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Abstract

On the low field side of magnetically confined fusion devices, field perpendicu-
lar transport is dominated by advective turbulent motion in the vicinity of the
last closed flux surface. Minimizing this turbulence is paramount in designing
profitable fusion reactors, and producing sustainable energy on a commercial
scale. This thesis investigates the transport properties and derived e [edts of
deuterium atoms and molecules in turbulent edge plasma. Detailed knowl-
edge about the behavior of neutrals in fusion plasma is necessary to assess
the e Lciehcy of fueling systems and understand recycling processes and their
influence on the plasma.

This work presents the development and implementation of the discrete
particle model PISAM (Plasma Interacting Super Atoms and Molecules)
and its coupling to the fluid model HESEL (Hot Edge SOL ELectrostatic),
designed to describe plasma edge turbulence at the outboard midplane of a
Tokamak. To account for the introduction of neutral source terms in HESEL,
the neutral augmented HESEL equations (nHESEL) are derived from first
concepts. As part of this derivation, several mistakes, regarding higher-order
terms, in their current formulation are corrected.

PISAM is the manifestation of an attempt to close the gap between phys-
ically inadequate but numerically tractable fluid models and precise but slow
kinetic Monte Carlo solvers. Numerical tractability is ensured by performing
justified approximations to reformulate the description of neutrals interacting
with a fusion plasma as an embarrassingly parallel problem. The implementa-
tion of PISAM is in close analogy with our understanding of gas as a collection
of free particles with short-range interactions. This simplicity combined with
the application of the most recent quantum mechanical data describing the
interactions between neutrals and plasma particles makes PISAM a reliable
alternative to current neutral models. The MPI parallel Python implementa-
tion of PISAM is coupled with a C++ implementation of HESEL using MPI.
An MPI coupling of python with C++ is in itself pioneering work and is shown
to yield excellent communication speed and reliable operation in simulations
conducted using the coupled PISAM-HESEL model on the HPC cluster Mar-
coni. The results of these simulations serve as a persuading verification of
PISAM’s ability to supply HESEL with source terms from inelastic plasma-
neutral interactions. The source terms provided by PISAM illuminate the
underlying mechanisms of transport phenomena mediated by neutrals with
great clarity. The measured influences of neutrals on the plasma field profiles
are found to be in great qualitative agreement with previous measurements
and detailed kinetic simulations.
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Introduction 1

1 Introduction

Due to economic growth and an increasing human population the demand
for electronic devices, household heat and electricity, non-local groceries, and
personal transport is rising, [1]. As a consequence, the demand for energy
is as well, [2]. Unfortunately, this development in itself seems inevitable. If
the heating of the globe is to be minimized, the energy needed to meet this
increased demand must be supplied by cheap sustainable energy sources. The
current sustainable energy sources all have drawbacks making them unt to
sustain a reliable power grid by themselves. The output of wind and solar
power is highly volatile to weather conditions meaning that energy conserva-
tion methods, far more e cient than those available today, are a necessity to
ensure the security of the power supply. Furthermore, the small asynchronous
turbines of windmills are unt to sustain a stable AC current in the power
grid, by current technologies, [3]. Fission energy overcomes these problems,
but leaves undesired radioactive waste, and generally meets public skepticism
due to previous accidents such as those of Chernobyl and Fukuyama, [4].
Certain characteristics of fusion power have elevated it to the status of the
ultimate sustainable energy source. The reasons for this optimism as well as
the current challenges are outlined in the following section.

1.1 Fusion Power

Fusion devices currently being designed and build produce energy through
deuterium(®H)-tritium( 3H) fusion

D+T! (3:5MeV)+ n(14:1MeV); (1.1)

where denotes a*He nucleus. This fusion reaction is targeted due to its
ease of initiation in comparison to other fusion reactions [5, 6].
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Limitations in Supporting Fuel Consumption of Fusion
Reactors

The fusion reaction of (1.1) immediately leads to a drawback of fusion power
regarding long-term sustainability. Tritium is unstable with a half-life of
1233 years, [7], resulting in very little tritium being present on earth. As a
consequence tritium is bred fronfLi, [8]

Li+n!  +T: (1.2)

The reserves of lithium on earth are limited, and the metal is already requested
by several industries. By current lithium extraction techniques, the timescale
on which the lithium need of fusion can be supplied is of the order of hun-
dreds of years [9]. However, at that time the technology of magnetic plasma
con nement might be mature enough for other fusion reactions to be ignited
in fusion reactors. Should we become able to master deuterium-deuterium fu-
sion, the abundance of deuterium in seawater would make fusion a practically
inexhaustible energy source.

Energy Balance of a Fusion Reactor

The general challenge in fusion research is to contain the energy of the plasma
to an extent where the energy loss at the con nement boundary is balanced
by the energy supply from fusion reactions. This section is concerned with the
mathematical formulation of this condition. As the ratio of neutron and -
particle masses id=4, the neutron of (1.1) carries4=5 of the released energy.
As neutrons are not charged, and thus una ected by the magnetic eld, they
escape the plasma and collide with the wall containing the fusion device. These
collisions produce the heat used for electricity creation. Surprising as it may
seem, most fusion research is more concerned with Bi8MeV alpha particles
than the more energetic neutrons directly used for power production. Fusion
plasma must be extremely hot for a su cient amount of fusion reactions to
occur, and thus inevitably lose heat to its colder surroundings. For ignition
to occur this heat loss must be balanced by the heating delivered by the
-particles. The -particle heat source is given by

E =E nDnTh DTVi; (13)

where pt is the cross section of the reaction (1.1); is the relative velocity
of colliding deuterium and tritium ions, and the bracketshi denote an average
over velocity space. The expressidmv i is generally referred to as the rate of
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the reaction with cross section . These concepts, as well as the derivation of
expressions like (1.3) are thoroughly accounted for in chapter 2 and 3. The
rate of deuterium-tritium fusion in a plasma with a Maxwellian velocity dis-
tribution is peaked at a temperature of70keV !, [6]. (1.3) can be somewhat
misconceiving as it seems that fusion power can be achieved by simply crank-
ing up the plasma density. In reality, however, increasing the density leads
to cooling of the plasma unless the energy density is equally increased. It is
thus instructive to rewrite (1.3) in terms of the pressure, better re ecting the
limitation of magnetically con ned fusion devices

1
E = % 2%; (1.4)

where the pressurg = 2nT, and n is the electron density. The ion species
are assumed to have equal densities, and the plasma is assumed quasi-neutral
such that np = nt = n=2. The rate of heat loss in a fusion reactor is usually
approximated by

_3p.

=50 (1.5)

where g represents the e-folding relaxation time of the plasma energy due to
loss of heat to the surroundings, usually excluding the unavoidable Bremsstrahlung
losses, [5], ,
Es = CTB%;
where Cg = 5:35 10° is a numerical constant. At the usual production
temperature and pressure of a fusion reactor, Bremsstrahlung losses are small
compared to other heat losses, [5].

In actual fusion devices, the plasma is heated externally e.g. in a Tokantak
a toroidal current, necessary to create a poloidal magnetic eld, gives rise to

(1.6)

ohmic heating. External heating shall however be neglected in the current
simple analysis of energy balance, thus describing the condition for what is
referred to as ignition within fusion research. The requirement of ignition can

be written

E = B + B (1.7)

LIn kinetic theory and fusion research it is customary to do the contraction Tkg !
T, where kg is the Boltzmann constant. This convention is adopted in this work, with
the immediate consequence that unless explicitly stated any temperaturd in this thesis
actually reads kg T, and has units of energy.

2The Tokamak is introduced in the next section
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Combining (1.4), (1.5), (1.6) and (1.7) yields the well known Lawson criterion
[10], [5] .

2P’ .
Ehprvi ST
The RHS of (1.8) has its minimum at around15keV, indicating that this
temperature sets the lowest demands for a fusion reactor in terms of the
Lawson parameterp g. As brie y mentioned, true ignition expressed by the
Lawson criterion is not obtainable in current devices as they are dependent on

Pe (1.8)

external heating to some extent. As a gure of merit for fusion reactors the
Q-factor, de ned as the ratio of output power to input power, is introduced.
This is approximated by [5] as

PE

Q=5(pE)I pE;

(1.9
where (p g), is the Lawson parameter required for ignition. (1.9) shows,
as expected, that the Q-factor diverges towards in nity when the Lawson
parameter goes towardg$p g), corresponding to non-assisted steady-state fu-
sion. (1.9) makes it clear that the goal of fusion research is to design fusion
reactors with a Lawson parameter as close as possible to that required for
ignition. This is attempted by the use of magnetic con nement devices. The
most widespread of these is known as a Tokamak, which is described in the
following section. In a later section, the e ects in uencing ¢ shall be dis-
cussed, as an understanding of these is clearly paramount in reactor design.
For now, | will note that a more sophisticated analysis of the energy balance
of a fusion reactor, including the temperature dependence af, reveals that

it can be operated in a stable equilibrium, [5] i.e. an increase in temperature
will give rise to a larger increase in heat loss than in fusion energy release,
and vice versa. The result is that runaway power creation, known to cause
meltdowns in ssion reactors, does not pose a safety risk to fusion reactors.

1.2 The Tokamak

This section presents the con nement device known as a Tokamak. The gen-
eral idea of magnetic con nement is introduced, and it is shown how the
demand for stable equilibria naturally leads to the Tokamak.

In chapter 2, the momentum equation of a uid is derived. At this point,
| shall simply state, that in a simpli ed case where the uid in question is
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non-viscous, shows no explicit collisional e ectsand is subject to a forceF
the equation of motion can be written

mn @+u rou= rp+F,; (1.10)

@t

where u is the uid velocity. In modern fusion reactors such as ITER, the
maximum pressure will be of the order of(PPa, [11], meaning that signi cant
pressure gradients towards the center of the device are inevitable. In dealing
with pressured gasses for everyday and industrial purposes thep-term of
(1.10) is usually counteracted by a solid container. This approach is futile in
containing a fusion plasma with a temperature of 20keV, as no material will
withstand such temperatures. Instead, containment is achieved by utilizing
the magnetic part of the Lorentz Force with the fact that plasma consists of
charged particles. Inserting the Lorentz forcenq(E + u  B) whereq s the
charge of the plasma patrticles, into (1.10) and taking the cross product with
the magnetic unit vector b yields

E 6+6rp+m6 @

5 nqB aB @t+u r u; (1.12)

u, =
The terms on the RHS are known as th& B -drift, the diamagnetic drift,
and the polarization drift, respectively. (1.11) reveals that in the simpli ed
case of a homogeneous uniform magnetic eld, the problematicp -term
has been reduced to a transverse diamagnetic current, advecting uid along
isobaric surfaces and thus causing no further trouble than partially canceling
the external magnetic eld*. This founding idea of magnetic con nement has,
however, introduced less fortunate drift terms. The problemati€ B -drift
causes bulk plasma motion across eld lines. In the ideal MHD ordering where
the E B -drift causes the only eld-perpendicular motion of the plasma, [5],
multiple eld geometries capable of producing an equilibrium exists. These
set the starting point of any reactor magnetic con nement device.

The most simple equilibrium geometry is an in nite cylinder where a
plasma can be held in equilibrium by what is referred to as apinch, since
the current producing the magnetic eld ows in the azimuthal direction.
For a nite cylinder, the nonuniform magnetic eld at the ends causes prob-
lems making the cylindrical eld geometry intractable. In order to achieve

3As we shall see it is not sensible to consider a uid without collisions, hence the notion
of explicit collisional e ects.

4In an inhomogeneous magnetic eld the diamagnetic drift gives rise to a charge depen-
dent drift causing stability issues, which shall be detailed later.
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Figure 1.1: The left gure shows the detailed cross-sectional geometry of a Toka-
mak, where theOutboard Midplane (exaggerated in size) is marked by thblack
box. The right gure shows a schematic illustration of a Tokamak. The gures are
available at [12] and [13] respectively.

equal properties over the full surface of the con ned plasma Poincare's hairy
ball theorem, [14] suggests that the geometry of the magnetic eld should be
toroidal. Bending a solenoid into a torus does, however, destroy the uniformity
and homogeneity of the magnetic eld. It can be shown, [5], that in toroidal
geometry, the -pinch gives rise to no equilibria. A Poloidal component of the
magnetic eld, as shown by the green arrows of 1.1, is a necessity. The means
of creating this poloidal eld separates the Tokamak, from the other toroidal
con nement device still being researched, the Stellarator, [15]. The Tokamak,
which shall be discussed here, achieves the poloidal component of the mag-
netic eld by inducing a toroidal current in the plasma, shown as the green
arrow in the toroidal direction in gure 1.1. Unfortunately, even by combining
toroidal and poloidal magnetic elds, it is not practically possible to produce

a fusion plasma con ned in static equilibrium. The inevitable motion of the
plasma gives rise to heat transport which is the subject of the next section.

1.3 Anomalous Transport

As evident from (1.9) the energy con nement time, , is a key aspect of a fusion
reactor. Calculating g is however tremendously complicated and it is usually
determined by empirical measurements, [16]. The total energy loss is partly
constituted by the classical losses of energy loss due to di usion and heat
conduction. These losses can be calculated from the transport coe cients.
Determining the transport coe cients is a complex task in itself, which is the
very goal of kinetic theory. For two- uid plasmas, approximations of these
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coe cients were rst presented by Braginskii in his celebrated article of 1965,
[17]. Calculating the energy loss from di usion and conduction by use of the
transport coe cients shows that they only account partly for the total energy
loss. The actual energy loss of a Tokamak is found to exceed that predicted by
di usion and conduction losses by a factor of order unity, [18 20]. This dis-
crepancy is due to multi-scale turbulence on the plasma edge producing a net
radial ux of particles and energy due to the advection [21]. The magnitude
of the radial advective energy caused by turbulence depends on the specic
device, but also on the speci c setup and experiment. In 1982 a regime of
high containment was discovered on the Tokamak ASDEX, [22]. This regime
of high containment was characterized by a decrease in edge turbulence and
heat transport making the reactor operate at an increased pressure with an
improved energy con nement time, which according to the former discussion
of energy balance is obviously very desirable. This operation mode is known
as H-mode, while a reactor not operating in this desired mode is said to be
in L-mode. The exact mechanisms of transport reduction in H-mode are still
not completely uncovered. There is however substantial evidence that edge
turbulence is decreased by a radially sheared poloidal ow at the plasma edge,
thus limiting transport [23 25]. A subject raising further unanswered ques-
tions is the physics governing transitions between L-mode and H-mode, which
remains one of the most actively researched areas in magnetically con ned
fusion programs across the world [26 29].

In this thesis, edge plasma at the outboard midplariés modeled using the
HESEL model [30], a successor of the ESEL model [31]. Speci cally, the in u-
ence of neutral gas on edge plasma dynamics is investigated. Before venturing
into the subject of plasma-neutral interactions, the relevant mechanism for
turbulence creation at the outboard midplane is introduced. This mechanism
is known as interchange dynamics, leading to the ballooning instability, [32],
and is the subject of the following section.

1.4 Interchange Dynamics

This section introduces the basic theory of interchange dynamics known to give
rise to a wide range of collective plasma phenomena in plasma con nement
experiments including global con nement loss, [33 36], and radial propagation
of localized blobs across the LCFS_ (st ClosedFlux Surface) and into the

5See gure 1.1
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SOL (Scrape O Layer) [37 40], the latter of which is the concern of this
thesis. To understand the origin of interchange dynamics, consider the single
uid momentum equation for a quasi-neutral plasma in a magnetic eldB

[41],
@u+r u u+r ~—= rp+J B; (1.12)
@t
whereu is the uid velocity, p is the scalar pressure,” is the viscous stress
tensor andJ is the current density’. In static equilibrium, the LHS of (1.12)
vanishes leaving

re=J B: (1.13)

By Amperes law the current density can be written ¢J = r B, which lets
one express the Lorentz force term of (1.12)

BZ
J B=—(r,nB+ ); (1.14)
0

thus de ning the magnetic curvature vector = (b r )b whereb is the
eld aligned unit vector. This leads to the de nitonr » = r BB r ).
Furthermore, the standard notationr Ins = =2, wheres is an arbitrary
scalar eld, is applied. (1.13) and (1.14) imply that in equilibrium, a con ned
plasma with a magnetic pressured 2= , that is large compared to the plasma
pressure,p, is subject to the condition

r -inB : (1.15)

This approximation amounts to neglecting the cancellation of the magnetic
eld by the diamagnetic current. Denoting @@tu +r uu+r ~ byf,
taking the curl of (1.12) and manipulating the resulting equation using (1.14)
one can derive the expression, [42],

B (r f 2 f)=B%B r % +2B rp; (1.16)
known as the Shear-Alfvén law. (1.16) is often referred to as the vorticity
equation as the LHS, describing the plasma response to the forces on the
RHS, is primarily constituted by the vorticity of the E B -drift, which dom-
inates plasma advection in most conditions relevant to magnetically con ned
plasma. The rst term on the RHS of (1.16) describes vorticity creation due
to parallel currents. This work focuses on turbulence creation due to perpen-
dicular dynamics, and so only the second term shall be discussed here.

6See appendix A for a de nition of these quantities
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Figure 1.2: Pressure gradient driven instability of a plasma in a nonuniform mag-
netic eld. This gure was originally printed in [41], and is reprinted here by cour-
tesy of Odd Erik Garcia.

