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Abstract

One of the greatest challenges presented by bulk water is to describe how the molecules
move within the picosecond time scale despite having strong H-bonds arranged in a 3D-
network. This question becomes harder if water is confined, where a dramatic slowing
down of the molecules is observed. By probing single-molecule dynamics using quasi-
elastic neutron scattering (QENS), correlations on how the water molecules move in
time and space can be experimentally obtained, while results from molecular dynamic
(MD) simulation of the system allows us to further interpret the experimental data. To
this end, in this work bulk-water as well as confined water in the clay minerals mont-
morillonite (Mt) and hectorite (Ht) were measured at 300K using the backscattering
spectrometer IRIS (ISIS, UK) and the time of flight spectrometer AMATERAS (J-PARC,
Japan) and simulated using MD. MD simulation obtained using the SPCE force field
of bulk-water has been analysed using the commonly known phenomenological ap-
proach, describing the water dynamics with a sum of Lorentzians, as well as a recently
proposed "minimal model approach", describing the multi-scale relaxation of the water
molecules with only three parameters, both of which were used to compare the MD
simulation with the QENS data. The MD simulation was directly compared with the
QENS data in the reciprocal space and time and with supporting analysis using the two
approached, it was showed that the MD simulation describes the QENS spectra well,
except for when localized hydrogen motions dominate. Furthermore, the analysis also
showed that a minimal model approach reproduce dynamical parameters of the phe-
nomenological approach in the limit of bulk-water. The MD simulation obtained using
CLAYFF and SPCE force field of Mt and Ht were analysed using a minimal model ap-
proach, which was used to compare the MD simulation with the QENS data. In regards
to Ht, the comparison between experimental and simulated data shows that the MD
simulation box had a higher hydration compared to the measured sample resulting in
an extra dominating water population in the interlayer. For Mt the MD simulation re-
produce the data well showing that the diffusive motions of the confined water in the
MD simulation depict well the behavior of the measured QENS data. To conclude, this
thesis shows that MD is a unique complementary technique for the analysis of QENS
data, which can be used to improve our understanding of the measured system as well
as empirically verify and further improve the MD simulations of the system.



Acknowledgement

I would like to offer my thanks to my supervisor Heloisa N. Bordallo for supporting me

toughout this thesis and giving my guidance when I needed it. I would also like to thank
my co-supervisor Gerald Kneller for our interesting discussions and for his advice re-

grading the theoretical and computational parts of this thesis. In addition, I would also
thank my other co-supervisors Anders Markvardsen and Franz Lang for their support

during this thesis and for their consultations during the MDMC meetings. A special
thanks to Will P. Gates for preparing the clay mineral samples and for our fruitful col-
laboration.

I wish to thank Virginie Marry for providing me with the simulation boxes for the two

clay minerals of interest and for her continuous support and guidance in molecular dy-
namic simulations using CLAYFF.
I offer my gratitude to Mark T. F. Telling, Felix J. Villacorta, Seiko Ohira-Kawamura and

Yukinobu Kawakita for providing me with experimental data for the systems of inter-
est. In addition, I offer my thanks to Marcella C. Berg for her guidance during the data

reduction and analysis of the measured QENS spectra using Mantid.
I would also like to offer my gratitude to the Danish National Supercomputer for Life
Sciences, known as Computerome, for granting me access to their cluster, where all my

simulations and most of my computations was made.
I also recognise research group at NBI for our fruitful discussions about my project and

for the laughters we had together.
My deepest thanks goes to my friend Tobias Thornsen Rehling for proof reading my

thesis.

At last I would like to thank my girlfriend Camille Hviid for her support during my
thesis and for the help with the graphical design of some of my figures.

ii



Nomenclature

ACF auto-correlation function

CCF cross-correlation function
CLAYFF clay force field

DOS density of states
EISF Elastic Incoherent Structure Factor

FCA fast correlation algorithm
FDM free diffusion model

FF force field

FFT Fast Fourier Transform

FOM figure of merit

FWHM full width at half maximum

Ht hectorite
HWHM half width at half maximum

INS inelastic neutron scattering
JDM jump diffusion model
LJ Lennard-Jones

MC Monte Carlo
MD molecular dynamic
ML machine learning

MMC Metropolis Monte Carlo
MSD mean square displacement
Mt montmorillonite

nb non-bonded

PIM polarizable ion model
PL phenomenological
PPPM Particle-Particle-Particle-Mesh

QENS Quasi-elastic neutron scattering
RMS root mean square

SPC simple point charge
SPCE extended simple point charge

TCF Time-correlation function

TIP3P transferable intermolecular poten-
tial 3 point

TIP3P-FB transferable intermolecular po-
tential 3 point-ForceBalanced

TOF time-of-flight

VACEF velocity auto-correlation function
vDOS vibrational density of state
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Chapter 1

Introduction

In neutron scattering experiments the — r-:z-ji--ioimomim . Detector
1
I
1
1
I

1
quantum mechanical particle-wave dual- i
1 Scattered neutron §
1
I

ity is used such that neutrons are seen

as particles when they are created, as in-

. Incident neutron
terfering waves when they are scattered,  E
[ L

and again as particles when detected [1]. =

The measured quantity, S(Q, w), known
as the dynamic structure factor, describes Figure 1.1: Simple illustration of neutron experi-

the structure and dynamics of the mea- ments with a highlighting of the principle of the
sured system. It is as a function of the scattering triangle.

scattering vector, Q, representing the mo-

mentum transfer and the energy transfer, iw between the neutrons and the sample as
illustrated in Fig. 1.1. If the energy exchange between the neutrons and the sample is
small diffusion processes can be described. This is the quasi-elastic area of interest in
this work.

Quasi-elastic neutron scattering (QENS) is a powerful spectroscopic technique used to
explore diffusive motions of atoms on nanometric length scale between 1A and 100A
and times scales between 10 %s and 10 !3s. Because of the dominant incoherent scat-
tering response from hydrogen atoms QENS studies on hydrogen-rich systems explore,
in particular, the diffusive motions of individual hydrogen atoms. Therefore, QENS
is ideal to study complex systems such as the dynamics of water confined in smectite
clay minerals, which are layered nanomaterials formed by SiO, tetrahedra and Al- or
Mg-octahedra sheets, separated by an interlayer cation such as Na*, Ca?*, Ni*,Cs™, as
illustrated in Fig. 1.2.

Considering the study of bulk-water, the QENS spectra can not be completely described
by a free diffusion model. This happens because the diffusion in liquids takes place in
discrete diffusive jumps [2]. Consequently, the jump diffusion model was formulated
using both Schofields semiclassical approximation [3] and Van Hove’s formalism of cor-
relation functions [4]. The relation, like other phenomenological diffusion models, is
based on a sum of Lorentzians, where each Lorentzian describes different aspects of
the diffusion like translation and rotation [5]. From the half width at half maximum
(HWHM) of the Lorentzians the diffusive motions can be characterised. This ability
to rationalize extensive sets of QENS data in terms of a relatively small number of pa-
rameters, makes this phenomenological (PL) approach widely adopted in QENS data
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# Cationic specious
@ H,0 molecules

Mt: (Na)g 52(Mg)g.72(Fe)o.a(Si)7.o(Al);.08(0)20(OH)4N(H,0)

Ht: (Na)g 65(Mg)s.42(Li)0.55(S1)7.9(Al1)g.1(0)20(OH)4n(H,0)

Figure 1.2: Illustration of the smectite clay mineral. The illustration show that two tetrahedral
and one octahedral sheets is layered together 2:1 and between each layer there is an interlayer
consisting of water and hydrated cationic specious. Chemical formulas of the used clay min-
erals, montmorillonite (Mt) and hectorite (Ht), are also provided. This figure is adapted from
[12].

analysis. This is applied for not only bulk-water but also in a variety of systems [6-11].
However, QENS data is rich in information and such models only extract a fraction of
the information hidden within the measured spectra [6]. For example, prior informa-
tion of the system is essential to determine the specific number of Lorentzian needed to
describe the dynamics, which can be obtained from different experimental techniques,
such as thermal analysis [7]. A good example is the confined water in clay minerals,
where different types of water molecules coexist, making it difficult to distinguish their
dynamics [9]. To not constraint the study with a priori assumptions, alternative ap-
proaches for interpreting QENS data are urgently needed. With that in mind, a minimal
model approach has been proposed as an alternative for interpreting QENS data, where
the multi-scale relaxation of the water molecules can be described without any prior
information [13-15]. This new approach has been successfully used to analyse the dy-
namics of confined water molecules in proteins and clay minerals [14, 16]. The analysis
presented in [16] was comparable to research done on the same systems using the PL ap-
proach with the traditional jump diffusion model [7]. This shows that the new approach
can capture the full dynamics of the confined water with the benefit that it rationalizes
extensive sets of QENS data in terms of a minimal number of parameters. This model
is further described in Chapter 3 and was the subject of my bachelor thesis [17].

To further understand the differences and similarities between the two approaches, PL
and minimal model, and to get a better understanding of complex systems, a comple-
mentary technique is needed. Here molecular dynamic (MD) simulation is the best
choice since it can provide detailed information about the dynamics of molecules and
atoms of complex systems within the length and time scale probed by QENS. With the
Van-Hove formalism the QENS spectra can be described in the momentum and time
space, making a direct comparison with the MD simulation possible. Additionally, as
MD simulations determine the trajectories and velocities of every atom in a system as a
function of time, it is a desirable technique to observe the different diffusive motions of
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atoms.

The way MD simulation works is by solving the classical equations of motions, i.e. New-
ton’s equations, for a set of N particles. This is roughly done by three main elements
[18]: (i) defining the system (construction of the simulated cell at the desired conditions
of temperature, pressure, etc.), (ii) defining the interactions between the particles, i.e.,
the potential energy or force field (FF), as it is usually called, from which forces acting in
the particles can be calculated, (iii) defining a suitable computational algorithm to nu-
merically solve the equations of motion at each time step. Element (iii) can be defined
without major problems but elements (i) and (ii) are more complex, since creating a sim-
ulated cell comparable to the measured system is a difficult task and the forces acting
on the particles have to be set prior to the simulations using theoretical assumptions.
In this work the MD simulations were performed using "LAMMPS Molecular Dynamic
Simulator" and the conversion of the trajectories and velocities to either S(Q, w) or its
Fourier transformed F(Q, t), were obtained by new Python3 features of nMoldyn [19-
22]. This is done along with computing different physical quantities of the MD simula-
tions such as the mean square displacement (MSD) and density of states (DOS).

The initial purpose was to understand MD simulation in depth and apply it to anal-
yse QENS data of confined water molecules in the interlayer of two different smectite
clay minerals, hectorite (Ht) and montmorillonite (Mt) chosen because they have a dif-
ferent isomorphic substitution resulting in a different net negative charge of the layer.
In both samples, Na is the interlayer cation [12]. With a better understanding of how
the dynamics of the water molecules change when polarized differently, we are able to
better engineer clay minerals to carry diverse chemicals like drugs or as containers for
radioactive disposal [9, 10, 16]. However, because of the complexity of the clay min-
erals, we first consider bulk-water and compare its MD simulation with the measured
QENS data. This will verify the simulations, but also help interpret the diffusive mo-
tions, analysed using both a PL approach and a minimal model approach, which will
be compared to each other.

In this work we will start in Chapter 2 by explaining some of the statistical mechanics
regarding diffusive motions used in the nMoldyn algorithms and in the theory of neu-
trons scattering, which will be covered in Chapter 3. In Chapter 4, the theory of MD
simulations is covered to better understand all of the settings needed. In Chapter 5,
the experimental details of QENS are explained along with a detailed description of the
data analysis performed in this work. The used computational methods, such as the
description of the MD simulations and the algorithms used in nMoldyn, will also be
covered in this chapter. The code used in this thesis can be accessed through a private
Github repository, where access can be gained by writing to "martinhp27@gmail.com”
[23]. In Chapter 6, the results of the thesis are presented in two parts, one covering
bulk-water and the other covering the confined water in Mt and Ht, along with a gen-
eral discussion. A conclusion and a perspective to further work will be presented in
Chapter 7.



Chapter 2

Statistical mechanics of diffusion

2.1 Time correlation functions

In the 1950s, Green and Kubo showed that phenomenological coefficients describing
transport processes and time dependent phenomenons could in general be written as in-
tegrals over a certain type of function called time-correlation functions. Time-correlation
function (TCF) is an effective way of representing dynamics of a system and are a com-
mon tool in both classical and quantum mechanics. They provide a statistical descrip-
tion of the time-evolution of a variable for an ensemble, making them of great use in
random (or stochastic) and irreversible processes [24, 25].

For the case of a system at thermal equilibrium, the probability of observing the phase

space function, A, is described through an equilibrium ensemble average [24, 25]:
Z Z

hAT = dpdgA(p,q)r(p,4) @.1.1)

where r(p,q) is the equilibrium phase space distribution function and dpdq stands for
the 6N dimensional vector [dp;  dpndq:  dqn] with N as the total number of atoms.
p and g are the necessary spatial coordinates and momenta used to describe our system,
and are also know as the phase space coordinates.

