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Chapter 1Introduction1.1 Poor mans physics philosophyIn any type of science a project must start by addressing a very important question: Doesthe topic of research deserve that e�ort is being spend on it, and if the answer is a�rmative,why? The way to answer this question depends undoubtedly on the �eld of science, and withinphysics it boils down to the following: Does the topic from an ethical point of view deservethe interest? Is the topic of relevance for either basic knowledge or technological application?Is it necessary to investigate the topic further or is it already settled?The overall topic of this thesis is quantum magnetism - a �eld that is of great interest tobasic research, as it is a door to the realm of quantum mechanics. Furthermore quantummagnetism has turned out to be related to superconductivity - a physical state of matter, thatif it can be controlled, will revolutionize transport of electrical energy, among other thingsmaking it possible to use the huge amount of transport demanding sustainable energy sourcessuch as wind and solar energy. In other words, quantum magnetism is a �eld that points intothe future. The scienti�c possibilities in quantum magnetism is constantly increasing as newtechnologies create enhanced possibilities for the experimentalist to explore and for the theoristto model.Hence, the scientist can with clear conscience and enthusiasm dig into the realm of the quan-tum magnets.Modern physics can be divided in two branches - theoretical and experimental physics. Intheoretical physics the scientist is working under the constraint, that he or she must constructa systematic theory describing what the human senses register through experiment. This the-ory must be consistent with mathematical law - which is nothing but systematized humanlogic.In order to construct a system of human observation of the physical world, the experimentplays a crucial role, as the link between the observed physics and the theoretical prediction;the results of experiments are the physics.The role of theoretical physics then boils down to the construction of models of the experimen-tally observed physics - either before or after the experiment has been made. These modelsmust obey two principal rules: They must capture the observed physics and they need to besu�ciently simple, such that the physicist �understands� what is going on. Having constructeda model, the outcome of experiment decides whether the model is legitimate.This thesis work is no exception: It is investigated to which extent the relatively simple Heisen-2



The Two Dimensional Quantum Heisenberg Antiferromagnetic Square Lattice(2DQHAFSL) 3berg Model describes the observations on a physical system.Well, enough poor mans philosophy, lets get started with the physics.1.2 The Two Dimensional Quantum Heisenberg Antiferromag-netic Square Lattice (2DQHAFSL)Quantum magnetism is a huge �eld of which this thesis work constitutes a tiny part. Thephysical system that we shall restrict ourselves to investigate, is the two dimensional squarelattice governed by the antiferromagnetic (AFM) spin-12 Heisenberg model1. Hence, this sys-tem is known as the Two Dimensional Quantum Heisenberg Antiferromagnetic Square Lattice(2DQHAFSL).The 2DQHAFSL is in its pure version a theoretical model to describe localized electrons inter-acting antiferromagnetically on the two dimensional square lattice. Crystals which are physicalrealizations of 2DQHAFSL systems have throughout the last two decades been the topic ofintense investigations. The reason that the simplest of all 2D quantum magnetical systemsexperiences such a huge interest, is that most if not all parents of the High-Tc cuprate super-conductors, discovered by Bednorz and Müller in 1986 [2, p.16], contain lattice planes whichare described very well by this model.To mention an example, the most investigated cuprate superconductor Lanthanum StrontiumCopper Oxide La2−xSrxCuO4 (LSCO) is made by doping Lanthanum Copper Oxide La2CuO4(LCO) with Strontium. LCO is a physical realization of the 2DQHAFSL.Despite the fact that many parent compounds to High-Tc superconductors contain latticeplanes forming 2DQHAFSL systems, it is far from all compounds described by the 2DQHAFSLsystem, that by doping can be transformed into a High-Tc superconductor. Nevertheless itis from the perspective of High-Tc superconductivity, relevant to explore all corners of the2DQHAFSL by theoretical, experimental and numerical studies. This thesis work has beendone within the �eld of numerical studies, which will be described in the chapters 4, 5 and 6.1.2.1 LCO and LSCOThe cuprates superconductors and their parent compounds illustrated by LCO and LSCOorder in their solid phase in lattice planes consisting of copper-oxides (CuO4), separated byphysically di�erent inter-planar compounds. From the literature appears, that the interac-tion between spins within the copper-oxide planes, is about 104 − 105 times larger than theinteraction between spins localized on neighboring planes [11]. The relative strength of theintra-planar coupling strength as compared to the inter-planar coupling strength, tells us thatthe valence electrons of the copper oxide essentially move only in the plane and almost don'tfeel the existence of the outside world. The relevant interaction is therefore an in-plane ex-change interaction. The physical realizations of the 2D systems are hence not two dimensionalin a mathematical sense.The classical ground state of an antiferromagnet is the Néel state, in which every spin is alignedanti-parallel to its nearest neighbors, parallel to its next nearest neighbors etc., see left panelof Fig. 2.1.The most simple quantum mechanical model to describe antiferromagnetically interacting elec-trons is the Ising model, in which the spins can only order parallel or anti-parallel along the
z-axis. The ground state of the Ising model is the Néel state.The next level of sophistication allows the spins to orient in any spatial direction and contains1The Heisenberg model will be treated in detail in chapter 2.3



The Two Dimensional Quantum Heisenberg Antiferromagnetic Square Lattice(2DQHAFSL) 4like the Ising model a coupling strength parameter, that describes whether the spins preferparallel or anti-parallel alignment. This model is named the Heisenberg model and is the modelon which this thesis work is based. The Heisenberg model is treated in detail in Sec. 2.1.It turns out, that the magnetical properties of the copper-oxide planes in the cuprate com-pounds in most of the Brillouin zone, are very well described by spin wave calculations basedon the 2DQHAFSL. The spin waves we shall return to in Sec. 2.3.However, at one point in the two dimensional Brillouin zone, the point (π, 0), experimentshave revealed a pronounced anomaly. An important part of this thesis work is to investigateto which degree this anomaly is generic within the 2DQHAFSL.1.2.2 CFTDIn this thesis work the results of the numerical studies will primarily be compared with experi-mental data obtained from CFTD. CFTD is not a cuprate, but is a very well studied quantummagnet, that wrt. magnetic structure resembles the cuprates. It is therefore appropriate tospend a few lines introducing this compound.CFTD is an abbreviation for Copper Deuteroformate Tetradeuterate and it has the chemicalformula Cu(DCOO)2 ·4D2O. In CFTD as in other physical realizations of the 2DQHAFSL theintra-planar correlation is much greater than the inter-planar correlation. The ratio is about
104 − 105[23].The numerical studies of this thesis work intent among other things to model a series of ex-periments on CFTD made by N.B. Christensen et al [23]. In order to carry out and interpretthese simulations properly, it is important to have in mind the physical properties of CFTD.Below 236 K, which is much above the relevant temperature regime for the experiment carriedout, CFTD has the space group P21/n with lattice parameters a = 8.113 Å, b = 8.119 Å and
c = 12.45 Å. The monoclinic angle, which is the angle between the a- and b-axis, is 100.28◦.The space group-notation should be read such that CFTD has a 2-fold screw-axis with a mirrorplane perpendicular to it2. The ab-plane contains face-centered spin half Cu2+ ions [19], withthe rotation axis being parallel to the c-axis and going through these same Copper ions. Itis the Copper ions that form an approximate square lattice. In Fig. 1.1 three pictures aredisplayed. The �rst is a picture of the 2D unit cell. The dashed red line (solid black line)marks the structural (magnetic) unit cell. It is on the background of this magnetic unit cell,that simulation by RLexact will be carried out and spin wave calculations will be performed.The second picture is a schematic 3D image of the magnetic structure and the last picturedisplays the entire structure of CFTD at low temperatures, cf. the text above.The intra-planar coupling constant is 6.19(2) meV [23], determined by �tting experimentaldata to linear spin wave theory in the M − Γ direction. The literature roughly agrees on thisvalue with deviations of about one percent, see f.x. [19] where the value is 6.31(2) meV. We willhowever in the present work arbitrarily adapt the value of 6.19 meV, when a value is needed.Below TN = 16.2(5) K the system orders three-dimensionally due to the interlayer coupling[19].This, however, will not change the fact that the copper-oxide planes e�ectively are two dimen-sional. Qualitatively this can be understood from the value of the Boltzmann's constant3. Ifthe inter-planar coupling is 104 − 105 times smaller than the intra-planar coupling, the magni-tude of this coupling must be in the order of 0.01 meV, which corresponds to a temperature ofapproximately 0.1 K. Hence only if the temperature is in this regime, the interlayer couplingplays a role compared to thermal �uctuations.2The subindex 1 tells that the crystal after rotation of t · π

2
(t ∈ N) radians around the 2-fold rotation-axismust be translated by 1

2
c along the c-axis in order to be brought into coincidence with itself3KB ≈ 8.6 · 10−5eV/K, giving the approximate rule of thumb that 0.1 meV corresponds to 1K.4



The purpose of the project and the structure of the thesis 5

Figure 1.1: The structure of CFTD. Left: The 2D unit cell. The dashed red line (solidblack line) marks the structural (magnetic) unit cell. Middle: 3D magnetic structure. Right:The structure at low temperatures, T < 236 K. The pictures are kindly supplied by N. B.Christensen.
1.3 The purpose of the project and the structure of the thesisThis thesis work has three main purposes: i) Developing and testing RLexact, ii) runningRLexact on various systems in order to compare the results with experimental and numericaldata from the literature, and iii) trying to reach exact diagonalization results for a 36 spinsquare lattice in the m = 0 subspace, which is the limit of what has been done in the litera-ture. Further, when de�ning the project an implementation of RVB4 calculations into RLexactwere discussed. This however, quickly turned out to be impossible due to lack of time in a 30ECTS project.In order to set the work into perspective, the reader will �nd a brief resume of relevant experi-mental and numerical studies from the literature. This is found in Chapter 3 and 4 respectively.In Chapter 2 which is the theoretical chapter, one �nds a resume of relevant theoretical con-siderations, including the Heisenberg model and the theory of spin waves. After all this thereader should be updated on the scienti�c status of the 2DQHAFSL, hence being ready to putinto perspective the results, discussion and conclusion of this thesis work, which is reported inChapters 6 and 7. Finally, Chapter 5 concerns selected details of RLexact.

4RVB is an abbreviation for Resonating Valence Bond, giving name to the so-called RVB state. This wewill return to at various places throughout this thesis.5



Chapter 2TheoryThis chapter contains a presentation of the notions used in the thesis work and furthermoreoutlines relevant calculations in detail.2.1 The Heisenberg modelWe shall start by introducing the Heisenberg model.In the Heisenberg model for localized electrons each spin only interacts pairwise and it is givenby the Hamiltonian
H = −

∑

〈ij〉
JijSi · Sj + gµBh

∑

i

Sz
i , Jij < 0 , (2.1)where Jij<0 implies an antiferromagnet. g is the Landé splitting factor [4, p.139], µB is theBohr magnetic moment and h is a magnetic �eld applied along an arbitrarily chosen direction,in this case the z axis for simplicity. The symbol 〈·〉 denotes nearest neighbor summation.Finally the negative sign of Jij favors antiferromagnetism, since opposite neighboring spinswill clearly lower the energy.For the sake of simplicity Jij = J for all i, j, resulting in the form

H = −J
∑

〈ij〉
Si · Sj + gµbh

∑

i

Sz
i , Jij < 0Furthermore expressing the Sx

n and S
y
n operators by S+

n = Sx
n + iSy

n and S−
n = Sx

n − iSy
n leavesthe model as

H = −J
∑

〈i,j〉
Sz

i Sz
j +

1

2

(

S+
i S−

j + S−
i S+

j

)

+ gµbh
∑

i

Sz
i J < 0 (2.2)Within numerical- and theoretical studies it is standard to put gµb = 1 and express the ener-gies in units of J . Furthermore all calculations are performed at zero �eld (h = 0) making thelast term of Eqn. (2.2) vanish.Fig. 2.1 shows a classical picture of how the spins (considered as classical vectors) orient them-selves with respect to an externally applied h-�eld. For zero �eld the classical ground stateis the Néel state, in which the system experiences complete long range order, with each spinaligned anti-parallel to its nearest neighbors. For low �elds (Fig. 2.1 left) the spins order an-tiferromagnetically in a plane perpendicular to the applied magnetic �eld, but with a smalluniform out-of-plane component. For strong �elds (Fig. 2.1 right) the spins gradually align6



Magnetization and magnetic susceptibility 7parallel to the increasing �eld, hence creating an uniform out-of-plane component. At thesaturation �eld1 of hs = 8JS = 4J , see Sec. 2.2.1, for a spin 1
2 system, all spins are completelyaligned along the �eld. Why this happens at h = 4J can be understood classically by setting

θ = π
2 in Eqn. (2.6), where θ is the angle de�ned in Fig. 2.1. In the regime of canted spins where

0 < h < hs, it is standard to decompose the spins in a staggered component perpendicularto the �eld and a uniform component parallel to the �eld. Quantum mechanically however,the Néel state is not an eigenstate for the Heisenberg Hamiltonian Eqn. (2.1) (or alternativelyEqn. (2.2)) with AFM coupling and therefore the quantum mechanical ground state must bedi�erent from the Néel state.Despite its relative uncomplicated appearance, the Heisenberg model has proved its worth,

Figure 2.1: Classical picture of the the orientation of electronic spins represented by classicalvectors in an externally applied magnetic �eld h. Left: For low �elds the spins order an-tiferromagnetically in a plane perpendicular to the applied magnetic �eld, but with a smallout-of-plane component. Right: At high �elds the spins start to align parallel to the applied�eld, hence having a component perpendicular and parallel to the �eld. At the saturation �eldof hs = 8JS all spins are completely aligned along the �eld. The �gure is modi�ed from [39].as an excellent description of two- dimensional quantum magnetical systems, and this thesiswork is no exception: The Heisenberg model is the model used to govern the spin dynamics.The Mermin Wagner theorem [3, p. 355] states that at �nite temperatures and in two dimen-sions, long range order is impossible. Experimentally there seems to be consensus though, thatthe 2DQHAFSL experiences long range AFM order at zero temperature, see f.x. [27] and [19],although zero temperature long range order never has been rigorously proven [37].The Heisenberg model is now presented, and we will continue with other physical magnitudesrelevant to this thesis work.2.2 Magnetization and magnetic susceptibility2.2.1 Classical magnetizationThis section will be started by deriving the classical expression for the magnetization. Weconsider the Hamiltonian Eqn. (2.1) but with the the magnetic �eld in an arbitrary direction1When gµb = 1. 7



Magnetization and magnetic susceptibility 8such that the last term will be a dot product between h and Si. Further we set Jij = J for all
i, j. We get

H = −J
∑

〈ij〉
Si · Sj + gµbh ·

∑

i

Si J < 0 (2.3)Classically the energy is nothing but the value of the Hamiltonian, yielding
E = 2JNS2 cos(180 − 2θ) − gµbNhS sin(θ) = −2JNS2 cos(2θ) − gµbNhS sin(θ) , (2.4)where the assumption that the spins aligns along the �eld is made. The magnetization isobtained by di�erentiating the energy Eqn. (2.4) wrt. the angle θ and setting it equal to zero,hence obtaining the value of θ preferred by the system

dE

dθ
= 4JNS2 sin(2θ) − gµbNhS cos(θ) = 0

(8JS sin(θ) − gµbh) cos(θ) = 0 (2.5)Giving that either cos(θ) = 0 or
S sin(θ) =

gµbh

8J
(2.6)From Eqn. (2.6) it is seen that the saturation �eld is hs = 8JS, because the sin(θ) = 1 giving

θ = π
2 .We now continue, using that classically the magnetization per spin is m = gµbS sin(θ) givingthe classical magnetization

m(h) =
h

8J
g2µ2

B (2.7)which have the correct unit of µB .2.2.2 Quantum mechanical magnetizationWe now turn to the quantum mechanical regime. For a system of N spins the magnetizationis given by
M =

1

N

∑

i

〈Sz
i 〉 (2.8)which for the fully polarized limit (all spins pointing in the same direction) takes the value

M = S.An alternative de�nition of the magnetization can be obtained, if the energy E of the systemis known as a function of an external �eld h. This relation is
m(h) = −∂E

∂h
(2.9)where the magnetization once again is expressed relative to the number of sites N of the system.Having obtained a di�erentiable function for the magnetization m(h), the magnetic suscepti-bility, can be found from the relation

χ =
∂m

∂h
(2.10)

χ is known as the susceptibility (or the transverse susceptibility) and is a measure for howeasy a system is magnetized by an applied �eld. The reason that the susceptibility sometimesis named 'transverse' is due to the classical picture, see Fig. 2.1, in which the spins orienttransverse to the applied �eld. If the system is quantum mechanical and isotropic, this picture8



Spin waves in the 2DQHAFSL 9does not make much sense. This is because the response to a �eld in terms of magnetization,does not have a direction wrt. the �eld. On the other hand, if the system has an anisotropyalong which the spins prefer to align, it makes sense to talk about a susceptibility transverseand longitudinal to this �eld. Since the systems in this these all are isotropic, we will merelyuse the name 'the susceptibility'.Eqns. (2.9) and (2.10) will be used when the data from RLexact is presented.2.3 Spin waves in the 2DQHAFSLThe starting point when trying to understand the spin dynamics of the 2DQHAFSL, is touse the formalism of spin waves, calculating a spin wave dispersion relation. We shall onlytreat linear spin wave (LSW) theory (LSWT), which contain the creation- and annihilation ofspin waves, but no interaction between the spin waves themselves. The starting point is theclassical Néel state. One has to choose in which direction the spins are pointing and the choicecan be made arbitrarily as long as one spin direction is chosen. In the present calculation the
y-axis is chosen, which explicitly is seen from Eqns. (2.18) and (2.19). Using the HeisenbergHamiltonian Eqn. (2.1) gives

H =
∑

nm

JnmSn · Sm =
∑

nρ

Jn,n+ρSn · Sn+ρ , (2.11)which generalizes to
∑

n,ρ

Jx
n,n+ρS

x
nSx

n+ρ + Jy
n,n+ρS

y
nSy

n+ρ + Jz
n,n+ρS

z
nSz

n+ρ Jy > Jx, Jz > 0 , (2.12)where the J have been generalized to Jx, Jy and Jz, such that they can vary between the x, yand z directions. Further, the change in summation index from m to ρ comes from changingthe summation from being over both sub lattices (m and n) to being over one sub-lattice (n)and nearest neighbor vectors ρ connecting the two sub lattices, see Fig. 2.2. The plan is to
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−x̂ + ŷ and −x̂ − ŷconsider the spins as S = 〈S〉 + δS, i.e. as a number (classical) plus an operator (quantummechanical). This opens for a semi-classical description of magnetic excitations in the lattice;9



Spin waves in the 2DQHAFSL 10the so-called spin waves.We start by considering the Heisenberg picture in which the time dependence has the form
d
dtS = i

~
[H,S] and recalling the commutation relations2 [Sα,Sβ] = iεαβγSγ α, β, γ = x, y, z,one gets for a index-n′ sub-lattice

~
dSx

n′

dt
= i[H, Sx

n′ ] =

= i
∑

n,ρ

(

(

JxSx
nSx

n+ρ + JyS
y
nSy

n+ρ + JzS
z
nSz

n+ρ

)

Sx
n′

−Sx
n′

(

JxSx
nSx

n+ρ + JyS
y
nSy

n+ρ + JzS
z
nSz

n+ρ

)

)

= i
∑

ρ,n

(

JxSx
nSx

n′Sx
n+ρ + JyS

y
nSx

n′S
y
n+ρ + JzS

z
nSx

n′Sz
n+ρ

)

−i
∑

ρ,n

(

JxSx
n′Sx

nSx
n+ρ + JyS

x
n′Sy

nSy
n+ρ + JzS

x
n′Sz

nSz
n+ρ

)

= i
∑

ρ

(

− Jy[S
x
n′ , S

y
n′ ]S

y
n′+ρ + Jz[S

z
n′ , Sx

n′ ]Sz
n′+ρ

)

= i
∑

ρ

(

− iJyS
z
n′S

y
n′+ρ + iJzS

y
n′S

z
n′+ρ

=
∑

ρ

(

JyS
z
n′S

y
n′+ρ − JzS

y
n′S

z
n′+ρ

) (2.13)In the calculations leading to (2.13) it has been used that for α, β, γ ∈ {x, y, z} then [Sα
n , Sα

n+ρ] =

[Sα
n′ , Sα

n ] = [Sα
n , Sα

n ] = [Sα
n′ , S

β
n ] = 0 and [Sα

n , Sβ
n ] = iεαβγSγ

n for (α, β, γ) = (x, y, z). Alterna-tively it might be easier in the above calculations to think of these relations as Sα
nSα

n+ρS
x
n′ −

Sx
n′Sα

nSα
n+ρ = δnn′

[

Sα
n , Sx

n′

]

Sα
n+ρ for α ∈ {x, y, z}.From similar calculations one obtains changing n′ to n, since it is nothing but an index,

~
dSy

n

dt
= i[H, Sy

n] =
∑

ρ

(

− JxSz
nSx

n+ρ + JzS
x
nSz

n+ρ

) (2.14)
~
dSz

n

dt
= i[H, Sz

n] =
∑

ρ

(

JxSy
nSx

n+ρ − JyS
x
nSy

n+ρ

) (2.15)Obtaining altogether
~Ṡn =

∑

ρ





JyS
z
nSy

n+ρ − JzS
y
nSz

n+ρ

−JxSz
nSx

n+ρ + JzS
x
nSz

n+ρ

JxSy
nSx

n+ρ − JyS
x
nSy

n+ρ



 (2.16)Since also n is nothing but an index, we can now substitute n for m obtaining the equation ofmotion for the index-m part of the bipartite lattice
~Ṡm =

∑

ρ





Jys
z
mSy

m+ρ − Jzs
y
mSz

m+ρ

−Jxsz
mSx

m+ρ + Jzs
x
mSz

n+ρ

Jxsy
mSx

m+ρ − Jys
x
mSy

m+ρ



 (2.17)We then consider small changes in the spin. Along the spin direction the change is so relativelysmall, that it can be neglected to �rst order. This gives for each sub-lattice of the bipartite2These commutation relations must be unit less, i.e. without ~, since the unit of energy is inside Ji.10



Spin waves in the 2DQHAFSL 11lattice
Sn = S + δSn = Sŷ + δSn =





δSx
n

S
δSz

n



 (2.18)
Sm = S + δSm = −Sŷ + δSm =





δSx
m

−S
δSz

m



 (2.19)Here the index n(m) labels the spin up(down) part of the bipartite lattice. Using Eqn. (2.18)and (2.19) in (2.16) and (2.17) one gets
~Ṡn = ~δṠn = −

∑

ρ





JySδSz
n + JzSδSz

n+ρ

+JxδSz
nδSx

n+ρ − JzδS
x
nδSz

n+ρ

−JxSSx
n+ρ − JySδSx

n



 ≈ −
∑

ρ





JySδSz
n + JzSδSz

n+ρ

0
−JxSSx

n+ρ − JySδSx
n



(2.20)Making the substitutions S → −S, Sn+ρ → Sm+ρ and Sn → Sm one gets for the spin downpart
~Ṡm = ~δṠm =

∑

ρ





JySδSz
m + JzSδSz

m+ρ

JxδSz
mδSx

m+ρ − JzδS
x
mδSz

m+ρ

−JxSSx
m+ρ − JySδSx

m



 ≈
∑

ρ





JySδSz
m + JzSδSz

m+ρ

0
−JxSSx

m+ρ − JySδSx
m



(2.21)We wish to Fourier transform (2.20) and (2.21) one component at a time, hence introducingfor each sub-lattice respectively
Aq =

√

2

N

∑

n

e−iq·RnδSn ⇔ δSn =

√

2

N

∑

q

eiq·RnAq (2.22)
Bq =

√

2

N

∑

m

e−iq·RmδSm ⇔ δSm =

√

2

N

∑

q

eiq·RmAq (2.23)We then transform one component at a time, getting from the x-component of (2.20)
~δṠx

n = −
∑

ρ

(

JySδSz
n + JzSδSz

n+ρ

)

m

~

√

2

N

∑

q

eiq·RnȦx
q = −

√

2

N
JyS

∑

q,ρ

eiq·RnAz
q − JzS

√

2

N

∑

q,ρ

eiq·Rn+ρBz
q (2.24)Demanding that every term on each side of the equality sign must equal for any value of q wecan cancel the summation over q and multiply by e−iq·Rn and divide by √ 2

N . Thereby oneobtains
~Ȧx

q = −
∑

ρ

JySAz
q −

∑

ρ

JzSe−iq·(Rn+ρ−Rn)Bz
q

= −zJySAz
q − zJzSγqBz

q (2.25)Here the de�nition γq = 1
z

∑

ρ e−iq·(Rn+ρ−Rn) has been used along with ∑ρ JyS = zJyS, zdenoting the number of nearest neighbors which is 4 for the square lattice.11



Spin waves in the 2DQHAFSL 12By similar calculations one obtains the other component of (2.20) and the two components of(2.21)
~Ȧz

q = zJySAx
q + zJxSγqBx

q (2.26)
~Ḃx

q = zJySBz
q + zJzSγqAz

q (2.27)
~Ḃz

q = −zJySBx
q − zJxSγqAx

q (2.28)Setting3 Jx = Jz = Jxz a transformation using the ladder operators Aq
± = Ax

q ± iAz
q and

Bq
± = Bx

q ± iBz
q one gets by combining Eqns. (2.25) and (2.26) the equations

~Ȧ+
q = ~

(

Ȧx
q + iȦz

q

)

= −zJySAz
q − zJxzSγqBz

q + i
(

zJySAx
q + zJxzSγqBx

q

)

= iS
(

zJy

(

Ax
q + iAz

q

)

+ zJxzγq

(

Bx
q + iBz

q

)

)

= iS
(

zJyA
+
q + zJxzγqB+

q

) (2.29)Similarly Eqns.( 2.25) to (2.28) combine to
~Ȧ−

q = −iS
(

zJyA
−
q + zJxzγqB−

q

) (2.30)
~Ḃ+

q = −iS
(

zJyB
+
q + zJxzγqA+

q

) (2.31)
~Ḃ−

q = iS
(

zJyB
−
q + zJxzγqA−

q

) (2.32)Assuming that the Aq
± and Bq

± have the harmonic time dependence eiωqt one gets a factor iωqon the left side of Eqns. (2.29) to (2.32) yielding a homogeneous system of equations
0 =

(

zJyS − ~ωq

)

A+
q + zJxzSγqB+

q (2.33)
0 = −

(

zJyS + ~ωq

)

A−
q − zJxzSγqB−

q (2.34)
0 = −

(

zJyS + ~ωq

)

B+
q − zJxzSγqA+

q (2.35)
0 =

(

zJyS − ~ωq

)

B−
q + zJxzSγqA−

q (2.36)Combining (2.33) with (2.35), or (2.34) with (2.36), in both cases results in the characteristicpolynomial
det

(

∣

∣

∣

∣

zJyS − ~ωq zJxzSγq

−zJxzSγq −zJyS − ~ωq

∣

∣

∣

∣

)

