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Resumé

Heaematit er et almindeligt mineral med en relativt simpel, lidt skra antiferromagnetisk
struktur. Heematits magnetisky dynamik er blevet studeret bade teoretisk og eksper-
imentelt de sidste 40 ar. Spinbglgerne er blevet malt i bade bulk og nanopartikler af
haematit, og kvantiseringen i nanopartikler er blevet eftervist.

Det er for nyligt lykkedes at syntesere mesoporgs haematit. Dette materiale har en
makroskopisk struktur af ordnede vaegge med en diameter pa nano-skala. Mesoporgs
haematit har saledes egenskaber til faelles med bade nano-verdenen, sasom stort over-
fladeareal og tynde vaegge, men er samtidig makroskopisk. Studier af mesoporgs haematit
kan saledes hjelpe med at bygge bro over gabet mellem nano og bulk verdenen.

I denne opgave studeres heematit pa nano-skala gennem udregninger, neutronspred-
ningseksperimenter og numeriske simuleringer. Adskillige eksperimenter pa 16 nm og
8 nm haematit nanopartikler og mesoporgs heematit analyseres. I de mesoporgse par-
tikler vises det at easy-plane anisotropy konstanten forbliver negativ ned til de laveste
temperaturer, hvilket giver en forklaring pa udeblevelsen af Morin overgangen, som er
til stede i bulk hesematit.

Det primeere fokus i denne opgave er studiet af nanopartikler. For fgrste gang er
lav- og hgjfrekvens ¢ = 0 excitationerne malt samtidig i et eksperiment. Amplituderne
og frekvenserne af disse excitationer bruges til at bestemme anisotropi-konstanterne i
haematit med god ngjagtighed.

Det papeges at ved negligering af easy-plane anisotropi konstanten har adskillige
publicerede artikler overestimeret haematits easy axis anisotropi konstant med en faktor
2. Med denne korrektion opnas glimrende overensstemmelse mellem Mossbauer data og
neutron data.

Langevin simulationer af nanopartiklernes magnetiske dynamik giver yderligere ind-
sigt i deres opfgrsel. Simulationerne bekrzefter validiteten af Néel-Brown-loven for bade
8 nm og 16 nm partikler. Den simulerede temperaturathsengighed af begge ¢ = 0 ex-
citationer er mindre afhaengig af den gennemsnitlige undergittermagnetisering in hvad
teorien forudsage. Dette medfgrer korrektioner til de eksperimentelt bestemte veerdier
af anisotropi konstanterne.

Med hjelp fra simuleringerne vises det at 8 nm partiklerne sandsynligvis har et
ukompenseret moment pa ca. 1.5%. En ny excitation, dgbt “rotor mode” observeres.
Denne excitation forklarer den malte forggelse af frekvensen af den lavirekvente excita-
tion, og det forudsiges at den er til stede i alle antiferromagnetiske nanopartikler med
steerk in-plane anisotropy.

For bade 8 nm og 16 nm partikler var det muligt at opna god overensstemmelse
mellem simuleringer og adskillige eksperimenter. Simuleringerne er saledes et velegnet
veerktgj til at analysere eksperimenter, hvilket giver en ngjagtig bestemmelse af parame-

trene der styrer nanopartikler af heematits magnetiske dynamik.
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Abstract

Hematite is common mineral with a relatively simple, slightly canted antiferromagnetic
structure. The magnetic dynamics of hematite has been the subject of intense theoretical
and experimental studies in the last 40 years. The spin waves have been measured in
both bulk and nanoparticulate hematite and have been shown to be quantized in the
nanoparticles.

Recently, mesoporous hematite has been synthesized. This material has a long range
ordered structure of walls with diameter on the nano-scale. Mesoporous hematite shares
properties with both the nano-world, such as large surface area and thin walls, while
still being macroscopic in nature. The study of mesoporous hematite thus helps bridge
the gap between the nano- and the bulk world.

In this thesis, nano-scale hematite is studied by theoretical calculations, neutron
scattering experiments and numerical simulations. Various experiments on 16 nm and
8 nm hematite nanoparticles and mesoporous hematite are analyzed.In the mesoporous
particles, the easy-plane anisotropy constant is shown to remain negative down to the
lowest temperature, providing an explanation of the absence of the Morin transition
which is present in bulk hematite.

The main focus of this work is the study of the nanoparticles. For the first time,
the low and high frequency ¢ = 0 magnetic excitation modes have been observed simul-
taneously in experiments. The amplitudes and frequencies of these modes are used to
determine the anisotropy constants of hematite to good precision.

It is pointed out that by neglecting the easy-plane anisotropy constant, several pub-
lished papers overestimate the easy axis anisotropy constant of hematite by a factor
of 2. With this correction, excellent agreement between Mossbauer data and neutron
scattering data is obtained.

Langevin simulations of the magnetic dynamics of the nanoparticles provide further
insight into their behavior. The simulations confirm the validity of the Néel-Brown law
in both 8 nm and 16 nm particles. The simulated temperature dependence of both ¢ = 0
modes is less dependent on the average sublattice magnetization than what is expected
from theory. Corrections to the extracted anisotropy constants from experiments are
made.

With the aid of the simulations, it is shown that the 8 nm particles contain an
uncompensated moment of approximately 1.5%. A new mode, named the “rotor” mode
is observed. This mode explains the observed increase in frequency of the low frequency
mode, and is predicted to be a general feature of antiferromagnetic nanoparticles with
a strong in-plane anisotropy.

For both 8 nm and 16 nm particles it was possible to obtain good agreement between
simulations and several different experiments. The simulations are thus a useful tool to
analyze experiments, providing an accurate determination of the parameters governing

the magnetic dynamics of hematite nanoparticles.
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Chapter 1

Introduction

Hematite, a-FesOg is a common mineral that is found all over Earth. At temperatures
below 948 K, bulk hematite is an antiferromagnet with slightly canted spins, giving a
net total moment [1]. This state is called the weakly ferromagnetic (WF) state. Upon
further cooling below 260 K, the spins flip 90 degrees, and in this state, hematite is a
pure antiferromagnet.

The magnetic properties of hematite have been studied extensively. It has been
studied with neutrons for more than 40 years [2, 3, 4]. One of the first inelastic studies
of bulk hematite was done by Shirane in 1970 [2], determining amongst other things the
exchange constants of hematite.

The chemical and physical properties of materials on a nanoscale is a key area of
scientific interest, covering disciplines from theoretical physics through to clean energy
sources. The ability to tune desirable properties allows fundamental studies of the un-
derlying physics of the material. Magnetic dynamics provided by magnetic interactions
in materials is an area of interest to theoreticians and experimental physicists alike.
Tuning these dynamics can provide novel magnetic materials. One way of altering the
material’s properties is by reducing the size of individual particles or structures (e.g.
thin-films, nanoparticles, nano-structures). Once in the nano-scale region it is widely
known that magnetic properties can differ greatly from the material’s “bulk” counterpart
[5].

Nanoscale hematite (a-FeaO3) has shown potential in a variety of fields, in particular
its photoelectrical properties[6, 7, 8]. Understanding the underlying dynamics and mag-
netism may lead to an improved understanding of the material itself, enabling chemists
to direct their efforts at materials with specific features. Nano-particulate hematite has
been widely studied with a variety of magnetic probes. In particular, inelastic neu-
tron scattering has been used to study high-frequency collective magnetic excitations,
enabling calculations of magnetic anisotropy constants in the system, and providing a
reason for the suppression of the Morin transition in nanoparticles [9, 10, 11, 12].

Another interesting topic in dynamics of nanoparticle magnetism is superparam-

agnetism (SPM), where the magnetization direction spontaneously reverses direction,
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assisted by temperature in an Arrhenius fashion. This effect is present also for antifer-
romagnetic hematite, as was shown directly using Méssbauer spectroscopy [13] and by
quasi-elastic neutron scattering [9]. The relatively recent synthesis of mesoporous (pore
sizes between 2 nm and 50 nm) metal oxides [14, 15] with long range crystallographic
order provides an entirely new class of material with equally interesting magnetic prop-
erties. Because mesoporous materials combine high surface area, nano-sized walls and
three dimensional coherent structure at a micron meter scale, they may exhibit unique
properties, which cannot be observed in nano or bulk counterparts [16, 17, 18].

In this thesis we will investigate the magnetic properties of nano-scale hematite. The
main focus is on nanoparticles, but mesoporous hematite particles will also be discussed.
Usually, such investigations will be an interplay between analytical calculations and
experiments. We here also use numerical simulations to reach into theoretical areas
that are unreachable by analytical methods. Parts of the results of this work on 16 nm
particles has been published in Ref. [19]. Other parts are in progress of being published
in Refs. [20, 21]

This thesis is structured as follows. In Chapter 2 hematite is introduced. Some of its
important properties are discussed and a short introduction to the field of magnetism
is given. We also briefly review the existing literature on hematite. We continue in
Chapter 3 to derive some of the magnetic excitations that can occur in hematite bulk and
nanoparticles. In Chapter 4, Mdssbauer spectroscopy is explained, and a short review
of literature on Mossbauer spectroscopy on nanoscale hematite is given. Chapter 5
is devoted to explain the concept of neutron scattering, which comprises the bulk of
the experimental part of this thesis, ending with a short review of previous neutron
scattering results on hematite. This is followed by the presentation and analysis of
data from several neutron scattering experiments in Chapter 6. Next, the simulations
are introduced and described in Chapter 7. A discussion of the results is presented in

Chapter 8, before the conclusion and outlook in Chapter 9.



Chapter 2
Magnetism and hematite

In this chapter, the theoretical foundation for the rest of the thesis is laid. We start by
describing magnetism in general. First we discuss the magnetic properties of a single
electron, before moving on to interaction effects: exchange interactions and anisotropies.
We next describe hematite: the basic properties, crystal structure, magnetic properties,

as well as characteristics of nanoparticulate, mesoporous and bulk hematite.

2.1 Magnetism
The electron is a charged particle with spin 1/2. As such, it has a magnetic moment
given by

eh

Me

m=pp = =9.274 x 10724 J/T, (2.1)
where e is the elementary charge, & is Planck’s constant and m,. is the mass of the
electron. pp is named the Bohr magneton, after Niels Bohr, and we approximate g ~ 2.
The magnetic moment is antiparallel to the spin.

It is well known that electrons interact with an applied magnetic field. The Hamil-

tonian for this interaction is
MHp =—gusB- ) s (2.2)
i

It can be readily shown that a magnetic moment m in a magnetic field will perform

so-called Larmor precessions around the magnetic field, obeying the equation

dm

where v, = —e/2m, is a constant called the gyromagnetic ratio. This equation of motion
for a magnetic moment subjected to a magnetic field will occur frequently in this thesis.
Apart from its intrinsic spin, an electron also has an orbital angular momentum

related to which shell it is in. Most atoms have more than one electron, but only



8 Chapter 2 Magnetism and hematite

the electrons in the nonfilled shells contribute to the magnetism of the material. The

magnetic moment of an atom is thus associated with is total angular momentum, J,
J=L+s. (2.4)

Many different values of J are in general possible, from |L+s| to |[L—s|. To determine the
actual value of J in a substance, Hund’s rules [22] can be used. In short, there are three
rules: 1) Maximize the total spin on the atom. 2) Maximize the angular momentum, L.
3) If the shell is less than half filled, minimize J. Otherwise maximize J.

The magnetization of a collection of atoms is
M =ngsupd, (2.5)

where g; is the g-factor which is typically around 2, and n is the number of magnetic
moments per volume.

For a paramagnet, it can be shown that the magnetization follows the Brillouin
function [22],

M 2J+1 2J+1 1 Yy
— —-B - th — — coth —) 2.
TR iy s < 2.7 ‘]> 2.7 < (2J 7 (26)
with y = gyupJB/(kpT).

The effect of an applied magnetic field is often quantified by defining the suscepti-
bility,

M
= — & ug— 2.7
X =47 ®Hopg (2.7)

where B = po(H + M). The susceptibility thus tells how an applied magnetic field
changes the magnetization. For a paramagnet [22],
2,2
npogyppd (J +1)

_ 2.8
X Sk T , (2.8)

which is commonly known as the Curie law.

2.2 Interactions

The most common interaction between magnetic spins is the exchange interaction, which
is a consequence of overlap of electronic orbitals. We will illustrate the calculations for
a two-spin system, before generalizing to crystals containing a macroscopic number of
spins. The calculations here are inspired by Blundell [22].

For a pair of electrons, their total wavefunction must be antisymmetric. It is well

known that electrons are Fermions and thus their wavefunction must be antisymmetric.
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An electron pair can either be in the singlet or triplet state, described by

[95) = —=(alra)a(r2) + bl () (2.9)

(Jr1,r2) + [ra, T1)). (2.10)

Sl

We omit the spin part for readability. The triplet state is

1
Ur) = —=(|r1,r2) — [r2,11)). 2.11
W) \/§(|1 2) = [r2,11)) (2.11)
It can be shown [22] that
1
H = (Es +3Br) — (Es — Er)st - s2. (2.12)

The constant term is unimportant, and by defining the exchange constant J

2J = FEs — Er, (2.13)
we can rewrite the Hamiltonian to

H = —2Js; - sg. (2.14)

It can be readily shown that J comes from the overlap of the wavefunctions, we
will outline the derivation here [22]. Assuming that the states are normalized, we can

calculate the energies of the singlet and triplet states

Es = (Vg|H|Vg) = (r1,ro|H|r1, ) + (r1, ro|H|re, r1), (2.15)
Ep = (Yp|H|¥7) = (r1,r2|H|r1,r2) — (r1,r2|H|r2, 11), (2.16)
and we find
Fqg—FE
J = % = <I'1,I‘2’7'[|I‘2,I’1>. (2.17)

Repeating the calculations for more than two electrons is quite impractical. Never-
theless, this example motivates the Heisenberg Hamiltonian written as a sum of pairwise

interactions
HJ = — Z JijSi . Sj. (2.18)
ij

Often, only nearest neighbor interactions are assumed. J is usually quite large; in
hematite the effective coupling is around 200 K, as elaborated below. This exchange
interaction is often mediated by oxygen atoms in between the magnetic atoms. This

effect is named superexchange.
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> < >
- > <
-»> < >
- > -
-> < >
- > -
> < >
- > <

FiGURE 2.1: Illustration of antiferromagnetic order.

When J > 0, the energy is minimized when the spins are parallel. Thus, below a
certain temperature named the Curie temperature, the spins align along an axis, and
the system becomes ferromagnetic. The ordering parameter for a ferromagnet is usually

taken as the magnetization, which is proportional to the sum of the spins,

sM=3"s;. (2.19)

The susceptibility of a ferromagnet above the ordering temperature is

1

which is known as the Curie-Weiss law.

Not all spins in a bulk ferromagnet will be aligned. Instead, they will form small
domains of aligned spins, but the domains will usually be arranged such that the total
magnetization of the sample is far less than if all domains were aligned [22].

Conversely, when J < 0, the energy is (classically) minimized when the spins are
antiparallel to their neighbors. It is usual to divide the lattice into two sublattices,
A and B, where all the spins in each lattice are aligned, and the two sublattices are
anti-aligned, see Fig. 2.1. The order parameter can thus be described as the normalized

antisum of the individual spins in the sublattices [10]

sAFM — % Zsi - Zsj . (2.21)

icA jeB

AFM into two parts: a longitudinal (s Apy) and transverse (sxpy) Part,

We can divide s
satisfying (sA"M)2 = (slj?FM)2 + (sxpy)?. If the two sublattices are equal,

SApM = SA = Sp=5". (2.22)

This classical state with two anti-aligned sublattices is called the Néel ground state.
It should be noted that this state is not the quantum mechanical ground state, as is
easily seen by applying the Hamiltonian to this state. The quantum mechanical ground
state is a complex singlet-type state, as shown by Bethe for a 1d antiferromagnet [23].

Fortunately, Anderson showed that the Néel state is a good approximation to the ground
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state for larger s [24]. For antiferromagnets, the ordering temperature is called the
Néel temperature Tx. Antiferromagnets follow a similar law as ferromagnets above the

ordering temperature:

1
T—|—9N7

X X (2.23)
where 6,, = T

Dzyaloshinsky proposed in 1958 an explanation of the weak ferromagnetism observed
in hematite, expanded upon below [25]. Moriya extended the discussion [26], and in their
honor the interaction is named the Dzyaloshinsky-Moriya (DM) interaction. It is also
sometimes named the asymmetric exchange interaction. Essentially, Dzyaloshinsky and
Moriya showed that the crystal structure of hematite supports an interaction between

spins of the form
HD =D- (Sl X 52). (224)

In general, D is a vector that can either connect the spins or be perpendicular to the
vector connecting them. In hematite, D is parallel to spins along the (0 0 1) axis, and
zero otherwise, see Fig. 2.2.

The energy of this Hamiltonian is minimized when s; and sy are perpendicular to
each other. Usually, D < J, and the effect of the DM-interaction is thus small, and

mainly introduces a slight canting of the spins, as will be shown later.

2.3 Anisotropies

Anisotropies define preferred directions of spins in particles. These anisotropies origin
from the surroundings of the spins. In nanoparticles, surface anisotropies are quite
common. Usually, they define a certain axis along which the spins prefer to align. This
axis is usually named the easy axis. Taking the easy axis as the z axis, we can write

this Hamiltonian as
Hanis = — Z ’ii(sf)zy (225)

where k9; are the anisotropy constants. Two types of anisotropies can occur. If x; > 0,
the energy is minimized when the spins are along +z. On the other hand, if k; < 0, the
energy is minimized when the spins are in the zy plane, and this plane is referred to as

the easy plane.

2.4 Hematite

Hematite, a—FeyO3 is a common mineral that is the main subject of study in this work.

Hematite is an electrical insulator; hence the electrons are highly localized at the nuclei



12 Chapter 2 Magnetism and hematite

¢ [001]

FIGURE 2.2: Left: The magnetic structure of hematite in the WF phase, by Bente

Lebech. Right: Zoom in on the structure, revealing the most important paths for
superexchange: Jli Al—OQ—Bg, JQZ Al—Ol—Ag and Al—OQ—AQ, J3I Al—Ol—Bg, J4Z Al—
0:-B; and A1-O3-B4. From Morrish [1].

on the various lattice sites. The 3d° valence electrons of each Fe(IIl) have L = 0 and
spin 5/2, and this gives rise to the magnetic properties of hematite.

The crystal structure of hematite is described by the hexagonal-trigonal lattice, see
Fig. 2.2. The Fe ions are located in layers, separated by intermediate layers of oxygen.
These layers define the basal plane. The lattice parameters are a = b = 5.034 A and
¢ =13.74 A. The angle between a and b is 120°.

We define the reciprocal lattice parameters as

b x c cxXa axb
a a-bxc’ a-bxc’ ¢ a-bxc’ (2.26)

and a reciprocal lattice vector can in general be written as G = ha x +kb * +Ilcx, where
h,k,l are integers. According to Bragg’s law, scattering occurs when the scattering
vector, q is equal to a reciprocal lattivce vector, q = G, see Chapter. 5. It is usual
to denote scattering peaks by the set of (h,k,1) values. With this notation, the two
most important magnetic peaks are the (003) reflection at ¢ = 1.37 A™" and the (101)
reflection at ¢ = 1.51 A Also, the nuclear (102) peak occurs at ¢ = 1.71 AL

The nearest neighbors in hematite are shown in Fig. 2.2. The nearest neighbor
exchange constants are J; = 6 £1.6 K, Jo = 1.6 £ 0.6 K, J3 = —29.7+ 2 K and
Jy = —23.2 £ 1 K, as determined by neutron scattering [2]. Exchange constants to
further neighbors are 1 K or less, and can therefore be ignored. As shown in the next

chapter, it is convenient to work with the Fourier transform of the exchange interaction.



Chapter 2 Magnetism and hematite 13

Leaving a full treatment for the next chapter, we simply write this as

JAM(q) =) e tm T I (x,, — 1) (m€ A), (2.27)
jE€EB
where the Fourier transform has been defined such that only the coupling between spins

on different sublattices is used. For ¢ along the ¢ direction, we have
J(q) = (J1 + 3J3 + 6J4) cos(cq), (2.28)
giving J(0) = —222.3 K.

2.4.1 Bulk hematite

Bulk hematite has a Néel temperature at ~ 955 K, and can be adequately described as
two ferromagnetic sublattices s4 and sp coupled antiferromagnetically to each other.

At high temperatures, the moments align perpendicular to the hexagonal ¢ axis,
and lying inside the hexagonal ab basal plane, with a slight canting of the magnetic
sublattices towards each other, caused by the DM-interaction. This leads to weak fer-
romagnetism (WF-phase). The coordinate system is chosen such that = points along
the crystallographic ¢ axis and z along a preferred direction within the basal plane. In
general, z does not coincide with the crystal axes.

Upon cooling down through Tyt ~263 K, a first order magnetic transition occurs, re-
orientating the magnetic moments to lie almost parallel to the rhombohedral axis. This
is known as the Morin transition. In the low temperature phase the magnetic moments
lie anti-parallel to each other giving a pure antiferromagnetic material (AFM-phase).

The ground state spin directions are governed by the overall anisotropy of the system
made up of k1 and k2 [1, 27, 28], where k1 is the anisotropy constant of the (001) direction

and k9 is the uniaxial anisotropy constant in the basal plane and is positive:
Hanis = — 3 _ w1(s9)? = > ka(s7)?. (2.29)
i i

In the WF-phase, x; is negative, and thus the energy is minimized when the spins
lie in the yz-plane. Cooling to the AFM-phase, k1 changes from negative to positive,
and the spins flip to point along the x axis. The change of sign of k1 is what causes the
Morin transition. In bulk hematite, the easy axis anisotropy is very small.

The spin waves in bulk hematite are continuous dispersions with a small gap due to

the anisotropy. They are quite steep, peaking around 200 meV [2].

2.4.2 Nanoparticulate hematite

Nanoparticles differ fundamentally from their bulk counterparts. One major difference
is that in bulk, surface effects can be neglected, whereas they are extremely important

in nanoparticles. This is because the relative number of atoms near the surface is
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immensely larger for nanoparticles than for bulk partikles. One surface effect in hematite
nanoparticles is the presence of a uniaxial anisotropy, which will be discussed further
below.

The total number of Fe(III) sites in a spherical 8 nm hematite nanoparticle is

Vp

N:73
Mre + 5MO

= 1.06 x 10* (2.30)
where V = 4/37r3 is the particle volume and mp, + 2/3mg is the mass of each Fe(III)
site. p = 5.26 g/cm? is the density of hematite. For a 16 nm particle, the value is
N = 8.51 x 10%. In [9] it is given as N ~ 10°.

Dor a 8 nm spherical particle, the number of spins along the diameter is approxi-

mately

6 \1/3
d= <N> ~ 27, (2.31)

T
and the ratio of surface spins to bulk spins is

wd? 6

W == ~ 0.22. (2.32)
In other words, more than a fifth of the spins are on the surface of the particle. For a
16 nm particle, the number of spins along the diameter is ~ 55, and the ratio of surface
spins to bulk spins is ~ 0.11. If we assume that the surface spins have only 2/3 of the
exchange interactions as the bulk spins, we would expect the value of Bx to decrease
by 4% for 16 nm particles and 7% for 8 nm particles.

Another effect to be considered is that the number of spins on the two sublattices can
differ; i.e. there will be a total uncompensated moment, £ = Ng/N4. In a simple model
one can assume that the interior of the nanoparticle is essentially free of defects, but
that the surface sites are randomly occupied such that the number of uncompensated
spins is of the order of the square root of the number of surface spins [12]. For 8 nm

particles, this would give

_N/2+/7d

€~ Na— e S Lo (2.33)

The 16 nm sample used in this thesis is the same as the one studied in [9, 29, 10, 11].
In the earliest of these papers, the average particle size is given as 15 nm, in the others
as 16 nm. We will here assume that it is 16 nm, and neglect the distribution of particle
sizes.

The preparation of the sample is described in detail in [9, 29, 10, 11]. In short, it
is prepared by heating Fe(NO3)s - 9H20 in an oven at temperatures slowly increasing
from 60 to 90°C over a period of 20 days. This method yields ~ 10% impurities, in the
form of ferrihydrites. These impurities contribute slightly to the background, but can
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FIGURE 2.3: Left: TEM image of the coated 8 nm hematite sample, from [12]. Center
and right: TEM image of the structure of mesoporous hematite, from [32].

otherwise be ignored. The 8 nm sample has been previously studied with neutrons in
[12].

Frandsen et al. have shown that uncoated hematite nanoparticles have a tendency to
aggregate and form clusters, effectively increasing the size of the nanoparticles [30]. We
will not go into details with this effect, except noting that the effect can be minimized
by coating the particles with phosphor. For larger particles, the effect is smaller. Most
of the samples discussed in this thesis were coated. A TEM image of the coated 8 nm
particles is shown in Fig. 2.3.

One point where hematite nanoparticles differ significantly from bulk hematite, is
in the absence of the Morin transition. Hematite nanoparticles with diameter less than
20 nm are in the high temperature phase down to at least 1.5 K. Secondly, nanoparticles
are small enough to be magnetically single domain. Thirdly, the spin excitations in
nanoparticles are not continuous as for bulk; only certain discrete values of q are allowed.
In a cubic nanoparticle, the allowed values of the wave vector is ¢ = nn/d, where d is
the side length and n = 0,1, 2,.... Usually, only the ¢ = 0 mode is excited. For a 8 nm
particle, the lowest non-zero ¢ that is allowed is at ¢ = 0.039 A_l, which from Eq. (3.43)
is at roughly hw ~ 4 meV.

2.4.3 Mesoporous hematite

Mesoporous hematite was first synthesized in 2006 by F. Jiao et al., [31]. A TEM
image can be seen in Fig. 2.3. It consists of ordered connected walls of hematite
with a thickness around 7 nm It is a porous structure, meaning that these walls are
separated by pores with a diameter of 3.85 nm. The pore size was found from nitrogen
adsorption-desorption measurements to peak at 3.4 nm. The pore size distribution is
shown in Fig. 2.4. It thus has long range crystalline order like bulk, as has been verified
by x-ray and neutron diffraction [32, 33|, but it also has a very high surface area that is
characteristic of nanoparticles, the typical length scales are comparable to nanoparticles
and it does not undergo the Morin transition down to at least 2 K. The magnetic

dynamics of mesoporous hematite seem to show a mixture of bulk and nano effects [19].
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FIGURE 2.4: The pore size distribution of the mesoporous hematite sample used in
this thesis as found by nitrogen adsorption measurements.

2.5 Effective fields

It can be convenient to convert the microscopic parameters like J;; to the effective
magnetic fields felt by a spin due to the exchange interaction, DM interaction and the
anisotropies. There is some ambiguity in the literature on this point with different factors
of 2, as will be discussed in the next chapter. The issue is whether the exchange Hamilto-

nian is written as H = Zij Jijsi-sj, H= ZieA,jeB Jijsi-sjor H =2 Zz‘eA,jeB JijSi-S;j.

2.5.1 Exchange field

The exchange field is defined by

_ 2sJAFM(0)

By = (2.34)
gpB

In [27] and [34] this factor 2 is not included, which is due to the double counting issues
that will be elaborated in the next chapter. Using the previously mentioned value of
J(0) = —222.3 K, we find Bx = —826 T. In several references, this value is quoted as
900 T, e.g. [35, 36]. An overview of experimentally determined values of By is given in
Ref. [1]. We will use 900 T as the starting point for the simulations, as this is the most

common value used in the literature.

2.5.2 Anisotropy fields

The Zeeman energy of one spin (assuming that the magnetic field is along the z axis) is
Hz = —gupBs®, (2.35)
and the energy difference between the states |s, s) and |s,s — 1) is

AFE = —gugB. (2.36)
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The easy axis anisotropy energy difference between the two lowest levels is

AE = —k35® + ka(s — 1)* = —2ka(s — 1/2) = —gus , (2.37)

with ' = s — 1/2. Tt therefore makes sense to define the effective anisotropy field as

2 /
By = 2127 (2.38)
guB
In analogy with this we also define
2 /
By = M2 (2.39)
guB

Using the values ko ~ 1.5 mK and k1 ~ —10ko, we find By = 4.46 mT and B} =
—44.6 mT.