Of course even at equilibrium the expectation value of A will fluctuate randomly as a
function of ¢, giving the phase space function Afp(t),q(t)g = A(p,q;t) = A(t), where
p(t) and g(t) are related to the phase space coordinate (p,q) at initial time through the
equation of motions of the system: p(t) = p(p,q;t) and q(t) = q(p,q;t). To describe
some of the properties of the random fluctuation, like the characteristic time scales and
amplitude of the changes, the value of A(t) at time t can be compared to another value
of A(") at another time . To do this comparison we define a TCF as a time-dependent
quantity, A(t), multiplied by that quantity at some later time, A(t"), and average over

an equilibrium ensemble [24, 25]:
Z Z

Can(t,t") = AR A(H)i = dpdq A(p,q; ) A(p,q;£)r (p,q) (2.1.2)

Now, if the phase space function A(t) is a vectorial function, such as the velocity, the
multiplication between the quantities becomes a dot product. Technically, Eq. 2.1.2 is
an auto-correlation function (ACF), which correlates the same variable at two points
in time, whereas the correlation between two different variables in time is described
through a cross-correlation function (CCEF):

Cap(t,t') =hAMB()i = dpdqA(p,q;t)B(p,q;t)r(p,q) (2.1.3)
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The phase space functions, A(t) and B(t), can be different kind of properties in our
ensemble, meaning that the TCF in general describes how long a given property of
a system persists until it is averaged out by motions and interactions with its sur-
rounding. Thus the TCF describes how and when a statistical relationship has van-
ished. As an example let us consider the velocity auto-correlation function (VACEF)
Coo(t) = ho(0) w(t)i. Att = 0, C,p(0) = ho?i, which is simply the equilibrium av-
erage of v?, giving 3kT/m by equipartion [26], where k is Boltzmann constant, T is the
temperature and m is the mass of the particle . As time evolves, the particle will suffer
from collisions and as we average over all these collisions its velocity will change in both
direction and magnitude. Therefore, the velocity v(t) at time t will be less and less cor-
related with its inital value v(0), which at later times leads to v(t) becoming completely
uncorrelated with the initial velocity and Cy, () = 0. Thus we expect the velocity corre-
lation presented here to start at its initial value C,,(0) = 3kT/m and decay to zero. This
example shows that TCF describes how and when the correlation has vanished [24].
The TCF has some different properties, which will be useful in later work. For an er-
godic system the ensemble average hAi of a value A is equal to the time-average A of
the same value. A system is ergodic if the evolution of one member of the ensemble
has evolved long enough to sample the equilibrium probability distribution. Assuming
this property for our correlation function, which is a fair assumption for a molecular
dynamic (MD) simulation, the correlation function can be expressed as either an equi-
librium ensemble average, Eq. 2.1.3, or a time-average over a phase space trajectory of
fixed length T [21, 25]:

Cap(t, ) = hA(H)B(E)i = lim dtA(t + £)B(t + 1)) (2.1.4)

14712
Tex T

T/2

This is useful for MD simulation, where phase space trajectories of fixed length are
produced.

In thermal equilibrium, thermodynamic averages and TCFs are invariant with respect
to a shift of time arguments (this is also known as stationarity). This means they are not
dependent on the absolute point of observation (t and t%), but rather the time difference.
This give us hA(t1)B(tp)i = hA(t1 to)B(0)i = hA(t)B(0)i, with t = t; to. From
the stationarity of equilibrium we also have that C45(t) = Cap( t), meaning that in
classical statistical physics, ACF (A(t) = B(t)) are symmetric in time [21].

2.2 The Langevin equation

In 1827, the botanist Robert Brown discovered that small pollen grains immersed in a
fluid undergo an irregular motion, which is due to the collisions of the pollen particle
with the molecules of the surrounding fluid. To an observer, the trajectory of such a
Brownian particle will appear as an random path, which characterize the random or
stochastic process of the Brownian particle. We assume that the forces on the Brownian
particle can be split up into separate parts. The first force is the frictional force due to
drag exerted on the particle by the fluid. Empirically, we know that the drag force is

5
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proportional to the velocity of the particle, so by representing the velocity of the particle
as v, then the frictional force is F; = gv, where g is the friction constant. This propor-
tionality is also the reason why the velocity of the particle is known as the drift velocity.
The french physicist Paul Langevin made the description of the particle motion more
realistic by introducing the second force, the fluctuating force Fy. This random force
represent the constant molecular bombardment exerted by the surrounding fluid and
we assume that Fy is independent of v and varies extremely rapidly compared to the
variation in . The variation of the fluctuating force at different times, is described by
the TCF [24, 26]:

f(t ) =hF(t) Fp(t)i (2.2.1)

and since F is a rapidly varying function, we assume that f(¢ t') is stationary and
only depends on the time difference and not the absolute times. We also assume that
the function f(t ) is only nonzero when jt  t'jis small and very peaked when t = #.
The ensemble average of the fluctuating force at all times are always hF¢(t)i = 0, due to
its rapid change. If this is not the case, then the average force could be included in the
external force F,, which is the last part of the total force [24, 26].

The motion of the Brownian particle undergoes a total force consisting of three parts
and from Newton’s second law we have the Langevin equation [26]:

do(t)
dt

This equation can be solved for many simple cases, but we are interested in the special

m= go(t) +F(t) + Fe(t) (2.2.2)

case, where we do not consider the external forces, i.e., F, = 0. In this case, the Langevin
equation becomes a stochastic differential equation due to the randomly fluctuating
force F f(t). For the stochastic differential equation we want to determine the velocity
as a function of time, knowing its initial value v(#p) at the initial time #y. Formally the
stochastic equation has the solution [24]:

t/h z t
o(t) =v(to)e M+ = dreE(f) (2.2.3)

where h = m/g. Using hF¢(t)i = 0, we observe that the ensemble average of the
velocity as a function of time ho(t)i is exponentially decaying and will be completely
zero at some point in time. The mean velocity of the particle decays, at a rate determined
by the relaxation time, h , to the ultimate value zero [27].

The variance of the velocity is more tricky to derive and has been done in Appendix
A.1. From the derivation the variance of the velocity is found to be[24, 26]:

3kT  at/n . 3KT

ho(£)?i = (v3 7)6 p” (2.2.4)

where t have been evaluated by realizing that equipartion must apply in the limit:

lim; x y ho(£)%i = 3L h7t = 3T Eq. 2.2.4 shows how ho(t)?i approaches its equipar-
tion value. Note that if v} was equal to the equipartition value 3kT/m, then ho(t)?i
would always remain the same, which shows that statistical equilibrium, once attained,

6
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has a natural tendency to persist [27].

Considering the position of the Brownian particle as a function of time r(t), where we
assume the initial position is at origin r(fyp) = 0 at the initial time ¢y for now. Mak-
ing use of the fact that (i)r v = %(dr2 /dt), (i) r (dv/dt) = %(dzr2 /dt?)  v? and (iii)
hr Fg(t)i =0, then by taking the dot product of r on all terms in Eq. 2.2.2 and then take
the ensemble average of all the terms we have [27]:

d?

2 hr(£)%i +

25 — 2
h 5 hr(t) i = 2ho(t)2i (2.2.5)

Substituting Eq. 2.2.4 into this equation we have:

d? > 3kT,  ot/n OKT

T r(t)%i + hr(t)2 205 = e — (2.2.6)

The solution to this second order differential equation is given in [27]. The property
of most interest is not the mean square position hr(t)?i of the Brownian particle but
the mean square displacement (MSD) hjr(t) r(ty)j?i. Since in our case we assume
r(to) = 0, hr(t)%i = hjr(t) r(tp)j%i gives us the solution to the MSD of the Brownian
particle [27]:

hir(t)  r(to)j%i = v3h%(1 e t/N)? KT o (— 3+4+4e /M e 2/ (2.2.7)

This result is only valid for this assumption of r(tp). However, in [24] the deviation
of the MSD uses a general approach of the initial position r(fy) and this result is equal
to Eq. 2.2.7, meaning that it is valid for all initial positions of the Brownian particle.
Therefore, Eq. 2.2.7 describes how the position of the Brownian particle varies from its
initial position on average as a function of time.

Eq. 2.2.7 has two very interesting limits:

P.r% hir(t)  r(to)j*i =juijt? (2.2.8a)
o .. _6kT =
th!ni hir(t) r(to)ji _Tht = 6Dt (2.2.8b)

where D = (kT /m)h is the diffusion coefficient, which was first derived by Einstein
in 1905. These limits describe that for very short times the MSD goes as t2, as dictated
by classical mechanics, but after a time much longer than the relaxation time, h, the
statistical nature of the problem takes over and the MSD goes linearly in time. The dif-
fusion coefficient is also known as a transport coefficient, which measure how rapidly a
perturbed system, like the Brownian particle, returns to equilibrium. Therefore, the dif-
fusion coefficient describe how the Brownian particle diffuse in an environment, where
a high diffusion coefficient indicates a fast diffusion [24].

2.3  Wiener-Kintchine theorem

There are two functions associated with a continuous stationary stochastic process that
are central to the theory of stochastic process, which we assume the Brownian particle

7
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is undergoing. These two function are the correlation function and the spectral density,
where we assume that the correlation function follows all the assumption described in
section 2.1. To consider the spectral density, we let [21, 24]:
8
xp(t) = fx(t) iy T 2.3.1)
-0 otherwise

be a signal of length T, describing the trajectory of the stochastic process of the Brownian
particle. The Fourier transform of x7(t) is [24]:

Zy , Zr ,
A(w) = ditxp(t)e ™t = dtx(t)e ™! (2.3.2)
¥ T
It then follows [24]:
_ o JAW)J?
S(w) = Th!rr;é T (2.3.3)

where S(w) is the spectral density of x(t). The spectral density is a function of frequency
and it characterizes the population of a stationary time series.
Following the famous Wiener-Khintchine theorem the spectral density (Eq. 2.3.3) and
the correlation function (Eq. 2.1.4) are related through a simple Fourier or cosine trans-
form of each other: [24]:
1 £¥ Z y
C(t) = D ¥dtS(W) cos(wt) and S(w) =2 . dtC(t) cos(wt) (2.3.4)

This is a useful relation, since S(w) is measurable in many cases, while the correlation
function is not. In MD simulation we normally consider the VACF for the Brownian par-
ticle, which, due to the stationary of the particle depends on the time difference between
the velocities giving ho(t") v(t")i = ho(t) v(0)i = C,(t) , where t = %, For the
case of MD we study the connection between the VACF C,(t) and its spectral density,
known as the velocity spectrum g(w). As [28] shows, the velocity spectrum can in the
limit of a harmonic system, be considered as the density of normal mode harmonic os-
cillators, which the neutron community knows as the phonon or vibrational density
of state (vDOS). The vDOS can be measured by inelastic neutron scattering (INS) and
together with the momentum-time correlation function, they are the two observables
that can be computed from MD simulations and measured by neutron scattering, mak-
ing a direct comparison between computational simulation and experiments possible.
The momentum and time correlation function can be measured by quasi-elastic neutron
scattering (QENS), which is considered in the next chapter.



Chapter 3

Quasi-elastic neutron scattering

3.1 Basic neutron scattering theory

In scattering theory the wave nature of the neutrons, with kinetic energies E measured
in meV, are often referred to in terms of the neutron wave number k = %9 or the wave
vector k = mﬁv, where | is the wavelength, v is the velocity, and m,, is the neutron mass.
Such domain of energy is often that of molecular motions (diffusion, rotation) and of
chemical reactions. From this point of view, water dynamics is an ideal domain to ap-
ply neutron scattering. The wavelengths are measured in A (10 ’m) and the wave
numbers in A *, covering ideally the nm and ps range in the space-time domain [1].

Fig. 3.1 illustrates the structural and dynamical properties probed by neutron scatter-
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Figure 3.1: Overview of the different structural and dynamical properties probed by neu-
tron scattering in the different length, energy, time and wave vector range. The instru-
ments covering the different regimes are also shown. The figure is adapted from https:

//europeanspallationsource.se/.
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ing in the different regimes, where in this work we consider regimes covered by the
backscattering and time-of-flight (TOF) spectrometers.

A neutron scattering experiment, as illustrated in Fig. 1.1, consists of hitting a sample
with a neutron beam of wave vector k;, wavelength 1;, and energy E;. Under the effect
of a potential V(r), describing the interaction between the neutron and the system, the
neutrons are scattered by the nuclei of the sample, and then characterized by a wave
vector k¢, wavelength 1, and energy E;. The angle between k; and k¢ is given by the
scattering angle 2¢. The momentum and energy conservation rules lead to:

nA(k? k%)

Q=k k and Aw=E E;=h(w;, wy)= ! (3.1.1)

2my

where Q is the scattering vector, which denotes the momentum transfer and Aw is the
energy transfer. For inelastic scattering (7w & 0), the neutrons and the sample will
exchange energy and momentum, meaning dynamical properties of the system will be
probed and it leads to the Q-vector being a function of w, I and 2q. For elastic scattering
( hw = 0), the neutrons and the sample will not exchange energy, meaning structural
properties of the sample will be probed and it leads to jk;j = jk¢j giving a Q-vector
magnitude of: jQj = P sin(2q) with I = 1; = I, [11, 29].
The flux of the neutron beam (YY) is defined as the neutron rate per area, while the
neutron scattering cross section, S, of a system is defined by its ability to scatter neu-
trons, i.e. the number of neutrons scattered per second divided by the flux. During a
neutron scattering experiment, the measured quantity is the differential cross section
ﬁ, defined as the number of neutrons scattered per second over a solid-angle dW
with the final energy between Ey and Ef + dE; [1]. Using Fermi’s golden rule and the
Fermi pseudopotential, the average differential cross section can be found for a system
containing a large number of nuclei [1]:
2 Z ¥ . . |

d\L/iv—dva = ’;(—f% ’ hn;j bb; jn i ¥dt hnje Rri@eRriM) jy j o W (3.1.2)
where r(t) is the position operator, b is the scattering length describing the interactions
between the neutrons, and the nucleus and jnli refers to the energy state, where the
indices represent the i and j nucleus. This equation is known as the master equation for
scattering of unpolarized neutrons, where the spin-states are omitted. The derivative of
the differential cross section is changed from dEf to dw since this is what is measured
[5, 11].
Eq. 3.1.2 can be separated into two parts, one describing the time correlation between
N different scatters (i & j) and another describing the self-correlation (j = i) between
identical scatters [5]:

> VA
T K1 iz Y e @r, @0 o i
dWdw  k; 2p & ¥
ke 1 Z y (3.1.3)
+_f_ hb2| dt he ier(O)e iQr]-(t)i e iwt
ki 2p i=j ¥

10
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Figure 3.2: Overview of the different contributions influence on the total differential cross section
(7w dw) proportional to the dynamic structure factor (S(Q, w)). The incoherent (inc) and coherent
(coh) scattering response of the total differential cross section describes the individual nuclei
motions and the collective nucleus motions of the system respectively, as illustrated by the little
drawing. This figure is adapted from Peter M. Gehring, NIST (USA).

where h 1 denotes a quantum ensemble average. If we define the coherent cross sec-
tion as S.,, = 4p hvi? = 4pb2 o, and the incoherent cross section as S;;,; = 4p(hb?i
hbi? ) = 4pb;,., the differential cross section becomes [5]:

s Nk d’s d%s
deW 4p kf (Scth(Q W)coh + SzncS(Q W)mc) = (deW)COh (de )znc

(3.1.4)

where N is the number of nucleus and S(Q, w) is the dynamic structure factor describ-
ing the structure and dynamics of the scattering system. Because d\bf\/ T S(Q,w), we
consider the total dynamic structure factor as being the measured value and it is also
separated into a coherent and incoherent part, with each part giving a different kind of
contribution as highlighted in Fig. 3.2. For hydrated samples incoherent scattering from

the hydrogen atoms dominates, making it possible to neglect coherent contributions of

the system: S(Q,t) = S(Q,)con +S(Q, t)inc  S(Q,)inc [5]

3.2 The Van-Hove formalism

By using the Van-Hove formalism, the dynamic structure factor, S(Q, w), can be rep-
resented in momentum and time, F(Q, t), using a Fourier transformation and in space
and time, G(r, t), using a second Fourier transformation. Thus, we can establish a direct
connection between S(Q,w), F(Q,t) and G(r,t) [11, 29]:

| Zx Zy Z

S(Qw)=—  dte ™F(Q,t) = LT pre@r WO G(r, t) (3.2.1)
2p ¥ 2p ¥

The momentum-time correlation function F(Q,t) is known as the total intermediate
scattering function, which can be separated into ( F(Q,t) = F(Q,)s + F(Q, )con) an
incoherent and coherent part, where the incoherent part is denoted by the index "s"
indicating that the self-correlations in dynamics of the atoms are probed. The real space-
time correlation function G(r,t), indicates the probability of observing a particle at a

position r at a time ¢, provided that a particle P stands in a known position at time ¢ = 0.

