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Abstract

In this thesis we develop a model of a single photon transistor, which consists of an ensemble
of Rydberg atoms located inside a single-sided cavity, coupled to two driving fields. A ’signal’
field incident on the ensemble can be reflected or lost, conditioned by the absence or presence
of a ’control’” field that is mapped to a collective Rydberg excitation, which leads to Rydberg
blockade. The advantage of the current proposal compared to previous models, is that driving
fields are continuously turned on throughout the entire protocol, leading to the continuous wave
version of the single photon transistor, under impedance matching condition for a signal photon.
Another advantage of our proposal, is that through Rydberg induced dephasing of the long lived
Rydberg excitation, the protocol can lead to blockade of strong coherent multiphoton field.
This long lived Rydberg excitation is possible, since the blocked signal field induces an effective
dephasing on the excitation, through its loss. The proposed device, could be alternatively used
as an efficient optical single-photon detector.
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Chapter 1

Introduction

Since the original proposal of a photon as a quantum of light in 1905 by Einstein, and its
discovery by Compton in 1923, the field of quantum optics has always been in the frontline of
the modern quantum science and technology.

One of the most recently discovered properties of quantum optical systems, is that they
can serve as suitable platforms for the implementation of quantum information processing
(QIP). The initial idea of quantum information processing was suggested by Feynman in 1982,
motivated by the inability of classical computers to give quantitative predictions about the
complicated quantum systems. Ever since, the field of QIP attracted massive scientific atten-
tion, being actively developing in the 1990s both from theoretical and experimental point of
view. This triggered the growth of quantum technologies, for instance leading to proposals and
implementation of secure communications protocols, e.g. quantum key distribution. Finally,
the ultimate goal of inventing a universal quantum computer can be foreseen in the nearest
future.

The rapid evolution of the quantum technologies demanded, the development of efficient
tools - quantum gates - to control and modify quantum signals. These devices commonly rely
on the optical and microwave signals, serving similar role to controls in conventional electronics,
and are largely insipired by the preceding classical electrical circuits. One of the devices from
this family is an optical quantum transistor, being an analog of a classical field effect transistor.
Similart to its electronic counterpart, it is a device where a small optical ’control’ field is used
to switch on and off the propagation of another optical ’signal’ field via a nonlinear optical
interaction. The fundamental limiting case of an optical quantum transistor is a single-photon
transistor, where the presence or absence of a single photon in the gate field, controls the
propagation of the ’signal’ field. The single photon transistor was proposed by Chang et.
al. [1] for an atom coupled to a nanowire in 2007 and several alternative schemes have been
proposed and realised experimentally the past decade.

In this thesis we study a single photon transistor model, which consists of an ensemble of
Rydberg atoms located inside a single-sided cavity, coupled to two driving fields. A ’signal’
field incident on the ensemble can be reflected or lost, conditioned by the absence or presence
of a 'control’ field that is mapped to a collective Rydberg excitation, which leads to Rydberg
blockade. An advantage the current proposal compared to previous models, is that driving
fields are continuously turned on throughout the entire protocol, leading to the continuous
wave version of the single photon transistor. This largely simplifies the protocol and possi-
ble experimental realization of the transistor. The scheme relies on the impedance matching
condition for a signal photon, working in the presence of a probe, on the contrary of previous
proposals. Namely, once we send the single-photon ’control’ signal, it can be mapped to a
very long lived Rydberg excitation exploiting the dephasing processes imposed by the pobing.
This leads to the blockade and reflection of a coherent multiphoton field, where the number



of scattered probe photon defines the gain transistor. Noteworthly, the proposed device could
be used also as an efficient optical single-photon detector. In this case the protocol allows for
the detection of a presence or absence of the single control field by measuring the reflected
signal field . The efficient multiphoton blockade is enabled by the long lifetime of the Rydberg
excitation, potentially leadung to the detection with large signal-to-noise ratio.

The thesis outline is:
Chapter 1 (current chapter) presents the motivation and objectives of this thesis.

Chapter 2 introduces open quantum systems, a formalism to describe them, and an effec-
tive method to significantly simplify the treatment of these systems.

Chapter 3 describes the interaction of a Z-scheme atomic ensemble coupled to two fields
and its scattering dynamics for different systems. The studied systems are the atomic ensemble
being confined inside a single-sided cavity, 2) being confined inside a two-sided cavity; and 3)
being in the free space, where corresponding analogy between the free space and cavity model
is derived. Finally the single-sided cavity case is described for the case an atomic ensemble of
Rydberg atoms.

Chapter 4 derives the necessary conditions for the ’control’ field to be impedance matched to
the Rydberg excitation, responsible for the blockade of the ’signal’ field and stay there until it
dephases.

Chapter 5 describes the effective dephasing introduced to the Rydberg excitation, respon-
sible for Rydberg blockade induced by the decay of the blockaded ’signal’ field.

Chapter 6 outlines the protocol of the proposed continuous single photon quantum tran-
sistor by making use of the results derived in the previous chapters.

Chapter 7 concludes on this work and provides an outlook for further research on this topic.



Chapter 2

Open Quantum Systems

The axioms of quantum mechanics describe the behaviour of closed quantum systems that do
not interact with their surrounding environment. Unfortunately, ideal closed quantum systems
do not exist in nature and the measurements (observations) we make, are limited to a small
fraction of a much larger quantum system. The inconsistency of the basic formalism of quantum
mechanics with the description of open quantum systems, lies in the fact that through their
interaction with their environment, they become correlated with it. As a consequence of these
quantum correlations, system and environment can no longer be considered 2 different systems
but a whole entity, described by an entangled pure state, that is no longer seperable. The open
system is described by a mixed state, and its evolution is not unitary.

2.1 Density Operator

A system in a mixed state, that is a probabilistic ensemble of pure states, cannot be described
by a state ket as one in a pure state. In order to describe it, we need to introduce the notion

of the density operator
p=Ypi|W:) (. (2.1)

The sum is over a statistical ensemble, where p; is the probability of the system being in the
i-th state of the enemble |¥;), given that ket states are normalized, meaning (¥;|¥;) = 1. Since
p; is a probability, it is clear that the following relations are satisfied

0<p<1, > p=1 > p<l1 (2.2)

trp=Y (] ZZ@\IJN/ (W,|%,,) Zpl\lfl\ll sz:y (2.3)

n

The last equality shows that the trace of the density operator is always 1, since p; is a probability.
A special case of the density operator is when all p; vanish, except for the j-th one, p; = 9;;,
where we obtain

p =[5 (Y51, (2.4)
this is the density operator for the pure state |U;). From which we get the following property
pr=0) (U0 (U] = ) (P| = p, (2.5)

for a pure state, and

P = 30D s ) (W) (8] # 2.6



for a mixed state. The above inequality is violated only for p, = d;; which corresponds to the
density operator for a pure state.

The last important relation is about the expectation value of some operator A in a mixed
state.

(A) = sz‘ (Wi A|w;) = sz' (Wi (O aq o) (as|)(z U,) (T, [03) = tr(pA),  (2.7)

where |a,) and a4 the eigenstates and eigenvalues of A respectively and we used the completeness
relation for |¥;). By rearranging the terms we obtain the following expression

(A) =Y W pi W) (W) (D as ) () [W5) = tr(pA), (2.8)
7 Q s

It is also important to show the time evolution of the density operator in the Schrédinger

picture, which is equivalent the Schrodinger equation.

At) =D i [Wi(t)) (Wi(t)] (2.9)

LS RO ()] + 19400 (] (070) (2.10)

2.2 DMaster equation

Now that we have introduced the necessary formalism we can study an open quantum system.
We consider the case of a simple harmonic oscillator, coupled with its surounding environment,
which is modeled as a reservoir of a large number of harmonic oscillators. The entire system is
described by the Hamiltonian

~ A~

H=H,+H + Hgr, (2.11)

where R
H, = hQa'a, (2.12)

is the Hamiltonian of the small system, which we will call system for the rest of the chapter.
is the frequency of the system and @, a' the creation and annihilation operators of the system
with commutation relation [a, a'] = 1.

He=hY _ wiblb;, (2.13)

is the Hamiltonian of the reservoir, where w; is the frequency of the i-th mode of the reservoir and
b;, b! the creation and annihilation operators of the i-th mode of the reservoir with commutation
relation [bz, b;] = 6@]

Mo =hY (g:a'b; + g;bla), (2.14)

is the interaction Hamiltonian between the reservoir and the system and g; is the coupling
constant between the i-th harmonic oscillator of the reservoir and the system.
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The reservoir, which consists of a large number of degrees of freedom, is described by a time-

independent density operator p,, in thermal equilibrium at the temperature T. A valid descrip-

tion for the systems modeled throughout this thesis,

)= — .15
or(Hy) = ————. 2.15

T (e PR

We assume that the system and the reservoir start interacting at ¢ = t; and that they did

not exhibit any correlations at that moment. Then the initial state of the entire system is

described by the tensor product of the density operators of the two subsystems, because the

two subsystems are totally independent at t = ¢,

~

ﬁsr(to) - ﬁs(to) ® ﬁr(Hr) (2'16)

Since we are interested in the system’s evolution and the obsevations we make are strictly on
observables of the system, we will calculate the expectation value of a system operator C, i.e.
it acts only on the states of the system,

(C(t)) = tro(Cpa(t)) = try(Ctroper(t)) = try(Cps(t)), (2.17)

where trg,. is the trace over both the system and the reservoir and Cis a system operator
alone, for this reason it is not affected when we trace over the reservoir in the second equal-
ity. In the last equality of the above equation, we have defined the reduced density operator
for the system p4(t)), as the trace over the reservoir of the density operator of the entire system.

It is easy to see that if we know ps(t), we can determine the expectation value of any
system operator at all times. This property makes it an extremely useful tool for studying
open quantum systems and this is why, the rest of this section will be focused on the derivation
of the master equation for the reduced denstity operator. In order to tackle this problem,
we move to the interaction picture using the following unitary transformations of the reduced
density operator p, and the interaction Hamiltonian (2.14)

(HAT) (o) it H) (i t0) (2.18)

Psr,] = €

~

o = ei(?:LSJr?:LT)(tfto)/hr}_zsrefi(ﬁﬁ?:tr)(tfto)/h _ hzgidTeiQ(tfto)Biefiwi(tfto) the., (2'19)

where in the last equality we used the Baker-Hausdorf lemma,

A ~

o . 1 . . 1 -~ . . .
eABet = B+ [A, B+ A A, B) + 5[A[A [4, B + ... (2.20)

which can be seen by the Taylor expansion of the exponentials. For a more rigorous mathe-
matical proof of the more general Baker-Campbell-Hausdorff theorem, result of which is the
lemma above, the reader is referred to [9].

Using the Schrédinger equation in the density operator formalism (2.10), and the trans-
formation we get the equation of motion for the reduced density operator in the interaction
picture

dﬁsr (I A
= —=H, psrl, 2.21
o B [H, Pt (2.21)
using the above 2 equalities we have
dﬁsrl (A A
—— = — 2 |Hsr,1, Psr1), 2.22
o - (Hort, D] (2.22)

>



Generally, this equation of motion cannot be exactly solved, for system-resorvoir coupling.
In order to solve it, we use the approximate iterative method of petrubation theory up to
second order. We integrate over time equation (2.22) from ¢y to ¢, using the approximation
Psr.1(t) = psr1(to) in the commutator to obtain a first-order solution for pg,. r(t)

pora(®) = o) — 5. [ st~ 0) s 1) (2.23)

to

Subsequently, we use the improved value of first order accuracy pg,7(t) in the commutator and
integrate over time again to obtain the pg, ;(¢) accurate to second order.

mMﬂpm%%ﬁ/ﬁmm(t&%ﬁM
to

(2.24)

h2 dt/ dt// srl(t _tO) [Hsrl(t _t())vﬁsr,I(tO)]]'

This is an expression for the density operator of the entire system in the interaction picture up
to second order. In order to find the reduced density operator for the system in the interaction
picture ps ;(t), we perform the trace over the reservoir on pg, (%)

ﬁs,[(t) = tr?“(ﬁsr,l(t))' (225)

We now define a coarsed grained equation of motion for ps r(t)

ps I( ) ps I(t) - f_s,[(t - 7_)7 (226)

which is justified by the fact, that the time interval 7 = ¢t — ¢ is considered short compared to
times yielding significant changes in the system variables.

Then by setting ¢t — ¢ + 7 and taking into account that the j,(t) does not vary significantly
in the time 7, we can rewrite (2.26) as

s t+T AS t—rT1 .
Pol )Tpﬂ ):mﬂw. (2.27)

ps[(t+ )

This is an equation of motion for the reduced density operator in the interaction picture.
Substituing the second order expression for the reduced density operator in the interaction
picture p, ;(f) from (2.25) and (2.27) we get

,557](75) — _/ dr’' tr, Hsrl( ) psrl(t))

~

dT / dT”trr sr I( )HST,I(TI/)ﬁST,I (t> - Hsr,[(Tl)ﬁsr,I (t),}_zsr,l (T”)) + h.C.,
(2.28)

where we have used the fact that the double commutator of (2.24) can be written as

~ ~ ~

[HST‘,I(T/)7 [HST‘,I<T”)7 pAsr,I (t)]] = %sr,l (T/)HST,I(T,/)ﬁST,I (t) - Hsr,[ (7—/),587‘,] (t)Hsr,I(T”) + h.C.,
(2.29)
using commutation relations and the hermiticity of all the operators involved. Equation (2.28)
is esentially the master equation for ps ;(t), during the rest of the section we will analyze it. We
can see that it has two time dependencies t and 7, but as we will show 7 is associated only with



reservoir operators and this dependence disappears, if the reservoir is considered stationary,
with infinitely short memory. From (2.19) we have

~

Hos (1) = hat F () + haFY(7), (2.30)

where

F(r) = —i Z gibie" T, (2.31)

F(7) is an operator that acts only in the Hilbert space of the reservoir and in the Heisenberg
picture it’s identied as a noise operator.

In the first part of the equation of motion (2.28) has terms of the following form

A~

tr, (T F () por1 (1)) = @' s 1 (0)tr, (F(7)pr (H,)). (2.32)

The trace in the right hand side is the expectation value F, of the reservoir operator F(7).
This value vanishes if the density operator for the reservoir p, is diagonal, as in of the thermal
reservoir, defined in (2.15). Now we rewrite the second part of (2.28), using (2.29) and the
cyclic properties of the trace

poalt) === [ a7 [ dr"@apua) (PG, = apa (0 (FEF()),

+adlper(t) (FYr)E(r")), — atpsr(Wa (FH (") E(r)), (2.33)

By the use of (2.31), we can identify the reservoir average terms
(F()EY ("), =Y gigy (bid]), e 7T eilor=eam)
1,J

e (2.34)
_ Z |gz| <bzbz>r ez( —wg)(t' =T )7

where for the second equality to stand, we considered the fact that the reservoir density matrix
is diagonal.

