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Abstract

In this project | aim to create a model for the assessment of toxin release from medical devices.

I focus my e [orts on modeling diludion, as it is the most relevant form of mass transport
inside a medical devise.

I compare my model to an existing method of rapid assessment [1] , and find that my model
produces lower estimates of toxin release.

I examine the consequences of overexposure to Bisphenol A and Acrylamide, two well doc-
umented monomers. | discuss the mechanisms of how molecules di[ude through polymer mate-
rials, and present a method for calculating the di[udion coe [cieht in such materials. | use this
di [dion coe Lcieht to model the toxin release from a sphere. Modelling is done with the Finite
Element Method, implemented with the FEniCS Python package.

I compare my numerical solution to an analytical solution, and find that a uncertainty of
less then 1% is easily obtainable. | find that the uncertainty behaves in ways that I cannot fully
explain when very short timesteps are used. However, the uncertainty on the numerical solutions
where this behaviour is observed, is still low enough as to not invalidate using the model as an
assessment tool.
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Chapter 1

Introduction

In the medical industry the development of new medical devices is constantly in progress. The
definition of 'medical devices’ should be understood to be a variety of objects implanted or added
to the human body. An example of such could be catheter. A large part of these devices are
made from a plastic material, and it is often unavoidable that the material contains chemicals
that can be toxic to humans, if exposed in too large quantities. The toxic chemicals are e.g.
added to the plastic in order to stabilise or to color the material, or can be a result from the
production process itself. A good and conservative estimate of the amount of toxins that will be
released from a medical devise into a patients body, is of cause of high value both for the industry
and for the regulators. A conservative estimate of toxin release is one that over-estimates the
amount of toxin released.

The established way to determine the toxin exposure has for at long time been simply to
assume, that the patient absorb the total amount of toxins contained in the device each day.
If the amount is above the threshold determined by the authorities, the new device would be
denied approval, and is therefore unable to enter the marked. This approach is clearly safe, but
also inaccurate.

In the article Saylor et. al. 2019, David M. Saylor from the U.S. Department of Health and
Human Services, suggests a method for fast risk assessment of medical devices. This method
models the devise as a semi-infinite medium, and uses the analytical solution for di[udion in
such a domain, to give an estimate for the amount of toxin that a devise will release. Saylor’s
method is fast and easy to use, and provides a conservative estimate. The analytical expression
used in his method is:

M(t) = min[zAcopﬁ; M1] (1.0.1)

where M is the amount of toxin released, t is the time, Cq is the starting concentration of
the toxin, D is the di[udion coe [cieht, A the area (of the device) that is exposed towards the
patient, and M4 is the total amount of toxin in the device. For simplicity, | will going forward
be referring to this model as ""Saylor’s model™.

The weakness of Saylor’s model is, that it does not account for the geometry of the device,
and therefore it will tend to produce overly conservative estimates of the amount of toxin re-
leased into a potential patient.

1.1 This project

The purpose of my project is to construct a numerical model that accounts better for the geom-
etry of the medical device, but still provides a conservative estimate of the toxin exposure.

5



6 CHAPTER 1. INTRODUCTION

Toxin release is a mass-transport problem, where we consider the change in a concentration field.
The two primary elements of this kind of problem is advection and di[udion. Advection is the
part of mass-transport that depends upon the presence of a velocity field. Since I am interested
in modelling the concentration of toxins inside a object, | find it reasonable to assume that there
is no velocity field present. | have therefore chosen to ignore advection in my model. With the
above assumption, only di[dion is left to determine the mass-transport. That is why di [ldion
will be the focus for my modelling.

My numerical model will be a solution to the di[udion equation. Therefore | do not expect
my model to provide results that are fundamentally dilerent from Saylor’s model, but | do
expect to find that the toxin release in my model is slower than in Saylor’s.

I have chosen to base my modelling on the Finite Element Method (FEM).

The finite element method is designed to solve diLerkntial equations on geometrically com-
plex domains. | originally planned to examine a number of di[erent geometries in accordance
with the practical reality, but during the project, time constrains meant that | could only thor-
oughly examine a single geometry. Hence the shape that | have chosen is the sphere. The reason
that | have chosen the sphere as my model shape is, that a di [udive process will reach its equi-
librium state fastest in a sphere, and therefore it is well suited to provide a conservative estimate.

I will be using the Python package FENnICS to run my FEM-model, because there is a large
amount of source material for the package available in the form of books, tutorials and a very
active user community. | will go more in depths with how I use FEnICS in chapter 5.



Chapter 2

Di Ludion theory

2.1 Introduction and 'Random walk’

Before we describe di[udion, which is a movement of an ensemble of particles in a solution, we
should consider how a single particle moves in a solution. When you observe a particle in a
solution at room temperature, you will notice that it moves around in the solution, though it is
not a[edted by any external forces.

If one considers a particle whose movement is controlled by Brownian Motion, one would see
that the probability of moving in any direction is the same. This pattern of movement is known
as 'Random Walk’, and it has some properties which are useful to be aware of. One of these
properties is the variance of a Brownian particle. This variance can be found from the length
of the particles individual movements ( x ) and the time between two movements ( t). The
derivation of the variance can be found in the appendix 1.

The square of this variance is:

2

2 _ X _
= ——t=2Dt 2.1.1
> 1 (2.1.1)

Where D is the di[udion coe [cieht:

X2
D= 7t (2.1.2)

The di[udion coe Lcieht is a measure of how easily a particle moves through a solution. A
low di[udion coe [cieht means that it is di Ccullt for a particle to move in the solution. The
di [udion coe Lcieht is inversely dependent on the size of the particle and the viscosity of the
solution.[2]

We can use this variance to determine the probability of finding a particle a specific dis-
tance away from its starting point. The position of a Brownian particle will follow a Gaussian
distribution. The mean distance that a Brownian particle travels is 0 and its 1D probability
distribution will therefore be:

Pxt= B_expr X =pl oexp X (2.13)

’ 2 2 2 4 Dt 4Dt o
Because the variance, and therefore the probability distribution, are time dependant, we can
see that the probability of finding a particle in a finite domain goes toward 0 when time goes
towards infinity. If we extend this observation to all particles in e.g. at medical devise, the
intuitive conclusion is, that all the toxin will have left the devise when enough time has passed.
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The square root of the variance is also used as a particles root mean square displacement,
which is an important value in di[udion, because it gives a scale for how far a particle can move
from its starting position in a given time:

P_—-. P_—
RMSD = hXZ2i= 2Dt (2.1.4)
This expression can be rearranged to give a time scale for the di[udion process.

2.2 Derivation of the di[udion equation

Now that we have a feel for how a particle who’s movements is governed by Brownian motion
behaves, we can create a model for an ensemble of such particles. As with the random walk, we
introduce a time interval t which is the time between two independent particle movements.
Secondly we introduce the number n, which is the number of particles in a solution. The x-
coordinate for a particle will change in every time interval t. The change in the x-coordinate
will be  x, where X can have di[erknt values for di [erknt particles and can have both positive
and negative values.
We now introduce the probability distribution ( x) which is the probability distribution that
x follows. We choose ( x) such that it is zero for values of X that are not small. Given
that a particle will move some distance, X, in a time interval, t, then the following must be

true: Z .4

()Y =1 (2.2.1)
1

We assume that the distribution ( Xx) is symmetrical, meaning that a particle have an equal
probability of moving forwards and backwards, which gives ( Xx) this property:

()= () (2.2.2)

Knowing the properties of ( Xx) enables us to write the equation for dn which is the number of
particles that, in the time interval t, experiences a displacement between xand +d Xx:

dn=n ( )d (2.2.3)

We can use this equation as our starting point to consider the distribution of particles between
x and x + dx. We start by introducing the function f(x; t) which is the number of particles per
volume, and we will use this function as a measure for the number of particles. Then we assume
that we can find the distribution of particles at a time t + t from the distribution at time t.
From this we get an expression:
Z x=+1
f(x;t+ t)dx =dx fx+ x;t) ( X)d x (2.2.4)
x= 1

The fact that tis very small allows us to write f(x;t+ t) as

fox;t+ t)=FfXxt)+ t@@; (2.2.5)
Furthermore we can expand f(x + Xx;t) in powers of X:
Y = F(x ef | x2@f
f(x+ x;t)=Ff(t)+ X@7+TW"' (2.2.6)

If we then put 2.2.5 and 2.2.6 into 2.2.4 and remember the condition that is only dilerent
from zero for very small values of X; we get this expression:

@f Z +1 @ Z +1 @Zf Z +1
f(x; t)+ tﬁ =f(x;t) N ( x)d x+@—x . x ( x)d X+W . = ( x)d x::
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The terms two, four, six etc on the right hand side disappear since (x) = ( x). The third,
fifth, seventh etc terms get progressively smaller, and we therefore only need to consider the
third term. We can see from Eq 2.2.1 that the integral in the first term is 1, meaning that the
T(x;t) on both sides of the equation cancels out. We then make the following definition of the
di [udion coe [cieht which is very similar to the one we used when talking about the random

walk: 7
Lo e d x=D 2.2.8
1 1 o ( X)d x= (2.2.8)
All in all we end up with this expression for the change in the number of particles:
of _ _@*F _ _
T DW =Dr-f (2.2.9)

And this is the very well know dil[udion equation, some times called the Laplace’s equation if
gt = 0. [3]
ot '

2.3 Low-pass filter

Di [udion can function as a low-pass filter, this can be seen by doing a frequency analysis of the
di[udion equation. This again is done by performing a Fourier-transformation of eq. 2.2.9, as

shown below. Z b
* QU oxgy = * D@z—ue kX dlx (2.3.1)
1 0t 1 0x? o
If we compute the left hand sides of the equation first we get:
Z4 Z4
OU_ jx @ ikx Qo
—e Mdx=— ue "dx = — 2.3.2
1 Ot ot 4 ot ( )
And from the right hand side we get
D_—e "dx= D ik—e "dx= k°D ue ™dx = k’Du (2.3.3)
1 0Ox 1 X 1

If we put the sides back together we an ordinary di Lerential equations with simple solution.

Qu
ot

From this solution it is clear, that high-frequency e [edts will die out very quickly with time, be-
cause the frequency number k features to the second power in the negative exponential function.
A consequence from the filtration of high-frequency eledts is, that the remaining e [edts will
have long wavelengths. And when considering a limited domain, one can disregard wavelengths
that are longer than the shortest axis of the domain. This is why | have chosen to use this
sphere as my model domain, since it only has one length to consider.