11
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The correlation function can be split G(r,t) = G(r,t)s + G(r, t)4, into a distinct G(r, t),
and a self G(r,t)s contribution part. G(r,t); is the probability that the initial particle
P stands at r at time t, while G(r,t); is the probability that it is a different particle.
S(Q, W), is directly connected to the "self" G(r,t)s term, according to Eq. 3.2.1, since
it only carries information about individual atoms, while S(Q, W)y, is partly related to
the "distinct" G(r, t); term and the "self-coherent" G(r, t); term, making it possible to
observe structural and collective dynamical properties of the system.

Before discussing the intermediate scattering function in more detail, we consider the
correlation function of the spatially Fourier-transform particle density. Considering the
probability density ra(r,t) = d(r ra(t)) to find a single "point-like" atom a at time ¢ at
position r and its spatially Fourier transform [21]:

z

ra(Q,t) = d3rexp( iQ r)ra(r,t) =exp( iQ ra(t)) (3.2.2)

we can define F(Q,t) = ,wafla(Q, ) to be, the total spatially Fourier-transform parti-
cle density. In terms of the above definitions the coherent and incoherent intermediate
scattering function are defined as weighted ACF [21]:

F(Q, t)con = hP(Q, )T (Q,0)i (3.2.3a)
F(Q,Dine =  wWa,inc hPa(Q, 1)F,(Q,0)1 (3.2.3b)
a
From the correlation one can observe that that F(Q, t).., gives information about the
collective motions, while F(Q, t);,,. describes single particle correlation. The weights
are normalised such that:

w? =1 and Waine = 1 (3.2.4)

a,coh
a a

and the standard choice for comparison to experimental data is w, ., bacon and
Wa inc bg ine [19, 21]. With the normalisation it follows that [21]:

dim F(Q,0)eon =1 and F(Q,0)i =1 (3.2.5)
Qjr¥
These properties become important when converting the MD simulation trajectories
into the observable F(Q, t).
Before moving note that, because of the dominant incoherent scattering response from
hydrogen atoms in hydrated samples, such as bulk-water and confined water in the
clay minerals, we only consider the incoherent contribution of the measured spectra in
this work. Thus, from now on we will only consider the incoherent dynamic structure
factor S(Q, w);,,. and its Fourier transformed F(Q, t); and G(r, t); and the indexes will
be omitted from now on.
From the symmetry properties of the quantum TCF F(Q, t) and the requirement that
S(Q, w) must be real, F(Q, t) and S(Q, w) fulfill the detailed balance relation [13, 14, 21]:

F(Q,) =F( Q, t+ibh) and S( Q, w)=S5(Q,w) "™ (3.2.6)

12
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A S(Qw)
Elastic
Inelastic
Inelastic
(anti—StoIkes) Quasielastic (Stokes)

0 ho (meV)

Figure 3.3: The neutron scattering spectrum, containing elastic (EL), inelastic (IL), and quasi-
elastic (QE) contribution. In an experiment the EL and QE spectrum are inseparable, while here
they are separated for conceptional purpose. The inelastic scattering has contributions from
Stokes (neutron energy loss) and anti-Stokes (neutron energy gain) scattering, where the Stokes
contribution is usually higher. The QE part has a similar contribution, but is disregarded, since
the spectrum is considered symmetric. The EL part is broadened because of the instrumental
resolution. The figure is adapted from [30].

where b = kBLT/ kg is the Boltzmann constant, T is the temperature in Kelvin and the
exponential factor is called the detailed balance weight.

In the classical framework, the intermediate scattering functions are interpreted as clas-
sical TCF. Here the position operators are replaced by time-dependent vector functions
and quantum thermal averages are replaced by classical ensemble averages. However,
since the classical TCF is real, it does not fulfill the detailed balance relation. To correct
for the loss in detailed balance we use the relations [3, 19, 21] :

Fi(QB)=Fy(Q t) and S@Qw) Sq(Qw) ™™ (3.2.7)

where the F,;(Q, t) relation follows the stationarity of equilibrium TCF as well as ensur-
ing that S;(Q, w) is real, and the S.;(Q, w) relation, suggested by Schofield [3], corrects
for the detail balance (Eq. 3.2.6). Formally the correction is valid up to the first order of
hi. Therefore, it can not be used for larger jQj-values, which corresponds to larger mo-
mentum transfer. By definition the intermediate scattering functions calculated from
MD simulations are classical correlation functions and must be considered as approxi-
mations for the quantum correction functions describing the full neutron scattering law,
which Eq. 3.2.7 helps acquire [21].

3.3 Analysis of Quasi-elastic neutron scattering

In a Quasi-Elastic Neutron Scattering (QENS) experiment one measures the elastic (EI)
Ser(Q,w = 0), the quasi-elastic (QE) Sop(Q,w  0) and the inelastic (IL) S;7.(Q, jwj =
0), responses of the systems illustrated in Fig. 3.3. For the El part at iw = 0, the neu-
trons do not exchange energy with the sample, meaning that particles in the sample are
seen as immobile at a given time ¢. Ideally, this corresponds to a Dirac-delta function
in the total S(Q, w) spectra, positioned at iw = 0 and this is called the elastic line. Of
course, experimentally we observe a broadening due to the instrumental energy resolu-
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tion, which we will discuss later. For both the QE and inelastic part, the neutrons will
either gain or lose energy after interacting with the sample, which is due to the par-
ticles dynamics. For the QE part, this energy exchange is small and experimentally it
corresponds to an even further broadening of the elastic line in the total S(Q, w) spectra
related to processes occurring with a distribution of energies. The inelastic part probes
vibrations in the sample and experimentally it mostly contributes to the background in
the total S(Q, w) spectra.

The phenomenological (PL) approach consists of capturing the dynamics of the sam-
ple using a sum of Lorentzians, where each Lorentzian captures a particular atomic
dynamic. In this work a single Lorenztian is used in the attempt to capture the transla-
tional dynamics of the bulk-water system. Taking the elastic line into account with the
first term, we can describe the total S(Q, w) as [5, 11, 31]:

S(Q,w) = EISF(Q)d(w) +[1 EISF(Q)IL(Q,w) + B(Q) (3.3.1)

where the vibrational contribution have been considered as a background B(Q), L(Q, w)
is the Lorenztian function, and the Elastic Incoherent Structure Factor (EISF), defined as
lim;wy F(Q,t) = EISF(Q) the plateu value of F(Q,t) , is a form factor (structure fac-
tor) of the space of confinement of the particle. The EISF carry information about the
dynamics of the particle and can for each jQj-value be seen as an elastic fraction of the

signal [11]: F(O)
El
Fg(Q) + Fore(Q)

where the El part describes the structural information and the QE part describes the

EISF(Q) = (3.3.2)

average single particle motional amplitude of the sample.

In this work Eq. 3.3.1 will be referred to as the PL model. Using the PL model to fit the
QENS spectra, the half width at half maximum (HWHM) of the Lorenztain can be de-
termined. If the HWHM does not have a Q-dependence it can be interpret as a localised
motion, while if the HWHM shows a Q-dependence the motions can be characterised
by a diffusion model and the diffusion coefficient can be determined [5, 7].

To visualize diffusive motions we consider a Brownian particle, which collides with a
neutron at ¢ = 0 and is set in motion and travels a path in space over a time t. Then,
a new collision changes the speed and direction of the particle so that the initial condi-
tion of the first collision is lost. For large probed distances, meaning small jQj-values,
this transition can be seen as continuous. This is called long range translational or free
diffusion and is described by Fick’s law [32]:

1G(r,t)
)|l

where D is the translational diffusion coefficient and G(r, t) is the self-correlation func-

= D;r2G(r,t) (3.3.3)

tion. Solving Fick’s law [32] results in a Lorentzian line in energy [11]:

1 6(Q)

S(Q, W)tmns =L(Q,w) = BW

(3.3.4)
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with a HWHM of G(Q) = D;jQj*> = D;Q? giving the famous linear dependence of
Q? with Dy as the slope, which is known as the "DQ?" law or the free diffusion model
(FDM). According to the Van-Hove formalism, Eq. 3.2.1, [11, 32]:

F(Q, 1) = exp(G(Q) 1) (3.3.5)

is also regraded as the solution to Fick’s
law, since it is the Fourier transformed
of S(Q,w)""s (Eq. 3.3.4). G(Q) is the
full width at half maximum (FWHM) of
the Lorentzian in time space [33] and Eq.
3.3.5 will in this work be referred to as the
Fourier transformed PL model.

For small probed distances, meaning

large jQj-values, it is assumed that be-

tween two events leading to diffusion the

Q2[A~?]

particle remains on a given site for a time

1), called the residence time, showing ro-
Figure 3.4: Illustration of the Q-dependence for

the free diffusion model (FDM) and the jump
diffusion model (JDM), where jQj = Q is the
magnitude of the scattering vector. At small Q-
values G(Q);pm follows the DQ? law, but for
large Q-values it tends towards the asymptopic

tational motions and then jumps to its
new location [2, 11, 34]. This discrete
translation is called jump diffusion and it
diverges from the DQ? law. The form of
S(Q, w)%"s remains a Lorentzian and the
form of F(Q,t)""" remains an exponen-
tial, but the Q-dependence of HWHM dif-
fers [2]:

value of the reverse of the residence time t;.

.o 5
6(Q) = % with D, = h61—to' (33.6)
and is known as the jump diffusion model (JDM). In Eq. 3.3.6 the translational diffusion
coefficient is given in terms of the mean-square jump length h/?i, which is derived from
Eq. 2.2.8 [34]. The evolution of G(Q) versus jQj? for the FDM and JDM is illustrated in
Fig. 3.4.

The phenomenological (PL) approach used in this work to fit the bulk-water system,
consists of fitting the QENS spectra using the PL model Eq. 3.3.1, to obtain the HWHM
of the Lorenztian. Fitting the Q*-dependence of the HWHM with Eq. 3.3.6, the diffusion
coefficient can be obtained and compared with other results.

Another way to analyse S(Q, w) without relying on a single or several Lorentzians to

capture specific dynamics of a system, has recently been proposed [13-16].

Following the derivation in Appendix A.2, the intermediate scattering function can be
written in a generic form:

F(Q,t) = (1 EISF(Q))F(Q,t) + EISE(Q) (3.37)

where the QE (1 EISF(Q)) and El (EISF(Q)) contributions are clearly separated.
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T(Q, t) is the atom-averaged normalized self-correlation function, describing the relax-
ation of the hydrogen atoms [13, 15]:

1 hdri(Q,0)dra(Q,t)i
NH a hdﬁa-(Q/ O)dFa(Q, 0)'

where Ny is the total number of hydrogen atoms and dra(Q,t) = Fa(Q,t) hra(Q)i is
the deviation of the spatially Fourier-transformed single particle density of atom a (Eq.
3.2.2) with respect to its mean value. Note that the PL model uses £(Q, t) = exp(G(Q)
t) and Eq. 3.3.7 reduces to Eq. 3.3.5 when EISF = 0.

T(Q, t) also follows the detailed balance relation [13]:

Q1) =

(3.3.8)

£f(Q,1) =F( Q, t+ibh) (3.3.9)

For the limits of F(Q,t) to be fulfilled, ¥(Q,t) must satisfy (Q,0) = 1 and
limy;wy F(Q,t) = 0[13, 15].
We now introduce the symmetrized relaxation function [13]:

£(t + ibh/2)

() = £(ibh/2)

(3.3.10)
which is real and symmetric in time and the Q-dependence can be omitted because
(Q,t) = f( Q,t) according to Eq. 3.3.9. By construction ¥(*)(0) = 1, and according
to Eq. 3.3.7 we can define the normalized and symmetrized intermediate scattering
function to be [13-16]:

FNQ,H) =@  EISF(Q)F™M () + EISF(Q) (3.3.11)

where F(H)(Q, t) and 5(*)(Q, w) can be determined from Eq. 3.2.6.
The choice of using F(*)(t) instead of using F(t) is motivated by Schofields semi-
classical correction [3], which consists of identifying the shifted relaxation function with

its classical counterpart [13]:
) FD(r) (3.3.12)

Schofield’s correction is valid up to first order in 7 and allows us to use classi-
cal diffusion models to interpret QENS data from complex systems, which have es-
sentially continuous energy spectrum. The correction requires biw << 1 as well
as h?jQj?/ 2m,rr << 1, where m,s is effective mass of the scattering atom. In
this case, F(Y)(Q, t) can also identified by its classical counter partner F Q1 =
limy, 1 o F(Q, 1) [3, 13].