Figure 1.2 serves to illustrate how the second term of (1.16) can lead to
instability. The grey part of the image shows a small section of magnetized
plasma. This plasma is subject to a perturbation, making the pressure in
this region larger than the neighboring regions along the vertical axis of the
gure. When pressure gradients have components perpendicular tg the last
term of (1.16) dictates that plasma must exhibit vorticity characterized by a
curl of velocity oriented along the magnetic axis. This vorticity is indicated
in gure 1.2 by the curved velocity arrows, causing advection in a direction
anti-parallel to . If the plasma advected into the grey area is characterized
by a larger pressure than the uid leaving it, the initial pressure perturbation
is increased and the process is self-enhancing i.e. unstable. Denoting the
equilibrium pressure bypeq, We thus conclude, thatif andr peq have parallel
componentsi.e. r pgq> 0, the plasma perturbation in gure 1.2 is unstable
while the opposite is true if r peg < 0. To understand the underlying
mechanism leading to the advective interchange motions, we shall step into
the particle picture. It is well known that r B and curvature drifts give rise
to charge dependent guiding center drifts perpendicular to the magnetic eld.
The current arising from these drifts is given by, [41],

Jszg b mB+b (1.17)

As indicated by (1.15) both terms contribute equally toJg. The drifts cause



Introduction 10

positive charges to move vertically downwards in gure 1.2 while negative
charges move up as indicated. This charge separation creates an electric eld
causing particles toE B -drift in a direction anti-parallel to

The analysis of interchange motion given above reveals three character-
istics of interchange dynamics important to the current work. Firstly, tur-
bulence creation through interchange dynamics is driven by the equilibrium
pressure gradient, which can be a ected in gas pu ng experiments. Secondly,
the orientation of the curvature vector relative to the equilibrium pressure
gradient determines the stability of interchange dynamics, resulting in the
outer edge of a Tokamak being unstable to these dynamics while the inside is
stable. The outside is said to exhibit unfavorable curvature while the curva-
ture on the inside is favorable. More specically r peqis maximized at the
outboard midplane, making this region most susceptible to interchange insta-
bility. A consequence is that the radial advection due to interchange motions
is poloidally asymmetric i.e. it is maximized at the outboard midplane and
decreases in the positive and negative poloidal directions. Thirdly the con-
siderations in terms of particle motion have revealed that B and curvature
drifts in conjunction with the E B -drift explain the mechanism behind in-
terchange dynamics. Given this mechanism, it is clear that no equilibria exist
for a plasma in a purely toroidal magnetic eld. This problem can however be
solved by adding a poloidal eld component. To understand the stabilizing
e ect of a poloidal eld component, consider a positively charged particle in
the lower half of a Tokamak. Ther B and curvature drift will make this
particle drift across magnetic eld lines with a velocity whose radial compo-
nent is positive. The opposite will be true if the same patrticle is in the upper
half of the Tokamak. Adding a poloidal component to the magnetic eld will
thus help to cancel the e ect ofr B and curvature drifts as a charged particle
moves along magnetic eld lines. In the vicinity of the LCFS the poloidal
component of the magnetic eld is relatively small compared to the toroidal
component suppressing the cancellation of the polarization current causing
the interchange instability. Outside the LCFS the magnetic eld lines do
not close on themselves but interfere with divertors, completely diminishing
the stabilization of interchange dynamics. At the outboard midplane where
the interchange instability is most signi cant this gives rise to large blobs of
plasma escaping into the SOL, a phenomenon known as ballooning.



Introduction 11

1.5 Neutrals and Plasmas

Several internal sources of neutral particles exist in a fusion reactor. Outside
the LCFS temperatures can be su ciently low for neutral atoms to be created
by recombination. More importantly, turbulent transport advects plasma ra-
dially across the LCFS. The majority of this uncon ned plasma will move
along the magnetic eld lines until impacting on a divertor where recycling
creates neutral particles. The neutral source due to recombination is generally
small compared to that of divertor recycling implying that the neutral densi-
ties of these naturally occurring sources are largest in the divertor regiohs
and thus expected to be small at the outboard midplane. The focus of this
thesis is thus neutrals supplied from external sources, which is common for
fueling and imaging purposes.

The plasma of a fusion reactor in production is gradually contaminated
by helium from fusion processes and impurities entering from plasma-wall
interactions. To accomplish steady-state fusion the plasma must be able to
exhaust these impurities, and new fuel has to be supplied. Fueling can be
achieved by multiple methods, the simplest of which is gas pu ng, where
cold gas is injected into the reactor chamber and ionized by the plasma. For
fueling to be successful, ionization has to take place within the LCFS. One of
the applications of the current work is to analyze the ability of gas pu ng to
supply the con ned plasma with new fuel. To ensure the required penetration
depth the alternative methods ofsuper-sonic molecular beam injectign[43],
and high speed frozen fuel pelletfi4], have been designed.

Neutrals can also be added to the plasma for diagnostic purposes. The
image contrast is created from the excitement and decay of neutrals causing
emission of radiation [45]. Furthermore, high energy neutral beams are used
as a common method for plasma heating. The use of this method gave rise to
the rst discovery of H-mode [22, 46]. Finally, neutral gas can be used to cool
the plasma outside the LCFS to protect the material surfaces. The neutral
model presented in this work is, in principle, capable of simulating all of these
phenomena.

From the brief revision on anomalous transport given above it is clear
that an understanding of turbulent transport at the plasma edge is of great
importance in designing future fusion reactors. The focus of this thesis is to
investigate how the injection of neutral gas at the outboard midplane a ects
edge dynamics, along with the ability of the neutral particles to penetrate

"The ends of the red line on the left of gure 1.1.
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beyond the last closed ux surface, thus fueling the plasma. These e orts
are motivated by experimental ndings, [47], suggesting that gas pu ng with
molecular deuterium reduces the pressure gradient in the edge region, which
could a ect the radial ux due to advection caused by interchange dynamics.
Furthermore, gas pu ng is believed to be able to cause a transition from H-
mode to L-mode [48 50], an event that must be avoided when fueling modern
reactors.

1.6 Modeling Neutrals

Modeling of neutrals has been part of fusion research for decades and has been
approached with uid as well as kinetic models. Several applications coupling
uid models to edge turbulence models have already been published e.g. the
coupling of a 2D uid neutral model with HESEL, [51, 52], which is closely
related to this work. However, due to the long mean free path of neutrals in
the plasma edge region, [53], a uid description of neutrals is not strictly valid.
For this reason, most neutral models are based on kinetic approaches. These
often seek to solve the Boltzmann equatidrby Monte Carlo methods. A well-
known result of such an approach is the EIRENE model [54]. Originally the
neutral models were used to model the behavior of neutrals, without letting the
neutrals in uence the plasma dynamics. Later on, they were self-consistently
coupled to plasma dynamics as in [55]. Attempts to couple EIRENE and
similar kinetic neutral codes to plasma edge turbulence codes have been found
to lead to excessive computational costs, [56]. In the last decade, however,
several successful attempts in coupling kinetic neutral codes with plasma edge
turbulence codes have been published [57 60]. A common characteristic of
these is that they, unlike the present work, only include a single mono-atomic
neutral species.

As an alternative kinetic method for neutral modeling, this work uses
a DSMC(Direct Simulation M onte Carlo)-like simulation scheme [61]. In
DSMC models a system of physical particles is modeled by a statistically
representativé number of super-particles, each representing a large number
of physical particles. In each time step, the particle motions are calculated
deterministically, while the collisions are treated statistically. The current
model deviates from usual DSMC calculations as it neglects elastic collisions

8To be introduced in chapter 2 and chapter 3.
9The understanding of representative in the current context is detailed in chapter 7.



Introduction 13

between neutrals. This might seem strange but is not uncommon even in
highly sophisticated modeling of neutrals in edge plasma [60]. The result of
neglecting collisions between neutrals is that the problem can be expressed as
embarrassingly parallel i.e. it can be divided into arbitrarily many sub-tasks
without the need to communicate and without loss of generality. This fact
alone makes DSMC a highly interesting alternative to the usual kinetic meth-
ods whose parallelism is limited by the grid dimensions and relies on extensive
communication between the subdomains. Another advantage of DSCM is its
close analogy with our perception of the physical system it describes, as a
neutral gas is a large number of particles moving in straight lines between
collisions characterized by a small spatial and temporal extent. This direct
coupling makes the implementation of complicated chemical reactions and in-
terpretation of the produced results easier and more intuitive than is the case
for comparable Monte Carlo solvers. As the model presented in this thesis
tracks super-atoms and -molecules that only interact with the plasma and not
with each other, it shall be named PISAM Plasmal nteracting Super Atoms
and M olecules).
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2 Plasma Fluid Theory

This chapter introduces the Boltzmann equation and derives the transport
equations of the de ning properties of a plasma subject to electric and mag-
netic elds, including elastic as well as inelastic collisions. This chapter thus
presents the rst step in the derivation of the nHESEL equations. The reader
that is not well acquainted with the notion of the phase space distribution
function, f, and the de nitions of density, n, uid velocity, u, temperature
T, scalar pressurep and the viscous stress tensaor, in the context of kinetic
theory should consult appendix A. In the following the velocity of a particle
in a common reference frames, is denotedv while the random velocity shall
be denedw = v u, whereu is also expressed with respect t8.

2.1 The Boltzmann Equation

The development of the phase space distribution function is given through
phase space conservation as expressed by Louville's theorem, [62],

%t+v r 7+ a rvf~:%t+v rf~+% r ,f=0: (2.1)
Where f~ denotes the microscopic phase space distribution function, ars
denotes accelerations on all length scales, including those of collisions. The
apparent simplicity of (2.1) is misleading due to the fact that it describes
the evolution of the microscopic phase space distribution which is essentially
a sum of Dirac delta functions [63]. Furthermore, the magnetic and electric
elds going into the force term, if (2.1) is applied to describe a plasma, will be
spiky as it includes the rapidly uctuating micro elds that arise when charged
particles come very close to each other [17]. Solving (2.1) thus amounts to
solving the electromagnetic many-body problem, a completely hopeless task.
Instead f~shall be replaced byf which represents a smoothed density function
over a volume containing a large number of particles. Likewis&; shall be
replaced by the macroscopic forcé representing the force averaged over a
large number of particles and thus not including the rapidly uctuating forces
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arising due to collisions between these patrticles. To account for any processes
with spatial and temporal scales too short to be resolved lyand F a collision
operator Cis introduced, yielding what is known as the Boltzmann equation

Qf+vrf+%rvf:C:E+l; (2.2)

@t

where the last equality indicates a division of the collision operator into contri-

butions from elastic and inelastic collisions respectively. The following chapter
is devoted to the theory of binary collisions and will introduce the collision op-

erators in detail. For now, note that the collision operator includes collisions
with all species in the uid, including the species itself.

2.2 Transport equations

Multiplying the Boltzmann equation, (2.2), by a physical quantity and
integrating over velocity space, one can derive the spatial transport equation
for the macroscopic quantityh i, whereh i denotes an average over velocity
space. Rather than deriving a transport equation for the most general case
= (r;v;t), we shall simplify the task by assuming that = (v) i.e. it
is a function of velocity only. The reason for such a simpli cation is that the
macroscopic variables in which we want to express our uid equations, u,
and T*%re all moments of velocity. By the use of (A.3), and utilizing that
since integrating runs over the full velocity space the integration limits are
independent oft and r, the rst two terms of the transport equation become
Z Z

@f, @hi ef @ty |
@tdv = et and v,@irdv = ~ar (2.3)

where Einstein notation for dummy indices has been employed in the latter,
which will be assumed for the rest of this thesis. To rewrite the third term, it
is assumed thatf falls o rapidly with jvj!1 , which is certainly the case
for a Maxwellian distribution. Moreover, assume that= is divergence-free in
velocity space i.e.r , F = 0, which is notably true for the Lorentz force,
and obviously true for any force not depending on velocity. The third term is
now readily evaluated:

0These will simply be referred to asthe macroscopic variables
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z 1 Z 1 Z
— F rvfdv=ﬁ rv (f F)dv -~ fr, Fdv
1 Z
—  f Fd 2.4
= r v (2.4)
I
1 n_@. n_@..
= f F ds EHZ'@.VI_ EH:'@,VI'
The collisional terms shall be denoted
Z
(E+ 1)dv=E+10); (2.5)
and the transport equation for = (v) can thus be written

@Cgtl + @'@‘D’:r ' %hci%/i =EO + 10 (2.6)
The uid equations are now obtained by setting equal to 1, mv and %mv2
respectively. It is worth noting from (2.6), that the time evolution ofnh i de-
pends on the higher order velocity moment throughv; i, such that no closed
set of equations can be formed from (2.6) without further approximation. This
generally indicates that the uid description is somewhat too reductionistic

to express the dynamics of uid systems such as liquids, gases, and plasmas,

in accordance with the Boltzmann equation.

Moments of velocity

We shall now derive the transport equations for the relevant moments of
velocity, corresponding to the summational invariants of elastic collisions. For
clarity the species subscripts shall be introduced, and the meaning of the
collisional contributions shall be speci ed through

() X () () X )
s = E and g’ = I (2.7)

ss0 ss0
s0 s0

The Continuity Equation

Setting =1 in (2.6) yields

@g, @uuis _ @9 Ui's@"' n% - .
@t Q@r @t T Or @r s

where it has been utilized that elastic collisions do not contribute to the conti-
nuity equation due to particle conservation. (2.8) can be written equivalently

(2.8)
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in vector form as

@p @ dsn

——+r (nsUg) = @t+ Us T Mgt Us= —m+nsl U us= 19 (2.9)

@t
where the advective derivativel: = 2+ us r has been introduced. Index
notation and vector notation shall be used interchangeably depending on the

context.

The Momentum Equation

Inserting = mv in (2.6) and considering only the i'th component of the
resulting equation yields

nt hv; vii V.
G Mg g = ER 1 @10)
Now impose

MsNs @y

wherep denotes the pressure tensor and it was used that;i = 0 per de ni-
tion, to obtain

@\ @ @ @
msnsﬁui + mSUi;S @g‘]t m ujS U, ‘S @J? + m nSU|S @};:_S
(2.12)
@Us @Us (mv) (mv)
+ MgNsU; NshFiis = Eig "+ lig
stisHs @Jr @Jr s~

Multiplying the continuity equation, (2.8) by u;sms and subtracting it from
(2.12) gives the i'th component of the momentum equation in its usual form

@ @ @ij;s

@t Yis @r @r Uis + nshFiis = E(mV') + 1 (mv, Mus | @
J

@r "
(2.13)
Finally inserting the Lorentz force and employing the de nition of the pressure
tensor given in (A.10) the vector form of the momentum equation can be
written

MsNg

dsu _
MsNs dts+r Ps+r s nNsk(E+us B)Y=EM+ 1M mgug®:

(2.14)
EI denotes the friction force exerted on speciesby elastic collisions with
other species. Note that collisions with speciesitself do contribute to this
term due to momentum conservation in elastic collisions i.&€QlY = 0, mean-
ing that single species uid equations only considering elastic collisions become
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particularly simple, due to the fact that the uid equations are expressed in
terms of summational invariants of elastic collisionsL" is the rate of change
of momentum density due to inelastic collisions, anthsusl ", coming from
the continuity equation, accounts for the fact that the mean velocity is depen-
dent on the number density throughl=ns. To emphasize this point consider
the following decomposition offsis

Z
dsu ds 1
msnS% = msnsd—in—s vfsdv
yd yd
d 1dsn
=ms e vl + msnsn—gf vfsdv (2.15)
dsnsmsus dsns
= _ m -
dt sUs 74t

The change in momentum density due to inelastic collisions is given lb)?“")
while the change in particle density due to inelastic collision is given b)él).
Inserting these into the far right hand side of (2.15) fordssMsus angd s
respectively, reproduces the last two terms of (2.14). From these terms, one
might also notice that, as expected, adding particles moving with uid velocity

does not change the uid velocity.

