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Abstract

In this thesis, we mainly review and reproduce the results from the papers [2],
[3], [65] that "= 4 SYM theory on R x S with gauge group SU(N) is
described by the near BPS-limit of a lower-dimensional non-relativistic field
theory with SU(1,1) x U(1) algebra. We show that interactions of this theory,
match the one-loop dilatation operator of the SU(1,1) sector, thus
demonstrating the consistency of our procedure , at quantum level.

In addition, we review the calculation of the one-loop dilatation operator
using the standard procedure of first quantising the the N' = 4 super
Yang-Mills theory at one-loop, and then constructing the dilation operator in
the near-BPS. We do this using purely algebraic arguments and symmetries of
the Feynman diagrams.

The construction of this lower-dimensional non-relativistic field theory gives
the possibility of expanding beyond pure bosonic theories, to richer field
theories that include more exotic fields like fermions, supersymmetry, gauge
field. The aim is to provide a means to approach a better understanding of

strongly coupled finite-/N dynamics of gauge theories.
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Introduction

The journey of understanding how the universe works, has (at least for the
21st century) led us to two deep theories that try to describe the very large
structure and very small structure of the universe: General Relativity and
Quantum Mechanics/Quantum Field Theory. However, these enormous
successful and beautiful mathematical/physical theories are in their
fundamental core very incompatible with each other. This is mainly due to the
non-locality of quantum theory, which is in contrast with the locality of GR.
Some of the main results which arise from the non-locality of QM when trying
to contract a quantum theory of gravity (QG) are: gravitational singularities,
the black-hole information paradox, problem of time etc. see [50].
Unfortunately, despite decades of research on quantum gravity, we still
haven’t develop such a concrete self-consistent theory, although a major
candidate with a consistent quantization of gravity exists and it is the
Superstring Theory; which is also a serious candidate for a theory of
everything(TOE) since not only incorporates quantum gravity in one

mainframe but also naturally incorporates gauge theories of the Standard
Model (SM).



Chapter 1. Introduction

Supersymmetry has also been applied to QFT models giving rise to very
beautiful structures. One very important application is the study of N’ = 4
super-Yang-Mills (SYM), a theory which in a way is the most promising
"nice-behaved” conformal supersymmetric quantum field theory of all, since it
has the remarkable feature to be conformally invariant even at the quantum
level and two- and three- point correlations functions are completely
determined by the scaling dimensions and the structure constants of the
involved operators.

When studying D-branes and string/string dualities, Juan Martin
Maldacena conjectured that type IIB string theory on AdSs x S° should be
equivalent to A =4 SYM with gauge group SU(N) and coupling constant g.
This correspondence is supported by the match between the mathematical
structure of the underlying symmetries of both theories, i.e. PSU(2,2|4).

Our end-goal for this thesis (and the motivation behind all our
calculations), is to be able to study the emergence of gravity /black holes
through the quantum theory living at the boundary of the AdS/CFT
correspondence. In principle, we would like to use the
AdS/CFT-correspondence since by solving the gauge theory side we would get
(through the correspondence) the full dynamics of the string/gravity side thus
revealing emergent black holes from a quantum theory; sadly in practice such
a task is impossible. So we have to approach it by different means. One way is
to take the planar limit N — oo while keeping the 't Hooft coupling A = g?N
fixed. This approach has the limitation that we cannot reach our desired
strong-gravity (i.e. black holes) limit since we work in fixed-geometry with
potential fluctuations of the scale 1/N, i.e. very small perturbative corrections
to gravity(geometry). On the other hand, at weak coupling , finite N
contributions are way simpler to compute but the dual string theory is now
strongly coupled (we may say that ii has a pure algebraic structure in this
limit) thus loses its geometrical form, at least in the semiclassical sense.

In this thesis, we will explore an alternative idea in which we will start from
a non-relativistic limit of AdS/CFT, where both strong dynamics of gravity
and semiclassical geometry are present and the CFT side is simple enough to
be studied in its strongly coupled finite-N regime. We approach the desired
non-relativistic stringy dynamics by considering near-BPS limits of A = 4
SYM. In particular, we will demonstrate that A" = 4 SYM Kaluza-Klein
decompactified on S? close to a particular BPS bound is described by a
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lower-dimensional non-relativistic field theory generalised! Hamiltonian H.
The BPS bounds used are of the type

3
E>S5 + ZwiQi (1.1)

i=1
where FE is the energy, S of the angular momenta and Q;, i = 1,2, 3 are the

three R-charges of N' =4 SYM on S3, moreover w; are the three constants
that characterize the BPS bounds. We mainly focus on the

(w1, w2, ws3) = (1,0,0) in which we obtain a scalar theory (full bosonic) with
U(1) x SU(1,1) global symmetry, where U(1) corresponds to the conservation
of particle numbers as non-relativistic quantum theory dictates and SU(1,1) is
the symmetry of the interactions in our particular choice of BPS bounds.
Other choices of w; lead to different global symmetries (possibly including
supersymmetry) and to the presence of fermions; more details on the
decoupling limits that can be taken are given in [29]. The procedure discussed
in this thesis to approach these near-BPS limits was introduced in [2] and
further applied in other sectors in [3] and [65].

For more choice of w; which include different global symmetries plus
supersymmetry (i.e. fermions etc) we refer to [29],[3]. The near BPS-limit now
is

3
E-5 _>\Zi:1 wili finite , N fixed (1.2)

This is a type of limit, which we will study in chapter 5, known as Spin

Matriz theory (SMT) limit.

Using now sphere reduction on our classical A’ =4 SYM on S3, imposing

A— 0 with

the near-BPS limit at quadratic order, integrating out non-dynamical modes
from the Hamiltonian and then computing the interaction Hamiltonian using
the exact near-BPS limit; we get a lower-dimensional non-relativistic field
theory classical Hamiltonian H);,,. Then we quantize this Hamiltonian to get
the near-BPS quantum-mechanical Hamiltonian H,. This quantisation
procedure results in self-energy corrections that can be calculated from a
standard normal-ordering procedure. This near-BPS theory is now a full SMT
and all this procedure is completely dual to the equivalent derivation of the H,
using first path-integral quantisation on the original classical A/ = SYM and

doing a loop expansion to derive the dilatation operator D (we will

1See Appendix A.
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demonstrate how to do this also in the next chapters). Then from D we follow
the recipe from SMT [25] and take the near-BPS limit in which only one-loop
contributions of D survives , to derive the H, which is exactly equal, as we
will demonstrate, in both procedures. We conjecture that this commutative of
procedures is probably due to the fact that the highly non-trivial QFT
computations which lead to the particular form for the dilatation D are

captured by the normal ordering contributions used in our Hjy,.



Field theory

In this chapter we will briefly discuss the basic notions (needed for our work)

of QFT, SCFT (super-conformal field theory), superconformal algebra and its

representation theory. The main goal is to understand the full Lagrangian of

the A/ =4 SYM theory and its symmetries. Then we will describe some

fundamental features of gravity, in particular related to the holographic

principle.

Minkowski, non-compact
maximally non-comapct

spacetime sym. internal sym
s((2,C) su(4)
sp(1) x sp(1) ( , H)
sl(2,C) su(2,2)
(2 ,R)xsf( R) sl(4,R)
[(2,C) x s1(2,C) sl(4,C)
(2.1)

Figure 2.1: Possible signatures of spacetime, internal space and symmetry alge-

bras.
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This will be concretely realized with the AdS/CFT correspondence, which
relates a gravitational theory in (d + 1)-dimensions with a CFT on its
d-dimensional boundary, the most known example involving A' = 4 SYM and
type IIB string theory on AdSs x S°.

After analysing in more detail how the duality relates conformal
dimensions, masses and correlation functions between the two sides, we will
conclude the Chapter with a discussion on the superalgebra of A =4 SYM
and its role in Integrability.

We also introduce the main notations that we will follow in this thesis,

along with some important conventions.

2.1 The N =4 Super Yang-Mills Theory

In this chapter, we will discuss various aspects of A' = 4 Super Yang-Mills
Theory, which are important for the thesis. We will discuss the foundations of
the field theory, superconformal algebra, and its representation theory.

We will follow the ”letters” formalism (see [32]), which is very convenient
for our study and it is the standard notation used widely in the active research
field literature. In this formalism, we collect the various fields, into a unique

symbol, which we denote as W!

Wa = (D, Vaa, V8, ®1) (2.2)
where D is the covariant derivative, constructed by the gauge field A, the
spinors W and the six scalars ®. We replace the gauge fields A in our notation

with the covariant derivative in order to have uniform gauge transformation
property (on W). We also follow the standard conventions for all the indexes?.
In order to write down a real-valued Lagrangian, the signatures of
spacetime and internal space must be correlated. We have collected all these
possible choices in the table (2.1). We will not concern too much about the
signature and we will either work with maximally non-compact or complex

version of the algebra. We define the covariant derivative as:

D, =0, —igA,, DW:=[D,, W =90W—igAW+igWWA, (2.3)

where g is a dimensionless coupling constant which, in the classical theory,

INote that the covariant derivative D is not a field. Instead of the gauge field A, we shall
place it here, so that all fields in W have uniform gauge transformations.
2We collect the notation for spinorial fields in the Appendix
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can be absorbed into the fields, but it will play a crucial role in the quantum
theory. Also, throughout this thesis, we will work with either SU(N) or U(N)
gauge group and represent all the adjoint fields W by (traceless) hermitian
N x N matrices

The transformation of the letters under unitary actions on the supergroup

is given by,

W — UWU ! (2.4)
As usual, we construct the field strength F = dA+ A A A as the change
(i.e. the covariant derivative) between a vector and its parallel transport
around the boundary defined by its arguments, and together with the second

Bianchi identity3:

}—yu = ig_l [D;uDV] = 8;»/41/ - al/A[L —ig [A/u AI/] ) D[pj__./w] =0 (25)
We are now ready to write down the Lagrangian of N' =4 SYM, it is:

1 1
ﬁSYM[W] = 1 Tr FH wv T 5 Tr 'D”(I)n'D#q)n

1 m n a __a

= 297 e[0T, @7y, @] 4+ Tr WEol DI, (2.6)
1 1 : . .

— —ig Tr U0 eP[d™ Wgy] — 59 Tr Ve one” (@, U]

2 (e
where o are the chiral projections of the gamma matrices in four and six

dimensions, and satisfy the usual algebra:

gligh) = v glmgn} — pmn

also the e symbols are the totally antisymmetric tensors of su(2) and su(4).

The equations of motion which follow from the variation of this action are:
D, F* = ig [y, D“0"] — igo® { ¥4, W }
1 1 ca (e .
DD @™ = =g [0y, [0, ]| + Sigo™ ™ (W, Wsn} + Sigosie™ {mg, \Ifg}

02‘57)"\1/@@ = igadﬁag}) [<I>m, \IIZ}

oeIDMYG = igePatl (B, W)

3Which reflects the notions of the boundary of a boundary term ,since F = dA+AANA =
dF =0
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Our theory, as it can be shown from the Lagrangian and the EOM* | is
invariant under the full N' = 4 super Poincare algebra, consisting of the usual
Lorentz symmetries and internal rotations: £, £, 9R of su(2) x su(2) x su(4) as

well as the supertranslations £, Q, L.
We parametrize the supertranslations using the fermionic and bosonic shifts

€7, €% and e ie. :

Sece = €00 + 9%y, + P, (2.7)

where

D, —igeaeagag;y\i'fy + igéadsd[;ag”\llw +ige” Fo
m =€ Jab\I/ab + éadom,ab\ilg + "D, P,

1
igo, bcr 5a/36 (D), P"]

P
1w b5
b eVoq =— =0 67056]'—W+2

2 ap

2.8
+omat; &PD, D, + "D, Vg, (28)
T 1 cad L. ab_n reye m
JeceVE =— iagﬂeﬁ'yoyée Fouv + izgombabcedﬁ-e B[o™, D,
+ o, JaﬁEbD " + "D, \Ila
The algebra of supertranslations resulting from the above variations is:
QQ,Q%} = —2igeqpotb®™, [P, Q% = —ngagoﬁ \Ila
QdeBb} = —2igedﬁag})<1>m7 [‘»B#, aa:| zgsdﬁau W (2.9)
02, 9,5} = 200" P, (B B] = —ig T

It is very useful to introduce a more dense and unified notation by replacing

all the vector indices by a pair of spinors, so we get

Dy ~ 05 Deag
Fuw ~ 0075008 Fap + Ufj'ysn,gagﬁ.]fdﬁ
D, ~ Uf,‘ffbab
In this notation ®,; is antisymmetric while F,5 and F &p are both symmetric.

Now the set of fields is given by:

W= (Ddﬁa (I)aba \Ijaba qjgv ]:ozﬁv -Fa5>
which now are all bi-spinors.
The N = 4 gauge theory is a pure theory, which means that it only consists

4Equations of motion i.e. EOM
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of the superspace gauge field, as such A/ =4 SYM must be a massless theory
with additional (super)conformal symmetry to its traditional Poincaré

Ssymmetry.

2.2 The Quantum Theory

There are many ways to quantize a theory; in the present work, we
conveniently work with the path integral quantisation. The path integral
measures the expectation value of some operator functional O[W] by summing
over all field configurations weighted by the exponential of the action. We

work in the Euclidean signature®

(©W) i= [ WO exp(~S)
The Yang-Mills action S is the spacetime integral of the gauge theory

Lagrangian

2
S = 5~ [ d'zLyaW,g = 1]
Iym
where we have used the common definition of the Yang-Mills coupling
constant gyy. It will be more convenient to work with a different coupling

constant: )
2._ gyuN
82
In this thesis, we will consider objects which are the local operators O(x)

and their correlators < O(x1)O(x2)... > as of major interest.

In particular the two-point functions: < O(x1)O(xz3) > are very important
object that we will work very frequently. They describe the
creation/annihilation of a particle propagating thought spacetime, by that

operator.

2.3 Gauge Theory

In this section we will introduce some basic notation, in order to deal with the
matrix representation of (WW,)§. For convince, we also introduce the notation
WA such that®

5In order to avoid geometric abnormalities
6Most of the time we will not write out the matrix indices and we will just write WA =
)

W4
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W2 W

Figure 2.2: W and W contractions. We use the double line notation for adjoint
fields in a gauge theory.

. 1) T
WA = ——— (WA Wg)S = 65 086¢ (2.10)
( )b s (WA)S ( )b ol B %%
We furthermore introduce normal ordering :... : which suppresses all

possible contractions between fields and variations by moving all variations to

the right, for example

W)= B)S L () b
In this notations, it is very convenient to introduce the variation introduced
by the matrix gauge transformation of the form W + UWU ~! which is
generated by

SW =ile, W] ie b= Tre with j= i: [ Wy, WA]: (2.11)
Going away from the matrix representation, we can more general work for
the SU(N) gauge group with generators tn,, we use the standard notation for
the fields:

Wa =W3 tm (2.12)

where
Trtmtn = Omn, [trm tu] = ifﬂ-mtp (213)

10
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in which the structure constants f*=» and the generators are normalised
adequately.

This leads to the more general definition for the variations:

] ]

ANA mn
g™,
W= 5 S

WE = 050 (2.14)

2.4 The AdS/CFT correspondence

2.4.1 Why in quantum gravity different?

Fundamental physics has been governed by reductionism since its beginning.
And the discovery of quantum mechanics taught us that we cannot refine our
"microscopes” without using larger energies/momenta. When you study
higher and higher energies, sometimes you hit some critical energy points
where the physics changes drastically, and you can try to adjust or create new
models to describe the new mechanisms in this energy scale. For example,
when we first probed the QCD around a GeV, we found a plethora of new
strongly interactive particles which we could understand their mechanisms. So
we create new theories, like primitive-String theory, EF T-models, and new
ways to use local quantum fields to describe the theory.

