) = â
′†
Hf1

â
′†
Hf2
− â

′†
Hf1

â
′†
Vf2

+ â
′†
Vf1

â
′†
Hf2
− â

′†
Vf1

â
′†
Vf2

. (5.10)

When the photons are indistinguishable, they bunch together after the waveplate (â†Hf1
â†Vf2

→
â
′†2
H − â

′†2
V ), and therefore no D1D4 or D2D3 clicks can ever happen, leading to an expectation

value of 0.

The calculation of the expectation values for the creation of three and four photons at the
heralding station is far more complex. Not only does it involve big amount of terms, but also how
the selection of valid terms of the transformation should be done. Recall that the way we account
for triple counts on the CHS giving a false positive event is every time two of the three photons
arrive to the same detector and, globally, that is identified as D1D4 or D2D3. When constructing
the transformations now, the combinations of clicks that are kept are those which can be masked
as desired clicks. The criteria, in essence, is still the same: simultaneous clicks with orthogonal
polarizations on detectors belonging to different PBS. Therefore, we keep triple combinations such
p̂†Vf1

(
q̂†Hf3

q̂†Hf4

)
or quadruple combinations as p̂†Vf1

(
q̂†Hf2

q̂†Hf3
q̂†Hf4

)
or
(
p̂†Vf1

p̂†Vf2

)(
q̂†Hf3

q̂†Hf4

)
.

This last combination in particular would be understood by the heralding station as a D2D3 one,
due to the fact that the detectors can not notice that two photons arrived instead of one on each
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detector. We again apply the relations proven in section 2.1 and obtain:〈
Ôf1Ôf3Ôf4Ô

†
f1Ô

†
f3Ô

†
f4

〉
14,23

=

= 2(1 + α2
34)(t3 + (1− t)3) + 2t(1− t)

(
2 + β2

13 + β2
14 − 2α34 (α34 + β13β14) + 2β2

14 − 2β2
13
)
,〈

Ôf2Ôf3Ôf4Ô
†
f2Ô

†
f3Ô

†
f4

〉
14,23

=

= 2(1 + α2
34)(t3 + (1− t)3) + 2t(1− t)

(
2 + β2

23 + β2
24 − 2α34 (α34 + β23β24)− 2β2

24 + 2β2
23
)
,〈

Ôf3Ôf1Ôf2Ô
†
f3Ô

†
f1Ô

†
f2

〉
14,23

=

= 2(1 + α2
12)(t3 + (1− t)3) + 2t(1− t)

(
2 + β2

13 + β2
23 − 2α12 (α12 + β13β23) + 2β2

23 − 2β2
13
)
,〈

Ôf4Ôf1Ôf2Ô
†
f4Ô

†
f1Ô

†
f2

〉
14,23

=

= 2(1 + α2
12)(t3 + (1− t)3) + 2t(1− t)

(
2 + β2

14 + β2
24 − 2α12 (α12 + β14β24)− 2β2

24 + 2β2
14
)
.

(5.11)

As a sanity check, we calculate again the same expectation values but without excluding any
term of the transformation this time. In fact, the expectation values are again independent of the
distinguishability of photons and the transmittance t:〈
Ôf1Ôf3Ôf4Ô

†
f1Ô

†
f3Ô

†
f4

〉
=
〈
Ôf2Ôf3Ôf4Ô

†
f2Ô

†
f3Ô

†
f4

〉
=
〈
Ôf3Ôf1Ôf2Ô

†
f3Ô

†
f1Ô

†
f2

〉
=
〈
Ôf4Ôf1Ôf2Ô

†
f4Ô

†
f1Ô

†
f2

〉
= 8 .

(5.12)

On the other hand, note that any other combination of operators, such
〈
Ôf1Ôf3Ôf4Ô

†
f2Ô

†
f3Ô

†
f4

〉
14,23

,
equals 0. Finally, for the (unlikely) case in which four photons arrive to the heralding station and
click in a correct combination:〈
Ôf1Ôf2Ôf3Ôf4Ô

†
f1Ô

†
f2Ô

†
f3Ô

†
f4

〉
14,23

= 2(t4 + (1− t)4)(1 + α2
12)(1 + α2

34)

+ 4t2(1− t)2(2− β2
13 − β2

24 + 3β2
23 + 3β2

14 + β2
13β

2
24 + 7β2

23β
2
14 − 2α2

12 − 2α2
34 − 4α12β13β23

− 2α34(β13β14 + β23β24)− 2β13β14β23β24 + 2α2
12α

2
34 − 2β2

13β14β24 + 5α12α34β14β23 − 2α12α34β13β24)
+ 4(t(1− t)3 + t3(1− t))(α2

12 + α2
34 + 2β2

14 + 2β2
23 + α34(β13β14 + β23β24) + α12(β13β23 + β14β24)

+ 2α12α34(β14β23 − β13β24)) .
(5.13)

5.2.2 Projection of events
We have already studied how the HWP and QWP perform a transformation on the polarization of
the reflected photons at Alice and Bob’s stations (subsection 1.2.3 in Chapter 3). In fact, equation
4.13 showed how the total transformation looks like in the Pauli matrices’ basis. This resulted to
be a very useful basis in order to define the difference in counts operator and the measurement
operator M̂(θ, φ). In this chapter, however, we are interested in studying the click on one or the
other detector separately, and thus we will describe the transformation slightly differently in order
to clarify the notation. Expanding equation 4.13 in a single matrix form:

Ûtot(θ, φ) = 1√
2

(
− cos 2(φ− θ) + i cos 2φ − sin 2(φ− θ)− i sin 2φ

sin 2(φ− θ)− i sin 2φ − cos 2(φ− θ)− i cos 2φ

)
≡
(
U11 U12
U21 U22

)
. (5.14)
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If we define the following expressions:

Λ ≡ 1
2

(
cos 2(φ− θ)2 + cos 2φ2

)
, K ≡ 1

2

(
sin 2(φ− θ)2 + sin 2φ2

)
, (5.15)

it holds that

|U11|2= |U22|2= U11U22 = U∗11U
∗
22 = Λ, |U12|2= |U21|2= −U12U21 = −U∗12U

∗
21 = K . (5.16)