2.5.3 The DM-interaction

In analogy with the exchange interaction we define

By = 2P0 (2.40)
9B

As mentioned previously, the effect of the DM-interaction is to slightly cant the spins.
We can utilize this to estimate the value of Bp as follows. Consider the equation of
motion for the x component of the spin in terms of the macroscopic parameters just
defined, Eq. (3.65), neglecting the magnetic field and assuming an equal number of
spins on the two sublattices:

d
;54 = 9upBx (shsh — shsp) + gunBasisi — gunBp(sash + s sp)- (2.41)

We now assume that the spins are static and cant in the basal plane,
s4 = (0,sin(0), cos()), sp = (0,sin(f),—cos(M)). (2.42)
Inserting this, we find
0 = —2gupBx sin(#) cos(8) + gupBa sin(#) cos() — gupBp (sin(0) — cos?(0)), (2.43)

which can be reduced to

2Bp

tan(29) = —m

(2.44)

The canting angle in hematite is typically 6 ~ 0.1°, this yields Bp ~ —0.0035 x Bx =
3.1 T. In [11, 1], the value Bp = 2.1 T is quoted for bulk hematite; this is the value we

will use.






Chapter 3
Magnetic excitations

We here derive some of the excitations seen in magnetic nanoparticles with differ-
ent anisotropies. First, we consider the Hamiltonian of the system including uniax-
ial anisotropy, planar anisotropy, the Dzyaloshinskii-Moriya-interaction and an external
magnetic field. Next, we derive the equations of motion for this Hamiltonian and show
how they give rise to spin waves. We calculate the spin wave dispersion including the
uncompensated moment, and consider various relevant limiting cases. We next move on

to describe superparamagnetism and the newly discovered “rotor” mode [20].

3.1 Order and Hamiltonian

In older papers, hematite is described as a four-sublattice antiferromagnet [4]. However,
more recent publications, in particular the book by Morrish [1] deem this complication
unnecessary, and we shall stick to a two-sublattice model. We thus describe the lattice
as two ferromagnetic sublattices, A and B, that are anti-aligned.

We shall further neglect some of the weakest interactions like the crystal field. The
effect of these interactions is negligible in the present context. To include the effect
of these interactions, the equations of motion should be derived by analyzing the free
energy as outlined by Morrish [1]. Here, the equations will be derived by the use of
Ehrenfest’s theorem.

With the above mentioned reservations, the accepted microscopic magnetic Hamilto-
nian for hematite includes the exchange interaction J;;, a strong in-plane anisotropy 1,

a weaker easy-axis anisotropy kg, the Dzyaloshinskii-Moriya (DM) interaction D and

19
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Size | JATM(0) [K] | DAFM(0) [K] | w1 [mK] | wg [mK] N 3

16 nm 242 0.57 -16 0.91 8.5 x 10% 1

8 nm 242 0.57 Unknown 3.2 1.06 x 10* | 1-1.01

BX [T] BD [T] Bl [mT] BQ [mT]

16 nm 900 2.1 —47.6 2.7

8 nm 900 2.1 Unknown 9.4

TABLE 3.1: Table of approximate parameters from the literature. JAT and DAFM

are calculated from the bulk values of Bx and Bp found in Ref. [1]. k; is from Ref.
[11] and kg is from Ref. [9], both values are for 16 nm particles.

possibly an applied magnetic field B:

H=-2 Z JijSi'Sj— Z JikSi - Sk — Z lesj'sl

i€A,jeB i,k€A j,leB
2 2 2 2
=Y wnlsh)? = D) k()2 = Y kails))? = Y kay(sf)
i€A JjEB i€A JjEB
—gusB > si—gupB- > s,
1€A JEB

— 2€x : Z Dijs,- X 8; —€g- E Diks,- X S — €z E DﬂSj X 8i. (31)

i€A,jeB i,keA jleB

In the following, as well as the above equation, spin indices i, k are in the A lattice and j, [
are in the B lattice. The spins are operators, but for notational simplicity we write them
as s; instead of s;. J;; are the exchange coupling constants described in the previous
chapter. k1 < 0 is the large planar anisotropy, xo > 0 is the smaller axial anisotropy,
D;; are the DM coupling constants and g = 2. In hematite |J| > |D| > |k1]| > |ka.
Approximate values of the parameters are given in Table 3.1. A full overview of the
literature is given in Table 7.2.

In this notation, y and z are in the basal hematite (a,b) plane, while z is along
The direction of the

DM-interaction is determined by symmetry arguments as detailed in e.g. [25, 26].

the c-axis, see Fig. 2.2. e, is a unit vector along the z axis.

The definition of J;; is ambiguous in the literature because of the double sum. In
the notation used here, ¢ and j explicitly are on separate sublattices, and to count all
interactions, we therefore have both a s;-s; term and a s; -s; term. In e.g. Ref [27], only
one such term is present. The exchange constant given by C. Bahl et al. therefore differs
by a factor of 2 compared to our Hamiltonian. The DM-interaction is often neglected
in the literature.

The total number of spins is N = N4+ Np, where N4 (Np) is the number of spins on
the A (B) lattice. In bulk, it can be assumed N4 = Np. In nanoparticles, on the other
hand, the difference between the number of spins on each sublattice is not necessarily
zero, as was theoretically proposed by Néel [5], and measured in e.g. NiO nanoparticles

[37]. This uncompensated moment can have a large effect on the dynamics we are about
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to investigate. It is convenient to define

Np

=3 (3.2)

3.2 The equations of motion

To investigate the spin dynamics of hematite we now derive the equations of motion for a
single spin on sublattice A. These are the starting point of simulations and calculations of
spin waves in bulk hematite as well as all the dynamics to be found in antiferromagnetic

nanoparticles. We find the equations of motion using

d
— zas =[H,s], (3.3)

where, for simplicity, we have set i = 1. The commutators of the spin operators are

7.8 =isi0iy,  [sY, s3] =isioy,  [sT,sT) = is)di. (3.4)

[8z7 j R IR

Using these equations and Eq. (3.1), the equations of motion for a spin m in the A

lattice is

sy =2 Z T (88,85 — 81,87) + Kom (87,80, + shsm,) — gus (BYs;, — B*s}h,)
JjEA,B

—2 Z Dinj(s7,85 + sh,s?), (3.5)
JEAB

z x xr Lz xr Lz z x
—sy =2 E Imj(s — 8mS5) = K2m (85,80 + SimSm) + Kim (85,8, + $55m)
jEA,B

— gup (B*s®, — B's%) 42 Z Dinjsis?, (3.6)
jeEAB
S =2 Y Tglstast — sths]) — i (s5usth + sthst) — gpp (Bst — BYs)
JjEA,B

+2 Y Diyjsy,si. (3.7)
JEA,B

dt

We refer to Appendix A for the derivation of this result.

3.3 Spin waves

We will here derive the equations for the frequencies of the different excitations that can

occur in nanoparticles. It is convenient to define the raising and lowering operators:

st =87 +is, (3.8)

7
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which obey the following commutation relations

[s7,5F] = +6;55F, [si,s

s sy = 20557 (3.9)

We will assume that the ground state is the classical Néel state, i.e. with all the spins
on sublattice A pointing along z and all the spins on sublattice B along —z, as done by
e.g. Anderson [24]. If we neglect the DM-interaction and the magnetic field, we have

the following equations

: 1 _ 1
" ;:—22 Z Imj(s m] fn;r)—i—mlm [(sin—2>s;;—|—sm<sfn—2ﬂ
JjEAB

— ko (285, — 1) s} (3.10)
d _ . - o 1 _ 1
m = 24 Z Imj($ms; =SS ) — ikim [(5; — 2> s+ s, <sfn - 2)]

JjEAB
+ikamS,, (255, — 1). (3.11)
Let us work with just the raising operator. Defining s';, = s, — 1/2 we get
—s = —2f Z Tmj (s s5 sfnsj) + ik1m (S s + S8’ m) — 2ikoms s, (3.12)

jEAB

We multiply by exp(iq - ry,), where r,, is the position of the m’th spin in sublattice A

and sum over all m:

d . .
Zzaexp(lq Tp)s =2 Z exp(iq - v) Jmj(sih 87— s, sj')
m mEA,jEA,B

=D exp(ia - Tm)Rim (s + 5'h)

m

+ Z exp(iq - rp)2k2ms o sk (3.13)

m

We take each term in turn. In the last two terms we approximate s?, ~ s and assume

ki to be the same for all spins. We find

— s’k Z exp(iq - ) (s} + s;,) + 28" ko Z exp(iq - ) 8,5 (3.14)
— — (S5 () + 53(@) + 25'maS (@), (3.15)

where we have defined the Fourier transform of the raising and lowering operators to be

+ q) = Zexp(iq . rm)si, (3.16)
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and similarly for sublattice B. Now we look at the first term of Eq. (3.13):

2 Z exp(iq - ) Jm, ](3+SJZ — s s;r) (3.17)
meA,jEA,B
Let us look at j =i € A, where CHERE
2 > exp(iq - rm)Jmi(shs; — s,s7) (3.18)
meA,jeEA
=2 Z exp(iq - Ty Jmi (s 87) + 2 Z exp(iq « ) Jmi(—85,57 ) (3.19)
m,i€A m,i€A
= 2s Z exp(iq - rp,)J (v, — 15)s) — 2s Z exp(iq - ) J (T — ri)s?' (3.20)
m,i€A m,i€A
= 2s Z 0 m=ri) Jp —p)eldTmgt 9 Z Em=r) J(r,, — )T (3.21)
m,i€A i,meA
= 2sJ3"(0)5% (a) — 2575 (a) S} (a) (3.22)

Here we have defined J*™(r,, —r;) as the interaction between spins in the same sublat-

JAFM(

tice. Similarly, r, —r;) is the interaction between spins on different sublattices.

Their Fourier transforms are

JEM(q) — Z eiQ‘(rm*ri)J(rm — ri) (m S A), (323)
icA

M q) = Z eiq.(rm—ri)J(rm -r;) (meB), (3.24)
i€B

JAFM () = Z dEm=T) J(p —r)) (m e A), (3.25)
jEB

JATM () = Zeiq'(rm’”)J(rm —r;) (meB), (3.26)
JEA

where q is a wave vector. Notice that, since the sum is infinite, the left hand side does

not depend on m, except on which lattice m resides. That is, J4 and Jg may in general
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be different. Let us look at j € B, where s% ~ —s.

2 Z exp(iq - rm)ij(s;rlsj) +2 Z exp(iq - rm)ij(—sfnsj) (3.27)
meA,jeB meA,jeB
= —2s Z exp(iq - ) JAM(r,, — 1j)sh — 25 Z exp(iq - rp) JAM(r,, — rj)s;'
meA,jEB meA,jeB
(3.28)
= —2s Z exp(i0 - (ry, — 1)) T M (r,, — 1)) exp(iq - ) s
meA,jEB
—2s Z exp(iq - (ty, — 1)) T ™M(r,, — 1)) exp(iq - rj)s;r (3.29)
meA,jeEB
= —2s Zexp(iO (g — 1)) JANM (e, — r;)St (m € A)
JjEB
— 25 Z exp(iq - (ty, — 1)) ™M(r,, — rj)St+ (j € B) (3.30)
meA
= =2sJ37(0)S 4 (@) — 2575 (@)S (). (3:31)

Collecting everything from before, we have

d
iS5t = (28[=TA(0) + TM(0) — TP (@)] - ' + 2652} (@)

— 255" (q)SF(a)

- s'm15,(a) (3.32)
i%SZ = {23[J£FM(O) — JEM0) + JEM(Q)] + 'Ky — 25'k9}S 5 (q)
+2sJ5"M(q)S5(q)

+ 'k1.5% (q) (3.33)

For sublattice B we get similar equations by interchanging A with B and the sign of the

equations. Following Bahl et al. [27] we write

Tt = eI = eJ™, (3.34)
T = et = g gATM, (3.35)
We thus have
d
i7;8(@) = U(q)S(q), (3.36)

where

S(q) = (S£(q), S;(q), S5(q), Sz(a)”, (3.37)
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and
fe+a —b —f 0
b —fe—a 0 f
U(q) = ¢f 0 e b | (3.38)
0 —£f —b eta
where

3.39
3.40
3.41
3.42

a= (2ky — K1)s'
b= ks
e = 2s[—JAM(0) 4+ JFM(0) — TFM(q)]

(
(
(
f=2sJ4M(q). (

)
)
)
)

This looks slightly different than Eq. 17 in Ref. [27]. This is due to our definition of #,
the factor 2 in J;; mentioned earlier and the fact that we do the calculation for all q
instead of restricting it to q = 0.

The eigenvalues of Eq. (3.38) are

tw = %\/2[(a+§e+b)(a+§e—b)+ (a+e+b)(a+e—b)—26f?|£2\/g (3.43)
where

g=e" —1)* +4ac®(€ —1)(& — 1) — 4e? F2(€ — 1) + 4a®e?(€ — 1)% + 16b f2¢.
(3.44)

This is the general dispersion for a two-sublattice ferrimagnet with easy axis and in-
plane anisotropies. The dispersion along the (001) direction is shown for typical values
of hematite in Fig. 3.1, where it is seen to be almost sinusoidal, as expected for antifer-
romagnets, and with a small energy gap. The energy gap is caused by the anisotropies.
The effect of the uncompensated moment is rather small, except at low g; here, the effect
can more than double the excitation energies.

The expression in Eq. (3.43) is rather complicated and the role of each term is not
very transparent. We will therefore now look at some special cases.

When the two sublattices are equal, which is the case for bulk hematite, £ = 1,
g = 16b%f? and Eq. (3.43) reduces to

+w=1/(a+e+b)(at+e—Db) — f2+2bf (3.45)
=V(a+e+bF filate—b+f). (3.46)
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FiGURE 3.1: Left: The dispersion of hematite along the c¢ axis, as calculated from

Eq. (3.43), using typical parameters for hematite. Also shown is the effect of the

uncompensated moment. This effect is quite small, except at low ¢. Right: The
dependence of the excitation energies on £ at ¢ = 0.

FIGURE 3.2: Illustration of one of the ¢ = 0 modes rotor mode described by Egs. (3.47)
and (3.48). The ellipses shows the trajectory of the spins.

This is equivalent to Eq. (4) in Ref. [11]. When q = 0, which is the case for nanoparticles,
f = —e, and Eq. (3.46) becomes

+w_=+/(a+2e+0b)(a—b) = 2\/(ﬁgs’ + s[—2JAFM(0)]) (ko — K1)’ (3.47)

+w; =+/(a+b)(a+2e—b) = 2\//@3’((@ — k1)s' + s[—2JAFM(0)]). (3.48)

This is, apart from factors of +2 in the definition of JA™ the same as found in e.g.
[11, 27]. We see that the frequencies of both modes scale with the square root of the
exchange interaction. The high frequency mode also increases with the square root
of ko — K1, where the low frequency mode increases with the square root of k2. The
modes are highly elliptic, Aw_ being mainly along  and Awy being mainly along y. An

illustration is given in Fig. 3.2
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In Ref. [11], it is further found how the DM-interaction affects these equations. This
cannot be calculated using the present method, since the approximation s* ~ +1 is no
longer valid due to the canting of the spins. The result is that the low frequency mode,

w4 is unaffected, while the high frequency mode has the energy

= /(o (D = 0))2 + (25sDAFM(0))2. (3.49)

If we again forget the DM-interaction and assume uniaxial symmetry, i.e., k1 = 0, we

have b = 0 and Egs. (3.47) and (3.48) reduce to a single frequency:

tw = +/ala+2e) = 2\/1@5’(&28’ + s[—2JAFM(()]), (3.50)

which is the expression found in e.g. [10, 9, 35, 12].

3.4 Equations of motion with macroscopic parameters

We will now rewrite the equations of motion in terms of the effective fields introduced
in Chapter 2. This is done to investigate other types of excitations than the spin waves.
We will assume coherent motion of the sublattices, i.e. we set @ = 0. This makes
all the ferromagnetic exchange terms cancel out because they couple spins at the same
sublattice.

The starting point is Egs. (3.5), (3.6) and (3.7) which we sum over the sublattice:

d
3 s = D2 Jmi(sY,s5 — 55,5Y) + Kom (s7,5Y, + sY,52,) — gus (BYs3, — BsY,)
meA meA jEAB

—2 > Dumj(s5,s; + shs)), (3.51)
meA,jeEA,B

z xr X z z X X z x z z xr
E —sy = E 2 E ij(smsj — smsj) — Kam (85,80 + Sr.82) + Kim (85,85, + S5,87)
meA meA jEAB

— gpp (B7s%, — B"s,) +2 Y Dpjsp,st, (3.52)
JjEA,B
> di = 2 Jmi(shst = shsT) — Kum (s b, + shsh) — gus (B sh, — BYs},)
meA meA jEAB
+2 )" Dpjsi,si. (3.53)
JjEA,B

We define the two superspins S4 and Sp by

Z Sm =S4, Zsj = Spg. (3.54)

meA jEB
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They have magntiude S4 = Nygs and Sp = Nps. It is convenient to work with nor-

malised spins

Sa . _Ss

=5 (3.55)

Inserting this we find

d
Nas—s% =2 Z Jmj (54,85 — s5,8%) + Nas’ra (shs% + s%s7) — gusNas (BYs% — B*sY)

dt meA,jeA,B
meA,jeA,B
d
NAS&S?‘\ =2 Z Imi (55,57 — s0,5%) — Nas?ka (s55% + s%5%) + Nas“ky (5555 + s55%)
meA,jeA,B
— Nasgus (B*s% — B's3) +2 Y Dpysts!, (3.57)
meA,jeA,B
d
NAS&SAZQ Z Tmj(sisY — sbsT) — Nas®ry (shs% + s%s%) — guNas (B"s% — BYs%)
meA,jeA,B
+2 ) Dmjsis (3.58)
meA,jeA,B

It should be noted that at this point we have subtly ignored any quantum mechanical
effects - the ordering of the spins no longer matters, as they are not quantized. We will
get the same equations for the spin waves, but a different expression for the anisotropy
fields. We will deal with this after the equations of motion have been derived (Eqs. (3.68)

and (3.69)). Let us now evaluate the sum

Z Tmj (85,55 — 51,5%)- (3.59)
meA,jeEA,B

The sum over j € A cancels out. To perform the sum, we use the coherent potential
approximation (CPA) [34, 38, 27], to find

Z Imj (85,85 — S S5 ) N2 T4 (0 0) (s%sB — s7s%) (3.60)
meA,jEA,B

= Nys2eJAM(0) (s%)sB — 524s%) - (3.61)
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The DM terms can be handled in a similar way, and we thus reach

d
&sﬁ = 256 JAM(0) (sY 5% — 5%5%) + 2Kass5sY — gun (BYs3 — B*s%)

— 256 DAM(0) (5555 + 8% 5%), (3.62)

dtSA = 256 JAM(0) (5% 5% — 5%5%) — 2rp557 5% + 2K 55557

— gup (B*s% — B7s3) + 25 DA (0) %, (363
g —s5 = 25§JAFM(O)(st% — §%sB) — 2k185%5% — gus (BsY — BYs%)
+ 256 DATM(0) 5% 5%, (3.64)

In terms of the effective fields introduced in Section 2.5, these equations become

d
£sﬁ = guséBx (s%sh — s748%) + gusBasis’) — gus (BYs% — B*sY)

— 9uBéBp(sish + s4sp), (3.65)
d
T —s% = guBéBx(sisp — s4sp) — gusBasiish + gusBisis

g (B°5% — B"53) + onn€Bosish, 5.66)
d
354 = 91BEBx (shsh — sisp) — gunBisisy — gus (B"s)y — BYs})

+ guBgBDsisZB. (3.67)

The equations for sublattice B are found by interchanging A and B, removing £ and
changing the sign of the terms with Bp.

These equations can be compactly written as

dsz
= 9nBsa X B, (3.68)
dSB
o 9HBSB X B, (3.69)
where
Blsz 0
eff_gBXSB - B - 0 —|—§BD 873 s (370)
Bys% —8%
BIS% 0
Bii=Bxsa—-B-| 0 |-Bp| s34 |- (3.71)
Bssh —8%/4

When inserting the fields we quietly changed s to s’ in the anisotropy term. The s’
disappeared when we made the assumption that the spins can be treated like vectors, so
we need to put it back. To see that we can recover the equations for the spin waves, let

us look at the uniaxial case in zero field with £ = 1, and assume only small deviations
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from the energy minimum. We thus set s% ~ —s3 ~ 1:

%sﬁ = —gupBx (s% + %) + gupBas?, (3.72)
%53’4 = gusBx (5% + %) — gunBas%, (3.73)
%8% = gusBx(sp + s%) — gusBasy, (3.74)
%3% = —gusBx (sh + sg) + guBasp. (3.75)

We now let s4 have an angle 6,4 with the z axis, and let sp have an angle g with the z

axis, and assume precession around the z-axis - the standard picture for AFM resonance:

s4 = (sin(f4) cos(wt), sin(64) sin(wt), cos(64)), (3.76)
sp = (—sin(fp) cos(wt), — sin(0p) sin(wt), — cos(6p)). (3.77)

Inserting the expressions for s4 and sp we find two equations:

—wsin(f4) = —gupBx (sin(f4) — sin(0p)) + gupBasin(f ), (3.78)
wsin(fp) = —gupBx (sin(fp) —sin(f4)) + gupBe sin(fp), (3.79)

which we solve for w to find

w = +gup\/Ba(—2B, + Bs) = :l:2\/l€25/(l{,28/ + s[—2JAFM(Q)]), (3.80)

which is the same as found in Eq. (3.50). We thus see that we recover the correct
expression with the redefinition of the anisotropy fields. For the angle between the

sublattice spins we find

sin(f4) By By By \?
=1 +4/2 — .81
sin(fp) + —Bx \/ —Bx + (BX> ’ (3.81)

meaning that a slight canting of the spins will appear. The effect of this canting has
been presented in [39].

3.5 Superparamagnetism

When the spins in a ferromagnetic nanoparticle move coherently, they behave as one
superspin, and the behaviour is therefore called superparamagnetism (SPM). Similarly,
for an antiferromagnetic particle, the spins will behave as two superspins. Here, the term
SPM will also be loosely used for superparamagnetic spin flips, to be described below.
At low temperatures, the two sublattice spins will be precisely antiparallel and be in the
energy minimum, s4 = (0,0,1) and s = (0,0, —1). In many references, the height of

this energy minium (the energy barrier) is given simply as K;V = —x; Ns? [19, 11, 9],
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where V' is the volume of the particle and Kj; is a highly size-dependent constant. This

is approximately correct, but neglects quantum mechanical effects.

3.5.1 Quantum mechanical corrections

To get the correct result, one must calculate the energy difference between the state
with all spins parallel to z, and the same state with the lowering operator applied until
the total spin of the state is at its minimum. To the best of my knowledge, no analytical
results for N spins exist. However, Lefmann performed the calculations by hand for
small systems with s = 1/2,1,3/2; the calculations are given in Appendix B. These

results show that the correct form of the anisotropy barrier is
K;V = Kk;Nss' = 1/2gugB;Ns. (3.82)

Intuitively, this result makes sense: for a spin-1/2 system, there is no difference between

the anisotropy energy of spin up and spin down, and thus no anisotropy barrier to cross.

3.5.2 Superparamagnetic spin flips

The energy barrier can be crossed due to random thermal fluctuations. This is called
superparamagnetic relaxation, and was predicted by Néel in 1949 [40], and further refined
by Brown [41]. For ferromagnetic nanoparticles, the Néel-Brown law predicts that the

temperature dependence of the mean flip time, 7 is

KV
T = Tp €Xp <k‘BT) . (3.83)

In the derivation it is assumed KV < kpT. In the next section, we will look at the
case KV > kpT. Assuming that the spins are confined to the easy plane, we have
K = K3 = Kg,. The value of 7y depends slightly on particles size and temperature [35],
but this complication will not be discussed here. 7y is a measure of the average time
between attempts at crossing the energy barrier. Typical values are KV ~ 500 K and
T~ 1x1071 g,

These fluctuations are dubbed longitudinal, because they are along the z direction.
For antiferromagnetic nanoparticles, this relation is theoretically valid only as a first

approximation [42].

3.6 Temperature dependence of excitations

As the temperature is increased, the excitation energies change. It can be shown [43, 10]
that the excitation energy should be proportional to the average sublattice moment

along the z-axis, i.e.

wi (T =0). (3.84)
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The Hamiltonian for the anisotropies can be rewritten
Honis = KoV sin?(0) — K1V cos?(¢), (3.85)

where 6 is the angle the spins make with the z axis and ¢ the angle with the x axis. We
set 84T = (sin(f) cos(¢), sin(f) sin(¢), cos()), and it can then be shown that [10]

 Io(az/2) + Ii(02/2) ay e +1/2/7(2 — oy erf(/an))
a 21p(a2/2) vmerf(\/ar)

1 1
~1—kpT 3.87
B (2|K1V| - 2|K2V|) ’ (3.87)

(3.86)

where o; = K;V/kgT, I,(z) is the modified Bessel function of order n and erf(zx) =
2/ [y e~“’du is the error function. Similarly, (SlFM> becomes:

I . Ig(a1/2) + Il(a /2) ap—an o erf(‘/ag)
(Sam) = 21y(c2/2) el " \ E;erf(,/al) (3.88)
1 1
~1-—kgT (4|K1V’ + 4K2V|> . (3.89)

The approximations are valid for low temperature kT < K;V,1=1,2.
It is common in the literature to assume only uniaxial anisotropy, e.g. [9, 12].
However, one should be very careful when doing this. If we assume that the spins

are confined to the easy plane [35], i.e. a 2d model with K;V = oo, we find

fowm e=o250%(0) ¢o5(9)df

l
S = 3.90
< AFM> f()7r/2 e— 02 sin2(9)d0 ( )
. erf(w/ag) ~ 1 ~1 ]{ZBT (3 91)
VTase 22 Ig(as/2) 14 p=+ 5 4KV '
in agreement with Eq. 3.88 for K;V = oo. However, if we assume only uniaxial

anisotropy and that the spins are not confined to the easy plane, K1V = 0, the ap-

proximations leading to Eq. 3.88 break down and we find

g e=25°0) cos(6) sin(6)do
foﬂ/z e—025i0°(0) gin(9)do

_emmt  tme® g ket
Vraet(/a) T Tk At S 2KV

(SBLFM> = (3.92)

(3.93)

We thus see a factor two difference between the 2d and the 3d model calculations of

KoV/kpT at low temperatures.
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FIGURE 3.3: Illustration of the rotor mode described by Eq. (3.108). The spins are
canted slightly out of the yz-plane. The circle shows the trajectory of one of the spins.

3.7 Rotor mode

It was recently discovered by K. Lefmann et al that a mode, different from the spin
waves and superparamagnetism discussed before, exists in antiferromagnetic particles.
This discovery will be published in the near future, and the derivations presented here
are from the draft of the paper [20]. This mode is driven by the exchange interactions,
and occurs when the temperature is larger than the uniaxial anisotropy, but smaller
than the in-plane anisotropy.