These terms are the first order correlation functions of the reservoir and they only depend
on the time difference T' = 7" — 7”7, meaning that the reservoir is stationary, as expected by
the time independent, thermal equilibrium density operator ﬁr(ﬁr). This first order corre-
lation function shows how fast the reservoir correlations decay away. We now perform the
Markoff approximation, which assumes that the correlation time of the reservoir 7., which is
the time for which the correlation function is not zero, is infinitely short compared to all times
of interest for the system. This allows us to shift the limit of integration of the second integral

in the following terms to infinity

| [ ar@eren), = [ ar Yok o, [ areor (2.35)
0 0 0 -

i 0

/ dr’ / dr" (F(r")Fi(r")), = / 'y " |gil? (bib]), / dTe! =T (2.36)
0 0 0 ; 0

7



In order to treat these integrals we need to evaluate the sum over the modes and the can be
found by finding the formulation of the density of electromagnetic states of the reservoir.

We will calculate it for the case of free space, this can be done by considering a three di-
mensional cubic cavity with edge L, the boundary conditions lead to modes with wavenumber
ki=2n/L,i=x,y,z;n; = 1,2, .., so the number of modes in the volume element dk,dk,dk, is
dn = d®kL3/27. For large L the sumation over K can be written in integral form

1 1 1 [e’e) T 27
— — [ dk® = — dk:k?/ d0'0/ dof(K). 2.37
2 g =g [ [ avsino [ dor) (237

Substituting w = ck, we substitute the sum over the modes in (2.35) with an integral over

frequencies
174 %) - s ' 2m
; — 87r3c3/0 dw’w /0 d@szn@/o do. (2.38)

Now considering the two polarization of the electric field carry out the three integrals taking
into account the two possible field polarizations. However, if f(K) is independent ofthe field
polarization we multiply by 2 and if f(K) doesnt depend on ¢ and € we obtain 47 for the angular
integrations. These simplifications give the correspondence

T 2) o i 27 R . o )
/ dr’ 4 / dwwz/ d@sin@/ do|g(w)|? <b(w)bT(w)>r/ dTe! =T —
0 0 0 0 0

3.3
T 2 2 /50 Nt iQ-wr _ T 2 /2 rONAt
T | sl G, [ are®r - T (ejb @),
where in the last equality we have the following relation for the last integral
t .
lim [ dt'e @0 = 75(Q — w) — ! 2.40
i J e i e 240

i

Q—w

which allows us to evaluate the product. The principal part P [ } term leads to a frequency

shift related to the Lamb shift, but we can neglect it.

We introduce now the decay rate
v =2rD(Q)|9(Q)P, (2.41)

where D(2) is the density of states between Q and € + df2. For this specific case of free
space and the coupling constant g(w) being independent of the filed polarization and angular
direction (6,¢), its value is D(Q) = Y. The value of D(Q) is different for electric-dipole

m2c3”
interactions, since in that case the coupling constant depends on the angle between the elec-
tric field polarization and the atomic quantization axis. The expectation value of the num-
ber operator m = (b(w)b'(w)),, of the reservoir, is given by the thermal distribution (2.15)

and is a geometric series that leads to m = m, that depends only on the temperature.

Furthermore (bf(w)b(w)), = 7 + 1. By using (3.39) and (3.41) and the fact that terms like
(F(TE(r")) (FT(7")FT(7")) are neglected, since the density operator of the reservoir is diago-
nal, we get the final expression of the reduced density operator in the interaction picture.

pr(t) = —%(ﬁ + 1) (@' aps s (t) — apss(t)a’) — %ﬁ(ﬁs,f(t)aaT —a'psr(t)a) + h.c. (2.42)

If we consider zero temperature for the reservoir the expectation value of the number operator
is zero and the expression reduces to

Por(t) = =2 ({ata, por(1)} — 2ap, (1)) (2.43)



It is also possible to move back to the Schrodinger picture, by using the inverse unitary trans-
formation of the one used in (2.18). Using it on equation 2.42, we get the equation of motion
for the reduced density operator.

- d
o 4
ps(t) o

- —%ms, pulB)] = 3+ 1) (@lapes(t) — apas(H)al) -
_ _%[ﬁs, ps()] + L]ps]

<6_i(ﬂs+ﬁr)ﬁs7lei(’7qs+’7q7‘))

(s (Dad = ' pos (1)) + huc.

(2.44)

where in the equality we have introduced the Linbland superoperator L|p,] acting on the reduced
density matrix, which describes the non unitary evolution of the system to its coupling to the
reservoir, that leads to irreversible dissipation. £[ps] can be written as

I ore o ars
Llpd = =5 D (LILips+ peLlLi) + ) LipiL] (2.45)

i

where the Linbland operators L; of the system, are operators that express the decay processes.
In the case of the damped hamonic oscillator, described above we have

A

L=+ a (2.46)

Ly = /7. (2.47)

We will describe the Linbland form and the physical meaning behind it in the following section,
where we discuss Monte Carlo wavefunctions.

The above result is completely analogous to the case in which our system is not a harmonic
oscillator, but a two level atom coupled to the same reservoir.

In this case the system Hamiltonian is

H. = hQ6,6_ (2.48)

where 6, = |e) (g| the transition operator and 6_ = |g) (e| the lowering operator. The interac-
tion Hamiltonian in the interaction picture corresponding to (2.30) is

Lo =h <&+F(7) + &+F(7)> (2.49)

By replacing @ with 6_ and a' with 6., all the above results stand, apart from the density of
states D()) and as a consequence the decay rate 7. This happens due to the dependence of
the atom-reservoir’s coupling constant on the angle between the direction of the atom’s electric
dipole moment and the polarization of the electric fields of the reservoir.

and using the explicit form of the coupling constant we get the equation correspending to

(2.39) as

2 o
/ dr' —; 3/ dww? / d@sm@/ d¢ (g|d|e) |*sin?0 <bib3>T/ AT @—w)T _
0 8m3c ;

QS
= Tt (Q=w)T _ T LT (Q
— g | Al P [ dre T — SR tglde) P @b (@),

(2.50)



From the equation above we can see that unlike the harmonic oscillator, the decay rate of a
two level atom, coupled to the free space, modeled as a thermal reservoir under the Markov

approximation is
3

/ Q 7
7 = —5l{gldle) | (2.51)

e

and the equation of motion

/ /

A A

Vo= A A oA R
L+ )36 00— Ha(t)5) -

b | =2

F(t) = (pot (1564 — 4po(D)5-) + hec. (2.52)

2.3 Monte Carlo Wave Function

In this section we will discuss the non unitary dynamics of dissipative open systems and how
to describe them in the so called quantum jump formalism.

In the previous section we showed that the Schrédinger evolution of a small system coupled to
a reservoir can be described in terms of a master equation of the general form 2.44, where the
Liouvillian superoperator L[ps] describes the non-Hermitian evolution of the system due to its
coupling to the reservoir, and is responsible for irreversible dissipation. We can rewrite 2.44 in
the following form

x Uy oA A .
Ps = _ﬁ(HNHPs — psHnm) + ‘Cjump[pS] (2.53)

where we have introduced the non-Hermitian effective Hamiltonian
Hyo =Ho— Z LIL; (2.54)
and the ”jump” term, which is the last term of the Lindblad superoperator (2.66)

]ump ps Z szLT (255)

For the case of the damped harmonic oscillator, discussed in this chapter the effective Hamil-
tonian becomes

? 1
Hyg = hQata — ihy(m + 2)& a (2.56)
and the jump superoperator
Ljumplps] = (27 + 1)apsa’ (2.57)

The evolution of the system density operator can, therefore, be thought of as resulting from
two contributions: a Schrodinger-like part governed by the effective non-Hermitian Hamiltonian
Hy i, and a quantum jump part resulting from L£;ymp[fs].

The Monte Carlo wave functions method of solution of the master equation initially considers
the evolution of pure states of the system, and carries out a statistical average over such systems
in the end. But in contrast to the situation for closed systems, where this is straightforwardly
achieved, this approach is not so simple for the open dissipative systems that we are interested
in. The evolution of a pure state in this case, cannot be described by a Schrodinger evolution.
Rather, it is intrinsically stochastic, and results from the combination of a nonhermitian, but
Schrodinger-like evolution and random quantum jumps.

10



2.4 Heisenberg-Langevin equations

To gain some more insight into the system-reservoir interaction, we need to treat the previous
problem in the Heisenberg picture, as well.

Using the Hamiltonian (2.11) we can find the Heisenberg equations of motion for the annihila-
tion operators a(t) and b;(t), as following

aw:%m@@y:ﬂmz-ﬂE:%z (2.58)

A (A I Cea
b;(t) = ﬁ[’H,bj(t)] = —iw;b;(t) —igja(t) (2.59)
If we now formally integrate the above Heisenberg equation of Ej, we get

~

t
bi(6) = By(t0) — i [ AVa(E)e 0 = by (t) + brarea) (2.60)

to

The term by (t) is the homogeneous solution of (2.41), describes the free evolution of b; in

the absence of any interaction with the system, where the second term Bradiated(t) gives the
modification of this free evolution due to the coupling with the system and a(t) is the source

for b;(t).
Now using (2.60) in (2.58) we find

a(t) = —iQa — iy gibi(t)e (1) — Z|gz|2/ dt'a(t')e~ =) (2.61)

Here, the first term is the free evolution of the system in the absence of the reservoir, the first
summation gives fluctuations of the reservoir and the second gives the radiation reaction.
We now move to an interaction picture, introducing the slowly varying operator

A(t) = a(t)e™ (2.62)

where [A(t), AT()] = 1 stands.
This will seperate separate the rapid free evolution of a(t) at the frequency Q from the fast
evolution due to the large bandwidth of the bath and (2.61) will become

Zlgf/ di' A(#)e "D 4 Fa(1) (2.63)

where operator F4 (t) is the noise operator, which varies rapidly in time due to the presence of
all the reservoir frequencies.

Zg] (t)e!Amen)lt=to) (2.64)

As we mentioned before if the reservoir is described by a density operator diagonal in energy
representation, which is in our case, then (F4(t)), = 0. If we replace the sum of (2.63) by an
integral and perform the Markoff approximation i.e. taking the limit of integration to infinity,
by claiming that A(t) varies little over the inverse reservoir bandwidth, we find

A(t) = —LA() + Eat) (2.65)



Eventhough noise operator F '4(t) fluctuates rapidly and averages to zero, we need to keep it
in the above equation in order to preserve the commutation relation of A(t), since otherwise
[A(t), AT(t)] — 0 as time grows large compared to 7.

We will now show that it is possible to transform the Lindblad master equation of the density
operator, to equations of motion for operators of the systems in the Heisenberg picture. We
can rewrite (2.44) as

ﬁS(t) = ﬁl[ﬁS] (2'66)
where we he have defined the Lindblad superoperator £’ as
a1 b 1 PHE s s RE7 t
L [ps] - _ﬁ[/Hsv ps] - 5 Z(Lz Lips + pst‘ Lz) + Z szst (267)

We can also define the adjoint Liouvillian superoperator £t by
tro(ML'[N]) = try(LT[M]N) (2.68)

where M, N are arbitraty system operators. Using the cyclic property of the trace we get the
explicit form of £'T

~ ) A A 1 Ap A A PN Ar A
L[N = %[’H, M) = 5 S (LILNT + NILILy) + Y LINIL, (2.69)

)

Now formally integrating (2.66) we obtain

ps(t) = e [ps(0)] (2.70)

In the Schrédinger picture the expectation value of a system operator is given by (2.7) and
using (2.68) we have

(@) = try(ps(1)a(0)) = try(e” [p,(0)]a(0)) = try(p,(0)e " [a(0)]) (2.71)
and since in the Heisenberg picture the expectation value of a is (a) = trs(ps(0)a(t)) we have
a(t) = e“"[a(0)] (2.72)
We conclude to the Lindland equation for an arbitrary system operator a(t)
. A 1 fp IR A .
i(t) = ~[H.a) - =S (ELa+alll)+ Y Llal, + F, (2.73)

where we have introduced the noise operator F,, that is necessary in order to preserve the
commutation relation, as we’ve shown earlier in this section.

2.5 Effective Operator Formalism

So far in this chapter we have introduced open quantum systems and the formalism to describe
them. We have seen that they involve both unitary and dissipative dynamics, which can
lead to very complex evolution. In the present section we will introduce the effective operator
formalism, an effective theory that reduces the complexity of the open system, through adiabatic
elimination of it’s rapidly evolving part, introduced by Reiter et al.[3]
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Figure 2.1: Ground and excited subspaces and couplings.

2.5.1 Ground and Excited Subspaces

We assume the open system to consist of two distinct subspaces, one for the ground states and
one for the decaying excited states. The couplings of these two subspaces are assumed to be
perturbative. Furthermore, we consider the dynamics of the system are Markovian, as we did
in the previous sections, such that the time evolution of the density operator of the system p,
can be described by the master equation (2.44). We note that we have dropped the subscript s
from the densisty operator of the system, since it will be the only density operator we will be
dealing with from now on.

Using the projection-operator method of [10] to divide the Hilbert space into two subspaces, one
for the ground states and one for the excited states, represented by the projection operators 159
and P, , with Jf’g + P, =1 and 159156 = 0. The Hilbert space is now divided into two parts, one
for the rapidly decaying (excited) states, and one for the comparably stable (ground) states.

By the use of the projection operators defined above, we divide the Hamiltonian into four parts:

H=H,+H, +V, +V_ (2.74)

where I:Ig = PgI:[ Pg and f]e = JSelfI 156 are the Hamiltonians describing the ground and excited
subspace respectively.

The perturbative excitations V+ = PQI:I P, and de-excitations V_ = pg]:I P, couple the two
subspaces.

We have assumed the ground states to be stable and the excited states to be decaying to the
ground states, as seen in the example of figure 2.1. The Lindblad operators can then be written
as Ly = P, LkP We can rewrite now the master equation (2.44)

p=—((Hym+Hy+ V)p— p(Hly + B+ V) + > Lipl (2.75)

where the Hyy is the non-Hermitian Hamiltonian of the quantum jump formalism, as in (2.54),
but involving only the excited Hamiltonian

Hyy = He — —LIL; (2.76)

Since we have assumed the couplings of the ground and excited subspaces V. to be sufficiently
weak to be described as perturbations of the evolution governed by an unperturbed Hamiltonian
Hy = H + Hyp, we perform perturbation theory of the density operator. Moving to the
interaction picture, using the unitary transformation

U(t) = e i(HAnutHo)t (2.77)

13



The operators in the interaction picture transfromed as

i) = 0 0 (07 0)) (2.78)
Vi =U"Y(t)(Hy + V)U(t) + z’dljltl Ut)=U")\VU (1) (2.79)
Lies(t) = UL U(1) (2.80)
and the reduced master equation transforms to
pr(t) = =i (Vipr(t) = sV @) + 3 Lea@pr(t)L] 1) (2.81)
k
Now we perform a perturbative expansion of the density operator in a small parameter €
pr(t) = (A0 + 0 + D0 + ) (2.82)
and obtain a recursive formulation of the reduced master equation in powers of € ,
A1) = =i (Vs V) - o Vi) + > Lt P OLL ) (283)
We evaluate the first three orders
) = 3 L L], (1) (2.84)
k
0 = =i (V0" 0 = 5OV 0) + 3 Leap (L], 0) (2.85)
k
520 = =i (a0 = POV 0) + 3 Lea®s O L, (1) (2.86)
k

If we now consider all particles initially in the ground stay, decay processes can be neglected
for orders n < 1 so we obtain the following expressions,

Pt =0 (2.87)
A () = —i (171(?5)/”)§°)() AV ) (2.88)
20 = —i (a0 - v ) + > L L, (1) (2.89)

We can now seperate the evolution of ground and excited states, by using the projection oper-
ators on density operator. Then the evolution of the ground states is

Pyp (8) P, = Pp§ ()P, =0 (2.90)

Pp? 0P, = =iy (Vi () = 8PV () By + Y La(OPpD (OBLL (1) (291)

The ground states are connected by unitary and dissipative processes of second order to the
excited states, since there is only decay from the excited to the ground. Now for the dynamics
of the excited states we find

PP =P (P =0 (2.92)

PP WP, = —ib (Va1 ) = 5PV (1)) P (2.93)

The evolution of the excited unitary dynamics is only due to the interaction Hamiltonian VI(t)

The second order terms connect the states either in the ground or in the excited subspace

and the interaction between the subspaces is given but the first order terms Pgﬁ?) (t)P. and

P (OF,.
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2.5.2 Adiabatic Elimination of the Excited States

We will now proceed by performing adiabatic elimination of the excited states, in order to
reduce the copmlexity of the dynamics, by restricting it to the ground subspace. We do so by
considering

PP )P ~0 (2.94)

We now formally integrate (2.93) to obtain an expression for P, [)(I )( )P, and also integrate

(2.88) to get an expression for p([ )(t). Now substituting these expressions to (2.91) we find
the following equation of motion, that describes the evolution of the open system, after the
exclusion of the excited states under adiabatic elimination.

t t

0
t t/
F B LuaF [ ar [ (Vs @)V @) + s 07 e) AP,
. 0 0
(2.95)
Where we have neglected terms sandwiched between perturbations ng/[ and VIPQ , since pg)
lives in the ground subspace, these terms do not contribute to the ground-state evolution.

