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Chapter 1

Introduction

1.1 Poor mans physics philosophy

In any type of science a project must start by addressing a very important question: Does
the topic of research deserve that effort is being spend on it, and if the answer is affirmative,
why? The way to answer this question depends undoubtedly on the field of science, and within
physics it boils down to the following: Does the topic from an ethical point of view deserve
the interest? Is the topic of relevance for either basic knowledge or technological application?
Is it necessary to investigate the topic further or is it already settled?

The overall topic of this thesis is quantum magnetism - a field that is of great interest to
basic research, as it is a door to the realm of quantum mechanics. Furthermore quantum
magnetism has turned out to be related to superconductivity - a physical state of matter, that
if it can be controlled, will revolutionize transport of electrical energy, among other things
making it possible to use the huge amount of transport demanding sustainable energy sources
such as wind and solar energy. In other words, quantum magnetism is a field that points into
the future. The scientific possibilities in quantum magnetism is constantly increasing as new
technologies create enhanced possibilities for the experimentalist to explore and for the theorist
to model.

Hence, the scientist can with clear conscience and enthusiasm dig into the realm of the quan-
tum magnets.

Modern physics can be divided in two branches - theoretical and experimental physics. In
theoretical physics the scientist is working under the constraint, that he or she must construct
a systematic theory describing what the human senses register through experiment. This the-
ory must be consistent with mathematical law - which is nothing but systematized human
logic.

In order to construct a system of human observation of the physical world, the experiment
plays a crucial role, as the link between the observed physics and the theoretical prediction;
the results of experiments are the physics.

The role of theoretical physics then boils down to the construction of models of the experimen-
tally observed physics - either before or after the experiment has been made. These models
must obey two principal rules: They must capture the observed physics and they need to be
sufficiently simple, such that the physicist "understands” what is going on. Having constructed
a model, the outcome of experiment decides whether the model is legitimate.

This thesis work is no exception: It is investigated to which extent the relatively simple Heisen-
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berg Model describes the observations on a physical system.
Well, enough poor mans philosophy, lets get started with the physics.

1.2 The Two Dimensional Quantum Heisenberg Antiferromag-
netic Square Lattice (2DQHAFSL)

Quantum magnetism is a huge field of which this thesis work constitutes a tiny part. The
physical system that we shall restrict ourselves to investigate, is the two dimensional square
lattice governed by the antiferromagnetic (AFM) spin—% Heisenberg model'. Hence, this sys-
tem is known as the Two Dimensional Quantum Heisenberg Antiferromagnetic Square Lattice
(2DQHAFSL).

The 2DQHAFSL is in its pure version a theoretical model to describe localized electrons inter-
acting antiferromagnetically on the two dimensional square lattice. Crystals which are physical
realizations of 2DQHAFSL systems have throughout the last two decades been the topic of
intense investigations. The reason that the simplest of all 2D quantum magnetical systems
experiences such a huge interest, is that most if not all parents of the High-T, cuprate super-
conductors, discovered by Bednorz and Miiller in 1986 [2, p.16], contain lattice planes which
are described very well by this model.

To mention an example, the most investigated cuprate superconductor Lanthanum Strontium
Copper Oxide Lag_,Sr,CuO,4 (LSCO) is made by doping Lanthanum Copper Oxide LagCuOy
(LCO) with Strontium. LCO is a physical realization of the 2DQHAFSL.

Despite the fact that many parent compounds to High-T,. superconductors contain lattice
planes forming 2DQHAFSL systems, it is far from all compounds described by the 2DQHAFSL
system, that by doping can be transformed into a High-7,. superconductor. Nevertheless it
is from the perspective of High-T,. superconductivity, relevant to explore all corners of the
2DQHAFSL by theoretical, experimental and numerical studies. This thesis work has been
done within the field of numerical studies, which will be described in the chapters 4, 5 and 6.

1.2.1 LCO and LSCO

The cuprates superconductors and their parent compounds illustrated by LCO and LSCO
order in their solid phase in lattice planes consisting of copper-oxides (CuQy), separated by
physically different inter-planar compounds. From the literature appears, that the interac-
tion between spins within the copper-oxide planes, is about 10* — 10° times larger than the
interaction between spins localized on neighboring planes [11]. The relative strength of the
intra-planar coupling strength as compared to the inter-planar coupling strength, tells us that
the valence electrons of the copper oxide essentially move only in the plane and almost don’t
feel the existence of the outside world. The relevant interaction is therefore an in-plane ex-
change interaction. The physical realizations of the 2D systems are hence not two dimensional
in a mathematical sense.

The classical ground state of an antiferromagnet is the Néel state, in which every spin is aligned
anti-parallel to its nearest neighbors, parallel to its next nearest neighbors etc., see left panel
of Fig. 2.1.

The most simple quantum mechanical model to describe antiferromagnetically interacting elec-
trons is the Ising model, in which the spins can only order parallel or anti-parallel along the
z-axis. The ground state of the Ising model is the Néel state.

The next level of sophistication allows the spins to orient in any spatial direction and contains

!The Heisenberg model will be treated in detail in chapter 2.
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like the Ising model a coupling strength parameter, that describes whether the spins prefer
parallel or anti-parallel alignment. This model is named the Heisenberg model and is the model
on which this thesis work is based. The Heisenberg model is treated in detail in Sec. 2.1.

It turns out, that the magnetical properties of the copper-oxide planes in the cuprate com-
pounds in most of the Brillouin zone, are very well described by spin wave calculations based
on the 2DQHAFSL. The spin waves we shall return to in Sec. 2.3.

However, at one point in the two dimensional Brillouin zone, the point (,0), experiments
have revealed a pronounced anomaly. An important part of this thesis work is to investigate
to which degree this anomaly is generic within the 2DQHAFSL.

1.2.2 CFTD

In this thesis work the results of the numerical studies will primarily be compared with experi-
mental data obtained from CFTD. CFTD is not a cuprate, but is a very well studied quantum
magnet, that wrt. magnetic structure resembles the cuprates. It is therefore appropriate to
spend a few lines introducing this compound.

CFTD is an abbreviation for Copper Deuteroformate Tetradeuterate and it has the chemical
formula Cu(DCOOQO);, -4D50. In CFTD as in other physical realizations of the 2DQHAFSL the
intra-planar correlation is much greater than the inter-planar correlation. The ratio is about
10* — 10°[23].

The numerical studies of this thesis work intent among other things to model a series of ex-
periments on CFTD made by N.B. Christensen et al [23]. In order to carry out and interpret
these simulations properly, it is important to have in mind the physical properties of CF'TD.
Below 236 K, which is much above the relevant temperature regime for the experiment carried
out, CFTD has the space group P2;/n with lattice parameters a = 8.113 A, b=8.119 A and
¢ = 12.45 A. The monoclinic angle, which is the angle between the a- and b-axis, is 100.28°.
The space group-notation should be read such that CFTD has a 2-fold screw-axis with a mirror
plane perpendicular to it2. The ab-plane contains face-centered spin half Cu?* ions [19], with
the rotation axis being parallel to the c-axis and going through these same Copper ions. It
is the Copper ions that form an approximate square lattice. In Fig. 1.1 three pictures are
displayed. The first is a picture of the 2D unit cell. The dashed red line (solid black line)
marks the structural (magnetic) unit cell. It is on the background of this magnetic unit cell,
that simulation by RLexact will be carried out and spin wave calculations will be performed.
The second picture is a schematic 3D image of the magnetic structure and the last picture
displays the entire structure of CEFTD at low temperatures, cf. the text above.

The intra-planar coupling constant is 6.19(2) meV [23], determined by fitting experimental
data to linear spin wave theory in the M — I' direction. The literature roughly agrees on this
value with deviations of about one percent, see f.x. [19] where the value is 6.31(2) meV. We will
however in the present work arbitrarily adapt the value of 6.19 meV, when a value is needed.
Below Ty = 16.2(5) K the system orders three-dimensionally due to the interlayer coupling[19].
This, however, will not change the fact that the copper-oxide planes effectively are two dimen-
sional. Qualitatively this can be understood from the value of the Boltzmann’s constant?. If
the inter-planar coupling is 10* — 10° times smaller than the intra-planar coupling, the magni-
tude of this coupling must be in the order of 0.01 meV, which corresponds to a temperature of
approximately 0.1 K. Hence only if the temperature is in this regime, the interlayer coupling
plays a role compared to thermal fluctuations.

2The subindex 1 tells that the crystal after rotation of - % (t € N) radians around the 2-fold rotation-axis
must be translated by 1c along the c-axis in order to be brought into coincidence with itself
SKp ~86- 1075eV/K7 giving the approximate rule of thumb that 0.1 meV corresponds to 1K.
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Figure 1.1: The structure of CFTD. Left: The 2D unit cell. The dashed red line (solid
black line) marks the structural (magnetic) unit cell. Middle: 3D magnetic structure. Right:
The structure at low temperatures, 7' < 236 K. The pictures are kindly supplied by N. B.
Christensen.

1.3 The purpose of the project and the structure of the thesis

This thesis work has three main purposes: i) Developing and testing RLexact, ii) running
RLexact on various systems in order to compare the results with experimental and numerical
data from the literature, and iii) trying to reach exact diagonalization results for a 36 spin
square lattice in the m = 0 subspace, which is the limit of what has been done in the litera-
ture. Further, when defining the project an implementation of RVB* calculations into RLexact
were discussed. This however, quickly turned out to be impossible due to lack of time in a 30
ECTS project.

In order to set the work into perspective, the reader will find a brief resume of relevant experi-
mental and numerical studies from the literature. This is found in Chapter 3 and 4 respectively.
In Chapter 2 which is the theoretical chapter, one finds a resume of relevant theoretical con-
siderations, including the Heisenberg model and the theory of spin waves. After all this the
reader should be updated on the scientific status of the 2DQHAFSL, hence being ready to put
into perspective the results, discussion and conclusion of this thesis work, which is reported in
Chapters 6 and 7. Finally, Chapter 5 concerns selected details of RLexact.

*RVB is an abbreviation for Resonating Valence Bond, giving name to the so-called RVB state. This we
will return to at various places throughout this thesis.



Chapter 2

Theory

This chapter contains a presentation of the notions used in the thesis work and furthermore
outlines relevant calculations in detail.

2.1 The Heisenberg model

We shall start by introducing the Heisenberg model.
In the Heisenberg model for localized electrons each spin only interacts pairwise and it is given
by the Hamiltonian

}C:—ZJZ‘]'SZ"SJ'—FQMB}LZSZ-Z ,Jij <0 , (2.1)
(i) i

where Jjj<o implies an antiferromagnet. g¢ is the Landé splitting factor |4, p.139], up is the
Bohr magnetic moment and h is a magnetic field applied along an arbitrarily chosen direction,
in this case the z axis for simplicity. The symbol (-) denotes nearest neighbor summation.
Finally the negative sign of J;; favors antiferromagnetism, since opposite neighboring spins
will clearly lower the energy.

For the sake of simplicity J;; = J for all 4, j, resulting in the form

H=-J) Si-Sj+gmh) Si ,J;<0
(i) i

Furthermore expressing the SZ and S}, operators by S;7 = S% +4S}, and S,, = SZ —iS}, leaves
the model as

H=-J) Si8;+ %(SJS; +879) +gmh > 87 T <0 (2.2)
(4,5) ‘

3

Within numerical- and theoretical studies it is standard to put gu, = 1 and express the ener-
gies in units of J. Furthermore all calculations are performed at zero field (h = 0) making the
last term of Eqn. (2.2) vanish.

Fig. 2.1 shows a classical picture of how the spins (considered as classical vectors) orient them-
selves with respect to an externally applied h-field. For zero field the classical ground state
is the Néel state, in which the system experiences complete long range order, with each spin
aligned anti-parallel to its nearest neighbors. For low fields (Fig. 2.1 left) the spins order an-
tiferromagnetically in a plane perpendicular to the applied magnetic field, but with a small
uniform out-of-plane component. For strong fields (Fig. 2.1 right) the spins gradually align
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parallel to the increasing field, hence creating an uniform out-of-plane component. At the
saturation field! of hy = 8JS = 4J, see Sec. 2.2.1, for a spin % system, all spins are completely
aligned along the field. Why this happens at h = 4J can be understood classically by setting
¢ = % in Eqn. (2.6), where 6 is the angle defined in Fig. 2.1. In the regime of canted spins where
0 < h < hg, it is standard to decompose the spins in a staggered component perpendicular
to the field and a uniform component parallel to the field. Quantum mechanically however,
the Néel state is not an eigenstate for the Heisenberg Hamiltonian Eqn. (2.1) (or alternatively
Eqn. (2.2)) with AFM coupling and therefore the quantum mechanical ground state must be
different from the Néel state.

Despite its relative uncomplicated appearance, the Heisenberg model has proved its worth,

(a) (b)

Figure 2.1: Classical picture of the the orientation of electronic spins represented by classical
vectors in an externally applied magnetic field h. Left: For low fields the spins order an-
tiferromagnetically in a plane perpendicular to the applied magnetic field, but with a small
out-of-plane component. Right: At high fields the spins start to align parallel to the applied
field, hence having a component perpendicular and parallel to the field. At the saturation field
of hy = 8JS all spins are completely aligned along the field. The figure is modified from [39].

as an excellent description of two- dimensional quantum magnetical systems, and this thesis
work is no exception: The Heisenberg model is the model used to govern the spin dynamics.
The Mermin Wagner theorem [3, p. 355] states that at finite temperatures and in two dimen-
sions, long range order is impossible. Experimentally there seems to be consensus though, that
the 2DQHAFSL experiences long range AFM order at zero temperature, see f.x. [27] and [19],
although zero temperature long range order never has been rigorously proven [37].

The Heisenberg model is now presented, and we will continue with other physical magnitudes
relevant to this thesis work.

2.2 Magnetization and magnetic susceptibility

2.2.1 Classical magnetization

This section will be started by deriving the classical expression for the magnetization. We
consider the Hamiltonian Eqn. (2.1) but with the the magnetic field in an arbitrary direction

"When gup = 1.
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such that the last term will be a dot product between h and S;. Further we set J;; = J for all
i,7. We get
J—C:—JZSZ--SJ-—I—gubh-ZSZ- J <0 (2.3)
(i5) i

Classically the energy is nothing but the value of the Hamiltonian, yielding
E =2JNS?%cos(180 — 20) — gupy NhSsin(0) = —2JN S? cos(20) — gupy NhSsin(f) , (2.4)

where the assumption that the spins aligns along the field is made. The magnetization is
obtained by differentiating the energy Eqn. (2.4) wrt. the angle § and setting it equal to zero,
hence obtaining the value of 6 preferred by the system

E
sz_e = 4JNS?sin(20) — gupNhS cos(f) = 0

(8JSsin(f) — guph) cos() = 0 (2.5)

Giving that either cos(f) = 0 or

: ghwh

Ssin(f) = —— 2.6
sin(g) = 4 (2.
From Eqn. (2.6) it is seen that the saturation field is hy = 8.J.S, because the sin(f) = 1 giving

0=7.
2
We now continue, using that classically the magnetization per spin is m = gupS sin() giving

the classical magnetization
h 9 9
= — 2.
m(h) = 259 g (2.7)

which have the correct unit of up.

2.2.2 Quantum mechanical magnetization

We now turn to the quantum mechanical regime. For a system of N spins the magnetization
is given by

]‘ z
M= (5D (28)

7

which for the fully polarized limit (all spins pointing in the same direction) takes the value
M=S.

An alternative definition of the magnetization can be obtained, if the energy E of the system
is known as a function of an external field h. This relation is

_ok
oh

where the magnetization once again is expressed relative to the number of sites NV of the system.

m(h) = (2.9)

Having obtained a differentiable function for the magnetization m(h), the magnetic suscepti-
bility, can be found from the relation

X is known as the susceptibility (or the transverse susceptibility) and is a measure for how
easy a system is magnetized by an applied field. The reason that the susceptibility sometimes
is named ’transverse’ is due to the classical picture, see Fig. 2.1, in which the spins orient
transverse to the applied field. If the system is quantum mechanical and isotropic, this picture
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does not make much sense. This is because the response to a field in terms of magnetization,
does not have a direction wrt. the field. On the other hand, if the system has an anisotropy
along which the spins prefer to align, it makes sense to talk about a susceptibility transverse
and longitudinal to this field. Since the systems in this these all are isotropic, we will merely
use the name ’the susceptibility’.

Eqns. (2.9) and (2.10) will be used when the data from RLexact is presented.

2.3 Spin waves in the 2DQHAFSL

The starting point when trying to understand the spin dynamics of the 2DQHAFSL, is to
use the formalism of spin waves, calculating a spin wave dispersion relation. We shall only
treat linear spin wave (LSW) theory (LSWT), which contain the creation- and annihilation of
spin waves, but no interaction between the spin waves themselves. The starting point is the
classical Néel state. One has to choose in which direction the spins are pointing and the choice
can be made arbitrarily as long as one spin direction is chosen. In the present calculation the
y-axis is chosen, which explicitly is seen from Eqns. (2.18) and (2.19). Using the Heisenberg
Hamiltonian Eqn. (2.1) gives

H = JumSn-Sm = _ JunipSn-Snip (2.11)
nm np
which generalizes to
Z Jg,n—l—psﬁ Z—i—p + JZ,nerS%Serp + Jri,n—i—psi 'rzz—i—p Jy > Jwa Jz >0 ) (2-12)
n,p

where the J have been generalized to J*, JY and J?, such that they can vary between the x,y
and z directions. Further, the change in summation index from m to p comes from changing
the summation from being over both sub lattices (m and n) to being over one sub-lattice (n)
and nearest neighbor vectors p connecting the two sub lattices, see Fig. 2.2. The plan is to

Figure 2.2: Picture illustrating nearest and next-nearest neighbors connected by the vectors
p and [ respectively. p takes the values , -2,y and —gy and [ takes the values & + ¢, = — 7,
—z+gand - — ¢

consider the spins as S = (S) + ¢S, i.e. as a number (classical) plus an operator (quantum
mechanical). This opens for a semi-classical description of magnetic excitations in the lattice;
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the so-called spin waves.

We start by considering the Heisenberg picture in which the time dependence has the form
%S = +[(,S] and recalling the commutation relations? [S, Sp] = ieapySy B,y = x,y, 2,
one gets for a index-n’ sub-lattice

s,

h
dt

A
= > (T Sa Sy + Ty SUSYy + TSiSi,) S
n,p

ST (T SESE, 4 J,SUSY,  + TS5 +p))

= iy (JSESnSE,, + JySuSmSh, , + J.55S0Sk,,)
p;n

n+p

—i Y (JSTSESE, , + JyShSYSY.,
p,n

_ Z'Z(—Jy[ v SY)SY, L+ T[Sk, Sk )
P

+T.S5SL55, )

= iy (—iJySuSY,  +il.Sh Sk,
p
= > (S8l — oSSk (2.13)
p
In the calculations leading to (2.13) it has been used that for o, 3, € {,y, 2} then [SF, S7, | =
(52, 59] = [82,59] = [S%,5h] = 0 and [SY, Sh] = icazySi for (a, 8,7) = (2,9, 7). Alterna-
tively it might be easier in the above calculations to think of these relations as S¢S, S* —

n*~n+p~n’
SESASE, = O[S, ST Sy, for v € {z,y, 2}

From similar calculations one obtains changing n’ to n, since it is nothing but an index,

sy
mﬁquﬁm:zx—%$$ﬂ+kﬁxﬂ) (2.14)
p
R _ i, 57 = J.8Y8%, —.J,8%8Y 2.15
dt _Z[ ?n]_Z(iBnn—I—p ynn+p) ( )
P
Obtaining altogether
_ TySiSn o — J=SnSiy,
hSn=> | —JuS285,,+J.S55%,, (2.16)
o JoSHSE, , — J,SESY.L

Since also n is nothing but an index, we can now substitute n for m obtaining the equation of
motion for the index-m part of the bipartite lattice

Jysﬁlsy — J,s%,57

] m+p m+p
hSm=> | —JuszS5,, + Jos552,, (2.17)
p st%@S;pr — JysﬁlS;ZHp

We then consider small changes in the spin. Along the spin direction the change is so relatively
small, that it can be neglected to first order. This gives for each sub-lattice of the bipartite

2These commutation relations must be unit less, i.e. without 7, since the unit of energy is inside J;.

10
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lattice
08
S, =S+6S, =85y +4S, = S (2.18)
057
0S¥
S,, =S+6S,, =-S5y +4S,, = -5 (2.19)
057,

Here the index n(m) labels the spin up(down) part of the bipartite lattice. Using Eqn. (2.18)
and (2.19) in (2.16) and (2.17) one gets

JyS0SE + J.S65%,, JyS6S; + J.S655, ,
hSp = hoSy = =Y | +Ju05:68%,,— J.685085,, | ~—=> 0
p ~J,S8%, , — J,S65% p \ —J.SSE,, — J,S082

(2.20)
Making the substitutions S — =S, Sp1+, — S+, and S, — S, one gets for the spin down
part

_ _ Jy 8655, + J.S65%,, , JyS6Sz, + J.S6S%,,,
hSpm =S = | Ju0S505%,, — J.08565%,, | =) 0
p ~J, 888, , — J,S0SE, » \ —JuSSE,, — J,S65%,
(2.21)

We wish to Fourier transform (2.20) and (2.21) one component at a time, hence introducing
for each sub-lattice respectively

2 —iqRn 2 iqRn

Aq:\/—gn e "1 5Sn<:>68n:\/—§q eI Ay (2.22)
2 —iq-Rm 2 iq-Rm

Bq = N Em e 0Sm < 0Sm = N Eq e Aq (2.23)

We then transform one component at a time, getting from the z-component of (2.20)

heSy = =Y (1,687 + J.S687, )
P
T
2 iq-RnAx _ 2 iq-RnAz 2 iq-Rntp Rz
D e a o= Y ahSde G IS\ e B;
kK P q,p

(2.24)

Demanding that every term on each side of the equality sign must equal for any value of q we

can cancel the summation over q and multiply by e *@Bn and divide by ,/%. Thereby one

obtains
AT z —iq-(Rn+to—Rn z
hAZ = =) J,845 - J.Se i RosoRn) B2
p p
= —zJySAG — 2J.574Bg (2.25)

Here the definition vq = %Zp e Rntp=Rn) hag been used along with dopJyS = 2dyS, 2
denoting the number of nearest neighbors which is 4 for the square lattice.

11



Spin waves in the 2DQHAFSL 12

By similar calculations one obtains the other component of (2.20) and the two components of
(2.21)

hA; = 2JySAL + 2JySye By (2.26)
hBY = 2J,SBE+ 2J.574A; (2.27)
hB; = —2J,SBE — 2J,S7qAL (2.28)

Setting® J, = J. = J,, a transformation using the ladder operators A = Aq £ iAg and
BE = BE +iBZ one gets by combining Eqns. (2.25) and (2.26) the equations

RAG = h(dg +id) = —20,SAL - 202 5By + i(2JySAG + 2002574 B)
= iS(20 (A5 +iA3) + 20q (B + i) )
= iS (szA;r + szqu;r) (2.29)

Similarly Eqns.( 2.25) to (2.28) combine to

nAg = =iS(2,A5 + 227485 (2.30)
BBy = —iS(20yBg + 2T Ad) (2.31)
By = i8(2JyBq + 2Ja1a4] ) (2.32)

Assuming that the AT and B have the harmonic time dependence e™a’ one gets a factor iwg

on the left side of Eqns. (2.29) to (2.32) yielding a homogeneous system of equations

0 = (2JyS —hwq) A§ + 2J2:57¢ B (2.33)
0 —(2JyS + hwq) Ag — 2J2257¢Bq (2.34)
0 —(2JyS + hwq) BY — 2J5.57 A (2.35)
0 = (2JyS — hwq) By + 2J2:57qA4 (2.36)

Combining (2.33) with (2.35), or (2.34) with (2.36), in both cases results in the characteristic

polynomial
det (

Solving this one finally obtains

2JyS — hwg 2J2257q
—2Jp2S7q  —2JyS — hwqg

) =0 (2.37)

hwq = +284/J2 — J2,7q (2.38)

3This assumes the lattice to have the y-direction as the anisotropy direction and hence the z- and z -directions
to be completely symmetric.

