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Abstract

In this thesis we first introduce the concepts of the standard model and renormalization. We
then discuss effective field theories where we introduce the four-Fermi theory and the chiral
Lagrangian of pions as examples. We then discuss a simple method for deriving the effec-
tive action at tree-level from a ultraviolet theory. We also discuss how one might use effective
field theories to infer the nature of new heavy physics and how these shift the predictions of
low energy, or infrared, theories such as the standard model. Motivated by the discussion of

effective field theories and how they can provide tools for exploring new physics, we discuss
the standard model effective field theory (SMEFT).

Next we apply these concepts in order to derive the main result of this thesis, the Higgs de-
cay to two leptons and a photon H — ({v at tree and one-loop level in the standard model
and the shifts to this from the SMEFT at tree-level. We discuss how this decay at tree-level
is chirally suppressed as my/v due to the smallness of the leptonic Yukawa couplings and
how this presents an interesting phenomenological application of the SMEFT. We calculate
the matrix elements for the Higgs decays H — ~y and H — vZ. We then discuss the re-
maining one-loop contributions from the standard model and then calculate the full standard
model decay width at one-loop. We then move on to discuss the SMEFT contributions to the
Higgs decay to two leptons and a photon. We do this by assembling matrix elements of the
squares of tree-level SMEFT contributions as well as the SMEFT interference with the stan-
dard model tree and loop amplitudes. We then calculate the total decay width including the
SMEFT contributions and normalize this to the standard model decay width. We expand
this result in terms of the Wilson coefficients from the SMEFT. We then produce Dalitz-

like plots showing the different SMEFT contributions normalized to the standard model. We
use these plots in order to find cuts in the invariant mass of the di-lepton system suitable

for emphasizing specific SMEFT contributions. Finally, we study five regions in phase space
where we consider either weakly interacting new physics or an assumed new physics scale.
We use this to demonstrate that the contributions of different operators within the SMEFT
can be emphasized when using these regions and the aforementioned assumptions about new

physics.
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1 Standard Model

In this section we will outline certain aspects of the standard model of particle physics. First
we discuss the underlying Lagrangian formalism which is used when working with relativistic
particles, where quantum field theory is needed. We then discuss the Higgs mechanism and
spontaneous symmetry breaking. Using this we discuss the process of spontaneous symmetry
breaking in the context of electro-weak theory, responsible for massive vector bosons in the

standard model.

1.1 The Lagrangian formalism

This section derives the Euler-Lagrange equations based on Refs. [I] and [2].
In quantum field theory one is using quantum mechanics paired with special relativity. This
enables a quantum description of objects moving comparable to the speed of light where
Newtonian mechanics fail. In a theory, where special relativity is needed, the formulation
must be Lorentz invariant such that it is consistent across inertial systems. For these pur-
poses quantum field theory, based on the Lagrangian formalism, is commonly used. One
of the applications of the Lagrangian is the Euler-Lagrange equation which we now discuss
in the context of field theory. Consider a Lagrangian density as a function of a scalar field
¢(x) and its derivative 0,¢(x), L(x) = L(¢,0,¢). By infinitesimally varying the fields, as:
¢ — ¢+ d¢, we then obtain:

5 00(e) + 00,0 ) )

The Euler-Lagrange equations for the field formalism can then be obtained by applying the

0L(x) =

principle of least action as one would do in classical mechanics:
0S = /d4m5£(x) =0. (2)
Plugging in the varied Lagrangian density:

0= / d*x [%(M(az) + %5@@@))} : (3)

This we can write as:

oL oL oL
0= d%([_a - 50 x}m{—a xD 4
2 ([55790) = 5y @0t + 4 55 gy W
Since the last term is the total derivative it only depends on the fixed end points and the
Euler-Lagrange equations consequently becomes:
_ OL(0(). 0,0(x) ) DL6(x), 0,0(x)) 5
oo " 0(0,0(x))

From this this equation the classical equations of motion can be found for the field ¢. As we

0

will see later in Section [3 the classical equations can be useful in th context of effective field

theories.
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1.2 Electroweak Symmetry Breaking

The weak force is mediated by the massive vector bosons W=, Z. One problem with massive
particles is that their Lagrangian is not invariant under local symmetries, i.e. gauge symme-
tries. Which leads to their Lagrangian being non-renormalizable. A solution to the experi-

mental observation of massive gauge bosons is the Higgs mechanism. This will make it possi-

ble for particles in the Lagrangian to acquire mass through spontaneous symmetry breaking.

1.2.1 Example of Higgs mechanism with only U(1)

This section is based on discussions in Ref.[3].

Defining the Higgs potential as a complex scalar field potential:

1 1
V(9) = Si¢" + 720", (6)
then the corresponding Lagrangian reads:
1
L= —1F"Fu + (Du0)(D"6") = i = A", 7

Where D, is the covariant derivative defined as:
D, =0,+19B,, (8)
and B, is a new gauge field which has the field strength:
FW = (0"B" —0"B") . (9)

The Lagrangian is invariant under the local gauge transformations of U(1) defined as:
¢(z) — exp (igG(2)) ¢(x), By = By — 9,G(). (10)

Plotting Eq. @ for u? < 0 (Figure , we see that there is a degenerate minima in a continu-
ous circle of radius |¢| = v away from |¢| = 0. Expanding the field ¢ as a perturbation about
the minimum v in Figure [I] we find:

0a) = —5 0+ hlw) +i€(a) (1)
Where ¢ is a Goldstone boson. The Goldstone boson £ can be removed by an appropriate
gauge fixing choice, as such we neglect them in the discussion below. As a result we use the

field expanded as:

1
¢(x) = 7 (v + h(z)) - (12)

We expand the Lagrangian about vacuum expectation value v by inserting Eq. [12|in Eq.
and we take 2 = Mv?. This yields two new mass terms in the Lagrangian. First we get a

massive Higgs scalar with Lagrangian terms:
1
L= 5(@/1)(0‘%) - )\h2U2 + Eint y (13)
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V(x) -

Figure 1: Example of complex scalar Higgs potential of the form in Egq. @ with p? < 0 showing sym-

metric minima v around ¢ =0

giving a Higgs mass, m? = 2 v We also get a massive gauge boson:

1 1
L=—7F"Fu+ §g2v2BMB“ + Lint , (14)
Where the mass of the gauge boson is m% = g¢*v?. The Higgs mechanism thus allows for

massive particles within in a locally gauge invariant Lagrangian, facilitated by spontaneous

symmetry breaking where Higgs takes on constant vacuum expectation value v.

1.2.2 The Standard Model Vector bosons

The discussion in this section follows that of Ref. [2]. In the standard model the Higgs is in-
strumental in allowing for the famous electroweak unification where a SU(2)xU (1) symmetry

is spontaneously broken. The Lagrangian is:

1

L= _Z(Wiy) 4B;2u/ (D#H)T(D#H) _V(H) (15)
Where the Higgs potential is:
V(H) = —p*H'H + N HTH)?, (16)

with p being positive definite and

Hzexp(QiWT )(
v

Employing the unitary gauge we can set 7* = 0. W, is the SU(2) gauge boson and B, is

0
L) "

Sl

is the Higgs multiplet.

the U(1) gauge boson. The covariant derivative is:

1
_inguH7 (18)

DP«H = a,uH + Z.QQWST(IH + 2
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where 7 = 10® with ¢® the Pauli matrices and g», g1 are the SU(2) and U(1) coupling con-
stants respectively.
Now expanding the covariant derivative term of the Lagrangian, which contains the Higgs

interactions with B, and W,

1
(D.H)'D,H = (gsWiT*H'WiT"H + §glggBMW5T“HHT )+

1

19)
1 (
(g2g1§WST“HTBuH + Z(gl)zBﬂHTBuH) .

We then expand the Higgs doublet in Eq. [I9 around the vacuum expectation value v. Addi-
tionally we disregard terms with the Higgs scalar h in the following and find:

v3g

8

\eR V]

£mass =

2
g1 9 [ 0
0 1) Wee*Weo® + =B, W%%* + =W%*B,+ | = | B,B . (20
( ( a a g g2 " ! (92) ! “) (1) (20)

The Pauli matrices satisfy:

(0 1)0 <(1)> — by, (21)

so that:

Then to diagonalize the masses we define:

() ) = () ) (%) »
Alt SWw Cw BH Wi SW Cw Z'u

where ¢y and sy are cos(¢,,) and sin(¢,,) with ¢,, being the weak mixing angle defined by
the ratio between g; and ¢, in Eq. 24l Using:

1 ) 2 01
Wt =— (W!FiW?)", = =tan(6,), 24
F= G E) 8 =) el
we get
v29§ _ z? 9 N ST
w
with:
Vg2 Vg2
— - I 26
mz 2CW’ mw 2 ) ( )
and
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We see that the physical massive gauge bosons Z and W emerge from the Higgs coupling to
the electro weak SU(2) and U(1) gauge bosons. We also note that U(1)ggp remains unbro-
ken and the photon remains massless. Furthermore Eq. [27] predicts a mass splitting between

the W and Z boson masses which is an important precision test of the standard model.

1.3 Standard Model Searches

In this section we present a summary of standard model data collected at the Large Hadron
Collider (LHC). With this we want to motivate our standard model effective field theory
studies by noting the large uncertainty there still is on Higgs production, as seen in Figure 2]
In fact among the observables shown in Figure 2] the Higgs measurements represent the least
well measured. Therefore we infer that the Higgs sector is a good place for new physics to

be hiding within experimental uncertainties. To reinforce this we have calculated the rela-
tive uncertainty of the Higgs branching ratios from the plot on the left of Figure [3] Doing
this we used the average of the upper and lower bound of the total uncertainties. These rel-
ative uncertainties are shown in Table [I] where we see just how large these are. However in
the future, after the current run of the LHC, it will be upgraded to the High luminosity-LHC
(HL-LHC). By the end of the HL-LHC 3000/fb of integrated luminosity is expected to be
collected. This data is then expected to reduce the uncertainty on the Higgs decays. The HL-
LHC projections for the Higgs branching ratio measurements, assuming the standard model
Higgs, are shown on the right in Figure {3 from Ref.[4]. Especially relevant to this thesis is
the branching ratio for the Higgs decay to a Z-boson and a photon, which has not yet been
measured but is expected to be measured to 19.1% relative uncertainty at HL-LHC as seen
on the right in Figure [3]

Branching ratios ‘ Relative Uncertainty |%)]

ol 11.50%
ovBF/Cggr 23.79%
owH/TggF 41.94%
OzH/0ggF 40.10%
OtistH/OggF 24.17%
B,,/Byz- 14.97%

Bww+/Bzz+ 19.64%
B../Bzz- 27.91%
By, / Bz 7+ 34.95%

Table 1: Table of the relative uncertainty of the branching ratios in Figure @ In calculation these we

have used the average of the uncertainties lower and upper bound.
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Standard Model Total Production Cross Section Measurements

Status: July 2021
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a
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Figure 2: Plot taken from Ref. [5]. This plot contains
for standard model particles, including the Higgs
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Over/ Oggr - — 124 103 (105 105
Oyl Oggr t | 1124 0% (705 T0%)
21/ Oggr '_EI‘E_‘ 101 105 (Coge s 1o%)
O irtvi CooF [ —| 120 o5 (105, )
B/ Bz = 087 0% (7675 + To06)
Buww/Bzz  H=e=H 084 018 (101 0%
Bi/Bzz- H— 086 g% (101 Io4a)
BBz  H=—— 083 5% (0% . 1o5)

0 1 1 1 10151 1 1 1 .; 1 1 1 11 151 1 1 1 é 1 1 1 12151 1 1 1 3

Parameter normalized to SM value

tot

total production cross section measurements

{s =14 TeV, 3000 fb™' per experiment

\ | Total

—— Statistical
—— Experimental
—— Theory

—

——

=]
=
=

=

ATLAS and CMS
HL-LHC Projection

Uncertainty [%)]
Tot Stat Exp Th
26 1.0 1.5 1.9

29 12 15 22

28 1112 23

29 14 13 22

44 15 13 4.0

82 74 15 3.0

11

19.114.3 3.2 12.2

0 0.05

0.1

0.15

0.2 0.25

Expected relative uncertainty

Figure 3: Figure on the left is taken from Ref. [6)], showing the different Higgs decay branching ratios

and their experimental error. Figure on the right is taken from Ref. [, showing relative uncertain-

ties on Higgs branching ratios expected from HL-LHC
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2 Renormalization

In this section we briefly discuss renormalization in quantum field theory. We first discuss
how loops give rise to divergences and how this motivates the concept of renormalization
through a ¢*-theory example. We then discuss how some loops in a renormalizable theory
with no possible counter term must be free of divergences, here we refer to these as non-
divergent. Finally we explore how adding higher dimensional terms to the ¢*-theory makes
for a non-renormalizable theory and what non-renormalizability actually means. This section

is based on discussions from Refs. [I] and [2].