= k’Du =) u(t; k) = exp( k2Dt) (2.3.4)

2.4 Diludion in polymer materials

The diludion of molecules through polymer materials has been studied extensively during the
last half century. One of the primary drivers for this research has been the food packaging
industry, who is highly dependent on the ability to predict and document how the packaging
interacts with the food.

The mechanisms of diludion in polymer materials lies somewhere between those that govern
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di [udion in metals and in liquids. The behaviour of a polymer material is also highly dependant
upon whether it is above or below its glass temperature Tq. The glass temperature is a transition
temperature that marks when a polymer goes from having glass-like properties - being hard and
brittle - to having rubber-like properties - being flexible and soft.

An example of a polymer material with a high glass temperature is polystyrene which has a Ty
of +105 C .

A common description of the di[udion in polymer materials is the so called "'free volume model*.
This model proposes, that within a polymer material there will exist a number of holes or cavi-
ties between the polymer chains and that di [uding particles will move through the material by
jumping from one cavity to another. These cavities are continuously created and destroyed by
the thermal fluctuations of the polymer chains. The creation of a cavity will have an associated
energy cost, that is dependent on the size of the cavity. This energy is partly used to bend
the molecular chains segment, and partly to overcome the Van der Waals force between the
molecular chains. The energy needed to create a cavity of an appropriate size for the di[uding
molecule can be seen as an activation energy for the di[udion process.

The term "free volume" in this model generally refers to the total volume of all cavities not
occupied by a di[uding molecule. [5],[6]

However, the movement of the di[uding molecules in this model is still driven by the ran-
dom thermal motion of all the particles in the system. This means, that the assumptions in the
derivations of the di [ugion equation are still valid, as non of the mechanisms in the model impart
a directional preference on the random movement of the particles. In other words, eq 2.2.2 still
holds true, meaning that the expansion in eq 2.2.6 still reduces to eq 2.2.9 - the di [udion equation.

The complexities of dil[udion in polymer materials are generally packed away in the diludion
coe Lcieht. This means, that the primary focus of the research in the field of di [udion in polymer
materials has been on developing ways to predict the di [udion coe [cieht of a given combination
of a specific polymer product and the di[uding molecule. The research in this field has again
historically been driven by the food packaging industry, and this condition has imposed certain
requirements on what a ""good" method for determining the di [udion coe Lcieht looks like.

The purpose of all research into the behaviour of di[uding molecules in polymer materials,
from an industry point of view, is to determine what kind of danger a certain additive will pose
to the food and/or the consumer. The simplest, but yet reliable, way to determine this, is to
perform a simple, but time consuming, sorption experiment.

This means, that the variables in a model for determining a di [udion coe [cieht needs to be
more easily obtained than performing the sorption experiment itself, both in terms of the time
and the costs associated.

Di[erent models have proposed using a wide range of quantities to calculate the di[udion
coe Lcieht. Among these quantities are the average distance that a molecule jumps from one
cavity to another, the jump frequency, the size of cavities inside the polymer material, di Lerkent
measures for the available free volume in a material, the diameter of the di[uding molecule, and
the activation energy.

This description of di[ugdion is very di Lerent from the one presented in section 2.3. However,
most of these proposed quantities are very hard or impossible to estimate just from looking up
the material specifications, or from the properties generally available for most commercially used
molecules. [5]
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2.5 Calculating the di[udion coe Lcieht

I have chosen to use the method for calculating the diludion coe [cieht that was established
by the EU regulation on Plastic Food Contact Materials in 2015. This method is used be-
cause it deliberately overestimates the diludion coe [cieht and therefore any calculation will
also overestimate the amount of toxic material migrating out of the polymer material.

It should be noted, that the following model does not proport to accurately calculate the
di [udion coe [cieht in a system. The input variables in this model are: The relative molecular
mass (M) of a diluding molecule measured in Dalton (which is used as a stand in for the
volume of a molecule), a single material-specific parameter (Ap), the absolute temperature (T)
and a constant Dy that determines the units, which is often chosen as Dy = 10%cm?=s.

- 10454
Dp =Doexp A, 0:1351 M2+ 0:003M,, ¥ (2.5.1)

The factor 0:1351 is a dimensionless number that represent the correlation between molar
volumes and molar masses of n-alkanes. The terms 0:1351M\,2\,:3 and 0:003M,, describe the e [edt
of the relative mass of the di[uding molecule on the dil[udion coe [cieht. Term 0:003M,y is a
correction for the fact, that the model underestimate the di [udion coe Lcieht for molecules with
moderately high mass, My, < 4000 Dalton.

The last term references the activation energy for dil[udion in a amorphouse plyolefin material
and the number 10454 has the dimension K.

The term A, is similar to the "conductance™ in electro dynamics, meaning that it measures the
ease of dil[udion in a material. A, has been determined for a few broad classes of materials,
namely low density polyethylenes (LDPE), high-density polyethylenes (HDPE) and polypropy-
lene (PP). A, is a combination of a constant term and a temperature depend term:

Ap = A, - (2.5.2)

where is an activation temperature of the polymer material that is necessary to account for
the properties of more glass-like materials. The values for and A‘}) have been determined from

Type A}

LDPE 115 O
HDPE 145 1577 K
PP 13.1 1577 K

Table 2.1: parameters for polymer materials

data available in the literature. [7] [8]

It should be noted for completeness, that the values for A, are only valid for temperatures under
70 C, however since we are considering the interaction between medical devises and the human
body, this limit should not be of relevance.



Chapter 3

Basic toxicology

To appreciate why it is important to know how toxins di[ude through polymer materials, we
will now deviate from the strict physics of the problem, and consider a bit of toxicology.

The primary measurement for safety with regards to toxins is Tolerable Daily Intake (TDI)
which is measured in micro- or milligrams per kilogram body weight per day. TDI is a measure
for the amount of a substance that a person can be exposed to during their lifetime without
su Lering adverse health e [edts.

3.1 Residual monomers

From a toxicological point of view, the fundamental problem with polymer materials is, that
they by necessity contains residual amounts of the monomers that was used to make them.
As the reader might remember from high school chemistry, a single polymer molecule is made
by stringing together many monomer molecules (the polymerization process). These polymer
molecules are assembled to make polymer materials. However, these processes are imperfect,
and leave residual monomer molecules in the final material.

These residual monomers can dilude out of the polymer material and into surrounding
environments such as human tissue, blood, drinking water etc. Monomers cause problems in the
human body due to the fact that they are highly reactive carbon based molecules, very similar
to the ones the body uses for most of its natural processes. This means, that some monomers
can bind chemically with e.g. DNA which again causes transcriptions problems that can give
rise to cell mutations. Other monomers are so similar to the molecules that the body uses for
signaling, that they can bind to the receptors that control important functions in the body. This
property is why many polymers are classified as endocrine disruptors, and the use is therefore
strictly regulated.[4]

However, residuals are not the only possible source of monomers in polymer materials. Degra-
dation of the polymer material can cause the polymer molecules to breakdown into the original
monomers. This degradation is facilitated by e.g. heat, exposure to water, sunlight or chemical
reactions with the environment.

This continuous creation of new monomers is not included in my model, as | assume that
the temperature of the human body is too low to cause a significant breakdown of the polymer
molecules, and | also assume that the material of the hypothetical devise that | use in my sim-
ulation, is chosen such that it does not degrade when exposed to the environment in the body.
This e [edt could, if needed, be included in my model by adding a source term to the di[udion
equation, if the degradation does not deform the device that is simulated.

In the following section we will talk about two specific examples of monomers and the danger
that they pose. Both monomers are widely used in the medical industry and suggested by Dr.

12
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Carsten B. Senholt; Chief Technical O Lced at Saxocon A/S.

3.2 Bisphenol A

Bisphenol A (BPA) is a monomer that is used to make products made of poly-carbonate more
flexible. BPA can be found in clear plastic bottles, the inner lining in canned food and in epoxy
resins, among many other things used in daily life. BPA can leach out of the poly-carbonate
material and into the content of the container, e.g. food or drink. This is possible because the
BPA molecules does not have a covalent bond to the poly-carbonate molecules in the material,
and this relatively unstable bonding makes it easier for BPA to migrate.

BPA has toxicological relevance because its chemical properties are similar enough to the
hormone estrogen, that it can bind to estrogen receptors in the body. This causes e [edts equiv-
alent to that of the body producing to much estrogen, but with the added problem, that the
body’s normal ways of regulating its own estrogen concentration does not have any aledt on
BPA. Estrogen plays an important role in the genetic pathways that has to do with the reproduc-
tive system. This means, that an over-exposure to BPA can cause problems such as malformed
genitals in infants, or problems with the maturation of eggs in adult females. [9]

BPA is also suspected for playing a role in obesity and insulin resistance. This link has been
found through animal studies, were rats exposed to BPA tended to become more obese than a
control group, and this tendency was, even more concerningly, past on to following generations
of rats. Studies of adult humans in USA and China also found a positive correlation between the
urinary concentration of BPA and obesity. A laboratory study of gene activity in adipocytes (fat
cells) taken from children and exposed to BPA, found an over-expression of two genes (FABP4
and CD36) associated with the creation of lipids and an under-expression of a gene associated
with the production of insulin (PCSK1). This kind of gene regulation would lead to a higher
risk for obesity in a human [11].

In 2015, the dangers associated with exposure to BPA lead the Europan Food Safety Au-
thority (EFSA) to readjust the limits on BPA from a TDI of 50 g=kg bw=day to a TDI of 4
g=kg bw=day. However, the EFSA does not consider BPA an active health concern, because
the intake for the average EU citizen from food and other sources are 3-5 times lower than the
new TDIL.[10]

3.3 Acrylamide

Acrylamide is a monomer that is almost exclusively used in the production of its polymer
counterpart - polyacrylamide. Polyacrylamide is primarily used in the mining, oil and paper
industries, for its ability to promote the formation of flakes of substances suspended in water. In
the medical industry we find polyacrylamide used as a stabilizer in various skin creams and gels.
Polyacrylamide is generally regarded as harmless, and its only danger is due to the presence of
unreacted acrylamide.[13]

The danger of acrylamide comes from two sources: one is its potential to cause neurological
damage. The other is its potential as a carcinogenic substance. The neurological damage from
acrylamide manifests as a loss of control of the muscles in the hands, lower arms and lower
legs. This loss of control is partly due to the degradation of the long neural pathways that run
though the body. Acrylamides exact role in this degradation has not been found yet, though
one suggestion is that the monomer hinders the fusion of membranes around the axon.[12]

Strictly speaking, acrylamide cannot be described as a carcinogen. It is only classified as
a highly suspected carcinogen. This distinction comes from the fact that acrylamide has been
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found to cause tumor growth in rats and hamsters in clinical studies, nevertheless epidemiolog-
ical studies have yet to prove a link between higher exposure to acrylamide and cancer. [13]

The exact carcinogenic mechanism for acrylamide has not been identified yet. However,
it has been found that acrylamide causes an increase in DNA synthesis in the organs that ac-
cumulate acrylamide and that the DNA synthesized in these organs are measurable damaged.[14]



Chapter 4

Finite Element Method

The finite element method (FEM) is a numerical method for solving di Lerkntial equations on
geometrically complex domains. The fundamental idea in FEM is to partition a continuous
domain into a mesh made up of a finite number of discrete elements. Each element has a simple
shape, and contains a number of nodes where a function can be evaluated. Examples of elements,
nodes and meshes can be seen in figures: 4.1,5.1 and 5.2.