To account for the self-similar dynamics of the hydrogen atom, F(*)(t) is given by a
stretched Mittag-Leffer function [13-16]:

(7490

M = H= "= < 1,t> 3.1
M0 =Eal WOY= iy O<a 1t>0 (3.3.13)
which can be considered a generalization of the exponential function retrieved in the
special case E11(z) = 1o % = exp(z), where a ¥ 1. a is the form factor of the
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stretched Mittag-Leffer function and t is a time scale constant. Here G(z) is the Gamma
function or generalized factorial. In the other limita ¥ 0, we retrieved the special case
Ep1 ¥ 1and thus an instantaneous relaxation for any t > 0 [35]

For long-time scales the self-similar relaxation dynamic is accounted for by the scale-
invariant power law form of the stretched Mittag-Leffer function [13]:

t 1 (/1) @

Ean( (t/1)%) 6 a)

(3.3.14)

where we have to note that the long time tail in Eq. 3.3.14 will vanish fora ¥ 1, i.e for
exponential relaxation and does not account for the self-similar relaxation.

A relaxation function of the form Eq. 3.3.13 can be derived from the fractional Ornstein-
Uhlenbeck process. The normal Ornstein-Uhlenbeck process is a diffusion process that
describes the diffusion of a Brownian particle in a harmonic potential and the fractional
generalization includes the non-Markovian memory effect resulting from the Brownian
particles interactions with other particles in its enviorment [13]. The nonexponential
form of the relaxation function, Eq. 3.3.13, can be seen as the result of a diffusion in a
"rough" harmonic potential, where the roughness is defined by a distribution of energy
barriers separating local minimas [13, 15, 16]:

2esin(pa) DE

with e =

P(ae)= p(exp(ae?) +exp( ae?) +2cos(pa) kgT

(3.3.15)

where e is the dimensionless energy barrier with DE being the physical energy barrier
height. The distribution of energy barriers depends on a. At lower a the harmonic po-
tential is rougher and at a = 1 the harmonic potential is normal, i.e. with only one
minimum.

This presented minimal model approach for analysing QENS data, consists of calculat-
ing the normalised and symmetrized F(*)(Q, t) and fitting the result using the simple
model described by Eq. 3.3.11 and Eq. 3.3.13. The parameters in this simple model
with the stretched Mittag-Leffer function as the relaxation function, are: the EISF(Q),
the form parameter a(Q) and the time scale parameter t(Q). Since we omitted the
Q-dependence in the relaxation function and the EISF(Q) is Q-dependent, all the pa-
rameters are assumed Q-dependent. The EISF(Q) has already been discussed and it
describes the confinement of the hydrogen atoms [5, 11]. The parameters t(Q) and
a(Q) describe the relaxation dynamics of the atoms. t(Q) describes the time scale of
the relaxation probed within the instrumental time scale. A decrease in t(Q), means
faster relaxation, while a(Q) describes the form of the relaxation [15].

Considering Eq. 3.3.11 and Eq. 3.3.13 we observe that in the limit of a(Q) ¥ 1 and
EISF(Q) ¥ 0, the simple model of the intermediate scattering function:

F(+)(Q, ) a(Q) ¥ 1,EISF(Q) !B Frrns(Q f) exp(ﬁ) =exp(G(Q) t) (3.3.16)

goes towards the Fourier transformed PL model in Eq. 3.3.5. In this limit the inverse
time scale parameter 1/t(Q) equals G(Q), the FWHM of the Lorentzian in time space
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describing the translational diffusion of the atoms. This means that in this limit the FDM
or JDM can be used to determine the diffusion coefficient from the t(Q) parameter of
the simple model. Therefore, the simple model is an extension to the PL model, able to
describes multi-scale relaxations, when the atoms are more confined and show different
diffusive motions.

So far we have considered the "ideal" S(Q, w) and F(Q, t), but the experimental data is
convoluted with the instrumental resolution R(Q, w) that we must take into account.
The experimental observed dynamic structure factor is given by [11, 13]:
Zy
SRQW) =(@RQwW) = _aw's@Qw w)RQw) (3.3.17)
¥

where the index "R" represent "resolution-broadened". R(Q,w) can be measured by
a vanadium run and it usually follows either a Gaussian or Lorentzian distribution
[36]. To eliminate the resolution broadening and thereby get a deconvolved spectra
two methods can be followed: i) an inverse Fourier transformation is performed and
the convolution theorem Fr(Q,t) = F(Q, t)R(Q,t) is applied [11], or ii) the resolution
function is assumed to follow a distribution and is convoluted to the S(Q, w) spectra
described by the PL model [36].

To understand the difference between these two approaches used to describe the diffu-
sive motions in a sample from its QENS spectra as well as understanding the dynamics
of the sample in more details, MD simulation will be performed for the bulk-water and
the clay minerals and analysed using the two models described in this section.
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Chapter 4

Molecular dynamic simulation

In 1687, sir Isaac Newton described the basic concepts involving force and motion in his
famous work Principia [37], where he also wrote the three fundamental laws of motions,
which is the foundation of molecular dynamic (MD) and most of classical physics in
general. Two centuries later the French mathematician Pierre Simon de Laplace recog-
nised the far-reaching implications of Newtonian physics and dreamed about using it to
predict the future as well as reproducing the past by simulating nature’s forces. While
stated in an era when modern technology could hardly be imagined, Laplace’s vision
already contained the essential ingredients of present-day MD simulations, like math-
ematical description of the suitable force field (FF), design of appropriate numerical
integration tools and long-time propagation of the equation of motion [38].

MD simulations represent the computational approach to statistical mechanics and are
used to estimate structural and dynamical properties of complex systems that can not be
calculated analytically [38]. MD simulations are thus a complement to conventional ex-
periments, enabling us to learn new properties that are not straightforwardly obtained.
As Laplace stated, the capability to analyze and predict motion provides the link be-
tween the past and the future, but also acts as the bridge between theory and experi-
ment, since we carry out the simulation with theoretical models and verify the validity
of such models against experimental data [38, 39].

4.1 \elocity-Verlet algorithm

The idea of classical MD simulation is to produce the motions of N atoms in an ensemble
with temperature T and pressure P within a time t. We therefore want to determine the
trajectory of each atom as a function of the time. This is done numerically by solving
Newton’s classical equation of motion. From Newton’s second law of motion, we know

that each atom i in the system of N atoms has a total force F; acting on it [40]:

dvi_@

B = midi =iy = g

(4.1.1)

where a;, m;, v; and, p; represent the acceleration, mass, velocity and momentum of
atom i, respectively. If the forces on the atoms are conservative, meaning they only
depend on the atoms position, they can be related to the total potential energy V of the

system [40]:
av

Pi: d_rl

(4.1.2)
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Differentiating the total kinetic energy with respect to the linear momentum of atom i,

we get [40]: ;

dar _ d  Nipi® _2p __ _dn

dp; ~ dp; j=1 2m; Tom U dr

Eq. 4.1.2 and Eq. 4.1.3 are the equations of motion and describe the time evolution of the

dTZ _ dTl'

D il (4.1.3)

position r; and momentum p; for each atom in the system. Solving these equations will
give us information about the position and velocity ( p; v;) of each atom as a function
of time. Since it is practically impossible to derive an analytical solution for the position
and velocity, we must solve these equations numerically. The equations of motion are
coupled ordinary differential equations, which numerically are solved by performing
a step-by-step numerical integration. The functions are "stiff", meaning they may have
both long and short timescales and the numerical integration algorithm must cope with
both constraints, as well as performing the calculation of the forces as infrequently as
possible, since the calculation is often computationally expensive [39].

We must also bear in mind that we want to solve these equations, to accurately deter-
mine the dynamical properties of the system while remaining in the ensemble, meaning
we do not diverge from the original ensemble. All these observations tend to favour the
so-called Verlet algorithm, which is also the most common one [39, 40].

From now on we focus on the velocity-Verlet algorithm, since our goal is to numerically
determine the position and velocity of each atom in the system at different times using
a constant time step Dt, which has to be small but not too small since this makes the
algorithm computationally expensive. Furthermore, by having a small time step D¢, we
can perform a Taylor expansion around t up to the second order of both the positions
and the velocities at the next time step t + Dt. Using the equation of motion, the Taylor
expansion of the positions are defined as [39, 40]:

dri(t) Dt d?r;(t)

— 3
ri(t + Dt) =r;(t) + Dt 0 T +0O(t) (4.1.4)
Dt? dV (t)
ri(t + Dt) = r;(t) + Dto(t) o dr, (4.1.5)
Doing a similar Taylor expansion for the velocity, we obtain [39, 40]:
) D2 d2v.
v;(t + Dt) = v;(t) + Dtdvl(t) 4 DEd vi(t) +O(+%) (4.1.6)

dt 2 dr?
To determine a simpler expression for the last term, we Taylor expand the first deriva-

tive of the velocity after a time step up to the first order around ¢ as follows:

do;(t +Dt) _ do;(t) dzvi(t) 2
G = g Dt +0(F) (4.1.7)
Dt d’v;(t) _ Dtdo;i(t+Dt) Dt do(t) (4.1.8)

By inserting Eq. 4.1.8 into Eq. 4.1.6 and using the classical equation of motion, we get:

Dtoi(t+Dt)  Dtoi(t) _ . Dt dV(t+Dp _ dv(:)

v;(t +Dt) = v;(t) + 5 it > dr vi(t) 2m dr; dr;
(4.1.9)
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Equations 4.1.5 and 4.1.9 form the velocity-Verlet algorithm, which consists of the fol-
lowing iterative steps:

%0
. Calculate &

—_

N

. Calculate r;(t + Dt) using Eq. 4.1.5

3. Calculate %

S

. Calculate v;(t + Dt) using Eq. 4.1.9

1

. Repeat 1 to 4 until the end of the simulation

Using this algorithm we obtain both the trajectory of all atoms in the system along with
their velocities. The most computationally expensive part of the algorithm is the calcu-
lation of the derivative of the atomic potential, which usually consists of a larger sum
and some constraints. Therefore, if the time step is too small, the atomic potential has
to be calculated more and then the simulation will be computationally expensive.

Before starting the so called productive simulation, where we obtain the trajectories and
velocities of all the atoms needed to describe the properties of the system, we must first
have an initialization, a minimization, and an equilibration step.

The initialization step consists of determining the initial configuration of the atoms in
the system, given by the position and velocity vectors, r;(0) and v;(0) at time ¢t = 0,
as well as determining the initial topology of the system, i.e. dimension of the system,
unit cell of atoms, temperature, and pressure. The initial topology is often determined
from prior knowledge of the system or from experiments [38]. The initial coordinates
of the atom, can be determined from experiments, such as powder diffraction or other
structural experiments. However, if an experiment can not be or was not performed,
the initial coordinates of the system can be defined by build-up techniques, where one
constructs the structure of the system on the basis of known building blocks. This is
used in this work.

The initial velocity vector is typically set pseudorandomly from a distribution, such as
a Gaussian or Maxwell-Boltzmann distribution, so that the total kinetic energy of the
system corresponds to the expected value at the target temperature [38, 40].

Even when the initial coordinates and velocities have been determined, the starting
vectors may not correspond to a minimum in the potential energy and hence a mini-
mization step is needed .

Once the system is set and the initial configuration and topology have been determined,
an initial round of equilibration is necessary before the productive simulation run. Dur-
ing this step there will be an exchange between kinetic and potential energies, where
the goal is to stabilise the system and thus give a total energy that converges towards
a mean value with some occurrence of fluctuation around it [38]. When these 3 steps
have been performed the productive simualtion can begin.
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4.2 Force field

Before starting the simulations we need to know (0]
the gradient of the potential energy. This can be

computed in different ways: (1) Using force fields Bond An gl e
(classical MD), (2) Solving Schrodingers equa-

tion consiting of complex hamiltonians (ab initio

MD) or (3) Combining both (Quantum mechan-

ics/Molecular mechanic MD) [40]. In this work H Gl H
only the classical approach is considered. Non-Bonded

Every atom will apply a force to the other atoms - A1 Tlustrati ‘ th .
and because of Newton’s third law the force ap- G S SLAnOn OF Be At

molecule with (purple) the non-

plied to atom 1 by atom 2 will be the same as bonded interaction potential V,,

the force applied to atom 2 by atom 1. How- (blue) the bond potential Vi for

ever, to determine the forces between the atoms, single bond interaction, and (red) the

the atomic potential energy of the atoms, depend- angle potential Vg, for two bond
ing on the distances between the atoms, must be jnteractions.

known. Thus, a force field (FF) is a "simple" equa-

tion, which relates the potential energy of the system to the internal coordinates of the
system. In the most common FF, the potential energies are separated into bond and
non-bonded interactions.

For small molecules, like in Fig. 4.1, the bond interaction potential is separated into two
different groups depending on how many bonds there are between the atoms. If there
is one bond distance between the atoms, we have the bond interaction potential V,,,,4,

which is usually set to be a harmonic potential [39]:

View=5 Ky re)’ @2.)
bonds
where r;; = jr; r;j is the separation between adjacent pairs of atoms, r.; is the as-
sumed equilibrium separation and kf]. is the strength parameter. Note that the harmonic
approximation of this bond interaction is only valid near the equilibrium separation,
since the bond potential is anharmonic far away from equilibrium. This means that the
harmonic bond potential can not be used to describe this bond interaction for larger
temperatures and when the bond between the atoms breaks [39].
If there are two bond distances between the atoms, the interactions depends on the an-
gle between the bonds. This is described by the angle interaction potential V¢, which
is usually set to be a harmonic potential [39]:

—

Vangte = 5 klip(@ije Geq)? (4.2.2)

where ¢ is the bend angle between the successive bond vectors such asr;; = r;  7;
andrj =7r; rrandinvolve three atom coordinates: cos(q;jx) = #;; - The equlibirum
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bend angle is g¢; and kJ i 1 the strength parameter. Note again that the harmonic ap-
proximation for the potential does not work for high temperatures and for bond break-
ing chemical reactions.