2.1 Renormalizable Theories
2.1.1 ¢*-theory

Suppose we have a theory with Lagrangian:

1 1 5.5 Ay
L= 5(0"6)(0,0) — 5m* — 56", (25)
The kinetic term gives the Feynman rule for the propagator of a ¢ going to a ¢:

i

(béﬁzs:pQ— (29)

_m2'

The interaction term proportional to ¢* gives the Feynman rule for the interaction of 4 ¢
fields, i.e. the 4¢ scattering event (pp — @¢), e.g. the matrix element for 4¢ scattering at

tree level is simply given by:
tMyy = —i\, (30)

resulting in the square amplitude:

M7, =N\ (31)

At one loop we then have two propagators and an additional vertex factor. (see Figure [4)
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Figure 4: One-loop diagram from the ¢* vertex

With momentum conventions defined in Figure |4 the matrix element would look like:

A2 dk* ? 7
M=_-2 . 32
iM 2 ) 2t (p—k)>—m?k?—m? (32)

Where the internal momentum £ is not constrained by momentum conservation p; + ps =

p3 + ps = p and we therefore have to integrate over it. A naive dimensional analysis of the
integrand indicates this integral is ill-defined. However, if we define a high energy, or ultravi-
olet (UV) scale, A at which the momenta is cut off we can define a superficial degree of diver-
gence. The superficial degree of divergence is then logarithmic:

A
dk A
x lim fwlog( ) — 00, (33)

where ¢ is some constant.

In order to remove divergences such as this, it is common to redefine the parameters of the
Lagrangian in a manner that allows for the introduction of counter terms which will cancel

the UV divergences. Writing the Lagrangian as:

A
£ L= 3(0°0)(006) — 3303 — 3k, (39

with:
)\0 = Z)\/\R, (35)

Ag is referred to as the renormalized coupling constant and Z), the renormalization constant.
The fields and parameters with subscript 0 are referred to as bare, likewise the fields and pa-
rameters with subscript R are the renormalized ones. In order to regulate the one-loop diver-
gence in Eqf32 we take:

Zy=140\. (36)
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With this definition we find two terms in the potential:

AROA
4!

A A
V=000 = Sros + =00 (37)
The first term is the tree level interaction and the second term is a counter term. The counter
term is treated as formally of one-loop order. Writing the matrix element again, now with

the counter term:

A2 dk* 1 ?
M= —idp— & — GARON.
iM AR / (2m)* (p— k)2 — m? k? —m? AR (38)
By defining a subtraction scheme we can remove the UV divergences in the theory:
. . Y. A .
IM = —ilg — 7/\1520 log (Z) — AR, (39)
AR .. A
IM = —ilg. (41)

In general it is not necessarily the entire loop contribution which is subtracted off in this
manner. This discussion is meant as a simplified example of how UV divergences are removed
from a quantum field theory. In addition to divergences in interactions, the one loop correc-
tions to two-point functions (propagators) can be UV divergent, a combination of rewriting
¢o — Zyor and the counter term from my are used to regulate these divergences. In this
way there is one counter term for each divergence, we say the theory is renormalizable. More
generally we define: A theory is renormalizable if its UV divergences can be removed with

a finite amount of counter terms. Vice versa: A theory is non-renormalizable if its UV di-
vergences require an infinite number of counter terms to be removed. Non-renormalizable
theories are therefore technically able to be renormalized given an infinite number of counter
terms. In section we discuss that these theories are still well defined for phenomenolog-
ical purposes in the correct kinematic limit. A general theory of space-time dimension d is
renormalizable if its operators Q are of dimension 0 < [Q] < d. We discuss this further in
Section

2.1.2 Non-Divergent loops

In a renormalizable theory such as the ¢* theory in EqR2§| the divergences of loop diagrams
are canceled by counter terms which comes from interactions in the Lagrangian. If a loop
diagram forms a process that does not have a corresponding tree-level interaction term in the

Lagrangian, there is also no possibility for a counter term. If the corresponding Lagrangian
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is renormalizable, it then follows that the process cannot be divergent since no counter term
exists. Examples of this is the Higgs decay to 2 gluons or 2 photons which is not allowed at

tree level but is through the loop diagrams(fig. [p] fig. [6)):
g

9

Figure 5: Diagram of the non-divergent loop process allowing for gluon production from Higgs decay

v
Figure 6: Example diagram of the non-divergent loop process allowing for photon production from

Higgs decay

2.2 Non-renormalizable theories

In section renormalizable and non-renormalizable theories were defined by how many
counter terms were needed to renormalize them, more specifically if there was an finite or
infinite number of counter terms needed. Here is a simple example of how an infinite number

of required counter terms could arise. Consider this Lagrangian:

1 2 2
R

A, 5 2 5 3 g0 o
41 6! M2 8! M 10! M6 121 M3

L= (0"6)(0u0) - 6, (@)

with ¢ being dimensionless coupling constants and M is a relevant scale of mass dimension
one. In the following we imagine that we are adding the terms of dimension six and higher
one at a time.

Starting with the ¢°® term, a one-loop diagram of a 8¢ interaction can be formed by two ¢°

vertices as seen in the diagram in Figure [7]
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"\
S \\ // N / -
~o \ oy N/ -
\ \/ -
\\+ -
- ~
- ,//\ /\ \\\
/,, / N 7 N =~
’ ~._-7 \\

Figure 7: One-loop diagram from the ¢ vertex

To cancel the divergence in Figure [7] we need, as in section 2.1.1] a one-loop order counter
term. For such a counter term we need a tree-level equivalent process, i.e. a 4¢ — 4¢ inter-
action at tree-level. This means a ¢® term in the Lagrangian as one 8¢ vertex would provide
the 4¢p — 4¢ at tree-level as seen in Figure [8| Already this is worrying since this tree-level
equivalent process needed for a counter term, originates from a higher order term in the La-

grangian. This is unlike the one-loop process from the ¢* term in section [2.1.1}

Figure 8: Tree-level diagram from the ¢° vertex, with the same number of external lines as the one-

loop diagram from the ¢® term in Fz’gure@

We have discussed the addition of a ¢® term to the Lagrangian and how this, for renormal-
ization purposes, needs the ¢® which we then added. Combining these two terms we are now
able to create a one-loop diagram for a 10¢ process with one ¢° vertex and one ¢® vertex (see
Figure @ Since this is a 10¢ process we would then need, as discussed previously, a tree-
level equivalent process in order to have a suitable counter term for this process. For a such a

counter term we need a ¢'° term in the Lagrangian.
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Figure 9: one-loop diagram of a 5¢ — 5¢ scattering process formed from one ¢8 and one ¢® vertex

We can continue this idea by considering the ¢® term we now have in our Lagrangian. This
term itself sources a one-loop 12¢ process which needs a counter term from the tree-level
equivalent process sourced by a ¢'? term. By now it is evident that every time we add a term
to the Lagrangian in order to source a counter term, this term itself has no such counter term
which results in adding even more terms. In fact, a theory like this needs an infinite number
of counter terms and is therefore non-renormalizable. Additionally, from this simple analysis
it is apparent that the ¢* term is special in that it sources its own tree-level equivalent pro-

cess to its one-loop process, allowing for a one-loop order counter term.

Using dimensional analysis, we see from the Lagrangian in Eq. that, since the Lagrangian
has mass dimension [L]y; = 4, the non-renormalizable terms have coupling constants of neg-
ative mass dimension: [Xg]ar, [As]ar, [M2]y < 0. The renormalizable terms on the other hand
have coupling constants with either positive or 0 mass dimension: [m?]y; = 2, [y = 0. This
can be generalized and added to the definition of renormalizable theories in section [2.1.1),

such that renormalizable theories have coupling constants of mass dimension d > [\|y > 0,

where d is the space-time dimension.

Despite theories being non-renormalizable they can still be predictive and of use to us. Gen-
erally the divergences arising from loop diagrams will always be polynomial in external mo-
menta p.[2] This means that the theory is perturbative given the momentum of a process in
consideration, is small relative to the mass m. This means that in this regime where p < M,
i.e. low energy regime, only a finite number of these divergences are relevant by order in the
+7 power counting. As such perturbation theory is still well defined. Non-renormalizable the-
ories therefore constitute well defined and systematically improvable quantum field theories.
This leads us to discuss the utility of non-renormalizable theories, which within a certain en-
ergy regime are both well defined and predictive, in order to approach important problems in
particle physics.
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3 Effective Field Theories

In this section we introduce effective field theories as low energy effective theories obtained
by the assumption that some field(s) has a very large mass compared to the other fields in
the theory. These heavy fields can therefore be treated as a constant when looking at inter-
actions among the remaining light fields. We introduce this process integrating out the heavy
field. We discuss how the remaining fields in the effective field theory has corrections to them
from the heavy field which was integrated out. As a result some effects of the heavy field can
still be present in the effective field theory. We then introduce a way of obtaining an effec-
tive action at tree-level expanding the action around its equation of motion. Finally we use

a method to obtain and effective action for the standard model Higgs modified by a heavy
singlet scalar field which is integrated out at tree-level. We use this example to discuss how
such field theories can be used and explore new physics their effects on standard model fields,

possibly providing predictions of new heavy fields.

3.1 Introduction

Effective field theories are theories that use effective actions such as|7]:

r— / Ao Lo () (43)

where Log(z) is the effective Lagrangian. The effective action is produced by integrating out
fields in the action formed from the full theory, also known as the UV theory, thereby nar-

rowing the degrees of freedom. For example|7]:
/ D et dialanola)) / Do DH ¢t ¢ aLola). i) (44)

where H is some heavy field integrated out. It is notable that even though H is integrated
out of the theory thus producing an effective theory, H can still have effects on the remain-
ing fields. These effects come as corrections to existing operators consisting of the so-called
Wilson coefficients. These effective actions therefore depend on fewer fields, only valid in a
limited regime and notably are non-renormalizable. These theories are often favored over full
theories because easier calculations and little loss in predictability when applied in the cor-
rect range of validity. Effective field theories can also be used to probe for new physics. This
is done by exploring the effects of new potential particles integrated out at current energy
levels of experiments. Then if any predictions from a theory with a heavy field that has been
integrated out, match experimental data, it could hint new heavy physics. These predictions
would then be in the form of Wilson coefficients and their correlations as corrections to the
UV theory.
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3.1.1 Effective Action at Tree Level
Following B.Henning et al.[8] we define the effective action:
o diLan(9) _ / D ¢i [ aLGD). (45)

where ® is a heavy real scalar field we want to integrate out. Then expanding ® around its

minima ®., which is determined by its equations of motion i.e.:

35(¢, @)
5o (46)

The expansion then reads to tree-level order:
/d4:v£(¢7 ®+1) =S50, @ +n) = S(P) + O(n). (47)

From this we compute the effective action as:
eifd‘lxﬁeﬂ(d)) — /Dn eifd4a:£(¢,<1>c+n) ~ eifd4m£(<19c) 7 (48)

such that:

'Ceff ~ *C((I)c) . (49)

We can therefore obtain an effective Lagrangian at tree-level by solving for the Lagrangian’s

classical equations of motion and plugging them back into the Lagrangian.

3.2 Effective Field Theory as a Probe for New Physics

In effective field theories heavy particles, that are otherwise integrated out, can still influ-
ence physics in a measurable way. This enables effective field theory to be a useful tool in
the search for new physics beyond. As we can theorize a new particle that is heavy so that
we can integrate it out and then perform measurement at energy scales well below its mass.
Then compare the effective theory to these measurement to see if there are signs of this new

particle.

Following Corbett et al. [9] we can use the method introduced in Section to calculate
an effective field theory at tree level. This effective theory is based on a UV complete theory
of the standard model Higgs with the addition of a heavy real singlet scalar, which is then
integrated out. We discuss UV completions in the next section in the context of four-Fermi
theory.

The new field added is S and the Higgs doublet is:

® = exp (z‘w(‘? 'T> (%) , (50)
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where w(z) is the Goldstone bosons and 7 is the Pauli matrices. The lagrangian is

L= (D) (D,®) + (8,5~ V(®,5), (51)

with potential:

1 1 6Asvs 6
V(®,8) = —jiy|®] + \@|* + 5M§S2 + Anvg|®2S + 5%\@\252 + 3—S|”S3 - Z)\SS‘*. (52)
The S dependent part of the Lagrangian can then be written:
AL = 1(3,,5)2 = Lpsr - Al®S — 11<;|<1>|252 — lusff — les‘l (53)
2 2% 2 3! 41 ’
where:
1= 6Asvg, A= Anvs, k= An, Ag=06A. (54)

As in Section we can integrate out the S-field at tree level by solving for its classical
equations of motion and plugging that back into the Lagrangian. Using the Fuler-Lagrange
equation of Section [L.1}

oL oL
a—qs—aﬂ—a(a%) =0. (55)
Evaluating each term separately we find:
OAL 9 9 9 1 o 1z 5
and OAL
8“5(8—@ = 0,(0,5) - (57)
We obtain for our Fuler-Lagrange equation:
2 2 1 2 [
— M5S — A|®|” — 5]{:](1)] S — é,uS - gASS —0,(0,5)=0. (58)

Solving to linear order in S and using the definitions, U = k|®|?> and B = —A|®|? we find the
equation of motion(EOM):

1
- B
0,00 + M2+ U

Solving to linear order because the effects of solving to higher orders would only manifest at

Se (59)

1/M*™ order in the effective Lagrangian. Therefore solving the EOM to higher than linear
order would not have any effect on terms of dimension 8 and lower, and in the following we

will just be keeping terms of dimension 8 and below.