The Energy Equation

Setting = Zmgv?in (2.6) one nds

2 @ 2 ° @r 2 '@y
The relevant expectation values are readily evaluated using théatv;i = 0, and
the de nitions (A.9) and (A.5):

}ms@gh‘/zis + 1m @@h‘/ivzis Ng @%isz E(%mvz) + I(%mvz): (2.16)

. 3Ps
hv2is = ui+
T mgng
viv2is = Nuis + Wi)(UZ + W2+ 2Ujs W, )i s (2.17)
3ps ., 20, Pj;
_ 2 S S ;S
= UpsUg + Ups—— + +2U;,
BT TP meng - mgng TP mgng
where the heat ux vectorq is given by
1 .
g = —mnhww-i; (2.18)

2

such that the rate of ow of thermal energy across a unit area of a surface
which moves with uid velocity u = v w, and has normal unit vectorrt is
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given asft q. Inserting the expression of (2.17) and (2.18) in (2.16) yields
the energy equation of species

@1 , @1
@tz @ir2

3 =
2
MsNsUjsUg + SUisPs + Gis + Ujs Pijis

2 3
MsNsUs + 5Ps >

2
= nghFviis + Eé%mvz) + Ié%mvz):

(2.19)
It is practical to write an equation expressing only the change of thermal
energy, rather than the change of total energy. Furthermore, we will express
this change through the advective derivative as is the case for the other uid
equations. This is achieved by multiplying the continuity equation (2.8) by
%msug, taking the dot product of the momentum equation (2.14) withus,
which amounts to multiplying (2.13) by u;, and subtracting the two resulting
equations from the energy equation, (2.19). Moreover, the Lorentz force is
inserted, such that the force term simpli es tonshviFiis = gnsuisE;. After a
bit of tensor algebra one nds

@, ,6 @3 .5 @, — @i, @

et "ar "™ er T *er” er

1 1 1
= E&F™ 41 ™) Ui;sEi(;;nV) Ui;s|i(;2m/) + Zmgu?l &;

(2.20)
which is equivalently written in vector notation as
3dsps . 5 _
ééf*épsr Ust sil Us*+ T Qs
(2.21)
1 1 1
=™ ug EM 4 12™ 1M+ Smsugl:

Note how energy conservation is ensured through subtraction of the energy
change due to the change in uid velocityus. The implication is, that adding

a particle with velocity v to a species,s such that v has an anti-parallel
component tou s will result in a transfer from macroscopic translational energy
to heat. It is also worth noting from the last three terms of (2.21), that
adding particles moving with uid velocity does not alter the pressure. This is
expected since pressure depends on the random velocity, which is per de nition
zero for a particle moving with the uid velocity. So far the collision operators
have only been introduced as abstract mathematical entities. The following
chapter quanti es these operators.
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3 Collision Theory

To advance from the transport equations derived in the previous chapter to
a self-consistent uid model applicable in the description of edge turbulence
in toroidal magnetized plasmas, an understanding of the e ect of binary col-
lisions in uids is needed. Furthermore, the PISAM model relies heavily on
collision theory to calculate the rate of plasma-neutral reactions. This chap-
ter is devoted to rst concept derivations presenting formulas, geometries, and
assumptions speci ¢ to PISAM as well as the presentation of the Boltzmann
collision operator and its e ect on uid equilibria. The latter is a vital part
of the uid closure presented in the following chapter. T

This chapter is structured such that the mathematically simplest collisions
between neutral particles and electrons are presented rst, after which the
assumptions are gradually relaxed, toward the description of collisions between
particles of species modeled as uids.

3.1 Collision Rate of a Single Particle
Interacting with a Fluid

Let p be a particle of species 1 moving towards a target with relative velocity
g. The target occupies an area, A, in the plane normal tg and has thickness
dx. The Target consists of particles of species 2 with density Let the cross
section 1, be de ned such that the probability, P, for particle p to undergo
a collision as it moves through the target, is given as the ratio of the sum of
the cross sections in the target with the total size of the target, such that

_ An 15(g)dx

5}
A

= n p(g)dx: (3.1)

We now proceed to derive the expression for the reaction rate of a particle
moving through space occupied by species 2, distributed with respect to the
phase space distribution functiorf »(r; v;t).

Consider the particlep moving with velocity v, with respect to some inertial
frameS. Let the phase space distribution function of species 2 be de ned with
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respect to the same framé&. Consider collisions op with particles of species
2 moving with velocity v,, such that g;, = v;  Vv,. Let a cylinder, C, be
de ned by the cross sectional areai»(g) and heightjg;,dtj = gdt, such that

it has volume Ve = 1,0dt. Following Chapman and Cowling [64] a collision
between the particlep and a particle of species 2 of the speci c type where the
former has velocityv; and the latter has a velocity within the range o, of v,

1 will occur within the short time spant; dt if the cylinder, C, is occupied by
a particle of species 2 withv,, dv, at time t. We shall neglect the probability
that any such cylinder is occupied by multiple particles of species 2, such that
only binary collisions are considered. According to the de nition of the phase
space given in appendix A the probability of the speci ed occupation of C is

Pc(rivivat) = Vefo(r;ve t)dve = 12(9)gfa(r; vo; t)dvedt: (3.2)
Dividing by dt and integrating over all velocitiesv, yields
Z
(r;vyt) = 12(9)gfa(r ;va; t)dva = nzh 1o0is; (3.3)

which is the number of collisions per unit time, for a collision with cross section
12, between a patrticlep with velocity v, and a species 2 distributed by ,
at positionr attime t.  shall be referred to as the collision frequency while
hgi shall be referred to as the collision rate or reaction rate. In consistency
with the drift ordering presented in chapter 4 it shall be assumed that the
thermal velocity of the plasma particles is signi cantly larger than the uid
velocity such thatv, = u, + w,  w,. In accordance with the Chapman
Enskog closure scheme, it is further assumed that the phase space distribution
function of the plasma species is approximately Maxwellian. The justi cation
of this assumption is rigorously accounted for in the current and the following
chapter.

Electron-Neutral Collisions

In PISAM a certain set of plasma-neutral interactions are considered. This
set is presented in chapter 5. The collisions of this set can be divided into two
subcategories of electron-neutral and ion-neutral collisions. At the relevant
conditions, neutral energies are less than or similar to electron energies making
the velocity ratio in electron-neutral collisionsr, & P m;=m, & 60. In these
collisions it is thus assumed that the relative velocity is equal to the electron

1For brewity particles of speciess that has a velocity within the range dvs of v, will
simply be termed "A particle of species s withvg, dvs".
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velocity, i.e. vier  We. With these assumptions, the collision frequency of
(3.3) can be written

2 me MeW?2

ne(r;t) = nchw ei = ng — exp - (We)widwe; (3.4)
e

where the Maxwell Boltzmann distribution has been inserted, and the sym-
metry of the integrand, provided by the assumptiorgy  we, has been utilized
in the integration over the solid angle. The spherical symmetry of (3.4) means
that no net transfer of momentum between electrons and neutrals occurs when
averaging over many electron-neutral collisions, meaning that all energy ex-
changed between electrons and neutrals is in the form of heat. This symmetry
vastly simpli es the task of making a momentum- and energy-conserving cou-
pling of PISAM with a plasma uid model.

lon-Neutral Collisions

In ion-neutral collisions, the particles going into the collisions have comparable
mass. Furthermore, if a neutral particle is a product of a charge exchange
reaction it will have an energy similar to the ion energies. In conclusion,
the velocity of colliding ions and neutrals can be similar, thus breaking the
spherical symmetry leading to (3.4).

To see the consequences of this symmetry break, consider a particieoving
with velocity v, and an ioni moving with velocity w;, where the use ofw
indicates neglection of the uid velocity. Let the velocity of the neutral particle

in the lab frame be de ned through the componentsy, vy, v,. In spherical
coordinates the orientation of the velocity vector is expressed by=tan 1 "—y

V,
and =cos 'Y=, A sketch of the situation is shown in gure 3.1. De ne the

vt
neutral frame, which shall be denoted with primes, through rotations of the
lab frame according to the angles and , such that the neutral velocity in the
neutral frame isvyo = 0, vyo = 0, v,0 = Vv,,. Speci cally, the neutral frame is
obtained from rotating the lab frame by the angle around the z-axis followed
by a rotation of angle around the y-axis. The rotation of the coordinate axes

around the y-axis andz-axis are de ned by the linear transformations

0 1 0 _ 1
cos O sin cos sin 0

Ry( )= %) 0 1 0 X and R,()= %) sin cos O (3.5)
sin 0O cos 0 0 1

respectively, where is an angle. The transformation between the basis vec-
tors of the lab frame and the neutral frame is written

r°= Ry()R,( ) and r=R,( )Ry( )b (3.6)



Collision Theory 23

Figure 3.1: The lab frame is shown as the unprimed coordinate axes, while the
neutral frame is denoted by primes. The angle® is the polar angle ofw; in the
neutral frame. As the cross section only depends on the relative speed, and the
ion velocity distribution is assumed spherically symmetric all random ion velocities
connecting a point on each of the black circles through Origo will contribute equally
to the reaction rate.

wherer is an arbitrary vector expressed in the basis of the lab frame and
is the same vector expressed in the basis of the neutral frame.
By the de nition of the neutral frame

v2=v,z% and wP’= sin( 9cos( 9x°+sin( Ysin( Yy°+cos( 92° wi:
(3.7)
In this frame the relative velocity is
sin( 9 cos( Yw;
g°=v? wl= ED sin( 9 sin( ()Wig; (3.8)
Vn  cos( 9w,
yielding an expression for the relative speed
owi; 9% = vi+w? 2v,w cos(9: (3.9)

The independence of %in (3.9) indicates that in the neutral frame, neutral-
ion collisions are axially symmetric, as illustrated by the black circles of gure
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3.1. Inserting the Maxwell-Boltzmann distribution in (3.3) and integrating
over %which is trivial due to axis symmetry, yields

322 W2
hgi = 191: m exp i W (g gwsin( ddw;d ¢ (3.10)
2 T 2T;

This expression shall be applied to sample the velocities of ions going into
charge exchange reactions. The sampled velocities are expressed in the neutral
frame but can be transformed to the lab frame by use of (3.5) and (3.6). By
this method, PISAM ensures momentum and energy conservation in each and
every vertex of ion-neutral collisions. The implementational details of this
approach are covered in chapter 5.

Since reaction rates are historically provided fofH it is advantageous to
be able to scale a given rate accordingly when modeling heavier isotopes. this

scaling can be obtained by applying the substitutions

r r___
% and w; = 2 (3.11)

n m;

in (3.10). For a simple plasma with only one ion species, we can further
assumem, = m; = m, and the rate of (3.10) can thus be written as

"o g =7 E
i= £ = =i . i d ©
hgi = T exp T (9)G(E;; En)sin( 9dEid ¢ (3.12)
Where q o
G(Ei;E,)= Ei(En+E 2 EnEijcos9: (3.13)

It thus becomes clear that for simple plasmas the mass dependency of the rates
of ion-neutral collisions scales asm 72, and they are thus easily adjusted.

3.2 Elastic Binary Collisions in Fluids

To account for elastic binary collisions in uids the considerations leading to
(3.3) must be generalized. This generalization leads to the Boltzmann collision
operator

Z Z z, q

Eio(r;vy;t)=  dvp,  sin d d — o(f¥2 fify); (3.14)
0 0 d 12
describing the rate of change of the phase space density of spetig®r unit
phase space volume per unit time at; v,;t, due to elastic collisions. In (3.14)
is the scattering angle, is the azimuthal angle de ning the plane in which

the motion of the colliding particles is con ned, g is the magnitude of the rela-

d

tive velocity, and - ,, is the di erential cross section. The un-primed phase
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space distribution functions are evaluated av; and v, respectively while the
primed phase space distribution functions are evaluated at the velocities of
the corresponding inverse encounter. For an exact introduction to these terms
and quantities, and a derivation of the Boltzmann Collision operator presented
with rare clarity, see appendix B.

The current section shall apply the Boltzmann collision operator to inves-
tigate the steady state of a mixture of uids dominated by elastic collisions.
This analysis reveals how elastic collisions relax the phase space density func-
tions towards a common Maxwellian. This result has already been applied
repeatedly and will serve as the very foundation of the uid closure used in
the next chapter. Understanding the conditions of applicability of this closure
is necessary to substantiate the assertion that a uid description of neutrals
in the SOL is inadequate. Furthermore, the rate of relaxation towards the
Maxwellian state will be used at the end of this chapter to estimate the e ect
of neglecting neutral-neutral collisions in PISAM. With this motivation, a gen-
eralized proof, including multiple uid species, of the relaxation of the phase
space density functions of collisional uids towards a common Maxwellian is
presented in the following section.

Steady State of a Fluid

The derivation presented in this section has found inspiration from several
authors [64], [65], [66], but has been generalized from only treating one species
to include an arbitrary number of species.

Consider a uid system consisting of the species2 f 1; 2;:::; ng subject to
no external forces. Assume that the state of the system is uniform such that
f; is independent ofr. The Boltzmann equation for species becomes

@f _ X
—_= i 315
@ (3.15)
Where i and ] are species indices. Boltzmann, and many others after him
[64], [66], have introduced the function

X Z
H = filnfidvi: (316)
The time derivative of H is
Z Z
X X X
%;IZ (1+Infi)%tdvi = A+Inf;) | Ei dvi: (3.17)

i i

Inserting the Boltzmann collision operator yields
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@H_X X  @H

= = = = 3.18
@ , @, (549
x x 2 'z zZ z, 4 Z
dvi dv; sin d d — (A+Inf)gfF° fif)):
i j 0 0 d ij .
(3.19)

The strategy is to rewrite (3.20), to prove thatH is a monotonic decreasing
function. At rst, a simpli cation of the terms where i = j shall be sought
using various index transformations. In this case, a notation distinguishing the
two particles of species, going into a collision must be introduced. Following
the convention of [64] this shall be accomplished by writing one of the velocities
without a species subscript, such that € . reads
z Z Z zZ, Z
%;I ” = dv dv; i sin d ) d 3— " (A+Inf)g(fX° ff):
(3.20)

The terms of (3.20) representing collisions of particles both belonging to
speciesi can be rewritten utilizing that v and v; can be interchanged since
they are both "dummy" variables with the same integration bounds and are
thus treated symmetrically in the integral. After performing this swapping

@H  can be written

@t i
Z Z Z Z Z
@H . 2 d
= = dv dv sin d d — 1+Inf)g(f%° ff.):
at - . d . ( le[(iuiF i)

(3.21)
Another way of rewriting (3.20) is obtained utilizing the symmetry of direct
and inverse collisions. By arguments similar to those leading to (B.7) it can
be shown thatv; and v; can be replaced by? and vjO and vice versa such that

ah . reads
Z z z z Z
@H : 2 d
—— = dv dv; sind d — 1+Infig(fif £X9:
@t ' | 0 0 d ; ( I%g( 1 | (b
(3.22)
Swapping the dummy indices of (3.22) yields
Z Z Z Z Z
@H _ 2 d
—~— = dv dv; sind d — 1+Inf9g(ff; f%9:
(3.23)
Adding (3.20), (3.21), (3.22) and (3.23), %j . can be put in the form
Z z Z Z z
@H _1 R ? d ff | 0 1.
2 @t 2 dv  dv; ) sin d i d a In £ g(f ¥° ff):

(3.24)
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The "cross terms" of (3.20), i.e. the terms wheré 6 j, can be combined in
the pairs (i;j ) and (j;i) to yield

@+ , @H

o -,- @ j. = (3.25)
Z z 'z Z, g Z
dv; de sin d d d_ 2+In(fifj) g(inij fifj);
0 0 i
were the symmetry of binary collisions was used to imposé- i = & i
Switching primed and unprimed velocities of this expression yields
@H , eH | (3.26)
@t _@t,
2 z z z, gy Z
dvi dv; sin d d — 2+In £%° o(fif;  £5):
0 0 i
Adding (3.25) and (3.26) yields
@, _@t,
12 z 'z Z, g 2 44
= . . i halll b 0 £ )
5 dv; dy; i sin d i d il In Fg 0 g(f X2 fif)):

1

To directly apply this result rewrite the sum of (3.19)
n #
X X X X
@ L
L i @ty ety 2

Combining (3.24), (3.27), and (3.28),%':' can nally be written as

x x 4, Z Z Z

(1 é ij) dv; de sin d (329)
0

Z2 S

d
d — In =L g(f%° fif):
0 d j fiq:jo g( il i J)

@H_
ot

NI -

i

This is a neat way of formulating %j, but once again caution must be shown
when interpreting the terms wherd = j . In this case, the instances df;f; and
f % 0 should be readf;(r;v;;t)f;(r;v;t) and f;(r;v%t)fi(r;v%t) respectively
i.e. distinguishing the two particles coming into and the particles going out
of the collision.

The reward of all this work is that (3.29) reveals that regardless of the

sign of (f iofjo fif;) the integrand of (3.29) will always be negative, indicating
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that H is a monotonic decreasing function. Moreover, it can be shown that
H is bounded from below [64], meaning that the system must tend to some
equilibrium of %j = 0 if a ected only by elastic collisions. %j = 0 is obviously
satis ed exactly when

fif; = £%°) In(f)+In(f;) In(f) Inf° =o0: (3.30)

Before moving on to determinef; notice what this equation actually states;
In equilibrium, each pair of direct and inverse collisions of any two species
of particles are exactly balanced. This absolutely breathtaking result is an
example ofdetailed balancingrecognized as a general principle of statistical
mechanics. (3.30) shows that for two particles of any two species, the quan-
tity In(fi(v;)) +In( fj(v;)) is conserved during binary collisions for a system
in equilibrium i.e. %*t' = 0. Such summational invariants must be linear com-
binations of the fundamental invariants of particle number, momentum and
energy [64], [66], such thaln(f;) is of the form

nf, (V)= @+ @ my+ fz)%mivz; (3.31)

where i(k) for k = 0; 1; 2 are constants. Inserting the form ofnf from (3.31)

in (3.30) it is easily shown that for energy and momentum to be conserved
M and @, must be equal for all speciesie. ¥ = ®and @ = @,
Rewriting (3.31) and solving forf; yields
) @l o
fi=Ina"” exp Emiw (3.32)

Where Ina® is a new constant, andw®= v % is a convenient abbrevi-
ation. The constantsa®, @ and @, are determined by demanding that
f; corresponds with the de nitions of density, uid velocity, and temperature,

given by (A.2) and (A.4) and repeated here for convenience,
Z Z Z

- fdv U= X vfdy: T=M 2 gy
ny= fidv;; u.—rli vifidv;; T'_Sn (v u)fdv: (3.33)

This system of ve scalar equations is solved to determinei(o), @, and w®

in terms of the macE?scopic variables. Inserting these expressions in (3.32)
and demanding that f;dv; = n; yields

m; 322 mi(v  u)?

fi(v) = n 5T

(3.34)

Which is recognized as the Maxwellian velocity distribution. Notice that in
equilibrium all species move with the same uid velocity and have the same
temperature.
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Relaxation time

Plasma species:

As shown above, all species in a composite uid tend to a Maxwellian of
common temperature and uid velocity. The time for a distribution function
to reach a near Maxwellian state is termed the relaxation time. For a single
gas of species the relaxation time is of the order of the collision time, [17].
The collision time can be approximated by the expression

1
ss= P=—"; (3.35)
2nS SSVS
provided by [66]. Herev is the average particle speed which can be approx-
imated by the thermal velocity v.s / % = Assuming that T, and T; are
similar, the ratio of relaxation times for ions and electrons can be approxi-

mated by
1=2

LU (3.36)

ee me
showing that the electrons are driven signi cantly faster towards a Maxwellian
due to self-collisions than is the case for the ions. The relaxation time for con-
vergence towards a common equilibrium can be approximated by considering
the energy exchange rate in binary collisions of particles with a large mass
ratio. The energy transfer rate is suppressed by approximateljn.=m; as
compared to the transfer of energy in collisions between particles of equal
mass [17]. Since the collision timee is of the order of ¢, (due to the relative

velocity being of the same order) we nd the relations

1=2
Me Me
ee ii - e

- — (3.37)

lons and electrons thus reach species-internal equilibrium a lot faster than
they reach a common equilibrium. It is thus not uncommon to have electrons
and ions at di erent temperatures, both well approximated by Maxwellian
velocity distributions. This is one of the main reasons for modeling plasma as
two individual interacting uids as it is done in HESEL and countless other
plasma models.

