UNIVERSITY OF COPENHAGEN
FACULTY OF SCIENCE

x? ¢® and ' D? 2o (LL)(LL) (RR)(RR) (LL)(RR)
Q| fAPCGrGEGS | @, (o) Qep (pte) (Gere Qu (ke ) (Ly™1e) Qe (Epyuer) (Es7"er) (o7 (bpvuls) (Eay¥er)
Qn | SHECGrGIGE | Qun (¢')0e'p) Qup (') (Gpurp) Q| @) @) | Qu (it ) Ty 0e) Qua (U Yulr) (B 0y
Quw | TEWIWIWER | Q| (¢1DRe) (' D) | Qup () (@drp) | (@ a) @) | Qui | ([dmd)datd) | Qu | (Gl (dad)
Q| MWW W QA | Gub)@re) | Qu | @Eued@rw) | Qw | Gue)Enta)

X% VX WD A | G @ rla) | Qu | Gueddard) | QR | (G (ware)
Qe | oG | Qu | Gowedrowl, | QW | iDL )bt QW | @ma)@yd) | QR | @rTre) @ TAw)
Qp | eelrem | Qu | GomeleBu | Q9 | WiBl o)) QW) | (T )@y TAG) | Q%) | (Gyuge) ()
Qo | weWLWin | Qu | (Go T 3G, | Qp (grfaD,, @)@y Q) | (G Ta.)(day*TAdy)
Qv o ITL-’I{,/IVJ-“" Quw | (go™u,)7! pﬂr:u CQSAI‘, (ot )(1;,1’*(;,) (LR)(RL) and (LR)(LR) B-violating
Qe @l BB Que | (@o"u)3 B, Q% (v*tDl y)( Itg) || || Quedq (e (dod) Quug eMep [(d)" Cuf] [(q17) " ClE]
Q. ol BB Quc | (G0 Td, )v 7 | Qe | (01D, ) (@) Q| (@u)epldidy) Ququ e Mej [(ap?) O] [(u])" Cer]
Quwr | ¢IToWLB™ | Quw | (g0™d )T oW, | Qua | (4 “*H’Jf o) (dpyd,) Qf,i]qd (BTN )e 1 (GET ) | Qg eMejnerm [(027) Cql¥] [(m) Ol
Quvn | #TOWLBY | Qu | 40"d)eBu | Qua| i@ D@ d) | | Q0 | Bedepldu) | Qun e [(d2)"Cuf] [(u2)" Cer]

Qi | (Bouwe,)enlaio )

A thesis presented to the Faculty of Science in partial fulfillment of the requirements for the degree

Doctor of Philosophy in Physics

Effective Field Theories of Particle
Physics and Gravity

Anagha Vasudevan

Submitted: January 2022

Supervisors: Prof. Dr. Michael Trott and Prof. Dr. Peter Hansen

This thesis has been submitted to the PhD School of The Faculty of Science, University of Copenhagen







Contents

1 Introduction

2 Effective Field Theories

2.1
2.2
2.3
24
2.5
2.6

2.7
2.8

3.1
3.2
3.3
34
3.5

3.6

4.1
4.2
4.3
44
4.5
4.6

51

52
5.3
54
55
5.6

Decoupling and the Appelquist-Carrazone Theorem . . . . . . ... ..
Large Mass Expansion . . . . . .......................
Examplesof EFTs . . . .. ... ... .. ... .. ... .. .. ... ...
Scale Separation . . . . ... ... . L L L
The Two Typesof EFTs . . . . . .. ... ... .. ... .. .. ......
Representation Independence . . . ... .............. .. ..
2.6.1 Total Derivatives . .. ... .. ...................
2.6.2 Equationsof Motion . . ... ... ... .. ... ... ......
2.6.3 Field Redefinitions . . .. ... ...................
Power Counting and Renormalisation . . . ... ... ..........
Whyusean EFT? . . . ... ... .. ... .. .. ... .. ... ...

Standard Model Effective Field Theory
The Standard Model . . ... ... ... ... .. ... ... .......
SMEFT as a Probe of New Physics . . ... ................
Higgs Precision Phenomenology . . . . ... ... ... ... ......
Operator Basesinthe SMEFT . . . ... ... ... ............
OperatorMixing . . . . . ... ... ... ... ... . o
3.5.1 The Anomalous Dimension Matrix for SMEFT . . .. .. .. ..
Collider Studies and Current Developments . . . . ... ... ... ...

Equations of Motion for the Standard Model Effective Field Theory
The Role of EOM inan EFT . . ... ... ... ... ... ........
The Standard Model Case . . . .. ... ... ... ... .. .......
The 5th Dimension . . . . . . .. . ... ... ... ... ... ....
Dimension Six Corrections to the Standard Model EOM . . . . . . . ..
Matching . . ... ... ... ... .. ..
Conclusions . . . . . . . . . . . e

Gravity as an Effective Field Theory
The Two-Body Problem . . . . . .. ... ... ... . ........
511 TheLIGOdiscovery . ... .....................
Latest Results in PN and PM theories . . . . . ... ... ... ......
An EFT Formalism for Gravity . . ... ... ... ............
General Relativityasan EFT . . . . . ... ... ... .........
Quantisation of Gravity . . .. .. ... .. ... ... . L L.
Analytic and Non-Analytic Contributions . . . . . ... ... ... ...

11

13
13
15
18
20
22
22
23
24
24
25
28

65
66
67
70
71
73
74
76



Contents

6 Metric Corrections for Schwarzschild and Kerr Black holes
6.1 Full Feynman Computation . . . ... ... .. ... ..............
6.1.1 Outlineof Procedure . . . . . . . ... .. ... ... ... . . .....
6.1.2 Results . . . . . .. . e
6.1.3 ScalarCase . .. . . . . . . .. ..
6.14 FermionCase . . . . . . . . . . . e e e
6.2 Approaches Based on the Residue Theorem . . . . . ... ... ... ... ..
6.2.1 Outlineof Procedure . . . . . . . ... ... ... . ... .. .. ...,
622 Results . . . . . .. e
6.3 Gravity from Scattering Amplitudes . . . . . ... ... ... ... .. .. ..

7 Conclusion
8 Outlook
A Feynman Rules for GR EFT

B FORM Codes for Full Loop Computation
B.0.1 Scalar Case without Identity . .. ... ... ..............
B.0.2 Scalar Case withIdentity . .. ......................
B.0.3 Fermion Case without Identity . . ... ... ..............
B.0.4 Fermion Case withIdentity . ... ... ... ... .. .........

79
79
79
82
83
83
84
85
87
91

95

97



Abstract

This thesis examines effective field theories. We briefly provide an overview of the proper-
ties underlying such theories and then look at concrete examples. For one, we will discuss
the effective field theoretic expansion of the Standard Model of particle physics and some
novel theoretical results important to understanding New Physics at the Large Hadron Col-
lider. The second part of this thesis will address effective theories of gravity and current
results in this field in the context of fundamental quantities such as the black hole metric
which are relevant to the experiment LIGO.






Resumé

Denne afhandling er tilegnet effektive feltteorier. Vi danner os et overblik over sddanne
teorier og undersgger konkrete eksempler. Forst diskuterer vi den effektive feltteori-udvidelse
af standardmodellen indenfor partikelfysik og nye teoretiske resultater til at fremme forstdelsen
af Ny Fysik ved LHC. Den anden del af denne afthandling undersoger effektive feltteorier i
forbindelse med tyngdekraft og aktuelle resultater i dette felt i sammenheeng med funda-
mentale kvantiteter sdsom sort hul-metrikken, der er veaesentlige i LIGO-eksperimentet.






Three quarks for Muster Mark
Sure he hasn’t got much of a bark
And sure any he has it’s all beside the mark.

James Joyce
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Chapter 1

Introduction

This thesis examines different aspects of effective theories, one of the most exciting theoret-
ical tools for those of us who work on quantum field theories today. Effective theories have
a wide range of application in physics, since we can consider all the theories we have today
to be an effective field theory (EFT). Essentially, we consider an EFT to be a physical theory
that is well-defined in terms of the scales -usually energy scales- under which it is valid. It
is possible to ad-hoc construct an EFT for the energy scales one wants to study, based on
the principles discussed in this thesis.

Two different branches of effective field theory will be considered here. After discussing
the basic ideas behind constructing an EFT in Section 2, the first application will be dis-
cussed: the Standard Model Effective Field Theory (SMEFT). The Standard Model (SM) of
particle physics has been extremely successful in describing electroweak and strong inter-
actions. In 2012, a boson of mass 125Gev was discovered, consistent with a Higgs boson,
whose existence has been postulated since the 1960s. This completed the Standard Model.
However, it hasn’t been able to explain all observed phenomena. For one, the 2015 Nobel
Prize in physics was shared by Takaaki Kajita and Arthur McDonald for their discovery that
neutrinos, which are massless in the SM, oscillate between different mass and flavour eigen-
states [1]. Incorporating massive neutrinos into the SM is not simple, and requires perhaps
an extension. In addition, there are unsolved problems in cosmology, namely those of dark
matter and dark energy. E.g., one current approach to solving the dark matter problem in-
volves searching for a potential dark matter candidate at a collider. A standard example of
a dark matter candidate is the right-handed neutrino, a particle not in the SM since it does
not interact under electroweak or strong interactions. The second run of the LHC hopes to
discover a sign of New Physics, i.e., physics beyond the SM. We will discuss in Section 3
how SMEFT is constructed and its different properties that make it uniquely suited to tack-
ling the search for New Physics. In 2017, I published with my supervisor Michael Trott and
Abdurrahman Barzinji, a paper where we studied important subleading corrections in the
SMEFT and discuss applications of this in Ref. [2]. A detailed version of these novel results
will be discussed in Section 4.

The second application we will study is that of effective field theories in gravity. The dis-
covery of gravitational waves in 2015 by the LIGO collaboration has had a big impact on
the field of gravity [3]. There is now a pressing need for precise theoretical predictions of
scatterings and mergers of objects like black holes and neutron stars. A few years ago, one
may have thought that it was impossible to study gravity as a quantum field theory due to
the fact that the gravitational coupling has a dimension. However, this issue is completely
circumvented by considering general relativity (GR) to be an EFT. A detailed account of the
problem under consideration is given in Sec. 5. We will discuss in detail the recharacteri-
sation of gravity as an EFT, and the procedure of constructing a Lagrangian and thereafter
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Chapter 1 Introduction

Feynman rules in Section 5.3. Then, applications of this theory will be discussed in Sec-
tion 6, where important one-loop post-Newtonian corrections to the metric are obtained
using the Feynman rules that were earlier established. Finally, ongoing work on simplify-
ing the prior calculation using residue theorem are considered in Section 6.2. We will briefly
touch upon the future of such calculations, using unitarity-based approaches in Sec. 6.3. A
conclusion and outlook summarise this thesis and succinctly establishes the optimism held
for the future of these fields.

12



Chapter 2
Effective Field Theories

Effective field theories are based on a very simple but powerful idea: the fact that scales
in physics are separated. This is encapsulated in the Appelquist-Carrazone theorem which
will be discussed shortly. The evolution of physics has seen that over the last centuries we
have developed more and more intricate theories that are capable of probing progressively
smaller distances, or equivalently, higher and higher energies. Quarks and leptons, ele-
mentary particles invisible to the eye, are some of the smallest scales we know of. At the
same time, the world consists of a variety of length scales of interest, ranging from these
minuscule ones to nuclear and atomic scales, cells and organisms, geophysical scales, as-
trophysical scales of planets and galaxies, and finally cosmological scales ranging up to the
size of the visible universe. This evolution has been possible because we can independently
study ranges of scales without being affected by the physics outside of that range- up to a
finite, calculable error. To understand this concept better, we will consider the idea of a
diagrammatic large mass expansion in greater depth.

2.1 Decoupling and the Appelquist-Carrazone Theorem

Sensible calculations are possible in EFT because of the idea of decoupling, which allows
us to consider a specific range of energy scales without making any reference to physics
at shorter distance scales, e.g., calculations in atomic physics which make no reference to
the deeper structure of the particles within the atom. This decoupling is non-trivial when
one considers a quantum theory, because of loops. E.g., one can neglect the heaviest quark,
the top quark, in several calculations. This is however, a contradiction because top quarks
can still appear within loops at higher order in perturbation theory. Thus, such particles
can appear virtually and consequently contribute to cross sections. The decoupling the-
orem, however, says that heavy masses decouple from the theory, appearing only in cor-
rections proportional to (m?)~! where m is the heavy mass scale. Alternatively, we can
say that any processes containing a propagator of the heavy mass scale but with external
momenta being relatively small are actually suppressed by this mass scale. This is a gener-
alised statement, applying to any renormalisable theory. This idea was encapsulated in the
Appelquist-Carrazone theorem [4]:

“For any 1PI Feynman graph with external vector mesons only but containing internal fermions,
when all external momenta (i.e. p* ) are small relative to m? , then apart from coupling constant and
field strength renormalization the graph will be suppressed by some power of m relative to a graph

with the same number of external vector mesons but no internal fermions.”,

here expressed in the modified wording from Ref. [5].

13



Chapter 2 Effective Field Theories

As a result for n-point Green’s functions G%,; of an arbitrary field theory, the theorem
can be expressed as

TR ZiGhi(prop2 -+ pws ) = T ZiGher(prpa -+, pui ) + %H?ZiG%p”T(m, Pac i)t

(2.1)
The right-hand side in the above contains an effective description of the full theory, with
d < 4 terms contributing to G}, and higher dimensional terms in Gr/%. Z;, , is the
full set of renormalisation constants required to renormalise the full theory, while Z; _u
would renormalise the d < 4 terms of the EFT. Finally, the higher-dimensional terms are
renormalised using Z; n . . Here, in addition to the renormalisation of the lower di-
mensional terms, we also have those which make the higher dimensional terms, which
are suppressed by powers of the heavy mass, finite. This captures what was stated in the
Appelquist-Carrazone theorem, i.e., that the heavy mass only appears in the renormalisa-
tion of fields or coupling constants. There is the caveat that the heavy mass should not
go on-shell in the diagrams that are calculated, since this theorem relies on using the on-
shell scheme to avoid any further constants coming in from renormalisation. The on-shell
theorem kills terms (as expected) where p? ~ m?, ¥ = m or similar expressions for the mo-
mentum and mass under consideration. To conclude, we have stated that where the heavy
intermediate mass doesn’t go on shell, its contribution to the full theory is solely through
new higher-dimensional interactions between light fields that are suppressed by the mass
scale, or renormalisation constants.

There are exceptions to the decoupling theorem, most notably in the case of weak inter-
actions. At energies of a few GeV, i.e., far below the mass of the W and Z bosons, weak
interactions would not be expected to play a significant role. A low energy effective theory
would then consist of strong and electromagnetic interactions only. However, certain weak
decays can still be observed. This is due to the fact that these decays are forbidden by dis-
crete symmetries such as parity and charge conjugation, if the weak interaction is neglected.
We will briefly discuss low energy EFTs for weak interactions in Section 2, but the main fea-
ture of this is that we obtain a non-renormalisable theory containing local contact operators
consisting of four fermions with a dimensionful constant called the Fermi constant. This is
a typical outcome for exceptions to the decoupling theorem. The existence of cases where
the decoupling theorem does not apply does not mean that EFTs break down or are invalid.
Rather, one must carefully consider the conditions of the decoupling theorem. In general,
there are two classes of examples of non-decoupling as detailed in Ref. [6]:

e Theories with spontaneous symmetry breaking have the property that the mass is re-
lated to a dimensionless coupling. In the case of the Higgs field, the mass parameter
is directly connected to the coupling A that appears in the Lagrangian. The decou-
pling theorem assumes that the mass parameter is increased by going to higher order
in dimensional parameters [7,8].

e Some dimensionless couplings needed by power-counting violate the renormalisabil-
ity of the low energy theoery [9].

Renormalisability is intimately connected to the idea of large mass expansion. In practice,
one can test Eq. 2.1 by taking the large mass limit of Feynman diagrams. Such an illustration

14



2.2 Large Mass Expansion

reveals some of the deeper properties of EFTs. In the following section, we will discuss one
such illustration. To keep it simple, all quantities will be worked with at the level of the
bare (non-renormalised) Lagrangian.

2.2 Large Mass Expansion

In this section, we will investigate scale separations in physics further, in the context of
a generic quantum field theory of scalars. The following example has been taken from
Ref. [6]. To begin with, we consider a bare-bone example of the procedure of integrating
out heavy modes.

Figure 2.1: Feynman diagram consisting of two scalar fields with mass m and M

Here, we consider Feynman diagrams containing just two scalar fields for simplicity, and
take the limit of one mass (represented by the thick line) going to infinity, or m < M. Our
aim is to look into the triangle integral and its different limits to potentially decouple the two
scales in the problem. Essentially, we consider the procedure of converting a Lagrangian of
a UV theory

Luyv = Lo+ Ly, (2.2)

where Ly is the full theory consisting of the interactions between the heavy and light fields
and their mass terms, into two parts. Here, we require that £, contains only the lighter field,
while £, can contain both heavy and light fields. Ultimately, we want to obtain a consistent
Wilsonian Operator Product Expansion (OPE) and subsequently an effective Lagrangian
of the form

> 1
Lerr =L+ ) i Cni Qi (2.3)
n=1

Here, £, has the same dimensions of the original theory, while the series contains higher
order operator combinations of light fields. In the above, we see an OPE based on an ex-
pansion in the heavy scale M. It additionally contains complex numbers C,,;, representing

15



Chapter 2 Effective Field Theories

Wilson coefficients and Q,,;, representing various operator combinations at higher dimen-
sions. We look now at the triangle integral which corresponds to Fig. 6.3:

d*k 1
I = / ) k2 — M2][(k+ p1)2 — m2][(k — p2)2 — m?]’ (2.4)

Simple power counting shows us that this integral is both UV and IR finite in four dimen-
sions (See Sec. 2.7). We will look at the case where p; ~ m for the external momenta
and consequently consider two limits of the above integral separately, namely m > p; and
m ~ p;j.

In the first case, the first term in the Taylor series, where we simply set p; to zero is

d4k 1
I~ / VT (2.5)

This integral is clearly finite. Subsequent terms in this expansion will have 2 + 2(n + 2)
powers of k in the denominator and 2n powers of k in the case of even terms, while odd
terms are zero. Thus, we can conclude that for this case, we can simply Taylor expand the
integral without additional considerations. However, in the case of the other limit where
pi ~ m, we run into some complications. Naively expanding in the small parameters yields

d4k
I~ / MZ] . (2.6)

We can see that this is an IR divergent integral and thus cannot be the correct limit of the
original integral. We can solve this differently by introducing a subtraction as follows:

_ d*k 1
i / (27)* (k2 — M2][(k + p1)? — m?][(k — pa2)? — m?]

(2.7)

o d% 1 1 1
B / (27)* (kz M2 —MZ) [(k+p1)* = m?][(k — pa2)? — m?]

d*k 1 1
+ (2n)* (—Mz) [+ p1)2 = m2][(k— pa)2 — 2]’

The above steps are allowed by the properties of integrals in dimensional regularisation.
In the first term, if we look at the k — 0 limit, we obtain a zero, which is unaffected if we
subsequently take p;,m — 0. The second term is firstly UV divergent, but also does not
yield a regular expression under similar considerations. So, we now expand only on the
first term

d*k 1 1 1 d*k 1 1
1~ [ ( —ME —M2> o+ | G AR T e e

(2.8)

This can now be split into three integrals as

= [ G (i) 15 (o) | g~ | oy s =l

(2.9)

16
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2.2 Large Mass Expansion

Now, consider the divergence properties of the above integrals. The first one is IR diver-
gent. The second one is scaleless, and such an integral can be discarded in dimensional
regularisation. The third one continues to be UV divergent. Thus, we are left with one
IR divergent integral and one UV divergent one. Since we expect that the above expres-
sion should capture the results of the original integral in Eq. (2.4), we should have the two
divergences cancel against each other. This is in fact a feature of effective field theories.
Since we already have Renormalisation Group (RG) methods, we can replace IR divergent
theories with UV divergent ones. We also see some of the properties mentioned in the de-
coupling theorem. For one, the above example illustrates how the large mass expansion
results in the integral splitting into several integrals where the UV physics, represented by
the heavy mass M, decouples from the rest of the theory. The decoupling theorem offers
an advantage when it comes to practically calculating scattering processes. By separating
the scales, we have obtained multiple integrals that are significantly easier to evaluate than
the complicated triangle integral that we had started off with.

The results of the large mass expansion can be expressed in terms of diagrams, by looking
at the integrals we obtained:

& + Q@ ——

Figure 22: A diagrammatic representation of large mass expansion

Fig. 2.2 shows us how one can use different types of operators in order to discuss a particu-
lar result. Thus, complicated loop diagrams can be re-expressed in terms of point operators
that potentially disobey the rules of dimensionality, where terms in Lagrangians are usu-
ally expected to have a mass dimension of four. In addition, this diagram shows us that
large masses are decoupled from lower scales since the bold lines exist only in one type of
diagram, whereas the light masses can appear abundantly in the other terms.

Our study of the procedure of diagrammatic large mass expansions has shown that by
replacing a full theory’s Lagrangian and corresponding Feynman rules with an effective
Lagrangian and effective vertices, it is possible to obtain the same result as in the full theory.
In addition, the issue of renormalisability is much easier to treat in an EFT, since we can
make connections between the UV and IR divergences, where for the former we have RG

17



Chapter 2 Effective Field Theories

methods. However, we will now discuss how to construct this effective Lagrangian and
obtain Feynman rules. As we know, the effective Lagrangian has heavy modes integrated
out, and thus only consists of higher-dimensional combinations of light fields that obey the
same symmetries as the light theory. E.g., if we were to construct an EFT of the Standard
Model (SM) itself, we would write out higher-dimensional combinations of the same fields
present in the SM, but still obeying the SU(3) x SU(2) x U(1) symmetry of the SM. We
will soon see the full list of such operators, but here are two examples of such an operator
consisting only of Higgs doublets:

Qu = (H'H)®, Quu=(H'H)o(H'H). (2.10)

In general, we express an effective Lagrangian as follows

Lo = L]+ Z i ZCO Y. (2.11)

A above denotes the scale of the heavy state. We will not consider a multiscale problem
here, so only one such expansion exists in A. In addition, the superscripts denote that we
are working on the level of the bare, non-renormalised parameters. Of course, we expect
that the full theory is finite, which is a reasonable expectation to have: we expect that our
effective theory will also produce finite Green’s functions since it is representative of a finite
UV theory. Firstly, we have to think about renormalisability in general terms. We expect that
the new operators will produce UV divergences. For any theory to be renormalisable, we
need to have a finite number of divergences that are canceled out by renormalising a finite
number of fields and coefficients. Thus, we consider the theory order-by-order in the given
expansion above. At any given order, due to the dimensional constraints and fields having
positive dimension, we will have a finite number of operators, and consequently a finite
number of complex Wilson coefficients. We expect that by using RGEs to renormalise these
Wilson coefficients, we can systematically deal with each UV divergent graph. In EFTs,
unlike in the case of the SM, we have an additional complication due to potential operator
mixing, which will be discussed in Sec. 3.5. This is in fact, one of the huge difficulties in
having an automated program to calculate EFT S-matrix elements and decay rates. Thus,
the key point of this discussion is that by working order by order in the EFT expansion in
Eq. (2.11), i.e., looking at the terms for each n separately, we will only have a finite number
of divergent terms that can be dealt with using appropriate RGE methods.

2.3 Examples of EFTs

The classical example of an EFT is what is called Heavy Quark Effective Field Theory (HQET),
which is also known as the Fermi theory of weak interactions. Here, the W and Z boson
masses are neglected and we instead consider tetra-quark interactions and expand in the
masses of quarks. This is an example of a bottom-up approach, now that we are aware of
the full Standard Model. HQET was extremely important in the discovery of the Higgs
Boson, completing the SM particles. This is an example of a low-energy EFT where the
power counting parameter is p/ Mg where M, is the mass of the heavy bottom and charm
quarks my and m,. In the example of the muon decay, p, the momentum, is of the order of
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2.3 Examples of EFTs

the muon mass. However, in other kinds of decays, such as in hadronic weak decays, the
momentum that describes the scale of the problem can be in the range of hadron or quark
masses. Historically, this theory has been used when the W and Z boson masses had not yet
been measured. This has been found to be the optimal method to test the unitarity of the
Cabibbo-Kobayashi-Maskawa (CKM) matrix which contains a parameter that determines
the level of CP violation in the SM. In addition, non-perturbative QCD is a limit that this
theory can be used for. A concise summary of HQET can be found in Ref. [10].

A similar theory, called Low-Energy Effective Theory (LEFT) describes a low-energy
limit of the SM that does not include the W and Z bosons, the Higgs, or the top quark.
The gauge group here is SU(3) x U(1). A review can be found in Ref. [11].

Chiral perturbation theory is commonly used by nuclear physicists to describe the inter-
actions of pions and nucleons in the low momentum limit. In essence, we are looking at
the low energy dynamics of QCD. While the QCD Lagrangian consists of quark and gluon
fields, xPT has meson and baryon fields. Pion scatterings were an example of how this
theory was used to obtain collider appropriate calculations, but the matching cannot be
computed analytically due to the non-perturbative nature of xPT. Nevertheless, this the-
ory can be used to compute parameters suitable to collider experiments.

SCET, or soft-collinear effective field theory, is another interesting example of an EFT.
This theory involves using a different frame of reference to study a different type of hard
interactions, in the soft and collinear limits. The soft and collinear limits describe some
of the classic divergences in QFTs. A soft limit implies that we have a small momentum,
where the scale of reference A >> ps,r; where the latter quantity is the momentum of the
particle. The collinear limit can best be understood in the context of jets by considering
jets being collinear. Collinear DOFs describe particles that are moving in a close to paral-
lel but not exactly the same directions. There is a connection to HQET, where in the case
that psors ~ Agcp, the soft modes are non-perturbative like in HQET for bound B or D
mesons. However, this can be generalised to other particles in high-energy physics. In the
end, these are all particles within the infrared regime of QCD in its divergences. We can use
SCET to describe energetic particles and in essence, all amplitudes in high energy physics
to first approximation. However, it is particularly interesting because of its application to
deriving factorization theorems and resummation. Soft and collinear limits of high energy
physics processes are notoriously difficult to handle due to the presence of Sudakov double
logarithms. One example of a process that was calculated using SCET in conjunction with
HQET is that of B-meson decays, and in fact, this was a theory first studied for the case of
inclusive B-decays. The Drell-Yan process and the connected case of the Higgs were studied
to N3LL, or to the third degree of the leading logarithm by using SCET resummation proce-
dures. Jet observables in their important soft and collinear limits are the most well-known
applications of SCET. Another important example is that of Deep Inelastic Scattering. An
extensive review of all these applications can be found in Ref. [12]. To summarise, some of
the applications are:

e B-decays

e Inclusive hard scattering processes such as e”p — e~ X, also known as Deep Inelastic
scattering, or a classic Drell-Yan process pp — XI71~.

e Jet processes such asete™ — jets
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e Hard scattering processes involving photons such as y*

SCET is special as an EFT since it involves non-local operators due to the frame of reference
and variables used.

2.4 Scale Separation

In this section, we will discuss scale separation in terms of a more concrete example. EFTs
are complex multi-scale problems and one example is that of a hydrogen atom. We have
several scales at play here— the masses and momenta of protons and electrons along with
a hierarchy of scales relating to the multitude of elementary particles that comprise the
quantum world.

An EFT can be built just by having some basic information— we need to identify the de-
grees of freedom (DOF) and the symmetries that restrict them. In essence, this would
require us to know the field content, as well as all interactions that are allowed between
these particles, as per the gauge groups under consideration. In addition, we would need
to look at the expansion parameters and the power counting involved. These rules are gen-
eral, applying to a straightforward theory such as SMEFT as well as effective descriptions
of gravity.

We can use the following example of the hydrogen atom, taken from Ref. [13]. As we
know of course, a most basic description of the hydrogen atom consists of an electron cou-
pled to a proton through the electromagnetic interaction: thus, this interaction is mediated
by a photon. However, for the considerations of elementary particle physics, while the elec-
tron is a fundamental particle, protons are known to consist of a trio of confined quarks. An
important observable that is calculated in the connection of this basic atom, is its binding

energy, given by
2
1+ 0 (’”g)] . (2.12)
my,

In the above, m, represents the electron mass and «, which will be discussed further, is
called the fine-structure constant.