In "integrating the S-field out" we assume that the mass Mg is very large which, lets us ex-
pand around Migz

_ B 0,0"B+ Bk|®|?
Mg Mg '

(60)
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Here we have expanded to an order which gives us terms of dimension 8 or lower in inverse

mass, as explained above. Evaluating the terms of AL one at a time:

1((%30)2 A2, |20, |P[* A0, |®[28,8"0, || + ;A2k|¢\2au\¢>\2ay\q>|2
2 2M% M§
_lMgsg _A2\<1>|4 B A20,0|®|2019,,|®|% + A2\<I>|4k2.\¢'|4 — 4A%K|®|20,|® |20 |D|? " —A20,|®201|®|2 + A%k|D|6
2 2M% 2M% M}
_Ajo2se = A;'f;‘4 _ A?|¢\4altaﬂA;4A2|¢\4k|¢|2
S S
_lqu)lgb% ~ _ A%k|9° —2A2k|<1>\2au|q>|2au\q>|2 + A%K2|2|8| 9|2
2 2M2 M3
1 3 1 A28 1 A3|®|20,|®|20#|®|? — A3k|D[®
et E g Mg 2" M
4 8
—%Assé = —%As A]\Z;'

(61)

Now Putting the terms together to get AL(S¢) from Eq.

1 1 1 1 1-
5(ayscﬁ — 5Mgsg — A|®2Sc — 5k!<1>|2s(% — ng — IAgSé
A2 A? A% [ Ap A? Ag A2 Apk
— 1B+ 0, |92 |®)? + —— (—k) 10 4+ — [ - + k2= e)®
2M?3 2M} 2M3E \3M3 2MS \  12M} M3
242 ( Ap A?

= =5 — k) |2%0,| 20" |2
+ 575 (5i7 — ) IPaor 0 + S

9,0"|®|%0,0"|®|*
(62)

This effective Lagrangian provides predictions for the Wilson coefficients of the various ef-
fective higher dimensional operators of the Higgs doublet ®. These can then be compared

to experiment to see if there is an indication of the correlation of between the Wilson coeffi-
cients, i.e. the coefficients for the effective operators, that this theory predicts. The discovery
of such correlations could then be indirect evidence of there being a real heavy scalar singlet.
This is an example of how useful effective field theories can be at producing predictions to

look for new physics.

3.3 Weak interaction & Fermi-Theory

This discussion of the Fermi theory follows that of [2].
The four-Fermi interaction:

£4—Fermi,,8 = GF@EP@ZJTL@EC'QDV > (63)
can be used to model proton f-decay at low energy compared to 1/v/Gpr. Where:

Gp = 1.1663787 x 10~°GeV 2 .[10] [11] (64)

In section a renormalizable theory was defined to have coupling of mass dimension 0 <

[A] < d. This means, since the mass dimension of the Fermi constant [Gr| = —2, four-Fermi

Page 19 of



Thor Blokker Rasmussen Master’s Thesis

theory is non-renormalizable. In general we would then have to add all operators consistent
with the symmetries of quantum electro-dynamics, i.e. an infinite number of terms, to this

theory in order to fully renormalize it.

We might have Lagrangian terms of the form:

Ly vermip = Grptnibeth, eV Goahy, 0tbn et +cP Grd @, 3., +cP God, 00, 0 O, +.. .
(65)
Here, following the symmetries we cannot add more fields. It is therefore apparent that each
higher order term must be as such due to additional derivatives. The terms will, as a result,
be suppressed by powers of external momentum from the derivatives, compared to G as
™ (Grp?)". Since the energies typical in 3-decay (O(1MeV) [12]) are much less than G,
i.e. p? oc s < G7'. The higher order terms will be negligible at typical energy scales and con-
sequently the leading-order term can be used predictively. As the four-Fermi theory is only
predictive at low energies a theory consistent at higher energies, a UV completion, is required
to make predictions at these energies. A UV completion is a theory that works above the ef-
fective theory’s energy scale of validity, and reduces to an equivalent theory at low energies.
There are many possible UV completions of the four-Fermi theory, however the predictions,
and measurements of the W bosons properties indicate that the UV completion consistent

with nature is the electroweak sector of the standard model.
1

2

Figure 10: lepton interaction through charged current W boson

Since the W only couples to left-handed fermion we get, at tree level:

e (g“” - A}—é’)
w — v
M = E (ZL'YMVZL) W (VZL’}/ ZL) y (66)

where 52 is sin?(6,,) and 6, is the weak mixing angle. In the limit M2, > ¢? this becomes:
2

2M3,s2

M = (I Prwy) (my Pl (67)

where P, = % (1 —~5) is the left-hand projection operator. This amounts to integrating out
the W and we are now left with a four-Fermi interaction of the form 1)y* Py P, with

4GF o 62

= 68
V2 T 2M3 s, (68)

Page 20 of




Thor Blokker Rasmussen Master’s Thesis

Thus this shows how a UV completion reduces to a low energy effective, or infrared (IR), the-
ory when energy is below the threshold of the effective theory. This IR theory notably con-
tains the symmetries of the UV theory. Where the W only couples to left handed fermions,
the four-Fermi couples two left handed fermion currents. The originally proposed four-Fermi
theory in Eq. 63| did not have this symmetry by default. We can therefore obtain a symmetry
consistent effective theory by going from a UV theory to an IR theory. However, if we went
the other way we would have no way of knowing this symmetry except by inferring from ex-
perimental data. Yet comparing experiments with four-Fermi theory was how the V-A struc-
ture of the weak sector was discovered|2]. As such IR theories can be instrumental in finding

hints of the structure of a UV model consistent with nature.

3.4 Strong interaction and the effective field theory of pions

This discussion on pions follows that of [2]. As was explored in Section we found that an
IR theory deduced from a UV theory obeys the original symmetries of the UV theory. Using
this we will motivate an effective field theory based on the symmetries of quarks and gluons.
The theory describing the strong interaction is that of Quantum Chromodynamics (QCD)
which has the Lagrangian (including just up and down quarks):

1 _ i}
LoeD, quarks = —Z(F;;)2 + it Pu” + ia Pu’ +id" Pd- + id" Pa” (69)

This Lagrangian is symmetric under separate left and right handed rotations between the up
and down quarks. This symmetry is called a chiral symmetry, written SU(2), x SU(2)g in
group theory. Below a certain energy we do not observe quarks but instead observe hadrons.
In describing pions, hadrons formed of a quark and anti quark, we will assume they are com-
posite particles which behave as the Goldstone bosons of the spontaneously broken symmetry
SU(2), x SU(2)g — SU(2)y. However we also have:

This implies that the SU(2)4 symmetry has been spontaneously broken. Spontaneous sym-
metry break of a continuous group is associated with Goldstone bosons[I3]. Goldstones’ the-
orem states for every broken generator of a broken gauge group a massless degree of freedom
follows. SU(2)4 has 3 generators, as such we have three massless Goldstone bosons: the pi-
ons (7% 7%). We can put the pions in a field that transforms linearly under SU(2); x SU(2)g:

U(x) = exp {fioawa] : (71)
where f is called the pion decay constant, o® are the Pauli matrices and 7 are the pion
field components: 7 = 73 and ¥ = \%(7?1 +in?). Tt should be noted that pions have been

observed to be massive, this can be incorporated into the theory using spurions. Spurions are

treated as fields with symmetry properties, however they are later set to appropriate constant
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values which break the symmetry allowing for, e.g. pion masses, while allowing a consistent

treatment of an effective Lagrangian based on the UV symmetries.

Effective low energy theories like the four-Fermi theory have the advantage of being much
easier to actually use and produce predictions. Producing predictions in QCD is generally
difficult as the coupling constant, g3, is large. The coupling constant is known to grow as the
energy decreases, and at some energy this coupling constant becomes much larger than one,
causing perturbation theory to fail. At these low energies where perturbation theory fails the
theory should still work, but we lack mathematical techniques to produce predictions. This
has led to advances like lattice QCD which is able to make limited predictions in the low en-
ergy regime. Therefore effective low energy non-renormalizable theories, like the chiral La-
grangian, are useful in making predictions. The chiral Lagrangian to leading order is:

2

Lov=FTr (D, UD"UT] . (72)

With covariant derivative:
Du = a,u - ZQzA,u ) (73)

where @); is the charge of the pion, A, is the photon field.
The form of the chiral Lagrangian in Eq. [72|is the lowest order effective Lagrangian in U(x)

obeying its symmetries. Expanding the exponential in Eq (72| for small 1/f, we find the ki-

netic terms:

Liin = = (0,7°0"7°) + (D7) (DFn). (74)

N | —

Expanding to higher orders incurs more factors of fi with mass dimension [fi] = m 1,
which is why this theory is non-renormalizable. Since UUT = 1 expansion of interaction terms

in this theory must be a derivative expansion as:

2

L= ZTr [DUDUY] + LiTr [DUD U + - (75)

for which each additional term will have increasing powers of }/—f As such this theory is well
behaved perturbatively given /s < fr. The parameters of the model, e.g. fr , Li can be

measured experimentally and they can be used to make more predictions.

4 Standard Model Effective Field Theories

In this section we want to lay the groundwork of introducing the concepts of the standard
model effective field theory (SMEFT). We first discuss the formulation and the definition of

the SMEFT as well as motivate its use in the search for new heavy physics. We then go on to
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discuss the finite field redefinitions that arise when reconstructing the canonical forms of the
standard model after add the SMEFT operators. We discuss these finite field redefinitions
through two examples one of which is the canonical form for the Higgs kinetic term. We then
use this in our discussion of the Yukawa coupling where we show how redefining the Higgs

to obtain a canonical kinetic term introduces shifts to all Higgs couplings. Finally we discuss
the concept of the geoSMEFT as a way to write the SMEFT operators to all order in a com-

pact fashion.

4.1 Formulation

The standard model is a successful model of many phenomena within the field of particle
physics. A notable example is how it predicted the Higgs, which was later found, in order
to explain particle masses. The standard model however, being renormalizable, gives us con-
crete predictions. When in search of physics beyond the standard model, the model itself is
of little help. One way of trying to find new physics could be increasing the energy at parti-
cle colliders to see if anything new or unexplained appears. This trial and error approach has
the disadvantage of being very expensive and hard to justify as one does not necessarily know
what one is looking for. As discussed in section 1] effective field theories have heavy parti-
cles integrated out, yet effects of these heavy partlcles can still manifest in the effective field
theory. The SMEFT is an effective field theory created as an extension of the standard model
to be able to search for heavy new, beyond standard model, physics at current or near future
experimentally achievable energies. The complete basis of operators in the SMEFT at dimen-
sion six was first written in [I4]. The SMEFT Lagrangian can be defined to all orders in 1/A
as|I5]:

L = Lstandard Model + LSMEFT - (76)

Where Lg); is the standard model Lagrangian. And the SMEFT extension is:

¢ Q (4+1)
Lsyprr = Z Z . (77)

The sum over j is the sum of all operators Q; consistent with the symmetries of the standard
model at dimension d = ¢ + 4. We then sum over ¢ to include operators of dimension d > 4
suppressed by A the mass scale of heavy new physics. The coefficients of each operator ¢; are
called Wilson coefficients and sometimes these have the 1/A®) absorbed into them such that

the notation becomes:

L, (78)

where ¢ = n — 4 so that n is the dimension of the operator. At leading order d = 5 there is

only one operator, namely the neutrino mass operator|16]:

L= SL(LGH)(H'Ly) (79)
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As this operator generates interactions between the Higgs boson and neutrinos which will not
be visible at colliders like the LHC, this operator is not relevant to this thesis. At dimension
d = 6 there exists 59(neglecting flavor) operator forms, with many of them given in Table
taken from [I7]. The SMEFT is reminiscent of four-Fermi theory in section |3.3 where we
added all symmetry consistent terms to the Lagrangian. In four-Fermi theory the higher or-
der terms were suppressed by the Fermi coupling, Gp ~ 1/M3,. Likewise in SMEFT we have
higher order corrections to the standard model which are suppressed by the mass scale of
heavy new physics A. The SMEFT is therefore, as four-Fermi theory, a bottom-up approach
to an effective field theory. In this context a bottom-up approach means that since we have
added all possible operators to the Lagrangian we do not know or predict the values of Wil-
son coefficients. Using the SMEFT therefore amounts to finding what operators introduces
shifts, or corrections, to standard model interactions. Where experiments can attempt to ex-
trapolate values of Wilson coefficients and their predicted correlations among each other. The

Wilson coefficients can then give hints of possible new physics.

4.2 Finite Field Redefinitions

The many operators from the SMEFT can have contributions to the canonical forms of the
standard model Lagrangian when the Higgs attains a vacuum expectation value(vev). The

canonical form for the kinetic and mass terms of the Higgs singlet are defined as:

1 1
‘CCanonical,h = §auhauh - ém}%hQ (80)

4.2.1 A class 3 operator example

Taking from Table [5, we can use a class 3 operator as an example of how the SMEFT shifts
the canonical form of the Higgs singlet and how to make a field redefinition that results in a

canonical form for the shifted Higgs singlet. We consider the operator () gg
Cy = cyp(H'H)0,0"(H'H), (81)

where H is the Higgs doublet. The Higgs attains a vev such that H — v + h (we are using

unitary gauge):
Cs = cua(h'h +v? + hlv +vh)0,0" (hTh + v* 4 hTv + vh) (82)

where h is the real part of the second component of the Higgs doublet so hf = h. We then

have contributions to the canonical form for scalar of the form: —cypv?9,h0" h. Adding this

to the standard model kinetic term and transforming h — —2 .
g V CCHD

1 1
Lin SMEFT = o (—8Mh'3“h/ — CHDvgﬁuh'a“h’> ) (83)

CHO 2
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Then taking C,,,_ =1 — 2cyv? we then get a canonical kinetic form for the A':

1
Lki"’SMEFTCanonical - §8ﬂh’/a#h/ . (84)
We can expand L around cpyy < 1:
¢Ho
=14 2cpgv?® + 2c5 v  + -+, (85)
CCHD

yielding an infinite series in cyg. In this way we can parameterize the resulting shifts in the

Higgs interaction terms (as discussed below) to any order in cyq.