The starting point for this calculation is Egs. (3.65), (3.66) and (3.67), where we will

ignore the DM-interaction, the uncompensated moment and the magnetic field:

d

3154 = 9B Bx (shsh — sasp) + gunBasish, (3.94)
d
st = gunBx sk — is) — gupBasish +onnBisisi,  (3.99)
d
&si = guBx (s%s% — s%sB) — gusB15%sY. (3.96)

Let us now assume that the spin cant slightly out of the basal plane, i.e., we will assume
that the spins will have a small component along the z direction. In a small angle

approximation, we can write
sqa = (04,5Y,5%), sp=(0p,—sY,—5°). (3.97)

This canting can come from thermal fluctuations and is illustrated in Fig. 3.3. This
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leads to
d . .
—dtGA = gupBass®sY, (3.98)
d B, — By
—s¥ = B 1+ —= )+ # .
dts guBbDx <9,4 < . ) 93) s, (3 99)
d Bl
—sF = — Bx|04(1+—=—)+86 z, 1
s gHBDLX < A < BX) B> s (3.100)

If we assume that |Bx| > |Bi|,|Bz|, which is the case for hematite, and we also
assume that the angles 04 and 0p are constant in time, the spins will perform full 27

rotations around the z-axis with a frequency given by
wrot = guBBx (04 + 0p). (3.101)
We define the total canting angle as
0=04+05. (3.102)

To calculate 6 we use statistical mechanics:

_Jy 0% exp(—pH)2msin()d0
a Jo exp(—pH)2m sin(0)do

(6%) (3.103)

The leading term in the Hamiltonian is the exchange term, which can be written

Hx = -2 Z Jijsi - s; = 2JMM(0) Ny s cos(0) = gupBx Nas cos(6). (3.104)
i€cA,jeB

We now substitute cos(f) = x and BgupBxNs =y to get

1
(0%) = J o2 O exp(zay)da (3.105)

fil exp(—zy)dz

Since 6 is small, we can approximate 62 = 2(1 — cos(f)), and then the integrals can be
performed to get
) 2 2
(0%) = —— +2(1 + coth(y)) ~ —, (3.106)
Y -y
where the last approximation is valid when y > 1, i.e. —gugBxNas > kgT, which

is the case here. The rotor frequency is therefore

/ 2kgT
= — B - 3.107
Wrot guBDX _gMBBXNAS ( )

_ \/—%BTQMBBX
Nys '

(3.108)
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As for the spin waves, the rotor frequency increases with the square root of the exchange
field. It also increases with the square root of the temperature. The derivation rests on
the assumption that |d/d¢64] is negligible. We have

d

Eﬂj = gupB2s®s? = gupBa sin(wyet ) os(wrot) (3.109)

B
= g“‘; 2 $in(2wrot ), (3.110)

which means |d/dt04| < gupB2/2. Comparing this to the rotor frequency we find

dé
a B B
dt 2 guB D2
= - N ys. 3.111
Wrot \/ Bx SkgT = ° (3:111)

When this is smaller than 1, the angles stay approximately fixed long enough for the
rotations to occur.

Inserting the realistic values for a 8 nm particle, Bx = 900 T, B, = 5 mT, Ny =
5000, s =5/2, T =150 K, we find

dé,
At —6x 1077, (3.112)

Wrot

indicating the the model is indeed valid. We will return to this in Chapter 7.






Chapter 4
Mossbauer spectroscopy

Mossbauer spectroscopy is a technique that has been widely used ever since it was
discovered by Rudolf Mdssbauer in 1957. We will first briefly describe the basics of
Mossbauer spectroscopy, based on notes by C. Frandsen [44], then move on to a literature
review. Mossbauer spectroscopy gives information about the environment of the nuclei
in the sample. This can be used to measure the energy barriers, KV and the jump time,

T0-

4.1 Basics of Mossbauer spectroscopy

The technique is based on ~-radiation. Consider a nucleus of mass M which has a low
lying excited state, Fs that is an energy distance Ej from the ground state, F1. ®"Fe has
Eg = 14.41 keV. The nucleus can decay from the excited state by emission of a photon
with energy hw = Ey. Due to the finite lifetime of the excited state, 7,,,, the energy is
not sharply defined, but is a Lorentzian with full width at half max (FWHM) I';,, where
Iy = h. For °"Fe, T, = 2.4 neV. In a similar fashion, the nucleus can also absorb a
photon and be excited from the ground state to the excited state.

Due to conservation of momentum, the atom emitting or absorbing the radiation
will recoil. This recoil shifts the energy at which photons can be absorbed/emitted such
that there is no overlap between the two. However, if the nucleus is in a crystal lattice,
the recoil momentum can be distributed over the entire lattice, and will be negligible.
There will thus be significant overlap between the emission and absorption energies. The
linewidths are so sharp that only transmission between states of the same type of atom
can be done, i.e. only a photon from a °“Fe source can be absorbed by a %"Fe atom.

The energy of the emitted photons can be changed by moving the source relative
to the sample, utilizing the Doppler effect. If the source is moved with velocity v, the

energy of the emitted radiation is

E=FE, (1+%). (4.1)

37
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FIGURE 4.1: Dlustration of isomer shift and quadropole splitting in Mossbauer spec-
troscopy. Left: illustration of the energy levels. Right: illustration of the resulting
Méssbauer spectrum. Figures from [44].

Typical velocities are in the mm/s range, giving energy shifts of the order of AE/E ~
1071, The linewidth of *"Fe is around 0.05 mm/s. A Mdssbauer experiment is thus
performed in the following way: A source of radiation is set to oscillate, thus scanning
the energy of the incoming radiation. The source radiates on the sample, behind which a
detector is placed, measuring the transmission of the radiation. If the source and sample
atoms are exactly identical, a dip in transmission will be seen at v = 0 where the sample
absorbs radiation.

The use of Mdéssbauer spectroscopy comes from the fact that the source and sample
atoms can be in different environments. Typically, three different effects can change the
observed spectrum: The isomer shift, quadropole splitting and hyperfine interaction.

The isomer shift, § results from the electrostatic interaction between the charge
distribution of the nucleus and those electrons which have a finite probability of being
found in the region of the nucleus. This slightly shifts the energies of the excited and
ground states, such that absorption will no longer take place at v = 0, but at a non-zero
velocity.

Nuclear states with spin quantum number I > 1/2 possess non-zero quadropole
moments that can interact with the electric field gradient at the nucleus. If e.g. I = 3/2,
as is the case for iron, the effect is to split the state into two: one with m = +1/2 and
one with m = +3/2. The ground state is not split. This is illustrated in Fig. 4.1

The hyperfine interaction is the interaction with the nuclear magnetic moment and
the effective magnetic field at the nucleus. The Hamiltonian describing this interaction

is
H=—gnu,I- B, (4.2)

where g, is the gyromagnetic ratio and p, = 5.05 x 10727 J/T is the nuclear magneton.
For 5“Fe, the gyromagnetic ratio is go = —0.104 in the excited state and gg = 0.181 in
the ground state. The magnetic interaction splits the nuclear energy levels into 2I+1

sublevels, as illustrated in Fig. 4.2. It can be shown that only transitions given by
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FIGURE 4.2: Illustration of the isomer shift and the hyperfine interaction in Mossbauer
spectroscopy. Left: illustration of the energy levels. Right: illustration of the resulting
Méssbauer spectrum. Figures from [44].
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FIGURE 4.3: Tllustration of the quadropole splitting and the hyperfine interaction in
hematite. Left: illustration of the energy levels. Right: illustration of the resulting
Mossbauer spectrum. Figures from [44].

Al =1 and Am = 0,=£1 are possible; this gives a total of 6 transitions as seen in the
figure.

In hematite, the quadropole splitting can be seen as a pertubation to the hyperfine
splitting as illustrated in Fig. 4.3.

The effective magnetic field felt by the nucleus is a sum of several terms:
B = Bext + Bory + Bp + BCa (43)

where Beyt is the external field, By, is the contribution from orbital motion of the
electrons, Bp comes from the magnetic moment of spins outside the nucleus and B¢ is
the contribution from the electron spin density at the nucleus arising from s-electrons.

By fitting the data from Mossbauer spectroscopy, the magnetic field at the nucleus
can be found. It is very important at this point to consider time-scales. As described
in the previous chapter, the spins are not static. Spin waves and superparamagnetism
cause the spins to fluctuate, and in Mossbauer spectroscopy, only the average value of
the magnetic field at the atom will be observed. The typical time scale for a Mossbauer

measurement is ~ 107 s, and the average should be performed over this time. The
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observed value of B is

1 1
By, = Bosll o ~ By (1= kT . 4.4
b 0%AFM ¥ 20 < b (4|K1V| - 4!K2V|>> (*44)

As the temperature is increased, superparamagnetic spin flips occur more and more

frequently. When the time scale of superparamagnetic spin flips is shorter than ~ 1079 s,
the average value of the measured magnetic field will be zero, and no sextet will be seen.

The temperature at which this happens is called the blocking temperature.

4.2 Mossbauer spectroscopy on hematite

Hematite has been studied extensively with Mossbauer spectroscopy. The first mea-
surements on hematite nanoparticles were in 1966 by Kundig [13]. Here, we will just
mention some of the most recent results on 8 nm and 16 nm hematite nanoparticles, as
well as measurements on mesoporous hematite.

In [36] they measured 16 nm particles. They consider a log-normal distribution of

volume-weighted energy barriers, with width o:

B 1 1n2(y)
fy)dy = Vray P <— 552 ) dy, (4.5)

where y = E}/Epy,, where Fypy, is the mean energy barrier. They find the following
parameters for the same uncoated sample as we have used: 79 = 6.5195'5 x 10711 s,
K>V =590"150 K, 0 = 0.6 £ 0.1

In [29] they measured a range of nanoparticle sizes. They found for 16 nm particles
K = 4000 Jm™3, or KV = 620 K, with 79 = 5.3 x 10~!! s, which is in good agreement
with the previous result. For 8 nm particles they find K = 16000 Jm =3, or KV = 310 K,
with 70 = 9.7 x 1072 s. It seems that these particles have not been coated; but it is
unclear from the paper.

In [12], the same 8 nm particles as are investigated here, were measured with
Mossbauer spectroscopy. For the coated particles, they find KoV = 335(35) K. However,
they assume only uniaxial anisotropy. If a strong in-plane anisotropy is assumed, which
I believe is the correct approach, the value found would be K2V = 168(18) K. For the
uncoated particles, they find, using the uniaxial model, 4KV + Ei; = 1330(180) K,
where Eiy is the interaction energy between the particles. An overview of these results
is given in Table 7.2.

In ordered mesoporous hematite, the spectra look like bulk hematite, even though the
wall thicknesses are less than 8 nm [31]. In mesoporous hematite with disordered walls

the spectra look like nanoparticles, but no quantitative analysis has been performed.



Chapter 5
Neutron scattering

In this chapter the basics of neutron scattering will be covered. The focus will mainly
be on magnetic neutron scattering. This chapter is not intended as a complete review
of neutron scattering, but rather as a reminder to the reader of the most important
equations of neutron scattering, outlining some of the derivations. The basics of data
analysis will be described, as well as some typical instruments that have been used in
this thesis. Finally, a short review of the literature is given. This chapter is highly
inspired by the notes by K. Lefmann [45] and the book by G. L. Squires [46]. For a full

treatment, the reader is referred to these texts.

5.1 Theory of neutron scattering

The neutron is a neutral particle with mass m, = 1.675 x 10727 kg and spin 1/2. It
interacts with the nucleus and with the magnetic field from unpaired electrons. Being
charge neutral, neutrons penetrate matter more deeply than e.g. x-rays. They therefore
serve as valuable probes of bulk materials, and are an excellent complimentary technique
to x-ray scattering.

Apart from the qualities mentioned above, the main reason for using neutrons is that
they can be moderated to wavelengths similar to the typical distance between atoms
in materials, and with energies similar to the typical excitation energies in materials.
In addition, the magnetic interaction makes neutrons sensitive to magnetic order and

magnetic fluctuations.

5.1.1 General scattering theory
The flux of a neutron beam is defined as

# of neutrons impinging on a surface area per second

= . 5.1
surface area perpendicular to the neutron beam direction (5.1)

In neutron scattering experiments, a beam of neutrons is directed towards a sample,
which in general is any kind of collection of atoms. Various types of measurements can

be made on the neutrons after they have interacted with the sample, and the results
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of these measurements are given as cross sections. We define the partial differential

scattering cross section as

d?c
= 5.2
dQdE; (5.2)
1 # of neutrons scattered per second into the solid angle dQ2 with energy between Ey and Ey + dE
v dQdE; '

If we do not measure the energy of the neutrons, we integrate over Ey to obtain the

differential cross section

di 1 # of neutrons scattered per second into the solid angle df2
daQ v dQ )

(5.3)

Finally, if we sum up all the neutrons from a scattering event we find the total

scattering cross section

_ # of neutrons scattered per second
= 7 )

(5.4)

In general, experimentalists measure these cross sections, and theoreticians calculate the
cross sections. Neutrons can also be absorbed by the sample, and an absorption cross
section can also be defined. We will here only consider the scattering cross section.

To get started, let us now consider scattering of a neutron by a single nucleus, fixed
in space, labeled j. We wish to calculate the differential scattering cross section, do/d€2.

The wavefunction of the incoming neutron can be written as

¥; = exp(ik; - r), (5.5)

The scattered wave is spherically symmetric, and the wave vector has the same magni-
tude as before [46]. With the origin at the center of the nucleus, the wavefunction of

the scattered wave at a point r is therefore

05(r) = wile) L expliky - (x ), (56)

v — |
where b;, the so-called scattering length, is a constant related to the nucleus and the
total spin of the neutron-nucleus system. The scattering length varies greatly between
different elements and isotopes, and even between the two possible spin states of the
neutron-nucleus system. With unpolarized neutrons the scattering length is the average
of the two. This variation of scattering length is a very useful property of the neutron,
as e.g. hydrogen, which is practically invisible to x-rays, has a rather large incoherent
scattering cross section. For the study of hematite, however, this turns out to be a

burden rather than a blessing, as we shall see in the next chapter.



Chapter 5 Neutron scattering 43

Now, r is on the order of 1 m, while r; is on the order of the sample size, i.e. mm.

We can thus approximate the density of outgoing neutrons, Wf|2 as

b2
sl = il 5 (5.7)

The number of neutrons per second intersecting a small area d A is v|1)|2dA. In other
words, the number of neutrons scattered into a solid angle dQ = dA/r? is vh/}i|2b?d§2.
The incoming flux is ¥ = b|v;|?, and we thus find

do

- bs. (5.8)

Integrating, we find the total scattering cross section:
2
o = 4mbj. (5.9)

Much more interesting is the case when the neutron interacts with several atoms.
Now interference effects occur, as each nucleus acts as a source of a spherical wave. We
will illustrate the calculations for a system of two identical nuclei, still fixed in space.
Their scattering lengths are b; = b; = b. The final wave can now be written

() = () ——— exp(iky - ( — 1)) + ¢i(r) ——— exp(iks - (£ — ). (5.10)

Ir —r;

lr — 1y
Again, we have r > r;,r;, leading to
—b . . .
Pr(r) = o exp(iks - r) (exp(iq - rj) + exp(iq - 7)) , (5.11)
where we have defined the scattering vector,
q:ki—kf. (5.12)
Squaring Eq. (5.11) we find
d : .
o= Plexplia- ) +esplia 1) = (1t cos(a (i —x)). (5.13)

We here see the interference in action: the scattering cross section varies with q and the
distance between the atoms.

For an infinite system, the equation is generalized to

do 2 : 2
=" > Jexp(iq - ;). (5.14)

J

This sum will be zero unless q - r = 27n, where n is an integer.
The derivation of the general results for N atoms that are not fixed in position is

rather lengthy, and will be omitted here. We simply state without proof that the nuclear
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scattering cross section is

d’c ky 1 * . . .
<deEf>nuc - %:bibj / * {exp(—ia - By (0)) exp(ia - R(1) exp(~ict)dt
(5.15)

By assuming a large system and no correlation between the b; values, one can divide the

scattering cross section into two parts; coherent and incoherent scattering:

d?o Ocoh kf
_G9 ) Teoh BF 5.16
<deEf>Coh I (@), (5.16)

d%0 Oinc ki f
—_— pr— 7SZ 5 5 5-17
(deEf>inC i k) (5.17)

S(aw) = 5o bty [ (ep(-ia- Ry(0) explia- Ri(t)) expl-iwt)d,  (5.15)
Si(q,w) = % Z b; /_Oo (exp(—iq - R;(0)) exp(ig - R;(t))) exp(—iwt)dt,  (5.19)

and

Oeon = 4m(0)2,  Oine = 47 ((b2) — (b)?). (5.20)

S(q,w) is known as the scattering function of the system. We note here that the scat-
tering cross sections are basically the time and space Fourier Transform of the atom
positions. The coherent scattering comes from correlations between different atoms at
different times, and thus gives rise to interference effects. The incoherent scattering, on
the other hand, comes from correlations between the same atom at different times, and
thus does not give interference effects.

In general, both the coherent and incoherent scattering give information about the
sample. However, for our measurements, the information content of the incoherent
scattering is of no use, and the incoherent signal is thus considered as background.

We continue developing the nuclear coherent cross section for now. We assume
that the sample is crystalline. Due to thermal motion, the center of the nuclei will be

displaced from their equilibrium:

r; = <I‘j> + u;. (5.21)
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Assuming that the interactions between atoms in the sample are harmonic, the co-

herent scattering cross section can be rewritten to

d20' Ocoh kf N 2 . > .
(deEf>Coh = I o 2nh exp(U >§j:exp(1q -1j) /_oo exp(UV) exp(—iwt)dt,
(5.22)
where
U=—-iq-up(0), V =iq-u;t). (5.23)

The term (U?) in Eq. (5.22) is called the Debye-Waller factor, and is usually written as
—(U?) =2W = 2q*(u?), (5.24)

where (u?) is the mean of u?, and the last equality holds only for cubic crystals. For
other crystals, the equation is still approximately true, although the factor 1/3 will vary.
The Debye-Waller factor is thus a measure of the average displacement of the nuclei in
the sample. It is close to 1 at small q and gradually decreases to zero as q is increased.

The term exp(UV) is rather complicated to calculate. One practical way to approach

it is through the so-called phonon expansion, where we expand [46]
1
exp(UV) =1+ (UV) + §<Uv>2 + ... (5.25)

The first term gives the elastic scattering, the second scattering concerning one phonon,
the third term involving 2 phonons etc. We will here only be concerned with the elastic
scattering. In general, coherent 1-phonon scattering makes measurements of phonon
dispersion relations possible, whereas higher order phonon processes usually only con-
tribute to the background. Incoherent 1-phonon scattering can be used to measure the

phonon density of states [46].

5.1.2 Elastic scattering

If we substitute exp(UV) = 1 in Eq. (5.22), both the sum and the integral can be
immediately evaluated. The integral gives a delta function in energy, and the sum gives
a sum of delta functions in q — 7, where T is a reciprocal lattice vector. The equation

thus becomes

( 2o > B UcohN(27T)3 S 5(q - 7)5(). (5.26)
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where vy is the volume of the unit cell. This leads directly to Bragg’s law: scattering

only occurs when q = 7, which can be readily transformed to the more familiar form
T = 2k sin(6), (5.27)

where 6 is the scattering angle.
It should be noted that Eq. 5.26 only holds for simple cubic systems. In systems
with more advanced unit cells, the equation is modified to

24 )3
(dngf>d - N(%JO) 25@ = T)[Fn(@)?|0(hw), (5.28)

where the nuclear structure factor, Fi(q) is

Fn(a) =) bjexp(iq - ;) exp(—W;), (5.29)
j

with W; being the Debye-Waller factor. The j sum runs over one unit cell. This
modification has the practical effect that some peaks are “forbidden”, meaning that
even though they fulfill Bragg’s law, the cross section is zero due to the nuclear structure

factor.

5.1.3 Magnetic scattering

We now turn to magnetic scattering. The subject is rather large and in some ways more
complicated than nuclear neutron scattering. The general equation for the magnetic

scattering cross section is

d?o B (yro)? ks /g 2 S
where
1 > . . )
afB N —iwt / _iqr;(0) .o iqr; B
S (q,w) NQWHZI/OO dte <e 1 s3(0)e' s (t)>, (5.31)
and
F(q) = /exp(iq-r)s(r)d3r (5.32)

is the magnetic form factor, with s(r) the normalized spin density. F'(0) = 1 and F
decreases smoothly to zero with increasing q. The d-function in « and § reflects the fact
that neutrons only see the spin component perpendicular to q. The scattering function

is essentially the time and space Fourier Transform of the spins of the atoms.
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Four different types of magnetic scattering can occur: Purely magnetic elastic scat-
tering, similar to elastic nuclear scattering, purely magnetic inelastic scattering, similar
to inelastic nuclear scattering, and two cross terms where the neutron excites phonons
via the magnetic interactions and terms which give inelastic scattering in both the spin
and phonons.

The elastic magnetic scattering cross section for a crystal is quite similar to the

nuclear expression, Eq. (5.28)

o r 2 T 2
<jﬂ> - T (4rw)’ exp(‘QW)N(;)FM@)'Q S 6q—T-Q), (5.33)
magn,e

T

where Q is the ordering vector of the magnetic structure and the magnetic structure

factor is

(@) = 3 exp(—ia - 15)(s;1), (5.34)

where s; | means the component of s; that is perpendicular to q. In unpolarized neu-
tron scattering experiments, there is no way to distinguish between coherent nuclear,
incoherent nuclear and magnetic scattering. They can be separated by various tricks
like varying the temperature or applying a magnetic field, but we will not consider this
here. We thus observe a sum of the three types of scattering described above. This may
complicate the analysis.

With polarized neutrons, the three types of scattering can be distinguished. Polarized
neutron scattering plays only a minor role in this thesis, and therefore the mathematical
details of the analysis will not be presented here. The principle is rather simple: By an-
alyzing the spin of the neutrons before and after interacting with the sample, additional
information can be gained. This information can be used to determine exactly what
kind of scattering process occurred. The downside to using polarized neutrons is that
the flux is lower than for unpolarized neutrons, and several additional measurements

need to be performed to obtain a full data set.

5.2 Analysis of neutron scattering data from nanoparticles

The results described in the previous section are quite general, and apply to almost any
type of scattering. We will here describe the type of signal to be expected from the
magnetic excitations described in Chap. 3. We first describe superparamagnetism, then
spin waves from nanoparticles.

5.2.1 Superparamagnetism

For superparamagnetism, the spin-spin correlation function has the form

(s8(0)s% (1)) = 5% exp(—t/7)8*6%% 55, (5.35)
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where 0;; =1 (—1) for spins in the same (different) sublattice. Inserting this in Eq. 5.30

and assuming that the nuclear part of the scattering is elastic (i.e. no phonons) we find

d*o 2 2ky (9 2
= -2 <L (ZF 1—§¢*¢° Ni
Toaz; — S oMo L (FF@) 1 - @) Ny

Ze‘q g / dt et exp(—t/7), (5.36)

The time Fourier transform gives a Lorentzian in energy. For an infinite system, the

space Fourier transform gives a delta function in reciprocal lattice vectors, and we find

d?o 9 2ks (9 2 52 67
T = (-2 (o) E(imq)) Fn(@) (1= 447 N x

F2+ 225q T—Q (5.37)

where I' = h/7. Typically, I' is of the order of ueV or meV. Superparamagnetic scatter-
ing thus appears at the magnetic Bragg peak positions and gives rise to a quasielastic
broadening of the signal in energy. In our case we are interested in the scattering near
the (101) and (003) Bragg peaks. The spins are located in the ab-plane, but the exact
orientation is to the best of my knowledge not known. However, it can be estimated
from experiments as described in Section 6.2. We find, remembering that (1—(¢*)?) = 1
for the (003) peak

120 (003) . r
<deEf)SPM = C(q=(003)) r 12+ (hw)?’ (5.38)
2o\ o Agn T
<deEf>SPM =Cla=(101))1 - (")) — (o) (5.39)

The constant includes all the numerical prefactors and the structure and form factors.
We thus see superparamagnetism as a Lorentzian broadening in energy of the magnetic
Bragg peaks. By extracting the width of these peaks, I', we can experimentally test the
Néel-Brown law mention in Chap. 3, Eq. (3.83).

We note that for nanoparticles, the lattice sum does not give a delta function, but
rather a function which is peaked at the same points as the delta function, but with a

finite width. For a cubic particle, with q along the x axis, we have

2
= sin(gza/2) |’ )

which peaks at ¢, = 27/a. The width is Aq, ~ 27/(ma) = 2w /L, where L is the length
of the particle.
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The superparamagnetic fluctuations are dubbed longitudinal, because they are along

the z direction.

5.2.2 Spin waves

We will now briefly discuss the neutron scattering signal from spin waves. We will restrict
the discussion to nanoparticles, as these form the bulk of the thesis. The dispersion
relations were derived in Chap. 3, and as mentioned, in nanoparticles, only the ¢ = 0
mode has ever been observed. The spin waves are called called transverse, because the
fluctuations are along the = and y axes. The low frequency mode (+) is primarily along
y, while the high frequency mode (—) is primarily along the hard z-axis.

The ¢ = 0 mode is modeled as a damped harmonic oscillator (DHO). The derivation
of the exact expression is more complicated than for SPM, and is omitted here. It can
be found in e.g. [47]. The result is (again, (1 — (¢¥)?) =1 for q = (003))

Ay 2 (hu)?

1% = ¢(q = (003))=* : (5.41)
" T ((hw)? = (hwo)2)? + 493 (hw)?
o A 2v(Tuwg)?
19 — c(a = (o)1 — (@)t D) ()
T ((hw)? = (hwo)?)” + 473 (hw)
7003) _ g (5.43)
o A 27y (hwp)?
199 _ o(q = (101)(1 — (7)) )
T ((hw)? = (hwo)?)” + 473 (hw)
The total area of the high frequency mode and the low frequency mode is
Appo = AL + A_. (5.45)

The integrated intensity of the longitudinal scattering, i.e. Aspwm, is proportional to

the square of the longitudinal part of sAFM,

Aspar o< ((shpae)?), (5.46)
and similarly

Apro o ((sxpum)?)- (5.47)
Combining these relations we find

Aspm I 2
—— = {(s . 5.48
ASPM + ADHO <( AFM) > ( )

The temperature dependence of sleFM(T ) can be calculated using Eq. (3.88). One
downside to doing this calculation is that it requires knowledge of the energy barrier
KV = Nkgyss', which is unknown in the mesoporous particles. The second method is to
utilize the fact that at the magnetic reflections, Q = 7, where 7 refers to (003) and (101)
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reflections, the elastic scattering is proportional to the square of the ordered moment:

I(hw = 0,]a] = 7)) o {(shen)?) ~ (shpnn) (5.49)

The last approximation is readily verified using Eqgs. (3.87) and (3.88).
An important concept when describing inelastic neutron scattering is detailed bal-

ance. In equilibrium, the excitations have a certain population, P, satisfying
P(q,w) = P(q,—w) exp(fw/kpT) (5.50)

To account for this in the fitting procedure, all signals that are related to motion are
multiplied by the detailed balance factor, D(fuw) as used in e.g. [9]

huw 1
D) = 1= <exp(hw/kBT) —+ 1) : (5.51)

5.2.3 Resolution function

Everything we measure has an uncertainty, and this leads to the very important concept
of the resolution function. Ideally, if we measure elastic scattering from a crystal and
plot the intensity of neutrons as a function of 6 or ¢, we should according to Bragg’s law
Eq. (5.27) see delta functions at the values fulfilling this equation.

However, in real experiments, this is not observed. Instead, the peaks are usually
shaped like either a Gaussian (G), a Lorentzian (L) or a Voigt (V') which is the convo-

lution (*) of the two former:

Viz) = (G*V)(z) = / T G Lz — )t (5.52)

INCE) [P

Ag is the area of the Gaussian, o is the standard deviation of the Gaussian, Ay, is the
area of the Lorentzian and 7 is the half width at half max (HWHM). The area of the
Voigt function is Ay = Ag X Af.

The observed shape of the Bragg peaks is what we usually define as the resolution
function. In general, when we observe a distribution (e.g. intensity as function of Aw),
the observed distribution is the convolution of the true distribution with the resolution
function [48]. It is easy to check that the convolution of a delta function with the
resolution function precisely is the resolution function.

The resolution function is both ¢ and hw dependent. The effect of the dependence of
energy transfer is small and very hard to measure because inelastic scattering is needed.
Therefore, it is neglected in this work.

There are several ways to determine resolution functions. One common method is
to measure vanadium, which has a large incoherent scattering cross section and a small

coherent scattering cross section. Another way is to use a measurement of the sample
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itself at low temperatures as the resolution function, since almost no inelastic scattering
is expected at low temperatures. This is the method that will be used in this thesis.
As mentioned, the resolution function is usually Gaussian, but it can also have more
complicated shapes.

Advanced tools to estimate resolution functions exist. For so-called triple axis spec-
trometers, described Section 5.3.1, software such as Reslib [49] can be used to calculate
the resolution function in every point in reciprocal space. Monte Carlo ray-tracing pro-
grams such as McStas [50] or VITESS [51] can also be used to simulate full experiments,
thus providing quite accurate estimates of the resolution function. However, such ad-
vanced methods are very time consuming and unnecessary for this project.

When we are fitting the data from experiments, the fitting function is the convo-
lution of the experimentally determined resolution function with the theoretical true

distribution. In practice, this is calculated using the convolution theorem,

frg=F YF(f) Flg)), (5.54)

where F denotes a Fourier transform. This speeds up calculations immensely, since

efficient algorithms exist for calculating Fourier transforms numerically.