Relaxation of Neutrals

PISAM injects neutrals into the chamber of a Tokamak which, close to the
wall, is under vacuum-like conditions. Currently, PISAM does not include



Collision Theory 30

neutral-neutral collisions meaning that as the particles enter the reaction
chamber they move along straight lines until plasma density becomes large
enough for interactions to be plausible. The neutrals enter the system with
a Maxwellian velocity distribution, but the fast particles quickly escape the
injection zone, while the slow particles build up around the injection point,
resulting in skewed Maxwellian distributions. To assess whether this devi-
ation from a Maxwellian represents physical reality or is a shortcoming of
the model, consider the collision time of neutral-neutral collisions between
hydrogen molecules. The cross section of elastic collisions between hydrogen
molecules is approximatelys 10 8m? at relevant temperatures, [67]. Little

is currently known about the plasma density close to the wall of toroidal con-
tainment devices. Previous theoretical, [68] and experimental, [69], ndings
suggests that it can be as high a40*®m 3, depending on the pu ng rate.
Using (3.35) with an injection temperature of0:3eV*? yields a collisions time
of 1ms Assuming that the injected molecules travel approximately 5 cm in
the radial direction before being dissociated by electron impact, arourg9%4

of molecules will be dissociated within a millisecond. In conclusion, neglecting
neutral-neutral collisions is an acceptable approximation.

12This is the temperature used in current simulations.
13This number is obtained by integration of the marginal Maxwellian velocity distribu-
tion with respect to the radial direction.
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4 The nHESEL Equations

This chapter presents the nHESEL feutral augmentedH ot Edge SOL EL ec-
trostatic) equations. HESEL is a 2B* uid model developed to describe
plasma edge turbulence at the outboard midplane of a Tokamak. In the
NHESEL model, the equations of HESEL are modi ed to account for source
terms originating from inelastic plasma neutral collisions. The nHESEL equa-
tions were rst presented in [70]. In this chapter, it is shown that the nHESEL
equations of [70] have several aws, regarding higher-order terms, and the cor-
rected set of equations is presented. The following chapter thus outlines the
path from the transport equations of chapter 2 all the way to the nHESEL
equations. This includes the method of uid closure, the application of drift
ordering, and an account of the assumptions leading from the drift-reduced
Braginskii equations to the nal nHESEL equations. Terming HESEL as a
2D model can be somewhat misleading. A precise understanding of the di-
mensionality of HESEL is necessary when coupling it with PISAM, and shall
thus be detailed at the end of this chapter.

4.1 Fluid Closure

It is apparent from (2.6) that no set of closed equations can be obtained from
moments of the Boltzmann equation. A closure thus has to be applied to
establish the relation between the macroscopic variables and, Eé%mv), g{m)
and gs for a uid theory to be complete. Note that the uid closure presented

in this chapter does not include the inelastic source terms. A closure can be
stated phenomenologically e.g. by assuming a constant temperature or local
thermodynamic equilibrium, or it can be an asymptotic closure. The latter
aims to approximate solutions of the Boltzmann equation as a function of
macroscopic variables. This solution can then be inserted in (A.11), (2.5) and

— 1
(2.18) to approximate g, ézmv), E{M™) and gs thus closing the continuity,

14The meaning of 2D is detailed at the end of the chapter.



The nHESEL Equations 32

momentum and energy equations.
As derived in the former chapter on collision theory, any uid a ected only
by binary collisions will tend to a Maxwellian velocity distribution. This is
the foundation of the Chapman Enskog closure scheme presented in [64] and
applied to the case of a two- uid magnetic plasma by Braginskii in [17]. The
general idea is to expand the phase space distribution functidg of species
as

fo(r;v)=f2+f1+ 12+ (4.1)

wheref 2(r ;v) is a Maxwellian distribution speci ed by the macroscopic vari-
ables,ns, us and Ts. f, for n 2 N, give perturbations to this Maxwellian.
The magnitude of these perturbations is found to decrease rapidly with in-
creasingn under certain conditions of applicability, which shall be outlined
later in this chapter, as well as assumptions on the ordering of the terms in
the Boltzmann equation. Due to the rapid decrease df' and the mathe-
matical complexity involved in determiningf{ for n > 1 the series of (4.1) is
truncated after f ! in almost any practical application.

To simplify the Boltzmann equation, the coulomb collision operator can
be rewritten utilizing the e ect of Debye shielding. By these means Braginskii
shows that the collision operator of coulomb collisions in plasma is approxi-
mately bilinear, thus resembling the form of the Boltzmann collision operator
of (3.14). Given that f] << f MY and assuming that the magnetic term
and the collision term of the Boltzmann equation are large compared to the
remaining terms (i.e. time and space derivatives df; and the electric part
of the Lorentz force), the Boltzmann equation can, in principle, be solved by
an iterative procedure successively determining higher order approximations
to fs. In the following, the collisional term and the magnetic term shall be
referred to as "large terms"”, while the remaining terms in the Boltzmann
equation are referred to as "small". Let the ordering be such that the small
terms of f0 are of the order of the large terms of " Notice that the
magnetic term m%v B r ,fs vanishes for a spherically symmetric velocity
distribution function i.e. the proof provided in the last chapter for the equi-
librium state of collisional uids apply also to magnetic plasma, and so the
equilibrium distribution of a magnetic plasma is indeed Maxwellian. Having
determinedf{™ = _ f1, the next approximation, f "*1, is determined, by the

i=0
following series of steps (The following describes the case of a two- uid system
of species 1 and 2):

* Fors2f1;2ginsert ™Y = £{"+f1*1 into the Boltzmann equation of
species. Remember that all the terms off " are already approximated
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in terms of the macroscopic variables.

Do only account forf ** in the large terms of the Boltzmann equation.

In the Collision operator only terms linear inf ! are kept while the
guadratic terms are discarded. This applies in self-collision terms as well
as cross-collision terms. As a consequence of the ordering, only small
terms include derivatives offs. Since the small terms only account for
& the spatial derivatives off 5 in the small terms are already expressed
in terms of the macroscopic variables.

Use the transport equations (the continuity, momentum, and energy
equations), to eliminate the time derivative off{". Denote that the
(3mv)

approximate expressions ¢, (Es2" )", (E{™))" and q? thus comes
into the time derivative of f.

At this point a set of two linear integro-di erential equations is obtained.

By advanced mathematical techniques, these equations are solved for
fsn+1 15_

(n)
s

The obtained approximations forf '*! are then added tof s’ and used

— 1
to determine =Y, (EE™) 1) (B M0+ gng gD

_ 1
Sl =D g GMNee (g MY+ gnd g s then used to

evaluatef {"*? .

For a two- uid magnetic plasma with the assumption of quasi neutrality
and truncating (4.1) after f1 one arrives at the Braginskii equations (Here
slightly modi ed to include inelastic collisions):

dg_tn+ nro ue=1Y; (4.2)
deue =
Men pm +r petr et ne(E+ue B) (4.3)
=R+ 1™ meug®
3d 5 _
5 Celrt)e + éper Ue+ il Ug+ T Qe (4.4)

1

Q+ R (Ui ugt le?

mv)

2| Q).

1
|émV) + émeue e

5In a magnetized plasma governed by coulomb collisions, further approximations to
the collision operator are needed to solve these equations. Braginskii accomplishes this by
utilizing the large mass ratio of ions and electrons to justify certain lower-order expansions.
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for electrons and

d.
cll_'? +nr u = 19; (4.5)
diu; =
minw+ rp+r i ne(E+u; B) (4.6)
= R+1™ mu®;
3dp 5 _
E(lj_?+§pir Ui+ iiruptr o q (4.7)
(3mv) m, Lo 2@

2

for ions. Note that the source terms due to elastic collisions have been rewrit-
ten in accordance with Braginskiis notation. R denotes the friction force
arising from electron-ion collisions. Q is the heat transfer from electrons
to ions resulting from these collisions whil&k (u; u,) is the rate of heat
transfer from kinetic to thermal energy of the electrons due to collisions with
ions. The latter term is negligible for the ions do the large mass di erence
between ions and electrons. The value of Braginskiis work lies expressing

Q, R and qgs in terms of macroscopic variables. These are given in [17] and
shall not be repeated here.

Conditions of Applicability

If a uid is to be described as approximately Maxwellian, which is the very
foundation of the closure scheme discussed above, the mean free path of parti-
cles constituting the uid must be small compared to the characteristic length
scale of changes of the macroscopic variables. The intuition behind this state-
ment is the following: If the mean free pathi™is larger than or comparable
to the characteristic length scalel, of changes of the macroscopic variables,
the particles contained at the volume d at point r had their last collision,

at positions in spacer© such thatjr® rj L. Consequently, these particles
represent the conditions of completely di erent macroscopic properties, and
thus cannot form a Maxwellian formulated by the local macroscopic proper-
ties. A further condition is, that the collision time must be small compared
to the characteristic rate of change of the macroscopic variables. Assume on
the other hand, that the collision frequency is larger than or comparable
to the characteristic rate of change . In that case, particles contained in
the volume d at point r at time t had their last collision in plasma condi-
tions representing di erent macroscopic properties, as they happened at times
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separated by a time di erence that is larger than or comparable td=! 4.
That is to say, only when! ., << the range of times at which these colli-
sions happened will be so small that all the particles represent the same uid
conditions.

Magnetized Plasma

In a magnetized plasma the condition™ << L is relaxed to the condition
Ik << Lygand << L ,. Inthe presence of a magnetic eld, the motion
perpendicular to the eld lines is bounded by the Larmor radius . The
mean free paH1E1 the eld-perpendicular plane is given a= v, = .,
wherev;, = % is the most probable velocity obtained from projecting a
velocity sampled from a 3D Maxwellian onto an arbitrary 2D plane, and .

is the cyclotron frequency. The mean free path is thus e ectively reduced by
a factor . by the introduction of a magnetic eld.

In most fusion plasmas the conditiorfy << L  is not satis ed meaning
that the classical transport theory obtained from Braginskii's closure is not
adequate in describing parallel dynamics [63]. Instead, Neo-classical transport
theory might be employed to correct the transport equations, at the cost of
a signi cantly increased mathematical complexity. Neo-classical e ects are
inherently three-dimensional, but as we shall see, HESEL tries to adjust for
neo-classical e ects by a synthetic adjustment of the perpendicular di usion
coe cients.

One further assumption is required for the Braginskii equations to be ap-
plicable. The gyration motion of the charged particles constituting the plasma
is not taken into account in the simpli cation of the coulomb collision operator
used to derive the Braginskii equations. The underlying assumption is that
the spatial dimension of collisions is small compared to the Larmor radius.
The largest distance for coulomb collisions in plasma is the Debye length, as
elds are shielded outside this range. The assumption is @uﬂat the Larmor
radius is signi cantly larger than the Debye radius, p = 4eT—2n. The con-
ditions of applicability of the Braginskii equations can thus be summarized
as

rf( ! char

1; — 1;

X 1; L1 4.9

4.2 Drift Ordering

As mentioned above, the conditions of applicability of the Braginskii equations
are not necessarily satis ed along the direction of the magnetic eld. HESEL,
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however, only self-consistently includes perpendicular dynamics, for which the
Braginskii closure is valid. To obtain the perpendicular part of the momentum
equation the cross product of (2.14) is taken witt, which is the unit vector
along the magnetic eld. Dividing by gnB and rearranging yields

u,= " 6+6r p, 1y du br =

B gnB ¢ dt gnB
b EM 6 1M f mul® (4.10)
qnB gqnB gqnB

= Ug+tUptUp+t U +UR* URr + Ujp;

where it has been assumed that the eld is electrostatic and species subscripts
have been omitted to ease notation. The last line of (4.10) simply serves
to name the terms for future reference. In order to simplify the Braginskii
equations in a manner that focuses attention on the turbulence phenomena
of interest, drift ordering is imposed. In drift ordering, it is assumed that
the characteristic spatial and temporal scales of change of the macroscopic
variables are slow compared to those set by the gyro motion. Furthermore, it
is assumed that the uid speedsu,, are small compared to thermal speeds,
Vt.» . Following Fitzpatrick, [63], this amounts to the following restriction on
the conditions of (4.9):

[ ) i ) u ) D
o 1 E 1 v << 1; — 1 (4.11)

The reason for letting the ions set the scales is that they gyrate slower
and with a larger radius than electrons, and they thus set the most strict
conditions on the system. Under this ordering it can be shown [71], [63], that
to lowest order (4.10) reduces to
r b B r

B ¥ gnB g
with ug andup denoting theE B -drift and diamagnetic drift respectively.
At this point, it is instructive to consider the contribution to the continuity
equation from diamagnetic drift in a uniform and homogeneous magnetic eld

Us. 0= = Ug + Up, (412)

br p 1
B —g8 ' P b B rr

Re ecting the fact that the diamagnetic drift is not a guiding center drift.
Under the same conditions, the advective contribution from the diamagnetic
drift to the pressure equation is

r (nup)=r

p =0 (4.13)

B r
Up I P= anp

r p=0: (4.14)
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This re ects the fact that the diamagnetic drift moves uid along isobaric
surfaces and thus cannot advect pressure. In conclusion, the advection of
density and energy-density is dominated by th& B -drift in drift ordering.
The diamagnetic drift does however play an important role when the magnetic
eld is non-uniform, as it includes ther B - and curvature drifts. Terms like
r (nup)andr (pup) are thus retained in the following.

The rst order correction to (4.12) is obtained by inserting (4.12) itera-
tively into the remaining drifts of (4.10). So as an example: To obtain the
rst order contribution to u, from Br —, one should evaluate », as given

enB

by Braginskii in [17], with u, = u,,. The resulting approximation of — is

then inserted in the expression for the drift i.e.f’;T. This procedure can be
used to write approximate expressions for all the drifts of (4.10), the results
are presented in [70] and shall not be repeated here. Such analysis reveals that
the viscous stress tensor is mass dependent with the proportionality>= [30].
Furthermore, we have already seen that, is proportional to m. Due to the
small electron mass, these drifts are neglected for electrons. Similarly the
drifts u;r and uy,, arising due to inelastic collisions are proportional to the
electron mass, and are also neglected for consistency.

With these assumptions, the Braginskii equations can be reduced as follows.

The electron continuity equation becomes

%{} r  (NUg + NUpe + NUR + NBUe) = 1 D; (4.15)
Here the material derivatives,% have been written explicitly for clarity. De-
note that the resistive drift due to elastic electron-ion collisions is identical
for electrons and ions due to momentum conservation. Also, the particle
source term is identical for ions and electrons due to particle conservation.
The species subscript on these terms is hence omitted. Subtracting the elec-
tron continuity equation from the ion continuity equation yields the vorticity

equation
rr (NUp;i + NUp;; NUpe + BJk:e+ nu ., + NUR; + NURL;)=0 (4.16)

Where Jy = en(u, Uke) and e is the elementary charge. The pressure
equation for electrons is written

3@ 3
5@2+ 5T Pe U+ Upe+ Ug + Buye
+Pef Ug+ Upe+ Ug+ DBl +1 Qe (4.17)

1mv),

= Q+ Eémv) (Ui ue)+ le” 7,
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where the terms including the momentum and particle sources due to inelastic
collisions are neglected in consistency with the electron momentum equation
where the corresponding terms were also neglected. The particle source de-
pendent term, %meugl @ is also neglected due to the ratime=w, being very
small for the light electrons. For the ions, the pressure equation becomes

=S+ 0 pUE+ Up +Up+ U +Ur+ U + U + Bug

+Pr Ug+Up +Up+Uj+Ug+Ugj+Upi +bug +1r g

Lmv)

+ T T U= QI Uiz 1™+ %m‘uiz?;ol @

(4.18)
In the case of the ions, the pressure sources arising from momentum and parti-
cle source terms, brought into the ion pressure equation through substitution
with the momentum and continuity equations are retained. Only the lowest
order drifts contribute to these terms as they should be considered small due
to drift ordering. Also, derivatives of the drifts arising from inelastic mo-
mentum and particle sources are retained in consistency with (4.16). The
perpendicular part of the ion viscous stress tensr, ; = —,, + —, has been
divided into a collisional and a gyro viscous part. It has been applied in (4.18)
that —,; : r Uj»,0 = 0 when ™, is evaluated using the lowest order drifts
of (4.12), [72]. This concludes the analysis of the in uence of plasma neu-
tral collisions on the drift-reduced uid equations. To arrive at the HESEL
equations a series of assumptions and arithmetic simpli cations are applied.
These are covered in the next section.