We can naively see here the property of scale separation in EFTs. On one hand, we are
able to obtain a reasonable approximation for the binding energy of hydrogen using simply
E = 1/2m,a?, and this was calculated without knowledge of the deeper structure of the
proton. However, if we now consider this as an effective description and want to include
e.g., the effect of bottom quarks, this would appear as a correction to Eq. (2.12) which is
proportionate to the inverse square of the bottom mass 1/m2. Such a correction would take
the form of the following Feynman diagram:

1
Eo = Eme(xz
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Figure 2.3: Bottom quark corrections to the binding energy of the hydrogen atom

This procedure does not just stop here, because there is an additional subtlety in quantum
field theory- that of renormalisation. E.g., the original numerical value of the fine-structure
constant was known to be 1/137. However, this coupling gets renormalised according to the
energy scale that we are considering. The running of the constant goes as a(O) =1/137 for
energies below the W-boson mass scale to a(My) = 1/127. For an experiment conducted
at atomic scales, we can use the former values and ignore the bottom quark mass. However,
at energies where the bottom quark mass comes into play, we would have

L(p,e”,v,bya,mp) =L(pe”,v;a')+0O <1z> : (2.13)
my,

Here, we firstly look at one Lagrangian which accounts for the interaction between a proton,
electron, photon, and bottom quark. We separate this into two parts, the first of which is
independent of m; and the second contains the corrections due to the heavy quark. « and
' describe the running of the fine-structure constant, meaning that we look at the value at
the two different scales. This argument can be extended to higher masses. E.g., we have as

per Ref. [14]
d (1 1

for the top quark mass m; and the proton mass has the following dependence
my, o m/ . (2.15)

An obvious clarification here is the following. The proton consists of a combination of the
lightest quarks, namely the up and down quarks. As seen in Table. 3.1, the up and down
quarks have masses in the MeV range, whereas the bottom has a mass in the GeV range.
The momentum transfer in hydrogen is |p| ~ m.a which is smaller than the proton size of
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200 MeV. A crucial conclusion of the above discussion is that we are able to make reasonable
conclusions using the above EFT ideas without any consideration for what happens at even
higher scales, e.g., if the top quark were to be included. Any possible UV divergences do
not invalidate the theory.

The above example was used to sketch a multi-scale problem such as is commonly en-
countered when one considers EFTs. E.g., SMEFT involves all of the scales in the SM itself,
and it is crucial to understand the hierarchy of scales as well as the renormalisation of these.

2.5 The Two Types of EFTs

As seen in the previous section, EFTs usually involve multiple scales. We can use the ideas
of EFTs to build two kinds of theories, a top-down or bottom-up one.

e A Top-Down EFT refers to one where we are aware of the UV theory but “integrate
out” some heavy scales in order to study low-energy observables. The most well
known example of this would be Heavy Quark Effective Theory. It’s also often com-
mon to consider predictions in the SM after integrating out the heaviest particles, most
commonly the top quark. Such theories can greatly simplify calculations since they
do not include DOFs that are outside the scales of interest.

e The opposite would be a Bottom-Up EFT. In this case, we may not have knowledge
of the UV theory. However, the IR theory can be systematically expanded using the
Wilsonian approach and making minimal assumptions on the UV theory. We will
be considering an example of this in fair detail, namely the SM and its expansion-
SMEFT.

2.6 Representation Independence

When writing out an EFT Lagrangian, one must follow Gell-Mann’s Totalitarian Principle,
which states

"Among baryons, antibaryons, and mesons, any process which is not forbidden by a conservation
law actually does take place with appreciable probability. We have made liberal and tacit use of this
assumption, which is related to the state of affairs that is said to prevail in a perfect totalitarian state.”,

or in its more concise form that, everything not forbidden is compulsory.

This means that given a set of degrees of freedom and their gauge group, one has to
write down every possible operator that fulfils those constraints. This leads, as expected,
to a large number of operators, but also a great deal of redundancy. In this section, we
will be discussing how such redundancies are treated. Later, the discussion of building a
complete and coherent operator basis for SMEFT will elucidate how this works for a real-
world theory. It is extremely important to identify these redundant operators since they
make calculations severely more tedious. As we know, the Lagrangian is not a physical
quantity, however, amplitudes are. This mean that we can have repetitions of operators
in a Lagrangian which do not contribute to the final amplitude. We use here an example
from Ref. [15] to look at representation independence. This tells us that once we have a
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non-redundant basis for an EFT, we obtain exactly the same results when computing an
amplitude, had we used a different non-redundant basis. The following example is from
¢* theory, where we work with the Lagrangian

1

1
L= 50u9)" = 5m*¢” = Ag" +1819° + 1329709, (2.16)

within the limit # < 1. The standard method of eliminating redundant operators is to
use equations of motion to eliminate related categories of operators. Alternatively, one can
make use of field redefinitions. In this case, we have an extension of the Klein-Gordon
equation that is

2p = —m?p — 4A¢°. (2.17)

The equivalent field redefinition would be
¢ — —m*p —4rg>. (2.18)

This results in the following transformations of the terms from our Lagrangian:

1 1
5(0u9?) = S (9up)? = 1820°P¢ + O() (2.19)
ngoz — 7112(p2 + anzmz(p4 + (9(172) (2.20)
Agt = Aot +4ngarg® + O(3%). (2.21)
This results in the following new Lagrangian:
1 1
L= 50u9)" = 5m*e” = Vo +1819° + O(n"). (222)

In the above, we have modified versions of the couplings, where, e.g., 1’ is a function of the
original 77 and so on. The result of the above Lagrangian is that we have managed to elimi-
nate a term and thus have obtained a Lagrangian with fewer terms, meaning that it is easier
to obtain a succinct amplitude without additional terms. In the following sections, we will
consider different approaches to eliminating redundancies in EFT Lagrangians in order to
obtain theories that offer an easier approach to calculating physical scattering amplitudes.

2.6.1 Total Derivatives

The Warsaw basis of the SMEFT is based on avoiding terms involving derivatives in order to
simplify the derivation of Feynman rules. We will here consider how one can eliminate such
terms using partial integration and associated methods. Following Ref. [16], we consider
the example of a generic low-energy field ¢ and a total derivative operator appearing in an
EFT expansion of it:

S = —g [ d*x0,(¢%0"). (2.23)

Here, ¢ is a generic low-energy field. In a manipulation commonly used in physics, we can
use Stokes’” theorem to show that the above is equivalent to a boundary term on the surface
of the sphere of integration

dix 3, (029 :/ P 23.0). 224
/M X ;(90 HQ”) M x”y(q’ ;4’) ( )
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It is common to assume for quantum fields that they vanish at the boundaries and so these
terms can be dropped. This method can also be used to simplify calculations in another
way, since it allows us to move derivatives around the given term to aid calculations. In the
above, n;, refers to the outward-directed unit normal to the boundary under consideration,
which is M. We can make a fair assumption here that these integrals vanish at infinity and
this allows us to completely drop terms involving total derivatives. Of course, depending
on the theory under consideration, the asymptotic behaviour must be carefully examined
in order to determine whether the previous statement holds true.

2.6.2 Equations of Motion

The Euler Lagrange equations of motion for the theory

0= / dx BJ-C:W — 2, <a(%ff> 5?)] , (2.25)

can be used to relate different operator structures and thus eliminate redundant operators.
While the above may look complex at first glance, it is simply an extension of the Euler-
Lagrange equation in classical mechanics. We vary the action,

5= / d*xL(F,0,F), (2.26)

where in the above F represents the various fields in the theory. Equations of motion tell us
that operator structures are not independent from each other. This process will be described
in detail in the next section, where we study EOM corrections to the SM. Exemplifying this,
Ref. [17] uses these methods to eliminate related operator structures.

2.6.3 Field Redefinitions

As mentioned previously, the Lagrangian is not a physical quantity, meaning that one can
scale fields as they please. However, these redundancies are eliminated once one calculates
the physical quantity in question, which is the scattering amplitude. This is due to the
fact that physical quantities have to be independent of the choice of variables. We have
another tool to eliminate redundant operators at our disposal, namely, field redefinitions.
The equivalence principle for the S-matrix states that S-matrix elements are invariant under
reparametrisation of fields. Here, we will consider an example from Ref. [16], where we
expand the action in a Taylor series in a small parameter, e.

S[p] = So[g] + eS1[g] + €Sag] + - - - . (2.27)

In general, this procedure is quite similar to that of using the Euler-Lagrange equations,
where we say that the action is invariant under small transformations. We look at this from
a different perspective, where we perform an infinitesimal field redefinition in the field in
question, the scalar field ¢. This looks like

5 = efi[p] + e falg] + - - - . (2.28)
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In the above, we expand our scalar field infinitesimally in the same small parameter, ¢,
where the functions f; are arbitrary functions of the fields and their derivatives, giving us
fi(@,0¢.- - ). These changes manifest in the action as follows

0S 051 05,
5S:/d4x{ +e +52+---}5. 2.29
so(x) 390 T 5p(x) ¢ (229)
Looking at the definition of d¢, the above can be rewritten as
oS 0S 4S
4 990 2 0 1 .
Jae[Tn] +2 (5o * g ]+ (230)

The function f; can be used here to erase the interaction term proportional to S; by making
choices in the non-physical terms in the Lagrangian. As per the review, we consider a local
function B|¢] in the following consideration for a term S;

oS
. 4 0
Si C /d x(Sqo(x)B[(P]' (2.31)
we can use the choice f; = —B to successfully deal with the above functions. In this manner,

we see how field redefinitions can be used to eliminate Lagrangian redundancies.

2.7 Power Counting and Renormalisation

There exists a naive method to determine the renormalisability of a theory, based on the
units of the coupling constant. Essentially, one can use power counting to determine which
of the following four categories a quantum theory falls into,

e Non-renormalisable theory
e Renormalisable theory

e Super-renormalisable theory
e Finite theory

By definition, the action is a quantity that is dimensionless (or equivalently, to 71), so using
the definition

S = / dx L, (2.32)

we establish that any term in the Lagrangian should have a dimension of 4. One can exam-
ine the degree of divergence of any graph by looking at the terms in the Lagrangian that
go into it. The dimension of a field can be determined using the aforementioned method
or by looking at how the propagator behaves in the large momentum limit. Using this
knowledge, one can establish the following dimensions, in d-dimensions for the scalar and
fermion fields respectively:

9] = —— (2.33)

Y] = —— (2.34)
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equaling 1 for scalar fields and 3 /2 for spin-1/2 fields in four dimensions. Non-renormalisable
theories generally have a negative power in the coupling constant. Other examples include:

e Gravity, whose coupling constant we describe as x> = 3271G where G is the known
Newtonian gravitational constant, has a negative dimension. This means that using
the traditional action for gravity, commonly known as the Einstein-Hilbert action, will
yield a non-renormalisable theory with spurious infinities.

e Supergravity, a supersymmetric theory of a gravity, is through similar arguments
non-renormalisable.

e The previously discussed heavy quark EFT is a common example of a non-renormalisable
theory which has a dimensionful constant proportional to the inverse of a quark mass.
However, this has been one of the first examples of how an effective field theory ap-
proach can be used to circumvent infinities and get usable calculations. As we also
noted, SMEFT itself contains four fermion terms as part of its Lagrangian.

There are of course more examples. On the other hand, renormalisable theories comprise a
very small number of the theories particle physicists work with. Such theories have exclu-
sively dimensionless coupling constants. The most important example from this category
is of course, the Standard Model itself, which was proved to be fully renormalisable by
t'Hooft and Veltman in Ref. [18]. Other examples of renormalisable theories are ¢* the-
ory, which is a classic toy model. Another familiar example is the theory of QED which
has no dimensionful coupling constants. In addition, as a subcategory of SM-like theories,
massless non-Abelian gauge theories as well as spontaneously broken non-Abelian gauge
theories are in general renormalisable. Even though massive non-Abelian gauge theories
tend to be non-renormalisable, in the case of spontaneous breaking of the gauge symmetry,
renormalisability is retained.

Super renormalisable theories are a category of theories which converge, so the num-
ber of divergent graphs is very limited. As we go to higher and higher orders in the the-
ory, or equivalently add more loops, the degree of divergence gets limited. Unlike non-
renormalisable theories, such theories have dimensionful constants, with positive dimen-
sion however. The most simple example of such a theory is ¢> theory, which needs to come
with a positive coupling constant in order to achieve the required dimension of 4 for terms
in a Lagrangian. However, ¢* theory is also super-renormalisable, albeit in three dimen-
sions.

It must be noted that the renormalisability of a theory depends on its dimensionality.
Thus, there are theories that are renormalisable in d # 4 dimensions, e.g., 4)3 theory is
renormalisable in six dimensions despite not being renormalisable in four dimensions. As
per Ref. [19] the following is a complete set of interactions for spin 0, 1, and 1 fields that
are potentially renormalisable in four dimensions

¢t e, (A2, §/AY, ¢'o,pAY, ¢TpA%. (2.35)

To put this all into the context of effective field theories, a theory is renormalisable when one
has a finite number of parameters and consequently, a finite number of graphs to be used
in order to eliminate the infinities in these parameters. EFTs are known to have an infinite
number of terms and thus can appear to be non-renormalisable at first glance. However,

26



2.7 Power Counting and Renormalisation

this issue is solved by working order by order when building the tower of operators. Thus,
at a given dimension, an EFT only has a finite number of operators and therefore this is not
a problem. In addition, the discussion on large mass expansions shows how by using an
effective approach, one can convert infinities to obtain finite results up to a calculable error.
At higher loop orders, one can examine the superficial degree of divergence of a diagram. This
is a standard procedure where one compares the powers of the loop momentum in the
numerator and denominator. Following the discussion in Ref. [20], we consider an arbitrary
QED graph, whose corresponding Feynman integral can be represented as follows
diky - - - d%;p,

T ) ) .

Thus, in d-dimensions given an L-loop diagram, we obtain 4 powers of the loop momentum
k in the numerator. However, this is compensated by one power of k in the denominator
for every fermion propagator containing the loop momentum, and two powers of k for
photon propagators. Note that the QED Feynman rules do not have momentum factors in
the numerator so we ignore the algebraic structures that can appear in the numerator for
this discussion. The superficial degree of divergence D is given by subtracting the number
of powers in the numerator from that in the denominator:

D =dL - P, - 2P, (2.37)

where d is the dimension of the theory, L refers to the number of loops, and P, and P, are
respectively the number of electron and photon propagators. D = 0 corresponds to a loga-
rithmic divergence, while D > 0 leads to a UV divergence that could potentially be treated
by putting a momentum cutoff. D < 0is the ideal case of not having divergences, although
in other theories with massless particles there could be issues of IR divergence. This quan-
tity D is called only the superficial degree of divergence because it is a naive estimate that
can be affected by factors such as Ward identities that lead to cancellations that can alle-
viate the divergence. The above relation also fails for the trivial case of a diagram with no
propagators or loops, since D = 0 implies it would be divergence. Some of these exceptions
are shown in Ref. [20]. Nevertheless, in the traditional approach to renormalisation, D can
be manipulated using graph theoretical ideas that allow one to immediately test diagrams
and check their divergence properties quickly. Manipulating the above expression leads us
to the following expression for D in d-dimensional QED:

pas () v (52w (Y m 30

where V is the number of vertices and N, and N, are respectively the number of external
photons and electrons. Note that since the above expression explicitly contains the number
of vertices at d # 4 dimensions, it also includes that many powers of the coupling constant.
In this sense, we see how the renormalisability of the theory can be understood in terms
of the coupling constant of the theory. Fortunately, QED has a dimensionless coupling.
The above expression can be evaluated for different dimensions. E.g., as 4 increases, the
positive contribution from the vertices means that amplitudes will gradually become more
divergent. Thus, we can expand on our previous ideas of super-renormalisable, renormal-
isable and non-renormalisable theories as follows. A super-renormalisable theory will only
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contain a finite number of divergent Feynman graphs. Renormalisable theories such as the
SM will have divergences to all orders in perturbation theory, although these will be a finite
number at each order. Non-renormalisable theories tend to have an increasing number of
divergent graphs as we go to higher orders in the perturbative series.

However, as seen in our discussion on diagrammatic large mass expansion in Section 2.2,
effective field theories essentially help us avoid this problem, due to the cancellation of
UV and IR divergences. As we discussed in Section 3, Fermi theory was an early non-
renormalisable theory that supported the idea that one can still obtain plausible results
from a non-renormalisable theory. Besides this problem of practicalities, we need to con-
sider carefully the limit we take when we go from a classical theory to a quantum one,
namely that Planck’s constant 71 goes to 1, compared to classic theories where we generally
setn — 0. In particle physics, one generally uses “God-given units” where wesetc = i = 1.
Thus, these factors are absent and we are unable to see them clearly. In general, loop correc-
tions in particle physics are considered to be an expansion not only in the coupling constant
but also in #i. In gravity, we encounter both classical and quantum corrections and thus %
is crucial to distinguish between the two. Thus, we will consider how to restore powers of
h into our amplitudes. Firstly, we should note that a general n-point amplitude has a mass
dimension of 4 — n. If we continue to keep ¢ = 1, we can see that the dimensions of masses
and momenta remain unchanged, according to

E = p(c) (2.39)
E = m(c?). (2.40)

However, what does get affected is the dimensions of the coupling constants, which are
affected by a factor of 1/v/%. (add more here) Another thing we need to note is the scales
of the problem. An effective field theory treatment of GR is thought to lose validity at the
Planck scale (~ 109GeV).

2.8 Why use an EFT?

So far, we have seen a range of properties as well as applications of EFTs. This will allow
us to summarise some of the main motivations to use EFTs in physics research. Effective
theories are a tool to avoid spurious divergences. However, we have many reasons to use
this tool, some of which are mentioned in the following;:

e Every theory is an EFT. By this we mean that every time we consider a quantum field
theory or otherwise, we are always considering a range of scales and therefore, the
range of validity of the theory. Thus, the properties of EFTs can be universally applied
to any physical theory in order to simplify calculations and have more physical clarity.

e EFTs manifest the property of scale separation. A clear understanding of the DOFs
relevant to the scales under consideration will allow us to both quantify and suitably
include or neglect DOFs that fall outside of the range that is relevant to a specific
problem.

e EFTs also manifest the symmetries of the theory in question. Thus, when we are
working with SMEFT, we are using an extension of the SM gauge group which is
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SU(3) x SU(2) x U(1) and in the case of gravity, we use the Poincaré symmetry to
obtain the classes of operators.

The power counting procedure within EFTs along with using EOM ensures that EFTs
only include relevant interactions. This means that we get rid of irrelevant operators
and are able to easier obtain physical quantities such as the scattering amplitude.

As we noted in the example of the large mass expansion, EFTs allow us to deal with
divergences better. We can connect UV divergences to IR divergences, which are much
more difficult to deal with and thus, get rid of infinities. We go from a theory that
is incalculable to a theory that gives us results. To elaborate, UV divergences can
be solved using RGE methods and using counterterms and anomalous dimensions,
whereas IR divergences are much more difficult to treat. By equating the infinities,
using the fact that we need to obtain finite results, we can deal with the IR infinities
in an easier fashion. Thus, non-renormalisable theories can be employed to produce
finite results using this approach.
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Chapter 3
Standard Model Effective Field Theory

3.1 The Standard Model

A discussion of the SMEFT must begin at dimension 4, comprising the SM itself. This sec-
tion will quickly review the SM fields and how these fields interact under various gauge
transformations. This also serves the purpose of setting up the notation that will be used
in the following sections. The conventions followed are the same as in Ref. [5] and Ref. [2].
The Lagrangian associated with the SM can be written as

1 1 1 —.
Lsm = _ZG;VGAW B ZLWJLWIW — g BB + Y. ¢iby (3.1)
p=q,u,dl,e

1 .\2 _ L .
(D,H)"(D'H) — A <H+ H-— 202> — [H*fdydqj + HYuY,q; + HeY,l; + h.c.| .

In the first line above, we have coupling constants for three different gauge bosons, trans-
forming under the SU.(3), SUL(2) and Uy (1) gauge groups respectively. These refer to the
strong and electroweak interactions. The corresponding coupling constants g3, ¢», and, g1
respectively, accompany these terms. The covariant derivative mentioned above is fixed to
be

Dy = 0y + igsTA As} + igot' W, + ig1yiBy.. (3.2)

Further, we normalise the SU,(3) generators, i.e., Gell-Mann matrices, as Tr(TATB) = 2548,
The SU; (2) generators are defined as t! = t!/2 where 7! are the usual Pauli matrices.
Finally, we can note that y; is the U(1) hypercharge generator. We also have the kinetic
term for the Dirac spinors. I:I]- = ejxH *k often also expressed as H = —it?H* is the
complex-conjugated Higgs doublet with €1 = 1 being the usual anti-symmetric tensor.
The second line on the other hand contains the Higgs sector starting with the standard
kinetic term for a scalar field followed by its self interaction. While the QCD sector of the SM
remains unbroken, the vacuum expectation value (vev) of the Higgs field which breaks the
electroweak sector SUy (2) x Uy (1) — U,y (1) is given by (HTH) = v?/2 with v ~ 246GeV.
The last term given above is related to the mass terms for the fermion fields, with flavour
indices having been suppressed. Y; are the Yukawa couplings, associated with fermions
masses as M, j, = Yuld,ev\/i. The masses in the SM have a wide spectrum, here as shown
in the Table 3.1 using data from the Particle Data Group from 2020:
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Particle Mass
7 (photon) m < 1x10"BeV
g(gluon) m=0
W boson m = 80.379 £ 0.012GeV
Z boson m = 91.1876 £ 0.0021GeV
Higgs boson m = 125254+ 0.17GeV
e(electron) m = 0.5109989461 =+ 0.0000000031 MeV
#(muon) m = 105.6583745 + 0.000024 MeV
T(tau) m = 1776.86 + 0.012MeV
v, (electron neutrino) m < 460eV
v, (muon neutrino) m < 0.19MeV
v¢(tau neutrino) m < 18.2MeV
u(up quark) m = 21613 MeV
d(down quark) m = 4.67%8MeV
s(strange quark) m = 93 1 MeV
c(charm quark) m =127 £0.02GeV
b(bottom quark m = 4.18%%,GeV
t(top quark) m = 172.76 = 0.30GeV

Table 3.1: Masses of the SM particles. Source: PDG 2020

In addition, It should be noted that when working in theory, firstly, the neutrino masses
in the SM are considered to be zero. However, dimension five terms allow for neutrino
masses to be non-zero. The Nobel Prize of 2015 proved that we have a mixing of neutrino
states, between mass and flavour eigenstates [21]. This results in the phenomenon called
neutrino oscillations, which requires non-zero neutrino masses. It is very non-trivial to
include neutrino masses into the SM and we cannot naively use the Higgs process to do so.
In addition, the above terms describe experimental data. However, the above parameters
are not theoretically predictable within the SM and actually vary depending on the RGE
methods used. Thus, they are different, depending on which renormalisation scheme is
implemented, the most common examples being the on-shell scheme and the MS scheme,
or the modified minimal subtraction scheme. In the following, we see explicitly how each
of the fields transform under the various gauge groups of the SM:
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Field SU.(3) SUL(2) Uy(1) SO*(3,1)

qi = (up, dp)" 3 2 1/6 (1/2,0)

u; = {MR,CR,tR} 3 1 2/3 (0,1/2)

d; = {dg,sr, br} 3 1 ~1/3 (0,1/2) (3.3)
0= (vi,e)T 1 2 -1/2 (1/2,0)

e; = {er, iR, TR} 1 1 -1 (0,1/2)

H 1 2 1/2 (0,0)

Table 3.2: Gauge group transformations of SM particles

We expect that if we take the low energy limit of SMEFT, we will land up with simply the
SM described above. It must also be noted, that the SM has been shown to be renormalisable
in Ref. [18]. Now that our notation is fixed, we can approach the SM as an EFT.

3.2 SMEFT as a Probe of New Physics

The EFT phenomenology program in particle physics has two major motivations, namely

e Improving the precision of the SM parameters, particularly in the context of a Higgs
phenomenology program, and

e Facilitating the discovery of new particles not described in the SM, within as general
a framework as possible.

In the following, we will explain why EFTs are particularly suited to this task.

The key here is that we are limited in our experiments by their energy scale. While there
are hopes of building a 100TeV collider as reviewed in Ref. [22] to compare with 14TeV at
the LHC, this is a difficult process since one would have to discuss all the practicalities of
building such a collider- financial, political, etc. This can be seen in Fig. 3.2. From a steady
increase in centre-of-mass energy in the early years of having colliders, there is a signifi-
cant dip in the energies achieved. This is of course expected since the technical challenge
and costs involved in building such a collider increase dramatically as we try to achieve
progressively higher magnitudes of energies.
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Figure 3.1: Source: http:/ /www.hep.ucl.ac.uk/iop2010/talks/14.pdf

In addition, we can see in Fig. 3.2 some of the many plans that are currently being con-
sidered for Future Colliders. At least for the next ten years, even under the most optimistic
circumstances, we will be limited to the precise data available from the LHC and prior col-
liders. Thus, theoretical studies need to make use of the large amount of statistics available
from the LHC and LEP.
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Figure 3.2: Source: G. Durieux, IDT-WG3- Phys Open Meeting, 17 June 2021

The standard approach to New Physics is using what are called “simplified models” [23].
This involves adding a small number of new particles which are weakly coupled to the SM.
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The theory of super symmetry has been another big contender. The problem with these
approaches is that they are unfalsifiable—i.e., our experimental limits on the energy scales
that can be reached implies that when particles that have been predicted are not found,
these particles are presumably at a higher energy scale, and thus haven’'t emerged, since
the mass parameters are not predicted in the theory. We can see in Fig. 3.3 examples of
such models and their current exclusion limits for predicted particles. One could possibly
conclude that going from /s = 8TeV to the full data at 13Tev only seems to produce larger
and larger exclusion limits.
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Figure 3.3: Source:https://twiki.cern.ch/twiki/bin/view / AtlasPublic/ExoticsPublicResults

On the other hand, what we do have is an immense amount of statistics on SM particles
and their interactions. This is where an EFT can make a difference, because it is a minimal
and generalised extension on the SM. SMEFT is a simple extension of the SM, containing
only the SM fields obeying the constraints of the SM symmetry group, SU(3) x SU(2) x
U(1). It is built as a tower of operators at higher dimensions, starting with 5 dimensions
where there is only one operator (and its Hermitian conjugate), called the Weinberg oper-
ator

o) (W FI*) (FI* é”) ) (3.4)

and then 6 dimensions, where the number of operators increases quite dramatically to 59
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operators in the Warsaw basis [17] and thereon exponentially increasing as you go up in
dimension as explicitly calculated in Ref. [24].

Our conviction in the existence of physics beyond the SM also means that we can expect
the SM to break down as we probe higher energy scales. SMEFT perfectly fits the role of
a theoretical basis that we can use to probe NP at colliders even when the SM has broken
down, since it is so general and is a self-consistent theory. Although SMEFT can be more
complicated to work with than a simplified model, it offers the opportunity to simultane-
ously probe a large variety of NP scenarios.

Further evidence of this statement comes from historical studies. EFTs have been key in
finding early evidence of new particles. The most common example for a phenomenologist
would be that of the use of Fermi theory before the discovery of electroweak bosons such
as the W boson. A summary of the discussion in Ref. [5] is given here. The Fermi theory
of B decay on the particle level amounts to the process y~ — e~ + 7, + v, described by the
“non-renormalisable” Lagrangian

Lo = —Ge(Piy" Puy;) (Peyu L), (3.5)

where we have the Fermi constant Gr and a chiral Lagrangian consisting of various flavours
of quarks whose flavour indices are denoted by subscripts. This theory functions up to en-
ergies below the masses of the electroweak bosons, so about 100GeV'. Later, as we know, the
four-point contact operator between four fermions was replaced by a tree diagram where
an electroweak boson would participate in the exchange. In fact, EFT studies proved to be
crucial in discovering the weak bosons. A crucial point to note here is that these parame-
ters are modified in the SMEFT. E.g., in Ref. [25], a detailed study of the effect of SMEFT
on W mass measurements was done. Additionally, one of the motivations of the SMEFT
programme and New Physics, was to understand neutrino masses. The Weinberg operator
given in Eq. (3.4) is a candidate for explaining Majorana neutrino masses within the well-
known seesaw model for neutrino oscillations. A matching of coefficients for neutrinos up
to dimension 7 in SMEFT was done in Ref. [26]. SMEFT provides a general approach to this
problem, not limiting itself to the seesaw model and offers a way to interpret neutrino data
through these operators. Thus, an EFT can be very useful in phenomenological studies,
even when the UV completion is unknown.