5.2.4 Uncertainties in fitting parameters

In the measurements presented in the next chapter, we will in general observe the high
frequency mode, the low frequency mode and superparamagnetism. This gives a total
of 8 free parameters: the area of the DHOs, AL, their widths, v+, their positions, w4,
the area of the superparamagnetic scattering, Agpy and the width, I'. We also fit an
offset in the energy, giving a total of 9 free parameters, which is a lot

When fitting experimental data there will be some uncertainty in the extracted
parameters. For simple fits, e.g. when fitting a Gaussian amplitude and width to
a peak, the parameters can be assumed to be uncorrelated. In this case, it is fairly
straightforward to calculate the uncertainties of the fitted parameters. In the program
we use, specld, [52], the uncertainties are given as the square root of the diagonal
elements of the covariance matrix of the variables. When the parameters are correlated,
however, this method fails and can some times give wildly inaccurate results. The ideal
solution would be to transform to some variables that are completely uncorrelated, but
this is impractical and possibly not doable in practice.

In our case, some parameters are independent, like the parameters describing the fit
to the low frequency mode and the high frequency mode: the two sets of peaks are so
far apart in energy that they do not influence each other. However, if e.g. the position
of the low frequency mode, hw is increased, a better fit is obtained if also the width,

Y4+ is increased.
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FiGURE 5.1: Illustration of the concept of confidence intervals. Figure taken from
Ref. [53].

The goodness of fit is measured by x?, given by

2
X2 _ Z <ydata yﬁt> ’ (555)

g
data data

where 0gata is the uncertainty in each data point, and the sum runs over all measured
data points. Sometimes, the reduced 2 is used; this is x? divided by (the number of
data points minus the number of free parameters). The fitting routine aims to minimize
the value of x? by varying the parameters. In the experiments described in the next
chapter, any number between 3 and 9 parameters are fitted simultaneously.

We will use the 68% confidence interval of our variables as the error bars. When
varying only one parameter, this confidence interval is given by points where y? has
increased by 1 from its minimum. When varying two parameters, the confidence interval
is the contour where x? has increased by 2.3 from its minimum [53]. The interval
can usually be well approximated by an ellipsoid in the n dimensional variable space.
For correlated parameters, the ellipsoid will be skewed. Calculating this ellipsoid for
9 variables, however, would require calculating x? several billion times for each data
set. This is quite impractical. We therefore calculate only the width of this ellipsoid
along each variable dimension. We do this by varying one parameter manually, while
optimizing the other parameters. An illustration of these concepts is given in Fig. 5.1.

It was mentioned above that Aw, and 74 are correlated. This is illustrated in Fig. 5.2,
where these two parameters have been varied individually, while optimizing all the other
parameters. The color scale shows x2. The data behind this figure will be presented
in the next chapter. It is apparent that the parameters are indeed correlated. The

extracted confidence intervals are shown.
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FIGURE 5.2: The value of x? of the fit of a typical data set from IN5 as function of

the position of the DHO, hAw; and the width 4. The black ellipse shows the 68%

confidence interval. The skewness of the ellipse shows that the two parameters are
correlated.

To summarize, we find the uncertainties of a parameter by varying it and fitting
all the other relevant parameters. The boundary values where x? has increased by 1
compared to the optimal value is taken as the uncertainty intervals. This method has
been used to estimate the uncertainties in all fits of the magnetic signal presented in
the next chapter. When fitting background, the number of parameters is smaller, and
they are independent to a good approximation, so the standard routines of the fitting

program are sufficient to accurately determine the uncertainties.

5.3 Instruments

In this section, the different types of neutron scattering instruments that have been
used in this thesis will be briefly described. The basic concept of a neutron scattering
instrument is the same for all spectrometers: we need to determine k; and k; in order
to calculate the momentum transfer, q and the energy transfer, iw. Since detection of a
neutron is by absorption, this determination must be done with a single measurement.
There are in general two techniques to do this: The first is to utilize Bragg’s law using
a so-called monochromator, which is a crystal with a well defined lattice constant. By
choosing a certain scattering angle, only neutrons with the wavelength fulfilling Braggs
law will be reflected at this angle, and a monochromatic beam will be obtained.

The second technique is time-of-flight, where k;, ky or both are determined through
their time of flight. Usually, one or more choppers are used. A chopper is a rotating
blade of neutron absorbing material with a wedge in it. This provides a way to time
stamp neutrons such that by registering the time of detection of a neutron, its velocity
and thus its wave vector is known.

Getting absolute cross sections from an experiment is quite difficult. Fortunately, we

are often only interested in relative intensities. To normalise the intensity, one places a
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so-called monitor before the sample, which measures a small, but well defined, fraction
of the incoming neutrons. In this way, we have a measure of the incoming flux.

The choice of instrument for an experiment is very important. A variety of instru-
ments exist, optimized for different tasks. In general, one should match the resolution
of the instrument to the desired range of energy and momentum transfer to be studied.
Usually, one must balance a trade-off between high resolution, and high flux - both are
not obtainable with neutrons. If motion on the scale of peV is to be observed, an energy
resolution on the scale of meV is far too large, and will yield no results. Conversely,
using a very narrow resolution will make the counting times increase to beyond what is
feasible. Furthermore, high resolution instruments usually have a quite narrow dynam-
ical range, meaning that it is difficult to measure excitations on several different time

scales in the same experiment.

5.3.1 Two axis and triple axis spectrometers

Triple axis spectrometers are some of the most widely used instruments in neutron
scattering, being available at almost every neutron scattering facility in the world. They
are called so because the detected neutrons change direction three time in a normal
experiment. A sketch of the RITA-II triple axis spectrometer at PSI in Switzerland [54]
is shown in Fig. 5.3. The incoming wavelength is selected with the monochromator,
utilizing Bragg’s law, Eq. (5.27). Next, the neutron scatters from the sample, and a
crystal similar to the monochromator is used to determine the outgoing wavevector.
Finally, a detector measures the neutron. In this way, S(q,w) can be mapped point by
point. This is very useful for measuring e.g. dispersion relations.

Cold triple axis spectrometers usually have a Gaussian resolution of approximately
0.1 meV (FWHM), depending on the exact configuration. The dynamical range is
usually around 10 meV on the upscattering side (neutron gaining energy) and 3 meV
on the down scattering side (neutron losing energy) for a constant final energy of E; =
5 meV.

A similar instrument is the two-axis spectrometer. Here, there is no analyzer, and
the detector thus integrates over w, measuring S(q). Bragg peaks are usually orders
of magnitude stronger than excitations, and in most cases, it is a good approximation
to assume that the measured S(q) = S(q,w = 0), perhaps with an added slightly
g-dependent background.

This is useful for determining the atomic structure of a material in powder form

using e.g. Rietveld refinement [55].

5.3.2 Time of flight spectrometers

As mentioned above, this type of instrument uses the time of flight of the neutrons to
determine their wavevectors. A typical instrument, IN5 (located at ILL) is illustrated
in Fig. 5.4
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FiGURE 5.3: Left: A sketch of the RITA-II triple axis spectrometer located at PSI.

Right: A picture of RITA-II. The monochromator is inside the green shielding, the

sample in the blue cylinder and the analyzer and detector are in the yellow container.
The pictures are from the PSI webpage [54].

Choppers Focusing neutron guide
' Em

FIGURE 5.4: A sketch of the IN5 spectrometer. The picture is from the ILL webpage
[56].

A set of choppers can be set to rotate in such a way that only neutrons with a
specific wavelength come through. In this way, k; and the timing of the neutrons are
determined. When the neutrons reach the detector, their k-vector can be determined
through timing.

Time of flight spectrometers map entire sections of reciprocal space in one measure-
ment, and are extremely powerful. The information content is much greater than what

can be obtained from triple axis spectrometers, with a similar resolution.
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FIGURE 5.5: A sketch of the newly commissioned IN16b backscattering spectrometer
at ILL. The picture is from the ILL webpage [58].

5.3.3 Backscattering

Backscattering spectrometers have extremely high energy resolution, but correspond-
ingly poor ¢ resolution. They are widely used in the field of biophysics to measure
dynamics of molecular water, as we e.g. show in [57]. A backscattering instrument is
illustrated in Fig. 5.5

As the name implies, backscattering, i.e. scattering with 260 ~ 180° is used. The
error in the energy becomes very small, and the resolution is typically 1 peV. To see

this, we differentiate Bragg’s law:
nd\ = 2d cos(0)do + 2, (5.56)

leading to
% = cot(0)d#, (5.57)

which goes to zero as € goes to 180°. The price for the high resolution is a low flux and
a poor ¢ resolution.

To change the energy of the incoming neutrons, a so-called Doppler drive is used. The
monochromator scattering the incoming neutrons towards the sample is set to oscillate,
and by the Doppler effect the energy of the neutrons is slightly shifted. The dynamical
range thus obtained is typically +15 peV, and thus backscattering is usually for quasi-

elastic scattering.
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5.4 Previous neutron scattering experiments on nanoscale

hematite

Several papers describing neutron scattering experiments on nanoscale hematite have
been published. We will here go through most of them chronologically, starting with
the first paper on inelastic neutron scattering measurements on 16 nm nanoparticles
of hematite [9], where both superparamagnetism and the low frequency mode are ob-
served. Using only a uniaxial model for the dynamics they find through Eq. (3.90)
K5V = 1000(400) K. Assuming strong in-plane anisotropy, they would have found
K,V = 500(200) K. This is indeed what they find from SPM through the Néel-Brown
law, Eq. 3.83, with 79 = 7 x 107!2, with an uncertainty of an order of magnitude.
From the frequency of the low frequency mode, Aw,, using Bx = 927 T, they find
k2 = 0.91(5) mK. The width of the peaks are found to increase slightly with tempera-
ture. In a later discussion [35], they refine the data analysis on the data from [9], and
indeed find K3V = 500(200) K.

In [10] they measure the same 16 nm particles. They estimate |K;V = 2600| K,
and with this they find from Eq. 3.88 KoV = 150‘_?80 K; using K1V = oo, i.e. the
2d model Eq. 3.92, they find KoV = 110figo. From the Néel-Brown law, they find
KoV = 490(30) K, and 79 = 1.9(4) x 107! s. From the temperature evolution of the
low frequency mode, they find KoV = 3307590 K if K1V = 2600 K and K>V = 350752 K
for K41V = oo. The width of the peaks are found to increase slightly with temperature.

In [11], the high frequency mode was observed for the first time for 8 nm particles. the
frequency was found to increase with temperature, which they explained by an increase of
|k1| with temperature. They found k1 = —16(1) mK at low temperature. They assumed
s%/s =~ 1 throughout the temperatures measured, which is not a good approximation
at elevated temperatures, so their estimates of the temperature evolution of k1 is not
correct. The width of the peaks are found to increase slightly with temperature.

In [12], 8 nm particles were investigated. Using the 2d model they found KV =
250(30) K for the coated particles. Using the 3d-model with K1V = oo would yield
K,V =125(15) K.

An overview of these results is given in Table. 7.2.






Chapter 6
Experiments

I will here present and analyze several neutron scattering experiments that have been
performed on hematite. First, an overview of the experiments is given. Next, the

experiments are analyzed one at a time, and finally some conclusions are drawn.

6.1 Overview of experiments

A number of neutron scattering experiments have been performed as part of this thesis.
They will here be mentioned in their order of appearance below: Inelastic scattering on
bulk, mesoporous and 16 nm nanoparticulate hematite were done at IN5, ILL [59] by
Adrian H. Hill, Ross Stewart, Hannu Mutka, and Kim Lefmann in June 2010. Backscat-
tering on mesoporous and 16 nm nanoparticulate hematite were done at IN10, ILL [60]
by Adrian H. Hill, Sonja L. Holm, Tilo Seydel and myself in November 2010. The results
of these two experiments were described in my bachelor thesis [61] and in a recent pub-
lication [19]. Furthermore, backscattering on the 16 nm particles were done at IN16b,
ILL [62] by Tilo Seydel in July 2013; these results were also published in Ref. [19].

The mesoporous sample was investigated with polarized neutrons on D7, ILL in
March 2012 by Erik Brok, Pascale Deen, Cathrine Frandsen, Goran Nilsen and myself.
These measurements have not been described before.

Finally, the 8 nm particles have been measured on DMC at PSI in 2001. An overview
of the experiments is given in Table 6.1.

In this chapter, each experiment will be described in turn. The first section, about
the IN5 experiment, also briefly explains the model used for fitting the data.

All fitting was done using MATLAB R2013b with the specld package [52]. To
calculate the convolution of the resolution function with the model, the fastconvn from

iFit was used [63]. iFit was also used to import some of the data.

6.2 Measurements 16 nm and mesoporous particles (IN5)

IN5 is a time of flight spectrometer as described in the previous chapter. It is one of

the most powerful of its kind in the world, and as we shall see, the amount of data
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Sample Facility | Instrument | Year | Henrik? | Section
Bulk
Mesoporous ILL INb5 2010 No 6.2
16 nm
16 nm
ILL IN10 2010 Yes 6.3
Mesoporous
Mesoporous ILL D7 2013 Yes 6.4
16 nm ILL IN16b 2013 Yes 6.3
8 nm coated PSI DMC 2001 No 6.5
8 nm coated PSI RITA-IT | 2001 No 6.5
8nm coated | | BSS 2005 | No 6.6
8 nm uncoated

TABLE 6.1: Overview of the experiments that were analyzed in this thesis.

Bulk A=48A15]—] — [150]200] — [ 300
A=65A 15— — [150 200 | — | 300
A=48A [ 15]50] 100 | 150 | 200 | 250 | 300

Mesoporous

A=65A115[50]100 | 150 [ 200 | 250 | 300
A=48A15[50]100] 150 — | — | 300
A=65A 11550100150 | — | — | —

16 nm nanoparticles

TABLE 6.2: Overview of the temperatures (in K) that have been measured at the IN5
experiment.

produced is huge. Powders of 16 nm particles, mesoporous particles and bulk particles
were measured. The sample environment used was a standard orange cryostat, with the
sample held in a cylindrical aluminium can. Incident neutron energies of F; = 3.55 meV
(A\; = 48 A) and E; = 1.94 meV (\; = 6.5 A) were selected to provide both large
energy transfer and high energy resolution respectively. The FWHM of the resolution
functions were determined (from low temperature data, see below) to be ~ 0.13 meV
and ~ 0.04 meV for \; = 4.8 A and \; = 6.5 A respectively, with a slight ¢ and sample
dependence.

The momentum transfer (¢q) range studied covers the first three Bragg reflections,
(003), (101), and (102), which occur at 1.37 A=, 1.51 A= and 1.70 A~! respectively.
An overview of the measured temperatures is given in Table 6.2

The neutron data were converted from time-of-flight to energy using standard treat-
ments (using the Large Array Manipulation Program, LAMP [64]) and corrected for
the empty aluminum can signal, solid angle and detector efficiency using standard tech-
niques. An example IN5 spectra of the bulk, a-FesOs taken at 150 K with \; = 4.8 A
is shown in Fig. 6.1. The steep, continuous spin wave dispersion is clearly visible. For
the nanoparticles, the iw_ mode is clearly seen at hiw = £1.1 meV at ¢ = 1.51 AT

The elastic line is plotted in Fig. 6.2. The bulk sample shows clear, resolution limited

Bragg peaks at the expected positions. The Morin transition is observed as the drop
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FIGURE 6.1: (Color online) Spectra of (a) bulk, (b) mesoporous, and (c¢) nanopartic-
ulate a-Fe,O3 taken at 150 K with \; = 4.8 A. Quasi-elastic magnetic peaks and the
associated spin-waves at ¢ = 1.37 A=! and ¢ = 1.51 A~! are clearly visible. These
are continuous in the bulk spectrum and quantized in the nanoparticulate spectrum, as
seen near hw ~ 1.1 meV at ¢ = 1.51 A~!. The mesoporous spectrum shows behavior
between these two states. In (c¢) the lines indicate the limits within which the incoher-
ent background has been found as described in the text. Panel (d) is a 3d visualization
of a part of the data for nanoparticulate a-Fe;Og at 300 K, where the high frequency
mode is visible at both ¢ = 1.37 A=! and ¢ = 1.51 A~!

of intensity in the (0 0 3) peak with decreasing temperature. In the mesoporous and
nanoparticle samples, the peaks are broader due to the finite size of the particles, and
no hints of the Morin transition is seen. We also see a large incoherent background in
all three samples. This background is caused by water adsorbed to the surface of the
particles, and is a major complication in data analysis. At small angles, incoherent small
angle scattering from the particles dominates the signal. This background goes as ¢—*.

The integrated intensities of the three first Bragg peaks are shown in Fig. 6.3. Here,
the Morin transition is again clearly observed in the bulk sample. However, it is not
seen at the expected temperature of ~260 K, but instead somewhere between 150 K
and 250 K. This could indicate that the bulk sample is not of high quality. In the two
other samples, no signs of the Morin transition are seen. This is to be expected based

on previous results [32, 31].
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FIGURE 6.2: The elastic part of the signal at IN5 for nano, mesoporous and bulk
hematite for A = 4.8 A. The data for different particle types have been offset for
clarity; the black lines indicate the offset.
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FIGURE 6.3: The integrated intensity of the magnetic (003) and (101) peaks and

the nuclear (1 0 2) peak as function of temperature for A\ = 4.8 A for (a) bulk, (b)

mesoporous and (¢) 16 nm nanoparticles. The Morin transition is obvious in the bulk
sample. The A = 6.5 A data gives similar plots

6.2.1 Modeling 16 nm particle data from IN5

We will now describe how to model the magnetic signal for the nanoparticle sample.
The general procedure is the following. First, the resolution is determined. Next, the
background from the incoherent signal is estimated at the magnetic peaks. Then the

signal at the magnetic peaks is fitted, and finally the extracted parameters are analyzed.

6.2.1.1 Determining the resolution function

First, the resolution function must be determined. In some experiments, it can be found
using an incoherent scatterer like vanadium, but here the resolution is very sensitive to
tiny changes in experimental conditions, like thickness of the sample holder. Therefore,
the sample itself was used at the lowest possible temperature.

A Gaussian was found insufficient to accurately model the data. The peak shape is

broader at the top and falls off quicker than a Gaussian away from the top. This was
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modelled as two narrower Gaussians with the center slightly displaced. In addition to
this, a small tail in the upscattering side was modeled as a Lorentzian when fitting the
incoherent signal. At the magnetic peak positions, this detail could not be accurately

modeled due to the presence of inelastic magnetic scattering.

6.2.1.2 Estimating the background

To model the magnetic signal, we first need to determine the background at the magnetic
peaks. It is clear in Fig. 6.1 that the background is ¢-dependent, becoming broader at
larger q. The signal also broadens with increasing temperature. This is typical of
water dynamics, which is usually modeled as an elastic signal for the static hydrogen
atoms plus a number of Lorentzians to account for the different types of motion the
water can perform: vibration, rotation etc. [65]. The temperature and ¢ dependence
of the amplitude and width of these Lorentzians can yield information about the water
dynamics. However, this is not of interest here, and the simplest possible model with
just a single Lorentzian has been found sufficient to accurately model the background.
Thus,

Ineon = Aad () + D(Jw) (A;el Félrjlw) c, (6.1)
where D(hw) = hw(n(hw) + 1) is the detailed balance factor Eq. (5.51) [9]. Cuts in the
data of constant energy for every value of ¢ (referred to as q cuts) of width 6g = 0.02 A~1
were made and Eq. (6.1) was fitted to the data. The energy bin size was 0.03 meV and
0.01 meV for incident neutron wavelengths of \; = 4.8 A and \; = 6.5 A, respectively.
Data within ~ 0.3 A of ¢ = 1.37 A=! and ¢ = 1.51 A~! were ignored due to the presence
of magnetic scattering, and data at ¢ < 0.5 A~ were ignored due to the presence of
small angle scattering. The limits are shown with vertical lines in Fig. 6.1(c).

Examples of the fit at various temperatures and g¢-values are shown in Fig. 6.4.
Everywhere, the background is accurately modeled by Eq. (6.1).

The extracted parameters for the Lorentzian and background as function of ¢ for
all measured temperatures for the nanoparticles are shown in Fig. 6.5 along with fits to
polynomials of first or second order, depending on what is appropriate. There are several
points to notice here: Firstly, the magnetic intensity is quite broad in ¢, as is expected
for nanoparticles, and thus a large part of the data cannot be used to determine the
background. Secondly, small angle scattering becomes important already at ¢ ~ 0.5 A.
As a consequence of this, only data within the vertical lines have been used for the fit.

Using the fits to the background well away from the magnetic scattering, we can

estimate the background at the magnetic peaks.
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FIGURE 6.4: Examples of the incoherent signal from 16 nm particles at various tem-
peratures. Everywhere, the signal is accurately described by Eq. (6.1).

6.2.1.3 The magnetic signal

As discussed previously, the full magnetic signal consists of; a superparamagnetic Lorentzian,

area Agpy; and the two excitation modes (modeled with two damped harmonic oscil-
lators, DHOs), area Ay, width v+ and position Awy, providing a model for the to-
tal scattering present, Eq. (6.2), with the incoherent scattering fixed from Eq. (6.1)
10, 11, 12, 19]

T ((hw)? = (hw)?)? + 493 (hw)?
(6.2)

A r A 2y (hws )2
Imodel = Iincoh + D(hu)) { i:)M 2 T (mO)Q + Z + /yi( i) } '
+

In this experiment, the SPM broadening is so small compared to the resolution, that
it cannot be distuingished. The term (Agpy/7)T/ (T2 + (Aw)?)) is thus replaced with
AgpmO(hAw). In the fitting procedure, an offset in energy has been allowed. Also, it
was found that the detailed balancing was not fulfilled at 1.5 K. Fitting the tempera-
ture returned a value of 10 K, which has been used. An explanation of this elevated

temperature in the sample could be slow thermalization.
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FIGURE 6.5: Some of the parameters describing the incoherent signal for the nanopar-

ticles. Every point is the result of a fit as described in the text. The left column shows

the parameters for \; = 4.8 A, right for \; = 6.5 A. Disregarding the lowest ¢-values

and the g-range near the magnetic peaks, the area of the Lorentzian, A, is seen to

increase with ¢ and temperature, the width I'y is approximately constant in ¢ and the

background increases with g. The solid lines show fits to polynomials of first or second
order to the data within the vertical lines.
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Some example fits are shown in Fig. 6.6. In Figs. (a), (b), (d) and (e), the data at
the (1 0 1) peak are shown. Here, both the fiwy modes are see, the w_ as a peak near
hw = 1.1 meV, the w, as a broad shoulder to the elastic signal. In Figs. (c) and (f), at
the (003) peak, only the low frequency mode is clearly visible, although hints of the high
frequency mode can be seen. At low temperature, Fig. 6.6(a), the intensity of magnetic
scattering is quite low.

Several things are immediately apparent from these fits. The fits at the (101) peak
are excellent at energies below around £1.5 meV. At higher energies, there is a magnetic
signal which is not accounted for by the model. This signal is likely caused by either
larger particles with a bulk-like dispersion or from aggregated particles. At the (003)
peak, Figs 6.6(c) and (f), it is difficult to distinguish the high frequency mode above
this signal, and attempts to fit the data with a second DHO have not been successful.
As a result, the fit is only reliable up to 0.9 meV. Even so, the fits have a tendency to
increase the position and width of the low frequency mode to reduce the x? of the fit.
To counter this behaviour, we have fixed the values of hw; and 4 at the (003) peak
from the (101) values; this still produces excellent results as seen in Fig. 6.6.

One of the reasons for choosing to measure at different resolutions was to use the
high resolution data to fix the position of the low frequency mode. However, this turned
out to not be necessary.

From these fits, eight parameters of interest can be extracted: The frequencies,
widths and areas of the high- and low frequency mode, and the area of the (quasi-)static
signal. The parameters will be analyzed using the equations described in the previous

chapters. In the next section, we re-analyze the parameters using numerical simulations.

6.2.1.4 Analysis of parameters from magnetic fits

Let us first look at the intensity of the (quasi-)static signal, Ispy, Fig. 6.7. It is seen to
decrease with temperature. This means that the fraction of static spins (as seen by IN5)
decreases with increasing temperature. We also see a difference between the different
peak positions, and the different wavelengths used. This is consistent with Eqs. (5.38)
and (5.39): the observed intensity is not directly comparable to Agpy. By normalizing
to the low temperature data, we see to a good approximation that the temperature
dependence of Agpys is independent of ¢ and A;, as it should be.

We now turn to the area of the low frequency mode, I,. To extract Ay, we first
remove the A dependence by normalizing by the measured value of Agpy at low tem-

perature. The result is shown in Fig. 6.8 We now find

003
£ — Ay (6.3)
Ié%ol\z;’[) Aspum

101 R

Iéijol\? -~ 1—(¢%)% Aspumt’



Chapter 6 Experiments

67

3
10° ﬁ
(a)
10° }
¢g=151 A"
— N =654 =
5100 T=15K i
= =
2 2
g g
= A=
= El
=, S,
= =
2 2
] &
s =

10" ¢

(S}

—_
(=)

Intensity [a.u.]

Intensity [a.u.]

-1 0 1 -2 -1 0 1
hw [meV] hw [meV]

FIGURE 6.6: IN5 data at various temperatures for the 16 nm nanoparticles. The data
used for the fit are shown with black circles, blue circles show data excluded from the
fit. The incoherent signal is shown by black dashed lines, the magnetic signal with solid
green, and the low- and high-frequency mode with dashed blue and purple, respectively.
The left column row is for \; = 6.5 A, the right for \; = 4.8 A. Note that the bottom
part of the scale at 1.5 K is much smaller than at the other temperatures. (a) shows

the

low temperatur data. (b) and (c) show data at 150 K at the two magnetic peak

positions. The signals are similar, except for the presence of the high frequency mode
at ¢ = 1.51 AT (b) and (e), and (c) and (f) show the difference between the high- and
low-resolution data at the two magnetic peaks. Finally, (d) shows the signal at 300 K,

where a much larger fraction of the total scattering is inelastic.
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FIGURE 6.7: Left: the observed intensity, Ispy and right: the extracted values of Agpy

as function of temperature for the different wavelengths and ¢-values that were measured

at IN5. Left: The raw data. Right: The data normalized to the low temperature data.
Agpy i seen to be independent of A and q, as expected.
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FIGURE 6.8: The areas of the two modes. A.. Left figure shows the results of incorrect
normalization of the + mode, I, /Isppm (1.5 K), center shows the correct value and right
figure shows the high frequency mode.

where ¢¥ (¢7) is the component of the (101) vector along the y (z) direction in the basal
plane. Unfortunately, the spin direction within the basal plane in hematite is, to the
best of my knowledge, unknown. We have assumed that the spins are exactly in the
basal plane, and that the low frequency mode is purely along y. We know x is aligned
along the crystallographic ¢ axis, but not how y and z are oriented compared to the
crystallographic axes. However, the orientations can be estimated using the present

data. We can calculate 1 — (¢%)? = 0.9085. We can rewrite the above equations to

101 - sy
IO 01— (§7)2) - (1 - (¢)?)

= ~ 9 (65)
003) (101 — (G%)2
7(008) 7101) 1—(¢°)
or
o AV
1—(¢°)2 = 2-(1-(d")) _ 0.573(17), (6.6)

7(107);(003)
1+ + SPM
1(003) 1(101)

where the measured intensities have been inserted. The uncertainty given is the
standard deviation of the calculation for all the different temperatures and wavelengths

that have been measured. We further find

1—(G¥)% = 0.519(17). (6.7)
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FIGURE 6.9: Left: The average value of Agpn/(Aspm + Apno) as function of temper-

ature. The line through the data points is the best fit to Eq. (3.87), where the values

of K1V found from 7wy is used. With this assumption, the fit gives K;V = 624(65) K.

Right: I £003) / IJ(rlOl). The data have been normalized by Ispy. The peak is barely visible

above the background at 100 K at the (003) peak, and not at all at lower temperatures.
The inset shows an example of the fit.)

The normalization of the data we shall use is thus

A 7(003) (101)
sem(1:5K) (091 5 K) I$py (1.5 K)
(101)
A I
- =0630————. 6.9
Aspm(L5 K) 180 (1.5 K) (69)

The result of this normalization is shown in Fig. 6.8.

In Fig. 6.9, Aspym/(Aspm + Apno) is plotted, along with a fit to Eq. (3.87),with K1V
fixed to the value given below. The fit gives KoV = 624(65) K.