4.2.2 A class 4 operator example

As with the Higgs singlet in the previous section, we now describe a similar example for a
class 4 operator from Table

Cy = cyp(H'H)(B,,B"), (86)

where:

Bw/ = auB,u - a,uBua (87)
is the U(1) gauge boson field strength from the weak sector of the standard model. The Higgs
attains a vev such that H — v + h,

Cy = cyp(v® + h'h + hiv + vh)B,, B" . (88)

We have shifts to the canonical form like: CHBUQBWB’“’. The standard model canonical form

kinetic term is: .
'Ckin = _ZBW/BMV . (89)

: : B, .
Adding the two and transforming the field B, — NGk

]. 1 ! !
Lin SMEFT = o <_ZLB‘/“’B H 4 CHBU2BI/WB ’“’) ) (90)
CHB

Then taking C,,,, = 1 — 4cypv? we get a canonical form for B':

1

Lkin,SMEFTCanonical = _ZBILVB/’LLV : (91)
Expanding ﬁ for cyp < 1:
1
= 1+4CHB’U2+86%{BU4+"' ; (92)
C(CHB

we have an infinite series in the Wilson coefficient cyp. As with the Higgs shift we can now
parameterize this shift to any order in the wilson coefficient cyp. In addition to shifting the
fields away from canonical kinetic and mass terms, Class 3 and 4 operators also affect the

mixing between the neutral gauge bosons [18 [19]. We do not elaborate on this in this thesis.
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4.2.3 Implications of the field redefinitions

In this section we will see how a shift to the canonical form of Higgs kinetic term, shifts all
couplings to the Higgs. Taking the Yukawa coupling from the standard model as example, we

have the Lagrangian|2]:
Lyurawa = —HarYadr — HgpYyup — HLLY,ep + h.c. . (93)

This Lagrangian is responsible for generation of the fermion masses by means of coupling
them to the Higgs. Here Y, Y,, Y, are the Yukawa coupling matrices of the down type quarks,
up-type quarks and leptons respectively. The subscripts L, R means left and right-handed
field respectively. H = iooH is the conjugate Higgs doublet used for up-type quark couplings
where oy are the second Pauli matrix obeying 05 = —o9. All the Yukawa couplings are of a

similar form:
‘CYukawa = —QYH‘I’@D + h.c. ) (94)
where W represents a left-hand fermionic SU(2);, doublet and 1) represents a right-hand fermionic

singlet. After spontaneous symmetry breaking we have:

EYukawa = —gy(h + U)\I/’(ﬁ + h.c.. (95)

. B . .
Using h — Jooms from Eq [83| gives us:

h/

Ly ukawa, SMEFT = —gy ( \/THD

The shift from the class 3 operator in Eq [81] shifts all couplings to the Higgs. For this reason
it is a tremendous task redefining all the interactions with shifts from the SMEFT, but the

procedure can be simplified as well as generalized to all orders in 1/A using a methodology
called the geoSMEFT.

+v)We + h.c.. (96)

4.3 geoSMEFT

In this section we briefly discuss the idea of the geoSMEFT theory described in Ref. [20]
One can imagine how cumbersome it would be to write and work with the operators of the
SMEFT to all orders. Indeed, in the previous discussion of Sections and we only
considered two of the five operators which shift the kinetic and mass terms of the fields. Ad-
ditionally, at dimension eight there are six operators further complicating the procedure.
geoSMEFT is a method in which this process is simplified. In the standard model we have,

for example, the kinetic term for the Higgs:
L esse = (DHH) (DNHT) . (97)

If we then write the Higgs doublet in real scalar field coordinates we find:

1 [ ¢+ 1y
H=— . 98
V2 <¢4 - Z¢3> (98)
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In this way we can write Eq[97] as:

LHkinetic = 51J(Du¢)I(DH¢)J' (99)

The geoSMEFT uses this idea to encode the operators of the SMEFT to all orders in 1/A
within an object that corrects the d-function, é;; — h;;. The Lagrangian with all of the
SMEFT corrections can the be written[20]:

EHkinetic:SMEFT = hIJ(DH¢)I(DH¢)J . (100)

Where:

hiy = 146

¢2 (8+2n) C(8+2n)
HD H,D2
+ Z ( ) ( A2 )] 017 (101)

N F{q J¢KPA L¢L CHD i Z ¢2 13%22”)
2 2A2 e 2 A2+2n ’

In similar fashion we can define:

={w,, W2 W2 B.}. (102)

B

So that the standard model W and B fields kinetic terms, can be generalized to all orders
SMEFT:

1 1
LWiguetic SM = _15ABW;?VWB’W = LoWietic, SMEFT = ——QABWA W (103)
These definitions can then be used to redefine the fields to all orders in the mass eigenstate
basis with:
AG = {WH W=, Z v} = VgBUpaW,!, (104)
and
OF ={d1, d—, \,h} = VAEIV 10" . (105)

Where U and V are the matrices which in the standard model rotate the weak eigenstate
fields to their mass eigenstates. Further, U includes shifts in the definition of the Weinberg
angle (Weak mixing angle) and is therefore an implicit function of |/g. This gives us the La-
grangian with canonically normalized fields to all order in the SMEFT:

1 1
LVinetic, SMEFT = —ZQABWB’“ Y= —ZAB’“ YA - (106)
Lot sMEFT = his(D,0) (D*¢1); — (D, @) (D"®)" . (107)

In this way we are able to transform all fields such that they have canonical kinetic terms
while keeping track of the interaction terms in a much more straightforward manner than
that outlined in Section This is the methodology that was employed in deriving the Feyn-
man rules of Appendix [C.1] using the FeynRules package of [21].
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5 H — (lv in the Standard Model

The standard model calculation of H — £¢v has been discussed extensively
in the literature [22, 23] 24], 25 26, 27, 28]. In this thesis we present results also published in
[29].

In this section we discuss the standard model Higgs decay to two leptons and a photon, H —
0¢~. We will discuss the contributions from tree-level, how they are chirally suppressed and
calculate the decay width at tree-level. We then go on to discuss the contributions at one-
loop, here we go into more depth about the contributions from loops of top-quarks and cal-
culate the matrix elements of the Higgs decay via top quark loop to two photons and to a
photon and a Z boson respectively, allowing the Z and one of the photons to be off-shell.

We then discuss the rest of the one-loop contributions of the H — (¢ based on Ref.[29)]

to later be able to use their calculations of the total one-loop standard model contribution
to this particular Higgs decay. We use a parameterization of the total one-loop amplitude
from Ref.[29] to perform the decay width integral. We note that the decay widths obtained
at one-loop are of same or larger order of magnitude compared to the tree-level decay width
for muons and electrons respectively. With this in mind we also introduce Dalitz plots as a
way to obtain more information about at what energies, which contributions affect the decay
width the most.

The results in this section have also been published in [29].

5.1 Standard model at Tree-level

In the standard model the Higgs decays at tree level to two leptons through the Yukawa cou-
pling. If one of these leptons radiate a photon we find that the Higgs can decay to two lep-
tons and a photon, H — (/v at tree-level. Feynman diagrams for this decay are shown in
Figures [I1] and [I2] The Yukawa coupling as defined in Section [4.2.3] couples left and right
handed leptons together and is proportional ot my/v. As a result the production of leptons

from the Yukawa coupling is chirally suppressed as my/v.

7“7 k:l

H(ky 4 kg + k) —==-- ¥(ks)

U(k2)

Figure 11: Higgs to two leptons and photon through radiation of photon
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H(ky + ko + k3) ----- P (ks)

Figure 12: Higgs to two leptons and photon through radiation of photon

The two diagrams in Figures [11] and [12] correspond to the two cases of H — (v at tree-level,
where either the lepton or the anti-lepton radiates a photon. To find the matrix elements for
this decay we need the following Feynman rules defined in Appendix [C} The Higgs coupling
to fermions, the photon coupling of leptons and the fermion propagator. For the first diagram

in Figure [[T] we obtain the matrix element:

My = —@e;(lﬁ)u(k:ﬂaﬁb ((kikj_;;)égl)jc;??%> v(ka)e - (108)

Where €, (k) is the photon polarization associated with the external photon with momentum

ky and Q is the fermion charge. For the second diagram, Figure [I2] we obtain:

_Qgemy - (—Ky — Ky)an +my
M; = o ulk)u(ks)a ((l@ k) —mi i6> VeV (F2)e - (109)

We are interested in calculating the squared matrix element, and since the total matrix ele-
ment is the sum of the two matrix elements i.e.: Mpyqr = M1 + My, the squared matrix

element will be:
Mol = M2 + Mo+ MiME + Mo = M2 + Mo 4 2R [MME] - (110)

Where R(z) takes the real part of x. Evaluating the terms separately we find the following:

QQ 272

|/\/ll|2 = 02 (kg + kr)? )ggpuTT (%37” (k3+%1)%2 (k3+k1>7p) . (111)

., —Qie'my Wi p
|Ma|® = 02 (ks + k1 )2 )2gpuTT (’%3 (Ko + E)) v Ky (By 4+ Ky)) - (112)
MM = ey 59T (K" (K5 + K1) Ko (K — 1)) - (113)

v2(ks 4 k1)? (ko + k1)
From these squared matrix elements we see the chiral suppression in the prefactor as (m/v)2.
Employing the rules in Table [7] for traces over y-matrices and contracting the Lorentz-indices
we take the lepton’s mass to be m; — 0 except in the leading order from the Yukawa cou-
pling. This is done be able to write the equations in a publication friendly way, however the
masses are used in the calculation of the decay widths below. Furthermore, we introduce the

invariant variables defined in Appendix [D] which with our momentum assignment becomes:
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s1 = (k1 + k2)?, s3 = (ko + k3)? and s3 = (k3 + k1)?. Finally, using the relation between these
variables and masses, s3 = MIZ{ — 81 — S to eliminate s3 we find:
4e*m% (My + s3)

v2s1(s1 + s9 — M%)~

’MTotM’Q = (114)

Where My is the mass of the Higgs introduced as the square root of the center of mass en-
ergy, v/s = My. Using the definition of the decay width in three body phase space of Sec-
tion [D] we find:
o 1 1 872
H=ly 2My (27)5 32M3,
Here the superscript (0) denotes that this is the tree level result. Eq. has an IR diver-

gence because of the s; in the denominator which makes the integral ill defined at s; — 0. As

4e*m3 (My + s3)

. (115
v2s1(s1+ s — M%) (115)

/d81d82@[_G(81782,M12{7mlg,0,ml2)]

a result we use a minimum photon energy of 5GeV. To see how this works we use the expres-
sion for s, from Appendix [D] but written in terms of the decaying particle’s momentum in its
center of mass frame p = [\/s, 0]:

s2=(p—p1)*. (116)
Where our momentum assignment has p; as the photon momentum. This then lets us write

the photon energy as|30)]:
S — 89

E, = . 117
Taking the photon energy to a minimum of 5GeV therefore corresponds to:
M2 — So
5GeV < — L= 118
=Ty (118)

The parameters used are presented in Table 2l The integral was performed with the Vegas
algorithm from the CUBA library for Mathematica|31].

T e, = 344 x 10712 GeV (119)
T 1 = 1.01 x 1077 GeV, (120)
LY., =210 x 1075 GeV . (121)

We have calculated the tree-level decay width for the Higgs decay H — ¢~. We found these
to be chirally suppressed and it is therefore interesting to compare these to the loop contribu-

tions.

5.2 Standard Model Loops

At the order of one loop in the standard model the Higgs can decay to two leptons and one
photon through many processes. Two examples of one-loop Higgs decay are the top quark
loop processes producing either two photons from which a photon can convert into a lepton
pair, or a photon and a Z boson which can produce a lepton pair. See Figure Since top-
quarks have Yukawa coupling of order one Y; o m;/v = O(1), the top-quark loop has a large

contribution from the Yukawa coupling compared to other lighter fermions.
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e 0.308253
My | 125.10 GeV

me | 0.51099895 x 1073 GeV
m, | 105.6583745 x 1073 GeV
m, | 1.77686 GeV

my | 172.4GeV

My | 91.1876 GeV

Gr | 1.1663787 x 107° GeV 2

Table 2: Parameters used in numerical integration of decay width see Refs. [32] , [33] , [34l], [10]
and [11]

5.2.1 H — ~v at through top-quark loop

751 7Y, 1
l—p1

H(py +p2) ---- l H(py +p2) ----

[+ po
n n
((l) 7, P2 (b) 7, P2

Figure 13: (@ Feynman diagram of the non-divergent top-quark loop process allowing for double
photon production from Higgs decay. @Second Feynman diagram for the H — ~~ process through
top-quark loop it is identical to Figure[d, except it has reversed fermion flow in the top-quark loop,

amounting to a reversal py and po

To calculate the top-quark one-loop matrix element for the process H — ~7, we use the
Feynman rules from Appendix [C] For the Feynman diagram in Figure [I3a] we obtain the ma-

trix element:

o o_ 4ggN0626*( e )/ apy T <(—l +p, +m)y (=] +m)y (=1 = p, +mt))
oy = T gy W PP mD (B = md i) (- pr)? — mE i) (L + p2)? — mi +ie)
(122)
Where m; is the top quark mass, €, ,¢, are the on shell photon polarization and g, is as dis-
cussed in Section the SU(2) gauge coupling. Furthermore the top-quark charge Q; = %e
has been introduced explicitly, and quark colors have been introduced as the number of col-
ors N,.. The superscript (1) denotes that this is a one-loop order process. The second dia-

gram, Figure [13b|simply introduces a factor of two which is included in Eq.

