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ABSTRACT

This thesis explores several dynamical aspects of the classical two-body problem
using scattering amplitude methods. We first discuss the conservative two-body
dynamics in General Relativity in the post-Minkowskian regime, valid for weak
gravitational fields and unbound velocities. In doing so, we present novel rela-
tions between on-shell scattering amplitudes and classical quantities such as the
post-Minkowskian Hamiltonian and scattering angle. We then focus on modern am-
plitude methods, presenting the string inspired CHY formalism. As an application,
we derive covariant expressions for tree-level amplitudes with two massive scalars
and an arbitrary number of gravitons, providing the needed input to evaluate
classical observables from unitarity methods. We then study classical wave physics,
showing how to derive from amplitudes gravitational shock wave solutions to
Einstein field equations. We conclude by presenting a generalization of a formalism
developed by David Kosower, Ben Maybee and Donal O’Connell, which describes
black hole dynamics from on-shell data. With the addition of coherent states in
the original framework, we study observables with massless particles as incoming

states, such as the bending of light and the Thomson scattering. We also derive
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waveforms generated in binary scattering, providing an elegant relation between

the Newman-Penrose formalism and helicity amplitudes.
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RESUME

I denne afhandling undersgges flere dynamiske aspekter af det klassiske problem
med to legemer ved hjeelp af spredningsamplitude-metoder. Vi diskuterer forst
den konservative dynamik for to legemer i den generelle relativitetsteori i det
post-Minkowskiske regime, som geelder for svage gravitationsfelter og ubundne
hastigheder. I den forbindelse praesenterer vi nye relationer mellem on-shell spred-
ningsamplituder og klassiske storrelser som f.eks. den post-Minkowskiske Hamil-
tonian og spredningsvinklen. Derefter fokuserer vi pdmoderne amplitudeme-
toder og praesenterer den stringinspirerede CHY-formalisme. Som en anvendelse
udleder vi kovariante udtryk for amplituder patreeniveau med to massive scalarer
og et vilkdrligt antal gravitoner, hvilket giver det nedvendige input til at eval-
uere klassiske observabler fra unitaritetsmetoder. Derefter fokuserer vi pdklassisk
bolgefysik og viser, hvordan man ud fra amplituder kan udlede gravitationelle
chokbolgelasninger til Einsteins feltligninger. Vi afslutter med at praesentere en
generalisering af en formalisme udviklet af David Kosower, Ben Maybee og Donal
O’Connell, som beskriver dynamikken i sorte huller ud fra data om skallen. Med

tilfojelsen af koheerente tilstande i den oprindelige ramme studerer vi observabler



med masselose partikler som indkommende tilstande, sdsom bejning af lys og
Thomson-spredning. Vi udleder ogsabelgeformer, der genereres i bineer spred-
ning, hvilket giver en elegant relation mellem Newman-Penrose-formalismen og

helicity-amplituder.
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PREFACE

This thesis contains results originating from a three-year research project in general
relativity and theoretical physics. The main topics are classical gravitational physics

and scattering amplitudes, divided into three parts:
* The-two body problem in General Relativity
* Scattering amplitude methods
* (lassical wave physics

The main text consists of reprints of preprints and published journal articles.
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Part I

INTRODUCTION



MOTIVATION

The start of the gravitational-wave observational era has spurred theorists to explore
new approaches to computing classical observables for the general relativistic two-
body problem. Remarkably, in recent years, state of the art results have been
obtained using quantum scattering amplitudes. One of the main objectives of
this thesis is to extend this new paradigm, increasing the range of observables
that we can classically describe in terms of scattering amplitudes. This would
simultaneously improve our ability to develop more accurate gravitational wave

templates and illuminate underlying structures in classical field theory.



THESIS OUTLINE

The main results of the thesis are presented into three parts:
e Part 2: The two-body problem in General Relativity
* Part 3: Scattering amplitude techniques
* Part 4: Classical wave physics
Part 2 contains the following chapters:

e Chapter 4 is an invitation to the classical two-body problem in General
Relativity. It explores the relations between classical and quantum scattering,

providing a summary of the main ideas addressed in the subsequent chapters.

¢ Chapter 5 is a reprint of A. Cristofoli, N. E. J. Bjerrum-Bohr, P. H. Damgaard
and P. Vanhove, “Post-Minkowskian Hamiltonians in general relativity”, Phys.
Rev. D 100 (2019), 084040 [1906.01579], containing modifications of the original

publication.
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THESIS OUTLINE

* Chapter 6 is a reprint of A. Cristofoli, “Post-Minkowskian Hamiltonians in
modified theories of gravity”, Phys. Lett. B 800 (2020) 135095 [1906.05209],

containing minor modifications of the original publication.

* Chapter 7 is a reprint of N. E. J. Bjerrum-Bohr, A. Cristofoli and P. H.
Damgaard, “Post-Minkowskian Scattering Angle in Einstein Gravity”, JHEP

08 (2020) [1910.09366], containing modifications of the original publication.

* Chapter 8 is a reprint of A. Cristofoli, P. H. Damgaard, P. Di Vecchia and C.
Heissenberg, “Second-order Post-Minkowskian scattering in arbitrary dimen-
sions”, JHEP 122 (2020) [2003.10274], containing minor modifications of the

original publication.

Part 3 contains the following chapter:

e Chapter 9 is a reprint of N. Bjerrum-Bohr, A. Cristofoli, P. H. Damgaard and

H. Gomez, “Scalar-Graviton Amplitudes”, JHEP 11 (2019) [1908.09755].

Part 4 contains the following chapters:

* Chapter 10 is a reprint of A. Cristofoli, “Gravitational shock waves and scatter-
ing amplitudes”, JHEP 11 (2020) [2006.08283]. It contains minor modifications

of the original publication.

* Chapter 11 is a reprint of A. Cristofoli, R. Gonzo, D. Kosower and D. O’Connell,

“"Waveforms from amplitudes”, [arXiv:2107.10193].
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THESIS OUTLINE

The thesis ends with the conclusions in Chapter 12 and an outlook on future

work in Chapter 13.



INTRODUCTION

“While the science is advancing thus in one
direction by the improvement of physical
views, it may advance in another direction
also by the invention of mathematical

methods.”

W.R. Hamilton, 1834

Few problems in theoretical physics have seen more study and reformulations as
the two-body problem. From its first description by Newton [1], till the geodesic
reinterpretation in General Relativity [2], up to the two-body scattering in quantum
mechanics [3]: its development, from classical to quantum physics, constantly has
shed light on new mathematical tools, from Lagrangian to Hamiltonian mechanics,
as well as providing insights to new mathematical and physical theories [4, 5].

Nowadays, among its different formulations, the classical gravitational two-body



INTRODUCTION

problem has gained a renewed interest due to the fingerprints left in gravitational
waves. These signals, detected for the first time by the LIGO/Virgo collaboration in
2015 [6], describes the gravitational radiation emitted by the inspiral, merger and
subsequent ringdown of a binary system. Unfortunately, despite its Newtonian ana-
logue, the general relativistic two-body problem admits no exact solution available
with analytical tools. To overcome this obstacle, theorists have combined different
types of analytical approximations, and numerical simulations [7, 8], with the aim
of generating accurate gravitational wave templates of the radiation emitted by
coalescing black holes. Among the analytical schemes used, the post-Minkowskian
approximation to General Relativity [9], valid during the inspiral for relativistic
systems and weak gravitational fields, is the one that has seen the most radical
revolution in recent years. This paradigm change was marked by a remarkable state
of the art computation [10] using scattering amplitudes, the primary tool to describe
interactions of quantum particles in quantum field theory. The achievement has
been outstanding: following earlier works [11,12], a state of the art result for macro-
scopic black holes has been derived from the classical limit of the most microscopic
structures in quantum field theory, scattering amplitudes [13]. This milestone has
marked the beginning of a new field at the crossroads between classical gravita-
tional physics and quantum field theory, with potential implications for improving
gravitational wave templates and our understanding of classical physics [14]. In

this thesis, we will apply and extend this new paradigm. In the first part, we will



INTRODUCTION

provide novel relations between classical observables for spinless binary black holes
and on-shell scattering amplitudes computed in quantum field theory [15-18]. We
will see how the conservative regime of the two-body problem in General Relativity
can be efficiently described in terms of amplitudes, using the Lippmann-Schwinger
equation beyond its well known non-relativistic approximation. In the second
part of the thesis, we will explore modern scattering amplitudes techniques such
as the string inspired CHY formalism, which provides the needed inputs for the
computation of post-Minkowskian observables from unitarity techniques [19]. In
the third part, we will focus on classical wave physics. We will first show how
to derive gravitational shock waves solutions to Einstein field equations using
scattering amplitudes [20]. We will then present a generalization of a formalism
developed by David Kosower, Ben Maybee and Donal O’Connell, which describes
black hole dynamics from on-shell data [21]. With the addition of coherent states
in the original framework, we will study observables with massless particles as
incoming states, such as the bending of light and the Thomson scattering. We will
also derive waveforms generated in binary scattering, providing an elegant relation
between the Newman-Penrose formalism and helicity amplitudes [22]. We will
then end the thesis with a general outlook on the results in the thesis and the next

challenges ahead.



Part II

THE TWO-BODY PROBLEM IN GENERAL

RELATIVITY



THE S-MATRIX APPROACH TO GENERAL RELATIVITY

With the publication of the Principia in 1687 [1], Newton provided for the first
time a physical theory that accounted for the dynamics of gravitational binary
systems. Arguing from this theory, he showed that the orbit of any binary acted
upon by a gravitational force is always a conic section. Despite the knowledge of
the exact orbits, this problem has been revisited and generalized several times over
the past centuries, leading to the development of new mathematical methods such
as Lagrangian and Hamiltonian mechanics, the Hamilton—Jacobi equations [4], the
notion of integrability, and the discovery of the angle-action variables [5]. As we
will see, scattering amplitudes and quantum field theory are nowadays providing a
new understanding of the two body problem in General Relativity, similar to what
Lagrangian mechanics did for Newtonian gravity. To see how this is possible, we
tirst need to understand the intricacy of the general relativistic two body problem

which is a far more intricate problem than its Newtonian counterpart. We start

10



THE S-MATRIX APPROACH TO GENERAL RELATIVITY

following [23,24], and by modeling a general relativistic binary system, with masses
m,—1 2, using two worldlines xh (0a), parametrized by 0, = n%’ being 7, their proper
time. The geodesic equation for each worldline will then follow from Hamilton’s

equations with a Hamiltonian given by

1
H(xu/ Pa) = Z Ega'g(xa)pa,zxpa,ﬂ . (1)
a=1,2
These are
dxl dpa,yu

(0a) = _%auglxﬁ (xa(0a)) Pa,tx(‘fa)l?a,/%(%) .
(2)

(0a) = g (xa(0a)) pav(0a)

do, do,

The gravitational field g, (x) generated by their motion satisfies Einstein equations

Ruu(x) — 8y (1)R(x) = 876 Ty (x), 6)

where the energy momentum tensor of the binary system is given by

i +Ood0-a ga_a V(Ta (54(X—Xu((7a)) .
T (x) Q_ZLZ/_OO Pa(@a)pal )\/—det[ga,g(xa(aa))]

For well defined initial data, we say that [x1(07), x2(02), guv(x)] is a solution to the

(4)

two problem in General Relativity if (2) and (3) are satisfied simultaneously. To get
a glimpse of the intricacy of a similar endeavor, we can consider a scattering-like
encounter by solving perturbatively the dynamics in the gravitational coupling Gy

order by order. We focus on the impulse experienced during the scattering

1 [f
Mpog == [ 42,8 (x2(00)) Pas(0) (i) G

11



THE S-MATRIX APPROACH TO GENERAL RELATIVITY

Assuming the knowledge of both worldlines, we start by solving Einstein equations
in the controvariant metric g"V(x) = y" — h"*(x) at leading order in Gy. In de

Donder gauge

+00
Oh*(x) = —167tGy Z / do, PHvap pa,a(aa);oa,ﬁ(Ua)(S4 (x—2x,(02)) , (6)

a=12"7 ">
where we have introduced the projector PH4h = <17”"‘17"5 - %17””11"‘/3) Since
radiative effects start to appears only at G3; order [25,26], we can restrict the
problem to the conservative sector by choosing a time-symmetric Green function.

We obtain

W (x) = 4Gy [ dy PIE(x — y)Tog(y) +0 (GR) )

where we have introduced

1 dk ey
PHE(x —y) = 4m (n””‘v"ﬁ - 517’“’17”"3) / omi @ (8)

We can now substitute (7) in (5). At leading order in Gy, the impulse on the a =1
component of the binary is given by two contributions,
)
Apy = Aple + Ay +0 (GR) ©)

where we have defined

Apty = 2GN/ do1dosp1 o (01)p1,p(01) 0y PP (x1 (01) — x2 (02)) paw (02) par (02)

(10)

12



THE S-MATRIX APPROACH TO GENERAL RELATIVITY 13

APSEU = 2GN/ dovde p1a(01)p1,5(01)3, PPYF (x1 (1) — 21 (07)) Prw (o) prpr(017) -
(11)
Interestingly, we can rewrite both contributions as Feynman-like diagrams [23,24] .
The first term corresponds to a tree-level topology where we have added a cross to
denote a derivative in the Green function. The second one corresponds instead to a

self-interaction for one of the constituents of the binary:*

wit

The analogy can be extend also to higher order contributions to the impulse,
where more convoluted topologies will appear containing also self-interactions
of the gravitational field. However, explicit calculations are viable only once
the momenta p;,(0,) are known, which for the moment we haven’t specified
yet. Considering we are interested in a scattering problem, we parametrize both

worldlines in a perturbative expansion around a free motion

xh (04) = yg,a + aapg,a + Gnxh (00) + ...,

Pa,u (0a) = 0Pa,u (0a) + GNPau (0a) + .,

1 Reproduced from [24].



THE S-MATRIX APPROACH TO GENERAL RELATIVITY

where v} , is a constant four-vector and the momentum op,,, is given by the on-shell
quantity in flat space satisfying ophop.iuw = —m?2. For ease of notation, in what
follows we remove the subscript 0 in the incoming momentum. Using (12), we can

now compute both contributions to the impulse. The first term is given by

tree aBa’p! d*k  iktekt ik-proy ,—ik-pao
Apl,y =87TGNP1,0¢P1,[37D ; Pz,a/Pz,ﬁ’/d(TldUZ /W 2 ek pio1p—ikpaon

(13)
where the covariant impact parameter b* is defined as b" =y | —y} ,. We obtain

2(py - p2)* — mim3 by
” Zﬁ s (14)

V(1 p2)? — m3m3

where we have introduced b = /—b# by. As for the remaining contribution to the

Apl,y = —2GN

impulse, this is vanishing since proportional to a scaleless integral. Thus, (14) is
the value for the impulse at leading order in Gy. From it, we can extract other
observables of physical interests, such as the scattering angle in the centre of mass
frame. From geometrical considerations, it is simple to show that the scattering

angle is given by
_ Apub¥
B Pem b

sin(6) , (15)

where p.y, is the modulus of the relative momentum in the center of mass frame.