12



Spin waves in the 2DQHAFSL 13

Eqn. (2.38) is the LSW relation for a 2DQHAFSL with a y-axis spin direction. By setting?
Jy = Jz» = J, one obtains the simple dispersion relation

hwq = 28T\ /1 =173 (2.39)

For a square lattice the four (z = 4) nearest neighbors can be reached from a given site by
the vectors® +4 and £¢. This gives using S| = 3 that yq = $(2cos(gs) + 2cos(qy)) giving a
dispersion relation

Twq = ZSJ\/l - (é (2cos(qz) + 2 cos(qy))>2 = 2J\/1 - (% cos(qz) + %cos(qy))2 (2.40)

Experimental notes

For the purpose of theoretical considerations, the energy is presented in units of J. The
magnitude of J depends of course on the compound in question and can be found from neutron
scattering experiments. Since we at present only are interested in obtaining the qualitative
behavior of the LSW dispersion, we choose to present the energies in units of J. In Fig. 2.3 a
plot of the nearest neighbor LSW dispersion relation Eqn. (2.40) is seen.

Constant zone boundary dispersion

From inspection of Fig. 2.3 it is seen that along the magnetic zone boundary (ZB) from
(0,7) to (m,0) the LSW dispersion is constant. This observation can be verified by a simple
calculation using that g, = m — g, along the ZB. This yields that 3 cos(gz) + 3 cos(gy) =
5(cos(gz) — cos(m — qz)) = 0, since cos(m — ¢z) = —cos(gz). Hence the dispersion takes the
value

hwq = 2J (2.41)
along the magnetic ZB.

2.3.1 Next-nearest neighbor coupling

In principle every ion (spin) will interact with all other ions (spins) in the system. In many
cases though, it turns out that models based on nearest neighbor approximation describes
the observed physics quite well. Nonetheless taking into account more ions as interacting
bodies for a given ion, could possibly reveal a behavior not captured by the nearest neighbor
approximation. It will in the following be investigated what happens to the LSW dispersion
relation, if next-nearest neighbors are included in the Hamiltonian (2.1).

The next-nearest neighbors contribution can be expressed as an extra term

Z nnt1Sn - Snyl = Z 41905 +1+Jnn+15 St + Innt1SnSni

“Recall that the J’s represents the coupling between spins (in spin space), see Eqn. (2.1). In the above
calculation we have chosen the spin direction to be the y direction through the equations (2.18) and (2.19).
This means, that a spin wave consists of spins precessing around the y direction. When we set J, = J, = J, = J,
this means that a spin wave can consist of precessing spins in all directions. The information about real space
enters the above calculation when summing over the nearest neighbor lattice vectors p. For the square lattice
with nearest neighbor coupling only, this introduces a Cs symmetry in real space, which through Fourier
transformation is carried over to g-space. The C4 symmetry is clearly visible in Fig. 2.3, which soon will be
introduced. The direction in which the spin wave propagates in real space has nothing to do with the coupling
constants J of Eqn. (2.1). This direction depends on the lattice in question as given by the vectors p.

5The lattice constant a is set to 1, such that f.x. g.a = ¢, and Qya = qy.
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Spin waves in the 2DQHAFSL 14

Energy [umifs af 7]

Figure 2.3: Energy dispersion obtained from LSW calculations. Energies are in units of the
exchange coupling constant J. The solid red line marks the magnetic zone boundary and the
dashed blue line marks the scan in Q2p-space used later on in the thesis, when the energy

dispersion is plotted.

where [ is a vector summing over next nearest neighbors, see Fig. 2.2, and the coupling constants
J' are different from J. This leads to a zero field Hamiltonian of the form

H = > JumSn-Sm
nm

= Z Inn+pSn - Sntp + Z TnniSn - Snti

nl

np

. T T QT Y Yy QY z zZ QZ

- z Jn,n+pSnSn+p + Jn,n+pSnSn+p + Jn,n—i—pSnSn—l—p
n,p

+ Y T aSESe Y LSS T 1ShSi (2.42)
n,l

The sign of the constant J' for a AFM lattice is far from self-evident. In LCO which as
mentioned is a physical realization of the 2DQHAFS, the next-nearest neighbor coupling is
experimentally determined to be ferromagnetic with the value J" = —11.4 + 3 meV (compare
with J = 111.8 £ 4meV) [33]). In CFTD Rgnnow et al. modeled their experimental data with
an additional antiferromagnetic next-nearest neighbor coupling of J' = 0.067.J £0.007.J[19]. It
is therefore not clear which sign the next-nearest coupling constant should have in the purely
theoretical 2DQHAFSL.

Inspecting (2.42) it is seen that the last term in the calculations of a dispersion relation, can
be treated similarly as the first term already handled with, keeping in mind that summing
over next-nearest neighbors reaches vectors on the same sub-lattice. Hence, the calculations

14



Spin waves in the 2DQHAFSL 15

for next-nearest neighbors can be performed relatively easy. The starting point is Eqns. (2.20)
and (2.21) which generalizes to

+JyS0S; + J.8685 ., , — J,88S] + J.S0S7E

hSp =068, = =) | +J.0565%,,— J69MKW+JWW&V tnwwxﬂ
—J,58%, ,— J,865% — J,SST l+»JC96S$

JyS6S; + J.S68%, , — JyS6SE + JLS6SE
A=) 0 (2.43)

ol \ —J.SS%, — J,865% — JLSST,, + J.S6SE

and
JyS6S7, + JzSéS,in — J;SéSﬁ,g + J;SéanH
hS,, = hdS,, = Z —J,05% 5Sﬁl+p — JzéSﬁléS;in — J;éSﬁléSﬁHl + J;éSﬂéSﬁHl
o)l —J,SSE ., — J,S08% — JLSST mal T J;SéS,f%
JySoS7, + JZSéS,,iH_p — J;S&an + J’S(SS;H

m-+p
> 0 (2.44)

ol \ —Jp S8, — J,S65% — JLSST , + J!S6SE,

%

These equations are now Fourier transformed using Eqns. (2.22) and (2.23). Demanding like
the considerations leading to Eqn. (2.25), that the terms equal pairwise for each value of q,
one arrives at the four coupled differential equations
hAg = (—2JyS + 2J,S — 2J.S7q) AL — 2J.57¢ B (2.45)
hA; = (2J,S — 2J,S + 20, Sv4) Agq + 2J2S74 By (2.46)
hBg (2JyS — 2J,S + 2J.Svq) By + 2J.57q A% (2.47)
hB; = (—zJyS+ 2J,S — 2J,574) By — 2J:S7qAG (2.48)
where v = =y e~ Rnti—Rn) and 2/ = 4 is the number of next-nearest neighbors.
Like in the case of nearest neighbors we assume the z and z directions to be symmetric

and transforming Eqns. (2.45) to (2.48) by use of the ladder operators AY = A% 4+ iAZ and
B$ = Bg £ iB§ we arrive at four differential equation which are pairwise coupled

hA§ ZZiS«—%@+2%—ﬂﬂb®A§+szmB;) (2.49)
hAq = 4%@%-¢%ﬂ%%ﬂ;ﬂ%mﬁ@ (2.50)
hBy = %%%Mﬁ%+%%w$mmmﬂ> (2.51)
hBy = iS«—Z%r+%%-—%&%03;4—mhamA;) (2.52)

Using harmonic time dependence e™4?, one gets through differentiation a factor iwg on the
left side of the equality sign in Eqns. (2.49) to (2.52). This gives a homogeneous system of
differential equations

0 = ((—=2Jy+ 2y — 2J.7) — hwq) Af + 2J2.57¢Bg (2.53)
0 = —((zJy — 2Jy + 2J,7}) + hwq) Ay — 2J22574Bg (2.54)
0 = —((zJy — 2y + 2J.74) + hwq) By — 2002574 A (2.55)
0 = ((—2Jy + 2Jy — 2J7q) — hwq) B q T 272257944 (2.56)

15



Ferromagnetic spin waves 16

of which the first couples with the third and the second couples with the fourth. In both cases
the resulting characteristic polynomial is

det (

which yields the final LSW result for nearest plus next-nearest neighbor coupling

hwq = +254/k2 — k2 (2.58)

with k1 = —J, + J;, — Jp,7q and kg = 2J;.S7q. Making the simplification J, = J,. = J and
Jy, = Jy, = J', the dispersion takes the simpler form

28(=Jy + Jy — Ji.7q) — hwq 2J2257q
—2J3257q —28(=Jy + Jy — Jp7q) — hwg

) =0  (257)

Fwq = j:zS\/( T+ I 7{1))2 — 22 (2.59)
7q is obtained by summing over the vectors | € {# + ¢,2 — 9,9 — &, —& — §}. This gives
= Lyt
l
= é(e—i(qﬁqy) + e Uaz—ay) 4 p—ilay—da) 4 ei(qz+qy))
= %(2 cos(qz + qy) + 2cos(qe — qy)) (2.60)

It has been used that the number of next-nearest neighbors 2z’ = 4, see Fig. 2.2. Altogether
the LSW dispersion relation with next-nearest neighbor coupling takes the form

2 2
hwq = 2\/( —J+ J’(l - (% cos(qz + qy) + %cos(qw - qy))) - J2<% cos(qz) + %cos(qy)>
(2.61)
A plot of the dispersion relation based on nearest plus next-nearest neighbor coupling is seen
in Fig. 2.4, where J’ = £0.2J. The left/right screen shows the dispersion for a negative (an-
tiferromagnetic) /positive (ferromagnetic) J’6. This figure will later be interesting in relation
with the (7,0) anomaly mentioned in Chapter 1.

2.4 Ferromagnetic spin waves

Since the topic of this work is antiferromagnetic spin waves we will not go into theoretical
details about ferromagnetic spin waves, but merely state the result.

For ferromagnetic spin waves in the Heisenberg model with nearest neighbor coupling, Eqn. (2.1)
with J;; = J > 0 the dispersion relation is given by’

o = 25(J(0) — J(q)) + guoh (2.62)

where g and pp are defined above and® J(q) = >, J(R,)e "@Rn the summation in n as
above being nearest neighbors, next-nearest neighbors etc. J(0) takes the value 4.J.
In Fig. 2.5 a plot of the ferromagnetic dispersion Eqn. (2.62) is seen.

SRecall that J < 0.
[6, Eqn. (8.11)]
816, Eqn. (5.14)]
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Energy [units af I

Energy [umits of 7]

Figure 2.4: Dispersion relation for magnon excitation based on LSW calculation includ-
ing nearest plus next-nearest neighbors. The left(right) screen displays antiferromag-
netic(ferromagnetic) next-nearest neighbor coupling J’. Energies are in units of J. The value
of the next-nearest neighbor exchange constant is J' = +(—)0.2J for the left (right) panel.
This value is for instructive reasons (to get a visible effect) chosen higher than what can be
justified experimentally [19]. The solid red line marks the magnetic zone boundary and the
dashed blue line marks the scan in QQop-space, which shall be used later.

2.5 The dynamical structure factor S*(q,w)

This section introduces the dynamical structure factor also known as the dynamica21 correlation
function. In order to do this properly it is necessary to introduce a quantity dé—d"E which is
measured in neutron scattering experiments and goes under the name ’the differential cross
section’. The differential cross section is given by[5, Eqns.(2.65) and (2.66)]

do’ N kg (9m0N? o 2 —ow
“hm\2 ) 9r - o 2.
dQdFE h kl< 2 ) g F(q)e azﬁ(‘saﬁ 7093)S°" (q,w) (2.63)

Here

59 (q,w) = QL /00 dte” ™" Zeiq'” (Sg(O)Sf(t)) (2.64)

T J oo ;

where, @ and (3 in general can take the values {z,y, z} but in the Heisenberg model Eqn. (2.1)
a = (3. Alternatively a8 € {+—, —+, 2z}, which is used to obtain the transverse correlation
functions 1

Sazx(q’w) = Syy(qvw) = 1 [S+_(q7w) + S_+(q7w)]

The dynamical structure factor er defined through Eqn. (2.64).
The above formulas are complicated and due will follow an explanation of the various factors
involved.

The fraction ]fc—f is the only factor referring to the experimental setup. The remaining factors

are all properEiZeS of the sample; IV is the number of unit cells, v = 1.913 is the gyro magnetic
ratio, o = < is the electron radius, ¢, = q - €q, g3 = q- € and g is Landé splitting factor,

which is a q&antity to be calculated, see f.x. [4, p.139]. Finally we have the Debye-Waller
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Energy [Units of J]

Figure 2.5: The ferromagnetic dispersion relation in zero field displayed as a scan through Qsp
space. The scan direction is the same as indicated by the blue dashed line in Fig. 2.4.

factor e 72" which contains information about thermal vibration of the atoms away from their
equilibrium positions and the magnetic form factor

Flq) = / dPrs(r)ear = 37 cari(s,) (2.65)

We shall not pursue the experimental aspects of the differential cross section further. However,
it is necessary to spend a little more time on the dynamical structure factor S*%(q,w) defined
in Eqn. (2.64), which is the quantity that RLexact calculates. The expression (S(‘)"(O)slﬂ(t» in
Eqn. (2.64) is a correlation function in space and time, giving the correlation between spins
separated by the distance [ and the time t. The angular brackets denotes thermal average.
From Eqn. (2.64) it is seen, that the correlation function is Fourier transformed in both space
and time with the factor ) af (0ap — gagp) reflecting that only spin components perpendicular
to the scattering vector q contribute to the scattering signal.

We shall concentrate on S?%(q,w), since this is the only component of S*’(q,w) that RLexact
can handle on two dimensional systems. Earlier RLexact was able to perform calculations of
the transverse correlation function S**(q,w) for one dimensional systems [34], but this func-
tionality has not yet been carried over to the new parallelized version.

2.5.1 The dynamical structure factor for antiferromagnetic spin waves

In Chapter 6 it will be necessary to compare the dynamical structure factor S(q,w) calculated
by RLexact with the one predicted by LSW'T on antiferromagnets. The present subsection
will present the LSWT prediction of S(q,w).

According to [22] the differential cross section Eqn. (2.63) reduces for antiferromagnetic spin

18



The dynamical structure factor S**(q,w) 19

waves to
do? _ K r9roN? o 2 _—2W o1 (27T)3
(ﬁ) = k_z(7> g F(q)e =" (1 +QZ)ZU—0
magn.

> [(naq + 1)d(hwg — hw)d(q — q — 7) + g qd (hwg — hw)d(g — q — 7)]

q7Tia

X [u?1 + vq + 2uqvq cos(p - 7)] (2.66)

Here 7 is a reciprocal lattice vector, p is a vector connecting the two sublattices, q the scattering
vector and n, g the Bose factor which is zero at 0 K. The last factor is known as the coherence
factor and using n, q = 0, this is the only quantity that except for delta-functions depends on
q. According to [22] the magnetic coherence factor takes the value

ug + vq + 2uqvg cos(p - 7) = 28 (2.67)
with J(q) =3_, Jpe' e,

For later reference the following values are calculated for the square lattice with nearest neigh-
bor coupling only, i.e. p={z,—2,9, —¢}. In all calculations J, = J

J(0,0) = 4J (2.68)
J(g, g) = J(26'% +2e7'5) = 4Jcos(g) =0 (2.69)
J(m,0) = J2+eT+e ™) =2(1+cos(r)) =0 (2.70)

Yielding

JO)—=J(@@) [ 25 ifq=(%,%)
N I e

These two values will be used when the results are presented in Chapter 6.
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2.6 The staggered magnetization

The staggered magnetization® m! of an antiferromagnet on a square lattice, is defined by
51 -5,
2

mt =

(2.71)

Hence the classical value of m! for the Néel state is mL =5 = % In zero field the stag-
gered moment equals the magnetization of one sub-lattice of a bipartite lattice. The literature
present a variety of methods used to determine m!. Among these are a method based on SWT
by P. W. Anderson [14], series expansion by D. A. Huse [15] and 1/N extrapolations to the
thermodynamical limit from numerical results on finite clusters by Oitmaa and Betts [16]. An
important remark to the interpolation used by Oitmaa and Betts, is that it is not entirely
correct, as is noted by [32] and [15]. The latter explains that the incorrect method is due to
the use of a linear interpolation of the mean-square staggered magnetization'® vs. 1/N. This
procedure assumes the finite size correction to be of order N~!, where it from SWT are found
to be N~3/2, This results in an overestimation of m! in the thermodynamical limit [32].

[15] explains that for finite systems, the mean-square staggered magnetization per spin should
converge as (m}r\,)2 — (mh)? ~ N=1/2 resulting in the expectation (m}L\[)2 = (m"H2 +aN"1/2 4
BN~!'4.... This tells, that a reliable N — oo interpolation can only be made if there is reason
to believe that SN~ <« aN~1/2. In the absence of knowing « and [ this can be expressed as
(m}L\[)2 — (m"? <« (m")2. This we will return to in the discussion of the results in chapter 6.

In the following the basic theory for the staggered moment will be presented.
The static structure factor is given by

S**(q /OwSZZ q,w (2.72)

Performing the integral one gets

Jows=aw = [ 0 3 M )0 o~ £) - | 0 3 251090 Po Fo )

(2.73)
where FEj is the ground state energy, F. is the energy of the exited states and the defini-
tion of the matrix elements are M7*(q,w) = 27|{e|Sq=|gs)|>. Performing the summation and
integration in Eqn. (2.73) yields

[ oS amlelsilanPot + o — £ = Y [ ounel(elszlos)Pow.wa

— 3 2nf(elSlgs)P
— 21y (gs[SEle) (el S5 lgs)

= 2n(gs|(SZ)%|gs)
21 F(q) (2.74)

Here

q) = |%N > e (s5)

Also known as the Static Moment.
19Except for a 1/N? normalization defined as Eqn. (2.75).
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Quantum theory for the spin—% quantum magnet on a square lattice. 21

is nothing but the magnetic structure factor of the ground state. Evaluating this in (7, 7) gives

1 im(j+7"
F(’ﬂ', 7T) = |ﬁ Z (& (‘7+‘7 )<S§]’>
Ji’

2

(2.75)

The factor e™7+3") takes the values -1 for j+j’ = (2n+1) and the value 1 for j+j' = 2n, where
n is an integer. Hence the summation in j and j" equals N§;;/, yielding that that Eqn. (2.75)

takes the value N(S)2. Since S(m,7) = 27TN(T)’LT)2 this gives the final relation between the
static structure factor in (7, 7) and the staggered moment

S((r,m))

ml = (8) = 297N

(2.76)
Using the simple method of Oitmaa and Bets discussed above, it is now possible to make a
plot of m' vs. 1/N reading of the value of the staggered moment in the thermodynamical
limit, as the abscissa intercept. Despite the overestimation of m’, this method will be used in
this thesis work.

2.7 Quantum theory for the spin—% quantum magnet on a square
lattice.

This section will offer an overview of some of the relatively new ideas for quantum theory on
the spin—% quantum magnet on a square lattice.

2.7.1 Resonating Valence Bonds

The lack of rigorous proof and clear experimental results for the ground state of the spin—%
quantum magnet on the square lattice, has facilitated speculations about the nature of this
ground state. A few of these ideas will now be presented briefly.

We shall start our review about eighty years ago. The story can be started in many ways,
but we will start in 1931 where a paper published by Bethe [17] established that general
antiferromagnetic chains do not experience classical ground state order. In 1938 it was realized
by Hultén, that the exited states of these chains also could not be described by classical theory.
At this point in our review it suffices to use a few lines briefly illustrating the physics of quantum
antiferromagnets as opposed to ferromagnets, and it is instructive to look at a two-electron
system. The ground state of this system is the well known singlet |¥) = %U T =111).

The Heisenberg Hamiltonian Eqn. (2.1) introduces a coupling constant J between the two ions
(spins) that through its sign favors either parallel (FM) or anti-parallel (AFM) alignment of
nearest neighbors. If we stick to the simple case of two spins, it is readily found that in the case
of parallel alignment the ground state is a triplet consisting of | 11), | |]) and %ﬂ T+ 1)
whilst in the case of anti-parallel alignment the ground state is the anti-symmetric singlet, as
stated above. What should be noted here, is that in the case of ferromagnetism, the classical
ground states | 17) and | |]) still co-exists with the purely quantum mechanical member of
the triplet, whilst in the antiferromagnetic case the unique solution to the ground state is of
pure quantum mechanical nature. This simple example tells the troubles we are facing, when
trying to understand more complex antiferromagnets.

The next occurrence that has found its way to this brief history of quantum magnetism,
takes place in 1973. In this year Anderson published a paper [12] about the ground state
of the triangular lattice. He proposed that the ground state was described by what he called
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Figure 2.6: Illustration of the RVB idea. Left: The quantum mechanical ground state of the
square plaquette is the sum of two terms, each consisting of two dimer singlet pairs along the
edges of the plaquette. This is the RVB state. Right: For a bigger lattice the RVB state is the
superposition of all possible dimer singlet coverings. Here one of the possible configuration are
illustrated. The picture is taken directly from [23].

Resonating Valence Bonds (RVB). In this picture the electrons in the ground state are entangled
in a way similar to the Cooper pairs in BCS theory from 19571, BCS theory is used to describe
low-T, superconductivity, a phenomenon that was discovered as long ago as in 1911 by H.
Kammerlingh Onnes.

In 1986 Bednorz and Miiller discovered a new type of cuprate material surprisingly displaying
infinite conductivity above 30 K, which was the limit set by BCS theory. This founded the
field of High Temperature Superconductivity (HTSC). These cuprates are closely related to
the spin—% quantum magnet on a square lattice, since they are made from parent compounds
described well by this structure. Inspired by his idea from 1973, Anderson suggested [13], that
the RVB state could be the true ground state for the spin—% quantum magnet on a square
lattice. In Fig. 2.6 the RVB idea is illustrated for a square plaquette and a general square
lattice. The RVB state of a square lattice is the sum of all possible dimer coverings, a dimer
being the ground state singlet of a spin-pair discussed above. The notion of RVB are in the
literature sometimes used somewhat hand waving. For an exact definition, see [30].

The RVB idea is in relation with the ground state of the spin—% quantum antiferromagnet
on the square lattice still under discussion, and it has until today not been possible to obtain
strong experimental evidence nor rigorous proof, indicating its existence. Actually some results
indicate a high degree of classical ground state order [31]. Still, the idea is at play as a possible
admixture of the true ground state, see e.g. [23].

2.7.2 Ring exchange

The Heisenberg model, Eqn. (2.1) have despite its simplicity, been relatively successful in
describing many aspects of the spin—% quantum antiferromagnet on a square lattice. However,
other models have turned out to be relevant as the governing Hamiltonian and we shall now
briefly comment on one of those.

This model originates from HTSC, where the 2DQHAFSL is too simple to describe the copper
planes of the cuprate, and goes under the name ring exchange. It stems from considerations
whether nearest neighbor coupling is too simplified to catch small details, a notion that is
supported by experimental results [21, 33]. The considerations are based on the Hubbard

model, which is given by the Hamiltonian

. Z Z —t [cjwcya + C;Lacm] +U Z NN | (2.77)
o (zy) x

1By Bardeen, Schrieffer and Cooper
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Here o is the summation index for spin, which can take two values; up and down. The indices
x and y sums over lattice sites and () means sum over nearest neighbors. ¢ and ¢/ are the
usual fermionic number operators and n = cfe.