To compute this integral we use the Package-X library for Mathematica [35], which allows
for fast loop calculations. In order to compare with Ref. [36] we parametrize the result and

expand in terms of a = f—ni keeping terms up to O(a) and obtain:

2 2
1 _ e 4 * * P1,uP2,v 7p1,up2,u th v 2
Mipyy = —igzzauP)a ) ( 5 T < o0~ 3 9" )at0@@)]). (123)
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Where we have usedgy, = ZmTW and N, = 3. We get similar momentum dependence as
Ref.[36].

Allowing one of the photons to be off-shell would then allow for a v — £/ vertex with lepton-
photon Feynman rule from Appendix|C}

v = U = —iQeey™ . (124)

5.2.2 H — Zv at through top-quark loop
Zuapl Zuapl
[ —p

H(py +p2) ---- l H(py +p2) ----

[+ po
" u
(a) 7 P2 (b) 7" D2

Figure 1/: (@Fsynman diagram of Higgs decay to a Z boson and a photon through a top-quark loop.
@Second Feynman diagram for the H — ~vZ process through top-quark loop it is identical to Fig-

ure @ except it has reversed fermion flow in the top-quark loop, amounting to a reversal p1 and po

We assemble the Feynman diagram in Figure using Feynman rules in Appendix[C] We
use the same conventions as for H — v in Eq. obtaining a factor two for the second
diagram in Figure We find the matrix element:

1 . 2Nc,926 * *
Mg{lz = —thm%(pz)%(]%)

X / a» Ir <(_l +p, +mu)y” (9P + 9rPr) (=1 +m)y*(—] - Pyt mt))
: :

2m)P (1 = mi +ie)((I = p1)* = mi +ie)((L + p2)* — mi + ie)
(125)

We computing the integral with with Package-X as we did for the H — v loop. We then
2 2

parameterize the result as a series in a = 247%, b= i\% to order O (#), with My being the
t t t

Z-boson mass and find:

D1,uP2.v P1,uD2.v Qm? v 7p1,,up2,1/ Qm? v 2
clpl2y 11 SN — # @ b .

x( ; +< o +3g>+( o 59" )a+0((a+b))
(126)

Here 6,, is the weak mixing angle. We find similar momentum dependence as Ref. [36].
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(a) (b)

Figure 15: The rest of the diagrams contributing to the standard model Higgs decay with final states
of either two photons or a photon a Z-boson taken from Ref. [29]. (@) and (@ have internal lines
of either W—-bosons, charged Goldstone bosons, charged ghosts[29], or fermions as we saw in the
top-loop of Figures and , If final state is a photon and a Z—-boson (@ the loops can have in-
ternal lines from either one Goldstone boson and two W —-bosons or two Goldstone bosons and one

W —boson[29].

As with the H — ~v process, if we let the Z-boson be off-shell it would allow for a Z — (¢

vertex with Feynman rule as defined in Appendix[C}
Z — U = —in*(gLPr + grPR) (127)

In the following applications we will use the full expressions for H — vy and H — vZ and
not the parameterized expressions in Egs. and

5.2.3 Electro-weak Loops

As mentioned previously the two top-quark loops are not the only loops contributing to H —
0l at one-loop level in the standard model. The other possible standard model one-loop di-
agrams contributing to H — ¢/~ consists of the electro-weak bosonic or fermionic loops to fi-
nal states containing either two photons or a photon and a Z—boson|29], see Figures |15 and
These contribute to H — ¢¢~ by a photon or a Z-boson going off shell and decaying to two
leptons like the top-quark loops from Sections did. Among these are the top-quark
loops as discussed in the previous section. The rest of the electro-weak loops, shown in Fig-
ures through are the Higgs decaying to two external fermions via loops of two W or
Z—-bosons and a fermion. Then either an external fermion or the internal fermion line can ra-
diate a photon and thereby contribute to H — ¢~ at one-loop. It should be noted that these
electroweak loops are not chiral in nature but bosonic. This means that they are not sup-
pressed as m/v as chirally suppresed tree-level contribution, but proportional to M3 . /v

which is large for gauge bosons of the standard model.

5.3 Full Standard model loop calculation

As discussed above, there are more processes than the H — v and H — ~Z, that can

contribute to the H — ¢/~ at one-loop level, these are the electro-weak loops discussed in
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“ (b) (c)

Figure 16: Feynman diagrams from Ref. [29] (@ are diagrams of one-loop order Higgs decays result-

ing in a either two photons or a photon and a Z-boson the box therefore represents all possible loops

for those final states. Figure [15] shows the possible loops which are represented by the box in Figure [d|
(@ contains the top-loops from Sections . The diagrams of (E)]) and have decays of the

Higgs boson to loops of two W or Z-bosons resulting in two external fermions. A photon can radiate

from either one of the external fermions (@) or the internal fermion line in the loop.
Section [5.2.3] The total one-loop amplitude can parametrized as[29]:

. v v N — 128
Z-/\/llfloop = (Can'u + CQLkglﬁ + CIQLkgkl)Ua(k2>(7VPL)abUb(k3> ( )

+ (c1rn™™ + cork kY + chpkE kY )t (ko) (7, Pr)eava(ks) -

Where we have the same momentum configuration as in Figures [I3] and The ¢;1, g are the
coefficients of the kinematic structures from the full one-loop matrix element for H — [l in

the standard model. Squaring this matrix element in the limit m; — 0 we obtain:
1 * * "% * * *
M _100p|*> = 582(401L01L+401R01R+(CQLCQL—i_C;LCQL+02R62R+C,2R02R)51<81+82_MI2{)) . (129)

Where we have used the invariant variables defined in Appendix[D] We supplement our cal-

culation of the top loop contribution from Sections 5.2.1] and [5.2.2] with the electroweak loops

as calculated in Ref. [29] to obtain the coefficients ¢; 1, p of Eq. . We then go on to calcu-

late the decay width. The numerical integration was done with Mathematica libraries CollierLink|35]
and CUBAJ[3I] with error at the level of less than a per mil (< %o). The parameter used are

those in Table 2] We find:

T4 e, = 5.70 X 1077 GeV, (130)
T4 i = 3.73 X 1077 GeV, (131)
T4, =284 x 1077 GeV (132)

It is interesting to compare these results with the tree level results. Since the tree-level pro-
cess is chirally suppressed we find that the one-loop result is very significant in compari-
son. In particular we find that for electrons the one-loop contributions is far more significant
than the tree-level and for the muon the two are of the same order of magnitude. To learn
more about the processes one can make a Dalitz plot. We produce Dalitz plots by plotting
the integrand of the decay width, as defined in Eq. [D.8] over the physical region defined by
Glz,y, z,u,v,w] in Eq[D.6]on the (s1,s2) plane. Such a plot will then show what part of the
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integrand of the decay width has the most impact on the total decay width. As an example,
take the tree-level decay width for H — (¢v in Eq. Plotting:

(0)
Ay, 1 1 8

dsidsy — 2Mpy (27)5 32M%,

4e*m% (Mp + s3)

o|-G MZ%. m?,0,m?
[ (817827 Haml7 7ml>]U2$1(31+32—M%I)7

(133)

for muons gives the plot on the left in Figure The Dalitz plots presented in this section
are also published in Ref [29]. The plot on the right in Figure [17]is the Dalitz plot of the

SM Tree SM Loop
7773{ F-.- T T 10—12
10714
10716
10718

S
ml\'}

Figure 17: Dalitz of the standard model Higgs decay to two fermions and a photon. The dotted line
marking the Z-boson mass are to compare with the one-loop, which has a pole at mQZ from the H —
vZ processes where the Z—boson decays to two fermions. An example of this is the top loops to a

photon and a Z—-boson in Figure . Units are [GeV]=3. Also published in Ref [29].

one-loop decay width from Eq. Dalitz plots such as those in Figure [I7] are incredibly
useful in learning about the kinematics of a given process. We note that in Figure [L7 we can
see, for the one-loop case, a resonance in s, at the mass of the Z-boson squared m?%. Since
sy = (p2 + p3)? corresponds to the squared center of mass energy of the two final state lep-
tons, this pole corresponds to the case where the Z—boson from a H — vZ process, such as
the ones in Figure are allowed to be off-shell and convert to a lepton pair. We also see
the differential width is peaked as the photon corresponding to the lepton pair goes off shell,
i.e. s5 — 0 and produce the lepton pair, corresponding processes with H — y — 0.
An example of such a process is the top-quark loop to two photons in Figure [13| Finally the
tree level process seems to have increasing effect at higher s, where the one-loop contribution
falls off. It is evident Dalitz plots such as those in Figure [17] can be instrumental for experi-
ments, guiding their search and helping distinguish specific processes by isolating particular
regions of so. In particular it is evident that we can study the standard model of different

loop contributions as well as tree level separately by using cuts in s, on the differential width

in Eq133] Ref. |37].
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5.4 Conclusions from the Standard Model Calculations

In this section we discussed the Higgs decay to two leptons and a photon, H — /v at both
tree and one-loop level. We went on to calculate the tree-level decay width we also note that
the tree-level decay is chirally suppressed. We assembled the matrix elements of the Higgs
decay via top-quarks loops in the standard model and explained how the two cases H — vy
and H — ~vZ could contribute to H — ¢¢v at one loop. We then discussed the rest of the
one-loop contributions of the H — /#{~ and using a parameterization of the total one-loop
amplitude we calculated the total decay width at one-loop in the standard model. We discov-
ered that in the standard model the decay widths of H — #¢~ at one-loop can be of same
order of magnitude or larger than the tree level depending on the flavor of the lepton. We
then introduced Dalitz plots to obtain information about dominant contributions to the total

decay width at different energies.

6 SMEFT Contributions at Tree-Level

In this section we discuss the tree-level SMEFT contributions to the Higgs decay H — (~.
We then calculate the matrix elements for the tree-level SMEFT contributions to H — /7.
These matrix elements are then used to calculate the SMEFT contribution to the decay width
H — (0v, normalized to the standard model. This is first done at tree-level in and then we
include the interferences of the tree-level SMEFT and the one-loop standard model ampli-
tudes. The result is expanded in terms of the Wilson coefficents for the different SMEFT op-
erators involved. The results in this section are also published in collaboration with T.Corbett
Ref. [29].

The SMEFT as discussed in Section [4|is a bottom-up EFT produces predictions with correc-
tions to the standard model in terms of the SMEFT Wilson coefficients. In the case of the
process H — (0~ we have particular interest, because the tree-level amplitude is chirally
suppressed. This means that the SMEFT contributions could have larger significance and

might be more easily found through experiments. We are interested in finding the tree-level
SMEFT corrections to H — (7.

6.1 Tree-level SMEFT

Following Ref.[29] we have the Tree-level squared matrix element with SMEFT corrections:
[ Mee|*= ’MggndardModaPﬂ + 2855 + [AEL%AQ) + My + Mol (134)

The Apy is the SMEFT correction to the standard model Yukawa coupling H — £/, com-
ing from the finite field redefinitions (from class 3 operators) as was discussed in Section
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as well as direct contributions from the Class 5 operators of | which are rescalings of the
standard model Yukawa couplings. The corrections in the parenthesis of Eq. are defined
as|29):

1 V2 3v? 3v3
A =2 | O ORCHC RO RS CRORPROR NONNCSORS
Hv v? Capn — 4CHD 8(CHD CHDQ) 32( CHD) 2\/§mg CeH 9 CeH
(135)

The barred lepton mass m, has implicit SMEFT shifts in it, and as lepton masses are among

our input parameters this implicit dependence is absorbed into the input parameter. The

term with superscript (6) in Eq. is just the dimension 6 part, i.e. the part with super-

script (6) in Eq. This is simply a result of truncating the expansion in 1/A (see Sec-

tion M) at order 1/A%. Additionally, in Eq. we have two new tree-level amplitudes Moy, Mo
for H — 0~ from the SMEFT. These come from the class 4 operators in Table [5 and allow

for the processes H — vy (M¢1) and H — vZ (M) at tree-level. Following Ref. [29] we
define these tree-level SMEFT processes as the following numbered cases:

1. Higgs coupling directly to two photons as the H — ~v vertex with Feynman rule
Eq. where the photon then decays to a lepton pair via the standard model coupling
modified by e — é. (Class 4 operators in Table [3)).

2. Higgs coupling directly to a photon and a Z-boson as the H — vZ vertex with Feyn-
man rule Eq. where the Z—boson then decays to a lepton pair via the modified cou-
pling of Eq. [C.10] (Class 4 operators in Table [5).