= 0 (2.37)Solving this one �nally obtains
~ωq = ±zS

√

J2
y − J2

xzγq (2.38)3This assumes the lattice to have the y-direction as the anisotropy direction and hence the x- and z -directionsto be completely symmetric.
12



Spin waves in the 2DQHAFSL 13Eqn. (2.38) is the LSW relation for a 2DQHAFSL with a y-axis spin direction. By setting4
Jy = Jxz = J , one obtains the simple dispersion relation

~ωq = zSJ
√

1 − γ2
q (2.39)For a square lattice the four (z = 4) nearest neighbors can be reached from a given site bythe vectors5 ±x̂ and ±ŷ. This gives using |S| = 1

2 that γq = 1
4

(

2 cos(qx) + 2 cos(qy)
) giving adispersion relation

~ωq = zSJ

√

1 −
(1

z

(

2 cos(qx) + 2 cos(qy)
)

)2
= 2J

√

1 −
(1

2
cos(qx) +

1

2
cos(qy)

)2 (2.40)Experimental notesFor the purpose of theoretical considerations, the energy is presented in units of J . Themagnitude of J depends of course on the compound in question and can be found from neutronscattering experiments. Since we at present only are interested in obtaining the qualitativebehavior of the LSW dispersion, we choose to present the energies in units of J . In Fig. 2.3 aplot of the nearest neighbor LSW dispersion relation Eqn. (2.40) is seen.Constant zone boundary dispersionFrom inspection of Fig. 2.3 it is seen that along the magnetic zone boundary (ZB) from
(0, π) to (π, 0) the LSW dispersion is constant. This observation can be veri�ed by a simplecalculation using that qy = π − qx along the ZB. This yields that 1

2 cos(qx) + 1
2 cos(qy) =

1
2(cos(qx) − cos(π − qx)) = 0, since cos(π − qx) = − cos(qx). Hence the dispersion takes thevalue

~ωq = 2J (2.41)along the magnetic ZB.2.3.1 Next-nearest neighbor couplingIn principle every ion (spin) will interact with all other ions (spins) in the system. In manycases though, it turns out that models based on nearest neighbor approximation describesthe observed physics quite well. Nonetheless taking into account more ions as interactingbodies for a given ion, could possibly reveal a behavior not captured by the nearest neighborapproximation. It will in the following be investigated what happens to the LSW dispersionrelation, if next-nearest neighbors are included in the Hamiltonian (2.1).The next-nearest neighbors contribution can be expressed as an extra term
∑

nl

J ′
n,n+lSn · Sn+l =

∑

nl

J
′x
n,n+lS

x
nSx

n+l + J
′y
n,n+lS

y
nSy

n+l + J
′z
n,n+lS

z
nSz

n+l ,4Recall that the J 's represents the coupling between spins (in spin space), see Eqn. (2.1). In the abovecalculation we have chosen the spin direction to be the y direction through the equations (2.18) and (2.19).This means, that a spin wave consists of spins precessing around the y direction. When we set Jx = Jy = Jz = J ,this means that a spin wave can consist of precessing spins in all directions. The information about real spaceenters the above calculation when summing over the nearest neighbor lattice vectors ρ. For the square latticewith nearest neighbor coupling only, this introduces a C4 symmetry in real space, which through Fouriertransformation is carried over to q-space. The C4 symmetry is clearly visible in Fig. 2.3, which soon will beintroduced. The direction in which the spin wave propagates in real space has nothing to do with the couplingconstants J of Eqn. (2.1). This direction depends on the lattice in question as given by the vectors ρ.5The lattice constant a is set to 1, such that f.x. qxa = qx and qya = qy.13



Spin waves in the 2DQHAFSL 14

Figure 2.3: Energy dispersion obtained from LSW calculations. Energies are in units of theexchange coupling constant J . The solid red line marks the magnetic zone boundary and thedashed blue line marks the scan in Q2D-space used later on in the thesis, when the energydispersion is plotted.where l is a vector summing over next nearest neighbors, see Fig. 2.2, and the coupling constants
J ′ are di�erent from J . This leads to a zero �eld Hamiltonian of the form

H =
∑

nm

JnmSn · Sm

=
∑

nρ

Jn,n+ρSn · Sn+ρ +
∑

nl

J ′
n,n+lSn · Sn+l

=
∑

n,ρ

Jx
n,n+ρS

x
nSx

n+ρ + Jy
n,n+ρS

y
nSy

n+ρ + Jz
n,n+ρS

z
nSz

n+ρ

+
∑

n,l

J
′x
n,n+lS

x
nSx

n+l + J
′y
n,n+lS

y
nSy

n+l + J
′z
n,n+lS

z
nSz

n+l (2.42)The sign of the constant J ′ for a AFM lattice is far from self-evident. In LCO which asmentioned is a physical realization of the 2DQHAFS, the next-nearest neighbor coupling isexperimentally determined to be ferromagnetic with the value J ′ = −11.4 ± 3 meV (comparewith J = 111.8± 4meV) [33]). In CFTD Rønnow et al. modeled their experimental data withan additional antiferromagnetic next-nearest neighbor coupling of J ′ = 0.067J ±0.007J [19]. Itis therefore not clear which sign the next-nearest coupling constant should have in the purelytheoretical 2DQHAFSL.Inspecting (2.42) it is seen that the last term in the calculations of a dispersion relation, canbe treated similarly as the �rst term already handled with, keeping in mind that summingover next-nearest neighbors reaches vectors on the same sub-lattice. Hence, the calculations14



Spin waves in the 2DQHAFSL 15for next-nearest neighbors can be performed relatively easy. The starting point is Eqns. (2.20)and (2.21) which generalizes to
~Ṡn = ~δṠn = −

∑

ρ,l





+JySδSz
n + JzSδSz

n+ρ − J ′
ySδSz

n + J ′
zSδSz

n+l

+JxδSz
nδSx

n+ρ − JzδS
x
nδSz

n+ρ + J ′
xδSz

nδSx
n+l − J ′

zδS
x
nδSz

n+l

−JxSSx
n+ρ − JySδSx

n − J ′
xSSx

n+l + J ′
ySδSx

n





≈ −
∑

ρ,l





JySδSz
n + JzSδSz

n+ρ − J ′
ySδSz

n + J ′
zSδSz

n+l

0
−JxSSx

n+ρ − JySδSx
n − J ′

xSSx
n+l + J ′

ySδSx
n



 (2.43)and
~Ṡm = ~δṠm =

∑

ρ,l





JySδSz
m + JzSδSz

m+ρ − J ′
ySδSz

m + J ′
zSδSz

m+l

−JxδSz
mδSx

m+ρ − JzδS
x
mδSz

m+ρ − J ′
xδSz

mδSx
m+l + J ′

zδS
x
mδSz

m+l

−JxSSx
m+ρ − JySδSx

m − J ′
xSSx

m+l + J ′
ySδSx

m





≈
∑

ρ,l





JySδSz
m + JzSδSz

m+ρ − J ′
ySδSz

m + J ′
zSδSz

m+l

0
−JxSSx

m+ρ − JySδSx
m − J ′

xSSx
m+l + J ′

ySδSx
m



 (2.44)These equations are now Fourier transformed using Eqns. (2.22) and (2.23). Demanding likethe considerations leading to Eqn. (2.25), that the terms equal pairwise for each value of q,one arrives at the four coupled di�erential equations
~Ȧx

q = (−zJyS + zJ ′
yS − zJ ′

zSγ′
q)Az

q − zJzSγqBz
q (2.45)

~Ȧz
q = (zJyS − zJ ′

yS + zJ ′
xSγ′

q)Ax
q + zJxSγqBx

q (2.46)
~Ḃx

q = (zJyS − zJ ′
yS + zJ ′

zSγ′
q)Bz

q + zJzSγqAz
q (2.47)

~Ḃz
q = (−zJyS + zJ ′

yS − zJ ′
xSγ′

q)Bx
q − zJxSγqAx

q (2.48)where γ′
q = 1

z′
∑

l e
−iq·(Rn+l−Rn) and z′ = 4 is the number of next-nearest neighbors.Like in the case of nearest neighbors we assume the x and z directions to be symmetricand transforming Eqns. (2.45) to (2.48) by use of the ladder operators Aq

± = Ax
q ± iAz

q and
Bq

± = Bx
q ± iBz

q we arrive at four di�erential equation which are pairwise coupled
~Ȧ+

q = iS
(

(−zJy + zJ ′
y − zJ ′

zγ
′
q)A+

q + zJxzγqB+
q

) (2.49)
~Ȧ−

q = −iS
(

(zJy − zJ ′
y + zJ ′

xγ′
q)A−

q + zJxzγqB−
q

) (2.50)
~Ḃ+

q = −iS
(

(zJy − zJ ′
y + zJ ′

zγ
′
q)B+

q + zJxzγqA+
q

) (2.51)
~Ḃ−

q = iS
(

(−zJy + zJ ′
y − zJ ′

xγ′
q)B−

q + zJxzγqA−
q

) (2.52)Using harmonic time dependence eiωqt, one gets through di�erentiation a factor iωq on theleft side of the equality sign in Eqns. (2.49) to (2.52). This gives a homogeneous system ofdi�erential equations
0 =

(

(−zJy + zJ ′
y − zJ ′

zγ
′
q) − ~ωq

)

A+
q + zJxzSγqB+

q (2.53)
0 = −

(

(zJy − zJ ′
y + zJ ′

xγ′
q) + ~ωq

)

A−
q − zJxzSγqB−

q (2.54)
0 = −

(

(zJy − zJ ′
y + zJ ′

zγ
′
q) + ~ωq

)

B+
q − zJxzSγqA+

q (2.55)
0 =

(

(−zJy + zJ ′
y − zJ ′

xγ′
q) − ~ωq

)

B−
q + zJxzSγqA−

q (2.56)15



Ferromagnetic spin waves 16of which the �rst couples with the third and the second couples with the fourth. In both casesthe resulting characteristic polynomial is
det

(

∣

∣

∣

∣

zS(−Jy + J ′
y − J ′

xzγ
′
q) − ~ωq zJxzSγq

−zJxzSγq −zS(−Jy + J ′
y − J ′

xzγ
′
q) − ~ωq

∣

∣

∣

∣

)

= 0 (2.57)which yields the �nal LSW result for nearest plus next-nearest neighbor coupling
~ωq = ±zS

√

k2
1 − k2

2 (2.58)with k1 = −Jy + J ′
y − J ′

xzγ
′
q and k2 = zJxzSγq. Making the simpli�cation Jy = Jxz = J and

J ′
y = J ′

xz = J ′, the dispersion takes the simpler form
~ωq = ±zS

√

(

− J + J ′(1 − γ′
q)
)2

− J2γ2
q (2.59)

γ′
q is obtained by summing over the vectors l ∈ {x̂ + ŷ, x̂ − ŷ, ŷ − x̂,−x̂ − ŷ}. This gives

γ′
q =

1

z′
∑

l

e−iq·(Rn−Rn+l)

=
1

z′
(

e−i(qx+qy) + e−i(qx−qy) + e−i(qy−qx) + ei(qx+qy)
)

=
1

4

(

2 cos(qx + qy) + 2 cos(qx − qy)
) (2.60)It has been used that the number of next-nearest neighbors z′ = 4, see Fig. 2.2. Altogetherthe LSW dispersion relation with next-nearest neighbor coupling takes the form

~ωq = 2

√

(

− J + J ′
(

1 −
(1

2
cos(qx + qy) +

1

2
cos(qx − qy)

)

)2
− J2

(1

2
cos(qx) +

1

2
cos(qy)

)2(2.61)A plot of the dispersion relation based on nearest plus next-nearest neighbor coupling is seenin Fig. 2.4, where J ′ = ±0.2J . The left/right screen shows the dispersion for a negative (an-tiferromagnetic)/positive (ferromagnetic) J ′6. This �gure will later be interesting in relationwith the (π, 0) anomaly mentioned in Chapter 1.
2.4 Ferromagnetic spin wavesSince the topic of this work is antiferromagnetic spin waves we will not go into theoreticaldetails about ferromagnetic spin waves, but merely state the result.For ferromagnetic spin waves in the Heisenberg model with nearest neighbor coupling, Eqn. (2.1)with Jij = J > 0 the dispersion relation is given by7

~ω = 2S(J(0) − J(q)) + gµbh (2.62)where g and µB are de�ned above and8 J(q) =
∑

n J(Rn)e−iq·Rn , the summation in n asabove being nearest neighbors, next-nearest neighbors etc. J(0) takes the value 4J .In Fig. 2.5 a plot of the ferromagnetic dispersion Eqn. (2.62) is seen.6Recall that J < 0.7[6, Eqn. (8.11)]8[6, Eqn. (5.14)] 16



The dynamical structure factor Sαβ(q, ω) 17

Figure 2.4: Dispersion relation for magnon excitation based on LSW calculation includ-ing nearest plus next-nearest neighbors. The left(right) screen displays antiferromag-netic(ferromagnetic) next-nearest neighbor coupling J ′. Energies are in units of J . The valueof the next-nearest neighbor exchange constant is J ′ = +(−)0.2J for the left (right) panel.This value is for instructive reasons (to get a visible e�ect) chosen higher than what can bejusti�ed experimentally [19]. The solid red line marks the magnetic zone boundary and thedashed blue line marks the scan in Q2D-space, which shall be used later.2.5 The dynamical structure factor Sαβ(q, ω)This section introduces the dynamical structure factor also known as the dynamical correlationfunction. In order to do this properly it is necessary to introduce a quantity d2σ
dΩdE which ismeasured in neutron scattering experiments and goes under the name 'the di�erential crosssection'. The di�erential cross section is given by[5, Eqns.(2.65) and (2.66)]

dσ2

dΩdE
=

N

~

kf

ki

(γr0

2

)2
g2F (q)2e−2W

∑

αβ

(δαβ − qαqβ)Sαβ(q, ω) (2.63)Here
Sαβ(q, ω) =

1

2π

∫ ∞

−∞
dte−iωt

∑

l

eiq·rl〈Sα
0 (0)Sβ

l (t)〉 (2.64)where, α and β in general can take the values {x, y, z} but in the Heisenberg model Eqn. (2.1)
α = β. Alternatively αβ ∈ {+−,−+, zz}, which is used to obtain the transverse correlationfunctions

Sxx(q, ω) = Syy(q, ω) =
1

4

[

S+−(q, ω) + S−+(q, ω)
]The dynamical structure factor er de�ned through Eqn. (2.64).The above formulas are complicated and due will follow an explanation of the various factorsinvolved.The fraction kf

ki
is the only factor referring to the experimental setup. The remaining factorsare all properties of the sample; N is the number of unit cells, γ = 1.913 is the gyro magneticratio, r0 = e2

mec2 is the electron radius, qα = q · eα, qβ = q · eβ and g is Landé splitting factor,which is a quantity to be calculated, see f.x. [4, p.139]. Finally we have the Debye-Waller17
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Figure 2.5: The ferromagnetic dispersion relation in zero �eld displayed as a scan through Q2Dspace. The scan direction is the same as indicated by the blue dashed line in Fig. 2.4.factor e−2W which contains information about thermal vibration of the atoms away from theirequilibrium positions and the magnetic form factor
F (q) =

∫

d3rs(r)eiq·r =
∑

ri

eiq·ri〈Si〉 (2.65)We shall not pursue the experimental aspects of the di�erential cross section further. However,it is necessary to spend a little more time on the dynamical structure factor Sαβ(q, ω) de�nedin Eqn. (2.64), which is the quantity that RLexact calculates. The expression 〈Sα
0 (0)sβ

l (t)〉 inEqn. (2.64) is a correlation function in space and time, giving the correlation between spinsseparated by the distance l and the time t. The angular brackets denotes thermal average.From Eqn. (2.64) it is seen, that the correlation function is Fourier transformed in both spaceand time with the factor∑αβ(δαβ − qαqβ) re�ecting that only spin components perpendicularto the scattering vector q contribute to the scattering signal.We shall concentrate on Szz(q, ω), since this is the only component of Sαβ(q, ω) that RLexactcan handle on two dimensional systems. Earlier RLexact was able to perform calculations ofthe transverse correlation function Sxx(q, ω) for one dimensional systems [34], but this func-tionality has not yet been carried over to the new parallelized version.2.5.1 The dynamical structure factor for antiferromagnetic spin wavesIn Chapter 6 it will be necessary to compare the dynamical structure factor S(q, ω) calculatedby RLexact with the one predicted by LSWT on antiferromagnets. The present subsectionwill present the LSWT prediction of S(q, ω).According to [22] the di�erential cross section Eqn. (2.63) reduces for antiferromagnetic spin
18



The dynamical structure factor Sαβ(q, ω) 19waves to
(

dσ2

dΩdE

)

magn.

=
kf

ki

(γr0

2

)2
g2F (q)2e−2W (1 + q̂2

z)
1

4

(2π)3

v0

∑

q,τ,a

[(na,q + 1)δ(~ωq − ~ω)δ(q − q − τ) + na,qδ(~ωq − ~ω)δ(q − q − τ)]

× [u2
q + vq + 2uqvq cos(ρ · τ)] (2.66)Here τ is a reciprocal lattice vector, ρ is a vector connecting the two sublattices, q the scatteringvector and na,q the Bose factor which is zero at 0 K. The last factor is known as the coherencefactor and using na,q = 0, this is the only quantity that except for delta-functions depends on

q. According to [22] the magnetic coherence factor takes the value
u2
q + vq + 2uqvq cos(ρ · τ) = 2S

√

J(0) − J(q)

J(0) + J(q)
, (2.67)with J(q) =

∑

ρ Jρe
iq·rρ .For later reference the following values are calculated for the square lattice with nearest neigh-bor coupling only, i.e. ρ = {x̂,−x̂, ŷ,−ŷ}. In all calculations Jρ = J

J(0, 0) = 4J (2.68)
J
(π

2
,
π

2

)

= J(2ei π
2 + 2e−i π

2 ) = 4J cos(
π

2
) = 0 (2.69)

J(π, 0) = J(2 + eiπ + e−iπ) = 2
(

1 + cos(π)
)

= 0 (2.70)Yielding
2S

√

J(0) − J(q)

J(0) + J(q)
=

{

2S if q = (π
2 , π

2 )
2S if q = (π, 0)These two values will be used when the results are presented in Chapter 6.
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The staggered magnetization 202.6 The staggered magnetizationThe staggered magnetization9 m† of an antiferromagnet on a square lattice, is de�ned by
m† =

S↑ − S↓
2

(2.71)Hence the classical value of m† for the Néel state is m†
cl = S = 1

2 . In zero �eld the stag-gered moment equals the magnetization of one sub-lattice of a bipartite lattice. The literaturepresent a variety of methods used to determine m†. Among these are a method based on SWTby P. W. Anderson [14], series expansion by D. A. Huse [15] and 1/N extrapolations to thethermodynamical limit from numerical results on �nite clusters by Oitmaa and Betts [16]. Animportant remark to the interpolation used by Oitmaa and Betts, is that it is not entirelycorrect, as is noted by [32] and [15]. The latter explains that the incorrect method is due tothe use of a linear interpolation of the mean-square staggered magnetization10 vs. 1/N . Thisprocedure assumes the �nite size correction to be of order N−1, where it from SWT are foundto be N−3/2. This results in an overestimation of m† in the thermodynamical limit [32].[15] explains that for �nite systems, the mean-square staggered magnetization per spin shouldconverge as (m†
N )2 − (m†)2 ∼ N−1/2 resulting in the expectation (m†

N )2 = (m†)2 + αN−1/2 +
βN−1+ . . . . This tells, that a reliable N → ∞ interpolation can only be made if there is reasonto believe that βN−1 � αN−1/2. In the absence of knowing α and β this can be expressed as
(m†

N )2 − (m†)2 � (m†)2. This we will return to in the discussion of the results in chapter 6.In the following the basic theory for the staggered moment will be presented.The static structure factor is given by
Szz(q) =

∫

∂ωSzz(q, ω) (2.72)Performing the integral one gets
∫

∂ωSzz(q, ω) =

∫

∂ω
∑

e

Mzz
e (q, ω)δ(ω+E0−Ee) =

∫

∂ω
∑

e

2π|〈e|Sz
q|gs〉|2δ(ω+E0−Ee) ,(2.73)where E0 is the ground state energy, Ee is the energy of the exited states and the de�ni-tion of the matrix elements are Mzz

e (q, ω) = 2π|〈e|Sqz |gs〉|2. Performing the summation andintegration in Eqn. (2.73) yields
∫

∂ω
∑

e

2π|〈e|Sz
q|gs〉|2δ(ω + E0 − Ee) =

∑

e

∫

∂ω2π|〈e|Sz
q|gs〉|2δ(ω, ωq)

=
∑

e

2π|〈e|Sz
q|gs〉|2

= 2π
∑

e

〈gs|Sz
q|e〉〈e|Sz

q|gs〉

= 2π〈gs|
(

Sz
q

)2|gs〉
= 2πF (q) (2.74)Here

F (q) =
∣

∣

1√
N

∑

rj

eiq·rj〈Sz
j 〉
∣

∣

29Also known as the Static Moment.10Except for a 1/N2 normalization de�ned as Eqn. (2.75).20



Quantum theory for the spin-1
2 quantum magnet on a square lattice. 21is nothing but the magnetic structure factor of the ground state. Evaluating this in (π, π) gives

F (π, π) =
∣

∣

1√
N

∑

jj′

eiπ(j+j′)〈Sz
jj′〉
∣

∣

2 (2.75)The factor eiπ(j+j′) takes the values -1 for j+j′ = (2n+1) and the value 1 for j+j′ = 2n, where
n is an integer. Hence the summation in j and j′ equals Nδjj′ , yielding that that Eqn. (2.75)takes the value N〈S〉2. Since S(π, π) ≡ 2πN

(

m†)2 this gives the �nal relation between thestatic structure factor in (π, π) and the staggered moment
m† = 〈S〉 =

√

S((π, π))

2πN
(2.76)Using the simple method of Oitmaa and Bets discussed above, it is now possible to make aplot of m† vs. 1/N reading of the value of the staggered moment in the thermodynamicallimit, as the abscissa intercept. Despite the overestimation of m†, this method will be used inthis thesis work.2.7 Quantum theory for the spin-1

2 quantum magnet on a squarelattice.This section will o�er an overview of some of the relatively new ideas for quantum theory onthe spin-12 quantum magnet on a square lattice.2.7.1 Resonating Valence BondsThe lack of rigorous proof and clear experimental results for the ground state of the spin-12quantum magnet on the square lattice, has facilitated speculations about the nature of thisground state. A few of these ideas will now be presented brie�y.We shall start our review about eighty years ago. The story can be started in many ways,but we will start in 1931 where a paper published by Bethe [17] established that generalantiferromagnetic chains do not experience classical ground state order. In 1938 it was realizedby Hultén, that the exited states of these chains also could not be described by classical theory.At this point in our review it su�ces to use a few lines brie�y illustrating the physics of quantumantiferromagnets as opposed to ferromagnets, and it is instructive to look at a two-electronsystem. The ground state of this system is the well known singlet |Ψ〉 = 1√
2

(

| ↑↓〉 − | ↓↑〉
).The Heisenberg Hamiltonian Eqn. (2.1) introduces a coupling constant J between the two ions(spins) that through its sign favors either parallel (FM) or anti-parallel (AFM) alignment ofnearest neighbors. If we stick to the simple case of two spins, it is readily found that in the caseof parallel alignment the ground state is a triplet consisting of | ↑↑〉, | ↓↓〉 and 1√

2

(

| ↑↓〉+ | ↓↑〉
)whilst in the case of anti-parallel alignment the ground state is the anti-symmetric singlet, asstated above. What should be noted here, is that in the case of ferromagnetism, the classicalground states | ↑↑〉 and | ↓↓〉 still co-exists with the purely quantum mechanical member ofthe triplet, whilst in the antiferromagnetic case the unique solution to the ground state is ofpure quantum mechanical nature. This simple example tells the troubles we are facing, whentrying to understand more complex antiferromagnets.The next occurrence that has found its way to this brief history of quantum magnetism,takes place in 1973. In this year Anderson published a paper [12] about the ground stateof the triangular lattice. He proposed that the ground state was described by what he called21
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Figure 2.6: Illustration of the RVB idea. Left: The quantum mechanical ground state of thesquare plaquette is the sum of two terms, each consisting of two dimer singlet pairs along theedges of the plaquette. This is the RVB state. Right: For a bigger lattice the RVB state is thesuperposition of all possible dimer singlet coverings. Here one of the possible con�guration areillustrated. The picture is taken directly from [23].Resonating Valence Bonds (RVB). In this picture the electrons in the ground state are entangledin a way similar to the Cooper pairs in BCS theory from 195711. BCS theory is used to describelow-Tc superconductivity, a phenomenon that was discovered as long ago as in 1911 by H.Kammerlingh Onnes.In 1986 Bednorz and Müller discovered a new type of cuprate material surprisingly displayingin�nite conductivity above 30 K, which was the limit set by BCS theory. This founded the�eld of High Temperature Superconductivity (HTSC). These cuprates are closely related tothe spin-12 quantum magnet on a square lattice, since they are made from parent compoundsdescribed well by this structure. Inspired by his idea from 1973, Anderson suggested [13], thatthe RVB state could be the true ground state for the spin-12 quantum magnet on a squarelattice. In Fig. 2.6 the RVB idea is illustrated for a square plaquette and a general squarelattice. The RVB state of a square lattice is the sum of all possible dimer coverings, a dimerbeing the ground state singlet of a spin-pair discussed above. The notion of RVB are in theliterature sometimes used somewhat hand waving. For an exact de�nition, see [30].The RVB idea is in relation with the ground state of the spin-12 quantum antiferromagneton the square lattice still under discussion, and it has until today not been possible to obtainstrong experimental evidence nor rigorous proof, indicating its existence. Actually some resultsindicate a high degree of classical ground state order [31]. Still, the idea is at play as a possibleadmixture of the true ground state, see e.g. [23].2.7.2 Ring exchangeThe Heisenberg model, Eqn. (2.1) have despite its simplicity, been relatively successful indescribing many aspects of the spin-12 quantum antiferromagnet on a square lattice. However,other models have turned out to be relevant as the governing Hamiltonian and we shall nowbrie�y comment on one of those.This model originates from HTSC, where the 2DQHAFSL is too simple to describe the copperplanes of the cuprate, and goes under the name ring exchange. It stems from considerationswhether nearest neighbor coupling is too simpli�ed to catch small details, a notion that issupported by experimental results [21, 33]. The considerations are based on the Hubbardmodel, which is given by the Hamiltonian
H =

∑

σ

∑

〈xy〉
−t

[

c†xσcyσ + c†yσcxσ

]

+ U
∑

x

nx↑nx↓ (2.77)11By Bardeen, Schrie�er and Cooper 22
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2 quantum magnet on a square lattice. 23Here σ is the summation index for spin, which can take two values; up and down. The indices

x and y sums over lattice sites and 〈〉 means sum over nearest neighbors. c and c† are theusual fermionic number operators and n = c†c.Transforming Eqn. (2.77) from the Hubbard space (expressed by the many-body formalism)to the spin-space and going to third order in t/U yields [21]
H

extended =

(

4t2

U
− 24t4

U3

)