4.3 Speci cations for the HESEL Model

In contradiction to what is claimed by [70], the steps leading from the drift
uid equations (4.15), (4.16), (4.17) and (4.18) to the nHESEL equations do
in uence the terms arising from plasma neutral interactions. To be able to
account for this in uence the approximations and manipulations applied to
(4.15), (4.16), (4.17) and (4.18) is reviewed in some detail. For detailed calcu-
lations of these steps the reader should however refer to some of the original
ESEL/HESEL papers, [73], [30].
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Domain and Field Geometry

The domain of HESEL is the outboard midplane of a Tokamak. This allows
for the use of slab coordinates i.e. rather than toroidal coordinates the prob-
lem is expressed in a cartesian coordinate system wittpointing in the radial
direction, y pointing in the poloidal direction, and z pointing in the toroidal
direction. The Origo is placed such that the axis de ned byx = 0 corre-
sponds to the LCFS and the axis de ned by = 0 intersects the geometrical
and magnetic axe¥. The magnetic eld is directed along thez-axis with a
magnitude given by

RB; RB;
R+a+ x’ R+ a
whereB; is the toroidal magnetic eld at the magnetic axis andR and a are
the major and minor torus radii. By is the magnetic eld at the LCFS and
is hence subscripted with0. This amounts to assuming a vacuum magnetic
eld where the partial cancellation of the magnetic eld from the diamagnetic
current is neglected.

B(X) = B(0) = By = : (4.19)

Thin Layer Approximation and Similar Approximations

The thin layer approximation neglects particle density variations in the polar-
ization ux entering the vorticity equation. Utilizing gyro viscous cancellation
and neglecting magnetic eld inhomogeneity this assumption amounts to:
n
ronugi+u 4] —r  dir (4.20)
i0
where ng is the reference densityu . is the gyro viscous drift and o is
the ion gyro frequency evaluated at reference temperatur€,, and reference
magnetic eld, Bo. Furthermore, we have introduced
- Pi
Bo GnoBo

and = g;f Ugo I ; (4.21)

where s referred to as generalized potential andyds the advective deriva-
tive with the E B -drift evaluated at By. E ectively the lowest order drift
going into the polarization drift has thus been approximated as

U- .o 6 roo- (422)

Do note that the thin layer approximation is debatable when modeling edge
plasma primarily, due to the large density variations over the simulation do-
main.

16See gure 1.1
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The approximation of the lowest order perpendicular drift given in (4.22),
is also used when evaluating the collisional part of the viscous stress tensor in
the vorticity equation and the ion pressure equation. Similar to the approxi-
mation of (4.20), the density is taken to be equal tag when evaluating the
divergence of the collisional viscous drift ux in the vorticity equation. With
these approximations, it becomes clear that the term (nu ;) in the ion
continuity equation gives rise to di usion of the generalized vorticity,r 3
This di usion results in a heating term exactly accounted for by the viscous
work term pir u ¢ - an elegant feature of the HESEL model. Finally it is
shown in [30] that the viscous pressure ux (pju ) can be neglected.

In the ion and electron pressure equations the diamagnetic drift contribu-
tionto r @ is canceled by the terms depending on diamagnetic advection,
entering through the polarization drift, such that diamagnetic advection is not
present in the pressure equations. This arithmetic feature is formally known
as diamagnetic cancellation . Finally, (4.22) is used in the evaluation of
the divergence of the polarization drift in the ion pressure equation.

Approximations to Perpendicular Di usion

The perpendicular di usion is due to a random walk-like process mediated
by electron-ion collisions and has a di usion coe cientD, / n=IO Te. This
di usion coe cient is assumed to be constant in the HESEL model i.e.

De 0 & (4.23)

where o is the ion electron collision frequency at reference densityy and
temperature Teg. ¢ IS the electron gyro radius at reference temperature
Teo and eld Bo. When neglecting thermal force contributions, which partly
cancel, the divergence of resistive uxy (nvug) in the electron continuity
equation is approximated as

r(nug)  De(1+ )rZn (4.24)

where = Tjo=Tg. Similarly, the resistive drift going into the electron and
ion pressure equations is approximated as

Ug De(1+ )r 5 Inn: (4.25)

giving rise to a large number of simpli cations similar to that of (4.24).
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Approximations to Heat Transport Terms

The heat transport is simpli ed in a manner similar to that outlined above on
the simpli cation of di usion from electron-ion collisions. The perpendicular
heat conduction coe cient is evaluated at reference temperatures and thus
assumed constant. Likewise, the ion collision frequency is assumed constant
when evaluating the heat transfer term, Q.

The di usion coe cients are assumed to be enhanced by neoclassical ef-
fects. Neoclassical transport theory accounts for the long distance that charged
particles can travel along the magnetic eld lines of a toroidal containment
device. Remember that this long mean free path is exactly the point on
which the conditions of applicability of the Braginskii equations are violated
in most fusion plasmas. In a toroidal containment device, the magnetic eld
has toroidal as well as poloidal components, the ratio of which determines the
so-called safety factor usually denoted. This means that particles traveling
along the eld lines exhibit a spiral motion. The combination of this spiral
motion with guiding center drifts, such asr B and curvature drifts can be
shown to give rise to an enhanced transport across the eld lines [74], [75]. To
account for this enhanced transport the di usion coe cients are multiplied
by a common factor

R
De; ! 1+aq2 Dei (4.26)

where g is the safety factor. This concludes the approximations made to
account for the relation between the perpendicular parts of the drift-reduced
Braginskii equations and the HESEL equations.

Parameterization of Parallel Dynamics

In HESEL, parallel dynamics are accounted for by parameterization i.e. the
parallel dynamics are not solved in a self-consistent way, as is shown for the
perpendicular dynamics above. Instead, the various phenomena giving rise to
parallel transport are approximated using other theoretical or empirical results
to express them through the macroscopic variables. Due to ballooning the
turbulent plasma source mainly resides on the high eld side of the LCFS at
the outboard midplane [30]. It is thus assumed that all parameterized parallel
terms act as sinks. As blobs move into the SOL they expand along the open
eld lines at velocities comparable to the ion sound speed = = (T + T;)=m;,
giving rise to a particle density damping rate approximated by

1 2V,
i (4.27)
n I—b
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wherev, is the expansion velocity of each end of the blob, arld, is the typical
eld-parallel blob length. As vorticity is mainly transported by blobs in the
SOL region the damping rate of vorticity is assumed to be equal to that of
density,

1 1
— = (4.28)
w n

The divergence of the parallel current present in the vorticity equation is
approximated by sheath damping, [30, 76],
r
m; e

enpCs
1 | € - 4.29
L. &P 08 . T ! (4.29)

r B.=e

wherelL . is the outer divertor length. Electron heat conduction is assumed to
be given solely by Spitzer-Harm conduction, [77], which shall be approximated

as

T . n
[k Getk  ——i with o (4.30)
SH SH Me eioTep L2
Parallel heat conduction is neglected for ions as advection is dominant in the
SOL [30]. The parallel advection of ion and electron pressure is parameterized

through
1 1 _91
e w20
These damping rates are derived from the physical conditions of the SOL and
should not be applied equally over the full simulation domain. The extent to

which these damping rates are applied over the various parts of the domain

(4.31)

is determined by a smoothed step function

()= 2 1+tanh X X + ' 1+tanh X Xw (4.32)

S S

Where ;, i 2 fs;wg, are magnitude termsXs is the x-position of the LCFS,
while x,, indicate the onset of a wall regiofY with increased damping, and s

is a smoothness parameter. This concludes the parameterization of parallel
dynamics.

4.4 Model equations

In this section, the nal manipulations to obtain the HESEL equations are
presented. In order to highlight characteristic quantities the transport equa-

17See gure 5.20
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tions are gyro-Bohm normalized through

X Teii e n u
ot! t, —I X —=! Teiy =—"! ; —1! n I u;
I S0 Teo " Te No i0
q(4.33)
where o = eBo=mj; is the characteristic ion gyro frequency andyg = %
I io0

is the hybrid ion thermal gyro radius®. To reduce the equations we explicitly

apply slab coordinates which combined with (4.19) can be used to obtain
!

rf b6 1 @,

= 4.34
B BoR @Y’ (4.34)
wheref is an arbitrary scalar eld. (4.34) makes it natural to introduce the

curvature operator, K given in normalized form as

K(f)= %‘)@@y (4.35)

In this form, the curvature operator only accounts for the radial variation in
magnetic eld strength and not for the curl ofb. It can be debated whether a
more adequate physical description of edge turbulence would be achieved by
including a nite r B when calculating (4.34) and (4.35). This is discussed
at the end of this chapter. In order for my results to be comparable with other
HESEL simulations the current expressions of (4.34) and (4.35) are used in
my simulations. To express the positive change in generalized vorticity,3

a global sign is applied in the vorticity equation of (4.16). One must be aware
that this sign also applies to the inelastic drift term entering the vorticity
equation when neutrals are included. Furthermore, the vorticity equation is
substituted into the ion pressure equation to eliminate the divergences of the
polarization and viscous drifts. Once again this in uences the way neutral
sources are expressed in the model. With these manipulations accounted for
the full system of equations revised nHESEL equations, can be presented:

d
an"' NK() K (Pe)= n+t n (4.36)
dO
oG K (Petp)= wt w (4.37)
3d 5 5 p?
éape"' épeK( ) éK Fe = pet ope (4.38)
3d 5 5 p_l2

P+ SPK( )+ oK PK e+ p)= p+ o (4.39)

2dt

18The use of ¢ rather than ;g is a historical remnant from earlier fusion research where
it was typical to assume that ions were cold.
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Where the advective derivatives are de ned solely througk B -advection

d_ @ ., _@ .
a_@t+B f; g &‘@f’f’ ; (4.40)
which has been written using the anti-symmetric bracket
@f@g @f@g
ff,gg= — — —— 4.41
997 @ey o @4

Terms related to di usion and parallel damping are denoted ;, i 2 f n; w; pe; pig,
and are given by

»=Deo(l+ )r2n (X (4.42)
n
3 r 2
w=gPirirs ==+ (S (4.43)
n

11
Pe = DE‘(1+ )r (Ter ?n)+ De1_2r (nl’ ?Te)

+ De(1+ J)roInn r,p

3m 9 T/
© wolpe P) () e+t (4.44)
m; 2 5 SH

5
= 5De(l+ )r (Tir2n) De(l+ )rolnn rop

h i
3
+2Dir (nr ?Ti)EDi @x @y >4 @y ’

3me | s 9 .
+ - eio(Pe P)+ (X) pS 5 (4.45)

The terms entering the equations due to plasma-neutral interactions are given
by

o (4.46)
w=r (nug) (4.47)

= &™) (4.48)
pe e .
pi = Ii(%mV) Uizo 1™+ 1-Uiz? ol @

2 ’
3
tpr (nu) pro (ug) Sr (Piu); (4.49)

2
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whereu; = ujri + Uy . Be aware that (4.46)-(4.49) are written in normal-
ized units. Similar expressions were provided by [70] but with errors in the
expressions for , and . In that sense (4.46)-(4.49) is a new contribution
to the literature. In the next, chapter the PISAM model is presented. PISAM
serves to calculatd @, 1 ™ 1™ and 1™ and thus provides the nal
closure of the nHESEL equations. The combined model, where PISAM is
used to close the nHESEL equations, shall be called PISAM-HESEL.

4.5 Dimensionality of HESEL

The primary reason that HESEL is referred to as a 2D model is that the
toroidal axis is truncated due to an assumption of symmetry. The result is
not, as the term 2D might imply, that the parallel velocity is not accounted for,
but rather, that the eld-aligned velocity is not self-consistently incorporated.
Instead, it is parameterized and enters the equations as damping terms. Fur-
thermore one may point out that the uid closure on which HESEL is based is
conducted using full 3D approximations for the phase space distribution func-
tion i.e. the particles of which the plasma consists shall certainly be thought
of as moving in three-dimensional space. In consistency with this observation,
PISAM has to be implemented as a full 3D model.

As mentioned, the foundation of the interchange dynamics is a vertical
current created by the charge dependent B - and curvature drifts. These
are both derived consequences of the 3D toroidal geometry. As given by (1.17)
these drifts contribute equally to the vertical current in a vacuum eld. In
HESEL however, only the contribution from one of these drifts is included. In
this light, it seems that the turbulence predicted by HESEL is underestimated.
On the other hand, the fact that HESEL is 2D permits cancellation of the
vertical current produced byr B - and curvature drifts. This means that no
stable equilibrium solutions to the HESEL equations exist, as nothing can
prevent interchange instability. In conclusion, the HESEL equations might
not resemble physical reality any closer if the seemingly correct factor of 2 is
added to (4.34) and (4.35).
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5 PISAM

This chapter introduces all the possible types of inelastic collisions between
plasma and neutral particles included in PISAM. Great e ort has been put
into the detailed argumentation regarding the choice of included reaction chan-
nels, given in this chapter. As part of presenting the chemical reactions, the
momentum and energy exchange of each single reaction channel is evaluated,
when necessary. Furthermore, the velocities of neutral fragments resulting
from the relevant inelastic collisions are provided. The development of PISAM
is somewhat iterative as simulation data from early PISAM versions have been
used to develop the current model. This method is especially helpful in the
determination of the exact source terms produced in each reaction. The simu-
lation referred to in the rest of this chapter uses non-interacting neutrals with
dynamic plasma frames from a simulation of nHESEL performed by Thrysge,
[70]. The reference quantities at the LCFS of this simulation are

No=3 10°m 3 Teo= Tio=40eV B, =2T; (5.1)
such that the time and length scales are set by
i0=9:59 10s !} =6:5 10 ‘m: (5.2)

These values are chosen such as to be in correspondence with typical values
of medium-sized Tokamaks, [78, 79], and not for the speci ¢ PISAM-HESEL
simulations of this report, which are conducted at lower density and magnetic
eld, as will be presented in chapter 8. As discussed in chapter 7 the time
step used for PISAM is ;4'. In this simulation, 25 10% super-particles are
injected in the domain each second yielding approximately 10° and1 10
super-molecules and -atoms in the domain at saturation, which is su cient
for the statistics of the current chapter, but a very low resolution compared

to that used in PISAM-HESEL simulations.
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5.1 Overview of Reaction Channels

Five types of reactions are included in this model, three for atoms and two
for molecules. These are summarized schematically as

e+ D(1s)! 2e+ D* (5.3)

e+ D(1s)! e+ D(1s)+ h (5.4)

D* + D(1s)! D(1s)+ D* (5.5)

e+ Dy(X?! {:v=0)! e+ D(n19Y+ D(n%% (5.6)

or! e+ DMIY+ DN+ h
e+ Dy(X?! {:v=0)! 2e+ D"+ D(n19Y (5.7)

Where the rst three are reactions for the ground state of the deuterium
atom and the last two are reactions for the electronic and vibrational ground
state of the deuterium molecule. The primes in (5.7) should be read for the
individual reactions, and not across reactions. The following sections are
concerned with the physical details of each of these reactions as well as the
decisions made to implement them numerically. As most data is available
for 1H atoms andH, molecules, it is in many situations necessary to apply
data from experiments on hydrogen rather than deuterium. Whenever this is
the case it is explicitly stated in the following by use of the word hydrogen.
All reactions shall, however, be written for deuterium re ecting the physical
situation described.

5.2 Atoms

Figure 5.1 gives an overview of the reactions between plasma particles and
deuterium atoms included in PISAM. This section is concerned with the de-
tails of each of these reactions, and the reasons for including them.

Excitation and lonization of the Deuterium Atom

A plot of various excitation rates as well as the single-step ionization rate
for the ground state (1s) of the hydrogen atom is shown in gure 5.2. Since
the electronic states are practically identical for hydrogen and deuterium [80],
only minor deviations from the true reaction rates of the deuterium atom are



PISAM 48

Figure 5.1: An overview of the reactions of deuterium atoms with plasma particles
included in PISAM. The orbitals are merely added to illustrate the dierence in
electronic states and do not necessarily match the physical orbitals.

expected. As evident from gure 5.2 the two reactions most frequently caused
by electron impact on deuterium atoms in the ground state are

e+ D(1s)! e+ D(2p) and e+ D(1s)! 2e+ D; (5.8)

where the rst is an excitation to the (2p) state and the second is a one-step
ionization.

