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Abstract

Mesoscopic transport in magnetically contacted quantum dots is an investiga-
tion of the spin transport phenomena in quantum dots which are connected
by magnetic contacts. Formulas for the electric current through the dot and
the spin torque on the quantum dot are derived using real time Green’s func-
tions. The formulas are valid for arbitrary magnetizations of the two leads
and the quantum dot.

Two models for the quantum dot are derived and used to examine the
coherent and strongly correlated transport regimes. The two models are the
non-interacting model and the constant Coulomb interaction model. The
first is solved exact while the other is solved in the strong Coulomb limit.

The current through two configurations of the contacts is found in two
transport regimes. The configurations are the ones where the magnetizations
of the contacts are either parallel or anti-parallel. In both configurations the
magnetization of the quantum dot is arbitrary. A resonance is found in the
coherent regime. This resonance vanishes in the correlated regime due to
the blocking of the current through one of the quantum dot levels because of
the strong Coulomb interaction. These effects are shown to lead to negative
magneto-resistance.
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CHAPTER 1

Introduction

In resent years a lot of research has been put into the control of the electrons
spin degree of freedom. Many of the systems researched are low dimensional
systems. When Karsten and I started this project our aim were on charge
and spin transport in one dimensional electron systems. This lead to the
study of zero dimensional systems - quantum dots, which we realized were
not well understood and rich in interesting phenomena and became the focus
of this work.

Mesoscopic transport through a magnetically connected quantum dot con-
nects a wide variety of fields in solid state physics. The purpose of this
chapter is to escort the reader on a quick theoretical and experimental tour
through the subjects of quantum dots, Coulomb blockade and spin trans-
port. These fields developed in the last fifteen years with spin transport
as the most resent and fastest development. In the last section, the work
presented in this thesis will be put into perspective.

1.1 Mesoscopic systems

Mesoscopic physics is the description of the nature in the region between
the macroscopic - classic physics and the microscopic - atomic physics. The
length scales are in between a few nanometers (10~?m) to about a micron
(10~%m) a regime where the sample is larger than an atom but smaller than
the energy relaxation length. Transport through these systems combines
physics on many length scales and results in very interesting phenomena.
For example in transport through narrow wires the conductance is quantized.
The field of transport through mesoscopic systems is huge and we will here
concentrate on the electric and spin currents through quantum dots.

Jesper Q. Thomassen version 9, 20th August 2003



2 Chapter 1. Introduction

1.2 Quantum dots

In the late 1980’s it became possible to make structures smaller than 1pym
in semiconductor materials. This lead to the first experiments with quan-
tum dots [25]. Quantum dots are pure quantum mechanical objects and
are also known as quantum wells or artificial atoms. They can be made
in semiconductor materials using nanoscale lithography techniques e.g. pla-
nar confinement of the electrical carriers in a 2DEG (quasi-two-dimensional
electron gas) in a GaAs/AlGaAs heterostructure. Mesoscopic molecules like
carbon nanotubes behave like quantum dots at low temperatures. This is
due to the tunneling contact usually formed with the connecting lead and
that the thermal energy becomes less than the energy needed to add an
extra unit charge to the tube. This means that there is a wide variety of
experimental realizations where the theory of quantum dots can be used.

The energy spectrum of a quantum dot is discrete. The level spacing and
degeneracy depends on the shape of the confinement and external applied
fields. Here we will not go into a discussion of different spectra but [6] or [7]
are fine references. The Hamiltonian of an quantum dot in a magnetic field
will be discussed in section 2.1.3.

There are different methods to contact the quantum dot. In some experimen-
tal setups quantum point contacts are used (semiconductor devices) and in
others metallic contacts are utilized (semiconductor-molecular systems) but
in both kinds the coupling is described by tunnelling through a potential

barrier!.

The nature of the contacts range from metallic- to ferromagnetic alloys and
recently ferromagnetic semiconductors. This will be discussed in more detail
in section 1.3.1. There is a lot of different models describing this kind of
system some with more luck than others. The Hamiltonian we are using
was first introduced by P. W. Anderson [2] to describe magnetic atoms in
a metal - one contact to one atom. We will not use Anderson’s methods
to calculate the quantities but will instead use a method inspired by Meir
and Wingreen [23]. Here the non-equilibrium Keldysh formalism is used to
derive a Landauer like formula for transport through a region with interacting
electrons. Their main result is very similar to equation 4.16 in chapter 4. In
the limit with a non interacting quantum dot the formula reduces to the two
terminal Landauer formula. Their results have been extended to the time
dependent case [12].

!Semiconductor quantum dots can be contacted without using tunneling barriers, but
in order to obtain a high polarization with metallic contacts a tunneling barrier have to
be used [9].
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1.3. Spin transport 3

1.2.1 Coulomb blockade

One of the main characteristics of a quantum dot is the Coulomb blockade.
When an electron tunnel into the quantum dot it introduces a change in the
electrostatic potential of the dot. This can at low temperatures give a gap in
the energy spectrum at the Fermi levels of the contacts. This phenomena is
called the Coulomb blockade. One of the main features is the occurrence of
periodic oscillations in the conductance as a function of the gate voltage [25].
The oscillations are due to the discrete energy spectrum of the dot. When
the temperature decreases the broadening of the levels also decrease. This
leads to the energy gaps. This means that by sweeping the gate voltage one
can obtain information of the energy spectrum of the dot?>. The Coulomb
blockade is also used as a diagnostic tool to determine the isolation of a
region in a semiconductor structure.

Many of the features of the Coulomb blockade can be understood with a
simple tunneling model using only single electron quantum- and statistical
mechanics [3]. The method used here involves many-particle physics and
it is described in length in [24], where an Anderson model with Coulomb
interaction in the quantum dot is used. This is discussed in chapter 6.

1.3 Spin transport

Recently it has been made possible to use the spin degree of freedom of
electrons in devices instead of only the electronic properties. The first ex-
ample was the giant magneto-resistance (GMR). Now a multi million dollar
business in modern hard drive read/write heads. The control of the spin is
possible through its coupling to a magnetic field.

The effects of the spin degree of freedom can be found when currents are
passed through structures containing ferromagnetic materials thus creating
spin polarized currents.

1.3.1 Ferromagnetic leads

When experimentalists wants to examine the spin transport properties of a
structure, they exchanges the usual metallic contacts with ferromagnetic ma-
terials. The resent discovery of ferromagnetic semiconductor materials have
helped in building pure semiconductor structures instead of introducing met-
als into the structure. Before going into the resent experimental results let
us delve on the differences between the metallic and ferromagnetic contacts
and shortly review the previous theoretical works.

2Resently measurements of spin transitions in quantum dots have been reported [30].
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4 Chapter 1. Introduction

Figure 1.1: The three figures show the different fillings of the spin bands.
The bands are filled to the Fermi level of the material. To the left is a normal
metal. Here there are equal amounts of spin up as spin down electrons. The
middle is a ferromagnet. It has a different amount of up and down electrons -
a finite magnetization. Furthermore there are a larger amount of up electrons
at the Fermi level. The electrons at the Fermi level are primarily the one
contributing to transport processes. The right figure shows a fully polarized

ferromagnet such a material is also known as a half metal. In this material
the electrons have only one kind of spin.

In figure 1.1 the filling of the conduction bands for metals and ferromagnets
are shown. In a metal the energy states are spin degenerate and therefore the
filling of the spin up and spin down bands are identical. In a ferromagnet this
degeneracy is lifted and spin states have a different filling. When a current is
sent through a ferromagnet the charge carriers which leave the magnet will
depend on the direction of the magnetization. This spin polarized current
can then be injected into another material.

Consider a simple setup with a source and drain connected by a tunneling
barrier. When a ferromagnet is used as a source contact the electrons avail-
able for the tunneling will predominately be spin up. This should match with
the structure of the drain for the full number of injected carriers to transfer.
If the structures are different some of the injected carriers scatter and a drop
in the current occurs. If the drain is a magnetized anti-parallel to the source
and both are fully polarized the current vanishes completely. This was first
proposed by Julliére [15] and further investigated by J.C. Slonczewski [34].
This effect is refereed to as a spin valve and illustrated in figure 1.2.

Later a quantum dot (and tunneling barriers) has been added to the struc-
ture leading the papers [18] [33] [38][35]. These papers all treat the same
structure but focus on different phenomena and use different methods. Konig
and Martinek [18] considers a HM-QD-HM? structure (the QD has one spin
degenerate level and they find the linear conductance and spin accumulation
using density matrices and rate equations. They find that the accumulated

3HM stands for half metal. This is a metal where the conducting electrons all have the
same spin. QD means a quantum dot.
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1.3. Spin transport 5
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Figure 1.2: The three figures illustrate the spin valve effect. In the left
figure the half metal have the same amount of electrons at the Fermi level.
In the middle figure the left is a half metal while the right is a ferromagnet.
A current can flow through these materials because the ferromagnet has a
finite Fermi surface for the half metal’s up electrons. In the third figure no
current can run because the right half metal has no Fermi surface where it
can put the up electron from the left half metal.

spin is along the y-axis (defined as ﬁi—:zg‘) with no charging energy (no

Coulomb interaction) but turns into the zz-plane when the charging energy
is turned on (the z-axis is diagonal to the directions of the leads). The
conductance shows the magnetic spin valve effect with a dependence on the
energy difference between the Fermi sea and level energy.

The three other papers use the same approach as in this thesis. The first
two [33][38] considers a FM-QD-FM system with the magnetizations of the
leads at an angle 6. Their result is similar to equation . They focus on the
behavior of the Kondo peak and the non-linear conductance. The Kondo
effect is due to the formation of a many-body state involving the localized
spin on the dot and a coherent state of the conductance electrons. The
effect should vanish if the spin states have a strong splitting. We will not go
into a deeper discussion of this because we will not consider Kondo physics
in this thesis. Sergueev et.al. also see a magnetic spin valve effect but
do not find any simple analytical expression. In [35] the FM-QD-FM* is
only considered for the parallel and anti-parallel configurations with Hartree-
Fock approximation of the Coulomb interaction with an extra spin-flip term.
Furthermore they consider the noise of the system. They find that the spin
flip tends to remove the spin valve effect of the different alignment of the
leads for both the current and the noise.

The physical idea of the spin torque is based on the article by Waintal et.al.
[36] where they calculate the current induced spin torques in metallic mag-
netic multilayers. The spin torque is the torque exerted on the magnetization
of the region by a spin polarized current passing through the region. This
effect is a mechanism separate from the effects due to the magnetic field. At
sufficient high current densities it is believed that the spin torque can alter
the magnetization state of the region.

‘FM means a ferromagnet.
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6 Chapter 1. Introduction

1.3.2 Experiments

Spin injection into a normal metal was achieved by Johnson and Silisbee [14].
Later interest was raised concerning injection into semiconductors because
of the proposal made by Datta and Das for a spin-field effect transistor [5].
This proved to be complicated. The problems could be solved by introducing
tunneling barriers [9] or using a new kind of dilute magnetic semiconductors
[8] [29].

Several groups have made experiments with spin injection into carbon nan-
otubes The experiments were first done with multi-wall nanotubes and later
for single walled nanotubes®. For a review of experiments see [13]. Recently
experiments have been made at the (rsted laboratory® with single-walled
nanotubes connected to metallic Fe or dilute magnetic semiconductor con-
tacts [13]. Common for these experiments are that they show the magnetic
spin valve effect but with a variety of strength and sign. In particular a huge
magneto resistance is observed at low temperatures which could be related
to a resonance phenomena.

Magneto-resistance is a broad term for an electric resistance dependent on
the magnetic field. Different kinds of phenomena give rise to a magneto-
resistance e.g. anisotropic magneto-resistance originating from the coupling
between the carrier spin and the orbital motion. When magneto-resistance is
used about nanotube measurements is it usually meaning the increase in re-
sistance when comparing setups with anti-parallel and parallel alignment of
the magnetizations of the contacts. Further measurements on systems with
one ferro magnetic contact and one metallic contact also show a magneto
resistance. This cannot be explained by the Julliére model. Other measure-
ments have found a less outspoken magneto-resistance effect (for multiwalled
tupes) and the separation of spin and charge in a Luttinger Liquid is given
as a proposed explanation [11] .

At the moment it is unclear which is the relevant phenomena in these sys-
tems. Therefore it is important to find out to what extent the different
proposals can account for the observations. The aim of the work in this
thesis is to clarify which contributions resonance phenomena can contribute
to the magneto-resistance.

1.4 This thesis

The work in this thesis is focused on building a model for transport of electric
carriers and spin through a FM-QD-FM system. The methods used are as

5The difference between multi- and single-walled is the number of cylindrical carbon
shells put into each other. In single-walled the tube consists only of a single shell while in
multi-walled the tube have several shells.

Niels Bohr Institute for Astronomy, Physics and Geophysics.
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1.4. This thesis 7

already mentioned based on the model of Meir, Wingreen and Lee [24] with
the idea regarding the spin torque from Waintal et.al. [36]. The result
is rather general and is applicative for an arbitrary configuration for the
ferromagnetic leads and the quantum dot. Further the result is valid for a
finite bias voltage applied to the system. Though the linear response regime
is the main focus of the analysis.

1.4.1 Contents of the chapters

The thesis consists of three parts. First a general formula is derived for the
electric current that runs through the system and the spin torque on the
quantum dot. This is done in chapters 2 to 4. Then two models of a non-
interacting dot and a Coulomb interacting dot are discussed in chapters 5
and 6. The findings from the first two parts are combined and the results
are applied to a simple configuration of the contacts and quantum dot in
chapter 7. In the following the contents of the chapters are outlined.

Chapter 2: Transport model

The model is presented and the form of the Hamiltonians are discussed.
Then the formulas for the electric current and spin torques are derived from
first principles. All formulas depend on the current Green’s function which
needs to be determined.

Chapter 3: Non-equilibrium quantum field theory

A review of the non-equilibrium quantum field theory is given with emphasis
on the Keldysh formulation and Langreth’s rules of analytic continuation.

Chapter 4: General trace formula (GTF)

In the light of the previous chapter the lesser current Green’s function is de-
composed into a lead” and a dot Green’s function and the rules of analytical
continuation are used. After some integration the general trace formula for
the current and spin torques are found. Lastly the configurations where a
proportionate coupling is possible are found.