∑

〈ij〉
(Si · Sj) +

(

4t4

U3

)

∑

〈〈ij〉〉
(Si · Sj) +

(

4t4

U3

)

∑

〈〈〈ij〉〉〉
(Si · Sj)

+
80t4

U3

∑

〈ijkl〉
(Si · Sj)(Sk · Sl) + (Si · Sl)(Sk · Sj) − (Si · Sk)(Sj · Sl) (2.78)The indices i, j, k, l run over the four corners of a square plaquette and it is due to the negativesign in the last term, important that i and k are in each end of the same diagonal. The �rstthree terms are nearest-, next-nearest and next-next-nearest neighbors respectively, thereforeessentially containing the same physics as Eqn. (2.1), just longer range. The fourth termthat goes under the name ring exchange is morphologically di�erent, as it includes multi spininteractions. In order to illustrate the physics of this extended model, we ignore all two spininteractions except nearest neighbors, but keep the four spin ring exchange term. Naming theconstant belonging to the ring exchange term JR we get

H = −
∑

〈ij〉
JijSi · Sj + JR

∑

〈ijkl〉
{(Si · Sj)(Sk · Sl) + (Si · Sl)(Sk · Sj) − (Si · Sk)(Sj · Sl) (2.79)The �rst term in Eqn. (2.79) can be recognized as the Heisenberg Hamiltonian Eqn. (2.1),where J = 4 t2

U − 24 t4

U3 . We will in the outlook return to the idea of ring exchange.
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Chapter 3Experimental workAs mentioned in the introduction it is important to realize, what it exactly is, that one wants toinvestigate and why it is interesting. Here the result of experiment plays a crucial role, as thedocumentation of the physical reality, that must be explained by the theoretical models. If theresult of experiment is explainable to a satisfactory degree by the already existing theory, thetopic should be considered as settled. On the other hand, if experiment reveals phenomenonsnot fully understood within the existing theory, the race has begun. The situation is often,that experiment supplies the scientist with clues about what is going on, hence pointing to anappropriate starting point. In this chapter the reader will be familiar with experimental resultson the 2DQHAFSL - or rather physical realizations of this system, that should convince thereader of the relevance of the proceeding thesis. During the process of connecting experimentto theory, a tool turns out to be of great use: Numerical simulations - the subject of this thesis.The next chapter will present an outline of the numerical work on the 2DQHAFSL, puttinginto perspective the e�orts of this thesis work. Now, back to the experiments.The 2DQHAFSL has many physical realizations on which neutron scattering experiments hasbeen carried out. On top of the before mentioned cuprates we �nd K2V3O8 [27], Rb2MnF4[28], Cu(pz)2(ClO4)2 [29] and CFTD [19, 23]. It is as stated earlier the latter compoundCFTD, that in this work will be the primary target of comparison with the numerical studiesof RLexact.3.1 Focus on the (π, 0) anomalyIn this section the reader will be presented the experimental result on what is known as the
(π, 0) anomaly.3.1.1 CFTDIn 2001 Rønnow et al. [19] performed an investigation by neutron scattering of the spindynamics of CFTD. One conclusion of their work is the existence of a quantum induced ZBdispersion relation, seen as a dip in the energy branch around (π, 0) wrt. what is expected fromLSWT, see left panel of Fig. 3.1. The result have been con�rmed by N.B. Christensen et al.[23], whose results for reference are presented in the right panel of Fig. 3.1. Along the directionfrom (π

2 , π
2 ) towards (π, 0) both groups1 �nd a substantial dip in energy at (π, 0) which was1Note that N.B. Christensen et al. scans from ( 3π

2
, π

2
) to (π, 0) which due to symmetry is a physically similarpath in the Brillouin zone. 24
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Figure 3.1: Left: The SW dispersion in CFTD at 8 K. The solid line is a �t by nearest neighborLSWT, giving J = 6.31± 0.02 meV. The dashed line is a result of an expansion from the Isinglimit using J = 6.31 meV. The dots are the neutron scattering data. The picture is takendirectly from Rønnow et al. [19]. Right (top): The dip in energy at (π, 0). The open symbolsare experimental data, the red line is the nearest neighbor LSW prediction, Eqn (2.40) and thegreen (blue) lines are due to series expansion (�ux-phase RVB). Right (bottom): The intensityof spin excitations. Symbol- and color coding is as above. The inset shows the scan directionin Q2D-space. Both panels are taken directly from N.B. Christensen et al. [23].determined to 6(1)% and 7(1)% by Rønnow et al. and Christensen et al. respectively. Thedip is expressed relative to the value at (π
2 , π

2 ), since LSWT predicts constant energy along themagnetic ZB and therefore gives the same value at (π
2 , π

2 ) and (π, 0), see Eqn. (2.41).Christensen et al. also measured the intensity of the scattered neutrons, and their resultsare displayed in Fig. 3.2. As is clearly visible from the two uppermost pictures, the intensityat (π, 0) indeed experiences a substantial reduction in intensity wrt. (π
2 , π

2 ). This feature isdisplayed in the lower panel of this �gure, where it is seen that exactly at (π, 0) the intensitydrops markedly seen relative to the LSW predicted value. This feature is not present at otherpoints in the 2D Brillouin zone. Christensen et al. report that 54(15)% of the LSW predictedintensity2 at (π, 0) is removed [23]. It turns out, that even though the dip in energy at (π, 0)can be explained by LSWT with next-nearest neighbor interactions3, the reduction in intensitycan not [23]. This tells us that sizable quantum e�ects are present and according to Christensenet al. the length scale of this e�ect [23] is about4 10 Å, which is about two times the nearestneighbor distance in the Copper planes. Hence, it seems as if the interaction governing the
(π, 0) anomaly must include more spins than just nearest neighbors.2See Sec. 2.5.13See Sec.2.3.1 Fig. 2.4 and Rønnow et al. [19]4This result is obtained by measuring the half-width in momentum space at the (π, 0) intensity anomaly tobe 0.1 Å−1. 25
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Figure 3.2: Top: Constant wave vector cuts at the high symmetry points (π
2 , π

2 ) and (π, 0) ofthe magnetic Brillouin ZB. The red arrow indicates the center of the peak. The red line is a �tthrough the data points, used to derive the dispersion and intensity at the points in the twodimensional Brillouin zone. Bottom: Intensity divided by the LSW intensity prediction thatbest describes data between (π, π) and (2π, 0). The red line represents the LSW predictedintensities. The blue and green lines are �ts by other methods. The �gure is taken directlyfrom Christensen et al. [23].3.1.2 LCOAnother physical realization of the 2DQHAFSL is LCO. This layered cuprate is from the pointof view of superconductivity very interesting, since it is the parent compound of the high tem-perature superconductor LSCO.In neutron scattering experiments, LCO has revealed [33] a ZB quantum e�ect similar to thatof CFTD. This result is shown in Fig. 3.3. In picture A an important feature is revealed: Thedip in energy dispersion between (1
2 , 0) ∼ (π, 0) and (3

4 , 1
4) ∼ (π

2 , π
2 ) is more pronounced at

T = 10 K than at T = 295 K. The authors explain this by a Heisenberg model, with nearestplus next-nearest neighbor interaction with coupling strengths J and J ′, see Sec. 2.3.1. Thesolid lines in picture (A) and (B) are nearest plus next-nearest LSW �ts, resulting in an anti-ferromagnetic J = 111.8±4 meV and an ferromagnetic J ′ = −11.4±3 meV. The ferromagnetic
J ′ is problematic, since it directly contradicts theoretical predictions [24] and further is notcompatible with experimental results for Sr2Cu3O4Cl2, which contains an exchange path be-26



Focus on the (π, 0) anomaly 27tween the Cu atoms, similar to that in LCO [33].According to Coldea et al. the data of Fig. 3.3 (A) can also be �tted by a Hubbard model5, thatif expanded to fourth order in the hopping constant t, regains the form given by Eqn. (2.78).The �t from this model is indistinguishable [33] to that from the Heisenberg model with J and
J ′ being the only nonzero coupling strengths. Hence, we cannot from experiment judge whichmodel is correct. As is obvious from the above outline, LSW theory based on the Heisen-

Figure 3.3: (A) Dispersion relation along high symmetry directions in the 2D Brillouin zone(See inset C) of LCO obtained at T = 10 K (open symbols) and T = 295 K (solid symbols).The shape of the symbol tells the energy of the incoming neutrons, which for the purpose ofdisplaying the quantum e�ect is not important. The solid and dashed lines are �ts to LSWdispersion (see text).(B) Wave vector dependence of the spin wave intensity at T = 295 K (allpoints) compared with predictions of LSW theory (solid line).(C) The Brillouin zone in unitsof 2π
a . The bold line shows the scan direction through the 2D Brillouin zone. The �gure istaken directly from Coldea et al.[33].berg model, though surprisingly accurate at all points in the Brillouin zone except from (π, 0),do not facilitate the complete understanding of the 2DQHAFSL. Therefore other ideas hasemerged.In [23] Christensen et al. notes by reference to two earlier work by Anderson et al. [14] andReger et al. [32], that the static magnetic moment of the 2DQHAFSL is only about 60% ofwhat is expected from classical theory. The paper by Reger et al. also discusses the subject ofpossible longe range order in the antiferromagnet and concludes that at zero temperature the2DQHAFSL experiences long range AFM order, albeit with a staggered momentum reducedto about 60 % of its saturation value, due to quantum �uctuations [32]. This changes dramat-ically when the temperature is raised above 0 Kelvin, where longe range order is destroyed bythermal �uctuations and the ordering is reduced to short range, described by the correlationlength ζ(T ) [19]. In this paper from 2001 Rønnow et al. presents an overview of alreadysettled topics and questions that remain unanswered for the scienti�c world. According tothis, a full understanding of the correlation length for temperatures J/5 < T < J has beenobtained through various experimental and numerical techniques and it is the spin dynamicsthat remain the interesting topic from a research perspective.Summarizing, there are many indicators telling us that new or modi�ed models must be made,if the spin dynamics of the 2DQHAFSL are to be understood. These indicators are amongothers:i) It has been calculated that the ground state energy of the 2DQHAFSL is lower than that ofthe Néel state [32], who �nd that that E

ENel
= 1.340 ± 0.004.5See Eqn. (2.77). 27



Focus on the (π, 0) anomaly 28ii) The static magnetic moment is only about 60 % of what is expected classically [14, 32].Based on the above review, it seems reasonable to expect some degree of correlation betweenthe electrons on the square lattice, despite the fact that this existence has not yet been provenby experiment. As mentioned in Chapter 2, various groups have followed the RVB idea e.g.Dagotto et al. and Christensen et al. [30, 23].3.1.3 Discussion on the experimental situationThe literature contains numerous results which deliberately have been left out, since the pic-ture at this stage should be clear: Experiments have shown that the quantum magneticalquadratic lattice possesses a pronounced anomaly relative to what is expected from LSW the-ory, in particular near (π, 0). This anomaly manifests itself in both the energy dispersion andthe scattering intensity. The anomaly can be modeled by various models including the Heisen-berg model with nearest plus next-nearest neighbor interaction6, and an extended Heisenbergmodel7 including a four spin ring exchange8. As was noted in at least one case by Coldea etal. the di�erent models do not always produce consistent values for the underlying physics,despite the the fact that they are obtained from data �tting which seems convincing. In otherwords, it is from experiment not possible to unambiguously determine the physics behind the
(π, 0) anomaly.The lack of unambiguous experimental results that can answer the questions that the (π, 0)anomaly brings about, demands the use of other methods to study the quantum magneticalsystems. One answer to this challenge is numerical studies on small square lattices, with thenumber of sites reaching from what can be counted on two hands and up to a few hundreds.The status of numerical studies will be introduced in chapter 4 by a summary of the resultspresented in the literature until today. In chapter 6 will follow a presentation of the numericalstudies of this thesis work.

6See Sec.2.37See Sec. 2.7.2.8Finally there is the possibility of an series expansion from the Ising limit which we have not treated here.28



Chapter 4Numerical work on 2DQHAFSLThe literature presents a number of papers containing numerical work on the 2DQHAFSL andthis chapter will go through a selection of those, relevant to this thesis. 'Numerical studies' isan umbrella term for various methods of numerical computations. Within numerical studiesone distinguishes between 'exact' and 'non-exact' methods. Using exact numerical methods,the obtained results are exact in the sense, that the they will be consistent1 with an analyticalresult that in principle could be reached, if one had enough pencils, paper and time. Contraryto this is f.x. Quantum Monte Carlo, which is based on probability algorithms.Before starting our review it is relevant to line up a few conditions under which numericalwork must be done. It is self evident, that the more calculations needed, the longer time thecalculations take. Hence, the scientist working with numerical studies must at all times havethe number of calculations in mind, in order not to exceed the limit for what is possible on acluster of computers. For a N -site system the number of states in the Hilbert space are 2Nwhich is exponentially increasing in the number of sites. Hence the �rst limitation we face, isthe size of the system possible to simulate.4.1 QMCThis ultra-short resume on QMC is written by inspiration from a report on the topic [41].One of the widest used 'non-exact' numerical methods is Quantum Monte Carlo simulations(QMC). The advantage of this method is that larger systems can be investigated than whenusing exact methods. The disadvantage of QMC is, that it relies on stochastic processes andcan as such be encumbered with uncertainty. In the following the idea behind QMC will besketched brie�y.In QMC one is interested in determining the thermal average 〈A〉 =
∑

s AsWs of an observable
A, where As are the possible values of A and Ws are their weights. The way to do this by areal experiments, is by performing a large number N of experiments and then taking the meanvalue. When N goes towards in�nity this mean value approaches the thermal average.In QMC the weights Ws are are given by the Boltzmann distribution

Wsi =
eβAsi

∑

s e−iβAs
=

eβAsi

Z
,where β = 1/T is in units of J . Z is known as the partition function, and the number ofterms in its sum increases exponentially with the system size. Hence one cannot compute Z1One can never get around numerical rounding errors, but these are negligible in exact numerical work.29



Exact Diagonalization(ED) 30

Figure 4.1: The number of states in a m-invariant subspace of the 2N -dimensional Hilbert spaceis given by the binomial coe�cient (Nn). In this �gure N = 36 giving that n = 0 correspondsto m = 18 and n = 18 corresponds to m = 0. The number of states are symmetrical around
n = N

2 = 18.and instead the ratio between two weights are found
Wsi

Wsj

=
e−βAsi

e−βAsjThis is clever, since one can generate two con�gurations si and sj of the system and let thesystem propagate to the con�guration with the highest relative probability2. The generationof these con�gurations are done stochastically, which is the reason for the name 'Monte Carlo'.This thesis will only refer to work based on QMC when directly relevant. For a reference toQMC on the 2DQHAFSL one can read [20].4.2 Exact Diagonalization(ED)When one is working with a Hamiltonian having m-symmetry, that is conservation of the total
Sz, the 2N dimensional Hilbert space can for a spin-12 system be divided into 2N+1 m-invariantsubspaces of which only N

2 + 1 are morphologically di�erent. In the m = N
2 subspace all spinspoints in the same direction classically speaking, and hence the number of states are no morethan N . Decreasing the value of m from m = N

2 the dimensionality of the sub-Hilbert spaceis given by the binomial coe�cient (Nn), where n are the number of spins pointing opposite tothe rest. The number of states as a function of the number of �ipped spins for a 36 spin latticeis seen in Fig. 4.1, from which it is clear that the most cost full calculations correspond to lowvalues of m.It follows that the higher the m-value, the larger the system can be simulated. This can beexploited in some cases, but for the task of �nding the ground state energy, this does not helpus, since the ground state only lives in the m = 0 subspace.2There exist various QMC algorithms, each having constraints on the propagation. This will however betoo far from the topic of this thesis to treat here. 30



Exact Diagonalization(ED) 31Exact numerical work is in its essence 'to diagonalize the Hamiltonian', and this is exactlywhat Exact Diagonalization (abreviated ED) refers to. For a 36 spin lattice with dimensional-ity 236 ≈ 9 · 109 this is absolutely impossible by brute computer force, since the correspondingmatrix is almost 1010x1010. One therefore has to use advanced diagonalization algorithms,that can decrease the dimension of the matrix to be diagonalized, while the eigenenergiesand eigenstates are una�ected. A choice for such an algorithm is the Lanczos algorithm, seeSec.5.4, which has been used in a number of studies (f.x.[30]). This algorithm is indeed themathematical cornerstone in RLexact, used in this work.As long ago as in 1988 Dagotto et al. published their numerical studies of the 2DQHAFSL byexact diagonalization using the Lanczos algorithm [30]. At that time the computational powerlimited their studies to systems of maximally 24 sites with m = 0. This limit has graduallyincreased ever since and today it seems that the limit is 36 spins for m = 0.When summarizing the numerical work in the �eld of 2DQHAFSL one paper by Lüscher andLäuchli [39] stands out, both with regard to care and extend. The paper presents work on�nite clusters that for m/N = 0 handles lattices up to 32 spins and for non-zero m/N dealswith samples up to 64 sites. The paper presents numerous calculations of which we shall onlytreat the ones relevant for this thesis. This amounts to magnetization curves, susceptibility,energy dispersions, dynamical structure factors and staggered magnetization.The Hamiltonian governing the simulations of Lüscher et al. is the Heisenberg HamiltonianEqn. (2.1) with nearest neighbors. Based on this Hamiltonian, we shall start by presentingwhat is known as the ground state magnetization curve, de�ned for m = 0.As described in Fig. 2.1 the spins considered as classical vectors, will gradually align alongan applied �eld when the strength is increased. This means that state with the lowest lyingenergy, for an increasing �eld has an m-value increasing in integral steps, resulting in themagnetization curve m(h) being a step function3. In the thermodynamic limit where N → ∞the number of steps N goes towards in�nity, and since they all have to �t into the interval
h ∈ [0; 4]4, the step length goes towards zero. I.e. in the thermodynamic limit the magnetiza-tion curve becomes continuous. Such a continuous magnetization curve is seen in the inset ofFig. 4.2. Here the dashed line is the classical curve. Open squares are due to ED from clustersof at least 40 sites [39] and open triangles are QMC at T ≤ 0.02J . It is from [39] not clearhow this extrapolation is made.The magnetization curve can be considered as the conversion between h and m, making thelast term in Eqn. (2.1) expressible by m instead of h. Since real experiments at nonzero hare always expressed by the value of h, it can in order to increase the clearness be relevant toexpress numerical experiments by the value of h corresponding to the value of m, under whichthe numerical calculations were performed. Actually the way to do numerical work at nonzero�elds is to carry out calculations at the corresponding nonzero m. In e�ect, the conversion mto h is done by the inverse of m(h). This can either be determined by a polynomial �t to thedata points in the m vs. h plot or by derivation through LSWT, of which [39] have used thelatter.The main panel of Fig. 4.2 reveals, that the numerical calculations (QMC and ED) capturesa behavior of the magnetization curve m(h), not possible to obtain from LSW theory (thesolid line). However, the deviations in m(h) between LSWT and numerical work (ED andQMC) are everywhere smaller than 5%, a fact that is used as a justi�cation for using the LSWprediction for m(h) as the convesion between m and h.Before leaving Fig. 4.2 one should note that the deviation between LSWT and numerical re-3For a more detailed explanation of this, see Sec. 6.1.4Since the saturation �eld is hs = 8JS = 4, J = 1.31



Exact Diagonalization(ED) 32

Figure 4.2: Inset: Uniform magnetization m as a function of applied �eld h. The dashed lineis the classical curve, the solid line is the LSW result, small red dots are obtained from thederivative of the ground state energy extrapolated to the thermodynamic limit. Open squaresare ED results from clusters with at least 40 sites and open triangles are QMC at T ≤ 0.02J .The inset displays the magnetization curve m(h) as described in the text. Main panel: Thedeviation between the ED results and the classical prediction, that is ∆m(h) = m(h) − mcl.The picture is taken directly from [39].sults are not symmetric around h = 0 as one could naively expect. The lack of symmetry inthe deviation is explained by considering the situation with m = 0, in which no alignment ofspins are present, and the situation in which m = N/2, in which all spins are aligned. When
h is increased/decreased respectively toward h = 2 from these two con�gurations, it is seenthat the physics is not symmetric at all, due to the di�erent starting points: In both cases onespin will be �ipped, but from a starting point with no alignment and full alignment respectively.We shall now proceed to another physical observable reachable by numerical work. Hav-ing obtained an expression for m(h), the magnetic susceptibility which is given by5 χ = ∂m

∂h iswithin reach, being obtainable from the magnetization curve m(h) by simple di�erentiation.A curve for the susceptibility is seen in Fig. 4.3, which reveals that the data points from bothQMC and ED are described surprisingly well by the LSW prediction (solid line). It is alsonoted that the classical result represented by the dashed line does not capture the quantummechanical susceptibility. The divergence at m = 0.5 is due to the slope of m(h) going towardsin�nity at the point (h,m) = (4, 0.5) on the magnetization curve.Inspecting Fig. 4.3 the before mentioned asymmetry is once again visible, though in a some-what di�erent version. It is clearly seen, that the susceptibility is neither anti-symmetricaround the line χ = 0.125 nor the line m = 0.25. By inspecting the inset in Fig. 4.2 it is seenthat the slope of the line based on numerical data points are not symmetric neither wrt. themidpoint of the classical dashed line nor the line h = 2 ∼ m = 0.25, leading to the asymmetryof Fig. 4.3. That the deviations between the classical and numerical results in both Fig. 4.2and 4.3 are smaller for low h (and low m) than for large h (and large m), tells us that the5See Sec. 2.2 32



Exact Diagonalization(ED) 33�nite samples on which the numerical work are performed, behave more quantum mechanicallyat high �elds (h ≈ 3) than at low �elds (h < 2).

Figure 4.3: Transverse susceptibility χ as a function of the magnetization m and the applied�eld h. The dashed line are the classical curve, the solid line is the LSW result and the datapoints are obtained by both QMC and ED. The picture is taken directly from [39] FIG. 4.4.2.1 The longitudinal dynamical structure factor Szz(q, ω)We shall now jump to a variable which is directly comparable to real experiments. As men-tioned previously the aim of numerical studies is to simulate real experiments as they ideallywould come out on pure systems, and therefore it is highly relevant to treat the dynamicalstructure factor Sαβ(q, ω) where α, β ∈ {x, y, z}, de�ned in Eqn. 2.64. We shall however, onlybe concerned with results displaying the structure factor Szz(q, ω), since this is what RLexactis capable of calculating for a two dimensional sample. In order to plot Szz(q, ω) together withthe corresponding energy and q-vector, one needs to plot three variables, i.e. a 3D plot. Thisis a problem, since 3D plots can be inexpedient due to their visual complexity. Fortunatelythere is a way to avoid this. In a (Q2D, ω) coordinate system the value of Szz(q, ω) is plottedby a circle, such that the area of the circle is proportional to value of Szz(q, ω). The paper byLüscher et al. [39] presents a very profound work investigating the dynamical structure factor.We shall in this short review on the status of numerical work present a few selected �gures,but the reader is encouraged to read the paper for a complete picture.For this review is chosen six pictures displayed in Fig. 4.4, and it is worth noting a couple offeatures of the plot. We start examining the upper left panel:i) It is seen that the dominating structure factors6 belong to the highly symmetric X-point
(π, π) and Γ-point (0, 0). Their corresponding energy is almost zero. These two poles we shallname the magnon poles. The reason that the energy of the magnon poles are not exactly zero,is due to a �nite size e�ect, that scales7 like 1/N , classifying the mode as a Goldstone mode6Note that the structure factor in q = (0, 0) (the Γ-point) is removed from all plots. This is because it is sobig, that it would cover a great part plot for h > 0.7See Fig. 6.8 in Sec. 6.3. 33



Exact Diagonalization(ED) 34in the thermodynamical limit.ii) As the �eld is increased, the pole at the X-point suddenly jumps in energy indicating thatan energy gap has been established (the Goldstone mode of h = 0 has vanished). As is indi-cated by the second panel of Fig. 4.4, this jump is provoked by even a small increase in the�eld away from zero. We shall return to this in Chapter 6. One also notes that the data isstill well described by LSW theory.iii) At h = 2.02 the structure factor at the X-point starts to rise in energy, leaving the LSWprediction incorrect at this point. When the �eld is increased even higher (at h = 3.16) thebehavior at the X-point is once again captured satisfactory by LSW theory, but at new featurehas occurred:iv) The splitting in two energy branches between the M -point (π, 0) and the S-point (π
2 , π

2 ).At h = 3.33 this branch splitting is still present, but at h = 3.79 it seems as if the two brancheshave begun melting together. That the branch splitting occurs between (π, 0) and (π
2 , π

2 ) isvery interesting, having in mind the (π, 0) anomaly. A further comment to this path in thescan, is that the position of the poles wrt. the LSW prediction is reversed when the �eldincreases: For m / 1/8 the poles are higher lying than the LSW prediction and the slope (ofa line through them) are positive in the scan direction. For m ' 1/8 both these two featuresare reversed.v) Another feature is very clear from the lower row: The structure factor at the X-point,that for zero and low non-zero �eld had the dominating spectral weight, has clearly decreasedin intensity. Although still being relatively strong, it has a magnitude comparable with theremaining structure factors, which have increased their spectral weight markedly. The resultsis that the spectral weights are distributed relatively evenly throughout the scan at h = 3.79.One also notes that at this �eld the data is very well described by LSWT.vi) One feature has to be commented when examining Fig. 4.4 as a whole. From �elds up to
h ≈ 2 there is a clear gap between the one-magnon excitations corresponding to the big circlesand the densely placed smaller poles, referred to as the two- and multi-magnon excitations.Above h ≈ 2 this continuum approaches the one magnon excitation branch from above, con-necting with it for h ≈ 3 in all points except between M and S. Increasing the �eld even moreeventually results in the disappearance of the two- and multi magnon continuum, as is seen inthe last picture of Fig. 4.4.vii) The thin pink line in the last two panels connects the lowest lying poles of the 64-site clus-ter. It is interesting that the shape of this line resembles that of the main branch poles. Thepaper notes that the possibility of resolving poles with little spectral weight is a conceptualadvantage of ED compared to QMC.4.2.2 The staggered magnetizationThe staggered magnetization which are de�ned in Eqn. (2.71) and (2.76), has as discussedearlier, been investigated by many di�erent methods. In this review the result by Reger etal. [32] is presented in Fig. 4.5. The value of m† are determined by a 1/L interpolationof two di�erent variables (see caption) to be m† = 0.30(2), consistent with experimentalobservations by N.B. Christensen et al. [23]. Note that the interpolation used by [32] is a
1/L interpolation, where the square lattice are LxL = N . In the Sec. D.1 of the appendix analternative presentation of the staggered moment by Lüscher et al. is presented for reference.