On the other hand, Gravity differs tremendously for all the QFT-examples.
If you try to probe to the energy scales corresponding to Plank length, you
would just get black holes due to the attractive nature of gravity, but we can
make black holes without passing through a regime of physics that we do not
understand (Gedanken experiments), and pushing more energy will just result
in a larger and larger black hole, so our reductionist method stops working.

In hindsight, we have many hints of how to proceed. The most simple hint
comes from black hole thermodynamics in which the entropy of a black hole is

proportional to its area A:

_ A
42,

where éf)l is the Plank length. Since you can throw any type of information

Spu (2.15)

into a black hole and the entropy increases regardless, the BH entropy must be
some fundamental feature of the universe. This hints to us that our notion of
spacetime(i.e. General Relativity) is just an approximation of a real (maybe

algebraic?) quantity that generalizes our today’s notion of spacetime and in

11
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which information is stored in the boundary. But we know also that
gravitational energy is not well-defined locally, and can be made well defined
only if we look/measure the system from the infinity(its boundary!). So in
well-defined gravitational theories, the Hamiltonian should live at its
boundary(at the infinity). And the AdS/CFT conjecture is one of the most

promising answers to this search.

2.4.2 Understanding the big picture

The big and very simplistic picture of AdS/CFT is that, any complete theory
of quantum gravity(QG) in an asymptotically AdS spacetime defines a CFT.
One can think of the AdS background as a ”gravity in a box”

The AdS/CFT essentially implies that the Hilbert spaces are isomorphic:

Herr = Haas—qa (2.16)

and all global symmetries can be matched between the two sides.

2.4.3 The statement

The AdS/CFT predicts the exact equivalence of ' = 4 super Yang-Mills
theory (often abbreviated as SYM) with a IIB supersymmetric string theory
propagating on AdSs x S° background. One of the most fascinating tests of
this statement is the complete matching between their global symmetry
(super-)groups.

Even though agreement of the symmetry groups is far from being a
sufficient reason to prove a full duality between the two sides, we can notice
amagzing hints from studying them, after all, there are no coincidences in
mathematics.” The A/ = 4 superconformal symmetry (see
[37],[12],[8],[9],[10],[11],[5]) on the SYM side and the isometries of the
AdSs x S° superspace on the superstrings side, are both given by the same
supergroup PSU(2,2|4) or its algebra psu(2,2|4).

The matching of symmetries hints to us that our two (to be dual) theories
have similar properties and dualities between structural constraints e.g.
correlation functions. Furthermore, the existence of supersymmetry implies
that (probably) exist quantities that are protected from quantum corrections

which will occur as we quantize the theory — e.g. on N’ =4 SYM, the absence

"That is most of the activity of Integrability of AdS/CFT, to make tests involving non-
protected(by symmetry) dynamical quantities

12
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of the beta-function and the exactness of correlators for certain BPS-operators
as the AdS/CFT predicts [37].

We will split this section into two subsections:

e One involving the standard text-book study of AdS/CFT, the D3-branes
and their two dual faces, the field-map operator map, and some brief

discussion about the correlation functions.

e And one involving the study of some relevant aspects of Lie superalgebra
psu(2,2|4). For an introduction into Integrability of AdS/CFT we refer
to [36].

2.5 The AdS/CFT correspondence

We can make various formulations of AdS/CFT, but in this thesis, we will
work with the original formulation on N’ =4 SYM on 3 + 1-dimensions and
type IIB superstring theory on AdSs x S°. Then, the strong form of the

conjecture states that:

Theorem: Strong form of the AdS/CFT conjecture:

The N' = 4 SYM with SU(N) gauge group and gy as coupling constant
is dynamically equivalent to a type IIB superstring theory with string
length v/ and g, string coupling constant on AdSs x S° background

with radius of curvature L and N units of F{5) flux on S5.

The free parameters of the field theory side are mapped to the free pa-
rameters on the sting theory side by:
gom =27mgs  and  2g4y N = LY/(a)? (2.17)

Essentially the correspondence states, that the two theories, the N = 4
SU(N)-SYM CFT side and the string theory side are dual theories, in the
sense that they describe the exact same physics from two different
perspectives, and by extension, every object of one theory can be mapped to
an object on the other side. Moreover, the AdS/CFT correspondence is a
realization of the holographic principle since, the information is projected to
the boundary conformal theory of the five-dimensional theory, from a

Kaluza-Klein-reduction of the string theory around the S° sphere.

13
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‘ Forms of AdS/CFT correspondence

| N =4 SYM IIB on AdSs x S°
Strongest form any IV and A Quantum string theory, g5 # 0,a’/L? # 0
Strong form N — o0, X fixed but arbitrary — Classical string theory, gs — 0,a//L? # 0
Weak form N — 00, A large Classical supergravity, gs — 0,a'/L? — 0

The original statement of the correspondence stated above is unfortunately
too strong in order to be used for calculations. Thus we have to soften a bit
the statement by adjusting a bit its two sides and working on the effective
theories and/or limited cases of our parameters e.g. N — 0o, A fixed and
quantum corrections on the string side turned to zero i.e. gs — 0, o//L? non
zero, i.e. non interacting big classical string. For a full discussion we refer to

[36],[8]. Here we will only present the table below:

14
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y

2.5.1 The duality of D3-branes

In this section we will study a particular, very education example of
AdS/CFT, and in particular on the weak form of the correspondence. We will
study the two perpectives of D3 branes: open string and closed string
perspective. For an amazing treatment on string theory and Dp-branes and
more, we refer to [12], [13], [15], [16], [17], [18], [19].

Open string perspective

We can visualize the D-branes as the higher dimension points where open
strings can end. Since the open strings vibrate, this can only occur when we
only have a very small perturbation i.e. when the gs; — 0, moreover if we
neglect the excitations of the string i.e. low energies, the dynamics of the open
string is described by a supersymmetric gauge theory living on the
worldvolume of the D-branes. The excitations of the open strings on the
D3-branes are the A* gauge fields, while the transverse excitations of the
string are the scalar fields from the worldvolume point of view. By stacking N
D-branes we get the gauge group U(N). Working a bit with our free
parameters, the stacking of N D-branes produces an effective coupling
constant on the gauge filed theory, given by ¢g;N which must be very small,
since we have weak perturbations, i.e. gsN — 0.

Now let’s look at the math:

15
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sl

») '

)

A >

Figure 2.3: The stacking of many D3-branes on the open string perspective

d-10

N

Figure 2.4: A picture of an open string and its degrees of freedom in each space
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As we discussed, in our open string sector, perturbative string theory® only
makes sense in the g, N < 1 limit.

The scheme of the perturbation theory is: open strings(i.e. excitations of
the (3 + 1)-dimensions-hyperplane) which start and end at the D3-branes and
closed strings(i.e. excitations of the (9 + 1)-dimensions flat spacetime). Also,
as we discussed previously, we only take into account massless excitations,
since every other excitation has energies of the order o' ~1/2.

The massless open strings can be grouped into a four-dimensional N' = 4
supermultiplet, consisting of the gauge field A* and six bosonic scalar field ¢’
along with their fermionic superpartners 1. More precisely, the massless open
strings give rise to a gauge field A* who lives longitudinal to the D3-branes
and to six-bosonic fields ¢* who live in the transversal direction. The
interactions between the IV different D3-branes are achieved by massless open
strings like in figure 2.4.

The massless closed strings are essentially the ten-dimensional N =1
supergravity multiplet who lives on the whole flat-spacetime.

The complete theory of the open-string sector is written :

S = Sopen + Sclosed 1 Sint (2.18)
where,Sopen ; Sclosed are the effective action for the corresponding strings,
and Sj, is the effective action for the interactions between open and closed
strings. The closed strings action is the action of the ten-dimensional

supergravity plus some higher derivative terms containing the Kalb-Ramond
field By and the Kalb-Ramond field strength H = dB:

1
Sclosed = 53 dloxs/ 79672¢(R =+ 48M¢8M¢> + .-
o (2.19)

1
~ / 41020, hd™ h + O (k)

where R is the Ricci scalar, 2% = (27r)7o/4g§, gy the metric and ¢ the
dilaton. In the second line, we have expand our metric around small
perturbations of the flat metric i.e. ¢ = n+ kh, where h is a fluctuations
metric and k a normalisation factor. We have also omitted the display of the

Ramond-Ramond(RR)form fields as well as fermionic fields, since we will only

8We study type IIB superstring theory in flat (9 4+ 1)-dimensional Minkowski spacetime
where we also embed N coincident D3-branes. Our particular configuration of D3-branes i.e.
the imposing of the boundary conditions breaks half for the 32 supercharges of the type I1IB
superstring theory

17
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work in the bosonic sector.
To derive the open strings action and the interactions, we have to use the

infamous Dirac-Born-Infeld action® for a single D3-brane [15],[16]:

1
Sppr = T /d%eﬂﬁ\/f det (¢ * [glap + @ * [Blap + 270/ F) £ Scg

2m)3a’2g,

(2.20)
where the @+ denotes the pull-back of the NS-NS sector bulk fields gpsn
and BMN:
oxXMoxN
= — = 2.21
@ * [glav der e gMN ( )
and S¢g are additional actions from non trivial couplings to the R-R forms.
The R-R forms C(, define the topological charges for the Dp-branes in the
natural way i.e.
Tp

Sp = / @ * [C(erl)] (2.22)
9s JSpia

and give rise to Chern-Simons terms:

Scs = MP/Z‘P % [Clgpny] A e?HBIF2ma’s (2.23)
q

We will not study this terms in this thesis, for more informations we
reference the reader to [15],[17].

Setting the Kalb-Ramond field and the Chern-Simons terms to zero and
setting x! = 2ma’¢® then the pullback (see [20],[21]) of the metric to the

worldvolume is now given by the expression:

i j 2 i j

@ * [g]ﬁw =Ggu + (27r0/) (gi+3’/8,u¢ + guj+38u¢j) + (27r0/) gi+3j+3a,u¢ 0y ¢’
(2.24)
Expanding the e™® ~ 1+ k¢, det(1 + M) =1 — 1 Tr (M?) and g = n + kh,

we find to leading order in o/,

9You can intuitively understand the DBI action as the action which minimizes the hyper-
volume of the Dp-brane, in the abscense of Kalb-Ramond and gauge field fields. So we can
think the DBI action as generalisation of the worldsheet action of strings to higher dimen-
sions, this is precisely the motivation behind the existence of Dp-branes. However, unlike
fundamental strings, Dp-branes are non-pertubative objects.

18
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Figure 2.5: The emergence of a U(N) gauge field living on the D3-branes by
stacking of N branes in a flats-spacetime, form the open string perspective

1 1 v 1 v 7 i /
Sopen = 7271‘95 /d4x <4FWF’L + 577“ 0,0'0,¢" + O (« ))

Sint = — d'apF, F* + - -
' 87Tgs/ $¢ . *

To generalise the discussion to N coincident D3-branes!?

, we promote the

scalars and gauge field to U(N) group objects:

' =9t A, =Ajl, (2.25)
and we trace over the gauge group in order to ensure gauge invariance. We
also promote the derivatives to covariant derivatives, as usual, and we add the

scalar potential V' to the open string action :

V=

mgr 2 [0 (2.26)
4,7

As we discussed in the previous section, we can take the limit: ¢’ — 0. In
this limit, the open string action is the ' =4 SYM bosonic action with
g% = 2mgs. The interactions vanish since the dilaton ¢ scales as k ~ a’?> — 0
and so the open and closed strings decouple. Lastly, the closed strings in this
limit are just the ten-dimensional Minkowski spacetime supergravity, which is
exactly the picture we have discuss in the introductory discussion.

A pictorial representation of the stacking of N D3-branes can been seen in
the figures 2.3 and 2.4.
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Figure 2.6: The open string sector, Chan-Paton factors

&

Closed string perspective

We can also look at the D-branes as solitonic solutions of the low-energy limit
of superstring theory( i.e. supergravity), so from this perspective the
D3-branes are sources of gravitational field which curve its surrounding
spacetime. In order to have a weak curvature, and essentially supergravity, we
must consider large characteristic length scale L.

We now work in the strongly coupled limit: gsN — oo. In this regime, we
will have to work with the closed strings. The N stacking of D3-branes can be
viewed as massive charged objects which source type IIB supergravity and by
extension type IIB superstring theory.

Our problem now, is to solve the corresponding supergravity problem. We
seek SUGRA solutions of the N D3-branes which preserve the isometries of
R%! ie. the SO(3,1) x SO(6) and of course, preserve the 1/2-BPS, which
means that half of the supercharges will annihilate the solution itself.

To achieve this we make the following ansatz:

ds? = H(r)~Y?n,,datda” + H(r)'/?6;; dz® da?

(2.27)
e29r) — g2

Cuy=(1-H(r)"")da® Ada' Ada® Adaz® + -

where p,v =0,...,3and 3,5 =1,...,9 and 7% = Z?:4 x?. We will not be

10For oriented strings.
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interested in the higher-form potentials, and then from now on we will neglect
such terms.

We insert now our ansatz into the equations of motion for the type IIB
SUGRA:

1
2R3,

S =

1
s (1)
1 2 Lz 2 115 2
3 [Fwl* = 5|7 ‘4‘F<5")

1
*5/0(4) A H) AF(s)}

where we use the notation:

2 1 =My
/dloX\/j9|F(p)| = H/dlox\/jgngNl"'gMprFjwl Mp NNy

and also:

*Fs) = Fsy  Self Duality (2.28)
Firstly, we find that the function H(r) has to be harmonic, i.e. to satisfy
the condition O0,H (r) = 0 which has solution :
L4
H(r)=1+ 73 (2.29)
where L* = 47g,Na'? which can be calculated using the fact that the flux
of the F(5) through the sphere S% has to be quantized, since the flux measures

the number of coincident Dp-branes.
For large r > L the H(r) ~ 1 and the metric reduces to ten-dimensional

flat spacetime.
For small r < L, we call this region near-horizon region or throat and then
H(r) ~ f—f and the metric takes the form:
2 2

L . .
ds? = %nﬂydx“dx” + —50i; da* da?
r

) (2.30)

L
= 22 (Wudx“dx” + dZQ) + 1?2 ds%s ~ AdSs x S°
where z = L?/r and we have used the regular spherical coordinates instead

of the flat ones:

Siydxtda? = dr® + r’ds%s (2.31)

From this analysis, we see that in this regime (o/ — 0), we have two
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different kind of closed strings:!! closed strings living on the standard flat

ten-dimensional spacetime i.e. IIB sugra modes on 10-dim flat space and

closed strings propagating in the near-horizon region with AdSs x S® geometry

i.e. IIB sugra excitations on AdS5 x S°.

Combining of the two perspective

N

%‘ﬁ@ < )

Figure 2.7: D-branes: The open(closed) string perspective left(right)

The two regime analysed in our extended previous discussion should

correspond to the same physics, and type IIB sugra on R%! is present on both
sides. This hints that the two theories should also be identified and this is
exactly one way to motivate the Maldacena conjecture that N’ =4 SYM in

four-dimensions is equivalent to type IIB sugra on AdSs x S°, even though

their fundamental degrees of freedom are quite different.

2.6 The field-map operator

Since the AdS/CFT conjecture implies a connection between the two different

theories, there should be a map between the two regimes which relates

operators from the one side to the other. This is exactly what we will explore

in this section. This map between this two theories, is called a dictionary and

its existence arises from the fact that both sides have matching symmetries,

which allows the field theory operators in some particular representation of the

1 Decoupled strings
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PSU(2,2|4) to be mapped to AdSs x S® string theory states on the other side

of the correspondence.