We now investigate the ellipticity of the high frequency mode. As is apparent from
Fig. 6.1, the high frequency mode is just visible at the (003) peak. We find I(_OO?’)/I_(:OD R~
0.04(1). This is smaller than the value of 0.11 observed in [11], and shows that the modes
indeed are highly elliptic.

We now move on to the frequencies of the two modes, see Fig. 6.10. The frequency
of the low frequency mode decreases with temperature, which is a known effect, see
Eq. (3.84). The high frequency mode initially slightly decreases in frequency, and then
increases. This increase can only be explained by an increase in the absolute value of
the in-plane anisotropy, «1. This increase is observed for both the nanoparticles and the
mesoporous particles.

The frequencies have been fitted simultaneously to Egs. (3.48) and (3.49), with the
temperature dependence given by Eq. (3.84) and Bx = 900 T and Bp = 2.1 T. The
temperature dependence of k1 has been chosen as an even fourth order polynomial, as
used in [19], and kg is assumed to be constant.

We find ko = 1.34(1) mK, corresponding to By = 3.99(3) mT. Assuming N =
8.51 x 10%, this translates into KoV = 570 K. The uncertainty on this value is by far
determined by the uncertainty in V.
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FI1GURE 6.10: Left: The frequencies of the low and high frequency mode in nanoparti-

cles and mesoporous particles. Also shown is the temperature dependence of (s*) and

fits to Egs. (3.47) and (3.48), with the temperature dependence given by Eq. (3.84).

Right: The temperature dependence of k. The tendency is the same for nano, meso-

porous and bulk particles. It is seen that x; does not change sign for the mesoporous
and the nanoparticles.
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FIGURE 6.11: The width v+ of the two modes measured on 16 nm particles.

The extracted values of k1 are shown as function of temperature in Fig. 6.10. At 0 K,
the value k; = —15.8(1) mK is found, corresponding to By = —47.0(4) mT. As before,
this yields K1V = 6.72 x 10? K. The results are in agreement with those obtained in
Ref. [11] at lower temperatures. At elevated temperatures, they assume s* ~ 1, which

The final parameters to investigate are the widths of the two modes, v+. They are
shown in Fig. 6.11. The low frequency mode in general is wider than the high frequency
mode. Also, the width seems to increase with temperature, whereas it remains roughly
constant for the high frequency mode. The widths are fairly consistent between the

measured wavelengths. In [9], the width was found to decrease with temperature.

6.2.2 Modeling mesoporous particles data from IN5

We now turn to the mesoporous sample. The same fitting procedure as for the nanopar-

ticles has been applied, but with no success. We will here briefly show the attempt. The
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FIGURE 6.12: Some of the parameters describing the incoherent signal for the meso-

porous particles. Every point is the result of a fit as described in the text. The left

column shows the parameters for \; = 4.8 A, right for \; = 6.5 A. Disregarding the

lowest g-values and the g-range near the magnetic peaks, the area of the Lorentzian is

seen to increase with ¢ and temperature, the width is approximately constant in ¢ and

the background increases with g. The solid lines show fits to polynomials of first or
second order to the data within the vertical lines.

incoherent signal is quite easy to fix, and follows the same trend as the nanoparticles,
as seen in Fig. 6.12.

The magnetic signal at ¢ = (101) and q = (003) from the IN5 data is shown in
Fig. 6.13. We see a broadening of the elastic line, and clear peaks at fiw =~ 1 meV.
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FIGURE 6.13: Temperature dependence of the mesoporous a-Fe;Os spectra at (a)
qg=151 A-1 with \; = 4.8, (b) ¢ = 1.51 A~!, with \; = 6.5, showing the evolution of
the high frequency mode at ~ 1 meV (300 K). Spectra are arranged from 300 K (top)
in steps of 50 K to 10 K (bottom) offset from each other for clarity. (c) shows the signal
at ¢ = 1.37 A1, with \; = 4.8 and (d) shows the signal at ¢ = 0.9 A~', with \; = 4.8.
In (a)-(c) a magnetic signal is clearly seen above the background in (d).

The broadening of the elastic line is of magnetic origin and is not due to superparam-
agnetism, as was shown by Mossbauer spectroscopy [31]. This is also confirmed by the
backscattering data presented in the next section.

However, the magnetic signal cannot be modeled by the same procedure as the
nanoparticles can. This is probably due to the hybrid nature of the mesoporous material:
it is more bulk-like than the nano-particles, but the high frequency mode still shows
distinct peaks indicating quantized spin waves.

The attempts at fitting the data are shown in Fig. 6.14. Although the fits look
fairly good, the parameters are senseless. The “width” and “position” of the innermost
DHO have values greater than 20 meV, which is completely unphysical, and signifies a
breakdown of the model. Additionally, the outer lying DHO significantly overestimates
the value of hw_, as seen in Fig. 6.14(d).

The frequency of the high frequency mode has therefore been extracted by eye from
the data in Fig. 6.13. The same analysis as applied to the nanoparticles still yields good
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FIGURE 6.14: IN5 data at various temperatures for the mesoporous particles. The data
used for the fit are shown with black circles, blue circles show data excluded from the
fit. The incoherent signal is shown by black dashed lines, the magnetic signal with solid
green, and the low- and high-frequency mode with dashed blue and purple, respectively.
The left column row is for \; = 6.5 A, the right for \; = 4.8 A. Note that the scale at
1.5 K is much smaller than at the other temperatures. (a) shows the low temperatur
data. (b) and (c) show data at 150 K at the two magnetic peak positions. The signals
are similar, except for the presence of the high frequency mode at ¢ = 1.51 AL (b)
and (e), and (c) and (f) show the difference between the high- and low-resolution data
at the two magnetic peaks. Finally, (d) shows the signal at 300 K, where a much larger
fraction is inelastic.
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FIGURE 6.15: Examples of the IN5 data at constant Aw = 1.1 meV for the nanoparticles
(left) and the mesoporous particles (right) at 150 K for \; = 4.8 A. Extra intensity is
seen at low ¢; the (003) peak is asymmetric.

estimates of the temperature dependence of k1, as shown in Fig. 6.10.

6.2.3 Alternative analysis method of IN5 data

In the analysis presented above, we have chosen to fit the background by making cuts at
constant Aiw. We could also have made cuts in the other direction, and fitted the data
as function of ¢ for fixed values of Aiw. The area of the peaks as function of Aiw would
ideally correspond to the purely magnetic signal. The data would then be fitted with
a background function and a peak function for the magnetic signal. In most cases, this
procedure yields results that are identical to the procedure described above. However,
there are several difficulties, which make this model impractical. Several thousand fits
must be made, and thus inspection and correction of each fit is not feasible. The fitting
procedure must thus be quite robust. But the signal varies drastically as function of Aw:
Near hw = 0 the signal is very different from the inelastic signal. The ¢ dependence of
the inelastic background is quite complicated and difficult to model. Thirdly, the peaks
are quite close in ¢ which further complicates the analysis. Finally, the peaks are not as
simple as expected. An example of such a fit is shown in Fig. 6.15.

In both the nanoparticles and the mesoporous particles, an extra signal is seen at ¢
slightly smaller than the (003) peak position at ¢ = 1.37 A7'. The origin of this peak
is unknown. The asymmetric shape of the peak could be a signature of short ranged
magnetic correlations, as seen in e.g. frustrated magnetic materials. [66]. However, it is
apparent that this simple fit neither gives a good estimate of the background nor of the
peak amplitude. Time did not allow to pursue this further.

Another advantage to sticking to fitting the background by making cuts at constant
hw is consistency. The the method is applicable to all the other data sets to be presented

in this thesis, whereas fitting along ¢ requires a data set of the size of IN5 data.
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IN10 Mesoporous | 1.5 | 50 | — | 150 | 200 | 250 | 300 | 350 | 400
16 nm 1.5 | 50 | 100 | 150 | 200 | 250 | 300 | 350 | —
IN16b 16 nm 2 | —| — |10 — |250 | — | — | —

TABLE 6.3: Overview of the temperatures (in K) that have been measured at the IN10
and IN16b experiments.

6.3 High resolution data on 16 nm and mesoporous parti-
cles measured at IN10 and IN16b

The quasi-elastic features of the mesoporous and nanoparticulate samples were stud-
ied using the backscattering instrument IN10 at the ILL [60], with incident energy
E; = 2.08 meV ()\; = 6.27 A). The instrument uses Si (111) analyzers and has 7 de-
tectors, located at ¢/A~'=( 0.38, 0.75, 1.08 1.37, 1.68, 1.85, 1.96), with /iw range of
+12 peV. The energy resolution was found from low temperature measurements of the
sample. It could be accurately modeled by a Gaussian with Lorentzian tails and a second,
smaller Gaussian which was slightly displaced in energy. The FWHM was approximately
1.0 peV.

Data were collected for the nanoparticle sample at 1.5 K, 50 K, 100 K, 150 K, 200 K,
250 K, 300 K and 350 K, while the mesoporous were measured at 1.5 K, 50 K, 150 K,
200 K, 250 K, 300 K, 350 K and 400 K. An overview of the temperatures is given in
Table 6.3

The excitations Awy could not be observed within the energy window of IN10, and
below around 150 K, almost no broadening of the peaks are seen in either detector, i.e.
Agel = 0. At 150 K motion of water sets in and gives rise to a quasi-elastic broadening
in all detectors. Around this temperature, the magnetic signal at ¢ = 1.37 A~ also
starts to broaden.

The quasi-elastic features of the nanoparticulate sample were further studied using
the newly commissioned backscattering instrument IN16b at the ILL [62, 67], with
incident energy E; = 2.08 meV ()\; = 6.27 A). The instrument uses Si (111) analyzers
and has 16 detectors, with an energy range of +30 peV. The energy resolution was
found from low temperature measurements of the sample to be mostly Gaussian with a
FWHM of 0.8 eV, but with small Lorentzian tails. Data were collected at 2 K, 150 K
and 250 K.

The IN10 and IN16b background data are quite similar. An example of the back-
ground measured at IN16b at two different values of ¢ is shown in Fig. 6.16. The
background was fitted to Eq. (6.1). For the IN10 data, the quasi-elastic signal was only
included at temperatures above 150 K, and the constant signal was only included at
temperatures below 150 K.

The temperature dependence of some of the incoherent parameters in the IN16b
experiment is shown in Fig. 6.17. These parameters were fixed in the same way as for

the IN5 experiments, with the change that only first order polynomials were used, due
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FIGURE 6.17: The area, width and and background of the incoherent signal in the
IN16b experiment. The error bars at 1.5 K are rather large and obscure the plot, so
they are not shown.

to the small amount of detectors. It should be noted that the final fit of the magnetic
signal is not very sensitive to the exact values of the parameters.

The magnetic signal has been fitted with Eq. (6.2) without the DHOs. Example fits
for the IN10 and IN16b data are shown in Fig. 6.18

The extracted values of I' are shown in Fig. 6.19. The line through the data is a fit to
the Néel-Brown law, with the parameters KoV = 726(200) K and 75 = 5.4(5) x 10712 s.

6.4 Polarized experiment on mesoporous particles at D7

As shown in section 6.2.3 about the IN5 data, the inelastic mesoporous data show an
odd symmetry as function of g. We got a single day of beamtime to investigate this with
polarized neutrons at D7, ILL. It was unfortunately necessary to use a different sample
than the one used in the IN5 experiment. However, initial characterization, as described
in section 2.4.3 showed that the new sample was similar to the previous sample.
Polarized neutrons provide a unique opportunity to investigate the sample without

the huge background from water adsorbed on the surface of the particles. As we have
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FIGURE 6.19: The width I' of the magnetic signal measured in the IN10 and IN16b
experiments along with a fit to Eq. (3.83).

seen, the incoherent scattering from hydrogen provides a large background and compli-
cates the analysis. For this experiment, the instrument had been calibrated for elastic
measurements, and it was therefore not possible to investigate inelastic scattering in this
experiment.

The wavelength chosen was A = 3.12 A. This allowed the probing of ¢ within 0.14 —
3.91 A™". The resolution was determined using a standard scatterer (YIG) and was
found to be Gaussian with a ¢-dependent FWHM of ~ 0.07 AL

The sample was loaded in a 1 mm thick hollow cylinder, to minimize multiple scat-
tering. The transmission was found to be 86%. Measurements were performed at 1.5 K,
100 K, 200 K, 250 K and 300 K.

The different contributions to the scattering at 1.5 K are shown in Fig. 6.20. Also
shown is the magnetic signal at all temperatures, as well as the total fit to this signal.
The magnetic contribution has been fitted with Voigt functions, with the Gaussian width

set equal to that of the resolution function. The Lorentzian broadening is due to the

finite size of the structure.
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signal for every temperature. The magnetic contribution has been fitted with Voigt
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0.25¢

T

I
o

Area of magnetic peak
o
< —
— n

| [+(003)
+(101)
+(213)

0 50 100 150 200 250 300
Temperature [K]

FIGURE 6.21: The integrated area of the magnetic peaks as function of temperature.
A change in behavior is seen near 200 K.
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In Fig. 6.21 we show the integrated area under the magnetic peaks as function of
temperature. Here we see a transition happening near 250 K, with an effect similar to
the Morin transition. The effect is, however, quite small.

We have found no sign of elastic diffuse magnetic scattering in the mesoporous
hematite sample. The question about the nature of the asymmetry of the inelastic
scattering is still unresolved, and requires additional measurements to be answered.

The sample showed hints of a Morin transition, which has been shown previously to
be suppressed in mesoporous hematite. One possible explanation of this could be bulk
impurities in the sample.

Another conclusion to be drawn from this experiment is that the incoherent back-
ground is indeed quite complicated to model. Also, the small angle scattering is nuclear,
and is thus not related to the water adsorbed to the surface of the particles.

We now turn to experiments on the 8 nm particles.

6.5 8 nm particles measured at DMC and RITA-II

As described earlier, two sets of 8 nm nanoparticles have been investigated. In the
experiments on DMC and RITA-II, the coated nanoparticles were used, As described
in the previous chapter, DMC is a two axis spectrometer, which therefore measures
the energy integrated signal. The result of measurements here are plotted in Fig. 6.22,
where the background has been subtracted. The first three peaks are seen at the expected
positions, and the intensities drop slightly with temperature because of the Debye-waller
factor.

The diffraction signal from the same sample was subsequently measured at RITA-II,
as also shown in the figure. In an initial scan,, only the elastic signal is measured, and
we see a remarkable difference between the two temperatures. The nuclear (102) peak is
nearly unchanged, from 10 K to 300 K, but the magnetic signals disappear. This means
that within the resolution of RITA-II, most of the magnetic signal has become inelastic
at 300 K.

The inelastic features were also measured at RITA-II with F; = 3.7 meV and a
BeO filter after the sample. The data were taken before the upgrade to multiple blades,
i.e. with a single detector. Data were taken at 10 K, 50 K, 100 K, 150 K, 190 K,
240 K, 276 K and 300 K. Background measurements were performed at ¢ = 0.93 A7!
and ¢ = 1.83 A™'. The same fitting procedure as described previously has been used,
except that background interpolation was simpler, as described below. The resolution
was found to be Gaussian with an asymmetric half-Lorentzian tail with a FWHM of
approximately 0.12 meV. The resolution can be difficult to determine at the magnetic
peaks because of the magnetic excitations. We have assumed that the excitations are so
small that they have negligible influence on the apparent resolution. Examples of fits to

the incoherent signal are shown in Fig. 6.23
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FIGURE 6.22: Neutron diffraction data around the (003) AFM Bragg peak in coated
8 nm hematite nanoparticles from DMC and RITA-II.
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F1cURE 6.23: Fits to the incoherent signal from RITA experiment on coated 8 nm
particles at (a) ¢ = 0.93 A™", T = 10 K, (b) ¢ = 0.93 A™', T =190 K and (c)
¢=183A7", T =190 K.

The background parameter C' is also very g-dependent, especially at higher temper-
atures, and can therefore not be determined accurately from just two ¢ values. It was
thus kept free in the fits.

Examples of fits of the magnetic signal can be seen in Fig. 6.25.

The values of Agpm and Ay are shown in Fig. 6.26. The solid lines are fits to
Eq. (3.87), assuming |[K V| > KsV. The fit to Agpm/(Aspm + A1) gives KoV =
157(11) K. Assuming N = 1.06 x 10%, this gives k2 = 2.9(2) mK or By = 8.81(3) mT.

The excitation energy of the low frequency mode is shown in Fig. 6.27. It increases
with temperature, in contrast with the 16 nm particles. This result was unexplained
until recently, but can be understood in terms of the rotor mode, Sec. 3.7: at elevated

temperatures, the motion gradually shifts from the two ¢ = 0 modes towards the rotor
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F1GURE 6.25: Fits of the magnetic signal from the RITA-II experiment on 8 nm
particles at (a) 50 K, (b) 150 K and (c) 300 K.
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FIGURE 6.26: The values of Agpy and A4 on the 8 nm particles. Left: The value of
Agpym. Center: The value of A,. Right: Aspm/(Aspm + A4 ). The solid lines are fits
to Eq. (3.87), assuming |K;V| > KsV. The

mode. The effect will be described more thoroughly in the next chapter. In the figure,
we have plotted the fit to Eq. (3.84). We find ko = 1.47 mK, which is very close to the
value for 16 nm particles. This gives an energy barrier of KoV = 78 K. The frequency
of the rotor mode, Eq. (3.108) is also plotted

The width of the SPM signal, I, is significantly larger than for the 16 nm particles,
as shown in Fig. 6.27. At temperatures above 200 K, the peak is so broad that it is
barely visible. This is reflected in the relative area of this peak compared to the total
magnetic signal, which has large uncertainties at elevated temperatures. It is seen to
increase with temperature, but the uncertainties are quite large. Analysis of the width

is postponed to the next section describing backscattering measurements on the same
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FIGURE 6.27: The temperature dependence of the magnetic parameters for coated

8 nm particles measured at RITA-II. (a) shows the excitation energy, fiw,, (b) the

width of the SPM signal I', and (c) shows the width of the DHO, . In (b), the data
at highest temperature are unreliable, since almost no signal is seen.

particles.
Finally, the width of the DHO, v, appears to increase slightly with temperature.

The values are consistent with 16 nm particles measured at INb5.

6.6 8 nm particles measured at BSS

Backscattering measurements were performed at BSS in Julich.

6.6.1 The experimental setup

The wavelength of the neutrons used was A = 6.271 A. BSS has 14 detectors in total,
but several of them are not useful for this work. The interesting detectors for our
purpose are detector 2 to 6, that are placed at ¢/ A= 1.87,1.72,1.52, 1.28, 1.02, each
covering around 0.2 A", Tt is seen that detector 3 is placed on the structural [102] peak,
detector 4 is placed on the magnetic [101] peak and detector 5 is placed on the [003] peak.
There are more detectors at smaller ¢, but these cannot be used due to the increased
background from small angle scattering. The detector at ¢ = 1.02 A_l, already suffers
from this problem, so much that it cannot be used to determine the background. This
means only the detector at 1.9 A™" can be used to determine the background.

Experiments were performed on two different powder samples of 8 nm hematite
nanoparticles. One as prepared (FD), where there is a strong interparticle (exchange)
interaction, and one where the particles had been individually coated with phosphate
thus reducing these interactions significantly (PO). In [30], it was shown that due to
the interaction between these particles, the uncoated sample forms small clusters of 2-4
nanoparticles, thereby effectively increasing the size of the particles.

In total, measurements were performed at the following temperatures for around 12
hours each: PO: 4K, 25K, 50K, 75K, 100K, 125K, 150K, 175K, 250K, 295K. FD: 4K,
50K, 100K, 150K, 175K (twice), 225K, 275K, 295K. An overview is given in Table 6.4

Furthermore, vanadium was measured at 4 K for both experiments. Also, measure-

ments were performed at temperatures 4 K, 14 K,...,294 K for roughly 1 hour each on
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FD april — | — | —|— | — | — | — | 175 | 225 | 295
september | 4 | — | 50 | — | 100 | — | 150 | 175 | 275 | —
PO april 4 | — | — | 75100 | 125 | — | 175 | — | 295
september | — | 25 |50 | — | — | — | 150 | — | 250 | —

TABLE 6.4: Overview of the temperatures (in K) measured at the BSS experiment.

both samples with the Doppler drive turned off. This was to determine the temperature
dependence of the intensity of the elastic signal.

The raw data were converted by Christian Bahl to intensity vs. energy for each detec-
tor using standard routines at the spectrometer. No initial normalization or background
subtraction has been done.

The vanadium measurements have been used to find the resolution function for each
detector. It was found to be adequately described by a Gaussian with Lorentzian tails,
and a second Gaussian displaced slightly from the first. The FWHM is estimated to
be 1.2 peV, but the tails are clearly distinguishable from the background in a range of
roughly 5 ueV.

The intensity of the elastic line on the measurements of vanadium is different on each
detector. At 4 K, the Debye-Waller factor is approximately 1 for all ¢, and since vana-
dium scatters almost purely incoherently [45], the data have been normalized such that
the area of the incoherent elastic signal for vanadium is the same for all detectors. The
uncertainty in the area of the incoherent elastic peak from vanadium is approximately

1% and therefore unimportant in the following.

6.6.2 Elastic scattering

In Fig. 6.28 the intensity of elastic scattering as a function of temperature is shown. For
the coated particles, the intensity at the magnetic peaks falls quickly at low tempera-
tures, and near 80 K it is on par with the background. Near 150-200 K a change in the
slope of the background is seen. For the uncoated particles, the magnetic intensity is
noticeably larger than the background until around 200 K. At 200 K, the background
changes character. This is the dynamics of water that sets in, with the incoherent
scattering becoming quasielastic and moving out of the window of BSS.

The difference between the change of the slope at 200 K for the two samples means
that for the uncoated sample, motion of water is more important than for the coated
sample. This is probably related to the formation of clusters mentioned earlier.

For the coated sample, the intensity decreases sharply at the magnetic peaks already
around 20 K, which means that the DHO and SPM get activated. Thus the DHO and
SPM are important at all temperatures for this sample. At temperatures above 100 K,
the behavior is indistuingishable from the structural and non-magnetic peaks. Therefore,

it is expected that the magnetic signal is almost purely quasi-elastic or inelastic here.



84 Chapter 6 Experiments

2.5f0 2.5f
< < < a
A Zo gg%gg;gggizzqqqqqq
2 Dﬂg uuuuuu 2 00066836 <1<1<1
ER ARSI T AL u T FEIIITITayrure, . B8,
< <aa g . ngZVVVVVV a & “fo0afyy 064
5 15 daag oo %A gy, O & L5} 5 a
£ P PP -
<z AR IR S <z 984
3 Ta T RgE 3 mag
g 1 Ty Rt "yl
= = “894
0.5 Coated, april g 0.5} Uncoated, september
L A BN WD R W) L A BN WD SR W)
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Temperature [K] Temperature [K]

FIGURE 6.28: Measurements of the elastic line on 8 nm particles at BSS. Left: The

coated particles. The intensity at the magnetic peaks falls quickly at low temperatures.

Near 200 K a change in the slope of the background is seen. Right: The uncoated

particles. Here, the magnetic intensity is noticeably larger than the background until
around 200 K. At 200 K, the background changes character.

For the uncoated sample, the decrease of the magnetic signal is not so fast, but still

present, meaning that also here, magnetic dynamics get activated.

6.6.3 Quasielastic scattering

The incoherent signal is very difficult to treat in this experiment. The nano-particles
are half as large as those measured at IN5, and a rough estimate tells us that the small
angle scattering is important in a g¢-range that is twice as large, i.e. up to around
qg=1 A7 1 This is also apparent in Fig. 6.28 where it is seen that the area of the
elastic incoherent peak at ¢ = 1.1 A" is much larger than at ¢ = 1.9 A7, At the IN5
experiment, Section 6.2, it was found that apart from the small angle scattering, the
elastic incoherent signal is nearly constant in ¢q. It was also shown that, although the
quasielastic part and the background are ¢ dependent, they saturate to constant values
for large ¢q. This will be assumed to be true for these particles as well, and therefore
only detector 2 (¢ = 1.9 A_l) will be used to fix the incoherent signal.

At temperatures below 200 K, the incoherent signal will be modeled by an elastic
line and a constant background:

TE<200K — A 15(e) + C, (6.10)

incoh
Where A, is the area of the elastic peak and C'is a constant. Above 200 K, a Lorentzian
will be used instead of the constant:

Aqel qul
2 27
™ T qel T €

IF2200K — 4 16(e) + D(e)

incoh

(6.11)

!The small angle scattering approximation is ga < 27, where a is a typical distance [45].
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FIGURE 6.30: Examples of fits to the magnetic signal from BSS.

where A is the area of the elastic peak, D(e) is the detailed balance factor and Agel
and I'ye are the area and HWHM of the quasi-elastic peak. The addition of a constant
background was not needed. In the fitting procedure, Iiycon is convoluted with the

resolution function. Examples of the fits to the incoherent signal are shown in Fig. 6.29.

The magnetic signal has been fitted with Eq. (6.2) without the DHOs. Example fits
are shown in Fig. 6.30 The extracted values of I' are shown in Fig. 6.31. For the coated
particles, we see the width increasing with increasing temperature, and the data follows
the Néel-Brown law quite clearly, with KoV = 98(9) K and 79 = 2.2(2) x 107! s. This
is in good agreement with the value KoV = 78 K obtained from the value of Aw, from
the RITA-II data.

For the uncoated particles, the results are less clear. A broadening appears at higher
temperatures, but the data quality is too poor to make definite conclusions. This is due

to interactions between the particles, as described in [12, 30].
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FI1GURE 6.31: The width of the SPM signal in the 8 nm particles measured at BSS.

The the figure to the right, the data from RITA have been included. The dashed black

lines indicate the resolution of BSS and RITA, while the solid black line indicates the
energy maximum of BSS.

6.7 Conclusions

Before moving on to the simulations, it is worthwhile to pause and get an overview of
the results presented in this chapter.

Data from D7 on mesoporous particles confirm that the high background observed
in all experiments indeed is spin incoherent scattering from hydrogen, due to water
adsorbed on the surface of the particles.

In the 16 nm particles, both the high and low frequency mode have been observed
simultaneously. The frequency of the high frequency mode first decreases with tempera-
ture, and subsequently increases. This can be interpreted as an increase in the absolute
value of the anisotropy constant, |k1|. The low frequency mode decreases with temper-
ature. The fraction of inelastic intensity compared to elastic intensity increases with
temperature.

The spin direction within the basal plane in the 16 nm particles was determined.
SPM broadening of the peaks is observed with backscattering measurements at IN10
and IN16b. The Néel-Brown law gave KoV = 726(200) K with 79 = 0.54(5) x 10711,
The temperature window within which the broadening can be observed is very narrow,
and there is a rather large uncertainty in the observed values, primarily due to the high
background. For the 16 nm particles, the easy axis anisotropy constant was found in the
IN5 experiment to be ky = 1.34(1) mK, corresponding to By = 3.99(1) mT. Assuming
N = 8.51 x 10%, this translates into K>V = 570 K. The uncertainty on this value is
by far determined by the uncertainty in N. A 10% uncertainty seems reasonable. The
value of k1 at low temperatures was found to be k1 = —15.8(1) mK, corresponding to
By = —47.0(1)) mT or K1V = 6.72 x 10® K. Using the relative area of the excitations
we found K2V = 624(66) K.

In the 8 nm particles, the low frequency mode is observed. We find that the frequency

increases with temperature, contrary to the 16 nm particles. This can be explained by
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the onset of the rotor mode. SPM broadening is observed with both triple axis mea-
surements and backscattering. For the coated particles, where inter particle interactions
are minimized, the broadening increases with temperature. For the uncoated particles,
no clear results can be extracted from the backscattering measurements. We also find,
for the coated particles, that the magnetic scattering becomes almost purely inelastic
within the resolution of RITA-II. Again, this is explained by the rotor mode.

The energy barrier was found using the relative areas to be KoV = 157(11) K.
This translates into ko = 2.96(2) mK, By = 8.81(3) mT. The Néel-Brown law gave
K>V =98(9) K and 79 = 2.2(2) x 107! s. From the measurements of the low frequency
mode we found, assuming £ = 1 that k9 = 1.47 mK, which is very close to the value for
16 nm particles. This gives an energy barrier of KoV = 77.9 K.

In the mesoporous particles, only the high frequency mode was observed. The fre-
quency was found to increase with temperature, which as for the 16 nm particles can be
seen as an increase in |k1|. Backscattering measurements confirm the absence of SPM
broadening of the elastic peak.