Note that in fact Λ +K = 1 as expected. Furthermore, we define:

Γ++ ≡
1
2 (i sin 2(2φ− θ) + sin 2θ cos 2(2φ− θ)) , Γ−− ≡

1
2 (−i sin 2(2φ− θ)− sin 2θ cos 2(2φ− θ)) ,

Γ+− ≡
1
2 (i sin 2(2φ− θ)− sin 2θ cos 2(2φ− θ)) , Γ−+ ≡

1
2 (−i sin 2(2φ− θ) + sin 2θ cos 2(2φ− θ)) ,

(5.17)

which satisfies Γ++ + Γ−− = Γ+− + Γ−+ = 0 and allow to write in a compact way the following
useful relations:

U11U
∗
12 = Γ−−, U12U

∗
11 = Γ+−, U21U

∗
22 = Γ++, U22U

∗
21 = Γ−+ . (5.18)

Finally, for the following calculations, recall that from equation 4.11 it holds that:{
âHf1 = U∗11A

ÂHf1 + U∗21A
ÂVf1

âVf2 = U∗12A
ÂHf2 + U∗22A

ÂVf2

{
â†Hf1

= U11A
Â†Hf1

+ U21A
Â†Vf1

â†Vf2
= U12A

Â†Hf2
+ U22A

Â†Vf2{
b̂Hf1 = U∗11B

B̂Hf1 + U∗21B
B̂Vf1

b̂Vf2 = U∗12B
B̂Hf2 + U∗22B

B̂Vf2

{
b̂†Hf1

= U11B
B̂†Hf1

+ U21B
B̂†Vf1

b̂†Vf2
= U12B

B̂†Hf2
+ U22B

B̂†Vf2

(5.19)

We shall then proceed with the calculation of all the terms that conform Table 5.1. Let us start
with a term which we have already detailed in Chapter 3, P2110; however, losses where not included
back then, so it will be a good example on how the calculations are carried out. First of all, we
write the corresponding transformation to the event looking at equation 3.27. Two photons reach
the heralding station while one is detected at Alice and Bob’s stations respectively. No photon is
lost so we drop the loss operators, obtaining

â†Hf1
→
√
η1f1ηtT

2 Ô†f1 + i
√
η1f1η2f1(1− T )â†Hf1

,

â†Vf2
→
√
η1f2ηtT

2 Ô†f2 + i
√
η1f2η2f2(1− T )â†Vf2

,

b̂†Hf3
→
√
η1f3ηtT

2 Ô†f3 + i
√
η1f3η2f3(1− T )b̂†Hf3

,

b̂†Vf4
→
√
η1f4ηtT

2 Ô†f4 + i
√
η1f4η2f4(1− T )b̂†Vf4

,

(5.20)

and we restrict the operators to satisfy:

â†Hf1
â†Vf2

→ i

√
η1f1η1f2ηtT (1− T )

2

(√
η2f2Ô

†
f1â
†
Vf2

+√η2f1Ô
†
f2â
†
Hf1

)
,

b̂†Hf3
b̂†Vf4

→ i

√
η1f3η1f4ηtT (1− T )

2

(√
η2f4Ô

†
f3b̂
†
Vf4

+√η2f3Ô
†
f4b̂
†
Hf3

)
.

(5.21)
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These transformations allow us to calculate the density matrix ρ2110. Then, applying equations
5.2 and 5.4, the projections over the detectors are calculated to be:

P2110++ = Tr
{(
M̂+A

⊗ M̂+B

)
ρ′2110

}
= η2

t T
2(1− T )2

4 η1f1η1f2η1f3η1f4 ·

[η2f1η2f3

〈
Ôf2Ôf4Ô

†
f2Ô

†
f4

〉
ΛAΛB + η2f1η2f4

〈
Ôf2Ôf3Ô

†
f2Ô

†
f3

〉
ΛAKB+

+η2f2η2f3

〈
Ôf1Ôf4Ô

†
f1Ô

†
f4

〉
KAΛB + η2f2η2f4

〈
Ôf1Ôf3Ô

†
f1Ô

†
f3

〉
KAKB+

+√η2f1η2f2η2f1η2f4α12α34

〈
Ôf1Ôf3Ô

†
f2Ô

†
f4

〉
(Γ−−A

Γ−−B
+ Γ+−A

Γ+−B
) +

+√η2f1η2f2η2f1η2f4α12α34

〈
Ôf1Ôf4Ô

†
f2Ô

†
f3

〉
(Γ+−A

Γ−−B
+ Γ−−A

Γ+−B
)]

(5.22)

P2110+− = Tr
{(
M̂+A

⊗ M̂−B

)
ρ′2110

}
= η2

t T
2(1− T )2

4 η1f1η1f2η1f3η1f4 ·

[η2f1η2f3

〈
Ôf2Ôf4Ô

†
f2Ô

†
f4

〉
ΛAKB + η2f1η2f4

〈
Ôf2Ôf3Ô

†
f2Ô

†
f3

〉
ΛAΛB+

+η2f2η2f3

〈
Ôf1Ôf4Ô

†
f1Ô

†
f4

〉
KAKB + η2f2η2f4

〈
Ôf1Ôf3Ô

†
f1Ô

†
f3

〉
KAΛB+

+√η2f1η2f2η2f1η2f4α12α34

〈
Ôf1Ôf3Ô

†
f2Ô

†
f4

〉
(Γ−−A

Γ++B
+ Γ+−A

Γ−+B
) +

+√η2f1η2f2η2f1η2f4α12α34

〈
Ôf1Ôf4Ô

†
f2Ô

†
f3

〉
(Γ+−A

Γ++B
+ Γ−−A

Γ−+B
)]

(5.23)