In order to show how the finite element method works, it is convenient to use the following
example as our starting point:

327‘2’+f:0;0<x<1

u(0)=0andu(l) =0 (4.0.1)

Our objective is to find the best approximation for the solution to the problem in eq 4.0.1. Going
forward in this section, u will refer to a trial function, which is a function that is di Lerent from
the true solution, but has the same values on the boundaries. The trial function also contains
a number of unknown constants, which are determined as part of the solution process. We also
introduce the test function w, which is a weight function that is chosen such that the integral |
is 0.
Z1 d2u
| = , w el f dx=hw;ud hw;fi=0 (4.0.2)

where h:;:i is a inner product and | use the notion &’272 = Uxx. As we are looking for
approximate solutions, is it generally not possible for eq 4.0.2 to be true. But our goal is to find
a combination of u and w that comes as close as possible. The function w is chosen such that it
disappears on the boundary of the domain.
In order to broaden the types of functions that can be used as trial functions, most FEM-
problems are written in the weak formulation which is found by partial integration of the first
term in eq 4.0.2, and uses that w disappears on the boundaries. The weak form of | is:

1

I = hwyuxl hw; i+ wg)li = hwy; Uyl +hw; Fi =0 (4.0.3)
0

Generalized this means, that the weak formulation of a problem lowers the highest order of

derivative that it is necessary to evaluate when determining the solution.

Now that we have a more convenient problem formulation, we can consider what a good choice

for the test function would look like.

Given that we want to work with a discretized domain in the finite element method, it is

convenient to make w a series of piecewise functions that span the domain. The best kind of

functions for this task, are shape functions, which are functions that are defined by the shape of

the elements that make up a domain. Shape functions only have non-zero values when evaluated

15
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in nodes that touch the element that define the function. An example of one-dimensional shape
functions is show in fig 4.1.

47(x) 47 (x)

Node
0 1 Element (e) J
X

Figure 4.1: An example the 1D element(e) that spans from node i to node j. We also see the
shape functions £(x) and f(x). Here we can observe that ;?(x) goes from 0 to 1 as we move
along the x-axis from node i to node j, such that it is 1 at the node j’s location. That the shape
functions spans the space between the nodes means that we can find the solution’s value between
the nodes. Figure originates from M. Khebchareon and S. Saenton 2005 [15].

can now redefine u and w, using the shape functions( ) as a basis, wherein u is written as

u= ?:1 bi i where n is the number of nodes in the mesh. w now becomes a sum of piecewise
functions, where the test function in the j’'th node is w; = .

If we can use this new basis to write the integral | from eq. 4.0.3 for the j’th node and get:

X X
Ij = Lbi b o+hpfi= by ) +h pfi=Apbi+h fi=0 (4.0.4)
i=1 i=1
D E
Where A'isan n  n matrix, with elements aj;; = ? 2 ,bisal n vector that contain the

unknown constants that must be found to find the solution, and h j; fi is a vector that contain
the source terms for the problem. The new matrix equation is:

2 38 9 8 _9
a1 - - an1 sblg Efl%
§ R L+ _ =0 (4.0.5)
Pin vzl o303
amn - :ann bn” L
or whiten more concisely:
[A]fog + Ffg =0 (4.0.6)

This is the actual equation that one most solve to get a solution with the finite element method.
Solving a finite element problem with more than a few nodes requires a computational toolkit,
and | have chosen FENICS for this task. | will elaborate more on this toolkit in the next chapter.
[16][17]

4.1 Time dependent problems

The finite element method is also capable of solving time dependent problems, illustrated with
the di [udion equation as shown below:

8@u_ 2 P

zm—ru+f in fort=0

U= U on@ fort=>0 (4.1.2)
“U=up att=0
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| use the Euler method for numerical time integration. If we consider uX which is the func-
tion u at the time ty, we can write the time derivative of uX as follows:

k ukl

0 U -
ot dt
If we take this expression and insert it into the di [Udion equation above, we can write an equation
for uk that is dependent on uX 1 :

(4.1.2)

k k 1

uc u
dt

If we then take the inner product between each term in eq 4.1.3 and the test function w, we get

an expression similar to the one in eq 4.0.2. Going forward, we use u instead of uX, which make

sense since uX is the unknown variable in each time-step.

D E D E
I =hw;ui+dthrw; rui w;u¥ !  dt w;fKk =0 (4.1.4)

=ruk+fK 1 Uk dtruf =uk o+ defk (4.1.3)

P
If we then shift to using the basis u= " [_, b;j i, we get this expression:

b < D E
lj = bih j; it +dthr j,r jib; bli( Ih jooil o dt j;fk =0 (4.1.5)
i=1
And then it becomes the following expression, where the elements in matrix A is aj;j =
h i; ji and the elements in matrix A’ is a?;j =hr j;r ji.
X
= b Ay+dtAl;  bf A dtfi=0 (4.1.6)
i=1
Finally we get the matrix equation that we must solve, in order to get the time depended
solution:

n (o] n o
[Al+dt A" fbg+ bkt A +dt £ =0 (4.1.7)

Here bk 1g are known values that are updated each time-step excepts in time-step 0, where
they are equal to the initial values foX 1g = up.



Chapter 5

FENICS

FENICS is an Phyton package that specializes in solving FEM problems. It uses a C++ back-
end (DOLFIN) that handles the actual computation involved in solving the FEM problem, and
facilitates communication between the other specialized components of FEnICS.

5.1 Mesh

A mesh in FENICS is an object that defines all physical parameters of a problem such as the
shape, dimension, the positions of boundaries and the relative positions of sub-domains. The
domain defined by the mesh is discretized in to a number of elements. Most tools used to generate
meshes use triangular elements. A 2D and 3D example of this discretization can be seen in fig
5.1. The build-in component of FENICS that is used to generate meshes has however not been
maintained, and therefore it cannot be used to generate anything more complex than a unit-
square or a unit-circle. | have chosen to use the mshr-package, which is a external component
to FENICS for mesh generation, to generate my meshes.

10

08

0.6

04

02

0.0

0.0 02 04 0.6 0.8 10

Figure 5.1: Left: A unit square mesh discretized with triangle elements. Right: A sphere mesh
discretized with tetrahedron elements.

5.2 Function spaces

Now that we have an understanding of the mesh that defines the domain of our problem, the
next step is to consider the function space that FEniCS uses to solve the problem.

When you define a functions space in FEnICS, it has four primary properties. Two of these
comes from the chosen mesh, and the other two are chosen when you define the functions space.

18
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Figure 5.2: An example of tetrahedron elements. Left: a 1. order element Middle: a 2. order
element Right: a 3. order element

The two properties derived from the mesh de nes the shape of the functions space and so-
lution. The two properties that are chosen when you de ne the functions space are its element
family and order.

The element family de nes the shape of the element and the positioning of nodes on the
elements.
The family of elements that | have used the most, is called either Continuous-Galerkin-elements
or Lagrange-elements. This element family is made up of triangular elements and they therefore
have the following shapes: In 1D they are a line, in 2D they are a triangle and in 3D they are a
tetrahedron, as shown on g 5.2.
When creating a functions space, the second property that must be chosen is its order. The
order of a functions space determines the number of nodes on each element. A rst order element
only have nodes at the vertices, while higher order elements have more nodes. Fig5.2 shows the
placement of nodes on Lagrange elements of the 1., 2. and 3. ortler

. Elements over the 3. order are generally not used.
Since the fundamental task in FEM is to solve a matrix with dimensions equal to the number
of shape functions (and therefore the number of nodes), it is obvious that using higher order
elements comes with the cost of a higher RAM requirement. The bene t from using higher order
elements comes from an increase in the precision, because it gives a more complete solution.

1Sourcehttps://www-users.cse.umn.edu/~arnold/femtable/
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5.3 The variational formulation

One of the strengths of the FENICS platform is, that there is a close link between the mathe-
matical description of a problem, and the syntax you use when you are writing the problem as
code in FENICS. The syntax used in FEnICS is more closely based on the integral expressions
show in eq 4.0.3 and 4.1.4 than the matrix expressions that the computer actually solves. The
rst step when solving a problem in FEnICS is to write it in weak form, which is often called the
variational formulation in the FEnICS literature. In the formulation that FEniCS uses, we split
the integral into two parts; the bi-linear form a(u;v), which depends on both the trial and test
functions, and the linear form L (v), which only depends on the test function. The convention
in FENICS is to use v for the test function instead of w.With this formulation the expression
in 4.0.3 becomes:
z
a(u;v) = ru r vdx (5.3.1)

and z
L(v) = fvdx (5.3.2)

The code that nds the solution looks like this: Here P1 is the function space for the problem,

and u is a variable that collects the solution.
A time dependent problem written in this formulation will then look like this [18] [19]:
Z
a(u;v) = (uv+ dtr u r v)dx (5.3.3)

Z
L(v) = uk 1+ dtf © vdx (5.3.4)

5.4 Boundary conditions

In order to solve a FEM-problem, it is necessary to understand the boundary conditions for the
particular problem. FEnICS primarily works with three kinds of boundary conditions: Dirichlet-
conditions, Nuemann-conditions and mixed conditions, which is a combination of the two former.

5.4.1 Dirichlet conditions

If a problem has Dirichlet conditions it means, that the function values on the edge of the domain
are de ned. The Dirichlet condition is an example of an essential boundary condition, that has
to be applied explicitly to the function space. The expression below is an example of a problem
with a Dirichlet condition. In this expression the function u is de ned on the domain , and u
takes the known valueup on the edge of the domain @ ) and f(x) is a source- or sink-term.

r 2u=f(x); xin
u@)=up; on @

In a di usion problem, where f (x) = 0, the steady-state value for u will beup. A up value of
0 represents a situation where a substance di uses out of the domain and disappear instantly.