Transforming Eqn. (2.77) from the Hubbard space (expressed by the many-body formalism)
to the spin-space and going to third order in t/U yields [21]

xten 42 244 4t 4t
(ig) (i) (i
80t4
75 2 (Si-8)(Sk-S) +(Si - S0)(Sk - 85) — (Si - Sk)(S; - Si) (2.78)
(ijkl)

The indices ¢, j, k, [ run over the four corners of a square plaquette and it is due to the negative
sign in the last term, important that ¢ and k£ are in each end of the same diagonal. The first
three terms are nearest-, next-nearest and next-next-nearest neighbors respectively, therefore
essentially containing the same physics as Eqn. (2.1), just longer range. The fourth term
that goes under the name ring ezchange is morphologically different, as it includes multi spin
interactions. In order to illustrate the physics of this extended model, we ignore all two spin
interactions except nearest neighbors, but keep the four spin ring exchange term. Naming the
constant belonging to the ring exchange term Jr we get

H==> JySi-Sj+Jr > {(Si-S;)(Sk-S1) + (Si-S)(Sk - S;) — (Si - Sp)(S; - Sp) (2.79)
(i5) (igkl)

The first term in Eqn. (2.79) can be recognized as the Heisenberg Hamiltonian Eqn. (2.1),
where J = 4% — 24%. We will in the outlook return to the idea of ring exchange.
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Chapter 3

Experimental work

As mentioned in the introduction it is important to realize, what it exactly is, that one wants to
investigate and why it is interesting. Here the result of experiment plays a crucial role, as the
documentation of the physical reality, that must be explained by the theoretical models. If the
result of experiment is explainable to a satisfactory degree by the already existing theory, the
topic should be considered as settled. On the other hand, if experiment reveals phenomenons
not fully understood within the existing theory, the race has begun. The situation is often,
that experiment supplies the scientist with clues about what is going on, hence pointing to an
appropriate starting point. In this chapter the reader will be familiar with experimental results
on the 2DQHAFSL - or rather physical realizations of this system, that should convince the
reader of the relevance of the proceeding thesis. During the process of connecting experiment
to theory, a tool turns out to be of great use: Numerical simulations - the subject of this thesis.
The next chapter will present an outline of the numerical work on the 2DQHAFSL, putting
into perspective the efforts of this thesis work. Now, back to the experiments.

The 2DQHAFSL has many physical realizations on which neutron scattering experiments has
been carried out. On top of the before mentioned cuprates we find KoV30g [27], RbeMnFy
[28], Cu(pz)2(ClOy4)2 [29] and CFTD [19, 23]|. It is as stated earlier the latter compound
CFTD, that in this work will be the primary target of comparison with the numerical studies
of RLexact.

3.1 Focus on the (7,0) anomaly

In this section the reader will be presented the experimental result on what is known as the
(m,0) anomaly.

3.1.1 CFTD

In 2001 Rgnnow et al. [19] performed an investigation by neutron scattering of the spin
dynamics of CFTD. One conclusion of their work is the existence of a quantum induced ZB
dispersion relation, seen as a dip in the energy branch around (m,0) wrt. what is expected from
LSWT, see left panel of Fig. 3.1. The result have been confirmed by N.B. Christensen et al.
[23], whose results for reference are presented in the right panel of Fig. 3.1. Along the direction

from (%,%) towards (m,0) both groups' find a substantial dip in energy at (w,0) which was

'Note that N.B. Christensen et al. scans from (2, Z) to (m,0) which due to symmetry is a physically similar
path in the Brillouin zone.
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Figure 3.1: Left: The SW dispersion in CFTD at 8 K. The solid line is a fit by nearest neighbor
LSWT, giving J = 6.31 £0.02 meV. The dashed line is a result of an expansion from the Ising
limit using J = 6.31 meV. The dots are the neutron scattering data. The picture is taken
directly from Rgnnow et al. [19]. Right (top): The dip in energy at (7, 0). The open symbols
are experimental data, the red line is the nearest neighbor LSW prediction, Eqn (2.40) and the
green (blue) lines are due to series expansion (flux-phase RVB). Right (bottom): The intensity
of spin excitations. Symbol- and color coding is as above. The inset shows the scan direction
in Q2p-space. Both panels are taken directly from N.B. Christensen et al. [23].

determined to 6(1)% and 7(1)% by Rennow et al. and Christensen et al. respectively. The
dip is expressed relative to the value at (5, 5), since LSWT predicts constant energy along the
magnetic ZB and therefore gives the same value at (7, 5) and (7,0), see Eqn. (2.41).

Christensen et al. also measured the intensity of the scattered neutrons, and their results
are displayed in Fig. 3.2. As is clearly visible from the two uppermost pictures, the intensity
at (m,0) indeed experiences a substantial reduction in intensity wrt. (3, 7). This feature is
displayed in the lower panel of this figure, where it is seen that exactly at (7,0) the intensity
drops markedly seen relative to the LSW predicted value. This feature is not present at other
points in the 2D Brillouin zone. Christensen et al. report that 54(15)% of the LSW predicted
intensity? at (7, 0) is removed [23]. It turns out, that even though the dip in energy at (7, 0)
can be explained by LSWT with next-nearest neighbor interactions®, the reduction in intensity
can not [23|. This tells us that sizable quantum effects are present and according to Christensen
et al. the length scale of this effect [23] is about® 10 A, which is about two times the nearest
neighbor distance in the Copper planes. Hence, it seems as if the interaction governing the

(m,0) anomaly must include more spins than just nearest neighbors.

2See Sec. 2.5.1

®See Sec.2.3.1 Fig. 2.4 and Rennow et al. [19]

*This result is obtained by measuring the half-width in momentum space at the (7, 0) intensity anomaly to
be 0.1 A1,
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Figure 3.2: Top: Constant wave vector cuts at the high symmetry points (3, %) and (m,0) of
the magnetic Brillouin ZB. The red arrow indicates the center of the peak. The red line is a fit
through the data points, used to derive the dispersion and intensity at the points in the two
dimensional Brillouin zone. Bottom: Intensity divided by the LSW intensity prediction that
best describes data between (w,7) and (2m,0). The red line represents the LSW predicted
intensities. The blue and green lines are fits by other methods. The figure is taken directly
from Christensen et al. [23].

3.1.2 LCO

Another physical realization of the 2DQHAFSL is LCO. This layered cuprate is from the point
of view of superconductivity very interesting, since it is the parent compound of the high tem-
perature superconductor LSCO.

In neutron scattering experiments, LCO has revealed [33] a ZB quantum effect similar to that
of CFTD. This result is shown in Fig. 3.3. In picture A an important feature is revealed: The
dip in energy dispersion between (1,0) ~ (m,0) and (2,1) ~ (Z,Z) is more pronounced at
T =10 K than at T' = 295 K. The authors explain this by a Heisenberg model, with nearest
plus next-nearest neighbor interaction with coupling strengths J and J', see Sec. 2.3.1. The
solid lines in picture (A) and (B) are nearest plus next-nearest LSW fits, resulting in an anti-
ferromagnetic J = 111.8+4 meV and an ferromagnetic J' = —11.44+3 meV. The ferromagnetic
J' is problematic, since it directly contradicts theoretical predictions [24] and further is not
compatible with experimental results for SroCu3O4Cly, which contains an exchange path be-
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tween the Cu atoms, similar to that in LCO [33].

According to Coldea et al. the data of Fig. 3.3 (A) can also be fitted by a Hubbard model®, that
if expanded to fourth order in the hopping constant ¢, regains the form given by Eqn. (2.78).
The fit from this model is indistinguishable [33] to that from the Heisenberg model with J and
J’ being the only nonzero coupling strengths. Hence, we cannot from experiment judge which
model is correct. As is obvious from the above outline, LSW theory based on the Heisen-

Ener:

0 (3/91,1/4) (1/2,1/2) (1/2,0) (3/4,1/4) (1,0 (1/2,0)
(3/4,1/4) (1/2,1/2) (1/2,0) (3/4,1/4) (1,0) (1/2,0) Wave vector (h,k)

2

Figure 3.3: (A) Dispersion relation along high symmetry directions in the 2D Brillouin zone
(See inset C) of LCO obtained at 7' = 10 K (open symbols) and 7" = 295 K (solid symbols).
The shape of the symbol tells the energy of the incoming neutrons, which for the purpose of
displaying the quantum effect is not important. The solid and dashed lines are fits to LSW
dispersion (see text).(B) Wave vector dependence of the spin wave intensity at 7' = 295 K (all
points) compared with predictions of LSW theory (solid line).(C) The Brillouin zone in units
of 27” The bold line shows the scan direction through the 2D Brillouin zone. The figure is
taken directly from Coldea et al.|33].

berg model, though surprisingly accurate at all points in the Brillouin zone except from (7, 0),
do not facilitate the complete understanding of the 2DQHAFSL. Therefore other ideas has
emerged.

In 23] Christensen et al. notes by reference to two earlier work by Anderson et al. [14] and
Reger et al. [32], that the static magnetic moment of the 2DQHAFSL is only about 60% of
what is expected from classical theory. The paper by Reger et al. also discusses the subject of
possible longe range order in the antiferromagnet and concludes that at zero temperature the
2DQHAFSL experiences long range AFM order, albeit with a staggered momentum reduced
to about 60 % of its saturation value, due to quantum fluctuations [32]. This changes dramat-
ically when the temperature is raised above 0 Kelvin, where longe range order is destroyed by
thermal fluctuations and the ordering is reduced to short range, described by the correlation
length ((T") [19]. In this paper from 2001 Rgnnow et al. presents an overview of already
settled topics and questions that remain unanswered for the scientific world. According to
this, a full understanding of the correlation length for temperatures J/5 < T < .J has been
obtained through various experimental and numerical techniques and it is the spin dynamics
that remain the interesting topic from a research perspective.

Summarizing, there are many indicators telling us that new or modified models must be made,
if the spin dynamics of the 2DQHAFSL are to be understood. These indicators are among
others:

i) It has been calculated that the ground state energy of the 2DQHAFSL is lower than that of
the Néel state [32], who find that that 7= = 1.340 4 0.004.

®See Eqn. (2.77).
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ii) The static magnetic moment is only about 60 % of what is expected classically |14, 32].
Based on the above review, it seems reasonable to expect some degree of correlation between
the electrons on the square lattice, despite the fact that this existence has not yet been proven
by experiment. As mentioned in Chapter 2, various groups have followed the RVB idea e.g.
Dagotto et al. and Christensen et al. [30, 23].

3.1.3 Discussion on the experimental situation

The literature contains numerous results which deliberately have been left out, since the pic-
ture at this stage should be clear: Experiments have shown that the quantum magnetical
quadratic lattice possesses a pronounced anomaly relative to what is expected from LSW the-
ory, in particular near (m,0). This anomaly manifests itself in both the energy dispersion and
the scattering intensity. The anomaly can be modeled by various models including the Heisen-
berg model with nearest plus next-nearest neighbor interaction®, and an extended Heisenberg
model” including a four spin ring exchange®. As was noted in at least one case by Coldea et
al. the different models do not always produce consistent values for the underlying physics,
despite the the fact that they are obtained from data fitting which seems convincing. In other
words, it is from experiment not possible to unambiguously determine the physics behind the
(m,0) anomaly.

The lack of unambiguous experimental results that can answer the questions that the (m,0)
anomaly brings about, demands the use of other methods to study the quantum magnetical
systems. One answer to this challenge is numerical studies on small square lattices, with the
number of sites reaching from what can be counted on two hands and up to a few hundreds.
The status of numerical studies will be introduced in chapter 4 by a summary of the results
presented in the literature until today. In chapter 6 will follow a presentation of the numerical
studies of this thesis work.

®See Sec.2.3
"See Sec. 2.7.2.
8Finally there is the possibility of an series expansion from the Ising limit which we have not treated here.
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Chapter 4

Numerical work on 2DQHAFSL

The literature presents a number of papers containing numerical work on the 2DQHAFSL and
this chapter will go through a selection of those, relevant to this thesis. 'Numerical studies’ is
an umbrella term for various methods of numerical computations. Within numerical studies
one distinguishes between ’exact’ and 'non-exact’ methods. Using exact numerical methods,
the obtained results are exact in the sense, that the they will be consistent! with an analytical
result that in principle could be reached, if one had enough pencils, paper and time. Contrary
to this is f.x. Quantum Monte Carlo, which is based on probability algorithms.

Before starting our review it is relevant to line up a few conditions under which numerical
work must be done. It is self evident, that the more calculations needed, the longer time the
calculations take. Hence, the scientist working with numerical studies must at all times have
the number of calculations in mind, in order not to exceed the limit for what is possible on a
cluster of computers. For a N-site system the number of states in the Hilbert space are 2V
which is exponentially increasing in the number of sites. Hence the first limitation we face, is
the size of the system possible to simulate.

41 QMC

This ultra-short resume on QMC is written by inspiration from a report on the topic [41].
One of the widest used 'non-exact’ numerical methods is Quantum Monte Carlo simulations
(QMC). The advantage of this method is that larger systems can be investigated than when
using exact methods. The disadvantage of QMC is, that it relies on stochastic processes and
can as such be encumbered with uncertainty. In the following the idea behind QMC will be
sketched briefly.

In QMC one is interested in determining the thermal average (A) = Y  A;Wj of an observable
A, where Ay are the possible values of A and W; are their weights. The way to do this by a
real experiments, is by performing a large number N of experiments and then taking the mean
value. When N goes towards infinity this mean value approaches the thermal average.

In QMC the weights Wy are are given by the Boltzmann distribution

A, ePAs,

WsizzsmﬁAs Tz

where 3 = 1/T is in units of J. Z is known as the partition function, and the number of
terms in its sum increases exponentially with the system size. Hence one cannot compute Z

!One can never get around numerical rounding errors, but these are negligible in exact numerical work.
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This is clever, since one can generate two configurations s; and s; of the system and let the
system propagate to the configuration with the highest relative probability?. The generation
of these configurations are done stochastically, which is the reason for the name "Monte Carlo’.
This thesis will only refer to work based on QMC when directly relevant. For a reference to
QMC on the 2DQHAFSL one can read [20].

4.2 Exact Diagonalization(ED)

When one is working with a Hamiltonian having m-symmetry, that is conservation of the total
57, the 2V dimensional Hilbert space can for a spin—% system be divided into 2N +1 m-invariant
subspaces of which only % + 1 are morphologically different. In the m = % subspace all spins
points in the same direction classically speaking, and hence the number of states are no more
than N. Decreasing the value of m from m = % the dimensionality of the sub-Hilbert space
is given by the binomial coefficient (],r\[ ), where n are the number of spins pointing opposite to
the rest. The number of states as a function of the number of flipped spins for a 36 spin lattice
is seen in Fig. 4.1, from which it is clear that the most cost full calculations correspond to low
values of m.

It follows that the higher the m-value, the larger the system can be simulated. This can be
exploited in some cases, but for the task of finding the ground state energy, this does not help
us, since the ground state only lives in the m = 0 subspace.

2There exist various QMC algorithms, each having constraints on the propagation. This will however be
too far from the topic of this thesis to treat here.
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Exact numerical work is in its essence 'to diagonalize the Hamiltonian’, and this is exactly
what Exact Diagonalization (abreviated ED) refers to. For a 36 spin lattice with dimensional-
ity 236 ~ 910 this is absolutely impossible by brute computer force, since the corresponding
matrix is almost 10'°x10'. One therefore has to use advanced diagonalization algorithms,
that can decrease the dimension of the matrix to be diagonalized, while the eigenenergies
and eigenstates are unaffected. A choice for such an algorithm is the Lanczos algorithm, see
Sec.5.4, which has been used in a number of studies (f.x.[30]). This algorithm is indeed the
mathematical cornerstone in RLexact, used in this work.

As long ago as in 1988 Dagotto et al. published their numerical studies of the 2DQHAFSL by
exact diagonalization using the Lanczos algorithm [30]. At that time the computational power
limited their studies to systems of maximally 24 sites with m = 0. This limit has gradually
increased ever since and today it seems that the limit is 36 spins for m = 0.

When summarizing the numerical work in the field of 2DQHAFSL one paper by Liischer and
Léuchli [39] stands out, both with regard to care and extend. The paper presents work on
finite clusters that for m/N = 0 handles lattices up to 32 spins and for non-zero m/N deals
with samples up to 64 sites. The paper presents numerous calculations of which we shall only
treat the ones relevant for this thesis. This amounts to magnetization curves, susceptibility,
energy dispersions, dynamical structure factors and staggered magnetization.

The Hamiltonian governing the simulations of Liischer et al. is the Heisenberg Hamiltonian
Eqgn. (2.1) with nearest neighbors. Based on this Hamiltonian, we shall start by presenting
what is known as the ground state magnetization curve, defined for m = 0.

As described in Fig. 2.1 the spins considered as classical vectors, will gradually align along
an applied field when the strength is increased. This means that state with the lowest lying
energy, for an increasing field has an m-value increasing in integral steps, resulting in the
magnetization curve m(h) being a step function®. In the thermodynamic limit where N — oo
the number of steps N goes towards infinity, and since they all have to fit into the interval
h € [0;4]*, the step length goes towards zero. Le. in the thermodynamic limit the magnetiza-
tion curve becomes continuous. Such a continuous magnetization curve is seen in the inset of
Fig. 4.2. Here the dashed line is the classical curve. Open squares are due to ED from clusters
of at least 40 sites [39] and open triangles are QMC at 7" < 0.02J. It is from [39] not clear
how this extrapolation is made.

The magnetization curve can be considered as the conversion between h and m, making the
last term in Eqn. (2.1) expressible by m instead of h. Since real experiments at nonzero h
are always expressed by the value of h, it can in order to increase the clearness be relevant to
express numerical experiments by the value of h corresponding to the value of m, under which
the numerical calculations were performed. Actually the way to do numerical work at nonzero
fields is to carry out calculations at the corresponding nonzero m. In effect, the conversion m
to h is done by the inverse of m(h). This can either be determined by a polynomial fit to the
data points in the m vs. h plot or by derivation through LSWT, of which [39] have used the
latter.

The main panel of Fig. 4.2 reveals, that the numerical calculations (QMC and ED) captures
a behavior of the magnetization curve m(h), not possible to obtain from LSW theory (the
solid line). However, the deviations in m(h) between LSWT and numerical work (ED and
QMC) are everywhere smaller than 5%, a fact that is used as a justification for using the LSW
prediction for m(h) as the convesion between m and h.

Before leaving Fig. 4.2 one should note that the deviation between LSW'T and numerical re-

3For a more detailed explanation of this, see Sec. 6.1.
4Since the saturation field is hs = 8JS = 4, J=1.
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Figure 4.2: Inset: Uniform magnetization m as a function of applied field h. The dashed line
is the classical curve, the solid line is the LSW result, small red dots are obtained from the
derivative of the ground state energy extrapolated to the thermodynamic limit. Open squares
are ED results from clusters with at least 40 sites and open triangles are QMC at T' < 0.02J.
The inset displays the magnetization curve m(h) as described in the text. Main panel: The
deviation between the ED results and the classical prediction, that is Am(h) = m(h) — mg.
The picture is taken directly from [39].

sults are not symmetric around h = 0 as one could naively expect. The lack of symmetry in
the deviation is explained by considering the situation with m = 0, in which no alignment of
spins are present, and the situation in which m = N/2, in which all spins are aligned. When
h is increased/decreased respectively toward h = 2 from these two configurations, it is seen
that the physics is not symmetric at all, due to the different starting points: In both cases one
spin will be flipped, but from a starting point with no alignment and full alignment respectively.

We shall now proceed to another physical observable reachable by numerical work. Hav-
ing obtained an expression for m(h), the magnetic susceptibility which is given by® y = %—’;} is
within reach, being obtainable from the magnetization curve m(h) by simple differentiation.
A curve for the susceptibility is seen in Fig. 4.3, which reveals that the data points from both
QMC and ED are described surprisingly well by the LSW prediction (solid line). It is also
noted that the classical result represented by the dashed line does not capture the quantum
mechanical susceptibility. The divergence at m = 0.5 is due to the slope of m(h) going towards
infinity at the point (h,m) = (4,0.5) on the magnetization curve.

Inspecting Fig. 4.3 the before mentioned asymmetry is once again visible, though in a some-
what different version. It is clearly seen, that the susceptibility is neither anti-symmetric
around the line x = 0.125 nor the line m = 0.25. By inspecting the inset in Fig. 4.2 it is seen
that the slope of the line based on numerical data points are not symmetric neither wrt. the
midpoint of the classical dashed line nor the line h = 2 ~ m = 0.25, leading to the asymmetry
of Fig. 4.3. That the deviations between the classical and numerical results in both Fig. 4.2
and 4.3 are smaller for low h (and low m) than for large h (and large m), tells us that the

5See Sec. 2.2
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finite samples on which the numerical work are performed, behave more quantum mechanically
at high fields (h ~ 3) than at low fields (h < 2).
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Figure 4.3: Transverse susceptibility x as a function of the magnetization m and the applied
field h. The dashed line are the classical curve, the solid line is the LSW result and the data
points are obtained by both QMC and ED. The picture is taken directly from [39] FIG. 4.

4.2.1 The longitudinal dynamical structure factor S**(q,w)

We shall now jump to a variable which is directly comparable to real experiments. As men-
tioned previously the aim of numerical studies is to simulate real experiments as they ideally
would come out on pure systems, and therefore it is highly relevant to treat the dynamical
structure factor S%%(q,w) where o, 3 € {z,y, 2}, defined in Eqn. 2.64. We shall however, only
be concerned with results displaying the structure factor S**(q,w), since this is what RLexact
is capable of calculating for a two dimensional sample. In order to plot S**(q,w) together with
the corresponding energy and g-vector, one needs to plot three variables, i.e. a 3D plot. This
is a problem, since 3D plots can be inexpedient due to their visual complexity. Fortunately
there is a way to avoid this. In a (Q2p,w) coordinate system the value of S**(q,w) is plotted
by a circle, such that the area of the circle is proportional to value of S**(q,w). The paper by
Liischer et al. [39] presents a very profound work investigating the dynamical structure factor.
We shall in this short review on the status of numerical work present a few selected figures,
but the reader is encouraged to read the paper for a complete picture.

For this review is chosen six pictures displayed in Fig. 4.4, and it is worth noting a couple of
features of the plot. We start examining the upper left panel:

i) It is seen that the dominating structure factors® belong to the highly symmetric X-point
(m,7) and T'-point (0,0). Their corresponding energy is almost zero. These two poles we shall
name the magnon poles. The reason that the energy of the magnon poles are not exactly zero,
is due to a finite size effect, that scales” like 1/N , classifying the mode as a Goldstone mode

®Note that the structure factor in q = (0,0) (the T-point) is removed from all plots. This is because it is so
big, that it would cover a great part plot for A > 0.
"See Fig. 6.8 in Sec. 6.3.
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in the thermodynamical limit.

ii) As the field is increased, the pole at the X-point suddenly jumps in energy indicating that
an energy gap has been established (the Goldstone mode of h = 0 has vanished). As is indi-
cated by the second panel of Fig. 4.4, this jump is provoked by even a small increase in the
field away from zero. We shall return to this in Chapter 6. One also notes that the data is
still well described by LSW theory.

iii) At h = 2.02 the structure factor at the X-point starts to rise in energy, leaving the LSW
prediction incorrect at this point. When the field is increased even higher (at h = 3.16) the
behavior at the X-point is once again captured satisfactory by LSW theory, but at new feature
has occurred:

iv) The splitting in two energy branches between the M-point (7,0) and the S-point (7, 7).
At h = 3.33 this branch splitting is still present, but at h = 3.79 it seems as if the two branches
have begun melting together. That the branch splitting occurs between (m,0) and (%, ) is
very interesting, having in mind the (7,0) anomaly. A further comment to this path in the
scan, is that the position of the poles wrt. the LSW prediction is reversed when the field
increases: For m g 1/8 the poles are higher lying than the LSW prediction and the slope (of
a line through them) are positive in the scan direction. For m Z 1/8 both these two features
are reversed.

v) Another feature is very clear from the lower row: The structure factor at the X-point,
that for zero and low non-zero field had the dominating spectral weight, has clearly decreased
in intensity. Although still being relatively strong, it has a magnitude comparable with the
remaining structure factors, which have increased their spectral weight markedly. The results
is that the spectral weights are distributed relatively evenly throughout the scan at h = 3.79.
One also notes that at this field the data is very well described by LSWT.

vi) One feature has to be commented when examining Fig. 4.4 as a whole. From fields up to
h =~ 2 there is a clear gap between the one-magnon excitations corresponding to the big circles
and the densely placed smaller poles, referred to as the two- and multi-magnon excitations.
Above h = 2 this continuum approaches the one magnon excitation branch from above, con-
necting with it for h ~ 3 in all points except between M and S. Increasing the field even more
eventually results in the disappearance of the two- and multi magnon continuum, as is seen in
the last picture of Fig. 4.4.

vii) The thin pink line in the last two panels connects the lowest lying poles of the 64-site clus-
ter. It is interesting that the shape of this line resembles that of the main branch poles. The
paper notes that the possibility of resolving poles with little spectral weight is a conceptual
advantage of ED compared to QMC.