As we can see the equation of motion of the ground state contains two Hamiltonian and two
Lindblad terms, for which we need to evaluate the integrals

JEﬁwa/dﬂq)*%ma, (2.96)

=P /m/#% O i) P, (2.97)

Now we assume the direct interactions within the ground subspace to be perturbative. Hence,
the ground- state evolution is negligibly small compared to the one for the excited states so
that we have U(t)P, ~ P,. Then the I; can be written as

t
zvou(/ﬁ@*w)mﬁ” (2.98)
0
By carrying out the integral we obtain
oz . I L A .
Iy~ Ve 0t (i)~ | VY w2 V- (i)~ Vi) (2.99)

where in the last step we used an approximation similar to the rotating wave approximation
to 1 — e”™Mn~ut ~ 1, which is by justified by the assumption that the dynamics of the ground
states are slow compared to the time scale set by H NH-

To evaluate the last two Lindblad terms in master equation (2.95) we carry out the double
integral 5. To do so, we use ﬁgo) (t") ~ /350) (t), since the ground states evolve slowly and to

second order in V;. We neglect the higher order terms. Thus, we can separate the integral and
write

1 ! A NY Y oA Y ' "O~ ! 1 % )/ B
Iy~ 3 (/ dt'O~(t )) V+P§0)(t)v—/ dt'(O™)(t') = ~(iHyg) " Vip Vo (—iH )™
0 0

(2.100)

[\
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in the ground-state subspace, these terms do not contribute to the ground-state evolution and
can therefore be neglected. We can then obtain the effective unitary and dissipative dynamics
of the ground states,

Fupby = i <H6ff 3 Z<Lifff>wsz) PO +het 3o Lkp (Bl 00
k k

with an effective Hamiltonian and effective Lindblad operators as defined above. To reach this
form we have used the equality

> (Lip )Ly = Vo (Hyp)! (Z zm) iy Ve = =iV (gl — (i)' Ve (2.102)
k k

where in the last term we have defined

~ ~ ~

Loy
Hepy = =5 (Mg + (Hyg) Vi + H, (2.103)

and ) o )
LY = Ly Vs (2.104)
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Chapter 3

Interface Between Light and 3-Level
Atomic Ensembles

In the current chapter we analyse the interaction of light with an ensemble of atoms. The
interaction of light with multiatom ensembles has been a basic building block for quantum
information processing and it will be the basic platform for the modeling of the continuous
single photon transistor. After introducing the necessary formalism, we will thoroughly describe
the scattering dynamics for the cases of 3-level atomic ensembles in a single-sided cavity, a two-
sided cavity and in free space. Furthermore, we will derive a mapping relation between free
space and single cavity that will allow us to relate the results between the two systems. In the
last section of the chapter we will describe the scattering processes of a ensemble of Rydberg
atoms in a single-sided cavity.

3.1 Collective Operators

Many body quantum systems are systems consisting of a large number of particles, which lead
to a large number of degrees of freedom and thus to high complexity. In order to describe
them, one needs to introduce symmetric collective states, a description which becomes valid by
considering the particles of the system identical and indistiguishable, in the sense of the second
quantization formalism. For the case of our interest, which consists of an atomic ensemble
interacting with light beams, these symmetric collective states will have the form of collective
excitations of the atomic ensemble and will be described by collective atomic operators|11].
An integral part of the systems, which we will be describing throughout this thesis, is a three
level atomic ensemble. That is an ensemble constituted by a large number of atoms, where the
atomic energy structure, consists of three energy levels, one ground |g) and two excited |e) , |r)
states, in a =-scheme, as seen in Fig.3.1b.

We will begin by describing a single atom of the atomic ensemble and for now we will consider
the state |r) as inaccessible. Then the description of the i-th atom of the ensemble reduces
to that of a two level atom with states |g) and |e), which can be described by the angular
momentum operators, as for the case of states |e) and |g),

~ge h h ~d ~d
755 = §(|9i> (9i] — les) (eml]) = 5(099 — 00, (3.1)

~ge h h ~i o~
Jas = §(|€z‘> (gl + 1g:) (es]) = §(Ueg — Oge), (3.2)

~ge ih th, i
Jui = 5(’@) (gil — 1gi) (eil) = E(Ueg —0,e) (3.3)
396 = 795+ 585 = Rhlgi) (es] = hol,, (3.4)
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~

7 = 355 — 355 = hle) (9. = hay, (3.5)
where the quantization axis is chosen to be z, and ;% (-, 1s the operator which raises (lowers)

5% % by h. We have also introduced operator 67, = |u;) (14;| which is the projection operator on
the state |pe) for the i-th atom and internal state operator 67, = |u;) (vi| between states |u) and
|v) for the i-th atom.The standard angular momentum commutation relation is fullfilled

525, dgal = g%, (3.6)

Since we are interested in collective variables, we look at the total angular momentum operators
JP¢ =" 5%, where | = z,y, z, which also fulfills the angular momentum commutation relation

[Joe, Jge] ihJ% as is obvious from (3.6). The collective state with all atoms in the ground
state is denoted |¢V) = |J = Nh/2, M = Nk/2) , and has total angular momentum number
J9 = Nh/2 and eigenvalue of J% equal to Nh/2, where n is the number of atoms. For a
sufficiently large number of atoms and a weakly perturbed system, i.e. only a few atoms out
of the ground state, we can approximate the jge operator by its expectation value jg@ ~ (J9°)

Since it is mathematically inapropriate to replace an operator with a number, a rigorous
formulation can be done by using the Holstein-Primakoff transformation. Since we assumed
that the (J2¢) ~ Nh/2 > 0 we can introduce the collective canonical position and momentum

operators associated with the transition between the ground state |g) and the excited |e)

. Joe
X0 = 2 (3.7)
(J2)
) Joe
P = yA , (3.8)
(J2)
which satisfy the canonical commutation relation
A A 1 A A
[X9¢, P9°] = ——[JJ°, JI°] = ih (3.9)
(J2)
Now we can define the symmetric collective annihilation operator for the state |e).
A Xge pge A.gem h m m
P: +7’ . Zm]+, _ Z ‘g 6 | Z'gz 62 (310)

VIh ey a0

which satisfy the commutation relation [p, ﬁT] — 1. P stands for polarization and is a symmet-
ric collective operator, not to be confused with ]596, which is the canonical momentum operator
defined in (3.17).

If we apply the symmetric collective creation operator to the collective ground state |g¥ ), where
all atoms are in state |g) , we create a symmetric superposition of one atom being in the excited
state |e).

A ~ 1 i
PrgY)y = P'g,9,9,...9) = i > 19909690 9.9) (3.11)
=1

If we now take into consideration the second excited state |r). We can follow the same process
as above, while this time considering the two states |¢g) and |r). We can define the angular
momentum operators for the two states |r) and |g)

sor _ T ho . i
Jf,z‘ = §(|g@> (gil = |ri) (rm|) = §(O’gg —a,.), (3.12)
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sge _ N hoi
Jar = 5(‘€z> (gil +19:) (ei]) = §(aeg —0,), (3.13)
ih ih

i = - (lei) (gil = lgi) (eil) = 5 (68 — b5e), (3.14)
3N = e+ agns = Tilgi) (ri| = hél,, (3.15)
. Jor
X = (3.16)
(J2")
R Jor
Pr= —=— (3.17)

Jor

Now having defined the above canonical position and momentum associated with the transition
between states |g) and |g), we can define the symmetric collective operator for state |r)

X9 L ipIr A 'grl- h i) (i
S — + (3 _ Z’L j+7 = — Z |g _ Z |gl TZ , (318)
vV 2h 2R (JI") V2 (JE°)
where we have used the fact that
(Jr9) ~ (J9) ~ hN/2. (3.19)

The symmetric collective operator S stands for spin wave, since |r), will be later considered a
metastable state. Acting with the symmetric collective creation operator S on the collective
ground state |g™V), we end up in a symmetric superposition of one atom being in state |r)

Stg™) = Pllg,9,9,...9) = \/—Zlg Gy 957" G5 G5 ) (3.20)

. The symmetric collective operators S ,]5 will play an important role for the description of the
scattering process, of the interface between atomic ensembles and light beams.

3.2 Atomic Ensemble in a Cavity

In the current section we will describe a =-scheme 3-level atomic ensemble, confinded in a cavity,
which is interacting with 2 monochromatic fields, one quantum sinlge photon cavity field and
one strong classical driving field propagating in the same direction as the cavity field.[4] The
cavity field is coupled to the lower transition between states |e) and |g) and the classical one
drives the higher transition, between |r) and |e), as seen in figure 3.1b. In figure 3.1a we can
see a schematic representation of the atomic cloud inside the cavity, interacting with the cavity
field denoted by the field operator € and the classical field denoted by the Rabi frequency Q.

The electric field vector operator for the cavity field is given by

) A\ V2
E(z) =€ (Z)w—v> (a+ a')sin(w z/c) (3.21)

where w; is the frequency of the cavity field and a', a the creation and annihilation operators
for the cavity field and where €; are the unit vector in the direction of the polarization of the
cavity field, ¢y the perimittivity of free space, V the quantization volume of the field and ¢ the
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Figure 3.1: a)Schematic representation of a cloud of atoms in a cavity, interacting with the single mode field
of the cavity € coupled to transition |g) <> |e) and a strong classical driving field ©, which drives the transition
le) <> |r). The fields are assumed to co-propage, but they have been drawn to cross for clarity. b)Energy level
diagram of the system. All the atoms are initially in the ground state, 7. is the decay of the excited state |e),
v is the dephasing of the metastable state |r). Matching colour code has been used between the figures.

speed of light.
The co-propagating single mode classical plane-wave field with frequency ws is described by the
electric field vector

_ _ 52<t> iws(t—z/c) —iwa(t—z/c)

Es(z,t) = €& (t)cos(wa(t — z/c)) = 62T(€ +e ) (3.22)
where €2 are the unit vector in the direction of the polarization of the classical field and £(¢)
its amplitude.

The Hamiltonian of the system is

H="Ho+V (3.23)

where H, is the unperturbed Hamiltonian and V is the interaction Hamiltonia between the
atomic ensemble and the fields.

N
Ho = hwnala+ Y (hwe6l, + hwed?, + hw,6t,) (3.24)

where as defined in the previous section &7, = [u;) (1 is the projection operator on the state
|p) for the i-th atom and hwy, hw,, w, the energies of the states |g) ,|e) , |r) respectively.

Now using the fact that the Hilbert space of the atomic cloud consists of all combinations of
the atoms being in either of the three states, we can define the identity operator for the system

[=3>"7(51,+ 6%, +6%), so that we can rewrite the unperturbed Hamiltonian as

A

N N
Ho = hwndla+ Y (hwy6l, + hwed?, + hw,oh,) = > wy(6h, + 6%, +61,) +w,l  (3.25)

where wgf is just a constant phase and it can be neglected. The unperturbed Hamiltonian can
now be written as

N
Ho = hwndla+ Y (hwegtl, + hwry67,) (3.26)
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which is equivalent to setting w, as the zero energy. Above we used w., = w. — w, and
Wrg = Wy — Wy.

We now turn to the interaction Hamiltonian V and using the dipole approximation we have
N A
V==hY dii(z)+ Eazi,1) = Vi + V4 (3.27)

where V; the Hamiltonian representing the interaction between the cavity field and the ensem-
ble and V5 the one representing the interaction of the classical field with the ensemble. We have
also denoted d; the transition dipole vector operator of the i-th atom, which is a 3 x 3 matrix,
where the transition between |g) ¢ |r) is dipole forbidden i.e. ; (g|d;|r), = (r|(§lz|g>l =0

We now consider the followmg assumptions, each field is coupled to one transition and in
particular the cavity filed & (2;) is only coupled to the | g> <> |e) transition and the classical
E5(2i,t) to the |e) ¢ [r) ie. ; (e|die|r), =i (e|diealg), =

Under these assumptions, the interactions Hamiltonians can be written as

= —hz agiotysin(wizi/c) + agiohesin(wizi/c)) + h.c. (3.28)

where g; = (e;| (d;€2) |g:) is the coupling constant between the i-th atom and the cavity

hcoV
field, which for the sake of simplicity, will be considered real and equal for all atoms i.e.
9i=9 =9

The interaction Hamiltonian of the classical field with the ensemble is

_ _hz & —iwa(t—z;/c) + Q*( ) zwg(t—zj/c)) + h.c. (329)

where Q(t) = (e;] (die2) |ri) 212
the traditional Rabi frequency, in order to avoid carrying factor of 2 around and a sign, so that
e.g. a 7 pulse takes time 7/(2€2). We will consider the amplitude of the classical field & to be
constant in time, which leads to time independent Rabi frequency §2.