Chapter 5: Non-interacting quantum dot

The first model for the structure of the quantum dot is presented here. It
contains only the coupling between the leads and the quantum dot. The
relevant quantities are found using equation of motion theory.

"Through the thesis we will not distinguish between a lead and a contact. Usually we
will use contact when we discuss the physical region and lead when we are referring to the
theoretic structure of the contact.

Jesper Q. Thomassen version 9, 20th August 2003



8 Chapter 1. Introduction

Chapter 6: Quantum dot with Coulomb blockade

Here the model from the previous chapter is expanded to include Coulomb
interactions. The closure of the equations is discussed and a simple closure is
used. An approximation scheme is introduced to find the lesser self-energy.

Chapter 7: The current through the quantum dot

The results from the previous chapters are combined and used on a simple
configuration of the magnetizations. The linear response scheme is discussed.
The electric current is found for various values of important parameters e.g.
the polarization of the leads, the level placement and the strength of the
Coulomb interaction.

Chapter 8: Summary and outlook

The findings of the chapters are discussed and conclusions are drawn. Future
investigations are discussed.

Appendix

In the appendix simple calculations have been put for easy reference. This
is usually calculations which shed no new light on the problematics or are
simple mathematical derivations. The appendix also contains a list of sym-
bols.

version 9, 20th August 2003 Jesper Q. Thomassen



CHAPTER 2

Transport model

The theory involved in the description of the transport of charge and spin
through an interacting mesoscopic system with non-collinear magnetic con-
tacts is a combination of different fields in condensed matter physics. The
transport equations will be developed from first principles and are applicable
to a large group of mesoscopic systems.

The reader should have a good knowledge of quantum mechanics and be
familiar with second quantization. For an introduction into second quanti-
zation see [4]. In this thesis & and kp are set to 1 unless otherwise stated.
This means that frequencies and temperatures are measured in units of en-

ergy.

In the first sections the Hamiltonian of the system will be discussed in detail
with emphasis on the coupling of the different regions, followed by derivation
of the transport formulas.

2.1 The Hamiltonian of system

The system consists of three spatially distinct regions. A left and a right
(ferro-)magnetic lead and a middle region. By a lead is meant the theo-
retical model of the contact. The leads are viewed as magnetic reservoirs®
with different (electro-)chemical potentials. The system will try to equalize
this potential difference with a current running through the system. The

!The contacts are considered macroscopic and therefore the depletion electrons with
the same spin is neglected.
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10 Chapter 2. Transport model

Hr  Hy
A % N
H, @ Hr
Left lead Quantum Right lead
dot

Figure 2.1: The figure illustrated the Hamiltonians of the system. The three
regions (left and right contact and the quantum dot) have each their own
Hamiltonian which only contains information about the respective region.
Furthermore the coupling between the regions are described by a separate
Hamiltonian.

derivations in this chapter do not require a detailed description of the mid-
dle region? but throughout the thesis the middle region will be modeled as
a quantum dot and will be referred to as such.

The contacts are considered non-collinear which means that the magnetiza-
tions are not necessarily parallel or anti-parallel. Furthermore, it is assumed
that the quantum dot is spin split. This spin splitting could be due to the
Zeeman splitting of the energy levels due to an external magnetic field. The
different magnetizations of the regions means that each region has a pre-
ferred spin basis. This preferred spin basis of the region will generally be
different and a description of the change of spin basis has to be included in
the theory.

The Hamiltonian describing the system consists of four parts
H:HL-I-HR-l-HQD-I-HT (2.1)

two describing the leads (Hg, Hy,), one describing the quantum dot (Hgp)
and finally one describing the coupling between the leads and the quantum
dot (Hr). The Hamiltonian is illustrated in figure 2.1.

2.1.1 Spinors

The description separates the spin variables from the other quantum num-
bers. This separation allows us to treat the spin in its own Hilbert space
disjoint from the other variables combined spaces. The spin variables are
treated in an abstract two-dimensional complex vector space. The Hamilto-
nian of the system can be expressed by using a compact spinor formalism. A

2The derivations presented in this chapter only need the existence of a complete set of
fermion field operators describing the middle region [12].
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2.1. The Hamiltonian of system 11

spinor is a two component object which transform into a spinor again under
SU(2) transformations [19]. Using this formalism the spinor annihilation
(creation) operator looks like

()
_(t a
a\) = ( £ ) (2.2)
OF

where at s a annihilation (creation) operator with spin-up and k is a col-
lection of the other quantum numbers needed to fully describe the state.
Using this spinor formalism allows us to use vector operations like the dot
and matrix product on the spinors to formulate the theory. The states of
the system are the normal many particle states [4]

aLanT >= |nk¢ +1> akﬂnm >= ‘nk¢ —1> (2.3)

2.1.2 The lead Hamiltonians

The form of the Hamiltonians for the two leads are identical. The leads are
assumed non-interacting and therefore their Hamiltonians consists of two
parts - a kinetic and a magnetic.

Hy = 2625};& ' Eka + ZELQ ' (5 . Mka) Eka (24)
k k

Where é’}t ., 1s a spinor creation operator for the alpha lead. & is the Pauli

matrix vector consisting of the three Pauli matrices and Mka contains the
size and direction of the magnetization of the lead. The bar above the o
is the notation for a 2-by-2 spin space matrix. ¢ is the free single particle
energy.

The kinetic term is independent of the spin and is therefore diagonal in
arbitrary spin bases. In this form, the choice of basis for the operators is
arbitrary and the Hamiltonian is not necessarily diagonal in spin space. In-
serting the unitary rotation matrix (U) which diagonalizes the magnetization
matrix, the operators are rotated into the diagonal basis. The diagonalized
Hamiltonian has the form

Ho = Hin+ Y (#,01) (VG M) UT) (Va) = 3, - Eraiia (25)
k k

where c'i,t o 1s the spinor creation operator in the diagonal basis and &g,y =

62%' + 05y My py is a diagonal energy matrix given as the sum of the
kinetic term and the diagonalized magnetization matrix.

The 62 is measured from the chemical potential of the respective lead. The
finite voltage bias of the contacts is put into the model through a difference
between the left and right chemical potential.

Jesper Q. Thomassen version 9, 20th August 2003



12 Chapter 2. Transport model

Why have we spend that many lines on the diagonalization of this Hamil-
tonian? We could have written the diagonal Hamiltonian and neglected the
discussion about the change of basis. The reason for this discussion is to
stress the importance of the chosen spin basis. The fact that we have chosen
the spin basis where the magnetic parts of the Hamiltonians are diagonal has
the consequence that all the information about the relative directions of the
magnetizations of the regions are contained in the coupling Hamiltonian.

2.1.3 The quantum dot Hamiltonian

The quantum dot Hamiltonian consists of two parts. First a diagonal term
containing kinetic and magnetization parts like the lead Hamiltonians and
secondly an interaction part. The operators are expressed in the diagonal
spin basis.
HQD = Z JL ' g’ILJ’;L + Hint (2'6)
n

The mn-index is a collection of quantum numbers needed to fully describe
the energy spectrum of the quantum dot - again except for the spin. The
energy matrix &, consists of a term dependent on the geometry of the dot
and a magnetic term. The splitting is assumed to come from the Zeeman
effect which is due to an external magnetic field. The magnetic field is not
put directly into the model but is hidden in the difference of the energies of
states with the same n-quantum numbers. The description is valid for all
magnetic fields. The dependence on the external magnetic field could easily
be included in the model. This would mean a dependence of both the free
level energies and the Zeeman energy on the field strength.

2.1.4 The coupling Hamiltonian

The coupling Hamiltonian describes the processes relating to the tunneling
between the contacts and the quantum dot. The Hamiltonian has the form

Hr = Z d‘lta . Vka,n(j:n +H.c. = Z “;rmawcamm’ dno + H.c. (27)
nk nka
a={L,R} oo’

The lead and dot operators are expressed in different spin bases and the
change of basis is contained in the coupling matrix Vn,ka- This means the
coupling matrix contains all the information about the tunneling between
the regions plus the change of spin basis. The term explicit written in the
equation describes the process where an electron moves from the quantum
dot to the a-lead. The Hermitian conjugate of this term (H.C.) describes
the inverse process.
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2.1. The Hamiltonian of system 13

Tkoccs,nv U nv,nu

Figure 2.2: The coupling visualized. Read from left to right an electron
tunnel into the dot (amplitude 7') and changes basis (amplitude U). If the
figure is read from right to left the opposite happens.

Coupling amplitudes

The entries of the coupling matrix are given by the overlap of the states in
the respective lead and the states of the quantum dot.

Viavne = (kav|Hr|no) = Z(kau|HT|ma')<mU'|na) = ZTkau;mU/RmU,,m
mo’ mo’

(2.8)
where a complete set of states is inserted to factorize the coupling matrix
into a tunneling ( Tga,me’ = (kaw|Hr|mo')) and a rotation part (Rpme ne =
(ma'|na)).

This allows a simple interpretation of the coupling which is illustrated in
figure 2.2. If we consider the Hermitian conjugate process then a tunneling
matrix describes the coupling between the states in the lead and the states
in the quantum dot. All these states are in the same spin basis. The change
of basis is made by a rotation matrix which expresses the dot-states in the
lead basis in terms of the diagonal-dot-basis.

The elements of the tunneling matrix can be found using a tunneling-through-
a-potential-barrier model. The tunneling matrix will later (section 4.3) be
scaled into a matrix containing dimensionless parameters. Until then the ma-
trix will have the following diagonal structure. We assume it to be diagonal
because

we do not allow spin flips in the tunneling.

- tkat,nt 0
= ’ 2.9
0 Tkalny 29)

The rotation matrix is diagonal in n-space and has the form of equation 2.12
in spin space
Rpyn = 0mnU (2.10)

These assumptions gives the coupling matrix the form

Vian = TranlU (2.11)
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14 Chapter 2. Transport model

2.1.5 Change of basis

The non-collinearity of the system introduces spin flips when the electrons
tunnel from one region to the other due to the different diagonal bases. The
rotation matrix which describe the change of basis for the spinors is found
in the literature ([19],[26]).

U(g,) = exp (i ) (2.12)

where ¢ is the angle of rotation, 7 is the axis of rotation and & is vector
consisting of the Pauli spin matrices. The rotation matrix from the literature
is from first quantization theory. It can be shown that this rotation matrix
is the same as the one which transform the creation spinor. We therefore
have the following transformation equations for the spinor operators

c};? = a,tTU (2.13)
Cktr = ﬁTakT (2.14)

These transformations will be used in section 2.1.4 to make a model of the
tunnelling coupling between two regions described by operators in different
spin-bases.

The rotation matrix

The model contains three magnetization directions. To describe their po-
sition to each other, we need three angles. The model is independent on
how the coordinate system is chosen but the wisest is of cause to choose a
coordinatesystem in which the transformation matrices are simple. If the
magnetization of the quantum dot is chosen as the z-axis and the z-axis is
chosen arbitrary, then the left and right lead magnetizations will be trans-
formed by first a rotation about the z-axis until they lie in the zz-plane and
secondly by a rotation about the y-axis. The angles are shown in figure 2.3.
By defining the rotations this way four angles have been used, but it will be
seen later that the formulas will depend on both of the polar angles (6 and
1) but only on the difference of the azimutal angles (the ¢ and ¢ angles).
The polar angles are defined in the interval [0, 7] while the azimutal angles
are defind in the interval [0, 27]

The transformation matrices describing the above rotations can be calculated
directly from (2.12) or found in Landau and Lifshitz [19].

6 —sin? —i§
Ur6,¢) =U(-0,75)U(-¢,2) = |: COSg S X :| [ e e?% ]

sing  cosg 0 (215)
cos Qefi% —singei% ] ‘
_ 2 2
- -0 _—is 8 _is
sSin §€ 2 COSs 56 2
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2.2. Transport formula 15

QD

N
>

¢y Ryy

x)

Figure 2.3: The four angles of rotation are shown. QD, R and L names
the directions of the quantum dot, right lead and left lead magnetizations
respectively.

The right transformation matrix is identical to the left transformation matrix
except for 1 instead of # and ¢ instead of (. These matrices are useable for
an arbitrary configuration of the magnetizations but in the systems which
are presented later in this thesis the matrices will simplify.

2.2 Transport formula

The transport through the quantum dot is now going to be derived in the
general case by examining the time derivative of the occupation number
operator and spin operators. These deriviations can be made more formal
by using the similarity of the operators.

The system is assumed to be in steady state. Therefore the current density
is independent of time. The continuity equation for the electric carriers is
valid

o5

6-f+—§:0 (2.16)
The current density term is zero and we want to determine the current
through a yz-cross section. This gives that Vg J; = 0. This independence
on the position of the cross section will be used in the determination of the
current. The spin is not a conserved quantity in equlibrium and we can
therefore not apply the same considerations there.
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16 Chapter 2. Transport model

2.2.1 The general notation

The operators of the quantities (electric current and torque) we seek to find
have a close formal connection. Both kind of operators will be calculated
as time derivatives of the occupation number (N) and spin operators (5)

respectively .
h
N=)dl-a §= 52&1-&@;
v v

These operators can formally be expressed by one operator. The spin-
occupation operator which has four components is defined as

oo . - t
N; = E :a’k ® oiay Nigy = E :aknazm’va”r
k kvy

Where ® is a matrix product and &; is defined as
60:]Ia 01 =0g, 62:Uya 03 =0y

With this definition the four operators are written as the trace of the four
components of the spin occupation operator

N = Try[Ny]

Sy — Trs[Nl] (2 17)
Sy = Tr [Ny] .

Sz = T&'s[NS]

Here Try means a trace in spin space defined as Trs[A] = 3 A

2.2.2 Time derivative of spin-occupation matrix

The electric current and QD-torque will be calculated in different regions. As
already mentioned the electric current could be calculated in an arbitrary
cross section because of current conservation and the condition of steady
state. The occupation of the quantum dot is constant due to steady state
and the time derivative would therefore be zero. This means that the electric
current can be calculated in the leads. The QD-torque needs to be calculated
in the quantum dot because the spin is not a conserved quantity.