Given that we have established that the global symmetry groups on both
sides of the AdS/CFT correspondence coincide, it remains to show that the
actual representations of the supergroup SU(2,2 | 4) also coincide on both
sides. Suffice it to recall here the special significance of the short multiplet
representations, namely 1/2 BPS representations with a span of spin 2,1/4
BPS representations with a span of spin 3 and 1/8 BPS representations with a
span of spin 7/2. Non-BPS representations in general have a span of spin 4 .

A very crucial role is played by the single color trace operators because out
of them, all higher trace operators may be constructed using the OPE
(Operator Product Expansion)[22],[23]. Thus one should expect single trace
operators on the SYM side to correspond to single particle states (or canonical
fields) on the AdS side [1]. Multiple trace states should then be interpreted as
bound states of these one particle states. Multiple trace BPS operators have
the property that their dimension on the AdS side is simply the sum of the
dimensions of the BPS constituents. Such bound states occur in the spectrum
at the lower edge of the continuum threshold and are therefore called
threshold bound states. A good example to keep in mind when thinking of
threshold bound states in ordinary quantum field theory is another case of
BPS objects : magnetic monopoles in the Bogomol'nyi-Prasad-Sommerfield
limit (BPS) (or exactly in the Coulomb phase of N'=4 SYM ). A collection of
N magnetic monopoles, were like charges, forms a static solution of the BPS
equations and therefore form a threshold bound state.

We describe all type IIB massless sugra and massive string DOFs by field ¢
living on AdSs x S®. We also introduce coordinates z* € AdSs and y* € S°,

and decompose the metric as

ds? = gffsdz“dz” + gfvdy“dy” (2.32)
Then the fields become functions of z,y associated with the various D = 10
DOFs. We decompose the fields ¢ as Kaluza-Klein towers on S° by expanding

into a complete set of spherical harmonics Y'(§2s5) of S°:

p(z,y) =Y ()Y (y) (2.33)
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For scalars for example, Y are labelled by the rank [ = A of the totally
symmetric traceless representation [I,0, 0] of SO(6)(or equivalent the [0,, 0] of
SU(4))'2. Just as fields on a circle receive a mass contribution from the
momentum mode on the circle, so also fields compactified on S® receive a mass
contribution. From the eigenvalues of the Laplacian on S° for various spin, we
calculate the following relations between mass and scaling dimensions [ = A
and with the radii L of the S° set to one:

scalars ~ m? = A(A —4)
spin 1/2,3/2  |m|=A -2

(2.34)
p— form m?=(A—-p)(A+p—4)
spin 2 m? = A(A —4)
We summarise the complete mapping between the presentations of
SU(2,2]4) in the table below:
’ Type IIB string theory N = 4 conformal super-Yang-Mills
Supergravity Excitations Chiral primary + descendants
1/2 BPS, spin < 2 Oy =tr XU X7} 4+ desc.
Supergravity Kaluza-Klein Chiral primary 4 Descendants
1/2 BPS, spin < 2 Op =tr X1 ... X%} 4 desc.
Type IIB massive string modes | Non-Chiral operators, dimensions ~ /4
non-chiral, long multiplets e.g. Konishi tr X*X?
Multiparticle states products of operators at distinct points
Oa, (21) - Oa, (#n)
Bound states product of operators at same point

Oa,(z) - Oa,(2)

(2.35)
The mapping of the descendant states is also very interesting and can be
found in the work of [23].

12The spherical harmonics satisfy the equation Ogs Y= fﬁl(l +4)Y! which is the corre-
sponding object on S® as the equation for the Hydrogen atom where one derives the standard
spherical harmonics for S3.
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2.7 Correlation functions

In our previous sections, we have shown that there is a dictionary (a duality)
between field theory operators O and gravity fields ¢ in the same
representation of the symmetry group of isometry, respectively.

In this context, the boundary value of the gravity fields ¢y acts as a source
for the field operator O. This suggests a duality between the generating
functionals on both side of the correspondence.

In this section, we will present a more detailed version of the AdS/CFT

correspondence by mapping the correlators on both sides of the conjecture.

2.7.1 Mapping SYM and AdS correlators

To ensure regularity we work on Euclidean AdSs5, with metric:

ds* = 5—22(0[2:2 + 0, dat da”) (2.36)

Often we will graphically represent this space as a disc, whose boundary is
a circle, as we will see graphically in the next paragraph on Witten diagrams,
[7],[37]. We notice that the metric diverges at the boundary, because of the
overall scale factor, but using Weyl rescaling we can avoid this blown up in the
metric; but with a small caveat, such a rescaling in not unique. A unique
well-defined limit to the JAdSs5 can only exist if the boundary theory is scale
invariant. For finite z > 0 values the geometry will still be Poincare invariant
but it doesn’t have to be scale invariant.

On the one side, N' =4 SYM is scale invariant and thus is a perfect
candidate as a boundary theory. Its dynamical observables are local gauge
invariant polynomial operators which live on the boundary and are
characterized by their dimension, Lorentz group SO(1,3) and SU(4)r
quantum numbers.

On the other side, the AdS side, as we discussed , we decompose all
10-dimensional fields onto KK-towers on S°, so all fields are labelled by their
scaling dimension A. Going away from the bulk interaction region, the bulk
fields are free asymptotically. The free fields then satisfy the
Klein-Gordon(KG) equation (O + m3)p% = 0 with m% = A(A —4) for

scalars. Thus we get!'3

13 with zo — 0
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A i
0 . Zy normalizable
2.2 2.37
A (20,2) = { ZS—A non-normalizable ( )

In [52] it is argued that the normalizable modes determine the VEV of
operators of associated dimensions and quantum numbers. On the other hand,
the non-normalizable solutions, do not correspond to bulk excitations because
they are not properly square normalizable. They represent the coupling of
external sources to the string theory ( or its low energy effective theory i.e.
sugra). The non-normalizable solutions define associated boundary fields @a

as:

?a(Z) = lim pa (20, 2) zéfA (2.38)

zo—0

We introduce now a generating functional W[pa] for all the correlators of

single trace operators Oa on the SYM side with source fields @a,

Zpa]l = exp{-W [@ga]} = <exp {/OH @AOA}E>CFT (2.39)

where H is the AdS disc whose boundary is a circle 9H = R*, as we
discussed previously.

On the AdS side, the action S[pa] summarizes the dynamics of the type
IIB string theory on the AdSs x S5. In the sugra approximation, S[pa] is just
the type IIB sugra action on AdSs x S°. Going away from the sugra
approximation, the S[pa] will now also include stringy corrections due to

massive string effects.

The mapping between correlators is given by

Llpa] = extr {S[pal} (2.40)

where by extr we mean the extremum, which on the RHS is taken over all
fields pa that satisfy the asymptotic behaviour (2.33) for the boundary fields
that are the sources of @a of SYM of the LHS.14

14

The map between generating functionals is the starting point for the holographic calcula-
tions of correlation functions of composite gauge invariant operators, where for every O; on
the field side we obtain a gravity field on the boundary side @* by the relation:
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2.7.2 1/N expansion and Witten diagrams

The actions that we are interested , have an overall coupling constant factor.
For example, the part of the type IIB sugra for the dilaton field ® and the
axion C'is given by

S[G,®,C) = iQ / el [RG + A+ la/@auq) + 162‘1’8”(}6“0 (2.42)

26¢ Ju 2 2

where x = 472 /N2, where N comes from the gauge group e.g. SU(N). For
large N, the theory simplifies considerably since the coupling constant x
becomes very small and we can perform semi-classical expansion of the
correlators generated by this action. The result, is a set of rules, very similar to
Feynman rules, which we call Witten diagrams. We represent them by a disc,
whose interior corresponds to the interior of the AdS while the boundary circle

corresponds to the 0AdS. The corresponding Feynman rules are as follows,

e Each external source to @a (z7) is located at the boundary of the Wltten

diagram at a point x;.

e Propagators depart from external sources, either to another boundary
point or to an interior interaction point via a boundary-to-bulk

propagator.

e The structure of the interior points is governed by the interaction
vertices of the action .S, just as in Feynman diagrams. We can derive
these interactions terms by performing a KK-reduction of type IIB sugra

on S°.

e Two interior interactions points may be connected by a bulk-to-bulk

propagators, again following the rules of ordinary Feynman rules.

_ oW
opl (z1) op2 (z2)...00™ (zn) 7i=0

<01 (Il) 02 (xQ) e On (fl'n)>cFT,c = (2.41)

A simple formula for obtaining gauge invariant operators O from the gravity side is:

e Determine bulk field ¢ which is dual to Oa and compute the sugra action on KK-
reduced S°.

e Solve sugra EOM for ¢ on the boundary (i.e. impose the asymptotical condition dis-
cusser previously)

e Insert the ¢ into the sugra action, with the appropriate boundary conditions(bcs)

e Use the last formula to take variational derivatives with respect to the source, to obtain
the correlation functions.
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AN

AdS 2-pt 3- Pt L-pt 4-pt
one \leyte R +wo \erhies

Figure 2.8: Witten diagrams
Tree level 2pt, 3pt and 4pt functions contributions are given in figure (2.6).

There are two ways of making progress. One is using the components

formulation of sugra and the other using superspace [45],[38],[39].
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In this chapter we will discuss various mathematical definitions and results
from the study of superspaces and superconfromal algebras, mainly focused on
the u(2,2|4)-algebra. We will also study two representations of the
PSU(2,2|4)-supergroup. For more in depth analysis we reference to
[46],[53],[54],[38], [45].

3.1 The psu(2,2|4) superalgebra and
Integrability

3.1.1 Multilinear Algebra

The ground rule is that all objects should be mod 2 graded and that in all
classical formulas, whenever the order in which two odd quantities appear is
changed, a minus sign must be introduced. For example, a super vector space

is a Z/2Z-graded vector space:
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V=Wah (3.1)
An element u € V; is called even, an element v € V; is called odd. If V is
finite dimensional, we define its dimension to be the pair of integers mg|m;,
where the m; = dim(V}).
We can also define the tensor product of two super spaces; lets say V' and

W is the tensor product of their underlying vector spaces, with a
Z/2Z-grading, i.e.

VoW, =®itj=kVi®W; (3:2)

Definition 3.1.1 (Super Algebra). A super algebra over k is a super vector
space A, given with a morphism, called the product A® A — A.

The super algebra A is associative if (xy)z = x(yz) and the unit is an even
element 1 ( where by 1 we mean a morphism 1 — A). In our usual discussion,
by “super algebra” we will mean an associated super algebra with a unit.

We also define the commutativity property which will be a little different
that usual because of the sign rule:

zy = (—=1)PEPW) g (3.3)
where p(x) is the parity of the x element.

Besides, we need the notion of free modulus which is defined as:

Definition 3.1.2 (Free Module). A free module is a module that is free as an

ungraded module, with a homogeneous basis.

Fix a commutative superalgebra A. The standard free module APl is the
module freely generated by even elements ey, ..., e, and odd elements
€p+1, - €ptq- A morphism 7T : APt — A”I5 can be represented by a matrix of

size (r 4+ s) x (p + q) with blocks of even and odd entities as follows:

P q
A~
7‘{ even odd

s{ odd even

We will represent an element z of APl by the column vector 2 s.t.
z = e;z*. We shall define also the entries of the matrix of T by T'(e;) = e;t}.

We can also define the trace as follows, let T : API9 — A”l® be a morphism :
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P
p{ A B
q{ C D

the supertrace of T, is defined by: Tr(T') := str(T") = sum of diagonal

entries of A - sum of diagonal entries of D.

3.2 The u(2,2|4) superalgebra

The N =4 SYM has the superconformal symmetry defined by the supergroup
PSU(2,2/4) as we previously discussed. It is represented as a subgroup of the
slightly enlarged supergroup U(2,2|4) = gl(4|4).Here we replace the ”curly”
notation for the generators, with the most standard notation:
P=PO=0Q,6=2S5 etc..

We decompose the U(2,2]4) into:

T-oT’ Tt (34)
where with T represents the generators of the compact group
U(2,2)@U(4) @ U(1), and T~ @& T represents non-compact ones s.t.

7%, 7% =T7* [TF,TF}=T% (3.5)
Where the [, } is the graded bosonic/fermionic (anti-)commutator. We
introduce two set of bosonic oscillators (a.,a'®) and (bs,b'®) and a set of

fermionic ones (¢4, cf®) in order to realise the generators. We have,

[a%ag} =49, [bd,bg} = o2, {ca,c;} = op (3.6)
The compact subgroup T° consists of the generators ! 2 3
Lg = a%aa — %5?0?@7
& _ ptpa _ Lsants
R O (3.7)
Ry = clca — Topcles

and the three U(1) generators:

LU (m|n):
28U (m, pln + q):
3Both footnotes are calculations derived in the excellent work from [44]
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D =1+ Lala” + 36167 = Lala + b70]

C=1-3ala" + %bib# — 3clet = —Lala” + %b"bg — 2clef (3.8)
_ 1 1ptpy — 1 1pipt

B =1 + ECLTYCLPY — §b,yb’y = §aiya7 — §b’yb,y

The non-compact T’ generators:

Q4 =alc®, Qaa=0bich, Pag=0lal, (3.9)
while those in T~ by

5% =cla® 8% = poe, K°P = qobP (3.10)

a

Then the generators in (3.7) form the subalgebra SU(2) ® SU(2) ® SU(4) of
U(2,24)

[ g’Lg] = _523L§ + 5§Lg, [LZ-‘,L}} = —5§L§“ + 5?,:3

[Ry, Rg] = =0y R + 631G (3.11)
The algebra [T+, T*} = T% is nilpotent i.e. [TF [T*,T*}} =0, and is now
given by:

{Qan @3} =01 Pus, {599, 50} = oprcie (3.12)
while the algebra [T+, T~] = TV is given by:

{K“ﬁ7 P"yé} =00L§ +0gLE +056¢D
S7, Q| = 0L + 03By + 3685(D - ©) (3.13)
8%, Qan} = 0§ L5, — 6 Rg + L6362(D + O)
Lastly, the algebra [T, T~], which does not close into 7°, is given by

(S5, Papl = 5§Qab7 KO8, de] = 5553

{Saﬁ,Pdﬂ] = 50Qe, Kag’%} _ ggged

Combining all the above, we get the Lie-superalgebra of the complex

(3.14)

supergroup U(2,2]4). Notice also, that D is the dilaton, the hypercharge B
never appears in the superalgebra, and C' is the central charge, since all
generators commute with it.

The quadratic Casimir has the form
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feld | SU@®SUER) | SU)
h.w. h-w
DFF [k + 2, K] [0,0,0]
12 [k+ 1,k [1,0,0] (3.18)
Do [k, k] [0,1,0]
DFw [k, k + 1] [0,0,1]
DFF [k, k + 2] [0,0,0]

Figure 3.1: The N' =4 SYM field strength multiplet.

LSLE— R R+ L3 LS+ D%~ { Pag, K7} —[Q2, 55]— [Qaa $7] ~2BC (3.15)

Putting now the generators in tensor product form

a&

vt = (ab ), w=]| @ (3.16)
T
bs,
we obtain the following convenient matrix representation of

Ly | sp | KoP 16%(D + B) 0 0
plov=| Q4| Ry | §%° |+ 0 - +B) 0
Pag | Qap | L 0 0 168(D - B)
(3.17)

This tensor form, motivates the usefulness of the Matrix representation of
the PSU(2,2[4) as we will discuss later on.