(5.4.1)
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When we look at the concentration of toxin in a medical device it is fair to assume that there
is no source for additional toxin inside the object.

In my model | primarily use Dirichlec boundary conditions whereup = 0, because it is the
most conservative assumption. This boundary condition might imply an unrealistically high
mass transport outside of the domain, but | have chosen to use it, because it is the easy to
implement and rarely underestimates the di usion rate of the toxin.

However, if | had insight into the specic use of the medical device, it might be more
reasonable to apply Neumann conditions instead of Dirichlet-conditions.

5.4.2 Nuemann conditions

In a problem with Nuemann conditions only the product between the boundary gradient and
the normal vector is known. The Nuemann condition is a natural boundary condition and must
therefore be included in the problem expression.

The following expression is an example of a problem with Nuemann condition, wherg is
normal vector to the domain and g is a known value.

r 2u=f(x); xi

‘U hcg paa @ (5.4.2)

Concerning the emission of toxins; a Nuemann condition where g is a constant and negative,
is able to model a situation where the mass-transportation outside the domain is known and
limited. Such a simulation would e.g. apply to a medical devise in contact with human tissue,
where the tissue has a limiting e ect on how fast the toxin can move from the boundaries of the
domain. Another formulation of a Nuemann condition isg= ¢cg u(@) , wherecy is a limit on
how low the concentration in the domain can be, ifcy is lower than the starting concentration.
This formulation would be well suited to model a situation where the devise is in contact with
tissue that can be saturated with the toxin.

The most realistic approach will often be to use mixed boundary conditions.
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5.4.3 Mixed boundary conditions

When a problem has mixed boundary conditions, it means that it has both Dirichlet- and Nue-
mann conditions. If this is the case, it is. important that the two types of boundary conditions
are de ned on di erent(non overlapping) parts of the domain, to avoid over-determining the
problem.
The following expression is an example of a problem with mixed boundary conditions.
Here p is the part of the domain boundary that is governed by Dirichlet-conditions and ,is
the part of the domain governed by the Nuemann-conditions and the joint domain boundary
is p\ .
ro2u=f(x); xi
u(O = up; paa p (5.4.3)
ru h=g; paa q

An example of a situation where mixed conditions has rel-
evance could be a medical devise where one part is in contact
with fast owing blood, and another is in contact with human
tissue. The rst part is best modelled with a Dirichlet condition
whereas a Nuemann condition should apply to the latter part.
[18] [19]

In gure 5.3 2

we see an illustration of a "stent graft”, a devise that is used
for keeping a blood vessel open . This devise should be modelled
with mixed conditions .

Figure 5.3: This illustration
shows a stent graft, where its
outside is pressed against the
wall of the blood vessel and its
inside is in contact with the
owing blood.

2Sourcehttps://www.medgadget.com/2007/03/talent_thoracic.html



Chapter 6

Solutions to the di usion equation

In this chapter | will touch upon the analytical solutions to the time independent and time
dependent di usion equation and compere them to the numerical found with FEniCS.

First | want to establish a baseline understanding of how precise the solutions that FEniCS
provide to problems with di erent boundary conditions. To do this, | examine the numerical
and analytical solutions, to two simple problems: The Laplace-equation with pure Dirichlet
boundary conditions and The Laplace-equation with pure Nuemann boundary conditions.

Then | consider the Laplace-equation in the case where a domain contains two di usion
coe cients, to test how FEnICS handles transitions.

Finally, | present the analytical solution to the time dependent di usion equation on a sphere.
The comparison between this solution and the numerical solution will be discussed in chapter 7.

6.1 Laplace in 1D with Dirichlet boundaries

Let us rst consider the one-dimensional Laplace equation with Dirichlet boundaries:

8 ¢
< $4=0;
u(10) =1

This di erential equation has the following solution:
u(x) = X + ¢ (6.1.2)

Where ¢; and ¢, are constants that are determined by the boundary conditions. When we use
the conditions u(0) =0 and u(10) =1 we get the solution:

u(x) = %x (6.1.3)

When we compare the analytical solution to the numerical solution found with FEnIiCS, we see
that the uncertainty is less than 10 %% as shown in g 6.1

6.2 Laplace in 1D med Nuemann boudaries

Again we consider the Laplace equation, but this time the problem has Nuemann boundary
conditions:

8
< 3272 =0;
ru@) n =1 (6.2.1)

ru(l0) Ar= 1

23
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Figure 6.1: A: A plot of the analytical and numerical solution to eq 6.1.1 B: A plot of the
uncertainty of this solution, notice that the uncertainty is of the order. 10 11

Where A and hr are the normal vectors to left and right side of the domain respectively. We
guess the same solution as in the previous problen(x) = ci1x + ¢z, and nd:

rux)=ru@)=ru(10)=¢ (6.2.2)

c1 is constant over the whole domain, and if we use the convention for domain normals that the
left normal is AL = 1 and the right normal hir =1 we getc; = 1L

Since we only know the ux in and out of the domain, we can not know the starting concen-
tration in the domain. To determine the starting concentration we introduce the requirement
that integral of u(x) over the whole domain is equal to a constant. In this case, we chose the
constant to be 0.

By using the value for ¢; that we just found we get the integral

YA 10
1 1
u(x)dx = [ éx2 + ex]30 = 5 100+¢,10=0 z) =5 (6.2.3)

When we again compare the analytical solution to the numerical solution found with FEnIiCS,
we see that the uncertainty is even smaller, less than0 %. See g 6.2.

Figure 6.2: A: A plot of the analytical and numerical solution to the problem explored in sec 6.2
B: A plot of the uncertainty of this solution notice that the uncertainty is of the order10 12
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From the gures 6.1 and 6.2 we can see that FEnICS is perfectly capable of solving problems
with both types of boundary conditions. With this result in mind, we can safely move on to
more complicated problems.

6.3 Two di usion coe cients

In this section | consider the same problem as in eq 6.1.1, but in this version the domain has
two di usion coe cients. The di usion coe cient takes the value Dj in the interval [0;5]and
the value D, in the interval [5; 10]. To solve this problem we use the fact that concentration can
not accumulate in a point, and therefore the ux in to and out of the point x=5 must be equal.
To nd the ux we use Ficks law:

du
J= Dru= Dd—X (6.3.1)
This leads to d g
u. u.
Dl& Jx=5= DZ& Jx=5 (6.3.2)

For this to be a meaningful expressiong—; jx=5 must be di erent on the left hand and the right
hand side. To satisfy this requirement, | split u in to two functions; u; spanning 0-5 andu,
spanning 5-10.

This split gives us two di erential equations with two solutions. The rst set is:

d2U| _ _
G2 =0 u©@=o0 (6.3.3)
with the solution
u(x)= xcp+c, for x 2x=]0;5] (6.3.4)
and the second set
d?ur _
Sz =0 um=1 (6.3.5)
with the solution
Ur(x) = xcg+ ¢4 for x 2 x =[5;10] (6.3.6)
| will now determine the constants ¢;-¢C4:
| rst use the boundary condition u;(0) =0
u@=0=1c 0+c) =0 (6.3.7)

From eq 6.3.2 | get the following expression:

du

. _ ~ du
dx Jx=0:5= Dzdi

. D
" jx=05) D1 c1=Djy c3) 1= 3> (6.3.8)

D
! X D1

Then | assume thatu, are equal tou, in the point x=5, and get this expression:
D2 D2
uB)=u@GB)) c 5=c 5+c) c4=5D—c3 Cc35) c4=C3 SD— 5 (6.3.9)
1 1
Then | use the boundary conditionu, (10) = 1 to determine cs:
D> !

D D
1=10c3+¢C; 5-2 5 ) 5 2+ -2 1 =1) cg= 5-2+5 (6.3.10)
D: D1 D:
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Finally 1 use this result to go back and determinec; and c4:

22 522 5 D2 1
CL= ! and = = = = 6.3.11
"7 50245 “7 8245 Dieq (6.3.10)

The complete solution then becomes:

8 Da
e 5£1+5x for 0 x<5
u= oy, (6.3.12)
® 55245 x+ Bi-for 5 x< 10
by

As can be seen in g 6.3, the uncertainty takes a sharp jump in the point that marks the the
transition from one di usion coe cient to another. This jump in uncertainty is to be expected as
numerical solution methods in general nd it di cult to handle sudden transitions from between
regimes. This happens because numerical methods all approximate an in nitesimal di erence
with a nite di erence, and this approximation begins to break down in points with sudden
transitions.

It is important to keep this weakness in mind if one was to simulate a medical devise made of
di erent types of plastics with individual di usion coe cients.

Figure 6.3: left: A plot of the analytical and numerical solution to the problem explored in sec
6.3. right: Uncertainty of the numerical solution to the problem in sec 6.3, The deviation jumps
at the interface between the two di erential coe cients
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6.4 Solution to the di usion-equation on a sphere

We consider di usion in a sphere with radius 1 and a concentration of O on the boundary and
we assume that the di usion-coe cient D is constant. The di usion-equation in 3D is:
@u
Dr 2u= — 6.4.1
ot (6.4.1)
If we assume a that u has a separable solution with the fornu(r;t) = R(r)T(t) we get this
expression:

rer(r) _ T _
R0Y - DT - k2 (6.4.2)

We choose the separation-constant k and split eq 6.4.2 into a radial part and a time dependent
part, with the following expressions:

T(t)Dr 2R(r) = R(r)(i;[—

r°R+k’R=0 and TYt)+ Dk?T =0 (6.4.3)

If we begin by looking at the time dependent expression, we see that it has the following
well known solution:

T(t)= Aexp( Dk?t)+ B exp(Dk?t) (6.4.4)

We can immidiately see, that for the solution to be nite for t ' 1  then B = 0 and this
gives us this solution:

T(t)= Aexp( Dk?t) (6.4.5)

We will determine A later.