34



Exact Diagonalization(ED) 35

Figure 4.4: The area of the circles is proportional to the longitudinal structure factor Szz(q, ω)and the center of the circle(Q2D, ω) points out the corresponding point in Q2D-space withbelonging energy given in units of J . The color tells from which samples the data is obtained.The dashed line is the dispersion obtained from LSW theory and the solid line in the picturefor h = 0 is LSW theory with �rst order corrections. The thin pink line in the last two panelsconnects the lowest lying poles of the 64-site cluster. The values of m and h are seen at thevery top of each picture frame. The picture is mody�ed from [39].4.2.3 Discussion on the status of numerical workAs pointed out by Lüscher and Läucli [39] one should be careful in interpreting ED resultsbased on near-saturation �elds. The reason is that the basis of the Hilbert space with only a35



Exact Diagonalization(ED) 36

Figure 4.5: The staggered moment m† vs. 1/L determined by a L → ∞ interpolation by twomethods. Here the notation LxL = N for the square lattice. CL/2 represents the correlationbetween spins as far apart as possible and S(qc) are the mean square staggered magnetization,which except for a di�erent normation are similar to Eqn. (2.75).few spins �ipped (
(N
m

)

) ∼ 101 −102, N is the number of sites and m are the number of spin-upions) is so small that it is not representative for a thermodynamically big system. For thisreason Lüscher and Läuchli only present results where m ≤ 1/2 − 4/N .We shall divide the discussion into the various topics discussed above. Starting with the mag-netization it is clear that the results based on ED and QMC coincide satisfactory, agreeingupon a curve somewhat di�erent from the LSW result, though not dramatically di�erent. Thedeviation to the classical result is huge in all three cases. These conclusions can be carrieddirectly over to the susceptibility, since it is related to the magnetization by di�erentiation.Continuing to the dynamical structure factor the conclusions of Fig. 4.4 can be summarizedto the following:a) The spectral weight that for zero �eld is concentrated at (π, π) gradually smears out overthe entire BZ when the �eld strength is increased. This can be understood from the reducedsymmetry introduced by the �eld, which, when increased, gradually destroys the symmetry inthe X-point, such that all points in the BZ have equal spectral weights in the saturated limit.b) The energy of the X-point excited magnons is increasing for increasing �eld, and the Gold-stone mode present at zero �eld vanishes as soon as the �eld is turned on. The latter is mostclearly seen from the second panel of Fig. 4.4. To understand this, one should keep in mind,that a Goldstone mode implies that an arbitrarily small energy will create an excitation ofthe system. This is not possible when a �eld is present, since all spins now have a preferreddirection, from which they are turned away only by a �nite energy. It appears that the EDresults at the X-point in general have slightly higher energy than the LSW prediction. Thisis probably due to a �nite size e�ect which we will return to in Chapter 6. The paper furthernotes that the �nite gap now characterizing the X-point is proportional to the �eld.c) The gap between the one-magnon excitations and the two- and multi-magnon continuumcloses for increasing �eld, such that at �elds close to saturation only one relatively well de�nedbranch exists (except between M and S). This branch will equal the ferromagnetic dispersionwhen saturation is reached, see. Eqn. (2.62) and Fig. 2.5. d) The observed branch splittingseems to consist of two branches. One branch is well described by the LSWT, though slightlyhigher lying in energy. The other branch separates somewhere between the Γ- and M -point,having a local peak at M = (π, 0) and deviating maximally from the LSW-like branch at S.Judging from the last two pictures of Fig. 4.4, it seems as if the non LSW-like branch meltstogether with the LSW-like branch rather suddenly somewhere close to saturation, forming36



Exact Diagonalization(ED) 37a smeared out branch between M and S at the second-highest �eld investigated (second-lastpanel of Fig. 4.4). In this connection it is interesting that the pink line in the last two panels,connecting the lowest lying poles, maintains its shape independent of the �eld.Having presented necessary theory and outlined the status on experimental and numericalwork in the �rst four chapters of this thesis, we are now ready to move on to the presentationof the results of this thesis work. The Results are presented in Chapter 6. Chapter 5 is anoutline of the details of RLexact.
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Chapter 5RLexact5.1 IntroductionThe number of states even in a relatively small lattice is enormous. Recall that N sites eachwith the possibility of either a spin-up or a spin-down ion results in 2N possibilities, i.e. a
2N dimensional Hilbert space. For N = 36 the dimension is approximately 64 billions, whichmakes the matrix 64 ·109 ×64 ·109 . As mentioned it is impossible to solve eigenvalue problemsof such systems by brute force, with the aid of todays computers. This is due to two factors: 1)Calculation time and 2) RAM for saving the necessary results. The complexity and magnitudeof steps in the procedure would reach such a high number, that it would not be possible toobtain a result within a reasonable time, even with great access to RAM. The systems treatedin this work consists of 8, 16, 32 and 36 spins, making it necessary somehow to reduce thenumber of steps leading to a �nal result. This is done in two ways: i) By symmetry consider-ations the matrix representing the original 2N dimensional system, which due to the form ofthe Heisenberg Hamiltonian (2.2) is relatively sparse1, is transformed into block diagonal formand the matrices of smaller dimension can then be handled separately. There are two types ofsymmetries to exploit; m-symmetry and translational symmetry. This we will return to in thenext section. ii) Since the block matrices of reduced dimension is still very large, one appliessome kind of computational procedure which (often) at the cost of precision in the solutionsmakes the problem practically solvable for a cluster of computers. Many such procedures existsand we shall in this work make use of a procedure known as Lanczos algorithm. Lanczos algo-rithms is a generic term for a class of algorithms suitable for determining extreme eigenvaluesfor huge matrices and for our purpose we will use the algorithm suitable for hermitian matrices.5.2 The symmetriesOne of the basic results of quantum mechanics is the existence of a complete set of commoneigenvectors for two commuting operators. This result turns out to be of great use in our taskof obtaining a numerical result for the ground state of our 2N dimensional Hilbert space H.The overall idea is to determine all symmetries of our system, that is �nding all the symmetryoperators that commute with the Hamiltonian Ĥ. For a start we recall some results about theeigen-properties of two commuting operators.1A sparse matrix is a matrix with many zero-entries. Since the Hamiltonian conserves the z-componentof spin, only states with the same z-component of spin will be connected by non-zero entries. Furthermoretranslational invariance will turn out to reduce the complexity of the diagonalization-problem.38



The symmetries 39If Â is a operator that commutes with the Hamiltonian Ĥ and |φn〉 is an eigenvector of Â suchthat Â|φn〉 = an|φn〉, the following identities can be obtained
Ĥ(Â|φn)〉 = Ĥan|φn〉 = anĤ|φn〉and

ĤÂ|φn〉 = ÂĤ|φn〉From which it can be deduced that
Â(Ĥ|φn〉) = an(Ĥ|φn〉)This proves that Ĥ|φn〉 is an eigenvalue of Â, with the same eigenvalue as |φn〉 has wrt. Â.Hence, the eigenvalues of Â is invariant under Ĥ. If the matrix for Ĥ is written such thatbasis vectors with the same eigenvalue of the symmetry operator Â is grouped together, then

Ĥ will consist of invariant diagonal blocks, where the invariance refers to the fact that Ĥ willonly mix states if they belong to the same block.If we identify another symmetry of the system represented by the operator B̂, such that
[Â, B̂] = [Ĥ, B̂] = 0, then the blocks of Ĥ can be diagonalized to even smaller blocks byordering the basis vectors of the Â-invariant subspace of Ĥ cleverly2.
m-symmetryIf we turn to the Hamiltonian in question - the Heisenberg Hamiltonian Eqn. (2.2), it follows byinspection of the various terms, that the z-component of the total spin S =

∑

i Si is conserved.The argument is simple: The �rst term Sz
i S

z
j basically counts the number of spin-ups, hencenot being capable of changing the z-component. The two last terms of Eqn. (2.2) takes theform S+

i S−
j and S−

i S+
j which clearly adds a spin-up (down) at site i when a spin-up (down)is removed at site j. Hence there is no overall change in z-component of the total spin. Alto-gether the Heisenberg Hamiltonian conserves the total z-component of spin. This symmetrywill be denoted m-symmetry3 and the standard basis continues to be the appropriate basis,when the order is changed such that m-invariant blocks appear. This is because m is the Szquantum number.Translational symmetryThe second symmetry we will exploit is the translational invariance that follows by assumingthat our system will coincide with itself if being translated by a lattice vector. The Squarelattice that we work with clearly has two directions in which a translation along a lattice vectorexist. The lattice vectors are (1, 0) and (0, 1). We will denote the corresponding operatorsthat translate the entire system either in the x direction or in the y direction, by T̂x and T̂yrespectively. The e�ect of the translation operator is that when applied a certain numberof times denoted Nx, then the entire crystal is taken into itself due to periodic boundaryconditions. The Translation Operator is de�ned through its eigenvalue equation

T̂x|Ψ〉 = e2πi kx
Nx |Ψ〉 (5.1)2Note the the relation [Â, B̂] = [Ĥ, B̂] = 0 is important, since if this were not so, Ĥ would not be diagonalizedfurther by the B̂-symmetry, hence merely o�ering an alternative but not improved block diagonalization of Ĥ3Such that the name is consistent with the notation used to comment the program code.39



The Uniques 40such that T̂Nx
x |Ψ〉 = e2πikx |Ψ〉, making the Nx di�erent kx values kx = 0, 1, Nx − 1 the appro-priate quantum number to label the translation eigenvectors and eigenstates. Generalizing totwo dimensions we can then write the eigenvalue of the translation operator as ek·R, remem-bering that k ·R = 2πi(kxnx+kyny), where nx, ny and kx, ky are the two principal componentsof the lattice vectors in direct- and reciprocal lattice respectively.The task is then from the standard basis to construct new basis vectors for the translationoperator. If we limit ourself to combine elements from the standard basis only within eachblock dictated by m-symmetry, these new basis vectors have the property of block diagonaliz-ing each block, if they are ordered cleverly. If we consider a LxL ≡ N spin square lattice thenumber possibilities for the values of kx and ky is for both exactly N . The only exception isfor m = ±M
2 where the lattice is taken into itself already by one translation, resulting in justone value for kx and ky respectively.This means that every original block except for the m = ±N

2 block, due to m-symmetry canbe split up in exactly L more sub-blocks, independent of the size of the original block.To understand that every original block does not have the same dimension, recall that thesubspace with m = mmax = N
2 is spanned by only one state, namely the one with all spinspointing up. The subspace with m = mmax −1 is spanned by N states, since the con�gurationof the remaining sites are given, when the one and only spin-down site is placed. This canbe done in N ways. Continuing with the subspace of m = mmax − 2, it is spanned by (N2 )states, since this is the number of ways one can place two spin-downs at N sites. Generaliz-ing the dimensions of the original blocks with m = mmax − i, the dimensionality is given by

(N
i

), i = 1, 2, . . . , N
2 . For i = N

2 , . . . ,M the situation is symmetrical corresponding to placing
i = 1, 2, . . . , N

2 spin-ups.The above means that the subspaces of Ĥ onto which the Lanczos algorithm is applied hasincreasing size up to a certain limit given by ( N
N/2)
L . In Fig. D.2 and Fig. D.3 the dimensionsof the original m-blocks of the Hamiltonian are seen.5.3 The UniquesIt is necessary to minimize the amount of RAM needed to carry out the exact diagonalizationof large matrices. The way this is handled in RLexact is by the introduction of uniques, heredenoted |u〉. A unique represents a state of the system and it is like all other states representedby a bitmap. The special thing about uniques, is that they can be translated along the x- and ydirection a number of times, to obtain the other states of the system. A unique has the propertythat it cannot be obtained by translation of any other unique - hence the name. The concept ofuniques lowers drastically the demand to RAM, since these are the only con�guration-vectors(bitmaps), that has to be stored by the computer. In order to illustrate how RLexact carriesout the block diagonalization expressed by the uniques, the simplest system that displays thecomplexity of the square lattice and still being doable by hand, will be examined. This is a2x4 lattice.5.3.1 The 2x4 square lattice in the m = 0 subspaceThe aim of this subsection is to calculate the matrix of Ĥ = Ĥzz + 1

2Ĥ± in the subspace of
m = 0, in which the ground state is found. In other words we will explicitly write down theblock of Ĥ with m = 0, for two arbitrarily chosen q's, namely q =

(0
0

) and q =
(3
1

).The 2x4 lattice has eight sites and for m = 0 we have four spin-up and four spin-down ions.Taking the possibilities for the spins on each site to be either up or down, one should from the40



The Uniques 41binomial coe�cient expect K(8, 4) = 70 di�erent states, since all the spin-downs(ups) are givenonce having placed the spin ups(downs). A closer examination reveals that twelve uniques isneeded to obtain the 70 states by x- and y translation. These uniques are
|1〉 =

∣

∣

∣

0 0 0 0
1 1 1 1

〉

|2〉 =
∣

∣

∣

0 0 0 1
1 1 1 0

〉

|3〉 =
∣

∣

∣

0 0 0 1
1 1 0 1

〉

|4〉 =
∣

∣

∣

0 0 0 1
1 0 1 1

〉

|5〉 =
∣

∣

∣

0 0 0 1
0 1 1 1

〉

|6〉 =
∣

∣

∣

0 0 1 1
0 0 1 1

〉

|7〉 =
∣

∣

∣

0 0 1 1
1 1 0 0

〉

|8〉 =
∣

∣

∣

0 0 1 1
0 1 1 0

〉

|9〉 =
∣

∣

∣

0 0 1 1
0 1 0 1

〉

|10〉 =
∣

∣

∣

0 0 1 1
1 0 1 0

〉

|11〉 =
∣

∣

∣

0 1 0 1
0 1 0 1

〉

|12〉 =
∣

∣

∣

0 1 0 1
1 0 1 0

〉The binary notation used by the computer is adapted here, so that 0 and 1 represent spin downand spin up respectively. Each unique represents a number of states, that can be obtained bytranslation. The number of states represented is not the same for all uniques, which can beseen from table 5.14 The idea then, is to represent the matrix of Ĥ = Ĥzz + 1
2Ĥ± in the basisof certain linear combinations of uniques, which are eigenstates for the translation operator

T̂(x,y). Since all 70 states can be created from the twelve uniques, all states can also be createdfrom linear combinations of these translation eigenstates. Formally the linear combinationsare made as follows:A Total Translation Operator T̂T is de�ned as
T̂T =

3
∑

j=0

1
∑

j′=0

e
2πi( qx

Nx
j+

qy
Ny

j′)
T̂(x,y) (5.2)where q =

(

qx

qy

), Nx = 4, Ny = 2 and �nally T̂(x,y) is the usual translation operator de�ned inEqn. 5.1, that translates the system by the vector (xy) along x and y respectively. The linearcombination of the uniques are then de�ned as
|Φq

n〉 = T̂T |un〉 (5.3)where |un〉 is the n'th unique. Having in mind that [Ĥ, T̂(x,y)] = 0 it follows that [Ĥ, T̂T ] = 0and one gets that
Ĥ|Φq

n〉 = ĤT̂T |un〉 = T̂T Ĥ|un〉
= T̂T

∑

m

ame
2πi( qx

Nx
jx
m+

qy
Ny

jy
m)|ul(m)〉

=
∑

m

ame
2πi( qx

Nx
jx
m+

qy
Ny

jy
m)

T̂T |ul(m)〉

=
∑

m

ame
2πi( qx

Nx
jx
m+

qy
Ny

jy
m)|Φq

l(m)〉 (5.4)The expression ∑m am|ul(m)〉 in the second line is the result of letting Ĥ work on |u〉, seen infourth and �fth column of table 5.1. That T̂T |ul(m)〉 = |Φq
l(m)〉 in the last line, follows fromthe de�nition Eqn. (5.3) and once again the fourth or �fth column of table 5.1.4The number of states represented by each unique has to be found systematically by hand, and cannot be"`seen easily"'. 41
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|u〉 an Ĥzz

1
2Ĥ±|u〉,q =

(0
0

)

1
2Ĥ±|u〉,q =

(3
1

)

|1〉 2 0 2|2〉 Not de�ned
|2〉 8 −2 2|1〉 + |3〉 + |5〉 + 2

√
2|7〉 + 2|12〉 1−i

2 |3〉 + 1+i
2 |5〉

|3〉 8 0 |2〉 + |4〉 + 2|10〉 1+i
2 |2〉 + 1−i

2 |4〉
|4〉 8 0 |3〉 + |5〉 + 2|8〉 1+i

2 |3〉 + 1−i
2 |5〉

|5〉 8 0 |2〉 + |4〉 + 2|9〉 1−i
2 |2〉 + 1+i

2 |4〉
|6〉 4 2 1√

2
|9〉 + 1√

2
|10〉 Not de�ned

|7〉 4 −2 2
√

2|2〉 + 1√
2
|9〉 + 1√

2
|10〉 Not de�ned

|8〉 8 0 2|4〉 + |9〉 + |10〉 1−i
2 |9〉 + 1−i

2 |10〉
|9〉 8 −1 2|5〉 + 1√

2
(|6〉 + |7〉) + |8〉 + |11〉 + |12〉 +1+i

2 |8〉
|10〉 8 −1 2|3〉 + 1√

2
(|6〉 + |7〉) + |8〉 + |11〉 + |12〉 1+i

2 |8〉
|11〉 2 0 |9〉 + |10〉 Not de�ned
|12〉 2 −4 2|2〉 + |9〉 + |10〉 Not de�nedTable 5.1: The result of letting Ĥ work on the twelve |u〉′s when q =

(3
1

) and q =
(0
0

)respectively. Column 1: The twelve di�erent uniques for the 4x2 lattice. Column 2: Numberof states that each unique represent. Note that the column sums to 70 as necessary. Column3: Values of the diagonal elements(not depending on q). Column 4: Value of the o� diagonalelements when q =
(0
0

). Column 5: Value of the o� diagonal elements when q =
(3
1

). Notethat all uniques are de�ned for q =
(0
0

) whilst less uniques are de�ned for q =
(3
1

).At this point one has to normalize the basis states involved - a calculation that is a littlemore subtle than assumed at �rst sight. The problem is, that each unique |u〉 by translationrepresents a di�erent number of states. This means that each basis vector |Φq
n〉 has the nor-malization factor√ 1

an
and that the resulting basis vectors |Φq

l(m)〉 have the normation √ 1
al(m)

.The an and al(m) is found in the second column of Table 5.1. Taking this potential normationerror into account, it turns out that one explicitly must multiply each term of the sum inEqn. (5.4) with √ an
al(m)

. In order to test the results of RLexact the matrix for two values of qis made, q =
(

0
0

) and q =
(

3
1

). For q =
(

0
0

) all uniques are de�ned which is seen from the fourthcolumn of table 5.1, but for q's di�erent from q =
(

0
0

) one has to be alert. As is seen fromthe second column, the uniques |1〉, |6〉, |7〉, |11〉 and |12〉 does translate into eight di�erentstates and hence they are not de�ned for all eight q-vectors (all eight points in q-space). Thecalculations to determine the not-de�ned uniques for di�erent q-vectors are found in Sec. B.0.3of the appendix.Letting Ĥzz =
∑

〈i,j〉 S
z
i · Sz

j operate on the uniques is easy, since it merely count Sz, hencemaking no di�erence between the two q-values, since no translation of the product is necessary.One readily obtains column three of table 5.1. The values are simply obtained by carryingout the sum over spin interactions between all nearest neighbor pairs once - avoiding doublecounting. The energy of the square lattice depends on the q-value and given the relation
q = 2π( qx

Nx
,

qy

Ny
) it follows that (π, π) corresponds to (qx, qy) = (2, 1) and (0, 0) corresponds to

(qx, qy) = (0, 0).Things get more complicated when Ĥ± is operating on the uniques in order to reach the o�diagonal elements. An example of these calculations are found in the Sec. B of the appendixand the results are stated in the fourth and �fth column of table 5.1.42
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Figure 5.1: The Brillouin zone (BZ) for the √
32x√32 square lattice of 32 spins. The opensymbols denote the 9 distinct q-points. The solid symbols are due to symmetry equal (in totalthere are four 'copies' of each point). The points (0, 0) and (π, π) in which the energy takesits minimum is marked by bigger symbols. The biggest square are the structural BZ and thesmaller square are the magnetic BZ.5.4 The lanczos algorithmThe Lanczos algorithms are as mentioned a generic term for a vast number of computingalgorithms enabling the user to obtain approximative solutions to the extreme eigenvalues andeigenvectors of large matrices. Since the block diagonal block-matrices, see Fig. D.3, of oursystem are hermitian, the algorithm that is chosen for this work applies only to hermitianmatrices. The �rst versions of the program code is written by Christian Rischel and KimLefmann of the University of Copenhagen, and the math behind it will be explained in thissection. After some years the code was further developed by Frederik Treue and in this thesisthe author has worked a little bit on the code as well.The outline is based on [7][Chap. 3], [8][Chap.4, Sec.9] and a program-report by Frederik Treue[40].The Lanczos algorithm is a method to �nd the extreme eigenvalues of a matrix. In this casethe matrix we are dealing with is the matrix for the Heisenberg Hamiltonian (2.2), and whatis of interest is the energetically lowest lying states. Hence, the extreme eigenvalue we seek isthe lowest eigenvalue. The algorithm is build upon two main principles:a) One part of the algorithm �nds a set of orthonormal basis vectors qi with the property thatthe Hamiltonian matrix H will be a tridiagonal matrix5, T, when projected onto this basis.b) If the number of basis vectors, qi, are less than the dimension of H, the latter will beprojected onto a subspace of the original Hilbert space, spanned by the qi's. In this subspace,

H has been transformed into T but the extreme eigenvalues of T will converge to the extremeeigenvalues of H as more vectors qi are added to the basis.5.4.1 The tridiagonalization methodWe shall start this section with a de�nition.De�nition 1 (Hermitian matrix). A matrix A is hermitian if and only if A = A†This means that every entrance satis�es aij = a∗ji, where ∗ denotes complex conjugation.The Lanczos algorithm for a hermitian matrix is a recursive algorithm. The aim of the algo-5In a tridiagonal matrix nonzero elements can only occur in the diagonal and the two sub diagonals.43



The lanczos algorithm 44rithm is to construct the before mentioned real symmetric tridiagonal matrix6.
T =





















α1 β2 0
β2 α2 β3

β3 α3
. . .. . . . . . βm−1

βm−1 αm−1 βm

0 βm αm





















(5.5)The entries of T is determined directly by the Lanczos algorithm, which consists of a numberof steps.The �rst task is to generate the set of orthonormal basis vectors {q1,q2, . . . qm} ∈ H. Aunitary transformation matrix Q having the qi's as its columns is then constructed whichmakes it possible to make the transformation7
Q†HQ = T (5.6)The orthonormal basis vectors are together with the αi's and βi's generated recursively by amethod which for reference is named the direct method.The �rst thing to do, is to choose a random complex starting vector q1 such that ||q1||C = 1,where the complex norm is de�ned as ||x||2

C
=
∑n

i=1 x∗
i xi with xi , i = 1, 2, . . . n being the ncomponents of x ∈ C

n. Any vector with the correct norm will do, since H projected onto aone dimensional subspace is a one by one matrix which clearly is tridiagonal. The elements of
T is found through rewriting8 Eqn. (5.6) as HQ = QT. One can by evaluating column-wiseobtain the relation9

Hql = QTl = ql−1βl + qlαl + ql+1βl+1 (5.7)If l = 1 (we are in the �rst column of T) the �rst term of the right side of Eqn. (5.7) includes
β1 and q0. Since β1 does not exist in T it is by de�nition put equal to zero. Similarly thechoice q0 = 0 is obvious since the �rst term of Eqn. (5.7) is ql−1βl. From Eqn. (5.7) it isnow possible to recursively construct ql+1, αl and βl+1 when knowing ql−1, ql and βl. This isdone by applying to Eqn. (5.7) a procedure that recursively generates the Lanczos vectors byiteration for l = 1, 2, . . . ,m. First Eqn. (5.7) is rewritten as

rl ≡ βl+1ql+1 = Hql − αlql − βlql−1 (5.8)The values of αl is then de�ned through the hermitian inner product10
αl = 〈q†

l ,Hql〉 (5.9)Having the value of αl the values of βl+1 are found by the relation
βl+1 = ||rl||C (5.10)6Recall that when T is symmetric one needs only one subindex per entry, for the sub diagonal entries as wellas for the diagonal itself. For the sub diagonal symmetry dictates the value of entry ij, when the value of entry

ji is known. A diagonal entry is always uniquely given by one subindex. The reason to why T is symmetricand real we will return to in the following.7It is always possible to transform a hermitian matrix into a real symmetric tridiagonal matrix[7][page 119.].8Using that QQ† = Q†Q = 19Here the equation will be written for the lth column of T.10In Dirac notation this would be
αl = 〈ql|H|ql〉44



The lanczos algorithm 45It should be noted that if one accidentally chooses q1 as an eigenvector of H the rl as de�nedin Eqn. (5.8) takes the value zero11. If this happens, another starting vector must be chosen,since ql as an eigenvector would bring us no further in the generation of T.A further note is that the β's must be real since they are the norm of a vector. Since T isa unitary transform of a hermitian matrix it must itself be hermitian, making it real throughthe relation αi = α†
i and symmetric, due to the relation βi = β†

i .To understand why the expressions for the αi's and βi's are consistent with Eqn. (5.5) onehas to manipulate Eqn. (5.8), keeping in mind that q
†
iqj = δij

12. It can be proven[8][Lemma4.9.2] that the complex phase of the β's can be put equal to zero without changing the setof eigenvalues for the Lanczos vectors {q1, . . . qi} and not a�ecting their rate of convergence.Hence we can justify the choice of removing the 'magnitude of' when taking the norm on bothsides of Eqn. (5.8) yielding |βl+1| = ||Hql − αlql − βlql−1||C arriving at Eqn. (5.10).5.4.2 ConvergenceThe whole idea of applying the Lanczos algorithm is to obtain a precise estimate for thelowest eigenvalues of H without diagonalizing it in its full 2N states basis. If the algorithm isappropriate it should be so, that the lowest eigenvalue of T converge fast towards the lowesteigenvalue of H, where the convergence is a result of more vectors being added to the basis of
T13.The expression (5.9) is related to the so called Rayleigh quotient ρ(x,A) which for a realsymmetric matrix14 A and general vector x is de�ned[8][p. 8] asDe�nition 2 (Rayleigh Quotient).