3.3 Oscillator representation of PSU(2,2|4)

In QFT we represent the superconformal transformations , as unitary linear
transformations of Hilbert space. In particular, the superconformal
transformations that act on N/ =4 SYM field strength multiplet are given in
the table below, which shows the Dynkin labels of the heighest weight for
various letters.

We are ,mainly, interested in the unitary rep. of the PSU(2,2|4) of the
N =4 SYM theory. Since PSU(2,2|4) is non-compact, the unitary rep. is
infinite-dimensional. As it is the standard mathematical procedure , a unitary

operator U of U(2,2|4) is given by the exp super-map:
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U = exp(iy M) (3.19)
with M,~ € Mat(8 x 8) s.t.
1% 0 | X 1{o| o0
M = ot | w e |, y=[o0]1] 0 (3.20)
Xt | | Z 0[0]|-1

where V, W, Z Hermitian matrices, X complex matrix, 6 is 2 ® 4 and € is
4 ® 2 with Grassmannian elements. The minus in the matrix M represents the

non-compacteness of U(2,2|4).

The general Fock space for the u(2,2|4) is given by

2 oo 2 o0 4 [e9)
[T IT (™ TITT(eE) “IT IT )™ 10 321
a=1ng,=1 a=1np, a=1n,,=1

To go to our desired subsector of psu(2,2|4), we impose the constrain:

1< 1 1o
C’zl—iza;nanrEand—i;nca:O (3.22)

If we choose the ground states,

a®|0) =0, b*|0)=0 ¢*|0)=0 (3.23)
we notice that the vacuum can not belong to psu(2,2|4) subsector, since

C' =1, hence we define a physical vacuum Z with C' = 0 by

Z = ekl |0) (3.24)
For convenience we rename the whole fermionic oscillators

c® cl.a=1,2,34as

Y a?

) =8, (3,64 = (dl,dl) =dl
30y

a

(ci,cg) =c!, (cg,cjl) = (d3,d*) =d* (3.25)

Z now satisfies

a®|0) =0, b*|0)=0, c*|0)=0, d*|0)=0
The physical Fock space is now
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2

[T @)™ I (o)™ TL ()™ I1 (1) 2

o= o= a= a=

Lastly, the constraint equation for the central charge C' = 0 becomes

2 2 2 4
C:Enaa—gnbd—kgnca—gnddzo
a=1 a=1 a=1 a=3

Acting on Z with the generators we get the tableTbeIOW

Field States
F afaldld}Z
v aldl Z, al cldidlZ (3.26)
® | Zcd z clcldidlz ‘
W bletz,bldliclelz
F bgbgc{c;z

As we can notice, they exactly correspond with the fundamental fields of
N =4 SUSY field strength multiplet we have shown before. Acting on those
states P and R create the SU(2) ® SU(2) excited states with Dynkin label
[k, k] respectively. Using these we get the covariant derivative D. The

remaining generators annihilate Z. More specifically, the fermionic which are

Q3 =" Qu =t 21)
They are half of the 16 total supercharges. Thus our states on the table in
(3.26) form a half-multiplet, which is the smallest BPS multiplet.

3.4 The matrix representation of PSU(2,2[4)

We will now discuss a matrix rep. of U(2,2|4) which it will deduced from our
previous discussion of the oscillator-unitary rep. To start, we build the
supermatrix

with the index convention:

t |ty |t
t5 | ta |t (3.28)
ty |ty | t]

we can write the generators as:
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Feamionic

Figure 3.2: the supermatrix

5865100 06503 |0 0]0]d368
TS = 0 |00 |, Ts=| 0] O , T§ = 0
0 |00 0| 0 |0 0/0]| 0
(3.29)
0 0| 0 |0 0
Ty =1 égo5|0[0 |, Ty=|o0]ds55 0 |, Ty'=| 0|00
0 0| 0 |0 0
(3.30)
0 |0]0 0 |0 00| 0
TS =~ 0 Jojo |, Tg=—|0[ 0 |O [, Tg‘:f 0l0| 0
a5y Y sa & SV
556500 0| 0255 | 0 0]0]dgs}
(3.31)

We have the Lie algebra u(2, 2) ® u(4) which is formed by the Bosonic
generators:
{Tg,Tg} = 51T + 65T, {Tg,Tg} = 1T — 07
[Ty, Tg] = —05T5 + 04T
{Tg,Tg} = 1T — 03T

With the anti-commuting fermionic generators we get the following algebra:
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Ty, Tg ;= 0§Ty + 83 Tg, (T4 Ty p = —0pT5 + 84Ty
T3, T =0Ty, T8 T b = 68T
Commuting these fermionic generators with bosonic generators yields
[T, 17) =681y, (19,15 = —65T3,  |Tg, 75| =0
a 20 - Ya a el carmre ” 51
TBaT(; —_5[3T(5, Tﬁ7Td _5dT5’ TB7T5 =0

Y| c| — c Y| 5V
TE7T5 =0, Tg’Td _63T5’ TE’TS —(SBTg,

T, T5] = —5Ts, [T T| = 58Ty

[T, 73] =0,
while commuting them with bosonic generators
T, 1] | =0, T, Ty | = 68T,
Ty, T{ | = —63T¢, 738,77 =0
74,77 | =0, 79,75 | = 8)T§
T,fﬁTg :—5(‘$Tj7 T8, T | =0

All the rest (that we not show here) are zero. As we discussed again in the

previous section, in the diagonal blocks we have the generators of the
subgroup SU(2) ® SU(2) ® SU(4) given by

« @ 1 ary S & 1 &Y a a 1 arc
and the three U(1):

g ol o 1
D=-10 0 = (TS +1T%)
. 2 57
00| -a] 12
%] 0] 0 . 0 8!
c=—| olos]o | ==z -T¢+T2),
010 5;
(3.33)
Using now our generators (3.32) — (3.33) we get:
a Y| — Y o aprY o pY| S pa &Py
[ 5,£6] — —5)L5 +6eL), {Eﬂ.,ﬁé] = §1L% — 0L 530

[R3, R4l = =05 R + 0GR
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(72,17 | =815+ 0g L1+ alog D
Ty, Tyt = 0§Ry + 64 LG + 56504(D — C) (3.35)
T8, Ty ; = 64 L% — 04RE + 50565 (D + C)
To get our required psu(2,2]4) we just have to set the U(1) central charge
C = 0 and hypercharge B = 0.
We can see clearly the indentification between the two representations,
unitary and matrix rep. by the equalities:
b=l TP Tl =g
0T = 5, car Ty = Qan (3.36)
L3 =15 Ry = Ry, Sy =1y, Tg=Q4 D=D

&b,
€*eg

5,531 41 5

AdS PO M xS

| |

5|32 Hq\\l,

AdS ~r

Figure 3.3: Here we represent the basic geometric set up for the AdS/CFT in
superspace .The squiggly lines represent the passing to the boundary. Each
of these superspaces is a coset space of the supergroup PSU(2,2[4), with the
notation indicating the (even|odd) dimensions

3.5 The superconformal algebra and the

Dilatation operator ®

Lets now return to our original notation. Our main focus in this section will
be to understand the algebraic picture for the psu(2,2|4) since it is the algebra
of generators of the A’ = 4 SYM, as we discussed previously. All our

generators are:
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Je{L LR P, RD,VB,¢|Q 96,6} (3.37)
Which are the su(2), su(2),su(4) :
Rotations:
£ 8 MR
Super-translations:
2,9,%
Super-boosts:
6,6, 8
and the u(1) charges:
Dilatation generator :
D
Hypercharge :
B
Central Charge :
¢

In the irreducible super-conformal-algebra psu(2,2 | 4), the generators B, €
are absent because:

The u(1) hypercharge B of pu(2,2 | 4) = u(1) x psu(2,2 | 4) is an external
automorphism which consistently assigns a charge to all the generators of
psu(2,2 | 4).

The u(1) central charge € of su(2,2 | 4) = psu(2,2 | 4) x u(1) must vanish to
be able to reduce to psu(2,2 | 4).

The Lorentz algebra so(3,1) = su(2) x su(2) is formed by £, £. Together
with 9B, R, D one gets the conformal algebra so(4,2) = su(2,2).

It is very important to note that after the quantization the only symmetries
that remain exact are the Lorentz and the internal symmetries. All the other
symmetries receive quantum corrections of the powers of our theories coupling
constant g. In particular, the dilatation operator receives loop corrections.
That is why is it very wise to define an operator which measures the Classical
Dimension Dilatation Operator, we denote this operation as . We also define
the change of the scaling dimension by quantum effects by 69 :=® — ®g and
we call it the Anomalous Dilatation Operator. We can also identify the

Anomalous Dilatation Operator with the Hamiltonian H with eigenvalues E:
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H= —%5 D
For a bosonic, semi-simple Lie algebrg the Dynking diagram is unique, but
the addition of fermionic roots breaks that uniqueness because of the freedom
to distribute the simple fermionic roots. We will follow the particular choice
made in the paper [32], which gives the Dynkin diagram of figure 3.3, with
generators associated with positive and negative roots and elements of the

Cartan (super)-subalgebra:

3 e {80, &5, 6%, £5(a < B), Ea < ). e (a <)}
30 e {250 =B), &5(a = B). M (a = b). D, B¢ (3.38)
37 € {Pap. 04 Qu, L0 > B), £ (0> B), Ria > b) |

51 1! ql F 1 2 rl SZ

Bi}q.)%) P ) 51]

Figure 3.4: Our choice of Dynkin diagram of psu(2,2|4)

All elements of the Cartan subalgebra, spanned by {J°}, commute with
each other. Therefore one can find simultaneous eigenstates with respect to all
of its elements, the eigenvalues are the quantum numbers n; or what we will
call labels of the state.

The Dynkin labels corresponding to our choice of fermionic roots, figure 3.3,

are4

4Note that s1,s2 equal twice the spin, ¢q1,q2 € Z, and 71, r2,7 € R
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2%spin label: [s1]  2*spin label: [s2]  [g1,p,g2] Dynkin labels of su(4)
~ ~ ~

w = [$1;71,q1,D, G2, T2 S2] = su(2)  ®  su(2)  ® su(4) ®@u(1)
~—
FEeR

(3.39)

which are defined as combinations of eigenvalues of our Cartan generators J:

ny=s; = L% — L1, ngi=sy = L3 — L1
n21=T1=%D—%C—L;{+R}, m;:=r2:%D—i—%C—L':ll—lel
ns :=q = R3 — Ry, ns = qa = R} — R}

ny:=p=R3 — R3, The R-charge: r = —D + L} + L1

(3.40)
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The Dilatation Operator

The dilatation operator is a means to investigate scaling dimensions in a

conformal field theory.

4.1 Scaling Dimensions

4.1.1 The 2-pt function

As we have discussed before, in CFTs, the correlation operators obey certain
relations due to the conformal symmetry. We will mainly work in the
framework of CFT theories without assuming the further SUSY invariance
since it would restrict the scenario and require to work using superspace
techniques'. The two-point and three-point function of scalar primary

operators O; are?3

1But the results would be similar.

2Due to symmetries

3Conformal transformations restrict the form of these 2-pt and 3-pt functions to these
particular forms
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M
(O1(21) O2 (z2)) = 71;3 (4.1)
|z12]
were 7; is the distance z; — x;.
Cia23
<01 (2171) 02 (Ig) 03 (1‘3» - D1+D2—D3 D3+D3—D; D3+D1—D2
|Z12] |z23] |z31]
(4.2)

In particular, it is possible to use the invariance of the theory to normalize
M5 to unity. The Cio3 are called OPE coefficients or structure constants;
together with the scaling dimensions D of the fields, they uniquely specify the
CFT.

Of course, for non-scalar primary operators, we should introduce the correct
spacetime/spinor indices. Although we work on flat Euclidean spacetime R*,
from the point of view of conformal symmetry, spacetime is not flat; rather it
is, the coset space of the conformal group by the Poincare group and
dilatations. So we can not just compare the tangent space at two different
points. We must introduce a connection. For example, for a vector, we may

use the connection:

v 1 v§ 787y v v 127
Jiy = _5‘7&% J{?Uw =n" =2 |3132 ‘122 (4.3)
12
thus we get,
Mo JYy
(O (1) OF (w2)) = —ﬁ;g (4.4)
12

For further analysis on 44 point-functions and on descendant operators and
their mixing we ref to the book [37].

Moving on from this small review, we return to our main purpose, which is
to calculate the scaling dimension i.e. the dilatation operator, in a CFT. We

introduce the dependence of D = D(g) in the 2-pt function such that:

M(g)
|$12|2D(9)

Our aim, is not perform a pertubative analysis in powers of g, as it is the

(O (21) O (22)) = (4.5)

standard procedure in quantum physics. In order to be consistent with
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dimensional analysis, we must introduce an arbitrary scale p and rescale O by

uP) to a fixed mass dimension Dy = D(0), then we expand:

- M, My + MoDslog |pz1a| ™2
WD (0 (20) O () = — o p Mot MoDologlurnal ~ )
|12 |712]
For the operator:
Omn = Tt &,,, (4.7)

the tree-level 2-pt function is evaluated using SU(N)-gauge group

properties in the evaluation of the diagrams

Figure 4.1: Tree-level contributions to the 2-pt function of O,,, = Tr ¢,,P,

mp g8 P g™ Trtnt, Trtyt manp @™ 0g™ Trtnt, Trtpt
(O (1) Opg (wa)) = Torlnal 2~ Zpon =50y Imallopl 8 —" i 22939 4 0(g)
N2 |z12] N2 |21
2(1 = N72) D plgyn
— ( )4 {pr'lq} Jro(g)'
|12
(4.8)

Thus, at 0-th order, the classical dimension, as can be read by the above
expansion is Dy = 2.

Going now to the first order in perturbation theory, we fall in the usual
shenanigan of quantum field theory, our results diverge and must
regularize/renormalise the theory. In particular, we will work with dimensional
regularisation in which we will have a (4 — 2¢)-dimensional spacetime.

Our working action will be the modified /re-scaled /dimensional reduced
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Figure 4.2: One-loop contributions to the 2-pt function .Sold, wiggly, dashed
lines represent scalars, gluons, fermions respectively. The dotted lines represent
ghosts.

SYM5
d4—26x
Spr(W| = N/ WEYM W, guf] (4.9)
our propagator is
eeF(lfe
Az, y) = o — g% (4.10)

Using the one-loop diagrams in figure (4.2) we get, *

4To perform the calculations we use the integrals:

1
Ioyoy = §A(I1 —22)

5 d472ez
Yzlzgzg =K € 7[zlz-[zgz]a:32

(27-[-)276

d4—25z
2
€ Tlxlzlxgzlx;;zlamz

(4.11)

lemgx3x4 =p

(27
i L A 2/7&_252“4_26”1 A A
T1T2,T3T4 2 81’1 axs (271-)4—26 T12]1+X221°2122°22L3°22T4

where the shape of the letter, very cleverly, represent the connections in terms of scalar
propagators. They evaluate as:

¢ho 2(1 — 3e)r€lZ, - 2(1 — 3e)(k — 1)€12,
X120 = ——F——=, Hiz12=— 5
€2(1 — 2¢)

e(1—2¢)’ e(1 —2¢)?

Yii2 = (4.12)
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(Omn (1) Opq (22)) = (1 - N_2) 77m{19774}nA%2

_ 1 ~ 1
+(1-N?)g? <277m{p77q}H12,12 - 477mn77qu1122) +0 (¢°).
(4.14)
Which can be split into irreducible representations of su(4), i.e into the

singlet [0, 0,0] and the symmetric-traceless [0, 2, 0]

K=n""0Opnn  7Konishi operator” (4.15)

1

which correspond to the classical weights
wg = (2;0,0;0,2,0;0,2) wx = (2;0,0;0,0,0;0,2) (4.17)

We expect that the 2-pt function of the symmetric-traceless part should
vanish, since the operator Q is part of the half-BPS multiplet and it is also
part of the current multiplet of superconformal symmetry, were it is not
protected, superconformal symmetry would be broken, see [55].