P2110−+ = Tr
{(
M̂−A

⊗ M̂−B

)
ρ′2110

}
= η2

t T
2(1− T )2

4 η1f1η1f2η1f3η1f4 ·

[η2f1η2f3

〈
Ôf2Ôf4Ô

†
f2Ô

†
f4

〉
KAΛB + η2f1η2f4

〈
Ôf2Ôf3Ô

†
f2Ô

†
f3

〉
KAKB+

+η2f2η2f3

〈
Ôf1Ôf4Ô

†
f1Ô

†
f4

〉
ΛAΛB + η2f2η2f4

〈
Ôf1Ôf3Ô

†
f1Ô

†
f3

〉
ΛAKB+

+√η2f1η2f2η2f1η2f4α12α34

〈
Ôf1Ôf3Ô

†
f2Ô

†
f4

〉
(Γ++A

Γ−−B
+ Γ−+A

Γ+−B
) +

+√η2f1η2f2η2f1η2f4α12α34

〈
Ôf1Ôf4Ô

†
f2Ô

†
f3

〉
(Γ−+A

Γ−−B
+ Γ++A

Γ+−B
)]

(5.24)

P2110−− = Tr
{(
M̂−A

⊗ M̂−B

)
ρ′2110

}
= η2

t T
2(1− T )2

4 η1f1η1f2η1f3η1f4 ·

[η2f1η2f3

〈
Ôf2Ôf4Ô

†
f2Ô

†
f4

〉
KAKB + η2f1η2f4

〈
Ôf2Ôf3Ô

†
f2Ô

†
f3

〉
KAAB+

+η2f2η2f3

〈
Ôf1Ôf4Ô

†
f1Ô

†
f4

〉
ΛAKB + η2f2η2f4

〈
Ôf1Ôf3Ô

†
f1Ô

†
f3

〉
ΛAΛB+

+√η2f1η2f2η2f1η2f4α12α34

〈
Ôf1Ôf3Ô

†
f2Ô

†
f4

〉
(Γ++A

Γ++B
+ Γ−+A

Γ−+B
) +

+√η2f1η2f2η2f1η2f4α12α34

〈
Ôf1Ôf4Ô

†
f2Ô

†
f3

〉
(Γ−+A

Γ++B
+ Γ++A

Γ−+B
)]

(5.25)

In fact, the total probability P2110 equals the sum over all the projections:

P2110 = P2110++ + P2110+− + P2110−+ + P2110−− = η2
t T

2(1− T )2

4 η1f1η1f2η1f3η1f4 ·

[η2f1η2f3

〈
Ôf2Ôf4Ô

†
f2Ô

†
f4

〉
+ η2f1η2f4

〈
Ôf2Ôf3Ô

†
f2Ô

†
f3

〉
+

+η2f2η2f3

〈
Ôf1Ôf4Ô

†
f1Ô

†
f4

〉
+ η2f2η2f4

〈
Ôf1Ôf3Ô

†
f1Ô

†
f3

〉
] .

(5.26)
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To double check the result, we can take the limit in which the local efficiency is 1, as well as equal
distinguishabilities α and β. If we substitute the expectation values of the photon operators at the
heralding station by the corresponding to the succesful combinations D1D4/D2D3, we obtain the
same probability as in Chapter 3, η2

t T
2(1− T )2. If on the contrary, we accept all combinations at

the CHS, all the expectation values of the creation operators of photons at the heralding station
are independent of any parameter equallying 4 (equation 5.8) thus obtaining the total probability
4η2
t T

2(1 − T )2. The rest of the detailed results for all the other probability contributions can
be found in the Appendix A. However, we detail one specific case: the events P2200 and P2020.
These events share a special characteristic, compared to the others, as two photons arrive at the
measurement devices of either Alice or Bob. In case two photons are indeed detected, there is
no difficulty in identifying this event as incorrect and disregard it. However, as it was explained
before, if both photons click simultaneously on the same detector, not Alice nor Bob would be able
to tell the difference. This implies that we should stablish two different categories within these
events: the probability that the two photons will click on the same (P2200SD

and P2020SD
) or on

different detectors (P2200DD
and P2020DD

) . Whether they do or not will depend, of course, on the
set of angles chosen for the HWP and QWP.

Let us start with P2200. As the two photons generated by Alice stay in the station and it is the
two photons generated by Bob arriving to the heralding station, the applied transformation yields:

â†Hf1
→ i

√
η1f1η2f1(1− T )â†Hf1

, b̂†Hf3
→
√
η1f3ηtT

2 Ô†f3,

â†Vf2
→ i

√
η1f2η2f2(1− T )â†Vf2

, b̂†Vf4
→
√
η1f4ηtT

2 Ô†f4 ,

(5.27)

giving:

â†Hf1
â†Vf2

→ −(1− T )√η1f1η1f2η2f1η2f2 â
†
Hf1

â†V2

b̂†Hf3
b̂†Vf4

→ ηtT

2
√
η1f3η1f4Ô

†
f3Ô

†
f4 .

(5.28)

Thus the associated density matrix:

ρ2200 = η2
t T

2(1− T )2

4 η1f1η1f2η1f3η1f4η2f1η2f2

〈
Ôf3Ôf4Ô

†
f3Ô

†
f4

〉(
â†Hf1

â†Vf2
|∅〉 〈∅| âHf1 âVf2

)
.

(5.29)
After applying the transformations associated to the HWP and QWP to ρ2200 and taking the
trace, we keep terms contributing to the probability of clicks at the same detector P2200SD

the
ones that go as

〈
ÂHf1ÂHf2Â

†
Hf1

Â†Hf2

〉
=
〈
ÂVf1ÂVf2Â

†
Vf1

Â†Vf2

〉
= 1 + α2

12. On the contrary, the

mixed terms
〈
ÂHf1ÂVf2Â

†
Hf1

Â†Vf2

〉
=
〈
ÂVf1ÂHf2Â

†
Vf1

Â†Hf2

〉
= 1 and

〈
ÂHf1ÂVf2Â

†
Vf1

Â†Hf2

〉
=〈

ÂVf1ÂHf2Â
†
Hf1

Â†Vf2

〉
= α2

12 contribute to P2200DD
, giving the results:

P2200SD+ = P2200SD−

= η2
t T

2(1− T )2

4 η1f1η1f2η1f3η1f4η2f1η2f2

〈
Ôf3Ôf4Ô

†
f3Ô

†
f4

〉
(1 + α2

12)ΛAKA,

P2200DD
=

= η2
t T

2(1− T )2

4 η1f1η1f2η1f3η1f4η2f1η2f2

〈
Ôf3Ôf4Ô

†
f3Ô

†
f4

〉 (
Λ2
A +K2

A − 2ΛAKAα
2
12
)
,

(5.30)
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It is trivial to check that, in fact, the angle dependence goes away when calculating the whole term
P2200:

P2200 = P2200SD+ + P2200SD− + P2200DD
= η2

t T
2(1− T )2

4 η1f1η1f2η1f3η1f4η2f1η2f2

〈
Ôf3Ôf4Ô

†
f3Ô

†
f4

〉
.