The spin occupation current is the trace of the time derivative of the spin-
occupation matrix.

(P = Tr [ (W2))] = 3 (5 D) .18

where [H; Nf] means the matrix with the commutator elements [H; N/ 7777’]
and the p-index shows where the current is calculated.
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2.2. Transport formula 17

With this formulation the current and torque are now the components of the
time derivative of the spin-occupation operator (Jf - from here on called the
current).

Jetectric = — € (Jg)
Ta =g (787)
. :g (197 (2.19)
Ty :g <J??D>

The current in the leads

The zero-component (electric) of the spin occupation current in the leads is
simple because the occupation operator commutes with all the parts of the
Hamiltonian except the tunnelling part. The commutator with the tunnelling
part and the spin-occupation matrix is

[HT; Ni?nn’] = Z (_aim"YVka%nUachand"U + aia’)"YV:U,kand:rwaka’Y) (2'20)
kn
oy

Here the commutator relation in equation (B.7) has been used.

The current through the quantum dot

The spin components of the spin occupation operator commute with fewer
part of the Hamiltonian that the current component. The non-zero parts
can for obvious reasons be named: The precession term, the tunnelling term
and the interaction term

D D D D
(13 N22) = [Hos NOD) + [Hr; NOD) + [Hius; N

Precession term

The precession term is easily found

—2ir!"" = Trg [H(?D; Ni] =Tr, [Mj [0 O'Z']:|
(2.21)
= —T’l"s [Giijij] = Trs [(&' X M) ]

3
M has only a z-component. Hence all the factors in the cross product involv-
ing o, vanish because they are always multiplied with the z- or y-component
of M. This leaves us with the o, and o, terms. These will also vanish because
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18 Chapter 2. Transport model

the trace of these matrices are zero. The fact that this term vanishes should
not be a big surprise. The kinetic and magnetic parts should not generate a
torque by themselves.

Tunneling term

The tunneling term is found as in 2.20

[HT, Nz 7)173] = Z (oi’nkaw’nnalwdm — oimzvV;%kaUdLnakag) (222)
naoc
Y

The tunneling terms in the spin occupation current are the most important
and we will continue with their determination later on.

Interaction term

This term depends on the type of interaction which is put on the dot. For the
Coulomb interaction it can be easily show that this term vanishes because the
interaction commutes with the spin operators. Other types of interactions
could give a finite contribution but this discussion is left for future studies.

The current Green’s function

The current depends on the expectation value of a combination of a lead
and a dot operator - the tunneling terms. These expectation values can be
expressed in forms of Green’s functions which is discussed further in chapters
3 and 4. Two current Green’s functions are defined as

Griyr o () = i (g (V) dnor (1))
Glcaa no’ (t’ t’) =1 <d;rw’ (tl)altcaa (t)>

The <-index means that the Green’s functions are of the lesser type due to
their structure. The functions are connected by the identity

Saomr 11) = = (G par 1)) = ~Gritgmr (1)

This means that the tunneling terms can be written as

Z. <[HT; N’S”TW’]> = - Z Ui,’l]”y (Vka'y,naG:g,km] (t’ t) kay'q no (t t) nao kow])
kn

(2.23)

Gy,

i ([ N2P)) =" 0101 (Gr5y pao () Vkaon + Vit koo Gianmn 1))

kna
ay

(2.24)
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2.2. Transport formula 19

2.2.3 The preliminary trace formula

The expressions can be further simplified. This is most easily seen in matrix
notation. Considering the leads, we have

T
i([Hp; Nf) = — Z (Ui (Vka,ntL,ka(tat) + (Vka,ntL,ka(tat))T>)
kn

The tunneling term has the form of a product of a sigma matrix and a sum
of a matrix and its Hermitian conjugate. Recalling that we are interested in
the trace of this matrix product we can first neglect the transpose operation
- due to the transpose invariance of the trace operation. Next we can utilize
the relation

Trylo;(M + M')] = 2Re {Tr, [0; M] } (2.25)
This enables us to write the expectation values in (2.19) in terms of a general
tunneling current I

1710 — 9Re § 3" T, [0 Vian G o (1.1)] (2.26)
k,n

I? = 2Re { 3T, 036y gt 1) Vi (2:27)
k,n

The only difference between the two tunneling currents is the order of mul-
tiplication. In this thesis, we only consider the electric current in the leads.
Therefore it is only the o9 which is used in the lead version of the current.
The identity matrix commutes with all matrices hence we only need to con-
sider the dot definition of the tunneling current. The electric current and
the torques are now expressed as

o —=trg (2.28)

=5 | Y IF+ T, (3 Nf?D]>) (2.29)
o

7 :% SoI5+ T ([ NfD]>) (2.30)
-

7, :% za: I¢ + Tr, <[Hmt; N??D]>> (2.31)

The only unknown in the expression of I;* is the lesser Green’s function
defined in 2.23. This function can be determined in different ways depending
on the model. We consider a model where the system is driven away from
equilibrium by a time independent bias voltage applied to the contacts/leads.
Therefore we have to use non-equilibrium theory to find this current Green’s
function.
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CHAPTER 3

Non-equilibrium quantum field theory

The system considered in chapter 2 is not in equilibrium due to the finite bias
voltage of the contacts (ur, # pr). This means that we will have to use non-
equilibrium quantum statistical mechanics to determine the lesser Green’s
function (2.23). This theory evolved from the works of Martin and Schwinger
[22] and Schwinger [32] and was further developed by Kadanoff and Baym
[16], and by Keldysh [17]. The formulation used in this thesis is due to
Keldysh and based on the form presented by Langreth [20]. Furthermore
this presentation is inspired by the presentations in Rammer and Smith|[31],
Haug and Jauho [10] and Ferry and Goodnick [7]. The presentation is focused
on the aspects of the theory that we will need.

It has been argued that the method is only valid when the entropy production
is relatively small and the system remains close to equilibrium (see [7] for
discussion). However the method has successfully been used in strongly far-
from-equilibrium systems and is the method used in Jauho, Wingreen and
Meir [12] which forms the basis for various treatments on resonant tunneling
systems (][24],[33]).

In section 3.1 the non-equilibrium theory and the perturbation expansion of
the contour ordered Green’s function are introduced and in section 3.2 derives
the rules of analytic continuation and the Dyson equations are derived.

3.1 Contour ordered Green’s functions

The non-equilibrium problem is formulated as a system evolving under a
Hamiltonian having the form

H=H+H'(t)=Hy+ H; + H'(t) (3.1)
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22 Chapter 3. Non-equilibrium quantum field theory

The time independent part (H) is split into a quadratic part (Hp) and a
part containing the many-body interactions (H;) in the system. The non-
equilibrium part (H'(t)) is assumed to vanish for times ¢ < t3. This non-
equilibrium part is the difference between the chemical potentials of the leads
in the model. It was shown in section 2.2 how the physical observables (the
elements of the general current) are expressed in terms of the lesser Green’s
functions. The expectation value of an observable is found in non-equilibrium
statistical mechanics at times ¢ > ¢y using the formula

{(On(t)) = Tr [p(H)Ox(t)] (3.2)

where p(H) = (Trexp (—8H)) " exp (—BH) is the equilibrium density ma-
trix and O is the observable. Here the brackets (---) mean the expectation
value. The subscript H means that the time dependence is governed by the
full Hamiltonian. The problem lies in determining the complicated time de-
pendence of Oy. The trick which is analogously to the equilibrium method
is to transform the time dependence to Op, and then use Wick’s theorem
which is then applicable because Hy is quadratic in the field operators.

The manipulations needed to determine the Green’s functions are most easily
and compactly done by defining the contour (path) ordered Green’s function

G(1,1') = —i <TC\I!H(1)\II];_L(1’)> (3.3)

where C'is a complex contour along the real axis (or near it) that begins and
ends at ¢y and passes through ¢ and ¢’ once - see figure 3.1. The notation 1
implies the set (7,v) where v includes the variables needed to define the op-
erators and 7 is the complex time. The contour ordering operator T orders
the operators accordingly to their positions on the contour. Here the brack-
ets denotes an average over the accessible phase space. The transformations
needed to put the Green’s function into the interaction picture with respect
to Hy are fully described in Rammer and Smith [31]. The Green’s function
then acquires the following form
(T Sc,, Sc¥ i, (1)Th (1))

G(,1) = —i ToSeSon, (3.4)

where the transformation operators are defined as

Sc,, = exp (—z’ /C | drHy, (T)> (3.5)
So = exp (—z' /C dTH;IO(T)) (3.6)

The contours can be seen in figure 3.1. The abstract structure of the Green’s
function is now seen to be identical to that of the equilibrium Green’s func-
tions e.g. the finite temperature Matsubara Green’s functions [4]. The per-
turbation expansion (Feynman diagrams) of the contour ordered Green’s
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3.2. Analytic continuation 23

t : t,
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Figure 3.1: The different contours discussed in this section. The left is
the one used in the definition of the contour ordered Green’s function and
the center is used in the transformation which puts the operators into the
interaction picture with respect to Hy. The right is the contour used in the
determination of the rules of analytical continuity.

functions can therefore be mapped onto the equilibrium perturbation expan-
sion (Feynman diagrams).

3.2 Analytic continuation

Being more comfortable with the contour ordered Green’s functions we will
continue with the method of analytic continuation. The method is due to
Langreth [20] and is a set of rules for calculating objects which are products
of contour ordered objects. Considering an object that is a product of two
other path ordered functions.

D(t,¥) = /C dr A(t, 7)B(r, ) (3.7)

D is independent of the choice of contours with the same endpoints (¢, ¢') and
direction. Using a closed contour starting at ¢ty going to ¢, back to ¢y through
t' before ending at ty it can be easily shown that in the limit ¢y = —oo 1 the
contour objects can be calculated on the real axis following the rules

D" (t,t) :/ dt1 A" (t,t1)B" (t1,t') (3.8)
D<(t,t) :/ dty A" (t, 1) B<(t1,t') + A<(t,t1) B*(t1,1") (3.9)

where the retarded and advanced Green’s functions have been introduced
GT(1,1') = —if(r — 1) <{x1;(1);x1ﬁ(1')}> (3.10)
Ge(1,1') = +if(r' — 1) <{\11(1);\1ﬁ(1’)}> (3.11)
!The contribution from the part of the contour from ¢ to to — i3 vanishes in this limit.

This is true because we do not consider the initial correlations of the system. Se [31] for
a more elaborate discussion.
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24 Chapter 3. Non-equilibrium quantum field theory

where { ; } is the anticommutator. The advanced function is the complex
conjugate of the retarded one. These rules can be generalized to products of
more functions but that will not be needed here.

The non-equilibrium Dyson equation for the contour ordered function is in
matrix notation

G = Gy + GoZG (3.12)

Using the rules of analytic continuation we get

Gr@ = 1@ 4 @@ g (3.13)
G< = 'n<Ge (3.14)

The retarded (advanced) follow easily. The lesser Dyson equation also known
as the Keldysh equation is more tedious to derive. We iterate the Dyson
equation with the lesser continuation rule (3.9). In the iterative limit we
find

G<=(1+GY)Gs (142G + G"E<G° (3.15)

The first term is zero. This is shown in two steps. First the retarded Dyson
equation gives (1 + G"S")Gy = G"(G)"'G§. Secondly the equation of
motion for the lesser bare Green’s function gives (G§)~'1Gg = 0.

This concludes the review of the topics of non-equilibrium quantum field
theory we will need in the following chapter.

version 9, 20th August 2003 Jesper Q. Thomassen



CHAPTER 4

General trace formula (GTF)

This chapter contains the derivation of the general trace formula for both
the electric current and the spin torque. The formula takes its name from
its form. The currents are expressed as a trace over spin and dot quantum
numbers of a matrix consisting of level width functions and Green’s functions.

In the first section the current Green’s function (2.23) will be decomposed
into a product of a lead and a dot Green’s function. Then the rules of analytic
continuation (section 3.2) will be used on this product to give an expression
for the current. Due to the steady state assumption the time integral can
be performed and the final trace formula found. Different symmetric forms
and a scaling of the general trace formula are discussed. In the last section a
proportionate coupling is discussed because of the possibility of eliminating
the most troublesome term in the current trace equation.

4.1 First trace formula

As discussed in the previous section the current Green’s function is defined
on a path in the complex time plane. This is symbolized by the use of 7 as
the time variable. The current Green’s function is defined as (2.23)

Grmpihan (7:7') = i{af g (7") s (7))

where 7 and 7' lie on the contour. The noninteracting leads in the model
insure that the Green’s function can be decomposed into a product of a lead-
and a dot Green’s function. This decomposition is here done with the use of
Feynman diagrams.
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Figure 4.1: Decomposition of the current Green’s function into the free lead
and full dot Green’s functions. The current Green’s function is expanded in
the tunneling and dot-interactions. As a model for the dot-interactions is
used the Coulomb model discussed in chapter 6. The Green’s functions used
in the diagram are defined in the text except for the interacting dot-Green’s
function (DY) which is only used as an intermediate function.

In the previous chapter it was seen that the Feynman diagrams of a con-
tour ordered object maps into the Feynman diagrams of the same object in
equilibrium. The current Green’s function is expanded in the tunneling and
dot-interactions.

The result of the expansion is

C_;'m ka (T, T Z/ d79 Dy (T, TQ)V kaGka(T2a ') (4.1)

where the full dot-Green’s function is defined as
Doy (1,7') = (=) (T Sdmy (7)dh, (7)) (4.2)

and the free lead Green’s function has the form
Ghan = (=0T (T)agsy (72))5(k = q)0apOny (4.3)

The current Green’s function has been decomposed into a product of two
other Green’s functions. The analytic pieces of this product are found using
the rules of analytic continuation. Combining (4.1) and (3.9) it is found that

G kal(tst) Z/dt2< ttQ)V SO (ta, 1)

(4.4)
+ D5, (1) VL GRS (b, ))
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4.1. First trace formula 27

When the expression for the current Green’s function is used, the formulas
for the tunneling current become

I%(t) = 2Re{ Z / dtﬂ‘r[&i (D;’m(t,t2)17n*1’m(‘;2;3(t2,t)

nm,k

+ D:z,m(ta tQ)VnT@,kaé%; (t27 t)) Vka,n:| }

(4.5)

In the following calculation the expression for the current in the leads has
been used. It is straight-forward to apply the same calculations to the quan-
tum dot current.