4.2.2 The staggered magnetization

The staggered magnetization which are defined in Eqn. (2.71) and (2.76), has as discussed
earlier, been investigated by many different methods. In this review the result by Reger et
al. [32] is presented in Fig. 4.5. The value of m' are determined by a 1/L interpolation
of two different variables (see caption) to be m' = 0.30(2), consistent with experimental
observations by N.B. Christensen et al. [23]. Note that the interpolation used by [32] is a
1/L interpolation, where the square lattice are LxL = N. In the Sec. D.1 of the appendix an
alternative presentation of the staggered moment by Liischer et al. is presented for reference.
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Figure 4.4: The area of the circles is proportional to the longitudinal structure factor S**(q,w)
and the center of the circle(Q2p,w) points out the corresponding point in Q2p-space with
belonging energy given in units of J. The color tells from which samples the data is obtained.
The dashed line is the dispersion obtained from LSW theory and the solid line in the picture
for h = 0 is LSW theory with first order corrections. The thin pink line in the last two panels
connects the lowest lying poles of the 64-site cluster. The values of m and h are seen at the
very top of each picture frame. The picture is modyfied from [39].

4.2.3 Discussion on the status of numerical work

As pointed out by Liischer and Laucli [39] one should be careful in interpreting ED results
based on near-saturation fields. The reason is that the basis of the Hilbert space with only a
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Figure 4.5: The staggered moment m' vs. 1/L determined by a L — oo interpolation by two
methods. Here the notation LxL = N for the square lattice. Cf, /o represents the correlation
between spins as far apart as possible and S(q.) are the mean square staggered magnetization,
which except for a different normation are similar to Eqn. (2.75).

few spins flipped ((an )) ~ 10" — 102, N is the number of sites and m are the number of spin-up
ions) is so small that it is not representative for a thermodynamically big system. For this
reason Liischer and L#uchli only present results where m <1/2 —4/N.

We shall divide the discussion into the various topics discussed above. Starting with the mag-
netization it is clear that the results based on ED and QMC coincide satisfactory, agreeing
upon a curve somewhat different from the LSW result, though not dramatically different. The
deviation to the classical result is huge in all three cases. These conclusions can be carried
directly over to the susceptibility, since it is related to the magnetization by differentiation.
Continuing to the dynamical structure factor the conclusions of Fig. 4.4 can be summarized
to the following:

a) The spectral weight that for zero field is concentrated at (m,7) gradually smears out over
the entire BZ when the field strength is increased. This can be understood from the reduced
symmetry introduced by the field, which, when increased, gradually destroys the symmetry in
the X-point, such that all points in the BZ have equal spectral weights in the saturated limit.
b) The energy of the X-point excited magnons is increasing for increasing field, and the Gold-
stone mode present at zero field vanishes as soon as the field is turned on. The latter is most
clearly seen from the second panel of Fig. 4.4. To understand this, one should keep in mind,
that a Goldstone mode implies that an arbitrarily small energy will create an excitation of
the system. This is not possible when a field is present, since all spins now have a preferred
direction, from which they are turned away only by a finite energy. It appears that the ED
results at the X-point in general have slightly higher energy than the LSW prediction. This
is probably due to a finite size effect which we will return to in Chapter 6. The paper further
notes that the finite gap now characterizing the X-point is proportional to the field.

c) The gap between the one-magnon excitations and the two- and multi-magnon continuum
closes for increasing field, such that at fields close to saturation only one relatively well defined
branch exists (except between M and S). This branch will equal the ferromagnetic dispersion
when saturation is reached, see. Eqn. (2.62) and Fig. 2.5. d) The observed branch splitting
seems to consist of two branches. One branch is well described by the LSWT, though slightly
higher lying in energy. The other branch separates somewhere between the I'- and M-point,
having a local peak at M = (7,0) and deviating maximally from the LSW-like branch at S.
Judging from the last two pictures of Fig. 4.4, it seems as if the non LSW-like branch melts
together with the LSW-like branch rather suddenly somewhere close to saturation, forming
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a smeared out branch between M and S at the second-highest field investigated (second-last
panel of Fig. 4.4). In this connection it is interesting that the pink line in the last two panels,
connecting the lowest lying poles, maintains its shape independent of the field.

Having presented necessary theory and outlined the status on experimental and numerical
work in the first four chapters of this thesis, we are now ready to move on to the presentation
of the results of this thesis work. The Results are presented in Chapter 6. Chapter 5 is an
outline of the details of RLexact.

37



Chapter 5

RLexact

5.1 Introduction

The number of states even in a relatively small lattice is enormous. Recall that N sites each
with the possibility of either a spin-up or a spin-down ion results in 2V possibilities, i.e. a
2NV dimensional Hilbert space. For N = 36 the dimension is approximately 64 billions, which
makes the matrix 64-10% x 64-10%. As mentioned it is impossible to solve eigenvalue problems
of such systems by brute force, with the aid of todays computers. This is due to two factors: 1)
Calculation time and 2) RAM for saving the necessary results. The complexity and magnitude
of steps in the procedure would reach such a high number, that it would not be possible to
obtain a result within a reasonable time, even with great access to RAM. The systems treated
in this work consists of 8, 16, 32 and 36 spins, making it necessary somehow to reduce the
number of steps leading to a final result. This is done in two ways: ¢) By symmetry consider-
ations the matrix representing the original 2V dimensional system, which due to the form of
the Heisenberg Hamiltonian (2.2) is relatively sparse!, is transformed into block diagonal form
and the matrices of smaller dimension can then be handled separately. There are two types of
symmetries to exploit; m-symmetry and translational symmetry. This we will return to in the
next section. 47) Since the block matrices of reduced dimension is still very large, one applies
some kind of computational procedure which (often) at the cost of precision in the solutions
makes the problem practically solvable for a cluster of computers. Many such procedures exists
and we shall in this work make use of a procedure known as Lanczos algorithm. Lanczos algo-
rithms is a generic term for a class of algorithms suitable for determining extreme eigenvalues
for huge matrices and for our purpose we will use the algorithm suitable for hermitian matrices.

5.2 The symmetries

One of the basic results of quantum mechanics is the existence of a complete set of common
eigenvectors for two commuting operators. This result turns out to be of great use in our task
of obtaining a numerical result for the ground state of our 2 dimensional Hilbert space .
The overall idea is to determine all symmetries of our system, that is finding all the symmetry
operators that commute with the Hamiltonian H. For a start we recall some results about the
eigen-properties of two commuting operators.

LA sparse matrix is a matrix with many zero-entries. Since the Hamiltonian conserves the z-component
of spin, only states with the same z-component of spin will be connected by non-zero entries. Furthermore
translational invariance will turn out to reduce the complexity of the diagonalization-problem.
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If A is a operator that commutes with the Hamiltonian H and |n) is an eigenvector of A such
that A|¢p,) = an|¢dn), the following identities can be obtained

and o o
HA|¢n> = AH|¢n>

From which it can be deduced that

This proves that H]|¢,) is an eigenvalue of A, with the same eigenvalue as |¢,) has wrt. A.
Hence, the eigenvalues of A is invariant under H. If the matrix for H is written such that
basis vectors with the same eigenvalue of the symmetry operator Ais grouped together, then
H will consist of invariant diagonal blocks, where the invariance refers to the fact that H will
only mix states if they belong to the same block.

If we identify another symmetry of the system represented by the operator B, such that
[A,B] = [ﬁ,B] = 0, then the blocks of H can be diagonalized to even smaller blocks by
ordering the basis vectors of the A-invariant subspace of H cleverly?.

m-symmetry

If we turn to the Hamiltonian in question - the Heisenberg Hamiltonian Eqn. (2.2), it follows by
inspection of the various terms, that the z-component of the total spin S = ). .S; is conserved.
The argument is simple: The first term S7S% basically counts the number of spin-ups, hence
not being capable of changing the z-component. The two last terms of Eqn. (2.2) takes the
form S;FS; and S;S;r which clearly adds a spin-up (down) at site ¢ when a spin-up (down)
is removed at site j. Hence there is no overall change in z-component of the total spin. Alto-
gether the Heisenberg Hamiltonian conserves the total z-component of spin. This symmetry
will be denoted m-symmetry® and the standard basis continues to be the appropriate basis,
when the order is changed such that m-invariant blocks appear. This is because m is the S~?
quantum number.

Translational symmetry

The second symmetry we will exploit is the translational invariance that follows by assuming
that our system will coincide with itself if being translated by a lattice vector. The Square
lattice that we work with clearly has two directions in which a translation along a lattice vector
exist. The lattice vectors are (1,0) and (0,1). We will denote the corresponding operators
that translate the entire system either in the = direction or in the y direction, by T, and T
respectively. The effect of the translation operator is that when applied a certain number
of times denoted N,, then the entire crystal is taken into itself due to periodic boundary
conditions. The Translation Operator is defined through its eigenvalue equation

T W) = 27N | W) (5.1)

2Note the the relation [/1, B] = [I:I, B] = 0 is important, since if this were not so, H would not be diagonalized
further by the B-symmetry, hence merely offering an alternative but not improved block diagonalization of H
3Such that the name is consistent with the notation used to comment the program code.
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such that T:N*|¥) = 2™*=| W), making the N, different k, values k, = 0,1, N, — 1 the appro-
priate quantum number to label the translation eigenvectors and eigenstates. Generalizing to
two dimensions we can then write the eigenvalue of the translation operator as e®, remem-
bering that k-R = 2mi(kyny +kyny), where ng, n, and kg, ky are the two principal components
of the lattice vectors in direct- and reciprocal lattice respectively.

The task is then from the standard basis to construct new basis vectors for the translation
operator. If we limit ourself to combine elements from the standard basis only within each
block dictated by m-symmetry, these new basis vectors have the property of block diagonaliz-
ing each block, if they are ordered cleverly. If we consider a LxL = N spin square lattice the
number possibilities for the values of k; and k, is for both exactly V. The only exception is
for m = :l:% where the lattice is taken into itself already by one translation, resulting in just
one value for k, and k, respectively.

This means that every original block except for the m = :l:% block, due to m-symmetry can
be split up in exactly L more sub-blocks, independent of the size of the original block.

To understand that every original block does not have the same dimension, recall that the
subspace with m = Myee = % is spanned by only one state, namely the one with all spins
pointing up. The subspace with m = my,., — 1 is spanned by N states, since the configuration
of the remaining sites are given, when the one and only spin-down site is placed. This can
be done in N ways. Continuing with the subspace of m = Mme — 2, it is spanned by (g )
states, since this is the number of ways one can place two spin-downs at N sites. Generaliz-
ing the dimensions of the original blocks with m = My, — 7, the dimensionality is given by
(]ZV), i=1,2,..., % For i = %, ..., M the situation is symmetrical corresponding to placing
1=1,2,..., % spin-ups.

The above means that the subspaces of H onto which the Lanczos algorithm is applied has

N
increasing size up to a certain limit given by % In Fig. D.2 and Fig. D.3 the dimensions

of the original m-blocks of the Hamiltonian are seen.

5.3 The Uniques

It is necessary to minimize the amount of RAM needed to carry out the exact diagonalization
of large matrices. The way this is handled in RLexact is by the introduction of uniques, here
denoted |u). A unique represents a state of the system and it is like all other states represented
by a bitmap. The special thing about uniques, is that they can be translated along the z- and y
direction a number of times, to obtain the other states of the system. A unique has the property
that it cannot be obtained by translation of any other unique - hence the name. The concept of
uniques lowers drastically the demand to RAM, since these are the only configuration-vectors
(bitmaps), that has to be stored by the computer. In order to illustrate how RLexact carries
out the block diagonalization expressed by the uniques, the simplest system that displays the
complexity of the square lattice and still being doable by hand, will be examined. This is a
2x4 lattice.

5.3.1 The 2x4 square lattice in the m = 0 subspace

The aim of this subsection is to calculate the matrix of H = H 2z + %ﬁi in the subspace of
m = 0, in which the ground state is found. In other words we will explicitly write down the
block of H with m = 0, for two arbitrarily chosen q’s, namely q = (8) and q = (:1)’)

The 2x4 lattice has eight sites and for m = 0 we have four spin-up and four spin-down ions.
Taking the possibilities for the spins on each site to be either up or down, one should from the
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binomial coefficient expect K (8,4) = 70 different states, since all the spin-downs(ups) are given
once having placed the spin ups(downs). A closer examination reveals that twelve uniques is
needed to obtain the 70 states by z- and y translation. These uniques are

m=[T 70y Bl o) Bl )
=Y 0110 W=l i) W=y 1)
m=17100) ®=lo110) ®=[o101)
=Y o1 0) M=o 101) H2=]1 07 0)

The binary notation used by the computer is adapted here, so that 0 and 1 represent spin down
and spin up respectively. Each unique represents a number of states, that can be obtained by
translation. The number of states represented is not the same for all uniques, which can be
seen from table 5.1% The idea then, is to represent the matrix of H= I;Tzz + %ﬁi in the basis
of certain linear combinations of uniques, which are eigenstates for the translation operator
Zf’(%y). Since all 70 states can be created from the twelve uniques, all states can also be created
from linear combinations of these translation eigenstates. Formally the linear combinations
are made as follows:

A Total Translation Operator Tr is defined as
~ ! 2 (4 j4 251y
Tr=3 > "N, (5:2)

where q = (Zz), N, =4, Ny = 2 and finally T(x,y) is the usual translation operator defined in

Eqn. 5.1, that translates the system by the vector (z) along x and y respectively. The linear
combination of the uniques are then defined as

%) = TT‘un> (5.3)

where |uy,) is the n’th unique. Having in mind that [fI,T(%y)] = 0 it follows that [H,T7] =0
and one gets that
H|®Y) = HTp|u,) = TrH|u,)

o 2mi(dz gz 4 5y
= TIr E ameé (Nm]m Ny]m)‘ul(m)>

m
omi(dz o 4 U Yy o
_ § :ame (szm Ny]m)TT|Ul(m)>
m

dzx ;x

. qy -
= S an IR (5.4)

The expression . am|uy(y)) in the second line is the result of letting H work on |u), seen in
fourth and fifth column of table 5.1. That TT\ul(m)> = \@?(m)> in the last line, follows from
the definition Eqn. (5.3) and once again the fourth or fifth column of table 5.1.

“The number of states represented by each unique has to be found systematically by hand, and cannot be

"‘seen easily"’.
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W) an He. LA Ju),q = (§) 3Hxlu)a = ()
1) 2 0 2|2) Not defined
2) 8 2 2345 +2v2T) +212)  LE3) + L5
3 8 0 12) + |4) + 2/10) L212) 4 15414)
4 8 0 13) + |5) + 2|8) 3) + 5405)
5 8 0 12) + 14) +2/9) 5H2) + FE4)
6 2 —19) + —=|10 ot define

4 L19) + Not defined
7y 4 =2 21/2(2) + %|9> + %|10> Not defined
8 8 0 24) +19) + |10) 59) + 5[10)
9) 8 =1 2[5+ 5(16) + 7)) +[8) + [11) +[12) +H8)
10) 8 =1 2[3)+ F(16)+[7)) +[8) + 1) +[12) 48)
11 2 0 9) + (10 Not defined
11) 19) +110)
12) 2 —4 2|2) +19) + |10) Not defined

Table 5.1: The result of letting H work on the twelve |u)'s when q = (:1)’) and q = (8)
respectively. Column 1: The twelve different uniques for the 4x2 lattice. Column 2: Number
of states that each unique represent. Note that the column sums to 70 as necessary. Column
3: Values of the diagoonal elements(not depending on q). Column 4: Value of the off diagonal

elements when q = (0)' Column 5: Value of the off diagonal elements when q = (i’) Note

that all uniques are defined for q = (8) whilst less uniques are defined for q = (?)

At this point one has to normalize the basis states involved - a calculation that is a little
more subtle than assumed at first sight. The problem is, that each unique |u) by translation
represents a different number of states. This means that each basis vector |®7) has the nor-

malization factor ,/ i and that the resulting basis vectors |<I>lq(m)> have the normation , / al(l .

The a,, and a;(,,) is found in the second column of Table 5.1. Taking this potential normation
error into account, it turns out that one explicitly must multiply each term of the sum in
Eqn. (5.4) with , /-%—. In order to test the results of RLexact the matrix for two values of q

ZICON

ismade, q = (8) and q = (:1") For q = (8) all uniques are defined which is seen from the fourth
column of table 5.1, but for q’s different from q = (8) one has to be alert. As is seen from
the second column, the uniques |1), |6), |7), |11) and |12) does translate into eight different
states and hence they are not defined for all eight g-vectors (all eight points in g-space). The
calculations to determine the not-defined uniques for different g-vectors are found in Sec. B.0.3
of the appendix.

Letting H,, = Z@ﬁ S; - S% operate on the uniques is easy, since it merely count S*, hence
making no difference between the two g-values, since no translation of the product is necessary.
One readily obtains column three of table 5.1. The values are simply obtained by carrying
out the sum over spin interactions between all nearest neighbor pairs once - avoiding double
counting. The energy of the square lattice depends on the g-value and given the relation

9z 4y

q = 2m(3%, N—y) it follows that (7, 7) corresponds to (¢s,¢qy) = (2,1) and (0,0) corresponds to

(42, qy) = (0,0).

Things get more complicated when Hy is operating on the uniques in order to reach the off
diagonal elements. An example of these calculations are found in the Sec. B of the appendix
and the results are stated in the fourth and fifth column of table 5.1.
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Figure 5.1: The Brillouin zone (BZ) for the v/32xv/32 square lattice of 32 spins. The open
symbols denote the 9 distinct g-points. The solid symbols are due to symmetry equal (in total
there are four ’copies’ of each point). The points (0,0) and (7,7) in which the energy takes
its minimum is marked by bigger symbols. The biggest square are the structural BZ and the
smaller square are the magnetic BZ.

5.4 The lanczos algorithm

The Lanczos algorithms are as mentioned a generic term for a vast number of computing
algorithms enabling the user to obtain approximative solutions to the extreme eigenvalues and
eigenvectors of large matrices. Since the block diagonal block-matrices, see Fig. D.3, of our
system are hermitian, the algorithm that is chosen for this work applies only to hermitian
matrices. The first versions of the program code is written by Christian Rischel and Kim
Lefmann of the University of Copenhagen, and the math behind it will be explained in this
section. After some years the code was further developed by Frederik Treue and in this thesis
the author has worked a little bit on the code as well.

The outline is based on [7||Chap. 3|, [8][Chap.4, Sec.9] and a program-report by Frederik Treue
[40].

The Lanczos algorithm is a method to find the extreme eigenvalues of a matrix. In this case
the matrix we are dealing with is the matrix for the Heisenberg Hamiltonian (2.2), and what
is of interest is the energetically lowest lying states. Hence, the extreme eigenvalue we seek is
the lowest eigenvalue. The algorithm is build upon two main principles:

a) One part of the algorithm finds a set of orthonormal basis vectors q; with the property that
the Hamiltonian matrix H will be a tridiagonal matrix®, T, when projected onto this basis.
b) If the number of basis vectors, q;, are less than the dimension of H, the latter will be
projected onto a subspace of the original Hilbert space, spanned by the q;’s. In this subspace,
H has been transformed into T but the extreme eigenvalues of T will converge to the extreme
eigenvalues of H as more vectors q; are added to the basis.

5.4.1 The tridiagonalization method
We shall start this section with a definition.

Definition 1 (Hermitian matrix). A matriz A is hermitian if and only if A = Af

This means that every entrance satisfies a;; = aj;, where * denotes complex conjugation.

The Lanczos algorithm for a hermitian matrix is a recursive algorithm. The aim of the algo-

®In a tridiagonal matrix nonzero elements can only occur in the diagonal and the two sub diagonals.
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rithm is to construct the before mentioned real symmetric tridiagonal matrixS.

ap [ 0
Bo az [3
T = fs a3 (5.5)
ﬁmfl
ﬂm—l Ap—1 ﬁm
0 Bm (0779

The entries of T is determined directly by the Lanczos algorithm, which consists of a number
of steps.

The first task is to generate the set of orthonormal basis vectors {qi,q2,...qn} € H. A
unitary transformation matrix Q having the q;’s as its columns is then constructed which
makes it possible to make the transformation’

QHQ=T (5.6)

The orthonormal basis vectors are together with the «;’s and §;’s generated recursively by a
method which for reference is named the direct method.
The first thing to do, is to choose a random complex starting vector q; such that ||qi||c = 1,
where the complex norm is defined as |[x[|2 = Y. ; zjx; with z; ,i=1,2,...n being the n
components of x € C". Any vector with the correct norm will do, since H projected onto a
one dimensional subspace is a one by one matrix which clearly is tridiagonal. The elements of
T is found through rewriting® Eqn. (5.6) as HQ = QT. One can by evaluating column-wise
obtain the relation?

Hq = QT = q- 16 + oy + ai41641 (5.7)

If I =1 (we are in the first column of T) the first term of the right side of Eqn. (5.7) includes
B1 and qg. Since 1 does not exist in T it is by definition put equal to zero. Similarly the
choice qp = 0 is obvious since the first term of Eqn. (5.7) is q;—15;. From Eqn. (5.7) it is
now possible to recursively construct q;y1, oy and F;41 when knowing q;_1, q; and ;. This is
done by applying to Eqn. (5.7) a procedure that recursively generates the Lanczos vectors by

iteration for [ = 1,2,...,m. First Eqn. (5.7) is rewritten as
r; = B+ = Ha — agqy — Brai—1 (5.8)
The values of o is then defined through the hermitian inner product'©
o = (qf, Hay) (5.9)
Having the value of «; the values of ;41 are found by the relation
Bit1 = [|rillc (5.10)

®Recall that when T is symmetric one needs only one subindex per entry, for the sub diagonal entries as well
as for the diagonal itself. For the sub diagonal symmetry dictates the value of entry ij, when the value of entry
ji is known. A diagonal entry is always uniquely given by one subindex. The reason to why T is symmetric
and real we will return to in the following.

Tt is always possible to transform a hermitian matrix into a real symmetric tridiagonal matrix|7][page 119.].

8Using that QQT = QfQ =1

9Here the equation will be written for the lth column of T.

'9Tn Dirac notation this would be

a; = (qi[H|aqi)
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It should be noted that if one accidentally chooses q; as an eigenvector of H the r; as defined
in Eqn. (5.8) takes the value zero!!. If this happens, another starting vector must be chosen,
since q; as an eigenvector would bring us no further in the generation of T.

A further note is that the 3’s must be real since they are the norm of a vector. Since T is
a unitary transform of a hermitian matrix it must itself be hermitian, making it real through
the relation a; = aj and symmetric, due to the relation g3; = ﬁj.

To understand why the expressions for the «;’s and ;’s are consistent with Eqn. (5.5) one
has to manipulate Eqn. (5.8), keeping in mind that qjqj = 6;;!2. It can be proven|8][Lemma
4.9.2] that the complex phase of the [’s can be put equal to zero without changing the set
of eigenvalues for the Lanczos vectors {qi,...q;} and not affecting their rate of convergence.
Hence we can justify the choice of removing the 'magnitude of’ when taking the norm on both

sides of Eqn. (5.8) yielding |5i+1] = ||Hq; — ayq; — Biqi—1||c arriving at Eqn. (5.10).

5.4.2 Convergence

The whole idea of applying the Lanczos algorithm is to obtain a precise estimate for the
lowest eigenvalues of H without diagonalizing it in its full 2V states basis. If the algorithm is
appropriate it should be so, that the lowest eigenvalue of T converge fast towards the lowest
eigenvalue of H, where the convergence is a result of more vectors being added to the basis of
T3,

The expression (5.9) is related to the so called Rayleigh quotient p(x,A) which for a real
symmetric matrix'* A and general vector x is defined|8][p. 8] as

Definition 2 (Rayleigh Quotient).

T
x' Ax
A)=
px, A) = —7
If {x1,...,%x,} is an complete set of eigenvectors of A ordered such that {\;} ; is an

increasing sequence, then p(x, A) can be expressed using the complete basis of eigenvectors as

TA A AT LT 2\
p(x, A) = 2h UEA L G _ 2k B 2k G (5.11)

>k akajL Y o GmTm > km akamx;ixm >k aj,

, where the general vector x has been written as a sum of the complete basis of eigenvectors
of A.