If we then return to the radial part of the solution, we get this expression:

r R+ k’R=0) riz(rZR00+2rR% +k?R=0) r?R%% 2rR% k’r°R (6.4.6)

If we look at eq 6.4.6 we nd that it looks a lot like the Bessel equation, which has the
following form:
x2y%% xyO+ (x%+ 12)y =0 (6.4.7)

The solution to the Bessel equation is the Bessel functions:

R = aY(x)+ bJ(x) (6.4.8)

Ours is a simpler case wheré = 0 and we therefore only need to consider the Oth degree of
Bessel functions in our solution. The Bessel functions in spherical coordinates are:

sin(kr)
r

Since Yo(r) goes towardsl when r goes towards O therb must be 0, to ensure that R is
nite at the origin. With this requirement the expression for R(r) becomes:

coskx)

Jo(kr) = (6.4.9)

Yo(kr) =

sin(kr)

R(r) = aJo(kr) = a (6.4.10)
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To determine the constant k we use the conditioru(1;t) = 0 which also means thatR(1) =0
and gives the following expression:

R(1) = asin(k) =0 (6.4.11)

For this expression to hold true k must take the formk=n forn=1;2;3:::1

With this the solution to R(r) becomes the following sum:

R sin(rn
R(r) = an g (6.4.12)
r
n=0
To determine the constantsa, we use the conditionu(r; 0) = 1 and we absorb the constant
A from the time dependent solution into this constant. Then we use this expression to ndap:

R R, < R
_ o Wo(nr)ju(r 0)ir?dr _ o1 SMADy2dr - Jsin(nr )rdr

a, = R : . = R— = _ (6.4.13)
Mo(nr )ido(nr )ir2dr — "lsn’r) 2q " tsin(nr )dr
| evaluate the two integrals separately to make it easier for the reader to follow.
From the integral in the numerator we get this contribution:
Z 1 . 1 n+1
sin(n r )rdr = sm(zn; ) rcoshr) _ cos(n) _ (1D (6.4.14)
0 n n 0 n n
And from the integral in the denominator we get this contribution:
Z, 2 i 1
) _ X2 sin(2nx) T _ 1
sin(nr)dr= — —= = _ 6.4.15
, Snnr) 2 an 2 (6.4.15)
With these two integrals evaluated, we see that, is:
R o2
a, = 20T (6.4.16)
n=1 n
The solution to R(r) then becomes:
)4 2 1 n+l oj
R(r) = (L™ sin(nr ) (6.4.17)
n r
n=1
And hence the complete solution tou(r;t) = R(r)T(t) is:
X2 )™ sin(nr
u(rit) = C DT sin 1) ool n? 20t (6.4.18)

n=1 n r

In the following gures, the di usion coe cient has been set to 1.
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Figure 6.4: A plot showing how the solution found in eq 6.4.18 changes when more terms are
included in summation. Terms 1-10 are included in the sums.

Figure 6.5: A plot of the rst ten terms of eq 6.4.18 show separately.
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Figure 6.6: The same ten terms at later times. Notice that the higher order terms decay very
fast as we would expect from our frequency analysis in section 2.3
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Figure 6.7: The mean value of analytical and numerical solution

31
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6.5 Nondimensionalization

Now that we know the analytical solution to our problem we should briey talk about the
problem that we will solve with the numerical method.

When determining the numerical solution to a di erential equation, it is generally easier to
solve it in a non-dimensional form. One advantage of solving the problem in this form is, that
one does not have to worry about the units in the system. This is especially convenient when
simulating the di usion of monomers in polymer materials, which is a very slow process, and
therefore necessitates the use of very large timesteps.

The rst step is writing the equation in terms of unit-less variables marked with a ~ and
scaling constants that have the same units as the original variables. In this case the goal is
to chose the scaling constants such, that they cancel out the units and value of the di usion
coe cient.

The re-scaled variables are:

U= Ut X = XX t =t (6.5.1)

Above u is the characteristic concentration for the problem and it will most often be equal
to the starting concentration. X is a characteristic length in the system and. is a characteristic
timescale for the process. With this scaling the the function u becomes:

@u= uc@ (6.5.2)
And the new di erential time operator becomes:
@ @@ _ 1@
=== == 6.5.3
@t @@ tc@ ( )
And the new di erential space operator becomes:
1
©_&o_10 (654

@x @@ X @

If we put all this together we get this new partial di erential equation:

U@ _ U@ Gt Gu_ Gu
te @  xZ@ @ xX@ @2
The only thing left is choosing the values for the characteristic constants. It is natural to
set the characteristic length as being equal to the most relevant distance in the system. In the
case of a sphere, it is generally convenient to chose the radius as this distance.
| have chosen to de ne the characteristic time from the di usion coe cient and the charac-

teristic length, and the characteristic time therefore becomes:

(6.5.5)

t
D5
Xe

2 2
X r
=1=) te= = — 6.5.6
) = 5= 5 (6.5.6)
A benet of using this non-dimensional form is that we only need to run the simulation once,
and then we can re-scale the results with the use of appropriate constants to get the toxin release
pro le for the real world system we are interested in.



Chapter 7

Simulation of di usion on a sphere

Now that | have found the analytical solution for di usion in a sphere, | will use it to examine
the precision of my simulation. | will start by going though the scenarios that | have simulated.
However, before | go through the results, let's brie y recap the purpose for this project.

The purpose is to determine if the nite element method implemented with FEnIiCS can be
used to simulate di usion, in order to model the migration of toxin out of medical devices. On
that note, | am well aware that both FEniCS and FEM are well established tools, and that
di usion is a very simple problem to solve numerically, however; | still intent to go though the
results of my simulation without presupposing that FEniCS and FEM are well suited to solve
the problem.

Figure 7.1 shows the plain results of the simulation in the form of a cross-section of the
spherical mesh. In this cross-section we can see how the concentration changes. We can also
clearly see that the solution is symmetrical along the x- and y-axis as we would expect from
the analytical solution. | have therefore chosen only to show the results along the x-axis in the
following sections.

I will be referring to two measures of errors though out this chapter. The rst is 'real
di erence’, which is simply the absolute di erence between the analytical and the numerical
solutions. The second is 'relative di erence’, which is the real di erence divided by the analytical
solution. | have chosen to use both, because they each have di erent utility when visualizing
the results.

Figure 7.1: A cross-section of the sphere showing the concentration at three times: Left 0:025
middlet =0:085 right t =0:19

7.1 Resolutions

In numerical integration in general and in this simulation speci cally, we are interested in two
types of resolutions; the time-resolution and the spatial resolution. The time-resolution or time
step will be referred to as dt, and the spatial resolution will be called dx. These two resolutions
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cannot be varied independently of each other, they must always ful Il the CFL-condition which
for the dimensionless di usion equation has the form:

C= % Cwmax (7.1.2)
Cmax is the highest value for which the simulation will be stable, this value depends on the
numerical method that is used. For comparison, the nite di erence method has aCpax Of 1,
however FEM does not have a canonicaCnax value.
When working with the FEM it is a lot easier to vary dt than dx and | have therefore
used this relation, which is based on the CLF-conditior, to determine the dt in the following
simulations.

dt= dx? < 1 (7.1.2)

Where is a constant that determine the time resolution. The exact e ect of varying will be
shown later in this chapter. Table 7.2 shows the dt that resolves from all the combinations of
-values and spacial resolutions that | use.

The reason for determining dt based on dx (and not the other way around) is, that dx in
FEM is somewhat ill de ned. The function that creates a mesh for FEnIiCS takes the following
inputs: a shape, a size and a resolution. This resolution is the number of elements across the
diameter of the mesh, and therefore determines the total number of elements in the mesh. The
number of elements is of course related to the spatial resolution, but it is not possible to de ne
dx directly when the mesh is created. It is therefore necessary to use something else as the
measure of dx. | have chosen to use the mesh's maximum cell (element) diameter, called hmax
in FENICS.

I will show the results of simulations with many di erent time and space resolutions in the
following sections. The meshes will be named after their resolution number, e.g. 16, 20, 50 etc.
It can be hard to visualize what it means that a mesh has a speci c resolution. Table 7.1 shows
three ways to understand the resolution of a mesh: The total number of elements in the mesh,
the number of nodes in a rst order function space based on the mesh, and the hmax (dx) of
the mesh. Additionally, gure 7.2 shows meshes with three di erent resolutions.

Resolution Elements Nodes hmax(dx)

16 9392 1826 0.248
20 18406 3428 0.199
25 35738 6430 0.16
32 75630 13208 0.125
40 147339 25232 0.1
50 287258 48256  0.08
64 603153 99864  0.062
70 787577 129762 0.057

Table 7.1: Elements: Number of elements in the mesh. Nodes: Number of nodes which is equal
to the number of vertices in the mesh. hmax: The maximum cell diameter measured as the
maximal distance between vertices in an element. All the values are shown for a selection of
spacial resolutions.

The reasoning for examining several resolutions are twofold. First | want to determine the
minimal resolution with an acceptable precision, and secondly | want to test if an increased

Ythe Courant Friedrichs Lewy condition
2| use the mshr package to generate my meshes. mshr is the mesh generating element of FEniCS, which is
now maintained as a separate package.
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resolution results in a higher precision. The natural assumption is of course, that the precision
will improve when the resolution is increased, but as we will see later in this chapter, this not
always true. The purpose of identifying the minimal resolution with an acceptable precision
is, that the time it takes to run the simulation increases as the resolution is increased. FEM
runtime is highly impacted from working in domains with high resolutions, since it simulates the

full 3D-structure, something that is not the case for less sophisticated numeric solution methods.

Figure 7.2: Pictures of the meshes used. Left: Resolutions 16 Middle: Resolutions 32 Right:
Resolutions 64

dt =05 =0.3 =0.1 =0.09 =0.07 =0.05 =0.04 =0.03 =0.02 =0.01
16 0.030752 0.018451 0.00615 0.005535 0.004305 0.003075 0.00246 0.001845 0.00123 0.000615
20 0.019801 0.01188 0.00396 0.003564 | 0.002772 0.00198 0.001584 | 0.001188 0.000792 0.000396

25 0.0128 0.00768 0.00256 0.002304 0.001792 0.00128 0.001024 0.000768 0.000512 0.000256
32 0.007812 0.004688 0.001562 0.001406 0.001094 0.000781 0.000625 0.000469 0.000312 0.000156
40 0.005 0.003 0.001 0.0009 0.0007 0.0005 0.0004 0.0003 0.0002 0.0001
50 0.0032 0.00192 0.00064 0.000576 0.000448 0.00032 0.000256 0.000192 0.000128 6.4e-05

64 0.001922 0.001153 0.000384 | 0.000346 0.000269 0.000192 0.000154 | 0.000115 7.7e-05 3.8e-05
70 0.001624 | 0.000975 0.000325 0.000292 0.000227 0.000162 0.00013 9.7e-05 6.5e-05 3.2e-05

Table 7.2: The time resolution (dt) for all combinations of values and spacial resolutions
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7.2 Basic results

To establish a common point of reference, this section will present a few gures that are meant
to give an overview of how the numerical solution behaves compared to the analytical solution.
Figure 7.3 shows the concentration of toxins in the sphere at all points along the x-axis at four
di erent times. The gure shows both the analytical and the numerical solution. We can clearly
see that they largely overlap. With this in mind, we will now look more closely at the di erence
between the two solutions.