(5.31)

The rest of the contributions depicted in Table 5.1 can be found in Appendix A.

5.3 Calculation of thresholds for the success of the protocol
Now that we have accounted for all the different extra events that can lead to a wrong message
from the heralding station we can construct the Bell’s inequality again. To begin with, we should
clasify all the different possibilities in a bigger picture. Let us change a little bit the notation
and define P (A = i, B = j) as the joint probability for Alice to perform a measurement with
outcome i = {+,−, ∅} and for Bob with outcome j = {+,−, ∅}. As in the previous section, +
means that a clicked was measured on detectors AH/BH , whereas − means that a clicked was
measured on detectors AV /BV . If the outcome is ∅, then no photon was detected. In other words,
P (A = i, B = j) gives the probability for Alice and Bob to measure a photon, P (A = i, B = ∅) and
P (A = ∅, B = j) gives the probability for one of them to measure a photon and the other not receive
any and P (A = ∅, B = ∅) gives the probability that both Alice and Bob performed no measurement
at the detectors. Each of the different probability events specified in Table 5.1 contributes to one
of these four terms, as detailed in Table 5.2. Note that the probability P (A = ∅, B = ∅) will
also account for all those events that are actually disregardable: P2200DD

and P2020DD
. Recall

that these two probabilities represent the simultaneous click on two detectors from the same local
station, in which case is automatically identified as a wrong event. It is not the case for P2200SD

and P2020SD
, which are interpreted as a single click, and thus contribute to P (A = i, B = ∅)

and P (A = ∅, B = j), respectively. In Figure 5.1 we have plotted the different contributions
to the probability of acceptance of the heralding station, P (A = i, B = j)2, P (A = i, B = ∅),
P (A = ∅, B = j) and P (A = ∅, B = ∅), in terms of the probability of transmission of the first beam
splitter, T (recall that T influences directly on the local efficiency, given that ηl = η1η2(1 − T )).
The total heralding rate is calculated as the sum of all the contributions. For simplicity, we stay
in a low transmission limit, ηt ≈ 0, and with a 50:50 beam splitter placed at the heralding station.
We can then study how much each of the probability contributions matter compared with each
other depending on the distinguishability of the photons involved. It is important to understand
why one should stay in a low T limit by looking at the plots shown in Figure 5.1: the bigger the
transmission of the first beam splitter is, the better the heralding rate, but on the contrary the
contribution of P (A = i, B = ∅), P (A = ∅, B = j) and P (A = ∅, B = ∅) is higher and eventually
bigger that the main probability term. When this happens, we start identifying as correct more
failed events than correct ones, thus inserting a lot of noise in the protocol. For greater asymmetry
and lower distinguishability, the margin of increase in T becomes less in order to gain a better
heralding rate.

In the following we establish a way to relate the violation of Bell’s inequality with the required
efficiencies and distinguishability of photons. We have to decide a strategy for Alice and Bob to
follow every time they do not measure a photon if we want to perform DIQKD. We will choose the

2We do not adopt any strategy of identification in this plot. P (A = i, B = j) is basically identified solely with
the term P2110.
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Figure 5.1: Heralding rate of the protocol and its different components in a low transmission limit, ηt ≈
0.1, and with a 50:50 beam splitter placed at the heralding station for several values of distinguishability
of photons. As the distinguishability and asymmetry between photons from Alice and Bob’s stations
increase, the probability of incorrect events that are detected as approved by the heralding station increase
at lower T . This implies that a bigger asymmetry regarding the distinguishability of photons forces to
stay in a lower heralding rate regime in order to keep the dominance of the probability of correct events,
P (A = i, B = j).
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P (A = i, B = j) P (A = i, B = ∅) P (A = ∅, B = j) P (A = ∅, B = ∅)

P2110 P2200SD
P2020SD

P2002
P2101 P2011 P3001
P3100 P3010 P4000

P2200DD

P2020DD

Table 5.2: Distribution of all the different contributions to the probabilities P (A = i, B = j), P (A =
i, B = ∅), P (A = ∅, B = j) and P (A = ∅, B = ∅).

one that is, at first sight, the simplest one: Alice and Bob will note as i, j = + every time they do
not get a click at the detector. In other words, we redefine the probability of Alice and Bob for
obtaining i, j outcomes as P̃ (A = i, B = j), which satisfies:

P̃ (A = i, B = j) =P (A = i, B = j) + δj,+P (A = i, B = ∅) + δi,+P (A = ∅, B = j)
+δi,+δj,+P (A = ∅, B = ∅) .

(5.32)

For more clarity, let us expand equation 5.32:

P̃ (A = −, B = −) = P (A = −, B = −),
P̃ (A = +, B = −) = P (A = +, B = −) + P (A = ∅, B = −),
P̃ (A = −, B = +) = P (A = −, B = +) + P (A = −, B = ∅),
P̃ (A = +, B = +) = P (A = +, B = +) + P (A = +, B = ∅) + P (A = ∅, B = +) + P (A = ∅, B = ∅) ,

(5.33)

which, writing explicitly all the contributions attending to Table 5.1:

P̃ (A = −, B = −) = P2110−− ,

P̃ (A = +, B = −) = P2110+− + P2011− + P3010− + P2020SD−
,

P̃ (A = −, B = +) = P2110−+ + P2101− + P3100− + P2200SD−
,

P̃ (A = +, B = +) = P2110++ + P2011+ + P3010+ + P2020SD+
+ P2101+ + P3100+ + P2200SD+

+P2002 + P3001 + P4000 + P2200DD
+ P2020DD

.