Excitation to D (2p)

It is clear from the high reaction rate of the (2p) excitation channel that the
(2p) state is strongly coupled to the ground state. This strong coupling also
results in the (2p) state having a lifetime of onlyl:6ns[81], which, as we shall
see, is shorter than or comparable to the time step of PISAM. Due to this
short lifetime, it shall be assumed that the (2p) state decays instantaneously,
such that this excitation merely results in a sink of electron energy.

lonization of D (1)

Even though the excitation rates to the (2s) state and (3n) states shown in
gure 5.2 are low in comparison to the reactions of (5.8), they do a ect the
ionization rate slightly, due to multi-step ionization processes. Furthermore,
D(2s) atoms are created by certain dissociative processes of the deuterium
molecule, and a short account of its behavior at relevant conditions is thus
presented here. Unlike thg2p) state, the (2s) state is weakly coupled to the
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Figure 5.2: Excitation and ionization rates for the ground state (1s) of the hydrogen
atom. The ionization rates plotted here represent the rate of single-step ionization.
This plot is based on analytical ts provided by [82] and [83].

ground state making it metastable with a lifetime of 2ms [84]. However,
due to the very low ne structure energy di erence between th€2s) and (2p)
states, the reaction rate for excitation of [2s) to D(2p) by electron impact
is relatively high, especially at low temperatures. The rates of the dominant
reaction channels of [2s) by electron impact are shown in gure 5.3. At SOL
relevant temperatures the reaction rate oe+ D(2s) ! e+ D(2p) is around
3 10 12%3. At a typical density of ne = 101°1=m?3 this gives a lifetime of

30ns Due to this short lifetime, transport of the (2s) state shall not be
included in the model. When deuterium atoms in the?s state are created
by molecular dissociatiof® it is assumed that they decay to the ground state
instantaneously, thus neglecting the fact that such a [2s) atom might be
further excited rather than decay, see gure 5.3.

Excitation into the (2s) state or higher excited states may result in ion-
ization rather than decay back into the ground state. As the most common
intermediate states have relatively short lifetimes in the approximate range
(10 500)ns[85], the rate of such multi-step ionization processes depends
strongly on the plasma density. A double polynomial t parameterized in
electron temperature and density is provided in [82], and plotted in gure 5.4.
At SOL relevant temperature and density the e ective ionization rate di ers
from the single-step ionization rate by around 25 %, which is a considerable

19The process of molecular dissociation is described later in this chapter.
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Figure 5.3: Excitation and ionization rates for the metastable (2s) state of the
hydrogen atom. The ionization rate plotted here represents the rate of single-step
ionizations. This plot is based on analytical ts provided by [82] and [83].

Figure 5.4: E ective reaction rates for ionization of the hydrogen atom in the
ground state as a function of electron density and temperature. The black line gives
the rate of single-step ionization, solely as a function of electron temperature. This
plot is based on analytical ts provided by [82], based on [86].

amount. The rates of gure 5.4 are used as the ionization rates for atoms in
PISAM. For simplicity and to minimize computations, the energy loss from
electrons due to excitation to an excited state followed by radiative decay back
to the ground state is only included for 2p) as the intermediate state. The
energy of the produced photons is assumed to be lost from the system.
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Figure 5.5: Charge exchange rate for the ground state of a deuterium atom with
various energiesE,,. This plot is based on an analytical t provided by the database
HYDHEL, [83], scaled for the mass of deuterium ions using the scaling of3.12).

Charge Exchange of Deuterium Atoms and Deuterium
lons

The charge exchange (CX) reaction between a deuterium atom in its ground
state and a deuterium ion can be expressed as

D(ls)+ D*! D' + D(1s): (5.9)

It shall be assumed that the velocities of the ion and neutral particle going
into CX are simply switched, which is also the assumption used in highly
detailed neutral codes such as EIRENE [87]. This implies that the velocity
distribution of ions going into the reaction is also the velocity distribution of
neutrals going out of the reaction and vice versa. It should be noted that
this treatment is not strictly momentum- and energy-conserving due to the
mass di erence of the reactants of one electron mass. The approximation is
however good due to the large mass ration;=m,  3:7 10°, for deuterium
atoms. CX is the only collision between two heavy patrticles included in the
model. Since the particles going into the reaction have similar masses and
energies one cannot assume that the neutral particle is at rest, as has been
done for electron-neutral collisions. The reaction rate is thus a function of
ion temperature as well as the energy of the relevant deuterium atom. Figure
5.5 shows the reaction rate for CX at SOL relevant temperatures and various
deuterium atom energies.
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Implementation

To get the correct distribution of the neutral atoms created in CX reactions,
and to supply the correct source terms to the plasma uid equations, the
break of spherical symmetry in CX reactions, due to the comparable velocities
of ions and atoms must be accounted for. This demands an evaluation of
the integrand in (3.10). The relative magnitude of the integrand gives the
distribution of the speed and the angle, ®°, of ions going into CX reactions.
This distribution is a function of ion temperature and neutral energy. The new
neutral speed and angle® resulting from a speci ¢ CX reaction are obtained
by sampling from the distribution specic to the temperature and neutral
energy relevant to the reaction. The azimuthal angle,® in the neutral frame
is obtained from uniform sampling over the rang¢0; 2 ]. Knowing the speed
of the ion going into the CX reactions and the angles® and °fully de nes
the velocity of the new neutral particle in the neutral frame of gure 3.1. This
velocity is nally transformed into the coordinates of the lab frame using (3.5)
and (3.6). The velocity of the deuterium ion created in the CX reaction is
simply the velocity of the incoming deuterium ion which is known to PISAM
prior to the collision. With the incoming and outgoing velocities completely
determined the momentum- and energy exchange is easily evaluated.

As calculating the contributions from a velocity rangaw;; dw; to h gi for
a certain neutral energyE, and at a certain ion temperatureT; in each indi-
vidual CX reaction would add a large computational overhead, a table where
the contributions are already calculated is loaded into PISAM at initialization.
The procedure for creating this 4D table is as follows:

" Make appropriate ranges and resolutions of the ion temperatuiigé and
neutral energyE,. In the implementation of PISAM these are sampled
logarithmically since the contributions vary the most for low relative
velocities. Furthermore, decide on a resolution of the angl€that runs
from O to

Calculate the range of neutral velocities corresponding to the range of
En-

For each temperature make an appropriate range of velocitias. | have
chosen this velocity range to run from zero up to 3 times the thermal
velocity vi; = 2T;=m;. The velocity range thus depends of;, such

20See gure 3.1.
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€Y (b)

Figure 5.6: Energy potentials of low lying electronic states of molecular hydrogen
in atomic units. (a) The rst eight triplet states of H, calculated by Staszewska
and Wolniewicz [88] (b) The ground state and eleven of the low-lying excited singlet
states ofH», based on [89 94]. These gures were published in [95].

that "wasting" resolution on calculating the contribution from velocities
that are completely suppressed by thexp ““2—V¥2 dependency in the
Maxwell-Boltzmann distribution is avoided.

A

With the ranges of ° w; and v, at hand make 3D meshgrids corre-
sponding to any possible combination of% w; and v, within the given
ranges. Use these to make a similar grid of the relative speeds according
to (3.9).

Using the polynomial t for the CX cross section given in [82], calculate
the cross section of the corresponding speeds velocities. Finally, the
integrand of (3.10) can be evaluated, such that for each temperatuiige

a 3D grid holding the contributions from all possible combinations of
the values in the range€,, w;, is produced.

Validation of the results leading to the 4D CX reaction rate distribution table

is given in appendix 5.2. This appendix includes plots quantifying the spatial
asymmetry in CX reactions, as well as the discrepancy between the Maxwell-
Boltzmann speed distribution, and the speed distribution of ions going into
charge exchange reactions. To sample from the 2D distributions de ned for
each combination ofT; and E,,, the following procedure is applied:

N

Let the 2D distribution be denoted byD, where the velocities vary over
the O'th axis and the s over the 1'st axis. Sum all the values dd along
the velocity axis, to get the 1D marginal distribution with respect to .
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Figure 5.7: An overview of the reactions of deuterium molecules with plasma par-
ticles included in PISAM. The orbitals are merely added to illustrate the di erence
in electronic states and do not necessarily match the physical orbitals.

Calculate the cumulative sum of the marginal distribution with respect
to and denote this 1D-array byA.

Create a uniformly distributed random numberr between zero and the
last (and largest) element in A and calculate the index,, of A holding
the largest value smaller tharr.

To get the sampled value for a linear interpolation is made by setting
=d i+d (A[i+1] A[i)=r A[i]), where d is the resolution
with which the table is sampled along the -axis.

Now retrieve the conditional distribution given the you just calculated
i.e. D[, i].

Use the same technique for sampling a single variable distribution as the
one just applied to sample , to get the sampled value ofv;.

5.3 Molecules

An overview of the potentials of the electronic states of molecular hydrogen
relevant to the following discussion is presented in gure 5.6. Figure 5.7
illustrates the reactions between plasma particles and deuterium molecules
included in PISAM. This section is concerned with the chemical rates and
kinematic details of each of these reactions.
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Figure 5.8: Reaction rates for dissociation through triplet channels, due to ex-

citation by electron impact on the ground state B(X ! g;v = 0) of the neutral

deuterium molecule. The x-axis shows electron temperature. The excitation cross
sections are collected from the database [98]. All excited triplet states eventually

dissociate throughb® ., due to fast decay rates to this repulsive state.

Molecular Dissociation Into Neutral Fragments (MD)

Dissociation of D can proceed through a large number of channels, all of
which are dependent on electronic excitation processes. These channels can
be separated into the categories of excitation to triplet and singlet states of
the deuterium molecule. These two categories dissociate by fundamentally
di erent processes. The excited triplet states dissociate through the repul-
sive Dy(B* ) stave, whereas the dissociation through singlet states is caused
by excitation or decay into the vibrational continuum of an electronic state
possessing bound vibrational states. The former generally give rise to neutral
fragments with energy in the order of a feveV [96, 97], while the latter yields
cold fragments with typical energies 00:15 0:3eV as argued below.

Dissociation Through Triplet States

Figure 5.8 shows the rate of dissociation through the most frequent triplet
channels. Based on the reaction rates and the fact that the electron energy
loss is similar in magnitude for all relevant triplet excitations, only the three
most frequent channels are included in the model, for simplicity. The channels
of dissociation through triplet states included in the present kinetic neutral
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model can be schematically represented as:
e+ D(X' 5;v=0)! e+ Dy(b® [)! e+2D(ls) (5.10)
e+ D(X' ;;v=0)1 e+ Dy@ ;;v) (5.11)
I e+ Dy(® )+ h ! e+2D(1s)+ h
e+ e+ DXt fiv=0)! €+ e+ Dy(E V) (5.12)

I &)+ &+ Dy(a° ;vi)

&+ e+ Dy( [)+h
I &+ &+2D(1s)+ h;

where the subscripts and primes in the last reaction are added to indicate
that two di erent electrons are responsible for the two excitations happening
at two di erent times.

Direct Excitation to  b® *

u

(5.10) shows the excitation into the repulsived® ;| state, leading to imme-
diate dissociation. The excitation energy from the ground state at its most
probable inter-nuclear separation oRy = 1:40a is 10:62eV [99], which shall
be used as the electron energy loss for reactions through this channel. The
average temperature of dissociation through triplet channels found in the cur-
rent simulation is 13:2eV. According to the calculations presented in [96] the
most probable value of the kinetic fragment energy at arounti3eVis approx-

imately 2:75eV, which is applied in PISAM.

Dissociation Through a® ! and ¢®

The a3 ¢ State is radiatively coupled to theb® | state with a transition fre-
guency of a lifetime of 10ns [80]. Due to this short lifetime, the decay
shall be assumed to be instantaneous. (5.12) shows the more complicated
channel of dissociation proceeding through the®  state. ¢¢  is coupled to
the ground X ! ¢ State by weak magnetic dipole and electric quadrupole in-
teractions making it metastable with a lifetime of 1 ms, [80]. However, due

to the small energy di erence of Egy =0:017eV between(c® ;v =0) and

(a® ;v =0), electron impact excitation of(a® ;v =0) from (¢ ;v =0)

is expected to be large, [80]. The results of a theoretical calculation of the

cross section for this transition were presented in [100] based on the distorted
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wave approximation, and later tted to the analytical expression, [80],

2: 1 3:80
vP=0) = xl_(:)j 1 - 10 Pm?  (5.13)

exc(C3 wv=0! a® g;
The rate as a function of electron temperature is obtained by integration over a
Maxwellian distribution as given by (3.4). [80] gives an approximate method
for calculating the cross section of transitions withv = 0 and v® > 0. As
these fall o rapidly with increasing v°they shall be omitted in the following
estimate. To properly apply (5.13) to provide an estimate for the lifetime of
¢ , at the relevant plasma conditions further assumptions are needed since
[80] only reports the cross section for transitions from the vibrational ground
state of ¢ , i.e. v = 0. As can be seen from gure 5.9, giving the cross
section of excitation to(c® ;v) from (X! *;v =0), only a relatively small
portion of molecules will inhabit thev = 0 vibrational state of ¢¢ |, relative to
other excited states. | shall assume here that the cross section of excitations
of the type (¢ ,;v) ! (& §;v°= v) will be similar in magnitude to that
obtained from (5.13) as the energy di erence between these states is similar.
It is thus assumed that the reaction rate of decay from any vibrational state
of @ ,into a®  is the same as that found from integration of (5.13) over the
electron velocity distribution. This is expected to be a conservative estimate
for a number of reasons:

" Only transitions for which v = v°are considered.

" Besides electron impact excitation o® 5 from & , vibrational states
of & , with v > Oare expected to have a nite probability of predissoci-
ation into lower lying vibrational states ofa® g - As I have not been able
to nd any estimates of this cross section it is omitted when estimating
the reaction rate ofc® .

From the two theoretical methods applied for calculating ex.(¢3 ;v =
0! & ;;v?=0), the distorted wave approximation gives the lower
cross section of the two.

The excitations to ¢ , from (X! !;v = 0) have been monitored in the
simulation at the beginning of this chapter. The average temperature and
density of excitations from Dy(X* §;v=0) to ¢ , was found to be 24.4V
and 2.1 10'm3 respectively. After integration (5.13) yields a reaction rate
of approximately 1.2 10 12%3 at 24:4eV, giving a lifetime of the @ ,-state
of around 40ns at relevant densities. Due to this relatively short lifetime,

the decay ofc® , to a® § and thustob® | shall be assumed instantaneous.
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Figure 5.9: Cross sections for the transition(X * a;v =0) ! (¢ y;v) provided
by [98], for the 5 lowest vibrational states.

Furthermore, due to the very small energy di erence betweea’ g and G
their rates are simply added in PISAM, treating them as one reaction to
reduce the number of rates computed in each time step.

The excitation energy of these two triplet states is set to the average
excitation energy of thea® g State and c® , state as their excitation cross
sections are very similar. Based on [101] and [102] this energy is determined
to be 1264eV, thus giving the electron energy loss.

The inter-nuclear separation of thea® ¢ State corresponding to the low-
est potential energy of this state is around:2a, [95]. At this separation,
the potential energy of theb® | state is signi cantly lower than for typical
ground state nuclei separation distances. The kinetic energy of the neutral
fragments is thus also expected to be lower, which is indeed the case as shown
in [97], giving the distribution of fragment energies for decays froifa® ; ;v)
to (b* }). Figure 5.10 gives the probability distribution of the electron im-
pact energy of electrons giving rise to excitation ta3 g and ¢ 4. Weighing
these energies by their probability gives an average of arouB@eV. The cross
sections of excitation to the di erent vibrational states ofa® g andc | from
Dy(X? g) are provided by [98]. These cross sections are evaluated2@eV
to get an estimate of how the vibrational states of these excited electronic
states are distributed. As accounted for above, | shall assume that the tran-
sition from ¢ , to a® g conserves the vibrational quantum number. The

e ective distribution of vibrational states in a* ¢ s thus given as the average

of the distributions of the vibrational states in the excited electronic states
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Figure 5.10: The probability distribution of the electron impact energy of electrons
giving rise to excitation of a3 g and c3 . The data shown in this plot results from
a simulation of PISAM on dynamic elds representative of plasma edge conditions.

¢ ,anda® !, when excited from the ground statgX?® ;v =0). This ef-
fective distribution is used to weigh the fragment energy distributions of [97].
Averaging this nal distribution yields an estimate of the fragment energy of
0:75eV, which shall is applied in PISAM.