Now in order to remarkably simplify the interacting Hamiltonians Vi and Vs, by the standard
technique of standard rotating wave approximation technique, we move to a rotating frame of
reference, through the following unitary transformation

A~

[T = =i S (@ralatw let(wr+wn)ad, )t (3.30)

This will transform our Hamiltonian A to

A

fi— 00 — oY (3.31)
dt

We will look at each part of the Hamiltonian independently, first the transformed unperturbed

Hamiltonian 7:[0 will be
Ho = Ho — ZhU_ = hz Weg — w1)0", + A(wrg — w1 — wy))6r, (3.32)
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where we have used the Baker-Hausdorf lemma (2.20). Now by defining the collective projection
operators

Ty = Z &fm (3.33)

and the detunings Ay = weg — w1, Ay = Wy — Wy, d = A; — Ay we can rewrite the unperturbed
Hamiltonian in the rotating frame as

Ho = liD16ee + B(AL — Ao)Gyr = A1 Goe + TGy (3.34)

Now we will transform the interaction Hamiltonian Vl

A

N - dU
Vi =U""WU - mU—lﬁ

12wt —i2w1t)

= —hz gadl,sin(wiz;/c) + a'gol sin(wiz;/c)et 4 ngﬁgesm(wlzj/c) + ago) sin(wz;/c)e

(3.35)

where we have used again the lemma (2.20). The second term and forth term oscillate rapidly
compared to the first and the third, so they can be dropped under the rotating wave approxi-
mation. We also define the collective operator

Geg(t) Z 67 e M sin(w, z;/c) (3.36)

and the slowly varying cavity field annihilation operator
E(t) = ae™ (3.37)

Then we can write the transformed interaction Hamiltonian as

A

Vi = —1(g€Gey + 915 ,) (3.38)
Finally we transform the interaction Hamiltonian Vg

5 .~ dU
Vo =U"WU — ihU‘lﬁ
(3.39)

— _h E /‘(Qa_érefzmz]'/c) + Qa_éreszZj/cefzmugt + Q*Uf,eeleZj/c) + Q*a_ieezwzzj‘/cefﬂwzt

where again we made use of (2.20). The second term and the forth term oscillate rapidly
compared to the first and the third, so they can again be dropped under the rotating wave
approximation. Now we define the collective operator

Ger = Gl (3.40)

i

The transformed interaction Hamiltonian ‘72 can be written as

A

Vo = —1i(Q6,e + Q6er) (3.41)
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So now we can write the effective Hamiltonian of the system in the rotating frame (3.31) after
the rotating wave approximation as

A~

H="Ho+ Vi +Vo=hAGee + 1106, + W(gEG ey + 9ETGge + Qbge + V6 (3.42)
We will consider two sources of dissipation, the decay from the state |e) to the ground state |g)
of the i-th atom N .

Ly = \/27e0,, (3.43)
and the dephasing of the state |r) of the i-th atom

Li = /20 (3.44)

We can now derive the equations of motion for the collective atomic operators defined in
(3.33), (3.36), (3.40) and their hermitian conjugates, by using the Lindblad equation for system
operators (2.73), derived in the previous chapter
B 1A R 1 . R .
bunl0) = 11,600 + S (Lo L — (L Lad + 00 LLL0) + B (3.45)
k

where 3, Ly = SV Lig+ SV Lir since we have defined two Lindblad decay operators for our

system. So we have the following 9 equations of motion of the collective atomic operators of
our system. ' A A .

Ogg = VeOco — 1GEGog +19E G40 + Fyy (3.46)

6-rr - _iQ*a-er + iQa—re + Fss ( )

Goe = —Vebee + 10 Ger — 106, +19EG ey — 19 6 ge + Fre (3.48)

Gge = —(Ve + i) ge + 26 gy + igE (0 gy — ee) + Fye (3.49)

Gor = — (Ve + Y — 109)G ey + iQ(Gee — Grr) — 19E Gy + Fop (3.50)

Ogr = — (Y +10)0gr + 10640 — 1gEGer + Fyy (3.51)

Gog = —(Ye — 101)Geg — 105,9 — 19E (049 — Goe) + Fiy (3.52)

(3.53)

)

A

Ore = _(76 + Vr + 'L.A2)a-re - Z.Q*(a-ee - OA-T’T‘) + lg(éé'rg + Fre
Grg = — (Y — 10)0rg — 106y + 1€ 6,0 + F)y (3.54

In the equations (3.46) — (3.54) we introduced the Langevin noise operators F w for the atomic
operators, which are neccesary in order to preserve the commutation relations, since we intro-
duced decays.

For simplicity, for the rest of the thesis we will consider the Langevin noise operators negligible.
In order to describe the scattering processes of the system we only need 2 of these 9 equations,
plus the equation of motion of the cavity field and an equation known as the input output rela-
tion. We will acquire these two equations for two slightly different cases, first for a single-sided
cavity and afterwards for a two-sided cavity.

Now we use the collective operators introduced in the previous section we have equations
of motion for S, P X R
P = _(’76 + iAl)é-ge + iQ*é—gr + 295 (355)

S = —(y, +16)S +iQP. (3.56)

As mentioned above we will use these equations of motion, but in order describe the scattering
dynamics of the system we need the equations of motion for the cavity field, which are diferrent
depending on the type of the cavity.
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3.2.1 Single-Sided Cavity

We have described the equations of motion for the atomic operators of our system, but in order
to be able to fully describe the scattering dynamics of the system we need the equations of
motion for the cavity field. In this section we do so for the case of a one sided cavity.

To find the equation of motion for the cavity field, we need to define an extra Hamiltonian,
similar to (2.18), which will describe the coupling of the single-sided cavity to the environment,
which following the process used in the previous chapter, will be modeled by a reservoir of a
large number of harmonic oscillators.

The entire system will be described by

Hiop = H + Hy + Her (3.57)

where H is defined in (3.23) as the Hamiltonian of the system.
H, is the Hamiltonian of the reservoir, descrbing the field external to the cavity, defined as in

He=h>_ wiblh (3.58)

7:[@« is the interaction Hamiltonian between reservoir and the cavity

Her = hz g€ (Obi(t) + gibl(HE(®)) (3.59)

where AZA) is the annihilation operator of. The Heisenberg equation of motion of the reservoir’s
mode b(w) with frequency w is

bl t) = 5 [Flions €] = 2+ Flo - Hor, EO)] = —itoblw, 1) + ig(@)E(t)  (3:60)

Now we can integrate formaly the above equation and using as initial condition the time ¢y < ¢,
where ¢ the input time and get the expression for the operator b(w)

t1

b(w, 1) = == =h(w. t0) + ig(w) / gt et (1) (3.61)
t
or with the final condition at time t; > t, where t; the output time and get

t
b(w,t) = e “EWh(w 1) —ig(w) / dt' e E(¢) (3.62)

to
E(0) = -+ ot Har E00)) = 2 [HED) -~ [ diogl)bont) (3.63)

Substituing (3.17)

g(t) = %[ﬁ,g(t)] - /00 dwg(w)e ™ E)p(w, ty) — /00 dwg2(w)/ dt'e”“TE[M)  (3.64)

We define input field

A 1 o0 ~
Em(t) = —i / dwe™10b(w, o) (3.65)

with [E, (1), ET (#)] = 6(t — 1)

) an

Now as in Langevin, we do Markov Approximation

/ dwg?(w) / dt =) ¢ / dw / dt' e =g () = %(‘f(t) (3.66)
—00 to



Substitiuing in (3.17)

E(t) = %[H &) = kE(t) + V2rEi (3.67)
where k = /2
Now following the same process using (3.18)
E(t) = ﬁ[ﬁ &) + KE(t) + V2rE o (3.68)
where
Epur(t) =i ! /OO dwe™ b (w, 1) (3.69)
V2T Joo

We note that Sout has been defined with a minus sign, in respect to Sm This has been done,
due to the fact that we consider Eout to be the reflected part of Sm, and so it should acquire a
7 phase shift upon reflection and '™ = —1.

From equation (3.67),(3.68) we get the input output relation

éout(t) + ém(t) = \/ﬁé(t) (370)

From (3.67), we have the equation of motion for the cavity field

E(t) = —kE(t) + igVNP(t) + V2rEin(t) (3.71)

We rewrite the equation of motion for the polarization and the spin operators
P(t) = —(7. +iA)P(t) + igV NE(t) + iQS(¢) (3.72)

S(t) = — (v + i6)S(t) + i P (1) (3.73)

This system of four equations will be enough to describe the scattering dynamics of the system.
To bring this equation to an easier form, we perform the Fourier transform, which is the
decomposition of any function into a sum of sinusoidal basis functions. Each of these basis
functions is a complex exponential of a different frequency. The Fourier Transform therefore
gives us a unique way of viewing any function - as the sum of simple sinusoids.

f(t) = % /OO dw f(w)e ™ (3.74)
where -
flw) = /_ dt (1) (3.75)

It is important to stress that since negative frequency w, doesn’t have physical sense, we consider
w with respect to the cavity frequency w;. We show how this transforms the above equations
from the time domain to the frequency domain, starting with

1 [ A ~ 1 [ A - 2 o 4 -
—/ dwE s (w)e ™" + —/ dwEip(w)e ™ = —H/ dw& (w)e ™" (3.76)
27 J_o 2 J_ e

o 2m
We gather the terms to one side

L 5 5 5 —iwt _
o | (a,ut(w) L& (W) — 255(@) et — (3.77)
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and it is easy to see, for this to be true we need
Eput (W) + Ein(w) = 2kE(w) (3.78)

This equation is equivalent to equation (3.70), but all functions are in the frequency domain.
Following the same process we bring the other three equations to the frequency domain

—iw€(w) = —kE(W) + igVNP(w) + V2kEm(w) (3.79)
— iwP(w) = —(7e + iA)P(w) + igV NE(w) + iS5 (w) (3.80)
— iwS(w) = —(yy +i6)S(w) + iV P(w) (3.81)

We can now solve this system of three equations. We solve (4.41) for P(w) and then substitute
in (4.40) to get

(Ye + (A = w)) (3 +1(0 — w))

o S(w) = igVNE(w) +iQS(w) (3.82)
S 7 o (Hﬁ?&@jff - 75 [Co P it ) M
PO = NG o= w»ﬁf"_(g?g%ﬁ;ﬂg Gy G8
o) = o +\z/(2?f1i;)i( ?If_if{(f?i?ili(_iiﬁ)f (‘(? : )w)) Ty B8
Since we use single-sided cavity the reflection coefficeint will be given by the
R(w) = M =1+ mﬂ (3.86)

51- (OJ) (91 (Cd)

In this point we will have to comment on the informal notation used in the last equation, which
we will be using throughout this thesis. Mathematically of course it doesn’t make sense to di-
vide an operator by an operator, but in our case all the operators of our system are proportional
to the operator of the input field &, (w) , e.g. (W) = R(w)Ein(w). This mathematically ”in-
appropriate” division allows us to define and work with these proposortionality factors, which
are very useful for our calculations. Overall, this informal division, represents the proportion-
ality factor between the operator in the numerator and the input field operator ém(w) which
will always be in the denominator.

Using (3.85) and (4.41) we find

26((r +4(0 —w)) (e + (A — w)) + Q)

R =-1+ , , - ; 3.87
() PNy +i(0 —w)) + (k —iw)((—i7e + A — w) (i, — (0 —w)) + 22?) (3.87)
which can be brought in the following form
2N -t
R(w) = —1+ 2 </<; —iw + J . ) (3.88)
; 1]
Ve + (A —w) + 5

A very important relation, that we will be using in order to describe the scattering processes
of the system, is the conservation of probability stated as following

|ttt [T i) = [ gt [ gl + (/B [ ape)/E: [ aie)
Fvoy [ asew [ asie)

(3.89)
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This equation basically states that the total probability of entering the system, over the entire
time domain, is equal to the total probability of exiting the system plus the total probability
that of being lost to the environment through any of the two dissipative processes defined for
our system.

It is easy to move to the frequenct domain, by Fourier transforming the above equation, This
way we view the equation in terms of intensity, i.e. rates at which energy enters and exits our
system plus the dissipative loss.

[Ein(@)F = [Eout(@)I? + 276l P(W) [ + 27| S (w) (3.90)

Now we turn to the proportionality factors, using the trick defined above.

P, 15w

1= |R(W)|* + 27e— + 27— (3.91)
|Ein(w)]? |Ein(w)]?
For convinience we define the proportionality factors
Plw) = L@ (3.92)
é’m(w)
and .
S(w) = 2 (3.93)
Ein(w)

Now in order to gain better understanding of how this system behaves, we first turn off the
laser field that couples to the higher transition i.e. {2 = 0.

From (3.83) it is clear that in this case, the last term of S(w) is zero. Our system that is
initially in the ground state cannot couple to the |r) state, so the other two rates are given by
the following equations.

S PP 49> Nyeti
29| P(w)|” = 27 |ém(w)|2 T gAN?2 4+ 202N (Ak — (7 + K)w) + (72 + (A —w)?) (k2 + w(Q) )
3.94
Rt IV 22PN+ (CA+ @) + (0 + (A= wP) (i + )
G*N?+ 28 N(ys + (A —w)w) + (42 + (A —w)?) (52 + w?) (3.95)

_1_ 4g* Ny k
B G*N?2 + 262N (vk + (A — w)w) + (72 + (A — w)?) (K% + w?)

We now plot these rates as functions of the dimensionless frequency w/x with respect to the
lower transition frequency, for zero detuning. We see that on resonance the photon interacts
strongly with the lower atomic transition and as a result, the energy decays from the excited
state. Moving away from resonance the photon nteracts less with the atoms, while far from
then it doesn’t see the atoms and is just reflected by the cavity.

If we now turn the laser coupled to the higher transition on, i.e. Q # 0. The equations

are
_AgPN(verp + W(=A + w) (0 — w)? + 29,6Q%)

IR(w)|* =1 1 (3.96)
2’7€|p<(«0)|2 — 49 N(%H'Yr + wfq_lA + w)<5 — w) ) (397)
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Figure 3.2: Schematic representation of atoms in the cavity. The cavity field is resonant to the |g) + |e)
transition. Very low reflection is observed as it is evident from the following graph, most of the input energy is
lost through decay of the excited state.
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Figure 3.3: Diagram of the reflection rate |R(w)|?, the loss rate through decay of the excited state |e),
27.|P(w)|? and the loss rate through dephasing of the state |r) as a function of the dimensionless frequency of
the sugnal, for the case of the driving field being turned off 2 = 0. The values used g=0.1, n=40,7,=0.3,k=1,A =
d=0.
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Figure 3.4: Schematic representation of atoms in the cavity. The cavity field is resonant to the |g) <> |e)
transition, as is the driving field Q to the |e) <> |r) transition. Strong reflection is observed, through the
destructive of the 2 transitions a phenomenon called Electromagnetically Induced Transparency.

8¢ N, kQ?

Q 2

(3.98)
where

Al =¢*N?*(v2 + (6 = w)®) + 2> N((72 + (6 = w)*) (Ve + (A — w)w) + (15 + w(—=6 + w))Q*)+
(K2 4+ W) (77 + (0= w)) (72 + (A = w)?) + 27y + (0 — w) (—A + w))Q* + Q)
(3.99)

It is obvious equation (4.50) stands.

We now plot the graph as before with zero detunings and zero dephasing of the |r) state.
We observe that now there is perfect reflection on resonance and the field doesn’t interact with
the atoms. This is effect is called Electromagnetically Induced Transparency and is due to the
destructive interference berween lower and higher transition, that that leads to the inaccesibility
of the excited state |e),

3.2.2 2-sided Cavity

If we now consider a a 2-sided cavity, we have coupling with the environment through the left
and the right imperfect mirror. The field external to the cavity, is divided into two reservoirs
one next to the right mirror and one next to left mirror of the cavity.

Heo = h Z WL,i[;LiBL,i +h Z WR,il;TRJ‘lA)R,i (3.100)

The interactions of the cavity field, with the external fields in each side is given by the interaction
Hamiltonian

Horz = 1S (9028 (Ohi(6) + 96 nE (b rlt) + 07,5 LOEW) + gl bl o(DE®)  (3.101)

~

(t)] = —iwby(w, ) + igr(w)E(t) (3.102)

SO
+
X
+
nﬁ>
o

H + Hy + Hor, E(8)] = —icwbi(w, ) + igr(w)E (1) (3.103)
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Figure 3.5: Diagram of the reflection rate |R(w)|?, the loss rate through decay of the excited state |e),
27.|P(w)|? and the loss rate through dephasing of the state |r) as a function of the dimensionless frequency
of the cavity, The driving field is on, with strength Q@ = 0.5. The rest of the values used are g=0.1,
n=40,7.=0.3,k=1,A = § = 0.