Truncating at leading order in Gy, we obtain the following result

_ 2GN2(p1-p2)* — mim3

V(P p2) — p2p3

O1rm , (16)

14



THE S-MATRIX APPROACH TO GENERAL RELATIVITY

where we have introduced the total angular momentum L = p;,b. This result is
fully relativistic and we say it describes a first post-Minkowskian order calculation
(i.e. at linear order in Gy and to all orders in the velocities). We can easily under-
stand that to get a complete knowledge of this observable, all post-Minkowksian
contributions need to be calculated. This would require a systematic expansion to
higher orders, followed by a delicate interplay of conservative and radiative effects,
which for the moment we have ignored. As such, it should not be surprising that
the state of the art result was given only by the next to leading order calculation
since a few years ago. The calculation at second post-Minkowskian order, published
by Westpfhal in 1985 [27], shows many complicated contributions related to the
nonlinearity of the field equations and the iteration of the equations of motion.
However, the final result is very simple

G337 (my +my)(5(p1 - p2)?* — mim3)

Oapm = T2 AE , (17)

where we have introduced E as the total energy of the system. This is quite remi-
niscent of complicated Feynman diagram calculations boiling down to shockingly
simple results in quantum field theory [28]. As we will see in the next section, this
observation, together with the aforementioned diagrammatic expansion, is not a
coincidence but the hint that a deeper reformulation of the two-body problem in

General Relativity is possible.

15



THE S-MATRIX APPROACH TO GENERAL RELATIVITY

THE QUANTUM TWO-BODY PROBLEM IN GENERAL RELATIVITY

This section aims to highlight the close analogy between the theory of scattering in
the classical and quantum theory. We have already seen that a scattering encounter
in General Relativity is a highly complicated problem, so the reader might wonder
what can be gained by looking at its even more intricate quantum counterpart.
Moreover, we don’t even have a consistent theory of quantum gravity, so how
could we even describe a quantum analogue for this two-body problem? Some
clarifications are in order. Throughout the years, it has been proven that the
quantization of gravity around a flat background makes a well defined effective
field theory for energy scales well below the Planck scale [29]. Within this approach,
it is possible to compute classical phenomena such as the perihelion-motion of
Mercury [30], as well as to compute quantum corrections to the Newton potential. It
is precisely in this sense that quantum field theory reveals an unexpected simplicity
than the classical theory itself, especially when we are dealing with the weak field
limit of General Relativity. To see how this remarkable change of paradigm occurs,
we first start by introducing few crucial notions in quantum scattering theory that
will allow us to relate the quantization of gravity in the weak-field limit with the
calculation of classical observables. Let us start by considering the scattering of two
point particles adopting a first quantization scheme. In the center of mass frame,

the problem is equivalent to the scattering of a single particle off a given potential.

16



THE S-MATRIX APPROACH TO GENERAL RELATIVITY

Thus, in analogy with the classical scattering, the worldlines x} (c;) are replaced by

a state [¥(t)) € L?(IR3) satisfying the evolution equation

in® "gf” _A[¥(t) VtER, (18)

for a proper self-adjoint Hamiltonian operator H. In the center of mass frame, the

Hamiltonian for a conservative and fully relativistic system is given by

H=Hy+V , Hoz\/p2+m§+\/ﬁ2+m§, (19)

where V denotes a generic potential operator. Since (19) is time independent, we

can provide the most general solution to (18) as
¥()) = e 1A [y (20)

The initial state is then given by

3 .
¥) = [ G o) e ) @)

which for a gaussian wavepacket ¢(p) it describes a classical system of two point-

particles separated by a distance r. This allows us to introduce the so called S-matrix

S = t]iIIIOO eltfH()e*Z(tffti)He*Zt,‘Ho , (22)
;’f—>oo

an operator of fundamental importance in scattering theory, relating asymptotic

states in the infinite past and future by means of a unitary operator. Having intro-

duced the S-matrix, we proceed by introducing two other operators of importance

17



THE S-MATRIX APPROACH TO GENERAL RELATIVITY

in our goal to relate quantum field theory to classical physics: the free Green

operator Go(z) and the interacting one G(z) defined as
Go(z)=(z—-H)! , G =Ez-A)""' zecC. (23)

Both are complex analytic functions with a simple pole for the eigenvalues of the

Hamiltonian, as it can be easily seen assuming the knowledge of the eigenstates.

Considering for simplicity only a discrete spectrum, we can label a complete set of

states as |n). Thus

o =gl e\ 2

Z J—
Using the relation A~! = B~1 4+ B~1(B — A) A~!, we can relate both Green operators

by

A A

G(z) = Go(z) + Go(2)VG(z) . (25)

It is useful to express the same relation in terms of the so called off-shell scattering

operator IM(z)

A

M(z) =V +VG(z)V . (26)

Using this definition, we can rewrite (25) by means of algebraic manipulations

obtaining the so called Lippmann-Schwinger equation for the scattering operator

A

M(z) =V + VGo(z)M(z) . (27)
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This equation is of fundamental importance in our approach. As we are going
to see, it allows us to compute a classical Hamiltonian once the matrix elements
of M(z) are known. To show this relation, we evaluate the mean value of the
Lippmann-Schwinger equation (27) on the initial state (21), describing a binary

system of two point particles
(| M(2) [¥) = (Y| V[¥) + (¥| VCo(z)M(2) [¥) - (28)

Considering the classical limit as in [21], and by using a completeness relation we

obtain

(p'|M(z) |p) =

Vo | oo WMQNTED

27th)3 Ey +ie

where we have defined the classical potential in momentum space as V (g, p) where
g stands for § = p — p’. What is missing now is the knowledge of the matrix
elements of IM. To see how it is related to the S matrix, it is enough to compute the

matrix element of (22) between two single particle states |p) and |p’)

: it Hy ,—i(t—t;)H —it;F
(P|SIp) = lim _(pf|estoem =t iiflo|p) (30)
’tf—>oo
Since the order we perform both limits is irrelevant, we can set {; = —t; to obtain

itHy efiZtH eitHO Ip) .

! s /
(P'IS[p) = lim (p'[e (31)

Using the properties of uniformly convergent integrals, we rewrite (31) as

—+o00

—et 4| ithy —i2tA ith
(1519 = (/L) /) Jim [ dre s et 1) 52

e—07t
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—+00 A . ~ . . N A
_ <p/|P> _Z-<P/| im At {Vezt(Ep/—&-Epﬂs—zH) +ezt(Ep/+Ep+zs—2H)V |P> ) (33)

e—0t J0

where E, = \/ p? +m? + \/ p? + m3 stands for the eigenvalue of the free Hamilto-
nian on a state |p). The remaining integration can be easily performed by showing
that the elements of the S-matrix depends on a specific value of the Green operator
G(z), precisely

1 . ~~(E,+E, . ~ + E,, . n
01816) = W)+ 5 9 tim |06 (5 i)+ 65 +ie )0 1)

(34)
At this point, we can rewrite the product of operators in the square bracket using
(25) and

A A

G(z)V =M(2)Go(z) , M(z)Go(z) = G(z)V . (35)

Thanks to this representation, we have the following crucial relation between matrix

elements of the S-matrix and M

/ o . 1 1 A EP’+EP .
WIS = W)+ Jim (et ) WM () )

(36)

= (p'|p) —2mié(Ey — Ep) Lim (p'| M(E, +ie) |p) . (37)
e—=0t
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We call scattering amplitude the matrix element (p'|M(z) |p) at z = E, +i0™.

Given its importance we define it as

lim (p'| M(E, +ie) |p) = M(p, ) . (38)

e—0T

where the tilde denotes that these quantities are computed in quantum mechanics
with fixed degrees of freedom and not in quantum field theory. Their relation in
the center of mass frame is trivial and mainly given by a different normalization

factor for the external states?

Sooon . Mpp)
M(PIP)—W- (39)

At this point, we have all the ingredients to compute the classical Hamiltonian of a
relativistic binary system from the knowledge of a scattering amplitude. We can
compute these quantities from the Einstein-Hilbert action minimally coupled to

two massive scalar fields ¢@,;—1 2

R 1 )
S(Suvs Pa=12) = /d4x,/—det(gw) [m -3 Y. (gli hZayq)a Oy Pa +m§(p§>} :
=

=12
(40)
We then expand the metric around a Minkowski background g, (x) = 7 + by (x)

and quantize the fluctuations assuming a weak field expansion for the gravitational

field. In doing so, it is possible to define an effective field theory for a massless spin

2 For further details, see the discussion around (383).
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2 particle - called graviton - interacting with massive scalars with masses m,-1>.

Choosing the center-of-mass frame, we can describe a two-body scattering using

the following momenta

Pl = (E1(p), 7)., ph = (Ei(p), 7).

py = (E2(p),—F),  ph=(E2(p),—F").

(41)

where p; and p; are incoming momenta and p3 and p4 outgoing. For the rest of
the Chapter, we will continue to use the mostly positive signature convention and

define

|, (42)

Ei(p) =\/p*+m3i,  Ea(p)=\/p*+m3, (43)

As for the exchanged momentum in the center of mass frame, this is given by

—

g'=pf—py . G=5-7 ., depu=9"=I7 (45)

Following these conventions, the tree level on-shell scattering amplitude reads

[m2m3 — 2(p1 - p2)* — 0232 (p1 - p2)]

qZ

Mtree(Pz P/) = 1l671GN ’ (46)
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with p1 - po = —E1(p)E2(p) — p?. To highlight the 7 scaling we have expressed the
momenta in terms of their wavenumbers using g = 7. Once this amplitude is
known, the matrix element of the previously defined scattering operator are given

by a simple rescaling due to the normalization of the external states

4Gy [m2md —2(p1 - p2)? — 12G%(p1 - p2)]

Ml ) = E B 7

, (47)

If we now truncate (29) at linear order in the gravitational coupling, we obtain a
linear relation between the Fourier transform of the amplitude and what we define

as a first post-Minkowskian potential

Vipm(r, p) = /dgq_ ]\/‘vtree(q/P)“fim7 . (48)

Using (47) and keeping only long range contributions to the potential, we obtain

2
Vipm(r, p) = GNCl((;;: , (49)
where
(p) = mimd —2(pr o), a(p) = D) (50
p

This result provides an Hamiltonian describing a system of two classical point-
particles at linear order in the coupling Gy and to all orders in the ratio v/c, being

v a characteristic velocity of the system

Gneq (p?
Hinua(r,p) = |y +fp + i+ SYED, (51)
E5¢(p)r
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The non relativistic limit agrees with the Hamiltonian for a binary system in
Newtonian gravity and in the center of mass frame. As we are going to see, using
(51) we can easily re-derive observables such as the scattering angle at first post-
Minkowskian order, as well as non trivial informations about a bound system.
Let us focus on the former. Since the motion is planar, the conjugate variables
describing the phase space are (7, ¢, pr, py). These are related to the square of the

momentum in the center of mass frame by

2 2 LZ
p :pr+r_2/ (52)

being L the conserved angular momentum of the binary system. At this point, the
dynamics of the system is fully encoded in the Hamilton-Jacobi equation of (51)

3S\> L2 3s dS
R —_ 2 R _— =
a:ZLz \/(E)r) Ty Tt Virm (V, 5 L> T3 0, (53)

where S is the principal Hamilton function. We will see in Chapter 7 a remarkable
relation which allows us to rewrite (53) as a quadratic differential equation in the
derivatives of S, uniquely in terms of the scattering amplitudes. For the moment, we
settle by solving this equation perturbatively in Gy for the ansatz S = —Et + 5,(r),
where S,(r) is known as radial action and E the conserved energy of the system.

Defining its derivative as

prin =220, 4
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we obtain
> G
R =+ My (55)
where, introducing the Mandelstam variable s = —(p; + p»)?, we have
(p1 - p2)* — mim3 2¢1(p3
2 _ (PP My o 2al) (56)

p S 4 - \/E
Using (55), it is now straightforward to derive the change in the angular variable ¢

during a scattering encounter (see for instance [23, 52])

Ap =+, (57)

where the scattering angle is given by

_ e apr(r)_
6 — 2/r ar Pl (58)

min

Here r,,;, is the positive root for the condition of turning point at p,(r) = 0 with

PG
Pr(r)Z\/P%—P%r—ﬁ ui (59)

where we have introduced the impact parameter b = L/py . We note now that p,(r)

can be rewritten as

pr(r):@ r2+r—GN2fl—bzzm\/r—ﬁ\/r—r*, (60)
r p3 r
2 2

o SN O e (61)

2p3 4p}
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Since 7, = ", the scattering angle becomes

+oo dr b
e)_z/r+ e (62)

This integral can be performed analytically and we get

4b rt
GZTJW_arccos r+_r_—7'(. (63)

Truncating the result at linear order in Gy we obtain

2GN 2(p1 - p2)* — mim3
Lo pa)? = mdm3

O1rm =

in complete agreement with the first post-Minkowskian calculation of the scattering
angle from the classical equations of motion (16). As we are going to see in the next
Chapter, the power of our formalism is that it can be easily used to derive also the
next-to-leading order contribution computed by Westpfahl (17), as well as higher

order corrections, directly from scattering amplitudes.
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POST-MINKOWSKIAN HAMILTONIANS IN GENERAL

RELATIVITY

We describe the computation of post-Minkowskian Hamiltonians in Gen-
eral Relativity from scattering amplitudes. Using a relativistic Lippmann-
Schwinger equation, we relate perturbative amplitudes of massive scalars
coupled to gravity to the post-Minkowskian Hamiltonians of classical
General Relativity to any order in Newton’s constant. We illustrate this
by deriving a Hamiltonian for binary black holes without spin up to 2nd
order in the post-Minkowskian expansion and demonstrate explicitly the
equivalence with the recently proposed method based on an effective field

theory matching.
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INTRODUCTION

The detection of gravitational waves by the LIGO/Virgo collaboration has opened
up the exciting possibility of testing Einstein’s theory of general relativity at a new
and unprecedented level, including the regime of strong gravity as probed by black
holes just prior to merging. A combination of Numerical Relativity and analytical
methods is needed in order to push theory to the level where it can provide best-fit
templates from which physical parameters can be extracted. This has spurred
interest in new and innovative ideas that can facilitate computations of the required
two-body interaction Hamiltonians to high accuracy.

Conventionally, the calculations of effective interaction Hamiltonians have been
carried out in the systematic post-Newtonian expansion of General Relativity.
The problem can, however, be attacked from an entirely different angle, that of
relativistic scattering amplitudes as computed by standard quantum field theory
methods in a quantum field theory of gravity coupled to matter [31]. Modern
methods of amplitude computations greatly facilitate this program [10-12,32,35-38].
Incoming and outgoing particles in the scattering process are taken to past and
future infinity where the metric by definition is flat Minkowskian, and the full
metric is treated perturbatively around that Minkowskian background. The classical
piece of the scattering amplitude solves the scattering problem of two black holes

to the given order in Newton’s constant Gy. When expanding to the appropriate
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post-Newtonian order and defining the interaction potential with the inclusion of
the required lower-order Born subtractions as explained in detail in the next section,
the amplitude also contains all the information of the bound state problem of two
massive objects to the given order in the expansion in Newton’s constant. For the
bound-state regime one has, on account of the virial theorem, a double expansion
in both Newton’s constant and momentum. However, a more daring angle of
attack is to treat the bound state problem as not expanded in momentum while still
expanding to fixed order in Newton’s constant. Such an approach has recently been
proposed by Cheung, Rothstein and Solon [12], and it has already been pushed
one order higher in the expansion in Newton’s constant [10] (and compared to the
post-Newtonian expansions in [14]). Here the method of effective field theory is
used to extract the interaction Hamiltonian: the underlying Einstein-Hilbert action
coupled to matter produces the classical part of the scattering amplitude while an
effective theory of two massive objects define the interaction Hamiltonian. The
correct matching between the two theories is performed by insisting that the two
theories produce the same scattering amplitude to the given order in Newton’s
constant.