(5.34)

In Chapter 3, we constructed the correlations C(a,b) that conform the CHSH inequality with
the normalized difference in counts between the two detectors in each station, that was defined as
the expectation value

〈
Q̂T

〉
(equation 4.37). However, in this chapter we have projected all the

probabilities individually on each detector. In other words, we need to rewrite the expectation
value of the difference in counts in terms of the probabilities P (A = i, B = j), P (A = i, B = ∅),
P (A = ∅, B = j) and P (A = ∅, B = ∅). From equation 4.27 and taking into account the definitions
from equation 5.3:〈
Q̂T

〉
= Tr

{
Q̂T ρ

}
= Tr

{(
M̂A ⊗ M̂B

)
ρ
}

= Tr
{(
Û†tot

(
M̂+A

− M̂−A

)
⊗
(
M̂+B

− M̂−B

)
Ûtot

)
ρ
}

= Tr
{(
M̂+A

− M̂−A

)
⊗
(
M̂+B

− M̂−B

)
ÛtotρÛ

†
tot

}
,

(5.35)
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which leads to:〈
Q̂T

〉
= Tr

{(
M̂+A

⊗ M̂+B

)
ρ′
}
− Tr

{(
M̂+A

⊗ M̂−B

)
ρ′
}

− Tr
{(
M̂−A

⊗ M̂+B

)
ρ′
}

+ Tr
{(
M̂−A

⊗ M̂−B

)
ρ′
}

= P (A = +, B = +)− P (A = +, B = −)− P (A = −, B = +) + P (A = −, B = −) .
(5.36)

However, before calculating the correlations C(a,b) we have to normalize the total difference in
counts, as we did in Chapter 3. Again, we must divide

〈
Q̂T

〉
by the total number of counts,

which in this case is equivalent to the sum of all the different probability contributions from Table
5.1. To prove it more carefully, it is enough to calculate the total number of counts

〈
N̂T

〉
with

measurement operators that satisfy M̂i = 1. In fact:〈
N̂T

〉
= Tr{(1A ⊗ 1B) ρ} = Tr

{(
M̂+A

+ M̂−A

)
⊗
(
M̂+B

+ M̂−B

)
ρ′
}

= Tr
{(
M̂+A

⊗ M̂+B

)
ρ′
}

+ Tr
{(
M̂+A

⊗ M̂−B

)
ρ′
}

+ Tr
{(
M̂−A

⊗ M̂+B

)
ρ′
}

+ Tr
{(
M̂−A

⊗ M̂−B

)
ρ′
}

= P (A = +, B = +) + P (A = +, B = −) + P (A = −, B = +) + P (A = −, B = −) .
(5.37)

Note that if we substitute equation 5.34 in equation 5.37, we indeed obtain that the total number
of counts equals the sum of all the different probability contributions, which is obviously angle
independent:〈

N̂T

〉
= P2110 + P2011 + P3010 + P2020 + P2101 + P3100 + P2200 + P2002 + P3001 + P4000 . (5.38)

Dividing the expression obtained for the expectation value of the total difference in counts by the
total number of counts, this is, equation 5.36 by equation 5.37, we obtain the expression for the
correlations C(a,b) in terms of the projected probabilities:

C(a,b) = P (A = +, B = +)− P (A = +, B = −)− P (A = −, B = +) + P (A = −, B = −)
P (A = +, B = +) + P (A = +, B = −) + P (A = −, B = +) + P (A = −, B = −) .

(5.39)
This way of constructing the correlation for a experimental realization of the violation of the CHSH
inequality was introduced for the first time by the Bell test that Aspect realized in 1982 [14]. It is
of course dependent on the measurement angles, but also on the transmission of the beam splitters
involved, the distinguishability of photons and the transmission and local efficiencies. Ideally, the
correlation reaches the extremes of the interval in which it is defined, [−1, 1]. However, due to the
different errors we have introduced the correlation can not achieve ±1, which is shown in Figure
5.2. In this plot, we have fixed all the HWP and QWP angles except for one, so we can study
the relative evolution of the correlation based on one of them. In particular, θA varies from 0 tp
π while we fix θB = −π/4, φA = π/8 and φB = π/2. The reason to choose this combination
in particular is that, it is one of the many combinations that allow C(a,b) to become ±1, when
considering only the angle dependence. In this example, we are in the indistinguishable photons
limit, as well as establishing T ≈ 0 and t = 1/2. By disminishing the local efficiency ηl we can
appreciate how the correlation is unable to reach its maximum anymore, as it happened due to the
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Figure 5.2: Correlation of the measurements realized by Alice and Bob in terms of the relative angle θA

for several values of local efficiency ηl, after fixing the rest of them as θB = −π/4, φA = π/8 and φB = π/2.
The experiment is performed with indistinguishable photons and in the limit T ≈ 0, with a 50:50 beam
splitter in the heralding station.

non-ideal polarizers in [14]. We can already have an intuition on the effect that the local efficiency
will have on the violation of the Bell inequality, given how it restricts each of the correlations.

5.3.1 Distinguishability and local efficiency
Once we have constructed the correlations C(a,b) (equation 5.39) we can proceed with analysing
how the violation of the CHSH inequality is conditioned by not only the degree of distinguishability
of photons as we studied in Chapter 3, but also the efficiency of the set-up and the influence of
multiphoton events. Let us recall once more the CHSH inequality [12]:

S = |C(a,b) + C(a′,b) + C(a,b′)− C(a′,b′)|≤ 2 (5.40)

Unlike in Chapter 3, whether S will satisfy S ≥ 2 depends on all the new parameters that
we have introduced in this chapter: not only the visibility of the sources, but also the local
efficiencies η1fi

, η2fi
(represented in the total local efficiency ηl = η1η2(1− T )) and the efficiency

in transmission to the heralding station ηt. Note that it will also depend on the transmission of
the first beam splitter T : due to all the additional events we take into account, T no longer goes
away with the normalization of the correlation. The purpose of this subsection is to establish a
threshold both in distinguishability and local efficiency upon which the CHSH inequality violation
is satisfied. Let us start by assuming symmetry in the distinguishability of photons by claiming
that αij = α = βij = β, as well as η1fi