The leads are non-interacting and their Green’s functions are well known

(141)

Gz’o?ﬂ(ta tl) :Za(tl _ t)e—i({kan(t_tl)

0, . — i€y (L=t
Gy (t:) =i fa(€gan)e™*Fan(=F)
where fo(€kay) is the Fermi function and €gqy is the entry in the lead energy
matrix &, defined in (2.5). Inserting these functions into the two terms of
the tunneling current expression we have

i i Drr (b t2) Vi a0t — to)e " ko200 (4.6)
kmn
nup'v

i E : Ui,uu' D'rlrzzu’ ,nv (ta t2 ) Vrru,kanfa (ekan ) eiekan (t2 7t) Vk:on],m/,a (47)
kmn
nup'v

Consider the second term, it can be evaluated as (the first term follows the
exact same steps)

. R * —€ to—t

t § : Dmu’,nu(tatQ)Vnu,kanfa(ekan)e kan(t2 )Vkan,muai,uu’
km,n

nup'v

. de (b
:ZZ/%fa(E)e 5(t2 t)UZ’,I/U’Drl}LM’,nV(t’tz)rgu,mu(e) (48)
nm

'y

where the level width function '}, ,(€) has been introduced. It will be
shown in chapter 5 that the level width function is the imaginary part of
the tunneling self-energy. The k-sum can be performed and it is seen that

I" only depends on the coupling amplitudes and the density of states in the
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28 Chapter 4. General trace formula (GTF)

respective contact. I' is sometimes refereed to the elastic coupling parameter
[37].

Pgnp, m/( ) =27 Z d(e — 6ka7)V7;,u,ka'kaa’)’;”V

(4.9)
=27 Z pa'y mu,a'y( )Va%n'/(s)

Here Vi nv(€) means the coupling amplitude with the &k for which €, = e.
Gathering the new expressions for the terms in the tunneling current we have

1
a t) — QIm{/ﬁ/ dth—ie(fa—t)
2 J_

s [fi’a(e) <D<(t, t2) + fa(e)DR(t, tQ))] } (410

where the boldface notation imply matrices in the middle region indices,
Tr, s indicates a trace in these indices and spin. The limits on the time
integral originate from the §-function in (4.6) and also apply to the other
term (4.7) because D" is zero for times greater than t.

4.2 The General Trace Formula

The model is a steady state model and therefore the quantities are time
independent!. This means that the time-integral in (4.10) can be performed.
The two terms are integrated separately.

Lesser term

Im{/ de/ dbpe— e+t Oy [fi,a( )/;l‘: —iw(t-) H< (4 )}}
-nel [ [ [FEER)

1 /_6 Q_WT[ *(oiD<(w) _ (F(0) of (D<<w>)t]

€—w-+1c €—w —1ic
(4.11)

Identities involving the complex conjugate of the level width function, the
sigma matrices and dot-Green’s functions (B.3) have been used in the last
equality.

'The theory could be expanded to include time dependent phenomena, by following the
method used in [12].
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The e-integral can be evaluated as

%/Z_:P/ ;i_;ﬁn’s [f“(6)0i13<(w) _D<(w)0if‘a(€):|

o fera ()]

Where P [ is the principal value integral. The transposed invariance of
a trace has been used in the principal value integral. If we consider the
electric current the o; can be removed and the cyclic properties can be used to
eliminate the principal value integral. Furthermore the second term combines
into a single factor I'*(w)D<(w). For the spin torque the principal value
integral will have to be determined.

Retarded term

The retarded is much easier. The dot-Green’s function is zero for all times
greater than ¢, so the upper limit of the integral can be extended to infinity.
Then it is the Fourier transformed dot-Green’s function.

Im{ j—;fa(e)ﬂn,s {fa(e)‘” / Z_:DR(C)] }

-3 j—;fa(e)m,s[fa(e)(aif)r(e)_Da(e)m)] (4.13)

2

4.2.1 Different formulations of GTF

Gathering the results from the previous sections we can formulate the final
version of the general trace formula. In the future discussions and calcula-
tions we have to use different versions of the GTF because different tricks can
be used. Therefore the formula will be formulated in in different versions.
Due to clarity the electrical current and the spin torque will be presented
separately.

Electrical current

The formula for the electric current is the most simple and the result is the
same as others have found before [33] [35] [38]. The difference between this
formulation and that of others is the separation of the spin variables and the
general nature of the level width functions. This allows for a detailed analysis
of the electric currants dependence on spin related phenomena. Combining
the results in (4.13), (4.12) and (2.28) and remembering that the principal
value integral vanishes in the case of the electric current, we obtain

Jesper Q. Thomassen version 9, 20th August 2003



30 Chapter 4. General trace formula (GTF)

GTF electrical current

52 =% [ 81, [0 (D) + fule) (070 - D) )| (410

The form of this equation can be understood in terms of local distribution
functions. The lesser term is proportionate to the occupation of the dot
and can therefore be related to tunneling-out from the dot. The second
term is proportional to the occupation of the lead and can be related to the
tunneling-in [12].

Using the Keldysh equation (3.14) and the relation D" — D% = D"3D® where
Y. = X" — X% the trace formula become more compact

GTF electrical current with Keldysh equation

52 = [ T @D (0 (£50) + £ul)20) | D) (435

In some cases, it can be useful to apply the symmetric formula. The sym-
metric current is J, = % (J‘f - JCE) giving

Symmetric GTF electrical current

ie [ dw = _ _
JE¢=— [ =T, | (T"(w) — TF(w)) D (w)+
hJoam [ (4.16)

(foT" () = fRT(w)) (D" (e) — D%(e))

Spin torque

The formulas for the spin torque are more cumbersome. We cannot do
anything about the principal integral in (4.12) at the moment. It will be
discussed again in section 7.1.1. Combining the results in (4.13), (4.12) and
(2.29-2.29)
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Spin torque
dw (g
Ti:_§/ Trns[Tprmczpal+ (r( )oi + 0T (w )>D<( )

+ (@ + @) () (5D7(w) - D) )| (1)

de T%(€)o;D<(w) — D<(w)o; T (e)
Tprznczpal _27’P/ . €— w .

where T'(w) is the sum of the left and right level width functions.

4.3 Scaling of the GTF

When comparing with experiments or other theoretical works it is often
easier to compare dimensionless quantities. This also removes some of the
sample dependence from experimental results. Therefore the energy of the
integral is scaled in units of the left up-up tunneling level width. This has
the consequence that the gamma’s change their form from

T nl€) = ULT U, (4.18)
tet|?pat(€) 0
Te =2 [tet|"Pat 4.19
m,n ™ |: 0 |t€,¢|2pa¢(6) ( )
to the scaled form

Tk () =UIT UL (4.20)

TR () = \ULTRUR (4.21)

1 0
=0 4| (422

where 7, is the fraction of the up to the down matrix element in (4.19) and
will be referred to as the polarization of the lead. A is the fraction of the
right up element to the left up element and is referred to as the asymmetry
of the leads. This scaling means that the energy scale is in units of the left
up-up tunneling level.

The tunneling amplitudes have been assumed dependent on k£ and n. In the
following chapters this will not be necessary because we will not consider
processes where this dependence is important?.

2If the calculations included the spin-orbit coupling the diagonal spin-basis on the dot
would depend on n and therefore also the tunneling amplitudes.
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4.4 Proportionate coupling

The largest problem in the trace formula (4.17) is the determination of the
lesser Green’s function. In the non-interacting case it can be found explicitly
but when the Coulomb interaction is turned on, we have to rely on approx-
imative and numerical methods (sec. 6.3.3). In [12] it is demonstrated that
under certain circumstances the lesser term can be eliminated. This happens
if it is assumed that the linewidth functions are proportional and the electric
current is written as a combination of the left- and right current.

I'f(w) = \PE(w) (4.23)
Jo=xJF —(1-x)JE (4.24)

Using equation (4.14) and (4.23) the lesser term disappears if A = I_—I.
Unfortunately, it is only under certain angle conditions that the level W1dth
functions can be proportionate for magnetic contacts. Assuming that the
tunneling matrices 7 = T1pT are diagonal the following relation is found.

T = ASTTr(€)S (4.25)

where § = URnﬁzm. This relation shows that a proportionate coupling is
possible if the matrix product on the right side of the equality is diagonal.
This is generally not true but can occur for special configurations. S is a
rotation matrix and has the structure

S = [ _Z* 1‘)4* ] (4.26)

where A and D are dependent on the angles of rotation. The matrix product
from (4.25) then becomes

2 2 * _

oy _
This matrix is diagonal if one of three conditions are fulfilled:

1. 74 =T, = 0 - this means that tTPT = tfp | hence a normal metal. This
condition is independent on the angles.

2. A = 0 this condition is dependent on the angles of rotations. The
dependence on the rotations is found in the next section.

3. D = 0 this condition is also dependent on the rotation and the de-
pendence is found in the next section. This condition implies that the
left up tunneling should be equal to the right down tunneling and vice
versa.
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Angular dependence

The angular dependence of the second and third conditions are found in the
following.

A=0

This condition imply the following connection between the angles

(@) (£) =oa (Do (D)  aam

This condition is trivially fulfilled in the case when the two leads have parallel
magnetizations. The exponential on the right hand side must be real. This
imply that ( —¢ = 0 or ( — ¢ = 7. In the first case where the two azimuthal
angles are identical the two polar angels also need to be identical. This means
that a proportionate coupling can be achieved if the magnetization of the
leads are parallel with an arbitrary angle to the quantum dot magnetization.
In the other case where the difference of the azimuthal angles is 7 the polar
angles have to fulfill the relation 841 = 0. The polar angles are only defined
in the interval [0; ] hence the only configuration possible is the trivial parallel
(0 = 9 = 0) but with a phase difference of .

D=0

The relation the angles must fulfill to make this condition true is

cos (g) cos (%) + (¢ gin (%) sin (g) =0 (4.29)

The same conditions apply to the phase angles as in the previous case. When
the azimuthal angles are identical, it is found that 6§ = % + m — an anti-
parallel configuration of the leads. In the other case where the azimuthal
angles differ with 7 the polar angles have to fulfill the relation 8 = & — 1.
This configuration is where the left and right magnetizations are in an anti-
parallel configuration with an arbitrary angle to the dot magnetization. The
D = 0 condition therefore is fulfilled for an anti-parallel configuration. But
the right tunneling matrix is already anti-parallel of the left matrix. Hence
The configuration of the system is with parallel contact magnetizations.

4.5 GTF summary

This concludes the chapters concerning the general theory of the model. The
electric current and spin torque have been determined and different expres-
sions are presented in (4.14) to (4.17). The formulas have been expressed
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in terms of dimensionless parameters (section 4.3) and finally it has been
shown that in the parallel configuration of the leads the formulas simplify
significantly.
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CHAPTER D

Non-interacting quantum dot

In this chapter the non interacting model is presented. This model is rather
simple, but will give insight into the resonance phenomena. It has a close
connection to the Coulomb model presented in the next chapter because
it can be seen as the limit where the coupling is larger that the Coulomb
interaction. This is discussed at length in chapter 7.

The model is solved exactly and the dot-Green’s functions and self-energies
are inserted into the general trace formulas for the electric current and the
spin torques.

5.1 The non-interacting quantum dot Green’s func-
tion

The non-interacting quantum dot Hamiltonian only has the diagonal part

Hop =Y d}-&ndy, (5.1)
n

This means that the Green’s functions can be found exactly. This is done
using the equation of motion method. The retarded dot-Green’s function is
defined in (4.2) as

Dl (t =) = =i0(t = ) ({dm ()31, () })

The time derivative of the function is
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Zat mu nu(t - t,) = 5(t - t,)(smn(s;w

+ (=000t = ¢) ({~[H; dm, (031, () })
(5.2)

The commutator [H; dy,,] is non-zero for the tunneling and the quantum dot
parts of the Hamiltonian. These parts give

[HQD' mu] = Z 6nl/[d dm/a d ] _emudmu (5'3)

HTa mu Z no,kao’ [dngaaaa’ ) dmu Z mu,kac’ Qg0 (5'4)

nkq kao’
oo

This gives the equation of motion in frequency space
(w - emH)Dmu nv ( - ‘5mn‘5uv + Z mu, kaa Fkaa m/(w) (5'5)
kao

where a new kind of Green’s function is defined
Fagan(t =) = =i8(t = ') ({akao (03}, (1) } ) (5.6)

This new Green’s function is the propagator of an electron starting in the
quantum dot at time ¢’ and ending in the a-lead at time ¢. This tunneling
Green’ function is calculated the same way as the quantum dot function. In
this calculation it is the lead and tunneling part of the Hamiltonian which
give the non-zero contributions:

[H(l)ead; akaa] = Z €qBq’ [GZ/J’U' QB ; akarf] = —€kaclkac (5'7)
qBo’
[HT; Gao] = Z Vapn,nn [agﬂndnnﬂ Akaob] = — Z Vikao,nn dray (5.8)
nq,? nay
nn

This gives an EOM-equation for the tunneling Green’s function

(w - ekOtO')F]:OLO',TLl/ Z Viao mu mu,nl/( ) (59)

The free particle lead Green’s function has the well known form [4]

Grns (@) = (0 — €kao) (5.10)
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S = ek
* Vk,n !V;,k Gﬁ

Figure 5.1: The Feynman diagram for the tunneling self-energy. The diagram
consists of two vertices connected by a lead electron propagator.

Combining equation (5.5) and (5.9) we find an expression for the quantum
dot Green’s function

_ _ _ .
D} (w) = (E(w) - 3§(w)) (5.11)
where the retarded self-energy is defined as
0 mlh Z T, kao kao’( )Vkao ln (512)
kao

and the energy matrix is

(E(w))muln = (@ — €mu) Smidun (5.13)

The ¥ index on the Greens function means that it is only the tunneling
Hamiltonian which is included. The zero on the self energy indicates it is
the tunneling self energy.