The post-Newtonian expansion (see, e.g., refs. [39,40] for recent comprehensive
reviews) of General Relativity dates back to the founding days of the theory. Its
perturbation theory is ideal for the low-velocity situations of planetary orbits,

satellites, and large-distance effects of General Relativity that occur at velocities
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far below the speed of light. In contrast to this, the computation of observables
in General Relativity based on relativistic scattering amplitudes is valid for all
velocities and in particular this is the proper framework for high energy scattering
where kinetic energies can exceed potential energies by arbitrarily large amounts.
This leads naturally to what has become known in the theory of General Relativity
as the post-Minkowskian expansion [23,24,27,41—43].

Extracting the interaction energy from the relativistic scattering amplitude, for
consistency with the virial theorem in the bound-state problem one would perform
a double expansion where velocity v and Gy are both kept to the appropriate order.
To any given order in Gy this would imply a truncation of a Taylor-expanded
amplitude in powers of momenta. There is no general argument for whether
keeping higher powers of only one of the expansion parameters in the regime
where they are of comparable magnitude will increase the accuracy. Considering
its potential impact, it is nevertheless of much interest to explore the consequences
of keeping higher-order terms of momenta even in the bound state regime where
they would not ordinarily have been included [10,12,14]. We will here show how
that post-Minkowskian Hamiltonian also follows directly from the full relativistic
amplitude without having to perform the amplitude matching to the effective field

theory, thereby explicitly showing equivalence between the two approaches [12, 32].
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PERTURBATIVE GRAVITY AS A FIELD THEORY

We start by introducing the Einstein-Hilbert action minimally coupled to massive

scalar fields' ¢,—1, and by working in natural units (7 = c = 1)

R 1
S(gy,v/ %:1,2) = /d4x\/ —8g {m + E Z (g””ayqoa avaa - mﬁ(ﬁﬁ)] ’ (65)
a=1,2

where R defines the Ricci scalar and g = det(g;v). Perturbatively, we expand the
metric around a Minkowski background: g, (x) = #uv + hy(x). At large distances
we can treat the scattering of two massive objects m, and m;, as that of two point-like
particles with the same masses. This has all been well elucidated in the literature
(see, e.g., refs. [44,45]), although most focus until now seems to have been on
considering the quantum mechanical effects. The way classical terms appear from
the quantum mechanical loop expansion is subtle [31,46]; see ref. [21] for a very
nice and clear discussion of this issue. Instead of expanding the action (65) in terms
of ordinary Feynman rules, it pays to use modern amplitude methods to extract the
needed non-analytic pieces in momentum transfer 7 through the appropriate cuts

at loop level [11, 35, 36].

For a simple comparison with [12], in this Chapter we will use the mostly negative signature
convention.
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The scattering m; + my — mj + my mediated by gravitons at an arbitrary loop
order is described by

P2 y2

—+o0
M(pli P2, P3, p4) - = Z ML—ZOOp(pll P2, P3, p4) . (66)
L=0

y2% Ps

We choose the center-of-mass frame and parametrize the momenta as follows:

p = (Ei(p).B), v5=(Ea(p).P"),

(67)
Py = (E2(p), —F), vy = (E2(p), —F"),
and |F| = |p’'|. We also define
¢=pi—ps=07), 7=p-F" (68)

and the total energy E, = E1(p) + E2(p).

THE LIPPMANN-SCHWINGER EQUATION

It is a classical problem in perturbative scattering theory to relate the scattering
amplitude M to an interaction potential V. This is typically phrased in terms of
non-relativistic quantum mechanics, but it is readily generalized to the relativistic
case. Crucial in this respect is the fact that we shall consider particle solutions to

the relativistic equations only. There will thus be, in the language of old-fashioned
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(time-ordered) perturbation theory, no back-tracking diagrams corresponding to
multiparticle intermediate states. This is trivially so since we neither wish to treat
the macroscopic classical objects such as heavy neutron stars as indistinguishable
particles with their corresponding antiparticles, nor do we wish to probe the
scattering process in any potential annihilation channel. The classical objects that
scatter will always be restricted to classical distance scales.

We now briefly outline a systematic procedure for connecting the scattering
amplitude in perturbative gravity with post-Minkowskian potentials in classical
General Relativity. We start by introducing a bit of notation. First, we assume the
existence of a relativistic one-particle Hamiltonian of only particle states describing

what in bound-state problems is known as the Salpeter equation,

H=Po+V, FHo=R+m+ \2+nZ (69)

where V is a so far unspecified potential describing our post-Minkowskian system.
We also define, on a proper subset of the complex plane, the following C-valued

operators

A

M(z) =V +VG(z)V. (71)

Here Gy(z) and G(z) are the Green’s operator for the free and interacting case,
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while IM(z) is the scattering operator defined in (38). We can relate the two Green’s

operator by means of the following operator identity

A

A'=B14B Y B-A)AT = Gz)=0C(2)+G(2)VG(z). (72)

Multiplying both sides of (71) by Gy(z), combined with (72), one has

A A A

Go(2)M(z) = Go(2)V + Co(2)VE(2)V = G(2)7, 73)
N(z) = V + VGo(2) K1 (z), (74)

which is the basis for a perturbative knowledge of M(z). We now take the inner

product on scattering states |p), |p’)

PV k) (kM (z)[p)

R A a3k
(IBG)p) = (p191p) + [ s BRI g
and use the crucial relation (38)
. e . Y !
lim(p/[VI(E, + ie) p) = M(p, )., (76)

which provides the link to the conventionally defined scattering amplitude M in
quantum field theory, restricted to the particle sector and up to a normalization
factor as previously discussed. Substituting (76) into (75) we have a recursive

relation between the amplitude and the post-Minkowskian potential

@k {p'|VIk) M(p, k)

M(p.p) = 1919)+ [ s B T By e 77)
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Solving this equation iteratively, we can invert it in order to arrive at a relativistic

equation for the potential

Bk M(p, )Mk, p')

WVl = M) = [ o™ B e T 79)

or, in position space,

By
Vp) = [ et Vi p), (79)
with
V(g,p) = (p'IVIp). (80)

At this stage there has not been any restriction to a non-relativistic limit. The anti-
particle sector has been eliminated by hand, as dictated by the physical scattering

process. We can thus regard (79) as defining a post-Minkowskian potential.

POST-MINKOWSKIAN HAMILTONIANS

The post-Minkowskian potential to first order

We are now ready to use the above definition of the relativistic interaction potential

to describe the post-Minkowskian Hamiltonian to the trivial lowest order for two
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massive scalars of masses m; and m; interacting with gravity. With the proper

relativistic normalization of external states,

_ 471G A(p1, P2, P3,
Mtree(Plz P2, P3, p4) - N (pl pz p3 p4)/ (81)

~ VE(p1)Ei(p2) E2(p3) E2(pa) q?

with

A(pr, p2,p3,ps) = (P1-p2)(p3 - pa) + (p1-pa)(p2-p3) = (p1-pa)(p2- pa) )
2
+(p1 - pa)ms + (p2 - paymi — 2mim; .
In the center-of-mass frame this reduces to an amplitude which only depends on p

and p’

AnGy  [2(p1-p2)? —mim3 — |72 (p1 - p2)]

Mvree ’ N=- = ’
wee(P: ') E1(p)E2(p) 72

(83)

with p; - p2 = E1(p)Ea(p) + |7 |

In order to facilitate a comparison with [12] we can write the Fourier transform as

1 Gna(p?)
Vi ) = . 8
1PM(r P) E%C(P) r + ( 4)
with
r(p) = mimd —2(pr o), o(p) = ) )
4

The terms omitted in eq. (84) are either ultra-local or vanishing in the classical limit.

This of course agrees with the leading-order potential of ref. [12] while not very

easily derived in more traditional approaches.
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The post-Minkowskian potential to second order

In order to consider a post-Minkowksian potential at second order in G3;, we will

need to consider a contribution coming from the iterated tree-level amplitude, as

dictated by (78)
Varra(p, ') = Mi_100p (P, P') + Mora(p. '), (86)
_ A%k Miree(p, k) Miree(k, p')
n— ree\ Fr ree\",
MBorn(p/p ) = / (27'C)d Ep — Ep +ie . ®7)

Infrared divergences are regularized by temporarily switching to 4 4+ 1 space-
time dimensions. The classical terms of the one-loop amplitude have been given
elsewhere [12,32,33,47]. They can be decomposed in terms of scalar integrals with

coefficients that are independent of the exchanged three-momentum 7,

i167>G%,

le—loop(p’ P/) - W

(CDID + coilpqg + oLy +cLg+ - - > (P, P/) , (88)

where the symbol of each coefficient refers to the topology of the contributions
involved while the ellipses denote quantum mechanical contributions that we

neglect. In detail, the scalar box and crossed-box integrals are given by
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dd—i—lg 1
1o :/(271)‘1Jrl (€4 p1)? — m2 +ie) ((£ — p2)? — m3 +ie) (02 +ie) (£ + q)% + ie)’

(89)

derlg 1
T :/ 27) L (€ + p1)2 — m3 +ie) (£ + pa)? — m5 + ie) (22 +ie) (£ +q)2 + ie)

(90)

At leading order in the momentum transfer g the coefficients of these integrals are

finite at d = 3 and given by [35, 45]
2
co(p?) = ca(p?) = 4(mim; —2(p1 - p2)*)" . (91)

The scalar triangle integrals are given by

I / 4i+1y 1 (02)
> T ] @) T (0t g2+ ie) (2 + i) (E+ pr)2 — 2 + i) ?
derlg 1
Ia= / (271) 3+ (0 — q)2 +ie) (2 +ie) ((£ — pp)? — m3 + ie) (93)

with coefficients, at the leading order in |§| and around d = 3, given by

os(p®) = 3m3 (mim3 —5(p1-p2)?) , ca(p?) =3ms(mim; —5(p1-p2)?). (94)
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These scalar integrals are conveniently evaluated by performing proper contour
integrals in £ as explained in [32]. Doing so, we see that the box, crossed-box, and
triangle contributions are given by [45, 48]

i 1 mq(my — my) in < 2 . 2)
Tn=———m | - + + ~1 +o,
H 167t2|7 |2 ( mymy 3mim3 Ip|Ep 3-d o8 [q|

1 1
T — — ...
1 1
Iao=—————"F+---, 8
= T mya T (98)

at leading order in the |§ \2 expansion and around d = 3. We thus arrive at the

one-loop amplitude to leading order in |7 |2,

L i) (5% —logl7 )
E, |P]| 7| |2

—~ T2 G2 1 [c(p?
leloop(P/p/) N { ( D(p )

_ C<(P2)
~ B2 (p) 1207 - >

my my
(99)

The imaginary part of this which arises from the box and crossed-box integrals
is the infrared divergent Weinberg phase [49]. By restoring the /i-counting, one
sees that it scales as i1, a behavior dubbed super-classical in [21]. We will show

below that it cancels in the properly defined potential, a fact already noted in the
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post-Newtonian expansion [33]. We next evaluate the iterated tree-level contribution

given by
— 16712G2 d'k AP, k) Ak, B') G(p* k)
M , / —_ _ N / /_‘ ~ 7 ~ 7 , 100
s P) = " E B | G -k — R EOEE T
where we have introduced the Green function
G(p?* k*) = ; (101)
! Ep — Ek —+ i€

The function A is the numerator of the tree-level amplitude (82) with the k-legs
satisfying 3-momentum (but not energy) conservation. We notice that A(ﬁ,%) and

A(k,P') can be written as

A(B, k) = A(p? k) + B(p, k), (102)
Ak, ') = A(p*, k) + B(F',K), (103)
where A is 7-independent and function of |§| = p and |[k| = k. The classical

contribution from the iterated Born amplitude is hence

1672G2, / &k G(p?, k)Q(p* K?)
(

— N
MBorn(PzP ) - E1<P)E2(P) 27-[)11 |ﬁ_E‘2|ﬁ/ _E|2

, (104)

where

222 2
Q(p* k*) = W (105)
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We now expand Q around p?,

Q(p* k*) = Qk=p + (k* — Pz)akZkazpz +--, (106)
gizzpz c1(p?)
Qe = BB ) (x07)
1 2(.,2
0=y =~ g (zq(pZ)pl P2t %(l - 2¢<p>>) . (09)

The Green function G likewise admits a Laurent expansion in k?

2Ep6(p) | 38(p) —1
G(p? K?) = = + 10
Combining terms, the Born subtraction can hence be expressed as
~ 322G} d’k 1
MB , A NCZ 2 _ _
)= gt T @ ey e — g
167°G}, <c%<p2><1 &), 2 ) i 1
— +4c . / = s—+ -
Bem\ 2 PR ] iR R
(110)
Evaluating the remaining three-dimensional integrals, we find
— inG3, 4ck(p?) (log |4)> — 523) = 272G}
MBorn(p/p/) = 3 N 1£p )( g|q|—»2 3 d) 3z N—»
Exé(p) Pl 4] E3¢2(p)|q]
) (111)

2 -1
(Ml o),
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The second-order post-Minkowskian potential in momentum space is thus given by

‘72PM(q/ p) = Ml—loop(q/ p) + MBorn(q/ p), (112)
leading to
v _ TG [1(C>(P2) Cq(Pz)) 2
P gl 2\ ) RS
aP)CP) -1, )]
(aggaty ~amn)]

or, in coordinate space,

_|_

G3 1 1/ co(p?
vt = B (B4

2 E25(p) |4 2E322(p) Ex&(p)

(114)
This agrees with what has been previously obtained in ref. [12] (taking into account
that c1(p?) here is E%é (p) times c1(p?) in [12]). As expected on physical grounds,
the imaginary part which is composed of super-classical and infrared divergent
pieces has cancelled, leaving a finite and well-defined post-Minkowskian potential
at d = 3. That such cancellation had to occur was expected on physical ground,
since the imaginary part clearly cannot affect classical motion. Interestingly, the
evaluation of the same potential in A/ = 8 supergravity has shown no contributions

coming from triangle topologies [50].