ρ(x,A) ≡ xTAx

xTxIf {x1, . . . ,xn} is an complete set of eigenvectors of A ordered such that {λi}n
i=1 is anincreasing sequence, then ρ(x,A) can be expressed using the complete basis of eigenvectors as

ρ(x,A) =

∑

k akx
†
kA
∑

m amxm
∑

k akx
†
k

∑

m amxm

=

∑

k,m akamλmx†
kxm

∑

km akamx†
kxm

=

∑

k a2
kλk

∑

k a2
k

(5.11), where the general vector x has been written as a sum of the complete basis of eigenvectorsof A.From Eqn. (5.11) it follows that
ρ(xk,A) = λk (5.12)

λ1 ≤ ρ(x,A) ≤ λn (5.13)11If ql is an eigenvector for H then Hql = αlq12Isolating αlql from Eqn. (5.8) and letting q
†
l work from the left gives

αlq
†
l ql = q

†
l Hql − β∗

l q
†
l ql−1 − βl+1q

†
l ql+1Using q

†
iqj = δij one obtains αl = q

†
l Hql.Further taking the complex norm on each side of Eqn. (5.8) gives

||ql+1βl+1||C = |βl+1| ||ql+1||C = |βl+1| = ||Hql − αlql − βlql−1||C13Note that if we just construct 2N basis vectors for T the result is just a full-dimensional transformationof H into tridiagonal form. A situation that would not solve our problem in terms of reducing the amount ofRAM and time required for determining the ground state.14If A is hermitian the hermitian conjugate † should replace the transpose T in the following calculations45



The lanczos algorithm 46I.e. the value of the Rayleigh fraction of a general vector is limited by the two extremeeigenvalues and the Rayleigh quotient of a eigenvector is the corresponding eigenvalue. Weare interested in what happens to the Rayleigh quotient of a vector x, if this vector in termsof norm di�erence is very close to an eigenvector xk of A. This is done by evaluating theRayleigh quotient1516 of the vector xk + δ, where δ = x − xk

ρ(xk + δ) − ρ(xk) =
(xk + δ)†H(xk + δ)

(xk + δ)†(xk + δ)
− λk

=
λk(x

†
kxk) + (δ + xk)

†Hδ

x
†
kxk + δ†xk + x

†
kδ + δ†δ

− λk(x
†
kxk + δ†xk + x

†
kδ + δ†δ)

x
†
kxk + δ†xk + x

†
kδ + δ†δ

=
δ†Hδ + x

†
kHδ − λk(x

†
kδ + δ†δ − δ†xk)

x
†
kxk + δ†xk + x

†
kδ + δ†δ

(5.14)Since δ is represented in every term in the numerator it is clear that Eqn. (5.14) tends to zero as
δ approaches zero. What has been shown is actually that the Rayleigh fraction is a continuousfunction. This is fortunate, since it then from Eqns. (5.12), (5.13) and (5.14) follows that

λlowest,T = min(lim
δ→0

ρk,T(xk + δ,T)) = min
(x

†
k(Q

†
kHQk)xk

x
†
kxk

)

= min
((Qkxk)

†H(Qkxk)

x
†
kxk

)(5.15)From the last equality sign of Eqn. (5.15) it follows that the minimal Rayleigh fraction of Twhich equals the lowest eigenvalue of T, also equals the minimal Rayleigh fraction of the Ritzvector17 wrt. H, which by Eqn. (5.13) is greater than or equal to the minimal eigenvalue of
H, the ground state value. Hence it is shown, that the minimal eigenvalue of T approachesthe minimal eigenvalue of H if adding more vectors qi to the basis of T makes the lowesteigenvalue T converge to the lowest eigenvalue of H.Hence, the �nal property of the Lanczos algorithm that has to be argued for, before we feelconvinced that the lowest eigenvalue for T converge towards the true ground state value of H,is how the algorithm selects the 'next q-vector'.The gradient of the Rayleigh fraction is given by [40]

∇ρ(x) =
2

x†x
(Hx − ρ(x)x) (5.16)The 'next q-vector' is the vector that will be added to the basis of the subspace of H thatspans T.From the Eqn. (5.16)18 it is seen the properties of the gradient is controlled by the terms Hxand ρ(x)x. Recalling that x is any random vector in the space spanned by {qk}l

l=1, that is inthe span of all the previous generated q-vectors, it can be written as a sum of these. But thismeans that the term Hx is the only part of the gradient which is not contained in the spanof the previous qi's, hence getting the idea that the 'next q-vector' has something to do with
Hx. Realizing that this eventually boils down to Hq1 we write x as a sum of H working on15This method is taken from the program report by Frederik [40].16From now on it is implicitly assumed that the matrix in the expression for ρ(x,A) is the Hamiltonian Hand it will hence not be stated explicitly and the notation will just become ρ(x).17If (µ,u) is an eigenvalue-eigenvector pair of a tridiagonal matrix Tl, l being the column dimension, obtainedby Lanczos algorithm from the hermitian matrix H, then the vector de�ned by y ≡ Qlu is called the Ritzvector of the matrix H and µ the Ritz value [8, Sec.0.5].18Which I havn�t been able to show and therefore is taken from a report by F. Treue [40] without proof.46



The parallelization 47the previous q-vectors
x = αHl−1q1 + β

(

l−2
∑

n=0

anH
nq1

), where Hl−1q1 = ql. Letting H work on this we arrive at
Hx = αHlq1 + β

(

l−1
∑

n=1

an−1H
nq1

)We see that the nature of Hx in terms of �nding the 'next q-vector' is Hlq1 = ql+1, as theremaining terms already belong to the span of the previous q-vectors - which are the termsincluding the basis vectors {Hnq1}l−1
n=0 = {qn}l

n=1 already spanning the subspace. Returningto Eqn. (5.8) ensures us that the choice of the 'next q-vector' that Lanczos algorithm uses,exactly has the necessary form in order to add what is missing to the subspace, so as to make
ρ(x) change in the 'direction' where its gradient is maximized. Hence the selection of 'nextq-vector' that the Lanczos algorithm uses, ensures that the lowest eigenvalue of T in the sub-space spanned by {qk}l

l=1 converge as fast as possible towards the ground state of H when
ql+1 as given by Eqn. (5.8) is added to the previous basis.5.4.3 Convergence in RLexactThis subsection will o�er a brief explanation of the way RLexact decides if the Lanczos algo-rithm has converged. In this connection the notion of a Ritz vector is crucial. A Ritz vectoris a vector in the basis (see Eqn. (5.6) and the surrounding text) for the tridiagonal matrix Tthat the Lanczos algorithm creates iteratively. After each iteration RLexact investigates thelast entrance in the eigenvector of the lowest eigenvalue. This entrance is the amplitude of thelatest generated basis vector in the ground state. When this amplitude gets very small it meansthat the last iteration have not made the vector approach the true eigenvector considerably.In RLexact 'small' is de�ned by the constant RITZ_CONV, such that the algorithm stopswhen the above mentioned amplitude gets smaller than RITZ_CONV. Since the way thebasis vectors are created iteratively ensures that the convergence is as optimal as possible, seeprevious sub section, we can be sure, that the true lowest eigenvalue and belonging eigenvectorare found when RLexact aborts the Lanczos algorithm.All calculation except a few, were done with RITZ_CONV = 10−9. When other values areused, this will be mentioned explicitly.5.5 The parallelizationThe parallelization of RLexact from its original version was mainly done by Frederik Treue,while the �nal part was done by the author.This section is devoted to a brief description of how the parallelization of RLexact works.RLexact is run on a cluster at Danish Center for Scienti�c Computing (DCSC). When usingDCSC the process is controlled by scripts, written in the programming language of Perl. Theparallelization is divided into four steps named step0.pl, step1.pl, step2.pl and step3.pl. These
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The parallelization 48four steps19 take a varying number20 of arguments and are run from a console at your DCSCaccount. The Perl-scripts create a number of shell-scripts which are feeded to a 'distant' consoleof DCSC. The task of the shell-scripts, is to control the �le copying, �le reading etc. betweenthe various parallelized parts of RLexact.5.5.1 The four steps of the parallelized RLexactFor this entire subsection the 4x2 lattice will be use as an example. The brackets [. . . ] isincluded for graphical ease and should not be typed into the console.step0.plstep0.pl takes either three or four arguments - three if no m-symmetry is present and four if
m-symmetry is present21. When running this step one should in the console enter the follow-ing:Without m-symmetry: ./step0.pl [#spins in x-direction] [#spins in y-direction] [0]With m-symmetry: ./step0.pl [#spins in x-direction] [#spins in y-direction] [1] [m-value]Quite logically the third argument which can be either 0 or 1 contains the information ofwhether m-symmetry is present, if so the fourth argument tells for what m-value the calcula-tions by RLexact should be carried out.The product of step0.pl depends again on the presence of m-symmetry, but in both cases theoutput is �le(s) that is(are) essential for step1.pl and step2.pl.If the calculations are done for a 4x2 system, entering ./step0.pl 4 2 0 would generate the �lesnamed 4x2.un and 4x2.uno respectively.If m-symmetry is present the .uno �le is not generated since it contains information aboutthe magnetization which is known, since it is the invariant m-value which we have feeded toRLexact. For the 4x2 lattice in the m = 3 subspace entering ./step0.pl 4 2 1 3 would generatethe output 4x2-3.un.The name of the �le indicates its content; the .un �les contain the necessary uniques and the.uno �les contain the observables corresponding to the uniques - in this case the magnetization.step1.plstep1.pl generates two types of �les; .dat and .gs. The .gs �les are binary �les which is tobe used in step2.pl, hence not containing any directly extractable results. The .dat �les aresomewhat more interesting, since they contain a list of the energies of the di�erent states ofthe system. Since this energy depends on the point in q-space, RLexact generates one .dat �lefor every point in k-space. Hence, once again using the 4x2 system as an example, 8 �les willbe generated for the q-points (0, 0) to (3, 1).What should be entered in the console to run step1.pl is simply19Actually there exist three more steps: step0_32.pl, step1_32.pl and step2_32.pl. These are used insteadof the normal steps, when one is interested in running a sample √

N ×
√

N lattice. The _32 steps works byselecting every second spin and every second q-vector. The name is due to the √
32 ×

√
32 lattice that is runby the _32 steps on a 8× 8 lattice. We shall in the proceeding text only mention step1.pl to step3.pl, since the_32 steps are similar with respect to the output.20This feature is made by the author, in order to be able to �nd ground state energies of systems with

m-symmetry but with varying m-values. The m-value is de�ned simply as m = 1
2
(N↑ − N↓).21The information of whether m-symmetry is present is given manually by either activating or deactivatingline 25 of RLexact.h 48



Three programming tasks 49./step1.pl 4 2, since the information of m-symmetry (and m-value) is carried over to step1from step0 by the .un unique �les.step2.plstep2.pl generates only one type of �les but one �le for every point in q-space. The �les arenamed .szz and contain three informations: The length of the vectors Szz(q, ω)|gs >, the valueof ω and �nally the value of Szz(q, ω). ω is the energy from step1.pl in units of ~.To run step2.pl from the console one has to type ./step2.pl 4 2 0 or ./step2.pl 4 2 1, depending on the presence of m-symmetry.step3.plstep3.pl does not do any new calculations, it merely collects the results of the previous stepsin one �le for each q-point. To run step3.pl from the console one has to type ./step3.pl 4 2, also here using 4x2 as example.The input-�leThe information about the physical system enters RLexact through an input-�le, read by the.pl scripts. This input �le contains information about the number of sites, the type of couplingetc. It must be written manually and contain exactly the right number of parameters havingcertain names.Regarding the type of coupling, the information about a Heisenberg square lattice with nearestneighbor coupling is contained in this input-�le.5.6 Three programming tasksWhen I started my project RLexact it was not working. The reason was, that a previousattempt to parallelize the program so as to lower the calculation time on the cluster, had beenleft partly un�nished. By the competent guidance of Frederik Treue, we succeeded after sometime in running the program, but only with no m-symmetry. At this point three task layahead.The �rst task was to change the C-code in RLexact enabling it to calculate the magnetizationof the ground state, when no m-symmetry is present. This will be treated in Sec. 5.7.The second task was to change the Perl scripts, so that RLexact could run step0, step1 andstep2 with m-symmetry and for any m-value (any given m invariant subspace), since up to thispoint the parallelized program had only been capable of working in the subspace of m = 0.This programming task took some time, but will not be discussed further in this thesis. Shouldfuture users of RLexact be interested in discussing the changes, they are welcome to contactme.Finally the third task was to optimize the part of RLexact itself, that relates the bit patternrepresenting a state of the sample, with the unique representing the given state. The hopewas that this would enable RLexact to run a 36 spin lattice within the two days time limitat DCSC. This task was quite di�cult and was done by Frederik Treue with the author asapprentice. At the time of writing, this task was not completed.
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The magnetization of the ground state when no m-symmetry is present. 505.7 The magnetization of the ground state when no m-symmetryis present.This section treats the �rst programming task done by the author22 on RLexact. The back-ground was actually a misunderstanding, since the theme of physical interest from the per-spective of the CFTD results made by N. B. Christensen et al., was the magnetization curvetreated in Sec. 4.2. At �rst I did not understand this, and instead developed the program code,such that it can calculate the magnetization when no m-symmetry is present23. However I willin the following subsection present the work, in order to document what RLexact is capableof for future use.5.7.1 Magnetization of the ground stateWe start by a few physical considerations. The magnetization operator is denoted M̂0, since thequantum mechanical expectation value of the ground state magnetization given by 〈gs|M̂0|gs〉.The initial block diagonalization of the original Hamiltonian of dimension 2N for a N -spinsystem is carried out by the uniques |u〉. From the theory of the Lanczos algorithm, it followsthat the ground state vector of the system represented by the tridiagonal matrix converges tothe true ground state, as more vectors are added to this subspace. From these two observationsit must follow that the ground state can be written as a linear combination of the uniques, sincethese constitute the basis of the Lanczos vectors, that is |gs〉 =
∑

u au|u〉. The magnetizationoperator simply counts the number of spin-ups and spin-downs and hence the uniques areeigenstates of this operator, i.e. M̂0|u〉 = mu|u〉. Having all this in mind it follows that
M|gs〉 = 〈gs|M̂0|gs〉 =

∑

u,u′

aua∗u′〈u′|M̂0|u〉

=
∑

u,u′

aua∗u′〈u′|mu|u〉 =
∑

u,u′

aua∗u′mu〈u′|u〉

=
∑

u

aua∗umu =
∑

u

|au|2mu (5.17)This calculation were easily converted into C code, since the |u〉's and the au's already werestored by RLexact.5.8 Optimizing RLexactThe optimization of RLexact was done on the function FindUnique. What this functiondo, is to �nd the Unique corresponding to to a given bit pattern obtained after Ĥ± hasworked. This is in the present version of RLexact done by a linear search through a table ofUniques, which per lookup will cost O(N) in calculation time, since the number of uniques areexponential24 in N . The idea in the optimization is to replace the linear search with a numberof clever translations. These translations are x- and y translations and are chosen such thatthey minimize the number of translations needed to identify the bit pattern with the lowest22heavily guided by Frederik Treue23When m-symmetry is present, the magnetization of a given state is trivial, since the magnetization of therandom starting vector in the Lanczos algorithm is invariant. That is, the basis vectors qi will remain in the
m subspace to which q1 belongs.24Discussion with Frederik Treue. 50



RLexact and Szz(q, ω) 51corresponding binary number, starting with 20 in the upper left corner of a square bitmap withN sites. The optimization was unfortunately not completely �nished, at the time of handingin the thesis. However, only a little debugging is missing. It is hard to say precisely how muchthis optimization will save in calculation time when implemented, but a guess is a factor of10 every time FindUnique is called. The total time-saving then, depends on how much timeFindUnique consumes out of the total time consumption of RLexact. I do not have an estimatefor this.5.9 RLexact and Szz(q, ω)For the purpose of exact diagonalization which on the bottom line is linear algebra, Szz(q, ω)can be expressed through the Lehmann representation
Szz(q, ω) =

∑

e

Mzz
e (q, ω)δ(ω + E0 − Ee) (5.18)where

Mzz
e (q, ω) = 2π|〈e|sz

q |gs〉|2 (5.19)This is nothing but an inner product ready to calculate.In Eqn. (5.19), |gs〉 is the ground state and |e〉 is any of the exited energy eigenstates. Theoperator sz
q is the Fourier transform of the spin-z operator sz

n and is de�ned by
sz
q =

1√
N

N
∑

n=1

eiqnsz
n (5.20)In zero �eld which corresponds to the ground state of the m = 0 subspace, Szz(q, ω) ful�llsthe sum rule [34, Eqn.(15)]

∫ ∞

−∞
dω
∑

q

∑

Sαα(q, ω) =
∑

e,q

Mαα
e (q, ω) =

Nπ

2
(5.21)Selected output Szz(q, ω) output from RLexact were tested by the sum rule Eqn. (5.21).5.9.1 Calculations by hand

Szz(q, ω) was for the purpose of testing the reliability of RLexact, calculated by hand for afew simple systems - 2x1 and 4x1. These calculations found in the Appendix, Sec. A.1 andwere found to agree with the results of RLexact to within the accuracy of RLexact.
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Chapter 6ResultsThis chapter will present the results of this thesis work. The uniform magnetization, thesusceptibility and the staggered moment are in the given order the �rst topics. After thisfollows a presentation of the energy dispersion, and �nally, results for the dynamical structurefactor will be stated. Each section contains in the end a discussion of the results.6.1 Magnetization and susceptibilityThe data output from step1 of RLexact is the the energy of the state of the square latticeunder investigation. This energy is calculated upon an assumption of zero h-�eld, since thelast term of Eqn. (2.1) the Zeeman term is vanishing. Nevertheless it is at this point possi-ble to calculate how the energy for the di�erent states of the square lattice would evolve ifan h-�eld is turned on. This is simply done by considering the e�ect of adding the Zeemanterm ĤZeeman = h ·∑N
i Sz

i once again. This is readily done, since the resulting function
E(h) = E0(m) + h ·∑N

i Si is nothing but a straight line with the slope equal to the m-value of the system and the second axis intersection being the lowest lying energy E0(m) ofthe corresponding m-value. It is then possible to make a multiple straight-lines plot, eachline having as starting point E0(m) and a slope equal to the corresponding m-value. Thesecurves contain interesting information, since the state of lowest energy for any value of h canbe identi�ed from inspection of the curves. This type of plot is seen in the left panel of Fig. 6.1.The magnetization1 is given by m(h) = −∂E0(h)
∂h , where E0(h) at every value of h is de-termined from the curve corresponding to the lowest energy of Fig. 6.1.

E(h) = E0(m) + h ·
N
∑

i

SiAs is seen from Fig. 6.1, many energies are related to a given value of h. However, a given sys-tem will naturally choose the state which minimizes the energy. Hence one can obtain a curvefor the magnetization by displaying the slope of the lowest lying Zeeman energy branch for agiven h-interval, going from2 m = −N
2 to m = N

2 . This magnetization curve is a multi-stepfunction. The result of this procedure for the 4x2 lattice is seen in the right panel of Fig. 6.1.Note that the step length decrease for increasing h.By plotting every value of m with the numerically smallest value of the corresponding h-�eld31See Sec. 2.2 Eqn. (2.9)2The negative values follow from symmetry.3We shall argue for this procedure in the discussion of the results.52



Magnetization and susceptibility 53

Figure 6.1: Left: The energy E(h) in units of J for the 4x2 lattice (a small lattice is chosenfor visual simplicity). The intersection with the second-axis is the lowest lying energy level ofthe Hamiltonian (2.1) for the m-value corresponding to the slope of the line. The slopes ofthe lines take the integral value from 0 to 4, with the red line corresponding to m = 0 and theblack line corresponding to m = 4. Right: The magnetization step function m(h) for the 4x2lattice (a small lattice is chosen for visual simplicity) obtained from the procedure describedin the text.

Figure 6.2: Left: The magnetization curve extrapolated to the thermodynamic limit. Theunit of m is gµB . Right: The magnetic susceptibility χ = ∂m
∂h . The red line is obtained fromdi�erentiation of the polynomial �t to the data points in the right panel of Fig. 6.2. The bluepoints are found by a method based on the mean value theorem described in the text.a number of discrete points are obtained and if subjected to a polynomial �t a continuouscurve for the magnetization is reached. The result of this for the 4x2 lattice is seen in the leftpanel of Fig. 6.2. The yield of the polynomial �t is a function that by di�erentiation gives themagnetic susceptibility χ = ∂m

∂h , exempli�ed in the right panel of Fig. 6.2 for the 4x2 lattice.In order to verify the results for χ a number of points are calculated by means of the meanvalue theorem. Speci�cally this is done by plotting the slope of the line between two pointsin the left panel of Fig. 6.2 (which by the mean value theorem is the average slope of thecurve between these two points) vs. the midpoint of the corresponding h-interval. The pointsobtained from this are the blue squares in the right panel of Fig. 6.2. Hence, dealing with the53



Magnetization and susceptibility 54susceptibility in this thesis one should remember that it is not a direct product of RLexact'snumerical results. The results are therefore to be interpreted with a certain scepticism.RLexact was run for the systems; 10x1, 4x2, 4x4, √32x√32 and 6x6 and the above proce-dures for the energy, magnetization and susceptibility were carried out. The results, exceptfor the 6x6 lattice, are presented in Fig. 6.3. The �rst column displays the energy, the second-and third column present the magnetization and the fourth column displays the susceptibility.

Figure 6.3: Results from step1 of RLexact. The rows represents from top to bottom thelattices: 4x2 (rectangular), 4x4 (quadratic) and √
32x√32 (quadratic). First column showsthe energy E as a function of magnetic �eld h. E is in units of J . Second column shows a stepcurve for the magnetization. Third column displays the magnetization in the thermodynamicallimit; a polynomial �t to the numerically smallest value of m as given in column two, for anyvalue of h. Finally the fourth column shows the magnetic susceptibility. Here the solid line isobtained from di�erentiation of the polynomial �ts of column three, and the points are reachedby plotting the average slope between two points on the thermodynamical magnetization vs.the interval midpoint, as described in the text.6.1.1 Discussion of magnetizationFor all the systems calculated by RLexact, it is seen that the m-value of the energeticallylowest lying curve starts at m = 0 for h = 0 and then increases (decreases) in integral valuesup to m = +(−)N

2 , when h = 8SJ = 4, in units of J . Why this occurs at the same value for
h in all systems, can be understood from the ferromagnetic spin wave dispersion Eqn. (2.62)54



Magnetization and susceptibility 55evaluated in the point (π, π), such that ~ω = 21
2 (J(0) − J(π, π)) + gµbh = 4J + gµbh. When

gµB = 1 then ~ω ≥ 0 only if h ≥ 4J . To be the ferromagnetic ground state we must have that
~ω = 0. Hence h = ±4J is the limitWhen examining column one and two of Fig. 6.3 a tendency stands out: It is seen, thatthe interval of h in which m has a �xed value decreases by two mechanisms: i) the higher thevalue of h the shorter m-stable h-interval and ii) the more spins in the system, the shorter
m-stable h-interval. The second observation is trivial but the �rst is interesting, since theclassical magnetzation curve is a straight line. Hence, remark i) is a quantum e�ect.At this point it is natural to argue for the method used to obtain these points based on EDof �nite systems. Lets name the method 'interpolation by �xed endpoint' for reference. Aname that shortly will make sense. As mentioned, these points are obtained by plotting each
m-value with the numerically lowest of its corresponding h-values. Hence, interpolation by�xed endpoint relies upon the assumption that the numerically lowest endpoint of the inter-vals (the left(right) endpoint for positive(negative) h) is �xed, making the interval shrink fromthe right(left) when going to the thermodynamic limit. A way to test the reliability of themethod, is to plot all the magnetization curves obtained on this background in the same �gureand investigate whether the set of points belonging to the same m-value coincide. This is donein left panel of Fig. 6.44, where new results for the 6x6 lattice are presented as well5. But, be-fore consulting the �gure a remark is needed: If interpolation by �xed endpoint is correct and�nite size e�ects did not exist, then every set of (h,mfixed) would coincide, in e�ect making thesimulation of large systems super�uous. Now, we turn to left panel of Fig. 6.4. Here it is seenthat the above mentioned points in each set do not coincide (the blue points correspondingto an AFM chain should be neglected at present). This can be due to two reasons; �nite sizee�ects and/or drawbacks in the method of interpolation by �xed endpoint. Finite size e�ectsare present as is seen in the right panel of Fig. 6.4. This we will return to.I have not been able to come up with a rigorous argument to justify interpolation by �xedendpoint, but from a physical point of view it seems natural to plot the m-value with thelowest corresponding h, since it is at this �eld that m increases one step6.Fortunately it is from Fig. 6.4 clear, that the points corresponding to the 32 and 36 spin lat-tices behave very similarly, convincing us that these two results are trustable and have alreadyconverged.Continuing to the third column of Fig. 6.3, it is from all samples clear, that the m(h) curveis slightly 'S-shaped'. This feature is a quantum e�ect which does not exist for classical sys-tems. In order to visualize this e�ect the points in third column of Fig. 6.3 are weighted withthe number N of sites in the sample and plotted in the the same �gure. This is left panelof Fig. 6.4, where also the classical curve and a plot of a 10 spin AFM chain is found. Thetendency is clear: The pronounced 'S-shape' for the 1D chains is straightened out in the 2Dcase, approaching but not equaling the straight classical curve7 m(h) = h

8 . Hence, the S-shapeis a genuine quantum e�ect.With respect to these magnetization curves a few features need a comment: Examining theregion around the origin (from symmetry we can restrict our attention to the second quadrant),4This is not the main purpose of the �gure. The main purpose of the �gure will be presented in a while.5The results for the 6x6 lattice have not been presented seperately, since points corresponding to m ≤ 5have not been possible to obtain. The remaining points for m ≥ 6 are all found in Fig. 6.4.6I have not been able to �nd any paper in details describing their method of interpolating m(h), but I havein agreement with K. Lefmann used interpolation by �xed endpoint.7See Eqn. (2.7), Sec. 2.2 55



Magnetization and susceptibility 56there seems to be a tendency in each sample, that a line through the three numerically smallestpoints belonging to the lowest value of h will approach a nonzero m. This is a �nite size e�ect,the nature of which is revealed by plotting the m-axis intersection of a straight line throughthese three numerically smallest points vs. 1/N3, where N as usual is the sample size. This isdone in the right panel of Fig. 6.4, from which it is seen, that the e�ect scales as approximately
1/N3.Further one notes that all functions are clearly antisymmetric, i.e. m(−h) = −m(h). This isto be expected from the symmetry of the Heisenberg Hamiltonian Eqn. (2.1) governing the2DQHAFSL. When di�erentiating wrt. h, see Eqn. (2.9), the only term having a in�uenceon m(h) is gµbh

∑

i S
z
i , which clearly will yield an anti-symmetric function in h after di�er-entiation, since h → −h reverses the slope of the line. Also from a physical point of view itis natural to expect m(h) to be an odd function, since reversing the �eld must reverse themagnetization.As a �nal remark, the comparison with the literature will not be done for the uniform magne-tization separately, since it qualitatively is very hard to note any possible di�erences betweenFig. 6.4 and the inset of Fig. 4.2. However, should there be any di�erences these will be re-vealed in the coming discussion of χ, which being related to the m(h) through di�erentiationis perfect for revealing di�erences.