Dissociation Through Singlet States

The rates of the most frequent singlet channels are shown in gure 5.11. Due
to its low reaction rate the EF 1 channel is not included in the model. The rate
of the C1 channel is also very low and could be omitted. The energy transfer
characteristics of this channel are however so close to that of tBel channel
that they can be considered as one reaction. It is thus computationally "free"
to include it. Channels for dissociation through singlet states included PISAM
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Figure 5.11: Reaction rates for dissociation through singlet channels, due to ex-

citation by electron impact on the ground state B(X ! g;v = 0) of the neutral

deuterium molecule. The x-axis shows electron temperature. The excitation cross
sections are collected from the database [98], and the dissaociation fractions of each
excitation are obtained from [95].

can be summarized schematically as:

e+ Dy(Xt f;v=0)! e+ Dy(B! !;v)
I e+ D(X* §; )+ h (ERDD) (5.14)
I e+ D(1s)+ D(1s)+ h

e+ Dy(X?! f:v=0)! e+ Dy(C 4;v)
I e+ Dp(X' §; )+ h (ERDD)  (5.15)
I e+ D(1s)+ D(1s)+ h

e+ D(X' 1;v=0)! e+ D(B* [ k) (DE) (5.16)
I e+ D(1s) + D(2s)

e+ D(X' ;;v=0)! e+ Dy(D' 4;vi) (PD) (5.17)
I e+ Dy(B® !; «)! e+ D(1s)+ D(2s)

Where ( is the continuum energy of unbound vibrational states. The energy
of the fragments of a dissociation resulting from such an unbound continuum
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state is =2, for homonuclear diatomic molecules. The important singlet
dissociation channels, at SOL relevant conditions, can be split into two sub-
categories: Dissociative excitation (DE) where the ground state is directly
excited into the vibrational continuum of an excited electronic state, or exci-
tation to a bound vibrational state of an excited electronic state, that decays
to the vibrational continuum of a lower lying state. The latter can be fur-
ther subdivided into two subclasses: Excitation radiative decay dissociation
(ERDD) where the decay into the continuum of a lower-lying state causes
photon emission, and predissociation (PD) where this decay happens without
emission of radiation. Common for the dissociation channels through singlet
states is that not all excitations lead to dissociation. The fractions of excita-
tions to various singlet states caused by electron impact ofX * gV =20),
that eventually lead to dissociation are given in [95]. These fractions were
used alongside the accurate excitation cross sections of [98] to produce gure
5.11 by integration over the Maxwellian electron velocity distribution.

Dissociation Through B® * and D! |

As we are only considering the vibrational ground state of the electronic
ground state of D, the only relevant channel for DE is (5.16) througtB®
[80, 103, 104]. As indicated in (5.17) the PD channel is initialized by excitation
of the D! , state that dissociates due to non-radiative decay to th&®
state, and thus produces the same neutral fragments i.e.(I3) and D(2s).

As argued by [105] the main contributors to the production of the metastable
D(2s) by electron impacton(X?® ;v =0) are exactly the channels (5.16) and
(5.17). Experimental measurements of these metastable atoms are presented
in [105] and report an energy of approximatel:3eV. PISAM thus assumes
that in the CM-frame of electron molecule collisions the channels for dissocia-
tion (5.16) and (5.17) give rise to isotropically distributed deuterium atoms of
0:3eV. Based on the results regarding the reaction probabilities of the(Rs)
state of the deuterium atom presented above, these deuterium atoms are as-
sumed to decay to the ground state immediately after creation. To calculate
the electron energy loss, it is further assumed that all the lost electron energy
goes to the excitation of the molecule. The dissociation threshold Bf®

is 16:65eV above the ground state energy [103]. As the typical kinetic energy
of the fragments from this channel i€9:3eV per fragment, the electron loss is

assumed to bel7:25eV

Dissociation Through B! ! and C!
Excitation to the states C1 and B 1 might lead to bound vibrational states or
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directly to dissociative states of the vibrational continuum. The latter how-
ever is very improbable for electron impact on the ground statex ! g: V=

0), whereas the cross section for (DE) througiB! ! and C, , rise very
quickly with increasing vibrational quantum number electron for scattering
on (X! *:;v), [103]. However, as this model is restricted to treating the vi-
brational ground state of deuterium, only excitation into bound vibrational
levels of the excited states are relevant. The state®! ! and C; , decay
to the ground state X ! ¢ by emission of radiation with short lifetimes of
approximately 1ns [106], [107]. A fraction of these decays are into the vi-
brational continuum of the ground state and thus lead to dissociation of the
ground state into 2D(1s) atoms [80]. The energy of the neutral fragments
resulting from these dissociation channels can be estimated by use of the
spectra presented in [108] and [97]. These authors report composite spec-
tra of emission from decays to the vibrational continuum oX * g from the
singlet statesB! !, C! ,, D! , andB® }, whereB?! ! is stated as the
main contributor. These spectra are peaked around a signi cant resonance
at approximately 1580A corresponding to a photon energy o7:85eV. The
energies of the state®! ! and C! |, which are the channels included for
this mechanism, lie close a1275eVand 13.22eV, relative to the ground state

at its most probable internuclear separation oRy = 1:40a&, respectively, [89],
[90]. AsB?! } is dominant I shall simply usel275eV for the electron en-
ergy loss. The dissociation energy of the deuterium moleculedi$6eV [109].
The most probable value of the continuum energyy is thus estimated as
1275eV 7:85eV 4:56eV = 0:34eV giving a fragment energy of0:17eV,
which shall be used in PISAM. This should however be considered a rough

estimate.

PISAM implementation of Molecular Dissociation

" As described above, the channels of dissociation are split into four
groups:

(1) Dissociation throughb?

C +

andc
(3) Dissociation throughB? ! and C!

u

(2) Dissociation througha®

«Q +

(4) Dissociation throughB® { andD?! |

u

Together these shall be referred to as MDM olecular D issociation).
In the implementation of PISAM these channels only di er in electron
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energy loss and fragment kinetic energy. Given these energies they all
proceed through the following steps:

Save the incoming velocity of D relative to the lab frame.

Determine the fragment speed from the fragment kinetic energy of the
relevant channel.

Sample random spherical polar angles, by the proper uniform sampling
of the unit sphere i.e the azimuthal angle is sampled uniformly over the
range[0; 2 ] and the polar angle is given by =cos (1 2r) wherer

is a uniformly sampled random number in the ranggo; 1].

Use the sampled angles to calculate the velocity of one of the created
neutral atoms in the CM frame. Assign the other neutral atom the exact
opposite velocity. Add these to the velocity of the incoming molecule in
the lab frame, to get the velocities of the fragments in the lab frame.

Breed the new neutral atoms in the position of the molecular excitation
with the calculated fragment velocities.

Subtract the electron loss for the relevant channel from the electron
energy source term at the grid cell of the plasma simulation where the
molecular excitation leading to dissociation takes place.

lonization of Molecular Deuterium

Molecular dissociation as described in the former section is the dominant pro-
cess for breeding atoms in the low energy regioi ( 10). Above this tem-
perature, ionization of molecular deuterium becomes the dominating process
for removing molecules and breeding new ions and atoms. At SOL-relevant
temperatures and densities, ionization of the deuterium molecule is usually a
single-step process. A few ionizations will, however, happen through multiple
excitations. The database AMJUEL [82] provides an analytical t for the ef-
fective molecular ionization rate including multi-step processes, based on the
works of [110]. This tis aimed at the hydrogen moleculéd,, but since the
electronic states are practically identical foH, and D, [80], only minor devi-
ations from the true D, ionization rate are expected. The e ective ionization
rate is plotted in gure 5.12. The small deviation from single-step ioniza-
tion, when allowing for multi-step processes suggests that at SOL relevant
temperatures and densities the vast majority of ionizations happen as single-
step processes, but the e ective rate shall be used for precision as the added



PISAM 64

Figure 5.12: E ective reaction rates for ionization of molecular hydrogen as a
function of electron density and temperature. The black line gives the rate of single-
step ionizations, solely as a function of electron temperature. This plot is based on
analytical ts provided by [82, 110]

overhead is minimal. Any multi-step ionization processes are assumed to be
instantaneous, such that the transport of exited molecules is not taken into ac-
count. The ionization energy of B is 15.48eV, [111], which is the electron en-
ergy loss applied for molecular ionizations in PISAM. When the ground state
D2(1s 4;v = 0) is ionized by electron impact the created D-ion will most
likely not be in its vibrational ground state. The distribution of the vibrational
states of the created molecular deuterium ions can be approximated by the
Franck Condon factors of the reactiore+ D,(X* ;v=0)! 2e+D3(1s 4 V9
given by [112, 113]. For any cross sections used for transitions from the ground
state, Dj (1s 4;V), of the molecular deuterium ion, it shall be assumed that
molecular deuterium ions are distributed in accordance with the Franck Con-
don factors of gure 5.13. The cross sections presented for reactions of elec-
trons with D is thus a Franck Condon weighted average over the cross sections
of the relevant process for each initial bound vibrational level of 1s ).
The potential curves of the relevant electronic states of Dare shown in gure
5.14.

Molecular lon Dissociation (MID)

The deuterium molecular ion can dissociate by electron impact through a
number of processes, [113]:
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Figure 5.13: Normalized Franck Condon factors of the ionization of the ground
state of the deuterium molecule into various vibrational levels of the electronic ground
state of the deuterium molecular ion, given by [112]. These are assumed to give the
distribution of vibrational states of the deuterium molecular ions at creation.

Figure 5.14: Potential curves of the electronic states ofi; determined by spherical
(points) and spheroidal (lines) electronic structure calculations. The potential curves
are assumed to be identical to the potentials of B for the practical purposes of this
thesis. This gure was published in [114].
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e+ D;(1s 4;v)! 2e+2D"; Dissociative ionization (DI) (5.18)
e+ D;(1s ;v)! e+ D; (5.19)
I e+ D' + D(nl); Dissociative excitation (DE1)
e+ D;(1s 4;v)! D, (5.20)
I e+ D' + D(nl); Resonant dissociative excitation (DE2)
e+ Di(1s V) ! D, (5.21)
I D(nl)+ D(n99; Resonant dissociative recombination (DR)

Where D, denotes an electronically excited state of the deuterium molecular
ion and D, denotes a doubly excited state of the deuterium molecule. | shall
use DE to describe the combined processes of DE1 and DE2. The rates of the
di erent channels are plotted in gure 5.15. Please note that the rate of DE in
gure 5.15 is a compilation of theoretical, [98], and experimental, [115, 116],
data. The theoretical data used for DE at electron impact energids, > 10eV
resembles only the rate of DE1-dissociation as DE2-dissociation is completely
neglectable at these high energies [117]. The only reliable data in the low
energy region is given by the experimental results of [115, 116], and includes
both DE1 and DE2 as these are not separable in present experiments. The
composite DE-rate of gure 5.15 is used in PISAM. It shall be argued below
why considering DE1 and DE2 as one reaction is reasonable.

Dissociative lonization (DI)

(5.18) describes an ionization of the Deuterium molecular ion. As both
electrons are knocked o the nuclei, the remaining system of two positively
charged nuclei is obviously repulsive. Due to its low reaction rate in compar-
ison to the competing processes, see gure 5.15, it is not included in PISAM.

Non resonant Dissociative Excitation (DE1)

In the process of (5.19) the molecular ion is excited to an electronic state
above the ground state. All of these states are repulsive, as seen in gure
5.14, and the molecule dissociates. The vast majority of the;Bions disso-
ciated through DE1, is excited to either the(2p ) state or the 2p , state,
[80]. The rates of these channels are plotted in gure 5.16. Since reliable
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Figure 5.15: Frack Condon weighted reaction rates of dissociative processes in the
Deuterium Molecule. The DE cross sections used for calculating the DE rate are
based on theoretical data [98] for electron energies > 10eV, and on experimental

data [115], [116] for electron energie < 10eV. The DR and DI cross sections are
hv iDE

obtained from analytical ts provided in [80]. The black line shows the ratiom.

theoretical values are only available for electron impact energiesif > 10eV
the values plotted in gure 5.16 are using cross sections of zero &y < 10eV,
and should thus merely be used in means of comparison of the two dominant
DE1 processes. Weighing the rati(ﬂ%gz by the temperatures plotted in
gure 5.17 gives an average ratio of 8. Based on this relatively large dif-
ference, and the relatively small energy di erence between the two electronic
states2p , and 2p , of approximately 2eV, it shall be assumed that all DE1
dissociations happen by excitation t®p .

Resonant Dissociative Excitation (DE2)
(5.20) describes resonant electron capture giving rise to doubly excited states
of the deuterium ion. In DE2 the doubly excited state decays by autoion-
ization into the vibrational continuum of the ground state (1s 4) of D, by
emission of an electron, producing a deuterium ion and a deuterium atom in
the ground state, [118]. This process is possible as soon as the electron impact
energy exceeds the dissociation energy of the ground electronic state §f D
[117]. The dissociation energy depends on the vibrational state of the deu-
terium molecular ion and ranges fron® 2:7eV, [113]. According to [117] the
ratio 5% decreases abruptly to near zero when the electron impact energy
exceeds the DE1-threshold for excitation to the lowest excited electronic state

of D, i.e. D,(2p ). The DE1-threshold for the lowest vibrational states of
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Figure 5.16: Frack Condon weighted reaction rates of the most frequent DE-

processes in the deuterium molecular ion. These rates are calculated for electrons

hv i2p u

impact by electrons withE > 10eV. The black line shows the ratiow.

D3 (1s 4;V) is given in table 1. Considering the results for the ratio2t2 of
[117] along with the values in table 1 and the Frack Condon factors of gure
5.13 it can be assumed that at electron impact energi€s & 6eV a negligible
fraction of dissociation processes go through doubly excited states i.e. DE2
dissociation. The probability distribution of electron impact energy of elec-
trons going into DE-processes in P is shown in gure 5.18. The black line

is drawn at 6eV, and it is found that around 6% of the DE-processes happen
due to electron impacts with energies below this threshold. Based on these
considerations, it shall be assumed when calculating the electron energy loss,
that the vibrational states of D; (1s 4) from which (DE) processes originate
are distributed with respect to the cross sections of the dominant DE1 channel

i.e. (2p u).

Resonant Dissociative Recombination (DR)

Rather than decaying by autoionization, the ) might be exited to its vibra-
tional continuum at creation, or it can decay to the vibrational continuum of
one of the singlet states of B similar to the predissociation process described
in the previous section. These channels constitute the processes termed DR.
As seen from gure 5.15 DR dominates at low temperaturgd, . 3eV). The
ratio Ez :‘;i plotted in gure 5.15 does however decrease rapidly with increas-
ing temperature. Using the temperatures of gure 5.17, the weighted average

of the ratio ™Y.'et js 22.3. This large ratio suggests that DR can safely be

hv iDR
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Figure 5.17. Probability distribution of the electron temperature at molecular ion-
ization events. The data shown in this plot results from a simulation of PISAM on
dynamic elds representative of plasma edge conditions. The details of the simula-
tion are provided at the beginning of this chapter.

v 01 2 3 4 5 6
Eoe (V) 9 7.1 58 49 41 33 28

Table 1: Electron impact threshold energies for excitation into the2p , state of
D from the electronic ground state B(1s g;Vv) [117].

neglected.

Implementation of Molecular lonization and the Dissociation of
D3 in the Model

In the discussion presented above on the dissociation of the molecular deu-
terium ion, it is argued that one can reasonably assume that all;Dions dis-
sociate through DE1 and DE2, where DEL1 is dominant. The kinetic energy
release (KER) cross section of DE processesHij at 15 eV electron impact
was measured by [116] and is shown in gure 5.19. Measurements, [116],
and theoretical analysis, [114], at higher energies suggest that the probability
distribution of fragment energies is very similar for hydrogen and deuterium,
justifying the use of the distribution of gure 5.19. The energy distribution of
the individual fragments in the CM frame is half of the released kinetic energy
due to the similar masses of the fragments. It is assumed that the deuterium
molecular ion is at rest in the CM frame as the mass ratig‘m“’—: 7:3 1C.
From gure 5.18 it is apparent that 15 eV is a typical velocity for electrons
going into DE processes under the relevant conditions, meaning that the KER
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Figure 5.18: The probability distribution of electron impact energy of electrons
going into DE-processes in . The data shown in this plot results from a simulation
of PISAM on dynamic elds representative of plasma edge conditions.

distribution of gure 5.19 is well suited for use in PISAM. Using the experi-
mental data of gure 5.19 has the advantage that it includes all DE-processes
(including resonant and higher excited states), and it thus represents exactly
the processes included in PISAM.

Electron Energy Loss and Dissociation Fragment Energy

Knowing the fragment energy, the total electron energy loss of ionization fol-
lowed by dissociation, is readily evaluated using energy conservation.

At each ionization of a deuterium molecule the ionization energy of 15.4%/,
[111], is lost from the impacting electron. The molecular deuterium ion is
then dissociated by electron impact through the reaction

e[Ecm]+ D3 (1s g;v) ! €EY+ D3(2p u)[Ee] (5.22)
! eE+ D*[Ef]+ D(Is)[Es]:

Where the square brackets denote the particle energy in the center of mass
(CM) frame of the collision. Ecy is the initial electron energy in the CM
frame, which is also the total energy in the CM frame due to the assumption
that D2 is at rest in this frame. E®= Ecy  Ejoss denotes the energy of
the electron in the CM-frame after the collision, wherdess is the potential
energy of the excited deuterium molecule relative to its initial state, which
must equal the energy lost by the electron, anét; is the kinetic energy of the



PISAM 71

Figure 5.19: Kinetic energy release (KER) cross section of (DE) from 15 eV
electron scattering on H, (1s 4;Vv). The kinetic energy of each fragment is half of
the kinetic energy released.

fragments. Under the current assumptions energy conservation demands:
ECM = ECM EIoss + 2Ef + Ediss(V) ) Eloss = 2Ef + Ediss(V) (5-23)

Where Egss (V) is the dissociation energy of D(1s 4 V) into the products
D" and D(1s). As we are already capable of sampling the fragment en-
ergy all we need to determineE,,ss is the dissociation energy. The disso-
ciation energy of the various vibrational states of D(1s 4) are given in [113].
To approximate hEgssi?t, a weighted average oEgiss(v) according to the
Franck Condon factors of gure 5.13 and the cross sections of the reaction
e+ D;(1s 4 V) ! e+ D;(2p ,) evaluated at15eVgiven by [98], has been cal-
culated. This calculation results in an average dissociation energy hbleV.
Denote that this implies the assumption that all DE channels have the same
dependency of the initial vibrational state on their cross section as thep ,)
state. This assumption is justi ed by the previous argument of2p ) being
the dominant channel.