3.3 Higgs Precision Phenomenology

There are many reasons to believe that the current parametrisation of the Higgs field, which
we see in the SM Lagrangian may only be an effective description. The Higgs sector of the
SM looks like

Lrices = (Dug)* + 129 o — A9 9)*. (3.6)

The above takes the shape of a Mexican hat potential, as seen in Fig. 3.4 with a VEV at
(H'H) = v*. The Goldstone bosons coming from the spontaneous breaking of symmetry
result in the EW bosons acquiring masses. However, one problem we have here is that the
Higgs mechanism has no fundamental origin in the SM. Using EFT methods is motivated
by wanting to find a more fundamental description.
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Figure 3.4: The Mexican hat potential

This is further corroborated by the well-known connections between the parametrisation
of the Higgs in the SM and the Ginzburg-Landau model for super conductors.

The Ginzburg-Landau model is an example of Abelian Higgs model being described near
the critical temperature T,:

1
Lic= /dx3 [2|(d—2ieA)s\2+Z(|s]2 —a?)|. (3.7)

While in the case of the non-Abelian Higgs mechanism as seen in the SM the F,,;s describe
a non-Abelian field, and ¢ describes a Higgs field; here F,, is an Abelian vector field, the
photon and ¢ is the order parameter. In addition, m?> ~ T — T, and D, is the Abelian
covariant derivative.
Clearly, the temperature going lower than the critical temperature sends m? < 0 and causes
the spontaneous breaking of symmetry.

Consider the effect of SMEFT corrections due to dimension 6 operators. In the SM, we
have

V(H'H) = A <H+H — ;%) : (3.8)
Now, adding the first corrections from SMEFT gives us
V(H'H) = A <H*H — ;#) —Cy(H'H)?, (3.9)

which modifies the vacuum expectation value from just v?/2 to the above, which includes
higher dimensional contributions. One interesting example to consider is that the Higgs
may be a composite particle. Such a model says that the Higgs comprises of more elemen-
tary particles, in the same way as a nucleon. Such ideas were inspired by several simplified
models such as the Little Higgs constructions, extra dimensional models, and holographic
composite Higgs models, as explained in Ref. [5]. A discussion of SMEFT is not complete
without including its counterpart, Higgs Effective Field Theory, or HEFT. This EFT can be
used to describe composite Higgs models and other processes and nevertheless, reproduces
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the SM at lower energies. As per Ref. [5], the Callan-Coleman-Wess-Zumino (CCWZ) for-
malism allows us to parameterise the scalar sector of the SM with minimal IR assumptions.
HEFT is the ideal theoretical tool to describe scenarios such as the composite Higgs. A
review of some of the motivations behind HEFT can be found in Ref. [27].

3.4 Operator Bases in the SMEFT

The Warsaw basis given in Ref. [17] is the first example of a non-redundant basis for the
SMEFT. This has made it a calculable theory and potentially one where we can look at
higher order corrections numerically, as is expanded upon in Sec. 4. It is most appropriate
that we appreciate the superhuman effort in transforming approximately 2500 redundant
and non-redundant operators to a concise basis of 59 operators, as seen in Table 3.4. SMEFT
consists of an expansion over the SM Lagrangian

Lsmerr = Lo+ L) +£O 4 £ 4. (3.10)

where Gell-Mann’s totalitarian principle applies- as is true for all EFTs. Thus, we require
that:

e the SM gauge group SU(3). x SU(2); x U(1)y should be a subgroup of the gauge
group of this theory

e all SM degrees of freedom should be included in the form of either fundamental or
composite fields

o the low energy limit of this theory should reproduce the SM, with the caveat that this
may change if weakly coupled light particles such as right-handed neutrinos or axions
are proven to exist.

Now, we return to examine the remaining operators that make up the SMEFT as seen in
Eq. 3.10.
ng C(d)

L=y =i (3.11)

d—4
i=1 A

As we can see, any operator at d-dimensions is suppressed by d — 4 powers of A, the cut-off
scale of the theory. Note that we will often absorb this factor into the Wilson coefficient.
Thus, the leading corrections to the SM can be captured by considering £5) and £(®). Of
course, making the most of the data-rich era of the LHC has lead to interest in capturing
sub-leading effects, which will be the focus of the next chapter. At dimension 5, fortunately,
there is only one possible operator. Scalar and vector fields have mass dimension [1] respec-
tively, while spinor fields have dimension [3/2]. Dimensional and gauge group constraints
can be used to see that this is the only possible operator. This term is a lepton number
violating term, that can only arise out of SM after spontaneous breaking of SU(2) x U(1)
symmetry. At higher dimensions, we use equations of motion and field redefinitions to
reduce a full overcomplete basis to a non-redundant one. It can be noted that while it is
technically possible to work with an overcomplete basis, having an enormous number of
operators that ultimately do not contribute to the S-matrix elements can make it impossi-
ble to realise these calculations. On the other hand, the full process of reducing the set of
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dimension 6 operators to a non-redundant basis was one that took many years. One signif-
icant development in this regard was the result by Buchmuller and Wyler [28] from 1986.
This basis was ultimately realised to be overcomplete. However the most well-known basis,
the Warsaw basis, [17] was published only in 2010. This shows that EFTs as a fundamental
theoretical tool to study quantum physics were neglected to a large degree. The compact
Warsaw basis only consists of non-redundant operators, often used in EFT calculations, un-
like the SILH basis and HISZ basis. As stated in Ref. [5], these do not constitute a minimal
non-redundant basis. In further developments, a method has been found by permutation
and combination to determine the precise number of operators for a non-redundant theory
in any given dimension in SMEFT by the authors of Ref. [29].
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3.5 Operator Mixing

The anomalous dimension matrix is a crucial test of consistency of a given operator basis. In
the case of six-dimensional operators in SMEFT, studying the counter term structure is im-
portant. Luckily, we can determine this without looking at the modified VEV of the Higgs
boson. However, it must be grossly emphasised that, a full parameterisation of the DOFs is
essential. The renormalisability of the SM was proved, as already mentioned; nevertheless,
a pertinent challenge in SMEFT is now to prove its renormalisability at six dimensions. A
major development in this regard can be found in Refs. [30-32], where a complete study
of the Renormalisation Group Equations (RGE) for the SMEFT at six-dimensional oper-
ators in the Warsaw basis was laid out. A simple example of operators mixing and their
connection to EOM and field redefinitions has been briefly reproduced from Ref. [30]. We
consider the example of s — d transition between quarks. Initially, this is described through
a tetra-quark operator such as

0g = uy"Prsdy,Pru, (3.12)

where we have the up quark in addition to the s and d quarks. In addition, we have P; the
left projection operator given by P, = (1 — 5)/2.

Figure 3.5: Penguin diagram for s — d transitions

At one-loop order, it becomes necessary to include operators containing other gauge
fields. In this case, the divergent penguin diagram considered in Fig. 3.5 needs to be renor-
malised using an operator proportional to

Op = dT y"Psg3[DY, Gy, (3.13)

where, in addition to the terms from the tetra-quark operator, we now also have the SU(3)
gauge coupling ¢3 and the colour matrix T4, as well as covariant derivatives on the gluon
field-strength tensor. The gauge field EOM, written in detail in Eq. (4.16), is of the form seen
above and can be used to replace the gluon tensor in order to obtain terms only containing
quarks:

Op — dT'Psy_ &3 [qTA'yHPLq + Ty, Prq| . (3.14)
9
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The above now has a summation in quark flavours. We can include such an operator in an
extension of the Warsaw basis as part of a set of operators that appear due to field redefini-
tions. We call this E;, with the condition that the SMEOM make these zero. This extension
can be written as: 5

£© =Y Qi+ Y DrEr. (3.15)

i=1 r

The first term in the above has the full set of operators from the Warsaw basis, now with
additional redundant operators that should not contribute, since we have established that
operators that can be related through field redefinitions to our non-redundant basis can be
systematically eliminated. In general, the RGE for such a Lagrangian would have the form

d Qi | _ | —7i —as Qj

ale-[7 el o
The 2 x 2 matrix on the RHS is called the anomalous dimension matrix, or often as ;.
A subset of this, here called 7;; expresses the mixing between the Warsaw basis operators
themselves. We have also defined two subsets of the matrix, a¢; and bs,, which contain the
mixing between the redundant operators E, and E; with the Q; and Q; operators from the
Warsaw basis. The operators E, and Es themselves do not mix because the EOM operators
are renormalised independently within themselves. The full anomalous dimension matrix
should be a 59 x 59 matrix, referring to all the independent parameters in the Warsaw ba-
sis for Ls. If one is to incorporate the full set of flavour indices to this, it would make it
even larger. We can write out a similar expression for the Wilson coefficients C; and D,.
Ultimately, the usage of operators that do not contribute to the amplitude result in an ex-
pression that has eliminated any trace of the additional terms we added to the Lagrangian
in Eq. (3.15) to obtain

d
V@Ci = ’yi]‘c]‘. (3.17)
There are a few conclusions one can make from the above calculation:

e The anomalous dimension matrix is basis-dependent. Since we have different opera-
tor structures in different non-redundant bases, the resulting 7, will be modified.

e Redundant operators do not contribute to the RGE evolution. However, they can still
appear in the calculation of counterterms at higher orders in an EFT. This also means
that there is dependence on our choice of gauge and renormalisation schemes in such
calculations.

e It is important to eliminate all redundant operators. If we used both the tetra-quark
operators as well as the counterterm operator containing the EOM for the gluon field
tensor, it would result in an anomalous dimension matrix that is not uniquely deter-
mined; the results can be compared to what is obtained in Sec. 4.

3.5.1 The Anomalous Dimension Matrix for SMEFT

The anomalous dimension matrix for the six-dimensional SMEFT has been reproduced here
from Ref. [30] for NLO. The rows and columns are the various classes of operators that
appear in the Warsaw basis. Refs. [31,32] further elaborate on this discussion.
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g3x3 H6 H4 DZ g2x2 H2 ylP2H3 gleJZXH lPZ HZD 1P4
1 2 3 4 5 6 7 8
Sx3 1l 0 0 0 1 0 0 0 0
HC 20 g5 0 gAA2 At A2 0 AgAY 0
H4 D2 3 g6 0 g2 g4 0 g2y2 g2 0
SX2H? 4| ¢4 0 0 0 0 0 0 0
yp*H® 5| ¢¢ 0 Ayt ¢ v gASY EAY AY
gy?XH 6| ¢* 0 0 0 0 &y 1 1
¢HD 7| ¢ 0 g2 o 0 2 22 PP
pt 8] g 0 0 0 0 gy &y &Y
g3 X3 H6 H4 D2 g2X2H2 leJZ H3 gylPZXH IPZHZD l,b4
1 2 3 4 5 6 7 8
Sx> 1 ¢ 0 0 1 0 0 0 0
16 21 0 Ag2 g4 A A2 g5gA yh 0 y 0
H'D* 3| 0 0 g% 'S e 0 Y 0
¢?X?H? 4| ¢ 0 1 %A 0 e 1 0
yp?H® 5] 0 0 g%? ¢ A ALY A
qyp?XH 6| ¢¢ 0 0 % 1 gy’ 1 1
2H2D 7| 0 0 2 'S e gy Ay P
1P4 8 0 0 0 0 gZyZ yZ gZ, y2

Table 3.4: The Anomalous Dimension Matrix for SMEFT operators Source: Ref. [30]
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The Table 3.4 depicts the mixing between various operators, and the entries refer to the
order in perturbation theory at which the operators mix. We look at the classes of operators
following the notation from Table 3.4. Clearly, there are a large number of non-zero entries
and this offers a challenge to NLO calculations in SMEFT. An analysis of this matrix will
not be made here and the full details can be found in Refs. [30-32].

3.6 Collider Studies and Current Developments

SMEFT has been gaining traction as an important probe of New Physics (NP) in the last
years, with a working group having been set up at the LHC to study experimental data
through an effective approach (See for example Ref. [33]). A huge advantage of SMEFT
over simplified models is that it is the most general probe of physics that is beyond the en-
ergy constraints of the collider, since it captures the IR effects of such physics. We know
now that the SMEFT is well-defined order-by-order in perturbation theory. The RG flow
equations are known and have been listed in Refs. [30-32] and thus, the radiative correc-
tions can be systematically calculated. SMEFT harnesses the power of the large amount of
statistics we currently have due to the LHC, without requiring us to obtain data at higher
energy. Thus, there are many reasons to consider SMEFT to be the premier probe of New
Physics. There are two major directions of interest within collider studies in SMEFT:

e The precision experiments at the LHC as well as LEP data demand a comparable
level of precision theoretical results. Hence, collider studies aim to compute cross
sections at higher orders in perturbation theory. It is important to have both analytic
and numerical results and there have been developments in both these directions. In
addition, a main challenge is to have an automated program at NLO in SMEFT. A part
of such studies is also to make a comparison to SM results and find possible conflicts,
which could point at hints of NP.

e The large number of free parameters in SMEFT need to be systematically matched.
Thus, other major challenge within the SMEFT program is to universally match the
L) Wilson coefficients to the SM parameters.

Let us first discuss some of the current progress in higher order precision studies. We can
use the following master equation as the starting point in such analyses:

AObs = ObsPXP — Ops™M = ~ Za c®mu) +0 ( ) 4+ (3.18)

In the above equation, we simply relate the discrepancy between experimental data and
SM predictions (including higher-order corrections) to predictions in the EFT. The EFT
predictions are separated by orders in A, the scale of NP. At each order, we include the
most precise predictions available. This is complicated by the fact that observables at a
given order in A mix operators of different dimensionalities at the Lagrangian level, as
seen in Sec. 3.5. Besides the challenges of working with operator mixing and a much larger
parameter space than in the SM or a simplified model, SMEFT contains a lot of subtleties,
which have been explained thoroughly in Ref. [5]. The next section is dedicated to looking
at some interesting subleading corrections relevant to NLO predictions.
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3.6 Collider Studies and Current Developments

Some important examples of analytic NLO computations for Z and Higgs decays can
be found in Refs. [34,35]. There are several new computations available in both the top
quark sector as well as for Higgs production. A very incomplete set of these are found
in Refs. [36—40]. On the side of Monte Carlo calculations, a recent development in the
automation process is the program SMEFTSim, reviewed in Ref. [41]. This program is a
SMEFT extension to the FeynRules package and incorporates the full set of Feynman rules.
Another example is SMEFT@NLO, which can be found in Ref. [42]. Both these programs use
the Warsaw basis. There are several programs for NLO calculations in the SM such as
Sherpa [43] and POWHEG Box [44], and there is hope that these can perhaps be extended
to incorporate SMEFT corrections in the coming years.

On the other hand, some novel results for universal coefficient matching are given below.
We see the predicted values of various Wilson coefficients suppressed by the scale A where
the dashed line indicates the expected value from the SM. Clearly, we are seeing a consistent
trend towards non-zero Wilson coefficients in the sectors that have been studied. These
results were obtained by the SMEFiT Collaboration.

100 H t  EFT MCit
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Figure 3.6: Matching results obtained in Ref. [45]

These results will likely soon be extended to all of the parameter space of SMEFT. We
have not reviewed the notation but a detailed explanation of the status of the work can be
found in Ref. [45].

Finally, there is a growing interest in using on-shell unitary-based approaches to com-
pute problems in SMEFT. A short review of such methods and their applications to gravity
is given in Sec. 6.3. These methods have become increasingly popular for SM precision com-
putations; in the last few years the reproduction of SMEFT results using on-shell unitarity-
based schemes has become more popular. E.g., in Sec. 3.5, the anomalous dimension matrix
was shown. The anomalous dimension matrix may seem fairly random, and this has led
to attempts at better understanding the deeper nature of physical structures in SMEFT and
finding new patterns that could help explain them better. In Ref. [46], the results from
Refs. [30-32] were verified and the value of on-shell methods in extending these to higher
loops was discussed.
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Chapter 4

Equations of Motion for the Standard Model Effective Field
Theory

Theoretical particle physics is a field that requires high precision predictions, particularly
in the age of the Large Hadron Collider (LHC). It is necessary to go to higher orders in the
perturbative expansion of the SM in order to match the remarkable degree of precision, and
statistics that have been attained by the LHC. Using the SM, higher-order corrections to col-
lider observables can be systematically computed in perturbation theory. The state-of-the-
art computations comprise of NNLO for 2 to 3 processes [47] and N3LO predictions for 2 to
1 scattering processes such as Higgs production [48] in gluon fusion or Drell-Yan [49,50].
SMEFT, as an extension to the SM, aims to achieve the same level of precision. However,
SMEFT is a far more complicated quantum field theory, that is yet to be fully understood.
Power counting is one of several reasons for precision studies in SMEFT being more com-
plicated when compared with the SM. A next-to-leading order computation at the level of
the six-dimensional Lagrangian £(®) requires consideration of mixing with £(®), as can be
seen by looking at the powers of A.

The following sections discuss theoretical advancements in SMEFT, specifically discussing
important sub-leading corrections that are relevant to precision calculations in this theory.
The Lagrangian of SMEFT contains many operator structures that are reduced and related
to each other by equations of motion. Here, novel results are discussed where these EOM
produce non-trivial and non-intuitive effects when one matches the theory, i.e., when a
Feynman diagram in the UV theory is reduced to a simpler diagram with the contact oper-
ators seen in the SMEFT Lagrangian. Firstly, we will discuss what we mean by EOM, and
why they are so important in a theory such as SMEFT.

4.1 The Role of EOM in an EFT

EOM are a concept first encountered in the study of classical mechanics. Following the
seminal discussion of this presented in Ref. [51], we will set up the basis of Lagrangian me-
chanics. Firstly, we note that we are discussing the variables associated with point particles,
i.e., we are not working with an extended body. A particle is described using two sets of
variables associated with its position and velocity. Further, it can be noted that the velocity
is the derivative of the position, v = dr/dt = 7. Thus, we are working with position coor-
dinates and their derivatives. Empirically, we know that knowledge of the aforementioned
variables means that we have complete knowledge of the system at hand. We are familiar
with the derivative of the velocity itself, called the acceleration. The statement we made
can be simplified and expressed as: if a system is given by known position coordinates g
and known velocity coordinates 4 at a given instant, §, the acceleration is also specified
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Chapter 4 Equations of Motion for the Standard Model Effective Field Theory

uniquely. We define the EOM preliminary as the relations between g, 4, and § that allow us
to uniquely define the acceleration j given knowledge of g and 4.

In the mid 18th century, Euler and Lagrange working in conjunction developed the Euler-
Lagrange EOM. The basis of this is the principle of least action. L£(q, 4, t) is defined as a func-
tion containing the variables we use to describe the system. Classical mechanics is based
on the condition that the integral

t
S :/Zﬁ(q,q,t)dt, (4.1)
131

acquires a minimal value!. This condition reiterates the previous claim that knowledge of g
and g is sufficient to uniquely determine all higher derivatives of g, beginning with 4. Here,
S and £ are familiar functions- the action and the Lagrangian respectively.

Now, we will do a small exercise in variational calculus to obtain the Euler-Lagrange
equations in their classical mechanics avatar. Let () be the function that minimises the
action S. Any variation in this function will naturally cause S to increase. We will effect an
infinitesimal variation to this function as follows, replacing q(t) with

q(t) +dq(t). (4.2)

Our condition that S should be minimised tells us that at the limits of the integral, i.e., t;
and t,

6q(t) = dq(t2) = 0. (4.3)

We express the principle of least action as

t
55 = 5/ “L(g,4,1) = 0. (4.4)
ty

Essentially, any infinitesimal variation in the function g(t) should bring S away from its
extremum. The right hand side of the above equation can be expanded out as follows

b (AL oL
=504+ =66 ) dt = 0. 45
/tl <8q 7 g q) (25)

We can rewrite the second term as follows

haL  dolL.  d (oL
/t] (E)q(sq 5t <aq(5q>> dt = 0. (4.6)

The last term is essentially a surface term and it vanishes under the conditions given in Eq.
(4.3). We obtain the same results if we integrate the second term by parts. We are left with

b (oL dac
55_/t] <8q_dt8q'> 5q dt = 0. (47)

We have an integral that has to be identically zero for all values of the variation Jg. This
requires that the integrand is zero, leading us to the Euler-Lagrange equations in classical

mechanics SC P
5 it (33) =0 ()

ITechnically, an extremum. Usually a minimum.
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4.1 The Role of EOM in an EFT

If we have further degrees of freedom, the process must be iterated for each of them. In this
case, we would write the above as
0oL d [dL
Z_Z =) =o. 4.
dq; dt <af7i> 0 (49)

This would give us an EOM for each degree of freedom.
The above derivation can be analogously repeated for a Lagrangian that is a function of
fields and their derivatives, to obtain a quantum field theoretical version of Eq. (4.9)

oL ( oL >
— —9dy | =——] =0. 4.10
dg; "\ 9(d.9i) (210)

Here, L is a function of the fields ¢; and 9, ¢;. The index i points to the fact that the La-
grangian can be a function of different fields. We will see shortly that in the case of the
SM and SMEFT, which have the same field content, there will be an EOM for each field.
In the derivation of the classical Euler-Lagrange equations, we encountered a surface term.
It should be noted that in the case of SMEFT, we can only claim that the surface term dis-
appears to a certain degree of accuracy since the fields themselves are only defined up to
order(d) depending on the power counting.

EOM are important in a field theory. One classical example is the use of EOM in order to
obtain an expression for the two-point function of a field by solving for the Green’s func-
tion. This is traditionally done in the context of obtaining a free-field propagator. In the
absence of interactions, even and odd spin fields have the Klein-Gordon and Dirac equa-
tions respectively as their equations of motion. In the Klein-Gordon case, we solve

(0% + m?)Dr(x —y) = id(x — y), (4.11)

under the condition x° < y° to obtain the retarded Green’s function. This is solved by

Fourier transforming the above equation
(—p* +m*)Dr(p) = —i, (4.12)
such that the momentum space Green’s function is given by

~ i

Dr(p) =

— m. (4-13)

In the SMEFT, EOM play a very crucial role. As we know, EFTs can contain redundant
operators. Ref. [52] reported a full list of the baryon-number-conserving operators one can
write at dimension 6 in the SMEFT. These redundancies make EFT computations extremely
cumbersome. However, the authors of Ref. [17] systematically removed these redundancies
by relating different operator forms. This brought down the number of baryon-number-
conserving operators to a manageable 59, with an additional 4 baryon-number-violating
ones. E.g., in the Higgs case the EOM is given by

D?Hl = A\v*H! — 2A(H'H)H — G [Yo] 5 "€, —d" [Yalum@hy — @' [Yelum€™.  (4.14)

If we consider in general the six-dimensional operators that could be constructed using the
Higgs and other SM fields, one possibility is an operator with four derivatives and two
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Chapter 4 Equations of Motion for the Standard Model Effective Field Theory

Higgs fields, H>D*. Since the Lagrangian is defined under an integral, we have the free-
dom to use integration by parts to move the covariant derivatives as we please. It becomes
convenient to consider examples containing D, D¥H so that we can use the EOM. Then,
we can obtain forms such as H*D? and > HD?. In fact, the Warsaw basis was designed to
minimise derivatives since they are relatively difficult to work with.

We can see from the above example how EOM allow us to relate different operator forms
and eliminate redundant operators in order to arrive at a non-redundant basis. Since dif-
ferent bases are possible, EOM allow the building of bases with operator forms of the basis
builder’s choice. Naturally, EOM also act as a bridge between these bases and allow us to
translate between them.

We saw in Sec. 3.5, the role that EOM play when using RGEs in the SMEFT.

Finally, EOM also have an important role to play when we are matching Wilson coeffi-
cients to a UV theory. Matching entails “integrating out” heavy fields and replacing propa-
gators with local contact operators. However, at subleading order in the matching, there are
additional terms that appear due to the equations of motion, as we will see shortly. It turns
out that matching at higher dimensions, say that of £, is impacted by the basis choice for
L£m<n) Tn Section 4.5, we will investigate these effects in detail with examples of matching
to generic UV theories.

4.2 The Standard Model Case

Firstly, to set up the notation, we will look into the case of the Standard Model. We express
the SM Lagrangian as follows:

1 1 1
Loy = _EG;?VGA‘HV _ ZWivwfﬂv _ EBWB’” (4.15)

2
+ Y 9iPy + (D,H)'(D'H) - A (H*H - ;vz)
4

The field content involves three gauge boson fields, one scalar SU(2) doublet, and the
fermion fields ¢ = {q,u,d, ¢, e}. The equations of motion can be calculated for each of
these fields in a straightforward manner by using the Euler-Lagrange equations presented
in Eq. (4.10). The gauge fields have the following equations of motion in the SM.

A,(d)

A ) =2 Ag
(D", Gu]™ = g3ji' +83 . 7i 5
d=5
o AL(d)
I . W,
[DF, W] = gojl+82 ) ATLV
d=5
NG
D;uB]/“/ = gle +81 Z Ad,—v4. (4:.16)
d=5
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4.3 The 5th Dimension

Note that the A() in the above case contains all corrections due to dimension d operators
in SMEFT, with a coupling pulled out. We also need to define the covariant derivatives and
currents that appear in the above equations:

[D*, Q)" = 9 Q' — g2 e/ W} Ok, (4.17)
[D*, Q)" = 9" Q4 — g5 fB°4 AR Qc. (4.18)

The currents, which we will use again when we incorporate SMEFT corrections into the
above, are defined as

Y vT'vu, (4.19)
Pp=q,u,d
. 1_ 1- 1 =
= 51 g + 5 Tyl + EH*z D ,H, (4.20)
) — 1 =
o= Y $Yivup+HiD,H. (4.21)
p=u,d,ql.e

Next we have the SM EOM for the fermion fields

i qm = u" Y, )%, H 4 d" Y5, H + i A:l(di,
o A
iy = Y] e H + Z Ad—1/
Al
iD dy = [Yyln T HJr + Z Ajm‘*'
.. o Ald)
iD= [Yulwn g H' +d§ =L
, oo_ (d)
iD ey = [Yelmn T H' +dE_5 A§'f4. (4.22)

Finally, we have the EOM for the Higgs scalar field

. , . . o Al
D?H = \?H — 2A(H'H)H — ' [Yuj "€, —d" [Yalumn — " [Yelum™ Y =1
d=5

(4.23)

This allows us to now go beyond the SM to examine corrections due to the SMEFT.

4.3 The 5th Dimension

There is only one operator that needs to be considered at the fifth dimension, and it is
commonly called the Weinberg operator [53,54]

o) = (WH*) (H* 15"). (4.24)
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The above is fairly complex in terms of taking derivatives due to the charge conjugation
operators. While most of the fields in the Warsaw basis (excluding the B-number violating
ones) consist of fields and their Hermitian conjugates, the charge conjugation operation
results in a simple complex conjugation of the field. These operators are defined as ¢ =
CT, where we define C = —i7y,7¢. Using dimensional and gauge constraints, it is clear
that the above operator is the only possible one. E.g., one operator consisting of (G?)?H,
which fulfils the dimensional constraints, is clearly not gauge invariant. The corrections to
the EM from the Weinberg operator in Eq. (4.24) are

N = —2c (A7), (4.25)
N = =l (a7 (AT 65) + (07 ) 6] (4.26)

As expected, we obtain one equation each for the leptonic and Higgs fields that appear
in Eq. (4.24). We can easily obtain the results for the conjugated fields by conjugating
Egs. (4.25) and (4.26).