= η1, η2fi
= η2, so that the number of parameters can

be reduced and the results can be simplified. We have seen in Figure 5.1 how an asymmetry in
distinguishability would only make the succes of the protocol harder. Furthermore, we will stay in
the limit of low transmission T ≈ 0, ηt ≈ 0. This way we can also ensure that the probability of
detecting false correct events at the heralding station is less comparable to P2110, if we consider the
graph in Figure 5.1. After setting this context for the parameters we construct the CHSH inequality
optimizing S by means of the eight different angles for each value of distinguishability and local
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efficiency. The result is plot in Figure 5.3. We can see that the violation of the inequality occurs in
two different areas of the plot: when the local efficiency is 0 for any value of the distinguishability
of photons, and for both high local efficiency and indistinguishability. The first region is definitely
counterintuitive at first sight, but makes total sense, however, if we recall that we have adopted
a determined strategy assigning {+} to the outcome every time no clicks were measured in Alice
and Bob’s stations. By doing so, if it is completely impossible to receive any photon at the
measurement devices (ηl = 0), we are in fact assigning {+} to all measurements, which will lead
to having all correlations equal to 1 and, thus, S = 2. The region that is relevant for us given
that it will provide with the necessary distinguishability and efficiency to violate Bell’s inequality,
is the one localized in the right top of the contour plot. A more detailed plot of this area has
been included in Figure 5.4. The red and blue circles designate the contour line that establishes
the threshold CHSH inequality violation, as S ≥ 2. In fact, the blue circle corresponds with the
threshold we had already found in Chapter 3, α = β = 0.889, as we had not included losses back
then (equivalent to ηl = 1 in Figure 5.4). On the other hand, the red circle points out the minimum
local efficiency required for perfect indistinguishablity, ηl = 0.828. This value agrees precisely with
the fundamental limit in local efficiency required for the violation of the CHSH inequality with
the maximally entangled state of two qubits [16]. In a similar way to Figure 4.2, for completeness
we show the value of S as a function of the local efficiency in the limit in which photons are
indistinguishable (Figure 5.5). In fact, S = 2 when there is no local transmission of photons due
to the strategy assigning measurement outcomes, as explained above, and the violation of the
inequality matches the fundamental threshold of ηl = 0.828. This is a very interesting result.
When the strategy detailed in equation 5.32 was chosen, it was meant to be the simplest one: just
assigning one of the two possible outcomes to every event when a click is not registered at the

Figure 5.3: Contour map of S from the CHSH inequality in terms of the distinguishability of photons
in the limit α = β and the local efficiency ηl = η1η2(1 − T ). The parameters have been chosen in the
limit of low transmission T ≈ 0, ηt ≈ 0. The regions in which S ≥ 2 is satisfied, are placed at both high
indistinguishability and local efficiency regimes, and for a low local efficiency.
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Figure 5.4: Detail from Figure 5.3, where the threshold for the violation of the CHSH inequality is clearly
shown. The red and blue circles point out the contour line that delimites the regions from which S ≥ 2.
Note that the point marked by the red circle corresponds with the fundamental threshold of ηl = 0.828
[?] when photons are indistinguishable. Furthermore, when the local efficiency is perfect (ηl = 1), we
recover our results from Chapter 3 and in fact, the blue circle designates a threshold in distinguishability
of α = β = 0.889.

detector. Furthermore, we assumed that the following step would be to find a smarter strategy.
However, we have found out that the obtained threshold in local efficiency already reaches the
fundamental limit for the CHSH inequality. As a consequence, we know that we can not lower the
threshold by means of a better assignment of measurements. Instead, we will need to look at the
dimensionality of our system or look for more suitable inequalities [18].

Figure 5.5: The combinations of correlations S from the CHSH inequality is plotted as a function of the
local efficiency ηl, given perfect indistinguishability of photons (α = β = 1).
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Figure 5.6: Contour map of S from the CHSH inequality in terms of the HOM visibility in the limit
α = β and the local efficiency ηl. The yellow region indicates S ≥ 2.

Whether these thresholds are actually achievable for InGaAs quantum dots as single-photon
sources or not is the next big aspect of the set-up that needs to be investigated. To begin with,
we translate the distinguishability of photons into the HOM visibility of the sources with equation
3.18, as we did in Chapter 3, so we can plot a contour around the threshold in visibility and local
efficiency (Figure 5.6). In fact, as a sanity check, the fundamental threshold in local efficiency
is indeed the same, and the required visibility of the sources in the limit of no local losses is
Vα = Vβ = 0.79, as obtained in Chapter 3. Unfortunately, we can see that the required local
efficiency is approximately ηl ≈ 90% for reasonable efficiencies, which is not yet achievable with
current InGaAs quantum-dot single-photon sources [4].

5.3.2 Optimizing the probability of transmission T

We have explored the limitations that the visibility of sources and the efficiency of transmission
of the stations impose over the violation of Bell’s inequality. We have approached this task in
a low transmission limit T , as we showed in Figure 5.1 to ensure that the probability of correct
events is dominant over the other pseudo-correct ones. But how low does it have to be, precisely?
In this section we aim to find the optimal transmission T in order to answer this question and
calculate quantitatively the number of times that the experiment should be run in order to violate
the inequality with a certain number of σ deviations. Let us start by calculating the standard
deviation σS of S (equation 5.40):

σ2
S =

〈
S2〉− 〈S〉2 =

〈
(〈ab〉+ 〈a′b〉+ 〈ab′〉 − 〈a′b′〉)2

〉
−〈〈ab〉+ 〈a′b〉+ 〈ab′〉 − 〈a′b′〉〉2

. (5.41)
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Expanding equation 5.41

σ2
S =

〈
a2b2〉+

〈
a
′2b2

〉
+
〈

a2b
′2
〉

+
〈

a
′2b
′2
〉

+ 2 〈〈ab〉 〈a′b〉〉+ 2 〈〈ab〉 〈ab′〉〉+ 2 〈〈a′b〉 〈ab′〉〉
− 2 〈〈ab〉 〈a′b′〉〉 − 2 〈〈a′b〉 〈a′b′〉〉 − 2 〈〈ab′〉 〈a′b′〉〉

− [〈ab〉2 + 〈a′b〉2 + 〈ab′〉2 + 〈a′b′〉2

+ 2 〈ab〉 〈a′b〉+ 2 〈ab〉 〈ab′〉+ 2 〈a′b〉 〈ab′〉
− 2 〈ab〉 〈a′b′〉 − 2 〈a′b〉 〈a′b′〉 − 2 〈ab′〉 〈a′b′〉] .