Integrating formally with the initial condition at time ¢y, < ¢, the input,

~

tl . / A
br(w,t) = e @), (w, 1) + igL(w)/ dt' e7 =& () (3.104)
t

or with the initial condition at time ¢; > ¢, the output,

~

~ t1 . N A
b (w, ) = e~y (w0, 4) — g (w) / g et (¢ (3.105)
t

~

A tl A
bp(w,t) = e @Ehp(w, 1)) — igrw) / dt'e= T E(t) (3.106)
t

Substituing (3.17)

AP [ee] R oo t ) o
Et) = ﬁ% E(t / dwg(w)e” ™ =0)pp(w, t) — i / dwg?(w) / dt' e E ()
00 —00 to
o] 00 t
/ dwg(w)e @ E0)p, (w, 1) —i/ dwg%(w)/ dt'e” = E ()
00 —00 to
(3.107)
We define input field
A 1 o0 ~
Einr(t) = —i dwe ™ 0 hp(w, o) = 0 3.108
7R( ) \/% . R( O) ( )
A 1 o0 A
Eimp(t) = —i dwe™ b (w, tg) (3.109)

V2T Joo
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with [E(t), ET(t)] = 6(t — t)

Now as in Langevin, we do Markov Approximation

t 0o t
/‘iooodwg%(w)/ dt’e_iw(t_t/)é(t')qL/ dwgf%(w)/ dt' e TEM) ~
to —0o0
& t ; A o ¢ ; "N é ) _'_’y 5
w) / dw / dt'e = E(H) + g (w) / dw / dt'e @ t=E ) = %5(15)
—0o0 to —0o0 to

(3.110)
Substitiuing in (3.17)
Et) = 5[7% El — (kg + kp)EW) + V2kLEnm (3.111)
where k;, = 71 /2 and kg = Yr/2
Now following the same process using (3.18)
E(t) = ﬁ[’ﬁl El+ (kn + KL)E() — V2rLEout,L + V2EREout R (3.112)
where
Eout () / —=thp(w, ) (3.113)
Eour.r (1) " et by (w, ty) (3.114)

\/ 2m
From equation (3.111), (3.112) we get the 1nput output relations for each side, similar to the
(3.70)

Eout,n(t) + Einp(t) = V2rLE(L) (3.115)
Eout,r(t) = V2KRE (1) (3.116)

From equation (3.111) we get the equation of motion for the two sided cavity field.

E(t) = —(rr + Kk1)E(t) +igVNP(t) + VZrrEinl?) (3.117)

These three equations together with (3.72), (3.73) is a system of 5 equations that describe the
scattering dynamics of the 3-level atomic ensemle in a 2 sided cavity. As for the single sided
case we can move to the frequency domain by Fourier transforming the 5 equations and have
the following 5 equations.

gaut,L(w) + ém,L<W) = \/Eé’(w) ( )

Eout,r(w) = V2KRE (W) (3.119)

E(w) = —(kg + 1) E(W) +igVNPW) + VI Eim(w) (3.120)
— iwP(w) = —(Ye + iA)P(w) 4+ igV'NE(w) + iQS(w) (3.121)
—iwS(w) = —(y, +16)S(w) + i P(w) (3.122)

Solving this system we get the last 3 equations

Q \/m m( )g\/_Q*

S 3 AR ) e Cr e o ey N | P o M
) V2r1En(w)gVN iy, — (8 — w)) (3.124)

(®N (v +i(0 —w)) + (kg + K — iw)((—ive + A — w) (i +w) + Q2)
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Figure 3.6: Schematic representation of atoms in the two sided cavity. The cavity field is resonant to the
|g) < |e) transition, as the driving field 2 turned off. Strong reflection is observed, due to resonant interaction
with the two level system.

() = V2RLEin (@) (3 + (8 — w)) (e + (A — w)) + |2P2)
E(w) = (1 + (6 — W) ((k — iw) (e + iI(A —w)) + |Q2(kg + k1 — iw) + g2N) (3.125)

Probability conservation equation (3.90) for the case of two sided cavity is

[Ein,p(@)* = Eour,p (@) + |Eour, (W) P + 29| P(@)* + 27 [S ()] (3.126)
and as in the one sided case, we work with the proportionality factors
1= |RW)|? +|T(w) + 27| P(w)|* + 27,.S(w)? (3.127)

where we have defined the proportionality factors,

~

R(w) = Eout,L - 14+ 2k ((1r +1(0 = w)) (e + (A —w)) + )
Eint (9 +1(0 —w))((kr + KL — iw)(Ye + (A —w)) + [QP(k — iw) + g°N)
(3.128)
and
o) = Eourt _ 2 /iR (8 — w)) (e + (A — w)) + Q)
EinL (3 +1(0 —w))((kr + KL — iw)(Ye + {(A —w)) + [QP(k — iw) + g°N)
(3.129)

The equations are

4 NEL(182) +7e(77 + (6 — w)?) + 2y/ELRR((%r + i(0 — w)) (e + (A — w)) + |2

2 f— JE—

|R(w)|* =1 v
3.130)

\T(w)|2 _ 4/€R/€L7§((7§ - (5 — w)g) + VE(A — w)2 4 Qf}/e%ngz + ((5 _ CU>(—A . w) N 92)2)

A2
(3.131)
s 4 2N eR 34. 5 —w 2
27| Plw) 2 = L1 L(zm (0 —w)?) s
Q 492N7r"§L92
2

-7 A2 1

279, |S(w)| G (3.133)
where
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Figure 3.7: Diagram of the transmission and reflection rates |T'(w)|?, |R(w)|?, the loss rate through decay
of the excited state |e), 27.|P(w)|? and the loss rate through dephasing of the state |r) as a function of the
dimensionless frequency of the two sided cavity. The driving field is off, 2 = 0. The rest of the values used are
6=0.1, n1=40,7,=0.05,7.=0.6,k r=0.4,A = & = 0.

A2 =g*'N*(77 + (6 —w)?*) + 2¢° N (72 + (0 — w)*) (Ye(kL + £r) + (A — w)w) + (WKL + Kr)+
w(=04w))Q?) + (ki + kr)> + W) (V2 + (6 —w)*) (72 + (A —w)*)+
2(76’77“ + (5 - (.U)(—A + w))Q2 + 94)
(3.134)
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Figure 3.8: Schematic representation of atoms in the 2 sided cavity. The cavity field is resonant to the |g) <> |e)
transition, as is the driving field Q to the |e) «+» |r) transition. Strong transmission is observed, through the
destructive of the 2 transitions a phenomenon called Electromagnetically Induced Transparency.
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I 2Ve||3(w)|

w/(K +Kz)

Figure 3.9: Diagram of the transmission and reflection rates |T'(w)|?, |R(w)|?, the loss rate through decay
of the excited state |e), 27.|P(w)|? and the loss rate through dephasing of the state |r) as a function of the
dimensionless frequency of the two sided cavity. The driving field is off, = 0. The rest of the values used are
g=0.1, n=40,7.=0.05,k,=0.6,k g=0.4,A = § = 0.
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3.3 Atomic Ensemble in Free Space

After having described the cases of the atomic ensemble in a one-sided and a two-sided cavity,
we turn to the description of an atomic cloud in the free space. We will consider the linear
dispertion in first order, the L/N is a normalization constant so that fOL n(z) =N

The electric field vector operator for the cavity field is given by

. o 1/2 .
Ei(2) = € (47TC€(1)A> (/ dwi,e*e + /dwaT e~ wE/e) (3.135)

where w is the frequency of the cavity field and @], a,, the creation and annihilation operators
for the cavity field and where €; are the unit vector in the direction of the polarization of the
cavity field, ¢y the perimittivity of free space, V the quantization volume of the field and ¢ the
speed of light.

G, 0], = 6(w — W) (3.136)

The co-propagating single mode classical plane-wave field with frequency ws is the same as in
the cavity case and is described by the electric field vector

Eo(t) . ,

Ey(z,t) = €& (t)cos(wa(t — 2/c)) = 62%(6%02@_3/6) + eTiwn(t=2/0)) (3.137)
where €2 are the unit vector in the direction of the polarization of the classical field and £(¢)
its amplitude.

The Hamiltonian of the system is

H="Ho+V (3.138)

where H, is the unperturbed Hamiltonian and V is the interaction Hamiltonia between the
atomic ensemble and the fields.

N
Ho = h / dwwil,a, + Y (hweblh, + hwedl, + hw,61,) (3.139)

and the interaction Hamiltonian in defined the same way as in the cavity case. In a similar
manner as before we get to the three equations of motion for our system.

(0 + ¢0.)E (2, 1) = igV/ N P(2,1) (N)L (3.140)
P(t) = —(y. + iA)P(t) + igV NE(t) + iQS(t) (3.141)
S(t) = — (7 +i0)8(t) + iV P(t) (3.142)

Now we are going into a co-moving frame with new coordinates t' =t — z/c, 2/ = z, then we
transform the partial derivatives to the coordinates

0 oot 007 0
a - %E + %E = 4 (3143)

o'
o oo 907 19 9
9

= LT — 3.144
9: ooz | 07 0z v oy (3.144)
and we choose the density to be constant in space n(z) = .
A N -
0.E(z,t) = P(z,t) (3.145)

C
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Oy P(t) = — (7. + iA)P(t) + igV' NE(t) + iQS(t) (3.146)
By S(t) = —(y +10)S(t) + i P(t) (3.147)

We will now use the Fourier transform as before

0.€(2,w) = ig\zw]f’(z,w) (3.148)
—iwP(Ww) = —(7. +iA)P(w) + igV'NE(t) + iQS (w) (3.149)
—iwS(w) = — (7, +146)S(w) + i P(w) (3.150)

We can now solve the system of the three equations as following

‘ p

S N — 151
S(w, 2") i —w) (3.151)
~ . _ . A _ Q 2 R
Y +i(6 — w)
N (5 —
: B+ 8 = w)) \
0,E(z,w) = — , “ - E(z,w 3.153
S o ) AR NS5 B s e (319
If we now integrate from 0 to L, where is the length of the ensemble we have
E(L,w (e +i(5 — w))
= =exp - - 3.154
£0.0) PG 0= @)+ (B @) + [ (3150
where we have defined the optical depth d = g?z L From (3.145) we have
~ cC ~
P(Z w) =—i 0.E (7 w) (3.155)
gvV'N
and then we can find a similar relation for S(w, z')
- c 100 4
S(w,2') = —i : 0.E(Z,w). 3.156
(02) = iy ) (3.156)
The probability conservation relation, similar to (3.90) in the free space case is
A A L A L A
(0,2 = |E(L, w)[2 + 2%/ 4=/ P(w, )| + 2%./ 421w, )P, (3.157)
0 0

which basically states that the rate at which energy enters the atomic cloud, is equal to the
rate of energy exiting it, plus the lost energy through the two sources of dissipation defined
above.

L.w)? Ldz’ﬁw,z’ 2 Ldz’gw,z’ 2

1: | 7w)| 2 ej‘[) | ( >| _'_2,)/7']0 A| ( >| 7 (3158)

i -
€(0,w)[? €00, w)[? €0, w)[?

ons /(\2>
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3.4 Mapping between Cavity and Free Space Models

In the previous section we studied the interaction of a 3-level atomic ensemble with 2 fields in
free space. We found that the behaviour of the system is very similar to the one of an atomic
ensemble in a cavity. In this section we will derive a relation between the two different systems.
We start from the single sided cavity Hamiltonian (3.42) in the dipole and rotating wave
approximation. We consider being in the bad cavity limit, i.e. & > ¢gv/N, so we can treat
the coupling of the cavity field with the atoms perturbatively. This way we can, following
the effective operator formalism developed in chapter 2, adiabatically eliminate the cavity filed
operator £. We consider the excited subspace to contain only the cavity field so the non
Hermitian Hamiltonian describing it, will be

Hyg = —ih2xETE (3.159)

since we work in the rotating frame of the field, the Hyy contains only the decay of the cavity
field. No following the formalism (2.103) we define a new effective Hamiltonian as

2
N
Heff_zf:g\/_aeg( )5 t9v/Né,e = i e (3.160)

Then we can find the new equations of motion in this effective formalism,

P(w) = —(7e +iA)P(w) — QQ—NP( ) 4 i S (w) + \/zgzNém(w), (3.161)

K

S(w) = —(y +i6)S(w) + iQP(w), (3.162)

where the equation of S remained unchanged since it was not coupled to the cavity field, which
we adiabatically eliminated.

Subsequently using (2.104) to find the effective decay of the cavity, we can write the new input
output cavity relation as

~ o - ~ 2N o
Eout(w) = Ein(w) + LY = Ein(w) +1 \/QTP(W) (3.163)

By solving this system of the three equations we find the relation for the reflection coefficient

228 (, 4 i(6 — w)) |
(e + (A + EX — W) (7 + (6 — w)) + Q)

R(w)=1- (3.164)

If we now compare this result with the equation for the transmition coefficient in free space
(3.154), we see that by expanding (3.154) for small optical depth d, to first order, we get a
similar result to (3.164). Up to a factor in the denominator of (3.164), called Purcell factor,
we can have perfect correspondance between free space model and single-sided cavity model,
under the correspondance relation

C = 45 3.165

7o (3.165)
between the ensemble’s cooperativity C' = % in the cavity model and the ensemble s optical
depth d = % in the free space model. For very small cooperativity C' = 2m < 1, the

Purcell factor can be neglected 7. ~ 7.(1 — C) = v, C = £ N

correspondance between the two models.
This relation is very useful, since it allows us to directly relate our results for the single cavity
model to the free space model.

< 1 and we can have perfect
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Figure 3.10: a)Schematic representation of atoms in the single sided cavity. The cavity field is coupled to the
|g) < |e) transition, as is the driving field 2 to the |e) > |r) transition. Low reflection is observed, through the
Rydberg interaction the energy of r state is shifted by V; and no longer accesible from e through 2.

3.5 Rydberg Atoms

If we now consider the atoms consisting the ensemble, to be Rydberg atoms, i.e. atoms with
large dipole moments when in Rydberg state. This leads to an extra term in the Hamiltonian,
describing strong dipole-dipole interactions between atoms in states |r),|r’),

Hrga=hY Y Vulr) (r| @ |rp) (7] (3.166)

1 kAl

For now we will consider the k-th atom to be excited in state |r}) then, we are left with

rHRyd,k = hZVkl |71y (] (3.167)
!

which contributes only to the equation of motion of the spin operator S (t) as

2 7~ N 1
Srya(t) =3 Hryae, SO)] = —ig > lgi) (ril ZVM |r) (ri| =

X (3.168)
_i;ﬁgvkl |9i) Oui <rl’—_@_zvkl g1} (il
From equations (3.23),(3.24) we get the input output relation
Ein + Eout = V2KE (3.169)
E(t) = —rE(t) +igVNP(t) + V2rE () (3.170)
P(t) = — (7. +iA)P(t) +igVNE(H) +iQ8(2) (3.171)
S'(t) = S(t) + Smya(t) = — (3, +i8)S( —zzvm Ir) (gl + 2" P(t) (3.172)

We see that the equations of motion of the system operators do not change apart from the spin
operator, that gets this new energy shift from the Rydberg interaction term. In order to deal
with the last equation we have to write the spin operator in the decomposed form.