4.4 Dimension Six Corrections to the Standard Model EOM

In this section, the results of using the Euler-Lagrange equations, Eq. (4.10), for each SM
field on the higher dimensional operators which comprise the Warsaw basis is presented.
The results have been reproduced exactly from Ref. [2]. The following currents must be
defined:

m Ly _ = Au =
=" = T e, T =9 Ty, (4.27)
Chrpar = Cpnr 250G 1, H + hec, (4.28)

pr.g pr
é$:¢2F = Cy,r $2,p0GYp1,,H + h.c. (4.29)

pr.g pr
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4.4 Dimension Six Corrections to the Standard Model EOM

For the three SM gauge fields, the dimension 6 corrections to the EOM are:

C
Ag;;,:zyH H'H [Zf o L Zngy;]WnL;DHUD H| +2yy(H 7 H) Zg Hwﬂ””‘,
P p=cu p=Lq

4C 2C .2

+ THBaV(H*H)BW + gHWB [D¥, H*tH], W}, +4Cpp H'H jy, + ggz Crws (H 1 H)J!,
1 1 1

4C 2Cuyn . 2Cn _

+ HB al/ (H"l'HBV‘M) + HWB [DV, H+TH][WJV + HWB [DU/ Wv‘u]l H‘]'TIH,
gl 81 81

+ 9Cops + 0y cqu +avc;j;B , (4.30)

81 pr pr pr

A{,\,(i)_ 2(H' ! H) +2ieX (" H) Y Ci Itk

y=tq PT

C
Y CH¢]$,”+ Y Cuy HD HY'D H
p=~Cq PT p=eu,d P’

- — — 4
+ Chua(H" T H) (11 7,dy) + CHud(H+ ' H)(dr yuup) + o aV(H+H)<CHWW + CHWWI ),
pr 2

o ACu: ) 2 _
+4Chw H'H L + % H'H [D",W,,]" + gav [(H*rIH) B, Cuws + (H'T'H) By, CHWB} ,
I 5 I
+ . +2(H" 1) H)e"™ W, k (CwpBux + CrywgBun),

I

2
D', Copw | +—
pr,1

DY,ck DY, Cow

pr1

2
+ =

o dgw

pr,1

L 6C 2Cp i
82W T @Y (W)" W) + gaersk Wi, Wy, W) + gzw el (@7 (W) W) + gaers) Wosy Wiy WR),

2Cy ~ . Cn ~ ~
+ g—zw K@Y (W) W) + gaers) Wi, WE W) + gizv ellke, T (a7 (WP W) + goersy WS, WE W),
(4.31)

A) 4 4 ' o]
AG’; ) — - 9" (H" H)(ChcGiy, + CucGil) + o H'H <CHG g3 Jit + Crc [D', Guy] ) :
A

2 2 L 6C
+— D", Cc| +— |D".Clg ——C FABC(V(GY' G) + g3 fpecGh, GE AL,
&3 pr,A 83 pr,A &3
L 26 2Ces . .
g3 =A@ (G GE) + gafoesGl) Griy AL) + o 11 @M(GE G + g oG G AD),
Ce
gff FABCe, " (97(GY GL) + 8afpesGE, GR, AD). (4.32)
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The corrections to the fermion EOM due to the B number conserving £(®) operators are

=
&%”:—C&(HUﬂHW¢—Cw(HUDHHm%p—QMUWHHMNM;—C%UWngmW

pm mp pm

du l
—2C e YuepJrs —C eu vuep Jrsh —C ey Jrd —C es Jor —C qe yues o
mprs'Yy p Jrs mprs')’u p Jrs me;lrs')’y p Jrs pyéyens')/y s Jpr pgms')’y s ]pr ,

* i D% /0 — 3),% j — v
- C(@dq (Ep,]) (qt] ds) - Cgeziu (EJP) ejk (Mt qlsc) - Cge()ﬂ[ 0‘]41/@;7 €jk (ut U‘u q]S()’ (4'33)
pmst pmst pmst

< = . - .
Ac(iif) = —Cjy H' (H+H)‘1p - ng (H'iD wH)Y'dy 4 Chpyg i [(DHH)jLH} Yup — Chw o H' Tiqp Wziw

t t A d d e
- C:;B c""H qp Byv - CEG c"H" Ty qdp Gyv —Cu 'dep ]rsy —C ')’ptdp ]rsy —C ’)’;zdp ]7'5]/[/
pm pm mprs rsmp rsmp

1 y4 8 LA, 1 8 A,
- C(u)d 'Yﬂdp ]Tusy - Cster;zip T dP]stH - C(u)d Y Ta d? ]7?5 - C(qgi Tu dP]sth - C(qzi T Ta dP ]gt V'

rsmp rsmp stmp stmp
vl % — j 8)x 1— j
— Credq qp, i (ES] er) — Céu)q; (1 qé) €jk ql;] — C;u)q; n T4 q]s) €jx Ta q];], (4.34)
stmp stpm stpm
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- <= o
ASE — —Cry (HTH) A g, — CH;, (H'i'D ,H)y u, — cHud i(A'D, H)y"d, C*W o H 11, W

pm

HV’
CuB ‘TVVI:PL qp Byv - C ‘TVVH+ Ta dp Gyv -C ”“ 'Y}l”p ]rs - C W r)’yup ]rs - C L’” ’)’yup ]rs 7
pm

c®

ud Yu Ta Up ]ré H C(qL Yu up]st - C( )

_C(u)d '}’yup]rs -C fu T ur’]st - qu Yu Ta ”p]S£ " ’

mprs mprs stmp stmp
; D o 3), - ;
- e — L Tt g~ I e () et o),
pmst pmst stpm stpm
(4 35)
APV = ~Can (H'H)ey H — Coy 0 e, 11 HI WY, — Co 0 ¢, HI By, — CUV) (H'i'D',H)y0),
mp mp mp
3 A / I
~ Ciyy (H'TD [ H)y 11 6, = C oo vl I3/ = C g wf I = Ol 18 = ) v 0 1
mp mpst mpst mpst
—C e Ny I = C oo My 4" = C ’Yﬂfjp ]sty — Clreaq ep (ds ‘h) - Cg;u €p e (Gox ur),
mpst mpst mpst mpst mpst
Cge;u ey € (Gox o ur), (4.36)
mpst
AT — = —Cun (H'H)uy A — Cypy (H'H)dy H — Cypy 0 1y 7y AV WY, — Cyy 0 dy 1 H W,
mp mp mp
—CMBO' MPH Byv_CdB o d H]BVV—CMG(THVM H] TAG —CdG(T’deH] TAG]/H/
mp pm pm
1 . i 3 . i 1 1 j 3 3 i 19,1
- C;z; (HJrl D VH)')’Hq]p - C}{;<H+Z D ]ZH)')/M T q]p - (C(qza + C(q% > ,)/,Hq]P]gty - (C(q)q + C(qé ) WTMHZt
mp mp mpst stmp stmp mpst
3 i 141, i e, 1 iU, j A,
C(Zq W‘lp ]st - C(L% Yadpls " = C ae vy o — C(qzz Yuly I — C(qL TuTaqpJs™",
stmp stmp mpst mpst mpst
1 i d, * —f d,A 1 ik f—— 1 — i
- C(q)d “Yﬂqu T — ledq (erth) dp C(qL TuTa ‘1;7] * Ct(yu)qd Up e (gsxdt) — Cc(yu)qd (qscut) el dp,
mpst stpm mpst mpst stmp
C;u)qd TA u, € (Gox Tady) — Cgi)qd (Fsx Tau)e TA ), — Cg;u (K/ket)ekjup - Cfe’;u (Coxo™Ver)eb Oy Up.
mpst stmp stmp stmp

(4.37)

There are additional corrections due to the B number violating operators of £(®). Defining
these operators as

Qd”q _ eaﬁpejk(dac ﬁ)(qs ]gt W), Ququ = e“ﬁpe]k(qchﬁk)(us er),
prst prst

Quiy = Pt (G ) Poba),  Quuy = @) (%), (438)
prst prst
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results in the EOM corrections of the following form

AE%B) — _¢tBo quue (ﬂlfkqp])us + de (u ﬁdm) ] ,
prsm
, k,
Au?rf()) = _604/3{7 C dug e]k(gjtqé3 C)doé o~ + Cduu (d%’cu;‘lf;) + C qqu €] (q q'Bk) €§ — duu d“ C(Etug ) ,
L pmst Prmt p}’}’l’lt pmst
Aglifg = _epﬁtx tiuq dk(qa C“gt >* ﬂ ‘ + Cduu ( ‘:'CEt)* M'f C:| ’ (4.39)
L mrst mrst

(here &, B, p are SU(3), indices) and for the SU(2); doublet fields

Dy = —etf® (c*w (@l )y + Clign (48 e1) g3 + € | Clay 67 (77"
pmst mrst prmt
;,mtel"é‘; (‘1“?‘15 )" D , —e"Preloeh [ a9 qu(‘iszgto) pfm Ay (01a55) |
(4.40)
6,B),j ik (1B
Aé,m )] = _etxﬁp < ,;iuq e]k(uf‘cdgc) qsk + C* €]O kl(qr kqP O)qsl> (4'41)
prsm
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4.5 Matching

Finally, for the Higgs field, we have

NI = 3Cy(HYH?2H + Y gCHF HIEF* + Cyyp HIFW F" ) + Y Crars (T H)F, B,
F={W,B,G} F={W,W}

+ <CuG Ty O T Au e 4 Cho d (THVTqu> Gl + (CeB E,(TW% + Cus qplkawurekj + Chg droyy qé) By,
pr pr pr pr

pr pr P’
+Ciy (H'H) &0, + Car H (q,,d H) + Cin HI (H'd,q,) + CdH (H+ ) drqy + Cuts H (%”rﬁ) /
+ Cipy H/ (H'y4y) + Curt(H )1y +2i(DyH) 3, Cry I+ 20(DuH) Y, Chy Ih,
pr p={eud} P’ p={lq} PT
+ Chp) HIY ] (€pe™ H) — Clp) HIY ] (H'20") + Clg) HI[Yu]3, (@,u™ ) — Cli) HI Y,y (g AY),
pr pr pr pr
+ C%; HI [Yd]fm(ﬁpde) - C(pr) H [Yd]mV(H dwq") + Cfpif HI[Y, ]rM(HJrEPEm) - thfrf Hj[Ye];m (EmHer)’
+ C};;, Hj[Yu]rM(I:PLﬁP q") — CHu Hj[Yu]*m(quur) + C[;{;j Hj[Yd]rM(H+qum) - CI’;I;i Hj[Yd];m(ﬁder)'
+ZCH/ ({71, D, }H)’ ]“ g +ZC§_M2(TIH)]3 ]ﬁrl d —I—zCHq [{71, D¥}HY ]ql o +iC§’3(T1H)fau ]Z'VLV'
+i Cgud (DpH) (dyuP) + i C*Hpud HI9,, (dytub) — igﬁud (D H){e" (dyy"u?) +p2 Cun H'O(H'H),
pr pr pr
— Cup [(D'HY (H'D H) + H@”(H*BPH)} : (4.42)

4.5 Matching

Matching of an EFT entails studying the predictions of the full theory in comparison to
its low-energy Wilsonian approximation. Although an EFT is fully independent of its UV
completion, in the sense of having different S-matrix elements for various processes and
being renormalised separately with separate counterterms, it is usually constructed in a
manner where it is expected to produce the low-energy limit of its UV completion. An
EFT is built up of a tower of higher-dimensional operators and is valid in a given range
of energies, denoted as a limit in the expansion parameters. However, it contains a large
number of free parameters, namely the Wilson coefficients. A test of a given EFT could
be to check its compatability with a weakly-coupled UV theory. This was the idea behind
the diagrammatic large mass expansion discussed in Sec. 2.2, where we considered the
low energy limit of an integral in a perturbative series and checked how we could obtain
a similarly convergent integral that could capture the results of the original integral. This
matching of S-matrix elements can be seen in the following manner:

(1o pmlSIkr - k) 2o = (P punl Sl - k) P (4.43)

In the above, we essentially integrate out some heavy mass scale m as in the large mass
expansion calculation. Now, as mentioned, EFTs contain a large number of parameters that
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must be fixed by this matching procedure. As a result, for g free parameters, we require as
many linearly independent matrix elements in order to make this comparison and fix the
parameters. We can modify Eq. (4.43) as follows

(p1--.Pm|S1.qlk - ..kn>52‘g<m2 = (p1-.. pmlS1.qglkr .. k)T (4.44)

As per Ref. [5], as compared to our discussion in Sec. 2.2, we only need to compare the
convergent parts of the theories. This is due to the fact that UV divergences are dealt with on
each side conventionally using counterterms. On the other hand, IR divergences are much
more complex to deal with and we do so using factorisation and resummation. We can
also simply see that the comparison between theories is made at the level of renormalised
interactions and thus the divergences are irrelevant.

An effective field theory can be constructed in a bottom-up approach. This means that
we have control of the IR theory, in this case the SM, and construct a Wilsonian OPE to
introduce corrections to the SM without knowledge of the overarching UV theory. Ulti-
mately, one has to make a match between the complex Wilson coefficients of the EFT to the
parameters of the UV theory. In this section, we consider simple examples of UV theories
in order to illustrate the novel subleading effects that arise due to the EOM corrections we
worked out previously. In particular, we will look at theories which would be relevant to
the B-meson anomalies, i.e., B — K*)/*¢~. This process consists of a bottom quark decay-
ing into a strange quark and a lepton-anti-lepton pair, and thus would induce the following
operators at dimension six in the EFT:

QM = (2w (57ub), (4.45)

0¥ = (Tt Y w) (5T Yub). (4.46)

These processes are particularly interesting because they contain flavour changing neutral
currents (FCNCs) which are known not to exist at tree level in the Standard Model. Thus,
New Physics would be more visible here. There is also an existing tension between theory
and experiment in these processes. Our interest here is merely to illustrate EOM effects. We
will consider examples of heavy scalar, fermion, and vector fields with different represen-
tations under the SM gauge groups. The notation used has been borrowed from Ref. [55].
We consider the fields {, B, W, Uy, {} whose (SU(3)c x SU(2)L)y(1),) representations are

{(3,3)% 5 (L,1)5, (1,3)g, (3,1)3/3, (3,3))/3}, (4.47)

where the superscript denotes the spin. We have two approaches to integrating out these
heavy fields, one where we find the EOM for the heavy field from the Lagrangian and plug
it back in to obtain higher dimensional operators, and the other where we expand out the
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propagators. The propagator expansions for fields of different spins are as follows:

2
A= _ L (1 b ) + O(1/M°)(scalars),

M2\~ M2
(4.48)
, 2
A= _ZDA—/’I_ZM <1 _ ]\?{2) + O(1/M°®)(fermions),
(4.49)
v UV _ WV 2
ARV — % + %.(wctam). (4.50)

The explicit interaction Lagrangians coming from the general extensions described in Eq. (4.47)

are given in Appendix A of Ref. [55]. Additionally, a full list of the EFT operators from the

Warsaw basis that are introduced from these particles can be found in Table 7 of the same.
The interactions of the scalar field ¢ induces the baryon-number violating operator Q 44,

which is known to have a small matching coefficient. Q%’B) and Ql(ql’S) are also induced in
tree level matching but here we are interested mainly in EOM effects. Scalar fields have
an expansion as given in Eq. (4.48), where corrections of order p?/m* appear, which is
already subleading. Using the EOM for scalar particles, these corrections which are already
subleading can be reduced. This means that the first irreducible corrections only appear at
O(m~6), which would correspond to a £19). Thus, we will neglect this.

The main example we will use to elucidate the example of EOM corrections is that of the
heavy vector fields B, WW. B is a singlet field and it appears within a Proca Lagrangian with
a mass introduced through the Stiickelberg mechanism. The more interesting part is the
interaction Lagrangian. The g field is coupled to the SM as:

B, = —gRM BrHY'D  H + gl pra, (H' H),

int

- X gy B Purutn (451)
p={Llgedu}
We see that this field interacts with both the Higgs as well as various fermions. The inter-
action with the Higgs is expressed in terms of the real and imaginary part of the coupling
constant. The non-interaction terms of the Lagrangian have a straightforward EOM called
the Proca equation. Thus, the EOM for this Lagrangian takes the form:

=
(O+m3)By = —g5 H'iD yH+gg" 9,(H'H),

= Y S Byt (452)
yp={Lq,edu}

At the first approximation in the low momentum limit, we can simply set that O = 0, and
obtain the expression:

Sp L g7
_ _°P gyt °p 1
By = ——L H'iD ,H+ Ly 0,(H'H),
B B
8By -
=Y Sy P (4.53)

yp={Laedu} "B
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Plugging the above in Eq. (4.51) gives us various combinations of operators. We clearly
obtain four fermion operators. Making a simple comparison with the Warsaw basis gives
us the following Wilson coefficients

1

C§Il)/;] = _8§H 871{)11;7, ClPl P = _gZZ;?l g;l?/ (454)

mp mpst
in terms of the coupling of the heavy fields to the SM. Note that for the case that 1 = 1,
we obtain an additional factor of 2 in the above. In addition, we have various combinations
of Higgs fields which can be reduced to the Warsaw basis using intergration by parts and
EOM to obtain

(857  (8")?
Cop = — ﬁZ + /52 Cgp = -2 (g'IBQH)Z (4.55)

We are left with some combinations of operators that need to further be reduced using EOM
methods

6 1 = .
£y o 5 gf! i (HY'D yH) 9 (H'H),

B
8g
+ 25 0, (H'H) Y gfy P! . (4.56)
g p={laedu)

The corresponding Wilson coefficients are given by

Cort = —igh ([Vel5, @57 = Vel &5 + (el 812

pr
Capr = —igh" (IYaly 85" = [Yaliw 8y + [Yali 83)
_ : IH RH pm
Cur = —igh" (5, &5 — il gy + Yol 55

(4.57)

At this stage, we will focus on the operators of interest in this example, given in Eq. (4.46)
and show the results obtained from the subleading matching:

(8) i Si¢ [ ) o 1) ¢ Qg
ﬁﬁ 2 m4 C Lq ]mp,;t -C lq ]pn,y ]st H H/
B npst pmist
i ~IH ,mn
1858 0
+ lgm4.3‘7 lc(}/; ]Zw,y _C(lﬂ)q ]Zn,‘u] ]StﬂHfH.
B stnp stpm

(4.58)

These results are subleading, proportional to the inverse power of the mass. The non-
intuitive scalings of these couplings can be understood better in diagrammatic form.
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Figure 4.1: Integrating out heavy fields in EFTs

On one hand, in Fig. 4.1, we see the general expectation in an EFT. When a heavy prop-
agator is integrated out, this results in a tower of local contact operators where we can
systematically look at subleading terms as well. Essentially, we would be replacing the
propagator with a Taylor series involving p?/mj following Eq. (4.48). In Fig. 4.1, the black
squares indicate expansions in § while the circle indicates the EOM matching correction of
a singlet field (1,1)o. However, the scaling of the couplings we obtained in Eq. (4.57) show
a different type of effect, as seen in Fig. 4.2. At subleading order, we can find propagators
of the heavy field that cannot be naively removed to obtain contact operators as in the pre-
vious case. The particular form of the scaling of the couplings elucidate these new effects.
The presence of light propagators leads to subtleties.
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Figure 4.2: EOM effects on EFT calculations

A key thing to notice in Eq. (4.57) is the factor of i that appears, which implies that if
one expands out the complex Wilson coefficients, it leads to cancellation in terms which are
symmetric in the flavour indices. As per the discussion in Ref. [2], flavour indices that are
bilinear in the same field of a self-Hermitian operator can be decomposed into a symmetric
and antisymmetric part, which correspond to CP-even and CP-odd terms as

Cpr = Spr + iApr, (4.59)

where we can conclude that the symmetric components of the above, namely S, will cancel.
Analogous results have been obtained for the WV field, however now with SU(2) indices

mt

—
2L0 = —gii WIHY DL H + ¢JfWr'a, (H't'H),

= Y S WL P Y, (4.60)
y={taq}
which leads to similar contact operators as in the case of the heavy field
6 1 =
> ryey gS it (H''D' [ H) 9" (HT'H),
g{/l\;l oM t 1 mn . I
+ 4m2 (H T H) Z ngp P T ')’ptll]n- (4.61)
w y={ta}

This leads to subleading corrections in the SMEFT, where instead of operators such as Ql(;),

we obtain Ql(:), which contains additional Pauli matrices. The detailed calculations can be
found in Ref. [56].

4.6 Conclusions

In this section, we discussed the original work published in Ref. [2]. The full set of correc-
tions to the Standard Model Equations of Motion due to dimension-6 operators in the War-
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saw basis were listed. Note that in Ref. [57], a similar analysis was made for Low-Energy
Effective Field Theory (LEFT) . The basis-dependence of these corrections was made evi-
dent, since we were exclusively using the operator structures that form the Warsaw basis.
An example of a matching calculation where we discussed operators that can contribute
to B-meson decays showed non-intuitive effects leading to subtleties when integrating out
heavy fields to obtain local contact operators in an EFT basis. These effects were attributed
to EOM corrections. Since these EOM corrections are basis-dependent, one can conclude
that when calculating subleading corrections within the SMEFT framework, the basis choice
atlower orders in the power counting of the heavy scale determines results at higher orders,
or that matching coefficients for £(") terms are affected by basis choices for £"<"). These
effects must be considered as we move towards higher order precision results in SMEFT.
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Chapter 5
Gravity as an Effective Field Theory

Gravity has been studied since the 17th century, starting with Newton’s initial theory of
gravity, what we today call classical gravity. At an elementary level, this theory just began
by describing the force that attracts massive particles or objects. However, this also is the
first description of a binary system. Newtonian gravity was able to accurately predict the
orbits of planetary systems, with some exceptions.

Classical gravity is considered to be an EFT of GR where we consider weak gravity at non-
relativistic velocities and apply these limits to GR which we expect to reproduce classi-
cal gravity in the flat space non-relativistic limit. Einstein, in 1915, described gravity in
a completely new way. Firstly, he described gravity in terms of differential geometry and
geodesics, where mass and energy were said to warp spacetime itself. Compared to the sim-
ple calculations in Newtonian physics, the non-linear nature of Einstein’s theory of General
Relativity, has meant that the two-body problem in GR has not yet been fully solved.
Gravity has been fairly mysterious to quantum physicists for a long time. The major reason
being that in quantum field theory one makes use of coupling constants as seen in the SM
that do not have a unit once we make use of 7 = ¢ = 1. However, the Newtonian gravi-
tational constant does have a unit which makes it difficult to incorporate into a quantum
theory. One of the contemporary big pursuits has been to unify gravitation and quantum
theory. There has been a revived interest in studying gravity due to the 2017 Nobel Prize
to the Laser Interferometer Gravitational Wave Observatory (LIGO) collaboration for their
discovery of gravitational waves (GW) from binary black holes (BHB). While Einstein’s
theory of General Relativity has existed since the first decade of the 20th century and has
been validated in all kinds of experiments, most memorably where it correctly predicted
the precession of the Mercury orbit, the final proof of its predictions came from the obser-
vation of tensor perturbations in the form of GWs. The first evidence of GWs appeared in
1974, when Hulse and Taylor [58] discovered the first example of a binary of pulsars. This
lead to the building of more advanced detectors, finally resulting in the current configura-
tion of the LIGO detector which is one of the most advanced and precise experiments that
currently exists. LIGO is set to expand all over the globe in the next few years, including
in India, where a detector called Indigo is being developed (See Ref. [59]), which means
that we will have more precise statistics on GWs. Quantum theorists are now looking into
a variety of approaches, combining effective field theories and amplitudes with gravity:
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Gravity

EFT Amplitudes

In this thesis, we will look at gravity from the perspective of particle physics, however,
the interest in GWs also extends to cosmologists and astrophysicists. Potentially, a future
GW telescope would be a probe of the earliest epochs of the universe [60], perhaps giving
us more information about the mysterious period of inflation. From the astrophysical per-
spective, one would be hopeful for more information on stellar collapse and the fundamen-
tal structure of collapsed massive stars such as neutron stars and black holes. Thus, GWs
have truly cemented gravity as a force of attraction and interaction between high-energy
physicists from several different fields.

5.1 The Two-Body Problem

Since the main application of the work done in this thesis is to calculate the spacetime metric
of black holes with different spin, we will focus on the binary mergers of these. In principle,
these approaches can be extended to any kind of massive body under certain limits which
will shortly be elaborated upon.

Black holes are some of the most mysterious objects in the universe, forming through the
collapse of a massive star into a singular object whose gravitational strength ensures that
even light cannot escape its limits. They are fully defined using three parameters— the mass,
spin, and charge. This will allow us to calculate other important quantities, such as the
radius of influence of the BH, which describes its event horizon. In the case of a BH with
spin zero, we have the following result for the well-known Schwarzschild radius:

2Gm
Tschwarzschild = 2 (5.1)

where G is the Newtonian gravitational constant constrained to the value 6.6740810~'m3kg~!s

and m is the mass of the black hole. Black holes are interesting to those studying gravity
since they are perhaps one of the objects projecting the strongest gravitational force. GR is
today assumed to be an EFT, breaking down in the limit of strong gravity, i.e., at the Planck
scale. Thus, studying BHs is essential to testing any complete theory of gravity. In the fol-
lowing sections, we will look at how BHs affect the curvature of spacetime around them.
Theories mediated by massless particles have the property that they can affect the curva-
ture of spacetime even at far distances, so in particular, we will use EFT methods in gravity
to compute corrections to the spacetime metric for Schwarzschild and Kerr black holes.

66

2

7



5.1 The Two-Body Problem

5.1.1 The LIGO discovery

The first discovery of GWs for a Binary Black hole Merger (BHB) showed the following
experimental results:
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Figure 5.1: Source- LIGO Collaboration

The above picture describes the simultaneous detection of a BHB using experiments in
two different parts of the United States. What we see is that the two L-shaped detectors
experience a minor length change corresponding to length contractions. This is described
in terms of the binary strain. A full review of the detection can be found in Ref. [61]. We
see a similar pattern for both detectors where there is a gradual increase in frequency and
amplitude as the black holes get closer to each other, resulting in a catastrophic merger
where this pattern gradually crescendos, and concludes in a peaceful final state. This is
also corroborated by the bottom two graphs of the figure, where we see a sudden increase
in frequency that corresponds with the merger.
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Figure 5.2: Source: LIGO Collaboration

The previous paragraph is made more concrete in the Fig. 5.2, where we see the agree-
ment between theoretical predictions and experiment. The description of the BHB is con-
sidered in three regimes: the inspiral, merger and ringdown. An important observation to
note is that the inspiral period comprises the majority of the graph, where we see a very
gradual increase in the binary strain. The merger is the period where the GW radiation
peaks. Following this, we see a dampening of the frequency as the single merged black
hole “rings”.
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Figure 5.3: Source: Ref. [62]

We see in Fig. 5.3 that based on two parameters, the mass rations my/m; and what is
called the inverse of the compactness r/ M, where M is the total mass and r is the radius of
separation, that these scales determine which approach best applies.

We are clearly looking at a multi-scale problem where the masses of the black holes as well
as the radius of separation are some of the scales under consideration. In addition, we have
the velocities and the value of the quantum constant 7, with the latter being relevant to
quantum corrections to GR. Most studies operate under the assumption that the BHs are
in similar mass range; in the case of the first LIGO discovery, GW150914, the masses of
the BHs were found to be approximately 35 and 30 solar masses respectively. It is possi-
ble that large mass separations can be misinterpreted with the angular momentum of the
black hole. In the catastrophic merger regime, one must apply numerical methods as ana-
lytical methods can be insufficient. However, it must be noted that most of the BHB can be
described analytically using various perturbative methods. The longest time period is the
inspiral, described by a post-Newtonian theory. Here, the radius of separation is relatively
large. The final part of the merger is described best using a one-body effective approach to
gravity as formulated by Buonanno and Damour, in Ref. [63-65]. This effective-one body
approach, in fact, is used to validate the results from numerical calculations for the whole
merger. The limitation of numerical methods in this case is the extensive time span of the
inspiral of heavy bodies. This means that we need to run a simulation to describe very long
periods of time, which is both expensive and cumbersome. Analytic approaches based on
particle physics and scattering amplitudes can be employed to study most of the timeline of
the merger. This is all succinctly expressed in Fig. 5.3. The commonly used approximations
are the post-Newtonian and similarly post-Minkowskian limits. The former is a low-energy
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expansion in velocity as well as 71, and additionally in flat space. The post-Minkowskian
expansions are more advanced where we are looking at potentially special relativistic ve-
locities while making a Taylor expansion around flat space. A thorough review of these
limits can be found in Ref. [66].