Figure 6.4: Left: Magnetization curves for the the 2DQHAFSL. The data points are fromclusters of 2x4 (red diamond), 4x4 (pink diagonal crosses), √32x√32 (black stars), 10x1 (bluesolid squares) and 6x6 (solid green circles). These points are constructed by plotting thenumerically smallest h-value of each m-stable h-interval vs. the corresponding m-value. Thedashed line is the classical result having the constant slope 1/8. Right: The 'linear slopegap', revealing that the abscissa intersection of the straight line through the three numericallysmallest h-values on each of the magnetization curves goes to zero approximately as 1/N3,where N is the number of sites in the sample.56



Magnetization and susceptibility 576.1.2 Discussion of the susceptibilityThe susceptibilities for all samples in the fourth column of Fig. 6.3 can like the magnetizationsbe displayed in a common plot, and this is done in Fig. 6.5. Examining this �gure it isseen that the abscissa intersections are di�erent between the various samples. In table 6.1these intersections are displayed and by inspection it is seen, that the intersections of the 2Dsamples are not decreasing nor increasing monotonically as a function of N. A reason couldbe a �nite size e�ect due to the fact that the 4x2 sample is di�erent from the 4x4 and the√
32x√32, since the latter two are quadratic while the 4x2 is rectangular. The classical value

Figure 6.5: The susceptibility for the the 2DQHAFSL. The data points are from clustersof 2x4 (red diamond), 4x4 (pink diagonal crosses), √32x√32 (black stars), 10x1 (blue solidsquares) and 6x6 (green solid circles). These points are constructed by at each midpoint ofthe m-stable h-interval, plotting the slope of a straight line connecting neighboring points onthe corresponding magnetization curve, Fig. 6.4. The solid lines (same color coding) originatefrom numerical di�erentiation of a polynomial �t to the magnetization points. Note that noline exists for the 6x6 data. This is because the lack of points around m = 0 makes numericaldi�erentiation impossible. The dashed brown line is the classical result, taking the constantvalue 1/8. See the text for a comment about the chain.is χ = 1/8 = 0.125 and once again we see that the AFM chain displays more pronouncedquantum behavior than the square lattices. The √
32x√32 lattice has at zero �eld χ ≈ 0.099while the 4x4 lattice has χ ≈ 0.108. At h ≈ 2.5 all 2D curves, which for h / 2.5 lay lowerthan the classical line, cross this line and stay above for h ' 2.5. That the crossing happens at

h ≈ 2.5 is consistent with the results of Lüscher and Läuchli [39]. The same is the feature, thatthe deviation between ED results and the classical line is maximal as saturation is reached.One also notes the consistency of the points representing the 32 and the 36 spin lattice.A feature that is revealed by this work, is the general tendency that the higher the �eld the57



The staggered magnetization - results and discussion 58system m- axis intersection1x10 0.13144x2 0.09304x4 0.1063√
32x√32 0.0989Table 6.1: The abscissa intersection of the magnetic susceptibility obtained from the numeri-cally di�erentiated polynomial �ts to the magnetization curves of Fig. 6.4.better agreement between the various �nite square lattices. This information is not extractablefrom [39], since only one ED points for one lattice are displayed, see Fig. 4.3.The sudden dip that the 4x4 curve of Fig. 6.5 displays at h ≈ ±3.75, is probably an e�ect ofnumerical di�erentiation. But, the outermost diagonal cross on this curve indicates a deviationfrom the 4x2 and √

32x√32 lattices. This is unexpected, since from a physical point of view,the 4x4 is more like the √
32x√32 than the 4x2 system. Hence, it would be interesting torun more �nite systems in order to investigate this pathologic behavior. Also the literaturepresents no sign of this anomaly, see Fig. 4.3, which is based on results from three papers.Note also the asymmetry of the curve about the midpoint of the h interval and the classicalvalue 0.125, as already discussed in Sec. 4.2.Finally, the curve for the 10 spin chain needs a comment. As is noted its shape with the'bump' at zero �eld is di�erent from the rest. This is not to be expected, since the spin chainsthough displaying more pronounced quantum e�ect should not behave topologically di�erent8.Furthermore such a bump is unphysical, since there should be nothing special about the interval

|h| ≤ 1.5. Hence, what we see for the 10 spin chain is probably a �nite size e�ect. However,since the topic of this thesis work is the 2DQHAFSL, we shall not follow this any further.6.2 The staggered magnetization - results and discussionWhen presenting data for the staggered magnetization, it is important to state exactly what ispresented. In table 6.2, the results from RLexact for S(π, π) is shown in the second column.Note that there is no ω dependence, indicating that only the result for the strongest pole of
S((π, π), ω) are presented. One could have chosen to sum up the contributions from all ω per
q and present this result. This is however not chosen here, since it is the strongest pole thatnormally is measured in neutron scattering experiments, when the staggered magnetization isinvestigated. When reading the table 6.2, recall Eqn. (2.76) giving that m† = 〈S〉 =

√

S((π,π))
2πN .System LxL = N S((π, π))

√

S((π, π))/2πN4x2 5.191 0.3214x4 9.145 0.302√
32x√32 14.376 0.267.Table 6.2: Results for the staggered magnetization found on the background of ED.As discussed in Sec. 2.6 one should be careful when interpolating the staggered magnetization,found from �nite clusters, to the thermodynamical limit. And, we shall use an 1/

√
N inter-polation as an alternative. We shall use a 1/N interpolation, knowing that it theoretically is8Discussion with K. Lefmann. 58



The staggered magnetization - results and discussion 59shown to overestimate the value of m† in the thermodynamical limit. A least squares interpo-lation of √S((π, π))/2πN vs. 1/N (1/√N) is seen in the left (right) panel of Fig. 6.6. Sincethe abscissa through Eqn. (2.76) is the staggered moment, we have from the 1/N interpolation(1/√N interpolation) determined the value m† = 0.285 (m† = 0.219) which is ≈ 52% (≈ 44%)of the classical value m†
cl = 0.5. Table 6.3 presents a comparison of the result for the staggeredmagnetization of this thesis work with the literature9. The uncertainty on the results of thisReference [32] [15] [16] This work

m† 0.30(2) ' 0.313 & ' 0.321 0.42(1) 0.258(*)&0.219(*)Table 6.3: Results for the staggered magnetization m†. The two results by [15] is due to seriesexpansion and SWT respectively. The SWT calculation was done to �rst non-linear order.Note also that no uncertainty is stated in [15]. This is for the series result due to the valuebeing obtained from series expansion evaluated in three di�erent ways and with almost equalresults. In the case of SWT I cannot explain the lack of uncertainty. The results of this workis explained in the text.

Figure 6.6: Left (right), a plot of √S((π, π))/2πN vs. 1/N (1/√N). A linear �t using themethod of least squares yields the abscissa intersection m† = 0.258(∗) (m† = 0.219(∗)). Foran explanation of the uncertainties, see the text.work is di�cult to estimate. The results from RLexact are as exact as possible, since they relyon exact diagonalization. On the other hand, when performing the least squares �t there is arounding error in the values entering the �t. This error can be made negligible by using alldecimals calculated. However, the least squares �t introduces an uncertainty expressed by astandard deviation. These deviations are found to be σm† = 0.07 and σm† = 0.12 for the 1/Nand 1/
√

N interpolations respectively. The calculations can be found in Appendix D.1.Using these uncertainties which are really big, the results of RLexact are consistent with theleterature, e.g. the value of m† = 0.30(2) by [32] based on QMC. It should be noted, that thisconclusion is not very strong, since a result with such a relatively big uncertainty is consistentwith many results. Hence, despite this potential consistency it seems, by looking at the RLex-act data, reasonable to conclude that m† is underestimated wrt. e.g. [32]. This is the oppositetendency as described by [15], which stated that a 1/N interpolation would overestimate m†.9I have not been able to access the original work of Oitmaa and Betts and hence their result is due toreference from A. D. Huse [15]. 59



The energy dispersion - results and discussion 60On the other hand, we have earlier in this thesis seen, that the smaller the system, the morepronounced quantum e�ects. Since the deviation from the classical value of m†
cl = 1

2 are aquantum e�ect, a possible explanation to the underestimation is that the interpolation pointscome from relatively small �nite clusters.As a �nal note, the result from RLexact based on a 1/
√

N interpolation is possibly wrong. Thereason is that the 2x4 lattice is rectangular instead of quadratic, hence making the incorrectassumption that 1/
√

N = 1/L in the interpolation of the LxL = N lattice. As a general com-ment, the number of points (three) in the interpolation is too low to really trust the results.Furthermor, it is not clear to me whether the 1/N and/or 1/
√

N interpolations are correctfrom a mathematical point of view.6.3 The energy dispersion - results and discussionIn order to compare the experimental results for CFTD by N.B. Christensen et al. [23] with thenumerical work of this thesis, a plot of the energy dispersion is indispensable, and such a plot isseen in Fig. 6.7. The two LSW dispersions are based on Eqn. (2.40) and (2.61) for nearest and

Figure 6.7: The energy dispersion of the 2DQHAFSL represented by a scan through Q2D space.The solid blue and brown lines are the LSW prediction for nearest and nearest plus next-nearestneighbors (Eqn. (2.40) and (2.61) ). For nearest neighbor dispersion a quantum renormalizationof 1.18 is used as determined by [23]. For the nearest plus next-nearest neighbor dispersion ascaling of 1.25 is chosen, see text for comments. The black circles are neutron scattering datafor CFTD obtained by N.B. Christensen et al. [23], where the error bars are so small, thatthey are contained within the symbol. The red squares and the pink diagonal crosses are theED data from RLexact for 16-spin (4x4) and 32-spin (√32x√32) respectively.nearest plus next-nearest neighbors respectively. For the pure nearest neighbor dispersion aquantum normalization of 1.18 is used [23]. In the case of nearest plus next-nearest neighbors a60



The energy dispersion - results and discussion 61scaling factor of 1.25 has been chosen together with a antiferromagnetic next-nearest neighborcoupling J ′ = 0.067J , the latter taken from Rønnow et al. [19]. The 1.25 scaling was chosen to�t the data in the best way. This is problematic, since the quantum renormalization is not a�tting parameter but a prefactor having a physical content, making it in principle possible tocalculate. Hence, the scaling of 1.25 should be considered as no more than a scaling parameterused to make one point clear; the experimental data for CFTD by Christensen et al. can beexplained from the Heisenberg model with nearest plus next-nearest neighbor coupling andwith a weak antiferromagnetic J ′. This was also observed by Rønnow et al. in their studieson CFTD, see Sec. 3.1.2 and [19]. Furthermore, Coldea et al. have drawn the same conclusionon another realization of the 2DQHAFSL, LCO [33].Inspecting Fig. 6.7 one notes that the curve from nearest neighbor LSW theory (blue) �tsthe experimental results extraordinary well at all points in the Brillouin zone except between
(π

2 , π
2 ) and (π, 0) in the left part of the dispersion and again going from (π

2 , 0) to (π, 0). Theproblems that LSW theory faces at the (π, 0) anomaly, and which as mentioned are solvedwhen next-nearest neighbors are included, are also solved by the exact diagonalization resultsfrom RLexact for the 32-spin system. This is remarkable, since the Hamiltonian of RLexactonly includes nearest neighbors. Hence, the (π, 0) energy anomaly is an intrinsic property ofthe Heisenberg model with nearest neighbors, Eqn. (2.1).The supression in energy for the 32 spin lattice at (π, 0) wrt. (π
2 , π

2 ) is 2.564−2.4444
2.564 ≈ 4.7%, anumber that is slightly lower than the 7(1)% found by Christensen et al. [23] and the 6(1)%found by Rønnow et al. and both displayed in Fig.3.1. That the depressions are not equal inmagnitude is to be expected, since the numerical results are based on �nite systems. Note alsothat the red squares in Fig. 6.7 display no supression in energy at (π, 0), a result in completeaccordance with Rønnow et al. who note, that this implies a signi�cant number of spins (atleast greater than 16) to be involved in the quantum e�ect that lowers the energy at this pointin q-space.Another feature that deserves a comment, is the fact that the ED based results are placedenergetically higher than the LSW predictions. This is illustrated clearly at e.g. (π, π), whichhas a nonzero energy as opposed to what is expected from LSWT. This pathologic feature isa �nite size e�ect. The nature of this e�ect can be revealed by plotting the energy gap vs.

1/N . This is done in Fig. 6.8. The straight line clearly illustrates the 1/N dependence of theenergy gap, going to zero as N goes to in�nity, assuring that we need not worry about the gapinherent in the numerical data.Having convinced ourselves about the behavior of this �nite size e�ect, it makes sense to scalethe experimental data from N. B. Christensen et al. such that the point (π
2 , π

2 ) coincide withthe ED result from RLexact for the 32 spin lattice. The reason the the point (π
2 , π

2 ) is chosen,is that, it is with respect to the energy in this point, that the energy of (π, 0) is suppressed. InFig. 6.9 a plot of the scaled experimental data is seen. There is no new information in Fig. 6.9,but the way data is presented, emphasizes the conclusion that can be drawn on backgroundFig. 6.7: The (π, 0) energy anomaly is a generic property of the Heisenberg model with nearestneighbors only, Eqn. (2.1). Before a conclusion can be drawn, it is interesting to note fromFig. 6.7, that between (π
2 , 0) and (π, 0) the energy is also depressed relative to nearest neighborLSWT. In this model the dispersion is increasing when going from (π

2 , 0) to (π, 0), but here itis seen to decrease from a local maximum at (0.64π, 0) determined from di�erentiation of thenearest plus next-nearest LSWT dispersion, Eqn. (2.61). The value of this local maximum is
≈ 1.31 whereas the local maximum at (π

2 , π
2 ) takes the value 1.6. Inspecting Fig. 2.4 one �ndsthat this di�erence is a property of a C4 rotational symmetry of the (π, 0) anomaly.61
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Figure 6.8: The energy gap vs. the inverse sample size 1/N . The three data point come fromthe samples of 2x4, 4x4 and √
32x√32, of which only the last two are displayed in Fig. 6.7.The red solid line is a linear �t yielding ∆m = −0.0821 + 11.49 1

N

Figure 6.9: A scaled energy dispersion. The experimental CFTD data (open circles) from N.B. Christensen et al. is scaled such that it coincides with ED data for the 32 spin lattice (pinkdiagonal crosses) at the point (π
2 , π

2 ). The scaling factor is 1.085 and the error bars of theexperimental data are so small, that they are contained within the open symbols.62



The energy dispersion - results and discussion 63We are now ready to conclude on Fig. 6.7. From the above we have two models that de-scribe the observed CFTD neutron scattering data, with special focus on the (π, 0) anomaly.The �rst possibility is the LSW result of the Heisenberg model with nearest plus next-nearestneighbors and with a 1.25 scaling (brown line). An alternative explanation is provided by theED result from the 32 spin lattice based on the Heisenberg model with only nearest neighbors,which also captures the (π, 0) anomaly, though with the energy having almost the same mag-nitude as the experimental results and with a �nite size e�ect. The ED result also reveals thatmore than 16 spins are needed for the quantum nature of (π, 0) to be visible.So how should we understand this? Well, since the ED result based on the nearest neighborHeisenberg model captures the essential physics, one should conclude, having in mind that theLSW dispersion with nearest plus next-nearest neighbors is an approximate result, that the2DQHAFSL with nearest neighbors only, indeed has the (π, 0) anomaly as an intrinsic feature.If one had the computational power, it seems reasonable to expect that ED results at the (π, 0)anomaly for samples larger than 32 sites, would converge relatively fast to the magnitude ofthe anomaly for thermodynamically large systems, on which real experiments are performed.The 36 spin lattice is within reach of RLexact, but at the moment the convergence criteria,discussed in Sec. 5.4.3, has to be set so weak, that the results are not reliable due to numericalerrors. This may be solvable if the optimization discussed in Sec. 5.8 is implemented.6.3.1 The dynamical structure factorStep2 of RLexact produces the longitudinal dynamical structure factors Szz(q, ω), as theywould appear in an ideal experiment. These results are very important, since they comparedirectly to the numerical data of Lüscher et al. [39], Dagotto et al. [30] and the experimentalresults of among others Christensen et al. [23] and Rønnow et al. [19]Before reporting the dynamical structure factors for larger systems, it is necessary to compareselected results of RLexact with hand-calculated results and results from the literature in orderto test the reliability of RLexact. This was done for the 2x1, 4x1 and the 10x1 chain, whichwas also investigated numerically by Müller et al. [35], as displayed in its original version inFig. A.1.Finally the results for these systems were tested against the sum rule as stated in Eqn. (5.21),which predicts the individual terms as well as the total sum. The results of this, is foundin Appendix A.1. The results agree within the precision of RLexact and convince us thatRLexact is reliable. However, during the work with RLexact it was discovered that Szz(q, ω)for the √
32x√32 lattice were wrong by a factor of 4. This is not an error in RLexact, butoriginating from the input �le and the Perl scripts. The reason is, that a √

Nx√N latticeis made from a NxN lattice only with q-vectors obeying qx + qy = 2n , n being an integer.Hence, remembering to divide all Szz(q, ω) for the √
32x√32 lattice by a factor 4, we shallcontinue to report the results for the dynamical structure factor.This is done by circle plots inspired by the procedure used by Lefmann & Rischel [34] andLüscher & Läuchli [39] presented in Sec. 4.2.1, however with a somewhat di�erent visual setup.As was noted by the latter two, results for the magnetization close to saturation are to beinterpreted with scepticism due to small Hilbert spaces. Following the rule of thumb stated in[39], gives us that only subspaces with m ≤ 1/2 − 4/N will be representative for thermody-namically large systems. For N = 36 (N = 32) this demands m ≤ 14 (m ≤ 8) .In Fig. 6.10 the simulations of Szz(q, ω) at zero �eld (m/N = 0, h = 0) are presented for the16 and 32 spin lattice. The red (blue) diagonal crosses mark the position of the largest (secondlargest) dynamical structure factor.In Figs. 6.11, 6.12 and 6.13 more data for the structure factor is presented. The axes, the63
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Figure 6.10: Results from step2 of RLexact for Szz(q, ω). The scan direction which is alongthe ordinate is as indicated by the dashed blue line in Fig. 2.3. The solid blue line displays theLSW nearest neighbor prediction. The red (blue) diagonal crosses are the centers of the circlesrepresenting the largest (second largest) dynamical structure factors. In this �gure m = 0 forall samples. The left and right panel displays the 16-spin (4x4) and the 32-spin (√32x√32)system respectively. Only Szz(q, ω) with Szz(q,ω)
N > 10−4 are displayed. The radius of eachcircle is 1.5 ·

√

Szz(q,ω)
N , where N is the number of sites in the lattice.center marking and the area of the circles are to be interpreted as described above. Fig. 6.11displays Szz(q, ω) for selected systems in which m/N takes the values m/N = {1

8 , 1
4 , 3

8}. Hence,the columns have �xed N and variable m/N while the rows have �xed m/N and variable N .Fig. 6.12 contains almost the same information as the middle row of Fig. 6.11, but includesone panel more10.Since the higher the number of spins the more reliable result, Fig. 6.13 presents selected datafor the 36 spin 6x6 lattice, which is the largest lattice investigated. The brown line in the upperleft panel is the nearest neighbor ferromagnetic LSW dispersion in zero �eld, Eqn. (2.62).Before we can continue to the discussion of the dynamical structure factor, it is neces-sary to present a �gure that, like Fig. 6.7, is comparable to the experimental literature. Thisis done in Fig. 6.14. Here, the left panel displays at each q-value the pole for the largest struc-ture factor and the sum of the remaining smaller poles for the 16 and 32 spin lattices, and theCFTD data from Christensen et al. [23]. All poles are scaled relatively to the value in (π
2 , π

2 )and plotted together with the LSW prediction, Eqn. (2.67). The LSW prediction is constantalong the magnetic ZB between (π
2 , π

2 ) and (π, 0). It is seen that the 32 spin ED results havethe same tendency as the experimental data presented, but the intensity reduction is not asstrong as experimentally determined. Christensen et al. reported that 54(15)% of the LSWpredicted intensity was removed, while the corresponding percentage for the ED results of the32 spin lattice are (3.896 − 3.543)/3.896 ≈ 9%.10If this three-panel row had been included in Fig. 6.11, all panels would have been too small.64
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Figure 6.11: Results from step2 of RLexact for Szz(q, ω) in a �eld. The scan direction whichis along the �rst axis is as indicated by the dashed blue line in Fig. 2.3 and the second axisis the energy of the system in units of J . First column shows data from the 16-spin latticeand second column of the 32-spin lattice. The red (blue) diagonal crosses mark the positionof the largest (second largest) dynamical structure factor. In the upper row all systems have
m/N = 1

8 . The middle row has m/N = 1
4 and the bottom row has m/N = 3

8 . Only Szz(q, ω)with Szz(q, ω)/N > 10−4 are displayed. The radius of each circle is 1.5 ·
√

Szz(q,ω)
N , where Nis the number of sites in the lattice. The blue line are the nearest neighbor LSW dispersion inzero �eld� Eqn. (2.40), included for visual reference.65
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Figure 6.12: Results from step2 of RLexact for Szz(q, ω). The scan direction which is alongthe �rst axis is as indicated by the dashed blue line in Fig. 2.3 and the second axis is theenergy of the system in units of J . All panels have m/N = 1
4 . The red (blue) diagonal crossesmark the position of the largest (second largest) dynamical structure factor. Only Szz(q, ω)with Szz(q, ω)/N > 10−4 are displayed. The radius of each circle is 1.5 ·

√

Szz(q,ω)
N , where Nis the number of sites in the lattice. The blue line is the nearest neighbor LSW dispersion inzero �eld, Eqn. (2.40), included for visual reference.An interesting feature is that along the magnetic ZB, when the value of the largest pole de-creases, the sum of the smaller poles increases. This is contrary to all other scan-intervals.Quantitatively the highest pole decreases in absolute numbers by 0.352, while the sum of theremaining poles increase by 0.331, indicating that the spectral weight is almost conserved.This hypothesis is investigated in the following calculation

(

Szzmax(π, 0) + Szzrest(π, 0)
)

−
(

Szzmax(π
2 , π

2 ) + Szzrest(π
2 , π

2 )
)

Szzmax(π
2 , π

2 ) + Szzrest(π
2 , π

2 )
≈ −0.5% (6.1)This reveals that only 0.5% of the total spectral weight is lost going from (π

2 , π
2 ) and (π, 0).Inspired by this, it makes sense to make a new plot, displaying at each q-point the total spectralweight relative to the total spectral weight in (π

2 , π
2 ). This is done for the 32 spin ED results inthe right panel of Fig. 6.14, from which it is seen, that the total spectral weight relative to theweight of S((π, π), ω) is very well described by LSWT. Hence, Fig. 6.14 suggests that a possibleexplanation of the (π, 0) intensity anomaly observed experimentally by e.g. Christensen et al.[23], could be, that the intensity lost in the dominating pole is gained in the sum of the weakerpoles. In more physical terms: The spectral weight lost in the one-magnon branch ends in themulti-magnon continuum.6.3.2 Discussion and comparison with the literatureWe are now ready to interpret the results for the dynamical structure factors and compare withthe literature. This will be done for one �gure at a time, ending up with a �nal conclusion.But before starting this discussion it is important to make clear which type of information weare seeking to extract.The main purpose of this thesis is with respect to data analysis, to gain physical insight to the2DQHAFSL and compare this with the neutron scattering data from CFTD by Christensenet al. [23]. To complete this task satisfactory it is during the data analysis necessary to inves-tigate the strength and weaknesses of ED results based on �nite systems.For the purpose of gaining physical insight it is the e�ect of physical parameters such as h-�eld66



The energy dispersion - results and discussion 67(magnetization) that should be investigated and it is furthermore adequate to focus on as largesystems as possible, still using the smaller systems as check for consistency. On the other hand,if one should understand the nature of �nite systems the parameter that one should vary isthe system size. Hence, for the purely physical discussion we shall focus on the columns ofFig. 6.11, Fig. 6.13 and 6.14. To draw conclusions on �nite systems however, we should directour attention to the rows of Fig. 6.11 and Fig. 6.12, which is chosen such that the panels arecomparable, since they within each row has the same value of m/N .In the discussion to come, we shall mainly focus on the physical information, but when relevantinformation about the nature of �nite systems is accessible these will be pointed out.The results of Fig. 6.10 illustrate that in zero �eld, the spectral weight is concentrated aboutthe X-point(π, π), with the highest structure factor belonging to exactly this point and witha tendency of the surrounding points to have slightly more weight than the remaining points,though being relatively homogeneously spread out. In (0, 0) there is no structure factor, con-sistent with the theoretical prediction Eqns. (5.18), (5.19) and (5.20) in zero �eld, and withthe result of Lüscher et al., see upper left panel of Fig. 4.4. Note again, that Szz(q, ω) at (π, π)does not have zero energy due to the 1/N �nite size e�ect illustrated in Fig. 6.8.Another feature that catches the eye, is the gap between the lowest excitations (the circleswith red center), which we interpret as a one-magnon branch, and the beginning of the smallerclosely spaced poles, interpreted as the SW continuum (blue diagonal crosses). Both resultsfor the 16 and 32 spin lattice agree on the one-magnon branch being centered about an en-ergy of 2.5J and with a substantial gap to the energetically higher multi-magnon continuum.However, there seems to be disagreement about the size of the gap; while the 16 spin resultpredicts the gap to be ≈ 1.5J , the corresponding result for the 32 spin lattice is ≈ 1J . Thisdisagreement is probably due to the 16 spin lattice being so small, that �nite size e�ects havea strong in�uence, that the results do not compare to the thermodynamical limit, to whichthe 32 spin results probably have almost converged. The latter is also found by Lüscher et al.,see Fig. 4.4 upper left.Finally, one notes that a virtual line through the poles between (π
2 , π

2 ) and (π, 0) in the rightpanel of Fig. 6.10 tend to have a negative slope in the scan direction. Following the scan-direction from (π
2 , 0) to (π, 0) the slope is positive. The pink diagonal crosses in Fig. 6.7display exactly the same behavior.As a �nal remark to Fig. 6.10 the number of poles is much greater for the 32 spin system thanfor the 16 spin system. Since the system size is the only di�erence between the simulationsleading to these two panels, the deviation must be due to a �nite size e�ect, revealing that thesmaller the system the smaller the number of poles. But, one also notes that the tendency inthe position of the poles is the same. Hence, even very small systems can display the tendencyof larger systems, but details are not accessible. Therefore, in order to look for details inthermodynamically big systems, the small systems are disquali�ed.In Fig. 6.11, a few of the panels are directly comparable to results from the literature. This isthe case for the second panel displaying the results for the 32 spin lattice with m/N = 1/8,which compares directly to third panel of Fig. 4.4, where m = 0.125. Comparing these two�gures one should have in mind, that in Fig. 6.11 the path from S = (π

2 , π
2 ) to M = (π, 0) ischosen as the start of the Q2D-scan. In Fig. 4.4 the same path has been reversed going from

M to S and is now placed in the end of the Q2D-scan. Taking this potential confusion intoaccount, it is seen, that the �gures display consistent results; the spectral weight is centeredaround X = (π, π) which also corresponds to the lowest energy, the one magnon excitationbranch is centered around an energy of ≈ 2J and the gap to the multi-magnon continuum is67