From Eqn. (5.11) it follows that

pxicA) = N (5.12)
)\1 < p(X,A)S)\n (513)

Y11f q; is an eigenvector for H then Hq; = a;q
Isolating a;q; from Eqn. (5.8) and letting qj work from the left gives

aalq = o/Ha — B/ qi-1 — Birria)diss

Using q;qu = §;; one obtains a; = q}Lqu.
Further taking the complex norm on each side of Eqn. (5.8) gives

[lai+1B8i+1llc = |Bit1] la+1lle = [Bi+1] = [[Har — acuqi — Braqi—1llc
13Note that if we just construct 2% basis vectors for T the result is just a full-dimensional transformation
of H into tridiagonal form. A situation that would not solve our problem in terms of reducing the amount of

RAM and time required for determining the ground state.
YM1f A is hermitian the hermitian conjugate t should replace the transpose T in the following calculations
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L.e. the value of the Rayleigh fraction of a general vector is limited by the two extreme
eigenvalues and the Rayleigh quotient of a eigenvector is the corresponding eigenvalue. We
are interested in what happens to the Rayleigh quotient of a vector x, if this vector in terms
of norm difference is very close to an eigenvector x; of A. This is done by evaluating the
Rayleigh quotient!'®!6 of the vector xj, + 0, where § = x — xy,

(Xk + 5)TH(X1€ + 5)
0) — = -
MeGfxn) + (0+x0) HS M(xfxi + 0Txi + x[6 + 670)
XExp, + 0ty +xL0+ 016 xixp + 0fxy + x[8 + 678

 OTH + xHS — A\ (x0 + 616 — oTxy) (514)
xka + 0txy, + x}lé + 616 .

Since ¢ is represented in every term in the numerator it is clear that Eqn. (5.14) tends to zero as
0 approaches zero. What has been shown is actually that the Rayleigh fraction is a continuous
function. This is fortunate, since it then from Eqns. (5.12), (5.13) and (5.14) follows that

Tt T
L. /X H X . x;.)TH X
Alowest,T = mln(glr%Pk,T($k +0,T)) = wun(—""(Q”“T Q) k) = mm((Qk k)T (Qx k>>
— X, Xk XXk

(5.15)
From the last equality sign of Eqn. (5.15) it follows that the minimal Rayleigh fraction of T
which equals the lowest eigenvalue of T, also equals the minimal Rayleigh fraction of the Ritz
vector!” wrt. H, which by Eqn. (5.13) is greater than or equal to the minimal eigenvalue of
H, the ground state value. Hence it is shown, that the minimal eigenvalue of T approaches
the minimal eigenvalue of H if adding more vectors q; to the basis of T makes the lowest
eigenvalue T converge to the lowest eigenvalue of H.
Hence, the final property of the Lanczos algorithm that has to be argued for, before we feel
convinced that the lowest eigenvalue for T converge towards the true ground state value of H,
is how the algorithm selects the 'next g-vector’.
The gradient of the Rayleigh fraction is given by [40]

Vp(x) = o (Hx — p(x)x) (5.16)
The 'next g-vector’ is the vector that will be added to the basis of the subspace of H that
spans T.
From the Eqn. (5.16)!8 it is seen the properties of the gradient is controlled by the terms Hx
and p(x)x. Recalling that x is any random vector in the space spanned by {qx}/_;, that is in
the span of all the previous generated g-vectors, it can be written as a sum of these. But this
means that the term Hx is the only part of the gradient which is not contained in the span
of the previous q;’s, hence getting the idea that the 'next g-vector’ has something to do with
Hx. Realizing that this eventually boils down to Hq; we write x as a sum of H working on

'5This method is taken from the program report by Frederik [40].

Y From now on it is implicitly assumed that the matrix in the expression for p(x,A) is the Hamiltonian H
and it will hence not be stated explicitly and the notation will just become p(x).

Y7If (1, u) is an eigenvalue-eigenvector pair of a tridiagonal matrix T}, [ being the column dimension, obtained
by Lanczos algorithm from the hermitian matrix H, then the vector defined by y = Qu is called the Ritz
vector of the matrix H and g the Ritz value [8, Sec.0.5].

"®Which I havn“t been able to show and therefore is taken from a report by F. Treue [40] without proof.
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the previous g-vectors
-2

x = oH'"'q; + B( Z anH"q1)

n=0
, where H'"!q; = q;. Letting H work on this we arrive at

-1
Hx = aH'q; + 3( Z a,—1H"qy)

n=1

We see that the nature of Hx in terms of finding the 'next g-vector’ is H'q; = qi41, as the
remaining terms already belong to the span of the previous g-vectors - which are the terms
including the basis vectors {H"q; iz_:lo = {qn}flzl already spanning the subspace. Returning
to Eqn. (5.8) ensures us that the choice of the mext g-vector’ that Lanczos algorithm uses,
exactly has the necessary form in order to add what is missing to the subspace, so as to make
p(x) change in the ’direction’ where its gradient is maximized. Hence the selection of 'next
g-vector’ that the Lanczos algorithm uses, ensures that the lowest eigenvalue of T in the sub-
space spanned by {Qk}éﬂ converge as fast as possible towards the ground state of H when
qi+1 as given by Eqn. (5.8) is added to the previous basis.

5.4.3 Convergence in RLexact

This subsection will offer a brief explanation of the way RLexact decides if the Lanczos algo-
rithm has converged. In this connection the notion of a Ritz vector is crucial. A Ritz vector
is a vector in the basis (see Eqn. (5.6) and the surrounding text) for the tridiagonal matrix T
that the Lanczos algorithm creates iteratively. After each iteration RLexact investigates the
last entrance in the eigenvector of the lowest eigenvalue. This entrance is the amplitude of the
latest generated basis vector in the ground state. When this amplitude gets very small it means
that the last iteration have not made the vector approach the true eigenvector considerably.
In RLexact ’small’ is defined by the constant RITZ CONV, such that the algorithm stops
when the above mentioned amplitude gets smaller than RITZ CONV. Since the way the
basis vectors are created iteratively ensures that the convergence is as optimal as possible, see
previous sub section, we can be sure, that the true lowest eigenvalue and belonging eigenvector
are found when RLexact aborts the Lanczos algorithm.

All calculation except a few, were done with RITZ CONV = 107°. When other values are
used, this will be mentioned explicitly.

5.5 The parallelization

The parallelization of RLexact from its original version was mainly done by Frederik Treue,
while the final part was done by the author.

This section is devoted to a brief description of how the parallelization of RLexact works.
RLexact is run on a cluster at Danish Center for Scientific Computing (DCSC). When using
DCSC the process is controlled by scripts, written in the programming language of Perl. The
parallelization is divided into four steps named step0.pl, stepl.pl, step2.pl and step3.pl. These
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four steps!? take a varying number?® of arguments and are run from a console at your DCSC
account. The Perl-scripts create a number of shell-scripts which are feeded to a ’distant’ console
of DCSC. The task of the shell-scripts, is to control the file copying, file reading etc. between
the various parallelized parts of RLexact.

5.5.1 The four steps of the parallelized RLexact

For this entire subsection the 4x2 lattice will be use as an example. The brackets [...] is
included for graphical ease and should not be typed into the console.

step0.pl

step0.pl takes either three or four arguments - three if no m-symmetry is present and four if
m-symmetry is present?'. When running this step one should in the console enter the follow-
ing:

Without m-symmetry: ./step0.pl [#spins in x-direction| [#spins in y-direction] [0]

With m-symmetry: ./step0.pl [#spins in x-direction| [#spins in y-direction] [1] [m-value]

Quite logically the third argument which can be either 0 or 1 contains the information of
whether m-symmetry is present, if so the fourth argument tells for what m-value the calcula-
tions by RLexact should be carried out.

The product of step0.pl depends again on the presence of m-symmetry, but in both cases the
output is file(s) that is(are) essential for stepl.pl and step2.pl.

If the calculations are done for a 4x2 system, entering ./step0.pl 4 2 0 would generate the files
named 4x2.un and 4x2.uno respectively.

If m-symmetry is present the .uno file is not generated since it contains information about
the magnetization which is known, since it is the invariant m-value which we have feeded to
RLexact. For the 4x2 lattice in the m = 3 subspace entering ./step0.pl 4 2 1 3 would generate
the output 4x2-3.un.

The name of the file indicates its content; the .un files contain the necessary uniques and the
.uno files contain the observables corresponding to the uniques - in this case the magnetization.

stepl.pl

stepl.pl generates two types of files; .dat and .gs. The .gs files are binary files which is to
be used in step2.pl, hence not containing any directly extractable results. The .dat files are
somewhat more interesting, since they contain a list of the energies of the different states of
the system. Since this energy depends on the point in g-space, RLexact generates one .dat file
for every point in k-space. Hence, once again using the 4x2 system as an example, 8 files will
be generated for the g-points (0,0) to (3,1).

What should be entered in the console to run stepl.pl is simply

9 Actually there exist three more steps: step0_32.pl, stepl 32.pl and step2 32.pl. These are used instead
of the normal steps, when one is interested in running a sample V/N x V/N lattice. The _ 32 steps works by
selecting every second spin and every second g-vector. The name is due to the /32 x /32 lattice that is run
by the 32 steps on a 8 x 8 lattice. We shall in the proceeding text only mention stepl.pl to step3.pl, since the
_ 32 steps are similar with respect to the output.

20This feature is made by the author, in order to be able to find ground state energies of systems with
m-symmetry but with varying m-values. The m-value is defined simply as m = 1(N; — N).

21 The information of whether m-symmetry is present is given manually by either activating or deactivating
line 25 of RLexact.h
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./stepl.pl 4 2, since the information of m-symmetry (and m-value) is carried over to stepl
from step0 by the .un unique files.

step2.pl

step2.pl generates only one type of files but one file for every point in g-space. The files are
named .szz and contain three informations: The length of the vectors S**(q,w)|gs >, the value
of w and finally the value of S**(¢q,w). w is the energy from stepl.pl in units of A.

To run step2.pl from the console one has to type ./step2.pl 4 2 0 or ./step2.pl 4 2 1

, depending on the presence of m-symmetry.

step3.pl

step3.pl does not do any new calculations, it merely collects the results of the previous steps
in one file for each g-point. To run step3.pl from the console one has to type ./step3.pl 4 2
, also here using 4x2 as example.

The input-file

The information about the physical system enters RLexact through an input-file, read by the
.pl scripts. This input file contains information about the number of sites, the type of coupling
etc. It must be written manually and contain exactly the right number of parameters having
certain names.

Regarding the type of coupling, the information about a Heisenberg square lattice with nearest
neighbor coupling is contained in this input-file.

5.6 Three programming tasks

When [ started my project RLexact it was not working. The reason was, that a previous
attempt to parallelize the program so as to lower the calculation time on the cluster, had been
left partly unfinished. By the competent guidance of Frederik Treue, we succeeded after some
time in running the program, but only with no m-symmetry. At this point three task lay
ahead.

The first task was to change the C-code in RLexact enabling it to calculate the magnetization
of the ground state, when no m-symmetry is present. This will be treated in Sec. 5.7.

The second task was to change the Perl scripts, so that RLexact could run step0, stepl and
step2 with m-symmetry and for any m-value (any given m invariant subspace), since up to this
point the parallelized program had only been capable of working in the subspace of m = 0.
This programming task took some time, but will not be discussed further in this thesis. Should
future users of RLexact be interested in discussing the changes, they are welcome to contact
me.

Finally the third task was to optimize the part of RLexact itself, that relates the bit pattern
representing a state of the sample, with the unique representing the given state. The hope
was that this would enable RLexact to run a 36 spin lattice within the two days time limit
at DCSC. This task was quite difficult and was done by Frederik Treue with the author as
apprentice. At the time of writing, this task was not completed.
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5.7 The magnetization of the ground state when no m-symmetry
is present.

This section treats the first programming task done by the author?? on RLexact. The back-
ground was actually a misunderstanding, since the theme of physical interest from the per-
spective of the CFTD results made by N. B. Christensen et al., was the magnetization curve
treated in Sec. 4.2. At first I did not understand this, and instead developed the program code,
such that it can calculate the magnetization when no m-symmetry is present??. However I will
in the following subsection present the work, in order to document what RLexact is capable
of for future use.

5.7.1 Magnetization of the ground state

We start by a few physical considerations. The magnetization operator is denoted Mo, since the
quantum mechanical expectation value of the ground state magnetization given by (gs|Mp|gs).
The initial block diagonalization of the original Hamiltonian of dimension 2V for a N-spin
system is carried out by the uniques |u). From the theory of the Lanczos algorithm, it follows
that the ground state vector of the system represented by the tridiagonal matrix converges to
the true ground state, as more vectors are added to this subspace. From these two observations
it must follow that the ground state can be written as a linear combination of the uniques, since
these constitute the basis of the Lanczos vectors, that is [gs) = Y, a,|u). The magnetization
operator simply counts the number of spin-ups and spin-downs and hence the uniques are
eigenstates of this operator, i.e. My|u) = my|u). Having all this in mind it follows that

Mgy = (gs|Molgs) = aual, (u'|Mo|u)
u,u
= Zauazl (u|myu) = Zauazlmu<u'|u>
w,u’ w,u’

u u

This calculation were easily converted into C code, since the |u)’s and the a,’s already were
stored by RLexact.

5.8 Optimizing RLexact

The optimization of RLexact was done on the function FindUnique. What this function
do, is to find the Unique corresponding to to a given bit pattern obtained after H¥ has
worked. This is in the present version of RLexact done by a linear search through a table of
Uniques, which per lookup will cost O(V) in calculation time, since the number of uniques are
exponential®® in N. The idea in the optimization is to replace the linear search with a number
of clever translations. These translations are z- and y translations and are chosen such that
they minimize the number of translations needed to identify the bit pattern with the lowest

*?heavily guided by Frederik Treue

?3When m-symmetry is present, the magnetization of a given state is trivial, since the magnetization of the
random starting vector in the Lanczos algorithm is invariant. That is, the basis vectors q; will remain in the
m subspace to which q: belongs.

?Discussion with Frederik Treue.
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corresponding binary number, starting with 2° in the upper left corner of a square bitmap with
N sites. The optimization was unfortunately not completely finished, at the time of handing
in the thesis. However, only a little debugging is missing. It is hard to say precisely how much
this optimization will save in calculation time when implemented, but a guess is a factor of
10 every time FindUnique is called. The total time-saving then, depends on how much time
FindUnique consumes out of the total time consumption of RLexact. I do not have an estimate
for this.

5.9 RLexact and S**(q,w)

For the purpose of exact diagonalization which on the bottom line is linear algebra, S**(q,w)
can be expressed through the Lehmann representation

S*(qw) = > MZ(q,w)d(w + Ey — E) (5.18)
e
where
MZ(q,w) = 2|(e|s}|gs)|” (5.19)

This is nothing but an inner product ready to calculate.
In Eqn. (5.19), |gs) is the ground state and |e) is any of the exited energy eigenstates. The

operator sg is the Fourier transform of the spin-z operator sj; and is defined by

N
1 .
s; = —= g e'"sy 5.20
“VNZ T (5:20)

In zero field which corresponds to the ground state of the m = 0 subspace, S**(q,w) fulfills
the sum rule [34, Eqn.(15)]

/OO dw ) S (quw) =Y MX(quw) = % (5.21)

Selected output S**(q,w) output from RLexact were tested by the sum rule Eqn. (5.21).

5.9.1 Calculations by hand

S%%(q,w) was for the purpose of testing the reliability of RLexact, calculated by hand for a
few simple systems - 2x1 and 4x1. These calculations found in the Appendix, Sec. A.1 and
were found to agree with the results of RLexact to within the accuracy of RLexact.
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Chapter 6

Results

This chapter will present the results of this thesis work. The uniform magnetization, the
susceptibility and the staggered moment are in the given order the first topics. After this
follows a presentation of the energy dispersion, and finally, results for the dynamical structure
factor will be stated. Each section contains in the end a discussion of the results.

6.1 Magnetization and susceptibility

The data output from stepl of RLexact is the the energy of the state of the square lattice
under investigation. This energy is calculated upon an assumption of zero h-field, since the
last term of Eqn. (2.1) the Zeeman term is vanishing. Nevertheless it is at this point possi-
ble to calculate how the energy for the different states of the square lattice would evolve if
an h-field is turned on. This is simply done by considering the effect of adding the Zeeman
term I:IZeeman =h- va S7? once again. This is readily done, since the resulting function
E(h) = Eo(m) + h - va S; is nothing but a straight line with the slope equal to the m-
value of the system and the second axis intersection being the lowest lying energy Ey(m) of
the corresponding m-value. It is then possible to make a multiple straight-lines plot, each
line having as starting point Ey(m) and a slope equal to the corresponding m-value. These
curves contain interesting information, since the state of lowest energy for any value of h can
be identified from inspection of the curves. This type of plot is seen in the left panel of Fig. 6.1.

The magnetization! is given by m(h) = —8%)}Eh), where Ey(h) at every value of h is de-
termined from the curve corresponding to the lowest energy of Fig. 6.1.

N
E(h) = Eg(m) +h->_ 8,

As is seen from Fig. 6.1, many energies are related to a given value of h. However, a given sys-

tem will naturally choose the state which minimizes the energy. Hence one can obtain a curve
for the magnetization by displaying the slope of the lowest lying Zeeman energy branch for a
given h-interval, going from? m = —% tom = % This magnetization curve is a multi-step
function. The result of this procedure for the 4x2 lattice is seen in the right panel of Fig. 6.1.
Note that the step length decrease for increasing h.

By plotting every value of m with the numerically smallest value of the corresponding h-field?

!See Sec. 2.2 Eqn. (2.9)
2The negative values follow from symmetry.
3We shall argue for this procedure in the discussion of the results.
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Figure 6.1: Left: The energy E(h) in units of J for the 4x2 lattice (a small lattice is chosen
for visual simplicity). The intersection with the second-axis is the lowest lying energy level of
the Hamiltonian (2.1) for the m-value corresponding to the slope of the line. The slopes of
the lines take the integral value from 0 to 4, with the red line corresponding to m = 0 and the
black line corresponding to m = 4. Right: The magnetization step function m(h) for the 4x2
lattice (a small lattice is chosen for visual simplicity) obtained from the procedure described
in the text.

0.51

Figure 6.2: Left: The magnetization curve extrapolated to the thermodynamic limit. The
unit of m is gup. Right: The magnetic susceptibility xy = %—’;}. The red line is obtained from
differentiation of the polynomial fit to the data points in the right panel of Fig. 6.2. The blue

points are found by a method based on the mean value theorem described in the text.

a number of discrete points are obtained and if subjected to a polynomial fit a continuous
curve for the magnetization is reached. The result of this for the 4x2 lattice is seen in the left
panel of Fig. 6.2. The yield of the polynomial fit is a function that by differentiation gives the
magnetic susceptibility x = %—71‘, exemplified in the right panel of Fig. 6.2 for the 4x2 lattice.

In order to verify the results for xy a number of points are calculated by means of the mean
value theorem. Specifically this is done by plotting the slope of the line between two points
in the left panel of Fig. 6.2 (which by the mean value theorem is the average slope of the
curve between these two points) vs. the midpoint of the corresponding h-interval. The points
obtained from this are the blue squares in the right panel of Fig. 6.2. Hence, dealing with the
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susceptibility in this thesis one should remember that it is not a direct product of RLexact’s
numerical results. The results are therefore to be interpreted with a certain scepticism.

RLexact was run for the systems; 10x1, 4x2, 4x4, v/32x1/32 and 6x6 and the above proce-
dures for the energy, magnetization and susceptibility were carried out. The results, except
for the 6x6 lattice, are presented in Fig. 6.3. The first column displays the energy, the second-
and third column present the magnetization and the fourth column displays the susceptibility.

10 —

|
- e e s
- e e s
1
J

Energy [units of J]
.

— o |
|A A
- V. 2] SN
Z S
G- 4 2 of _ 2 4 4 -3 -2 -1 0N 1 2 3 4
£ — h
i 2 . 2 N
=
B 4 — 4
2 —
53}
6 - 6
- 4 3 2 1 0 1 2 3 4
8 — 8 h
15 15 4 ‘
. —|~ 7 T
2 10 10 -
s s 5 h = 67 fl
] A
B - 5 5 5
% E \ //
5 - 4
& ‘ ‘ — o
6 4 2 0. 2 4 6 -4 -3 -2 -1 0™, 1 2 3 4 e
- h h
5 - -5 2
i
10 10

-60 -1s E -1s ’ h

Figure 6.3: Results from stepl of RLexact. The rows represents from top to bottom the
lattices: 4x2 (rectangular), 4x4 (quadratic) and v/32xv/32 (quadratic). First column shows
the energy E as a function of magnetic field h. E is in units of J. Second column shows a step
curve for the magnetization. Third column displays the magnetization in the thermodynamical
limit; a polynomial fit to the numerically smallest value of m as given in column two, for any
value of h. Finally the fourth column shows the magnetic susceptibility. Here the solid line is
obtained from differentiation of the polynomial fits of column three, and the points are reached
by plotting the average slope between two points on the thermodynamical magnetization vs.
the interval midpoint, as described in the text.

6.1.1 Discussion of magnetization

For all the systems calculated by RLexact, it is seen that the m-value of the energetically
lowest lying curve starts at m = 0 for h = 0 and then increases (decreases) in integral values
up tom = +(—)%, when h = 85J = 4, in units of J. Why this occurs at the same value for
h in all systems, can be understood from the ferromagnetic spin wave dispersion Eqn. (2.62)
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evaluated in the point (m,7), such that hw = 21(J(0) — J(m, 7)) + guph = 4J + guph. When
gup = 1 then Aiw > 0 only if h > 4J. To be the ferromagnetic ground state we must have that
hw = 0. Hence h = £4J is the limit

When examining column one and two of Fig. 6.3 a tendency stands out: It is seen, that
the interval of h in which m has a fixed value decreases by two mechanisms: i) the higher the
value of h the shorter m-stable h-interval and ii) the more spins in the system, the shorter
m-stable h-interval. The second observation is trivial but the first is interesting, since the
classical magnetzation curve is a straight line. Hence, remark i) is a quantum effect.

At this point it is natural to argue for the method used to obtain these points based on ED
of finite systems. Lets name the method ’interpolation by fixed endpoint’ for reference. A
name that shortly will make sense. As mentioned, these points are obtained by plotting each
m-value with the numerically lowest of its corresponding h-values. Hence, interpolation by
fixed endpoint relies upon the assumption that the numerically lowest endpoint of the inter-
vals (the left(right) endpoint for positive(negative) h) is fixed, making the interval shrink from
the right(left) when going to the thermodynamic limit. A way to test the reliability of the
method, is to plot all the magnetization curves obtained on this background in the same figure
and investigate whether the set of points belonging to the same m-value coincide. This is done
in left panel of Fig. 6.4%, where new results for the 6x6 lattice are presented as well®. But, be-
fore consulting the figure a remark is needed: If interpolation by fixed endpoint is correct and
finite size effects did not exist, then every set of (h, m fizeq) would coincide, in effect making the
simulation of large systems superfluous. Now, we turn to left panel of Fig. 6.4. Here it is seen
that the above mentioned points in each set do not coincide (the blue points corresponding
to an AFM chain should be neglected at present). This can be due to two reasons; finite size
effects and/or drawbacks in the method of interpolation by fixed endpoint. Finite size effects
are present as is seen in the right panel of Fig. 6.4. This we will return to.

I have not been able to come up with a rigorous argument to justify interpolation by fixed
endpoint, but from a physical point of view it seems natural to plot the m-value with the
lowest corresponding h, since it is at this field that m increases one step®.

Fortunately it is from Fig. 6.4 clear, that the points corresponding to the 32 and 36 spin lat-
tices behave very similarly, convincing us that these two results are trustable and have already
converged.

Continuing to the third column of Fig. 6.3, it is from all samples clear, that the m(h) curve
is slightly ’S-shaped’. This feature is a quantum effect which does not exist for classical sys-
tems. In order to visualize this effect the points in third column of Fig. 6.3 are weighted with
the number N of sites in the sample and plotted in the the same figure. This is left panel
of Fig. 6.4, where also the classical curve and a plot of a 10 spin AFM chain is found. The
tendency is clear: The pronounced ’S-shape’ for the 1D chains is straightened out in the 2D
case, approaching but not equaling the straight classical curve” m(h) = %. Hence, the S-shape
is a genuine quantum effect.