Clearly, we see that effective field theory approaches based on expansions in velocities and
the gravitational constant are being employed to theoretically predict GWs. A full review
of post-Newtonian theory and its status is available in Ref. [62]. A public code for this is
available, called EFTofPNG, which includes post-Newtonian corrections as well as the ef-
fects of spin in Ref. [67].The Effective One Body Formalism is discussed in Ref. [68], while
the seminal results were presented in Ref. [63,64]. In addition, a relevant EFT approach
for extended objects was put forward by Goldberger and Rothstein in Refs. [69-71]. Effec-
tive approaches allow us to circumvent the non-renormalisability of the theory. As will be
explained shortly, a combination of EFT and modern approaches to scattering amplitude
computations may be optimal for the task.

5.2 Latest Results in PN and PM theories

The following are the state-of-the-art results in both PN and PM theory. These involve
expansions in velocity, and further in flat spacetime itself. These results have also been
verified by experiments.
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Figure 5.4: Source: Mao Zeng, GGI 2021 Slides

Fig. 5.4 begins on the top left corner with Newton’s initial results, which would correspond
to the leading order result in the post-Newtonian expansion of GR as expected. However,
noting the timelines of the following results in PN theory, one can see the accelerated excite-
ment in calculating PN expansions in recent years. Full results for the fourth order in the
PN expansion were obtained in 2014, whereas we currently have partial results for the fifth
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and sixth orders in Ref. [72] only this year. On the other hand, post-Minkowskian theory
involves far more involved calculations. The most recent results are in the fourth order in
the gravitational coupling G, obtained this year Ref. [73]. These higher-order computations
are not at all easy, just as in the case of particle physics calculations. The 5th order in PN
theory, as stated in Fig. 5.4, could be used to differentiate between neutron star and black
hole mergers. Further, as per Ref. [66], higher order PN computations would be relevant for
extreme mass ratio inspirals. Unitary-based approaches looking at different variables than
in the traditional Feynman diagram approach have been found to make these calculations
concise and easier to implement in automated programs. In Sec. 6.3, we briefly review the
basic ideas behind such an approach.

5.3 An EFT Formalism for Gravity

The background developed in Sec. 2 will be used in the following sections to develop and
apply an effective approach to gravity. The current results that were reviewed in Sec. 5.2
showed us that the EFTs based on post-Newtonian and post-Minkowskian expansions, as
well as other expansions, are already an important part of gravitational studies. We are
motivated to believe that the traditional thinking that gravity is different from the forces in
the SM and cannot be quantised is in fact wrong. On the contrary, gravity may be even better
suited to an EFT-based quantum treatment since we believe that the quantum corrections
to GR below the Planck scale are very small, thus implying that GR is unlikely to break
down at lower energies. In this case, we can use the low-energy DOFs in GR to extract
these quantum corrections as is a standard approach in the EFT. On the other hand, we are
still unsure of the scales at which the SM would break down, as was seen in the exclusion
limit study for exotics at ATLAS given in Fig. 3.3.

In this case, we consider a particular class of post-Newtonian corrections where we ex-
amine the long-range effects of massless force carriers, namely the graviton. To be more
precise, we will look at a range of non-analytic contributions to the metric tensor in the case
of Schwarzschild and Kerr black holes involving the functions In —¢* and 1/1/—¢2. The
metric is an inherently classical quantity, coming from GR. However, long-range effects
using an effective quantum approach result in both quantum as well as classical correc-
tions to these quantities. It must be emphasised that we are not studying quantum gravity
here- a theory that would probe gravity at short distances, i.e., strong gravity. Instead, we
are studying objects such as black holes by looking at them as a form of quantum matter
which interacts with gravity. To this effect, we are studying BHs as point particles with
extremely large mass. EFTs are able to handle such multi-scale problems, as has been
clearly established. We study the effect of such massive point particles coupling with the
energy-momentum tensor T, in gravity. These effects are also seen in the case of other
massless force carriers such as the photon in the case of theories like QED. Gravitational
theories experience such corrections when we see photon-graviton interactions. Results
for the Reissner-Nordstrom and Kerr-Newmann metrics are found in Ref. [74], where we
see corrections to the Schwarzschild and Kerr metrics proportional to the QED coupling «.
Specifically, we will consider both quantum and classical corrections to gravity. We will be
looking at simplified methods to study the classical limit, where we have q/m — 0. In ac-
cordance, we will be making an expansion around the flat Minkowski metric at first order.
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These non-analytic computations are very interesting, since we are using quantum field
theoretical methods to obtain results in a classical gravitational theory. This method al-
lows us to obtain fundamental quantities such as the spacetime metric, and the Newtonian
potentials. These results are available in Refs. [75-77]. In the following, we will begin by
considering the EFT formalism that is used here in order to quantise gravity and explain the
procedure of obtaining Feynman rules. Then, after a brief study of the difference between
analytic and non-analytic corrections and the implications of the latter, we will explain the
procedure of independently reproducing some of the results in Ref. [75], using the full for-
malism. A separate approach involving residue theorem, which attempts to simplify these
calculations, will be studied in Sec. 6.2. We will end the discussion with a review of other
modern approaches to such calculations, which use scattering amplitudes instead of the
standard Feynman approach.

It should be noted that a full loop computation involves several diagrams, as can be seen
in Refs. [75,76]. In addition, one must consider renormalisation and vacuum polarisation
diagrams. Such diagrams can also contribute to corrections to the metric. We restricted our
case here to classical corrections, however, there are quantum contributions due to several
diagrams. Given the limited nature of the corrections we are interested in, we will ignore
spurious infinities, since they do not appear here.
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5.4 General Relativity as an EFT

The Einstein equations for GR are
1
Ry — ERgW = 167GTy — Aguv- (5.2)

While g, is the metric tensor, R;, and R are respectively the Ricci tensor and the Ricci
scalar, which describe the curvature of spacetime. On the right hand side, we have T},,, the
energy-momentum tensor. Thus, the equations essentially relate the curvature of spacetime
to the energy/mass content. We are going to ignore the A term now, which is related to the
cosmological constant but not relevant to this discussion. Cosmological bounds on this have
that |A/87G| ~ 107%¢V*, as per Ref. [78]. The curvature tensors are written explicitly as
follows:

Ty = %g“’ [048av + 0v8ou — o] (5.3)
Ry, = 0,T3, — 0.T5, + 5,1y, —T5,T7,

Ry = R}

R = g" Ry,

where we begin by defining the Christoffel symbol that appears in the various other objects,
followed respectively by the Riemann tensor, Ricci tensor, and Ricci scalar. These curvature
tensors are equated to the energy-momentum tensor Ty, on the right-hand side, which
describes the mass/energy content— thus relating the effect of matter and energy to the
geometry of spacetime. This is a non-linear equation in the tensors described in Eq. (5.3).
The additional relevant quantity is the Einstein-Hilbert action for GR

2
5= /d4x,/—ng, (5.4)

where ¢ = det(g,,,) is the determinant of the metric, R is the Ricci scalar, and x* = 327G,
G being the Newtonian gravitational constant. This action is based on the idea of general
covariance. However, this invance also allows higher order terms systematic in an EFT ex-
pansion. We can add to the gravitational part above by considering different combinations
of curvature tensors and possibly derivatives on them. As stated in Ref. [79], these terms
are ordered according to derivatives acting on them, based on the idea of general covari-
ance. Derivatives on light fields produce powers of momentum when Fourier transformed,
while those for massive fields will generate powers of the mass. In general, we work in the
limit g/m being small, since we are concerned with very heavy objects whose momentum
is small in comparison. Thus, the masses that are generated tend to offer the leading contri-
bution to the results. We can write the following infinite EFT expansion, based on general
coordinate invariance

2R
L = \/jg ? —+ C1R2 + CZR],“/RVV +---+ Ematter . (55)

The ordering in the above terms can be reconsidered by looking at the expressions for the
tensors we see above, which were detailed in Eq. (5.3). We can see above that since the
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Chapter 5 Gravity as an Effective Field Theory

Christoffel symbol comes with one derivative, all the curvatures involve two derivatives of
the metric field. Thus, we see in Eq. (5.6) that our first term proportionate to just R is of or-
der 92, while R? terms are proportionate to four powers of the derivative. We have certain
experimental limits from cosmology on the Wilson coefficients ¢y, cy, - - -, etc. mentioned
above where a matched result of ¢, ¢, > 107° would imply deviations from GR [80].

It turns out conveniently, that in the low energy case, we only need to concern ourselves
with the Einstein-Hilbert action and matter that we started off with. By working out the
equations of motion and the associated propagator when considering an R + R? type ac-
tion, we see that the only effect the higher order operators have are to weakly modify the
gravitational potential, to the extent that it can be neglected from consideration. This can be
understood using EOM arguments. Further discussion of why we can neglect other terms
can be found in Ref. [81].

Ultimately, we will restrict this case to the Lagrangian

2R
L= v —8 |:K2 + Ematter] . (56)

In the following, we will discuss how to treat the gravitational component in an appropriate
power series in k. We will also discuss some interesting matter Lagrangians, how they
couple with gravity, and how to obtain Feynman rules. This will set up the framework for
applying this to relevant computations in gravity.

5.5 Quantisation of Gravity

The first step of constructing an EFT is to construct an action that contains all of the field con-
tent and interactions within the theory. General relativity in itself is known to have issues
with renormalisability, and in previous sections we have touched upon the fact that treating
it as an EFT is a way of circumventing this issue. Now that we have a Lagrangian, we can
consider the problem of quantising the gravitational metric field. This is traditionally done
using the background field method, where at lowest order, the metric tensor expanded as

Suv (%) = v (x) +xhyy. (5.7)

In the above, we have expanded around a classical background field denoted with the bar
and the quantum component appears within /,,,. We explicitly note that the expanded field
hyy is always proportional to one order in x. These factors are put in only when the power
counting needs to be seen exactly, and will be ignored otherwise. Although the following
expansions contain higher order terms, we will be neglecting terms from the second order
in x since this is a weak field expansion . We need to use g, the background field, to
raise and lower indices. The above definition in Eq. (5.7) can be used to find the following
functions:

g = g" — kh" + HERY 4
1.1 1
Vg = VE L gk = Jhhl gt

The first equation above is obtained simply by inverting the metric. The determinant in the
latter is obtained by using the relation det(A) = exp(Tr(In(A))) and subsequently using

(5.8)
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the weak field expansion. We also define the following:
W = g g P hyg (59)
h=g"hy,. (5.10)

The above allows us to expand the Lagrangian around the quantum field /,,,

Vi =Vl e
(1):1 SV _ APV
£ = b [§"R — 2R

1 1
£ = 3Dulyu D — 3D + DD

— DyhygDPH™ + R Ghz - ;hwhw> +R™ (Zh;hw - hhw) . (5.11)

where the superscripts on the Lagrangians denote the order in ¥ we are working with. On
the other hand, we can use an EFT approach and expand out the matter Lagrangian to find
Feynman rules. If we are looking at the simple case where our sources are scalar particles,
the matter Lagrangian looks as follows

V—8Lm =+/—8 (13;4(%” Ay — Sm* ) (5.12)

Here, \/—g is the determinant of the metric tensor. Plugging this into the above, it is clear
that at zeroeth order, we will simply obtain the standard scalar Lagrangian for flatspace
with no gravitational interactions, namely

1 1
\/—gﬁ,(,?) = anq)a”q) — §m2g02. (5.13)

However, at first order, we do find gravitational interactions. This is expected, since we only
expect quantum contributions to GR at higher orders in the theory. In this case, we stick to
the first order in x in Egs. (5.8). For the scalar theory under consideration, we have

h
J=gLW =X { u@ht'o, ¢ — (aaq)a"‘(p— ngoz)} : (5.14)

Given that h = h*"1,,,, this can be rewritten as

—xht 1 N
\/fg/:%) =5 [ayq’avq’ ~ T (0009 — mZ(PZ)} . (5.15)

The above form for interactions between matter Lagrangians and gravity can be used to
derive Feynman rules. In fact, the explicit expression for the scalar-graviton interaction ap-
pearing from this is explicitly derived in Appendix A. This formalism can be extended to a
variety of matter Lagrangians. This could include particles of different spins as well as com-
plex scalars and so on. It should be noted that there is additional complexity when includ-
ing a matter Lagrangian which contains fermions. In this case, a direct coupling through a
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metric is not possible and a new formalism needs to be introduced. In this context, a vier-
bein field is introduced. Essentially, we are consistently expressing a Dirac Lagrangian in
curved space. At zeroeth order, the Dirac Lagrangian coupled to gravity is expressed as

Vel = (;70‘558};’? — m) P (5.16)
The partial derivative above is explicitly defined as

PoL = o, — (0.P) Y. (5.17)

This field has to be introduced in order to obtain Feynman rules. Detailed explanation is
available in Refs. [79,82].

5.6 Analytic and Non-Analytic Contributions

In the following sections, we will devote our interest to certain non-analytic structures that
appear in the effective field theoretical description of gravity. These effects correspond to
long-range effects arising from massless propagators. Gravitons and photons are examples
of force carriers that are massless, thus calculations involving such particles produce non-
analytic structures. This can be understood naively by considering what happens when
one expands massive and massless propagators respectively. Consider the expansion of a
massive propagator in the low momentum limit

1 1 7>

where we can see that it is not possible to obtain terms of the form (~ 1/4%). We have
instead, a steady analytic expansion in powers of the momentum 4. However, a massless
propagator is already of the form (1/4?) and is able to produce non-analytic structures,
mainly of the form (1/+/—¢?) and (In(—4?)).

One must go through a power-counting procedure to meticulously examine powers of 7
in order to determine which of these corrections are quantum and classical. By carefully
examining the dimensions of the quantities in question, it can be determined that the log-
arithmic terms correspond to quantum corrections and the square-root terms correspond
with classical corrections. This is the specific feature of theories involving massless propa-
gators. By looking at the Fourier transforms of the aforementioned terms, one can see that
these contribute to long-range effects in gravity. Thus, while classical corrections are simply
a power series in the gravitational constant, quantum corrections are also proportional to
factors in 7.

The following Fourier transformations exist for various classical non-analytic terms:

Pq ozt 1 rit
/ S B L <(si]- —4ﬂ>, (5.19)
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as well as the corresponding integrals for the quantum terms which involve the logarithms:

(27)3 mrd’
#q gz o, o _ 157
[
d3q e -3 71
el S 1/ B Y S |
/(zn)3e By I = 5 (51] 572). (5.20)

These results were shown in Ref. [79]. The presence of inverse r on the right-hand side
clearly show us that we are looking at long-range effects that vanish only in the limit of
r — co. In general, form factors show the general momentum space structure of a particle,
excluding certain structures. So far, non-analytic terms have been found in the case of QED
and xPT, where in the latter case, we see non-analytic terms connected to the pion mass.
Of course, as we will see shortly, such terms are also seen in the case of gravity as an EFT.
As per Ref. [74], in the case of QED being the matter Lagrangian interacting with gravity,
we have the following corrections for charged black holes:

2 [ 2 2 2
F(qz):1+aaq _qu—kbocq 1n(—q2)+coc%+---. (5.21)

m? m?2

These results represent the Reissner-Nordstrom black holes and the presence of the factor
« shows the charge parameter of the black hole. Using this, we can find the metric, as per
Eq. (5.19), to obtain that

. g 17 m? 2 2
metric ~ Gm/iq— 1-pa L™ q—ln(qZ) - C(X% + - ] . (5.22)

2rn)? q? | m2 2 m?
Solving the 3-dim integrals results in

) (1 bah
metric ~ GM ——I—a—az—l-%—i—ci;
\r mr m2r m

&3 (x) + - ] . (5.23)

Thus, we see that the logarithmic terms correspond to terms proportional to 71, thus showing
themselves to be quantum contributions. As in Ref. [74], the numerical factors of order 1
have been ignored for this discussion. The proof of the methods employed lies in the fact
that the non-analytic terms proportional to /1 / — g% accurately reproduce the classical
results from GR. In addition, we obtain quantum corrections that naturally vanish in the
limit of i — 0 to give us the results from classical GR. However, it is interesting to see how
quantum effects compare with these long-range effects. To this end, the power counting is
as follows

Ga  G*m?
Gah G*mh
. (5.25)

Thus, as per Ref. [74], we can conclude that in the limit that Gm?> < a, charge-related

effects due to QED dominate any effects due to quantum gravity. It should be noted that
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if we had massless neutrinos, as in the SM, the weak interaction could contribute to long-
distance effects. However, neutrino oscillations and the very probable case that neutrinos
are indeed massive, eliminate this worry. In addition, as per Ref. [74], these effects would
still be very small when compared to photonic effects. The major source of interest in this
is that Feynman diagram calculations are able to reproduce classical effects within gravity.
As per Ref. [74], we see that this procedure is independent of the absolute structure of
the particle involved, and thus does not involve the quantum physics of black holes. It is
purely a long-range effect, and replacing the electron with a proton, that does have a deeper
structure, results in a further Taylor series in the form factors involving analytic terms due
to the mass of the proton.
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Metric Corrections for Schwarzschild and Kerr Black holes

6.1 Full Feynman Computation

6.1.1 Outline of Procedure

The Schwarzschild and Kerr metrics respectively describe the curvature of spacetime around
black holes without and with spin, respectively. These metrics were found as classical so-
lutions to the Einstein field equations under the assumptions of zero charge and no con-
tribution from the cosmological constant A that often appears in the field equations. The
following are the classical solutions for the Schwarzschild metric in harmonic gauge:

2GM
go=1-""—+... (6.1)
gOi =0 (62)
2GM
gi=-a (14 22M) 4. (63)
The related expression for Kerr BHs is:
2GM
800:1—7‘1"-- (64)
2G 2
gOi:r—z(er)vL... (65)
2GM
gy =—ay (1422 4 (66)

Firstly, we should note that the goo and g;; terms are identical in the above. Since the only
difference between these two types appears in the off-diagonal terms, one can conclude that
the effect of spin appears exclusively in these off-diagonal terms.

In QED, results are often expressed in terms of form factors that appear as coefficients
when one makes a general Lorentz expansion on a specified quantity (in the case of gravity,
T,v). This was seen in Section 5.6. These form factors are functions of the momenta and
usually are restricted by conditions based on momentum limits. These terms cannot appear
from effective Lagrangians, and hence form a special class of corrections. The results for the
case of pure gravity will also be expressed in terms of form factors with a different power
counting and which are independent of the QED coupling «. The general approach is as
follows:

The full loop computation to obtain corrections to the metrics of Schwarzschild and Kerr
BHs is explained here. As mentioned, we considered the BHs at lowest order to be point

79



Chapter 6 Metric Corrections for Schwarzschild and Kerr Black holes

particles interacting with the energy momentum tensor (p»|T""|p1). This particular result
will be expressed in terms of form factors which will then be used to reproduce the metric.
In terms of the field h,,, one can rewrite the Einstein equations in harmonic gauge as

1
Ohyy = —167G (Tw(x) — 217;”/T(X)> , (6.7)
where T = y*¥ Tyy- This can then be rewritten using the Green’s function as

1
9

3 . 1

hu(x) = ~167G [ : if) oo <Tw,(q) - 2;7H1,T(q)) . (6:8)
The above equation exemplifies why we looked at the Fourier transformations of the non-
analytic terms under consideration in Eq. (5.19) and Eq. (5.20). The results obtained for the
energy-momentum tensor, when Fourier transformed, are directly connected to corrections
to the metric. Thus, our aim here is to find the energy momentum tensor in momentum
space. Essentially, we look at the various Lorentz structures that the matrix elements of the
energy-momentum tensor allow. We consider two large masses described by momenta p;
and p; respectively, where § = p; — p2 and P = 1/2(p1 + p2). In the scalar case, we have
the following transition amplitude describing the interactions of these masses with the EM
tensor: o

(p2|Tywlp1) = \/ezusﬁ 2P, PyFy(9%) + (9490 — 8”) F2(q%)] - (6.9)

We also have the normalisation condition

(p2|p1) = 2E1(27)°8° (p2 — p1).- (6.10)

In the fermion case, we have some additional structures that are allowed, which describe
spin and thus are related to the gamma matrices, and further the Pauli matrices.

(2l Tulpr) = () PP () = (g P+ it By ) B
+(9uq = 8"V Es(4%)] u(p1)- (6.11)
Here, we have
oM — %‘Wt,,yv], (6.12)
In the calculation that follows, the Gordon identity is employed in simplification.
a(p2)ytulpr) = a(pa) | PPy g P2 P1)e (613)

We can see that F1 and F2 in the scalar case correspond to F1 and F3 in the fermion case
up to factors of 2, while F2 completely contains the spin component.

In essence, we are looking to calculate the form factors that describe the energy momen-
tum tensor associated with this metric.

This calculation will be specifically undertaken at the one-loop level. In principle, there
are several subtleties to such a calculation. For one, there are a large number of diagrams at
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one loop. However, we will focus on one of two diagrams that produce the non-analytical
terms of interest. In addition, we have to examine divergences and renormalisability. A full
study of the relevant diagrams, including vacuum polarisation, is presented in Ref. [75].
Here, we simply focus on making a comparison of methods used to study classical correc-
tions to the metric.

Thus, a full example of an independent calculation of the form factors that come from
the only relevant diagram that produces classical (as well as quantum) corrections is un-
dertaken. Using the procedure described, this leads us back to results for corrections to the
metric that are higher order in the gravitational constant.

A different approach follows, where the calculation is undertaken using a Feynman rule
approach, and however replaces matter-graviton vertices with simplified versions. This
results in simplifications in the three-graviton vertex which leads to a smaller expression
for the full Feynman integral associated with this process. Then, instead of calculating these
integrals in dimensional regularisation,, it’s possible to use the residue theorem to obtain
three-dimensional integrals that can then be associated with a tree-level process involving
two heavy sources and their interaction with gravity.

In general, improvements on the standard approach have two major motivations. One of
these will be evident from the tediousness of such a calculation in gravity when compared
to equivalent processes in QCD and other theories. The complicated form of the 3-graviton
vertex, given the spin-2 nature of the graviton, as well as the formalism demanding that
larger multiplicity graviton vertices be present, motivates us to find simpler solutions to
the problem. The final results make clear that large parts of the expressions for the Feyn-
man amplitude do not in fact contribute to the fairly succinct result ultimately obtained.
Another motivation is to find connections between classical quantities and their quantum
counterparts. Within this formalism, Kerr black holes are interpreted as spin-1/2 quantum
particles. Thus, simplified approaches using the classical limit of the theory can perhaps
shine light on the connection between spin, a deeply quantum quantity, and its classical
counterpart- the angular momentum. In general, there is motivation in understanding the
deeper structure of gravity and why the results appearing from calculations appear as they
are. To this end, the amplitudes approach is hoping to highlight new patterns within grav-
itational theory.

In Ref. [76], results were obtained for such source terms for the scalar metric, where
the scalar-graviton vertex simply reduces to —iKm2(5258, which results in the correct form
factors. However, an independent analysis of these calculations found errors, and with only
partially accurate results. Current work is aimed at producing an analogous calculation for
the case of fermionic sources. This involves on one hand showing that we can consistently
produce the spin-independent form factors F1 and F3, but also produce a spin term that
correctly gives us the classical angular momentum of a Kerr black hole.

The approach undertaken is to firstly produce the full loop computation as done in Ref. [75]
and then to try to make a term-by-term comparison in order to obtain the source term. The
full calculation has been produced to complete accuracy using a program called FORM. In
addition, a reproduction of the calculation in Ref. [76] was made both by hand, as well as
using Mathematica.
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6.1.2 Results

To begin with, the full loop computation using the complete Feynman rules was repro-
duced, and a comparison made with [75]. A list of the Feynman rules can be found in
Appendix A, and the full derivations of these can be found in [82]. The full three-graviton
vertex is split into five parts, denoted by square brackets, as in Ref. [75]. The fifth part does
not contribute non-analytic terms, so is neglected. The computation was done twice, once
using the identity

ap_pv 6 _

Y
Por Tuprs Pae = Tooper (6.14)

and once without. Note that although both the quantum and the classical corrections were
reproduced, here we only show the results for the classical terms, and ignore the log terms.
The classical corrections are reproduced from just one diagram, 6.1.

Figure 6.1: The only one-loop diagram for classical corrections

The entire computation was done in the Breit frame, described by

p1 = (E 4/2)
p2 = (E,—7/2)
q=1(0,9)
4=p1—p2

Integrals from Ref. [79] were verified and used. The procedure here follows that of Ref. [75].
We begin with Feynman rules and restrict our case to the single diagram that has both
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classic and quantum corrections The initial expression for the Feynman rules is

- % )
M :/ (2n)4T25(P1,k+Pz)rg"(k+pz, p2) Tk, )l s (6.15)

Pt iPy i
k2 +ie (k—q)2 +ie (k+ p2)? —m2. +ie

(6.16)

The above expression is fully expanded out; the relevant relations between momenta from
Eq. (6.15) were used. The form factors were projected out and leading results for them were
obtained. The full code for these calculations is available in Appendix B. The integrals from
Ref. [79] are expressions from dimensional regularisation which are the given in the form
of the non-analytic functions of interest and ignores other terms. The results were obtained
for each term within square brackets in the three-graviton vertex for gravity. Note that the
fifth term within square brackets which is proportionate to k + (k — g)? does not contribute
to the result so we only look at the first four terms. The results obtained are given in the
following tables.

6.1.3 Scalar Case

Linel | Line2 | Line 3 | Line 4 | Total

Paper F1|1/16 | —1 1 0 1/16
F217/8 -1 2 -1 7/8

Using id F1|1/16 |0 -1 1 1/16
F2|7/8 0 0 0 7/8

Not usingid | F1 | 1/16 | —1 1 0 1/16
F217/8 -1 2 -1 7/8

6.1.4 Fermion Case

Linel | Line2 | Line 3 | Line 4 | Total

Paper F1|1/16 | —1 1 0 1/16
F2 |0 0 -1/2 | 3/4 1/4

F3|7/16 |0 0 0 7/16

Using id F1|1/16 |0 -1 1 1/16
F2 |0 0 -1/2 | 3/4 1/4

F3|7/16 |0 0 0 7/16

Notusingid | F1 | 1/16 | —1 1 0 1/16
F2 |0 -1/2 | 1/2 1/4 1/4
F3|7/16 | —1/2 |1 -1/2 | 7/8

Although the original results were derived both by hand as well as with Mathematica, these
results were reproduced using a different program, FORM. Coefficients for the form factors
were obtained and were seen to be coherent with the results in Ref. [75]. Ultimately, the final
results are consistent. However, we see that the usage of the identity changes intermediate
results, for the different terms within the 3-graviton vertex. It leads to a shuffling of terms
within the 3-graviton vertex, though it does not affect the final result. This leads us to
believe that a large part of the 3-graviton vertex is ultimately inconsequential to the results
obtained.
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As we can see above, the total results for F1 and F2 in the scalar case, and F1, F2, and F3
in the fermion case are identical to the paper, both when the identity is used and also when
it isn’t. Additionally, the spin component associated with the fermion case is completely
described by F2. Thus, we expect that F1 and F2 in the scalar case should match F1 and F3
in the fermion case, which turns out to be true. There’s factors of two that differ between
the results, this is expected if one looks at the definitions in 6.9 and 6.11

Additionally, we can make a comparison with each line of the three graviton vertex.
Clearly, in the scalar case, the results from the paper match exactly with the case where
the identity has not been used. However, in the fermion case, we can see that F1 was calcu-
lated without making use of the identity, while F2 and F3 match the case where the identity
was used.

As a final consistency check, we can see that F1 and F2 in the scalar case match F1 and F3
in the fermion case in a line-by-line comparison in both cases, where the identity has and
has not been used. Thus, we can say confidently that these results are fully accurate.