=S W) = (i) 6 ) =i S V) (gl i Yo (3.173)
l l l l
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where we can neglect the sum and have

ol (t) = — (v +10)6L, () — iVuol, (t) + Q6. (t) (3.174)

gr

Then writting the other two equations in the same form, we end up with a system of 3 equations

oh(t) = —(ve + iA)6L(t) + igE(t) + Q67 (1) (3.175)

~

E(t) = —kE(t) +ig > _ 6. (t) + V2KEin(t) (3.176)

We treat the system as we did in the previous sections of the chapter. We move to the frequency
domain through Fourier transform and solve it. We get the equations

vV 2/1(§m

i g2 (yr+i(0+ Vi —w))
(’f - Zw) + Zl <('ye+i(A7w))(%+i(5kal*w))+|9|2)

E(w) = (3.177)

V26590 (v, 4+ (0 + Vg — w))Em

1
Tge = . . . 2y 44 (8 —w
(4 + (6 + Vi — ) (e + (A =)+ [98) (5 — iw) + 5, (ralprtiieed
(3.178)
N —v/ 2/{gnQ*6A'm
O-gr =

2 i _
(O #3004V = w)) (e + (A = w)) + Q) <(’f —iw) 2 (<we+i<AgiaE;>T<§i(+(si+<§}iﬁzk73L>)+|Q|2
(3.179)
and the equations for S(w) can be find P(w) by their definition. It becomes evident that we
need to evaluate the sum in the denominator, in order to understand the scatering dynamics

of the system.

2

(10 + Vi — w)) B g
Zl: ((% + (A = w) (v + (0 + Vi —w)) + |Q|2> B zl: ((% (A - w) o )

Yr+i(0+ Vi —w))

(3.180)
We can convert the sum over all atoms to an integral over the volume of the ensemble, >, —
f pa(r)dV and write the explicit value of Vy,; = —%. Since the cloud is assumed homogeneous
we have p,(r) = {+ and
1 R, T 27 2N
- / drr? / d0sinf / dé g . _
‘/a 0 0 0 (’Ye‘f‘l.(A—w))‘Fm
e (3.181)

1 fta 2N
_47r/ drr? : g e
V;l 0 (’76+2(A_w))+

(yr+i(6— Sg—w))

where R, is the radious of the atomic sphere and V its volume V, = %WRE. We can set R, to
be infinite, if we consider it larger than the radious of the Rydberg blockade Rg,q4. Since the
Rydberg interaction term Vj; o< 7% reduces very fast, in sixth order with distance between the
two excited atoms and will be negligible for values higher than Rpgyq.

Now this integral can be difficult to evaluate, even after the asumption R, — oo valid for
R, > Rpyq, so we choose to treat it for the resonant case of 6 = A = w = 0, where also assume
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the dephasing of the |r) state is to be zero i.e. v, = 0.

A [

2N 2N [ 1
drr? 9 GE :47rg / drr? . | T
Vo Jo Ye + =1 Vave Jo 144516
7276 e
2N [ 1— i 26
47Tg / drr? —gbfe =
%76 0 1 + —( itl 7“12
1082 6

2N 0 1 0 : r
47T"; (/ drr® o 19 Z/ drr® CGEVL 12> -
a/ye 0 1 + (06’76)2r 0 1 + (06'76)270

V2ginm*yCore  V2g°nm*VCie
3V 3Vave|Q

So we have the value of £(w = 0)

3 vV 2/‘151”
E(w=0) = = (3.183)
o VLTV (1 )

since 7, is zero, there is no loss from the |r), so 6;,, doesn’t contribute to the scattering dynamics
of the system. But 7, is not zero, so we evaluate the equation &ée, since it plays a role in the
scattering of the incoming photons.

5l(w=0)=— V2rgnVinEun (3.184)
" (Vi + 9P) (1 + Y201 — i)
e EXTATS]

we now write in the polarization form and transforming the sum over atoms to a volume integral
as before and we set R, — oo valid for R, > Rgyq, since Vi (r > R,,q4) =~ 0.

R,
Plw) = % S 6 (w) - % / dr pa(r)r?t, () (3.185)
l 0

Considering as before the radius of the atomic cloud R, to be larger than the Rydberg blockade

radius Rpyq and the density of atoms to be constant p,(r) = Vla, we have
A 4 o0
Plw) ~ ”‘;/ﬁ / drr*s! (w) (3.186)
a 0

which leads to an expression containing the integral (3.182)

-1

R R N 2 2 0 1

Plw=0)= z‘47r\/2/<¢5mgv—' </€+ V2giny Csre(q _ i)) / drrt g (3187)
0 +

Q ;192
aVe 3Va7€| | v
Using the explicit form of Rydberg interaction Vy; = —% we evaluate the integral as above
and have
-1
A ~ 2 2 2 C e 2 2 C e
Plw=0) = ivarEngVN ( + Y2 3””|QV| e~ z'>> fg— V,Qf”a —i)  (3.188)
Ve Ve
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and bringing it in a nicer form,

A Y 2/@9\/N5Am
Pw=0)= 3k7e |

2
I N+ F ey Comasy

(3.189)

The effect of the Rydberg interaction is an energy shift, that depends on the distance between

the excited atoms, in order to gain some better intuition of this interaction we can will look
2

at it in terms of the single atom cooperaticity C', = % and the Rydberg radius. Dividing over

Eim, we have the proportionality factors:

R(w) = 2~ (a —iw Z go°N P > -1 (3.190)
Y+ Vit

e + 1A+ W) + S

while for the resonant case, we dealt with above, it becomes

R(w —2<1+Z m?) 1—2<1+Z Qz>_ ~1 (3.191)

Vkl'Ye kae

where C] the cooperaticity of a single atom. If the Rydebrg interaction was considered constant
in space, then our result, would have been just a phase shift, resulting to an AC Stark shift,
similar to having a detuning 0

—1
C
R(w) =2 (1 + W) —1 (3.192)
1 — i
While now, considering the Rydberg term having the r~¢ behaviour, from the previous results.
2 2
R(w) = —l=—-1 (3.193)
14+ nC ( 3VV‘§CZ|6%(1 — z)) 1+ Cy(1 —1)

where C, = nC fgvvlgf%, is the effective blockade cooperativit and it is basically the cooper-

ativy of the atoms contrlbutmg to the interaction i.e. the atoms inside the Rydberg sphere,
with volume V4 = 7TR The Rydberg radius is defined as

0 02
Rpya = \6/72’0 - (3.194)

\/CG% Viyd
C— nC —
A vary

ryd*

It is easy to see now that

Cy=n (3.195)
We can see that for no Rydberg interaction Cy = 0 we have full reflection with no sign flip
R(w) = 1, while for very large Rydberg interaction strength Cg — oo, we have full reflection
with a 7 phase flip, R(w) = 1. This property has been used for the proposal of C-phase gate
by Das et al. [5]. In our case we do not care about the phase, only about the reflection rate
|R(w)]?, which goes to unity in both cases, regardless of the field strength €.

The rate P(w) in terms of the effective blocade cooperativity is

VEVG
=i ) (3.196)
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Figure 3.11: Diagram of the reflection rate |R(w)|?, the loss rate through decay of the excited state |e),
27| P(w)[? and the loss rate through dephasing of the state |r) as a function of the blockade cooperativity. We
can see that we can at the maximum we can achieve is almost 83% losses of the incoming field, due to decay.
The values used are v.=0,A = § = 0.

Which is 0 on resonance as expected, for C, = 0, due to EIT, as in the case viewed in the first
section of this chapter. For C}, — oo, the rate goes to 0, again due to very strong blockade.
The two rates as function of the blockade cooperativity are Cj.

40,
R(CHP =1—- 3.197
[R(Co)l 1+ 2C,(1+ Cy) ( )
and -~
V4G,
27.|P(Cy)|? = 3.198
We find the first derivative of the reflactance
d 2 4(1 — C?
dcC,, 1+2C,(1+ Cy)
and by setting it to 0, we can see that there is a minimum point
1
that leads us to the minimum value of reflectance
4
IR(CY)2,, =1— ————— =3-2V2 (3.201)

2(1++/2)

We plot the two rates as functions of the blockade cooperativity Cj, in figuree 3.11.
We can see that there is no value of Cy for which the reflectance |R(w)| goes to zero, so that
we have perfect Rydberg blockade. In order to investigate if there are conditions under which
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we can achieve perfect blockade, so that all energy will be lost through spontaneous emission
and there will be no reflectance, we will look a case out of resonance. We choose to solve the
integral (3.182) for A = —~, and w = § = 0. This will lead to the following integral

4 o N IN [ 1
- drr?( g ~IQ\2) — 4r9 / drr?( —aF )
Va Jo (Ve +iA) + o Vave Jo 1 —id 150
6
. 2
BN e 1—i(=1+ 550
=dr drr a2 )
Va/ye 0 1+ (—1 + ’Ye_CGT6)2

QE
(—1 4 £5rf)

g e 1 .
=4 / drr=( — 2/ drr )
Vave Jo 1+(—1+£—é1r6)2) 0 (1+(—1+m7’6)2

7eCé
9*N v7.Ce 7Tv1+\/§+i7r\/—1+\/§)
12

=4
Ve 1 "1
(3.202)
We can see that we can define the effective cooperativity in this case as
\/m 2\/1_‘_\/§ . 2\/_1+\/§
Cepp =nC (4w + il —) (3.203)
V|9 12 12
The reflection coefficient for this case becomes
2 2
R(CY) —-1= —1 (3.204)

140, - VI4VE | o142
1 L+ Gy(dn? 5= - idm Y =5)

where C; = NC —V\/chf We can now plot the reflectance and we see that in this case we can get

much closer to perfect blockade for a certain value of Cj. As we can see in figure 3.12, there

is a minimum of the reflectance for the value Cj = =27, we where |R]*> = —F—— ~ 0.04.

NI

This result means that for this value of Cy, if there is a Rydberg excitation somewhere in the
ensemble, the probability of reflectance on resonance is a bit less than 0.4%, where the loss
probability is over 99.6%.
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Figure 3.12: Diagram of the reflection rate |R(w)|?, as a function of the blockade cooperativity, where for

the value Cj = —3:77, we achive almost zero reflectance |R|? = 1 __ ~ 0.04. The condition used is
T 2v/2+V2

A=—7.,0=0.
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Chapter 4

Impedance Matching

In the previous chapter we showed that it is possible to condition the signal field, based on
the absence or presence of a Rydberg excitation. In the current chapter we will investigate
the conditions for our control field to excite an atom to the Rydberg state. In particular, we
will look for the required conditions, so that a photon we send into the system, coupled to the
second branch transition |g) <> |€/) <> |}, will end up as an excitation in |r’') and stay there
untill it dephases. For this purpose we use the following equation

[Ein(@)F = [Eout(@)I? + 276l PW) [ + 27| S (w) (4.1)

This equation simply describes the conservation of energy in the system plus the coupling with
its envirnment, taking into account all the effects of dissipation introduced. In particular, it
shows that the rate of enegy of a certain frequency, entering the system will be equal to the
rate exiting the system plus the energy lost by decay of the excited state and dephasing of the
Rydberg state.
The fact that this equation describe rates is evidable by the units of 27e|p |2, which can better
understood in the more familiar time domaim, by Fourier transforming this equation.
If we divide equation (4.1) by |, (w)|? we get

[Eout(w)? |[P(w)? S (w)?

1= —_— 4+ 2’}/6A— —+ Z’WA— (42)
|Ein(w)[? |Ein(w)[? |Ein (W) ?

We recognize the first ratio of the right hand side as the reflectance |R(w)|?.
Our goal is to optimize the conditions, so that all the incoming energy will exit the system
through the dephasing of |r), described by the last term in the above equation.

G 2
2, Sy (43)
[Ein(w)]?
4.0.1 Single Sided Cavity
For the single cavity case

S@E _, ( gVNQ > E@

. . , . - p =1 4.4
! |Ein(w)]? (9 +160 — iw)(Ye + 1A —iw) + 2 |Ein(w)|? (44)

and using the input output relation, we get

Sl _ gV N 1 I
(@) 7’"<<%~+i5 —iw)<%+m_z’w)+92> (LR =1 (45)

r
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2 -1
gV NQ 1 , g*N

2, (142 -

! ((%«+i5—iW)(’Ye+iA—iw)+Qz) 2/£< e M+%+Z~(A+w)+ 22

Yr+i(d+w)
-1)?=1
(4.6)
Solving this equation, we get the result for ~,
2 2 2 202 4+ 1
(6*nkQ? — e (k? + w?)Q2 £ 1V/A) (47)

T (g 2070 (e — w(B F W) + (12 + w0 (32 + (A + w)?))

A =4(g*nk — V(K + )2 — 4(g"n* + 2¢*n(Yer — W(A + W)+
(K + W) (V2 + (A +w)?)(g"n*(6 + w)? + 2¢°n( + W) (Yek(§ + w)+ (4.8)
W=+ w)(A+ w) +9%)) + (5 +0?) (Y0 +w)* + (-0 +w)( A+w) + Q9%

This expression minimizes for w = —4
((6% + k1)1
(—g?n & +~7(02 + K2))22 + VB)

Yr = = (49)

where,
B = —(g*"n?6* — 2¢°n(6* — §A — 2yk)(6* + k) + (6§ — A)?(6* + x*)H)Q? (4.10)

B cannot be possitive, since v, has to be a real value. So we find the condtions for B=0, that is

g*°Né 2\/—g2N7f€(52 + K2)3

A=9)— 4.11
52 —|—I€2 (52 +I€2)2 ( )
For A to be real, it is obvious that we have to set v =0
2
g N6
A=0)— 4.12
02 + K2 (4.12)

And from this equation, another condition becomes evitable, that for non zero detunings we
need the conditions A < § < 0 or A > § > 0, since the square of the coupling constant g>N
has to be real and positive.
So we have the condition for impedance matching
(62 + k%)Q?
Vo = 7 n (4.13)
in addition with requirement (4.12), 7. =0 and A <6 <0or A >¢§ > 0.
An easy way to test the validity of this result, is by considering the case of zero detunings
0 = A = 0. For this case the condition (4.12) disappears and the only condition is v = 0.
Then, the dephasing becomes
= H—QQ 4.14
= °n (4.14)

We can easily check this result by using it to calculate the reflection amplitude R(w) = 1, that
leads to % = 0 and since 7. = 0, from (4.2) we can see that the impedance matching
condition is fulfilled.

Although (4.12) is the condition for perfect impedance mathing, we would like to have the
dephasing being proportional to the number of atoms, since this condition will lead to long

lived Rydberg excitations. So we try to find an approxiamte solution of impedance matching,
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Figure 4.1: Diagram of the reflection rate |R(w)|?, the loss rate through decay of the excited state |e),
27| P(w)[? and the loss rate through dephasing of the state |r) as a function of the dimensionless frequency of
the cavity. We can see that on resonance are impedance matched, with strength 2 = 0.5. The rest of the values
used are g=0.1, n=40,7.=0,k=1,A = § = 0.

where dephasing will be proportional to the number of atoms n, the reason for the advantage
of this choice will become clear in the last chapter. But we can argue that the motivation
behind it, comes from the fact that if we adiabatically eliminate the excited state |e), we find
an effective decay of the state |r) equal to giNT‘f, this motivates us to look for an impedance
matching at this value of 7.