As such we expect at the limit € — 0 the (Qy, (1) Qpq (22)) = 0 as we can
also verify doing the calculations.

On the other hand, forthe Konishi operator I, we are forced to renormalise
the operator in order to avoid its divergent behaviour. First of all, the 2-pt of

the Konishi is given by

(K (1)K (22)) =4 (1= N7?) (3+¢) (Afz + 2925112,12 - 392(3 + €)X1122) +0(g°)

=4 (1 - N_z) (3+€)AZ, (1 - 9275/6) + O (93)

(4.18)
where we have an 1/¢ pole which we have to get rid of. Here
renormalisation is done by
ZK = (1+1/2¢°y/e&y, & =2"T(1—¢) (4.19)

In a correlator of ZXC’s we replace £ — £ — &y and evaluate the regular term

at e — 0:

‘Where &, k are:

_ -9  _T-oP(1+e¢°T(1-3¢ _ 3 4
€= L2a2, " T—202T(+29 1+6¢(3)e’ + O () (4.13)
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—¢%~ lim 75 — % = —g¢%ylim &o
e—0 € e—0 € . (420)
9 (|N$12| )
= —g*ylim = g*ylog|uwiz|
e—0 Oe

So are final results is

_ -2
(ZK (21) ZK (z2)) = M (1 + 69° log |ux12\‘2) +0(3%)  (4.21)
T12

where we can read that Dy = 6 and thus

3 2
D=2+6¢>+0=2+ i‘gﬂ + O(g3m) (4.22)

4.1.2 Matrix Quantum Mechanics

There are plenty other ways of calculating the dilatation operator, a particular
nice one, is with the use of matriz quantum mechanics.

Here the dilatation generator, which scales the r — cr, maps® to the
Hamiltonian. Also rotations (i.e. SU(4) elements) map to rotations on the
sphere naturally, whereas translations and boosts act on both R and S3. It is
therefore natural to KK-decompose field on a time slice S in terms of
spherical harmonics. This decomposition turns the gft into a quantum
mechanical system of infinitely many matrices. For our theory of interest, i.e.
N =4 SYM this yields our desired field spectrum from the first chapter. Also
this matrix quantum mechanics model is equivalent to N' = 4 SYMS. The
Hamiltonian can be derived by performing a Legendre transformation of the
Lagrangian, but unfortunately it is not quite in the desired form, which leads
to a very involved and tedious diagonalisation due to the infinite number of

matrices.

5We work in radial coordinates of R* where

(r,0,¢,¢) = (t =logr,0,¢,¢)

6As we will see in the chapter on Spin Matriz Theory or SMT form sort.
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4.2 Subsectors

In an idea scenario, it would very desirable to derive the dilatation operator
for all the N' = 4 SYM. Unfortunately, such a task is very hard and we need to
invent a way to restrict our calculations to subsectors of fields in such a way
that the D (g) closes on the subsector. We expect that inside a subsector, the
number of fields as well as the symmetry algebra, to be reduced. This
reduction will simplify the calculations enough in order to be able to calculate
the dilatation generator within this subsector and thus deduce the anomalous
dimensions. All possible closed subsectors are: the Half-BPS subsector, the
short subsector, the BPS-subsector, the combined subsectors and the
excitations subsectors. For the full derivation of these subsectors we refer to
[32]. For an example of calculating the dilation generator from a perturbative
expansion of the 2-pt function on the su(2) quarter-BPS at one-loop level, we
refer to [32].
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Spin Matrix Theory

5.1 Motivation for SMT

The underlying motivation of Spin Matrix Theory (SMT) [25] was the need for
a connection between the gauge and the string theory side of the AdS/CFT
outside the N = oo planar limit. For example, in the study of black holes in
AdS/CFT, where one needs to go beyond infinite N and must include
non-perturbative effects, known as finite-NV effects. Another motivation comes
from the study of emergent D-branes in AdS/CFT where there, one is forced
to study finite-N effects, e.g. Giant Gravitons [56] [57].

In our present paper, the SMT will be the underlying non relativistic theory

that governs the near-BPS limit that we work on.

5.2 Definition of SMT

Spin Matrix Theory is a (non-relativistic) quantum mechanical theory. Its

main feature is its separable complex Hilbert space (H,+, -, (:|-)), which for
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simplicity we will called it just H, and the Hamiltonian on H. It is built on a
representation R of a semi-simple Lie super-group G, which is called spin
group (not to be confused with the usual spin/pin group of Spinor
Representation Theory) and on the adjoint matrix representation R,, of the
U(N) group. !

5.3 Hilbert Space of SMT

Because in this thesis we only care about the bosons, we will introduce SMT

for only the purely bosonic case, for fermions see [25].

e STEP 1 Motivated by spin-chains models, we begin the construct of the
SMT by defining the raising operators (al)ij with s € R, and 1,5 € R,
where i,j = 1, ..., N labels the fundamental/antifundamental of U(N)

accordingly.

e STEP 2 The we define the vacuum state |0) as the state which is annihilated
by the lowering operators, and we demand the all raising/lowering

operators to commute with each other:

(@) 10y =0, [(@), (al)k] = 638%6] (5.1)

i)
e STEP 3 We can construct a Hilbert space H’ corresponding to the

symmetric? sum of all the possible symmetric(direct) products of the

representations R,, and Rj:

H = sym|(R, ® Ry)"| (5.2)
L=1

The corresponding base for H’ is

(al)3 (al,) ..(al, )% 10) , L=1,2,3,.. (5.3)

Ji\"s2/ g2°
e STEP 4 Then our SMT Hilbert space H is just a linear subspace of H' such
that H is the space of all singlet states in R,,, where the singlet

condition is

'We can also generalize to different groups like SU(N), SO(N), Osp(N), etc
2Because of the boson statistics
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N : .
@' l6) =0 with @5 = 37 3" [(al), (@) - ()5 @)K (5.9)

sERs k=1

The Hilbert space H is spanned by:
N

o (al)y, (al)l (el )i 10, =12, (5.5)

i1y ip =1

Whertle ; € §(L) is an element of the permutation group S(L) of L elements.

We can equivalently span H using a slightly different notation

Tr (af al, - -al ) Tr (aiprl - ) - Tr (aik+1 - -alL) 0), L=1,2,... (5.6)

Where the individual cycles of the permutation elements correspond to
single traces.

Before we move to the Hamiltonian of SMT, we make a last comment about
how to general approach the fermionic case:

To introduce fermionic excitations you should split up the spin
representation into a Bosonic and a Fermionic part Ry = Bs @ Fs. Then the
s € Bs behaves just like discussed above, but the s € F; must be treated with
anticommutators instead, look e.g. [25].

This split up into fermions and bosons occurs in Lie supergroups like
SU(p, q|r) with p+q # 0 and r # 0 and it a very important case in AdS/CFT.

5.4 The Hamiltonian of SMT

It is time to consider interaction terms in the Spin Matrix Theory. We are
mainly interested in the ”two annihilations, two creation” type of interactions
where we require the Hamiltonian to be normal ordered, and we also demand
that the interactions should commute with all the generators of the spin group
(5. Additional the spin and matrix parts must factorize, to prevent
measurements of the one affecting the measurements of the other. This leads

to a Hamiltonian of the form

1 i 7;0. 1 ia . .
Hue = U 3 To (o)™ (ah) ™ @0 i @
oceS(4)
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Chapter 5. Spin Matrix Theory

Where T, are coefficients defined below and o € S(4) are permutations
element of the S(4) symmetric group. The U is a Hermitian linear operator to
be defined below, and the sum is over s,7,s’,r’" and 41,142, 3, 4.

It is clear to see that this Hamiltonian preserves the singlet condition and
therefore belongs to the Hilbert Space of SMT.

The specific choice for the T is due to the behaviour of SMT near

zero-temperature critical points of A/ =4 SYM. For more details see [25]

> T,o=(14)+(23) - (12) — (34) (5.8)
oeS(4)
The U linear operator is defined as

U:R;®R; - R; ® R; (5.9)
and it is the spin part of the Hamiltonian which maps the
direct(representation of) spin product of two states to a new (representation
of) spin product of two states. Expanding this direct product into irreducible

representations V7 ( where we label them with J) we get:

R, @R,=Y» Vg (5.10)
J
We can prove that the U has a general form which is proportional to a

constant multiplied by a projection operator P;. This can be achieved by
imposing our defining condition that the H;,; should commute with all the

generators of the G spin group. Hence,

U =% Cy (Py)s) (5.11)
J

Having defined now how interaction can be included in SMT, we can now

present the form of the most general form of SMT Hamiltonian is

H=L+gHmn— Y pky (5.12)

p

As the reader can see, there are still two things we need to defined.
First the Length operator L which is essentially the kinetic part of the

Hamiltonian H. It has the form,
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L= Z Tr (azas) (5.13)
S
and it is a ”diagonal”® operator, which when acted on a state it reads its

length and commutes with all the generators of Gj.

Second, we also include chemical potential factor, which is essentially
constructed by the Cartan generators of G, (denoted by K,), we also name

the p,, as chemical potentials.

Eventually the partition function for SMT is

Z (B, pp) = Tr (e—ﬁH) -~ Ty (e—B(L-&-gHim—E,, Mpr)) (5.14)

where the trace is over the Hilbert space H

For this thesis we are mostly interested for the G, = SU(1, 1) case.

5.5 SMT from N =4 SYM near critical points

It is quite a beautiful demonstration to show how one gets the SMT from
N =4 SYM near zero-temperature critical points in the grand canonical
ensemble. In this chapter we will do a small representation of the derivation,

for the whole original discussion see [25][29].

5.5.1 The N =4 SYM on R x S? partition function

The global symmetry of A’ =4 SYM on R x S? with gauge group U(N) is the
Lie supergroup PSU(2, 2|4) or its algebra psu(2,2/4).

e THE BOSONIC SUBGROUP GROUP SU(2,2) give us the Cartan generators
operators D, 51,5

e THE R-SYMMETRY BOSONIC SUBGROUP SU(4) = SO(6) has the generators
Ry, Ry, Rs.

The grand canonical partition function has the standard form,

Z(8,0) = Tr (e*BDWﬁ'f) (5.15)

3Diagonal is the matrix representation of the operator
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where T' = 1/8, chemical potentials Q= (w1, ws, Q1,,Q3) and 't Hooft
coupling constant A = g%,;N. We also introduce the notation
j: (Sly 527 R17 RQa R3)

5.5.2 The Grand-Canonical Ensemble (GCE)

In the last subsection, we introduce the notion of the GCE of A/ =4 SYM
which has the form (4.15). Our goal from now on is to show that the SMT
essentially describes AV = 4 SYM near zero-temperature critical points in the
GCE.

Definition 5.5.1. The zero-temperature critical points of the GCE are the
points that one can obtain by expanding the submanifold of phase transitions
points to zero temperature. Thus, for a given critical point (T ﬁ) = (0, ﬁ(‘:)),
there are confinement/deconfinement transition points that lie arbitrary close
to it.

In this thesis we are mainly interested in the critical point
(T, Q(C)) =(0,1,0,1,0,0) with spin group G5 = SU(1,1) , Dynkin label: O ,in
the [—1]-Representation Ry of Gj.

Another very interesting critical point of ' =4 SYM is the:

o (T,0)) =(0,2/3,0,1,2/3,2/3) with spin group G5 = SU(1]1) , Dynkin
label: ® , in the [1]-Representation R, of Gi.

o (T,0()) =(0,1,0,1,1/2,1/2) with spin group G, = SU(1,1|1) , Dynkin
label: e—e , in the [0, 1]-Representation R, of G.

. (T,Q(C)) =(0,1,1,1,1,1) with spin group G5 = SU(1,2|3) , Dynkin label:
o—e—o0—o—e , in the [0, 0,0, 1, 0]-Representation R of Gs.

We can now take the near zero temperature limit of (4.14) and by requiring
that the 3(Q — Q) to finite in this limit we get
BD — B - J = B6D + B(Dy — - J) =BG — Q). T (5.16)

We now analyse the different limit cases:

e THE A =0 LIMIT : We define A = Dy — Q®© . J for the states of N =4
SYM on R x S2. Then we get either A =0 or A > 1/2 and so only
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states with zero A contributes to the partition function after the limit.*
Quite remarkably at A = 0 the states span the Hilbert space H of SMT
[REF] with G5 < PSU(2,2[4) and R; C A.

We can also notice that the term —ﬂﬁ . J is a linear combination of the

Cartan generators of K, and length operator with A = 0.

There only one term in [5.16] that needs to be discussed which can only

be analysed only if we work in the A # 0 regime , the 8JD.

e THE A # 0 AND FIXED WITH 8 — oo LIMIT : We have 6D = 0 on those
states. To get an interactive theory start we require that S\ to finite in
this limit. We can then introduce a new § s.t. BA — B)\, then
B8D — BAD5 since all the higher loops vanish. For the A = 0 states we
have Dy = Hip.?

So to sum all the above discussion , by approaching one of the critical

points in the limit:

(T,$) — (o,ﬁ@) and A — 0 with g (ﬁ - ﬁ@)) and 8 finite  (5.17)

one gets as we foreshadow, the partition function of SMT:

7 (B“up) — Tr (e—B(L-H]Him—ZP Npr)) (518)
the trace is over the SMT Hilbert space in the subsector A =0 of N =4
SYM, the coefficients in the interaction term H;,; are given by C; = #h( 7)

as was discussed previously and in the main paper [25]

5.5.3 The Micro-Canonical Ensemble (MCE)

It is also equivalent successful to work in the MCE in order to get the same

limits. To do this we take the low energy limit

D-Q@. 70 (5.19)
This essentially in the trick that force us to work on A = 0 since anything

above the energy gap (A > 1/2) decouples. For the remaining states we have

D — 0@ . J=6D = ADy + O(N*/?) (5.20)

4Since D > Q(¢) . J which is a requirement for any critical point in our main theory
5We can see the A = 0 states as states in the Hilbert space H of the SMT corresponding
to the Rs of Gs.
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and in order to get a non trivial energy spectrum we should work on the
limit
IO D—G0(c)-J
D@ . F50andr—0 with 22T G (5.21)
which gives again the SMT. The two limits (the MCE and the GCE) are

equivalent limits and one can jump from one to another freely.

5.6 Decoupling limits of ' =4 SYM on R x S°

We list 14 possible decoupling limits of N' =4 SYM on R x S? with gauge
group SU(N) are they were calculated in the paper [31]. Note that we use the
notation from SMT in which n = (ny,ng, ng, ng,ns) = (p1, 2, w1, ws, ws3)
where i1, o are the chemical potentials (note the we previously use the
notation w for the chemical potentials, but due to the fact the in the next
chapters our notation will different for various reasons, we change the

notations accordingly).