5.1.1 Self-energy

The Feynman diagram for the tunneling self-energy consists of two tunneling
nodes connected by a lead electron propagator. The diagram is shown in
figure 5.1. Both the retarded and lesser self-energy need to be found.

The retarded self-energy is defined in (5.12) and agrees with the Feynman
diagram. Performing the k-sum gives

T § : 0,r
OymuJLU M, kOtO'Gkao'( )‘/’CQU,TLU

kao
_ my,ny
Z/27rw—e+zc (5.14)
i o
:Z mu,nu - Ermu,nu(w)
o

where A, is the principal part of the integral and ', () is the level
width function defined in (4.9). The diagonal part of A leads to a shift in the
energy spectrum of the quantum dot. This shift is assumed to be included

in the level energies (€y,,) of the model and the anti-diagonal components
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are taken to zero.l

The lesser self-energy is found from the Feynman diagram (fig. 5.1). Assume
that the diagram is for the contour ordered Green’s function. The only
contour object in the diagram is the lead electron propagator. This means
that the expression can be directly translated to the lesser function. Again
the k-sum gives

0 ;MY Z mu,kaoc kao'( )Vkaa nv

kao

_Z/ m,um/ (Zfa( ) (w _6)) (515)
_zzrmu,nu ( )

where f,(€) is the Fermi distribution of the a-lead.

5.1.2 Non-interacting trace formula

All the unknown functions in the trace formulas in section 4.2.1 have now
been found in the non-interacting model, so the final formulas for the electric
current and the spin torque can be determined.

Electric current

Using the results (5.14) and (5.15) it is found that

25 (W) + fa(w)Zo(w) = iT%w) (fa — fa) (5.16)

Inserting into (4.15) the expression for the electric current is found

Electric current through a non-interacting quantum dot

5z =5 [ G [P (DE T @ID5w) (faw) ~ fa(w))| (517

where & means the opposite lead than «. This formula for the current will
be analyzed in chapter 7 for specific configurations of the magnetizations .

'"We will later take the wide band limit (section 7.1.1) where I is independent of the
energy. Hence A vanish.
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Spin torque

The rather complicated spin torque formula (4.17) simplifies somewhat in the
non-interacting case. Inserting the expression for the lesser self-energy (5.15)
into (4.17) the expression for the spin torque is found after some algebra

1 [ dw -

T, = (%Dyw)(fpmpaﬁf( Joi + oiT(w) ) D5
—i(oiDTE(w)—D%(w)ai)) (519)

y ((fa ) (fa t fa) + (50— T (fo a>)
p'rmczpal ZZP/ der _Uzr(e) (520)

The spin torque is a sum of two factors. One depends on the potential
difference of the contacts and one which is independent on this difference.
The physical interpretation of the terms will be discussed later. First the
common prefactor is simplified. Collecting terms with the factors ;D" and
D%g; gives

iD$() (Thrincipat + (D°@)) "o +0; (D°w)) " )Dh(w)  (5:21)

The bare dot-Green’s functions are diagonal and the expression is easily eval-
uated. Inserting this into (5.19) gives the final torque formula

Spin torque in the non-interacting quantum dot
1 [dw —
Ti :if)a( ) (S + Ppmnczpal) Dg}( )

(I‘a+1‘“)(fa+fa) (£ — 1% (fa fa)> (5.23)

So = Tr, [Eu] 0, (5.24)
Sy = Tr, [Eu] oy (5.25)
S, =2E,0, (5.26)
L incipat = 2P/ Qd; L(c)o G_Zir(e) (5.27)

The spin torque has two contributions. One stems from the voltage bias of
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the contacts and therefore reflects spin that is deposited on the quantum
dot by the electric current. The other one is independent on the potential
difference and is due to the difference in magnetizations of the regions. This
is thus an equilibrium spin-current, which is well-known from interfaces be-
tween non-collinear ferromagnets [34]. In the case where the magnetization
is the same in all the regions the prefactor vanishes. This is easily seen for
the z- and y- components. Here the og; can be extracted from the principal
integral due to the diagonal structure of the . Hence the prefactor is a
product of some diagonal matrices and an antidiagonal Pauli matrix. This
product will have zeros on the diagonal. The z-component will also vanish
by direct calculation.
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CHAPTER 0

Quantum dot with Coulomb interaction

In this chapter the Coulomb interacting quantum dot is discussed. The
Coulomb interaction will generate many-particle corrections to the dot Green’s
function and self-energies. In general if there are n levels in the dot the inter-
action will generate corrections involving n particles - n-particle functions'.
The equation of motion method can be used to find these functions, but this

is not the approach we will use.

When a quantum dot is in the Coulomb blockade regime it is only a few levels
which contribute to the current through the system. The levels with energies
below the conducting ones will contribute with a electrostatic potential which
can be incorporated into the level energies of the model. To make things
simple we will assume that there is only a single spin split conducting level.
THis is reasonable if the levels are distributed wide enough that there is only
one spin split level per Coulomb peak.

The chapter begins with a short discussion of the Coulomb Hamiltonian and
continues with the derivation of the dot Green’s function. In this derivation
a Hartree-Fock approximation will be used to decouple the lead and dot
operators. Then the large Coulomb interaction limit is taken and the Green’s
function is found. The retarded self-energy can be determined but the lesser
Green’s function has to be approximated by the Ng approximation [28] before
the Coulomb trace formula is found. This approach is similar to those used
in [24] and [33].

LIf the leads were interacting there would be generated even higher particle functions.
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6.1 Coulomb interaction

To describe the Coulomb interaction we will use the constant interaction
model [1]

U
Heoou = Bl Znﬁn“ (6.1)
U

where n, = d}:du is the occupation operator and U is the strength of the
Coulomb interaction. The bar over the y means the opposite spin as pu. The
diagonal term is sometimes included but only gives an extra electrostatic
potential.

6.2 Dot-Green’s function with Coulomb interaction

The calculation of the dot-Green’s function follow the same equation of mo-
tion technique as in the chapter 5. First the single particle corrections is
found and afterward the many-particle contributions are discussed. In all
the calculations the commutator relations which are described in the ap-
pendix B.1 have been used.

6.2.1 Single particle corrections
The time derivative of the QD-Green’s function is the same as in (5.1)

00D, (t = ¥') = 8(t — )0 + (=)0t — ) ({~[H5 4] d} (1) }) (6:2)

where the commutator here can be separated into three terms (instead of
two when the Coulomb interactions have bee turned off)

[H;dy] = [H§5 dy] + [Hrs du] + Hoous dy) (6.3)
The first two terms give as in (5.3) and (5.4)

[HSP; ) = —e,d, (6.4)
[Hrydy] = =Y Vi haoGkao (6.5)
kao

The Coulomb commutator is found by using the (B.8) relation

U
[Hcou; du] = Bl Z[nnny;du]
nv
n#v (6.6)

=-U> npdy
w
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These commutators inserted into (6.2) gives

(w—eu) D), ,(w) =6

+ Z VJ,kaaFlz‘aa v + U Z NNk, u (67)

kao
n#u

where F" is the tunnelling Green’s function from (5.6) and C” is the new
two-particle Green’s function both defined below. The definition of the two-
particle Green’s function is a bit more general than the one generated in
(6.6) where the first and second operators have different quantum numbers.

Fiag(t =) = =i6(t = ') ({arar (1) (#) } ) (6.8)
Chau(t = 1) = =i0(t =) ({dl dyu 0 (¢) }) (6.9)

The tunnelling Green’s function is found the same way as in the non inter-
acting case giving the result (5.9).

(w - ekaa)FI:aa,V(w) = Z VkOtU,,U’Dzr/’,u(w) (610)
o

6.2.2 Many particle corrections

The Coulomb interaction generated a two-particle Green’s function (6.9).
This would repeat itself in the general case, but here there are only two levels.
Hence only interaction between two particles can occur. The tunnelling
Hamiltonian will generate new kinds of two-particle functions by replacing
dot operators with lead operators.

The time derivative

The time derivative of the general two-particle Green’s function from 6.9 is

i0,Cr (= 1) =8(t — )<{d*d d,(t);d (t')}>
+ (=)0t — ¢ <{28t (dh dd,i(1)); di (¢ )}>
(6.11)

The second term - the time derivative inside the anti-commutator gives rise to
three terms. One comming from the non-interacting (bare) dot-Hamiltonian,
one appearing from the Coulomb Hamiltonian and finally one originating
from the tunnelling Hamiltonian.
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The same time anticommutator term

The expectation value of the anticommutator can be evaluated directly. This
is due to the delta-function that makes all the operators to be taken at the
same time. The diagonal and anti-diagonal terms are determined separately:

Diagonaly = v
({dhdadyidl}) = (np) (6.12)

Antidiagonaly # v

({dhdudysdf}) = (~dyd) (6.13)
This means that the same time anticommutator term can be written as
tooo AW\ | () (=dydr) | _
({didndyidl }) = [ vy | =0 oy (6.14)

where oy is a Pauli matrix.

The bare Quantum dot term

The term from the bare dot-Hamiltonian is found quickly. Using the commu-
tator relations in the appendix B.9 and B.11 the contribution is calculated

[HEP; dldpdimy) = —eudldadim, (6.15)

The Coulomb term

The Coulomb term cannot generate higher particle functions?

U
[HCoul;nﬁdu] = 9 Z[nf_fna;nﬁdu] = —Unﬁd” (6.16)

g

The tunnelling term

Finally, the tunnelling term generates a set of new two-particle Green’s func-
tions. These are types involving a mix of lead and dot-operators. The tun-
nelling commutator has two parts.

[HT; d}tdﬁdﬂ] = Z (Vkaa,u’ [O‘Laadl"; d}ldﬂdﬂ]
kao

1 (6.17)

+ V:’,kaa [dL'akao; deﬁdy])

%If a greater number of levels is considered this term becomes much more complicated.
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The two different commutators give rise to three terms

[O‘Laadll'; dltidﬂdu] = azagdlﬁdu(sﬁu’ (618)
[d' akao: ddpdy] = —(dhdnaracbuw — dlduarandp) (6.19)

The three terms each introduce a new type of Green’s function. The new
Green’s functions have one of the quantum dot operators replaced by a lead
operator - hence their names

Blpy (¢ —t) = —i6(t — ') ({aloodudu(t); d} () }) (6.20)
By (t = ) = =i6(t — ') { { dhakaod, (1) dl(#) }) (6.21)
B (t =) = =it = ) {({nporas (t): d}(#) }) (6.22)

The EOM equations for these functions are calculated in the appendix B.2.

6.2.3 Decoupling and Hartree-Fock

In the equations of motions for the B-functions new two-particle functions
are generated. This is terms looking like <{a};aqdu; d,t}> We could continue

a step further with the equations of motion for these terms. This is not the
way we want to proceed. Instead a Hartree-Fock approximation is used

({olagdusdi}) = (alag) ({duid} }) (6.23)

<aztaq> Ok,q = (1K) (6.24)

A similiar treatment is used for the terms of the type <{dTakaq; d,t}> Here

the approximation eliminates the terms because the lead term has the form
(axaq) which is zero for non-interacting ferromagnetic leads.

<{dTakaq;d1}> =0 (6.25)

The last type of terms which is not evaluated directly are expectation values
consisting of a mixed pair of lead and dot operators.

<a*d> ~ (ad) ~ 0 (6.26)

This approximation scheme is sometimes referred to as the decoupling scheme.
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6.2.4 The system of equations

The system of equations of motion is now closed. Collecting the equa-
tions (6.7),(6.10),(B.20),(B.29),(B.38) and expressing the EOM for the C"-
function using (6.11),(6.14),(6.15),(6.16),(6.17) we have

(w B 6IL) - 5IW + Z kaa Fkaa u( ) + UC[TL,V(w) (627)
kao
( — €kao Fkag v Z Vkaa,u ( ) (628)
(W =€ —U)C,,(w) = 0y () o Z Veao,a(w Biiw, (w)
koo
(6.29)
2
- Z kaa B;kaau + Z ukao, plcow u(w)
kao kao

(w — (eu +6ﬁ) + €kao — U)BZ;M (w) =

, (6.30)
Z kao VINN V ) + V/j,kao”n’kOLUDz,y - V'u,kao'nkao'Dl’g,y
(w — (ey — €1) — €kao — U)B;jw’ (w) =
(6.31)
Z Jkao nuu 1/ ) + VkaU,ﬂnkaUD;,u(w)
(w - Ekaa) ukaou Z ‘/kaa,n L, ) + VkaU,ﬁaLaaakaaDE,U (632)

Before solving this set of equations, it is interesting to discuss the physical
meaning of the different terms. From the previous chapter we know that
F" gives the tunneling self-energy (Xo) which is responsible for a change of
the first pole in the dot-Green’s function (D). The first pole is the one
encountered in the non-interacting version of the Green’s function. The pole
originates from the d,, factor in the first equation and the pole is related to
phenomena with only a single particle in the dot. The C" introduces two-
particle corrections to the system. These corrections can be divided into two
types. The first type is the terms with C" in the B"-equations. These give
a second pole in the dot Green’s function (D) related to phenomena with
two particles in the dot at the same time. The second type is the terms in
the B"-equations having a D" function. These give further contributions to
the self-energy related to the first pole like the F"-function. The strength of
the poles are determined by the occupation matrix ((n,.)).
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6.2.5 The large U limit

The system of equations can be solved numerically for a simple geometry of
the contacts [33]. Here we will examine the limit U — oo. In this limit U is
assumed large compared to the other energies involves in the system

U> €usy €k ||t€,T|2paT(6) (633)

The last quantity is the left up-up level width which sets the scale for the
energy as discussed in section 4.3. The quantity also sets the strength of the
coupling between the leads and the quantum dot. Therefore this limit means
that the coupling is weak compared to the dot Coulomb interaction. That
U is greater ¢ should be seen in the light that the electrons which gives the
greatest contribution to the current are those which have an energy close to
the Fermi level of the lead. In thin context the limit means that U is greater
than the bandwidth of I'. The ¢, is usually measured from the mean of
the chemical potentials of the contacts. The limit therefore means that the
Coulomb energy is greater than the voltage bias. This is because the energy
level of the dot needs to be in the vicinity of the gab between the chemical
potentials for current to run through the level.