C<1(P2)> N (C?(Pz)(é(zﬂ) —1) 4ap:i- pz)] _
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The post-Minkowskian scattering angle

In [32] a one-loop formula for the gravitational eikonal limit [51] generalized to
the scattering of two objects of different masses m; and m; was used to deduce
the classical scattering angle to second post-Minkowskian order directly from the
scattering amplitude. An alternative method based on the Hamiltonian [52] has
recently been revived in connection with the third post-Minkowskian scattering
amplitude calculation [10,14] and we here briefly summarize the method at second
order in Gy. Since the motion lies on a plane, we can introduce the following
coordinates on the phase space (7, ¢, pr, py) S0 as to express the momentum in the
center of mass frame as

P2:P3+i—22/ (115)
being L the conserved angular momentum of our binary system, with constant

energy E

\/P2 +mi + \/P2 + m3 + Vipm(r, p) + Vapm(r,p) = E. (116)

This equation can be solved perturbatively in Gy for p? = p%(E, L, )

G G2
2_ 2, ONAL L %f%r"'

pP°=p . (117)
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Using s = (p1 + p2)?

2 _ (p1- p2)* — mim; flz_ch(p%) fe ! (CD(P%)

p 5 ) N X C<1(P%)) _

m my
(118)
It is straightforward to derive the following expression for the change in the angular

variable ¢ during scattering

Ap=m+90, (119)
where the scattering angle is given by

_ 0
0= dr 5L TT. (120)

Timin

Here r,,,, is the positive root for the condition of turning point at p, = 0 with

12 G G2, f»

Introducing b = L/ po we note that p, can be rewritten as

G2
pr:@\/rz—krGszl—k szz—bzzﬂ\/r—fr\/r—r_, (122)
r s 5 r
G G%f?  G?
Pt = — Nj;l:t\/ N]4cl— szz—l—bz. (123)
2p; 4p; Po
Since 7,,;, = ", the scattering angle becomes
—+00
6 =2 / dr il — 7. (124)
o ==
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The integral so expressed can be performed analytically without the need of

regularization. We get

4b +
= ———arccos T (125)

Taylor-expanding the scattering angle to second post-Minkowskian order we arrive

at the final result

_ G Nfl GZNfZ 7T

¢ poL 212

+ .- (126)

where

G2, 37t(mq + m») (5 . 2 — m?m?
L_ZZV (my +ma)( Elz; p2) 1 2), (127)

Oopm =

which agrees with the result of [27] at second post-Minkowskian order. In particular,
since f1 and f, do not depend on box topologies (324), also the scattering angle
(126) receives no contributions from these, a known fact from the eikonal approach
in four dimensions. The details of the calculation based on the Hamiltonian is, on
the surface, quite different from the eikonal approach. It would be interesting to es-
tablish the precise link between the two, first identifying the precise exponentiation

formula for the eikonal limit beyond second post-Minkowskian order.

CONCLUSION

Using the conventional approach to determining the interaction potential in per-

turbative gravity we have demonstrated that it can be extended to the relativistic
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setting by means of a one-particle Hamiltonian and associated Salpeter equation.
We have used the Lippmann-Schwinger equation to derive straightforwardly the
needed Born subtractions at arbitrary loop order. The resulting Fourier-transformed

post-Minkowskian Hamiltonian

Hopm(r, p) = \/}92 + m? + \/p2 + m3 + Vipm(r, p) + Vapm(r, p), (128)

agrees with the one derived in ref. [12] based on an effective field theory expansion
in operators that can contribute to the given order, supplemented with the matching
condition that the scattering amplitude as computed in the effective theory agrees
with the one computed from the full one-loop expression of the Einstein-Hilbert
action (plus scalars).

The resulting post-Minkowskian Salpeter equation is not an effective low-energy
theory (momentum is not limited), but rather a small |7 |/m approximation where
small momentum is exchanged and only particle states are summed over. It
is encouraging that preliminary results indicate that the corresponding two-loop
Hamiltonian [10] may improve the computation of two-body dynamics as compared
to the conventional post-Newtonian expansion for bound states [14]. The post-
Minkowskian Hamiltonian also appears to provide a short-cut towards computing
the scattering angle without first demonstrating exponentiation (and potential
correction terms) as in the eikonal approach. It would be interesting to demonstrate

the equivalence between those two computations in all generality.
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GRAVITY

The aim of this note is to describe the computation of post-Minkowskian
Hamiltonians in modified theories of gravity. Exploiting a recent rela-
tion between scattering amplitudes of massive scalars and potentials for
relativistic point-particles we derive a contribution to post-Minkowskian
Hamiltonians at second order in the Newton’s constant coming from R3
modifications in General Relativity. Using this result we calculate the
associated contribution to the scattering angle for binary black holes at
second post-Minkowskian order, showing agreement in the non relativis-
tic limit with previous results for the bending angle of a massless particle

around a static massive source in R> theories.
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INTRODUCTION

The first detection of gravitational waves by the LIGO and Virgo collaboration,
has opened up the possibility to test Einstein’s theory of General Relativity at an
unprecedented level, heralding a new era in fundamental physics [53]. A central
framework is the Effective One Body approach [7, 8], where information from
Numerical Relativity and analytical approaches are combined in order to lead
to improved gravitational wave templates. Among these several inputs, it has
been recently suggested [23,24] that also post-Minkowskian (PM) results, valid
for weak gravitational fields and unbound velocities, can independently lead to
improved modeling of bound binary dynamics. Given the growing results in post-
Minkowksian physics [10,12,14, 15], we would like to explore how contributions
to post-Minkowskian Hamiltonians can be defined in modified theories of gravity.
With no loss of generality, we here restrict ourselves on R?® modifications® to General
Relativity [54—58]. Recently, these have been studied in the context of scattering
amplitudes [59,60] leading to a post-Newtonian definition of the potential [31,33].
However, scattering amplitudes contain relativistic information that is lost in the
passage to post-Newtonian point-particle potentials. We show how this can be
restored defining a post-Minkwoskian potential in cubic theories of gravity, without

restricting to the case of non relativistic point-particles. Using this result we derive

These arise as further contributions to the Ricci scalar in the Einstein-Hilbert action, where the only

non trivial modifications are given by R* Z/ﬂRaﬁ,RP ;,TV and R W}Rﬁ T R”

L
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the associated contribution to the fully relativistic scattering angle for binary black
holes at second order in the Newton’s constant. By then taking the non relativistic
limit of one particle and the massless of the other, we are able to reproduce the
bending angle recently calculated in [59] for a massless particle around a static

massive source.

HIGHER DERIVATIVE CORRECTIONS IN GENERAL RELATIVITY

A non-trivial modification of the one-loop scattering of massive scalars in cubic

theories of gravity has been recently studied with amplitudes techniques in [59, 60].

In what follows we focus on the contribution given by I; = R" ;ﬁR“faRp ;Z,. As can be

seen from [61], this arises as a non trivial modification to the usual Einstein-Hilbert
action which for simplicity of discussion we will parametrize by an unknown
coefficient « with the dimension of length squared, following [59]. The associated
classical information in the scattering of two massive scalars of masses m11, my has
been calculated here [59,60]. Using a mostly negative signature convention, and

working in natural units (c = = 1) we have

M (p1,p2, p3,ps) = D|Z(my) c(my, my) + Z(my) c(ma, my)|(p1, P2, P3, pa) + ..

(129)
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where, using s = (p; + p2)? and t = (p; — p3)?, we have defined

i G202
D= N ,
v E1(p1)E2(p2)E3(p3)Ea(ps) (130)
I(m;) = / d'k 1 ’ .
j (27)% (p1 — k)2(pa — k)2(k% — m}z)
42m* 3
o) = | 1 Pt (132
i k=1
Ba(mj, mj) = —3m; + zmzzmjz + (mjz —5)?, (134)
Ba(mi,mj) = m7 —mij +s. (135)

We choose the center-of-mass frame and parametrize the momenta of the particles

as follows

(136)

g=p—7', (137)
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=q. (138)
We now proceed to define a post-Minkwoskian potential in the context of this
modified theory of gravity using a recent relation between post-Minkowskian
amplitudes and Hamiltonians [15]. The simplicity of this computation here lies in
the lack of the Born subtraction, as there is no tree level amplitude to iterate that
scales in the same way as (129). We can thus define a post-Minkowskian potential

to second order in Gy and in the coupling « as

& g7 A fu
Vab(r,p) = / ﬁeq M*(aq,p). (139)

By performing a proper k° integration on (131), the scalar triangle integral becomes

[32]
i
Z(mj) =— + (140)
] 32m;q
where the ellipsis denote quantum contributions.
To leading order in g the associated post-Minkowskian potential is?
VA (r,p) = — T ONE / dq {c(ml,mﬂ N C(mz,ml)} T )
PP T B (p)Ea(p) ) @ T m m | !
_ 7T2G]2\]‘X2 B1(my,my) I B1(ma,m) / d*q ei;]'.fqg. (142)
128E1(p)E2(p) my My (27)3

2 The reason we only keep the leading term in q is due by # counting. For a detailed analysis on how
to restore the proper classical limit from an amplitude calculation see [21].
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3a? G% [ Bi(my,mp)  Bi(ma,my)
Vi) = 535 gy o el By
ZPM( p) 32E1(P)E2(P) 76 my 1y ( 43)
In the non relativistic limit, our post-Minkwoskian potential reduces to
L 302 Gp? (mq +my)3
Vopm(r,p) = 2 6 (144)

nqmiy

in agreement with the post-Newtonian calculation in [59]. For the sake of complete-
ness we also report the post-Minkowskian contribution to the potential given by the

R¥ W;Rﬁ T R” This has been recently calculated in [59] as

remaining cubic term e

coming from the topological invariant G3 = R¥ 01: ﬁRangpﬁv —2R* V?Rﬁ ;,YUR‘TW,X. The

result has been found equal to

1202G2,  m?m5(my + my)
G3 — N 172\ 2
P S EGRE e (145)

In a natural way, the same procedure for defining a post-Minkwoskian potential

can be applied for more general modified theories of gravity.

THE SCATTERING ANGLE

At second post-Minkowskian order in Gy, the Hamiltonian for a binary system of

spinless binary black holes, including contributions from cubic gravity, is given by

Hipp(r,p) = \/ P2+ m2 4 [ p? + 13+ Vapua(r,p) + Vibu(r,p), (146)
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where V,pp(r, p) has been calculated here [12, 15], being V35,,(7, p) the sum of
(143) and (145). Since the motion lies on a plane, we can introduce the following
coordinates on the phase space (7, ¢, p;, py) so as to express the momentum in the

center of mass frame as

2
p
=t pe=L, (147)

being L the angular momentum of the system, which is a conserved quantity.

The associated Hamilton-Jacobi equation gives

PP m2 4 [0 w3+ Vapua(r, p) + Vippa(r,p) = E, (148)

where E is the constant energy of the system.

By solving now in p? we can express the momentum in the center of mass frame as

Gnf1 G f2 1 G%V'ff"‘ T

2 __ 2 E L 2 __ 2
pr=r(ELar) , p=pt— ;; ; (149)
where the ellipsis denotes higher contributions in Gy and
o poplomimy o 2alp) o ] (C>(P%) )
0 S 7 1 \/E 7 2\/§ ml o 7
(150)
_ 3 ‘51 (ml, mz) [31(1112, ml) 24711%1’)1%(7711 -+ m2)
fo= ~16E ( m . m E - (59
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where the coefficients related to f; and f, has been calculated in the previous
Chapter. At this point, by considering the angular variable g, it is straightforward

to derive the following expression for its total change during a scattering

B 0 T dpr 0w
Ap=m+0 , 5= / d”a—L 5 (152)

Tmin
where r,,;,, is the positive root for p, = 0.
In order to evaluate (152) we proceeds perturbatively by expanding both the

integrand and the extreme of integration in Gy, where

_ L _ 2 LZ
Tmin = % +ee , Pr=A\/Py— 1’_2 + ... (153)

being the leading term of r,,;, equivalent to the impact parameter b.
This expansion give rise to divergent integrals which can be handled only by means
of the Hadamard Partie finie (Pf) of the latter as shown by Damour in [52].

Restricting to the contribution to (152) due to R> one finds

3
= Pf “pr-=) .
2 2 /1’0 7,.8 pO 1,2 (154)

Changing variables to u = 1 the integral becomes

JaL GZ 2 u 6
2PM _ _ N"‘zfrx Pf/ Odu u i
2 2L 02— u2)}

(155)

~

=

o

Il
S| =

The remaining integration is straightforward, leading to

0% 1571G2, a2
py _ DTS (156)
2 321.2h
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Som _ 45mGRa? [ Ba(m, mo) n B1(ma, my)
2 512L2b*E my my

+128mm3 (my + mz)) - (157)
Equation (157) has to be considered as an additional contribution to the fully
relativistic scattering angle at second order in Gy coming from a cubic theory of
gravity. In particular, by taking the non relativistic limit of our result with the

additional condition m; = m and my, = 0, we have

45G?, 0% 7tm?
i = - ST 159

which agrees with the non relativistic contribution derived in [59] for the bending
angle of a massless particle around a static massive source.3. In this case, the
G3 contribution to the potential is found to be absent for the bending angle of a
massless particle, but not in the fully relativistic scattering angle of two massive

particles as it can be seen from (157).

CONCLUSION

We have derived the post-Minkowskian contribution to relativistic point-particles

Hamiltonians in modified theories of gravity. We have restricted ourselves to the

The authors in [59] have used a convention for the deflection angle which differs by a minus sign
compared to ours.
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case of R® modifications, although similar changes are expected to appear also for

R? terms [62-64]. The derived post-Minkowskian contribution, once expanded for

small velocities, is in agreement with the recent post-Newtonian computation [59].

The simplicity of the calculation has taken advantage of a recent relation between

post-Minkowskian amplitudes and Hamiltonians for relativistic point-particles [15].

Indeed, the computation has required no effective field theory matching as well as
no need to known the operator reproducing the R® modifications in an effective
field theory of scalar fields. We have also derived an additional contribution to the
tully relativistic scattering angle of black holes at second order in Gy arising from
R3, showing agreement in the non relativistic limit with a result derived in [59] for
the bending angle of a massless particle around a static massive source. It would be
interesting to systematically explore similar results in other alternative formulations

of General Relativity.
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GRAVITY

Using the implicit function theorem we demonstrate that solutions to
the classical part of the relativistic Lippmann-Schwinger equation are
in one-to-one correspondence with those of the energy equation of a
relativistic two-body system. A corollary is that the scattering angle can
be computed from the amplitude itself, without having to introduce a
potential. All results are universal and provide for the case of general
relativity a very simple formula for the scattering angle in terms of the
classical part of the amplitude, to any order in the post-Minkowskian

expansion.
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INTRODUCTION

The Post-Minkowskian expansion of general relativity promises to become a new
and powerful tool with which to compute observables of two-body gravitational
interactions [10, 14, 23,24,32]. As a systematic expansion in Newton’s constant
Gn, the Post-Minkowskian framework is perfectly suited for a standard second-
quantized field theory approach to classical gravity [12,15]. There is now hope
that modern field theory techniques may radically change the prospect for how far
analytical calculations can be pushed in general relativity. Currently also much work
goes into seeing how Post-Minkowskian gravitational interactions of classically
spinning objects can be treated by modern quantum field theory techniques [65—72],
leading again to a complete revision of how such classical observables can be

computed in general relativity.