Figure 7.3: The analytical solution plotted alongside the numerical solution at four di erent
times, along the x-axis. There is a very signi cant overlap between the solutions.

Figure 7.4 shows a complete overview of

the relative di erence for a simulation. There

are two aspects that should be noted. The

most obvious is, that the error at the edge of

the sphere is very large. This is not entirely

unexpected, since the boundary condition

is directly enforced on the function space,

which makes the transition a lot sharper in

the numerical solution than in the analytical

solution. Another reason is, that the values

in these near-edge nodes are very close to zero

in both the analytical and the numerical so-

lution. This means, that we almost divide by

zero in this part of the function space, which

amplies even small errors. | have chosen

to omit these edge-values from most of the

the gures that | will be presenting, because Figure 7.4: A complete overview of the of relative
di erence between the numerical and analytical
solutions. A zoomed-in version without the edge
values can be found in g 7.5
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their inclusion would makes it di cult to see
the evolution of the errors in the other nodes.
I am con dent in this decision, because the
actual toxin-miscalculation these errors rep-
resent is very small.

Figure 7.5 shows the same results
as g 7.4, but without the edge-values.
The less obvious aspect, which is more
clearly seen on g 7.5 is, that there is
a signicant error in the very early part
of the simulation, which quickly disap-
pears.

In gure 7.5 we can clearly see that there
are uctuations in the error along the x-axis,
and that these uctuations persists through-
out the simulation. These uctuations can
be understood better by looking at the real
di erence along the x-axis at di erent times.
This is show on g 7.6. Here we can ob-
serve that it is almost the same pattern of
errors that exists at all four times; it is sim-  Figure 7.5: A zoomed-in version of g 7.5 without
ply dampened as the simulations runs. The the edge values
existence of this patterns raises a couple of
guestions. The rst one is, whether the pattern originates from the spacial resolution, the time
resolution or neither of those. Fig 7.7 shows the same plot as g 7.6 but with a higher and lower
time resolution.
From these gures itis clear that the pat-
tern is the same regardless of the time resolu-
tion. The pattern must therefore be related
to the spacial resolution, and this is shown in
g 7.8, which uses a similar time resolution
(meaning the same value) but has a higher
spacial resolution. Here we can see that there
exists a pattern in the errors, but that the
pattern is clearly di erent from the ones in
g 7.7 and g 7.6. Figures showing the pat-
tern that comes from other space resolutions
can be found in appendix 10.1.

Figure 7.6: The pattern of errors along the x-
axis. The pattern is shown at four di erent times.
The simulation con guration: Resolution 32 =

0:04.
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Figure 7.7: The pattern of errors along the x-axis. The pattern is shown at four di erent times.
We can see that the patterns are similar e.g. they both have a distinct peak around x = 0.4. The
simulation con gurations are left: resolution 32 = 0:05 and right: resolution 32 =0:03

Figure 7.8: The pattern of errors along the x-axis. The pattern is shown at four di erent times.
The simulation con guration: Resolution 40 = 0:04. Notice that the pattern is di erent from
the one shown in g:7.6. This pattern lacks the peak at x = 0.4, but has a peak at x = 0.55.
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Figure 7.9: The e ect of including outer values when calculating the mean deviation. Notice that
the relation between the two di erent resolutions are the same.

| will present the time evolution of the error many times in this and the following sections.
Going forward, | will mostly use the mean value as opposed to the values from a single point on
the x-axis. The potential problem with only looking at at single point can be inferred from g
7.6 aroundx = 0:4, where a deep valley and a high peak happen to be right next to each other.

The conclusions that one would draw from using the point at the peak is very di erent from
the ones drawn from using the point in the valley, even though they are very close to each other.
This is why | use the mean values, knowing that this approach su ers from the problem that
the values close to the edge of the sphere may dominate the calculation. | have examined how
the edge values e ect the mean value in g 7.9, which shows how the mean value change when
we include only values up to a speci ¢ point along the x-axis. This gure shows the mean values
of the relative deviation for two solutions with the same but with di erent spacial resolutions.
From this gure we can see that the two curves are shifted downwards when we include less
values from the outer part of the sphere. This is to be expected, as the precision gets worse as
we move from the center to the edge of the sphere. We also see that the shape of the curves and
their relationship does not change much.

Given this, we can conclude that inclusion of edge values does not aect our ability to
compare solutions with di erent resolutions or our ability to perceive the trend that the error
will follow. This is of cause only true as long as we consistently include the same values when
we calculate the means, going forward. The observant reader will also notice, that the solution
with at resolution 32 has a better precision than the solution with the higher resolution. We
will return to this strange phenomenon later in this chapter.
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7.3 Convergence - the signi cance of dt

Before | begin the examination of the precision of my simulation, it is necessary to establish
if the basics of the simulation is working. | do that by testing if the simulation is converging
towards a solution. That the simulation converges towards a solution means, that there is a
"true" result which the simulation approaches. It should be possible to nd this "true" result,
by choosing a su ciently low dt.

To determine if the simulation converges, | have been running the simulation on a mesh with
the resolution 16, with 9 di erent values of dt.

The precision of the simulation for each of these dt values are shown in gure 7.10.
The gure shows two interesting results. The rst is, that the precision of the simulation con-
verges afterdt = 0:0003 which proves that the simulation converges towards a "true" solution.
The other signi cant result is, that the precision is best at dt = 0:003 which is a strange result,
since the precision is supposed to simply improve as dt becomes smaller. This kind of behaviour
can also be seen in the results presented later in the chapter, where | will examine it more closely.

Figure 7.10: The evolution of the precision of the numerical solution as a function of the size of
the dt.
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7.4 Weaknesses of interpolation

From g 7.5 it can be seen that the error

jumps erratically in the rst few timesteps

before levelling out and following a curve.

The error in these early timesteps are gener-

ally larger than in the subsequent timesteps.

| assume, that the reason for seeing the high

uncertainty in the very beginning of the sim-

ulation is, that the change in concentration is

highest just as the process starts, which can

be seenin gure 6.7. The simplest way to ad-

dress these strange errors is to initialise the

simulation with a starting point that is later

than t = 0. To do this, we need to inter-

polate the value of the analytical solution at

the desired starting time, on the mesh. How-

ever, | found that this method have a signif-

icant weakness; namely that the precision of Figure 7.11: The error from interpolating the an-
the interpolation is highly dependent on the alytical solution on meshes with resolution 16, 20,
resolution of the mesh. This dependency is 25 and 32; all rst order function spaces. .
shown in gure 7.11, 7.12 and in 7.13. These

gures shows the precision of the interpolation at all points along the x-axis. It is clear, that
the precision gets worse as we gets closer to the edge of the sphere. | have chosen only to show
the latter part of these gures, from x = 0,5, because the uncertainty is very low close to the
center. A complete gure can be found the appendix 10.2.

From g 7.11 we conclude that it would not make sense to use a later starting point on a
mesh with a resolution lower than 25. The interpolation on these low resolution meshes is so
poor that it would actually increase the error, by giving the simulation an initial error around
2%-4% that will be carried forward throughout the simulation.

These errors occur because the interpola-
tion is evaluated on each node in the func-
tion space. Since the number of nodes in a
function space is dependent on the number
of elements in the mesh (that is the basis of
the function space), the uncertainty will be
related to the resolution of the mesh. How-
ever, by comparing gures 7.11 and 7.13; we
can see that the number of nodes are not as
signi cant as the density of nodes.

The bene cial interplay between higher
order function spaces and interpolation can
be seen by comparing the interpolation pre-
cision of the function space with a resolu-
tion of 32 that uses rst order elements, and

the function space with resolution 16 that _. . . :
uses second order elements. The two func_Flgure 7.12: The error from interpolating the an-

. Iytical solution on meshes with resolution 40, 50,
tion spaces have almost the same number o .

. .64 and 70; all rst order function spaces.
nodes, but the nodes in the lower resolution

313208 nodes in the 1. order function space with resolution 32 and 13694 nodes in the 2. order function space
with resolution 16, a 3% di erence
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mesh are signi cantly more densely packed.

This means that the interpolation is more complete in this function space, and this gives rise to
the big di erence in precision that can be seen from g 7.11 to g 7.13. A gure that directly
compares the rst order resolution 32 function space and the second order resolution 16 function
space can be found i appendix 10.3.

Figure 7.13: An illustration of the e ect that using a second order function space has on the
error from interpolating the analytical solution. The second order function space is based on a
mesh with resolution 16, and compared to two rst order function spaces based on meshes with
resolution 64 and 70.

From g 7.13 it is clear that the interpolation is signi cantly more precise when higher order
elements are used. | have however chosen to focus only on the rst order function spaces in the
following sections.

The reason why | have chosen to go through the problems with using interpolation in some
detail, is because it represents an obvious solution to the errors that are found at the very start of
the simulation. However, for two reasons | choose not to use this method in my nal simulations.
The rst reason is simply because of the errors that comes from interpolation as show in this
section. Even though these errors are often fairly small, | still do not want to introduce an
additional source of uncertainty. The second reason is, that this method can not be used in
more complex cases where an analytical solution is not available. Part of the motivation behind
this project is to examine if the this kind of numerical method could be used on toxins in medical
devises in general. | therefore do not want to present a way of avoiding errors that can only be
used in very speci c cases.

Lastly, | want to illustrate that the interpolation function has some limitations, and that
one should be extra careful when examining medical devises where toxin distribution is not
homogeneous.
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7.5 Time resolution

We will now take a closer look at how increasing the time resolution in the simulation a ects its
precision.

We start by looking at g 7.14, where we see that the precision mostly improves when the
time resolution is increased. This is most clearly seen in g 7.14 B and D, where the uncertainty
curves are stacked from the highest to the lowest beta values, precisely as we would expect.
The results on g 7.14 A and C are less ideal. Here we see a few noteworthy behaviours. The
most conspicuous are, that the curves for beta equal to 0.01, 0.02 and 0.03 move down to zero
before jumping up again. This behavior is however not that strange; it simply means that
the simulation goes from overestimating til underestimating the concentration. The strange
part is, that the error becomes bigger after the error changes sign. After the curves crosses
zero, we would expect that the miscalculations would be similar in both directions and that the
simulation with better time resolution, should still be more precise. This is however not what
we see. The error actually increases after crossing zero and ends up being larger than the error
on the simulations with worse time resolutions. This can be more clearly seen g 7.15.