6.2 Approaches Based on the Residue Theorem

In this section, we will look into an alternate approach to the previous calculation. There
were two diagrams that contributed to non-analytic corrections to the black hole metrics.
However, in this case we will look into a simplified approach to exclusively obtain the results
for the classical corrections. Of the two diagrams, one resulted in both log as well as square
root terms, however the second only created quantum corrections. Thus, in this section, the
focus will only be on the diagram that was considered:

Figure 6.2: One-loop triangle integral which contributes to classical corrections to the metric
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The aim of this project is to simplify the previous calculation and interpret the connec-
tions between the quantum calculation and the classical results that were ultimately ob-
tained. We will consider a parallel example within scalar QED to elucidate the method
being used here. This will then be extended to gravity. The previous calculation showed us
that using Feynman rules for gravity can be very cumbersome. The vertex containing three
gravitons has a very complicated form, that nevertheless leads us to fairly simple results.
Thus, one can make the fair assumption that most of the components within this vertex
do not contribute to the final result. This cannot be made very evident using numerical
computations, so analytical methods will be employed to simplify the vertex rules in order

to reproduce the classical terms. This section is based on Ref. [76]. Note that Ref. [76]
uses scalar results and also goes further to extend the approach to higher loop orders. Here
we will consider NLO scalar results and possible extensions to higher spin forms.

6.2.1 Outline of Procedure

We will now consider the example of scalar QED. As mentioned in Sec. 5.6, quantum ap-
proaches can be used to obtain both classical as well as quantum corrections to theories
with massless mediators. The scalar QED Lagrangian is defined as

1
L~ (D"9)"(Dug) — m*¢"p — " Fyu. (6.17)

Here, F,, is the usual field strength tensor given by F,, = 9, A, — d, A, and the interaction
terms occur through the covariant derivative defined as

D, = 3, + ieA,. (6.18)

One way to calculate the matrix element we are interested in, namely (p»|T"|p;1), would
be to look at the explicit field content. T#" corresponds to the conserved current associated
with the Poincare symmetry under translation

5L
= Mo, — L. 6.19
50,9n) Pa—1 (6.19)

Unfortunately, this approach is cumbersome and not so easy to generalise. The form we
obtain for T#" from the above prescription need not be gauge invariant or symmetric in its
indices and would need to be suitably modified by adding derivative terms that preserve
other conserved charges. However, once we have such a form, it is possible to write out
the wave expansions for the fields involved. Then, with appropriate normalisations for the
commutation relations for a and a', as well as for (pa|p1), we can find the required solution.
Note that for regular QED with fermions, we would need to have anticommutation relations
instead. Eq. (6.19) can be explicitly calculated for the Lagrangian we have and is found to
be

™

T = (D"9)'0"p + (D" 9)a"¢" — y" (D ¢)* (D) (6.20)

1
+ EqVVFWFpg — FMoYAp + n”v(mz(er(p). (6.21)
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The above can be symmetrised and simplified using the fact that 0, T"" = 0, since this is a
conserved quantity. However, the essence behind the procedure at one loop is to replace the
loop diagram with one containing classical source terms. This would involve simplifying
the vertices as follows. A similar calculation is given in Ref. [76] for the conserved current
based on the U(1) symmetry of the diagram

p(x) — e™o(x). (6.22)
Using Noether’s theorem, the conserved current associated with this symmetry is
= LAQD =i (q)ayqﬁ - q)*&“(p) +2eAl ¢t g. (6.23)
A(Oupa)

This is explicitly calculated in the classical limit and the result obtained for the transition
amplitude involving this conserved current is:

(paljulp1) ~ 278y (6.24)

Now, we look at the one-loop corrections to (p2|T#"|p1). To begin with, we have a Feynman
integral similar to that in Eq. (6.16):

_ d*k —igf? —ig™ i
D(p1,p2) = 2/ (2n) [(k ) is] [(k ) is} [kz —mr+ ie]
x [—ie(pr +Kk)s] [—ie(k + p2)2] V(k — p1,k — p2)po- (6.25)

Here, we have two photon propagators and one scalar propagator. We also have three in-
teraction vertices, where two of them involve two scalars interacting with a photon, and
we have a third vertex involving multiple photons. The photon vertex can be read off a
symmetric version of Eq. (6.21) which looks like

Tl = (D*¢)'D"¢ + (D' @)D" 9" — " (DP9)D,g
(6.26)

It looks as follows

V(k—p1,k—p2)pe = —% (1" 1o (k= p1) - (k—p2) — (k= p1)o - (k— p2),]
= 1o [(k = p1)*(k = p2)" + (k= p1)" (k = p2)"]
[ (e = p) (k= pa)n's + (k= p2)" (k= pr)on’s|
+ [(k = p1)o(k = p2)"n'p + (k= p2)p(k — p1)"n's]
(k= p1) - (k= p2) (o' + 1'o71')) (6.27)
The idea behind this approach is that the above gets simplified by making use of the fact

that 9, T = 0, we can use that k{V (ki, k,)hs = 0 and similarly K5V (k, k2)hy = 0. This
results in a simplified version where we have, as per Ref. [76], that

v

)
)

a4 q q LR W  q wsv (pigj L i
VOO(k+§,k—§):—§(25050—;7 ) I — S+ 070) (KK —2q'g") ). (628)
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This allows to represent (p2| T""|p;)in terms of a three-dimensional integral

1 [ &%k 1

(1) = & (38§83 + (98" — 1)) 5 [ 2n) (ks 2k 92 (6.29)

Note that these results are again applicable in the Breit frame that we were using. Follow-

ing this, Feynman parameters can be employed in order to simplify the above integral. In

general, the classical limit of the triangle integral under consideration is looked at. Thus,
we are looking at the limit where g/m — 0 for the integral

d*k 1

1= [ o — e (6.30)
(270)* [((k = p1)? +ie) ((k — p2)? + ie) (k2 — m? - ie)]

We will use the residue theorem to find the behaviour of the above integral. The details

follow in the explicit calculation in the case of gravity. However, we are able to obtain that

i a3k 1
[~ : 6.31
4m/ (27)3 (k+ 3)2(k — 3)2 (6.31)
This leads us to conclude that the one-loop diagram can be replaced with a tree-level dia-

gram where gravity interacts with classical sources. Thus, we can replace the loop diagram
with

Figure 6.3: Replacement Feynman diagram- classical sources vs. loops

6.2.2 Results

The previous procedure is now generalised to gravity. Explicit calculations of the full Feyn-
man integral were previously shown, now we look at using the methods illustrated to sim-
plify the three-graviton vertex and use residue theorem in order to reproduce the correc-
tions to the Schwarzschild and Kerr metrics for black holes. An analytic computation of
Ref. [76] was made using Mathematica. To begin with, the complete matrix elements we
are calculating for the triangle graph are, as in the loop calculation:

L, ) )
MH :/(2n)4Té\€(P1,k+P2)Tg (k+P2,P2)T3(k,q)Zﬁ/75 (6.32)

. PP i
k2 +ie (k — q)%? + ie (k + p2)? — m? +ie’

(6.33)
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Firstly, the above is simplified using the usual identity

ap_pv —
Poo Tup, 757)/\@‘ Tpa AE (6.34)
Further as per Ref. [76], we only consider an approximation on 2-scalar 1-graviton vertices

7, and the Tglo 0o components of the 3-graviton vertex. This yields the following simplifi-
cations

0 (p1k+ p2) = 0 (k+ p2, p2)  mixm?, (6.35)
] v 1 v 3
o0 (k. 9) %7 < Kk + (k= q)"(k—q)" +q"9" — Zn””q2> :
(6.36)

It is reiterated that given that we are only interested in the classical limit of computations
in the context of replacing loop diagrams with classical sources, we confine our attention
to the single diagram that produces classical corrections to GR. Although there are several
diagrams, there were three that contributed non-analytic corrections. Two of these were
however, fully quantum. within this formalism, the numerators we are working with are
hugely simplified. In addition, we work only in the region of the integral where the inte-
grated momentum k < m and so we can make a simplification as in Ref. [77] that

(k+ p2)* —m* ~ k> + 2k - p1 = 2mbko. (6.37)

which leads to a simplification on the denominator. Thus, the hugely simplified expression
we are working with is

a — ! " d4k (kK + (k= q)"(k— )" +q"q° = 30™'q?)

[2mko + ie] [k + ie] [(k — 9)? + ie] (6.38)

Since we are planning to do a contour integral over kg in order to solve the above, it becomes
convenient to also express the denominator in terms of ky.

o Kom / d4k (k'K + (k—q)*(k— q)" + q"q" — 37" q?) (6.39)
kao—l—zs][k%—%2—|—i8][k%—%2—[]’2—i—ZE-tj—i—is]' '

In order to use the residue theorem, we also require the poles of the above denominators.
We consider all poles lying on the lower half of the complex plane and thus obtain

ie

koo = — 5, (6.40)
kop = +\/ K2 — ie (6.41)
koe = +\/k2 —2k-F- (6.42)

Now, we look at the individual components of the above expression, which we can later
relate to the matrix elements using the structure of the latter (Eq. 6.9 and Eq. 6.11). Now,
when looking at these various components, we can make certain simplifications based on

88



6.2 Approaches Based on the Residue Theorem

the fact that we are working in the Breit frame (6.15). This includes that gy = 0 and ¢* =
—7%. Putting these in, we have for the (0,0) component:

 om / d4k 2k% + 34

= = = . 6.43
)* [2mko + ie] [K2 — K2 + ie] [k — k2 — @2 4+ k - § + ie] (64)

Applying the residue theorem on the above expression is fairly straightforward, and results
in the following three-dimensional integral
3. / 43k 2
— —imK’m S .
16 (270)* (k2) (k — 72)

(6.44)

We do not expect the (0,7) components to contribute, since they are related to the spin
component. The numerator turns out to be odd in kg and k' and thus, we can neglect this
case. However, for MY, following an identical procedure, we get the following expression

i — e / d4k KK+ (k—q)'(k—q) +q'q = 3¢ (6.45)
)* [2mko + ie][K2 — K2 + ie] [k — k2 — @ + k- § + ie] '
And applying the residue theorem gives us the result
5,2
M= — 17tK3m3 / 2 . (6.46)
)(k—=7)?

Now, in order to solve the above three dimensional integrals, we follow the usual proce-
dure of dimensional regularisation to convert the above to Feynman integrals. The above
are fairly simple since we only have two denominators. We simplify the denominator by
completing the square as follows:

K(k—q)* = (1—x)k* 4+ x(k—q)?, (6.47)

where x is our Feynman parameter. Completing the square in k, we get that the denomina-
tor becomes
(k—xq)* + ¢*x(1 — x). (6.48)

Thus, wherever a factor of k in the numerator appears, we need to transformitas k — k + xg
and we obtain that A = g?x(x — 1) to get the following Feynman integrals:

kP
M® = Z7TK3m3/ / d k (6.49)

37 i1 _ j_ 72
M = an3m3/ / d k 4kk +4(1 sz +Ax H)a'q — 34 . (6.50)

Note that for the M case, since dimensional regularisation produces spherically symmet-
ric integrals, we eliminated odd integrals with only a single power of k in the numerator.
We can clearly see that there is some trouble in the second result since the coefficients of
the g'g/ and 4" terms should be identical in order to obtain a reasonable form factor. The
three-dimensional integrals were calculated slightly differently where the denominators
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Chapter 6 Metric Corrections for Schwarzschild and Kerr Black holes

were simplified as in Ref. [76] and identical results were obtained. Thus, the issue lies some-
where in the initial expression for the matrix elements or the calculation of the residues. In
particular, the residue calculation for M¥ produces a term —3§* which could be a possible
source of trouble. The issue does not seem to be that we made the approximation in the
integral parameter k < m in a different manner than as seen in Ref. [76].

We will make note of some of the errors present in the calculation in Ref. [76]. Firstly,
in the full loop computation, the terms in the three-graviton vertex that are proportional to
k? and (k — q)? that appear in the fifth square bracket of the full expression, are neglected.
These are known not to produce any non-analytic contributions due to their cancellations
with denominators. Ref. [76] does not do this and this leads to an accidental correct result
in the case of M. One can see where the three-dimensional integrals are evaluated that
in the M% case a numerator is present of the form —3/ 2k2 +3/ 877, that when evaluated
coincidentally produce two factors of 3/83? in the numerator. The term 3/ 2k2 appears due
to the contribution from the three graviton vertex. This seems to be compensated for by the
missing prefactor in the three-graviton vertex itself of —ix/2. The simplified versions of
the 3-graviton vertex contain spurious terms due to the contributions from the fifth square
bracket. Particularly troublesome is the expression for 7'/ in Ref. [76], where it is unclear
how the factor of 7/8 is obtained proportional to #/§%. This leads to the desired results in
for M'I. However, in the calculation detailed above, we can clearly see that the result is not
symmetric as expected.

We can note that an identical result for M was obtained and a slightly different result
for M7, which comes with an overall prefactor of 7/256. This will be investigated further
by looking at [77].

This entire calculation is interesting because it provides a general understanding of the
underlying physics of calculations in gravity. Replacing loop diagrams with simplified ver-
tex functions which translate to classical source terms offer a good interpretation of the
theory behind these gravitational calculations. The procedures we have seen have been
able to produce both quantum as well as classical corrections to gravity using a quantum
formulation. Thus, it is very relevant to look at what this really means; this result looks at
a comparison between classical and quantum physics. There is a lot of interesting physics
to be understood when one goes to higher spins. As we know, spin is a very fundamental
quantity within quantum physics, with no direct interpretation in classical physics. How-
ever, within this formalism, we are looking at spin in connection with the angular momen-
tum of black holes. Therefore, the hope is that one can understand this connection at a
deeper level. By extending the procedure to spin-1/2 particles, we will be looking at classi-
cal source terms that represent the angular momentum of Kerr black holes but also function
as the quantum compatriot of this, representing spin. Thus, this work needs to be devel-
oped further to find this simplification of the classical source term for non-zero angular
momentum black holes. In addition, we note that we used a particular limit of the integral
where k < m. A full analysis using the method of regions needs to be done to examine
the validity of this hypothesis. Ultimately, we hope to find a method that is able to re-
duce complex loop diagrams to simple loop diagrams involving classical source terms. The
knowledge that results from this will be extremely valuable to understanding the physics
behind gravity.
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6.3 Gravity from Scattering Amplitudes

6.3 Gravity from Scattering Amplitudes

Scattering amplitudes represent a new method to calculate physical variables in any arbi-
trary QFT. It has heavily been inspired by methods of calculation in String Theory. String
theory is traditionally based not on Feynman-rule calculations, but on looking at physical
quantities such as amplitudes based on the principle of generalised unitarity. These meth-
ods combine an effort to have symmetries and simple formulae being explicitly manifest, as
well as being practical and useful to current calculations in particle physics. These methods
can be conveniently extended to theories like QCD. The basis of such methods is to divide
a QCD amplitude into a colour and kinematic part.

Al (ki Ayar) =g Y Tr ( TA) ...T””<n>) Al (g(1M), ... o(n?)).  (6.51)
0€Sy/Zy

We are considering an n-particle amplitude, which is a function of the momenta, helicities,
and colour factors of the particles involved. The first part of the right-hand-side consists
of traces of Gell-Mann matrices, which describes the colour of the gluons. These terms
generally are of other forms involving the colour factors f*¢ which are reduced to the above
form. On the other hand, the momenta are fully separated from the colour part of the
amplitude and thus, we consider from here on, a colour-stripped amplitude. The above
formula has been thoroughly reviewed in Refs. [83,84]. However, the essence of the above
equation, and modern scattering amplitudes in general, is to choose what variables are
used to describe the kinematic part. In this case, the kinematic part is described in terms of
Lorentz-invariant Weyl spinor products

(i j) = eP(A)a(A))g (6.52)
[i j] =, (6.53)

where, we use the above products to describe two-dimensional versions of Dirac spinors
in terms of these Lorentz-contracted forms. A major development in the field of scattering
amplitudes was the Parke- Taylor formula, which is essentially a formula that allows us
to calculate without calculating. At tree level, we're able to determine the kinematic part
of a massless, tree-level, n-gluon amplitude in a particular configuration of the helicities,
i.e., the projection of spin onto the momentum. In this case, we look at the configuration
that maximally violates the helicity, also known as the MHV amplitude. The Parke-Taylor
formula for a massless, tree-level, MHV, n-gluon amplitude looks as:

(12)*

AT 2535, ) = oy

(6.54)

The Parke-Taylor formula [85] was expressed in the above more readable form by Mangano,
Parke and Xu [86]. This was a very revolutionary development in the field of QCD. How-
ever, we should make note that the above expression only applies to tree-level diagrams. In
addition, it applies to massless particles with specific helicities. A reason why it was con-
sidered impractical is that at the LHC one requires a calculation for all helicities and also
at higher orders in perturbation theory, to compete with the high precision data available.
Historically, recursive approaches were considered to deal with this, due to the relative
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simplicity of numerically programming such approaches. E.g., the QCD B-functions were
calculated using such methods, and it turned out that for certain helicity configurations,
there were extremely simple formulae that could describe the amplitudes [87]. In this con-
text, Britto, Cachazo, Feng, and Witten came up with the BCFW relations in 2005 [88].
Essentially, one is considering the fact that the residue theorem can be used by examining
the infinities of an amplitude and this can be employed to reconstruct the full physical am-
plitude on the basis of Cauchy’s Residue theorem. The basis of this method is using the
on-shell properties of particles and equivalently saying that when a propagator diverges,
the amplitude can be reconstructed based on the structure of these divergences. Essentially,
one can express an n-loop amplitude in terms of (m < n)-loop amplitudes using on-shell
cuts and recursive properties. This further deals with the general issue of having to deal
with difficult integrals in QCD computations.

Two major advantages of using an amplitudes-based approach are as follows:

e Amplitudes are looking at physical quantities. Thus, one can avoid gauge-dependent
intermediate results and look directly at physical, gauge-invariant quantities.

e The Feynman-rule-based approach is often very complicated due to the presence of
complex loop integrals as well as the final step of integrating over final states. Ampli-
tudes are inherently better suited to calculating higher-multiplicity processes.

To those working on gravity this field is particularly interesting due to a fundamental con-
nection that was found by Kawai, Lewellen, and Tye in 1985 [89]. QCD is mediated by a
spin-1 particle, the gluon. On the other hand, gravity is mediated by a spin-2 particle, the
graviton. The KLT relations, named after the aforementioned authors, show that gravity in
fact is a square of gauge theory.

MZ‘EE(l, 2, 3[ 4) — —iSuAf{ee(l, 2, 3/4)AZ’E£’(1/ 2’ 4, 3) (655)
ME(1,2,3,4,5) = —isis3. AL (1,2,3,4,5).A7¢(2,1,4,3,5)
+ is13524.49°(1,3,2,4,5) A4 (3,1,4,2,5). (6.56)

Egs.(6.56) show some limited examples of what was stated. We clearly see that amplitudes
within gravity are connected to a product of amplitudes in QCD. The combination of the
Parke-Taylor formula, the BCFW relations, and the KLT formula means that we can use
amplitude based methods to compute formulae in gravity at higher-loop orders based on
recursive relations. We should also note that such connections were also found between
N = 4-SYM theories and N = 8-Supergravity. In addition, there have been further de-
velopments in this field, most notably, the BCJ relations, named after Bern, Carrasco, and
Johansson from 2008 [90]. Here, relations between colour-stripped amplitudes were made
based on the idea that the sum of the Mandelstam variables s 4t + u = 0, analogous to a
Jacobi identity. This was generalised to higher loop order and connected to the KLT rela-
tions. A full review of the historical progress in this field can be found in Ref. [91].
Amplitude-based approaches have gradually become more common as a go-to approach
for practical calculations. To exemplify this, a slide from Ref. [91] is reproduced in Fig. 6.4,
where we see that a majority of the current state-of-the-art results in QCD have been com-
puted using automated unitarity-based methods, rather than traditional Feynman-rule-
based methods. This has clearly lead to accelerated progress in precision calculations.
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Figure 6.4: Source: Zvi Bern, Amplitudes 2021 slides
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Ultimately, we are able to choose between a three-gluon-vertex and a three-graviton-
vertex. The latter is very long as compared to the former. The KLT relations make am-
plitudes and gravity computable, especially numerically. This is what we can look forward
to in the future!
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Conclusion

In this thesis, we consider some of the most important aspects and applications of effective
field theories. Scale separation, encapsulated in the Appelquist-Carrazone theorem, is the
key idea that allows us to examine different ranges of energies independent of each other.
This is the main reason that EFTs are a universal tool to understand any physical theory.
After obtaining a brief understanding of the ideas and properties of EFTs, we went on to
look at two big fields in EFTs today- the EFT of the Standard Model as well as some of
the different effective approaches to gravity. The existence of highly precise and advanced
experiments, mainly the Large Hadron Collider at CERN and the LIGO experiment, have
made necessary that we have increasingly precise predictions of particle physics and grav-
itational waves. The main motivation of using EFTs in these theoretical studies was elu-
cidated. All the particles in the Standard Model of particle physics have been discovered,
but there are several reasons to believe that it is incomplete and New Physics lies beyond it.
The large amount of statistics at the LHC contrasted with the difficulty of building colliders
with a higher centre-of-mass energy has meant that EFTs are well suited to finding traces
of New Physics. This can be done in the most general way possible while making only min-
imal restrictions on the potential UV theory. On the other hand, the LIGO collaboration
has given us the opportunity to probe the regime of strong gravity in the form of binary
mergers of massive bodies such as black holes and neutron stars. This is the next step to
improving our understanding of General Relativity and testing a full theory of gravity. It
is slowly expanding to more countries around the world, which will lead to more precise
data collection. Thus, we are at the stage where simpler analytic and numeric methods are
not only essential but indispensable to the future of high-energy physics.

Due to these motivations, we looked deeper into some applications of EFTs.

A short overview of the Standard Model Effective Field Theory allowed us to see that
not only is it a very general theory, suited to studying almost all collider processes but also
that there are challenges that stem from having such a general and multifunctional the-
ory. Furthermore, although effective approaches to gauge theories were a part of the early
explorations into quantum field theories, SMEFT was neglected for many years. Now, par-
allel to SM studies, deeper investigations into the fundamental properties of SMEFT are
being made, such as understanding the RGE evolution of the SMEFT Wilson coefficients
and looking to match these coefficients universally to obtain limits on their values. A major
goal of SMEFT studies is to be able to numerically calculate higher order processes in this
theory. In this context, novel advancements were made in which the Euler-Lagrange equa-
tions of motion for the SMEFT at dimension six were calculated and added as corrections
to the well-known Standard Model equations of motion. An example of how these results
are relevant to calculating B-meson decays, a process potentially in conflict with current
theoretical predictions in the SM, was explained. Thus, sub-leading corrections due to the

95



Chapter 7 Conclusion

subtleties of an EFT were discussed, which are relevant to any future high-precision study.
The conclusion was that the power counting of EFTs means that there is a class of correc-
tions due to EOM effects that result in a basis dependence in the results.

On the other hand, we looked at a few of the modern effective approaches to gravity. In
attempting to make theoretical predictions of binary black hole mergers, one must con-
sider different regimes, and some of these are particularly suited to analytic calculations.
These analytic calculations apply to certain limits of the scales of the problem. Current re-
sults in the main two types of approximations— the post-Newtonian and post-Minkowskian
approximations— were shown. One example of an EFT approach to gravity was considered,
where we systematically used the steps that go into constructing an EFT and derived Feyn-
man rules to show how one can obtain important quantities, such as a limit of the space-
time metric of gravity. A full NLO computation of a particular class of both quantum and
classical corrections was reproduced independently. However, due to the limitations of us-
ing Feynman diagram approaches, an alternative method was discussed using Cauchy’s
residue theorem. Finally, we discussed the progressions in scattering amplitude methods
as a modern alternative that is gaining traction as potentially being able to greatly simplify
numerical computations.

The last few years have shown significant developments in both the fields of particle physics
and gravity that are based on effective field theory approaches. As we gradually obtain
more statistics in the incredible experiments we have at CERN and the LIGO collabora-
tion, there is great reason to be optimistic that we will find results that succeed two of the
most important theories of our time- the Standard Model of particle physics and General
Relativity.
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Outlook

Effective field theory approaches have been seen for both their generality to different appli-
cations in particle physics, as well as gravity. In both these contexts, we have seen that EFTs
offer a general, minimal explanation for the unknown. At this stage, the hope is to have
more automated programs to calculate scattering amplitudes in these theories, in order to
compete with the experimental data available today and in the coming years. In the case
of SM, unitarity-based approaches provide some of the most precise calculations available
today. We hope to extend these to SMEFT and gravitational EFTs.
When considering SMEFT, we already have candidate programs for NLO calculations, how-
ever, it is an aim to reach a similar level of precision as that of the SM. Perhaps, amplitude-
based methods, when applied to SMEFT, will offer a simplified manner of doing such cal-
culations. This can be a simple extension of existing programs for the SM, but is of course
complicated by operator-mixing in the SMEFT. There is a lot of hope that future studies
will bridge this gap so that automated programs for the SM can be generalised to theories
such as SMEFT and HEFT, so that data from the LHC and LEP can be maximised to find
any potential deviation from the SM. In addition, one of the major goals of this programme
is to consider universal matching coefficients of all the operators within the Warsaw basis.
Non-zero results for Wilson coefficients are indicative of New Physics.
Amplitude and particle-physics-based calculations in gravity have seen a lot of growth in
the last few years. However, it is clear that a standard Feynman-rule based approach is
sub-optimal for gravity, given the complexity of the vertex functions, and the fact that these
vertex functions get more complicated as we go to higher order in EFTs. The KLT and BCJ
theorems offer an opportunity to do calculations in gravity parallel to those in QCD, by mak-
ing use of the relations. In addition, developments that are able to use the KLT relations in
a recursive manner offer a lot of insight and optimism into the future of particle-physics-
based calculations in gravity.
Amplitudes offer a different perspective— we consider structure and symmetry and exam-
ine patterns to arrive at results. However, this field is in its infancy, with a lot of its ap-
plications being in planar and massless theories. Parallel approaches to make integrations
within amplitudes easier as well as extending these theories to further applications, is a
step towards finding a complete theory of gravity, and perhaps finding a theory to unite
quantum physics and gravity. It must be stated that such calculations have their primary
application in finding precise predictions within particle physics. On the flipside, gravity
is a good crossover between quantum and classical theory. There is a lot of optimism to-
wards better understanding both quantum theories, as we well as gravity, using studies in
quantum effects within gravity.

Effective-field-theory-based approaches are indispensable to the future of high-energy
physics and the following years augur significant developments in theoretical predictions
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and a step into a new and unknown paradigm within high-energy physics.
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Appendix A
Feynman Rules for GR EF'T

The general definition of a vertex rule in momentum space is

V‘ulvl...ymvm =+i / d4xd4xl ce d4xnd4y1 c d4ym exp[i(Plxl + o+ PuXnt+q1y1-c -+ mem)]

5 5 5 5
X I X o o o X X " X PR X T
51 (x1) Opn(xn) — SH™ (1) SH" (Ym)

£i1’lt<q)ll ot Puy Hl/ ot 17-[11’1)<x>

Here, we start with the interaction Lagrangian in position space and take functional deriva-
tives over it with all the source fields ¢4, - - - , ¢, and the associated positions x1, - - - , x,; and
graviton fields 7—[{‘ W HEM ™ and the corresponding positions y1, - - - ,y,. Finally, we
perform a Fourier transformation to replace an expression that is in terms of the positions
x and y to momenta py, - - - , p, for the source fields, and g1, - - - , g, for the graviton fields.
Note that the incoming momenta are denoted with a positive sign, and consequently the
outgoing ones are with a negative sign. The final expression will contain two Lorentz in-
dices for every graviton field in the interaction Lagrangian, and one per spin-1 vector field.
Note that to complete the expression, we would need to have a delta function containing
all the momenta p and g associated with the vertex.