Consider the terms in the system of equations (6.27 - 6.32). The C” is of
order U ! due to the U on the left hand side of the equation. Combining this
with the U multiplied on C” in (6.27), it is seen that only the terms to order
one on the right hand side of (6.29) have to be taken into the calculation.
B! and B? are both to order U~! by themselves due to the U on the left
hand side of the equations. They can therefore be neglected. The C" term
in the B? equation is also of order U~! and is neglected while the D" term
is of order one. This means that only two terms on the right hand side of
the C" equation survive. This is the &, (n,,) 6, and the D" term from the
B3_equation.
The system is now simple to solve

D" = Dy (1=, (7)) (6:34)

where B B B B
Dy = (B(w) —Sh—55) (6.35)

where X_}g is the self-energy originating form the B",3-equation. This self-
energy is determined in the next section.

6.3 Self-energy

6.3.1 The correction to the non interaction self-energy

From the equations (6.29) and (&6.32) it is found that the ¥} self-energy has
the expression

X_}g = ig,uﬁam,uu (6.36)
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The ig,uﬁ self-energy is found following the calculation in (5.14)

3 ,uu Z kaa kao' ) <nkaa> ‘/kaa,nu

kao

de Fa €) (nao (€))
_Z/ w—e—l—zc (6.37)

= 3 A (0) — 50 (~0) T, ()

where 0 (—w) is the unit step function®.

6.3.2 Retarded self-energy

The retarded self-energy could be found by rewriting equation (6.34) to the
form of the Dyson equation (3.13). The retarded self-energy is then found
as the term in between the free and the full dot-Green’s functions. We are
not going to need the expression of the retarded self-energy, therefore we will
not make the derivation here.

6.3.3 Lesser self-energy

The lesser self-energy cannot be found explicitly in this model due to the
Coulomb interaction. Therefore we need to apply an approximation. The
one used is the approximation proposed by Ng [28]. The approximation
assumes that the lesser and greater self-energies can be written as

<= ANy, £7=A%g (6.38)

where A is to be determined by the identity < — ¥~ = X" — X%, This will
give an expression for the lesser self-energy looking like this

<= (2 -39 (3 -5 s (6.39)

The assumption that the lesser and greater self-energies can be written on
the above form (6.38) with the same A has some nice properties. It is exact in
the equilibrium limit (u;, = pr) and also in the non-interacting limit (U = 0)
and finally the continuity equation (Jp = —Jg) is satisfied in steady state.

6.4 Self consistent solution of (n,)

The occupation of the levels in the quantum dot are not in general easy to
determine and will in the general case have to be calculated self-consistently.

3The Heaviside function
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In a non-equilibrium system the occupation is given by the lesser-Green’s
function

(nu) =1 | —D; ,(w) (6.40)

The occupation have to be calculated self-consistently because it enters in
the lesser dot-Green’s function. The self-consistent method is where the
occupation is first calculated from the non-interacting result. This result is
then used to calculate a new occupation. The new occupation is used as basis
(start) for the next calculation of the occupation. This procedure is repeated
until the resultant occupation is equal (or within a certain accuracy) to the
start occupation.

6.5 Coulomb trace formulas

As in the non-interacting model there are a variety of formulations of the
GTF. This combined with the different schemes to calculate the lesser func-
tion and the occupation number we have some choice in the method used to
calculate the current and spin torque. In this light the most general formulas
will be presented here and in later chapters the specific calculation methods
used there will be discussed.

6.5.1 Current Coulomb trace formula

Inserting the results from this chapter into the symmetric trace formula
(4.16) and using our algebraic skills the trace formula for the electric current
is found as

Symmetric electric current through a Coulomb interacting quantum dot
with Ng approximated lesser dot-function

Je = ;_; ;l_(;:ﬁn,s |:(P - Pcow)A (UJ):| (fL - fR) (6'41)
Foorr = (D) "I (Fy — FR) D (T;, - T'x) 6.42

(6.42)
Aw) =i (D" - D) (6.43)
B7(w) = Dy(w) (1= 3, () 3,) (6.44)
(6.40)

(7) = i / ;";’ (55— 28) (2 - 2955 (w) 6.40

The new function A(w) is the spectral function of the quantum dot. It will
be discussed in detail in chapter 7.
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6.5.2 Spin torque Coulomb trace formula

The trace formula for the spin torque can be found by combining the results
from the Coulomb Greens function (6.34 and 6.39) with the spin torque
formulas (2.29-2.31). Due to lack of time we will not investigate the Coulomb
effects on the spin torque further than show that the direct interaction term
is zero.

The direct interaction term

This term in the torque equations originated from the time derivative of the
spin-occupation operator (2.18). It describes how the interacting part of
the Hamiltonian directly influences the torque. In the case of the Anderson
Coulomb interaction Hamiltonian this term is zero. The elements of the
matrix is the sum of terms with the form [np,nmy; d};dnz]. These terms are
all zero as can be seen from the commutator relation (B.10).

6.6 Summary of the model chapters

In the previous two chapters two models for the quantum dot have been
presented and the current through the system has been found. The two
model can be seen as the two limits of the general solution to the system of
equations (6.27-6.32). The non-interacting model can be seen as the limit of
U = 0 (compared to I') and the Coulomb model in this chapter was taken to
the limit U — 0o. The two models allow for two different kinds of transport.
In the U = 0 case it is a coherent transport because the electrons are not
in the quantum dot long enough to interact. Therefore the only correlation
between the electrons are the Fermi algebra*. The Coulomb model with
U — oo only allows a strongly correlated transport. When the electrons
move through the quantum dot they can only do so single wise because of
the strong Coulomb repulsion.

The general solution of the system of equations (6.27-6.32) will describe the
transition from the coherent to the strongly correlated transport.

The effects of the two different transport phenomena are discussed in length
in the next chapter.

4Pauli’s exclusion principle
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The current through the quantum dot

When the results from the previous three chapters are combined, we are in a
position to discuss the different phenomena which the electric current depend
on. The results from the previous chapters are very general in nature and
contain many parameters which can be adjusted. To keep the analysis simple
we will only use two geometries of the magnetizations in the discussion. This
allows us to first describe the basic nature of the system and then turn on
other parameters to see how the system reacts.

The chapter starts with a description of the methods used. The equations
are put into the linear response regime and the zero temperature limit is
taken. Then the properties of the spectral function are presented. The
energy and current states of the system are discussed to clarify the behavior
of the occupation of the dot levels and the electric current. Both of these
are discussed in detail after wards.

7.1 The analysis method

The method we have used to analyze the current formulas is simple. The
linear response and zero temperature limits are taken. This is primarily done
to be able to isolate the different phenomena from each other and not to have
a temperature to smear out the effects. One last reason for making these
limits is the fact that an analytical result can be found in the non-interacting
model.

The chosen geometries only depend on one angle instead of three in the
general case. Furthermore the geometries could be realized experimentally.

Jesper Q. Thomassen version 9, 20th August 2003



52 Chapter 7. The current through the quantum dot

Before the results are presented in section 7.5 the properties of the system
are discussed to give a reference frame for the interpretation of the current
curves.

7.1.1 Linear response

The full response of the system to the voltage bias is found by performing an
integral over a product of the trace of the matrices and the difference of the
Fermi functions of the leads. If we instead only consider the linear response
of the system and take the zero temperature limit the integral vanishes.

The linear response is easily found due the difference of the Fermi functions.

Put pup = p+ % and pup = u — % where prg) is the chemical potential of

the left (right) lead, p is the Fermi level at equilibrium and V is the applied
voltage. Expanding the Fermi functions to first order about y

Of (w, 1)

o (7.1)

fr(w,pr) — fr(w, ur) = —eV

Here it was used that fw,u is a function of the difference w — p. The linear
response result is only useful if the potential bias is very small. From the
above it is seen that the current depend linearly of the voltage. Hence Ohm’s
law is valid. It is therefore instructive to consider the conductance (G = %)
instead of the current. The prefactor to the integral or trace is the quotient
% which is often described as the quantum unit of the conductance. The
quotient has the magnitude 38,7 1S and the corresponding resistance e% is

25,8 k.

The self consistent solution of the occupation numbers also simplifies. In
linear response, we consider the general trace formula to first order in the
non-equilibrium parameter - the voltage bias. The conductivity can therefore
be calculated in equilibrium. The occupation in equilibrium can be expressed
as [4]

) = [ 5o A (@)1 (@) (7.2

where f is the Fermi function and A, is the spectral function defined in
(6.43). The spectral function depend linearly on the occupation matrix.
Hence the equation (7.2) is a linear equation and the elements of the occu-
pation matrix can be found in terms of the integrals of the entries of the
spectral- Fermi function product. When the zero temperature limit is taken
the Fermi function becomes a step function and the integrals could in prin-
ciple be found analytically. In the calculations below the integrals have been
found numerically.
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Temperatures of the system

A finite temperature is expected to broaden the levels of the dot and thereby
give smaller resonances. Therefore it is instructive to examine which phe-
nomena are present at 7' = 0 and then later find their dependence with
finite temperatures. In the linear response limit and T' = 0, the differential
quotient in (7.1) becomes a delta function

0f (w, 1)
— = - 7.3
o) — (e — ) (73)
This will collapse the integral and give the GTF a simple form similar to the

Landauer-Biittiker [6].

The zero temperature limit should not be considered literally meaning that
the temperature is zero Kelvin. Instead it should be seen as the limit where
T « T, where T is the coupling strength.

Wide band limit

The dependence on energy of the level width function T’ can be neglected
if the wide band limit is assumed. In the wide band limit the tunneling
matrix (7)) is assumed to be constant within the conducting band limits.
The approximation is valid if the scale on which 7 typically changes is much
larger than the width of the dot Green’s function (T'). This is indeed often
true in practice [4].

If we for a short moment turns the attention toward the spin torque formula.
This assumption will make the principal value integral vanish in equation
(4.17) leaving us with a more simple expression for the torque.

7.1.2 The configurations of the system

The general case with arbitrary angles between the contacts and the magneti-
zation of the quantum dot is very complicated and most of the configurations
are not experimentally realizable or at least uncontrollable at the moment.
The two simple geometries where the contact magnetizations are either par-
allel or anti-parallel are used as the basis for the analysis. The quantum dot
magnetization is assumed to have a direction which has an angle 6 to the
parallel direction. The geometries are illustrated in figure 7.1.

The parallel - anti-parallel configurations are experimentally possible and
have been used in numerous experiments [13|. The direction of the quantum
dot magnetization is more difficult to control but it could be possible using
a weak magnetic field perpendicular to the magnetizations of the contacts.
As long as the perpendicular field is weak compared to the field needed to
change the contact magnetizations, it would be able to manipulate the dot
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AR AR

Figure 7.1: The geometry of the parallel and anti-parallel configuration of
the contacts and the quantum dot magnetization with an angle 8 to the
direction of the parallel magnetization.

magnetization direction to some extent. The result is only dependent on
the projection of the parallel direction onto the dot direction so this model
should cover all the possible dot directions.

The left and right rotation matrices describing this geometry are identical
for both the parallel and anti-parallel configurations. In the anti-parallel
geometry the tunneling probabilities of the right lead have been rotated with
an angle m. This last rotation is in fact the rotation of the magnetization
from the parallel to the anti-parallel direction around an axis perpendicular
to the parallel direction.

TL=7_'R:7_;€P=[(1) 2] (7.5)

Tip = 6:T5pGa (7.6)

In this way, we have complete control of the parameters of interest. 8 is the
angle from the parallel direction to the dot direction and 7 is the polarization
of the leads defined in (4.3). Unless otherwise noted the polarization of the
contacts are identical.

7.1.3 The energy levels

The energy levels is described by two parameters. A level spacing (a) de-
scribing the distance between the two levels. The level spacing is two times
the Zeeman energy of the spin splitting. The second parameter is the level
energy or gate voltage. It describes the energy difference between the non-
split level and the Fermi level of the leads in equilibrium.

7.2 The different states of the system

To understand the physics behind the current graphs, we need to investigate
the states of the system. Especially an understanding of the differences
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Figure 7.2: The left figure shows the energy states of the non interacting
quantum dot while the right shows the energy states of the Coulomb quantum
dot. The energy increases the higher the level is placed. €; and € are the
energies defined in section 2.1.3. The two states with the lowest energy are
the single occupied quantum dot, while the state with the highest energy
is the fully occupied dot. Notice the energy difference between the fully
occupied dot in the non interacting and Coulomb dots. This difference is
due to the Coulomb repulsion (energy).

between the non interacting - coherent transport and the strong Coulomb -
correlated transport phenomena. First the energy states are discussed and
then the current states. The latter are very important for the understanding
of the current graphs.

7.2.1 Energy states

The single particle energy states were discussed in the presentation of the
Hamiltonians of the system. There are two single particle states in the
quantum dot. They are the spin up and spin down states with the energies
e+ and €| respectively. Furthermore there is a two particle state. This state
has a different energy depending on the model of the quantum dot.

In the non interacting case the two particle state has the energy €0 = €4+€;
while in the Coulomb case it has the energy €y, = €4+¢€,+U. The latter will
in the strong Coulomb limit (U — oo) also go to infinity. This means that
it takes an infinite amount of energy to have two particles in the quantum
dot at the same time. Hence in the strong Coulomb regime only the single
particle states are available for the transport through the dot. The energy
states are shown in figure 7.2

7.2.2 Current states

The current states are also different in the coherent and correlated transport
regimes. As with the energy states there exists current states with one or
two particles. The states to the lowest order in the tunneling coupling are
illustrated in figure 7.3.
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Figure 7.3: The figures illustrate different states (channels). The energy
of the levels increases toward the top. The numbers on the lines tell which
process occurs first. The illustrations show the processed to the second order
in I'. The two in the first line show the single particle current states. The two
following rows are processes where a particle tunnels out of the dot before a
second tunnel in. The last four show processes where there are two particles
in the dot at the same time. These current states will not contribute in the
strongly correlated regime. (The color of the illustrations in the third line
should have been black. Therefore neglect the coloring.)