We choose
272
g NQ
Yr = K/AQ (415)
and we try to find optimal conditions for 2%"';(‘(‘2‘)2'2 to approach unity. We eliminate decay
from v =10
S(w)I2 4g4n294
2 = (4.16)
TiEa)E D ‘
4,20)4 2, ()4 4,204
g'n*Q g°nfd gin?Q
D =A*(g'n*((0+w)* + =1 75) + 20°n (w(5 T W)+ TG —w(A ) (6w + T
L, gn2Qt

(K7 + @) (=200 + ) (A + W)@ + Q"+ (A + w)* (0 +w)’ + T175))

(4.17)
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Figure 4.2: Diagram of 2v,|S(w)|?, the loss rate through dephasing of the Rydberg state |r), as a function of
the number of atoms on the and the dephasing rate. We can see that ~, is inversely proportional to the number
of atoms on the collective excitation. The values used above are the driving field being 2 = 4, g=1, v.=0, k=1,

A=0=w=0.
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We look at the inverse of 2%M

|Ein ()2
£ Ein(w )|? D l<A2((5+w)2 N g'N?  2w(0 + w)A? e 2WAZ(A + w)(6 + w)?
27| S (w)]? T 4gAN20F 4 Q4 A2g2 g2NQ2 GENQA
20°Nw(A +w)  2(k2+w)A2(0+w)(A+w) (k%2 + w?)A?
- A2 2 - giN2Q)2 T giN2
A (P 4+ w?)(A+w)? (0 +w)? (K2 +w?)(A+w)?
+ gAN204 + A2p2
(4.18)

We make the following approximation, we consider large detuning A > w compared to the
frequency, so we can write

(A +w)* = A (4.19)
En(w)? 1(A2(5 + w)? N giN? Lol 2w(0 + w)A2(Q% — A6 +w))
7S 4 A2 2N
_2¢°Nw (R +w)A?(2A0 +w) =) N (k2 + W?) A% (A + w)?(5 + w)? N (k? + w?) A2
AR2 g N202 g N2 2 \2
(4.20)
Now by choosing the following relation
QQ
= 4.21
w9 A (4.21)
we end up with X
Ein(W)]? 1 g'N? _ 2¢°Nw w?
279, |S(w)|? 4( + AZg2 * Ak?2 + + ) ( )

In the spirit of the approximations used above, considering A > 0 we can neglect the second
and the forth term and by considering w < k the last term can be set to zero and equa-

zn w)|

tion (4.21) approaces unity. So the inverse of £ SR also approaches unity, under the same

approximations
2
29 ——"— |S( )| ~1 (4.23)
[Ein ()2

This result can be again verified by looking at the reflected ammplitude, which under these
approximaitons give

~1 (4.24)

8K?2 452
Rw)|*~1— ~0 4.25
|R(w)| 4K? + w? + 4K? + w? (4.25)
We have basically shown that, if we have zero decay of the excited state v = 0, large decay of
the cavity , large detuning A, strong driving field’s strength €2, and choose the frequency of the

probe as w = % — 0 we can approximate perfect impedance matching with the desired value
of dephasing v, = gi’g.

We will now relax the condition 7. = 0 and under the same approximations we will look for
approximate impedance matching condtions for non zero decay rate 7.
We choose again
B g2 NQ?
Uy

(4.26)
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1S(w)|?

and we try to find optimal conditions for 2+, )

to approach unity.

[SW)[* _ 4g'n’Q!

29— = 4.27
VgD 2
14,2094 2.0 4,204
g n=Q g ns2 g n=Q
DI =80 + 0 + ) 4 20t (w04 )0+ ST 4 (e w8+ ) (G40 + 00
2g2N,YQ4 g4n294
2 2 -9 A QQ Q4 2 A 2 2
+ (K +w)( (0 4+ w)(A+w)Q*+Q* + A2y + (V¥ + (A+w))((0+w)” + A4/<;2) )
(4.28)
Now as before we look at the inverse of 2v,|S(w)|?
1 D1 1(A2((5 +w)?  ¢'N?  2w(d +w)A? tag 279k A% (0 + w)?
2y |S(w)2 4g'N2Qt 4t Of A2k? g2NQ? g>NQ!
20°Ny  2wA’(A+w)(d+w)*  2¢°Nw(A+w)  2(k” +w?)A%(0 +w)(A + w)+
A2f Z2NOA A2)2 FAN202
(k? + w?) A2 N (K2 + w?)7e N A% (K2 + W) (7:)%(0 + w)? N (k? + w2)fy§+
g*N? *Nr N2 A2p2
A (K2 4+ W) (A 4+ w)?(0 +w)? (K + W) (A +w)?
N4 + A2p2
(4.29)
By using as before A > w and w+ 9 = %2 the equation reduces to
ém 2 1 42 2¢2N. 2 942N 2 4 2)n2
#‘251(14—%4—2— gA 2w+1+w—2+ gN L (r NUJQ)%
2, 15(w) : z " A% : (4:30)
20°Nve | (K 40?12 | (B2 +w’)ye | 29k
A%k g*N? >Nk 92N

Now by considering A > gv N, A > ~, we can neglect the five terms, which have A and A?
in the denominator. Furthermore by considering w < x we can neglect the fifth term and also
use the followin relation k2 4+ w? ~ k2. We have

Ein(w)|? 1 322 Ky,

—— =~ —(4+ 4.31
rlsp 1 et e 3y
and now, by writting the above equation in terms of the collective cooperativity C' = fTJZ
Ein(w)[? 3 1,
——— =1+ —+ (= 4.32
T CATeR el 3
So turning now to the
27, S (w)|? 1
S (4.33)

Enl) TH30+ (o)
for large cooperativity we can approach unity. We first neglect the second order term by
considering C' > 0 which leads to é — 0

2, 8@ 1
En(@)?  1+4c
We found the conditions, under which we can be achieve impedance matching for the value

Y = gifff, which will be responsible for long lived Rydeberg excitations, as we will see in the

last chapter.

(4.34)
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Figure 4.3: Diagram of the reflection rate |R(w)|?, the loss rate through decay of the excited state |e),
27.|P(w)|?> and the loss rate through dephasing of the state |r) as a function of the dimensionless frequency
of the sugnal, for the case of the driving field being €2 = 5. The values used g=1, n=40,7.=0.2,kx=10, ~, =
0.16,A = 25,5 = 1.
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Figure 4.4: Diagram of the dephasing rate 27,|S(w)|?, the loss rate through dephasing of the Rydberg state
|r), as a function of the number of atoms on the and the dephasing rate. We can see that the system for
linear of beviour of «, and n for small values. As we grow larger this behaviour fades, as a result of the n
being very large and the approximation of A > ¢2N breaks down. The values used above are the Q = 5,
g=1,7.=0.2,ks=10,A = 25,6 = 1.
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Chapter 5

Rydberg Induced Dephasing

Our goal in this section is to describe how the incoming signal field induces a dephasing on
an atom being in the |r’) state. To do this we will use the effective operator formalism derived
in chapter 2, dividing the system into an excited and a ground subspace and treating the
coupling between them pertubatevily. This will allow us to adiabatically eliminate the exctited
subspace, which will contain the incoming signal field and leads the an effective dephasing.
The Hamiltonian of the entire system is

~

H :h(A(ATee + 5&7"7" + Aloe/e’ + 5/&1"’7“’ - Ql6eg - QT(ATge - 925—7‘6 - Q;&er - Q6r’e/ - Q*&e’r’)

N N
— h(géé’e’g + g*éTé—ge’) + hz Z Vi |rl> <rl’ & |T;<:> <’I";g|

=1 k=1
£k

Figure 5.1: Energy diagram of two subspaces excited and groud. Rydberg interaction is part of the excited
subspace. 7, is the induced dephasing, by the elimination of the excited subspace
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space of all the possible states of our system. We introduce the general state of our system |V),

N N N
B) =g lg™) + D calg” e + Z e gVt ) + Z cor gV e

=1

N N N N
R o
k—1 =1 :1 =1

k

N

Cer'kl ‘ngQ, €r, T;c>
1

(5.2)

k

=1 k=1
1k

N N N N
N-—-2 / N-—-2 /
+E E Cerrkl |9 ,Tz,ek>+§ E Corkl |97 ST, )
=1 :1
k

where ¢,,mn is the coefficient of m-th atom being in state |) and n-th atom being in state |v)
and ¢ ymn and ¢, the probability of the m-th atom being in state ;). Any state of our system
can be written as |U) as long the coefficients are normalized i.e. the sum of their amplitudes
should be equal to one.

From this generalized state |¥) of the system, we can indentify the nine terms that consist the
basis of the dimensional Hilbert space of our system with dimensions 4N2 +4N + 1. So we can
define the identity operator of the Hilbert space of our system I as following

N N N
M (N + Z 19" e (N e + Z g™ ) (gN T |+ Z gV e (9N e
=1 =1 =1

N N N N N
D gV @ D 0D 19N e ) (6N e e+ 0> g e ) (9 e
k=1 =1 k=1 I=1 k=1
I#k I#k
N N
+ZZ|9N72,T1762>< Tl7€k|+22|g 7ﬁlvrlc 2,Tl,r;€|.
=1 kot =1kt

(5.3)

Now following the effective operator formalsim introduced in chapter 2, we use the projection-
operator method of Feshbach [17] to divide the Hilbert space into two subspaces, one for the
ground states and one for the excited states, represented by the projection operators P and
Pe,WlthP + P, —IandPP = 0.

N N
MYV 1N e (el + D gV (g (5.4)
k=1 k=1

and

N N
Po=> 1g" e (g™ el + ) lgY ) (gl
=1
N N N N
S ) Gl + Y )

=1 k=1 =1 k=1
I#k I#k
N N N N
N—-2 / N-2 / N—-2 / N—-2 /
+ E § ’g ,T[,€k> <g >rl7€k"+ E : E |g 7rlark> <g 7rlark|
=1 k=1 =1 k=1
[ [
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The third and forth terms, do not contribute to our perturbative dynamics, since they belong
to the excited subspace and they do not couple to the ground subspace, subsequently they can
be neglect from our current analysis. Accordingly, the redefined excited space consists of

N N
P. = Z|9N ' gV el +Z|9N_1J’l> (g" " ml
=1
N N N N (5.6)
+ZZ|9N 2 6[,7"2 N_27€l7r;g| +ZZ‘9N_27TI7T;> <gN_27rl7r;c|
=1 k=l I=1 k=1
k 1#k
The excited Hamiltonian is found as following
H.= P.HP,
= h(Apea'eepe + 5Pea'rrpe + 5/pea'r/r/pe + QQpe&repe + Q;pe6erpe> ( )
5.7

N N
+ hP, ZZVH ), @ ) 1 (| Pe

k £k

In order to simplify further the system, we divide the excited space, into to subspaces, one for
the absence of an excitation |r') and one in the presence, denoted by the projection operators
P, P, respectively.

N
Leal+ Y 1V ) (6 (5.8)
=1

|
1=
o
=

N N
peQIZZ’gN727€l7T;c>< elark‘—i_ZZLg Tlark 2,7’[,7’;‘ (59)

=1 k=1 =1 k=1
12k 1k
N
Hoy = PuHPa =AY [g¥ o) el +h5 > 1gN ) (gN
=1 =1
| N (5.10)

and if we use the collective operators notation, we have
Ho =HAG e + 106, — 190, — W06, (5.11)
Now the Hamiltonian in the second subspace, where the excitation |r’) is present, is

HeQ = ZHPEZ =

N N N N
A S R g R 0SS 6 8 o
=1 k=1 =1 :
l#k i
N N
S5 ) WISTEATE TR ORI

llkl

(5.12)
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where in the detuning ¢’ can be neglected, since it doesn’t play any role in the perturbative
dynamics between the ground and the excited subspace. It will be also chosen to be zero ¢ = 0
for the rest of the thesis.

In order to show how these excited Hamiltonians were calculated we will show the explicit
calculation for the last term, which contains the Rydberg interaction, the rest of the terms can
be found in the same spirit.

We will begin by first acting on the Rydberg Hamiltonian with the projection operator for the
second excited subspace, from the right side as following

N N N N
Hrydﬂ - rydPeQ — Z Z kl |T ll | ® |T,>k; k;<T/| Z Z |gN_27 Ty, T;{Z/> <gN_2’ Ty, r;€’|

U=1k'=1

U#K
(5.13)
Only the last term of the second excited subspace projection operator survives, since it is the
only term with excited atoms both in state |r) and |r'). The other term contains projection
operators to states orthogonal to the states that the Rydberg Hamiltonian project to. Using

the orthogonality condtions (rg|ry) = 0 and (rp|r},) = Ok x We get

Vi |7‘;€> <T;c |gn—27 Ty, T;c’> <gn—27 Ty, T;e’

WE
WE

N N
7:lRyd,1 = hz 1) (1] Z
1=1

I'=1 k=1 kK'=1
l k l/ kl
N N N N
- hz ’rl) <rl’ Z Z Z Vkl ‘7";1:) 5k/k ’gn727 T, T']/€> <gn727 Ty, 7";{:/ (5 14)
=1 U=1 k=1 k'=1 '
l k ll k/

N
Z szkl [0 (ral g™ =2, r, ) (g™ 2 e

lAl
AT
N N
Hayar =hY > Vilg" 2 ) (682 il (5.15)
=1 k=1
1%k

In a very similar way, using the orthogonality relations, it is easy to show that

N
PeQHRydPeQ = Pe2HRyd,1 = hz Z ZVM |7’z 7’1’9 7% 7“2) <9n72, T, 7“;.: . (5-16)
=1 | =1 k=1
k+#l
k£l

By a similar way we find all the terms of the excited Hamiltonians defined above.

It is evident that . ) R
He = Hel + HeQa (517)

since we have not considered |e’) part of our system, and state |g) doesn’t couple to |r'), we
have that the two excited subspaces are independent.

o6



Taking into account that the only source of dissipation in both the excited subsystems is the
decay .4 of the sate |e), we can define the non Hemitian Hamiltonian.

Hum = He — i (19" e i) (072 e il + 19" ) (Ve (5.18)

Accordingly, we can find the inverse non Hermitian Hamiltonians for the two excited subspaces

~_ 1 N . . . s
HN;Il = h((A—Z”Y )(5— |Q2|2) ((A_nye)a—rr+(50—ee+Q20—re+on_er)7 (519)
1
Hyi : (6 + Vi) 19" 72, er 1) (9™ 2, en, 7
NHZ ; ; h (5 + Vkl Z’ye) — |QQ‘2> k k
Ik (5.20)

(A = ive) 19" 2 i) (g™ 2 il + Q2 g T k) (07 7 e i

+ Q; ’9N727 €, T;€> <ng2’ T, T;CD

We can now derive the effective decay in the first excited subspace, introduced by the decay of
the I-th from the excited state |e).