An overview of all the parameters is given in Table. 7.2






Chapter 7

Simulations

Numerical simulation is an incredibly powerful tool which becomes more and more used
in all areas of physics. Simulations complement theory and experiments very well: In
theory we must, as we have seen in previous chapters, make many simplifying assump-
tions to reach analytically computable results. This limitation is not necessary to the
same extent for simulations, allowing us to probe the effect of various interactions where
our analytical tools fall short. The most important effect here is temperature, which is
included as random fluctuations. This type of simulations is named Langevin simula-
tions.

Simulations can provide unique insight into phenomena that are unreachable to us
as experimentalists. Simulations give us direct control of most of the parameters that
can affect our results.

The first version of this simulation tool was written in MATLAB by Jacob Garde
and described in great detail in his Masters thesis [34]. The simulations were inspired
by Ref. [68] who simulated ferromagnetic nanoparticles.. I have extended the work by
Garde by 1) Implementing the uncompensated moment of spins 2) Implementing the
DM-interaction 3) Correcting minor errors and numerical values and 4) Speeding up the
code by roughly a factor 300.

In this chapter I will first outline the derivation of the equations of motion that are
being numerically integrated. Next follows an explanation of how this integration is done,
as well as how to relate the simulations to experiments. The simulations are validated
by some simple test cases, and are then compared to the data. The input parameters
are adjusted to best match the data, and the numerous results of the simulations are
described.

7.1 Implementation

In the simulations we model the nanoparticles as two superspins, as already described

in Chapter 3. We numerically integrate Egs. (3.68) and (3.69), where we now reinserted

89
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h for completeness:

dsy
dSB
E = YSB X Bgf, (72)
where
BysY 0
Bii=¢Bysg—-B—| 0 |+&Bp| 55 |. (7.3)
Bys% —syB
Bis% 0
By=Bxsa-B-| 0 |-Bp| 5 |- (7.4)
Bysh —5?4

These equations, however, are valid only at 0 K. To add temperature effects we couple
the two macrospins to a heat bath. The calculations are described in detail in Ref. [34]
and briefly outlined in the appendix, Chapter C. The idea is to modify Egs. (7.1) and
(7.2) to include temperature effects. This is done by adding a small, random fluctuation

term and a corresponding damping term. The resulting equations are

dsy

ﬁzysAx(Bg‘fpuloA)—MsA>< (sa x BZ), (7.5)
dsp _ BE 1+ b BE

¢ 8B X (Begt + bp) — Mysp X (sp x Bgg), (7.6)

where b is a random fluctuating field, and A < 1 is a damping term. The fluctuations
are uncorrelated in time, and the amplitude is such that the total energy of the system
remains constant. This is done by utilizing the fluctuation-dissipation theorem [69].

The relationship between b and X is

A

N RRTSS(E— ). 77
vgupsNa © (t=t) (7.7)

(Baby () =2
One important thing to notice here is that we have implemented temperature in absolute
units. It is thus possible to directly compare the simulations to the experiments described
in the previous chapter. It is also interesting to note from this equation that e.g. doubling
the particle size exactly corresponds to halving the temperature.
As mentioned above, we numerically integrate Eqs. (7.5) and (7.6). This gives a
real space trajectory for each spin, which can be related to experiments by Fourier
Transforming, as will be described later. The integration method used is the second

order Runge-Kutta method [53], in which we have s;11 = s; + As;, with

19s; 10s
As; = [ 2220 4 ZZZHL) A A .
Si <2 8t+2 5 ) t+vs x Ab (7.8)
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where

and Ab are random numbers following a Gaussian distribution with variance

A
A(ba)?) = 2———kpTAt. 7.10
(A(ba)7) So— (7.10)
After each step, the spins are renormalized to length 1, to avoid buildup of errors
during the simulations. Typical simulations in this thesis are 100 ns with a timestep of

1 fs.

7.2 Relating simulations to experiments

A power spectrum is defined as

2

P(w) = ‘1{ /T dt 5o (1)] | (7.11)

0

where s*(t) is the a’th component of the spin at time ¢. The power spectrum is thus
the absolute square of the Fourier Transform of the spins.
The Wiener-Kinchin theorem states that [48]

T
(P*(w)) = % /0 dt €1 (s7(0)5° (1)), (7.12)

where T is the total simulation time. It is useful to note that the power spectrum of e.g.
one 10 ns simulation to a good approximation is equal to the sum of 10 simulations of
each 1 ns. This is useful since the RAM usage of calculating these Fourier Transforms
numerically can exceed what is readily available on a home computer.

We recall from Eq. (5.30) that

dSZ"Ef x C(q) % (57 - ¢°¢°) / Z dt e (s(0)s°(1)) (7.13)

where C(q) includes the magnetic form factor and structure factor, and we ignored the
atomic positions, since they are irrelevant for the simulations.

From this, it is evident that the power spectra, which are calculated from the simu-
lated trajectories of the spins, can be compared with experiments. To be concrete, we

have the two relations

d?o Y .
<deEf>(003) x C((003))(PY 4+ P?), (7.14)

2
<d") o C((101))(0.9085P% + 0.519PY + 0.573P%), (7.15)
AQdEy ) 14,
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where the numerical values are from Section 6.2. These relations make it possible to
directly compare experiments and simulations.
The simulated data will be modeled in the same way as the real data. We thus use

the following model:

Isim -
m I'? 4 (hw)

= T ((w)? = (hws)?)® + 493 (hw)?

Aspm r Ay 274 (hwy)?
Y (i) (7.16)

The normalization is done in the exact same way as for the experiment.
Another very useful tool for analyzing the simulations is to directly look at the time
evolution of the spins. This provides insight into the actual motion of the spins, and

will be used from time to time in the following.

7.3 Validation

A number of parameters can be adjusted in the simulations. Some are physical constants
that must be found by comparing the simulations to experiments: the total number of
spins, N4 + Np, the uncompensated moment, { = Np/Ny4, the strength of the applied
magnetic field, B and of the effective fields Bx, Bi, B3, and Bp, and the damping
parameter, X\. Others are more artificial, but equally important. These include the time
step At in the simulations, the total simulation time 7" and the time of each simulation
part, AT. Finally, as we shall see, the simulated data must be convolved with a resolution
function with a certain width, o, and this must also be chosen carefully. It is of course
vital that all these parameters have the correct values.

We will first validate the implementation of the code by comparing with analytic
results. This also serves as a demonstration of the effect of some of the parameters in
the model.

7.3.1 Exchange driven precessions

Let us consider the effect of the exchange term only, with no damping at zero temper-
ature. The motion described here is similar to the rotor mode described in Sec. 3.7,
except that a small angle approximation is made in that derivation. This restriction is
easily lifted in the simulations.

Considering only the exchange term at zero temperature, we have

d
%szst X 8B, (7.17)
d
% — vBxsp X sa. (7.18)

We thus see that if the spins are not antiparallel, they will precess in the plane perpen-

dicular to s4 x sp, which we here take as the x-axis. Without loss of generality, we can
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FIGURE 7.1: The precession frequency as function of deviation angle, 6 for two spins
coupled only by the exchange field, Bx = 900 T.

assume that the spins cant by the same angle, 6:

s4 = (sin(#), cos(#) sin(wt), cos(f) cos(wt)), (7.19)
sp = (sin(f), — cos(0) sin(wt), — cos(0) cos(wt)), (7.20)
which leads to
ds 0 0
dij = | wecos(d)cos(wt) | =vBE | 2sin(8) cos(6) cos(wt) (7.21)
—w cos(f) sin(wt) —2sin(0) cos() sin(wt)
w = 2yBx sin(0). (7.22)

We note in passing that
wrvYBx (04 +0p) (7.23)

for small values of #; this is in accordance with the derivations in Sec. 3.7. The simulated
value of w is plotted as function of @ in Fig. 7.1. The time step used here was dt = 10~ % s,
to ensure sufficiently small time steps at the larger frequencies. A total of 107 time steps

were simulated for each angle. The agreement is excellent.

7.3.2 ¢ =0 spin waves

Let us now simulate the ¢ = 0 spin waves described by Eqs. (3.47) and (3.48). We
also add the DM-interaction, which is described by Eq. (3.49). In terms of the effective
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FIGURE 7.2: Varying B, By, Bx, Bp and the canting angle, §. The solid lines are
Eqgs. (7.24) and (7.25). The solid lines in the plot of the canting angle is Eq. (3.84).

fields, these equations become

Tw. = Q,UB\/(BQ +2Bx)(B2 — B1) + B3, (7.24)
4w, = gup~/Ba(By — By + 2Bx). (7.25)

In the simulations we tilt the spins a small angle away from the minimum, still
keeping the temperature and damping at zero. The spins then perform oscillations with
the frequencies given by these equations. fiw® as function of By, By, Bx and Bp are
shown in Fig. 7.2. The solid lines in these figures are Eqgs. (7.24) and (7.25). Again, we
see excellent agreement.

We also investigated the effect of the size of the canting angle. Theoretically, the
frequency should decrease according to Eq. (3.84). However, we see the frequencies do
not decrease as quickly as expected. Time did not allow for a careful investigation of

this effect.

7.3.3 Damping

Let us now introduce damping into the equations, while keeping the temperature at 0.
An example of the time evolution of the spins is given Fig. 7.3. We see that the spins
indeed precess in the x and y directions, with the amplitude gradually decreasing.

The power spectra were fitted using a DHO. Examples of the fits for various values
of X\ are shown in Fig. 7.4. We see clear peaks in both the x and y direction; the position
of these peaks is the frequency of the oscillations. At very small and very large damping,
the fits are not very good. The y mode becomes overdamped for A\ ~ 1 x 1073, the z
mode for A = 6 x 1073. It is clear that the width increases with .
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FIGURE 7.5: The area, width and position of the peaks as function of the damping

parameter, A\. The bottom row is a zoom in on small values of A\. The width and

position of the peaks is seen to increase with A. For the low frequency mode, the
position of the peaks is roughly constant for A > 2 x 1073,

The extracted parameters from the fitting are shown in Fig. 7.5. The width of the
peaks increases with A\. We also see a slight increase in the positions of the peaks at
low values of \. At A > 2 x 1073, the fits are unreliable. The origin of this increase is
unknown to me. For a damped harmonic oscillator, the frequency is expected to decrease

with increasing damping.

7.3.4 Temperature effect on a paramagnetic moment in a field

To test the implementation of the temperature, a single paramagnetic moment of s = 5/2
is simulated as function of temperature and magnetic field. Theoretically, the magneti-

zation should follow the Langevin function:

(7.26)

<SS> = L(s, B,T) = coth <g“BSB> kT

kgT )  gupsB’

The simulations as well as Eq. (7.26) are shown in Fig. 7.6 for various temperatures
and magnetic fields. The agreement is excellent, except for some uncertainties in the

simulated data.

7.3.5 Total simulation time

Convergence of the power spectra depends on the damping parameter A. For a rather
low damping, A = 6 x 1074, the convergence of power spectra happens after around
100 ns. The convergence is faster for higher damping, but no systematic study has been
performed. The evolution of the three components are shown at typical values for 16 nm

particles in Fig. 7.7.
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FIGURE 7.6: Simulations of the ordered moment for a single paramagnetic s = 5/2 spin
in a magnetic field. Symbols are simulations and the solid lines show the theoretical
prediction, Eq. (7.26).
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FIGURE 7.7: The x (left), y (center) and z (right) components of the power spectra at
various times for a 16 nm particle. Convergence is seen after around 100 ns.

7.3.6 Different simulation times

In the work by J. Garde [34], the system was simulated for 60 times of 1 ns each. This
was mainly done due to the long simulation times of several minutes per simulated
ns. With the improvement described in the introduction, this limitation is no longer
necessary. It is therefore worthwhile to investigate the difference of the two approaches.
I have thus simulated the same system for 100 ns in one run, and in 100 runs of 1 ns.
The results are shown in Fig. 7.8. The outermost double peaks are P¥, the inner double
peaks are PY, and the peak at the center is P?. We see almost no difference between
the two runs. This confirms that the sum of individual power spectra indeed is equal to

the power spectrum of the total simulation.

7.3.7 Time step

The size of the time step in the numerical integration is very important. If the step is
too large, the results will not be correct. However, the shorter the step, the longer the
computation time must be for convergence of the power spectra.

The lowest value of the time step is given partly by the increase in computing time,

and partly in the increase in size of the produced files. For instance, the five plots in
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FIGURE 7.8: Comparison of simulations for 8 nm particles. Left: 50 K. Right: 150 K.
The plots have been normalized so the z component peaks at 1.

Fig. 7.2 required almost 1 Gb of simulated data; they were run with a time step of

dt = 10716 s for a total of 1 ns.

The highest excitation energies we encountered in the measurements were approx-
imately 1.3 meV, corresponding to frequencies of 2 x 10'2 s~!, or time steps of dt =
5x 1071 s. A time step of dt = 107'% s thus gives at least 500 points within each
oscillation, which should be more than sufficient. In [34] a time step of dt = 107 s was
used.

To ensure that a time step of dt = 107'% s is an optimal choice, a range of time
steps were simulated at two temperatures, 50 K and 150 K for 8 nm particles. A
representative choice of the simulations are shown in Fig. 7.9. The three components
are plotted individually for several different time steps. From this figure, it is seen that
a time step of dt = 10 fs is on the verge of being too large, as already a time step of
twice this size gives quite different results. No large difference is seen between a time
step of 1 fs and 0.1 fs, proving that 1 fs is sufficiently small.

All these simulations were done for 200 ns to ensure beyond doubt that convergence

had been achieved.

7.4 Comparing with data

It is now time to relate the simulations to the data described in the previous chapter. We
will first analyze the 15 nm particles, comparing the simulations with the IN5 experiment
and the two backscattering experiments at IN10 and IN16b. We will vary By, B1, Bs
and A, to find the values that overall fits best with the data. We will set the DM-field
equal to the bulk value, Bp = 2.1 T [1]. From the simulations, the following parameters
can be extracted, as function of temperature: Aspy, I', Ay, v+ and fw™, all of which

can be compared to the data.
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FIGURE 7.9: Comparing the time step dt at 50 K (left) and 150 K (right). It is seen
that a time step smaller than 10 fs is required to get consistent results.

The general strategy to be employed is the following: The simulated data will be
convolved with the resolution function of the relevant instrument, in order for the com-
parison to be as realistic as possible. The data will be fitted to Eq. (7.16) convoluted with
the resolution function in the same energy window as the real data, and the resulting
parameters will be plotted as function of temperature, comparing to the data.

Ideally, adjustment of the parameters to match the simulations to the experiments
would be done by some sort of x? minimization. However, there are several problems
with this method. First of all, the simulated data will need to be fitted automatically.
The fits are very sensitive to the starting guess, convergence only happens if the starting
guess is already quite close to minimizing 2. This means that a robust method to
estimate the parameters would have to be developed. In addition to this, the simulated
data is inherently noisy. The default optimizer, based on the Lewenberg-Marquadt
algorithm [70, 71], is not suitable for noisy data. For noisy problems, the particle swarm
algorithm [72] has shown promising results in other areas [73], but convergence is not
guaranteed and usually requires more than ~ 1000 iterations of each ~ 20 minutes.
These problems makes a x? optimization impractical.

Instead, the parameters will be adjusted by visually comparing the results of the

simulations to the data and adjusting the parameters one at a time.

7.4.1 16 nm particles: IN5, IN10 and IN16b

In this section we will compare the simulations with data on the 16 nm particles. We
first compare with the experimental parameters found in the previous chapter, then

move on to adjust the parameters.

7.4.1.1 Direct comparison

We first compare the simulations directly with the experimental parameters that were

found in the previous chapter.



100 Chapter 7 Simulations

We perform the simulations for several values of A\: A = 1 x 107%, A = 3 x 1074,
A=6x10"4 A=12x10"*and A =18 x 10~

Examples of the simulated data and the fits at q = (101) are shown in Fig. 7.10. The
simulated data were convolved with a Gaussian with the same width as the resolution
function of IN5 at the high resolution experiment, A; = 6.5 A. The model is seen to
give a good fit over approximately 5 orders of magnitude in intensity, which is quite
impressive.

The extracted parameters from the fits are shown in Fig. 7.11. The simulated values
are quite close to the measured values, but with some important differences. First of all,
the temperature dependence of the high frequency mode, Aw_ is much more pronounced
in the simulations than in the experiment. This means that the temperature depen-
dence of the extracted values of k1 is wrong. To get a better fit with the simulations,
the temperature dependence should be smaller. The explanation of this is that the high
frequency mode, for constant x; does not change as significantly with temperature as
expected. A second observation is that Agpy is overestimated, while A4 are underes-
timated in the simulations at high temperature. Finally, we see from Fig. 7.11 that A
primarily influenced three parameters: I" and .. Increasing A will in all three cases

increase the width.

7.4.1.2 Adjustment of parameters

It is clear that some of the parameters need to be adjusted, as the simulations and the
experimental data do not match. The parameters have been adjusted one at a time, by
simulating a few values and comparing with the data as in Fig. 7.11. More examples
of these adjustments are shown in Appendix D. Here, an overview of the effect of the
different parameters is given.

Increasing A mainly increases y+. I' also increases slightly, but not uniformly. At
higher temperatures, higher A also slightly increases Agpy and decreases A..

Increasing the number of spins, N = N4 + Np primarily has an effect on the areas
and I': increasing NN increases Agpy and decreases A+ and I'. Smaller N also means a
more pronounced temperature dependence of hw, .

Increasing Bs decreases I' and increases Awy and Agpy increases with increasing Ba,
while A, decreases. Increasing Bj increases hw_, while A_ decreases. Increasing By
increases w4+ and v+ and leaves the areas unchanged. Finally, increasing £ shifts the
energies, as expected: hw_ is increased and fiwy is decreased. Also, increasing ¢ slightly
reduces A_ and vy+. A summary of this is given in Table 7.1. The final result is shown
in Fig. 7.12.

We see that quite good agreement between simulations and experiments are obtained
by using the same values of N, By, By and £ as used in the experiments. The only
major difference is in the widths of the DHO’s, v+. They are significantly narrower

in the simulations. To match the widths to the experiments, the damping was set to
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FIGURE 7.11: The extracted parameters from the fits for different A. Filled symbols

are experimental data, open are simulations. Gray symbols are for the high frequency

mode. In the simulations, the high frequency mode is marked by dashed lines. First

row shows the areas, from left to right: Agpm, A+ and A_. Second row shows the

widths, from left to right: T, T" on a scale where the Néel-Brown law is a straight line

and 4. Third row shows the ¢ = 0 spin wave frequencies, iwy. From left to right:
Both peaks, hw; and Aw_.

N [ N[ By | B | Bx] ¢

Aspm | (=) | + | +
T —_ =

TABLE 7.1: The correlation between the input parameters to the simulations and the
parameters extracted from fitting the simulated data. + indicates positive correlation,
— negative correlations, (—) indicates slightly negative correlation.
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F1GURE 7.12: The final simulation results after parameter optimization for the 16 nm
particles. Gray symbols are for the high frequency mode. In the simulations, the high
frequency mode is marked by a circle. First row shows the areas, from left to right:
Aspym/(Aspm + Apno), A and A_. Second row shows the widths, from left to right:
I', T on a scale where the Néel-Brown law is a straight line and .. Third row shows
the ¢ = 0 spin wave frequencies, fwy. From left to right: Both peaks, fiw and hw_.

A =1x107%, which is quite small. From Fig. 7.10 it is clear that the simulated data do

not look like the experimental data.

The temperature dependence of 1 is not as pronounced as expected from the data

analysis in the previous chapter. The temperature dependence of k1 as determined by

the simulations is shown in Fig. 7.13.

Fitting the simulated data gives quite consistent results: The Néel-Brown law gives
2.12 x 107" s and KoV = 505 K, which is close to the input KoV = koss'N = 579 K.
Fitting the temperature dependence of Agpn/(Aspm + A+ + A-) to Eq. (3.88) yields
KoV =575 K. All the values are given in Table 7.2. Discussion of details is left for the

next chapter.
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1 Particle Method K2 B> KoV K1 B1 K1V 70 Bx N Bp I3
Neutron mK mT K mK mT K S T T
(1) 0.91(5) | 2.71 600 927 10° 0 1
9] 16 nm 2) 1 2.9745 | 500(200) — — — 0.7 x 101D — 10° — 1
(3c) 2 5.949 | 1000(400) 0 0 0 — — 10° — 1
[35] 16 nm (3b) 1 2.97 | 500(200) 00 00 % — — 10° — 1
(1a) 0.776 2.31 330750 | -6.11 | -18.2 -2600 — 900 Unknown | 0 1
(1b) 0.823 2.45 3507550 o0 00 o0 — 900 Unknown | 0 1
[10] 16 nm (3a) 0.353 | 1.049 | 150735° | -6.11 | -18.18 -2600 — Unknown | Unknown | 0 1
(3b) 0.259 0.769 110750 00 00 00 — Unknown | Unknown 0 1
2) 1.15 3.42 490(30) — — — 1.9(4) x 1071 — Unknown | — 1
[11] PO 8 nm (1) 1.25 3.72 66.3 -16(1) | -47.6 -848 — 827 Unknown | 0 1
(3c) 4.72 14.03 250(30) 0 0 0 — 900 Unknown 0 | 1.011
[12] PO 8 nm (3b) 2.36 702 | 125(15) 0 o0 % — 900 Unknown | 0 | 1.011
Mossbauer
[36] 16 nm (4b) 1.39 4.12 5907150 00 oo 00 6.5 5% x 10T — Unknown | 0 1
[29] 16 nm 1.46 4.33 620 5.3 x 10T — Unknown | 0 1
[29] 8 nm (4b) 0.759 2.26 323 oo oo oo 0.97 x 10T — Unknown | 0 1
(2] PO 8 nm (4c) 6.32 18.80 335(35) 0 0 0 Unknown — Unknown 0 1
(4b) 3.17 9.43 168(18) 00 00 00 Unknown — Unknown 0 1
This work
16 nm (1) 1.34 3.99 570(60) -15.8 -47.0 | —6.72 x 10° — 900 8.51 x 107 | 2.1 1
IN5 (3a) 1.47 4.36 624(66) 158 | -470 | —6.72x 10° — — 851 x 107 | — 1
Mesoporous (1) — — — -1.72 -5.11 — — 900 — 2.1 1
IN10+IN16b 16 nm (2) 1.71 5.08 726(200) — — — 0.54(5) x 10~ — 8.51 x 107 | — 1
1 1.47 4.37 77.91 —10k2 | —10Bz | —10K2V — 900 1.06 x 10T | 2.1 1
RITA-IT | Coated 8 nm Ammvv 2.96 881 | 157(11) | —10ms | —10B; | —10K,V - — 1.06 x 107 | — 1
BSS Coated 8 nm (2) 1.85 5.50 98(9) — — — 2.2(2) x 10711 900 1.06 x 10* | 2.1 1
Simulations
Input 1.34 3.99 570 -15.47 | -46.00 | —6.58 x 10° — 900 8.51 x 107 | 2.1 1
16 1m (1) 1.312 3.91 560 -16.03 | -47.7 | —6.83 x 10° — 900 851 x 107 | 2.1 I
(3a) 1.35 4.02 575 -15.47 | -46.00 | —6.58 x 10° — 900 851 x 107 | 2.1 1
(2) 1.19 3.53 505 — — — 212 x 10" 900 851 x 107 | 2.1 1
Input 3.17 9.43 168 -31.7 | -94.3 -1680 — 450 1.06 x 10T | 2.1 1
f=1 S nm (1) 3.03 9.02 161 —10k2 | —10Bs | —10K.V — 450 1.06 x 107 [ 2.1 1
(3a) 2.83 8.88 150 —10k2 | —10Bs | —10K.V — 450 1.06 x 107 | 2.1 1
(2) 3.00 8.92 159 — — — 0.52 x 10T 450 1.06 x 10T | 2.1 1
Input 3.17 9.43 168 -31.7 | -94.3 -1680 — 900 1.06 x 107 | 2.1 | 1.015
(1) 3.06 9.12 162 —10k2 | —10B2 | —10K.V — 900 1.06 x 107 | 2.1 | 1.015
£=1.015 8 nm — T
(3a) 2.99 8.88 158 —10k2 | —10Bs | —10K.V — 900 1.06 x 10T | 2.1 | 1.015
(2) 3.08 9.15 163 — — — 1.64 x 10 * 900 1.06 x 107 | 2.1 | 1.015

TABLE 7.2: Overview of parameters describing nanoscale hematite.
calculated from the given results and green indicates values that have been assumed in the calculations. The different methods are: Method 1:(hw).
la: full mode. 1b: 2d model. Method 2: (Néel-Brown). Method 3: Aspm/(Aspm + Apuo). 3a: Full model. 3b: 2d model. 3c: uniaxial model.
Method 4: Mdssbauer. 4a: full model. 4b: 2d model. 4c: uniaxial model. For unknown spin number, the values N = 8.51 x 10* and N = 1.06 x 10*
have been used for 16 nm and 8 nm particles, respectively. k1, By and K1V are given at 0 K.

Black color is the reported measured values, blue indicates values I have
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FIGURE 7.13: The extracted values of x; from the experiments, as well as the values
found in the simulations.
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FiGURE 7.14: Examples of the simulations for 8 nm particles, with the parameters
determined from the experimental chapter. The data at 10 K are on a log scale, the
rest on a linear scale. Broadening of the peaks with temperature is clearly seen.

7.4.2 8 nm particles: RITA and BSS

We now compare the simulations to the data on 8 nm particles. This comparison is sig-
nificantly more difficult, for several reasons. First of all, smaller particle size corresponds
directly to higher temperatures. Most of the approximations described in this thesis are
for low temperature, and are therefore a priori expected to fail at larger temperature.
The damped harmonic oscillator model for the oscillations, for instance, does not give
a very good fit at elevated temperatures. Secondly, the data quality is not as good as
for the 16 nm particles. With these disclaimers in mind, let us look at the simulations.
We start by simulating at N = 1.06 x 10*, Bx = 900 T, B,=4.37 mT, B; = —10Bs,
€ =1, A = 6 x 1074, These simulations are done for 150 ns to ensure convergence.
Example fits at various temperatures are shown in Fig. 7.14. It is immediately apparent
that the spins are much more mobile than before, as seen by the broad Lorentzian and
high amplitude of the hw; mode. The extracted parameters are shown in Fig. 7.15 for
various values of .

As before, we vary the parameters one at a time and compare with the data. The

most reliable of the data is the frequency Aw,, and the primary goal will be to adjust the
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FIGURE 7.15: Scan of A for the 8 nm particles, varying from A\ = 3 x 10=* (blue),
A=06x10"% (green), A =9 x 107* (red).

parameters such that the temperature evolution of this matches the data. The secondary
goal is to get the correct temperature evolution of the areas. The widths, both I' and
~v4 are quite difficult to match, as we also saw for the 16 nm particles.

To reduce the number of free parameters, we will assume N = 1.06 x 10*. As long as
|B1| is large compared to By, By does not influence any parameters that were measured
in the experiments. We will therefore fix By = —10B5. This leaves \, Bs, Bx and £ to
vary. We cannot a priori exclude the possibility of an uncompensated moment; for an
8 nm particle it is estimated to be around 1-2% as shown in Section 2.4.2. Furthermore,
By is the average exchange field felt by the spins. This could be reduced by there being
less exchange bridges for surface spins than for interior spins. For an 8 nm particle, the
ratio of surface spins to interior spins is much higher than for a 16 nm particle, so this
is plausible. The effect is estimated to be around a 10% reduction, see Section 2.4.2.

From Table 7.1, it is seen that A mainly influences ;. We will for now fix it to
A =6 x 107* used by Garde [34]. Now, fw, is influenced by all three of the remaining
parameters. We will therefore first fulfill the secondary goal of matching the areas by
varying Ba. The result (show in the appendix, Chapter D) is that Bj is significantly
larger than what was obtained from the experiments, where £ = 1 and Bx = 900 T
was assumed. The optimal value is found to be close to the value found by Mdossbauer
spectroscopy, and thus KoV = 168 K is used, leading to By = 9.43 mT.