Both the coherent and correlated transport regime have all the single par-
ticle current states. All the two particle states contribute to the coherent
tunneling but only some contribute to the correlated transport of the strong
Coulomb model. This is again due to the infinite Coulomb energy. The two
particle states that do contribute are in fact not two particle states in the
energy because the two electrons involved in the tunneling are not in the dot
at same time. Instead the electron from the left lead has to wait until the
electron on the dot tunnels out to the right lead before it can enter the dot.
Hence the name correlated transport.
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7.3 The spectral function

The spectral function' is a very important quantity in many particle physics.
Here it surfaced in the trace formulas where the current can be written as
the trace of a corrected level width function and the spectral function. The
diagonal terms of the spectral function matrix have a physical interpretation.
They can be shown to be non-negative using the Lehmann representation and
the integral of one of the diagonal term over all frequencies is one [21]. Hence
the diagonal terms can be interpreted as a probability function.

In this system the spectral function can be seen as the energy resolution for a
particle in a state in the quantum dot. This means that if we want to create
an excitation of the dot with the energy w the spectral function A, tells us
the probability for this to happen by adding a particle in the quantum dot
state p. The broadening of the spectral functions are due to the non zero
self-energies.

7.3.1 The spectral functions of the system

The spectral functions of the system depend on the model. Some of the
spectral functions are shown in figure 7.4. In the non interacting case it has
two peaks one for each of the levels of the dot. One centered on the energy
e+ and one centered on the energy €. The broadening of the peaks depend
on the angle (6) because of the difference in directions of magnetizations of
the regions.

The Coulomb spectral function also has the two peaks at €4 and €|. Further-
more it has two peaks situated around e; +U and €; +U. These correspond
to the energy needed to excite the dot by putting a second particle into the
dot. In the strong Coulomb regime these two particle peaks will be put at
infinity. This means that they will not contribute to the current but they
will still contribute with a finite weight to the probability integral. Therefore
the single particle Coulomb peaks have a lesser probability weight than the
non-interaction peaks. This decrease of the probability weight depends on
the angle.

7.3.2 The current integral

Before continuing with the analysis of the system it is instructive to consider
the difference between the linear to the full response regimes and the zero
temperature limit.

The linear response is from the earlier derivation (7.1) the linear term when
the current formula is expanded in the bias potential. This combined with

1 Also called the spectral density function
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Figure 7.4: The diagonal spectral functions of the parallel coherent system.
The level energies are symmetric around the Fermi level (a=1). The left
figure is for § = 0, the middle one for § = ¥ and the right one is for 8 = .
The two functions shown are the two diagonal components of the spectral
function matrix. The up-up spectral function in the right figure seems to be
zero, but in fact it is a delta function with the peak at @ = —1. The the unit

of the z-axis is energy.

the zero temperature limit gives that the current integral is determined from
the spectral function values at w = 0. These values together with the I'-
matrix determine the conductivity.

In the general case but still in zero temperature the current is a function
of the weight of the spectral functions between the left and right chemical
potentials. This is because of the fact that the Fermi functions become step
functions in the zero temperature limit. The weight of the spectral functions
are then multiplied by a I'-matrix to give the right mixing of the up and down
contributions according to the spin valve effect. This is of course under the
wide band limit assumption.

When the temperature is finite, the calculations follow the ones in the zero
limit. The main difference is due to the Fermi functions. They are no longer
step functions and that means that a wider range of the spectral functions
contribute compared to the sharp boundaries in the zero temperature case.

The interference effects which occur are most clearly seen in the linear re-
sponse regime. This is because the effects only depend on the values of the
spectral functions at w = 0. In the other regimes a larger part of the spectral
functions contribute. Hence the fine resonances are smeared out

7.4 The occupation of the quantum dot

In linear response the occupation is determined by the part of the spectral
function where w is negative (7.2). The occupation of the two levels depends
primarily on two things. The energy of the level compared to the Fermi
energy. If the level energy is less than the Fermi energy, it is favorable for
the system to have the level occupied. If the level energy is greater it is of
course less favorable. Even if the peak is centered above the Fermi energy it
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can still contribute due to its finite width. The width is determined by the
angle and we will see how the levels become fully filled or depleted as the
angle varies.

7.4.1 Dependence on the level energies

The occupation is very sensitive to the energies of the levels. If a level has an
energy that are lower than the equilibrium Fermi energy it is favorable for
the system to have the level occupied in an attempt to minimize the energy
of the system. The opposite is true if the level has an energy that is greater
than the Fermi energy.

When a current is passed through the system the occupations change. The
change depends upon the current that passes through the respective levels.
Hence if the current is passed through a single level we could expect the
occupation to decrease while the occupation of the other level would coincide
with the equilibrium occupation. This is clearly seen in figure 7.5. Here the
occupations are shown as a function of the angle. Both the coherent and
correlated occupations are shown in the left figure. In that figure the energy
levels are symmetric about the Fermi energy with the spin up level with the
lowest energy. The right figure shows how the parallel correlated occupation
depends on the gate energy. The level spacing is a = 1. The illustrated
situation shows how the occupation decreases as the up level passes the
Fremi level.

Considering the parallel configuration, it is seen that the occupation of the
up level is greater than the down level as expected considering the level
energies. The occupation shows the expected dependence on the angle. At
0 = 0 the current can only pass through the up-level and the occupation
of the level is at its lowest. When @ = 7 the current cannot pass through
the up level because the up-electrons from the leads see the level as a down
level due to the difference in spin basis. This means that the level is always
occupied due to its energy that is below the Fermi energy. The occupation
shows the same behavior. A 6 = 0 the level is unoccupied because current
cannot run through the level and the level has a greater energy that the
Fermi energy. At § = m the current only runs through the down level giving
it a finite occupation.

In the strong Coulomb limit the occupation is lower that in the non inter-
acting model. This is because the the strong repulsive Coulomb interaction
makes sure that there can only be a single particle in the dot at a time. Due
to the lower energy the particle is sitting in the up state and thereby giving
a zero occupation of the down state.

The anti-parallel configuration shows no angular dependence. This is be-
cause the self-energies are diagonal and independent on the angle in this
configuration. This is because the system does not have a preferred spin
basis due to the symmetric but opposite contacts.
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Figure 7.5: The left figure shows the parallel and antiparallel, coherent and
correlated occupations for a level spacing of a = 1 with the levels symmetric
around the Fremi level. The dotted lines are the coherent occupations. The
right figure figure shows how the up-up occupation in the parallel correlated
regime depends on the gate energy. The numbers on the graph are the gate
energies

7.5 The current through the system

To remember the differences in the current formulas, they will be summarized
here. The non interacting GTF equation could be solved exactly. (5.17)
simplifies with the help of (7.1) and (7.3) to the conductivity GTF

e? _

G = & Try | B () DY ()7 () D () (7.7)
In the derivation of the Coulomb formula we were not that lucky, but in
the parallel geometry we can assume a proportionate coupling and thereby
eliminate the troublesome lesser term in the trace formula and find a simple
expression for the parallel conductivity.

Cp = —Tr [["IM [D"(0)]] (7.8)

The anti-parallel formula is more cumbersome. Using the Ng approximation
(6.39) the conductivity in the zero temperature linear response regime can
be expressed as

Cy= _iﬂ [IM [D7(0)] (T = Feorr (0))] (7.9)
Teorr (0) = (T = TB) (D%(0)) "' T~ (I — %) D*(0) (7.10)

In order to calculate the parallel and anti-parallel conductivities the occupa-
tion numbers have to be determined self consistently as discussed in section
7.1.1.

In the following the leads will be assumed to be symmetric and half metals
(v = 0). This is done to enhance the resonance effects which are weakened
by a finite polarization. This is shown later in section 7.5.2.
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7.5.1 The interference of the paths

The coherent transport of the non-interacting model is analyzed first. The
conductivities can be found analytically and the result is very interesting:

ez cos6?

Gp = B a? + cos 62 (7.11)
e? 1642 sin 62

Gap = ETEE (7.12)

Here a = . The parallel conductivity has the form of a Breit-Wigner line
shape [27]. It is a big surprise that the parallel conductivity is zero for an
angle of § and . This zero is due to destructive interference between the two
paths through the spin up and spin down levels of the dot. There are two
effects which could be responsible for this interference. Either it is the change
of bases or the process of multiple in and out tunneling of the dot. Using the
bare dot-Green’s functions instead the tunneling dot-Green’s functions this
can be examined because it eliminates the multiple in- and out-tunneling
corrections. In other words it can be seen as the conductivity to the second
order in I'.

2 02
G = £ 7.13
P h a2 ( )
2 i 2
r2 e sinf

It is seen that the zero resonance remains and we can conclude that the
resonance is due to the change of basis in the tunneling process and not to
interference between multiple in and out tunneling of the dot. We can also
see that the inclusion of the in and out self-energy in the Green’s functions
the divergence for a = 0 in (7.13) is lifted. The zero resonance is seen to be
robust to the tunneling processes which is interesting and rarely seen.

Other interesting properties of the parallel conductivity is the symmetry
(0 = m — 0) of the angle about & = 7. This is due to fact that when the
angle is greater than 7 the current is led through the other spin level.
When a is zero the dot no longer has a preferred spin basis and the in-
tunneling electrons keep their bases. This is seen in the parallel conductivity
which is equal to % and independent of the angle and it is seen in the anti-
parallel conductivity which is zero. The last case is when an electron tunnel
in from the left contact and keeps its basis its overlap with the up-spin state
in the right contact is zero.

The line shape of the anti-parallel conductivity is a squared Lorentzian of a
weighted by 16sin (6). The angular dependence was seen in (7.13) to origi-
nate solely from the change of basis tunneling process while the Lorentzian

shape is from the in-and-out tunneling processes. It has maximum for § = 5
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which is expected because here the dot direction is precisely in between the
contact direction and therefore maximizes the overlap of the states. It is zero
when the direction is parallel to one of the contacts and thereby eliminates
the overlap with the other contact.

The dependence on the level spacing is very different between the parallel and
anti-parallel geometries. The parallel conductivity has maximum for a = 0
where both spin channels are fully opened and the angular dependence is
non existent. For a finite a the zero resonance blinks into existence and is
broadened as a increases. The maximum conductivity is for § = 0and § = 7
with the value ﬁ The reason for the decrease in conductivity is that the
levels of the dot get further and further away from the energy levels of the
contacts and that the overlaps drop. The anti-parallel conductivity is zero

for a = 0, maximal for ¢ = 1 and decreases for larger a.

7.5.2 Coherent vs. correlated tunneling

When the Coulomb interaction is turned on the resonance discussed in pre-
vious section changes. First it is found how the conductivities depend on the
level spacing when the levels are symmetrically around the Fermi level. Next
the dependencies on the gate voltage is examined and lastly the dependence
on the polarization of leads is found.

The level spacing dependence of the current

The main difference between the non-interacting and the strong Coulomb dot
is the blocking of the current states which involves two particles in the dot
at the same time. This effect is responsible for the elimination of the peak
around @ = 7. This is seen in top part of figure 7.6 where the conductivities
for both regimes are shown in the parallel configuration. The graphs are for
symmetric levels around the Fermi level with different level spacing. The
resonance form the coherent regime seems to have vanished. This is because
the path through the down level is closed and no interference is possible.
When zooming in on the valley around 7 on the correlated graphs for level
spacing greater than a = 1 there seems to be some structure of order 1073 %
Whether this structure is due to numerical problems or an artifact of the
strong Coulomb limit is not know.

The conductivities for the different level spacings in the anti-parallel config-
uration are shown in the bottom part of figure 7.6. The conductivity is less
in the correlated regime than in the coherent regime. This is not unexpected
because the strong Coulomb interaction closes the current through one of
the levels. The peaks of the curves for level spacings 1.0 and 3.0 are slightly
shifted toward § = 0 while the curve for the level spacing 0.01 is shifted
toward 6 = w. These shifts might seem strange but we have to remember
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that the anti-parallel configuration has no preferred direction. Hence the
position of the peak for a curve is very difficult to predict.

The gate dependence of the current

When the level spacing is kept fixed on @ = 1 and the gate? is swept between
—1.5 and 2.0. This range allows us to examine currents behavior as the
levels are moved a position where they both are under the Fermi level to a
position where they are both above the Fermi level. The program was not
able to give results when the energy levels were exactly at the Fermi level
because of singular matrices. Therefore at the instances where this occur a
small amount (1073) is added to the level energy.

The behavior of the coherent current in the parallel configuration is show
in figure 7.7. It is seen how the current depends on the spin valve. When
the down level pass the Fermi level the current primarily runs through that
level and vice versa when the up level passes. Furthermore, it is seen how
the angle at which the zero resonance occur depend on the energy levels.
The resonance exists as long as the Fermi level is in between the two spin
levels but the resonance is pushed away from the level closed to the Fermi
level. This is because the level which is closer has a larger amount of current
passing through and thereby a greater weight in the interference.

The gate dependence of the correlated conductivity is shown in figures 7.8.
Here it is seen that the Coulomb interaction eliminates the contributions
to the current originating from the down level. The dip in the graph for
gate = 1.0 should go to zero. It does not because the level is raised a small
amount above the Fermi level due to numerical problems discussed in the
beginning of the section. When both levels are above the Fermi level current
can pass through both levels because it is no longer energetically favorable
to have the up level occupied.

In figure 7.9 it is seen that the coherent transport through the anti-parallel
configuration is independent on which of the levels that is closest. It only
depends on the the energies of the levels and not on which spin the level
has. The current is invariant under the spin interchange operator! This is
because in the anti-parallel configuration the system do not have a preferred
spin basis. The current has its maximum for the angle 7. This is because
both levels contribute equally here. If we considered asymmetric couplings
the maximum would move toward the lead with the largest coupling.