With respect to these magnetization curves a few features need a comment: Examining the
region around the origin (from symmetry we can restrict our attention to the second quadrant),

“This is not the main purpose of the figure. The main purpose of the figure will be presented in a while.

®The results for the 6x6 lattice have not been presented seperately, since points corresponding to m < 5
have not been possible to obtain. The remaining points for m > 6 are all found in Fig. 6.4.

°I have not been able to find any paper in details describing their method of interpolating m(h), but I have
in agreement with K. Lefmann used interpolation by fixed endpoint.

"See Eqn. (2.7), Sec. 2.2
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there seems to be a tendency in each sample, that a line through the three numerically smallest
points belonging to the lowest value of h will approach a nonzero m. This is a finite size effect,
the nature of which is revealed by plotting the m-axis intersection of a straight line through
these three numerically smallest points vs. 1/N3, where N as usual is the sample size. This is
done in the right panel of Fig. 6.4, from which it is seen, that the effect scales as approximately
1/N3.

Further one notes that all functions are clearly antisymmetric, i.e. m(—h) = —m(h). This is
to be expected from the symmetry of the Heisenberg Hamiltonian Eqn. (2.1) governing the
2DQHAFSL. When differentiating wrt. h, see Eqn. (2.9), the only term having a influence
on m(h) is guph)y_; S7, which clearly will yield an anti-symmetric function in h after differ-
entiation, since h — —h reverses the slope of the line. Also from a physical point of view it
is natural to expect m(h) to be an odd function, since reversing the field must reverse the
magnetization.

As a final remark, the comparison with the literature will not be done for the uniform magne-
tization separately, since it qualitatively is very hard to note any possible differences between
Fig. 6.4 and the inset of Fig. 4.2. However, should there be any differences these will be re-
vealed in the coming discussion of y, which being related to the m(h) through differentiation
is perfect for revealing differences.
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Figure 6.4: Left: Magnetization curves for the the 2DQHAFSL. The data points are from
clusters of 2x4 (red diamond), 4x4 (pink diagonal crosses), v/32x1/32 (black stars), 10x1 (blue
solid squares) and 6x6 (solid green circles). These points are constructed by plotting the
numerically smallest h-value of each m-stable h-interval vs. the corresponding m-value. The
dashed line is the classical result having the constant slope 1/8. Right: The ’linear slope
gap’, revealing that the abscissa intersection of the straight line through the three numerically
smallest h-values on each of the magnetization curves goes to zero approximately as 1/N3,
where N is the number of sites in the sample.
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6.1.2 Discussion of the susceptibility

The susceptibilities for all samples in the fourth column of Fig. 6.3 can like the magnetizations
be displayed in a common plot, and this is done in Fig. 6.5. Examining this figure it is
seen that the abscissa intersections are different between the various samples. In table 6.1
these intersections are displayed and by inspection it is seen, that the intersections of the 2D
samples are not decreasing nor increasing monotonically as a function of N. A reason could
be a finite size effect due to the fact that the 4x2 sample is different from the 4x4 and the
V/32x4/32, since the latter two are quadratic while the 4x2 is rectangular. The classical value

0.50 7
0.45 ]
0.40 ]
0.35
030"
=™ 025
0.20

Figure 6.5: The susceptibility for the the 2DQHAFSL. The data points are from clusters
of 2x4 (red diamond), 4x4 (pink diagonal crosses), v/32xv/32 (black stars), 10x1 (blue solid
squares) and 6x6 (green solid circles). These points are constructed by at each midpoint of
the m-stable h-interval, plotting the slope of a straight line connecting neighboring points on
the corresponding magnetization curve, Fig. 6.4. The solid lines (same color coding) originate
from numerical differentiation of a polynomial fit to the magnetization points. Note that no
line exists for the 6x6 data. This is because the lack of points around m = 0 makes numerical
differentiation impossible. The dashed brown line is the classical result, taking the constant
value 1/8. See the text for a comment about the chain.

is x = 1/8 = 0.125 and once again we see that the AFM chain displays more pronounced
quantum behavior than the square lattices. The V/32x+/32 lattice has at zero field x ~ 0.099
while the 4x4 lattice has x ~ 0.108. At h ~ 2.5 all 2D curves, which for h < 2.5 lay lower
than the classical line, cross this line and stay above for h g 2.5. That the crossing happens at
h =~ 2.5 is consistent with the results of Liischer and Lauchli [39]. The same is the feature, that
the deviation between ED results and the classical line is maximal as saturation is reached.
One also notes the consistency of the points representing the 32 and the 36 spin lattice.

A feature that is revealed by this work, is the general tendency that the higher the field the

o7



The staggered magnetization - results and discussion 58

system m- axis intersection
1x10 0.1314
4x2 0.0930
4x4 0.1063
v/32x1/32 | 0.0989

Table 6.1: The abscissa intersection of the magnetic susceptibility obtained from the numeri-
cally differentiated polynomial fits to the magnetization curves of Fig. 6.4.

better agreement between the various finite square lattices. This information is not extractable
from [39], since only one ED points for one lattice are displayed, see Fig. 4.3.

The sudden dip that the 4x4 curve of Fig. 6.5 displays at h = +3.75, is probably an effect of
numerical differentiation. But, the outermost diagonal cross on this curve indicates a deviation
from the 4x2 and v/32x1/32 lattices. This is unexpected, since from a physical point of view,
the 4x4 is more like the v/32x1/32 than the 4x2 system. Hence, it would be interesting to
run more finite systems in order to investigate this pathologic behavior. Also the literature
presents no sign of this anomaly, see Fig. 4.3, which is based on results from three papers.
Note also the asymmetry of the curve about the midpoint of the A interval and the classical
value 0.125, as already discussed in Sec. 4.2.

Finally, the curve for the 10 spin chain needs a comment. As is noted its shape with the
'bump’ at zero field is different from the rest. This is not to be expected, since the spin chains
though displaying more pronounced quantum effect should not behave topologically different®.
Furthermore such a bump is unphysical, since there should be nothing special about the interval
|h| < 1.5. Hence, what we see for the 10 spin chain is probably a finite size effect. However,
since the topic of this thesis work is the 2DQHAFSL, we shall not follow this any further.

6.2 The staggered magnetization - results and discussion

When presenting data for the staggered magnetization, it is important to state exactly what is
presented. In table 6.2, the results from RLexact for S(m, ) is shown in the second column.
Note that there is no w dependence, indicating that only the result for the strongest pole of
S((m,m),w) are presented. One could have chosen to sum up the contributions from all w per
q and present this result. This is however not chosen here, since it is the strongest pole that
normally is measured in neutron scattering experiments, when the staggered magnetization is

investigated. When reading the table 6.2, recall Eqn. (2.76) giving that m! = (S) = 4/ 5(2(77:1’\7;)).

System LxL = N | S((m,m)) | /S((m,7))/2nN
4x2 5.191 0.321
4x4 9.145 0.302
V/32xV/32 14.376 0.267.

Table 6.2: Results for the staggered magnetization found on the background of ED.

As discussed in Sec. 2.6 one should be careful when interpolating the staggered magnetization,
found from finite clusters, to the thermodynamical limit. And, we shall use an 1/v/N inter-
polation as an alternative. We shall use a 1/N interpolation, knowing that it theoretically is

8Discussion with K. Lefmann.

o8



The staggered magnetization - results and discussion 59

shown to overestimate the value of m' in the thermodynamical limit. A least squares interpo-

lation of \/S((m,7))/2nN vs. 1/N (1/v/N) is seen in the left (right) panel of Fig. 6.6. Since

the abscissa through Eqn. (2.76) is the staggered moment, we have from the 1/N interpolation

(1/v/N interpolation) determined the value m' = 0.285 (m! = 0.219) which is ~ 52% (~ 44%)

of the classical value mil = 0.5. Table 6.3 presents a comparison of the result for the staggered

magnetization of this thesis work with the literature’. The uncertainty on the results of this

Reference | [32] [15] [16] This work
mT ] 0.30(2) | = 0.313 & ~ 0.321 | 0.42(1) | 0.258(%)&0.219(%)

Table 6.3: Results for the staggered magnetization m. The two results by [15] is due to series
expansion and SWT respectively. The SWT calculation was done to first non-linear order.
Note also that no uncertainty is stated in [15]. This is for the series result due to the value
being obtained from series expansion evaluated in three different ways and with almost equal
results. In the case of SWT I cannot explain the lack of uncertainty. The results of this work
is explained in the text.

0.89 0.59

0.79

0.49

0.6

0.44

03 /_/

0.29

0.1

0.1

0 T T T T T T 0 T T T
0 0.02 0.04 0.06 0.08 0.10 0.12 0 0.1 0.2 0.3
1 1

N VN

Figure 6.6: Left (right), a plot of \/S((m,7))/2rN vs. 1/N (1/v/N). A linear fit using the
method of least squares yields the abscissa intersection m' = 0.258(%) (m' = 0.219(x)). For
an explanation of the uncertainties, see the text.

work is difficult to estimate. The results from RLexact are as exact as possible, since they rely
on exact diagonalization. On the other hand, when performing the least squares fit there is a
rounding error in the values entering the fit. This error can be made negligible by using all
decimals calculated. However, the least squares fit introduces an uncertainty expressed by a
standard deviation. These deviations are found to be o,,; = 0.07 and o,,,+ = 0.12 for the 1/N
and 1/ VN interpolations respectively. The calculations can be found in Appendix D.1.

Using these uncertainties which are really big, the results of RLexact are consistent with the
leterature, e.g. the value of m’ = 0.30(2) by [32] based on QMC. It should be noted, that this
conclusion is not very strong, since a result with such a relatively big uncertainty is consistent
with many results. Hence, despite this potential consistency it seems, by looking at the RLex-
act data, reasonable to conclude that m' is underestimated wrt. e.g. [32]. This is the opposite
tendency as described by [15], which stated that a 1/N interpolation would overestimate m!.

°T have not been able to access the original work of Oitmaa and Betts and hence their result is due to
reference from A. D. Huse [15].
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On the other hand, we have earlier in this thesis seen, that the smaller the system, the more
pronounced quantum effects. Since the deviation from the classical value of mil = % are a
quantum effect, a possible explanation to the underestimation is that the interpolation points
come from relatively small finite clusters.

As a final note, the result from RLexact based on a 1/ V/N interpolation is possibly wrong. The
reason is that the 2x4 lattice is rectangular instead of quadratic, hence making the incorrect
assumption that 1/v/N = 1/L in the interpolation of the LxL = N lattice. As a general com-
ment, the number of points (three) in the interpolation is too low to really trust the results.
Furthermor, it is not clear to me whether the 1/N and/or 1/v/N interpolations are correct

from a mathematical point of view.

6.3 The energy dispersion - results and discussion

In order to compare the experimental results for CETD by N.B. Christensen et al. [23] with the
numerical work of this thesis, a plot of the energy dispersion is indispensable, and such a plot is
seen in Fig. 6.7. The two LSW dispersions are based on Eqn. (2.40) and (2.61) for nearest and

Energy [Units of J]

Figure 6.7: The energy dispersion of the 2DQHAFSL represented by a scan through Q2p space.
The solid blue and brown lines are the LSW prediction for nearest and nearest plus next-nearest
neighbors (Eqn. (2.40) and (2.61) ). For nearest neighbor dispersion a quantum renormalization
of 1.18 is used as determined by [23]. For the nearest plus next-nearest neighbor dispersion a
scaling of 1.25 is chosen, see text for comments. The black circles are neutron scattering data
for CFTD obtained by N.B. Christensen et al. [23], where the error bars are so small, that
they are contained within the symbol. The red squares and the pink diagonal crosses are the
ED data from RLexact for 16-spin (4x4) and 32-spin (v/32x1/32) respectively.

nearest plus next-nearest neighbors respectively. For the pure nearest neighbor dispersion a
quantum normalization of 1.18 is used [23|. In the case of nearest plus next-nearest neighbors a
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scaling factor of 1.25 has been chosen together with a antiferromagnetic next-nearest neighbor
coupling J’ = 0.067.J, the latter taken from Rgnnow et al. [19]. The 1.25 scaling was chosen to
fit the data in the best way. This is problematic, since the quantum renormalization is not a
fitting parameter but a prefactor having a physical content, making it in principle possible to
calculate. Hence, the scaling of 1.25 should be considered as no more than a scaling parameter
used to make one point clear; the experimental data for CFTD by Christensen et al. can be
explained from the Heisenberg model with nearest plus next-nearest neighbor coupling and
with a weak antiferromagnetic J’. This was also observed by Rgnnow et al. in their studies
on CFTD, see Sec. 3.1.2 and [19]|. Furthermore, Coldea et al. have drawn the same conclusion
on another realization of the 2DQHAFSL, LCO [33].

Inspecting Fig. 6.7 one notes that the curve from nearest neighbor LSW theory (blue) fits
the experimental results extraordinary well at all points in the Brillouin zone except between
(5,%) and (m,0) in the left part of the dispersion and again going from (7,0) to (m,0). The
problems that LSW theory faces at the (7,0) anomaly, and which as mentioned are solved
when next-nearest neighbors are included, are also solved by the exact diagonalization results
from RLexact for the 32-spin system. This is remarkable, since the Hamiltonian of RLexact
only includes nearest neighbors. Hence, the (m,0) energy anomaly is an intrinsic property of
the Heisenberg model with nearest neighbors, Eqn. (2.1).

The supression in energy for the 32 spin lattice at (7,0) wrt. (3, 35) is W ~A4.7T%, a
number that is slightly lower than the 7(1)% found by Christensen et al. [23] and the 6(1)%
found by Rgnnow et al. and both displayed in Fig.3.1. That the depressions are not equal in
magnitude is to be expected, since the numerical results are based on finite systems. Note also
that the red squares in Fig. 6.7 display no supression in energy at (m,0), a result in complete
accordance with Rgnnow et al. who note, that this implies a significant number of spins (at
least greater than 16) to be involved in the quantum effect that lowers the energy at this point
in g-space.

Another feature that deserves a comment, is the fact that the ED based results are placed
energetically higher than the LSW predictions. This is illustrated clearly at e.g. (m, ), which
has a nonzero energy as opposed to what is expected from LSW'T. This pathologic feature is
a finite size effect. The nature of this effect can be revealed by plotting the energy gap vs.
1/N. This is done in Fig. 6.8. The straight line clearly illustrates the 1/N dependence of the
energy gap, going to zero as IN goes to infinity, assuring that we need not worry about the gap
inherent in the numerical data.

Having convinced ourselves about the behavior of this finite size effect, it makes sense to scale
the experimental data from N. B. Christensen et al. such that the point (7, %) coincide with
the ED result from RLexact for the 32 spin lattice. The reason the the point (F, %) is chosen,
is that, it is with respect to the energy in this point, that the energy of (m,0) is suppressed. In
Fig. 6.9 a plot of the scaled experimental data is seen. There is no new information in Fig. 6.9,
but the way data is presented, emphasizes the conclusion that can be drawn on background
Fig. 6.7: The (,0) energy anomaly is a generic property of the Heisenberg model with nearest
neighbors only, Eqn. (2.1). Before a conclusion can be drawn, it is interesting to note from
Fig. 6.7, that between (3,0) and (,0) the energy is also depressed relative to nearest neighbor
LSWT. In this model the dispersion is increasing when going from (%, 0) to (7, 0), but here it
is seen to decrease from a local maximum at (0.647,0) determined from differentiation of the
nearest plus next-nearest LSWT dispersion, Eqn. (2.61). The value of this local maximum is
~ 1.31 whereas the local maximum at (7, 5) takes the value 1.6. Inspecting Fig. 2.4 one finds

that this difference is a property of a Cy4 rotational symmetry of the (7, 0) anomaly.
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Figure 6.8: The energy gap vs. the inverse sample size 1/N. The three data point come from
the samples of 2x4, 4x4 and v/32x4/32, of which only the last two are displayed in Fig. 6.7.
The red solid line is a linear fit yielding Am = —0.0821 + 11.49%
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Figure 6.9: A scaled energy dispersion. The experimental CFTD data (open circles) from N.
B. Christensen et al. is scaled such that it coincides with ED data for the 32 spin lattice (pink

diagonal crosses) at the point (7, 3

Z,%). The scaling factor is 1.085 and the error bars of the

experimental data are so small, that they are contained within the open symbols.
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We are now ready to conclude on Fig. 6.7. From the above we have two models that de-
scribe the observed CFTD neutron scattering data, with special focus on the (m,0) anomaly.
The first possibility is the LSW result of the Heisenberg model with nearest plus next-nearest
neighbors and with a 1.25 scaling (brown line). An alternative explanation is provided by the
ED result from the 32 spin lattice based on the Heisenberg model with only nearest neighbors,
which also captures the (7,0) anomaly, though with the energy having almost the same mag-
nitude as the experimental results and with a finite size effect. The ED result also reveals that
more than 16 spins are needed for the quantum nature of (7, 0) to be visible.

So how should we understand this? Well, since the ED result based on the nearest neighbor
Heisenberg model captures the essential physics, one should conclude, having in mind that the
LSW dispersion with nearest plus next-nearest neighbors is an approximate result, that the
2DQHAFSL with nearest neighbors only, indeed has the (7,0) anomaly as an intrinsic feature.
If one had the computational power, it seems reasonable to expect that ED results at the (7, 0)
anomaly for samples larger than 32 sites, would converge relatively fast to the magnitude of
the anomaly for thermodynamically large systems, on which real experiments are performed.
The 36 spin lattice is within reach of RLexact, but at the moment the convergence criteria,
discussed in Sec. 5.4.3, has to be set so weak, that the results are not reliable due to numerical
errors. This may be solvable if the optimization discussed in Sec. 5.8 is implemented.

6.3.1 The dynamical structure factor

Step2 of RLexact produces the longitudinal dynamical structure factors S**(q,w), as they
would appear in an ideal experiment. These results are very important, since they compare
directly to the numerical data of Liischer et al. [39], Dagotto et al. [30] and the experimental
results of among others Christensen et al. [23] and Rgnnow et al. [19]

Before reporting the dynamical structure factors for larger systems, it is necessary to compare
selected results of RLexact with hand-calculated results and results from the literature in order
to test the reliability of RLexact. This was done for the 2x1, 4x1 and the 10x1 chain, which
was also investigated numerically by Miiller et al. [35], as displayed in its original version in
Fig. A.1.

Finally the results for these systems were tested against the sum rule as stated in Eqn. (5.21),
which predicts the individual terms as well as the total sum. The results of this, is found
in Appendix A.l. The results agree within the precision of RLexact and convince us that
RLexact is reliable. However, during the work with RLexact it was discovered that S**(q,w)
for the v/32x/32 lattice were wrong by a factor of 4. This is not an error in RLexact, but
originating from the input file and the Perl scripts. The reason is, that a v Nxv/N lattice
is made from a NxN lattice only with g-vectors obeying ¢, + ¢y, = 2n ,n being an integer.
Hence, remembering to divide all $%*(q,w) for the v/32x1/32 lattice by a factor 4, we shall
continue to report the results for the dynamical structure factor.

This is done by circle plots inspired by the procedure used by Lefmann & Rischel [34] and
Liischer & Léuchli [39] presented in Sec. 4.2.1, however with a somewhat different visual setup.
As was noted by the latter two, results for the magnetization close to saturation are to be
interpreted with scepticism due to small Hilbert spaces. Following the rule of thumb stated in
[39], gives us that only subspaces with m < 1/2 —4/N will be representative for thermody-
namically large systems. For N = 36 (N = 32) this demands m < 14 (m <8) .

In Fig. 6.10 the simulations of S**(q,w) at zero field (m/N = 0, h = 0) are presented for the
16 and 32 spin lattice. The red (blue) diagonal crosses mark the position of the largest (second
largest) dynamical structure factor.

In Figs. 6.11, 6.12 and 6.13 more data for the structure factor is presented. The axes, the
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Figure 6.10: Results from step2 of RLexact for S**(q,w). The scan direction which is along
the ordinate is as indicated by the dashed blue line in Fig. 2.3. The solid blue line displays the
LSW nearest neighbor prediction. The red (blue) diagonal crosses are the centers of the circles
representing the largest (second largest) dynamical structure factors. In this figure m = 0 for
all samples. The left and right panel displays the 16-spin (4x4) and the 32-spin (v/32xv/32)

system respectively. Only S#*(q,w) with W > 10~* are displayed. The radius of each
circle is 1.5 - 4/ Ww where N is the number of sites in the lattice.

center marking and the area of the circles are to be interpreted as described above. Fig. 6.11
displays S*%(q,w) for selected systems in which m/N takes the values m/N = {3, 1,3}. Hence,
the columns have fixed N and variable m/N while the rows have fixed m/N and variable N.
Fig. 6.12 contains almost the same information as the middle row of Fig. 6.11, but includes
one panel more!'?.

Since the higher the number of spins the more reliable result, Fig. 6.13 presents selected data
for the 36 spin 6x6 lattice, which is the largest lattice investigated. The brown line in the upper

left panel is the nearest neighbor ferromagnetic LSW dispersion in zero field, Eqn. (2.62).

Before we can continue to the discussion of the dynamical structure factor, it is neces-
sary to present a figure that, like Fig. 6.7, is comparable to the experimental literature. This
is done in Fig. 6.14. Here, the left panel displays at each g-value the pole for the largest struc-
ture factor and the sum of the remaining smaller poles for the 16 and 32 spin lattices, and the
CFTD data from Christensen et al. [23]. All poles are scaled relatively to the value in (3, §)
and plotted together with the LSW prediction, Eqn. (2.67). The LSW prediction is constant
along the magnetic ZB between (3, 5) and (7,0). It is seen that the 32 spin ED results have
the same tendency as the experimental data presented, but the intensity reduction is not as
strong as experimentally determined. Christensen et al. reported that 54(15)% of the LSW
predicted intensity was removed, while the corresponding percentage for the ED results of the

32 spin lattice are (3.896 — 3.543)/3.896 ~ 9%.

10Tf this three-panel row had been included in Fig. 6.11, all panels would have been too small.
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Figure 6.11: Results from step2 of RLexact for S**(q,w) in a field. The scan direction which
is along the first axis is as indicated by the dashed blue line in Fig. 2.3 and the second axis
is the energy of the system in units of J. First column shows data from the 16-spin lattice
and second column of the 32-spin lattice. The red (blue) diagonal crosses mark the position
of the largest (second largest) dynamical structure factor. In the upper row all systems have
m/N = §. The middle row has m/N = } and the bottom row has m/N = £. Only 57*(q,w)

with S%*(q,w)/N > 10~* are displayed. The radius of each circle is 1.5 - w, where NV

is the number of sites in the lattice. The blue line are the nearest neighbor LSW dispersion in
zero field, Eqn. (2.40), included for visual reference.
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Figure 6.12: Results from step2 of RLexact for S**(q,w). The scan direction which is along
the first axis is as indicated by the dashed blue line in Fig. 2.3 and the second axis is the
energy of the system in units of J. All panels have m/N = 1. The red (blue) diagonal crosses
mark the position of the largest (second largest) dynamical structure factor. Only S**(q,w)

with S%*(q,w)/N > 10~* are displayed. The radius of each circle is 1.5 - y/ w, where NV
is the number of sites in the lattice. The blue line is the nearest neighbor LSW dispersion in

zero field, Eqn. (2.40), included for visual reference.

An interesting feature is that along the magnetic ZB, when the value of the largest pole de-
creases, the sum of the smaller poles increases. This is contrary to all other scan-intervals.
Quantitatively the highest pole decreases in absolute numbers by 0.352, while the sum of the
remaining poles increase by 0.331, indicating that the spectral weight is almost conserved.
This hypothesis is investigated in the following calculation

(Sélzax(ﬂv 0) + geit(ﬂ?o)) - (Sélzax(%? %) + rzezst(%v %
Siiex(5:3) T Sian(3:3)

This reveals that only 0.5% of the total spectral weight is lost going from (3, %) and (m,0).
Inspired by this, it makes sense to make a new plot, displaying at each g-point the total spectral
weight relative to the total spectral weight in (5, 5). This is done for the 32 spin ED results in
the right panel of Fig. 6.14, from which it is seen, that the total spectral weight relative to the
weight of S((m,m),w) is very well described by LSWT. Hence, Fig. 6.14 suggests that a possible
explanation of the (m,0) intensity anomaly observed experimentally by e.g. Christensen et al.
[23], could be, that the intensity lost in the dominating pole is gained in the sum of the weaker
poles. In more physical terms: The spectral weight lost in the one-magnon branch ends in the
multi-magnon continuum.