Figure 7.14: The real absolute di erence between the analytical and the simulated solution plotted
for four di erent spacial resolutions and eight di erent time resolutions. For clarity the di erence

is only shown untilt = 0:3. The di erence goes from positive to negative in some cases, e.g.
gure C- =0:01

On gure 7.15 we can more clearly see how the increase in spacial resolution improves the
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precision of the simulation. If we look at the curves that represent the = 0:1 we see that the

nal error goes from being 1®6 to being 4% when we increase the spacial resolution from 16
to 40. However, if we compare the same curves for the resolutions 25 and 32, we instead see
that the nal error is larger when the resolution is 32. On gure 7.15 we also see more and
better examples of the increased uncertainty that comes after the error chances sign. We can
see a clear correlation between this behavior and low-values, but if we look at g 7.15D we
can conclude that it is not directly related to the size of dt. | have not been able to nd a
satisfactory explanation for why the errors behave this way, but | don't think this behaviour
invalidates the model in it entirety. If we go back to the simplest presentation of the results in

g 7.3 we can see that the simulation fundamentally is in agreement with the analytical solution.

Even though | have not been able to nd the explanation behind these behaviours but | have
examined several possibilities. It could be that the concentration is so low at these in ection
points that the numerical precision becomes the primary factor in the error, but this does not
seem true. This behaviour starts to early when there is still a fair amount of toxin left in
the sphere. And if rounding errors and similar were the problem, then we expect to see more
instances of this behaviour in g 7.15D where the dt is lower and the change in concentration is
therefore also lower and hence more susceptible to these kinds of errors.

Figure 7.15: The absolute relative di erence between the analytical and the simulated solution
plotted for four di erent spacial resolutions and eight di erent time resolutions. The deviation
goes from positive to negative in some cases, e.g. gui2 - =0:01
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Another possibility is that the problems lies in the interaction between the error pattern
(that seems to be inherent to the spatial resolution), and the time resolution in the problematic
simulations. We know from gures 7.6 and 7.7 that the pattern is deformed based on the choice
of dt. And we also know that the pattern shown in gure 7.7 Right, gives rise to one of the
examples of strange behaviour that we see in g 7.15C, as both show the simulation for resolution
32 and =0:03. The problem is that | can not nd the di erence between the pattern shown
in gure 7.7 Right and the patterns shown in gures 7.7 left or 7.6 that means that one of the
patterns gives rise to the strange behavior while the two others do not. It is possible that an
explanation can be found in this interaction, but | have not found the correct way to analyse
these patterns and nd the explanation.

A third possibility is, that the issues comes from the process of actually solving the matrix
equation that gives rise to the solution that | am examining. The fundamental task that it is
trying to accomplish is nding the inverted matrix that solves the equation. It does this by
rst using Gaussian elimination to nd the reduced row echelon form of the matrix. However,
this algorithm along with the actual inversion of the matrix can run into problems if many
of the values in the matrix are close to zero, especially if other parts of the matrix-values are
not. It is possible that this is the situation that is occurring in these simulations because the
concentration in the inner part of the sphere is still relatively high, compared to the rest of the
sphere, and this forces the algorithm to handle both near-zero values and values closer to one
simultaneously. If this explanation is true, it would explain why the strange behaviour happens
at low beta-values, since these simulations uses more iterations, which would give errors that
come from problems with the solution algorithm better to time to accumulate. On the other
hand, if this is the case, then we would expect to nd this behaviour more in the resolution 40
simulation, where the timesteps are even smaller (leading to more iterations). | would further
assume, that the simulation that uses more elements would be more susceptible to this kind of
error, since there are more near-zero matrix entries where miscalculations can accumulate. This
is however not what we see when we compare ¢ 7.15 C and D.

A way to check if the problem lies with solution algorithm would be to try to use the other
inbuilt solvers in FENICS. If one of them produces a di erent curve, we cloud nd the root of
the problem.

Figures showing the real di erence and relative di erence for simulations with resolutions 50
can be found in appendix 10.4 and 10.5.

It is di cult to directly compare the precision of simulations that have the same  value but
di erent spacial resolutions, by simply looking at gures 7.14 and 7.15. These comparisons are
instead shown in gures 7.16 - 7.21.

7.6 Combined e ects of varying spacial and time resolutions

The gures in the section shows rst the real di erence (g: 7.16-7.18) and then the relative
di erence (g: 7.19-7.21) for simulations with the same beta-values but di erent resolutions.
Figure 7.22 collect all plots shown on gs 7.16-7.18 and gure 7.23 collect all plots shown on gs
7.19-7.21.

The expected result from these kind of comparisons is that the di erences will grow pro-
gressively smaller as beta is decreased, and that the error-curves will arrange themselves with
the lowest resolution at the top, and the highest resolution at the bottom. This is exactly what
we see until we reach = 0:05, where there is a shift in the arrangement of the curves. From
this point on, we see the exact opposite arrangement, with the curve representing resolution 25
(blue dashed line) at the bottom, and the curve representing resolution 50 (red solid line) at
the top. Next we can observe that, at = 0:03 the blue and orange curves begin to exhibit
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Figure 7.16: The real absolute di erence between the analytical and the simulated solution plotted
for four di erent spacial resolutions with the same . The dt of the simulation is shown in the
legend. This series continue in g 7.17.

the same strange behavior we considered above, where the error goes from being positive to
negative before sharply increasing. In gure 7.21 we can observe how this behavior becomes
more pronounced as the crossing-point moves earlier and earlier.

On the gures showing the real dierences, we see the uncertainty curves move from one
pattern to another. At high beta-values the curves starts high, showing an initial error, then
it falls as the simulation progresses and move away from the error associated with the initial
timesteps. After reaching a valley the error begins to climb again, as miscalculations from
numerical integration with large timesteps accumulate until the peak around t = 0.2 where the
error begins to fall again. This happens because the sphere is almost empty, and the extra
toxin that comes from the integration error also di use away. As we decrease this pattern
disappears, and is replaced with something that looks similar to an exponential decrease, like
the one characterising the concentration in the sphere. We can see on gure 7.17B with=0:05
that all the error curves have this shape. The red curve maintains the shape as decreases,
while the other curves deviate more and more from this simple shape.
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Figure 7.17: The real absolute di erence between the analytical and the simulated solution plotted
for four di erent spacial resolutions with the same . The dt of the simulation is shown in the
legend. This series continue in g 7.18.
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Figure 7.18: The real absolute di erence between the analytical and the simulated solution plotted
for four di erent spacial resolutions with the same . The dt of the simulation is shown in the
legend
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Figure 7.19: The absolute relative di erence between the analytical and the simulated solution
plotted for four di erent spacial resolutions with the same . The dt of the simulation is shown
in the legend. This series continue in g 7.20.
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Figure 7.20: The absolute relative di erence between the analytical and the simulated solution
plotted for four di erent spacial resolutions with the same . The dt of the simulation is shown
in the legend. This series continue in g 7.21.
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Figure 7.21: The absolute relative di erence between the analytical and the simulated solution
plotted for four di erent spacial resolutions with the same . The dt of the simulation is shown
in the legend.
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Figure 7.22: The complete series of the plots show in g 7.16 to 7.18. Here shown collectively
to provide an easy overview.
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Figure 7.23: The complete series of the plots show in g 7.19 to 7.21. Here shown collectively
to provide an easy overview.
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When we consider all the strange behaviour documented in the gures above and the lack of
a really solid explanation, it raises the question if | can recommend using this simulation method
to characterise the toxin release in medical devises.

If we focus only on the simulations using resolution 50, then the answer is a de nite yes.
These simulations behave as expected, and do not exhibit the strange behaviour that we nd
with the other resolutions.

However, if we consider the model overall, then the answer become less de nite. On one
hand, the fact that we see behaviour in this very simple model that | cannot adequately explain,
raises doubts about how the model will behave when used to simulate more complex geometries
or more complicated problems. On the other hand, the actual miscalculations are fairly small
for simulations with time resolutions lower than = 0:07. The highest real error is0:004 AU ]
which will not be an issue unless the toxin being examined is extraordinarily dangerous.

A more practical consideration is that the strange behavior only happens after the error
have gone from being an overestimation of the toxin in the sphere to an underestimation of the
toxin in the sphere. This means, that the problematic con gurations that exhibit this behavior
would predict a higher toxin exposure than the analytical solution and therefore provide more
conservative recommendations.

All in all; | would recommend using this model for toxin release estimates in medical devises
that can be approximated as a sphere. But | would also be very vigilant when expanding the
use of the method to more complex geometries.



Chapter 8

Comparison between models

Now that we understand the errors and weaknesses of the simulation, it is time to use realistic
values, and calculate the amount of toxin that would be released from at medical devise. As our
example toxin we will be using the two chemicals that we talked about in chapter 3 Bisphenol
A (BPA) and acrylamide (AA).

The hypothetical medical devise that we will consider in this chapter is a sphere made of
low density polyethylenes (LDPE) with a radius of 1 cm. Its initial toxin concentration ( Co) is
1 % of the relevant toxin, and its total toxin content is therefore Cy V = % (1cm)34=3 =
4:189mg.

BPA has a relative molecular mass of 228.29 Dalton, and by using the equation for the
di usion coe cient that was presented in section 2.5, we nd that is di usion coe cient is
Dgpa =2:849 10 8%. The relative molecular mass of acrylamide it 71.08 Dalton, and its
di usion coe cientis Daa =2:721 10 7%.

I will be comparing my numbers for toxin release with the ones found using Saylors model.
As mentioned in the introduction Saylors model for toxin release is:

M (t) = min[2 ACOp Dt=;M 1] (8.0.2)

where M is the amount of toxin released, A is area exposed to the patienCg is the starting
concentration, D is the di usion coe cient, t is the time and M, is the total amount of toxin
in the devise. In this exampleA =4 andM; =4:189mg.

| will be using the di erence between the starting concentration and mean concentration to
nd the amount of toxin released in the simulation as shown here:

M (t)sim = CoV h u(t)i, V (8.0.2)

If we look at g 8.1, the rst thing we notice is that di usion is an incredibly slow process. These
di usion coe cients have been calculated in at way that deliberately overestimates their value,
and yet it still takes hundreds of hours before the toxin has di used out of the devise. If we had
used the simplest toxin release estimate, which assumes that the patient is exposed to the total
amount of toxin in a devise each day, we would have gravely overestimated the exposure. The
second thing we notice is, that Saylors model and the numerical solution quickly diverge from
each other. The divergence is show in table 8.1 and 8.2. In these tables | use the upper bound
values for the simulated toxin release as to not overstate the di erence between models. The
toxin release is shown in days in the tables, because it is the practice in toxicology to measure
exposure in terms of mg/day. A version of the gures in 8.1 with days on the x-axis can be
found in appendix 10.6.