# derivatives 0[0]O0 1 2|2

# scalars 2 01112]3]0 3

0 fermions + | + + + (5.22)
1 fermion + |+ |+ + | + +

2 fermions + + +

5 fermions +

e THE BOSONIC U(1) LiMIT. Given by n = (0,0,1,0,0).

e THE FERMIONIC U(1) LIMIT. Given by n = (3/5,-3/5,3/5,3/5,3/5).
e THE SU(2) LiMiT. Given by n = (0,0,1,1,0).

e THE SU(1|1) LiMIT. Given by n = (2/3,0,1,2/3,2/3).

e THE SU(1|2) LiMIT. Given by n=(1/2,0,1,1,1/2).

e THE SU(2|3) LimIT. Given by n = (0,0,1,1,1).

e THE SU(1,1|1) LimiT. Given by n = (1,0,1,1/2,1/2).

e THE BOsoONIC SU(1,1) LimIT. Given by n = (1,0,1,0,0).

e THE FERMIONIC SU(1,1) LiMIT. Given by n = (1,0,2/3,2/3,2/3)..
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e THE SU(1,1]2) LimiT. Given by n = (1,0,1,1,0).

e THE SU(2|3) LiMIT. Given by n=(0,0,1,1,1).

e THE SU(1,2) LimIT. Given by n = (1,1,0,0,0).

e THE SU(1,2|1) uimiT. Given by n = (1,1,1/2,1/2,0).
e THE SU(1,2|2) LimIT. Given by n=(1,1,1,0,0).

e THE SU(1,2[3) uimiT. Given by n = (1,1,1,1,1).

These above, are all the possible decoupling limits, other choices of n give
decoupling limits which result in equivalent theories to one of the theories
listed above, e.g. n = (a, —a,b,b,b) with 0 < a,b < 1 and 2a + 3b = 3 will

always result in a U(1)-fermionic theory.
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The 1-loop order

The purpose of this chapter, is to present a sketch for the calculation of the
complete one-loop dilatation operator of N/ = 4 Super Yang-Mills theory. We
follow the original papers [30] [31] [32].

6.1 The general form of the dilatation

generator

The (bosonic) Hamiltonian has the form

H=—N"1! (C’a)CAg :Tr [WA, WC] [WB, WD] :
— N7 (Ch)zp « Tr [Wa, Wa] AE, WP] (6.1)

+ N1 (Oc)g gt Tr [WAv tm] [tna WB] :
which is it the algebraic representation of the Feynman diagrams on figure
(6.1). Using gauge invariance and the Jacobi identity we get the compact form
of H
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Chapter 6. The 1-loop order

Figure 6.1: The one-loop contribution diagrams.

H=_NT1CAE . Ty [WA,WJ] [Wis, W] - (6.2)
with coefficients
1 1
Ce = = ((COE + (o) - (Coydl + 32 (OB + 5 (CO2e8) (03

which remain to be determined. To compute C#5 we will use the fact that
it must be invariant under the classical superconformal algebra. The Cé“g can
be essentially described as the endomorphism interwining map s.t.
C:Vr®Vr = Vp ® Vp.! This puts tight constrains on the coefficients, where
its independent components can be obtained by investigating the irreducible
modules in Vr ® Vg2

Following the procedure/arguments from the Spin Matrix Theory chapter,

IWhere the V; modules have primary weights
wo = (2;0,0;0,2,0;0,2)
wi = (2;0,0;1,0,1;0,2)
wj = (J;5 — 2,5 —2;0,0,0;0,2)

2Notice the similarity between SMT and this discussion. We do exactly the same procedure
to get the C’{;‘DB = Uss;’"/
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we get that

Cés =) (P)h (6.4)

j=0

where P; is the projector, that projects two fields W4, Wp to the V;
module.

In our new notation we have that a new more compact form for the

Hamiltonian

H=30 P { P } (65
=0

where the {} planar interactions notations is:

Ar. Ap

”planar interactions”:
Bi...Bg,

} = N B Te W, .. Wi, WA . WA

(6.6)
Essentially, it searches for the sequence of fields W, ...Wa,,, and replaces it
with the sequence Wg, ...Wg,, . To be more precise, on a single-trace state:
|C1..CLY = Tr We,..We,], if we act with it, we get:

L
.AE,
Z(_U(Cl---Cpfl>(Bl---BEuA1~-AEi)53;1 00T Cy ... CoaBy .. BE,Cpyp, - CL)

Cp+Ey—1
p=1
(6.7)
where Ej is the number of fields , F; are the number of variations,
E = (Ey, E;) is the number of the external legs of the Feynman diagrams for

the interactions. An example is:

B
{ gA }|12345> = |21345) & |13245) & [12435) + |12354) + [52341)  (6.8)

Returning now to the Hamiltonian, we want to present another notation
that will be convinient for our discussions later, and it is related to the fact
that H acts on spin chains(with length L) and transforms two adjacent nodes
s.t.

L

H= ZHP,P+1a where ’Hp)erl = Z erpp’p+1’j (6.9)

p=1 Jj=0
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Chapter 6. The 1-loop order

Figure 6.2: An example of action for a wrapping interactions, we do not concern
ourselves with this kind of interactions, for more were refer to [32].

Figure 6.3: Insertions of planar interactions. White dotes corresponds to vari-
ations and black dots to fields, inside the blob there are some irrelevant planar
diagrams that connect the dots.
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As we can see we can read of all the C; from this Hamiltonian and therefore
we can generalize the non-planar H to the Hamiltonian density Hi2 uniquely.

We also use the total spin operator J1o with eigenvalue equation

T2V = jV; (6.10)

So our final short notation for the Hio is

Hiy = C(J12) where C(Jr2) Z O, (6.11)

6.1.1 The bosonic su(1,1) subsector

It remains to calculate the coefficients C;, to achieve this we restrict our
analysis to the su(1, 1) subsector.?

The calculations for the Hamiltonian density was fully derived in
[31][30][32] and it is:

i b}
Hiolm,m — k) = g:_()((sk w (h(k) + h(m — k) — |kk¢’;€/|>k’m—k’>

(6.12)

this is equivalent to

Hiz = 2h(J12) (6.13)
where h(m ) is the Harmonic series:
Z =V (m+1)—¥(1) U(z)=T'(z)/T(x) is the digamma function

(6.14)
This result is exactly the result we will attempt to derive in the next
chapter using a very different by probably simpler approach; and it is the main

result for this thesis.

3To be exact, we work on the (2,2) closed subsector, [32].
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Non-relativistic corner of N' = 4 SYM

Classical Dilatation
N =4 Operator

| |

H |— H,

As we highlighted in the introduction discussion, our starting goal is to find
a way to calculate using the AdS/CFT framework, the dynamics of strong
gravity /black holes from the quantum theory living on the boundary. As we
argued in the introduction chapter, we will achieve this by using a particular
near-BPS limit which reduces our theory into a regular non-relativistic
quantum mechanics model such that we preserve the desired strong gravity
dynamics and semi-classical geometry without sacrificing the simplicity of
direct quantitative study of the strongly coupled finite-N regime, on the QFT

side.
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Chapter 7. Non-relativistic corner of N' = 4 SYM

We sketch all the procedure as follows:

e We first impose near-BPS bound SMT-type bound:

E—-5 - 2?21 w;Q;
A

where E is the energy,S; of the angular momenta and @Q;, i = 1,2, 3 are
the three R-charges of N’ =4 SYM on S, moreover, w; are the three

constants that characterize the BPS bounds. We use

A— 0 with

finite , N fixed (7.1)

(w1, ws,ws3) = (1,0,0) in which we obtain a scalar theory (full bosonic)
with U(1) x SU(1,1) global symmetry, where U(1) corresponds to the
conservation of particle numbers as nonrelativistic quantum theory
dictates and SU(1,1) is the symmetry of the interactions in our
particular choice of BPS bounds. Other choices of w; were shown below
in the chapter of SMT.

e We do a sphere reduction of our classical N' =4 SYM on S2 by
expanding the scalar fields into spherical harmonics, then we see that
most of the massive modes on S decouple. Also, we note that we work
in the Coulomb gauge V;A* = 0 which helps integrate out spurious DOF
but keeps track of interactions between scalars fields that are mediated

by the longitudinal and temporal gluons.

e We find the propagating modes from the near-BPS limit at quadratic

order.
e We integrate out non-dynamical modes from the Hamiltonian.

e We can compute the interacting Hamiltonian using the exact near-BPS

bounds.

e We combine all our results to write down the full classical effective

Hamiltonian Hi;p,.

e Then we quantize the Hamiltonian using arguments from Appendix A.
This quantization procedure results in self-energy corrections that can be

calculated from a standard normal-ordering procedure.

Before we start the above prescription, we have to introduce and work out

some basic mathematical facts about the spherical expansion on the manifold
S3.
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7.1 The Harmonic Expansion on S3

We will follow the procedure first developed in the paper by Salam and
Strathdee [47] where the expansion to harmonic functions on the coset space
G/H is developed. In our particular case we have our main group

53 = 50(4)/S0(3), where we identify the G = SO(4) and the stability group
H = SO(3) which is essentially the local Lorentz group on S3. Also the
decomposition of SO(4) & SU(2) x SU(2) allows us to interpret each SU(2)
term as spin, with generators J; and J; accordingly, ¢+ = 1,2,3. Then the

generators of the H are the direct sum of the spins i.e.

Li=Ji+J; (7.2)
We naturally denote the basis of the (.J,.J) representation by |.Jm)|Jrm).
Then the basis for the spin L representation of H is,

|Ln; JJ)) Zc " 3] Jm) | Ji) (7.3)
where the Clebsch-Gordan coefﬁ(;lent of SU(2) and the triangular

|J — J|< L < J+ J inequality must be satisfied.
We can represent the element of G/H by using the exponential map

exp: T.(G/H) - G/H (7.4)
For more formal details look e.g. [47] For our particular case we are
interested in the S = SO(4)/SO(3) so using spherical polar coordinates the

corresponding elements exp(S?) are,

T(Q) _ efiwL1efi<pLgefi0K1 (75)
where K; = J; — J;.

The spherical harmonics on S? with spin L are,

L _ nL 771 - L @I+ +1)
Vi (@) = NE (L 2T [T74(Q) [ Jm) | T ij_\/ T
(7.6)
where the normalisation factor is fixed to satisfy the orthonormality

condition,
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/dQZ yﬁ:; Jm) yfx?n/j/m/ = 5JJ’5jj/6mm’5rhﬁL/
n
Z Cglb,é’o;o?;b’ = 5cc’5w’
af
The complex conjugate of yﬁ;‘l 5 18

*
Ln _ ([ J+J—L+m—m+n~yL—n
(me,Jm) - ( 1) yJ m,J—mm

It is important to note that the Haar measurement of the group G is

(7.8)

identified with our choice of normalisation for the integral [ dQ2 = 1 since the

integrand is invariant under the action of the stability group H.

Vikn - () = Ny ((Lns 2T (i) T7H@) Jm) | Jiin

)

VAT ia () = —(2J(J + 1) +2J(J + 1) = LLL + 1))Y57 50
Lin * Laon L3n Lin
fdQ annzng (lel'rrLi,J]ﬁLl) y.]gzmz,J277L2yJ33m27j3m3CLgln;L3n3
Ji S Ly
- \/(2L1 1) (20 + 1) (2J2 + 1) (2J5 +1) (2j3 + 1) Jo Jo Lo
Js Js L
7.1.1 Tensors on S
e THE SCALARS ON S?
The scalars on S® correspond to L = 0 and are defined by:
Your = Vi

e THE VECTOR HARMONICS ON S3

()

J1m1
J277L2,J3Jm3

(7.9)

(7.10)

The vector harmonics on S? correspond to L = 1 and are defined by:

L20)) = d5(-IL LT + 11, -1:00)) )
12;7.J)) = ﬁ(|1,1,JJ>>+|1,—1;JJ>>)

13;..7)) = 1,05 1.J))
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where p = 1,2,3 are a value signed to each of the states ‘p ;Jj> in order
to numerate each particular case implied by the particular triangular
inequality for (J,J) = (J +1,.J),(J,J + 1), (J,J). From our above
notation we defined the vector harmonics on the three-sphere as

i =N <<z JITH (@) Jm> | jm> (i=1,2,3) (7.12)

We use the following natural notations for the vectors:

p=1 _ i
Yo = Yriim,um
p=—1 _  .~si
Yive = —Yimi1m (7.13)
p=0 __ ~y
Yivi = Yim.om

For the discussion on spinors i.e. L = 1/2 we refer to [42]

7.2 Sphere Reduction of the =4 SYM on S*

We are ready to expand our theory in terms of infinitely many KK modes’,
according to the [47] prescription. This will result in a very nice matrix
quantum mechanics with uncountably many matrices. The quantization
procedure will be the climax point of this thesis. We will now prove the main
point of the subject, i.e. the equivalence between quantizing the N/ = 4 SYM
at one-loop near the BPS-limit and taking the same limit on S® and then

quantizing the resulting effective theory.

We start by taking the N' = 4 SYM Langrangian with all the fermionic

fields turned off and also introduce the combination

¢0« = ¢2a71 + i¢2a ) a = 17 27 3 (714)
for the real scalar fields that belong to the 6 of SU(4) = SO(6), so we get

2
a,b

1 g2 =
L= /s% tr | =3 Fi = [Dp®al” = |®af* = 5 Y (I[®a, B]* + [[@a, B )
(7.15)
Before we start the individual limits we must first discuss the gauge field

and our gauge fixing. In all four limits, the gauge field DOF will decouple

1Kaluza-Klein modes.
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on-shell, but it still contributes to the dynamics as an off-shell longitudinal
gluon and by integrating it out it gives rise to an effective interaction of the
surviving mode at order g2. We will work, as we highlighted before, in the

Coulomb gauge:

VA" =0, /dQAo =0 (7.16)
We integrate out all the auxiliary DOF (in our case are the longitudinal and

the temporal components of the gauge field) by solving the constraints. We

consider the action with a general source j* as follows:

1

Sa = V=g tr (—ij - A-j) (7.17)
RxS3 4

We can calculate, from their definitions, the canonical momenta II,, to be

Io=0, IL=Fy (7.18)

We calculate the Hamiltonian from the action to be

1 1 ) . )
Hy= V=g tr (211;4' + ZFfj — Ao (ViII* + jo) + A'j; + nmAl) (7.19)
RxS3
where we have introduce the Legendre multipliers 7 in order to enforce the

gauge conditions. We thus obtain the constraint equations:

VI +jo=0, V,A"=0 (7.20)
Since the field Ag has no dynamics, the non-trivial spatial dependence is
only encoded into the momentum II;, thus we can treat the Ay as a Lagrange
multiplier which enforces Gauss’s law. This, in total, gives us two second-class
constraints which eliminate the remaining spurious DOF.
We can now decompose the fields into spherical harmonics according to the

discussion of the previous section:

o, = Z My ;N (7.21)
JM

A=Y AN Yinp. (7.22)
J,M,p

with M = (m,m) running from —J to J for the scalar spherical harmonics
and for —Q to Q and —Q to Q for the vector, where
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Q:J_i_w? Q:j_m (7.23)

Note also that p takes +1 values because of the Coulomb gauge condition.
In order to directly solve the constrains and obtain an algebraic condition,

we decompose the fields in modes and we use the identity

Yy, ()Y, () = Z CPAL 1, Yaans () (7.24)
J1 M, Jz My
Our gauge constraints are now given by their final, very useful for our

analysis, form

2i\/J(T+ DI + 53" =0, ALY = (7.25)

Returning now to the calculation of our total Hamiltonian, if we insert the

spherical decomposition of all the fields, we get the decomposed expression

1
H= tr Z 5 I P +w? S 1AL 1)

HJ]VI 2 2 (I)JM 2 JM |2
+| a |+wJ| a |+ J(J—|-1)|] |
—4g Y A+ DDPEE S, AN [ M2 B2 e

Ji M;

F LIS O e @R (7.20)
Ji M;
with

ngcff%f sar (@M T 4 [@2Me [T M) (7.27)

We compute all the relevant currents corresponding to the symmetries of

our action using the canonical energy momentum tensor:

T, =T + T + I 7.28
M M \/fg ( )

where L is the Lagrangian density and also we have

T2 = (8,8,)1 0,8 + (,8,)" 0,0
T4 = FoF,,
We can now compute the rotation generators .5; from

(7.29)
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S, =8P 45— [ qaT? (7.30)
SS
So for our particular case, we can calculate the whole rotation generator S;

is,

o 1 o
Si=iy  Am tr (UMM — SIMITIM + o (ATMIY — AZMIITM)) - (7.31)
JM
The @, charges associated to the Cartan subalgebra of the global

R-symmetry are given by (for a = 1):

Qi=iY tr (MM — BT (7.32)
JM
Our goal is to obtain the interactive Hamiltonian Hj,; in the decoupling

limit, i.e. the near-BPS limit, as we discuss above:

@1

E—Q —
A — 0 with fgl finite, N fixed. (7.33)

To achieve this we first demand that the Hamiltonian H — S7; — ()1 is of
order g when g — 0. This limit essentially determines the propagating degrees

of freedom we interested in. This yields:

o2
H = 51~ Qilymg =S (4 ([t - iamaty |
2 ca = 70112
+ (W5, - am?) |47y > + [T 4 (55 — Am) &) | (7.34)
2
+ (w% — (69 — Am)Z) |<I>;JIM| )
Using now this result we can derive various constraints which will be very

useful, because the dynamics of the theory close to the near-BPS bound can

now be realised by solving these constrains.