) . ~0.5% (6.1)

6.3.2 Discussion and comparison with the literature

We are now ready to interpret the results for the dynamical structure factors and compare with
the literature. This will be done for one figure at a time, ending up with a final conclusion.
But before starting this discussion it is important to make clear which type of information we
are seeking to extract.

The main purpose of this thesis is with respect to data analysis, to gain physical insight to the
2DQHAFSL and compare this with the neutron scattering data from CFTD by Christensen
et al. [23]. To complete this task satisfactory it is during the data analysis necessary to inves-
tigate the strength and weaknesses of ED results based on finite systems.

For the purpose of gaining physical insight it is the effect of physical parameters such as h-field
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(magnetization) that should be investigated and it is furthermore adequate to focus on as large
systems as possible, still using the smaller systems as check for consistency. On the other hand,
if one should understand the nature of finite systems the parameter that one should vary is
the system size. Hence, for the purely physical discussion we shall focus on the columns of
Fig. 6.11, Fig. 6.13 and 6.14. To draw conclusions on finite systems however, we should direct
our attention to the rows of Fig. 6.11 and Fig. 6.12, which is chosen such that the panels are
comparable, since they within each row has the same value of m/N.

In the discussion to come, we shall mainly focus on the physical information, but when relevant
information about the nature of finite systems is accessible these will be pointed out.

The results of Fig. 6.10 illustrate that in zero field, the spectral weight is concentrated about
the X-point(m, ), with the highest structure factor belonging to exactly this point and with
a tendency of the surrounding points to have slightly more weight than the remaining points,
though being relatively homogeneously spread out. In (0,0) there is no structure factor, con-
sistent with the theoretical prediction Eqns. (5.18), (5.19) and (5.20) in zero field, and with
the result of Liischer et al., see upper left panel of Fig. 4.4. Note again, that S**(q,w) at (m,m)
does not have zero energy due to the 1/N finite size effect illustrated in Fig. 6.8.

Another feature that catches the eye, is the gap between the lowest excitations (the circles
with red center), which we interpret as a one-magnon branch, and the beginning of the smaller
closely spaced poles, interpreted as the SW continuum (blue diagonal crosses). Both results
for the 16 and 32 spin lattice agree on the one-magnon branch being centered about an en-
ergy of 2.5J and with a substantial gap to the energetically higher multi-magnon continuum.
However, there seems to be disagreement about the size of the gap; while the 16 spin result
predicts the gap to be = 1.5J, the corresponding result for the 32 spin lattice is ~ 1J. This
disagreement is probably due to the 16 spin lattice being so small, that finite size effects have
a strong influence, that the results do not compare to the thermodynamical limit, to which
the 32 spin results probably have almost converged. The latter is also found by Liischer et al.,
see Fig. 4.4 upper left.

Finally, one notes that a virtual line through the poles between (3, 5) and (,0) in the right
panel of Fig. 6.10 tend to have a negative slope in the scan direction. Following the scan-
direction from (7,0) to (m,0) the slope is positive. The pink diagonal crosses in Fig. 6.7
display exactly the same behavior.

As a final remark to Fig. 6.10 the number of poles is much greater for the 32 spin system than
for the 16 spin system. Since the system size is the only difference between the simulations
leading to these two panels, the deviation must be due to a finite size effect, revealing that the
smaller the system the smaller the number of poles. But, one also notes that the tendency in
the position of the poles is the same. Hence, even very small systems can display the tendency
of larger systems, but details are not accessible. Therefore, in order to look for details in
thermodynamically big systems, the small systems are disqualified.

In Fig. 6.11, a few of the panels are directly comparable to results from the literature. This is
the case for the second panel displaying the results for the 32 spin lattice with m/N = 1/8,
which compares directly to third panel of Fig. 4.4, where m = 0.125. Comparing these two
figures one should have in mind, that in Fig. 6.11 the path from S = (5, 5) to M = (7,0) is
chosen as the start of the Qsp-scan. In Fig. 4.4 the same path has been reversed going from
M to S and is now placed in the end of the QQ2p-scan. Taking this potential confusion into
account, it is seen, that the figures display consistent results; the spectral weight is centered
around X = (m,7) which also corresponds to the lowest energy, the one magnon excitation
branch is centered around an energy of ~ 2J and the gap to the multi-magnon continuum is
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about 1J.
That these selected results of RLexact agree with the results of Liischer et al. for both zero-
and non-zero field convince us even more, that RLexact can be trusted.

Continuing to Fig. 6.11, we obtain information about how S**(q,w) responds when a magnetic
field is turned on. The most conspicuous effect which is clear from all panels of Fig. 6.11, is
that S**((m,7),w) no longer has a vanishing energy; from the 16 and 32 spin columns it is
clear, that this energy is increasing with the field. This is consistent with [39], see Fig. 4.4.
Another tendency which is displayed in both the 16 and 32 spin columns, is that the spectral
weight at (7, ) decreases when the field is increased while the weight at (0,0) increases with
the field. These two features are well understood. The decrease in spectral weight at (7, )
is the staggered moment approaching zero while the increment at (0,0) is the ferromagnetic
peak becomming more and more visible.

In order to understand the gap between the single magnon branch and the start of the multi-
magnon continuum, we shall focus on second column of Fig. 6.11, because of the relatively high
number of spins. It is clearly seen, that the gap approaches zero when the field is increased,
in accordance with the observations by Liischer et al. presented in Fig. 4.4. When Fig. 6.13 is
discussed we shall return to this feature.

In the review of the numerical work, Chapter 4, it was noted, that the scan between (7, 7) and
(m,0) exhibits a branch splitting in two relatively high intensity branches for m/N between
0.35 and approximately 0.375, where they start melting together in a continuum that shrinks
into the uppermost branch as saturation is approached. The value m = 0.35 corresponds to
h = 3.16J [39] which for LCO (CFTD) having J = 136 meV (J = 6.19(2) meV) corresponds
to h = 7425 T (h ~ 338 T), which are unaccessible high fields.

The results of this work is not as detailed as [39] and therefore it is not possible from Fig. 6.11
to see the before-mentioned continuum between branches, seen in the last panel of the second
column of Fig. 4.4. However, one notes from the bottom row, that a branch splitting is starting
to form. Also this we shall return to in Fig. 6.13.

A final remark to the physics of Fig. 6.11 concerns the lower right panel displaying m/N =
12/32. Note that the pole at (7,0) has higher energy than the pole at (5, 5). This relative
position is reversed when compared to case of zero field. This must be a temporary effect,
since the dispersion is flat at saturation, see Fig. 6.13 upper left.

Fig. 6.13 presents the results based on the biggest cluster investigated; the 6x6 lattice, and
is in that sense the most reliable result of this thesis work. From the upper left corner it
is seen, that the poles of the m/N = 17/36 are very well described by the nearest neighbor
ferromagnetic LSW dispersion. This is to be expected, since for m/N = 18/36 = 1/2 we have
the ferromagnetic state.

Returning to the gap between the one- and multi-magnon branches discussed above, it is from
the 36-spin results even clearer what the 32-spin results suggested: At low fields the gap is
sizable but closes as the field is increased, in the end melting together with the ferromagnetic
dispersion branch. Also the number of poles is dependent on the field strength such that high
fields have the smallest number of poles!!, whereas intermediate and low fields have a greater
number of poles.

From [39] we know that the branch splitting occurs most pronouncedly between m/N = 0.35
and 0.37. For the 36-spin lattice with m = 12, m/N = 0.33 and in the corresponding panel of

Fig. 6.13 the branch splitting is seen relatively clear in the interval between (3, 5) and (0,0).

Since it was not possible to run RLexact for m < 5 with a acceptable value of RITZ CONV we must use
Fig. 6.10 and Fig. 6.11 to argue for this statement at low fields.
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When comparing the results of this work with [39], see Fig. 4.4, it is clear that [39] has more
points pr. g-position in Q2p space. This is due to two reasons; i) [39] have by interpolation
along a line connecting the lowest lying poles, moved the structure factors originating from
different g-points and close-lying m/N-values, thereby enabling the plotting of more clusters
in the same plot. This has not been done in this thesis work and it is not clear to me why
this procedure is correct ii) In this thesis work a choice of only plotting structure factors with
S#*(q,w)/N > 10~* has been made. Since [39] states nothing about a similar choice it is
possible, that they have plotted every pole regardless of its weight.

The (7,0) intensity anomaly

Fig. 6.14 is the main result of this thesis work, that together with Fig. 6.7 relates directly to the
experimental work on CEF'TD discussed in Chapter 3. We can from the left panel of Fig. 6.14
draw the conclusion that the 32 spin lattice indeed does exhibit an intensity reduction of the
strongest pole at (7,0) wrt. LSWT, but with a =~ 9% reduction, which is a lot smaller than the
experimentally determined 54(15)% reduction of CFTD [23]. It is also seen, that the 16 spin
lattice does not exhibit a (m,0) strongest-pole intensity reduction. This is interesting, because
the situation wrt. the energy anomaly at (m,0), seen in Fig. 6.7 was same; the experimental
results are modelled by the 32 spin lattice but not by the 16 spin lattice. Hence the remark
by Rgnnow et al. [19], that the phenomenon governing the (7,0) anomaly includes more that
16 spins is strengthened.

It was from the right panel of the same figure revealed, that the total spectral weight of the
ED data, when going from (3, %) to (7,0), is conserved along the magnetic zone boundary,
despite the reduction in the strong one-magnon pole. It was also seen that the ’lost’ spectral
weight ended up, in what we named the multi-magnon continuum. The mutual dependence of
the one- and multi-magnon at the magnetic zone boundary is very interesting, since the same
correlation is not present other places in the BZ. This could be a possible explanation of the
(m,0) intensity anomaly observed in CETD by neutron scattering [23]. A related conclusion is
drawn in [38], which based on QMC simulations estimates that the spin-interaction neglected
in LSWT, at the point (m,0) lowers the energy by almost 10% and transfers =~ 40% of the
one-magnon spectral weight into the multi-magnon continuum. At (7, 7) the excitation en-
ergy is found to be almost unaffected be these interactions, and the continuum weight is much
smaller. It could indeed be very interesting to carry out an neutron scattering experiment on
f.x. CFTD, which investigated this further.

Concluding comparison with Liischer & Liuchli

Having discussed the figures of this thesis work that present information on the dynamical
structure factor, we are now able to state a few concluding remarks on the 2DQHAFSL, re-
lated to the wotk by Liischer and Léiuchli [39].

In Sec. 4.2.3 where the numerical work from the literature were discussed, we ended up with
four concluding remarks and we shall when possible try to fit the conclusion on the dynamical
structure factor into these categories. Since the physics of most features were already discussed
in Sec. 4.2.3, we will in these occasions not repeat the same arguments again, but merely refer
to Sec. 4.2.3.

a) Like [39] we also find that the spectral weight, which at zero field is concentrated at (7, 7),
gradually smear out over the entire BZ when the field is increased.

b) This work also finds that the energy of the X-point (m,7) excited magnons is increased
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for increasing field. From the lower right panel of Fig. 6.13 it seems reasonable to conclude
that the X-point Goldstone mode present at zero field moves up to a higher energy, as soon
as the field is turned on. It would have been nice to base this conclusion on a lattice with
N > 36. Unfortunately this have not been possible due to reduced capacity and time limits
on the DCSC cluster.

Since we in this work have not plotted the LSW dispersion with field, it is not, other than for
m = 0, possible to verify the tendency in [39], that the ED results at the X-point are slightly
energetically higher lying than the LSW prediction.

c) This work concludes that the gap between the one magnon excitations and the two- and
multi-magnon continuum closes for increasing field (Fig. 6.13) and that at fields close to satu-
ration only one relatively well-defined branch exists (upper row of Fig. 6.13). In this relation
another interesting feature is noted from the rows of Fig. 6.11, namely that the gap seems
to be closing for increasing system size. This indicates that a part of the explanation of the
gap is a finite size effect. On the other hand a well-defined branch is to be expected when h
reaches saturation, since the ferromagnetic state is classical without a continuum for 7" = 0.
The conclusion must be that the expected gap-closing for increasing fields, occurs earlier when
N is large.

d) As far as the branch splitting is concerned, we can from the last row of Fig. 6.11 which has
m/N = 3/8 = 0.37, and the first panel in the second row of Fig. 6.13 with m/N = 12/36 ~
0.33, see the tendency of a splitting behaving as the one found in [39]. But, the number of
structure factors in the region are so few, that had it not been for the profound work of Liischer
and Lauchli [39] this tendency would not have been noted. However, in [39] it seems as if not
much attention were directed towards this splitting. This we will do here, since the splitting
occurs right where the (7,0) anomaly exists. Using the results of both [39] and this thesis
work, it is possible to note that the lower branch at (7,0) is placed at an energy of approxi-
mately 1.8J, see Fig. 4.4 and the m/N = 1/3 panel of Fig. 6.13. This in-field energy reduction
of about 10% could be related to the zero-field reduction of 7(1)% found by Christensen et
al. [23], since both occur at the magnetic ZB. However, it is interesting that the observed
branch splitting has a local maximum and minimum in width at (3, §) and (m, 0) respectively.
The experimentally observed (m,0) anomaly [23, 19, 33] in the physical realizations of the
2DQHAFSL behaves opositely, with (7,0) deviating the most from LSWT.

e) A phenomenon that is possible to investigate in this thesis work is to which degree small
finite systems exhibit the same features as the bigger systems. [39] only investigates clusters of
32 < N < 64, whereas this work includes clusters of 8 and 16 spins as well. From the last row
of Fig. 6.11 (16 spin and 32 spin) one notes that the branch splitting with some enthusiasm
is visible for both lattices. This is in contrast to the (m,0) anomaly in the energy dispersion
and the intensity, which the 16 spin lattice does not exhibit, as is noted both in [19] and in
the discussion above.
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Figure 6.13: Results for S#*(q,w) from step2 of RLexact for the 36 spin 6x6 lattice (the last
panel with different colors is based on the 32-spin lattice). The scan direction which is along
the first axis is as indicated by the dashed blue line in Fig. 2.3 and the second axis is the
energy in units of J. The red (blue) diagonal crosses mark the position of the largest (second
largest) dynamical structure factor. For the panel displaying the 32 spin lattice the brown
(black) diagonal crosses mark the position of the largest (second largest) dynamical structure
factor. Starting from the upper left corner and continuing in the reading direction the values
of m/N are 17/36,16/36,12/36,8/36,6/36,1/32. The brown line in the upper left panel is the
nearest neighbor ferromagnetic LSW dispersion in zero field, see Eqn. (2.62) and Fig. 2.5. The
blue line is the nearest neighbor LSW dispersion in zero field, Eqn. (2.40), which is included
for visual reference. Only S%*(q,w) with S**(q,w)/N > 10~* are displayed. The radius of

S22 (q,w)

each circle is 1.5 - N> where N is the number of sites in the lattice.
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Figure 6.14: Left figure: The dynamical structure factor S*?(q,w) normalized wrt. the
strongest pole in (3, 5). The scan direction which is along the ordinate is as indicated by
the dashed blue line in Fig. 2.3. The solid red circles (pink diagonal crosses) represent the
largest pole (sum of the remaining poles) of the 32 spin lattice. The solid blue circles (cyan
diagonal crosses) represent the largest pole (sum of the remaining poles) of the 16 spin lattice.
The black solid curve is the LSW prediction Eqn. (2.67). The red (pink) solid squares at (m, )
are lowered from their original value in order to make the figure readable and represent the 32
(16) spin lattice. Their true values are seen at the top. The open black circles are experimental
neutron scattering data on CFTD, obtained by Christensen et al. [23]. The vertical solid lines
are error bars. Note that the ED point for q = (%T”, 7) in the left side of the panel is covered
by a CFTD-point. Right figure: The total spectral weight of S**(q,w) normalized wrt. the
strongest pole in (3, 5). Only results for the 32 spin lattice are displayed and the color-coding
is as in the left panel.
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Chapter 7

Outlook and conclusion

7.1 Outlook

Along with the elaboration of this thesis work, a number of ideas to how the work could be
continued have emerged. These ideas can be divided into two groups as being related either
to numerical or experimental work. We shall start in the numerical regime and the ideas will
be listed pointwise below.

e An obvious idea is to enable RLexact to carry out exact diagonalization for larger systems.
This is especially interesting at m = 0, which is the only m-value from which we can
obtain information about the ground state properties. The goal should be either 36 or
40 sites for m = 0. However, the idea is easier to state than to carry out, since a success
would require an optimization of RLexact. This optimization has been started with
the beginning optimization of FindUnique. But, since it at the moment is impossible
to complete ED of the 36-spin lattice at m = 0 even with RITZ CONV= 10~!, more
optimization ideas are needed, in order to run this job within the two days time limit
at DCSC. A candidate for this optimization is to invoke the spin-flip symmetry® present
(only) in the m = 0 subspace. This would immediately lower the number of steps
in the diagonalization-process by a factor of two. In an earlier version, RLexact was
capable of this in one dimension, so this task should not be huge. The optimization of
RLexact enabling it to run larger systems is properly a job for a computer scientist, or
at least someone with more insight in the C-language than the author. The task is very
important, since an optimization of the code is essential for keeping RLexact in game of
producing relevant numerical work. Alternatively, access to a bigger cluster than DCSC
or higher time limit at DCSC, would probably, with the present version of RLexact,
facilitate the exact diagonalization of the 36 spin lattice with m = 0. With the present
version of RLexact this job would at the DCSC cluster take about a week.

e Experimental neutron scattering results and numerical and theoretical work, agree that
the ground state of the spin—% AFM on a square lattice is of non-classical nature. The
so-called RVB state described in Chapter 2, is a candidate for the ground state of this
system. Therefore it would be highly relevant to develop RLexact, so that it can calculate
the nature of the ground state, in particular the overlap between the RVB state and the
exact ground state found by RLexact. However, this is despite its conceptual simplicity
very hard to carry out from the programmers point of view. The reason is that RLexact

"When m = 0 the number of spin-up and spin-down are equal. Hence, half of the states can be obtained in
one operation, when the other half is known.
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produces a ground state in the basis of uniques, while the RVB state normally is defined
from dimer coverings of the lattice. These two bases are incommensurable. Hence, the
key to success is probably to define the RVB state on the background of Uniques, such
that the two bases coincide.

Another development of RLexact could be to incorporate the concept of Ring Exchange
as described in Chapter 2 into the Hamiltonian, in order to investigate the effects on the
(7,0) anomaly.

e A number of small task can be carried out on RLexact. Among these are an optional
incorporation of the input file for nearest neighbor coupling in RLexact. As mentioned
in chapter 5, this input file is at the moment written manually. The reason that the
automatic generation of the input file must be optional, is that future work could be
based on systems with other couplings than nearest neighbors. Another idea could be
the inclusion of a variable in stepl.pl and step2.pl, which selects the jobs for ¢-points
submitted to DCSC. At the moment RLexact submits N jobs for a N-spin system, of
which only N/4 contain distinct physics due to Cy symmetry of the square lattice, see
Fig. 5.1.

e With the present version of RLexact it should be possible to obtain results for the dy-

namical structure factor for systems with N > 36 as long as m is relatively close to
N/2. The limit for RLexact set by the dimension of the sub-blocks of the Hamiltonian,
is at the moment given approximately by the m = 0 sub-space with NV = 36, having the
number of configurations (i’g) ~ 9-10°. This dimensionality is the same for a 64 spin
system with m/N ~ 1/8 ((684)) and a 48 spin system with m/N =~ 0.21 ((leg)) These
results would be easily obtainable and directly comparable with e.g. [39].
Finally, experiments show a tiny anisotropy gap of 0.38 meV at the zone center [19],
making it interesting to incorporate an anisotropy into selected calculation. This was
however not done in this thesis work, but could be relevant in both spin wave calculations
and as a new feature of RLexact.

We are now ready to suggest future work related to the physical conclusions of this thesis work.
Like above, the different ideas will be stated point wise.
e The magnetic ZB branch splitting between (5, ) and (,0) treated in this thesis work
needs to be investigated further. This could be done in three ways.
i) A numerical investigation based on higher values of N and m should be carried out.
With N = 40 one more point would be added along the magnetic ZB, and with m ~ 13
then m/N = 0.325, which is the regime relevant for observing the branch splitting. Since
(Lllg) ~ 5107, this is within reach of RLexact at the moment. Also numerical work on
smaller systems would be relevant, since the results of this work suggest, that the branch
splitting is present in both the 32 and 16 spin lattice
ii) An experimental investigation by neutron scattering with a field, on physical realiza-
tions of the 2DQHAFSL, could get us closer to an understanding of the physics behind
the branch splitting. These experiments should focus on the regime h € [2.8;3.5] (in
units of J) where the results of this work suggest, that branch splitting first appears and
then melts together in a temporary continuum. One question that would be answered
from this, is whether the branch splitting is nothing but a finite size effect or a true
nature of the 2DQHAFSL.
iii) If neutron scattering experiments reveal the branch splitting as being more than just
a finite size effect, an investigation of the temperature dependence of the branch splitting
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is relevant. The ED results of this thesis work have been carried out at zero temperature,
and it could be interesting to investigate to which degree the possible branch splitting in
physical realizations of the 2DQHAFSL exhibit a temperature dependence.

iv) Another very interesting neutron scattering experiment would be to investigate the
correlation between the one-magnon branch and multi-magnon continuum along the mag-
netic ZB. This should be investigated both with and without field, and could possibly
reveal if the intensity anomaly observed by Christensen et al. [23] could be explained by
spectral weight moving from the one-magnon branch to the multi-magnon continuum, as
the results of this thesis work suggest.

e The branch splitting and the (7,0) anomaly are in this work both shown to be intrinsic
properties of the 2DQHAFSL. Since many parents of the high temperature superconduc-
tors are physical realizations of the 2DQHAFSL, it would be interesting to investigate if
there is a connection between the field dependence of the two phenomenons.

7.2 Conclusion

This thesis work has by use of the program RLexact performed exact diagonalization (ED)
studies of the spin—% Heisenberg antiferromagnet on a square lattice, the so-called 2DQHAFSL.
The project was originally inspired by results from neutron scattering experiments [23, 19], re-
vealing an anomaly in both intensity and energy wrt. linear spin wave theory (LSWT), at
the point (7,0) in the two-dimensional magnetic Brillouin zone. However, before the exact
diagonalization studies could begin, it was necessary to complete a work on RLexact in order
to run it parallelly on the cluster at Danish Center for Scientific Computing. This work had
been started by others, but were left partly unfinished, meaning that critical parts of the pro-
gram was uncompilable/unrunable. As the project developed, it turned out that the literature
presents a number of numerical works on the 2DQHAFSL, especially a paper by Liischer and
Léchli [39], which facilitated a profound test of the reliability of RLexact after the paralleliza-
tion had been completed. This paper was published in may 2009, which was about the time,
where this project was defined. It took some time before the author of this thesis realized,
that the extensive work of [39] covered a great part of the already defined thesis project.
Hence, most of the numerical results of this thesis work, changed from being ’first timers’ to a
reproduction of [39]. This was not so bad as it seems, since the reliability of RLexact could be
extensively tested, and the results of [39] could be challenged and supplement this thesis work
in essential places, such as the branch splitting.

The first data that was analyzed, lead to curves of the uniform magnetization and the suscep-
tibility, as well as a prediction of the ground state staggered moment. The former two were
found to be reliable, while the determination of the ground state staggered moment was asso-
ciated with severe uncertainties/errors. However, these results were only part of the warming
up. The main question that needed answer was the following: Is the (7, 0) anomaly in intensity
and energy along the magnetic zone boundary, found by neutron scattering experiments on
CFTD, a generic property of the 2DQHAFSL with nearest neighbor coupling? The question
was already treated in the literature, but RLexact was a perfect tool to challenge these re-
sults. The RLexact studies revealed that the (m,0) anomaly in energy was indeed an intrinsic
property of the 32 spin 2DQHAFSL with nearest neighbors, though with the energy reduction
being 4.7% as compared to the 6(1) and 7(1)% found on CFTD [19, 23], a physical realization
of the 2DQHAFSL.