These results show, that there is a big di erence between using a general model and one
speci cally designed for the geometry in question.
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CHAPTER 8. COMPARISON BETWEEN MODELS

Figure 8.1: A comparison between Saylors model for toxin release, eq 8.0.2, and the numerical
solution. Left: The toxin released from a spherical devise containing BPA. Right: The toxin
released from spherical devise containing AA, please notice the di erence in time scale.

Day Simulation M(t) sim  Saylors model M(t) Di erence

1 0.1544 mg 0.7214 mg 0.5670 mg
2 0.2807 mg 1.0203 mg 0.7395 mg
3 0.3803mg 1.2496 mg 0.8493 mg
4 0.4534mg 1.4429 mg 0.9591 mg

Table 8.1: Bisphenol A
bound of values

. Comparison between models. Simulation value is based on the upper

Day Simulation M(t) sim  Saylors model M(t) Di erence

1 0.823 mg 2.235 mg 1.412 mg
2 1.364 mg 3.112 mg 1.747 mg
3 1.873 mg 3.790 mg 1.918 mg
4 2.328 mg 4.188 mg 1.860 mg

Table 8.2: Acrylamide .

bound of values.

Comparison between models. Simulation value is based on the upper



Chapter 9

Discussion

The real life consequences of the lower toxin release estimates that my model produce are, that
more devices would pass the initial screening process, and therefore move faster through the
approval process. | see this as a positive thing, because it would allow more medical devises in
to the market for the bene t of the patients.

If 1 could go more in depths with this subject, | would like to compare my simulated results
with experimental results. It would naturally be ideal to nd that my numerical model have a
high level of agreement with experimental results. However, it would also be acceptable to nd
that my simulation consistently over-estimates the true toxin release.

| would also have liked to examine more boundary conditions that would take the simulation
closer to real-world scenarios. | have of cause chosen to use the Dirichlet condition because it
gives the most conservative estimates, but it would nevertheless be interesting to examine other
boundary conditions. | have not considered the environment outside of the sphere very closely
in this project, but there are a lot of interesting questions to examine in this area, such as: The
di erence between the device having an interface with esh or fat as opposed to blood, the e ect
of toxin accumulation in the surrounding environment, and whether the variance in blood-salt
levels could impact the di usion enough to make an otherwise save devise dangerous.

The results shown in chapters 7 and 8 clearly illustrates that FEM implemented with FEnIiCS
can be used to simulate the diusion of toxin with a high degree of precision. The question
remains, if this method can be used in the medical devise industry? The simplest answer is
yes, if used as outlined this this project, and modelling the medical devise with a sphere who's
radius equals to the smallest dimension of the medical device being tested. The precision on
that simulation would then be the same as the ones found in chapter 7, and the resulting toxin
exposure estimate would be both precise and conservative.

However, if an industry player determined that it was viable to use a sphere as a model for
calculating the risk from a medical device, then it would make more sense to use a version of
the analytical solution show in eq 6.4.18 which easily can be modi ed with a di erent starting
concentration and radius. This cause of action would then simply be a improvement on the
current practise of using eq 8.0.1 which is based on the solution to a semi-in nite media.

9.1 Further improvements

Further improvements can be taken in two directions. The rst is, to continue in the direction
that has been shown here, by looking at other simple shapes that have analytical solutions, and
who's precision therefore is easy to establish. Then create a repository of simulations with well
established uncertainties. When a new medical devise is in need of testing, one would simply
chose the (combination of) shape(s) that best approximates its geometry. This method could
work, as long as the other simple shapes also produced conservative estimates for toxin release.
One very important shape to include would be the "hollow cylinder”, because this encompasses
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many of the tubes used in medicine, such as the catheter.

The other direction is to focus on making measures that precisely correspond to the shape
of a medical devise. This approach has two challenges: The rst is that it is time consuming to
create a 3D model in one of the limited number of le formats that is compatible with FEniCS.
The other has to do with how you would establish the precision of your simulation, given that
a complex shape would not have an analytical solution that could be used as comparison for
the simulation. My best suggestion would be to compare the simulated data to experimental
data, and use the resulting uncertainty as a general measure for the uncertainty on toxin release
estimates made with FEnICS for complex devises. However; | am not convinced that this would
be good scienti ¢ practise.

There are some less general cases where it would make good sense to use experimental data to
determine the precision of the simulation. If a developer of a medical devise that needed multiple
iterations with di erent toxin concentrations in each iteration, then it would be reasonable to
experiment on the rst iteration of the devise. The data from this experiment would then be
used to calibrate the simulation, and the simulation could then be used to examine the future
iterations of the devise.

The other case where it would make sense to use experimental data to determent the precision
of the simulation is when a devise contains multiple toxins. In this case one could do the normal
experiment for one of the toxins and then use the simulation to examine the other toxins.
Naturally, this would only work as long as two or more of the toxins do not interact with each
other (either physically or chemically), signi cantly enough so that it would be necessary to
know the values of the concentration elds for both (or more) toxins at all times, and therefore
simulate both at once to get the full picture. We would want to treat them independently and
simulate them one by one.



Chapter 10

Conclusion

The objective of this project has been to create a model for estimating the toxin release in medi-
cal devises. | have made these estimates with a numerical model for the di usion in a sphere. My
model is based on nite element method (FEM), and implemented using the FEnICS package.
In the development of my model, | have prioritised safety by choosing parameters that results
in conservative estimates. | have therefore chosen to use a Dirichlet condition withp = 0 on
the edge of the sphere, and used a deliberately high estimate for the di usion coe cient.

| have determined the uncertainty of my numerical model by deriving an analytical solution
and comparing the two sets of results. From this comparison, | have found that it is quite
possible to get a precision belovd:75%

The issues with the model have not been related to the precision, but instead to the in-
consistent e ects of changing spacial resolutions and time resolutions. | have found, that the
comparative precision between simulations with di erent spacial resolutions conform to expec-
tations at low time resolutions, meaning that the best precision is found in the simulation with
the highest spacial resolution.

However, this stops being the case at high time resolutions where the uncertainties start to be
lower in the simulations with low spacial resolutions. At these high time resolutions we also see
an increase in the uncertainty when the simulation goes from overestimating to underestimating
the amount of toxin the sphere.

This means that even though the uncertainty in my model is low, it is still troubling that |
have been unable to nd an explanation for these behaviors.

When | compare the results from my model with the ones from Saylors model, | nd that
my estimates of toxin release is less that half of what Saylors model estimates.

Since my assumptions are conservative and my uncertainty is low, | am con dent
that my model can be used to make an initial estimate of how much toxins would
be released from a new product.

A good avenue for further inquiries would be testing other boundary conditions, especially
ones that are more closely related to the real environment where a medical devise is to be used.
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Appendix

Appendix 1
10.1 Analyse the of Random walk

A particle will move along a discrete x-axis in accordance with these rules:

The particles starting position is x =0 , and it can move freely in both directions.

"~ for every time step t the particle will move either x or X, both with the probability
1

2

" The particles movement in one time step is independent of its previous movements.
We will use these variables in the following description of the random walk:

~ Zj is the stocastic variable that describes the particles movement in the-th time step and
it takes the value x if the particle moved in the positive direction on the x-axis in the
i-th timestep and x if it moved in the negative direction in the i-th timestep

" X, is the position of the particle at timet=n t
If we combine the two variables we will get the expression:
Xn=Xn 1+ 2y (10.1.1)
We can now determine the average position of the particléX i .
X

Xn=  Zi (10.1.2)
i=1

However, we must rst determine the average ofZ;

Hzii %(+ x)+%( x) =0 (10.1.3)

This leads to * +
hXpi = Zi = hzZii =0 (10.1.4)

We will now determine the variance, which has the de nition 2= X2 h X,i? and again
we start by determining Z?

1 1
z? = §(+ x)2+§( x)2= x2 (10.1.5)
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Before we can determine X2 we have to note that Z; and Z; are statistically independent
for i & j which means ,that:

hZiZji = hZ;ihzZ;i =0 fori6 j (10.1.6)
With this in mind, X2 becomes:

X XX
X2 = z? + hziihzji=n x2 (10.1.7)
i=1 i=1 j&i

We can now compute the variance:
2 X2
2= X2 +hXpi‘=n x*+02= —t=2Dt (10.1.8)

Where D is the di [udion coe Lcieht:

X2
D=_— 10.1.9

71 ( )

The diludion coe Lcieht is a measure of how easily a particle moves through an solution.

A low diludion coe Lcieht means that it is di Ccullt for a particle to move in the solution. The
di [dion coe Lcieht is inversely dependent on the size of the particle and the viscosity of the

solution.[2]
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Appendix 2
Resolution 25, Real difference Resolution 40, Real difference
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Figure 10.1: The pattern of errors along the x-axis. The pattern is shown at four di Cerknt times.
The simulation configurations are: Resolution 25 = 0:04, Resolution 40 = 0:04, Resolution
50 = 0:04 and Resolution 64 = 0:04.
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Appendix 3

Interpolation comparison
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Figure 10.2: The error from interpolating the analytical solution on meshes with resolution 16,
20, 25, 32, 40, 50, 64 and 70; all first order function spaces.



66 BIBLIOGRAPHY

3.0 Effect of higher order functionspace on interpolation
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Figure 10.3: The error from interpolating the analytical solution on a first order function space

based on a meshes with resolution 32 and second order function space based on a meshes with
resolution 16.
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Appendix 4
Resolution 50, Real difference
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Figure 10.4: The real absolute di [erknce between the analytical and the simulated solution plotted

a function space with spacial resolution 50 and eight di Lerknt time resolutions.
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Figure 10.5: The absolute relative di[erence between the analytical and the simulated solution
plotted a function space with spacial resolution 50 and eight di [erknt time resolutions.
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Appendix 5

Comparison between models for Toxin released - BPA

Comparison between models for Toxin released - Acrylamide
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Figure 10.6: A comparison between Saylors model for toxin release, eq 8.0.2, and the numerical
solution. Left: The toxin released from a spherical devise containing BPA. Right: The toxin
released from spherical devise containing AA, please notice the diLerknce in time scale.
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