First since |[Am|< 2J +1: we find that

AN =0(g), LY —iamAN = O(g) (7.35)

Second, for the scalar ®;: we find for J = —m = m:
H‘lj’_‘]"] + iou(i‘l]’_‘]"] =0(g)

and for all other m,m (7.36)
B =1 = 0(y
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All the other scalars: are for all possible values of the m,m :

B = o =1 =1 = O(g) (731

All of the above constraints are essentially relations that help eliminate
dynamical DOF from our theory by removing our freedom to choose initial
conditions. Thus we expect that the corresponding fields should commute with
the Hamiltonian i.e. they should be compatible with the Hamiltonian

evolution. This requirement gives us the final set of constraints

- J M
AIM 0 S A9V L (W + 1) o, [q)ihM2’ ‘i’ibMﬂ

I S ERD Dy v
(7.38)
(I):z]i/[2,3 = ) Hii/[z,a = (7.39)
=77 +iw,; @~ =0 (7.40)
/M =0 | /M =0 except when J = —m =1m (7.41)

We can start to see from 7.40 a decouple between particle/anti-particles
which is what makes our theory non-relativistic. More concretely, the equation
7.40 relates the momentum with the complex conjugate of the field, which
implies that at the quantum level the bosonic fields will annihilate a particle
and the hermitian conjugate will create it. This is the U(1) global symmetry
responsible for the conservation of particle number, and it is standard

behavior for non-relativistic low momentum limits of QFTs.

Free Hamiltonian:

Before we start getting involved with interactions, we must first analyze the
free-part of the Hamiltonian. For convenience, we introduce the notation

where s = J/2 in such a way to sum only over integer numbers

D, =21 +5)d3 32 (7.42)

with the canonical Dirac-brackets satisfying the relation,

{(I)Sa i)s’} = Z’(Sss’ (743)
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For more details about the Dirac-bracket see Appendix A on Generalised
Hamiltonian Procedure. This leads us to the quadratic form for the effective
Hamiltonian Hj, where we note that the only surviving contribution to the

kinematics comes from ®; (i.e. @ in the new notation) which is further

restricted by the constrain on angular momentum m = —m = J.
Hy=tr) (s+1)|®,° (7.44)
5>0

A last discussion before moving to the Hi,;. Consider the

Lo=)_(n+1/2) tr @, (7.45)
n=0
and
Li=L_=) (n+1) tr 11, (7.46)
n=0

Using the Dirac-bracket commutators relation for the &, we get

(Lo, Li}=+Ly , {Ly, L } = —2iLq (7.47)
which is exactly the algebra of the group SU(1,1). So we clearly see the
emergence of the SU(1,1) global symmetry of all our theory.

Interacting Hamiltonian

We can now obtain the desirable interacting Hamiltonian H;,; in the

decoupling near-BPS limit:

. H-5 -0
Hiy = 1 _
YT NS0 N
Applying now the constraint 7.38, we find that the contributions of the

(7.48)

gauge field constrain are

Ztr J7+1|j0JM|2 ;12(%“ 1( B iy (7.49)

From the scalar sector, we read of the terms:?

2we use the notation J form the Appendix B for a more clear presentation of the result

since we only work with the surviving scalar modes; see constrains, we then convert back to
s notation afterward.
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2 - = —
S {50 0 s [07 37 [00,87] A0V G T IDE g, ALY [0, 57] )
J,M

(7.50)
We can from here, read the expressions for the currents:
JM =2g(1+ Jy + J2)CT 5y, (07", 7] (7.51)
i) =49V W+ )DZ (07 277 (7.52)
Combining everything and returning to the s = J/2 notation we get
1 81,8 T
Hing = AN tr Z ZVE v [q)su(bSrH] [©82+l7¢82] (753)

5175220 lZO

81,82 _ (2425141 (24252+1) psi+l psa+l
Vi =2 m ( SI(JTD) CorimCoim

B Zp:il 21/81(81-"-2)\/32()822-"-2) D31+l —s2+1 (754)

wiv‘]—(m—ﬁz SleMPDS%JMI’

+%C:11ir]l1vfcjz2fle>

Where we have to use the fact that all the non-trivial contributions come
only from the m = —m. The most important ”trick” to proceed with the
calculations is to notice that upon shifting J — J — 1 when p = 1, all terms in
the sum cancel except for a nontrivial remainder from the lower boundary of
summation. See the crossing relation from Appendix B. It is easier to split the
calculation into two cases, J; = Jy and J; > Js where we can account for the
converse by adding a factor of 2.

For the J; = Js case, the s — s — 1 trick lead to a vanishing contribution
from the corresponding H; 1=, as a consequence of the Gauss law on the S3
which implies go = 0 and the fact that H,;,~** can be calculated to be linear in
Qo in this sector.

So for the s1 > s5 case (and thus for the whole calculation) we calculate
V2% to be

2
Ve =7 (7.55)
Which is a potential term which behaves exactly like the classical

EM-theory thus the | = 0 contributions vanish on all physical states.
Thus the full interacting Hamiltonian is given by

90 1

=y =l (7.56)

2N s>0 s

Hint =
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where the SU(N) charge density in Fourier space

G =D [P, Pyl (7.57)
n>0
Indeed, the s = 0 mode vanished at classical level due to Gauss’ law and at

quantum level because it it the SU(N) singlet constraint.

The total Hamiltonian

The total Hamiltonian must have the form H = Hy + goH;n:- With the help of
the SU(N) charge density in Fourier space

qs = Z[(I)n; (I>7L+s] (758)
n>0
we deduce the result
_ 2, 9 1) e
H=tr| > (s+ )]0 + 55>~ lasl (7.59)
B>0 >0

This is a beautiful non-relativistic N' = 4 SYM field theory near the
SU(1,1) BPS limit. As we discuss, it is non-relativistic because 7.40 relates
canonical momenta and complex conjugate field.

We are now ready to proceed to the quantization of this theory, which is
remarkably non trivial and with some surprises. We will also prove that 7.59 is
equivalent to SU(1,1) SMT.
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7.3 Quantisation

To start the quantization , we follow the standard procedure of promoting the

" Dirac-Poisson”-Bracket ? to commutators i.e.

{-, }Dirac = 1 [, ] (7.60)
and the ladder operators,
as=®, and al =&, where [(a,)},(al)[]= 6/675,s (7.61)
This leads to,
1
H. — Nal 90 Zat 62
QM tr ;(S"‘r )asas+ IN S>03qsqs (76 )

We can check now that this is the desired Hamiltonian, starting by the
one-loop dilatation operator which is originally derived in [35] which reads,

e = 2y S5 St - o] o stmi] )
(B (h() + hlam = 1)) = S )

In which the second line is the so-called one-loop dilatation operator in the

bosonic SU(1,1)-sector. Also the h(n) =" | L are the so-called harmonic

numbers. To prove the connection between SMT /near-BPS limits we see that

(7.63)

the 7.63 i.e. the interacting part of our Hamiltonian, has the exact same
Dilatation operator D Eq.6.12 as the SU(1,1)-SMT as we demonstrated in
previous chapters.

Using the normal ordering relation in the equation 7.63 we get

Siwo btr (safas) = Lo dtr (dfa)
—2N 3 h(n)tr (afan) + 2307 o h(n) tr (af) tr (a,,)
we easily get back our quantized Hamiltonian Hgjys. This essentially

(7.64)

completes our calculations, and we have proved that there is a way to reach

the quantized Hamiltonian using a non-relativistic QM theory.

3Called Dirac-brackets in our generalised Hamiltonian Procedure
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7.4 Local Formulation

Our goal for this section is to build a QFT description for our near-BPS limit
SU(1,1)-bosonic. Our main task is to reproduce the interaction Hamiltonian
Hint, which is given in momentum space, in terms of local field theory
containing our complex scalar field. As we are going to prove, our bosonic
complex field will share some features with 5 — - ghost fields and thus behave
like a ghost field.

The su(1,1) algebra of the bosonic part is non-compact and thus we expect
the SU(1,1) representations that we have to be infinite-dimensional; for this
reason, we can find a local representation of the states that we have with
respect to their SU(1,1) representations. The SU(1,1) has three generators,
Ly, L+ with algebra

{Lo, L} =+iLy , {L_,L.}=—2iL, (7.65)

where

Lo =103 50 (M + 3) [Pm|’
L= (L) =trY solm+1)2] @,
All the generators commute with the interaction part of the Hamiltonian H

(7.66)

on the singlet constrain surface gy = 0. The existence of such a singlet
conditions implies that the SU(N) remains gauged. This implies that we can
introduce an (appropriate non-dynamical) auxiliary field A in order to
conveniently reproduce that interactions. We can interpret such a step as the
position space version of the mediation given by the non-dynamical gauge field
in our sphere reduction procedure.

We can write our Hamiltonian solution using our appropriate chosen

auxiliary field A, as

H= tI‘Z ((S + 1)(isq)s + SAsAs + % (Asq_s + Ast)) (767)
s>0

We can see the non-dynamical nature of A, from its EOM

90
As+ 4/ Z=qs = .
SAs + 2Nqé 0 (7.68)

Note that for s = 0 we get the SU(N) singlet constraint gy = 0. We can
also directly obtain this solution starting from the action of a

(1 + 1)-dimensional field theory on a circle of radii one, parametrized by the
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spatial coordinate x with periodic identification = ~ x + 2.

S = /dtda; tr (i®7(d + 0,)® +iAT9, A + §(ATq + Aqh)) (7.69)

using A(t,z) = Y ooy As(t)e™™ ,our previous form for ®(¢, z), the EOM for
the auxiliary field A for s > 0 and then performing an Legendre
transformetion of this action, we get the Hamiltonian (7.49) as we desired.

To end the section we comment a bit on the (1 + 1)-dimensional quantum
field theory (7.56). As we can see from the action S the kinetic term of the
theory is both linear in time and space derivatives. This is quite different from
both the standard Schroedinger operator and the Klein-Gordon operator.
Instead, our kinetic term corresponds to an ultra-relativistic dispersion
relation between energy and momentum E = P but only with the constraint
P > 0, see Carrollian theories [58]. This makes our theory non-relativistic, as
we were anticipating.

As a closing remark, we must comment on the promise that we gave, that
we will prove that our bosonic fields behave like 8 — y-ghosts [59]. This can be
seen from the fact that the scalar field must be complex to avoid our kinetic

term to be a total derivative, thus we can introduce real-scalar fields 3, s.t.

& =0+1iy (7.70)

which makes our kinetic term to be

Which proves that our bosonic part of the action can be seen as a 5 — 7y
CF'T theory. We will investigate further this intriguing emergence of

lower-dimensional locality in future work.
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Conclusion & Outlook

In this dissertation, we have shown a new way of developing non-relativistic
field theories from near-BPS bounds of A’ = 4 SYM. Our procedure applies to
any BPS bound of A =4 SYM but we, in particular, worked on a specific
near-BPS limit and we got a new non-relativistic theory with a global U(1)
symmetry (conservation of particles number) as well as SU(1, 1) interactions
consisting of dynamical complex chiral scalar field interacting with a boson
gauge field without dynamical DOF.

Furthermore, we can study the new non-relativistic models that we
obtained to study any coupling (strong or weak) and thus get potential new
insights about the holographic dual. For example, in the planar limit, we have
non-relativistic string theory duals. In our particular limit, the bosonic
SU(1,1) case leads to a U(1)-Galilean geometry which is a R times a
cigar-geometry. Exploring this further will probably teach us great insights
about some features of Holography [64].

Going away from the planar limit will also be a very important exploration;
there we expect the possibility to observe the emergence of dual D-branes or
M-brane configurations in the form of Giant Gravitons, [61].

The study of all the other BPS bounds is of course another natural
extension of all the work in this field. This was done for most of the sectors in
[3], [65] where additional features of these limits were pointed out: it is
possible to build all the interacting Hamiltonians starting from fundamental
blocks and studying their highest weight representation.

Lastly, we hope that by using a thermodynamical treatment, we will be able
to retrieve some greater insights into the precise mechanics of the
confinement/deconfinement transition. In particular, we are excited to extend
our study to the SU(1,2|3) symmetry (which contains supersymmetric,
asymptotical, AdSs black holes, see [62]) with temperatures above the

Hawking-Page transition; where they should exhibit maximal chaos [63]!
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In conclusion, we expect our new novel methods/approach to shed some
light on our never-ending search for understanding how to approach and
understand strongly coupled gauge theories and finally leave the weak coupling

regime.
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Generalized Hamiltonian Procedure

For a more complete approach with a lot more developments for the
quantization of gauge systems, we refer to [49], which we follow closely in this

discussion.

A.1 Introduction

In Classical Lagrangian mechanics, if the system has holonomic constraints
fla1,92, -y qn,t) =0 with n =1, ..., N, then we have to add Lagrange
multipliers to the Lagrangian to account for them. The extra terms vanish
when the constraints are satisfied, thereby forcing the path of stationary
action to be on the constraint surface. In this case, going to the Hamiltonian
formalism introduces a constraint on phase space in Hamiltonian mechanics.
Our new generalized Hamiltonian procedure, first proposed by Dirac [60]

starts with a Lagrangian and the usual canonical momentums:

oL
L=L(qgp) , pn= 90, (A1)
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Appendix A. Generalized Hamiltonian Procedure

Some of those definitions may not be invertible and instead give a
constraint in phase space (as above). Constraints derived in this way or
imposed from the beginning of the problem are called primary constraints.!

The M-constraints, labelled ¢,,, must weakly vanish,?

Om(z,y) =0, m=12 .M (A.2)
The Euler-Lagrange equations now can only fix N — M functions of the
acceleration and give M equations between g and ¢. The conditions A.2 are
called primary constrains. From the A.2 we see that the inverse transformation

from the p’s to the ¢’s is multivalued. From the E-L equations, we get

. 0L oL .. O0?L

— s
o7 oq" — 0" 1 9g”agn
we can see that, the accelerations at a given time are uniquely determined

e

i (A.3)

by the positions and the velocities at that time iff

82
det {W} #0 (A.4)

We are interested thought, on the case where the determinant is zero, i.e.
we cannot invert (%naisqn,. The A.2 now defines a 2N — M', M/ < M
submanifold® smoothly embedded in phase space. The inverse image of a point
in A.2 forms a manifold of dimensions M’, and in order to render the
transformation single-valued, we need to introduce extra parameters which
indicate the location of ¢ on the inverse manifold. These parameters are
exactly the parameters that appear like Lagrangian Multipliers for our new

Hamiltonian Hx = H + c"¢,,, =~ H.