Concerning the intensity anomaly in (7, 0) some interesting observations were done; the 32 spin
lattice exhibited an (m,0) anomaly, with a reduction of about 9% in the one-magnon branch
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wrt. LSWT. This should be compared with the 54(15)% measured on CFTD [23]|. However,
it was also revealed, that the sum of all poles at each ¢-point, being well described by LSWT,
did not experience the same anomaly along the magnetic zone boundary. Concluding, these
results suggest, that along the magnetic zone boundary and specifically at (7, 0), the spectral
weight lost in the one-magnon branch ends in the multi-magnon continuum. A paper based
on QMC simulation [38] has a related conclusion.

An interesting remark is that the 16 spin lattice was found not to display any anomaly, neither
in energy nor in intensity. This is for the energy in accordance with the literature, but it was
not possible to find any reference on the intensity.

Inspired by Regnnow et al. [19] it was also investigated whether the (m,0) energy anomaly
could be modeled when using linear spin wave theory including next-nearest neighbors. This
was indeed the case, since the ED results were perfectly described by LSW'T with nearest plus
next-nearest neighbor coupling and with a 1.25 scaling.

The work hence suggested, that the CFTD results could be understood by two theories: The
Heisenberg model with nearest neighbor coupling (exact results) and the approximative theory
of spin waves in the same model but with an additional next-nearest neighbor coupling. From
the perspective of modeling one should prefer the simplest model describing the phenomenon,
i.e. the Heisenberg with nearest neighbors. However, it is necessary to carry out exact di-
agonalization studies on bigger systems in order to test convergence in the thermodynamical
limit. Within the 2DQHAFSL, it seems that the 32 spin lattice with m = 0 simulated in this
thesis work, wrt. system size is in line with the literature. However, in a few years it should
be possible to extract ED results for the ground state of the 2DQHAFSL with N = 36 or 40,
which was not accomplished in this work.

During the study of the literature and the analysis of the data for the dynamical structure
factor S**(q,w) a very interesting feature emerged; in a plot of S**(q,w) a quite clear branch
splitting occurred at the magnetic zone boundary between (3, %) and (7,0). In relation with
the intensity and energy anomaly just discussed, this interval is very interesting. The results of
this thesis work and the results by Luscher et al. [39], suggest that the well-defined one-magnon
energy branch splits in two, when the magnetization passes m/N = 0.32 from below. The two
branches exist for fields up to m/N = 0.37, at which the lower branch melts together with the
upper, at this field-strength being well-described by LSW'T. From the entire splitting process
it is seen, that the upper branch is formed from the multi-magnon continuum approaching and
concentrating at the LSW'T predicted branch, while the lower, which has the highest spectral
weight at all fields before the 'melting together’, is situated below the LSWT prediction. An
important remark to the branch splitting is, that it is more pronounced in (%, §) than in (7, 0).
This is contrary to the (7, 0) anomaly, which deviates the most from LSWT at (7, 0). Another
remark is that the results of this work, although very poor at this point, seems to indicate
that the splitting as opposed to the other magnetic zone boundary effects, exist for the 16 spin
lattice.

I have not been able to come up with an explanation for the branch splitting, and will hence
merely note that it is related to the energy gap between the one-magnon branch and the
multi-magnon continuum. Furthermore it seems possible, that a relation between the branch
splitting and the conservation of spectral weight along the magnetic zone boundary exists,
even though the former only is observed with a field and the latter only exists in zero field.
At the moment the multi-magnon continuum is a topic of interest for neutron scattering experi-
mentalists, and it will be interesting to relate the results of this thesis work to the experimental
results in the years to come. However, due to the low spectral weight of the continuum struc-
ture factors, it is very hard to distinct these from the background, making it impossible or at
least very time consuming from neutron scattering, to obtain experimental continuum results
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as detailed as those based on numerical work. This illustrates the importance of corporation
between the two fields.

Concluding, the main result of this thesis work is the ED investigation of the magnetic zone
boundary features of the 2DQHAFSL: The m/N = 0.33 branch splitting, the zero-field conser-
vation of total spectral weight at the magnetic ZB and the anomalies in energy and intensity
of the one-magnon branch also along the magnetic ZB.

The latter two anomalies have been shown to be intrinsic properties of the 2DQHAFSL, sup-
porting both results from the literature and what has been experimentally determined in
CFTD. This altogether facilitates the description of CFTD by the 2DQHAFSL.

The in-field branch splitting and the zero-field conservation of spectral weight, that in this
thesis work have been shown as intrinsic properties of the nearest neighbor Heisenberg model,
might be important pieces in the puzzle of revealing the secrets of the magnetic zone bound-
ary in the physical realizations of the 2DQHAFSL. It will be interesting to see if these two
phenomenons relate to the idea of a RVB admixtured ground state.
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Appendix A

Calculations

A.1 Handmade calculations of S**(q,w)

We shall in this section calculate S*#(q, w) for the simple 4x1 and 2x1 antiferromagnetic chains.
When calculating S**(q,w) by hand, the first thing to notice is that |gs) only lives in the m = 0
subspace. This means, that only the inner products (e|S;|gs) where m. # 0 is vanishing.

A.1.1 4x1

Due to the above comment we only carry out calculations for the m = 0 subspace and the
calculations will be done on the basis of uniques.

[1) ]o101) 2 -1

|2) |0011) 4 0
It is readily seen from this simple case, that the allowed q’s are q € {0,2} for the unique |1)
and that all ’s are allowed for the unique |2). This means that for q = 0 in the ordered basis
{|1),]2)} of Uniques we get the Hamiltonian

(3 7)

which by diagonalization yields the eigenvectors and eigenenergies
1

gs) 7
es) = \/g%mww E-1

For q = 2 we get in the ordered basis the hamiltonian

ne ()

which by diagonalization yields the eigenvectors and eigenenergies

(—V2[1) +2)) E=-2

) = 1) BE=-1
e2) = [2) E=0
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Handmade calculations of S**(q,w) 79

For q = 1 and q = 3 the unique |1) is not defined , in both cases resulting in the hamiltonian'

H = (0).
We are now ready to perform calculations and apply the sum rule Eqn. (5.21).

1 21 , , . . 11 . , , ,
Silos) = 5 ( _ \/;5(—& P 1) 4o P P e‘“q)m) (A1)

We now take the inner product of Eqn. (A.1) with the exited states |e1),|e2) and |es). We get

(e1SZlgs) = (1/Sz]gs) = QL\/E(—eiq 4 e%ia _ B | iy (A.2)

(e2]Sz]gs) = (2|S§\gs>:%ﬁ(—eiq—emq—%e&q—i—e“q) (A3)

(eslS2lgs) = (3]5%|gs) = \1/25( ¢ 4 2 _ B0 | tiay | g(_eiq R )
= L(—eiq + et1) (A4)

23

In order to proceed with the calculations one should use that g = {0,1,2,3} = {0, Z, 7, 32} and
that |es) has q = 0, |e;) has q = 0,2 and |e2) has q = 0,1,2,3. Hence summing Eqns. (A.2),
(A.3) and (A.4) over q = 0, 2, q=0,1,2,3 and q = 0 respectively, one obtains

> MF(quw) = 277(% + %(2 cos(2m))) = 27 = 47” (A.5)
eq
which obeys the sum rule Eqn. (5.21) since N = 4. We are now reassured that the result is
right, and we can compare the individual matrix elements with the results of RLexact. This is
done in the following table?. It is seen that the deviation are almost non existing, and hence
the results of RLexact are judging from this test very reliable.

Hand RLexact Deviation
27l(gs|S;1gs)|*,q =0 0 0 0
27T|<€1ISZ|95>\2,Q =0 0 0 0
27r|<el|SZ|gs>\2, q=2 4rm/3 =4.188790204 4.18879 ~0
27r|<eQ|SZ|gs>\2,q =0 0 0 0
27T|<62|Sz|gs>\2,q =1 27/6 =1.047197551  1.0472 ~ 0
27T|<62|Sz|gs>\ ,q=2 0 0 0
27r|<eQ|SZ|gs>\2 ¢=3 2m/6=1.047197551  1.0472 ~ 0
27r|<e3|SZ|gs>\2 q=0 0 0 0
A.1.2 2x1

The situation for the 2x1 lattice is so simple that we will merely sketch the situation.
The ground state is |gs) = %(HO) —101)) and the only excited state with m = 0 is |e;) =

%(\10) + |01)). Since we only have two spins in this system, the possible values for q are

q={0,7}.
Letting 7 operate on |gs) gives

S2lgs) = (— 21<(eiq—e2iq)|1o>—(—eW+e2iQ)|o1>> (A6)

(5)3

'In the basis {|2)}.
*Remark: That (gs|S|gs) = 0 follows directly from Eqn. (A.1).
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E=0 E=0.972167 E=1.62421 E=1.73496 E =1.26928 E =0.423239

S#* =0 8577 =0.364259 S%* =0.796646  S** = 1.28966 S%% = 2.08531 S%% = 5.06766

E = 2.48653 E = 2.55459 E =2.07663
5% =0.0929543 S** = 0.302418 5% = 0.692448

E = 3.06329
S5%% = 0.0650366

Table A.1: Data from RLexact for the 10x1 antiferromagnetical chain in zero field (m = h = 0).

Taking the inner product with (e;]| we get

(e11S51gs) = == (e’ — €*'7) (A7)

1
2v/2
Yielding

2z z 2 L 2 —i —2i 7T
MZ (q,w) = 2n[(e1]Sglgs)|” = 27T§(6 T e (e — ™) = (2~ 2cos(q)) (A.8)

When summing this over the two possible g-values q = {0, 7} we get

_NT('

= (A.9)

> oM (qw) = 1((2-2)+(2+2) =

e7q

since N = 2. Hence the rule is fulfilled and we can state the individual contributions.

Hand RLexact Deviation
27(e1|Szgs)[?.q = 0 0 0 0
27(e1|Szgs)[?.q = 0 0 0 0
27|(e1|Sglgs)|? g =7 w=3.141592654  3.14159 0

Remark: That |(gs|S7|gs)|* = 0 follows directly from Eqn. (A.6).

A.2 Comparison of S%*(q,w) from RLexact and the literature

In order to test the reliability of RLexact after the parallelization has been implemented,
systems which have already been treated in the literature were run on RLexact to check for
consistency.

A.2.1 10x1 RLexact

The antiferromagnetic 10x1 chain was investigated earlier by Miiller et al.[35] in zero field.
Table A.1 shows the results from RLexact of the 10x1 antiferromagnetic chain (for zero field),
and in Fig. A.1 the results of Miiller et al. are displayed. By comparing Fig. A.1 and Table A.1
it is clear that the results of RLexact and Miiller et al. are completely consistent except at the
lowest lying point for ¢ = 3%, where the two values are 1.29 and 1.30 respectively. Why there
is a small deviation at this point I cannot explain, but a possible explanation is a misprint in
[35], since there are at least one other misprint concerning S**(q,w) as noted by [34].
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Figure A.1: Data for the dynamical structure factor S**(q,w) for the 10x1 antiferromagnetic
chain for h = 0. Data is from Miiller et al. [35].
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Appendix B

Selected details of RLexact

B.0.2 H* working on the uniques

In this section we will for instructive reasons go through a full calculation of an element of H,
for the 2x4 square lattice. We arbitrarily choose m = 0 and the unique |5) for our example,
but for completeness the set of uniques for all m-values of the 4x2 square lattice are found in
Fig. B.1. The diagonal elements are calculated through H., = E@m S; - Sj. For |5) this gives
GHD+G-D+Ci-D+GE-D+E-D+G-D+G-D+ G- =0

To find the off-diagonal elements, we let ﬁi operate on |5). When ﬁi operates on a unique,
the result is number of non-unique state, which however can be reached by certain translation
of a uniques. That is

ﬁi|un> = E Tw,y‘um>
m
To be specific one uses that

R ot ty
Toyle) = 3 N1 4 (1, 8,) (B.1)
ta oty

Ny(y) is the number of possible translations along the z(y) direction dictated by periodic
boundary conditions, t,(,) is the actual given translation along the x(y) direction, Qa(y) 18
the associated reciprocal lattice vector and the notation |u + (t;,t,)) means the unique |u)
translated ¢, and ¢, along the z- and y direction respectively.

This implies that a phase factor is attached to every state obtained from another state by
translation. All phase factors as a function of ¢, gy, t, and ¢, for the eight possible translations
of the 2x4 square lattice (N, = 4 and N, = 2) is seen from Table B.2. Hence the phase factors
must be multiplied onto the uniques |u,,). Since the phase factors depends on the the point in
g-space for which we are trying to determine the matrix, one should in general expect different
result for different g-vectors. For our example we chose to illustrate the calculations for two
different g-vectors q = (8) and q = (:1)’)

~

The first step, letting Hy operate, is the same for all g-vectors. We get

L1000 1\ (|01 01 0010 001 1
Hl5) = i‘0111> _2<‘0011>+‘0111> +‘0101>
100 0 000 1 0101 001 1
+‘0111> +‘1011> +‘0011>+‘0101>>
= Tp.1|9) + Th0l4) + To.0]9) + T3,0[2) + To.0l4) + To1|9) + To.0|9) + To.0[2) (B.2)
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Figure B.1: Information about the Uniques of the 4x2 lattice.
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Consulting table B.2 one finds the phase factors, arriving at two different results for q = (8)
and q = (:1)’)

For q = (8) one gets
Hy|5) =12) + |4) + 2/|9) (B.3)
For q = (:1") one gets!
- 1—1 1+
Hals) = —12) + —14) (B.4)

B.0.3 The number of representatives

Each unique can by translation be transformed into a number of non-unique states. For the
4x2 lattice eight translations exist hence each unique can maximally represent eight states. If
a number of states are not represented, this number corresponds to the exact same number of
certain g-values not allowed. How this comes about is seen in the example below.

For the example is chosen the unique |22)2. If we let the Total Translation operator operate
on the unique we obtain

o < |10 s
ol e )
el L |1
ol e )
T D] )
I D)L ermeten)

Each parenthesis can be written on the form (1 4 ™) possibly with a prefactor. Demanding
that (1 4+ €™%) # 0 for the phases not to cancel results in the constraint q, # 2n + 1,
disqualifying the g-values q € {((1)), (}), (g), (:1)’)}

In order to illustrate the origin of these phases an example will be done for (¢.,q,) = (3,1).
The phases are as follows:

i(te gy ty. i({0.L 35680911 . .
E 2mi(E3+51) _ 2mi({0,5, 5,00 0100 b — {1,-1,—i,4,—1,1,i,—i}

ta,ty

where the sum should be understood as going through all possibilities (as opposed to a actual
summing up of terms) and the awkward notation in the exponent simply is a listing of the
results from the 2 -4 = 8 different translations. The convention is to translate zero along z
and zero along y, then one along x and zero along y, then one along = and one along ¥, then two
along x and zero along y etc., obtaining the sequence (0, 0), (0,1), (1,0),(1,1),(2,0),(2,1),(3,0),(3,1).
The above knowledge of the phases would in Eqn. (B.2) be implied as follows: One can at all

'Note that the phasefactors in this case cancels out such that unique |9) no longer is present.
2See Table B.1
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(tz,ty)| (0,0) (0,1) (1,0) (1,1) (2,0) (2,1) (3,0) (3,1)
(Q:B’Qy)

(0,0) 1 1 1 1 1 1 1 1
(0,1) 1 -1 1 -1 1 -1 1 -1
(1,0) 1 1 ) ) -1 -1 —1 —1
(1,1) 1 -1 /) —1 -1 1 —1 )
(2,0) 1 1 -1 —1 1 1 -1 —1
(2,1) 1 -1 -1 1 1 -1 -1 1
(3,0) 1 1 —1 —1 -1 -1 ) )
(3,1) 1 -1 —1 ) -1 1 /) —1

Figure B.2: Phase factors generated by the Total Translation Operator.

times consult table B.2 to find the corresponding phases for a given (qs,qy) and (tz,t,). It
should be noted that RLexact does not calculate a scheme such as in table B.2, instead it
simply calculates the attached phase for every unique that needs to be translated into a state
after a action like that in Eqn. (B.2). I have however chosen to include Table B.2 for instructive
reasons.

The final step in finding the entries of the each block, is to weigh the number of states that each
initial unique |u;) represents before H, operates on it, with the number of states represented
by the various uniques to which |u;) is sent. This is done by multiplying each term by the ratio
of the square root of the number of states represented by |u;) to the square root of the number
of states represented by each final unique |us). Continuing with the example of Eqn. (B.2)
yields the final result

2+ 20— 2 [P v (Bl 2 @

where the a,,’s are defined in Table 5.3. It is from Eqn. (B.5) seen, that no prefactor changes,
since in the particular case of the unique |5), by coincidence ag = a4 = a5 = ag and hence the
relative magnitude of the involved a,,’s are 1. This is far from always the case.
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State |s) corresponding \u)withftmty|u> =|s) (tz,ty)

001 1) 010 1)=® 0D
011 1) To1 )T 6o
01 01) 01 1) 00
RREY P10 o
Lo1) Lo )= 00
001 1) 01 01)=0 O
01 01) 01 01)=0 00
111 0) P10 00

Figure B.3: Table showing which Uniques |u) should be translated to obtain the bit patterns
in the first column.
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Appendix C

Results for exact diagonalization

This appendix presents documentation for the hand-calculated diagonalization results.

C.04 m=0,q= (8)

0 2 0000 0 00 0 0 0
2 -2 101 0 2/20 0 0 0 2
0 1 0100 0 00 2 0 0
0 0 101 0 0 2 0 00 0
0 1 0100 0 02 00 0
1 1
Hoovmozgzjigggiigffgg
i v
0 0 0200 0 0 1 1 0 0
1 1
O
)
0 0 000 0 O 0 1 1 0 0
0 2 000 0 0 0 1 1 0 —4
0.3064418204
—1.062484739
0.3251963680
—0.1147573950
0.3223612395
® | o0.06415853865
l9),00,m=0,Maple = | () 7999953308
0.1536811089
—0.4053233322
04053233104
0.1169033388
1
Ejys),00,m=0,Maple = —6.934332510
E‘gs>,00,m:0,RLea:act = —6.93433
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2
0
: >
Haim=0 = | /2(1 — 1)
0
0
0

C.0.6 m=0,q= (f)
-2 00

0 00

0 00

A 0 00
0 00

0 00

2 00

E|gs>,31,m:0,Maple

E\gs) ,31,m=0,RLexact

00 0 0 2
00 0 0 O
00 0 0 O
00 0 0 O
00 1 1 0
01 -1 0 -1
01 0 -1 1
00 1 -1 -4

E|gs) ,21,m=0,maple

E\gs),?l,sz,RLewacL‘ =

88

= —4.281394240
= —4.28139

—0.5615528128
0
0
0
) (I’|gs>,21,m:0,Maple = 0
0.2192235935
—0.2192235936
1

—5.561552813
—5.56155

o0 5 V20140 00 00 0
0o oo 0 0 0 0
oo L 0 0 0 0
0 F 0 0 0 0 0 o
0 0 0 -2 0 % % » *1gs),31,m=0,Maple —
0 0 0 0 0o H
1 1—3
o 00 %30
V2 2

o O OO

O~
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Co0-7 m = ]_,q = (8)
100 1 1 0 1 1
025 0 3 3 5 0.5
1 1
X 0 35 % 3 g 7 3 0.5
HOO,m:1 = 1 9 3 —3]. 5 ? g 7@‘QS>,00,m:1,Maple = 1.5
Lg 05 -1 3 3 15
IR A B :
g5 5 35 1 -2 —2
Elg) 00,m=1,maple = —3-307926037
E|46),00,m=1,RLezact = —3.30793
CoO.S m = ]_,q = (?)
_01 8 8 (1) _11 g _11 —0.5615528121
o I ¢ 1 & A7 0.2192235937
: e L —0.2192235937
Hatm=r = _11 ) i 3 s g +Plgs) 2m=1.Maple = | 7807764063
o t 1t 1 7 1 —0.7807764070
2! 12 %3 42 —0.4384471872
1 =3 5 -5 5 1 2
Elgs) 21,m=1,maple = —5.561552813
E‘95>721,m=1,RL6xact = —5.56155
C.0.9 m=2,q= (")
1 v2 0 2 0 07782272848
) V2.0 0 0 2 —0.9373183542
Hoomz=| 0 0 2 V2 0 |, ®000m=2mapte= | 0.2700281475
2 0 V2 0 V2 —1.013488679
0 2 0 V2 0 ]
Elgs) 00,m=2,maple = —3-307926037
E|46),00m=2,RLezact = —3.30793
C.0.10 m=2q= )
. 1 00 0 0
H217m:2 - O O 0 7@‘gs>7217m:27Maple = 0 or ¢|98>,21,m:27Maple — 1
00 0 0
E\gs),?l,m:2,maple =0

E\gS),Zl,m:?,RL@xact
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Appendix D

Extra notes

D.1 The staggered magnetization

Fig. D.1 presents the staggered magnetization m' as a function of magnetic field. In [39] the
staggered moment is calculated by use of

1+0.062075(”;1)p%/ﬁ+o(%)] (D.1)

Here ps is the spin stiffness, ¢ is the spin wave velocity, n is the dimensionality (1, 2 and 3)
and N is the number of spins in the system.
The formula is merely stated for reference and has not been used in this thesis work.

(mh)*(NV) = (m')?

0.5 F—T—T__1 1 ‘ ‘ ‘ N
0.4 .

0.3

0.2 - --- Classical
— LSW (Ref. 46)

«—e ED, extrapolated according to Eq. (5)
01~ y ALPS-QMC (N=32x32, T=0.01)

< QMC (Ref. 24)

ol v v v e
0 0.1 0.2 0.3 0.4

m

Figure D.1: Staggered magnetization m! obtained from finite-size extrapolations according
to Eqn. (D.1), quantum Monte Carlo simulations, and spin-wave calculations. The picture is
taken directly from [39].

D.1.1 Uncertainties
Following [10] the uncertainties of a least squares fit yielding y = A + Bx are given by

2
iLy

X , (D.2)

oA = 0y
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where

N
1
o=\ N3 H(yi — A — Bx;)? (D.3)

A= Nzxf - (Z ;)? (D.4)

Here {x;})¥, are the independent variable, {y;}? , are the independent variable and N is the
number of observations.

For the 1/N interpolation we have x; = {0.267393,0.301607,0.321367} and y; = {1/32,1/16,1/8}
and for the 1/v/N fit we have the same values for 2; but this time y; = {1/v/32,1/v/16,1/v/8}.
For the fitting results of m' = 0.258 4+ 0.539 - 3+ and m! = 0.219 + .298 - % for the 1/N and
1/+/N fits the uncertainties are respectively o,,+ ~ 0.7 and o,,1 ~ 0.12.

It should be noted that these are big uncertainties relative to the value of m!.

and

D.2 Points in ¢-space

When naming points in the two dimensional g-space of the square lattice the following notation
is used:

T = (0,0)
M = (m,0)
X = (m,7)
S=(3%)
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D.3 Symmetry consideration

S? Dim S?
J 1
7 -1 ()
72 (%)

2
%_%:0 (N]\/[2)
—yH(F-1)=-1 (x72)

-J+2
—5+1 (1)
N

2

Sum of dimensions

() +250

N

n

)

Figure D.2: First column shows the possible values of m = S* and the second column shows

the dimension of each value, that is the number of different states having the given m.
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A visualization of H is seen in Fig. D.3.

S* =
(L sub-blocks)

w2,

sF=-4-1
(L sub-blocks)

S*=-4+1
(L sub-blocks)

s*=-4
2
(L sub-blocks)

Figure D.3: Illustration of H. In blocks with m = S% = j:% F 1 the dimension is (]Y) X (]f),
since one spin points oppositely to the rest, having N different sites to occupy. The dimension

of the next two block going towards the ’center’ of His (];[ ) X (];[ ) Continuing this line of

thought, the m invariant blocks of H can be constructed. It is each of these blocks that can
be further block diagonalized into L sub-blocks due to translation symmetry, represented by
the quantum numbers k; and k,.
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