-1 T V27 lgn) (el
! 27,6  HN Ve = A
effil — ’7 OgeHNHl + h((A—Z’Ye)(S— |QQ|2)((

V 276691
T8 s e

- i’}/e)a-rr + 65—68 + 926-7‘6 + 926er)(h91&eg)

(5.21)

Furthermore we can find the effective decay in the second excited subspace, introduced by the
decay of the 1-th from the excited state |e), given that the k-th atom is in the |r’) state.

Ly = \/2%&36%221@

V27 |g1) (el N—2 / N—2 '
- 5+V 7z , e, T ,epr, T
§ h (5 n Vkl” A Z’Ye) —_ |Q2’2) (( kl ) |g l k> <g l kl

+ (A —ive) [gN 2 e i) (g™ 2 e, ]+ Qo g™ T ) (gN TR e,
N
+ Q5 gV e ) (g 2 ) (RS00) ) (nl)

'=1

(5.22)

After using commutation relations, using the property of Kronecker delta, as before we find

N
. V27 lgn) (el - -

Lge’lk: - 5—|—V //Q N 276//77"/ N 171”/

of .9 ZHZI (@ + V) (D —i7e) = Q%) (( k) |g T (g | (5.23)
- Q2Ql ‘gN_2>rl”7T;§> <gN_17T;§D7
and using again the commutation relations, we get to the final form
. V27:(0 + Vi) Q2

gelk _ Ve(0 + Vi)t gV ) (N (5.24)

SI2 (0 + Vi) (A — i) — Q3)
Now we can find the effective dephasing rate of the ground state chvzl lg™ =1 r), induced
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by the decay of the 1-th atom, given that the k-th atom in the |r’) state.

N 2

Lk N-1 gelk
= —— s T Le T ’
gt ( N E (g 7o) ff \/— E |9 W)

N
1 _ e lk elk
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(5.25)

where in the last line we used the commutation relations of the braket notation, that lead to
2

|1 V27e(0 40"+ Vi )1 (5.26)
DN (08 + V) (8 + A —ire) — Q) '
If we now consider being in the ground state |¢"), then the effective dephasing rate is
V2o |
L (N ] Ny 2 _ e 9
V2 |< | eff1|g >| (A—Z’Ve)(S—Q% (5 7)

The effective Hamiltonian is

B 1025

- <A—we>5—m|2’ B

2
RQ3(5 + &' + Vi) |
G+ + V)0 + A — i) — |2 !

N ) (N ] + A
(5.28)

g+

Now let us consider the superposition of the the two ground states |¥) = ¢;+ ij:l lgN =t ) +

c2lgN) = ¢1|R) + co|g"), for simplicity. It’s equation of motion in the effective operator

formalism, is given by equation 2.101,

: (A 1 . .

A N N teg A

oyy — ﬁ[,Heff’ U\p\p] - Z(LefgfL ng\p\p + U‘I"I’LeffL:?‘fz + Z Lejcng'\p\pLZ?f
% .

= 3 [Hery, Owul
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=50 lg") (g™ [+ 22 [R) (R (e [97) (9™ + leal* [R) (R| + eac5 [9™) (B| + clea | R) (g™])
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< (v lg™) (g™ + v |R) (R])
(5.29)

which leads to
: T~ R 1 . 1 .
gy :?_L[Heff, Oyu) — 5(% + 72 = 2y/71v2)e16; |9N> (R] — 5(71 + 72 = 2v/mnv2)eact | R) <9N|
= 3 Hepp, we] = (V2 = vi)i(acs 1gY) (R + eaci | R) (g™])
(5.30)
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we see that the diagonal terms of the superposition are decaying and that To get a better
understanding of the dynamics we look at the operator

g = |g") (R (5.31)
i 1 &
A ? ~ eg,lk 7 eg,lk o eg,lk 7 eg,lk eg,lk » eg,lk
Ogw = ﬁ[%effﬂg‘lf] D) Z((Llfgf Le?f Ogv + ng,Lif*‘} Le?fz) + Lifzf L g )
’fiz%
z' %
= +[Hess, Guv] Z =" ) (e 1gY) (RI) (5.32)
Tk
z' N
= (Mg, o] = Z "=\

l —1

from the above equation of motion, we can see that the effective dephasing introduced to the
collective excitation |r’) by the decay if I-th atom is

Veps = ‘\/ W — 7

We have arrived at the result for the dephasing induced by the decay of |e) state, under the
adiabatic elmination of the excited of the excited subspace.

2
2 i 1/2’}/6((5 + Vkl)Ql B \/576(591 (5 33)
N (6 + Vi) (A —ive) = [Q> (A —ive)d — [ '
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Chapter 6

Continuous Wave Single Photon
Transistor

In this chapter, we will use our results from the previous three chapters in order to achieve the
complete description of our model for a continuous wave single photon transistor.

Our model consists of a 3-level atomic ensemble, inside a single-sided cavity. All atoms are
initially in the ground state |g) and a coherent signal field with Rabi frequency €; couples the
gound state to the excited state |e). Two driving fields, characterized by Rabi frequencies Q5
and (2, are shined on the ensemble. Field €, drives the |e) <> |r) transition and 2 drives the
le"y <> |r’), both fields are assumed to be on resonance with the transition frequency they are
associated with. Since there is no field to couple the ground state |g) to the excited state |¢’) no
atom occupy state |e’) and the transition |e’) <> |7}, is inactive during this step of the protocol.
The diagram of the energy level and the transitions can be seen in figure 6.1b.

The Hamiltonian of the system under the rotating wave approximation and dipole approxima-
tion is

A N N

H = hAGee — M(Q6eg + Qbre + Qo) + hoe. £ 1Y Y Vulr) (n| @ |ry) (i, (6.1)

=

where the Rydberg interaction term is Vy; = %, r is the distance between the k-th and the 1-th

atom and Cj is the Rydberg strength, which is a charasteristic property of the atoms. Following

the notation previously used, 6, = Zfil Ufw is the collective operator associated with the

transition between states |p) and |v). Furthermore we consider two sources of dissipation in

our system, these are spontaneous emission from the excited states |€'),|e) described by the

following Lindblad operators )
LY = V 27, |g> <€| ) (62)

L9 = \/24%|g) (¢, (6.3)

where 27.,2! the spontaneous decay rate from state |e) and state |¢’) respectively.
We have chosen the value of the detuning to be equal to minus the decay rate i.e. A = —~,.
Furthermore the probe 2; field is taken on resonance with the cavity i.e. w = 0. Another

condition is 2031
2 V 7606
Qo= — 6.4
2 3nC (6:4)

Under this condition our signal field 2; is fully reflected due to scattering on the ensemble,
a schematic representation of the scattering process can be seen in figure 6.1b. The reason
for the perfect reflection, can be seen by looking at equation (3.96), where we have solved the
scattering dynamics for basically the same system. Eventhough equation (3.96) was derived
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Figure 6.1: a) Schematic representation of our system in the initial case. The signal field €; couples to the
transition |e) +» |g) and being on resonance is totally reflected under EIT condition. 25 couples the transition
le) < |g), driving field € is inactive in the absence of atoms in state |e’). b) Energy diagram of the system.
The right branch transition doesn’t couple to the atoms at this step.

a) Q1 Q,

Figure 6.2: a) Schematic representation of the first part of the protocol a single photon & is sent to the
ensemble and couples to the transition |g) <> |e) and subsequently to the transition |e’) <> |r’) through driving
field Q. b) Energy diagram of the system.

for the case of single photon incoming field, the result can be used for coherent input. On
resonance we are in Electromagnetically Induced Transparency and since we consider |r) a long
lived metastable Rydberg state, with practically zero decay, for the protocols timescales we
have perfect reflection, i.e. 7. = 0 in (3.96).

Now we move to the second part of the protocol, where we block the signal field, using
a weak control field, which is the basic function of any transistor. To achieve that, we send
a single photon to the ensemble that couples to the transition |g) <> |€¢/), this can be seen
schematically in figure 6.2. This single photon should be far detuned A’ > ¢'v/N, A’ > 7/, it’s
frequency with respect to the cavity frequency should be equal to the AC Stark shift induced
by Qie. W' = g—2,. We proved in chapter 4 that if we are in the strong coupling regime i.e.
g*N > kv we will approximate perfect impedance matching, meaning that our photon will
be mapped to a symmetric collective state S'f lg) = va l9,9,..,9,7",9,..,9,9) and stay there
untill it dephases, as seen in figure 6.3.
Subsequently we reach the last part of the protocol that is now having a collective excitation
in |r’), the signal field is now with 99.6% probabilty lost through decay of the excited state
le), as we show in chapter 4, which is the reason for choosing (6.4) for {25 in the begining of
the chapter. So far, we have achieved a continuous wave single photon transistor, where the
presence of the control field blocks the signal, with the driving field 2 turned on during the
entire protocol.

Now we move to the last part of the descrption, where we will study the effect of the induced
dephasing. As we’ve shown in chapter 5, the decay of the state |e) as a result of the absoption
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Figure 6.3: a) Schematic representation of the subsequent evolution of the second part of the protocol the
single photon SAm has been mapped to the excitation |r’) and stays there, since empedance matching conditions
are fullfiled. The Rydberg intection between |r),|r’) shifts energy level |r) by Vi, and Q3 no longer couples with
the transition |e) <> |r), resulting in loss of the input field ;. b) Energy diagram of the system.

b)

K'=0

e

Figure 6.4: a) Schematic representation of the subsequent evolution of the second part of the protocol the
single photon & has been mapped to the excitation |r’) and stays there, since empedance matching conditions
are fullfiled. With blue colour we represent the Rydberg excited |r), but it is a loose illustration since the
excitation is a symmetric one. The Rydberg interaction between |r) and |r'), shifts energy level by Vj; and
Oy doesn’t couple to the transition |e) <> |r'). b) Energy diagram of the system, where we see that we have
adiabatically eliminated the left branch and the signal field, by acquiring an induced dephasing
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Figure 6.5: The l-th atom driven by the incoming singal field ©; decays from the excited state |e), a process
will lead to localization of the symmetric excitation |r}) to a sphere around the de-excited atom l-th. This
enhaces the lifetime of the excitation |r},).

of the signal field, induces a dephasing on the collective excitation in the state |r'). Using the
effective operator formalism in the previous chapter we introduced an effective Hamiltonian to
describe our system, by adiabatically eliminating the probe field and the states |e), |r), through
the introducuction of an effective dephasing. In order to be consistent with our previous analysis
we need to use the values for the Rydberg blockade to be 99.6% efficient, so we choose the two
photons detunings to be zero 6 = ¢’ = 0 and the detuning A to have the same value as the
negative value of the decay for the excited state |e) i.e. A = —~,. Under these conditions the

effective decay is
\ 2’YerlQ1
e) - |QQ‘2

2

(6.5)

Yeff =

Now we will consider all states in the superposmon of the Ryderg state to have equal contri-
bution i.e. Zk %sz =), and now moving from sum over atoms to a space integral as we did
n (3.185), we find

V 27691

I
YeVki

R,
Veff = 2V N2 Z/ drr® (6.6)
and by considering the radius of the atomic ensemble larger than the one of the Rydberg
blockade and set R, — oo we can evaluate this integral, which is similar to (3.202), which we
solved in chapter 3. The result is proportional to R?{yd and we have chosen the optimal value
of Qs in (6.4).

We now have that the value of the induced effective dephasing is equal to v.¢f = A,Q , that
is the condition for impedance matching, we derived in chapter 4. Furthermore, since above
we chose ¢ = 0, the detuning in the in order to have impedance matching, we need to set the
control field at frequency w’ = Q2/A’ and A’ should be large, i.e.A’ > ¢'v/N, A’ > /.

At this step of the protocol we are at the collective state ST [¢g™) where the excitation |} is
shared between all the atoms of the ensemble. The incoming control signal with 96% probability
will end up in the excited state |e) and will decay. Once this first decay happens our collective
excitation will collapse to an excitation consisting of the atoms inside the sphere, with center

— 4 —

the [-th atom that decayed and radius equal to the Rydberg radius Rryq = ¢/ ,yQ—éG This is

illustrated in figure 6.5, the decay of [-th atom from the excited state |e) induces a dephasing
that acts on the collective superposition St |g™V) and transfoms it to the state [:z? fé t1gY), that
is localized around the decayed [-th atom. Because we have chosen the conditions, so that the
excitation |r’) would be impedance matched, its dephasing rate would be equal the effective rate
of decay of |r') under adiabatic elimination of the state |e’), which is ngL,?, so proportional to
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Figure 6.6: A second decay of a I’-th atom will result in a new localization of the excitation of |r') on the
intersection of the two spheres with radius Rp,q and centers the I-th and !-th atoms.
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Figure 6.7: Schematic representation of the decay of the I”-th atom, which will lead to even more localized
on the intersection between the three spheres, this continuation process can lead to very long lifetimes of the
excitation |r}).

number of atoms participating in the excitation. This means that the lifetime of the excitation
of |r') , will be multiplied by a factor of R,/Rgyq4, the ratio of the radius of the atomic cloud
over the Rydberg radius, which can be chosen to be large.

Subsequently the continues to scatter on the ensemble, which with 96% will lead to decay
from the excited state of the I’-th atom. The second decay of the I’-th atom will result in a new
localization of the excitation of |r'), by transformation to the state IALZ? f,fé? ST 1g") which will
be localized on the intersection of the two spheres with radius Rg,q and centers the l-th and
I’-th atoms, leading to a longer lifetime. This process can continue for a long time, under the
same protocol. A representation of the next step of the protocol, can be seen for a third decay
of the 1”7 atom in figure 6.7.

This process of very long lifetime of the excitation can be very useful for another possible
use of our model, that of a photon detector, where our signal field serves as the probe, for
revealing the presence of a single photon, the process of long live can result in posible detection
of strong coherent fields.
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Chapter 7

Conclusion and Outlook

We have demonstrated a way to realize a continuous wave single photon transistor consisting
of an ensemble of Rydberg atoms, located inside a single-sided cavity, coupled to two driving
fields.

The proposed protocol consists of the use of a control field that is mapped to a collective
Rydberg excitation, which leads to Rydberg blockade. Conditioned by the absence or pres-
ence of the 'control’ field that is mapped to a collective Rydberg excitation, a signal field is
reflected or lost respectively. In the absence of the control photon the signal field would be
perfectly reflected on resonance through electromagnetically induced transparency(EIT). Under
the impedance matching condition, we have proven the continuity of the scheme. This result
leads to simplification of the protocol, since driving fields will be turned on during the entire
protocol and could possible lead to experimetal simplification.

At this point it is constructive to mention that we have derived a mapping between the
single-sided cavity model and free space, in the bad cavity limit. This strongly indicates that
the protocol could be realized also for an ensemble of Rydberg atoms in the free space, a model
which might be simpler to realize experimentally, but it needs deeper study.

Furthermore we have shown that the signal field once Rydberg blockaded by a collective
excitation, would decay with almost unity probabiblity for certain condtions, through decay of
the excited state. This decay would induce a dephasing on the Rydberg excitation that would
lead to it’s partially localization. This process will rise the lifetime of the Rydberg excitation
and it is important to mention, that it could be nicely modeled by a Monte Carlo simulation.

Apart from the apparent observation that this process simplifies significantly our model,
since a single excitation can block a large number of photons until it decays, this result might
be useful for the realization of a high efficiency single photon detector for strong coherent fields.
This alternative use of our model as a single photon detector, can be realized by detecting the
reflectance of the singal field, which leads to determination of the presence or absence of the
single photon control field.
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