(5.42)

Note that as the four correlations C(a,b) are not correlated within them, it holds for any combina-
tion of the four of them that 〈C(a,b)C(a′,b)〉 = 〈C(a,b)〉 〈C(a′,b)〉, which simplifies considerably
equation 5.42:

σ2
S =

〈
C2(a,b)

〉
+
〈
C2(a′,b)

〉
+
〈
C2(a,b′)

〉
+
〈
C2(a′,b′)

〉
−
[
〈C(a,b)〉2 + 〈C(a′,b)〉2 + 〈C(a,b′)〉2 + 〈C(a′,b′)〉2

]
= σ2

C(a,b) + σ2
C(a′,b) + σ2

C(a,b′) + σ2
C(a′,b′) .

(5.43)

On the other hand, note that
〈
C2(a,b)

〉
=
〈
a2b2〉 = 1, attending to equation 5.40. Furthermore,

it also follows that the expectation value of the expectation value gives trivially 〈C(a,b)〉2 =
〈〈ab〉〉2 = 〈ab〉2 = C(a,b)2. Therefore we obtain a very simple expression for the standard
deviation of S:

σS =
√

4− C(a,b)2 − C(a′,b)2 − C(a,b′)2 − C(a′,b′)2 . (5.44)

However, this corresponds to the standard deviation of just one run of the experiment. The average
standard deviation of S, σ̄S , has to take into account the typical number of times NCHS that the
photons must be sent to the heralding station in order to obtain a positive message back:

σ̄S = σS√
NCHS

. (5.45)

Moreover, the number of heralding tries NCHS is related to the actual number of runs of the
experiment Nruns (number of attempts) by the probability of acceptance at the heralding station,
Ptot, in the form NCHS = PtotNruns. The probability of acceptance is the sum of all the probability
contributions to the detection of a correct combination at the heralding station, and thus is equal
to the total number of counts that we defined in equation 5.38:

Ptot = P2110 + P2011 + P3010 + P2020 + P2101 + P3100 + P2200 + P2002 + P3001 + P4000 . (5.46)

Note that if the probability of acceptance was perfect, then both number of attempts would
be identical. However, as this probability is lower than 1, it takes a bigger number of runs of the
experiment in order to have the number of heralding events with which we calculate the averaged
deviation σ̄S . We are interested, as mentioned above, in what is the best transmission T that
should be used, as a low transmission improves the performance of the protocol but implies a
low heralding rate and thus requires a big number of runs of the experiment. To find the best
compromise we calculate the number Z of standard deviations required to violate the inequality:

Z = S − 2
σ̄S

, (5.47)
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Figure 5.7: Left. The parameter S from the CHSH inequality is plotted for several symmetrical values of
distinguishability of photons as a function of the probability of transmission of the first beam splitter. The
efficiencies η1 and η2 have been set to 1 so it is only T that varies the global local efficiency ηl = η1η2(1−T ).
Right. The number of standard deviations with respect to the violation of the inequality is plot as a function
of the probability of transmission of the first beam splitter, normalized with respect to the number of times
that the experiment is carried out, Nrun. In both plots the transmission efficiency has been set to be in
the low transmission limit ηt = 0.1.

Figure 5.8: Optimal value of probability of transmission of the first beam splitter T as a function of the
distinguishability of photons, in the limit of low transmission ηt = 0.1 and assuming symmetry between
the sources such as α = β. The optimized values have been fitted by a polynomial curve.
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which applying the relations described above yields:

Z = S − 2
σS

√
NCHS = S − 2

σS

√
PtotNrun . (5.48)

Thus, we can improve the number of standard deviations that we are violating Bell with by
increasing the number of times we run the experiment. Z depends on the values of visibility of
the sources, and has an optimal Topt for each value of visibility. However, in order to proceed with
the optimization over T we eliminate the dependence in number of attempts of the experiment by
defining

Z ′ ≡ Z√
Nrun

= S − 2
σ̄S
√
Nrun

= S − 2
σS

√
Ptot . (5.49)

If we stay in the realistic low transmission efficiency limit (ηt ≈ 0), then we recall that Ptot
will have only main contributions from two photons arriving to the heralding station, and thus
Ptot ∼ T 2. This agrees with the plots showed in Figure 5.7 Right. We can see how, in fact, for each
value of distinguishability of photons there is a different optimal T with which we can achieve the
maximal standard deviations from the violation of Bell’s inequality. This value, and the maximum
of achievable standard deviations decrease with the distinguishability of photons. This makes sense
if we recall that, as the visibility of the sources decreases, being able to violate Bell’s inequality
gets increasingly more demanding and thus it becomes more and more important to have a very
good local efficiency (as discussed in the previous section), which depends on T as ηl ∝ 1− T . To
make it even simpler to visualize, the corresponding S to the displayed values of distinguishablity
has been plotted on Figure 5.7 Left as a function of T . Let us now find the optimal probability of
transmission for each value of distinguishability of photons. The optimization has been run for each
value of distinguishability within the threshold found in the previous chapter α = β = 0.889 and
unity. The optimal values we find have been fitted by a polynomial fit in Figure 5.8. As expected,
the optimal compromise between the heralding rate and the success of the protocol shows that the
probability of transmission T should be smaller for lower values of the parameters α and β.

Finally, it would be interesting experimentally to, actually, show how many runs of experiment
should be made in order to achieve a certain number of Z standard variations σS from the violation
of the inequality. Clearing equation 5.48:

Nrun = σ2
S

Ptot(S − 2)2Z
2 . (5.50)

The number of times that the experiment should be carried out as a function of the number of
standard deviations is plotted on Figure 5.9. We have taken the optimal T previously calculated
for several values of the distinguishability of photons and calculate the probability of acceptance
and the standard deviations corresponding to those values and each distinguishability in the low
transmission limit ηl ≈ 0. Notice the difference of several order of magnitude in the number of
runs when comparing between close values of distinguishability.