If the atoms are separated by several bonds, we say the interaction is non-bonded and
this is described by the non-bonded (nb) interaction potential V,;. For non-bonded in-
teractions more potentials are needed to describe the more distant interactions between
the atoms. Usually three potentials are used: Coulomb-, Van der Waals- and a repul-
sion potential. Commonly the Van der Waals and the repulsion potential are combined
into the Lennard-Jones (L]) potential V;;, which together with the Coulomb potential

Vc give us the usual non-bonded potential [39, 40]:

2 T 1,3

Vip =Ve+ V= T+ 444 i

S (4.2.3)
i>j PRI Tij Tij

where g represent the charges for atoms i and j, # is the electric constant, #;; is the fit
parameter describing the depth of the V;; well and s;; is the fit parameter describing
the separation of the atoms when the V;; energy is zero.

The interaction parameters between two atoms are calculated according to the arith-
metic mean rule for the distance parameter s;; and the geometric mean rule for the
energy parameter #;; [41]:

1

The combination rules allow the L] parameters for single atom species to be combined
in one of several ways to aviod the explicit definition for every possible atom-atom
interaction in a simualtion.

To distinguish between different interactions the first step to follow when calculating FF
is to determine the different atom types in the system. From the different atom types,
we know which interactions potentials the atoms belong to (bond, angle, non-bond)
and with the atom ID we can distinguish between the different atoms of the system.
From this, we are able to write the sum of the total potential of the system, which is the
definition of FF [39, 40]:

B(}rilded N%rt {Bonded

Viotal = Vbond + Vangle Vb

1 1
5 kij (rij Teg)? + 5 ki (@i Ueq)” (4.2.5)
bonds grelnl(vie
g
+ 94 + 4#1']' 4 i =5
i>j 4p#rif i>j Tij Tij

This is the final form of this "simple" FF and the fit parameters (k! #j, Sij) presented

ij’ z]k’
here are often chosen to reproduce experimental data or quantum mechanical calcu-

lations. Advanced FF are used to describe the more complex interactions in a system
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by predefining the parameters as well as the form of the FF [39]. For example the clay
force field (CLAYFEF), is used to describe the interactions in clay mineral systems and
their interfaces with aqueous solutions [41], while the simple point charge (SPC) and
the extended simple point charge (SPCE) describe the effective pair potentials used to
characterize the molecule interactions in simulations of water [42]. CLAYFF and SPCE
are discussed in details later.

4.3 Periodic boundary condition and neighbour lists

Using the FF we can calculate the gradient of the ‘V(r[-),-)
potential and thus solve the classical equation of
motion using the velocity-Verlet algorithm. Usu-
ally, we want to simulate larger systems with over
10'? atoms, but due to technological issues we can

not simulate such a large systems Therefore, we
scale down the simulated system in the order of
102 103 atoms. To perform such a task, we as-
sume that both the real and the simulated system

are within a 3D box, which is surrounded by vac-
uum. In the case of the real system less than 0.001%

of the atoms interact with the boundaries of the 3D Figure 4.2: The Lennard-Jones poten-

. . tial (red) and th ulomb potential
box, but in the case of the simulated system over (red) e Co .0 p0. ©
. . i (blue) both as a function of distance
10% of the atoms can interact with the boundaries
between the atoms 1;;. Added together

of the box, making it less comparable to the real they give the non-bonded interaction

system. To solve this problem, periodic boundary potential Eq. 4.2.3. The switch func-

conditions are set on each boundary of the simu- . (purple) gives a smooth overlap
lated system. We call the simulated system the pri- {41 the Lenard-Jones potential before it
mary cell and to invoke the boundary condition, reaches the cut off limit R, £5 (grey).
we replicate the primary cell infinitely many times

in each direction of the original primary cell. When we run the simulation, the classical
equation of motions are solved for the primary cell and everything that happens in the
primary cell also happens in the replica cells. If an atom leaves the primary cell, it enters
a replica cell and another atom enters the primary cell from a replica cell, such that the
number of atoms are conserved [39, 40].

The interactions between the atoms in the simulated system have to be determined in
order to solve the equation of motions. However, with the replica cells, there will easily
be as many non-bonded interactions as there are for the real system, which is not com-
putationally possible to solve. Therefore, a cut off in atomic distance is defined such
that only atoms within the cut off are considered in the non-bonded interaction poten-
tial. The intuitive way to imagine the cut off is to consider an atom in the primary cell,
which interacts with every atoms in a sphere with radius R,¢f, known as the cut off
length. Using the cut off we cut the non-bonded interaction potential Eq. 4.2.3 at Reytof-
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Figure 4.3: Building up the sphere of simulation boxes, where the zoom-in is the primary cell and
the other cells are the replica cells. Each copy of the primary cell can be represented by a small
sphere. The shaded region represents the external dialectic continuum of relative permittivity
(dielectric constant) ;. The figure is adapted from [43].

In Fig. 4.2, we observe that the non-bonded interactions between the atoms consist of
both a long lasting charge interaction (Coulomb) and a short ranged dipole moment in-
teraction (LJ). Looking at the cut-off R.,;¢f in Fig. 4.2, we observe that the cut-off does
not influence the dipole moment interaction a lot, since it is almost zero. Nevertheless
we still define a switch function, to take account for the non-zero part close to the cut
off. We also observe in Fig. 4.2 that the charge interaction is non zero at the cut off and
this leads to a large error, since a discontinuity in the potential energy leads to a gradient
of infinity [39, 40].

The way to solve this problem is by using the Ewald method, where we consider the in-
teraction of an atom with all the other atoms in the primary cell and the periodic replica
cells. To take account for all the replica cells, we must add an extra sum over all the
triplets of integers in the Coulomb interaction potential m = (i, my, my) 2 Z3. The

Coulomb potential energy become [40, 43]:
|

qiqj
gt +mL

0 N N

Ve = (4.3.1)

N —

m  i=1j=1

where the 1/2 takes accounts for double counting, the prime indicates that we omit
i = jform = 0 (when we are in the primary cell), L is the length of the cubic primary cell,
mL represents the centre of each box and all factors of 4pey are omitted. This potential
converges slowly and is conditionally convergent, meaning the result depends on the
order of the summation. The natural choice of summation is to add the cells in sequence:
the first term (primary cell) has jmj = j(0,0,0)j = 0, the second term, jmj = 1, composed
of the six boxes (replica cells) centered add ( L,0,0),(0, L,0),(0,0, L), etc. As we
progress with the summation we are building up the infinite system in roughly spherical
layers or at least it can be approximated as so, which Fig. 4.3 illustrates. Adopting
this approach we must specify the layer surrounding the spheres and in particular its
relative permittivity (dielectric constant) e [43].

The result for a sphere surrounded by a good conductor such as metal (e; = ¥) and for
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a sphere surrounded by vaccum (e; = 1) are different [43]:

2p

qiti (4.3.2)
1

This equation implies that in the limit of a very large sphere of boxes surrounded by
vacuum, as in Fig 4.3, the sphere has a dipolar layer on its surface, which the last term
in Eq. 4.3.2 cancels. For the sphere surrounded by a conductor there is no such layer,
which gives us the difference between the two potentials. The Ewald method is a way to
efficiently calculate V(es = ¥) so that we can determine the potential when the large
sphere is surrounded by vacuum, since this is the most realistic case [40, 43].

Now we turn to the physical explanation of the Ewald method. The point charges for
the different atoms are described by delta functions centered at r. In the Ewald method,
each delta-function is surrounded by a charge distribution with equal magnitude and
opposite sign, which spread out radially from the charge, following a Gaussian distri-
bution r(r) with width a and r as the position relative to the centre of the distribution.
This can be observed in Fig. 4.4a. This extra distribution acts like a ionic atmosphere,
which screens out the long-range interactions between charges. The screened interac-
tions are now short-ranged and the total screened potential is calculated by summing
over all the atoms in the primary cell and all of its replica cells [43].

The last step consists of removing the screening charge distributions because it is non-
physical to have such distributions, since the point charges are described by delta func-
tions. This is done by having charge distributions in the reciprocal space with the same
sign as the original point charges and with the same shape r(r) as the screening charge
distributions. This is illustrated in Fig. 4.4b. These cancelling distributions are summed
in the reciprocal space and then Fourier transformed back into real space, to reduce
the overall potential to the original potential caused by the point charge distributions.
There is an important correction: this recipe includes the interaction of the cancelling
distributions centred at r; with itself and this self term must be subtracted from the
total potential. Thus, the final potential consists of: the direct contribution, describ-
ing the Coulomb potential added with the additional screening charge distribution, the
reciprocal contribution, describing the charge distributions in the reciprocal space, the
correction contribution, describing the self-term, which depends on the width a, and the
surface contribution, describing the dipolar part in Eq. 4.3.2. The final result is [40, 43]:

VC(es = 1) = Viirect + Vreciprocal + Veorrection + Vsurface
1 NN ¥, erfe(ajri + Lmj)

—-5 qi4j o -
2 i=1j=1 jmj=0 Jrl] + LmJ

+(1/pL®)  (@p?/k*)exp( k*/4a*)exp( ik rij)
k&0

N
@/p'?) g+
i=0

1=

2
' qiti (433)
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Figure 4.4: The 1D illustration of the charge distributions used in the Ewald sum. a) The original
point charges (delta-peaks) plus the Gaussian screening distributions with width a and opposite
sign as the original charge. b) The canceling distribution in reciprocal space, where it is summed
up before it is Fourier transformed back into real space. The figure is adapted from [43].

where V.. has been rewritten in terms of erfc(x), the complementary error function
(erfc(x) = (2/p'/?) x¥ exp( t?)dt ), and the prime in the first term indicates that we
omit i = j for m = 0 like before. The second term is a sum over the reciprocal vector
k = 2pn/L, where n is a triplet integer like m. A large value of a corresponds to sharp
charge distributions and thus requires more terms included in the k-space summation
to model the charge distribution.

In a simulation one aim is to chose a value of a and a sufficient number of k-vectors, so
that Eq. 4.3.3 and Eq. 4.3.2 give the same energy for the configuration. Usually a is de-
termined from the cut off length R, and set to be @ = 3/ Ry 57 [43]. Note that other
forms of the charge distribution can be used, but here a Gaussian form is chosen because
the Fourier transform of a Gaussian is another Gaussian, making the calculation more
convenient [43, 44]. The Ewald methods give us an "exact" solution to the Coulomb
potential and solve the current problem with a non-zero potential at the cut off, which
is the reason why it is the natural method to use in an MD simulation. However, for a
large simulation system with N number of charges, the computational cost of the Ewald
method will be on the order of O(N?). Luckily, the Ewald method can be optimized,
which is done in the Particle-Particle-Particle-Mesh (PPPM) method. Here the total po-
tential is divided into a long-range and a short-range part as in Eq. 4.3.3, where the real
space part is short ranged and the reciprocal space part is long ranged. The evaluation
of the short-range (r-space) part of the potential energy is the "particle-particle” part of
the method and is efficiently evaluated using different summation methods. The eval-
uation of the long-range (k-space) part of the potential is the "particle-mesh" part of the
method and is efficiently evaluated by interpolating the charge density onto a mesh in
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the simulated box and then use the Fast Fourier Transform (FFT) to solve the Poisson
equation, which can be set up from the interpolated charge densities [43]. The PPPM
method will not be discussed in more details in this work.

4.4 Dynamical constraints

In classical MD, using semi-classical approximations, we can model the motions of
atoms using classical mechanics. However, there is a limit to this approximation. Roughly
estimating the characteristic motions for the MD simulations to be harmonic, we know
that the quantized energies for an harmonic oscillator are separated by nh, where h is
Planck’s constant and n is the vibrational frequency. Clearly, the classical approach is
unsuitable, when nh >> kgT, where kp is the Boltzmann constant and T is the tem-
perature of the system. This relation shows us that classical MD is unsuitable for low
temperature simulations. This can be physically explained by the energy gaps among
the discrete levels being much larger for low temperatures than the available thermal
energy of the system. In this limit, the system is confined to one or a few of the low-
energy states at low-temperatures. From the above relation we also observe that mo-
tions with high vibrational frequencies, like intramolecular bonds, are unfit in classical
MD simulations. The FF is therefore unable to describe the intramolecular bonds. In-
stead the bonds are treated as being constrained to have a fixed bond length. In classical
mechanics constraints are set using Lagrangian mechanics[39].

The idea of the constrained dynamical approach is to run the Velocity-Verlet algorithm
without constraint forces and then subsequently for each iteration use the found posi-
tions and velocities without constraints to determine the magnitude of the constraining
force. At the end of the iteration the positions and velocities are then corrected to take
account for the constraint forces. This allows determining constraint forces such that
the constraints are satisfied exactly at the end of each time step. This approach was a
breakthrough in this field and different methods were developed after this idea. The
original method, called SHAKE, was designed around the Verlet algorithm, while an-
other version called RATTLE, around the Velocity-Verlet algorithm [38, 39, 43].