Where the case numbers are represented as subscripts on matrix elements as M¢;. Using
the Feynman rules for these couplings found in Appendix|C.1] we can reproduce the matrix
elements Mo1 Mea:

Qg AAV
i——(
s

iMC‘l = — k}lf(kg + k?g)‘u — k?l . (kQ + k’3)7}“y)ﬂ(l€2)’yyv(l€3)E*H(k’l) . (136)

iMCQ = iMC2,L + Z'./\/l()zpL . (137)

—ivgnazgz(9L + 91
4( M2 + ZrzMZ

iMCZL - (k;(kig—f-kg)’u—]{?l' (k2_|_kg)n#V)a<k2),yV)PLU(]€3)€*#(kl) . (138)

)
—ivgHAz9z(gr + gR)
4(8% — M% + ZrzMz)

The barred parameters in these matrix elements as mentioned above correspond to implic-

iMcar =

(kY (ko +kg)" —ky - (ko +ks)n™ )u(ka)y") Pru(ks)e™ (k1) . (139)

itly shifted parameters due to the SMEFT operators. ¢}, gi are also such shifts to the left
and right handed couplings. We see the tree-level SMEFT matrix elements are not chirally
suppressed as the standard model tree-level matrix element. As mentioned earlier in this sec-
tion, this makes the H — #¢v a good place to look for SMEFT corrections to the standard

model through experiment. The expression in Eq. [6] can be integrated numerically and used
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to obtain the SMEFT contributions normalized to the standard model in terms of the Wilson

coeflicients, defining in the case of muons (our calculations henceforth will be with muons):

FSMEFT

H—oppy
A= FStandard Model L. (140)

H—ppy

Where the input parameters used are those given in Table [2l Using the tree level SMEFT
contribution of Eq. normalized to the standard model decay width of Sections [.Ihnd
as in Eq[140] we obtain:

A = 0.4089) —0.10&%), — o 050257y, — 0.050¢5 ), 5 + 0.81[E%1]* — 0.4025, H)D +0.050[¢%%) )2

—0. 43—c§}, +0.23— [~<6>] —0.21—&% — 0.43—99 1 0.11—0 0
my, u my, my, my,

+10* (5.9[5233}2 +1.989. 70 4 11[E9 2 +4.989.89) - — 2560 &9+ 1.8[c§{)WB]2> .

(141)

Where the following notation has been used:
&Y =02, (142)
& = el (143)

The result in Eq[I41] was obtained by integrating over all of phase space with the exception
of the 5GeV minimum photon energy, as was done in the standard model section o, However,
in our discussion about Dalitz plots in Section it was evident that some regions of phase-
space can be more interesting than others. This is particularly so when looking for specific
corrections such as those of the different Wilson coefficients. This will be explored further in
Section We have found in Eq. the ratio of the SMEFT corrected decay width with
the standard model decay width. As was discussed in Section [5| we expect the SMEFT con-
tributions to be significant even at tree-level because of the chiral suppression of the tree-
level interaction in the standard model. With some of the Wilson coefficients having contri-

butions of order O(1) to the standard model this expectation seems to have been correct.

6.2 Tree-level SMEFT at one-loop

Beyond tree level we have the tree-level SMEFT contribution interfered with the standard

model one-loop as[29):

| Mone—toop|” = [MSthdard Model (Mar + Mz + Mas + Mcas)'| (144)

with M1, Mo defined as in Egs. [136], [137], 13§ and [139] We have two new cases M3 and
My in Eq[144] which we label as we did for the cases M¢; and Meo:
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3. Higgs decay directly to £y through 4-point interaction vertex with Feynman rule Eq. [C.17]
(Class 11 operators of dimension 8, see Table [f]).

4. Higgs decay directly to £¢~ through 4-point interaction vertex with Feynman rule Eq.

(Class 15 operators of dimension 8, see Table [f]).

We note that standard model tree-level matrix, including its SMEFT shift is of the form
uy"~"v (see Eq.[108)). Therefore its interference with any other matrix elements in Eq.

is proportional to the fermion mass (see Table |§) and therefore negligible under m; — 0.

M3z and Mgy can be constructed from the Feynman rules in Appendix.

Mei = Meip + Mceir. (145)
AllQl v e U
iMcs L = —(kl)(k2 + kg) U(kQ)%PLU(ks)G (kl)a . (146)
BHQleU v = *
iMesr = 5 ————(k)) (k2 + k3)"u(ka) v, Pro(ks)e™ (ki) . (147)
iMC47L = iUA15(/€1V(]€2 + kg)u — /{71 . (/{72 + kg)gwj)fb(/ﬂg)’)/yPLU(k3>€*M(]€1) . (148)
iMc47R = iUB15<]{71V(k32 + ]6'3)“ — ]{71 . (/{72 —f‘ k’3)glw)ﬁ(lfg)’}/l,PRU(kig)E*“(k’l) . (149)

These matrix elements, Mg, My, corresponds to the decay H — ({~ happening at tree-
level through a single four-point vertex. If we include Eq. in Eq. we obtain the full
equation:

A =0.402), — 0.1025), — 0.050¢5; ), — 0.0508%), , + 0.81[2) |2 — 0.408) &), + 0.050[c), 2

2
04370213,—}-023—[22] 0.217%() 0.43— 88 40119

i, . . CerCHD uc eHCHD
u
+10" (5.9[E5 512 + L9575y + LD 12 + 49855500 5 — 25800y 5 + L8y 51%)

~270(éig5 + #i71) — 80(@ghy + Eighy + Es) + 1507y s + )
—540[¢\9)12 — 160[&10), 12 + 5908%5L,60) - — 0.0166\), &), + 170 2
270890 1 1306960 — 80&') &8 — 4360 &9 4 1506C) &0 40 )
—5.289. &9 _ g 1649) @33 + 03 45, 2~<6) A0 8180 (&0t 4 F0)3y

8.3 ) — 520 (" + £

—13e 024D L+ &2y ror2e®l L —o0a3@®t 4 dde )
~(8).5 ~(8
+0.025(C0 112 p + Chagy2p) — 0-0T0(EkS 0y + gz ) - (150)
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We now have the SMEFT corrections to the standard model decay width expanded in terms
of the Wilson coefficients. Expressions like this can be used when exploring how the ratios
between different Wilson coefficients change as we restrict the phase space integral to certain
regions. Additionally expression like this are also useful on their own when compared again
large datasets of experimental measurements to hopefully in the future constrain the parame-

ter space of the SMEFT and measure deviations from the standard model.

6.3 SMEFT Dalitz Plots

In this section we discuss Dalitz-like plots of the SMEFT contributions to the Higgs decay

H — (0. Dalitz-like plots meaning the plots are normalized to the standard model as to as-
certain the SMEFT contribution relative to the standard model. The Dalitz-like plots in this
section are also published in collaboration with T.Corbett in Ref.[29]. See Figures [18] and [19}
We will discuss how plots of the like can be used to distinguish which SMEFT operators
might be dominant in a certain regime. These Dalitz-like plots are plotted as the ratio of the
different tree-level SMEFT contributions to the total standard model squared matrix element
much like Eq. is normalized to the standard model:

RO Ml |
|M (S?:)andard Model + M (S?andard Model |2
ROer = —% ZRG[MCW::C)J'] , (151)
|M Standard Model + M Standard Model |2
&) _ 2Re[M élt)andard ModetM i)

|M(S[1);Lndard Model T M(S?andard Model | '

Where the superscript denotes tree-level for (0) and interference with the standard model at
one-loop for (1). The C; are the numbered cases as described previously. In Eq. the decay
widths were integrated over the whole phase-space with the caveat that there was a minimum
photon energy of 5GeV. Looking at the Dalitz-like plots in Figures we see as in the
standard model Dalitz plots (Figure there are regions where the different operators have
larger contributions to the total decay width this motivates the idea of making certain cuts
in the kinematic invariant s, to emphasize certain operators. As such the Dalitz-like plots ex-
plored here present an opportunity of fine tuning predictions for experimentalists to test but
that process also introduces more model dependence. Curiously some of the Dalitz-like plots
have sign flips indicated by solid black line, where the top-most region has been taken to al-
ways be positive. The sign of interferences of the form M; M7 are not guaranteed to be pos-
itive as in the case of a squared matrix element of the form |M|?. As a results sign flips oc-
curs as can occur as Sp varies. It is interesting to note that in Figure [19 we see that there is
two sign flips for the left handed parts whereas there are only one for the right handed part.
In tandem with the above discussion about emphasizing certain SMEFT contributions these
sign flips could provide a way of combining certain regions as to isolate SMEFT contributions
of interest.
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Figure 18: Dalitz-like plots defined in Eq. . Wilson coefficients have been pulled out of the ratios.
The “t” indicates that the Left and right handed parts are are the same up to the normalization indi-
cated by the plot title. Also published in Ref.[29]
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Figure 19: Second set of Dalitz-like with the same descriptions as in Figure . Also published in

Ref.[29]

We now turn from our discussion of the Dalitz-like plots to proposing regions as cuts of s, in
the phase space with the goal of emphasizing the different SMEFT contributions. We remind
the reader that sy = (ko+k3)? is the invariant mass of the two final state leptons, i.e di-lepton
system. We define a set of cuts in sy as regions R; through Rj; which are summarized in Ta-
ble 3] The first region R; is just the full phase space yielding Eq. For Region two our
goal is to emphasize the C'} contributions from the class 4 operators. Looking at Figure (18 we
see that these are concentrated at low sy where the standard model is not resonant. Based on
this we define R, as [10% < s, < 407].

Region three R3 has been designed to emphasize the C contributions of the class 4 opera-
tors in addition to the standard model resonance at m%. Looking at Figures [18] and m we see
that the region [70? < s, < 100?]GeV? encapsulates the major contribution of Cy in addition

to capturing the Z-boson resonance of the standard model at one-loop.

A fourth region Ry is designed to emphasize the contribution from the standard model at

tree-level. This includes the shifts to it from the class 3 and 5 operators, contained in Ay,
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Region |GeV]? Purpose of emphasis
Ry (0 < sy <m%) No cut/General
R (107 < sy < 40?) Standard model non-resonant and C
R (707 < sy < 100%) Standard model resonant, Cy and Cs
R, (100% < sy < M%) Standard model tree and its SMEFT correction
Rs | (45% < 55 < 50%) — (65% < 55 < 80%) | C31, & Csp,
Re | (45 < 59 < 50%) + (652 < 59 < 80?) | Control for Rs

Table 3: This table summarizes the different cuts in the phase space integral discussed in Section
as the regions Ry, Ra, R3, Ry, R5, Rg and what features they attempt to emphasize.

as discussed in Sections and @.Looking at Figures |17 and [18 we find that a region [100 <
sy < m%]GeV? encapsulates the standard model tree-level contribution, which is concentrated
at high sy ~ m?.

In the attempt to emphasize the direct four point vertices coming the class 11 and 15 opera-
tors we construct a fifth region R5. Looking at Figure [19| we see a large contribution from the
left handed part of both C3 and Cj in the middle and bottom of the sy range. Additionally
the right handed region also has a large contribution through out these two regions. However
the left handed contribution has an additional sign flip. In region R; we attempt to use the
second sign flip of the left hand C5; and Cyy. This is done by subtraction of two ranges with
contribution of different sign in the left handed case only due to the second sign flip. sub-
tracting these regions should then have cancellations in all other cases than that of the Cj5p,
and C,r. Ranges chosen are [45% < s, < 50%|GeV? and [652 < s, < 80%]GeV?. The region for
Rs is then [45% < sy < 50%]GeV? — [65% < s9 < 80%]GeV?.

Finally we present as a sanity check the region Rg which is the sum of the subregions in Rs.
This region should provide emphasize the opposite of R5 which means we should see suppres-

sion of the cases C3 and C, and enhancement of C; and Cs.

6.4 Optimizing SMEFT Searches

In this section we discuss the combination of Dalitz plots as discussed in Sections 5| and
and the SMEFT contributions discussed in Section [6] We are interested in providing experi-
mentalists with as easily testable predictions as possible, but we are also interested in as lit-
tle model dependence as possible. We present two assumptions based on the dependence of
Eq. on cuts in the kinematic invariant so (invariant mass of the final state di-lepton sys-

tem), where the third line without any assumptions seems dominant.

1. The first assumption is made by restoring the factor v"~#/A"=* absorbed into &”, then

) J
assume that ¢l = 1. Assuming A to some scale then lets us find a scale for which

J
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(6)

the terms linear in dimension six Wilson coefficients ¢, in Eq. |150| could dominate the

terms quadratic in those same Wilson coefficients e.g. line 3 of Eq. [150, This is because

the quadratic dimension six and linear dimension eight terms would have 1/A* depen-

dence whereas the linear dimension six term would have 1/A? scaling.

2. The second assumption is the assumption of weakly interacting new physics where op-

erators of class 4 with Wilson coefficients: (cgg, cg%v, C(b%v ), only occur at loop level [3§].

These will therefore be suppressed by a factor of 1/(167%) meaning we take cg)B, cg%,, cg)WB —

1/(1672) [cg)B, CSL%,, CS%,V B} This assumption leads to the third line remaining domi-

nant but suppressed in the full phase space (Eq. [L50]).