Now, to adjust Bx and &, we essentially have three possible approaches. 1) Assume
no uncompensated moment, £ = 1 and adjust Bx to the data. 2) Assume Bx = 900 T
and adjust £ accordingly. 3) Assume both ¢ and By differ from the bulk values and
adjust both accordingly. The third option is not feasible with this data set; we do not
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have data of high enough quality to refine Bx and £ simultaneously. The next best
thing is to explore the relationship between £ and By, which we will do to some extent.

We first set £ = 0 and refine Bx. The optimal value is found to be near Bx = 450 T}
approximately half of the bulk value.

The simulations have been done for two different values of the damping, A = 9x 1074,
where the simulated data have been fitted exactly as the experimental data, and A =
2 x 1074, where the peaks are much narrower, and the rotor mode can be distinguished.
Examples of the fits are shown in Fig. 7.16. For A = 2 x 10~* the SPM signal matches
the experimental data, which is not the case for A = 9 x 1074,

The results of the fitting are shown in Fig. 7.17. Agpm/(Aspm + A4 is fitted to
Eq. (3.88), yielding K2V ~ 150 K, which is not far off from the input, KoV =168 K. I"
is fitted to the Néel-Brown law, giving KoV = 159 K and 79 = 1.77 x 107! s. It is clear
that the simulated data follow the Néel-Brown law, and the fitted value is very close to
the input. Finally, the temperature evolution of hw, is fitted to Eq. 3.84, and excellent
agreement is seen at lower temperature.

In Fig. 7.17, the expected frequency of the rotor mode, Eq. (3.108) is plotted along
with Aw, .
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FIGURE 7.16: Examples of the final fits for 8 nm particles for A = 2 x 107* (left) and
A =9 x 107* (right) at several different temperatures. The data with A\ = 2 x 1074
have been fitted with an extra DHO for the rotor mode at temperatures above 100 K.
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FIGURE 7.17: The final simulations assuming £ = 1, leading to Bx = 450 T. Filled

points are experimental data, open are simulations. Blue points are for A = 2 x 1074,

green for A = 9 x 10™%. Solid lines are fits to the simulated dataTop row shows the

areas, from left to right: Aspm, A4 /Aspm and Aspu/(Aspm + A4 ). Second row shows

the width of the SPM signal, I', the width of the low frequency mode, 74 and the

frequency of the low frequency mode, fiw,. The simulated data have been fitted as
described in the text.
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FI1GURE 7.18: The final simulations assuming Bx = 900 T, leading to £ = 1.015. Filled

points are experimental data, open are simulations. Blue points are for A = 2 x 1074,

green for A = 9 x 107*. Solid lines are fits to the simulated data. Top row shows

the areas, from left to right: Agpm, Ay /Aspm and Agpm/(Aspm + Ay). Second row

shows the width of the SPM signal, I', the width of the low frequency mode, v, and

the frequency of the low frequency mode, hw,. The simulated data have been fitted as
described in the text.

We next set Bx = 900 T and refine &, the plots are shown in the appendix (Fig. D.16).
The optimal value is near £ = 1.015. The results are shown in Fig. 7.18. It is apparent
that the fit is exactly as good as the previous with Bx = 450 T and & = 1.

The expected rotor frequency for £ = 1 is plotted along with Aw.. It should be noted
that this frequency probably depends on &, but no analytical calculations have yet been
made.

Finally, we look at some intermediate values, setting ¢ = 1.010 and refine By, finding
Bx =600 T. The results are shown in Fig. 7.18. Again, the fit is exactly as good as the
previous two.

The simulations have been done for a few different values of ¢ to see how £ and Bx
depend on each other. The results are shown in Fig. 7.20.

The results will be discussed in the next chapter. Before that, we will take a look at

the spin configurations in real space.

7.4.2.1 Time evolution

Let us consider the time evolution of the spins for the two cases described in the previous
section for 8 nm particles: a( £ = 1 and Bx = 450 T, b) £ = 1.015 and Bx = 900 T.
Typical 1 ns examples are shown in Figs. 7.21 and 7.22. At low temperature we see
rapid, low amplitude oscillations in «x, slower, higher amplitude oscillations in y and

constant values of s*, followed by near instant flips of s*: superparamagnetism. At
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FI1GURE 7.19: The final simulations assuming £ = 1.01, leading to Bx = 600 T. Filled

points are experimental data, open are simulations. Blue points are for A = 2 x 1074,

green for A = 9 x 107*. Solid lines are fits to the simulated data. Top row shows

the areas, from left to right: Agpnm, Ay /Aspm and Agpm/(Aspm + Ay). Second row

shows the width of the SPM signal, I', the width of the low frequency mode, v and

the frequency of the low frequency mode, hw,. The simulated data have been fitted as
described in the text.
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F1GURE 7.20: The optimal values of Bx for different values of £ for 8 nm particles
with By fixed to the value found from Méossbauer spectroscopy.
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150 K, the flips happen more frequently, and coupled motion of s* and s¥ is encircled
with red. Only one or two full rotations are seen before thermal fluctuations de-excite
the mode.

At 300 K, the spins oscillate almost freely in the yz plane, and the rapid coupled
oscillations of s* and sY are encircled. This is a direct observation of the rotor mode
described in Section 3.7. The dynamics are quite similar in the two cases, except that
the average canting angle is larger when Bx is smaller.

To further investigate the rotor mode, the individual components of the power spectra
are shown in Fig. 7.23 at different temperatures. For both values of £, the rotor mode is
clearly seen in P*. At low temperaturesl small peaks are seen in P*. Their cause have
not been systematically investigated, but they are likely an effect of the oscillations in

the x and y directions.
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FIGURE 7.21: The time evolution of the spins for 8 nm particles at 50 K (top), 150 K
(center) and 300 K (bottom) for £ = 1. Rapid, low amplitude oscillations along the
axis indicate the high frequency mode, slower, higher amplitude oscillations along the
y axis indicate the low frequency mode, and superparamagnetic spin flips are seen in
the z axis as s* being near constant and suddenly switching sign. The red ellipses mark
rapid coupled oscillations within the yz-plane, correlated with large deviation angle
from the spins being antiparallel. The right hand figures show the motion of the spins
on the unit sphere.
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FIGURE 7.22: The time evolution of the spins for 8 nm particles at 50 K (top), 150 K
(center) and 300 K (bottom) for & = 1.015 and Bx = 900 T. Rapid, low amplitude
oscillations along the = axis indicate the high frequency mode, slower, higher amplitude
oscillations along the y axis indicate the low frequency mode, and superparamagnetic
spin flips are seen in the z axis as s* being near constant and suddenly switching sign.
The red ellipses mark rapid coupled oscillations within the yz-plane, correlated with
large deviation angle from the spins being antiparallel. The right hand figures show the
motion of the spins on the unit sphere.
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Discussion

In this section, the results of the neutron scattering experiments presented in Chapter 6
and the simulations presented in Chapter 7 will be discussed. We will first discuss the

mesoporous particles, and then the nanoparticles.

8.1 Mesoporous particles

The mesoporous particles were investigated with inelastic time of flight neutron scatter-
ing, neutron backscattering and polarized neutron diffraction. In all experiments, a huge
incoherent background was seen. The polarized neutrons showed that the background
indeed is non-magnetic in origin, and thus comes from water adsorbed to the surface of
the particles.

The backscattering experiment showed with no doubt that superparamagnetic spin
flips do not occur in mesoporous particles; verifying the results from Mossbauer spec-
troscopy [31]. Never the less, the magnetic dynamics are not the same as in bulk. Clear
inelastic peaks were observed and identified as the high frequency mode, Aw_. Signs of
the low frequency mode, Aw,; were also seen, although it could not be fitted with the
damped harmonic oscillator model that was used for the nanoparticles. Several plausible
explanations of this exist: the mesoporous particles contain a macroscopic number of
spins, and the lowest mode with ¢ > 0 is probably at lower energy than in the nanopar-
ticles. The observed scattering could thus likely be caused by a combination of ¢ = 0
and g > 0 modes, which would serve to broaden the peaks.

From the values of fiw_, the temperature dependence of x; was determined. it was
assumed that ko had the same value as in the 16 nm particles. from the presence of
magnetic scattering at low energy transfers, it seems that this is a valid assumption.
Furthermore, Bx and Bp were assumed to be equal to their bulk values.

The mesoporous particles showed an asymmetry in the inelastic signal along ¢q. It
seems that a broad signal is present at ¢ slightly smaller than ¢ = 1.37 A_l, where the
magnetic (003) reflection is observed. The asymmetry of the peak is puzzling; if it was

merely a size effect it would be symmetric in ¢, and would probably also be seen in the
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(101) reflection. The broadness of the peak is reminiscent of diffuse magnetic signal seen
in magnetically frustrated compounds.

To investigate the mesoporous particles in more detail, I will suggest inelastic polar-
ized neutrons with better resolution than was used at IN5. This is a very demanding

experiment, and it is questionable if there even exists an instrument that can do this.

8.2 Nanoparticles

The main focus of this thesis has been on 16 nm and 8 nm hematite particles. We
will first discuss some results that are valid for both the 8 nm and 16 nm particles
investigated here, before discussing them individually.

The incoherent background from water adsorbed to the surface of the particles has
been a major problem in the data analysis. The analysis of the IN5 data provided a basis
for increasing our understanding of this background compared to previous measurements.
The g-dependence of the parameters is not trivial, and the width of the magnetic signals
makes it necessary to go quite far away in ¢ to measure only the background. Never the
less, a quite robust method to analyze the background was developed.

The error bars on the parameters derived from fitting the experimental data were
defined as the value of the parameters where y? was increased by 1 compared to the
optimal value. This yields a quite good estimate of the uncertainties, but still neglects
a very important factor: the background determination. As already mentioned, it is
quite difficult to estimate the background at the magnetic positions. The effect of the
uncertainty in the background parameters was not considered in the fits.

Since the parameters found by simulations were estimated by varying one parameter
at a time and by eye determining the optimal value, the uncertainties in these parameter
values are rather large. Better results could perhaps be obtained by a x? minimization,
but as already discussed in the previous chapter, this was not a viable option for this
thesis.

The implementation of the simulations was tested quite thoroughly. Agreement
between simple theoretical cases and simulations was excellent, validating the imple-
mentation.

It was found that the temperature dependence for large particles/at low temperatures
was quite well described by the analytical calculations, Eqgs. (3.84) and (3.88). At
elevated temperatures, the simulations and the calculations deviated. One reason for
this could be that the calculations do not take the effect of superparamagnetic spin flips
into account. Thus, at elevated temperatures, the simulations probably give a more
accurate picture of the dynamics than the calculations.

The simulations show clearly that the Néel-Brown law to a very good approximation
is valid for antiferromagnetic nanoparticles. The extracted values of KoV are within

uncertainties identical to the input.
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8.2.1 16 nm

The results of the experiments on 16 nm particles were quite consistent, as is evident in
Table 7.2. The energy barrier, KoV was found to be 624(66) K from the temperature
evolution of Agpm/(Aspm + A4+ + A—), 570 K from the temperature evolution of fuwy
and K>V = 726(200) K from the Néel-Brown law. These results are within the error
bars of all previously reported results. One major difference between neutron scatter-
ing experiments and Mossbauer experiments is in the estimated value of the attempt
frequency, 79, which is roughly an order of magnitude larger in Mossbauer experiments
than in neutron scattering experiments. Furthermore, the temperature dependence of
Agpm/(Aspv+ A4+ A_) is more pronounced in the IN5 experiment than theory predicts.

One explanation of this could be population of modes with ¢ > 0: Agpy measures
the fraction of spins that are seen as static within the resolution of IN5, whereas A are a
measure of the fraction of spins that are moving. The simulations seem to support these
conclusions. In the simulations, only ¢ = 0 modes are simulated. Here, the temperature
dependence of Agpni/(Aspm+ A4+ A_) follows the theory very closely. At 300 K, about
40% of the magnetic scattering is inelastic in the experiments.

The simulations matched the data quite well. In particular, the temperature depen-
dence of the low frequency mode, Aw, matches the experiments well, showing that the
decrease is indeed caused by thermal fluctuations. It was found from the simulations
that the temperature dependence of k1 is not as pronounced as previously expected.
This is mainly caused by fuw_ not depending as much on s*/s as expected from the
theory.

In the simulations, fitting fiws and Aspym/(Aspm + A4 + A_) gave nearly identical
results. The Néel-Brown law gave slightly smaller values of KoV than what was expected.
The discrepancy could perhaps be caused by the assumption that 7y remains constant
over the entire temperature region, which is only an approximation [35].

From both simulations and experiments, it seems that Bx and & are very close to
their bulk values.

In the simulations, it is possible to match all the experimentally determined param-
eters, except for the widths. The damping parameter, A has quite a large influence on
I" and v4. We chose to decrease it to the point where the experimentally determined
values of I and the simulated values matched. A side effect of this is that the values of
v+ are severely underestimated in the simulations. One explanation for this is that in
the simulations and the models we assume monodisperse particles. In the experiments
we have a distribution of particle sizes. It is well known that ki and ko depend on
particle size, and thus hw4 will be slightly different for different particle sizes. This will
cause the observed peaks to broaden compared to the ideal situation. This could be
checked by simulating a range of particle sizes and analyzing a weighted average of the
power spectra. Unfortunately, time did not allow the pursuit of this idea. An illustration
of the concept is shown in Fig. 8.1. Here, a single DHO with a well defined with an
position is plotted alongside the sum of 1000 DHOs with the same width but position
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FIGURE 8.1: Illustration of broadening of signal by summing several narrow signals.
The blue graph shows a single DHO, the red a sum of 1000 DHOs with the same width
as the blue, but position varying between fuwwy = 0.2 meV and 0.4 meV.

varying between Awg = 0.2 meV and 0.4 meV. It is seen that the resulting peak function
is significantly broader than the single DHO.

It would also be possible to increase A to the point where the simulations and the
data looked more similar. The downside of this would be an overestimation of I'; which
is harder to explain than an underestimation of .

Magnetic scattering was seen in the experiments at energies larger than hw_. This
signal is quite weak, and has thus not been observed before. The origin is probably from
either bulk impurities/large particles in the sample or from ¢ > 0 modes.

It was shown that the modes are highly elliptic, with the Aw_ mode barely visible
at the (003) peak - the intensity was roughly 4% compared to the (101) peak. This
makes it a reasonable assumption that all the the motion giving rise to the hw;-mode is
only observed along the y-axis. With this assumption, the average orientation of the y
and z axes within the basal plane of hematite were found, yielding, for the (101) peak,
1 —(¢%)* = 0.573(17) and 1 — (¢¥)?> = 0.519(17). The uncertainties are the standard
deviation found between different temperatures and wavelengths. The values are close
to being identical, and taking into account the errors introduced in assuming that the
hwy-mode is only along the y axis, it is plausible that the orientation of the y and z

axes are randomly distributed within the basal plane in the particles.

8.2.2 8 nm

Analyzing the experimental data for the 8 nm particles is more complicated than for
the 16 nm particles. Most of the theory is developed as low temperature expansions,
assuming the spins to move coherently and not deviate much from pointing along the
easy axis. However, the experiments clearly show that most of the magnetic signal
becomes inelastic at higher temperatures, invalidating this assumption. Never the less,
the data could be fitted quite well with this simple model.
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In the experiments, the frequency of the low frequency mode was seen to increase
with temperature, a result that was most surprising the first time it was observed [12].
Furthermore, the anisotropy constants found from the Néel-Brown law and from the
low temperature values of fw,, assuming Bx and & to be equal to the bulk values did
not match. The increase of fiw,; with temperature is what prompted the writing of the
simulations [34]. We will first discuss the values of By, Bx and ¢ before moving on to

the rotor mode.

8.2.2.1 Parameter values

In this work it was found that several publications used a model in which the in-plane
anisotropy, k1 was neglected. This provides values of KoV that are up to a factor 2
larger than what would be expected if 1 is included.

With the aid of the simulations, it was possible to determine the optimal value of
ko from the relative area of the low frequency mode, A;. It was found that ko was
close to the value found in Mdssbauer spectroscopy and in the temperature evolution of
Agpm/(Aspm + A4). As a consequence of this, the values of Bx and £ can not both be
equal to their bulk values. It was argued in Section 2.4.2 that the value of Bx can be
up to ~ 10% smaller than the bulk value, and that £ ~ 1 — 1.02 is realistic.

With the available data, it was not possible to determine both Bx and £. Any value
of Bx has a corresponding value of £ that matches the data as well as any other value
of By, as illustrated in Fig. 7.20. It was therefore chosen to investigate the two limiting
cases: a) £ = 1, leading to Bx = 450 T and b) Bx = 900 T, leading to £ = 1.015. A
halving of the effective exchange field in 8 nm particles seems unrealistic, and the real
values are probably quite close to option b. With Bx = 800 T, i.e. a reduction of ~10%
compared to the bulk value, the value £ = 1.014 was found.

It would be interesting to use another technique to measure the uncompensated

moment.

8.2.2.2 The rotor mode

With the aid of simulations, the mechanism responsible for the increase of fw, with
temperature in 8 nm particles was found. As the temperature is increased, the motion
gradually shifts from oscillations around the energy minimum to faster rotations within
the yz-plane - the rotor mode. In this model, only the ¢ = 0 motion is assumed.

The rotor mode was directly observed in the real space pictures of the spin trajec-
tories in Figs. 7.21 and 7.22. Here, it was also seen that the rotor mode is quite short
lived. This means that it will be broad, as the mean precession time, 7o is inversely
proportional to the width of the peak, Yyot: Trot ~ 1/Yrot-

The broadness of the peak, and the presence of Aw; means that the peak from
the rotor mode will be very hard, if not impossible, to distinguish from Aw; in a real
experiment. Indeed, only a single peak was observed in the experiment on 8 nm particles.

Thus, the effect of the rotor mode as observed in an experiment is to shift spectral
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weight from lower energies to higher energies. Fitting the data to a single DHO provides
a reasonable fit, but with an effective position somewhere between the position of the
pure low frequency mode and the pure rotor mode. The width of this peak will be quite
large.

This is exactly what was observed in the simulated power spectra, Fig. 7.16. At
high damping, the data can be adequately fitted with a single DHO, and the value of
hwy from this DHO begins to increase as the temperature is increased. By reducing the
damping in the simulations, we can reduce the width of v;. This made it possible to
observe the rotor mode in the power spectra, as illustrated in Fig. 7.23.

In Figs. 7.17 and 7.18 the resulting parameters for low and high damping are shown.
The center of the low frequency peak at low damping does not increase with temperature.
The rotor peak begins to set in near 100 K and increases slightly with temperature.
The temperature dependence is, however, not as pronounced as is expected from the
calculations, and the calculations overestimate the frequency. This is not an artifact of
the fitting procedure, as identical results are obtained by fitting the z component of the
power spectra separately. The deviation between theory and simulations must therefore
be explained by the assumptions made in the derivation of the rotor frequency. Time

did not allow for a careful reinvestigation of the derivation.



Chapter 9

Conclusions and outlook

I will here summarize the results of this thesis, and provide an outlook for possible future
work. In this thesis the magnetic dynamics of nanoscale hematite has been studied.
The primary focus has been on nanoparticles, but in addition to this, several neutron

scattering experiments on mesoporous hematite have been analyzed.

9.1 Conclusions

A total of 7 different neutron scattering experiments on hematite were presented and
analyzed. Both of the magnetic ¢ = 0 modes were simultaneously observed in 16 nm
particles for the first time, and the analysis of the data lead to determination of the
anisotropy constants and the average spin direction in the particles. Agreement was
found between different experimental methods of obtaining the anisotropy constants.
For 16 nm particles, the easy axis energy barrier was found to be KoV = 570(60) K,
corresponding to ko = 1.34 mK. The easy plane anisotropy barrier was significantly
larger, K1V = —6.6(6) x 10% K at low temperatures, corresponding to x1 = —15.5 mK,
decreasing with increasing temperature.

The mesoporus hematite showed distinct peaks corresponding to quantized exci-
tations, but the asymmetry of the peaks was reminiscent of bulk hematite. The in-
plane anisotropy constant of mesoporous hematite was also found, and shown to re-
main negative down to 1.5 K, explaining the absence of the Morin transition in meso-
porous hematite. The values of k1 were in between those of nano and bulk, starting at
k1 = —1.7 mK at low temperatures.

Langevin simulations proved to be a very useful tool in analyzing the neutron scat-
tering data on hematite nanoparticles. In particular, effects such as the DM-interaction,
uncompensated moment and temperature were incorporated in the simulations. The
simulations showed that antiferromagnetic nanoparticles do indeed follow the Néel-
Brown law to a good approximation. Excellent agreement between simulations and
experiments was obtained for all experiments on 8 nm particles and 16 nm particles,

and for all parameters but one: the widths of the excitations were significantly smaller
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in the simulations than in the experiments. A likely explanation for this is the poly-
dispersity of the particles in the experiments: The sum of similar signals with slightly
different peak positions would combine to effectively broaden the peak.

Some errors in the literature have been identified and corrected. It is common to
assume that hematite has only a uniaxial anisotropy, neglecting the stronger in-plane
anisotropy. This leads to equations that are identical to those obtained by assuming a
strong in-plane anisotropy, but with energy barriers that are a factor 2 larger than what
is found in the correct model. With these corrections, agreement was found between
Mossbauer data from the literature, neutron scattering data from the literature and
the neutron scattering data analyzed in this thesis. Furthermore, we found that the
expression for the macroscopic barrier for superparamagnetic spin flips in terms of the
microscopic parameters should be corrected to K;V = k;ss'N, slightly smaller than the
value K;V = k;s°N quoted in the literature.

In the 8 nm particles, the rotor mode was observed both experimentally and in
simulations, explaining the observed increase in excitation energy with temperature.
At low damping the rotor mode could be distinguished from the Aw; mode in the
simulations. The Aw; mode does not increase with temperature; the observed frequency
increase is entirely caused by the rotor mode. The rotor frequency increases slightly
with temperature as predicted, but the rotor frequency is larger in the simulations than
theory predicts, by roughly 20%. The increase in observed frequency is thus caused by
a shift of spectral weight towards higher energies as the amplitude of the rotor mode
increases.

Assuming strong in-plane anisotropy as for the 16 nm particles, the easy axis anisotropy
barrier was found from the simulations to be close the value measured by Mossbauer
spectroscopy, KoV = 168 K, or ko = 3.2 mK, with errors estimated to 10-20%. The
simulations furthermore showed that either a) the exchange field, Bx in 8 nm particles
is reduced compared to the bulk value, or b) that the two sub-lattices are not equal such
that the particles have a net uncompensated moment, £ > 1, or ¢) a combination of the
two. With the available data, it was not possible to determine precise values of Bx and
€. Assuming a 10% decrease in Bx compared to bulk, & = 1.014 was found. The simula-
tions are thus a useful tool to analyze experiments, providing an accurate determination

of the parameters governing the magnetic dynamics of hematite nanoparticles.

9.2 OQOutlook

The incoherent background from water adsorbed to the particles is the main exper-
imental challenge to overcome. It would be very interesting to measure the magnetic
dynamics in hematite with polarized neutrons, to separate out the magnetic signal. Fur-
thermore, investigating mesoporous hematite with a higher resolution than was used at
IN5 would perhaps allow the low frequency mode to be resolved. In addition to these

experiments, it would be interesting to measure even smaller nanoparticles. The high
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frequency mode has still not been observed in 8 nm hematite nanoparticles. Observation
of this would enable calculation of the in-plane anisotropy constant.

In the nanoparticles we have assumed that all spins can be treated equally. It would
be interesting to extend the simulations to distinguish between surface spins and interior
spins. Ideally, the motion of all spins would be simulated, but it is probably more realistic
to divide the spins into four lattices: an interior spin up lattice, a surface spin up lattice
and the similar spin down lattices.

Verifying that the rotor mode indeed occurs in other magnetic nanoparticles should
be done. A good candiate could be NiO, which also has both an in-plane and easy-axis
anisotropy.

Instead of comparing the analysis of the experimental data to the analysis of simu-
lated data, it would be interesting to directly use the simulations to fit the experimental
data. By varying an overall scale factor and Bx, B, B2, A (and possibly Bp), the sim-
ulations could be directly compared to the data, removing the need for approximations
such as the DHO model. Unfortunately, the discrepancy between the measured and the
simulated values of v+ would probably make it difficult to obtain a good fit.






Appendix A

Deriving the equations of motion

In this chapter, the derivation of the equations of motion is described in detail. We
calculate each of the terms one by one, starting with exchange, then anisotropies, the
magnetic field and finally the DM-term. We give the results both in terms of the x, y
and z components of s, as well as in terms of the raising and lowering operators. We

find the equations of motion using

d
— zas = [H,s], (A1)

where, for simplicity, we have set i = 1. The commutators of the spin operators are

[si', 55

]: iSf(SZ'j, [Sy S ] isfdij, [S S ] 18 ;U(SZJ (A2)

Z’j z?]

Some useful commutator identities are

[A, BC| = [A, BIC + B[A, C), (A.3)
[AB,C] = A[B,C] + [A, C)B, (A4)
[AA, B] = A[A, B] + [A, B]A (A.5)
[AB, A = A[B, A] (A.6)
[AB,B] = [A, B|B (A7)

A.1 The exchange part

The exchange part of the equations of motion for a spin m in the A lattice is

d
—z&sm = |-2 | Z JijSi - sj — Z JikSi - Sp — Z Jj18j - S, Sm | - (A.8)
1€A,jEB i,k€A 7,leB
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The last term vanishes, and the other terms are only non-zero when ¢ = m or k = m,

leading to
.d
—zasm =|-2 Z JijSm - Sj — Z JimSi * Sm — Z JmkSm * Sky Sm | - (A.9)
jEeB €A keA
We find
d
—z&sm = |-2 Z JijSm -8 — Z JimSi * S — Z JmkSm * Sk, Sm (A.10)
JEB €A keA
= -2 Z Imjlsms] + sk, sy + 87,55, Sm (A.11)
jEB
_ZJ“" sysy 4 sYsY 4 s7sh, . sm) (A.12)
1€EA
=D Tmklsist + st + 5555, Sm), (A.13)
keA

Since J;; = Jj;, and spins of different sites commute, this leads to

—i—Sp;, = —2 Z T[] + 5087 + 87,57, Sm] (A.14)
JjEB
—22(]”” syse + sUsY 4 s7SE Sm). (A.15)
€A
We finally reach
dtm—ZZJsz 55— Sm, s —1—22sz5 s7 —sts)), (A.16)
jeB €A
&s% =2 (57,57 — 55,55) + 2> Tmi(s,s7 — s7,57), (A.17)
jeEB i€A
" m—2ZJm] st = sUsT) 42 Tmi(sh,s — sb,s7). (A.18)
JjEB €A
More compactly, we can write
dt Sh=2 ) Tmy(sYsT — s5,8Y), (A.19)
JjEAB
—sy =2 Z Imj (87,87 — 8155 ), (A.20)
JEA,B
—5 =2 Z Imj(sy, s — 80,57)- (A.21)

JjEA,B
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In terms of the raising and lowering operators, we find
d T ] Y L T\ o2 z (Y . T
T (sy, +is¥) =2 Z Imi (st — isp,)85 — sp(s5 — is7)) (A.22)
jeA,B
d
3 (5 —ish) =2 D (s, +ish)s7 — s7,(sY +ish), (A.23)
jeAB
which can be rewritten as
d + ; + oZ z ot
o= —2i Z Imj($ms; — $ms;) (A.24)
jEAB
d _ . — o2 Z =
sm = 2i Z i ($mS; — $mS; )- (A.25)
jeEAB

A.2 The in-plane anisotropy

The in-plane anisotropy part of the equations of motion for a spin m in the A lattice is

d T\2 T\2
— g Sm = —Zmi(si) —Z/ﬂj(sj) , Sm

icA jeB

(A.26)

The second term vanishes, and the first term is only non-zero for ¢ = m so we find

—igsm = —Kim [(s‘fn)2,sm} .

dt

The x-component of the r.h.s. is zero. The y-component is

which is rewritten to

Similarly, we find

(A.27)

(A.28)

(A.29)
(A.30)

(A.31)

(A.32)
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In summary:

d
—sy =0 A.33
dtsm ? ( )
d
st = i (55,55 + 57a50) (A.34)
d
asfn = —Kim (sy,58, + shs0,) . (A.35)

To rewrite to raising and lowering operators, we use s& sZ = [s%  sZ ]+ sZ,s%,. We find

asfn = Kim (25,87, —is4,) . (A.36)
Using
sh+s st — s,
T m m Y om m A.
we find
Ssy = Kim | $5,(sh +5) — 1(s'*' —S) (A.38)
dt m m m\°m m 9 m m
1
= 5rim (255, — 1)s) 4 (257, + 1)s,,), (A.39)
leading to

d , L1 (.1
asfq; = i2K1m <<sm - 2) st + s, <sm - 2>> , (A.40)

d , A R AU |
(ﬁsm——22m1m<<sm—2>sm+sm (sm—2>). (A.41)

A.3 The easy axis anisotropy

The easy axis anisotropy part of the equations of motion for a spin m in the A lattice is

. d 2Z\2 Z\2
— i Sm = —Z@i(si) —Z@m(sj) Sm | - (A.42)
€A JjEB

The second term vanishes, and the first term is only non-zero for ¢ = m so we find

d

—1—S8
g™

= —Kom [(sfn)Q,sm] . (A.43)

The z-component of the r.h.s. is zero. The z-component is

. d x zZ\2 _x
—zasm = —Kom [(Sm) ,sm] (A.44)
= —Kam (S8 Sm) + [Sis Siml57) (A.45)

= —Kom (1s5,8%, +is¥ s7), (A.46)
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which is rewritten to

3 = Ko (555, + shsi) (A-47)
Similarly, we find

d, s

pSm = ~hem (sZ, 80 + sps2). (A.48)
In summary:

d . z z

T5m = Fom (S5sh + Shsh) (A.49)

S s = —ham (5758 + 555, (A.50)

%S; 0. (A.51)

In terms of the raising and lowering operators, the equations become

%s; = Kom (85,89, + %85, — s, sy —isy,st) (A.52)
= o (5, (5%, — i5%,) + (s — i5%,)5%,) (A.53)
= —ikom (5,8, + s,hs%,) (A.54)
= —ikom (255,57 + [}, 55]) (A.55)
= —ikom (285, — 1) s} (A.56)
= —iKoms,, (257, + 1) (A.57)

Using similar calculations, or that (s;;)T = s as well as (AB)! = BTAT we find

%s; = Kom (S5,8%, + s¥.sZ, + s, sy, +isy,s0,)
= Rom (s2,(s¥, +isy) + (s¥, +is5,)s5,)
= ikom (S5 Sm + SmSi)
= ikom (25,55, + [S5, Sm))
= iKkamS,, (25, — 1).