The constraints of a fixed bond length are described by the relations [39, 43]:

cl(].r) = jrl-]-j2 d%]. =0 (4.4.1a)
()
fc:

Cl(]v) = ﬂTll]] = 2’01']' rij = 0 (4.4:.1b)

Eq. 4.4.1a has to be fulfilled for the i and j atom, where d;; is the fixed bond length
and v;; is the velocity difference between atom i and j. By time differentiation it follows
that Eq. 4.4.1b also must be satisfied. The equation of motion become m;#; = f; + g,
where f; are the forces determined from a given FF and g; is the constraint forces, which
ensure that Eq. 4.4.1 is satisfied. The Lagrangian equations of motion are derived from
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these constraints [43]:
g =10r e +10r, (4.4.2a)
g =10 +10r, el (4.4.2b)

We consider two different approximations to g;: the first, called gfr) ensures that Eq.
4.4.1a is satisfied, while the second, called gl@ ensures that Eq. 4.4.1b is satisfied. In
both equations the I are the undetermined (Lagrangian) multipliers. So far we have
not used any approximations and in principle we could solve the constraint forces now.
However, because we are only able to solve the equations of motion approximately,
using step-by-step numerical integration, we want to use Eq. 4.4.2 to ensure that the
constraint forces and thus a fixed bond length are fulfilled for each time step in the nu-
merical integration. Implementing the constraint forces in each time step yelds the same
order of accuracy as the integration algorithm, meaning both Eq. 4.4.1a and 4.4.1b, will
be within O(D#?) of the true constraint forces [43].
In the Velocity-Verlet algorithm (Eq. 4.1.5 and 4.1.9), we observe that the forces f;
are added in both equations, meaning that we can implement the constraint forces by
adding them to these equations. Defining Eq. 4.1.5 as r)(t + Dt), the position of atom i
at the next time step when no constraint forces are applied and Eq. 4.1.9 as v!(t + Dt),
the velocity of atom i at the next time step when no constraint forces are applied, we get
the equations for the positions and the velocities at the next time step with constraint
forces [39, 43]:

o D )
1
0 DE () ©)
v;(t +Dt) = v;(t + Dt) + o 8 (t) +g; 7 (t+Dt) (4.4.3b)

1

Since the constraint forces are directed along the bonds, then Eq. 4.4.3a and 4.4.3b to-
gether with Eq. 4.4.2 can be used to set up equations forr;; =r; rjandv; =v; v,
which are both known quantities. This means that the only unknown variables left is
the Lagrangian multipliers I (the magnitude of the constraint force). Thus, they can
be determined by defining a system of equations which are solved numerically using
iterative algorithms. From the Lagrangian multipliers 1, the constraint forces can be
determined from Eq. 4.4.2 and be used in Eq. 4.4.3a and 4.4.3b to modify the position
and velocity such that the constraint of the fixed bond lengths are ensured for each time
step [43].

This scheme are the fundamentals of the RATTLE algorithm. The SHAKE algorithm is
a bit simpler than RATTLE, where only Ifjr) is determined and only constraint forces
are set for the positions, since the original Verlet algorithm only contained the atomic
positions. For a large system RATTLE and SHAKE can be quite computationally heavy,
since you need to solve a set of equations numerically for each time step. Assuming,
however that only near-neighbour atoms and bonds are related by constraint equations,
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the constraint matrix will be sparse and special inversion techniques might be applica-
ble instead of an iterative algorithm [43]. Also with the fastest vibrations removed from
the model, the integration time step can be lengthened, resulting in less calculation of
the FF and thus faster algorithms.

4.5 Thermodynamical ensembles

Until now we have not considered any thermodynamical properties of the MD simula-
tions like temperatures or pressure. Therefore, we consider three common ensembles:
the microcanonical or constant-NVE ensemble, the canonical or constant-NVT ensemble
and the isothermal-isobaric or constant-NPT ensemble. For each ensemble the thermo-
dynamical variables can be determined by an ensemble average, Eq. 2.1.3. The three
ensembles have the following probability density functions [43]:

NVE : rNVE(G) = d[H(G) E] (451&)
NVT : rNVT(G) = exp[ H(G)/ka] (4.5.1b)
NPT : rypr(G) = exp[ (H(@G) + PV)/k,T] (4.5.1¢)

where E is the energy, T is temperature, V is volume, P is pressure, H(G) is the Hamil-
tonian describing the ensemble, and N is the number of atoms in the ensemble. We
regard ensembles as a collection of points G in phase space, distributed according to
a probability density r(G). Each ensemble has different constant properties (E, T, P), as
seen in Eq. 4.5.1 and we choose the ensemble representing the values we want to change
during our simulation.

During our discussions about classical MD simulations, we have considered the energy
changes after each time step, meaning we have assumed a system in the NVE ensem-
ble. This is not wrong, but some times we wish to conduct MD simulations in the NVT
ensemble, which means a thermostat needs to be implemented.

Temperature is related to the kinetic energy, meaning that temperature is related to mo-
menta and velocities. Therefore, the most simple thermostat control the temperature by
scaling the velocities/momentas at each time step or at every n time steps, wheren 2 Z
is an arbitrary integer. The Berendsen thermostat, is such a thermostat and it scale the

velocities as [38, 40]:
s

Dt T
v”ew:v?ldcT with ecr= 1 — 1 d

where T is the target temperature we want in the simulation and Tysp(t) is the actual
temperature of the simulation at this particular time step. The velocity will be scaled
according to the scale factor cr. The scaling factor is defined to describe the coupling
between the system and a hypothetically heat bath of particles at the desired tempera-
ture. Therefore t is called the "rise time" and describes the strength of the coupling. If t
islarge then cr ¥ 1 meaning there is almost no coupling. If t is small then the coupling
will be strong, which will create unrealistically low temperature fluctuations. If t D¢,
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then the Berdensen thermostat is just a simple velocity scaling. In general, the ensem-
bles generated when using the Berendsen thermostat will not be NVT [38, 40, 43, 45].
The Berendsen thermostat is extremely efficient for relaxing a system to the target tem-
perature, but once the system has reached equilibrium, we need another thermostat to
get a correct NVT. The Nose-Hover thermostat provides a way to simulate a system
which (at larger times) is in the NVT ensemble. Nose came with the idea to consider
the heat bath as an integrated part of the system and thus consider an extended sys-
tem. He did this by defining an additional artificial variable p, associated with a "mass"
mp > 0 as well as a velocity pn. The magnitude of my, determines the coupling between
the reservoir and the real system, meaning it influences the temperature of the system.
The variable pn can be considered as the timescale in the extended system, stretched by
the factor: Df = pnDt, which of course leads to a transformation in the atomic veloci-
ties: 9; = v;/pn [43, 45]. The stretched timescale is not very intuitive, so instead Nose
and Hover introduced a frictiouse dynamical variable, whose physical meaning is that
of a friction z, which slows down or accelerates particles until the simulation tempera-
ture equals the target temperature. From this definition, the Nose-Hover equations are
[43, 46]:

dr: d?r;

_dtl =v, and m,-—dtzl ='f,- zm;v; 4 (4.5.3a)
h dz 1 N

z= —ph and e = P mv; v; gk T (4.5.3b)

i=1

Here, T is the target temperature, kj is the Boltzmann constant and g is the number
of degrees of freedom, which is typically ¢ = 3N 3 with N as the number of atoms
in the system. The equation of motions for z describe the temperature control of the
system, where we observe that at Z—i = 0 the kinetic energy is equal to gk; T as it should
be at equilibrium according to equipartition. From the equation of motions we also ob-
serve that too large values of mp (loose coupling) may cause a poor temperature control,
which can results in the Nose-Hoover thermostat generates a NVE ensemble instead of
a NVT. On the other hand, too small values of my, (tight coupling) may cause high tem-
perature fluctuations, unphysical for the system. In general, my can be compared to t
in the Berendsen thermostat. It has to be noted that the introduction of the dynamical
friction coefficient z, results in an extra kinetic and potential energy. These energies are
defined from the Eq. 4.5.3 and can be seen in [43]. From the energies the dynamical
friction coefficient can be included in the velocity-Verlet algorithm and thus will the
Nose-Hoover thermostat change the energies of the system at each time step, to make
the simulation temperature tends towards the target temperature [43, 45, 46]. It has to
be mentioned that the two thermostats described here are deterministic, meaning they
change the velocities/energies at each time step untill the target temperature is reached,
but while stochastic thermostats also exists they will not be considered in this work.

It can also happen that we wish to conduct MD simulations in the NPT ensemble, where
both a thermostat and a barostat needs to be implemented. The barostats can be imple-
mented, using similar ideas as the Berendsen thermostat and Nose-Hoover thermostat
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uses, but since an NPT ensemble will not be used in this work, they will not be consid-
ered in more details.

4.6 Computational complexity

To reduce computational time of MD simulations, two basic routes can be taken and
combined: reducing the work per time step, and/or increase the integration timestep
Dt. While introducing the different parts of MD simulations, some methods have been
discussed to reduce the computational work per time step, but the most efficient way is
to decrease the cut off range R, 7, such that the calculation of the interaction potential
is minimised [38]. However, R.,ff is limited to the size of the simulated system, which
is also the reason why larger systems are more computationally heavier to simulate.
The maximum values we can set for the time step Dt are limited by both stability and
accuracy. Essentially, we do not want a high D¢, such that we have an unstable trajec-
tory, measured by uncontrollable coordinates and energies. However, note that unless
Dt is far too large, this instability may only happen for a trajectory of hundreds of pi-
coseconds or longer. Accuracy limits Dt in the sense that the produced resolution must
adequate for the system being simulated and the measurements being targeted in the
simulations. Thus, a simulation may be stable, but Dt can still be too large to capture the
behavior of the process correctly. Because we constrain the high frequency dynamics by
fixing the bond length we do not need to capture these dynamics, making it possible to
choose larger Dt. Choosing Dt is one of the most difficult choices in a MD simulation
and different Dt can give quite different result [38].

The MD simulation, covered in this chapter, can be used to describe the dynamics of
different systems, such as the bulk and confined water molecules. To use the MD sim-
ulation to describe these system it must be empirically verified. This is done by trans-
forming the trajectories and velocities of the MD simulation into physical quantities
comparable with experimental measurements as covered in the next chapter.
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Experimental and computational methods

5.1 Experimental details and data reduction

Data on bulk-water was collected using the backscattering IRIS spectrometer installed
at the Spallation Neutron and Muon source at the ISIS facility, UK. The hydrated clay
mineral samples of montmorillonite (Mt) and hectorite (Ht) were analysed using the
time-of-flight AMATERAS spectrometer installed at the Spallation Neutron Source at
the Materials and Life Science Experimental Facility (MLF) of J]-PARC, Japan.

IRIS is a cold neutron indirect backscattering spectrometer, meaning that the energy
transfer between neutrons and the sample are observed by varying the incident neutron
energy E; while keeping the final energy E fixed [47]. The spectrometer provides an
elastic energy resolution of 17.5meV at FWHM, corresponding to an upper experimental
observation of  200ps with neutron scattered with I = 6.3A [5]. The bulk-water sam-
ple was mounted in a cylindrical sample holder and measurements were conducted
at 300K. Vanadium was used to determine the instrumental resolution and the back-
ground was obtained by measuring an empty can. The experiments were conducted
by Dr. Mark T. F. Telling in 2014 and data reduction was done following his tutorial as
described below [36].

Using the reduction and analysis program Mantid [48], the measured data was cali-
brated using the vanadium run, since it only scatters neutrons elastically without any
absorption and ideally detectors should measure the same elastic intensity for a wholly
elastic scattering sample. Because it only scatters elastically, the vanadium is also used
to measure the resolution of the instrument. After calibration, the measured data was
transformed into the dynamic structure factor on the form S(Q,w), with jQj = Q the
magnitude of the scattering vector and the energy transfer fiw. The spectrum were
grouped to obtain 9 constant scattering vectors in the range 0.55A ! Q 185A !
Empty can subtractions was not performed, because the high intensity of the empty can
measurement gave negative intensities for the highest Q-values.

AMATERAS is a cold neutron direct time of flight spectrometer (ToF), meaning the en-
ergy transfer between neutrons and the sample are observed by keeping the incident
neutron energy E; fixed, using a chopper system, and the final energy Ef is measured
through the neutrons time of arrival after interacting with the sample [49]. For the ex-
periments performed on Mt and Ht, an incident beam of neutrons with 1 = 5.2A and
E; = 3meV and DE = 54meV was used. The samples were mounted in cylindrical sam-
ple holders, and measurements were conducted for Mt and Ht at 300K. Vanadium was
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used to determine the instrument resolution and the background was obtained by mea-
suring an empty can at 300K. The experiments were conducted in February 2019 by
Heloisa N. Bordallo, Felix ]J. Villacorta, Seiko Ohira-Kawamura and Yukinobu Kawakita
on samples prepared by Will P. Gates.

Using the UTSUSEMI reduction program [50], the measured data was calibrated, with
the vanadium run, the background was subtracted using the measurements of the empty
cell and the data transformed into the dynamic structure factor on the form S(Q,w),
which is dominated by the motions of the hydrogen atoms probed within the obser-
vation time covered by the spectrometer. The spectrum were grouped into 7 constant
scattering vectors in the range 0.4A ! Q 16A ! with an spacing of 0.2A ! [16].

5.2 Data analysis

(i) To analyse the measured QENS spectra using a phenomenological (PL) approach, a
Lorentzian fit ( Eq. 3.3.4) is performed on the QENS spectra to determine the evolu-
tion of the HWHM G(Q) as a function of Q2. To execute the fit, the vanadium run is
used as the resolution function, which is convolved with the Lorentzian before the fit,
to take account for the instrumental resolution. A linear background is also added to
the Lorentzian to take account for fluctuations from fast dynamics/diffusion outside
the measured energy range or the instrumental background. When the convolution and
addition have been made, the Lorentzian is fitted to the spectra, using 2 terms to de-
scribe the linear background, 3 terms to describe the Lorentzian and 2 terms to describe
the resolution function. The resulting G(Q) from the Lorenztian fit can then be used to
characterise which diffusion model best captures the possible diffusive motions of the
system. The analysis was performed on the bulk-water system in Mantid [48] by fol-
lowing the guidelines provided by Dr. Mark T. F. Telling [36].

(ii) To analyse the measured QENS spectra of bulk-water and confined water in Mt and
Ht using a minimal model approach four steps have to be done [16]:

1. Symmetrization and normalization of the QENS spectra. The symmetrization is per-
formed by first symmetrizing the w axis, followed by a symmetrization of the dy-
namic structure factor S(Q, w), which is done by using the detailed balance rela-
tion Eq. 3.2.6. Two normalizations are needed to properly normalize S(Q, w). The
angular normalization, correct for the Q-dependent variation for the integrated
S(Q,w) by using the vanadium. This is also done in in the calibration of the
data, but the normalization is used as an extra confirmation. The frequency nor-
malization, fulfills the requirement: ¥¥ SM(Q,w)dw = V\\I/V,ZZY SM(Q,w)dw =
F(*)(Q,0) = 1. Both the sample- and the vanadium spectra are symmetrized and
normalized in this way resulting in S(*)(Q, w). The errorbars for S(*)(Q, w) are
determined through the Poisson distribution and error propagation [51].