A third assumption with parts of both of the previous two could be made but this would be
very model dependent, therefore we do not consider it here. Additionally the Wilson coeffi-

cients 55}2 have been constrained|39] and we neglect them in the following discussion.

As mentioned above we present cuts in so, attempting to enhance different contributions from
the SMEFT operators. In the case of the full phase space (region one R;) except the mini-
mum photon energy in Eq. applying the first assumption the third line, corresponding

to |[Mc1]? and | Mo|?, remains dominant at a scale from A ~ 1TeV up to A ~ 3.5TeV. Af-
ter this the class 4 operator terms linear in dimension six Wilson coefficients dominate. Using
the loop assumption in R, i.e. the full phase space, we find that contributions from the class
4 operators remain dominant and that the terms quadratic in the class 4 operators become of
same order as those linear in the class 4 operators. By using both assumptions class 4 opera-

tors will no longer be dominant at A ~ 1TeV.

We present the rest of the results for region Ry to Rs. For region two in phase space Ry (see
Table [3)) we obtain:

A2 =126 — 0.0298), — 0.015¢5), — 0.0154), , + 0.23[E51]2 — 0.126%) &), + 0.015[c)]
2
V) v o) v 26) U A6) H0) NORO
_O'Um_feff - O.O62m—ﬂceH + O.O66m—i[c€H]2 - 0'12% d9ED 1 0.03— - ConCrp
+10° (1AL + 08367, ci0hy + 0.13[ci0)y 12 — 1587500 — 046743 ey 5 + 04202 5
~(6 ~(8
—7%K22+c%9—2ﬂxga+-%%+—%@9+4MK%%B+§$@>
—1400[9,)2 — 430[¢%), )2 + 150[CHWB] + 16008069 4 4.25%5%3
~(6 ~(6) ~ ~(6 ~(6
7200HBCET{)D + 34OCHBC§{33 2208} HW g{)[\ 11005*{%4/ Cgp t 400, HWB g{u +5.9¢ g{%/VB 5'133

6 ~(6) ~(6 ~ 6),1  ~(6),3
—18epéyy, — 14eun (e + ™) + 188, ) + 1480, (@0 + ™)

- (6 ~ ~(6), ~(6),3
_1165“{%/1/305“{)6 - 8'7CHWB(CET{2 + CSLI; )
—3. 1~(§)BlH?D 0. 55( (2)1{2D3 + (2)H2D3) + 1. 7 2WH2D -2 4< ELQBH2D + 6(LS2)§H2D)

—0.42(C5 s pa + Crapraps) — 0.21(Ca s pa + Crapaps) + L3 (Canygrzp + Coanprrap) (152)

This region was designed to enhance the contributions of case one (C}) coming from the class
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4 operators as discussed in Section This also emphasizes the non-resonant contribution
from the standard model as seen in Figure [I7] We obtain this region by looking at Figure
where we see that the chosen region [102 < 5y < 402] is where C'; seems to have the largest
contribution. Looking at Figure [19| we observe that the direct four point couplings of C'5 and
(), also have a large contribution in the region. We therefore also see an enhancement in
those cases. In particular we find that the squared class 4 operator contribution is increased
by an order of magnitude. Using the assumption of a new physics scale 1/A the class 4 op-
erator contributions linear in dimension six Wilson coefficients i.e. scaled as 1/A? will be-
gin to dominate over the otherwise dominant quadratic tree-level class 4 contributions at

A ~ 3.5TeV. Using the weakly interacting new physics assumption, leading to loop sup-
pression of class 4 operators, we find that the four-point vertex direct couplings of C3 and Cy
become of the same order as the class 4 operators at tree-level. While these calculations are
done for the muon, it is also possible to influence the contribution of class 3 operators (those
with Wilson coefficients: cyp, cyg) by considering lepton flavor. This is because the class 3
operators contribute through the chirally Yukawa coupling. Here tau-leptons will have the
largest contribution while the electron will have the smallest. In fact for tau leptons the class
3 operators will enhanced by (m,/m,)* ~ 3 x 10%, as such we could see the class 3 operators

dominate under the loop-suppression assumption.
Using the region Rs (see Table [3) we find:

A3 =0.19¢5) — 0.0472), — 0.023¢5), — 0.023%), , + 0.37[E4]2 — 0.198%) &), + 0.023[c))
2
0. 19—c(13 +0.10—[E972 — 0. 010—*2 0.20— &80 10,0490
my my, My My M

+10°* (14[553) ] - 2. 5CHBCETJ)W + 1. 3[CH ] + 1. 5CHBC§56I%/VB L. 7Cg{%/VCE§)WB + 0. 56[~§%/VB]2)
8
—16(Cg) + Cy) + 9-1(E50 + Sty + i) — 3-9E 5 + Sty )
(6 ~(6) ~ (6) (6 ~
—32[e )7 + 18[eiy | + 2780 s 5 — 188w Sy s + 3L[E N 5]
~(6) ~(6) ~(6)  ~(6) ~(6)

—1689.69) 48969 70 1 9109 G, — 7260 &9 3.9 &9 4106l &9

6 6),3 ~(6 ~(6),3
+4.58 5, — L6855 (E" + ) — 458 e, + 168y " + E™)
~(6),1

(6)
+2.9¢ %WBCS% —10¢ EHWB( + ELI? )
-1 ONS)BllﬂD + 0. 57CeQWH2D — 0.18( c(aQ)HQD3 + i2)H?D3) +0.51(¢ Z(E)B}{?D + 6l(281)5751){2D)

OO0+ 2002 + 0045+ 8 ) ~ 02+ ) (159
From this region we find that the SMEFT contribution from class 4 operators has decreased.
This is because in emphasizing C5 we have reduced the C'; contribution which is larger than
Cy by two orders of magnitude. However, as seen in the two first plots of Figure [I§] in this
region we have that Mc M, has the opposite sign as [Mcq|?>. This means that some de-
structive interference takes place and is the reason that the class 4 operators are not reduced
by two orders of magnitude but only one. In introducing the assumptions in region R3 we

start with assuming a new physics scale we find that class 4 operator terms linear in dimen-
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sion six Wilson coefficients, i.e. those with 1/A% dependence, overtakes the squared class 4
operator terms with 1/A* scaling at A ~ 8TeV. Invoking the second assumption suppress-
ing the class 4 operators by the loop suppression factor 1/167% achieves a balance between all

operators, with them all being close to the same size.

Using region Ry (see Table [3) we find:
A =1.980) — 0482, — 0.2485), — 0.2485), , + 3.9[E0L]% — 1.9ESLE0) + 0.24[c )]

+2.1

~(6)+11—[ o —10— & 21— % ;D+051m &9,

My my, My My M
+600[\0)2 — 710889+ 4709 12 + 32068, — 70081989 4 256[E0) )2
6 ~(8 ~(6 ~ ~ ~ ~
+5.5(C5p + Cyp) — TA(E + Cipy + Cipa) +5.2(C50 5 + iy

F11E02 — 15[69), )2 4+ 148960 +6.960 &9 171 )

55800 9 40 O 7 48 FO 40 ga0) 945060 9 580 &0

~ ~(6 6),1 ~(6),3
48HBH6+88()(()+§{?)+48HWH6 88HW(5112+())

~(6)  ~(6 6),1 = ~(6),3
—3. 1C§T{WB (H)+56 SLIWB(CSLI; +c () )

+0.27¢% 2BH2D + 0. 049(6(2)1{2[)3 + S);w?r) — 0. 150(2)VVH2D — 0.50( 1(21)9;121) + 1(51)95;1217)

—0. 090( 1(21)5(2D3 + ~1(281)L122D3) — 0. 045( 5(2}{2133 + l(2;{2D3) +0. 28( 1(21)/VH2D + ~l(281)/VH2D) (154)

While this region was designed to emphasize the standard model tree contribution, we also
find that in this region, looking at Figure [18| class 4 operators are heavily suppressed, espe-
cially the tree-level contributions from squared class 4 operators (|M¢gy + Mes|?). However,
despite this we still find these class 4 operators dominant before applying further assump-
tions. We make the assumption of a new physics scale and find that as for region R3 the class
4 operator terms linear in dimension six Wilson coefficients begins to dominate the quadratic
terms at some scale. However here we find that this happens much earlier at A ~ 2.5TeV.
Next we invoke the loop suppression assumption of the class 4 operators. Here we find that
the large suppression from the chosen region in phase space combined with the loop suppres-
sion makes the class 3 contributions in line one, coming from the standard model shift Ay,
dominate. Tt should be noted that this region could be enhanced further by considering the
heavier lepton flavor of tau-leptons. As mentioned above this is because the class 3 opera-
tors enter the equation through corrections to the chirally suppressed Yukawa coupling. This

leads to an enhancement of order O(10?) for tau-leptons.
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Using region Rs (see Table [3]) we find:
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With this region we see an enormous enhancement of the cases Cs;, and Cy, but it is evi-
dent that class 4 operators still dominate. This is because, as seen in Figure [I8 where C
and C5 contributions are large at the middle and bottom of the s, range respectively. This
means it is not possible to have one region cancel all class 4 operator contributions simulta-
neously. Additionally we note that the right handed contributions are also enhanced, because
the region encompasses its largest contribution while the cancellation is not perfect. Invok-
ing the two assumptions as we did for the other regions: First using assumption one, we find
the scale at which the class 4 operator terms linear in dimension six Wilson coefficients over-
take and dominate those quadratic in the class 4 operators to be A ~ 3TeV. The second as-
sumption, namely, the loop suppression of the class 4 operators achieves the dominance of
the cases C3 and Cy that we designed this region for. However, this only holds for muons and
electrons as for the heaviest lepton flavor, the tau-lepton, the contribution from the class 3

operators would increase by order of magnitude (m,/m,)* ~ O(10?) and dominate.
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Finally region Rg (see Table |3)) yields:
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As expected we see a tree-level contribution from C; and C5 which is on the same order of
magnitude as for the full-phase space in region one Eq. [I[50] Additionally we find that the

terms from cases C3 and C} are suppressed.

In Tables |3] and 4] we summarize the regions and the corresponding dominant contributions
under the two assumptions discussed in this section. From the above discussion we find that
cases C7 and Cy coming from the class 4 operators of the SMEFT dominate in all described
regions when no assumptions are applied. We find however that by assuming that the class

4 operators first occur at one-loop level, and therefore are suppressed by 1/1672, suppresses
the class 4 operators sufficiently so that we are able to emphasize other contributions. Addi-
tionally we find that the class 4 operators coming from the one-loop order interference with
the standard model one-loop expression, can be distinguished from those contributing at tree-
level at a larger new physics scale A. We also note that flavor of the final state leptons has

a large impact on the contributions from the class 3 operators which shift the chirally sup-
pressed standard model Yukawa coupling. With these considerations we conclude that it is
possible to study H — ¢¢v in the SMEFT and distinguish between tree and loop generated
operators as well as resolve the direct contact four-point vertex which is first generated at di-
mension eight. Lastly we note that while the assumptions allow for more in depth studies of
the individual SMEFT contributions they are inherent biases with which one should be care-

ful making conclusions about UV physics.
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Class 4 operators | Class 3 operators | Class 11 and 15 operators A
R De,r — — 3.5 TeV
Ry Ce, D, Ce.p 3.5 TeV
R3 Cy Cy, D, Cy, D. 8 TeV
Ry - D, D, 2.5 TeV
Rs - D, D., 3 TeV

Table 4: Table, showing for all five regions, the dominant operators D under the assumption that
the Class 4 operators are generated at one loop and therefore suppressed by 1/1672. e, u, T indicates
lepton-flavors. Ce., ; indicates that no particular contribution is dominant for the given flavor. Ad-
ditionally two C'’s in the same row means that the two contributions marked are of the same order
of magnitude. The last column shows the new physics scale A at which class 4 operator contributions
linear in dimension six Wilson coefficients, begins to dominate those quadratic in the class 4 opera-

tors.

7 Conclusion

In Sectionl] we introduced the electroweak sector of the standard model. We started with
introducing the Lagrangian formalism but then went on to discuss the Higgs mechanism,
spontaneous symmetry break and how this is needed for the standard model to include the
observed massive gauge bosons. Then in Section we discussed a summary of Higgs data
from the LHC and noted the high uncertainty on this data. This motivated the idea that
new physics could be hiding in these uncertainties. Based on this we deemed Higgs decays

an interesting area in which to hunt for new physics using future data from HL-LHC. Effec-
tive field theories are a great way to do this, but before introducing effective field theories, we

needed to introduce the idea of renormalizable and non-renormalizable theories.

In Section [2| we discuss renormalizability and how a non-renormalizable theory is still useful
in the right context. This lead us to the concept of effective field theories. These are non-
renormalizable field theories, but where higher order terms are suppressed by some scale un-
der which the theory is perturbative. In Section |3| we discussed the effective action and the
concept of integrating out a heavy field. We then discussed two famous examples of these
effective field theories, the four-Fermi theory and the chiral Lagrangian of pions. We then fol-
lowed a calculation of an effective Lagrangian based on a standard model Higgs modified by
heavy singlet scalar. We used this example to discuss how effective field theories can be used

to look for new physics.