When the Post-Minkowskian expansion is applied to the two-body bound-state
problem it is natural to phrase it in terms of a potential V, either as provided
implicitly through the Effective One-Body Hamiltonian [14] or by the large-distance
effective Hamiltonian obtained by matching of amplitudes [12]. Up to canonical
transformations, this is equivalent to studying the relativistic Salpeter equation [15]
based on an Hamiltonian operator

2
H=Ho+V =) \JP2+m?+V, (159)
i=1
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and then taking the classical limit. Only the positive-energy solutions enter in this
Hamiltonian because we remove antiparticles in the scattering process by hand
when taking the macroscopic classical limit. The momentum-space potential V can
be easily computed by solving the associated Lippmann-Schwinger equation for

the full scattering amplitude® [15],

— 3k V(k,p) M(k,p')
/
M(p,p’) = +/ P E,~E+ic ' (160)

inverting it,

. . B3k M(p, k) M(k,p")
!/ . / . 7 7
Vipp) = Mip.p) /(2n)3 E,_Extic

., (161)

and taking the classical limit. This is the systematics of the Born subtractions needed
to define a potential from the scattering amplitude. The so-called super-classical
terms [21] cancel in the process, rendering the classical limit of the potential well-
defined. By performing a suitable Fourier transform, this leads to the conventionally

defined position-space potential V in the chosen coordinates.

It should be noted that the effective field theory matching employed in refs. [10,12]
is equivalent to the method of Born subtractions [15]. In four dimensions, the
effective field theory matching, after suitable reduction of the four-dimensional

amplitude integrals to integrals living in only three dimensions, involves cancel-

For ease of notation, we will work in natural units with ¢ = # = 1. When needed, we can easily
restore the counting in 7 by following [21].
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lations of identical integrals, which hence do not need to be evaluated. The same
cancellations among three-dimensions integrals can be achieved also in the Born
subtraction method (indeed, the two methods are completely equivalent), but we

prefer to evaluate all integrals for clarity.

The position-space potential V seems needed when solving the bound-state prob-
lem in general relativity. However, this quantity is not very natural in the field
theoretic framework where everything is based on the gauge invariant S-matrix
with incoming and outgoing momenta defined at Minkowskian infinity. One would
surely prefer as far as possible a formulation in which V would not be needed. This
problem is compounded when we consider a coordinate-independent observable
such as the classical scattering angle from far infinity to far infinity. Conventionally,
we will be led to solve the classical analog of the Salpeter Hamiltonian of eq. (159)
and then follow the classical analysis of the scattering problem. While that method
is correct, it seems intuitively surprising that it should be necessary to go through
the carefully Born subtracted position-space potential V as an intermediate step.
Indeed, we know from quantum field theory that all scattering information from

far infinity to far infinity is contained in the S-matrix, viz., the scattering amplitude.

This puzzle has become greatly clarified by the observation of Bern et al. [10] that
up to two loop order (3PM order in the Post-Minkowskian counting) seemingly
miraculous cancellations take place, leaving a perturbatively expanded expression

for the two-loop scattering angle expressed entirely in terms of the classical part
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of the scattering amplitude up to that two-loop order. If this phenomenon is to
persist to all orders it means that all the classical pieces of the Born subtractions
defined above provide a potential V in precisely such a manner as to compensate,
exactly and to all orders in the coupling Gy, the additional terms that arise from
solving the expanded classical Salpeter equation. While the apparent conspiracy
of two such totally unrelated equations having a one-to-one relation might seem
improbable, we shall in this paper elucidate how this indeed will be true. Our tool
will be the implicit function theorem that sometimes goes under the name of Dini’s
Theorem (although a different theorem also carries Dini’s name). In the process we
will unravel new and compact relations between the classical potential, together

with its derivatives, and the classical part of the scattering amplitude.

Having this relationship established, a next burning question is: how do we then
compactly express the scattering angle directly in terms of the classical part of the
scattering amplitude? To find such an expression, we make use of an idea proposed
by Damour in ref. [24], mapping the classical and fully relativistic Salpeter Hamil-
tonian into an auxiliary Hamiltonian that is formally in the non-relativistic form of
a one-particle Hamiltonian for a particle of mass equal to 1/2 in appropriate units
and with a potential that is only position-dependent. Considering the quantized
analog of this Hamiltonian one immediately proves, in essentially one line, that

the solution for the scattering angle indeed only depends on the classical part of
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the scattering amplitude.? But armed with the non-relativistic auxiliary problem
we can do far more than that. Indeed, the classical part of the mapped scattering
problem must now be WKB-exact and even solved by only its leading-order piece of
order 1° in the exponent. This is, consistently, simply the classical Hamilton-Jacobi
equation with the phase identified with the generating function S. Much literature
exists on the relationship between the scattering angle and the WKB-approximation
as well as their relation to the eikonal limit, and we hope our discussion here will
clarify some confusion. Our end result is a very simple formula for the scattering
angle in terms of the classical part of the scattering amplitude, to all orders in the

coupling.

THE LIPPMANN-SCHWINGER EQUATION IN POSITION SPACE

The Lippmann-Schwinger equation is usually expressed as an integral equation
involving amplitudes and potentials in momentum space. For the case of non-
relativistic systems, its space representation states that the Fourier transform of the
classical part of the amplitude is proportional to the potential. However, for the
case of fully relativistic systems, this is no longer true [15]. We shall here extend
this observation by demonstrating that the position-space representation of the

Lippmann-Schwinger equation for fully relativistic systems can be expressed as

2 While this paper was in preparation, the same observation was made in ref. [73].
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a differential equation for the potential and the classical part of the amplitude.

To show this, we start by considering the fully relativistic Lippmann-Schwinger

equation in momentum space

— d3k Vkp Mk, p')
/
M(p,p') = Vip.p)+ / — Ep +ie (162)

Kinematics will always be that of the center of mass frame. We parametrize the

potential in momentum space as

_ © /Ga\",  aT(3%) culkik)) K + k7
V(klrk]) = 2 (7) (47T)2 r(%) k _k|3_n; Cn(ki/kj) = Cn( > )

n=1 j
(163)
Eq. (162) allows us to express the momentum-space amplitude as
vl - k) Viki ko) - Viknp') =
Mp.p)=Y | L =V(p, )+ L Sulp, '
(v n;) kuka,..ka(Ep—Eiy ) (Exy — E,) - - - (Ex,_, —Ex,) v n;l (p7)
(164)

where the 1-th terms of the series has 1 + 1 factors of potential V in the numerator

and n energy denominators.

We are only interested in the classical pieces of this equation, which means that we
must device a precise mechanism to discard super-classical and quantum terms
from the right hand side of eq. (164) based on the fi-counting [21]. In order to

understand this procedure, we start by considering the first non-trivial (n = 1) term

4
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of eq. (164) and then extend the reasoning to all n. For n = 1 we have

31 1/ 7 /

Since we are only interested in classical terms, we can expand the propagator in eq.

(165) around klz = k]2. =k? as

1 _ 2EG(k) | 3&(k)—1
B, —E, K-k 25k T (166)
Be= Bk +E(k) -, &(k) = % (167)
k

Using this expansion, the only classical contributions that could arise from (165) are

Sl = 2EPC(p)Il + (32€E(:—2,{(_P)1)h +..., (168)
where
dk V(p,k) V(kp' Br o
"= ey (ppz)—lgz 2¥ h = / (2n)3v(p'k) Vikp). (169)

We start by evaluating the classical contributions from I;, using (163)

_ o 32 (Cn)TMICEICRY) o dk cu(p,k) cn(k,p')
w=w 2 () “rpre S

R

(170)

210)3 (p* = k?) [k — p[>=" k= p' [P
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In order to discard super-classical and quantum terms we expand the numerator

around k* = p? as

1
cn(k, p) em(k, p") :cgcgﬂt§(c28pzcom+c218pzc2)(k2—pz)+..., = O,

The Ii-counting thus tells us that the only classical contribution ( cl.) from eq. (170)

is given by

Ilcl —(47T)3 i (@) n+m1—v(3—Tn) r(?ﬁTm) (Cgapzc% - C%apzcg) G(z) (q)
= n,m ’
n,m=1 2 r(%) r(%) 2
(172)
where we have introduced g = p — p’ and
2 B d3k 1
Gn,m(q) = / (27T)3 |k‘3_” |k + q|3_m : (173)
It is also convenient to define its Fourier transform
2 3 i
Snm(r) = / (27?)3 Gn?m(Q)eWr (174)
which is seen to factorize,
’ _ A3k d3l] ei(q—k)-r
5= | Gy | G (75)

d3 iq-r d3k —ik-r
- / (27Tq)3 | 6\3’“ . / 2n) ;cpn = &n(r) gm(r) (176)
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The function g,(r) is well known and given by
r%) /2\" 1
M = s (3) (177
! r)\r) (an)i
Using this, the position-space representation of eq. (172) becomes
(178)

00 GN n+m N d3 .
(7> (0 apz ), I{l' = /(27;7)3 e”“Ifl'.

= -y

nm=1
This can be expressed in an even simpler form by realizing that it can be factorized,

0] . (179)

ORI
n=1 r m=1 r
This nicely connects with the Fourier transform of the potential in position space,
00 GN n )
V(irp) = ), -~ en(p), (180)
n=1
(181)

giving
—V(r,p)9,V(r,p) .

Tcl. —

As for the remaining integral, one has
(182)

ntm 3—m
) g ddcha.

i)

r

|68}
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r
r

— (G
L= (4n)’ )] <TN
nm=1
One readily finds that its Fourier transform T{l' simply satisfies ¢ = V2. Defining

the real-space representation of the classical part of the amplitude by



POST-MINKOWSKIAN SCATTERING ANGLE IN EINSTEIN GRAVITY

N Ba — .
M rp) = [ G M @), (183)

we find that the leading first term to all orders in Gy is given by

R (1,p) = V(r,p) = 2E20) Vo0V () + (3l ) Vi) + oo
(184)
As for the remaining terms in the series, they can be evaluated in exactly the same
fashion by an expansion of the energy denominators and numerators, although
the complexity of these analytical expressions grow rapidly and we do not display
them here. (Remarkably, the classical part of the series can always be expressed as

a linear combination of generalized n-loop massless sunset diagrams with external

momentum g; this is shown in the Appendix). We have thus shown that a quite

simple differential equation links the classical part of the amplitude to the potential.

At higher loop level the order of the differential equation increases, but the structure
remains. What is far more interesting is that we can understand the same series
from an alternative point of view by applying the implicit function theorem to the
relativistic energy equation. Remarkably, this will provide a physical interpretation

of the classical part of the amplitude, as here defined.
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DINI'S THEOREM AND THE LIPPMANN-SCHWINGER EQUATION

We start by stating the implicit function theorem (Dini’s theorem) in a form useful

for the present purpose:

Let F : R?> — R be a C* function. Consider a point (xo,yo) such that F(x,yo) = 0
and 9F(xo,Yyo) # 0. Then there exist a closed neighbourhood of (xo,yo) and a function
y = f(x) so that F(x,y(x)) = 0 for every point in that neighbourhood. The implicit

function y = f(x) will admit a Taylor expansion in terms of the partial derivatives of

F(x,y) given by
1
y(x) = yxo) +¥ (x0)(x —x0) + 5" (x0) (x = x0)* +...,  (185)
oxF
y/(xo) = - axF ’ (186)
Y7 Yx=xo, y=y(xo)
0%, F +2y'92,F + 92 Fy"
() = ——  — : (187)
Y =X, y=
x=x0, y=y(xo)
where the higher order derivatives can be computed from
n
(ax + Z—i%) F(x,y(x)) =0 , VneN, (188)

by the binomial expansion of operators.

We now apply this theorem to the problem of inverting the relativistic energy
equation in terms of three-momenta. This is precisely what arises in the post-

Minkowskian two-to-two scattering process where we must solve the classical
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energy relation of eq. (159),

2 00 n
et viny) = B, Vo) = ¥ () ), s

i=1 n=1

where E is the energy of the system, which according to our conventions satisfies
E = Ep,,. In order to find a solution to eq.(189) we apply Dini’s theorem by choosing

p? as y and Gy as x respectively.3 Then,

2
F(p*,Gn) = Y \/p2+m?+V(r,p)—E, (190)
=1

F(p*(Gn),GNn) = 0, 9 F(p*,Gn) = dg, V(r,p) #0. (191)

~.

From the theorem we thus know that there exists a p? such that

i Gy d*p k2 2 (m3 4+ m3 — E22)2 — 4m3m3 (102)
! 7 o 4
KUdGE | 4E

where the first term is nothing else than the value of p?> which solves eq.(189) in

absence of interactions. The next terms can be found using eqs. (186) and (187),

giving

We choose Gy for sheer convenience because post-Minkowskian Hamiltonians in the center of mass
frame have the same counting in 1/r and Gy. In case of higher-derivative gravity this counting is
of course broken by new coupling constants [16, 59, 60]. That more general case can be analyzed
analogously by simply identifying y with r.
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dp* _ 9\ V(1 p) _ oF {Cl(pz)]

ar S = —2E,&(p) , (193)

dGN GN:() m + asz(?’, P) GNZO P r |P=Poo
d?p? B 2co(p?) 4E,¢(p) Cl(Pz)apzcl(Pz) ci(p?) (3&(p) —1
d>GNlcy—0 _ZE”g(p){ 2 2 T ( Eyé(p) )} e

(194)

and so on for higher derivatives.

Apparently, the structure of the k-derivative of p? as a function of Gy seems to
show no discernible structure, involving the potential and its derivatives. However,
almost unbelievably, precisely the same relations also appear in the classical part
of the position-space representation of the Lippmann-Schwinger equation that
we have just examined above. There they relate the classical part of an n-loop
amplitude to the potential and its derivatives. Indeed, by substituting eqgs. (193)
and (194) into eq. (192), we see that the derivatives of p? satisfies a remarkable

relation to the classical part of the position-space representation of loop amplitudes:

dp? __
Gy b—| = —2EE(peo) {M%ﬁ-ee(n m)], (195)
G%\f d2p2 A Acl.
szGN o = _2Eg(p°°) |:Mlloop(r' Poo):| . (196)
N=
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By substituting these into eq. (192), we observe that the implicit function we were
searching for is precisely the classical part of the Fourier transform of the scattering

amplitude,

P> = ph = 2E8(poo) | Mitie(r, poo) + Mo (rpec) |+ (197)

Indeed, the correspondence between solutions to the classical part of the Lippmann-
Schwinger equation and the relativistic energy relation is not a coincidence and
can be generalized to any loop order. The validity of eq. (197) is a consequence
of Dini’s theorem which maps the implicit function p? of the relativistic energy
equation to the solution of the classical part of the Lippmann-Schwinger equation

in position space.