Finally, we would like to remark that, beyond the analysis that has been done in this chapter,
the correlations that we have constructed allow to calculate the viability of the experiment with
precision, accounting for different inputs for visibility and efficiencies in each part of the set-up
individually. We believe our work can be a useful tool for the characterization of the future
experimental implementation of the protocol.
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Figure 5.9: Number of times that the experiment must be run in order to achieve a Z number of standard
deviations over the violation of Bell’s inequality. For each value of distinguishability α = β the optimal
value of probability of transmission of the first beam splitter T has been calculated in the low transmission
limit ηt = 0.1.
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Chapter 6

Conclusions and outlook

6.1 Conclusions

This work has allowed us to understand the experimental challenges that a Device-Independent
Quantum Key Distribution protocol gives rise to. Due to the fact that its success is based on the
violation of Bell’s inequality, both locality and detection loopholes must be closed for its completion.
While the locality loophole can be overcome by separating Alice and Bob’s stations a sufficient
distance, the detection loophole demands very high transmission efficiencies. To close it, we have
introduced a heralding scheme [2] that has two main purposes: first, communicate to Alice and Bob
whether the transmission succeeded and thus cancel the effect of the transmission inefficiencies,
and create entanglement by the measurement between the pair of photons that stayed in the local
stations. Furthermore, the heralding station allows knowing what is exactly the entangled state by
means of the detection pattern. We can generate entanglement with 50% probability [42]; however,
we stick to half of the successful events as these are the combinations of clicks that lead to a state
that can be tuned in entanglement with the transmittance t of the central beam splitter of the
set-up (equation 2.27).

We next have introduced several different errors in the experiment. To account for the distin-
guishability of photons, we related the HOM visibility of the single-photon sources to the violation
of Bell’s inequality. We found a threshold of approximately 79%, that is certainly achievable by
single-photon sources based on InGaAs quantum dots [3]. On the other hand, we also considered
mechanisms of losses in the set-up beyond the transmission between stations. This opened again
the detection loophole, as the heralding does not account for local inefficiencies. In addition, the
photo-detectors were not considered to be able to resolve the number of incoming photons, leading
to false detection patterns in the heralding station. This two error contributions forced us to assign
a determined outcome to those events in which no photons are detected by Alice and Bob, given
that the fair-sampling assumption can not be done. The correlations for the CHSH inequality were
constructed based on this strategy, that turned out to provide with the lowest threshold in local
efficiency for indistinguishable photons achievable with the CHSH inequality, ηl = 82.84% [16]. In
fact, we obtained a relation between the required visibility of the sources and local efficiency (Fig-
ure 5.6). Unlike the optimistic result we had found when considering only the distinguishability
of photons, the required local efficiencies for typical InGaAs quantum-dot single-photon sources
(ηl ≈ 90%) are not yet achievable with state-of-the-art photonic implementations [4].
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Finally, we explored how to find the optimal probability of transmission T of the local beam
splitters. While a high transmittance increases the heralding rate, it also enhances the probability
of false messages of success from the heralding station. To find the best compromise between both
situations, we calculated the number of standard deviations from the violation of the inequality
as a function of T (Figure 5.7). The optimal probability of transmission decreases as photons
become more distinguishable. We performed this optimization for all the possible values of dis-
tinguishability, thus being able to represent the number of expected times that the experiment
should be run in order to achieve a certain number of standard deviations (Figure 5.9). Given that
the repetition rate of the laser used to excite the InGaAs quantum dots is typically 72MHz, our
results showed that achieving several standard deviations over the violation of Bell’s inequality can
be accomplished in a reasonable experimental time. However, we must remark that for this last
optimization the only source of local inefficiency that was considered is T , thus assuming no losses
in local transmission, which is far from reality as explained.

6.2 Outlook
The next step to take regarding further errors in the experiment should be to introduce the pos-
sibility of multiphoton generation by the single-photon sources. We can study its effect on the
success of the protocol by analyzing the connection between the second-order correlation function
g(2) and the violation of Bell’s inequality. Furthermore, we have not studied yet the visibilities of
the single-photon sources in relation to the actual decoherence mechanisms of InGaAs quantum
dots. In the thesis, we have worked with the distinguishability parameters α and β averaged over
several mode shapes; however, a noise model is required in order to calculate them precisely as
this time average is not trivial.

Moreover, we have focused on how to close the detection loophole by means of high enough
efficiencies using the CHSH inequality with a maximally entangled state. As explained, there is yet
another approach, which consists on using an inequality that already accounts for non-detection
events instead, like Eberhard’s inequality [18]. This inequality finds its maximal violation with
non-maximally entangled states, that can be generated with the already chosen detection pattern
at the CHS and tuned with the transmittance t of the central beam splitter. This way we expect
to lower the efficiency threshold down to approximately 66% although we can not predict the effect
of the distinguishability of photons on this result.
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Appendix A

Probability contributions

All the detailed results for the different probability contributions depicted in Chapter 4 (see Table
5.1) are detailed in this appendix. The calculation of the corresponding expectation values of the
creation operators of photons at the heralded station and of lost photons can be found in Chapters
4 and 2, respectively. For each contribution the transformation of the initial operators is specified
as well as the final result for the corresponding probability for each projection on the detectors.

Contribution P2020
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â†Vf2

→
√
ηtT

2

(√
η1f1Ô
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†
f4b̂
†
Hf3

) (A.11)

P2011AB+
=η2

t T
2(1− T )

4 η1f3η1f4 ·

[ΛBη2f3

(
η1f1

〈
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†
f4

〉〈
L̂f1L̂

†
f1

〉)
+KBη2f4

(
η1f1

〈
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Ôf1Ôf2Ô

†
f1Ô
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Ôf1Ôf4Ô
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†
f4

〉〈
L̂f2L̂f3L̂

†
f2L̂

†
f3

〉
+η1f2η1f3

〈
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â†Hf1
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Contributions to P3001
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Ôf1Ôf3Ôf4Ô
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Contribution P4000
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