In figure 7.10 is the correlated conductivities are shown. There seems to be a
strange behavior of the graphs, but as mentioned above we have to remember

>The gate is here used about the midpoint of the level energies. This means that the
level energies have an energy of +a around the value of the gate. Then the gate is zero it
corresponds to the case discussed above where the levels lie symmetric around the Fermi
level.
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Figure 7.6: The level spacing dependence of the conductivity. The full lines
are the correlated conductivities and the dotted lines are the coherent con-
ductivities. The top figure is in the parallel configuration and the bottom
one is in the anti-paralle configuration. The numbers on the curves are the
level spacing The y-axis is in units of %
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Figure 7.7: The gate dependence of the parallel coherent conductivity. The
top figure shows the gates from —1.5 to 0.0 while the bottom figure shows
the gates from 0.0 to 2.0. The numbers on the graphs is the gate energy.
The y-axis is in units of %
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Figure 7.8: The gate dependence of the parallel correlated conductivity. The
top figure shows the gates from —1.5 to 0.0 while the bottom figure shows
the gates from 0.0 to 2.0. The numbers on the graphs is the gate energy.
The y-axis is in units of %
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the gates from 0.0 to 2.0. The numbers on the graphs is the gate energy.
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Figure 7.11: Graphs showing how the conductivities depend on the polariza-
tion of the leads. The numbers on the graphs show the polarization. The top
left is the parallel coherent conductivity, the bottom left is the parallel cor-
related conductivity, the top right is the anti-parallel coherent conductivity
and the bottom right is the anti-parallel correlated conductivity.

that the anti-parallel configuration has not preferred direction. Hence the
shifts of the peaks are very difficult to predict. The up level of the dot has
the lowest energy. Hence most of the transport will pass through this level.
This explains how the conductivity increases as the up level moves toward
the Fermi energy. This is because an electron in the dot will increase its
probability to tunnel out as the level gets closer to the Fermi level.

The dependence on the polarization of the leads

In figure 7.11 the conductivities with finite polarizations are shown. It is seen
that the current increases and the different effects decrease as the polarization
increases. This is because, it is no longer only particles with one kind of
spin which moves through the system. The increased current is because of
spin valve effect losses its importance. Furthermore, we can see that the
interference only works when there is no electrons with opposite spin which
takes part in the current.
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Figure 7.12: The two figures show the magneto-resistance for correlated
regime (left) and the coherent regime (right). The level energies are posi-
tioned symmetric around the Fermi level.

7.5.3 Magneto-resistance

When comparing the current through a system with a parallel configuration
with a system with an anti-parallel configuration it is useful to obtain the
quantity called the magneto-resistance. The magneto-resistance is defined
as

Jp — Jap Jap

MR= ———+=1—- — 7.15
7, 7 (7.15)

This is the relative (and therefore dimensionless) difference between the par-
allel and anti-parallel currents.

Considering the coherent results, the quotient on the right hand side is pro-
portional to a® tan (). Therefore in an interval around 6 = I the magneto-
resistance is negative. This means that the anti-parallel current is greater
than the parallel. This is solely due to the interference effect discussed ear-
lier.

The same can happen in the correlated transport regime. Here it is due to
the strong Coulomb effect instead of the interference effect
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CHAPTER 8

Summary and outlook

The aim of the thesis was to uncover how the electric current and the spin
torque is behaving in a system where a current is running through a quan-
tum dot connected to magnetic contacts. An understanding of the current
behavior in such a system is urgently needed to give an explanation of resent
experiments.

8.1 General trace formula

A theoretical model inspired by the works of Jauho et.al. [12]|, Meir et.al.
[24], Sergueev et.al. [33] and Waintal et.al. [36] was build. The model
assumes a spin splitting of the quantum dot due to an external magnetic
field. Therefore the spin variables were separated from the other variables
and treated in their own Hilbert space. The model can deal with arbitrary
directions of the magnetizations of the contacts and the quantum dot. The
electric current and the spin torque was calculated using non-equilibrium
Green’s functions. The derivations led to the general trace formula for the
current (4.14) and for the spin torque (4.17). These formulas have the form
of an energy integral over a trace of a two-by-two matrix times the difference
of the Fermi functions of the contacts. The two-by-two matrix contains
information of the tunnelling-in and tunnelling-out processes involved. This
information is expressed in terms of the quantum dot Green’s function.

Two models were made for the quantum dot. The first rather simple one was
the non-interacting dot formula. Here no internal interactions take place in
the dot and the model was solved excatly. This model is used to describe
the coherent transport regime.
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The other model was the constant Coulomb interaction model. This model
was solved in the strong Coulomb limit and is used to describe strongly
correlated transport.

8.2 Current

The current was calculated in two configurations of the magnetizations in
both the coherent and correlated regimes. This was done in the linear re-
sponse approximation. In The first configuration the magnetizations of the
contacts are parallel and the quantum dot magnetization has an angle to
the parallel direction. The second configuration is the same except that the
contact magnetizations are anti-parallel instead of parallel.

The most surprising result was the zero resonance in the coherent transport
regime in the parallel configuration. This resonance appeared due to inter-
ference between the paths through the quantum dot and is robust to the
tunnelling self-energy. The resonance is destroyed in the strong Coulomb
limit. This is because the strong Coulomb interaction close the transport
through one of the levels of the quantum dot.

The currents in all the configurations show a spin valve effect. This is due
to the different magnetizations of the regions. The effect decreases when the
polarization of the leads tends towards unity, i.e.for non-magnetized metals.
The spin valve effect together with the coherent resonance can in some cases
lead to a negative magneto-resistance. This means that the current is larger
in the anti-parallel configuration than in the parallel configuration. This can
also occur when the spin valve and the strong Coulomb effects are combined.

8.3 Outlook

There are several ways this work can be extended. Most importantly, how-
ever, it should be tested how well it can be used to explain the effects recently
observed in experiments [13].

Furthermore this work could be extended to include the transition between
the coherent transport and strongly correlated transport regimes. This could
be achieved by solving the Coulomb model instead of taking the strong
Coulomb limit. This would probably show that the Coulomb interaction
slowly turns of the coherent resonance.

The spin torque formulas were not closely examined here because of the time
limitations. Therefore this subject remains open for future studies.

Finally the general trace formula were derived without the specific need that
the region between the leads is a quantum dot. Therefore the result could be
used to examine spin-polarized transport through different systems as well.
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APPENDIX A

List and definition of symbols

(M)

gl = akI : Spinnor creation operator

k ma'l
k{

A : Spin space matrix
A : Quantum dot space matrix

Trg[N;] = Zu N; yu @ Trace in spin space

Tr,[N] =3, Npn ¢ Trace in quantum dot space

. Pauli soi tri 01 0 —1 1 0
0,0y, 0z © Pauli spin matrices | o, | o g |5 o _p |

o; : Spin-occupation matrices (i = 0,1,2,3)

o, b, v,m : Spin indices

I = The opposite spin of u

k,q : Lead quantum numbers

n,m : Middle region / quantum dot quantum numbers
a, B : Lead region

p : Region (leads or middle region)

nokan = (Vkanne)” - Hermitian conjugate matrix in indices notation

® : Matrix product

T'® : The line width function for the « lead.
I : The sum of the line width functions for the leads.
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3¢ . Advanced self-energy for the tunnelling processes .

3¢ : Advanced self-energy including both the tunnelling and Coulomb pro-
cesses.

37 : Retarded self-energy for the tunnelling processes .

7 : Retarded self-energy including both the tunnelling and Coulomb pro-
cesses.

¥ = " — 22 : Difference of the retarded and advanced self-energies.

3y = 2 — 3¢ : Difference of the retarded and advanced tunnelling self-
energies.
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APPENDIX B

Definitions and calculations

B.1 Commutator - anti commutator

In the text different commutation and anti-commutation rules are used ex-
tensively. They are presented in this section of the appendix.

The commutator between two operators are defined as
[A,B] = AB - BA (B.1)
The anticommutator between two operators are defined as

{A,B} = AB + BA (B.2)

For arbitrary operators the following general rules apply
[4; B] = —[B; 4]
{4; B} = {B; 4}
[AB;C] = A[B;C) + [4;C|B
[AB;C] = A{B;C} — {4;C}B

B.1.1 The fermion algebra and relations

The operator algebra for the fermionic creation and annihilation operators

are defined as
dp:d,} ={dt,dl} =0
{dyi v} ={d}. d}) -
{dy;dl} =0,
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By applying the algebraric and general rules the following commutator rala-
tions can be derived:

[did,;dy) = — dyidy (B.5)

[ddy,df] =d}6,m, (B.6)

[dldy; dbdiy) =dbdy 6, — db 6,y (B.7)

[ddydidy; do) = — didyrdyy o — dyddiy 8o (B.8)

[ddyr dbdydo] =dldy dony — didydy b, — didydebyy (B.9)
[ ol s A} dy] =dfdy (Al Sy = Sy )

+ (b — iy ) dfidy =0 (B.10)

[dld,didyrs; dldy dy) =didydldy dySner — dldydldy dy: 6oy — didydlidyr dySgy
+ dfdy dydldg: by — df diydyydlder 6,y — dfdyrdydldg: 6y
(B.11)

B.2 B"-Green’s function calculations

The calculations needed to find the EOM equations for the B-functions in
section 6.2.2 are presented here. Due to the similarity of the calculations in
section 6.2.2 only a few comments are presented.

B.2.1 B"'-EOM

0Byt (t = ) =0t =) ({0l dadu®; )}y (B12)

The expectation of the anti-commutator is calculated sepeartely for the di-
agonal and antidiagonal terms.
Diagonal y =v

({ahaodadue)sd(¢) L) 56 ) = (al, i) (B.13)
Antidiagonal p # v
<{G’Laadﬁdﬂ(t); di(t) }> 5t —t) = <azwdﬂ> (B.14)
The time derivative in the anti-commutator
i0; (a;iaadndu(t)) = —[Hy + HPP + Hr + Heouss a}, dudy](t)  (B.15)
The lead term
[HE af o dpdy] = €raca) o, dady, (B.16)
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The quantum dot term
[HZP ol dad,] = — (€4 + €a) al, dad, (B.17)
The Coulomb term
[Heout; 0}y dpdy] =

U
Ty (nlia’ltaodﬂdl‘ + nualt:aadﬁdﬂ

2
(B.18)
+ a’lJrcao'dﬁdI«bln’ﬁ + altaadﬁdﬂnﬂ>
= _Ua’;rcao'dﬁdli
The tunnelling term
[HT; a’]t;ao'dﬂdu] = Z *kaodT d_d
(B.19)

1,
+ Z ( “q'ﬁalakaaaq/g‘ﬂd VE:QﬂU'akaaa‘IﬂU'du)
qBo’

Using the decoupling and Hartree-Fock approximation in section 6.2.3) gives
the following equation of motion for B!

(w_(éu + 6[]) + €kaoc — U) BZQ{J# y(w) =

N (B.QO)
Z Jkao nuu v ) + Vi kaonkaO'DL,l/ - V,u,lcaankOéUD;g,u

B.2.2 B"2-EOM

0,872, (¢~ ) =5t — ) { {dl dyaras (1): ) (1)}

+ (=)0t — ) {{idr (dhdparar(t)) s} () })
(B.21)

The diagonal and antidiagonal terms of the expectation of the anti-commutator
are calculated seperately.
Diagonal y =v

<{dgduakag(t); dL(t')}> St — 1) = <d;akaa> (B.22)
Antidiagonal u # v

<{d};duakw(t); d};(t’)}> §(t—1)=0 (B.23)
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The time derivative in the anti-commutator

i0; (d};duakw(t)) = —[HY* + HI® + Hy + Hoou; dhdyaraes) () (B.24)

The lead term
[HY: dl\dyakas] = —€raodhduaras (B.25)

The quantum dot term
[HPP; dl dyages] = — (64 — €a) diduakas (B.26)
The Coulomb term
[H coul; d};duakaa] =

U
-5 (nMdeuaka(, — npd)dyagas

(B.27)
+ dj]duakagnﬁ — d};duakwn“>
= —Ud!duakao
The tunnelling term
[Hysdhduareo) = =Y Veaondhdudy
n (B.28)

o V‘I/BU',ﬁa’;Bg/a'kaadp, - V;qga/d};aqﬂa/akag

Using the decoupling and Hartree-Fock approximation in section 6.2.3 gives
the following equation of motion for B2

7,2
(w - (GN - 611) ~ €kaoc — U)Bkaau I/( ) =
E : Jkao 77,up v ) + VkaU,ﬁnkaUDL,u(w)

(B.29)

B™3-EOM
0Bl (8 — ') =8(t — ) <{nﬁakw(t); d,t(t')}>

+ (=0)0(t — ) ({30 (nporar (1) 45 () })
(B.30)

The diagonal and antidiagonal terms of the expectation of the anti-commutator
are calculated seperately.
Diagonal y =v

<{nﬁakag(t);dL(t')}> St —1)=0 (B.31)
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Antidiagonal u # v
({natras 03 L) } ) 8t — ¥') = (dgaras) (B.32)
The time derivative in the anti-commutator
i) (ks (t) = —[HY + HE" + Hy + Heous; df dmpuarao](t)  (B.33)

The lead term
[Héead;nﬁakag] = —€kaoMplkao (B.34)

The quantum dot term

[H(?D; nﬂa'k:aa] = - (6mu - 6ln) Nalkao (B35)
The Coulomb term

[HCoul; nﬁakaa] = Z[nﬁnn; nﬁakaa] =0 (B'36)

eta

The tunnelling term

[HT; nﬁakaa] = - Z Vkaa,nnu’dn

! T T (B.37)
- Z (Vl'j,qﬂa’ dpqpe Okao + %ﬁ“'ﬂaqﬂa’aka"dﬁ)
qBa’

Using the decoupling and Hartree-Fock approximation in section 6.2.3 gives
the following equation of motion for B3

(w~— Gkaa)B;faa,u (w) = Z Viaon Clipm,n (W) + Vkamﬁaltaaakaz,v (B.38)
n

B.3 Identities used in time integration

The following identities is used in the calculation of the time integral in
section 4.2.

B B ~ (B.39)
=213 0(0) (VOT(0)) = (T(9)'
Y
5" = (0g,—0y,0,) =" (B.40)
(D:nlml,(w — zc)) = (Dfnunu(w + zc))t (B.41)
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(Dt —i0)) = ([ 2 exp itw —ie)t — ) (-0) (o, (D0
= [ S exp (it — i) (¢ — 1)) (=) (b (e ()

= (Drfumu(w + z'c))
(B.42)
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