The same relation* [10,73],

p* = p2 — 2EE(peo) M (1, peo) , (198)

can also be inferred by an intriguing alternative route suggested by Damour [24]
and recently generalized to all orders in by Kilin and Porto in [73]. We rephrase it
as follows. Consider the energy equation in a fully relativistic system subjected to a

post-Minkowskian potential. In the center of mass frame,

As discussed in ref. [73], the inclusion of radiative effects introduce a non-linear relation between p?
and scattering amplitudes. These enter at 4PM order for a non-spinning binary system [10]. Our
analysis is valid only in the conservative sector of the two body problem.
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2 00 n 2
E o= Ve i), Vip =Y, NP )

i=1 n=1

= G fu(E
p*=pa+ Z —N{Z( ) p (200)
n=1
where eq. (200) provides the perturbatively expanded solution to the energy
condition and the f, coefficients that can be determined order by order in the
coupling constant. A natural quantization of this [15] is the Salpeter Hamiltonian
of relativistic particle states (159),

2
A = Z\/ﬁ2+m$+v, (201)
=1

1

from which we infer the Lippmann-Schwinger equation discussed above. Given
the nature of this Hamiltonian, it comes as no surprise that the associated Green
function will have an intricate structure involving square roots as we have dis-
cussed in the previous section. Damour [24] considers instead the second relation
(200) as a formally non-relativistic energy relation for a particle of mass 1/2 in
appropriate units. Because there is a map from eq. (199) to eq. (200) it should
be equally meaningful to quantize the Hamiltonian in p? of eq. (200) as the orig-
inal Salpeter Hamiltonian (199). This means that we can use a much simpler
non-relativistic Hamiltonian to derive relations for the scattering amplitude. Its

potential depends only on the radial distance r as we are familiar with in ordinary
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non-relativistic quantum mechanics. We will thus have all the powerful technology

of non-relativistic quantum mechanics (and classical mechanics) at our disposal.

The scattering amplitude will not be normalized as the original one, but this is of
no immediate concern since physical observables should not depend on it as long

as we rescale units appropriately. Damour’s effective Hamiltonian operator is thus

) o Gnf (E
H = ﬁz-l-Veff(r), Vepr(r) = — Z%(), (202)

=
which is a simple non-relativistic system with a potential given by Newtonian-like
contributions of r-dependence only. For such a system, the classical part of the
associated Lippmann-Schwinger equation is trivial in D = 4. Indeed, all energy
denominators in the Born subtractions will be just quadratic in the momenta and
since the associated potential has no momentum-dependence, there is no expansion
that could lead to classical terms. We thus find that the effective potential V,¢¢(r)
to all orders is proportional to the Fourier transform of the classical part of the

corresponding amplitude evaluated at po., as before.

Using this relation, we can then easily read the f,(E) coefficients from a known
scattering amplitude. As we will see, these coefficients lead directly to the post-

Minkowskian scattering angle in the center of mass frame.
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THE SCATTERING ANGLE TO ALL ORDERS

The computation of the scattering angle for non-relativistic quantum mechanical
Hamiltonians has a long history. Typically, interest has been mainly on finding
approximate (semi-classical) solutions, first through the WKB-approximation, later
by considering the eikonal limit (see, e.g., refs. [77-79]). These methods are pow-
erful, but they quickly get complicated and they were, of course, developed as

approximate solutions to the full quantum mechanical problem.

Armed with the map of Hamiltonians from (199) to (200) we are in a completely
different situation since we can treat (200) as a quantum mechanical Hamiltonian
from which we only wish to extract the classical part. Not only is the problem
then WKB-exact, it is also WKB-trivial in the sense that we only wish to retain the
leading 1i’-piece of the wave function. This leading term S, as is well known, is a
solution of the classical Hamilton-Jacobi equation. At this stage we have therefore
come full circle and we are back at analyzing the classical Hamiltonian (200) with
the added knowledge that f, coefficients are simply identified with the Fourier

transformed scattering amplitude evaluated at pe..

Using this observation, we now provide an all-order expression for the post-
Minkowskian scattering angle only in terms of the classical part of the amplitude

in position space and the impact parameter b, both gauge invariant quantities.
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As is well known that scattering angle is given from Hamilton-Jacobi theory by

0 T dpr W
5 = /rm dr X (203)
where
Pr = \/P%o T2 eff(r) ’ eff = - N ’ (204)

being L the angular momentum of the system and r, the closest root to the origin

of eq. (204) which satisfies

1_b_2_V€ff(”m) 0, b=

L
—, (205)
ra P Poo

where we have introduced the impact parameter b.

We find it convenient to rewrite the scattering angle as

._.
NI=

b/:wm< = eff()> 2 b/mdr(l———w()) —g,

(206)
where we have defined

1 2

W) = o |Vags 1) -

[

Veff(rm)} , W(rym) = 0. (207)

We next perform a change of variables to highlight the properties of W(r) at r,,,

T du W)\ 2 =
2 _ 2.2
rt=u+r,, = b/ ( 2 ) — 5 (208)

NI—
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At this point we expand the square root of eq. (208) using the generalized binomial

theorem
1 © /1
-5 _ 2 n+1
(14+x)"2 —1+1;O(n+1)x , (209)
where
(h)- DB _ o 210
n+1 I'(n+2)(-n—1) 2"HT (n +2)
Using eq. (209) the scattering angle becomes
0 _ b n—l—l —3 e du n+1 2n
2 2(rm 1) + bz (n—I—l / u2(n+1)[w (r)r™]
(211)

_ =t b _ . 2n+1)” e du n+1 2n
— E(a 1) + bZZnH CESII / u2(n+1)[w (r)r*"].

We now use the following properties which holds for C* functions from R to R

that vanish at infinity and at the origin:

+oc0 du 1 +o00 1 d n+1
/0 uz(n+1)f(”) - (2n+1)_!!/() du (E@) fu). (212)

Using eq. (212) we obtain

0 _ E E_ > 1 oo 1 d n+1 2n
2 = 2(rm 1)+br§)2n+1(n+l)!/o d”(udu) [W (r)r™]

(213)
m(b ® 1 +oo d\"!
- (=1 by - a4 n+l ()20
) S () o
In order to introduce a systematic expansion we write this as
6 (b =
g - E(a—l) +0 ) Balrm), (214)
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+o0 d n+1
Np(rm) = ﬁ/ﬂ du(ﬁ) (WL ()], 1 = \Jul+12.  (215)

Focusing on eq. (215), we now expand

1 1 "1 e cd T P Vers(rm) 1"
Anlrm) = pgg+2(n+1)!z( k >/0 d”(@) Very " (0)r? }{_ r2

k=0
(216)

Rewriting in terms of b and r,,, and using eq. (205), this leads to

n o +1 n—k+1 2(n—k)
mi) = T O ()T s e
k=0 k! 0 du ( k+1)'}7 (n—k+1)

_ nil(bz_r%)k( d )k/Jroodu( d )n —k+1 Vr}fk—&-l(r)
= k! dar?, 0 du? (n—k+1)!p§o(n k+1) 7

(n—k)

where we have used the fact that derivatives on 72, and u? can be interchanged
for a function of the radial distance r = \/u2 + r2,, so as to put these outside the

integration. This simple trick, allows us to recognize in eq. (217) the following

function
1 oo 4 \mtl ymtl (r) p2m
Om(rm) = ST / du (ﬁ) eff—| , (218)
Po u (m + 1).

using which we can rewrite eq. (217) as

n+l _ 2 20\k k
Au(rm) = Z Nui(tm) , Dpg(rm) = b k,rm) (dfz ) On—k(Tm) - (219)
k=0 : m

To summarize what we have obtained so far,

b o) n+1

0 T

T'm n=0 k=
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b3l

(b
= E(__l) +bZZAnk Tm) +bZAnn+1 'm) - (220)
'm n=0 k= n=0
The last sum can be rewritten in a remarkably simple way
o ) %1)”+1 n+1
3 )

.r n (d %1) 0_1(rm) — BO_1(rm) = b [0_1(b) — 0_1(r)],

or simply

b Z Zn,n+1 (rm) = g(l - E) ’ (222)

n=0 T'm

where we have recognized the Taylor series of 6_;(r,,) around b. This is equal
and opposite to the first contribution of eq. (220), a cancellation which lead to the

following expression for the scattering angle

9 © n © n (b2 o 1,2 )k d k 9]
-~ =b Z ZAn,k(rM) =b Z Z - 5 Gn—k(rm) = b Zek(b)
2 k! dar, =

(223)
In the last equality we have used the fact that eq. (223) is the sum over n of
the Taylor series of 6,(r,) around b. Thus, the main result of this section can be

summarized in the following way, which states that the scattering angle can always

be expressed in terms of finite integrals without any reference to ry,

2(k1)

© ~ _2b [tee d kVekff()
= LA0), &) = F/0 du(duz) ()

Since V,f is related to the classical part of the Fourier transform of scattering

amplitudes, this concludes the derivation of the scattering angle solely in terms
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of gauge invariant quantities. The manifest independence of the intermediate
parameter r,, (the distance of nearest approach) in our expression for the scattering
angle is important. Since r,; in general is determined by a solvable condition
relating it to other scattering information it should disappear entirely from the
result, as we have shown explicitly. In our approach there is no subtlety involved in
the way it drops out of the relation for the scattering angle and there is no need
to regularize intermediate expressions on account of it. Independence of ry, is a
particularly acute problem in general relativity where this quantity is not even
gauge invariant and such it has to disappear from the expression for the gauge

invariant scattering angle.

Let us finally explore the simplicity of our expression for the scattering angle
as opposed to previous methods. As described above, we can express the fully
relativistic scattering angle in terms of an effective position-space potential which

for the case of general relativity is given by

[e] n " E
Vi) = - 32 R0, (225)

This is related to the classical part of the scattering amplitude to any loop order
as shown. Let us first focus on the angle up to 3PM order in four dimensions. For
ease of notation, in what follows we are going to implicitly assume the dependence

on energy of the f,(E) coefficients. We thus consider
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6spm(b) = 61(b) +62(b) +65(b), (226)
~ 2b [t d
B0) = 7 [ du g Ves(),
_ byt d\2
0,(b) = P_4/0 du (dbz) r? [Veff(r)]z, (227)
~ b —+o0 d 3
03(b) = W/O du (@) rt [Veff(r)]3. (228)

We start with the first contribution from eq. (226),

0) = oy [ du Orlegr Vi P (220)
= N

P Jo
This we recognize as a classic textbook formula, usually presented for the bending
angle around static massive sources in the non-relativistic approximation (see, e.g.,
ref. [80]). Although it is surely of older origin, we will denote it Bohm’s formula.
The power of our derivation is that this formula describes the motion of fully
relativistic particles, with no restriction on masses or range of velocities on account

of the exact map. We can also provide a closed formula for this contribution given

by a generic effective potential.

o0 1

boE
zoZ GNf”/o d”(u2+b2)%+l' (230)

As can be seen, all terms depend on the integral

/O+oo du(; _ \/—T(?) Vn €N, (231)
2

Er )i b ()

8o
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and thus
Gn Ll
01(b) = Z Nf . ,% ) (232)
To 3PM order, the other needed contributions are given by
. Gn f, T(2HL G2 G3, f32Pc0
91( — \/_ Z an ( 3_1 ) — GNfl 4 NfZT( Nf?’ p , (233)
pe o bt T(3) Lpe 202 L3

which reproduces the linear terms in f,, up to 3PM known in literature. However,
to the same order there are also additional contributions which can be regarded as

corrections to Bohm'’s formula beyond leading order as given by egs. (227)-(228)

Gy — bt (4N H[2GYAf  GRT _ GhAif

e 2 Lpe (234)
Here is an important observation: The contribution to G%; vanishes in four dimen-
sions. This means that Bohm's formula in eq. (229) is valid, beyond what we
could expect, also at 2PM order, a fact which has been previously noticed and
from which now we provide a clear understanding. In fact, Bohm’s non-relativistic
formula holds at 2PM order even if one naively substitutes a static non-relativistic
potential for the bending of light, and we now understand why. Furthermore, this
formula agrees with the explicit calculations of the eikonal limit of gravity up to
2PM order with arbitrary masses [47,74—76]. We now also understand why the
eikonal exponentiation of classical gravity works out so simply at 2PM order in

four dimensions: it is the vanishing of the fZ-term for the angle (and the fact that

in the eikonal limit the scattering angle enters in terms of the odd function sin(6)).
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This brings us to another important point. We see from this analysis that the
eikonal exponentiation is bound to work for classical gravity to all orders and in
any number of dimensions. Not only that, its precise form is already dictated by
the formula we provide. In this sense, there would superficially seem to be no
need to pursue the computation of the eikonal limit beyond 2PM order. However,
given that the actual evaluation of the coefficients f; require explicit full amplitude
calculations it could still be of interest to pursue the eikonal limit to the given order,

as an independent check.

Finally, we need to evaluate the remaining term

G bGAAY [+ 4 ()~ - GAAE

Summing these contributions, we obtain the desired scattering angle at 3PM order

Guhi | Rfr | Gufitve  Gifife R

6
Lpe = 2L2 I3 DPpe 12033, (236)

O3pm =

As seen, the computation is quite straightforward, involving only elementary
integrals and derivatives. Higher PM contributions can be calculated easily to any
desired order as demonstrated in table 1. It is clear that there are interesting patterns
in these expressions and it is elementary to express several of the combinations in

simple closed form, valid to all orders.

It is perhaps more interesting to note that certain combinations are missing. We

illustrated this above by pointing out how the f2-contribution vanishes. Equipped

82



POST-MINKOWSKIAN SCATTERING ANGLE IN EINSTEIN GRAVITY

with the map between effective potential and coefficient of the amplitude, we can

now understand this result in all generality.

In order to analyse the general conditions for such vanishing contribution to the
scattering angle we start by reconsidering the previous expression for the post-

Minkowskian scattering angle assuming a m post-Minkowskian potential

0o . 2b +o0 d n
= LA 0= L [ () 0, e

2n
n=1 n: P

m
Veps(r Z Oy £ (238)

We expand the n-power of the potential by using the multinomial theorem

Bm gny gnp n
n GBrmgm g g
() = (—=1)" E: ( ) NJ1 J2 , >
Eff( ) ( )n1+n2+..‘+nm—n ny,ng,..., My rBm (239)

where B, = n1 + 2np + 3n3 + ...mny, and ( ) 1 Tf we now evaluate

ni, n2 ny!npl..ng,!

eq.(237) using this we have
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Null contributions in eq.(240) appears for

2n—2—ny —2ny — ... —mny,, =0,
(241)
ny+np+.ny=n, VnAni-ip, €N,
as well as
2n—2—ny —2ny —...—mn,, —1 =0,
(242)
np+ny+.ng=n, VnAni-ip, €N,
and so on. All these can be expressed in a compact form as follows
2n—2—ny —2ny — ... —mny, —a =0,
(243)

npt+ny+.nm=n, VnaAni—1p, €N : 0<a<n-—1.

This system of equations describes the intersection of two affine hyperplanes in
m dimensions, the solutions to which are positive integer points on a parametric
m — 2 affine hyperplane with parameters n and a. Thus, given a m-dimensional
post-Minkowskian potential, the vanishing coefficients to the scattering angle are in
one-to-one correspondence with the positive integer zeros of the intersection of two

affine hyperplanes in m dimensions. As an example, let us evaluate the vanishing
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contributions to the scattering angle arising from a 3PM potential. The system to

be solved is

n+2ny+3ny3=2n—-2—ua,

(244)
nm+npt+ng=mn, VnaAni-1p3€N : 0<a<n-1,
and the solution is given by
(
np = mn
n=2-2nm+n+a, (245)

ng=mnm—2—ua, Vna,np €N : 0<a<n-—1.
\

We remind the reader that the parameter 7 labels the 8, contribution to the scattering
angle. For n = 1 there are no positive integer solution on this hyperplane, while
for n = 2 we find that there is only one solution given by ny = 2,n, = n3 = 0,
which is nothing else than the vanishing of the f;"' = f? term. This procedure is
straightforward, it can be easily generalized to any order, and shows that there is

an infinite number of such vanishing contributions.