2. Compute and deconvolve the intermediate scattering function. By inverse Fourier
transform S(*)(Q, w), the symmetrized and normalized intermediate scattering
function F(*)(Q, t) is found. To estimate the uncertainties through a Fourier trans-
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form the uncertainties for S(*¥)(Q, w) are considered Gaussian distributed, mean-
ing that the Fourier transformed uncertainties are also Gaussian distributed and
related to the original uncertainties (S) by spr = 1/s. F(*)(Q, t) is deconvolved
by dividing with the inverse Fourier transformation of the vanadium according to
the convolution theorem Eq. 3.3.17.

3. Fitting the deconvolved F()(Q, t) with the simple model (Eq. 3.3.11) The fitis done
in Python by a c? regression using the IMinuit package [52]. IMinuit is a Python
package maintained by CERN’s ROOT team, which uses a least-square fitting rou-
tine to find the set of parameters minimizing the c?-value. To avoid fitting noise
at longer times, the fits are done for a fraction of the hole function.

4. Create a fitted model for F(Y)(Q, t) and S()(Q, w) using the fit parameters. From the
fit parameters, the fitted model F(Q, t) fit 18 found and by a convolution of the res-
olution function and a Fourier transformation the fitted model S(Q, w)y;; is found.

(iii) The produced trajectories of the MD simulations were converted into the interme-
diate scattering function on the form F(Q, t), using the rewritten algorithms from nMol-
dyn [23]. Note that the coherent part of F(Q, t) is omitted for the MD simulations, since
we assume that only the incoherent contribution is probed in the experiment. The mean
square displacements (MSD) and vibrational density of state (vDOS) was also found in
this process and the diffusion coefficient of the MSD was obtained by fitting its linear
limit according to Eq. 2.2.8.

(iv) To analyse the MD simulation using the PL model and the simple model, its F(Q, t)
was fitted directly to Eq. 3.3.5 and Eq. 3.3.11, respectively. This was done using the
IMinuit package [52] and step 4 above was used for both models to compare the fitted
model directly to the measured spectra. To compare the obtained parameters from the
Fourier transformed PL model, G(Q)yp, with the ones found for the QENS spectra, a
energy conversion is needed: G(Q)yp = /2G(Q) mp, where the factor of % comes from
the fact that G(Q)yp represent the FWHM and we want to compare with the HWHM
[33, 53]. The MD simulation of bulk-water has been analysed using both the PL model
and the simple model, while the MD simulation of the clay minerals has only been anal-
ysed using the simple model.

A overview of the code used for part (ii-iv) of the data analysis can be accessed though
the private Github repository [23]. The code is presented in 3 Jupiter notebooks, one
for each part of the data analysis, where it is used to analyse QENS and MD data of
bulk-water at 300K. The code has in general been made into Python3 functions, such
that it can be used for different system of interest, which the interactive interface of the
Jupyter notebooks explains how to do.

5.3 Force field (FF) overview

FF’s are used to describe the complex interactions in a system. This is done by defining
the atoms masses and charges as well as the potentials, with predefined fit parameters,
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used to describe the atom interactions. In this work two specific FF will be covered.
SPCE [42] is an extension of the flexible SPC force field [54] used to describe the H,O
and OH behavior. Comparing SPC to other water force fields it is fairly simple, since
it has partial charges centered directly on each of the three atoms and the short-ranged
interactions are represented by a Lennard-Jones (L]) potential (Eq. 4.2.3). Bond stretch
and angle bend terms are represented by harmonic potentials (Eq. 4.2.1 and Eq. 4.2.2).
The fit parameters of the potentials used for SPC, were derived from a series of MD
simulations in the parameter space with experimental measures as the target. To obtain
more experimental comparable radial distribution functions (G(r,t = 0) = G(r)) and
diffusion coefficients (D), the SPC model was reparameterized resulting in the SPCE
model. The big difference between the SPC and SPCE models are the partial charges of
the hydrogen and oxygen atoms, where for the SPC model the charges of the hydrogen
and oxygen atoms are 0.410e and  0.820e respectively with e as the electron charge.
CLAYFF [41] is a general FF based on the SPC force field and it is suitable for simulations
of hydrated and mulitcomponent mineral systems and their interfaces with aqueous so-
lutions. All the atoms in CLAYFF are represented as point charges, allowing complete
translational freedom within the framework of the FF. Metal-oxygen interactions are
described by a L] potential and a Coulombic term with partial charges (Eq. 4.2.3). Dif-
ferent from other FF’s, CLAYFF treat most interatomic interactions as non-bonded, with
the exception of the water molecules and hydroxyl group described by the SPC model.
This allows the FF to treat a wide variety of phases, while keeping the number of pa-
rameters small enough to allow simulations of larger systems. CLAYFF uses in general a
partial charge model, allowing more flexibility and atomic motions, but it also results in
the vibrational behavior becomes differently than experimentally expected. In CLAYFF,
the oxygen and hydroxyl charges varies depending on their occurrence in the different
structural environments of the clay minerals [41]. At last, while the SPC model is ini-
tially used in CLAYFF, the SPCE model can be used as well, by changing the charges of
the hydrogen and oxygen atoms to 0.4250e and 0.8476e respectively. This is done in
this work.

The relevant non-bonded interaction parameters for SPCE and CLAYFF are provided
in Table 5.1. In Table 5.1 several groups of atoms are presented with terms indicat-
ing the specific group, they belongs to. In Table 5.1, the non-bonded L] parameters
(#o and sp) are presented in terms of a single atomic species. By using the combina-
tion rules, Eq. 4.2.4, the L] parameters for single atom species can be combined in
one of several ways, which avoids explicit definitions for every possible atom-atom
interaction in a simulation. As an example the Na-Al non-bonded interaction param-
eters are: #xy, 4 = CFnEa = 01301 1.3298 10 6kt = 04158 10 354 and
Sna Al = 3(Sna + Sa1) = 2(2.6378 + 4.7943)A = 3.7161A.

The delocalization of the charges with isomorphic substitution of a metal onto the octa-

hedral or tetrahedral sheet has been accommodated in CLAYFF. This is done by smear-
ing the charges around a substitution site by assigning modified charges to the nearest
neighbor oxygen atoms associated with the substituting metal [41]. Because of the dif-
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Table 5.1: Non-bonded parameters used for the SPCE and CLAYFF force fields [41]. The term
"octa" means that the atom is in the octahedral layer of the clay mineral, "tetra" means that the
atom is in the tetrahedral layer of the clay mineral, "water" means that the atom is part of the
water molecule described by the SPCE force field and the "surface" oxygen represent the edge
sharing polyhedral oxygen that is not part of a hydroxyl group. "Mt" and "Ht" represent the
montmorillonite and the hectorite clay mineral respectively. The non-bonded L] parameters (eg

and Sp) are presented in terms of a single atomic species.

Charge(e) Mass(g/mol) #y(kcal/mol) sy(A)
O (water) 0.8476 16.000 0.1554 3.1655
O (surface) 1.0500 16.000 0.1554 3.1655
O (octa, Mt) 1.1808 & 1.0500 16.000 0.1554 3.1655
O (octa, Ht) 1.3100 & 1.2825 16.000 0.1554 3.1655
O (hydroxide, Mt) | 1.0808 & 0.9500 16.000 0.1554 3.1655
O (hydroxide, Ht) | 0.9775 & 0.9500 16.000 0.1554 3.1655
H (water) 0.4238 1.0100 0 0
H (hydroxide) 0.4250 1.0100 0 0
Al (octa) 1.5750 26.981 1.3298 10 © 4.2712
Fe (octa) 1.5750 55.845 9.0298 10 © 4.9062
Mg (octa) 1.3600 24.305 9.0298 10 7 5.2643
Si(tetra) 2.100 28.090 1.8405 10 ¢ 3.3020
Li (octa) 0.5250 6.9400 9.0298 10 ¢ 4.2101
Na (cation) 1.0000 22.990 0.1301 2.8260

Table 5.2: Bond parameters used for the SPCE and CLAYFF force fields [41]. The index represent

the two or three atoms involved in the parameter.

Bond stretch
ki [SA °] 1y [A]

Angle bend.

kije [ 52rad 2] gy [rad]

mol mol
O-H 554.1349 1.0000 - -
H-O-H - - 45.7696 109.47
metal-O-H - - 30.0000 109.47

ferent types of isomorphic substitution in the Mt and Ht clay minerals, the charges of
the oxygen atoms in the layers will differ for the two clay minerals (see Table 5.1 ), where
for each clay mineral two charges were given to the oxygen atoms, to provide an exper-
imentally comparable charge of the clay mineral layers.

To better describe the metal sorption on hydrated surfaces and to improve the vibra-
tional behavior of the hydroxyl group, CLAYFF have an additional angle bend term
describing the interaction between the hydroxyl group and the metal. Together with
the two bond stretch terms and the single angle bend term of the water molecules the
bond parameters for the water and hydroxyl interaction are listed in Table 5.2.
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5.4 MD simulation details

In this work MD simulations have been performed for 3 systems all at 300K: bulk-water
system, Mt and Ht clay minerals. The systems are visualised in Fig. 5.1. LAMMPS
Molecular Dynamic Simulator was used to perform all simulations, with the Velocity-
Verlet algorithm as its numerical solver.

Bulk-water box, simulated at 300K using the SPCE force field [42], consisted of 1728
water molecules within a 3.72nm3 square box. Prior to the productive simulation a min-
imization and equilibration were made. The minimization was done for 20ps with a
time step of 0.1 fs and the Berendsen thermostat was used to change the velocities every
1fs to fit the system temperature. For the minimization the temperature of the system
was set to 600K, twice the target temperature, and a Gaussian distribution, with a mean
system temperature of 600K, was used to determine the velocities randomly. This was
chosen because half of the kinetic energy is transferred to the potential energy during
the minimization, meaning that in reality the final temperature of the minimization is
600K /2 = 300K. The equilibration was done for 50ps with a time step of 1fs and the
Berendsen thermostat was used to change the velocities every 100fs according to a sys-
tem temperature of 300K. The productive simulation was done for 925.52ps with a time
step of 1fs and the Berendsen thermostat was used to change the velocities every 1ps
according to a system temperature of 300K. For the productive simulation the configu-
ration consisting of the positions and velocities of the atoms was saved every 0.01ps. All
the simulations are in the NVE ensemble and the SHAKE algorithm is used to constrain
all the single bonded atoms every 100 step with an accuracy tolerance of 1 =10 *. All
the simulation also have the L] potential cut at the cut-off length 1.4nm and the PPPM
algorithm with an relative root mean square (RMS) error in forces , k = 10 4, is used to
compensate for the cut.

>

Figure 5.1: Visualizations of the three systems being simulated. a) Bulk-water at 300K with oxy-
gen (red) and hydrogen (white) atoms. b) Mt clay mineral at 300K with aluminum (grey), mag-
nesium (green), silicon (brown), and sodium (purple) atoms and confined bulk-water molecules
in the same color as in a). c¢) Ht clay mineral at 300K in the same color as in b) with additional
lithium (small light purple) in the clay layers and confined bulk-water molecules in the same

color as in a).
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Mt clay mineral was simulated at 300K, where two force fields were used for this sys-
tem: the SPCE for the confined water molecules and the CLAYFF for the layers of the
clay minerals as well as for the cationic species confined in the interlayer together with
the water molecules. The primary cell for the Mt clay mineral follows the chemical
representation: Feg4Al 78Mg ¢,Sig for the clay structure and 0.82Na, 3.5H,O/Na for
the water and cation confined in the interlayer. This chemical representation was cho-
sen to fit the system measured by QENS [16]. The simulations box for the Mt clay
minerals replicates this primary cell and consists of 429 water molecules and 123 Na
cations within a rectangular box with dimension 5.18nm  4.48nm  3.75nm. Prior to
the productive simulation, a minimization and a larger equilibration was made. For the
minimization and equilibration the Nose-Hover thermostat were used to change the
velocities after a number of time steps and a Gaussian distribution with a mean system
temperature of 300K was used to determine the velocities randomly for the minimiza-
tion and the first equilibration. The minimization was done for 100ps with a time step
of 0.0001fs and the thermostat changed the velocity every 1fs. The equilibration simu-
lation was performed over several sub-simulations as seen in Table 5.3, where the total
number of steps was 100,000. The small increase in the time steps made sure the com-
plex system was stabilised and would not get out of control, giving unphysical results.
The productive simulation was done for 388.37ps with a time step of 1fs and the Nose-
Hover thermostat was used to change the velocities every 1ps according to a system
temperature of 300K. For the productive simulation the configuration, consisting of the
positions and velocities of the atoms, was saved every 0.01ps. All the simulations are in
the NVT ensemble and the RATTLE algorithm is used to constrain all the single bonded
atoms every 10 step with an accuracy tolerance of 1 = 10 4. All the simulations also
have the L] potential cut at the cut-off length 1.2nm and the PPPM algorithm with an
relative RMS error in forces, k = 10 4, is used to compensate for the cut. The simulation
box and input script was provided by Prof. Virginie Marry and afterwards changed to
fit the requirements of the simulation.

Ht clay mineral was simulated at 300K, where two force fields were used for this sys-
tem: the SPCE and the CLAYFF. The primary cell for the Ht clay mineral follows the
chemical representation: Lig ¢gMgj5 5,Sis for the clay structure and 0.68Na, 4H,O/Na for
the water and cation confined in the interlayer. The simulations box for the Ht clay min-
erals replicates this primary cell and consists of 402 water molecules and 102 Na cations
within a rectangular box with dimension 5.24nm  4.55nm  3.75nm. Looking back on

Table 5.3: Overview of the equilibration (Equil.) simulation for Mt and Ht.