Theorem 1. If a smooth phase space function g vanishes on the surface

¢m =0, then g = ¢"¢,, for some function g

A.2 Canonical Hamiltonian

Introducing, as usual, the canonical Hamiltonian

I For example, if not all the canonical momenta (e.g. N — M) are not independent functions
of ¢, then will have M independent relations.

2Two functions on phase space, f and g, are weakly equal if they are equal when the
constraints are satisfied, but not throughout the phase space, denoted f ~ g < f —g =
c™(q,p)¢m. If f and g are equal independently of the constraints being satisfied, they are
called strongly equal, written f = g. It is important to note that, in order to get the right
answer, no weak equations may be used before evaluating derivatives or Poisson brackets.

3We allowed the possibility that not all M constraints are independent.
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H={¢"p,— L (A.5)

But now, in our more generalized case, the Hamiltonian is well defined only
on the submanifold defined by the primary constraints and can be extended
arbitrary off that manifold, thus the formalism should be unchanged by the

transformation

H — H +c"(q,p)pm (A.6)

These can be proven by:

oL oL
0H = qnépn + 5@“% - 5(]"7 - 6qn7
aqm oqn (A7)
) '
= q OPn q dg"

which we can write it as

8£ + 871/ dag™ + oH L ) —
aqn aqn 1 apn 1 Pn =

SO
- 8£ + ™ OPm
7= 6pn 6pn
JOL| _oH| .06,
aq™ g oqn » dq™

where we have used the theorem below

Theorem 2. if A\,0¢™ + p™d0p, = 0 for some arbitrary variations tangent to the

constraint surface, then for some u™ we have

Opm
— ™ A.
An = U 0 (A.8)
8¢m
=y Zom A.
pn =5 (A.9)

where the equalities are on the surface defined by primary constrains A.2

We can define now, the ”Legendre Transformation” from the (g, ¢)-space to

the surface ¢, = 0 of (¢, p, u)-space by

" =q"
oL
n = —— 5 v A..].
Pn = g (¢,9) (A.10)
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So the price we pay , in order to restored the invertibility of the Legendre
transformation is the introduction of extra variables.

Moving on, our new EoM are

n _ OH +um3¢m

7" = op. Opn
P =—5E —umSia (A.11)
¢m(Q7p) =0

These EoM can also be derived by least action principle using the new
variation principle for our new action
ta
) (¢"pn—H—u"¢y) =0 (A.12)

t1
where our new variable u™ is been introduced to enforce the primary

constraints into the action and ensure the invertibility of the Legendre
transformation. As usual, we can derive the EoM by the integral A.12 using

the Poisson brackets. For a random function f = f(q,p) we have
f={f HYen +u™{f, ém}rn. (A.13)
where for two arbitrary function f = f(g,p),9 = g(g,p) we have

of 99 Of g
dq* Op; dp; Oq'

{f’ g}P.BA = (A-14)

A.3 Secondary constrains

If we impose f = ¢,,, for a particular value of m in the EoM we get

(i)m = {¢7H}P.B. + um {(bmv ¢m’}P.B. =0 (A15)
if the relation between p, ¢ is independent of the primary constrains , this
equation is called secondary constraint, which are on-shell constrains. If we

have K secondary constrains, we are then left with the secondary constrains

¢pe=0, k=M+1,. M+K (A.16)

and all our constrains are

$; =0, k=1, . M+K=1J (A.17)
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Also from these splitting of the constrains we are forced to restrict the

Lagrange Multipliers

vt =U"+V" (A.18)
where U™ is a solution of the ¢; ~ 0 and V'™ is the solution of the

homogeneous system

V™ gj, ¢m] = 0 (A.19)
The most general V™ is a linear combination of A-linear independent

solution V", a =1, ..., A, thus our complete solution is

u’”’b ~ U’rﬂ + ,U(lVa77L (A.20)

where v are arbitrary coefficients from the linear combination of V™.

A.4 The Total Hamiltonian

We can now rewrite B.13 using our previous result

AL H +0%aes. . H =H+U"0n , ¢a=V'dn  (A21)
We can now define our total Hamiltonian as
Hr = H' +v%¢, (A.22)
such that we satisfy the very elegant property

f~{f Hr}ps. (A.23)
So in a way, we manage to find the right Hamiltonian such that the EoM
are now in the regular, from classical mechanics, form; avoiding all the

annoying correcting terms.

A.5 First-class constrains: generators of the

gauge transformations

The presence of v® in the Hp is an indication that not all p, ¢ are observables
i.e. exists a redundancy. This redundancy is exactly what we call the gauge

freedom and so we see that the existence of these v® implies some gauge
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freedom which can be proven to have the form, for example*

of = v*"{f, da}trn. (A.24)
for some arbitrary function f and dv® = (v — 0%)dt. So we can see that the

first class primary constrains generate gauge transformations.

We the sake of convenience we introduce the notion of the extended
Hamiltonian; which is derived by distinguishing between first- and
second-class constraints. We denote the first-class constrains by the letter v —
and, subsequently by G — and the second-class ones’ by Y, also we denote the
set of all constraints by {¢;} as before. Thus we can derive the form for the

extended Hamiltonian as

Hp = H'4+u%y, where the index runs over a complete set of fist-class constraints.
(A.25)

A.6 Second-class constrains: The Dirac
Bracket

Finally now we can talk about the second-class constrains; which are present
when the matrix Cj;» = {¢;, ¢; }p.p is not zero on the constraint surface.
The theorem below is very useful for deriving the splitting intro first and

second class constrains

Theorem 5. If det Cj;» ~ 0, then there exists at least one first-class constraint
among the ¢;’s.
The final result, invented by Dirac, is the so called Dirac bracket and it is

the generalisation of the Poisson brackets for an arbitrary set of second-class

constrains:

{f,9}p5. = {f.9}ps — {f:xa}r.s C*° {x5,9}r5 (A.26)

4This transformation is not the only one that does not change the physical state, more
generally we have:

Theorem 3. The {¢a, by }p.B. of any two first-class primary constrains generates a gauge
transformation.

Theorem 4. The {¢q, H'}p . of any two first-class primary constrains ¢, with the first class
Hamiltonian H' generates a gauge transformation.
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where P.B is the notations for the Poisson brackets and p g is the notation
for the Dirac brackets C;;» = {¢;, ¢;/ }p.B.

It can be proven that the new Dirac brackets follow all the properties it
must follow, i.e.: bilinearity, antisymmetry, Jacobi identity, and Leibnitz rule;
so we can see that the function space under the D.B. is a Lie Algebra and our
new /generalized Hamiltonian mechanics can be fruitfully studied from the
point of view of Lie algebras!

In general, the original Poisson bracket is discarded after having served its
purpose of distinguishing between first-class and second-class constraints. All
the equations of our theory must now be formulated in terms of the new Dirac
bracket, and the second-class constraints merely become identities expressing
some canonical variables in terms of others. In some simple cases, the
second-class constraints can be used to eliminate some canonical variables
from formalism. However, in more complicated situations, the elimination of

some DOF in favor of others may be involved.
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Properties and symmetries of the
Clebsch-Gordan coefficients

B.1 Spherical Harmonics

Here we just present some very useful identities which the reader can easily

prove using the act of the covariant derivative on the spherical harmonics,
VY, =0 (B.1)

€ijkViY i = —20(J + )Y,

VY = =2i\/J(J + )Y,

The corresponding eigenvalues are for the Laplacian are

V2 = —4J(J + )Y

VAYFL = —(4J(J +2) + 2)Y7L,
VY = —(4J(J +1) = 2)Y2y,
VY e = — (2J(2J +3) + 3) Yy,
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Using now the integral of the product of three spherical harmonics, we get

the, very important for, Clebsch-Gordan generalised coefficients:

Cjilj\\//f[gngMS = fdQ (YJ1M1)* YJ2M2YJ3M3
CrintyaoMsdsits = | QY7 a0, Yo, Yo (B.3)

DﬂvzjvflleZMMQ = f A (Yyn)® KlpllMliY:Ip;Mgi
B.2 Definition of Clebsch-Gordan

In this section we give some basic definitions and properties for the

CG-coefficients that we will use through out calculations.

M (2J1+1)(2/2 +1) Jm Jin
C.]ll\/fl,JQMQ = \/ 2J _|_ 1 X C:]1m1,<]2m20:]1m1,<12m2 (B'4)
Djf\J/{/h,Jzsz — (_1)71/2+J+']1+J2 (2J1 + 1) (B.5)

y \/(2J1+1)(2J2+1){ i Jy 1}C,Jm s

— —1 ~ +1 ~
2J+ 1 J2 _ p21 bJ2 + pgl J JlMl,JprT,mZ .]1m1,.72+meg

@ cpasea fo g
R (VT sy R U M B0
J J 0 2o
where the 9 — j symbols are also:
a b c
d e f
g h j
=[2e+ D)@+ DEg+ DR+ D72+ 1™ Y CilysClit O foClnasCibec o
apydepnpr
(B.7)
where we also have defined
1 ~ -1
QEJ+@ , QEJ—I—% (B.8)

B.3 Crossing relations

In order to make our calculations simpler, we introduce the notation
J = (J,—J,J). For our particular calculation of the Hamiltonian, we are

interested in the expression (for p = £1):
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. _ 2+ 1) (J+AT+1)(J — AT +1
Djl;Jmﬁz,p:1:—Z(—1)J J1+J2\/( 1 )( )( )

Iz Jo(J+1) (J2+1)(2J2+ 1) (B.9)
y (2J1)! (25 +1)!
2(J+1+ i+ ) (Ji+Jo—J —1)!
and
J1 _ J1
DJg;Jmﬁm,pzfl - _DJQ;Jmﬁl,pzl (B]'O)

From the Hamiltonian that we wish to calculate we are motivated to define

some expressions which will greatly reduce the complexity of our calculations

72,7 _ (Ji+ L+ 1) (Js+Ja+1)\ .z P
T2, Ts 16 A —
BJl,J4;Jm7hp = wz——(ATn)Q\/JI (J1+1)Jy (Ja+ I)Djl;erhpD.Z;;Jmmp
A

(B.12)

where we can see that this two expression are related as below (J > 1):

J2,T3 T2,T3 _ 1 J2,T3
8‘71,\74;Jmﬁlp:71 + 8.71,]4;.]71mﬁ1p:1 - Ajl,J4;Jmﬁz (B].?))

where we calculate in particular that

8‘72“73 N (2+J+J1+J2) (2+J+J3+J4)C\72 Cj3
T1,Ta;Jmm,p=1 — (J + 1)(2J ¥ 3) J1,J+1mm~ Ty, J+1mm
BI2:Ts . (J1+J2—J) (J3+J4_J)C~72 0
J1,Ta;Jmim,p=—1 — (J—|— 1)(2J I 1) J1,Jmm"Y Ty, Jmim
(B.14)
Our goal is to calculate the expression (from the Hiyy):
(i+J+1)(Js+Js+1)\ 7 7
2 <<1 i J(J+1) CoammC T min (B.15)

JM

16 =J3
— E —\/J (J1+1)J (J4+1)Dj"“ e DT T (B.16)
p==+1 w124,J — (Am)? P ! Juzdmmp™ Jaz Jmmp
which is equal to (we use AJ = Jo — J1 = J3 — Jy)

J2,T3 _ 832773 _ Bj27\73
J1,Ja;,—AJ,AJ J1,Ja5—AJ,AJ,AJ,p=1 J1,Ja;—AJ,AT,A T, p=—1
J > Jmin ()

(B.17)
Combing our results we get that Jyi, = |AJ| and by shifting the

90



Appendix B. Properties and symmetries of the Clebsch-Gordan coefficients

summation with the trick J — J — 1 we cancel all terms in the sum with
J > |AJ|. Thus the equation B.17 becomes

J2,T3 J2,T3 J2,T3
Y ART s anas ~ BT arasem ~ BR T anan—— (B.18)
J>|AJ]
which can be calculated to be using eq. B.13 to be:

Z J2,T3 _8.727(73 _852,73 _ B..727(73
T, a3, —AT,AT J1, T3, — AT, AJ,p=1 J1,Ja; 0, J,—AJ,p=—1 7 = J1,Ja;—|AT|—1,—AJ,AJ,p=1
J>|AJ|
(B.19)
Which is a result that we can calculate explicitly:
TouTs (A AT+ J2) (L + (AT [+ T3+ Js) 7, o
J1, T4 AT |—1,—AT,Ad,p=1 — |AJ\(2|AJ|—|—1) J1L, AT, —ATATY Ta,|AT|,—AT,AT
(B.20)

Which can be used to calculate our final result.

91



Spinors in D = 4, 6, 10-dimensions

Some very useful formulas for when dealing with spinors in various dimensions.

C.1 Four dimensions spinors

In four dimensions, there are only two types of spinor indices belonging to the
su(2) x su(2) factors of so(4), usually denoted by small greek letters, and
differentiated by a dot e.g. a =1,2 and & =1, 2.

There are only two invariant objects, € and o

O{mOn} = Tlmn (C].)

Some identities of e:
ee = —1 (C.2)
el = —¢ (C.3)
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Appendix C. Spinors in D = 4,6, 10-dimensions

[e,0] =0 (C.4)

The completeness relation which is very useful:

cape™’ = 305 — 000} = 20], 5 (C.5)
And the Fierz identities:

Uz‘ﬁoﬁ;é = 26§‘5§, ooP ot 0 = 2e%7P0, Opu,680%5 = 2€6~E56 (C.6)

C.2 Six dimensions spinors

In six dimensions, because of the symmetry groups, we only have one type of
spinor index, which runs from one to four. There are only two totally
antisymmetric tensors € and € and only two sigma symbols ¢ and o. Te
sigma’s are antisymmetric

We raise/lower indices by using the € symbols:

1 1

o,m,ab = §€adeUZ§, Om,ab = ggabcda—fg

They satisfy the Clifford algebra

O{mOn} = Nlmn
Fierz identities for the o's

ab_m __ a sb ash ab__m,cd __ abed mo__
OmOcd = 26d5c - 2(Sc 6d7 Om0 = —2¢ ’ Om,abO0cd = _25abcd

C.3 Ten dimensions spinors
In ten-dimensions, we denote spinor indices by A, B,...=1,...,16. There are

two sigma symbols ¥4, and 24P and we can suppress spinor indices. The
sigma symbols are symmetric
Y =%u
and satisfy
Y(MEN) =NMN
For the construction of supersymmetric gauge theory, there is one particularly
useful identity

Sa,aBYED + Sa,acE D + S, apSHe =0
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Appendix C. Spinors in D = 4,6, 10-dimensions

In order to obtain our desired theory:A' =4 SYM from the ten-dimensional
supersymmetric gauge theory, we have to reduce the starting ten-dimensional
spacetime to a four spacetime and six internal dimensions space.

We will assume that a spinor ¥4 in ten dimensions decomposes into
Voo + P4 in 4 + 6 dimensions. Then the sigma symbols in ten dimensions split
likewise:

AB b b
ZM = U;A,aB(Sa + O-Mdﬁ(sa
Suap =025y + iP5,
E;?LB = —Om,ab€ap — Ugfé‘dﬁ'

E’m,AB = O'?f&‘aﬁ + Um7ab€aﬁ
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