When breeding new particles from molecular ion dissociations PISAM sam-
ples fragment energies, from the KER of 18V electron impact on G (1s g; V),
shown in gure 5.19. On the basis of this sampling, the electron loss is calcu-
lated, and a new deuterium atom with the corresponding energy is created.
Also, the fragment energy equals the energy gain of the protons.

21The brackets denote averaging over the vibrational states.
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+

Transport of D 5
The most probable density and temperature of electrons at the positions
where ionization of B occurs is determined by simulation to approximately
2.0 1019# and 16eVrespectively. The DE collision frequencey of (1s 4;V)

at this density and temperature is 1.6 10‘%, giving a lifetime of  6:2510 ’s.
This lifetime is equal to 20-60 ion gyration periods depending on the magnetic
eld of the simulation. The velocity of the molecular deuterium ions at cre-
ation is assumed to be equal to the velocity of the deuterium molecule prior
to ionization. These are initialized at0:3eV in the current neutral model,
such that their most probable speed is 3.7 103%. A typical deuterium ion
will thus move  2mm before dissociating corresponding to 2-5 ion gyration
radii depending on the simulation parameters. Due to this relatively short
mean free path, it shall be assumed that dissociation follows instantaneously
after molecular ionization, even though the molecules are rather long-lived
compared to 1.

Model Steps for Molecular lonization

A

Save incoming DB velocity in the lab frame.

Sample total fragment energies from the distribution of gure 5.19, and
calculate the fragment speed.

Sample random spherical polar angles, by the proper uniform sampling
of the unit sphere i.e the azimuthal angle is sampled uniformly over the
range[0; 2 ] and the polar angle is given by =cos (1 2r) wherer

is a uniformly sampled random number in the rang¢o; 1].

Use the sampled angles to calculate the velocity of the created neutral
atom in the CM frame. Assign the proton the exact opposite velocity.
Add these to the velocity of the incoming molecule in the lab frame, to
get the velocities of the fragments in the lab frame.

Breed the new neutral atom in the position of the molecular ionization
with the calculated fragment velocity.

Add the contributions to the source terms at the grid cell of the plasma
simulation where the molecular ionization took place.
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Figure 5.20: Simulation domain of the PISAM-HESEL model, with boundary con-
ditions for plasma and neutrals. In the present slab coordinate system, the-axis
corresponds to the radial axis, and the/-axis corresponds to the poloidal axis. The
dashed line indicates the last closed ux surface.

6 Numerical Implementation

This chapter is concerned with concrete details of the numerical implementa-
tion of the PISAM-HESEL model. A thorough account of the boundary con-
ditions of the combined model is given, as they are important in the analysis
of particle and energy transport mediated by neutrals presented in chapter
8. Moreover, the parallelization of PISAM and the innovative method for
coupling Python and C++ with MPI, used to set up e cient communication
between PISAM and HESEL, are described. For additional design and imple-
mentation details of PISAM and HESEL the reader is referred to appendix D
and the articles [76, 119], respectively.

6.1 Implementation of PISAM in Python

Besides presenting the boundary conditions speci c to PISAM, this section
derives the correct method of calculating the reaction probabilities of a particle
with multiple possible reaction channels. Lastly, the choice of using Python
for the implementation of PISAM, with its advantages and drawbacks, is
discussed.
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Neutral Injection and Boundary Conditions

The domain of PISAM-HESEL is shown in gure 5.20. Neutral molecules
enter the domain uniformly distributed over the outer radial boundary. The
ux of molecules and their initial temperature are user input parameters. The
molecules are injected with velocities sampled from the 3D Maxwellian distri-
bution corresponding to the injection temperature. Obviously, only negative
radial velocities are allowed. If a particle traveling radially outwards reaches
the outer radial boundary it is absorbed by probability , and otherwise re-
ected. If a neutral particle crosses the inner radial boundary, termed the
"inner edge”, it is removed from the simulation. The boundaries along the
y-axis, corresponding to the poloidal direction, are periodic. To avoid an
unnatural build-up of radially slow molecules the "wall" boundary condition
indicated in gure 5.20 is imposed. Any particle traveling so far in the poloidal
or toroidal direction that it collides with the reactor wall is absorbed by prob-
ability  and otherwise re ected. If caused by the wall boundary condition
a re ection corresponds to the particle being returned to its birthplace (or
place of last interaction) from where it will continue with unchanged velocity.
Only particles with a negative radial velocity are subject to the wall boundary
condition. In its implementation, it has been assumed that the cross section
of a Tokamak is circulaf?. Basic geometry shows that the condition of being
inside the device wall is

y<pm and z<' ZR % (6.1)
wherey and z are the slab coordinates in the poloidal and toroidal direction
respectively,a and R are the minor and major radii, andx is the distance
between the outer radial boundary and the outer wall ay = 0 as shown
in gure 5.20. x can be set according to the relevant simulation, and how
aggressive the dampening of radially slow molecules should be. The smallest
sensible choice ok, corresponding to that where the outer radial boundary is
only exactly enclosed by the wall is mig),, ; ¥4, ), where

r— r
, L. . , L?

X = a T and ¥, =R R T6

whereLy and L, are the domain sizes along the poloidal and toroidal axes

respectively. This minimum has been applied in the current simulations.

(6.2)

22In reality the cross section is signi cantly elongated as shown in gure 1.1, so this
boundary condition will remove slightly more molecules from the system due to absorption
than what is realistic.
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Calculating Decay Probabilities from Decay Frequencies

As described in chapter 3 the collision frequency of a single particle due to
a reaction with cross section (g) is nh (g)gi, wheren is the density of the
species with which the particle reacts, and is the relative speed of the react-
ing particles. As the numerical model progresses in discrete time stepsone
needs to be able to calculate the probability of a speci ¢ reaction during each
time step. To derive the relation between reaction frequency and probability,
consider a particle that is capable of reacting with surrounding particles in
k di erent ways, each with reaction frequency ; fori 2 f 1;2;::;kg. Let the

total reaction frequency, , be dened as = _FR i. Consider an ensemble
of such particles all moving with the same velcl)Ezlity and in identical surround-
ings. Assume that the surroundings are constant duringt such that ; are
constant within each time step. The number of particlesN, that has not yet

reacted is then constrained by the di erential equation

dN _

9
Let the number of particles that have not reacted at = O be denotedN,.
Then (6.3) is solved by

N: (6.3)

N(t) = Nee (6.4)

During an in nitesimal time step dt, N can be assumed constant, such that
the number of reactions of type during dt is given by N (t) ;dt. The total
number of reactions of type during a time step t is then given by
Z t Z t )
C = N(t) dt= Noe 'dt= —No 1 e ‘' (6.5)
0 0

From the view of a single particle, the probability of undergoing a specic
reactioni during tis then

p=Cs g e v, (6.6)

glo

which is the way PISAM calculates reaction probabilities.

Advantages and Drawbacks of using Python

The advantage of implementing sub-modules for BOUT++ in Python rather
than in C++ is the ease and speed with which Python code can be written
in comparison to C++ code. The ease of writing Python code is due to the
dynamic type system and the automatic garbage collection. These features
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are however also the very root of the drawbacks of Python - very little memory
control and bad performance, especially when using loops.

The rst of these issues means that it requires advanced domain knowledge
to know exactly when memory is being allocated due to copying of existing
variables, and that information about the deallocation of memory is not ac-
cessible to the user. The consequence is that memory usage is rarely optimal,
with spending more memory than you need and reusing less than you could.

The issue of bad performance when usirigr -loops is obviously critical in
the current application where millions of particles are iterated over during each
timestep. This issue can be e ectively handled by vectorization of théor -
loops usingnumpy numpyroutines are implemented in e cient C and Fortran
code, and run usual tasks (e.g. element-wise arithmetic operations), on arrays
as small as 1000 elements, 50-100 times faster than the corresponding pure
Python implementation [120].

A thorough e ort has been made to utilize this major speedup maximally,
such that no core functionalities in the implementation of the kinetic neutral
model uses Pythorfor -loops when executing a time step.

6.2 Implementation of HESEL in BOUT++

HESEL is implemented in the BOUT++ framework, [121], which is a C++
tool developed for solving plasma transport equations in user-de ned magnetic
eld geometries. BOUT++ relies on nite di erence schemes to determine
gradients. An array of di erent PDE solvers are available for solving the re-
sulting equations. In the current work, the variable time step solver PVODE
has been applied in the simulations. HESEL is parallelized over the radial
axis, such that the domain of each partition have dimensior@®,=N*" ;N,),
whereN, and N, are the grid dimension in the radial and poloidal directions
respectively andNS* is the number of cores running HESEL. In the fol-
lowing, details on the boundary conditions and regional forcing and damping
across the domain of HESEL are presented.

The poloidal boundaries of HESEL are periodic. A Dirichlet boundary con-
dition is imposed on the inner edge, IE, such that

n= nNg, Pe = Pe;iE P = Pie - (6.7)

These are realized by the use of forcing pro les in the inner edge region with
values at the boundary satisfying those of (6.7). The forcing is imposed on the

23The left boundary of gure 5.20.
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elds by adding arti cial source terms to the model equations. These source
terms take the form

1 tanh ; x %TXe

Storce (X) = 2 (f frorce ) (6.8)

force

wheref denotes the relevant eld, ; is a smoothness parametexs and X,
are the radial coordinates of the LCFS and inner edge boundary respectively,
and 1= ¢ Is the damping frequency of the force terms. Usually= force
=5 frorce denotes the forcing pro le of the specic eld. These are usually
given by

X

. _ XiE .
Niorce = NEgl; pe;i;force - pe;i;EI + ﬁ (peO;iO pe;i;IE ), (69)
S IE

wherepy denotes the reference pressure at the LCFS.
The outer radial boundary is subject to a Neumann boundary condition set

by

@n @p;

='=0: =% -0: 6.10
The modied vorticity r 3 is not explicitly subject to pro le forcing. At
the inner edge and the outer radial boundary, it retains Dirichlet values of

Zero.

6.3 Parallelization and Coupling

This section explains how PISAM is parallelized using MPI and how PISAM
and HESEL are coupled through MPI.

Parallelization of PISAM

In the current implementation where neutral-neutral collisions are not con-
sidered PISAM is an embarrassingly parallel application. To explain the par-
allelization, imagine calling PISAM with a physical particle ux F, and a
super-particle weightW. The injection rate of super-particlesf , is then given
asf = LyL,F=W, whereL, and L, are the lengths of the domain along the
poloidal and toroidal axes respectively. Instead of initializingne instance of

PISAM with an injection rate of super-particles equal tof , NZ"™" instances
are initiated, whereNgython is the number of cores running PISAM, each with

an injection rate of super-particles equal td=N 2" i.e. N2Y™" instances
of Simulator , H_atoms H_molecules and Domainare created. For an intro-
duction to these classes see appendix D. All instances of PISAM cover the full
simulation domain, such that all instances oDomainhold equal values for the



Numerical Implementation 78

plasma elds at all times. During a time step t, each instance of PISAM

is run without communication with other instances. At the end of each time
step, the sources from each instance are summed before they are passed to
the plasma part of the code. The summation is carried out by collective com-
munication using MPI.Reduce(), with the intracommunicator grouping the
ranks in the Python part of the program. How these communicators are set
up is covered in the following section. Apart from its simplicity, this method

of parallelization has the advantages of being potentially inde nitely parallel
and securing an even workload on all processors.

Coupling of PISAM with HESEL

Figure 6.1 illustrates how the communicatiorwithin each part of the program,
i.e. PISAM and HESEL, is achieved, and how PISAM and HESEL communi-
cate with each other. The C++ and Python parts of PISAM-HESEL are called
simultaneously onnl and n2 processors respectively, using a command of
the form mpirun -n nl cpp_program : -n n2 Python Python_program.
This call initiates a World Communicatorwith nl1 + n2 ranks. The ranks
belonging to each program can be identi ed by using the application num-
ber provided by MPI, which is utilized in a call to MPL.Split() , splitting
the World_Communicatorinto two Sub_Communicatds. After this proce-
dure, the communicator ofBOUT + + is set to be theSub_Communicator
of the C++ part instead of World_Communicatoy which is the default. The
Sub_Communicatoof the Python part is used to distribute the plasma elds
to each rank of the Python part, before performing each time step. More-
over, it performs the reduction of the sources of each rank to the total sources
obtained during each time step. To establish the communication between
PISAM and HESEL both Sub_Communicatds call MPI_Intercomm_ create
with an identi cation tag to create an Inter_Communicator from the two
Sub_Communicatds. This Inter_Communicator has two primary jobs; Send-
ing the plasma elds from HESEL to PISAM and sending the sources calcu-
lated by PISAM to HESEL. As mentioned in 6.2, HESEL is parallelized along
the radial axis, which must be accounted for when communicating between
PISAM and HESEL. To accommodate for this subdivision of the spatial do-
main, the elds of HESEL are passed to PISAM by a call taMPI_Gather(),
rooted onrank_0 in the Python part, thus gathering the elds from the full
spatial domain in this rank, from which they can be passed to the other ranks
running PISAM using MPI_Broadcast() with the Sub_Communicatoof the
Python part. In a similar manner, the Sub_Communicatoof the Python part
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Figure 6.1: An illustration of the method for simultaneously launching parallel
Python and C++ programs and setting up the communication between them using
MPI.

sums all sources from the instances of PISAM by a call thIPl_Reduce()
rooted on rank_0, from which MPI_Scatter() is called to distribute the
sources to the spatial domains corresponding to each rank of the HESEL.

The solution presented here for coupling Python and C++ using MPI
is pioneering work, that has not been successfully attempted before, to my
knowledge. At least | haven't been able to nd anybody using this approach
on the world wide web. It has been implemented on the HPC cluster Marconi,
[122], with the Python part and the C++ part both spanning multiple nodes.
The performance is robust and with blazing speed.
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7 Timestep Determination and
Estimation of Neglected Collisions

This chapter presents the results of a PISAM simulation conducted with static
plasma elds. Aside from providing a rst veri cation of PISAM, the results
shall be used to substantiate the choice of the simulation time step of PISAM.
Similarly, the results will be used to set the super-particle weight for future
experiments. Furthermore, the output of the simulation will be the foundation
for estimating the source terms of collision processes not currently included
in PISAM. The simulation from which the static elds are sampled was con-
ducted with the same simulation parameters as the simulation presented at
the beginning of chapter 5. Characteristic quantities are repeated here for
convenience

np=3 10°m ° Teo= Tio=40eV By =2T; (7.1)
such that the time and length scales are set by
0=9:59 10s '} ¢ =6:5 10 *m: (7.2)

The ux of neutral molecules of the current simulation is5 10°°m 2s !, and
the domain spans roughly &m in the radial as well as the poloidal direction.
The domain size along the toroidal dimension is set to unity length i.e. 1
m. The time step used for the neutrals i$Sns At the conditions of the
static elds, illustrated by gures 7.1 and 7.2, and a super-particle weight
of 1:44 10°, around 224 1C° super-molecules are present in the simulation
domain at saturation. The analog value of atoms i823 1C°.

7.1 Qualitative Veri cation

Figures 7.3 and 7.4 show snapshots of the densities of neutrals in physical
units for molecules and atoms respectively. In these gures, the plasma blobs
of gure 7.1 are clearly seen to a ect the distribution of neutrals in the cor-
responding spatial regions. The radial pro les of the neutral densities are
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Figure 7.1: Plasma density eld used in the simulation that is referred to in this
chapter.

Figure 7.2: Poloidally averaged plasma proles of the static elds used in the
simulation that is referred to in this chapter.
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Figure 7.3: A snapshot of the molecule density after saturation on the static elds
of gures 7.1 and 7.2, and with the simulation parameters given at the beginning of
this chapter.

plotted in gure 7.5. From this gure it is apparent that a large number of
molecules accumulate at the radial boundary, creating a density pro le that
falls o almost exponentially with the distance from the outer radial bound-
ary. Qualitatively similar exponential pro les at the domain boundary are
found when using the 2D model of Thrysge as well as EIRENE in a similar
setup [70]. Another feature evident from 7.3, 7.4 and 7.5 is that atoms pen-
etrate deeper into the plasma than the molecules. The main contributor to
deep atom penetration is fast atoms that have undergone charge exchange.

7.2 Time Step Determination

In determining the time step used in the neutral simulation multiple consider-
ations are relevant. Most of these considerations shall be thoroughly treated
in the discussion section. For now, it will suce to set the relevant scales
for the Courant condition and decide on a reasonable time step based on the
speed distribution of neutrals. As described in chapter 4, HESEL, which is
based on Braginskii's closure, [17], assumes that the characteristic length-scale
of change of the plasma eldsl, is much larger than the ion gyro radius ;

i.e. j << L . One can thus safely let ; set the Courant condition of the
system, meaning that the inequality

Vi;max t i (73)
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Figure 7.4: A snapshot of the atom density after saturation on the static elds of
gures 7.1 and 7.2, and with the simulation parameters given at the beginning of
this chapter.

Figure 7.5: A snapshot of the poloidally averaged density pro les after saturation
on the static elds of gures 7.1 and 7.2, and with the simulation parameters given
at the beginning of this chapter.
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