Equil. 1 | Equil. 2 | Equil. 3 | Equil. 4 | Equil. 5 | Equil. 6
Iterative steps 6,000 10,000 | 14,000 | 20,000 | 25,000 | 25,000
Timestep(Dt) 0.0006fs | 0.001fs | 0.006fs | 0.01fs 0.1fs 1fs
Timestep of thermostat 1fs 1fs 1fs 5fs 10fs 30fs
Random velocities Yes No No No No No
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the experimental conditions, we realized that the number of H,O in the simulation box
is to high to represent the system measured by QENS [16]. Prior to the productive simu-
lation a minimization and a larger equilibration was made. To make the MD simulation
of Ht and Mt comparable, the procedure of the minimization and equilibration for Ht
are the same as for Mt, where the equilibration details can be seen in Table 5.3. The pro-
ductive simulation was done for 302.28ps with a time step of 1fs and the Nose-Hover
thermostat was used to change the velocities every 1ps according to a system tempera-
ture of 300K. For the productive simulation the configuration, consisting of the positions
and velocities of the atoms, was saved every 0.01ps. All the simulations are in the NVT
ensemble, the RATTLE algorithm is used to constrain all the single bonded atoms, the
L] potential is cut and the PPPM algorithm is used to compensate for the cut. This is the
same as for the Mt and the parameters for the algorithms are also the same as for Mt.
The simulation box was provided by Prof. Virginie Marry and input scripts was made
to fit the requirements of the simulations.

In general for all the MD simulations, the productive simulation was made longer than
the time probed by the instruments because of the statistical fluctuations occurring near
the end of the simulation. This happens because the positions and velocities of the
atoms are based on the previous time steps, meaning that in the end of the simulation,
there are less previous time steps resulting in statistical fluctuations. By making the MD
simulation longer than needed, the parts with statistical fluctuation can be cut and the
rest of the simulation can be used.

All MD simulations have been performed using the Danish National Supercomputer for
Life Sciences, known as Computerome [55]. In Computerome, LAMMPS can be down-
loaded and used to simulate the system of interest. In this work, it was done using a
single CPU node with around 80  120Gb of memory and all systems took above 8 hours
to simulate. The simulation boxes and all the LAMMPS input scripts used to simulate
these three systems, can be found in a separate folder in the private Github repository.
The trajectories of the MD simulation was converted from LAMMPS to a hdf5-file using
the ASE package [56] and they can be obtained by writing to martinhp27@gmail.com.

5.5 nMoldyn

nMoldyn has been developed since the 1990’s by Prof. Gerald Kneller focusing first on
a neutron scattering oriented analysis of MD simulations and later extended to NMR
and IR-THz spectroscopy analysis [19-22]. To enable efficient time series analysis of the
MD trajectories, FFT techniques are used to calculate certain types of correlation func-
tions, allowing the computation to be speed up compared to conventional techniques
[21]. nMoldyn permits us to analyse MD simulations, by calculating important physical
quantities from the MD trajectories and velocities, which also makes it possible for the
MD simulations to be comparable to experiments of the same system. From a technical
perspective, nMoldyn was first written in Fortran 77 [19] and it was later completely
rewritten in Python2 [20], where it has been updated continuously [22]. nMoldyn algo-
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rithms are also used in other commercial programs, like MDANSE [57], to calculate the
physical quantities of MD simulations. In this project some of the nMoldyn algorithms
have been rewritten in Python3, which can be obtained from the private Github reposi-
tory [23]. This work was initially started by Dr. Vania Calandrini [21] and her work has
been further extended in this project, where some of the algorithms have been updated
and more have been written [23].

FCA is the most used algorithm in nMoldyn and all TCF’s in this work are calculated
using the fast correlation algorithm (FCA), which relies on the FFT technique. We con-
sider the dynamical variables sampled at a fixed time interval Dt within a finite time
window (known as the trajectory length): A = A(k Dt) and B = B(k Dt), with
k =0,..,(N: 1). The discrete representation of the TCF relevant to A and B, can

be written as [19-21]:

8
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where N; is the number of sampled values of the dynamical variables and (N; 1) Dt

is the trajectory length. In a ergodic system, c45(m Dt) is the discretization of both Eq.
2.1.3 and Eq. 2.1.4. Determining the TCF directly from Eq. 5.5.1 is the conventional way,
giving a computational time in the order of O(N?) [21].

The idea of FCA is to exploit the correlation theorem for discrete periodic functions to
the dynamical variables. This is done by defining an extended periodic version of the

dynamical variables [19-21]:
8 8

< <
Ak Dt) k=0,..,N; 1 B(k Dt) k=0,.,N; 1
a(k Dt) = _ (kD : and b(k Dt) = _ (k DD !
-0 k= Nt,...,ZNt 1 -0 k= Nt,...,ZNt 1

(5.5.2)
From this definition, we must have that: a(k Dt) = a((k+m 2N;) Dt)and b(k Dt) =
b((k+m 2N;) Dt) withm =0, 1, 2,... The discrete cyclic correlation function of
a(k Dt) and b(k Dt) can now be defined as [19-21]:

1 2N; 1

1

with (Nt 1) m Nt 1.
Using the correlation theorem for discrete periodic functions, we can rewrite S,,(m Dt)
in terms of 7 55 and b sn; - the discrete Fourier transformation of a(k Dt) and

b(k Dt)[21,58]:

1 2Nl (m D)n  _ n o - n

S Dt) = — 2pi — —
ap(m Dt) exp 2pi T 9N N,

554
. (5.5.4)

By using Eq. 5.5.4 together with Eq. 5.5.3, the TCF for relevant dynamical variables can
be determined using the FFT of the dynamical variables. This is the main idea of the
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FCA, which is also highlighted in Algorithm 1 in Appendix B. Using FCA to determine
the TCF instead of Eq. 5.5.1 reduce the computational time to a order of O(N;log,(N;))
[21].

Using FCA, the TCF of different dynamical variables can be found. In this work, nMol-
dyn is used to compute the following physical quantities of the MD simulations: MSD,
VACE, vDOS, the intermediate scattering function F(Q,t) and the dynamic structure
factor S(Q, w).

The MSD can be efficiently computed from its discretized form [21]:

Ny m 1
hjr(t) r(to)jzi:# [r((k+m) Dt) r(k DOJ? (5.5.5)
Ny m
1 Nt m 1

=N [r((k+m) D> r(k DO 2r(k DOr((k+m) Df)

where r(k Dt) is the particle trajectory. The first term in the write-out can be computed
efficiently using a sum and accumulated sums [21], while the second using FCA, since
it is an ACF of the particles trajectory. To perform the efficient computation of the MSD,
the periodic boundary conditions are removed from the particle trajectory, by forcing
the particles to be within the primal cell at all times.

The VACF can be computed using FCA and the particle velocity.

The vDOS can be computed from the VACF using Eq. 2.3.4. However, even tough the
TCF can be nicely estimated using FCA, its spectrum will be purely estimated through
a straight-forward application of the discrete Fourier transformation since additional
points for longer time intervals tends to add noise to the spectrum. To obtain a good
estimation of the spectrum, the convolution theorem (Eq. 3.3.17) is used to apply a
smoothing window function to the spectrum in the time domain. In nMoldyn, a Gaus-
sian window functions w(t), with mean w(0) = 1 and variance s; = a(Ny 1)Dt,
is used to smooth the spectrum. a is a dimensionless smoothing parameter, used to
smooth out the noise resulting from the discrete Fourier transformation and because
st > 0 then a > 0. To efficiently compute the vDOS from the VACF a Gaussian window
function is applied to the VACF in the time domain, before a FFT technique is used to
determine the vDOS according to Eq. 2.3.4. For the bulk-water system a = 0.01 and for
the two clay mineral systems a = 0.005

The intermediate scattering function, F(Q, t), is a TCF and can therefore be computed
using FCA, which is done by computing its two parts: F(Q, ), and F(Q, t)..;. How-
ever, because of the limitation of the system only the F(Q, t);,. part will be included
on the computation of F(Q,t). F(Q,t) is computed within an interval [Q,in, Qmax],
where Q = JQj is the magnitude of the Q-vector and the minimum Q-value is defined
by the simulation box: Q,,;, = 2p/L with L as the length of the square simulation
box. The maximum Q-value can be freely chosen. The coordinates of the Q-vectors
([Qx, Qy, Q:]) are chosen as integer multiplies of Q,,;,, resulting in all the Q-vector will
be sampled within a sphere in the reciprocal space. Because F( Q,t) = F(Q, t) follows
from the detailed balance relation (Eq. 3.2.7), we can limit our self to Q, > 0 resulting

42



CHAPTER 5. EXPERIMENTAL AND COMPUTATIONAL METHODS

in half a sphere in the reciprocal space. It X /1\A y

is computationally too expensive to use ernax Qmin z

all the Q-vectors in the computation of

F(Q,t). Therefore we choose a number
of Q-values and divide the spherical re-
gion in the reciprocal space into shells
with centers equal to the chosen Q-values
and radii depending on the distance to the
neighbouring Q-value. From each shell
we randomly pick a number of Q-vectors Figure 5.2: Illustration of how the Q-vectors (ar-

(default around 20) and set them to have rows) are grouped into shells in the reciprocal

the same magnitude as the center of the space with centers (Q;) defined to be equal to the
shell. This is illustrated in Fig. 5.2. The

magnitude of each shell, the Q-values are usually defined to be equal to the experimen-

magnitude of the Q-vectors in an experiment.

tal ones, such a comparison between the MD simulations and the experiment can be
made. To limit the size of the shells for the highest and lowest Q-values, a boundary for
the sphere is set according to Qi and Quax. With the Q-vectors grouped F(Q,t) can
be computed.

Using the FCA together with Eq. 3.2.2, Eq. 3.2.3a and the definition of the weight,
F(Q, t)con can be found for each Q-value by computing F(Q, t)., for each of the ran-
domly chosen Q-vectors in the specific shell and summing them up.

F(Q, t)inc can be determined similarly, but instead the FCA is now used to find the TCF
for each atoms spatially Fourier transformed particle density Fa(Q). To do this the FCA
have been rewritten a bit, such that the TCF’s for all the randomly chosen Q-vectors, in
the specific shell, can be determined simultaneously for each atom. The TCF'’s are then
summed up for each atom before applying the weight according to Eq. 3.2.3b. For a
better understanding on how F(Q, t);,,c is computed consider Algorithm 2 in Appendix
B.

The weights are defined as w, .o, ba con and Wa inc b?

a,inc’
for each relevant atom a can be seen in Table 5.4. The scattering length are found from

where the scattering length

the most natural abundance isotope of that particular atoms. For all the MD simulations
presented in this work, F(Q,t)  F(Q, t)iyc have been computed with a time spacing of
0.1ps, because of computational limitations. Again because of computational limitation,
only 700ps of the bulk-water trajectory is used to compute the F(Q, t), while all trajec-
tory points are used for Mt and Ht.

Table 5.4: Scattering length for relevant atoms needed to describe the samples studied in this
work [59].

@) H Al Fe Mg Si Li Na
beoplfm] | 5.803  3.741 3.449 9940 5.660 4.107 2220 3.630
binc[fm] | 0.000 25.274 0.256 0.000 0.000 0.000  2.490 3.590

43



CHAPTER 5. EXPERIMENTAL AND COMPUTATIONAL METHODS

The dynamic structure factor S(Q, w) is the spectrum of F(Q,t) and to compute it a
smooth window function is needed just as it was needed for vDOS. However, to make
S(Q,w) comparable with the experimental measured spectrum it must be convoluted
with an experimental resolution function. Because the vanadium run can be approxi-
mated to being a Gaussian function it can be used as the smoothing window function
and thus is an external smoothing function not needed.

The physical quantities of all MD simulations, discussed in this section, have been com-
puted using Computerome [55] and the Python3 scripts used in the cluster of Com-
puterome are available in a separate folder in the private Github repository [23]. The
Python3 scripts uses the same algorithms as presented by the nMoldyn Jupyter note-
book, but to use these algorithms in the cluster separate scripts had to be made.
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Chapter 6

Results and discussions

6.1 Bulk-water
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Figure 6.1: a) The measured QENS spectra of the bulk-water system at 300K as a function of the
energy transfer iw after reduction and transformation of raw data into S(Q, w). The measure-
ment was done using the backscattering spectrometer IRIS at ISIS (UK). b) The trajectories of the
MD simulation of bulk-water at 300K, using the SPCE force field, converted into F(Q, t). F(Q, t)
continuous with zero magnitude above 60ps for all Q-values.

In Fig. 6.1a, the reduced QENS data of the bulk-water system at 300K, measured at IRIS
is shown. We clearly observe that the elastic line gradually decreases with increasing Q-
values, while the QE-broadening becomes larger. For the largest Q-value, the elastic line
has almost vanished and the QE-boarding is almost flat, resulting in a higher contribu-
tion from the background. This occurs because at smaller distances the whole system is
moving faster than the time window probed by the spectrometer. In Fig. 6.1b, the trajec-
tories of the MD simulation of the bulk-water system at 300K transformed into F(Q, t)
are shown. We clearly observe that F(Q, t) quickly decays to zero for all Q-values. Note
that for the lowest Q-value the decay happens slower and that for all Q-values the in-
tensity reached zero after 60ps. This indicates for lim x y F(Q, t) = EISF(Q) = 0.

To verify that the MD simulation reproduces the QENS data we compare the results.
This is done graphically for three different Q-values in Fig. 6.2, where the QENS data
have been transformed into F(*)(Q, t) following steps 1-2 of a minimal model approach
described in Section 5.2. The reduced c2-value for each comparison, shown in Fig. 6.2,
was calculated by comparing each QENS data point to the closest MD simulations point.
Looking at Fig. 6.2, we observe that the MD simulation and the QENS data are compa-
rable with low c2-values for all Q-values. The spectra for the other Q-values are also
comparable to the QENS data with low c?-values. In Fig. 6.2, we also observe that the
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