P’ 7
v
MV //
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Figure A.1: Graviton-scalar interaction

We derived the following matter-graviton interacting Lagrangian at O(x) in Eq. (5.15),

L) = =5 (3) 3,900 (x) = 370 {Bup(@F plx) —mp(xP} | (AN)

We simply need to insert it into Eq. (??) to obtain the expression we are looking for. Since we
have two scalar fields and one graviton field, the expression will have two Lorentz indices
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associated with it, as follows:

Ty = _% /d4xd4x1d4x2d4y exp(i(p1x1 — p2x2 +qy)) (A2)
) ) ) 1
" 18 () 9. 0(x)9 — ~1ap {0,0(x)Pp(x) — m* ¢ (x)?
5 (x1) 5(x2) oMM (y) (x) |909(x)9p9(x) = 511up {p(x)" p(x) — m7g(x)"}

(A3)

Working out the functional derivatives yields the following

= _EK /d4xd4x1d4xzd4y exp(i(p1x1 — paxa + qy))(x — y) [040(x — x2)9u6(x — x7)
(A4)
+0,,6(x — x1)0,8(x — x2) — 1w {0p8(x — x1)0°8 (x — x2) — m?*S(x — x1)5(x — x2) }] -

In order to deal with the -functions, we expand them as Fourier functions. E.g.,

3,6(x —x1) = & / ity ) _, / Aty ilxx) (A.5)
Iz 1 Iz (27)* (27)* 1 : .

Since every term contained J-functions in both x; as well as x,, we can pull out the associ-
ated exponentials, yielding

ix f d*k,  d*ky .
Ty = ) / d4xd4x1d4x2d4y (27_[)4 (271_)4 exp[z((p1 - kl)xl - (}72 + kz)Xz + (kl + ko + q)y)]

[—kiukay — kvkoy — 1 {kr - ko — m?}]. (A.6)

Integrating over x; and x, simply gives us more delta functions:

K 4 d4k1 d4k2 .
= _E d*x (271_)4 W(S(kl — pl)(S(kz + pz) exp(z(pl — p2+ q)x)[—lekZV — klvk2y-

=+ /d4x exp(i(p1 — p2 + 4)x)[P1ppav + Prvp2y
— M (p1- p2 = m?)]
ix
= 5 (PP + Prupow = M (pr - p2 = m)16(p1 = p2 + ). (A7)

In the final step, we simply pulled out a J-function describing the conservation of momen-
tum, which we will leave out of the expression for the vertex rule henceforth.

In a similar manner, matter Lagrangians for all kinds of gravitational interactions can be
derived and we simply list several Feynman rules, as per Ref. [82].

2-scalar-1-photon vertex

Scalar QED has interactions between vector bosons and scalars, and the following results
have been expressly derived in Ref. [20]:
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AR =1 (p.p,e)
a7 N
p N
where:
o/ (p,p,e) = —ie (p+p’)7. (A.8)

2-scalar-1-photon-1-graviton vertex

For the 2-scalar-1-photon-1-graviton vertex we have derived:

Y /
1!1_. //
7 p

) _ Tga(v) (

\\\p =
N
po

p,pe)

where:
2 (p, p'e) = iex [PP7T (p+p')a], (A9)

and Pro*7 is defined as usual.

2-photon-1-graviton vertex

For the 2-photon-1-graviton vertex we have derived:

5
I MAVAVAVAX \zpp = Tg(fh )(Pr P

where:

o(vd . o 1 I (4 o
00 (p, p') = i [P (- p') + 5 (0P T+ (P + pp)

(A.10)
— (P T T 4 ) .

The following results are shown from Ref. [79], and they were explicitly derived in Ref. [82].
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Appendix A Feynman Rules for GR EFT

2-scalar-2-photon vertex

The following results are available and fully derived in Ref. [20]

/
X =7(p.pe)

where:
o (p, ' e) = 2i?y™. (A.11)
2-scalar-1-graviton vertex

This Feynman rule has been systematically derived and we reproduce our expression from
Eq. (A.7) here:

P 7
MV // nv !
/WW\.< = T6 (plp rm)
a N
P N
where: '
1V K v v v
% (pp'm) == [P +p" " =" ((p-p)) = m*)]. (A12)

2-scalar-2-graviton vertex

7/

.L—L"'T.H'—\: /ﬁ A
4
/ =1 " (p,p',m)

0,
i
po N

where:

. 1 ) )
W (p,p') = ix? [ {I“"“SIW@ - {178 4 2 ’5}} (Pupf + Pips)

1

- e A,?pa} (p-p') — ] } (A.13)
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2-fermion-1-graviton vertex

o
af /
W‘\ :T;‘ﬁ(p,p’,m)
qﬁ
p

where:

o ptm) = 5 L0 PP P ) = G ) - m)| L (A

2-fermion-2-graviton vertex

\o /
;L‘\L"L. P = PP (p, p', m)
k;‘ ‘\i
af

. 1.1 1
P gt m) = ik { <SG )= )P () ok 1))
+

3-graviton vertex

The three-graviton vertex is complex and we have made extensive use of it in our calcula-
tions. The following describes its form

&

JAAAAAN)
ab L=

Ve
mn
T,
uv

= Ti0}p,5(k/4)
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Appendix A Feynman Rules for GR EFT

where:
K 3
TlOZEw(kIQ) =5 X (Paﬁ7§ [k”kl’ + (k—q)*(k—q)" +q"q" — Zﬂqu]

+ 25]/\5]17 I:I,X‘BUAL},JFV + I'yéUAI{XﬁVV _ I“‘BHUL)/(SV/\ _ IW(SHUID"BVA]

v v v A A
+ [qw" (Waﬁlw‘ M sl A) +q29 (Wﬁlwy +11psl,g" )
— (170‘5175141/ i 177510‘/3}41/) iy (77&51750)\ + 777(5101/50)\) ]

+ |:2q/\(lvcﬁ)wl'y§0v (k - CI)'H + Iaﬂ/\glﬂyéa‘u (k - q)v - I’yo'/\glacﬁtkay - I'yo'/\glaﬁzrykv)

A A
+ qZ (IDLIBUVLY(SVU + I(xﬁVUI’Y&Ty) =+ ﬂﬂ’lvng/\ (IDCIB pI’Y(Sp(T =+ I"ré 1Y a’Bp0—> :|

v 4 v 1 v
+ {(kz +(k—q)*) [Iaﬁwlwa + Iwwlaﬁn - 5’7’4 Pupyo]

B (Iww’hﬁkz + Iaﬁw’hé(k - ‘1)2> })

(A.15)
It must be noted that the above derivations are not simple and in the fermion case require

that the vierbein formalism is employed. We make use of the master equation in order
to obtain the above. Note that any vertices that do not include gravitons are derived in
Ref. [20]. Once again, the full derivations are available in Ref. [82].
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Appendix B
FORM Codes for Full Loop Computation

I wrote four similar codes in FORM: two each for the scalar and fermion case, and further one
each where the identity [] is used and is not used. Here they are reproduced in full:

B.0.1 Scalar Case without Identity

Off Statistics;

\textit{*Declare variables}

Symbol kap,m,TAG,pi,A1,A2,G;

dimension 4;

Vector pl1, p2, 91, 92, q,1, 11,12,k,13,14,0Q;

index mu,nu,alpha,beta,gamma,delta,rho,xsi,lam,sig,kappa,eta,zeta;
CFunction L, S,I,P;

*NTensor;

Tensor T7,K;

#message This is the initial expression.

*Expression

local scalarl1 = i_*P(alpha,beta, lam,kappa)*i_*P(gamma,delta,rho,sig)*i_*T7(alpha,beta,pl,11)*T7(g
P(rho,sig,lam,kappa)*(13(mu)*13(nu)+14(mu)*14(nu)+q(mu)*q(nu)-3/2*d_(mu,nu)*q.q);

local scalar2 = i_*P(alpha,beta, lam,kappa)*i_*P(gamma,delta,rho,sig)*i_*T7(alpha,beta,pl,11)*T7(g
2xq(xsi)*q(eta)*(I(rho,sig,eta,xsi)*I(lam,kappa,mu,nu)+I(lam,kappa,eta,xsi)*I(rho,sig,mu,nu) - I(
local scalar3 = i_*P(alpha,beta, lam,kappa)*i_*P(gamma,delta,rho,sig)*i_*T7(alpha,beta,pl,11)*T7(g
(q(xsi)*q(mu)*(d_(rho,sig)*I(lam,kappa,nu,xsi)+d_(lam,kappa)*I(rho,sig,nu,xsi))+q(xsi)*q(nu)*(d_
local scalar4 = i_*P(alpha,beta, lam,kappa)*i_xP(gamma,delta,rho,sig)*i_xT7(alpha,beta,pl1,11)*T7 (g
(2xq(xsi)*(I(rho,sig,xsi,eta)*I(lam,kappa,eta,nu)*x14(mu)+I(rho,sig,xsi,eta)*I(lam,kappa,eta,mu)=*
-I(lam,kappa,xsi,eta)*I(rho,sig,eta,nu)*x13(mu)-I(lam,kappa,xsi,eta)*I(rho,sig,eta,mu)*13(nu))
+q.9*(I(rho,sig,xsi,mu)*I(lam,kappa,nu,xsi)+I(rho,sig,xsi,nu)*I(lam,kappa,xsi,mu))+d_(mu,nu)*q(x.
local scalar5 = i_*P(alpha,beta, lam,kappa)*i_xP(gamma,delta,rho,sig)*i_xT7(alpha,beta,pl1,11)*T7 (g
((11.11 +12.12)*(I(eta,mu,rho,sig)*I(lam,kappa,eta,nu)+I(eta,nu,rho,sig)*I(lam,kappa,eta,mu)-1/2

.sort;
print;

sum alpha,beta,gamma,delta;
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#message The functions P and I are expanded, so only mu, nu, alpha->delta indices remain

id P(alpha?,beta?,gamma?,delta?)=1/2*(d_(alpha,gamma)*d_(beta,delta)+d_(alpha,delta)*d_
id I(alpha?,beta?,gamma?,delta?) = 1/2*x(d_(alpha,gamma)*d_(beta,delta)+d_(alpha,delta)=*c
.sort;

print;

*Expand out all functions and express everything in terms of pl1 and p2
id T7(mu?,nu?,p1?,p2?)=-i_xkap/2x(p1(mu)*p2(nu)+p1 (nu)*p2(mu)-d_(mu,nu)*(p1.p2-m~2));
id 13 =1;

id 14 = 1-q;

*id 13 = 1+q/2;

*id 14 = 1-9/2;

id g = p2 - pl;

id 11 = p2 -1;

*id 11=1/2xp1 + 1/2*p2-1;

id p1.p1 = m"2;

id p2.p2=m"2;

.sort;

sum alpha,beta,gamma,delta;

*Express everything in terms of q and P

id p1 = 1/2*%(2*Q-q);

id p2=1/2%(2*Q+q);

id q.Q=9;

.sort;

#message summing over all indices other than mu and nu:

print;

.sort;

*id K(mu?)= i_/(32*%pi"2xm"2)*(p2(mu)*((1+q.q/(2*m"2))*xL+1/4x(q.q/m"2)*S)+q(mu)*(-L-S/2)
#message These are the integrals in the problem

*Express everything in terms of tensors of the integration variable
toTensor 1,K;

Multiply TAG;

id TAGxK(?args)=K(?args);

Bracket 1,K;

.sort;

print;

.sort;

*Integral simplifications

*id K(q)=q.q/2*TAG;

*id g(mu?)*K(mu?,nu?)=q.q/2*xK(nu);

*id q(mu?)*K(mu?,nu?,alpha?)=q.q/2*K(nu,alpha);

\textit{*xIntegral Solutions}

id K(mu?,nu?,alpha?,beta?)=0;
.sort;
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id K(mu?,nu?,alpha?)=i_/(32*pi”“2*m"2)*(p2(mu)*p2(nu)*p2(alpha)*(1/6*xq.q/m"2*L)+(p2(mu)*p2(nu)*
g(alpha)+p2(mu)*p2(alpha)*q(nu)+p2(nu)*p2(alpha)*q(mu))*(-1/3*q.q/m"2xL-q.q/ (16xm"2)*S)+
(g(mu)*q(nu)*p2(alpha)+q(mu)*q(alpha)*p2(nu)+q(nu)*q(alpha)*p2(mu))*(1/3*L)+
g(mu)*q(nu)*g(alpha)*(-L-5/16xS)+(d_(mu,nu)*p2(alpha)+d_(mu, alpha)*p2(nu)+d_(nu,alpha)*p2(mu))=*
(-q.9/12*L)+(d_(mu, nu)*q(alpha)+d_(mu,alpha)*q(nu)+d_(nu,alpha)*q(mu))*(q.q/6*L+q.q/16%S));
.sort;

id K(mu?,nu?)=i_/(32*pi”"2*xm"2)*(p2(mu)*p2(nu)*(-q.q/ (2*m"2)*xL-q.q/ (8*m"2)*S)+(p2(mu)*q(nu)+
p2(nu)*q(mu))*(1/2%x(1+q.q/m"2)*xL+3/16*%q.q/m"2xS)+q(mu)*q(nu) *(-L-3/8*S)+q.g*xd_(mu,nu)*(L/4+S5/8))
.sort;

id K(mu?)=i_/(32*%pi“2*m"2)*(p2(mu)*((1+q.q/(2*m"2))*xL+1/4*(q.q/m"2)*S)+q(mu)*(-L-S/2));

.sort;

id TAG = i_/(32xpi“2*xm*2)*(-L-S);

Bracket L,S;

.sort;

#message Solved integrals, independent of k
print;

.sort;

*id p2.9 = q.9/2;

id p2 = 1/2x(2*Q+q);
id q.0Q=0;

.sort;

Bracket L,S;

print;

.sort;

id Q = 1/2%(p2+pl);
id q = p2-p1;

id p1.p1 = m"2;

id p2.p2 = m"2;
.sort;

id p1 = 1/2x(2*Q-q);
id p2=1/2%(2*Q+q);
id g.Q=0;

id Q.Q=m"2-q.q/4;
.sort;

Bracket L,S;

print;

.sort;

local test = 1/2/mx(2*Q(mu)*Q(nu)*A1 +(gq(mu)*q(nu)-d_(mu,nu)*q.q)*A2);

local F11 = (3/4/Q.Q72 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )*scalarl;
local F21 = (1/2/Q.Q/9.q9 *Q(mu)*Q(nu) - 1/(2*g.q)*d_(mu,nu) )*scalarl;
local F12 = (3/4/Q.Q72 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )*scalar2;
local F22 = (1/2/Q.Q/9.q *Q(mu)*Q(nu) - 1/(2*g.q)*d_(mu,nu) )*scalar2;
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local F13 = (3/4/Q.Q72 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )xscalar3;
local F23 = (1/2/Q.Q/g9.g9 *Q(mu)*Q(nu) - 1/(2*q.q)*d_(mu,nu) )*scalar3;
local F14 = (3/4/Q.Q"2 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )xscalar4;
local F24 = (1/2/Q.Q/9.9 *Q(mu)*Q(nu) - 1/(2*q.q)*d_(mu,nu) )*scalar4;
local F15 = (3/4/Q.Q"2 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )x*scalar5;
local F25 = (1/2/Q.Q/q9.9 *Q(mu)*Q(nu) - 1/(2*q.q)*d_(mu,nu) )*scalar5;
sum mu,nu;

Multiply 2*m;

id kap“3 = 32*xpixG;
id Q.Q=m"2-q.q/4;
id q.Q=0;

Bracket L,S;

print;

.SO

rt;

local F1 = F11+F12+F13+F14;

local F2=F21+F22+F23+F24;

local fullscalar=scalarl+scalar2+scalar3+scalar4+scalar5;
local test2 = F21+F22+F23+F24+F25;

.SO

rt;

Bracket L,S;

pri

nt;

.end;

The following final output was obtained

108

F11

F21

F12

+ L % ( 1/4%q.g*xi_xm*pi"-1*G + 43/96%q.q " 2*Q.Q " -Txi_xm*pi " -1xG - 11/24%
g.q " 2*xi_*xm"=1xpi"-1xG - 1/32*%q.q " 3*Q.Q " -1*i_*m"-1xpi“-1%G + 1/12%
g.q " 3%xi_*m"-3*pi"-1xG - 5/64*q.q 4*Q.Q " -1*i_*m"-3*xpi"-1%G )

+ S % (1/16%q.q*i_xmxpi“-1%G + 17/128*q.q" 2*Q.Q " -1*i_*mxpi“-1%G - 3/32
*Q.q " 2%1i_*m"-1*%pi"-1*G - 1/128%q.q"3*Q.Q " -1xi_»m"-1*pi"-1xG + 1/64%
g.q " 3%xi_*m"-3xpi " -1xG - 3/128%q.q"4*Q.Q " -Txi_*m"-3*pi“-1xG );

+

L % ( 13/3%i_*m"3*pi " -1xG - 37/48*q.qgxi_*mxpi"-1xG - 13/24*q.q"2*i_x
m*=1%pi"-1xG + 1/32%q.q"3*i_*m"-3*xpi " -1xG )

+

S x ( 7/8%i_*m"3*pi“-1%G - 19/64*q.q*i_xmxpi "-1*G - 7/32%q.q " 2*i_x*
m*=1*%pi"-1*G + 3/128*q.q " 3*i_*m"-3*pi " -1*G );

+

L * ( - 2%q.g*i_*mxpi"-1%G - 1/8%q.q " 2*i_xm"-1*pi"-1xG + 1/4*q.q" 3%
i_*m"=3*%pi”-1*G )



+ S x (- gq.gxi_*m*pi"-1*G - 1/8%q.q 2%i_*m"-1*pi"-1*G + 3/32*%q.q"3*i_
*m*=3%pi " -1*xG );

F22 =
+ L *x ( - i_*m"3xpi"-1%G + 1/16*%q.q " 2%i_*m"~1xpi"-1%G )

+ S % (= i_*m"3*pi"-1%G + 1/32%q.q " 2*i_*m"-1*xpi"-1%G );
F13 =
+ L % ( g.g%i_xmxpi”"-1*%G + 1/2%q.q " 2*i_*m"-1xpi"-1xG + 3/8xq.q" 3*i_x*
m*=3%pi"-1%G )

+ S % (q.q*i_*mxpi”-1*%G + 1/4%q.q " 2*i_*m"-1*pi"-1xG + 5/32*q.q"3*i_x
m*=3%pi"-1%xG );

F23 =
+ L * ( 1/4*%q.q " 2%xi_*m " =-1*pi"-1%xG + 1/16*%q.q " 3*i_*m"-3xpi"-1%G )

+ S % ( 2%xi_*m"3xpi”-1%G + 1/8%q.q"2*i_»m"-1%pi"-1xG + 1/64%q.q"3*i_x
m"-3*pi”"-1%G );

F14 =
+L* ( - qg.q2%xi_*m " -1xpi"-1%G + 1/3%q.q"3*i_xm"-3*%pi"-1xG )

+ S % (- 13/32%q.q"2%i_*m"-1%pi"-1%G + 3/64%q.q"3*i_*m"-3%pi " -1xG );
F24 =
+ L% (- i_*m"3*xpi"-1%G + 1/6%q.gxi_*m*pi -1xG + 1/12*q.q" 2*xi_*m"-1%
pi“-1%xG - 1/8%q.q " 3*i_*m"-3*xpi"-1%G )

+ S % (- 1_*m"3xpi"-1*%G + 1/16*q.qxi_*mxpi"-1xG + 1/64*q.q"2*i_*m"-1%
pi“-1xG - 5/128%q.q" " 3*i_xm"-3%pi"-1*xG );

F15 =

=+

L *x ( 5/2%xi_*m"3%pi"-1%G - 1/16*q.q*Q.Q" -Txi_*m"3xpi"-1*%G - 1/2*q.q*

i_*mxpi"-1xG - 3/8%q.q"2%12.12%i_xm"-3%pi"-1%G - 5/48%q.q " 2*%Q.Q" -1%i_

*mxpi”-1%G - 19/12*%q.q " 2*xi_*m"-1xpi"-1xG - 1/48*%q.q"3*Q.Q " -1*xi_*m"-1%

pi“=-1*G + 3/16%12.12*Q.Q " -Txi_xm"3*xpi“-1%G + 3/2%12.12*%i_xm*pi”"-1*G
+ 5/16%Q.Q " -1*i_xm"5%pi " -1%G )

+ S % (1/2%xi_*m"3xpi"-1*%G + 1/32%q.q*12.12*i_*m"-1*%pi"-1xG + 1/32*q.q*
i_xm*pi”-1xG - 5/32*%q.q " 2x12.12%i_*m"-3*pi"-1*G - 9/256%q.q"2*Q.Q " -1x*
i_xm*xpi”-1xG - 31/64%q.q"2*i_*m"-1*pi"-1*xG + 1/512%q.q"3*x12.12%Q.Q"-1
*1_*m"-3%pi”"-1*%G - 1/256%q.q 3*Q.Q " -1*i_xm"-1*pi"-1xG + 1/16%12.12x%
Q.Q"=1*%i_*m"3xpi " =1xG + 1/2%12.12*%i_*mxpi"-1xG + 1/16*Q.Q " -1xi_*m"5%
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pi"=1xG );

F25 =
+ L x (- 19/24%xi_xm"3*%pi"-1%xG + 9/8%q.q " -1x12.12*i_*m"3xpi"-1*G + 15/
8xq.q —1xi_*m"5%pi " -1*%G - 1/4*q.q*12.12xi_xm"-1*xpi"-1xG - 25/24%*q.q*
i_*xmxpi”-1xG + 1/16*q.q " 2x12.12%i_*m"-3*xpi " -1*G + 1/4%q.q"2*i_xm"-1x%
pi“-1xG - 1/4%12.12*i_*mxpi"-1%G )

+ S % (- 1/16%i_*m"3%pi"-1xG + 3/8xq.q -1x12.12%i_*m"3*pi"-1xG + 3/8%
q.q " =1*i_*m"5xpi " -1xG - 7/64*q.q*x12.12xi_*m"-1xpi“-1%G - 45/128*q.q*
i_xmxpi*-1xG + 7/256%q.q"2x12.12%i_*m"-3xpi"-1%G + 5/64%q.q"2*i_*m"-1
*pi"-1*%G - 1/16%12.12*%i_»m*xpi " -1*G );

F1 =
+ L x (- 3/4xq.q*i_*m*pi”"-1%xG + 43/96%q.q"2*Q.Q " -1*xi_*mxpi"-1*%G - 13/
12%q.q " 2*%i_*m"=1*%pi"-1*G - 1/32*%q.q " 3*Q.Q -1xi_*m"-Txpi"-1%G + 25/24x%
g.q " 3%xi_xm"-3xpi "-1*xG - 5/64*q.q 4*Q.Q " -1*i_*m"-3xpi"-1%G )

+ S x ((1/16%q.gq*i_xmxpi”-1xG + 17/128%q.q 2*Q.Q " -1*i_xmxpi"-1xG - 3/8x%
g.q " 2%xi_xm"=1xpi*"-1xG - 1/128%q.q"3*Q.Q " -1xi_xm"-1xpi"-1xG + 5/16%
g.q " 3*xi_xm"-3xpi"-1xG - 3/128%q.q " 4*Q.Q " —-Txi_xm " -3xpi " -1xG );

F2 =
+ L % (7/3%i_*m"3*%pi"-1xG - 29/48*q.qgxi_*mxpi -1xG - 7/48%q.q" 2*i_*
m*=1*%pi"-1*G - 1/32*%q.q"3*i_xm"-3*xpi"-1xG )

+ S % (7/8*%i_*m"3*pi"-1xG - 15/64*q.q*xi_*mxpi -1%G - 3/64*q.q" 2*i_*
m -1xpi”"-1%G );

where we only consider the leading terms.

B.0.2 Scalar Case with Identity

H-

Off Statistics;

*Declare variables

Symbol kap,m,TAG,pi,Al1,A2,G;

dimension 4;

Vector pl1, p2, 91, 92, 9,1, 11,12,k,13,14,0;

index mu,nu,alpha,beta,gamma,delta,rho,xsi,lam,sig,kappa,eta,zeta;
CFunction L, S,I,P;
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*NTensor;
Tensor T7,K;

#message This is the initial expression.