Following the discussion of effective field theories and their use in predicting new physics,

we discuss the standard model effective field theory(SMEFT) in Section il The SMEFT is
introduced as an effective field theory extension of the standard model, to be used to look
for new physics beyond the standard model. We discussed the construction of the SMEFT
and the concept of the SMEFT operators shifting canonical forms of the standard model. We
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discussed the redefinition of fields which lets us transform the Lagrangian to one where the
fields have canonical kinetic terms. We also outline the idea of the geoSMEFT theory which

provides a compact notation while including operators to all orders in the SMEFT.

We then moved on to explore the Higgs decay to two leptons and a photon in the standard
model. In Section 5| we start off by calculating the squared matrix element for the process

H — [y at tree-level in the standard model. Using this we calculated the tree-level de-
cay width. We also noted the chiral suppression of the tree-level decay by my/v coming from
the Yukawa coupling. Next we calculate the matrix elements for the processes H — v~ and
H — ~Z mediated by top-quark loops and discuss how these contribute to the Higgs decay
H — 00~ at one-loop. We then discuss the rest of the one-loop contributions to H — (¢,
namely the electroweak contributions, and using a parameterization we calculate the total de-
cay width at one-loop in the standard model of H — ¢¢v. Then for the standard model we
introduced Dalitz plots and produced such plots for the calculated standard model decay at
both tree and one-loop level. We also discussed how the decay width at one-loop was larger
than that at tree-level for electrons and on same order of magnitude for muons. This sup-

pression of the tree-level decay width then provided motivation for our SMEFT studies.

In Section we started by discussing the tree-level SMEFT contributions and assembling
the matrix elements for these. We then used these matrix elements to calculate the total de-
cay width shifted by the SMEFT which we normalized to the standard model. We expanded
the result of this in terms of the Wilson coefficients from the contributing SMEFT opera-
tors. We then constructed Dalitz like plots of the SMEFT contributions normalized to the
standard model. These Dalitz like plots then were used to guide us in designing cuts in the
invariant mass of the final state di-lepton system. Using such cuts (see Table [3)) in combina-
tion with the assumption of weakly interacting new physics or an assumed new physics scale,
we were able to emphasize different SMEFT contributions(see Table . This was especially
so when also considering flavor of the final state leptons. We found however that the contri-
butions from class 4 operators dominate in all regions presented when no assumptions are
made. Finally we note that these assumptions bring inherent bias, or model dependence, and

should be taken with care.
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Appendices

Page 51 of



Thor Blokker Rasmussen Master’s Thesis

A SMEFT Ls Operators
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Qic | (@ TAd,)H G4, Ot (H'i'D  H) (@7 u,)
Qaw | (@o™d,)r H W, Qra (H'i'D  H)(dyry"dy)
QaB (gpotd,)H By, Qrua + hec. | i(H'D,H)(a,"d,)
8:(LL)(LL) 8: (RR)(RR) 8:(LL)(RR)
Qu (L ul) Asy"l) Qe (@pyuer) (Esy'er) Qe (L yulr) (€57 er)
W (BVuar) (@Y q)  Quu (Tpypur) (s ur) Quu (Lpvule) (s u)
9 @)@ T e) Qaa | [pd)(daytd) Qe | (Gyule) (deytdy)
D Grd) @t a) Qe | @Emen) (@) Que | (Gug)(Esyer)
QY | G 1)@ @) Qea | (Epvuer)(din™dy) W (@) (@)
QW | @) (dard) QR | @uTAg) (@ T huy)
Q4 | (T hun)(d?TAd) QY | (@yuer) (deydy)
QYW | (@yuTa:) (dey T Ady)

YD 0 = H'iD,H — (iD,H"H

1
HYWD ,H = H'ir'D,H — (iD,7"H")H

Table 5: The operators in the SMEFT at dimension d = 6 from [17]. There are 59 unique operator
forms that occur at dimension-siz. In this table we have removed the CP odd operators as they are
not relevant to our discussion. There are 5 four fermion operators which we have removed as they

are not relevant to this thesis.
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B Class 11 and 15 SMEFT Operators

Dimension eight we have the following operators from classes 11 and 15[29].

Class 15: 2> X H?D

Class 11: ¢?H?*D? QE%HQD (éR7V6R>DM(HTT]H)W}{V
Q%@DB i(Iy*D*1) (D, D, H H) QSY s (éry’er)D*(H H)B,,
8).2 T T _
Qpzpr2ps i(ly* D*O)(H' DDy H) Q12WH2D (hyl)Du(HTTIH)W;{V

Qg | i(Iy*T/ DV1)(Dy, D, Hir! H)
Qieysps | Iy 7! D1)(H'! DD, H)

Ql?WH?D (Z’YVTIZ)DM(HTH)W;{V
QS&I’?HQD eIJK(ZVVTIl)D“(HTTJH)WIﬁ

Qg)l}l2D3 .(éR’YﬂDyeR)(D(u HTH) _ 7 P1
Qg)ﬁim (eR’Y“DyeR)(HTD(u wH) QﬂBH?D (T ) D*(H'T H) By,

QIQBHZD (Iv'l)D*(H'H)B,,

Table 6: SMEFT operators forms of dimension eight, taken from Ref.[29]. These are used in the cal-
culation of tree-level SMEFT contributions to the Higgs decay to two leptons and a photon

C Feynman Rules

Higgs coupling to fermions:

fermion propagator:
(7 Pu+my)

— = .
/ f= mf+ze

fermion coupling to photons:
ff =7 =—iQpex".

Fermion coupling to Z boson:

ff—=2= (gz) v(eLPr + crPr) = —v"(9LPr + grPR).

w

C.1 SMEFT Feynman Rules

These are the tree-level SMEFT Feynman rules taken from Ref. [29]
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Tree-level coupling of Higgs to two photons or a photon and a Z-boson:

With definitions:

JHAZ =

AHAZ -

gHAA —

19 aav (kY2 kS — Ky - konth?)

A, __'9HAZV (K2 b — ke - epmp1i2)

[8(0% — o ew S+ Ackiy 5 (G — gﬁv)} (1+ Apazv®)

0 [8(ela — el — i) ewsw + deliivn (@ — 53|

1
6 6 6 6
20%33 + 20%2,[, + CET{)D — chq)D

4 [CSEE%V + ci sty — EWEWCE':%VB}

+v2c, [cgg(&gg Al — )+ 2(555%&/3)2}

sty (el (8cliy + el — i) + 2 n)

—v2éw§wcg%4,3 [80&% + 402% — c;% + SCES%,V]

a0 [l + (e + Bl — s

Class 7 operators shift the Z coupling to leptons yielding the rule Feynman rule:

Az

i%zv’“ (g, Pr + grPr)

U4
o (e 1) (0 )+ 2 (e + e+ 52°)

4
v

v%ﬁi (14 Aze) + Ecgi

v L _ _

> [ZCngcg%V + 28wg10$33 + (928W + 910W)Cg§%/v3}

Class 11 operators shift the Z coupling to leptons yielding Feynman rule:

All =

z‘ggzzﬂ [Avy (k1 - kv + k{2 fy) P+ Bua (k- kot + k{2 k) Pyl

20(8)’1

2 (8)72 (8)73 (8)74

2H2ps — 2Cg2ps T Cpy2ps — Cp2ps
(8),1 (8),2
2082H2D3 - 20e2H2D3

(C.10)

(C.11)
(C.12)

(C.13)
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Class 11 and Class 15 operators can generate a single vertex interaction H — ({v:

‘

¢ = - Qpev .11 / / C17

A, = iR ko (AL P+ By Pr) (C.17)

H2 —1v [A15<k51 ' ]fz’}/m - ]{Zglkl)PL + Bl5(l€1 : ]CQ’}/M - k)glkl)PR]
Alll = 2Cl(281)§12D3 + 26528}}22173 + 01(28;;(32D3 + Cl(281)rﬁD3 (018)
Bil - 2622)]’112D3 + 2022)1';722D3 (019)
A5 = EW(CZ(QBJ)E;{?D + Cl(QSgiﬂD) - §W<C§§I)/{/1H2D + CZ(SI)/EEH2D) (C.20)
Bl5 = éwcig)élf_]2D - EWCEE),I/I}H2D (021)

D 3-body phase space

This section is based on Ref. [30] The three body phase space is relevant when calculating
crosssections of 1 — 3 processes and can be modeled similarly to 2 — 2 processes. The physi-

cal region of phase space with in the 1 — 3 process can be described by the condition:
G(s1,89,8,m3,m3,m3) <0. (D.1)

Where {s1, so, s, m3, m3, m3} are the masses and invariant variable defined as:

s1=(p1 +p2)*. (D.2)
so = (p2 +p3)*. (D.3)
s3 = (p1 +p3)?. (D.4)

The decaying particles center of mass energy is /s, and the labels 1,2, 3 refer to the decay
products. These are related by:

$1+ 8y + 83 =8+ m] +mj+m;. (D.5)

The center of mass energy of the decaying particle is equal to it’s mass when in its rest frame
so that /s = Mpecay. The function G can be interpreted as a tetrahedron function defined as

a Cayley determinant:

01 1 1 1
1 0 v 2z =z
Glz,y, z,u,v,w] = ~3 1 v 0 uy (D.6)
1l 2w 0 w
1 2z y w 0O
The three body decay rate is then:
1 1
Fg = —F Rg(S) . (D?)
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With Lorentz invariant phase space integral :

82
R3(3> == @ /dSIdSQG[_G(Sh S92, S,mg, m%’ m%)] )

where O(z) is the heavyside step-function.

E The Trace Technique and Spin Sums

This section follows the discussion in [3]. When calculating the squares of matrix elements in-

volving external on-shell fermions it is a common feature to obtain a combination of fermion

currents from which a trace can be formed. Employing the following identities we demon-

strate how spin sums can be calculated:

makes spin sums easy to do.

(E.1)

(E.2)

Take as an example the process e (p1) + e (p2) — e (p3) + e (ps): The matrix element in

Feynmann guage: € = 0 is:

k2

M4=mmw—wwmmm(‘“%”)mmﬂ—www@a.

We find the matrix element squared:

4

(E.3)

IMJ? = % [0a(P2)Vh51s(P1)] [ (P4)Vyupo Vo (P3)] X [Ta(p1)Vhsvs(D2)] [0o(P3)Vupotio(pa)] - (E.4)

Since spinor indices keeps track of matrix multiplication for us, we are free to move the ele-

ments of this equation around. Using that for a square matrix M, M;i = Tr[M], we can see

that this product of matrices reduces to the product of two traces:

ZMW=§M+ﬂmM—ﬂ

Spins

Tt =] [pm]

7ynm7upa . (E 5)

S uME = S ([, m] v [1, = m] 9#) < 7 ([, - M) g+ M) ) - (B0)

Spins

Where the dirac slash notation has been used, p = 7*p,,.
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The identities taken from [3] in Table [7] can then be used to obtain the final matrix element

squared in terms of the momentum of involved particles.

Tr

Tr(l 4

Tr(["™"y) |0

Tr(y"7") Ag™

Tr(y"y"y*7) | 49" — 4g"7g"" + 49"7g""
Tr(v* [T ~#) | 0

Tr(v°) 0

Tr(yv*7") 0

(v

YY) | dietee

Table 7: Trace Identities from [3]. €**P° is the Levi-Cevita anti symmetric tensor.

The chiral basis {I, Py, " Py, "}, forms a complete basis for the y#-matrix space. Because
of this Table [8 contains all combinations of fermion bilinears in the chiral basis calculated
using Table

Uk 0" X))t | 6im kY — Gimy kY
Uiy Ixhy ) 2my kY + 2myky

Yty V" P Xk
Ui Y P Xy

Interference Result
Uy V" P Xy (0, Pxies)T | 2]
Uk V" P Xy (Vb Pexi)t | 2mgkly
Ve Y P Xy (W v Py )T | 2KV KS + 2K4 K — 2Ky - kog'” & 2i€"7Pky oks,
ViV Py (VY P Xy )1 | 2myma g
(
(

Table 8: Table of all possible interferences of fermion bilinears in the chiral basis.e*”*° is the Levi-

Cevita anti symmetric tensor.

F  Dimensional regularization

This section is based on discussions in Ref. [7] There are many approaches to regulating di-
vergences in loop diagrams in quantum field theory. One of the most commonly employed

methods is dimensional regularization.

Take for example the photon vacuum energy loop integral:

Lo [ 4 (i) (0l + mse(—iveae) (0 (L= P+ )
! / (2m)? [2—m2 +i€|[(l — p)2 — m2 + i] : (F.1)

This loop integral is divergent in four dimension but taking the dimension to be d = 4 — 2¢

we can compute the integral. Afterward we can then get physical result by taking the limit of
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d — 4. We find:

o [ G IO ey,
(2m)? (12 —m? +i€][(l — p)? — m? + i€
here ¢ is added to keep the units correct when going to d = 4 — 2¢ dimensions. From here
one uses Feynman parametrization, Eq. to obtain an appropriate form in order to use the

loop integral master equation in dimensional regularization Eq.

1 ! Fn)o(1—a; — - —ay)
= — | day---dao, 2 F.3
A A, /1 A T AL -+ an Ay (F.3)

Where:

d 2a 1 T(a+3DT(bh—a-—2¢
/ ’ kd Qk b =i(=1)"" pd (a+ )T 7] a-5) (F.5)
(2m)? (k2 = A) A3 NWINGY
In the limit € — 0 the I-function can be expanded as|2]:
1
I'(e) = o O(e) . (F.6)

Where v = 0.5772 is known as the Euler-Mascheroni constant.
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