CONCLUSION

We have unravelled an unexpected equivalence between classical solutions to

Lippmann-Schwinger equations and solutions to the relativistic energy relation
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of two-body dynamics. The equivalence ensures that a physical observable such
as the scattering angle can be determined directly from the classical part of the
amplitude without recourse to the relativistic potential. In detail, we have found
that the implicit function theorem applied to the relativistic energy relation is in
one-to-one correspondence with the classical part of the solutions to the Lippmann-
Schwinger equation of the quantum mechanical scattering problem. The link is a
relation between the classical part of the scattering amplitude and the potential
(and derivatives thereof). Amazingly, this relation removes all Born subtractions
from the problem leaving us with only the classical part of the amplitude when we

evaluate the scattering angle.

Using Damour’s map to a non-relativistic theory for a particle of mass equal to
1/2, we have derived an explicit formula for the Post-Minkowksian scattering angle
to any order in the coupling constants of the potential. This formula is universal
and applicable to any classical potential. A distinct advantage of our formula is
that it does not require knowledge of the classical turning point r,,, nor does it
require regularization with respect to that quantity. When we apply our formula
to the problem of Post-Minkowskian general relativity we recover, effortlessly, the
perturbative expansions quoted in the literature. We have illustrated the simplicity
of our expression for the scattering angle by listing the expression of the scattering

angle up to 12PM order.

There are patterns in these expressions for the scattering angle and we have ex-
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plained why there are certain “vanishing theorems” for particular combinations of
terms. The first missing one is the fZ-piece of the one-loop scattering angle, which
explains the simplicity of the eikonal limit at one-loop order. We have also found

the general condition for the vanishing of such contributions to any order.
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Table 1: PM corrections to 12th order in Gy.
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APPENDIX

CLASSICAL CONTRIBUTIONS FROM THE LIPPMAN-SCHWINGER EQUATION

In this Appendix we elaborate on the point made in the main text regarding the
computational topology of the classical contributions from the Lippman-Schwinger
equation. As we have seen in eq.(164), the n-th term of the Lippmann-Schwinger

equation is given by

V(p, k) V (ki ko) - V(kn, p')
Su(p,p') = / . 246
PP b By = E) o (B~ E,) (249
Using eq.(163), this can also be rewritten as
o 1
S , / — “11~'~Zn+1 / i — ., P
n(p p ) Z Ky |p _ k1|211 e ‘kn —-p |21n+1 ( 47)

il,...,in+1

where the ellipsis denotes both quantum and super-classical contributions around

D = 4 space-time dimensions, while the a'1-'»+1 are the combinations of constants
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that can be taken out of the integrals by properly expanding the numerators from

each of the potential terms. Let us denote the classical part of this series by S¢"

1

L _ i1 o (7H1) (n+1) =
Sfl (p' p/) o Z(Xll l +1Gii--~in+l(p/ p/) ’ Gii~--in+1(p, pl) :/kl,...,kn|p_k1|2i1 T |kn_P/|2i”+1 .

i1erini

(248)
If we perform a shift in k; — k; + p, Vk; in the right-hand side of eq.(248) we
immediately recognize the definition of a generalized sunset loop-diagram asso-
ciated with a massless particle with momentum ¢4 and arbitrary powers in the

denominators,

() 0y = / !
Bjodp1 q) = Ky oo |k1|2i1 . |k11 + q|2in+1 ’

(249)

These integrals can be easily computed and they do share a nice factorization
property in position space. In fact, by taking the Fourier transform in position space
we get, using the same notation as for the one-loop case,

(141) (o _ e’ _
gii-~-in+1(r) - akrkn [K1|20 - [k 4 g[2nn =8 (r) - "&int1 (r), (250)

thus generalizing to all orders what was already seen at one-loop order in the main

text.
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SECOND ORDER POST-MINKOWSKIAN SCATTERING IN

ARBITRARY DIMENSIONS

We extract the long-range gravitational potential between two scalar parti-
cles with arbitrary masses from the two-to-two elastic scattering amplitude
at 2nd Post-Minkowskian order in arbitrary dimensions. In contrast to
the four-dimensional case, in higher dimensions the classical potential
receives contributions from box topologies. Moreover, the kinematical
relation between momentum and position on the classical trajectory con-
tains a new term which is quadratic in the tree-level amplitude. A precise
interplay between this new relation and the formula for the scattering
angle ensures that the latter is still linear in the classical part of the scatter-
ing amplitude, to this order, matching an earlier calculation in the eikonal
approach. We point out that both the eikonal exponentiation and the

reality of the potential to 2nd post-Minkowskian order can be seen as a
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consequence of unitarity. We finally present closed-form expressions for
the scattering angle given by leading-order gravitational potentials for

dimensions ranging from four to ten.

INTRODUCTION

The study of gravitational collisions has recently received a lot of attention thanks to
the amazing experimental breakthroughs in the detection [6,81-84] of gravitational-
waves coming from black-hole or neutron star mergers. Given the expected im-
provements in detector sensitivity, it will be extremely important in the future
to have high-precision theoretical predictions from General Relativity. To this
aim the use of quantum field theory amplitudes to extract the post-Minkowskian
(PM) expansion of General Relativity has recently gained considerable momen-
tum [10, 12, 14, 15,23, 24, 32,73,85,86], and progress is now also being made on
extensions to spinning objects [65—72,87,88]. The underlying physical motivation
for this approach lies in the observation that, during the early stages of a merger
event, when the two compact objects are still far apart, gravitational interactions
are weak and can be conveniently treated in a weak-coupling approximation. The
perturbative series that naturally organizes the calculation of scattering amplitudes
in quantum field theory then offers a convenient tool to study the dynamics of

such systems for weak gravitational fields without the need to consider the limit
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of small velocities, thanks to the Lorentz invariance of the amplitude. The price
one has to pay in order to eventually retrieve predictions for General Relativity is
the proper handling of the classical limit. Indeed, going to higher orders in the
gravitational coupling in the classical theory entails evaluating Feynman diagrams
with more and more loops in the quantum theory and one may wonder as to how
the loop expansion may yield precision corrections to classical quantities, an issue
that was first clarified in the seminal papers [31,46] and more recently investigated
systematically in [21].

A fundamental and gauge-independent quantity that is most readily computed
from quantum field theoretic amplitudes is the scattering angle of two colliding
massive objects. Computations of classical gravitational observables using relativis-
tic amplitude techniques have so far been performed with two a priori different
approaches. One is based on the evaluation of the eikonal phase, while the other
proceeds by constructing the Hamiltonian, i.e. the effective interaction potential.
The deflection angle can then be easily obtained from either of these two quantities.

The eikonal approach began in the late eighties with the work by "t Hooft [74] and
independent parallel work of two other groups [89—91], dealing with transplanckian
energy collisions of strings in a generic number D of macroscopic dimensions.
It was further developed in Refs. [47,92—98] and extended to the scattering of
strings off a stack of D-branes [99, 100] (see Ref. [101] for a review) and recently to

supersymmetric theories [102—104].
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That approach has its origin in the observation that, in general, a tree diagram in
gravity diverges at high energy, implying that unitarity is violated in this regime. A
viable way to restore unitarity is to first observe that also the loop diagrams are
divergent at high energy and actually their degree of divergence increases with
the number of loops. Then, Fourier transforming a suitably normalized amplitude
from momentum space to the (D — 2)-dimensional impact parameter space, one
sees that the leading terms for large impact parameter of the various diagrams
re-sum into an exponential given by the tree contribution, whose phase is called the
leading eikonal. In this way one obtains a quantity that is consistent with unitarity.
Sub-leading eikonals can be obtained in a similar way by re-summing diagrams
that are subdominant for large impact parameter. Unlike the leading one, they also
contain an imaginary part related to inelastic processes, although we do not discuss
these new effects in this paper.

Having determined the eikonal, one can then use it to compute the classical
deflection angle taking its derivative with respect to the impact parameter. Other
physical quantities, as for instance the Shapiro time delay, can also be computed
from the eikonal. An interesting aspect of this approach is that, in order to compute
the deflection angle to a given order in the coupling, one must still compute, in
principle, an infinite number of loops to check the exponentiation.

In contrast, the Hamiltonian approach relies on the calculation of the effective

interaction potential between two massive particles from the scattering amplitude,
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which is achieved as follows. One first imposes that the two-to-two scattering
amplitude in General Relativity be equal to that of an effective theory of massive
particles interacting via a long-range potential and then reconstructs the potential
that ensures this matching condition order by order in Newton’s coupling constant
Gn. To this purpose one can either employ the relativistic Lippmann-Schwinger
equation and the technique of Born subtractions for a first-quantized effective
theory [15,17], or alternatively the Effective Field Theory (EFT) matching procedure
[10,12].

These two methods have proven to be completely equivalent in the cases that
have been studied and lead to the same effective potential. Indeed, one would
expect the first- and second-quantized effective theories to be equivalent as long
as quantum effects such as particle creation are discarded. We shall review the
demonstration of equivalence below.

Note that the scattering amplitude contains, in general, not only classical and
quantum terms, as identified by their behavior in terms of 7, but also super-classical
terms. With our conventions, classical terms have a finite limit as # — 0 and

quantum terms vanish, while super-classical contributions give rise to singular

expressions, corresponding to infinitely rapid phase oscillations in the S-matrix.

It is therefore crucial that the super-classical terms cancel out in the procedure of
extracting the classical potential from the scattering amplitude. We find that this

cancellation occurs and in fact also ensures that the potential is real.
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In this work we show that indeed both the eikonal exponentiation and the reality
of the classical potential are ultimately direct consequences of the unitarity of the
quantum theory.

This observation also lies behind the explanation of the following puzzling ques-
tion: In the Hamiltonian approach one only needs to compute the classical part
of the scattering amplitude up to the given order of the expansion in Newton’s
coupling constant Gy. Classical Hamilton-Jacobi analysis then yields the scattering
angle up to that order. Why, then, does the eikonal approach require the compu-
tation of the near-forward scattering amplitude to all orders in the coupling Gy
in order to derive a fixed-order result for scattering angle? One of the purposes
of this paper is to provide an answer to this question. For consistency, it must be
that the exponentiation of all higher order terms required in the eikonal limit is
automatic. We shall argue that the infinite string of identities needed for the eikonal
exponentiation of the classical parts of the near-forward scattering amplitude follow
from unitarity. This then resolves the apparent conflict and explains why the two
methods for calculating the scattering angle are equivalent.

We consider the scattering problem in a general D-dimensional setting rather
than just limiting ourselves to the four-dimensional case. As is known already
from non-relativistic quantum mechanics, four space-time dimensions represents a
borderline case for scattering in Coulomb-like potentials (such as the leading-order

scattering in general relativity) due to the slow fall-off of the potential at infinity
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and the associated logarithmic phase of the scattered wave. In relativistic quantum
field theory this is reflected in the well-known infrared divergences of the scattering
amplitude in four dimensions. Once we move beyond four dimensions, even just
infinitesimally such as in dimensional regularization, these infrared divergences
are regularized.

The need to maintain reparametrization (gauge) invariance at all stages of the
amplitude calculations while taming the infrared divergences thus leads us to
perform the amplitude calculations beyond D = 4 dimensions. Moreover, as we
shall demonstrate, it is not correct that the D-dimensional result just trivially mimics
the corresponding one in four-dimensional space-time. A new term proportional
to (D — 4) appears at one-loop order. This could potentially have repercussions at
higher loop order if cancelled against infrared sub-divergences, thus threatening to
introduce new finite pieces even after taking the D — 4 limit.

To be more specific, we use the relativistic Lippmann-Schwinger equation to
derive the long-range effective potential up to 2PM order from the elastic scattering
amplitude of two scalar particles with arbitrary masses in a generic D-dimensional
space-time.

While in Ref. [47] the box and triangle diagrams were computed for small
transferred momentum g, i.e. in the classical limit, using a saddle-point evaluation
in the space of Schwinger parameters, we here perform the same calculation

employing the so-called method of regions [105] in momentum space. This consists

97



SECOND ORDER POST-MINKOWSKIAN SCATTERING IN ARBITRARY DIMENSIONS

in evaluating the asymptotic expansion of the relevant Feynman integrals as ¢ — 0
considering loop momenta k that scale in a definite way with respect to g in this
limit.

We identify the soft region, characterized by the scaling relation k ~ O(g), as
the one producing the non-analytic terms that eventually give rise to the long-
range potential, namely the ones considered in Ref. [47]. The integrals also receive
contributions from the hard region, k ~ O(1), that are proportional to positive
integer powers of q> and hence do not contribute to the long-range behavior in
position space, although they are needed for the overall consistency of the small-g
expansion. Indeed, as is often the case, the hard and soft series separately possess
spurious singularities that are just artifacts of the splitting into regions. However,
only the singularities originally present in the Feynman integrals survive in the
sum of the two series, which provides a nontrivial cross check of the asymptotic
expansion thus obtained.

Another region that is often used in order to extract the non-analytic terms in
the classical limit is the potential region. Considering a combination of classical
limit g — 0 and nonrelativistic limit' v — 0, with v the characteristic velocity of
the asymptotic states in the center-of-mass frame, one defines the scaling of the
loop momenta k = (k% k) in the potential region as k% ~ O(qv) and k ~ O(q).

The potential expansion allows one to break down the Feynman integrals into

We are grateful to Julio Parra-Martinez and Mikhail Solon for pointing out that the role played by
the non-relativistic limit in the definition of the potential region was not properly spelled out in an
earlier version of this paper.
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(D — 1)-dimensional integrals in a non-relativistic spirit. In its turn, this opens
the possibility to compare General Relativity amplitudes directly to the (D — 1)-
dimensional integrals arising in the effective theory, i.e. to perform the matching
mentioned above at the level of integrands, disposing with the need to actually
evaluate certain integrals. We check that, to leading order in the small-v expansion,
the result obtained from the potential region agrees with the non-relativistic limit
of the one furnished by the soft region. However, we deem more convenient to
apply the method of regions in a covariant fashion directly to the D-dimensional
integrals involved in the evaluation of the fully relativistic amplitude, as outlined
above, i.e. to base our calculation on the soft and hard regions.

An important new feature that appears in our analysis for D > 4 is that the
2PM potential receives a nonzero contribution from the sum of the box and crossed
box diagrams, which, of course, vanishes if we take D = 4. This new contribution
comes about because of a nontrivial classical term arising from the sum of box
and crossed box diagrams that is not exactly compensated by the Born subtraction
of the effective theory. Interestingly, this compensation is exact for any D, and
thus no new term appears for D > 4 if we limit ourselves to leading order in the
non-relativistic expansion, i.e. to the leading term of the potential region.