*Expression

local scalarl = i_*i_xi_*T7(lam,kappa,pl,11)*T7(rho,sig,11,p2)*i_xkap/2*
P(rho,sig,lam,kappa)*(13(mu)*13(nu)+14(mu)*14(nu)+q(mu)*q(nu)-3/2*d_(mu,nu)*q.q);

local scalar2 = i_*i_xi_*T7(lam,kappa,pl,11)*T7(rho,sig,11,p2)*i_x*kap/2*
2xq(xsi)*q(eta)*(I(rho,sig,eta,xsi)*I(lam,kappa,mu,nu)+I(lam,kappa,eta,xsi)*I(rho,sig,mu,nu) - I(
local scalar3 = i_*i_xi_*T7(lam,kappa,pl,11)*T7(rho,sig,11,p2)*i_x*kap/2*
(q(xsi)*q(mu)*(d_(rho,sig)*I(lam,kappa,nu,xsi)+d_(lam,kappa)*I(rho,sig,nu,xsi))+q(xsi)*q(nu)*(d_
local scalar4= i_*i_xi_*T7(lam,kappa,pl,11)*T7(rho,sig,11,p2)*i_*kap/2*
(2xq(xsi)*(I(rho,sig,xsi,eta)*I(lam,kappa,eta,nu)*x14(mu)+I(rho,sig,xsi,eta)*I(lam,kappa,eta,mu)*
-I(lam,kappa,xsi,eta)*I(rho,sig,eta,nu)*x13(mu)-I(lam,kappa,xsi,eta)*I(rho,sig,eta,mu)*13(nu))
+9.9*(I(rho,sig,xsi,mu)*I(lam,kappa,nu,xsi)+I(rho,sig,xsi,nu)*I(lam,kappa,xsi,mu))+d_(mu,nu)*q(x
local scalar5 = i_*P(alpha,beta, lam,kappa)*i_xP(gamma,delta,rho,sig)*i_xT7(alpha,beta,pl1,11)*T7 (g
((11.11 + 12.12)*(I(eta,mu,rho,sig)*I(lam,kappa,eta,nu)+I(eta,nu,rho,sig)*I(lam,kappa,eta,mu)-1/2

.sort;
print;

sum alpha,beta,gamma,delta;

#message The functions P and I are expanded, so only mu, nu, alpha->delta indices remain

id P(alpha?,beta?,gamma?,delta?)=1/2*(d_(alpha,gamma)*d_(beta,delta)+d_(alpha,delta)*d_(beta, gamn
id I(alpha?,beta?,gamma?,delta?) = 1/2*(d_(alpha,gamma)*d_(beta,delta)+d_(alpha,delta)*d_(beta,ga
.sort;

print;

*Expand out all functions and express everything in terms of pl1 and p2
id T7(mu?,nu?,p1?,p2?)=-i_xkap/2*(p1(mu)*p2(nu)+p1(nu)*p2(mu)-d_(mu,nu)*(pl.p2-m"2));
id 13 =1;

id 14 = 1-q;

*id 13 = 1+q/2;

*id 14 = 1-q/2;

id g = p2 - pl;

id 11 = p2 -1;

*id 11=1/2*p1 + 1/2*p2-1;

id p1.p1 = m"2;

id p2.p2=m"2;

.sort;

sum alpha,beta,gamma,delta;

*Express everything in terms of g and P

id p1 = 1/2%(2*Q-q);

id p2=1/2%(2*Q+q);

id q.Q=0;

.sort;
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#message summing over all indices other than mu and nu:

print;

.sort;

*id K(mu?)= i_/(32*%pi”"2xm"2)*(p2(mu)*((1+q.q/ (2*m"2))*L+1/4x(q.q/m"2)*S)+q(mu)*(-L-S/2)
#message These are the integrals in the problem

*Express everything in terms of tensors of the integration variable
toTensor 1,K;

Multiply TAG;

id TAGxK(?args)=K(?args);

Bracket 1,K;

.sort;

print;

.sort;

*Integratal simplifications

*id K(q)=q.q/2*TAG;

*id g(mu?)*K(mu?,nu?)=q.q/2*xK(nu);

*id q(mu?)*K(mu?,nu?,alpha?)=q.q/2*%K(nu,alpha);

*Integral Solutions

id K(mu?,nu?,alpha?,beta?)=0;

.sort;

id K(mu?,nu?,alpha?)=i_/(32*pi”"2xm"2)*(p2(mu)*p2(nu)*p2(alpha)*(1/6*q.q/m"2*L)+(p2(mu)*
g(alpha)+p2(mu)*p2(alpha)*q(nu)+p2(nu)*p2(alpha)*q(mu))*(-1/3*q.q/m"2*xL-q.q/ (16*m"2)*S)
(g(mu)*q(nu)*p2(alpha)+q(mu)*q(alpha)*p2(nu)+q(nu)*q(alpha)*p2(mu))*(1/3*L)+
g(mu)*g(nu)*q(alpha)*(-L-5/16xS)+(d_(mu, nu)*p2(alpha)+d_(mu,alpha)*p2(nu)+d_(nu,alpha)+
(-9.9/12*L)+(d_(mu,nu)*q(alpha)+d_(mu,alpha)*q(nu)+d_(nu,alpha)*xq(mu))*(q.q/6*xL+q.q/ 16
.sort;

id K(mu?,nu?)=1i_/(32*pi~2*xm"2)*(p2(mu)*p2(nu)*(-q.q/ (2*m"2)*L-q.q/ (8*m"2)*S)+(p2(mu)*q(
p2(nu)*q(mu))*(1/2%(1+q.q/m"2)*L+3/16*q.qg/m" 2*%S)+q(mu)*q(nu) *(-L-3/8*S)+q.gxd_(mu, nu) * (
.sort;

id K(mu?)= 1i_/(32*pi“2*m"2)*(p2(mu)*((1+q.q/(2*m"2))*L+1/4*(q.q/m"2)*S)+q(mu)*(-L-S/2))
.sort;

id TAG = i_/(32*pi"2xm"2)*(-L-S);

Bracket L,S;

.sort;

#message Solved integrals, independent of k
print;

.sort;

*id p2.9 = gq.9/2;

id L=0;

id p2 = 1/2*%(2*Q+q);
id q.0=0;

.sort;

Bracket L,S;
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print;

.sort;
id Q = 1/2%(p2+pl1);
id g = p2-p1;

id p1.p1 = m"2;
id p2.p2 = m"2;
.sort;

id p1 = 1/2%(2*Q-q);
id p2=1/2*%(2*Q+q);
id q.Q=0;

id Q.Q=m"2-q.q/4;
.sort;

Bracket L,S;

print;

.sort;

local test = 1/2/m*(2*xQ(mu)*Q(nu)*A1 +(gq(mu)*q(nu)-d_(mu,nu)*q.q)*A2);
local F11 = (3/4/Q.Q"2 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )*scalari;
local F21 = (1/2/Q.Q/q.q9 *Q(mu)*Q(nu) - 1/(2*q.q)*d_(mu,nu) )*scalari;
local F12 = (3/4/Q.Q"2 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )*scalar2;
local F22 = (1/2/Q.Q/9.q *Q(mu)*Q(nu) - 1/(2*q.q)*d_(mu,nu) )*scalar2;
local F13 = (3/4/Q.Q%2 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )*scalar3;
local F23 = (1/2/Q.Q/9.q *Q(mu)*Q(nu) - 1/(2*q.q)*d_(mu,nu) )*scalar3;
local F14 = (3/4/Q.Q72 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )*scalar4;
local F24 = (1/2/Q.Q/q9.q *Q(mu)*Q(nu) - 1/(2*q.q)*d_(mu,nu) )*scalar4;

*xlocal F15 = (3/4/Q.Q72 *Q(mu)*Q(nu) - 1/(4*Q.Q)*d_(mu,nu) )*scalar5;
*local F25 = (1/2/Q.Q/q9.q *Q(mu)*Q(nu) - 1/(2*q.q)*d_(mu,nu) )*scalar5s;
sum mu,nu;

Multiply 2#*m;

id kap”3 = 32%pixG;
id Q.Q=m"2-q.q/4;
id g.Q=0;

id g.q"2=0;

Bracket L,S;

print;

.sort;

local F1 = F11+F12+F13+F14;

local F2=F21+F22+F23+F24;

*local fullscalar=scalaril+scalar2+scalar3+scalar4+scalar5;
*local test2 = F21+F22+F23+F24+F25;

.sort;

Bracket L,S;
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pri

nt;

.end;

The results obtained in this case were much simpler:

$ F

11

F21

F12

F22

F13

F23

F14

F24

+

S x (1/16*%q.qg*i_xmxpi "-1*G );

S *x ( 7/8%i_*m"3xpi”-1%G - 19/64*q.q*i_»m*xpi " -1*G );
o;

0;

S*x (- g.q*i_xmxpi”"-1xG );

0;

S x ( q.gxi_*mxpi -1%G );

S x (1/16*%q.q*i_xmxpi "-1%G );

S *x ( 1/16%q.q*i_*m*pi"-1%G );

S x ( 7/8%i_*m"3*pi”-1%G - 15/64*q.q*i_»mxpi "-1*G );

B.0.3 Fermion Case without Identity

Off Statistics;

dimension 4;

symbol m,TAG, kappa,G,pi;

index alpha, beta, gamma, delta,rho,sig,kap,lam, xsi, eta,mu,nu,eps;
Vector ql1,92,11,12,13,14,Q,q,k1,k2,1;

NTensor SIG;

Tensor K,X;

CFunction L, S,P,I;

Function Ubar, U,T7;
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local diracl = Ubar(k2)*T7(gamma,delta,11,k2)*i_x(g_(1,11)+m)*T7(alpha,beta,kl,11)*xU(k1)*i_*P(lan
(P(rho,sig,lam,kap)*(12(mu)*12(nu)+13(mu)*13(nu)+q(mu)*q(nu)-3/2*d_(mu,nu)*qg.q));

local dirac2 = Ubar(k2)*T7(gamma,delta,11,k2)*i_x(g_(1,11)+m)*T7(alpha,beta,kl,11)*xU(k1)*i_*P(lan
(2*q(xsi)*q(eta)*(I(rho,sig,eta,xsi)*I(lam,kap,mu,nu)+I(lam,kap,eta,xsi)*I(rho,sig,mu,nu)-I(rho,
local dirac3 = Ubar(k2)*T7(gamma,delta,11,k2)*i_x(g_(1,11)+m)*T7(alpha,beta,k1,11)*xU(k1)*i_%P(lan
(q(xsi)*q(mu)*(d_(rho,sig)*I(lam,kap,nu,xsi)+d_(lam,kap)*I(rho,sig,nu,xsi))+q(xsi)*q(nu)*(d_(rho
-q.9x(d_(rho,sig)*I(lam,kap,mu,nu)+d_(lam,kap)*I(rho,sig,mu,nu))-d_(mu,nu)*q(xsi)*q(eta)*(d_(rho
local dirac4 = Ubar(k2)*T7(gamma,delta,11,k2)*i_x(g_(1,11)+m)*T7(alpha,beta,kl,11)*U(k1)*i_*P(lan
(2xq(xsi)*(I(rho,sig,xsi,eta)*I(lam,kap,eta,nu)*13(mu)+I(rho,sig,xsi,eta)*I(lam,kap,eta,mu)*13(n
+q.9*(I(rho,sig,xsi,mu)*I(lam,kap,nu,xsi)+I(rho,sig,nu,xsi)*I(lam,kap,xsi,mu))+d_(mu,nu)*q(xsi)=*
local dirac11 = Ubar(k2)*T7(rho,sig,11,k2)*i_*(g_(1,11)+m)*T7(lam,kap,k1,11)*U(k1)*i_*i_x-i_*kapy
(P(rho,sig,lam,kap)*(12(mu)*12(nu)+13(mu)*13(nu)+q(mu)*q(nu)-3/2*d_(mu,nu)*q.q));

local dirac22 = Ubar(k2)*T7(rho,sig,11,k2)*i_x(g_(1,11)+m)*T7(1lam,kap,k1,11)*xU(k1)*i_*i_x-i_xkapg
(2xq(xsi)*q(eta)*(I(rho,sig,eta,xsi)*I(lam,kap,mu,nu)+I(lam,kap,eta,xsi)*I(rho,sig,mu,nu)-I(rho,
local dirac33 = Ubar(k2)*T7(rho,sig,11,k2)*i_x(g_(1,11)+m)*T7(lam,kap,k1,11)*U(k1)*i_xi_x-i_xkapp
(q(xsi)*q(mu)*(d_(rho,sig)*I(lam,kap,nu,xsi)+d_(lam,kap)*I(rho,sig,nu,xsi))+q(xsi)*q(nu)*(d_(rho
-q.9*x(d_(rho,sig)*I(lam,kap,mu,nu)+d_(lam,kap)*I(rho,sig,mu,nu))-d_(mu,nu)*q(xsi)*q(eta)*(d_(rho
local dirac44 = Ubar(k2)*T7(rho,sig,11,k2)*i_*(g_(1,11)+m)*T7(lam,kap,k1,11)*U(kT)*i_*i_x-i_x*kapy
(2xq(xsi)*(I(rho,sig,xsi,eta)*I(lam,kap,eta,nu)*13(mu)+I(rho,sig,xsi,eta)*I(lam,kap,eta,mu)*13(n
+9.9*(I(rho,sig,xsi,mu)*I(lam,kap,nu,xsi)+I(rho,sig,nu,xsi)*I(lam,kap,xsi,mu))+d_(mu,nu)*q(xsi)=*
.sort;

Bracket Ubar, U;

print;

.sort;

id P(alpha?,beta?,gamma?,delta?)=1/2*(d_(alpha,gamma)*d_(beta,delta)+d_(alpha,delta)*d_(beta, gamn
id I(alpha?,beta?,gamma?,delta?)=1/2x(d_(alpha,gamma)*d_(beta,delta)+d_(alpha,delta)*d_(beta, gamn
.sort;

Bracket Ubar, U;

print;

.sort;

id T7(alpha?,beta?,k1?,k2?)=-1_xkappa/2*x(1/4*g_(1,alpha)*(k1(beta)+k2(beta))+1/4xg_(1,beta)*(k1 (e
id g_(1,mu?,mu?)=4;

id g_(1,mu?,nu?,mu?)=-2%g_(1,nu);

.sort;

Bracket Ubar, U;

print;

.sort;

*Express all momenta in terms of k1 and k2
id 11=1+k2;

id 12 = 1;

id 13=1-q;

id g = k1-k2;
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.sort;

*Dirac Equation

repeat;

id g_(1,mu?,k2)=-g_(1,k2,mu)+2xk2(mu);
id Ubar(k2)*g_(1,k2)=Ubar (k2)*m;
endrepeat;

repeat;

id g_(1,k1,mu?)=-g_(1,mu,k1)+2xk1(mu);
id g_(1,k1)*U(k1)=m*U(k1);

endrepeat;

id g_(1,1,1)=1.1;

.sort;

Bracket Ubar, U;

print;

.sort;

id k1 (g+2*Q)/2;
id k2 (2%xQ-q)/2;
id q.0=0;

.sort;

*print;

Bracket Ubar,U;
print;

.sort;

toTensor 1,K;

Multiply TAG;

id TAG*K(?args)=K(?args);
.sort;

Bracket K,Ubar,U;

*print;

.sort;

*Solve Integrals

*Concerned that q.q/16%S != q.q*S/16 or something similar

id K(mu?,nu?,alpha?,delta?,delta?)=X(mu,nu,alpha);

id X(mu?,nu?,alpha?)=0;

id K(mu?,nu?,alpha?,beta?)=0;

id K(mu?,nu?,alpha?)=i_/32/pi”"2/m"2*x(-k2(mu)*k2(nu)*k2(alpha)*(q.q/6/m"2*xL)+(k2(mu)*k2(
-(g(mu)*q(nu)*k2(alpha)+q(nu)*q(alpha)*k2(mu)+q(mu)*q(alpha)*k2(nu))*L/3 + g(mu)*q(nu)*
+(d_(mu, nu)*q(alpha)+d_(mu,alpha)*q(nu)+d_(nu,alpha)*q(mu))*(q.q/6*xL+q.q/16%S));

id K(mu?,nu?)=i_/32/pi"2/m"2*%(k2(mu)*k2(nu)*(-q.g*L/(2*m"2)-q.q/8/m" 2*S)-(k2(mu)*q(nu)+
+g.gxd_(mu,nu)*(L/4+S/8));

id K(mu?)=i_/32/pi“2/m"2*x(-k2(mu)*((1+q.q/2/m"2)*xL+1/4*q.q/m" 2xS)+q(mu)*(-L-S/2));

id TAG=i_/32/pi*2/m"2*(-L-S);

.sort;
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id g = k1-k2;

id Q=1/2*(k1+k2);

repeat;

id g_(1,mu?,k2)=-g_(1,k2,mu)+2xk2(mu) ;
id Ubar(k2)*g_(1,k2)=Ubar (k2)*m;
endrepeat;

repeat;

id g_(1,k1,mu?)=-g_(1,mu,k1)+2%xk1(mu);
id g_(1,k1)*U(k1)=mxU(k1);

endrepeat;

id k1 = (g+2*Q)/2;

id k2 = (2*xQ-q)/2;

id g.Q=0;

.sort;

Bracket Ubar,U,L,S;

print;

.sort;

*id g_(1,mu?,nu?)=d_(mu,nu)-i_*SIG(mu,nu);
*id g_(1,nu,mu)=-g_(1,mu,nu)+2xd_(mu,nu);
*id Ubar(k2)*g_(1,mu?)*U(k1)=Ubar (k2)*(Q(mu)/m-i_xSIG(mu,eps)*q(eps)/m)*U(k1);
id q.0Q=0;

id kappa”3=32*pi*G;

id Q.Q=m"2-q.q9/4;

id gq.q/m"2=0;

id q.q"2=0;

Multiply 2*i_;

id L=0;

.sort;

*Gordon Identity

local dirac = diracl+dirac2+dirac3+dirac4;
*local diractest1 diracl-diracli;

*local diractest2 = dirac2-dirac22;

*local diractest3 = dirac3-dirac33;

*local diractest4 = dirac4-dirac44;

*local diractest = diracl+dirac2+dirac3+dirac4-diracli-dirac22-dirac33-dirac44;
Bracket Ubar,U,L,S;

print;

.sort;

*

.end;

The following results were obtained:

diracl =
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+ Ubar(k2)*U(k1)*S * ( 1/16%xQ(mu)*Q(nu)*q.q*m"-1*%Gxpi“-1 + 7/16*%q(mu)*
g(nu)*m*Gxpi“-1 - 47/128*q(mu)*q(nu)*q.q*m"-1xGxpi"-1 - 7/16%
d_(mu, nu)*q.g*mxGxpi“-1 );

dirac2 =
+ Ubar(k2)*g_(1,mu)*U(k1)*S * (- 1/4xQ(nu)*q.q*Gxpi“-1 )

+ Ubar(k2)*g_(1,nu)*U(k1)*S * (- 1/4*xQ(mu)*q.q*Gxpi“-1 )
+ Ubar(k2)*U(k1)*S * (- 1/2*Q(mu)*Q(nu)*q.g*m"-1*Gxpi“-1 - 1/2xq(mu)*
g(nu)*m*Gxpi“-1 - 1/32%q(mu)*q(nu)*q.gxm”"-1xGxpi“-1 + 1/2xd_(mu,nu)*

q.q*mxGxpi”-1 );

dirac3 =
+ Ubar(k2)*g_(1,mu)*U(k1)*S x ( 1/4*xQ(nu)*q.q*Gxpi"-1 )

+ Ubar(k2)*g_(1,nu)*U(k1)*S x ( 1/4*xQ(mu)*q.q*Gxpi”“-1 )
+ Ubar(k2)*U(k1)*S * ( 1/2xQ(mu)*Q(nu)*q.q*m"-1xGxpi“~-1 + g(mu)*q(nu)*m
*Gxpi*=-1 + 3/32xq(mu)*q(nu)*q.g*m"=1%Gxpi“-1 - d_(mu,nu)*q.gxm*Gx

pi*-1);

dirac4 =
+ Ubar(k2)*g_(1,mu)*U(k1)*S * ( 1/8*xQ(nu)*q.q*Gxpi“-1 )

+ Ubar(k2)*g_(1,nu)*U(k1)*S * ( 1/8*xQ(mu)*q.q*Gxpi“-1 )

+ Ubar(k2)*U(k1)*S x (= 1/4*xQ(mu)*Q(nu)*q.q*m"-1xG*pi“-1 - 1/2xq(mu)=*
g(nu)*m*Gxpi~“-1 + 7/128*q(mu)*q(nu)*q.qgxm” -1xGxpi“-1 + 1/2*d_(mu,nu)*
q.qxmxGxpi®-1 );

diracll =

+ Ubar(k2)*U(k1)*S * ( 1/16*xQ(mu)*Q(nu)*q.qg*m"-1%Gxpi“-1 + 7/16*%q(mu)*
q(nu)*m*Gxpi“=1 - 47/128*q(mu)*q(nu)*q.q*m -1xG*pi"-1 - 7/16%
d_(mu, nu)*q.g*mxGxpi“-1 );

dirac22 = 0;

dirac33 =
+ Ubar(k2)*g_(1,mu)*U(k1)*S * (- 1/4*xQ(nu)*q.q*Gxpi“-1 )

+ Ubar(k2)*g_(1,nu)*U(k1)*S * (- 1/4*xQ(mu)*q.q*Gxpi“-1 )

+ Ubar(k2)*U(k1)*S * (- 1/2%Q(mu)*Q(nu)*q.gxm”"-1xGxpi"-1 + 1/32xq(mu)
*q(nu)*qg.gxm” -1xGxpi“-1 );
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dirac44 =
+ Ubar(k2)*g_(1,mu)*U(k1)*S * ( 3/8*Q(nu)*q.q*Gxpi“-1 )

+ Ubar(k2)*xg_(1,nu)*U(k1)*S * ( 3/8*Q(mu)*q.qg*G*pi”“-1 )

+ Ubar(k2)*U(k1)*S * ( 1/4*Q(mu)*Q(nu)*q.qg*m”"-1xG*pi"-1 + 11/128*q(mu)*
a(nu)*q.gxm”=1xGxpi“-1 );

dirac =
+ Ubar(k2)*g_(1,mu)*U(k1)*S * ( 1/8*xQ(nu)*q.q*Gxpi“-1 )

+ Ubar(k2)*g_(1,nu)*U(k1)*S * ( 1/8*%Q(mu)*q.qg*G*pi“-1 )

+ Ubar(k2)*U(k1)*S * (- 3/16*Q(mu)*Q(nu)*q.qgxm” -1xGxpi"-1 + 7/16%
g(mu)*q(nu) *mxGxpi“-1 - 1/4%xgq(mu)*q(nu)*q.g*m " =1%Gxpi"-1 - 7/16%
d_(mu,nu)*q.q*m*Gxpi"-1 );

B.0.4 Fermion Case with Identity

Off Statistics;

dimension 4;

symbol m,TAG, kappa, G, pi;

index alpha, beta, gamma, delta,rho,sig,kap,lam, xsi, eta,mu,nu,eps;
Vector ¢g1,92,11,12,13,14,Q,q,k1,k2,1;

NTensor SIG;

Tensor K,X;

CFunction L, S,P,I;

Function Ubar, U,T7;

local dirac11 = Ubar(k2)*T7(rho,sig,11,k2)*i_*(g_(1,11)+m)*T7(lam,kap,k1,11)*U(k1)*i_*i_x-i_x*kapy
(P(rho,sig,lam,kap)*(12(mu)*12(nu)+13(mu)*13(nu)+q(mu)*q(nu)-3/2*d_(mu,nu)*q.q));

local dirac22 = Ubar(k2)*T7(rho,sig,11,k2)*i_*(g_(1,11)+m)*T7(lam,kap,k1,11)*U(k1)*i_*i_x-i_*kapy
(2xq(xsi)*q(eta)*(I(rho,sig,eta,xsi)*I(lam,kap,mu,nu)+I(lam,kap,eta,xsi)*I(rho,sig,mu,nu)-I(rho,.
local dirac33 = Ubar(k2)*T7(rho,sig,11,k2)*i_x(g_(1,11)+m)*T7(1lam,kap,k1,11)*U(k1)*i_xi_x-i_xkapp
(q(xsi)*q(mu)*(d_(rho,sig)*I(lam,kap,nu,xsi)+d_(lam,kap)*I(rho,sig,nu,xsi))+q(xsi)*q(nu)*(d_(rho
-q.9x(d_(rho,sig)*I(lam,kap,mu,nu)+d_(lam,kap)*I(rho,sig,mu,nu))-d_(mu,nu)*q(xsi)*q(eta)*(d_(rho
local dirac44 = Ubar(k2)*T7(rho,sig,11,k2)*i_*(g_(1,11)+m)*T7(lam,kap,k1,11)*U(kT)*i_*i_x-i_x*kapy
(2*%q(xsi)*(I(rho,sig,xsi,eta)*I(lam,kap,eta,nu)*13(mu)+I(rho,sig,xsi,eta)*I(lam,kap,eta,mu)*x13(n
+9.9*(I(rho,sig,xsi,mu)*I(lam,kap,nu,xsi)+I(rho,sig,nu,xsi)*I(lam,kap,xsi,mu))+d_(mu,nu)*q(xsi)=*
.sort;

Bracket Ubar, U;

print;

.sort;
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id P(alpha?,beta?,gamma?,delta?)=1/2*(d_(alpha,gamma)*d_(beta,delta)+d_(alpha,delta)*d_
id I(alpha?,beta?,gamma?,delta?)=1/2*(d_(alpha,gamma)*d_(beta,delta)+d_(alpha,delta)*d_
.sort;

Bracket Ubar, U;

print;

.sort;

id T7(alpha?,beta?,k1?,k2?)=-i_xkappa/2x(1/4xg_(1,alpha)*(kl1(beta)+k2(beta))+1/4xg_(1,b
id g_(1,mu?,mu?)=4;

id g_(1,k1?,k1?)=k1.k1;

id g_(1,mu?,nu?,mu?)=-2%g_(1,nu);

.sort;

Bracket Ubar, U;

print;

.sort;

*

*Express all momenta in terms of k1 and k2
id 11=1+k2;

id 12 = 1;

id 13=1-q;

id g = k1-k2;

id g_(1,mu?,mu?)=4;

id g_(1,k1?,k1?)=k1.k1;

id g_(1,mu?,nu?,mu?)=-2%g_(1,nu);
.sort;

print;

Bracket Ubar, U;

.sort;

*Dirac Equation

repeat;

id g_(1,mu?,k2)=-g_(1,k2,mu)+2xk2(mu);
id Ubar(k2)*g_(1,k2)=Ubar (k2)*m;
endrepeat;

repeat;

id g_(1,k1,mu?)=-g_(1,mu,k1)+2xk1(mu);
id g_(1,k1)*U(k1)=m*U(k1);

endrepeat;

id g_(1,1,1)=1.1;
.sort;

Bracket Ubar, U;
print;

.sort;

id k1 = (g+2*Q)/2;
id k2 = (2xQ-q)/2;
id q.0=0;
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.sort;
print;
Bracket Ubar,U;
print;
.sort;

toTensor 1,K;

Multiply TAG;

id TAGxK(?args)=K(?args);
.sort;

Bracket K,Ubar,U;

print;

.sort;

*Solve Integrals

*Concerned that q.q/16xS != q.q*S/16 or something similar

id K(mu?,nu?,alpha?,delta?,delta?)=X(mu,nu,alpha);

id X(mu?,nu?,alpha?)=0;

id K(mu?,nu?,alpha?,beta?)=0;

id K(mu?,nu?,alpha?)=i_/32/pi*2/m"2*x(-k2(mu)*k2(nu)*k2(alpha)*(q.q/6/m"2*L)+(k2(mu)*k2 (nu)*q(alpt
-(g(mu)*q(nu)*k2(alpha)+q(nu)*q(alpha)*k2(mu)+gq(mu)*q(alpha)*k2(nu))*L/3 + q(mu)*q(nu)*q(alpha)*(
+(d_(mu, nu)*qg(alpha)+d_(mu,alpha)*q(nu)+d_(nu,alpha)*q(mu))*(q.q/6%L+q.q/16%S));

id K(mu?,nu?)=i_/32/pi"2/m"2*(k2(mu)*xk2(nu)*(-q.q*L/(2*m"2)-q.q/8/m"2xS) - (k2 (mu) *q(nu)+k2 (nu)*q(n
+g.g*d_(mu,nu)*(L/4+S/8));

id K(mu?)=1_/32/pi"2/m"2*(-k2(mu)*((1+q.q/2/m"2)*L+1/4*q.q/m"2xS)+q(mu)*(-L-S/2));

id TAG=i_/32/pi"2/m"2x(-L-S);

.sort;

id q = k1-k2;

id Q=1/2*(k1+k2);

repeat;

id g_(1,mu?,k2)=-g_(1,k2,mu)+2*xk2(mu) ;

id Ubar(k2)*g_(1,k2)=Ubar (k2)#*m;

endrepeat;

repeat;

id g_(1,k1,mu?)=-g_(1,mu,k1)+2%xk1(mu);

id g_(1,k1)*xU(k1)=mxU(k1);

endrepeat;

id k1 = (g+2*%Q)/2;

id k2 = (2xQ-q)/2;

id q.Q=0;

.sort;

Bracket Ubar,U,L,S;

print;

.sort;

*xGordon Identity
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Appendix B . FORM Codes for Full Loop Computation

**%id g_(1,mu?,nu?)=d_(mu,nu)-i_*SIG(mu,nu);
**xid g_(1,nu,mu)=-g_(1,mu,nu)+2*d_(mu,nu);
**%x1d Ubar(k2)*g_(1,mu?)*U(k1)=Ubar (k2)*(Q(mu)/m-i_xSIG(mu,eps)*q(eps)/m)*U(k1);
*id q.Q=0;

id kappa“®3=32*pixG;

id Q.0=m"2-q.q9/4;

*id gq.q/m"2=0;

id gq.q"2=0;

Multiply 2*xi_;

id L=0;

.sort;

*local dirac = diracl+dirac2+dirac3+dirac4;
*%xlocal diractestl = diracl-diracli;
*%*local diractest2 = dirac2-dirac22;
*%*local diractest3 = dirac3-dirac33;
*x]ocal diractest4 = dirac4-dirac44;
**local diractest = diracl+dirac2+dirac3+dirac4-diracli-dirac22-dirac33-dirac44;
Bracket Ubar,U,L,S;

print;

.sort;

**

*Notes on extracting Form factors: F3 is directly proportional to q(mu)g(nu)-d_(mu,nu)q.q.
*F2 is one half of the coefficient of either g_(1,mu) terms or g_(1,nu) terms.

*F1 is the sum of F2+the term proportional to Q(mu)Q(nu)

.end;

The results obtained were:

diracll =
+ Ubar(k2)*U(k1)*S * ( 1/16%xQ(mu)*Q(nu)*q.q*m"-1*%Gxpi"-1 + 7/16*%q(mu)*
q(nu)*m*Gxpi“-1 - 47/128*q(mu)*q(nu)*q.q*m -1xG*pi"-1 - 7/16%
d_(mu,nu)*q.qg*mxG*xpi“-1 );

dirac22

0;

dirac33
+ Ubar(k2)*g_(1,mu)*U(k1)*S * (- 1/4*xQ(nu)*q.q*Gxpi“-1 )

+ Ubar(k2)*g_(1,nu)*U(k1)*S * (- 1/4*xQ(mu)*q.q*Gxpi“-1 )

+ Ubar(k2)*U(k1)*S *x (- 1/2*xQ(mu)*Q(nu)*q.qg*m"-1xG*pi“-1 + 1/32xq(mu)
*q(nu)*q.gxm”=1xGxpi“-1 );

dirac44 =
+ Ubar(k2)*g_(1,mu)*U(k1)*S * ( 3/8*xQ(nu)*q.q*Gxpi“-1 )
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+ Ubar(k2)*g_(1,nu)*U(k1)*S * ( 3/8*xQ(mu)*q.g*Gxpi“-1 )

+ Ubar(k2)*U(k1)*S * ( 1/4*Q(mu)*Q(nu)*q.qg*m"-1xG*pi"-1 + 11/128*q(mu)*
a(nu)*q.gxm”=1xGxpi“-1 );

123
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