= ikam (257, + 1) s,,,.

Another way to write these equations is this:

d 4

om = —ikom (285, — 1) st (A.64)
&S;L = iKomS,, (257, — 1). (A.65)

The difference between the 2s7, &1 terms is the ordering of the operators.
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A.4 The magnetic field term

The magnetic field part of the equations of motion for a spin m in the A lattice is

d
— z&sm = |—gusB - Zsi —gupB - Z SjySm | - (A.66)
icA jeB

The second term vanishes, and the first term is only non-zero for ¢ = m so we find

—i%sm = —gup [B"s;, + BYsY, + B*s.,,sm] , (A.67)
leading to
d
35m = —9ms (BYs;, — B7s}), (A.68)
sty = —qun (B°s5, — Bs3), (A69)
S i = o (B7s), — BYsy). (A.70)
We further find
d o . z o+ z z
&Sm = —igup (B sy — (B*+iBY)s ) , (A.71)
ES;’ =igug (B*s,, — (B* —iBY)s%). (A.72)

A.5 The DM-term

The DM part of the equations of motion for a spin m in the A lattice is

.d
— za = |2e, - Z D;js; xsj — ey - Z D;s; X s, — ey - Z Djisj x s;,sm
1€A,JEB i,k€A 7,leEB
(A.73)

The last term vanishes, and the other terms are only non-zero when ¢ = m or kK = m.

Performing calculations similar to above, we find

Y
asm -2 Z Dinj (57,85 + sins3), (A.74)
JjEAB
as%—2 Z DSy (A.75)
JjEAB
JjEA,B

using Dij = _Dji-
These cannot be written in terms of the raising and lowering operators.
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Analytical calculations for small

systems

This section is part of an internal document written by Kim Lefmann. It shows the
results of exact calculations for small systems, extrapolating to larger systems. The
main result is that the anisotropy barrier, KV is given by KV = Nkoss’ and not
KV = Nkss? as has been used until now.

The equation of motion of a spin in a uniaxial anisotropy is from Eq. A.65

%sj_ = iK2S,, (23? — 1) . (B.1)
We note that the frequency depends on the magnetization along the easy axis, s3. This
is due to the non-harmonicity of the anisotropy potential.

To interpret the difference between the movements of sj and 55, let us look at the
transition between the ground state |m = s) and the excited state |m = s—1). Here, the
energy difference is fw = 2k2(s — 1/2), corresponding to what is found for the frequency
of s; Eq. (B.1) in the positive-m ground state. Likewise, for the negative-m ground
state we would use the frequency of the sj operator. When it can be assumed that the

system is in its ground state, we can replace s, with s, giving
1 /
hw =~ 2Ka(s — 5) = 2K9S, (B.2)

where s’ = s —1/2.
Summing Eq. (B.1) over all sites, we obtain the equation of motion of the total spin

lowering operator,
ST =% s (B.3)
= — S.. .
VN &
Assuming that all values of s% are equal,

5% = (5%), (B.4)
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we reach

Ld o _ 2
zﬁaS = k2SS (2(s*) —1). (B.5)

B.1 The easy-plane part

The easy-plane (k1 term) is in essence equal to the easy-axis term, just with the z-axis

replaced by the z-axis. Thus, the equations of motion ends up being

L d —x —x x
_Zhﬁsj = —K1S; (=257 +1), (B.6)

where s, = s? +is3.
In the case, where both k1 and kgT" dominates 9, we can neglect o, and the ground
state is where the two sublattices are (anti)parallel. Here, s7 has the average eigenvalue

0, but I cannot derive the precession frequency analytically!

B.2 The easy-plane part, numerical solutions

In lack of an analytical solution, we here solve exactly the eigenvalue problem for one
sublattice, for finite-sized systems of different spin values. We assume |k1| < zJyn, and
hence that we can approximate the lowest lying states of the sublattice by |S, m), where
here m is the eigenvalue of S*. The anisotropy energy can then be obtained through
first order perturbation theory. Below, we mention the individual results for each spin

value, and generalize to the infinite system.

s=1/2
Here, the spin up and spin down states, | ) and | |) have equal anisotropy energy.

Hence, the anisotropy energies are equal, leading to Aiw = 0 for all states.

s=1
The anisotropy energy is now different, —x1, for the states with m = +1, | 1) and | |),
and 0 for the state with m = 0, |-).

We briefly sketch the calculations for the N =2, .S = 1 system. We start by viewing
the |S = 2,m = 2) state

S=2,m=2) = [11) (B.7)
(S =2,m=2Hupis|s =2,m=2) = —2k;.
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7 )

Using the total spin lowering operator, S~ = N~1/2 ; 8; » we easily reach the m = 1

state:

|IS=2m=1) = cS|S=2,m=2) (B.8)
1
o {IRaER)
(S=2,m=1|Hais|s=2,m=1) = —kq, (B.9)

where c¢ is a normalization constant. In the same way, we find the m = 0 state

IS=2,m=0) = S7|S=2m=1) (B.10)
1

= %(H!>+2l“>+\ﬂ>)

2
(S=2,m=0Hais|s=2,m=0) = —ghL (B.11)

The precession frequencies, Aw,,, of S~ are given by the energy difference between the
levels. For N = 2, these are hw,,—2 = |k1| and hw,,—1 = |k1|/3. The m = 0 state is the
ground state and could be assigned the negative frequency hw,,—1 = —|k1|/3, since the
state with smaller m has a higher energy.

In table B.1, we show all numerical results for N values of 2, 3, and 4. The trend
is very clear: The transition frequencies are always linear in normalized magnetization,
™M /Mmax, and has the value |k1| at the maximum magnetization as prescribed by (B.2).
The offset value, hw,,—o extrapolates to zero as 1/N. For a macroscopic spin number,

the frequencies therefore becomes:
Tws=1,m = |K1|m/Mmax. (B.12)

s=3/2

We treat this case exactly as for s = 1. The calculations are more tedious due to the
larger number of spin states, and we have limited ourselves to 1, 2, and 3 spins. The
results are shown in table B.2. Like for s = 1, all results are linear in the magnetization,

and the large-N equation reads:
h’ws:3/2,m = 2|’€1|m/mmax- (B13)

Higher values of s
We did not calculate clusters of higher values of s. However, we know from (B.2) that
the transition frequency for m = mpyax is hw; = |Kk1](2s — 1). Assuming the higher spin

values to also display dispersions linear in m, with zero offset, we reach our final relation

m

Tws m = (25 — 1)| k1] (B.14)

max
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N m  m/mmax | Eanis(m)/|x1] hwm /|k1]
1 1 1 1 Ns? 1
0 0 0 Ns/2—1/2 -1
2 2 1 2 Ns? 1
1 1/2 1 1/3
0 0 2/3 Ns/2—1/3 -1/3
3 3 1 3 Ns? 1
2 2/3 2 3/5
1 1/3 7/5 1/5
0 0 6/5 Ns/2 —3/10 -1/5
4 4 1 4 Ns? 1
3 3/4 3 5/7
2 1/2 16/7 3/7
1 1/4 13/7 1/7
0 0 12/7 Ns/2—2/7 -1/7

TABLE B.1: Numerical results, showing anisotropy energies and transition frequencies
for ferromagnetic (sublattice) clusters of s = 1 spins as a function of magnetization,
measured in terms of My, = Ns.

N m m/mmax Eanis(m)/|/§l’ hwm/|/€l’
1 3/2 1 9/4 Ns? 2
1/2 1/3 1/4 Ns/2—1/2 0
2 3 1 9/2 Ns? 2
2 2/3 5/2 6/5
1 1/3 13/10 2/5
0 0 9/10 Ns/2—3/5 -2/5
3 9/2 1 27/4 Ns? 2
7/2 7/9 19/4 3/2
5/2 5/9 13/4 1
3/2 1/3 9/4 1/2
1/2 1/9 7/4 Ns/2—1/2 0
4 6 1 9 Ns? 2
5 5/6 7 18/11
4 2/3 59/11 14/11
3 1/2 45/11 10/11
2 1/3 35/11 6/11
1 1/6 29/11 2/11
0 0 27/11 Ns/2—-6/11 | -2/11

TABLE B.2: Numerical results, showing anisotropy energies and transition frequencies
for ferromagnetic (sublattice) clusters of s = 3/2 spins as a function of magnetization,
measured in terms of my.x = Ns.
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N m m/mmax Eanis(m)/|"fl’ hwm/"%ﬂ
N Ns 1 Ns? 2(s —1/2)
even Ns—1 1—1/(Ns) Ns? -2 2(s —1/2) —4/(2Ns — 1)

Ns—2 1-2/(Ns) | N> —4+4/(2Ns—1) 2(s—1/2)—8/(2Ns—1)

0 0 Ns/2—1/2 _9/(2Ns — 1)

TABLE B.3: Extrapolation from numerical results, showing anisotropy energies and
transition frequencies for ferromagnetic (sublattice) clusters of arbitrary spins s as a
function of magnetization, measured in terms of mpy.x = Ns.

This is exactly the same as precession around the z-axis in a field given by the

strength gup Banis = hws,m or

Buis = 28— 121 57) (B.15)
giB 5

B.3 Bulk anisotropies

In nanoparticles, it is often convenient to express the anisotropy of a complete particle.

In particular, the superparamagnetic relaxation is given by The Néel-Brown law
7 =T19exp(KV/kgT), (B.16)

where KV is the energy barrier of the uniaxial anisotropy.
According to our data in table B.3, the difference between the maximum and mini-
mum anisotropy energy in the thermodynamic limit is Ean max — Fan,min = k2 Ns(s—1/2).

Relating macroscopic and microscopic units, we then have

KV = kaNs(s—1/2). (B.17)






Appendix C

Getting temperature into the

equations

In this chapter we will briefly outline how to include temperature in the equations of
motion. The text is highly inspired by [34]. We will sometimes use Einstein notation,

in which summation of repeated indices is implied.

C.1 Langevin equation

The equation of motion for a single spin in a magnetic field is

% = s x B. (C.1)

Thermal excitations are added as a random magnetic field, b, while friction is a torque
term that slows down the change of spin and thus is proportional to s x ds/dt. We add

friction and thermal excitations:

Os Os
a-vsx(B%—b):l:)\sxa. (C.2)

For weak damping, A\, we can insert one iteration of ds/0t:

gj—'ysx(B—&—b)i)\sx(’ysx(B—i—b)i)\ng?). (C.3)

Neglecting second order terms in A we reach
Os
E:fysx(B—l—b)—)\'ysx(st). (C4)

The b field is random, and thus
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It can be shown that a good choice of b is
(bi(t)b; (1)) = Adi;6(t —t'), (C.6)

where A will now be determined.

C.2 The total energy

The full Hamiltonian is

H=-2 Z Jijsi~Sj— Z Jiksi'sk_ Z leSj~Sl

i€A,jEB i,k€A jl€B
2 2 2 2
= Rl =) mii(sh)’ = Y meilsp)? = Y kai(s?)
€A jEB i€EA JjEB
—guB ) si—gusB - ) s;
i€A jEB

— 2e, - Z D;jsi xs8; —eg - Z D;is; X sj; — €y - Z Djis; x sy, (C.7)

ic€AjEB ikeA JlEB

as described in Chapter. 3. Restricting to ¢ = 0 in nanoparticles, this becomes

H :2NA52§JAFM(O)SA -SB
— Nass'(k1(s5)” + r2(s7)%) — Npss'(rk1(s5)” + ra(sh)?)
— gupsB - (Nasa + Npsp)
IN 4526 DA™ (0)e, - (s4 x sp). (C.8)

In terms of effective fields, the energy is given by

guB

——FE =Na{Bxsa-sp
S

- BB + Ba(si)) — “E (Bu(sh)? + Balsi))

—gupB - (Nasa + Npsp)
NaéBpe; - (sa X sp). (C.9)

We now differentiate this with respect to s 4:

0
gup OF
Nas @ =(Bxsp — B1s% — Bas% — gupB + ¢Bp SZBy , (C.10)
which can be written as
oF
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C.3 Probability current

We write the Langevin equation, (C.4) in the form

i Hila) + fie), (C.12)

where H; is a deterministic part, and f; is a random part.
Let p(z;) = p be the probability distribution of a physical system having the config-
uration x at the time ¢. x and t are considered independent of p. But p(x) is linked to
p(Y1+At), because only a few choices of y have a chance to evolve into x in the time At.

Probability current is defined as
Ji = p<Ui>, (013)

where v = dz/dt. Using math, we can find

(Az) 1 (Az;Axj) Op
= -t At . 14
Ti= A P@ DA g, for AL2O (C.14)
It can also be shown that
and
t+At t+At
(Aiday) = / v / a0V 5 (). (C.16)
¢ t
More calculations can give us
A A L o Ip
Js= ('ysA x Big — Aysa X (sA X Beﬁ))p—k 57 Asg X [ s4 X @ (C.17)
_ A A 1 4,0p
=ysa X Bigp+sa4 X [ sa x [ =M\yBlgp + 37 ABT . (C.18)
A

Thermal equilibrium requires the second term to be zero:

1 Op
A 2
= — _— .1
MBegp = 57°A D5 (C.19)
From
1

p= 7 exp (—SE) (C.20)

we find
E
O _ _p0F (C.21)

E_ 85,4 '
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Comparing with above, we finally reach

A
Ag=2— 2 poT. C.22
AT gupsNa P (€-22)



Appendix D

Extra simulations

In this chapter, most of the scans described in Section 7.4.1.2 are shown.

D.1 16 nm

Here, the initial scans to determine the influence of the parameters in the simulations
on the fitted values are shown. In Fig. D.1 the result of varying N is shown.

The result of changing By is shown in Fig. D.2. T decreases with increasing Bs and
hw™ increases. Agpy increases with increasing B, while A, decreases.

The result of scanning B; is shown in Fig. D.3. We see that By only influences A_
and Aw™.

The result of scanning Bx is shown in Fig. D.4. Bx has little influence on the areas.
I" slightly decreases with increasing By, whereas 4+ slightly increases increasing By.
The frequencies of the modes increase as expected.

In the next scan, we adjust Bx and By and Bj, such that Bx Bs and Bx B are kept
constant. The result of scanning By in this way are shown in Fig. D.5.

Finally, we scan &, Fig. D.6. Increasing & shifts the energies, as expected, and also

slightly reduces A~.
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—0.0001
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0 100 200 300 0 100 200 300 0 100 200 300
T [K] T [K] T [K]
FIGURE D.1: Scan of N. 0.5x 10° (blue), 0.75 x 10° (green), 8.5 x 10° (red), 1.02 x 10°
(magenta). First row shows the areas, from left to right: Agpnm, Ay and A_. Second
row shows the widths, from left to right: I, I" on a scale where the Néel-Brown law is
a straight line and v*. Third row shows the ¢ = 0 spin wave frequencies, fuw®. From
left to right: Both peaks, Aw™t and Aw™.
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FIGURE D.2: Scan Bs. 3.03 T (purple), 4.04 mT (green), 5.06 mT (red). First row

shows the areas, from left to right: Agpy, A4+ and A_. Second row shows the widths,

from left to right: T, T on a scale where the Néel-Brown law is a straight line and *.

Third row shows the ¢ = 0 spin wave frequencies, fiw®. From left to right: Both peaks,
hw™ and hw™.
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FIGURE D.3: Scan Bj, multiplying the value by 0.75 (blue), 1 (green), 1.25 (red).

First row shows the areas, from left to right: Aspym, A+ and A_. Second row shows

the widths, from left to right: T', I' on a scale where the Néel-Brown law is a straight

line and 4*. Third row shows the ¢ = 0 spin wave frequencies, fiw®. From left to right:
Both peaks, hw™ and hw™.
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FIGURE D.4: Scan Bx. 675 T (blue), 900 T (green), 1125 T (red). First row shows

the areas, from left to right: Aspm, A4+ and A_. Second row shows the widths, from

left to right: T', T on a scale where the Néel-Brown law is a straight line and v*. Third

row shows the ¢ = 0 spin wave frequencies, hw®. From left to right: Both peaks, hw™
and Aw™.
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FIGURE D.5: Scan Bx and scale B; and By accordingly. Multiply by 0.75 (blue), 1

(green) and 1.25 (red). First row shows the areas, from left to right: Aspm, A4 and A_.

Second row shows the widths, from left to right: ', I" on a scale where the Néel-Brown

law is a straight line and v*. Third row shows the ¢ = 0 spin wave frequencies, hw®.
From left to right: Both peaks, hw™ and hw™.
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FIGURE D.6: Scan Bx and scale B; and By accordingly. Multiply by 0.75 (blue), 1

(green) and 1.25 (red). First row shows the areas, from left to right: Aspm, A4 and A_.

Second row shows the widths, from left to right: ', I" on a scale where the Néel-Brown

law is a straight line and v*. Third row shows the ¢ = 0 spin wave frequencies, hw®.
From left to right: Both peaks, hw™ and hw™.
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FIGURE D.7: Scan of N for the 8 nm particles, N = 0.75 x 10* (blue), N = 1.27 x 10*
(green), N = 1.5 x 10* (red).
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FIGURE D.8: Scan of Bx for the 8 nm particles, Bx = 675 T (blue), Bx = 900 T
(green), Bx = 1125 T (red).
D.2 8 nm

Here, the results of varying the parameters for the 8 nm particles are shown. The result
of varying N is shown in Fig. D.7. A larger value of N reduces the value of fiw, at
elevated temperatures.

The result of varying Bx is shown in Fig. D.7. Larger values of Bx increase I', v

and hw4 at elevated temperatures.
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FIGURE D.9: Scan of By for the 8 nm particles, Bo = 3.12 mT (blue), Bs = 4.16 mT
(green), Ba = 5.20 mT (red).
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FIGURE D.10: Scan of ¢ for the 8 nm particles, £ = 1 (blue), £ = 1.0075 (green),
¢ =1.015 (red).

The result of varying By is shown in Fig. D.7. Increasing B; primarily changes the
value of w4 at low temperatures, not so much at higher temperatures. Also, I' decreases
with Bg

We finally vary £ as shown in Fig. D.7. A larger value of £ reduces I', v+ and fw,

The result of varying Bx while varying By accordingly is shown in Fig. D.7. Larger

values of Bx increase I', 74 and hw, at elevated temperatures.
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F1GURE D.11: Scan of Bx for the 8 nm particles, while varying Bs accordingly, Bx =
675 T (blue), Bx =900 T (green), Bx = 1125 T (red).
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FIGURE D.12: Scan of Bx for the 8 nm particles for £ = 1. Bx = 350 T (black),
Bx =400 T (purple), Bx =450 T (blue) and Bx = 500 T (green).
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FIGURE D.13: Scan of By for the 8 nm particles for £ = 1.005. Bx = 500 T (black),
Bx = 600 T (purple), Bx = 700 T (blue) Bx = 800 T (green), Bx =900 T (orange)
, Bx =1000 T (red).

D.2.1 Varying By for different values of ¢

Here, the results of varying Bx for different values of £ are shown, for £&=1 (Fig. D.12),
¢ = 1.005 (Fig. D.13), £ = 1.010 (Fig. D.14) and ¢ = 1.015 (Fig. D.15.
Finally, Fig. D.16 shows the the result of varying ¢ for Bx =900 T.
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FIGURE D.14: Scan of Bx for the 8 nm particles for £ = 1.010. Bx = 500 T' (black),
Bx = 600 T (purple), Bx = 700 T (blue) Bx = 800 T (green), Bx =900 T (orange)
, Bx =1000 T (red).
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FIGURE D.15: Scan of Bx for the 8 nm particles for £ = 1.010. Bx = 500 T (black),
Bx = 600 T (purple), Bx = 700 T (blue) Bx = 800 T (green), Bx =900 T (orange)
, Bx = 1000 T (red).
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The result of varying A for the optimal parameters for £ = 1 are shown in Fig. D.17.

The same simulation for the optimal parameters for £ = 900 T are shown in Fig. D.18



Appendix E

MATLAB code

Here, some of the most important MATLAB code is presented.

E.1 Initial calculations in simulations

1 % calculate the energy vector

2 Nd=double (N) ;

3 NFFT = 2 nextpow?2 (Nd) %8;

4 f = 1/dt; % Sampling frequency [Hz]

5 freq = f/2xlinspace(0,1,NFFT/2+1); %use only half of the power
spectrum

6 Energy=freg*2+pixhbar/meV; S%convert to energy

7 E_index=Energy<max_energy;

8 Energy=Energy (E_index) ;

9 Energy=[fliplr (-Energy(2:end)) Energy(l) Energy(2:end)];

10

11 % Set numberof spins on each sublattice

12 N_A = N_total/ (1 + xi);

13 N_B = N_total/ (1 + 1/xi);

14

15 % Calculate total spin of each sublattice

16 S_A = N_Axs;

17 S_.B = N_Bxs;

18

19 % set fluctuating field variance and std. dev.

20 DA = 2 .% lambda x k_.B .x T % hbar % dt /((g*xmu_B) 2 * S_A);

21 DB = 2 .x lambda * k.B .x T % hbar * dt / ((g*mu-B) 2 *S_B);

22 sigma_A = sqrt(D_A);

23 sigma_-B = sqrt (D_B);
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E.2 The code for doing the numerical integration

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

function [m_A, m_.B, t] =
integrate_5 (angles,B_.1,B_2,B_X,B_ext,sigma_A, sigma_B, lambda, ...
T,N,dt,UsePreviousm,u.-1l,u.2, DM_strength,xi)

% physical constants

kB = 1.38066e-23;

hbar = 1.05459e-34;

meV = 1.602e-22;

g = 2.002;

mu_B = 9.274e-24;

gamma = - gxmu_B/hbar;

% in terms of Euler rotations:

% rotate phiS / phiT degrees about the z axis,

o\

then tetaS / tetaT degrees about the (new) x axis

o°

S and T refer to the macro-spins of each sublattice.

o°

m_-A and m_B are 3 x N arrays. Each row is a time point
m_-A = zeros (3,N+1);
m_B = zeros(3,N+1);
if UsePreviousm ==1 %use the saved values of m_A and m_B to continue
the simulation form there
mA(:,1)=u_l;
mB(:,1)=u_2;
else %do rotation
phiA = angles(1,1)*2*pi/360;
tetaA = angles(1,2)*2xpi/360;
phiB = angles(2,1)*2%pi/360;
tetaB = angles(2,2)*2xpi/360;

DA = |

cos (phiA) sin(phiA) 0

-sin(phiA) cos (phiA) O

00 171;
DB = [

cos (phiB) sin(phiB) 0

-sin (phiB) cos (phiB) 0

00 11;
CA =1 ...

100

0 cos(tetalh) sin(tetald)

0 —-sin(tetaA) cos(tetaldh)];
CB = [

100

0 cos(tetaB) sin(tetaB)

0 —-sin(tetaB) cos(tetaB)];
m_A(:,1) = DAxCA%[0,0,1]1"';
m_B(:,1) = DBxCB%[0,0,-11";

end

t = (1:N)xdt; %create time vector
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46

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

s

for

end;

end

i=1:N %do integration

% effective fields

B.eff A =( -xi*B.X » m.B(:,i) + [B_1,0,B_2]".* m_,A(:,1) +
B_ext-xi*DM_strength*[0 m_B(3,i) -m_-B(2,1i)]1");

B_.eff B =( - B.X  m,A(:,1) + [B.1,0,B.2]".» m.B(:,1) + B_ext+

DM_strength*[0 m_A(3,1) —m_,A(2,1)]");

% Runge-Kutta method of integration

k1l m_ A = gamma * crossAB(m_A(:,1i),B_eff_A)x dt + lambda * gamma =*
crossAB(m_A(:,1),crossAB(m_A(:,1i),B_.eff_A))* dt;

kl_m_B = gamma * crossAB(m_B(:,1),B_eff B)x dt + lambda * gamma =*
crossAB(m_B(:,1),crossAB(m_B(:,1i),B_.eff_B))* dt;

Beff A2 =( -xi*B.X * (m.B(:,i)+kl_mB) + [B_.1,0,B.2]".*
(m_A(:,1)+k1_m_A) + B_ext - xixDM_strengthx[0 (m_-B(3,1)+k1_m_B(3))
(-m_B(2,1)-k1.m.B(2))]");

B.eff B2 =( - B.X % (m,A(:,i)+kl.m.A) + [B.1,0,B.2]"'.x
(m_B(:,1)+k1_m_B) + B_ext + DM_strengthx [0 (m_-A(3,1)+k1l_m_A(3))
(-m_A(2,1)-k1l.m.A(2))]");

k2_m_A = gamma * crossAB(m-A(:,i) + klmA,B.eff_ A_2)* dt + lambda
* gamma * CrossAB(m_A(:,1i) + kl.m_A,crossAB(m_A(:,1i) +
klmA,B.eff_ A_2)) * dt;

k2_m_B = gamma * crossAB(m_B(:,1i) + kl.m B,B_eff B 2)x dt + lambda
* gamma * CrossAB(m_B(:,i) + kl_.m_B,crossAB(m_B(:,1i) +
kl.m,A,B_eff_ B_.2)) = dt;

if T>0 %$include random term
b_fl A =

[normrnd (0, sigma_A),normrnd (0, sigma_A),normrnd (0, sigma_A)]"';
b_fl1 B =

[normrnd (0, sigma_B) ,normrnd (0, sigma_B),normrnd (0, sigma_B)]"';

mA(:,i+l) = mA(:,1) + 1/2+xkl.m A + 1/2xk2_m_A + gamma *
crossAB(m_A(:,1i),b_f1_A);

mB(:,i+l) = m.B(:,1) + 1/2xkl.mB + 1/2xk2_m_B + gamma *
crossAB(m_B(:,1),b_f1_B);
else

m.A(:,i+1) = m.A(:,1) + 1/2xkl_m_.A + 1/2xk2_m_A ;

mB(:,i+l) = m_B(:,1) + 1/2xkl1_m_B + 1/2*k2_m_B ;

end
% renormalize m_vectors
mA(:,i+l) = m_A(:,1i+1)/sqgrt(dot(m_A(:,i+1l), m_A(:,1i+1)));

mB(:,i+l) = m_B(:,i+1)/sgrt(dot(m_B(:,i+1), m_B(:,i+1)));
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