The energy dispersion - results and discussion 68about 1J.That these selected results of RLexact agree with the results of Lüscher et al. for both zero-and non-zero �eld convince us even more, that RLexact can be trusted.Continuing to Fig. 6.11, we obtain information about how Szz(q, ω) responds when a magnetic�eld is turned on. The most conspicuous e�ect which is clear from all panels of Fig. 6.11, isthat Szz((π, π), ω) no longer has a vanishing energy; from the 16 and 32 spin columns it isclear, that this energy is increasing with the �eld. This is consistent with [39], see Fig. 4.4.Another tendency which is displayed in both the 16 and 32 spin columns, is that the spectralweight at (π, π) decreases when the �eld is increased while the weight at (0, 0) increases withthe �eld. These two features are well understood. The decrease in spectral weight at (π, π)is the staggered moment approaching zero while the increment at (0, 0) is the ferromagneticpeak becomming more and more visible.In order to understand the gap between the single magnon branch and the start of the multi-magnon continuum, we shall focus on second column of Fig. 6.11, because of the relatively highnumber of spins. It is clearly seen, that the gap approaches zero when the �eld is increased,in accordance with the observations by Lüscher et al. presented in Fig. 4.4. When Fig. 6.13 isdiscussed we shall return to this feature.In the review of the numerical work, Chapter 4, it was noted, that the scan between (π
2 , π

2 ) and
(π, 0) exhibits a branch splitting in two relatively high intensity branches for m/N between0.35 and approximately 0.375, where they start melting together in a continuum that shrinksinto the uppermost branch as saturation is approached. The value m = 0.35 corresponds to
h = 3.16J [39] which for LCO (CFTD) having J = 136 meV (J = 6.19(2) meV) correspondsto h ≈ 7425 T (h ≈ 338 T), which are unaccessible high �elds.The results of this work is not as detailed as [39] and therefore it is not possible from Fig. 6.11to see the before-mentioned continuum between branches, seen in the last panel of the secondcolumn of Fig. 4.4. However, one notes from the bottom row, that a branch splitting is startingto form. Also this we shall return to in Fig. 6.13.A �nal remark to the physics of Fig. 6.11 concerns the lower right panel displaying m/N =
12/32. Note that the pole at (π, 0) has higher energy than the pole at (π

2 , π
2 ). This relativeposition is reversed when compared to case of zero �eld. This must be a temporary e�ect,since the dispersion is �at at saturation, see Fig. 6.13 upper left.Fig. 6.13 presents the results based on the biggest cluster investigated; the 6x6 lattice, andis in that sense the most reliable result of this thesis work. From the upper left corner itis seen, that the poles of the m/N = 17/36 are very well described by the nearest neighborferromagnetic LSW dispersion. This is to be expected, since for m/N = 18/36 = 1/2 we havethe ferromagnetic state.Returning to the gap between the one- and multi-magnon branches discussed above, it is fromthe 36-spin results even clearer what the 32-spin results suggested: At low �elds the gap issizable but closes as the �eld is increased, in the end melting together with the ferromagneticdispersion branch. Also the number of poles is dependent on the �eld strength such that high�elds have the smallest number of poles11, whereas intermediate and low �elds have a greaternumber of poles.From [39] we know that the branch splitting occurs most pronouncedly between m/N = 0.35and 0.37. For the 36-spin lattice with m = 12, m/N = 0.33 and in the corresponding panel ofFig. 6.13 the branch splitting is seen relatively clear in the interval between (π
2 , π

2 ) and (0, 0).11Since it was not possible to run RLexact for m ≤ 5 with a acceptable value of RITZ_CONV we must useFig. 6.10 and Fig. 6.11 to argue for this statement at low �elds.68



The energy dispersion - results and discussion 69When comparing the results of this work with [39], see Fig. 4.4, it is clear that [39] has morepoints pr. q-position in Q2D space. This is due to two reasons; i) [39] have by interpolationalong a line connecting the lowest lying poles, moved the structure factors originating fromdi�erent q-points and close-lying m/N -values, thereby enabling the plotting of more clustersin the same plot. This has not been done in this thesis work and it is not clear to me whythis procedure is correct ii) In this thesis work a choice of only plotting structure factors with
Szz(q, ω)/N > 10−4 has been made. Since [39] states nothing about a similar choice it ispossible, that they have plotted every pole regardless of its weight.The (π, 0) intensity anomalyFig. 6.14 is the main result of this thesis work, that together with Fig. 6.7 relates directly to theexperimental work on CFTD discussed in Chapter 3. We can from the left panel of Fig. 6.14draw the conclusion that the 32 spin lattice indeed does exhibit an intensity reduction of thestrongest pole at (π, 0) wrt. LSWT, but with a ≈ 9% reduction, which is a lot smaller than theexperimentally determined 54(15)% reduction of CFTD [23]. It is also seen, that the 16 spinlattice does not exhibit a (π, 0) strongest-pole intensity reduction. This is interesting, becausethe situation wrt. the energy anomaly at (π, 0), seen in Fig. 6.7 was same; the experimentalresults are modelled by the 32 spin lattice but not by the 16 spin lattice. Hence the remarkby Rønnow et al. [19], that the phenomenon governing the (π, 0) anomaly includes more that16 spins is strengthened.It was from the right panel of the same �gure revealed, that the total spectral weight of theED data, when going from (π

2 , π
2 ) to (π, 0), is conserved along the magnetic zone boundary,despite the reduction in the strong one-magnon pole. It was also seen that the 'lost' spectralweight ended up, in what we named the multi-magnon continuum. The mutual dependence ofthe one- and multi-magnon at the magnetic zone boundary is very interesting, since the samecorrelation is not present other places in the BZ. This could be a possible explanation of the

(π, 0) intensity anomaly observed in CFTD by neutron scattering [23]. A related conclusion isdrawn in [38], which based on QMC simulations estimates that the spin-interaction neglectedin LSWT, at the point (π, 0) lowers the energy by almost 10% and transfers ≈ 40% of theone-magnon spectral weight into the multi-magnon continuum. At (π
2 , π

2 ) the excitation en-ergy is found to be almost una�ected be these interactions, and the continuum weight is muchsmaller. It could indeed be very interesting to carry out an neutron scattering experiment onf.x. CFTD, which investigated this further.Concluding comparison with Lüscher & LäuchliHaving discussed the �gures of this thesis work that present information on the dynamicalstructure factor, we are now able to state a few concluding remarks on the 2DQHAFSL, re-lated to the wotk by Lüscher and Läuchli [39].In Sec. 4.2.3 where the numerical work from the literature were discussed, we ended up withfour concluding remarks and we shall when possible try to �t the conclusion on the dynamicalstructure factor into these categories. Since the physics of most features were already discussedin Sec. 4.2.3, we will in these occasions not repeat the same arguments again, but merely referto Sec. 4.2.3.a) Like [39] we also �nd that the spectral weight, which at zero �eld is concentrated at (π, π),gradually smear out over the entire BZ when the �eld is increased.b) This work also �nds that the energy of the X-point (π, π) excited magnons is increased69



The energy dispersion - results and discussion 70for increasing �eld. From the lower right panel of Fig. 6.13 it seems reasonable to concludethat the X-point Goldstone mode present at zero �eld moves up to a higher energy, as soonas the �eld is turned on. It would have been nice to base this conclusion on a lattice with
N ≥ 36. Unfortunately this have not been possible due to reduced capacity and time limitson the DCSC cluster.Since we in this work have not plotted the LSW dispersion with �eld, it is not, other than for
m = 0, possible to verify the tendency in [39], that the ED results at the X-point are slightlyenergetically higher lying than the LSW prediction.c) This work concludes that the gap between the one magnon excitations and the two- andmulti-magnon continuum closes for increasing �eld (Fig. 6.13) and that at �elds close to satu-ration only one relatively well-de�ned branch exists (upper row of Fig. 6.13). In this relationanother interesting feature is noted from the rows of Fig. 6.11, namely that the gap seemsto be closing for increasing system size. This indicates that a part of the explanation of thegap is a �nite size e�ect. On the other hand a well-de�ned branch is to be expected when hreaches saturation, since the ferromagnetic state is classical without a continuum for T = 0.The conclusion must be that the expected gap-closing for increasing �elds, occurs earlier when
N is large.d) As far as the branch splitting is concerned, we can from the last row of Fig. 6.11 which has
m/N = 3/8 = 0.37, and the �rst panel in the second row of Fig. 6.13 with m/N = 12/36 ≈
0.33, see the tendency of a splitting behaving as the one found in [39]. But, the number ofstructure factors in the region are so few, that had it not been for the profound work of Lüscherand Läuchli [39] this tendency would not have been noted. However, in [39] it seems as if notmuch attention were directed towards this splitting. This we will do here, since the splittingoccurs right where the (π, 0) anomaly exists. Using the results of both [39] and this thesiswork, it is possible to note that the lower branch at (π, 0) is placed at an energy of approxi-mately 1.8J , see Fig. 4.4 and the m/N = 1/3 panel of Fig. 6.13. This in-�eld energy reductionof about 10% could be related to the zero-�eld reduction of 7(1)% found by Christensen etal. [23], since both occur at the magnetic ZB. However, it is interesting that the observedbranch splitting has a local maximum and minimum in width at (π

2 , π
2 ) and (π, 0) respectively.The experimentally observed (π, 0) anomaly [23, 19, 33] in the physical realizations of the2DQHAFSL behaves opositely, with (π, 0) deviating the most from LSWT.e) A phenomenon that is possible to investigate in this thesis work is to which degree small�nite systems exhibit the same features as the bigger systems. [39] only investigates clusters of

32 ≤ N ≤ 64, whereas this work includes clusters of 8 and 16 spins as well. From the last rowof Fig. 6.11 (16 spin and 32 spin) one notes that the branch splitting with some enthusiasmis visible for both lattices. This is in contrast to the (π, 0) anomaly in the energy dispersionand the intensity, which the 16 spin lattice does not exhibit, as is noted both in [19] and inthe discussion above.
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Figure 6.13: Results for Szz(q, ω) from step2 of RLexact for the 36 spin 6x6 lattice (the lastpanel with di�erent colors is based on the 32-spin lattice). The scan direction which is alongthe �rst axis is as indicated by the dashed blue line in Fig. 2.3 and the second axis is theenergy in units of J . The red (blue) diagonal crosses mark the position of the largest (secondlargest) dynamical structure factor. For the panel displaying the 32 spin lattice the brown(black) diagonal crosses mark the position of the largest (second largest) dynamical structurefactor. Starting from the upper left corner and continuing in the reading direction the valuesof m/N are 17/36, 16/36, 12/36, 8/36, 6/36, 1/32. The brown line in the upper left panel is thenearest neighbor ferromagnetic LSW dispersion in zero �eld, see Eqn. (2.62) and Fig. 2.5. Theblue line is the nearest neighbor LSW dispersion in zero �eld, Eqn. (2.40), which is includedfor visual reference. Only Szz(q, ω) with Szz(q, ω)/N > 10−4 are displayed. The radius ofeach circle is 1.5 ·
√

Szz(q,ω)
N , where N is the number of sites in the lattice.71
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Figure 6.14: Left �gure: The dynamical structure factor Szz(q, ω) normalized wrt. thestrongest pole in (π
2 , π

2 ). The scan direction which is along the ordinate is as indicated bythe dashed blue line in Fig. 2.3. The solid red circles (pink diagonal crosses) represent thelargest pole (sum of the remaining poles) of the 32 spin lattice. The solid blue circles (cyandiagonal crosses) represent the largest pole (sum of the remaining poles) of the 16 spin lattice.The black solid curve is the LSW prediction Eqn. (2.67). The red (pink) solid squares at (π, π)are lowered from their original value in order to make the �gure readable and represent the 32(16) spin lattice. Their true values are seen at the top. The open black circles are experimentalneutron scattering data on CFTD, obtained by Christensen et al. [23]. The vertical solid linesare error bars. Note that the ED point for q = (3π
4 , π

4 ) in the left side of the panel is coveredby a CFTD-point. Right �gure: The total spectral weight of Szz(q, ω) normalized wrt. thestrongest pole in (π
2 , π

2 ). Only results for the 32 spin lattice are displayed and the color-codingis as in the left panel.
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Chapter 7Outlook and conclusion7.1 OutlookAlong with the elaboration of this thesis work, a number of ideas to how the work could becontinued have emerged. These ideas can be divided into two groups as being related eitherto numerical or experimental work. We shall start in the numerical regime and the ideas willbe listed pointwise below.
• An obvious idea is to enable RLexact to carry out exact diagonalization for larger systems.This is especially interesting at m = 0, which is the only m-value from which we canobtain information about the ground state properties. The goal should be either 36 or40 sites for m = 0. However, the idea is easier to state than to carry out, since a successwould require an optimization of RLexact. This optimization has been started withthe beginning optimization of FindUnique. But, since it at the moment is impossibleto complete ED of the 36-spin lattice at m = 0 even with RITZ_CONV= 10−1, moreoptimization ideas are needed, in order to run this job within the two days time limitat DCSC. A candidate for this optimization is to invoke the spin-�ip symmetry1 present(only) in the m = 0 subspace. This would immediately lower the number of stepsin the diagonalization-process by a factor of two. In an earlier version, RLexact wascapable of this in one dimension, so this task should not be huge. The optimization ofRLexact enabling it to run larger systems is properly a job for a computer scientist, orat least someone with more insight in the C-language than the author. The task is veryimportant, since an optimization of the code is essential for keeping RLexact in game ofproducing relevant numerical work. Alternatively, access to a bigger cluster than DCSCor higher time limit at DCSC, would probably, with the present version of RLexact,facilitate the exact diagonalization of the 36 spin lattice with m = 0. With the presentversion of RLexact this job would at the DCSC cluster take about a week.
• Experimental neutron scattering results and numerical and theoretical work, agree thatthe ground state of the spin-12 AFM on a square lattice is of non-classical nature. Theso-called RVB state described in Chapter 2, is a candidate for the ground state of thissystem. Therefore it would be highly relevant to develop RLexact, so that it can calculatethe nature of the ground state, in particular the overlap between the RVB state and theexact ground state found by RLexact. However, this is despite its conceptual simplicityvery hard to carry out from the programmers point of view. The reason is that RLexact1When m = 0 the number of spin-up and spin-down are equal. Hence, half of the states can be obtained inone operation, when the other half is known. 73



Outlook 74produces a ground state in the basis of uniques, while the RVB state normally is de�nedfrom dimer coverings of the lattice. These two bases are incommensurable. Hence, thekey to success is probably to de�ne the RVB state on the background of Uniques, suchthat the two bases coincide.Another development of RLexact could be to incorporate the concept of Ring Exchangeas described in Chapter 2 into the Hamiltonian, in order to investigate the e�ects on the
(π, 0) anomaly.

• A number of small task can be carried out on RLexact. Among these are an optionalincorporation of the input �le for nearest neighbor coupling in RLexact. As mentionedin chapter 5, this input �le is at the moment written manually. The reason that theautomatic generation of the input �le must be optional, is that future work could bebased on systems with other couplings than nearest neighbors. Another idea could bethe inclusion of a variable in step1.pl and step2.pl, which selects the jobs for q-pointssubmitted to DCSC. At the moment RLexact submits N jobs for a N -spin system, ofwhich only N/4 contain distinct physics due to C4 symmetry of the square lattice, seeFig. 5.1.
• With the present version of RLexact it should be possible to obtain results for the dy-namical structure factor for systems with N > 36 as long as m is relatively close to

N/2. The limit for RLexact set by the dimension of the sub-blocks of the Hamiltonian,is at the moment given approximately by the m = 0 sub-space with N = 36, having thenumber of con�gurations (3618) ≈ 9 · 109. This dimensionality is the same for a 64 spinsystem with m/N ≈ 1/8
((64

8

)) and a 48 spin system with m/N ≈ 0.21
((48

10

)). Theseresults would be easily obtainable and directly comparable with e.g. [39].Finally, experiments show a tiny anisotropy gap of 0.38 meV at the zone center [19],making it interesting to incorporate an anisotropy into selected calculation. This washowever not done in this thesis work, but could be relevant in both spin wave calculationsand as a new feature of RLexact.We are now ready to suggest future work related to the physical conclusions of this thesis work.Like above, the di�erent ideas will be stated point wise.
• The magnetic ZB branch splitting between (π

2 , π
2 ) and (π, 0) treated in this thesis workneeds to be investigated further. This could be done in three ways.i) A numerical investigation based on higher values of N and m should be carried out.With N = 40 one more point would be added along the magnetic ZB, and with m ≈ 13then m/N = 0.325, which is the regime relevant for observing the branch splitting. Since

(40
13

)

≈ 5 · 109, this is within reach of RLexact at the moment. Also numerical work onsmaller systems would be relevant, since the results of this work suggest, that the branchsplitting is present in both the 32 and 16 spin latticeii) An experimental investigation by neutron scattering with a �eld, on physical realiza-tions of the 2DQHAFSL, could get us closer to an understanding of the physics behindthe branch splitting. These experiments should focus on the regime h ∈ [2.8; 3.5] (inunits of J) where the results of this work suggest, that branch splitting �rst appears andthen melts together in a temporary continuum. One question that would be answeredfrom this, is whether the branch splitting is nothing but a �nite size e�ect or a truenature of the 2DQHAFSL.iii) If neutron scattering experiments reveal the branch splitting as being more than justa �nite size e�ect, an investigation of the temperature dependence of the branch splitting74



Conclusion 75is relevant. The ED results of this thesis work have been carried out at zero temperature,and it could be interesting to investigate to which degree the possible branch splitting inphysical realizations of the 2DQHAFSL exhibit a temperature dependence.iv) Another very interesting neutron scattering experiment would be to investigate thecorrelation between the one-magnon branch and multi-magnon continuum along the mag-netic ZB. This should be investigated both with and without �eld, and could possiblyreveal if the intensity anomaly observed by Christensen et al. [23] could be explained byspectral weight moving from the one-magnon branch to the multi-magnon continuum, asthe results of this thesis work suggest.
• The branch splitting and the (π, 0) anomaly are in this work both shown to be intrinsicproperties of the 2DQHAFSL. Since many parents of the high temperature superconduc-tors are physical realizations of the 2DQHAFSL, it would be interesting to investigate ifthere is a connection between the �eld dependence of the two phenomenons.7.2 ConclusionThis thesis work has by use of the program RLexact performed exact diagonalization (ED)studies of the spin-12 Heisenberg antiferromagnet on a square lattice, the so-called 2DQHAFSL.The project was originally inspired by results from neutron scattering experiments [23, 19], re-vealing an anomaly in both intensity and energy wrt. linear spin wave theory (LSWT), atthe point (π, 0) in the two-dimensional magnetic Brillouin zone. However, before the exactdiagonalization studies could begin, it was necessary to complete a work on RLexact in orderto run it parallelly on the cluster at Danish Center for Scienti�c Computing. This work hadbeen started by others, but were left partly un�nished, meaning that critical parts of the pro-gram was uncompilable/unrunable. As the project developed, it turned out that the literaturepresents a number of numerical works on the 2DQHAFSL, especially a paper by Lüscher andLächli [39], which facilitated a profound test of the reliability of RLexact after the paralleliza-tion had been completed. This paper was published in may 2009, which was about the time,where this project was de�ned. It took some time before the author of this thesis realized,that the extensive work of [39] covered a great part of the already de�ned thesis project.Hence, most of the numerical results of this thesis work, changed from being '�rst timers' to areproduction of [39]. This was not so bad as it seems, since the reliability of RLexact could beextensively tested, and the results of [39] could be challenged and supplement this thesis workin essential places, such as the branch splitting.The �rst data that was analyzed, lead to curves of the uniform magnetization and the suscep-tibility, as well as a prediction of the ground state staggered moment. The former two werefound to be reliable, while the determination of the ground state staggered moment was asso-ciated with severe uncertainties/errors. However, these results were only part of the warmingup. The main question that needed answer was the following: Is the (π, 0) anomaly in intensityand energy along the magnetic zone boundary, found by neutron scattering experiments onCFTD, a generic property of the 2DQHAFSL with nearest neighbor coupling? The questionwas already treated in the literature, but RLexact was a perfect tool to challenge these re-sults. The RLexact studies revealed that the (π, 0) anomaly in energy was indeed an intrinsicproperty of the 32 spin 2DQHAFSL with nearest neighbors, though with the energy reductionbeing 4.7% as compared to the 6(1) and 7(1)% found on CFTD [19, 23], a physical realizationof the 2DQHAFSL.Concerning the intensity anomaly in (π, 0) some interesting observations were done; the 32 spinlattice exhibited an (π, 0) anomaly, with a reduction of about 9% in the one-magnon branch75



Conclusion 76wrt. LSWT. This should be compared with the 54(15)% measured on CFTD [23]. However,it was also revealed, that the sum of all poles at each q-point, being well described by LSWT,did not experience the same anomaly along the magnetic zone boundary. Concluding, theseresults suggest, that along the magnetic zone boundary and speci�cally at (π, 0), the spectralweight lost in the one-magnon branch ends in the multi-magnon continuum. A paper basedon QMC simulation [38] has a related conclusion.An interesting remark is that the 16 spin lattice was found not to display any anomaly, neitherin energy nor in intensity. This is for the energy in accordance with the literature, but it wasnot possible to �nd any reference on the intensity.Inspired by Rønnow et al. [19] it was also investigated whether the (π, 0) energy anomalycould be modeled when using linear spin wave theory including next-nearest neighbors. Thiswas indeed the case, since the ED results were perfectly described by LSWT with nearest plusnext-nearest neighbor coupling and with a 1.25 scaling.The work hence suggested, that the CFTD results could be understood by two theories: TheHeisenberg model with nearest neighbor coupling (exact results) and the approximative theoryof spin waves in the same model but with an additional next-nearest neighbor coupling. Fromthe perspective of modeling one should prefer the simplest model describing the phenomenon,i.e. the Heisenberg with nearest neighbors. However, it is necessary to carry out exact di-agonalization studies on bigger systems in order to test convergence in the thermodynamicallimit. Within the 2DQHAFSL, it seems that the 32 spin lattice with m = 0 simulated in thisthesis work, wrt. system size is in line with the literature. However, in a few years it shouldbe possible to extract ED results for the ground state of the 2DQHAFSL with N = 36 or 40,which was not accomplished in this work.During the study of the literature and the analysis of the data for the dynamical structurefactor Szz(q, ω) a very interesting feature emerged; in a plot of Szz(q, ω) a quite clear branchsplitting occurred at the magnetic zone boundary between (π
2 , π

2 ) and (π, 0). In relation withthe intensity and energy anomaly just discussed, this interval is very interesting. The results ofthis thesis work and the results by Luscher et al. [39], suggest that the well-de�ned one-magnonenergy branch splits in two, when the magnetization passes m/N ≈ 0.32 from below. The twobranches exist for �elds up to m/N ≈ 0.37, at which the lower branch melts together with theupper, at this �eld-strength being well-described by LSWT. From the entire splitting processit is seen, that the upper branch is formed from the multi-magnon continuum approaching andconcentrating at the LSWT predicted branch, while the lower, which has the highest spectralweight at all �elds before the 'melting together', is situated below the LSWT prediction. Animportant remark to the branch splitting is, that it is more pronounced in (π
2 , π

2 ) than in (π, 0).This is contrary to the (π, 0) anomaly, which deviates the most from LSWT at (π, 0). Anotherremark is that the results of this work, although very poor at this point, seems to indicatethat the splitting as opposed to the other magnetic zone boundary e�ects, exist for the 16 spinlattice.I have not been able to come up with an explanation for the branch splitting, and will hencemerely note that it is related to the energy gap between the one-magnon branch and themulti-magnon continuum. Furthermore it seems possible, that a relation between the branchsplitting and the conservation of spectral weight along the magnetic zone boundary exists,even though the former only is observed with a �eld and the latter only exists in zero �eld.At the moment the multi-magnon continuum is a topic of interest for neutron scattering experi-mentalists, and it will be interesting to relate the results of this thesis work to the experimentalresults in the years to come. However, due to the low spectral weight of the continuum struc-ture factors, it is very hard to distinct these from the background, making it impossible or atleast very time consuming from neutron scattering, to obtain experimental continuum results76



Conclusion 77as detailed as those based on numerical work. This illustrates the importance of corporationbetween the two �elds.Concluding, the main result of this thesis work is the ED investigation of the magnetic zoneboundary features of the 2DQHAFSL: The m/N ≈ 0.33 branch splitting, the zero-�eld conser-vation of total spectral weight at the magnetic ZB and the anomalies in energy and intensityof the one-magnon branch also along the magnetic ZB.The latter two anomalies have been shown to be intrinsic properties of the 2DQHAFSL, sup-porting both results from the literature and what has been experimentally determined inCFTD. This altogether facilitates the description of CFTD by the 2DQHAFSL.The in-�eld branch splitting and the zero-�eld conservation of spectral weight, that in thisthesis work have been shown as intrinsic properties of the nearest neighbor Heisenberg model,might be important pieces in the puzzle of revealing the secrets of the magnetic zone bound-ary in the physical realizations of the 2DQHAFSL. It will be interesting to see if these twophenomenons relate to the idea of a RVB admixtured ground state.
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Appendix ACalculationsA.1 Handmade calculations of Szz(q, ω)We shall in this section calculate Szz(q, ω) for the simple 4x1 and 2x1 antiferromagnetic chains.When calculating Szz(q, ω) by hand, the �rst thing to notice is that |gs〉 only lives in the m = 0subspace. This means, that only the inner products 〈e|Sz
q |gs〉 where me 6= 0 is vanishing.A.1.1 4x1Due to the above comment we only carry out calculations for the m = 0 subspace and thecalculations will be done on the basis of uniques.

|u〉 an Hzz

|1〉 |0101〉 2 -1
|2〉 |0011〉 4 0It is readily seen from this simple case, that the allowed q's are q ∈ {0, 2} for the unique |1〉and that all q's are allowed for the unique |2〉. This means that for q = 0 in the ordered basis

{|1〉, |2〉} of Uniques we get the Hamiltonian
H =

(

−1
√

2√
2 0

)which by diagonalization yields the eigenvectors and eigenenergies
|gs〉 =

1√
3
(−

√
2|1〉 + 2〉) E = −2

|e3〉 =

√

2

3
(

1√
2
|1〉 + 2〉) E = 1For q = 2 we get in the ordered basis the hamiltonian

H =

(

−1 0
0 0

)which by diagonalization yields the eigenvectors and eigenenergies
|e1〉 = |1〉 E = −1

|e2〉 = |2〉 E = 078



Handmade calculations of Szz(q, ω) 79For q = 1 and q = 3 the unique |1〉 is not de�ned , in both cases resulting in the hamiltonian1
H = (0).We are now ready to perform calculations and apply the sum rule Eqn. (5.21).
Sz

q |gs〉 =
1

2

(

−
√

2

3

1

2
(−eiq + e2iq − e3iq + e4iq)|1〉+

√

1

3

1

2
(−eiq − e2iq + e3iq + e4iq)|1〉

) (A.1)We now take the inner product of Eqn. (A.1) with the exited states |e1〉, |e2〉 and |e3〉. We get
〈e1|Sz

q |gs〉 = 〈1|Sz
q |gs〉 =

1

2
√

6
(−eiq + e2iq − e3iq + e4iq) (A.2)

〈e2|Sz
q |gs〉 = 〈2|Sz

q |gs〉 =
1

4
√

3
(−eiq − e2iq + e3iq + e4iq) (A.3)

〈e3|Sz
q |gs〉 = 〈3|Sz

q |gs〉 =

√
2

12
(−eiq + e2iq − e3iq + e4iq) +

√
2

12
(−eiq − e2iq + e3iq + e4iq)

=
1

2
√

3
(−eiq + e4iq) (A.4)In order to proceed with the calculations one should use that q = {0, 1, 2, 3} = {0, π

2 , π, 3π
2 } andthat |e3〉 has q = 0, |e1〉 has q = 0, 2 and |e2〉 has q = 0, 1, 2, 3. Hence summing Eqns. (A.2),(A.3) and (A.4) over q = 0, 2, q = 0, 1, 2, 3 and q = 0 respectively, one obtains

∑

e,q

Mzz
e (q, ω) = 2π

(3

4
+

1

2
(2 cos(2π))

)

= 2π =
4π

2
(A.5)which obeys the sum rule Eqn. (5.21) since N = 4. We are now reassured that the result isright, and we can compare the individual matrix elements with the results of RLexact. This isdone in the following table2. It is seen that the deviation are almost non existing, and hencethe results of RLexact are judging from this test very reliable.Hand RLexact Deviation

2π|〈gs|Sz
q |gs〉|2, q = 0 0 0 0

2π|〈e1|Sz
q |gs〉|2, q = 0 0 0 0

2π|〈e1|Sz
q |gs〉|2, q = 2 4π/3 = 4.188790204 4.18879 ≈ 0

2π|〈e2|Sz
q |gs〉|2, q = 0 0 0 0

2π|〈e2|Sz
q |gs〉|2, q = 1 2π/6 = 1.047197551 1.0472 ≈ 0

2π|〈e2|Sz
q |gs〉|2, q = 2 0 0 0

2π|〈e2|Sz
q |gs〉|2, q = 3 2π/6 = 1.047197551 1.0472 ≈ 0

2π|〈e3|Sz
q |gs〉|2, q = 0 0 0 0A.1.2 2x1The situation for the 2x1 lattice is so simple that we will merely sketch the situation.The ground state is |gs〉 = 1√

2
(|10〉 − |01〉) and the only excited state with m = 0 is |e1〉 =

1√
2
(|10〉 + |01〉). Since we only have two spins in this system, the possible values for q are

q = {0, π}.Letting Sz
q operate on |gs〉 gives

Sz
q |gs〉 =

( 1√
2

)2 1

2

(

(eiq − e2iq)|10〉 − (−eiq + e2iq)|01〉
) (A.6)1In the basis {|2〉}.2Remark: That 〈gs|Sz

q |gs〉 = 0 follows directly from Eqn. (A.1).79



Comparison of Szz(q, ω) from RLexact and the literature 80
q = 0 q = π

5 q = 2π
5 q = 3π

5 q = 4π
5 q = 5π

5E=0 E=0.972167 E=1.62421 E=1.73496 E = 1.26928 E = 0.423239
Szz = 0 Szz = 0.364259 Szz = 0.796646 Szz = 1.28966 Szz = 2.08531 Szz = 5.06766

E = 2.48653 E = 2.55459 E = 2.07663
Szz = 0.0929543 Szz = 0.302418 Szz = 0.692448

E = 3.06329
Szz = 0.0650366Table A.1: Data from RLexact for the 10x1 antiferromagnetical chain in zero �eld (m = h = 0).Taking the inner product with 〈e1| we get

〈e1|Sz
q |gs〉 =

1

2
√

2
(eiq − e2iq) (A.7)Yielding

Mzz
e1

(q, ω) = 2π|〈e1|Sz
q |gs〉|2 = 2π

1

8
(eiq − e2iq)(e−iq − e−2iq) =

π

4
(2 − 2 cos(q)) (A.8)When summing this over the two possible q-values q = {0, π} we get

∑

e,q

Mzz
e (q, ω) =

π

4
((2 − 2) + (2 + 2)) = π =

Nπ

2
, (A.9)since N = 2. Hence the rule is ful�lled and we can state the individual contributions.Hand RLexact Deviation

2π|〈e1|Sz
q |gs〉|2, q = 0 0 0 0

2π|〈e1|Sz
q |gs〉|2, q = 0 0 0 0

2π|〈e1|Sz
q |gs〉|2, q = π π = 3.141592654 3.14159 0Remark: That |〈gs|Sz

q |gs〉|2 = 0 follows directly from Eqn. (A.6).A.2 Comparison of Szz(q, ω) from RLexact and the literatureIn order to test the reliability of RLexact after the parallelization has been implemented,systems which have already been treated in the literature were run on RLexact to check forconsistency.A.2.1 10x1 RLexactThe antiferromagnetic 10x1 chain was investigated earlier by Müller et al.[35] in zero �eld.Table A.1 shows the results from RLexact of the 10x1 antiferromagnetic chain (for zero �eld),and in Fig. A.1 the results of Müller et al. are displayed. By comparing Fig. A.1 and Table A.1it is clear that the results of RLexact and Müller et al. are completely consistent except at thelowest lying point for q = 3π
5 , where the two values are 1.29 and 1.30 respectively. Why thereis a small deviation at this point I cannot explain, but a possible explanation is a misprint in[35], since there are at least one other misprint concerning Szz(q, ω) as noted by [34].

80



Comparison of Szz(q, ω) from RLexact and the literature 81

Figure A.1: Data for the dynamical structure factor Szz(q, ω) for the 10x1 antiferromagneticchain for h = 0. Data is from Müller et al. [35].
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Appendix BSelected details of RLexactB.0.2 Ĥ± working on the uniquesIn this section we will for instructive reasons go through a full calculation of an element of Ĥ,for the 2x4 square lattice. We arbitrarily choose m = 0 and the unique |5〉 for our example,but for completeness the set of uniques for all m-values of the 4x2 square lattice are found inFig. B.1. The diagonal elements are calculated through Ĥzz =
∑

〈i,j〉 Si · Sj. For |5〉 this gives
(1
4 + 1

4) + (1
4 − 1

4) + (−1
4 − 1

4) + (1
4 − 1

4 ) + (1
4 − 1

4) + (1
4 − 1

4) + (1
4 − 1

4 ) + (1
4 − 1

4) = 0To �nd the o�-diagonal elements, we let Ĥ± operate on |5〉. When Ĥ± operates on a unique,the result is number of non-unique state, which however can be reached by certain translationof a uniques. That is
Ĥ±|un〉 =

∑

m

T̂x,y|um〉To be speci�c one uses that̂
Tx,y|u〉 =

∑

tx,ty

e
2πi( tx

Nx
qx+

ty
Ny

qy)|u + (tx, ty)〉 (B.1)
Nx(y) is the number of possible translations along the x(y) direction dictated by periodicboundary conditions, tx(y) is the actual given translation along the x(y) direction, qx(y) isthe associated reciprocal lattice vector and the notation |u + (tx, ty)〉 means the unique |u〉translated tx and ty along the x- and y direction respectively.This implies that a phase factor is attached to every state obtained from another state bytranslation. All phase factors as a function of qx, qy, tx and ty for the eight possible translationsof the 2x4 square lattice (Nx = 4 and Ny = 2) is seen from Table B.2. Hence the phase factorsmust be multiplied onto the uniques |um〉. Since the phase factors depends on the the point in
q-space for which we are trying to determine the matrix, one should in general expect di�erentresult for di�erent q-vectors. For our example we chose to illustrate the calculations for twodi�erent q-vectors q =

(0
0

) and q =
(3
1

).The �rst step, letting Ĥ± operate, is the same for all q-vectors. We get
Ĥ±|5〉 = Ĥ±

∣

∣

∣

0 0 0 1
0 1 1 1

〉

= 1
2

(

∣

∣

∣

0 1 0 1
0 0 1 1

〉

+
∣

∣

∣

0 0 1 0
0 1 1 1

〉

+
∣

∣

∣

0 0 1 1
0 1 0 1

〉

+
∣

∣

∣

1 0 0 0
0 1 1 1

〉

+
∣

∣

∣

0 0 0 1
1 0 1 1

〉

+
∣

∣

∣

0 1 0 1
0 0 1 1

〉

+
∣

∣

∣

0 0 1 1
0 1 0 1

〉

)

= T̂0,1|9〉 + T̂1,0|4〉 + T̂0,0|9〉 + T̂3,0|2〉 + T̂0,0|4〉 + T̂0,1|9〉 + T̂0,0|9〉 + T̂0,0|2〉 (B.2)82
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m |u〉 an Non-existing q m |u〉 an Non-existing q

0 |1〉 =
∣

∣

∣

0 0 0 0
1 1 1 1

〉

2 (1, 0), (1, 1), (2, 0) 1 |11〉 =
∣

∣

∣

0 0 0 1
1 1 1 1

〉

8

(2, 1), (3, 0), (3, 1) 1 |21〉
∣

∣

∣

0 0 1 1
0 1 1 1

〉

8

0 |2〉 =
∣

∣

∣

0 0 0 1
1 1 1 0

〉

8 1 |31〉
∣

∣

∣

0 0 1 1
1 0 1 1

〉

8

0 |3〉 =
∣

∣

∣

0 0 0 1
1 1 0 1

〉

8 1 |41〉
∣

∣

∣

0 0 1 1
1 1 0 1

〉

8

0 |4〉 =
∣

∣

∣

0 0 0 1
1 0 1 1

〉

8 1 |51〉 =
∣

∣

∣

0 0 1 1
1 1 1 0

〉

8

0 |5〉 =
∣

∣

∣

0 0 0 1
0 1 1 1

〉

8 1 |61〉 =
∣

∣

∣

0 1 0 1
0 1 1 1

〉

8

0 |6〉 =
∣

∣

∣

0 0 1 1
0 0 1 1

〉

4 (0, 1), (1, 1), (2, 1) 1 |71〉 =
∣

∣

∣

0 1 0 1
1 0 1 1

〉

8

(3, 1) 2 |12〉
∣

∣

∣

0 0 1 1
1 1 1 1

〉

8

0 |7〉 =
∣

∣

∣

0 0 1 1
1 1 0 0

〉

4 (0, 1), (1, 0), (2, 1) 2 |22〉 =
∣

∣

∣

0 1 0 1
1 1 1 1

〉

4 (1, 0), (1, 1), (3, 0), (3, 1)

(3, 0) 2 |32〉 =
∣

∣

∣

0 1 1 1
0 1 1 1

〉

4 (0, 1), (1, 1), (2, 1), (3, 1)

0 |8〉 =
∣

∣

∣

0 0 1 1
0 1 1 0

〉

8 2 |42〉 =
∣

∣

∣

0 1 1 1
1 0 1 1

〉

8

0 |9〉 =
∣

∣

∣

0 0 1 1
0 1 0 1

〉

8 2 |52〉 =
∣

∣

∣

0 1 1 1
1 1 0 1

〉

4 (0, 1), (1, 0), (2, 1), (3, 0)

0 |10〉 =
∣

∣

∣

0 0 1 1
1 0 1 0

〉

8 3 |13〉 =
∣

∣

∣

0 1 1 1
1 1 1 1

〉

8

0 |11〉 =
∣

∣

∣

0 1 0 1
0 1 0 1

〉

2 (0, 1), (1, 0), (1, 1) 4 |14〉 =
∣

∣

∣

1 1 1 1
1 1 1 1

〉

1 (0, 1), (1, 0), (1, 1), (2, 0)

(2, 1), (3, 0), (3, 1) (2, 1), (3, 0), (3, 1)

0 |12〉 =
∣

∣

∣

0 1 0 1
1 0 1 0

〉

2 (0, 1), (1, 0), (1, 1)

(2, 0), (3, 0), (3, 1)Figure B.1: Information about the Uniques of the 4x2 lattice.
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84Consulting table B.2 one �nds the phase factors, arriving at two di�erent results for q =
(0
0

)and q =
(3
1

).For q =
(0
0

) one gets
Ĥ±|5〉 = |2〉 + |4〉 + 2|9〉 (B.3)For q =

(3
1

) one gets1
Ĥ±|5〉 =

1 − i

2
|2〉 +

1 + i

2
|4〉 (B.4)B.0.3 The number of representativesEach unique can by translation be transformed into a number of non-unique states. For the4x2 lattice eight translations exist hence each unique can maximally represent eight states. Ifa number of states are not represented, this number corresponds to the exact same number ofcertain q-values not allowed. How this comes about is seen in the example below.For the example is chosen the unique |22〉2. If we let the Total Translation operator operateon the unique we obtain

T̂T |22〉 =
∣

∣

∣

0 1 0 1
1 1 1 1

〉

+ e2πi( qx
4
·0+ qy

2
·1)
∣

∣

∣

1 1 1 1
0 1 0 1

〉

+ e2πi( qx
4
·1+ qy

2
·0)
∣

∣

∣

1 0 1 0
1 1 1 1

〉

+ e2πi( qx
4
·1+ qy

2
·1)
∣

∣

∣

1 1 1 1
1 0 1 0

〉

+ e2πi( qx
4
·2+ qy

2
·0)
∣

∣

∣

0 1 0 1
1 1 1 1

〉

+ e2πi( qx
4
·2+ qy

2
·1)
∣

∣

∣

1 1 0 0
0 1 0 1

〉

+ e2πi( qx
4
·3+ qy

2
·0)
∣

∣

∣

1 0 1 0
1 1 1 1

〉

+ e2πi( qx
4
·3+ qy

2
·1)
∣

∣

∣

1 1 1 1
1 0 1 0

〉

=
∣

∣

∣

0 1 0 1
1 1 1 1

〉(

1 + eπiqx

)

+
∣

∣

∣

1 1 1 1
0 1 0 1

〉(

eπiqy + eπi(qx+qy)
)

+
∣

∣

∣

1 0 1 0
1 1 1 1

〉(

eπi qx
2 + eπi 3

2
qx

)

+
∣

∣

∣

1 1 1 1
1 0 1 0

〉(

eπi( qx
2

+qy) + eπi( 3
2
qx+qy)

)Each parenthesis can be written on the form (1 + eπiqx) possibly with a prefactor. Demandingthat (1 + eπiqx) 6= 0 for the phases not to cancel results in the constraint qx 6= 2n + 1,disqualifying the q-values q ∈ {
(1
0

)

,
(1
1

)

,
(3
0

)

,
(3
1

)

}.In order to illustrate the origin of these phases an example will be done for (qx, qy) = (3, 1).The phases are as follows:
∑

tx,ty

e2πi( tx
4
·3+ ty

2
·1) = e2πi({0, 1

2
, 3
4
, 5
4
, 6
4
, 8
4
, 9
4
, 11

4
}) = {1,−1,−i, i,−1, 1, i,−i}where the sum should be understood as going through all possibilities (as opposed to a actualsumming up of terms) and the awkward notation in the exponent simply is a listing of theresults from the 2 · 4 = 8 di�erent translations. The convention is to translate zero along xand zero along y, then one along x and zero along y, then one along x and one along y, then twoalong x and zero along y etc., obtaining the sequence (0, 0), (0, 1), (1, 0), (1, 1), (2, 0), (2, 1), (3, 0), (3, 1).The above knowledge of the phases would in Eqn. (B.2) be implied as follows: One can at all1Note that the phasefactors in this case cancels out such that unique |9〉 no longer is present.2See Table B.1 84



85
(tx, ty) (0, 0) (0, 1) (1, 0) (1, 1) (2, 0) (2, 1) (3, 0) (3, 1)

(qx, qy)
(0, 0) 1 1 1 1 1 1 1 1
(0, 1) 1 −1 1 −1 1 −1 1 −1
(1, 0) 1 1 i i −1 −1 −i −i
(1, 1) 1 −1 i −i −1 1 −i i
(2, 0) 1 1 −1 −1 1 1 −1 −1
(2, 1) 1 −1 −1 1 1 −1 −1 1
(3, 0) 1 1 −i −i −1 −1 i i
(3, 1) 1 −1 −i i −1 1 i −iFigure B.2: Phase factors generated by the Total Translation Operator.times consult table B.2 to �nd the corresponding phases for a given (qx, qy) and (tx, ty). Itshould be noted that RLexact does not calculate a scheme such as in table B.2, instead itsimply calculates the attached phase for every unique that needs to be translated into a stateafter a action like that in Eqn. (B.2). I have however chosen to include Table B.2 for instructivereasons.The �nal step in �nding the entries of the each block, is to weigh the number of states that eachinitial unique |ui〉 represents before Ĥ± operates on it, with the number of states representedby the various uniques to which |ui〉 is sent. This is done by multiplying each term by the ratioof the square root of the number of states represented by |ui〉 to the square root of the numberof states represented by each �nal unique |uf 〉. Continuing with the example of Eqn. (B.2)yields the �nal result
|2〉 + |4〉 + 2|9〉 →

√

a5

a2
|2〉 +

√

a5

a4
|4〉 + 2

√

a5

a9
|9〉 = |2〉 + |4〉 + 2|9〉 (B.5)where the an's are de�ned in Table 5.3. It is from Eqn. (B.5) seen, that no prefactor changes,since in the particular case of the unique |5〉, by coincidence a2 = a4 = a5 = a9 and hence therelative magnitude of the involved an's are 1. This is far from always the case.
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State |s〉 corresponding |u〉withT̂tx ,ty |u〉 = |s〉 (tx, ty)
∣

∣

∣

0 1 0 1
0 0 1 1

〉 ∣

∣

∣

0 0 1 1
0 1 0 1

〉

= |9〉 (0, 1)

∣

∣

∣

0 0 1 0
0 1 1 1

〉 ∣

∣

∣

0 0 0 1
1 0 1 1

〉

= |4〉 (3, 0)

∣

∣

∣

0 0 1 1
0 1 0 1

〉 ∣

∣

∣

0 0 1 0
0 1 1 1

〉

= |9〉 (0, 0)

∣

∣

∣

1 0 0 0
0 1 1 1

〉 ∣

∣

∣

0 0 0 1
1 1 1 0

〉

= |2〉 (1, 0)

∣

∣

∣

0 0 0 1
1 0 1 1

〉 ∣

∣

∣

0 0 0 1
1 0 1 1

〉

= |4〉 (0, 0)

∣

∣

∣

0 1 0 1
0 0 1 1

〉 ∣

∣

∣

0 0 1 1
0 1 0 1

〉

= |9〉 (0, 1)

∣

∣

∣

0 0 1 1
0 1 0 1

〉 ∣

∣

∣

0 0 1 1
0 1 0 1

〉

= |9〉 (0, 0)

∣

∣

∣

0 0 0 1
1 1 1 0

〉 ∣

∣

∣

0 0 0 1
1 1 1 0

〉

= |2〉 (0, 0)Figure B.3: Table showing which Uniques |u〉 should be translated to obtain the bit patternsin the �rst column.
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Appendix CResults for exact diagonalizationThis appendix presents documentation for the hand-calculated diagonalization results.C.0.4 m = 0,q =
(

0
0

)

H00,m=0 =













































0 2 0 0 0 0 0 0 0 0 0 0

2 −2 1 0 1 0 2
√

2 0 0 0 0 2
0 1 0 1 0 0 0 0 0 2 0 0
0 0 1 0 1 0 0 2 0 0 0 0
0 1 0 1 0 0 0 0 2 0 0 0
0 0 0 0 0 2 0 0 1√

2
1√
2

0 0

0 2
√

2 0 0 0 0 −2 0 1√
2

1√
2

0 0

0 0 0 2 0 0 0 0 1 1 0 0
0 0 0 0 2 1√

2
1√
2

1 −1 0 1 1

0 0 2 0 0 1√
2

1√
2

1 0 −1 1 1

0 0 0 0 0 0 0 0 1 1 0 0
0 2 0 0 0 0 0 0 1 1 0 −4













































Φ|gs〉,00,m=0,Maple =











































0.3064418204
−1.062484739
0.3251963680
−0.1147573950
0.3223612395
0.06415853865
0.7299253308
0.1536811089
−0.4053233322
−0.4053233104
0.1169033388

1











































E|gs〉,00,m=0,Maple = −6.934332510

E|gs〉,00,m=0,RLexact = −6.93433
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88C.0.5 m = 0,q =
(

3
1

)

Ĥ31,m=0 =





























−2 1+i
2 0 1−i

2

√
2(1 + i) 0 0 0

1−i
2 0 1+i

2 0 0 0 0 0
0 1−i

2 0 1+i
2 0 0 0 0

1+i
2 0 1−i

2 0 0 0 0 0√
2(1 − i) 0 0 0 −2 0 1√

2
1√
2

0 0 0 0 0 0 1+i
2

1+i
2

0 0 0 0 1√
2

1−i
2 −1 0

0 0 0 0 1√
2

1−i
2 0 −1





























,Φ|gs〉,31,m=0,Maple =

























0
0
0
0
−1
1
1
0

























E|gs〉,31,m=0,Maple = −4.281394240

E|gs〉,31,m=0,RLexact = −4.28139C.0.6 m = 0,q =
(

2
1

)

Ĥ21,m=0 =

























−2 0 0 0 0 0 0 2
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 1 0
0 0 0 0 1 −1 0 −1
0 0 0 0 1 0 −1 1
2 0 0 0 0 1 −1 −4

























,Φ|gs〉,21,m=0,Maple =

























−0.5615528128
0
0
0
0

0.2192235935
−0.2192235936

1

























E|gs〉,21,m=0,maple = −5.561552813

E|gs〉,21,m=0,RLexact = −5.56155
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89C.0.7 m = 1,q =
(

0
0

)

Ĥ00,m=1 =





















1 0 0 1 1 0 1
0 2 1

2 0 1
2

1
2

1
2

0 1
2 2 1

2 0 1
2

1
2

1 0 1
2 −1 3

2
1
2

3
2

1 1
2 0 3

2 −1 1
2

3
2

0 1
2

1
2

1
2

1
2 1 1

1 1
2

1
2

3
2

3
2 1 −2





















,Φ|gs〉,00,m=1,Maple =





















1
0.5
0.5
1.5
1.5
1
−2





















E|gs〉,00,m=1,maple = −3.307926037

E|gs〉,00,m=1,RLexact = −3.30793C.0.8 m = 1,q =
(

2
1

)

Ĥ21,m=1 =





















−1 0 0 1 −1 0 1
0 0 1

2 0 1
2

1
2 −1

2
0 1

2 0 1
2 0 −1

2
1
2

1 0 1
2 −1 3

2
1
2 −3

2
−1 1

2 0 3
2 −1 −1

2
3
2

0 1
2 −1

2
1
2 −1

2 −1 1
1 −1

2
1
2 −3

2
3
2 1 2





















,Φ|gs〉,21,m=1,Maple =

















−0.5615528121
0.2192235937
−0.2192235937
0.7807764063
−0.7807764070
−0.4384471872

















E|gs〉,21,m=1,maple = −5.561552813

E|gs〉,21,m=1,RLexact = −5.56155C.0.9 m = 2,q =
(

0
0

)

Ĥ00,m=2 =













1
√

2 0 2 0√
2 0 0 0 2

0 0 2
√

2 0

2 0
√

2 0
√

2

0 2 0
√

2 0













,Φ|gs〉,00,m=2,Maple =













0.7782272848
−0.9373183542
0.2700281475
−1.013488679

1













E|gs〉,00,m=2,maple = −3.307926037

E|gs〉,00,m=2,RLexact = −3.30793C.0.10 m = 2,q =
(

2
1

)

Ĥ21,m=2 =





1 0 0
0 0 0
0 0 0



 ,Φ|gs〉,21,m=2,Maple =





0
0
1



 or Φ|gs〉,21,m=2,Maple =





0
1
0





E|gs〉,21,m=2,maple = 0

E|gs〉,21,m=2,RLexact = 0
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Appendix DExtra notesD.1 The staggered magnetizationFig. D.1 presents the staggered magnetization m† as a function of magnetic �eld. In [39] thestaggered moment is calculated by use of
(m†)2(N) = (m†)2

[

1 + 0.062075
(n − 1

2

) c

ρs

√
N

+ O

( 1

N

)

] (D.1)Here ρs is the spin sti�ness, c is the spin wave velocity, n is the dimensionality (1, 2 and 3)and N is the number of spins in the system.The formula is merely stated for reference and has not been used in this thesis work.

Figure D.1: Staggered magnetization m† obtained from �nite-size extrapolations accordingto Eqn. (D.1), quantum Monte Carlo simulations, and spin-wave calculations. The picture istaken directly from [39].D.1.1 UncertaintiesFollowing [10] the uncertainties of a least squares �t yielding y = A + Bx are given by
σA = σy

√

∑

i x
2
i

∆
, (D.2)90



Points in q-space 91where
σy =

√

√

√

√

1

N − 2

N
∑

i=1

(yi − A − Bxi)2 (D.3)and
∆ = N

∑

i

x2
i − (

∑

i

xi)
2 (D.4)Here {xi}N

i=1 are the independent variable, {yi}N
i=1 are the independent variable and N is thenumber of observations.For the 1/N interpolation we have xi = {0.267393, 0.301607, 0.321367} and yi = {1/32, 1/16, 1/8}and for the 1/

√
N �t we have the same values for xi but this time yi = {1/

√
32, 1/

√
16, 1/

√
8}.For the �tting results of m† = 0.258 + 0.539 · 1

N and m† = 0.219 + .298 · 1
N for the 1/N and

1/
√

N �ts the uncertainties are respectively σm† ≈ 0.7 and σm† ≈ 0.12.It should be noted that these are big uncertainties relative to the value of m†.D.2 Points in q-spaceWhen naming points in the two dimensional q-space of the square lattice the following notationis used:
Γ = (0, 0)
M = (π, 0)
X = (π, π)
S = (π

2 , π
2 )
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Symmetry consideration 92D.3 Symmetry consideration
Sz Dim Sz

N
2 1

N
2 − 1

(N
1

)

N
2 − 2

(N
2

)... ...
N
2 −

(

N
2 − 1

)

= 1
( N

N
2
−1

)

N
2 − N

2 = 0
( N
N/2

)

−N
2 +

(

N
2 − 1

)

= −1
( N/2

N
2
−1

)

... ...
−N

2 + 2
(

N
2

)

−N
2 + 1

(N
1

)

−N
2 1Sum of dimensions ( N

N/2

)

+ 2
∑

N
2
−1

n=0

(N
n

)Figure D.2: First column shows the possible values of m ≡ Sz and the second column showsthe dimension of each value, that is the number of di�erent states having the given m.
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Symmetry consideration 93A visualization of Ĥ is seen in Fig. D.3.

p
p
p

Sz = N
2

Sz = −N
2

Sz = −N
2 − 1

Sz = −N
2 + 1

(L sub-blocks)

(L sub-blocks)

(L sub-blocks)
(L sub-blocks)

Figure D.3: Illustration of Ĥ. In blocks with m = Sz = ±N
2 ∓ 1 the dimension is (N1 )× (N1 ),since one spin points oppositely to the rest, having N di�erent sites to occupy. The dimensionof the next two block going towards the 'center' of Ĥ is (N2 ) × (N2 ). Continuing this line ofthought, the m invariant blocks of Ĥ can be constructed. It is each of these blocks that canbe further block diagonalized into L sub-blocks due to translation symmetry, represented bythe quantum numbers kx and ky.
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