Similarly, when we solve the energy equation for the kinematical relation between
momentum and position on the classical trajectory, p?(r, Gy), in dimensions D > 4,

we find that new terms that are quadratic in the scattering amplitude appear. To
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2PM order, this nonlinearity is precisely canceled by a new term for the classical
scattering angle. In this somewhat surprising way, the scattering angle still depends
linearly on the amplitude, to this order. The scattering angle we compute here
coincides perfectly with the one obtained in Ref. [47] using instead the eikonal
method.

The paper is organized as follows. In Sect. 8 we collect the classical and super-
classical terms to the one-loop two-to-two amplitude, arising from triangle and
box diagrams, which we evaluate with the method of regions. In Sect. 8 we extract
the long-range classical potential at 2PM order from the amplitude solving the
Lippmann-Schwinger equation by means of Born subtractions and describe the
equivalence between this technique and the strategy of EFT matching. Sect. 8 is
then devoted to evaluating, given the 2PM potential, the relation p?(r, Gy) for
the classical trajectory, which we then use in Sect. 8 to determine the deflection
angle to 2PM order. In Sect. 8 we furnish explicit expressions for the scattering
angle given by the 1PM interaction potential for space-time dimensions ranging
from four up to ten. The paper contains two appendices. In Appendix 8 we detail
our conventions for the normalization of various scattering amplitudes appearing
throughout the paper, while in Appendix 8 we present the explicit calculation of

the relevant one-loop integrals in the limit 7z — 0 using the method of the regions.
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SCATTERING AMPLITUDES IN D-DIMENSIONAL GENERAL RELATIVITY

In this section we derive the super-classical and classical parts of the one-loop
amplitude M_joqp in Einstein gravity minimally coupled to two massive scalar

fields,

S(&uv, Pi=12) = /dD ;/6;;1; /de NS (gwhzayfl’z v@i + mzZ(Pzz> /
i=12

(251)
for a general space-time dimension D. Focusing on the gravitational interac-
tion of spin-less fields we can compute the large-distance classical scattering of
Schwarzschild black holes (or more generically a point-particle) in the perturbative
loop expansion. This amplitude has been recently computed in Ref. [47] using a
Schwinger parametrization of the various propagators entering the loop and the
method of steepest descent in those parameters. One of the surprising results was
that the classical piece of M _j40p includes, for D > 4, a nonvanishing contribution
from the sum of box and crossed-box Feynman diagrams. We here employ an
alternative method that, in the QCD literature, is known as the method of the
regions [105]. It is conveniently used to determine the behavior of a loop integral
when one is interested in a kinematical limit involving the external momenta, for

instance when one of them is small. Here this method is used to determine an

expansion of the loop integrals in powers of 7, confirming the result of Ref. [47].
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Let us consider the scattering of two point-like scalar particles, schematically

represented by the diagram in the following figure, whose amplitude is given by a

sum over all loop contributions:

We refer to Appendix 8 for more details on our conventions for the normalization

of the scattering amplitude.

In the center-of-mass frame we have

and we define

E E

Eo=Eip)+Ealp),  g(p) = PR
P
¢"=pi-vy, G=p-p"

The previous quantities are related to the Mandelstam variables

s=—(p1+p)*, t=—(p1—p3)’=—¢

(252)

(253)

(254)

(255)

(256)

(257)
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and

(E2 — (my 4 mo)?)(E3 — (mq — my)?)
s = E% , p2 =F 1E2 P . (258)
P

We will use a mostly positive signature metric, so that in particular
2 _ =12
9"qp =q" = 17| (259)

in the center-of-mass frame, and following Ref. [47] we define

2m3m3
x5 = 887Gy, Y(p?*) =2(p1 - p2)? — 5 1_22 . (260)

We first proceed by decomposing the one-loop amplitude in terms of Feynman

integrals as follows:
Ml—loop = dD(ID,s + ID,u) + (dq)w/Iéw +dalq + (db)yvlgv +dpls +---,  (261)

where the ellipsis denote quantum contributions. The integrals involved in the

above expression are the triangle integrals 2

de h5

b= gap G e o
d"k 13k kY

W

R e S 5 [ e s S T

2 The dependence on 71 in the various integrals follows from the fact that, with our conventions, the
amplitude in (261) has dimension of E?LP~! where E is an energy and L is a length, as detailed in
Appendix 8.
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together with I, I} which are given by substituting p; <+ p» and p3 < py in

Egs. (262) and (263), the box integral

o [ 4%k n ¢
D“‘/(mmﬂ>wz—wxw—qy—xxw_am-k_wxﬁ+am-k—x)@‘”

and the crossed box I, obtained by the replacement p; <+ —p3 from Eq. (264).

The associated decomposition coefficients are

16iK‘]5(D — 3)m‘it thgpg
(D-2) g

do = dikpy*(p?),  db = (265)

and

» D> —4D +2

2
dy = 4im3x?, |2m3m3 D27 2miE; + mfi + (m% — E%) 1 , (266)

while d%" and d are obtained by replacing mj <+ mj in dl and d,.

In Appendix 8 we employ the method of expansion by regions to evaluate the
classical limit of the one-loop integrals (262), (263) and (264) in arbitrary dimensions
D and in a generic reference frame. This limit entails letting # — 0 in such a way
that in the center-of-mass frame the three-momentum transfer 7 vanishes, while the
transferred wave number % |7, the total energy E, and the masses m, m, are kept
fixed (see e.g. [10,21]). It turns out that this analysis in D dimensions presents some
new features as compared with that of Ref. [12], while being in perfect agreement
for D = 4. The modified expressions for generic D > 4 will be instrumental in

reproducing the correct scattering angle in D dimensions [47].
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Quoting first for completeness the tree-level contribution

L s
MtreE(pr/) = _zv(pz)KZD q_zl (267)

we are finally able to cast the classical and super-classical terms of the one-loop
scattering amplitude in General Relativity and in D dimensions in the following

form:

(268)
where
My(B,8") + Mu(B,7') = _zﬁK%(mlerz)
4m)%
21m3 D(37;) Dvea D3y , g\ B2 (269)
x | 4(p1 - pa)? — dmimz  ( VE2p?\ T(552)r2(252) (q_>
GEFT i i R (e b
and
i 22 TR 1 P\
Ml:ls( )+M|:|u( ) _ (47-[)2 Epp F(D_4) A (hZ)
2v/7h 2 (p?) (my + ma) T(352)T2(B52) (iz)
(4m)? EZ p? T(D—4) Y
(270)

These results are in agreement with those of Ref. [47] 3.
It should be stressed that the above result for the triangle and box contributions

(269), (270) is obtained from the expansion of the corresponding integrals in the

Actually the corresponding amplitudes in Ref. [47] are obtained from the ones appearing here
multiplying by a factor — 7, since in this paper we use (367), while in Ref. [47] (388) is used instead.
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soft region, as detailed in Appendix 8. Such integrals also receive additional
contributions from the hard region that are, however, proportional to positive
integer powers of Z—z. We thus discard such terms because they would give rise
to strictly local contributions in position space, while we are interested in the
long-range behavior of the effective potential. Nevertheless, the interplay between
the soft and the hard series is important because it ensures the proper cancellation
of spurious divergences that arise for specific dimensions in the above expressions,
e.g. in D =5, and thus provides a nontrivial consistency check of the asymptotic
expansion.

The expression (269) for the triangle topologies could be also alternatively ob-
tained from the leading-order expansion of the associated triangle integrals in the
potential region, as described in Appendix 8. The potential region also allows for a
quick evaluation of the sum of box and crossed box diagrams to leading order in
the nonrelativistic limit, mil, mﬂz < 1.

The result furnished by the leading potential region coincides with the small-
velocity limit of (270), which, as we stressed, is based on the soft region. Actually, the
first term on the right-hand side of (270), namely the super-classical term, coincides
with the corresponding term arising from the leading potential approximation. The
second term, instead, agrees with the corresponding classical term in the leading
potential expansion only in the nonrelativistic limit, in which E, ~ mq + mj. We

refer the reader to Appendix 8 for a detailed discussion of this comparison.
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THE POST-MINKOWSKIAN POTENTIAL IN ARBITRARY DIMENSIONS

In this section, we address the calculation of the long-range effective interaction
potential to 2PM order in arbitrary dimension, stressing in particular the new
elements that appear when away from D = 4. Our strategy is based on the
method of Born subtractions [15,17], which is equivalent to the technique of EFT
matching [10, 12].

As we have stressed, the two-to-two amplitude presents, to one-loop order, both
super-classical, (’)(h_l), and classical, O(Flo), contributions, as identified by their
It scaling. The super-classical term arises in particular from the sum of box and
crossed box diagrams, which are also the source of the imaginary part of the
amplitude and, in D = 4, of the infrared divergence. Inverse powers of 7 are
conventionally labelled “IR” in four dimensions since they characterize the terms
responsible for infrared divergences there. It should be stressed, however, that the
very notion of infrared divergent integrals becomes ambiguous away from four
dimensions. Therefore, we shall keep labelling the terms entirely by their scaling
(power) with respect to /i, which is well-defined for any D.

The calculation of the post-Minkowskian potential in the center-of-mass frame
will then reveal how the super-classical and imaginary term eventually cancel,
providing a well-defined, real and classical expression for the interaction potential,

but leave behind nontrivial contributions in generic dimensions D > 4. We will
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also see how this cancellation can be understood as a consequence of the unitarity

of the underlying quantum theory.

The Lippmann—Schwinger equation in D dimensions

In order to define a post-Minkowskian potential in momentum space and in an
arbitrary number of dimensions D = d + 1 we can use a fully relativistic Lippmann-

Schwinger equation as in [15]

(271)

where in the left-hand side we have defined scattering amplitudes with a proper

normalization factor (see Appendix 8, in particular Eq. (383))

e, M, ')

MPP) = 3B ) Ea(p) * (272)

while on the right hand side we have denoted by M (k, #') their analogue definition
off the energy shell with k| # |#|. In what follows our aim is to extract the classical
potential to 2PM order for arbitrary D > 4. We will work in the center-of-mass
frame using an isotropic gauge which identifies the phase space (7, p) of a two
body Hamiltonian with the Fourier analogue of the exchanged momentum g in the
center of mass and with the modulus of the momenta p. The advantage of the latter

is the absence of p - r terms in the Hamiltonian and it has shown extremely useful
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in the computation of post-Minkwoskian Hamiltonians as shown in [12, 15].
We solve perturbatively Eq. (271) for the potential itself
VP(F, ') = M(p,p")

/ d'ky  d'k,  dk, M7, K1) - M(kn, B")
(2mh)? (2mh)?  (2mh)4 (Ep — Eg, +i€) - - - (Ex,_, — E, + i€)

+
ngk:
T

(273)

and truncate the series up to order G3,

Vitn(F, ') + Vaom(F, B') = Miee(, ') + Mit00p (B, B') + Mora (B, B') , (274)

where we have denoted the first Born subtraction by

— ddE .//\—/lvtree(’_j E)Mtree (E ﬁ/)
= =/ — 4 4
MBorn(pr P ) = / (27-[;1)11 Ep — Ek +ie ' (275)

Although we do not explicitly distinguish between on-shell and off-shell scattering
amplitudes in our notation, it should be stressed that the functions M(p, k) entering
the integrand on the right-hand side of (275) are evaluated for states that do not
necessarily respect energy conservation and the sum over states indeed runs over
all intermediate (D — 1)-momenta . They are defined by T-matrix elements for
asymptotic states with energies unconstrained, i.e., || # |k|. This is analogous to
the EFT approach where the potential V° (7, k) likewise is defined off the energy
shell, i.e., with |F | # |k|. The off-shell extension of the T-matrix and V corresponds
to the choice of operator basis in the EFT formalism. For instance, insisting on

(D — 1)-dimensional rotational symmetry, the analog of Wilson coefficients in the
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expansion of V will not depend on the scalar product 7 - k but only on 2 and k2.

After Fourier transforming, this corresponds to the choice of isotropic coordinates.

In the center-of-mass frame and using this isotropic parametrization

k2 k/2 ’
tree( ’ ): lz‘ _ 2 ’ 1 2 __El(kzzk/z)Ez(kz_,Z_k/z)'
/1
(276)

where [k| is not necessarily equal to |k’|. For a physical on-shell process in which

|P| = |p’| this of course reduces to
. (77 A1 (p?) > 4y (p?)
M ree 7 ! — G ’ A = —_—— 2
wel PP =N P = B Ea(p) @77)

At this point we need to evaluate the Born subtraction given by the integral in
Eq. (275). We focus on the contributions to (275) arising from the soft region, which
are obtained in this case expanding the integrand around k> = p?. Indeed, to more
directly compare with the discussion of the expansion by regions presented in
Appendix 8, we could let k = 7 + ¢ and then expand for ¢ ~ O(ft), which implies
k* = p? + O(h). One can also check that performing the expansion with respect
to this shifted variable / eventually leads to the same final answer for the leading
and subleading terms. We thus begin by Taylor-expanding the denominator and
discard quantum terms. In doing so, we find

dd% Mvtree(
27th)4 7

)Mtree(E l_j )
— k2 +ie

1-36(p) T e (5.5 Muee (5, 7) + -
+(2Ep§(l7))/ @y Ml P Muee P

N“SL

Maon(7, ') = ~2,8(p) | ¢
(278)
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where ellipsis denotes quantum contributions which we discard. Using Eq. (276),

we find

4 524 %2
ddk h A% (P 2 )

21h)? (52 — K2 + ie) [k — B 2|k — |2

MvBorn(ﬁ/ ﬁ/) = —ZEP(Z(;’))G%\]/(
(279)

+G§V(1—3€(P))/(ddk h4A%<@) G

2Ex¢(p) 27th)4 |k — 2|k — B2
We now Taylor-expand also the numerator around k2 = p. Using Eq. (276) and

reinstating xp, we find

~ kh [ dik H
MBorn(p/PI) - ZE(3 ) D/ 2 h d =9 —»2 . - =12 - =12
po(p) S 2rh)? (52 — k2 +ie) |k — F 2k — /|
4 20,2 d 4
KD <7 (r)E(p) = 1) )/ d’k h
+ — 4")/ . — — + -,
B\ 25) ) | G iR e
(280)
where we have used the following relation, a%'y(pz) = —25(1%.

The first integral in Eq. (280) is given in Eq. (444), while the second can be
evaluated with Feynman parameters. The super-classical and classical parts of the

Born subtraction to this order can then be written as follows

: 2(,2\ .4 6— 2(D—4 2 b6
— ity K T'(==)\T (—) 1 2
MBorn(P_)r p—»‘/) (F ) D ( ) 2 q

D
k2 (p?) T (352)r2(B52) <
4E3p2(p)(am) s T(D—4)
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where again ellipsis denotes quantum contributions. Remarkably, not only do
the box and crossed box diagrams give nonvanishing super-classical and classical
contributions for D # 4, but similar contributions are also contained in the Born
subtraction. It turns out, as expected, that the two super-classical contributions
exactly cancel each other. The classical terms, however, remain and reproduce for
D = 4 the result of Ref. [15].

The cancellation of the (super-classical) imaginary part can be interpreted as a
consequence of unitarity. Indeed, applying the relation (370) to the two-to-two

scattering in the center-of-mass frame, one has
~ N oo , 47k —_—= o,
M(P P! = MP'p) = —iom [ 50y~ EQMEPMEF). (a82)

Recalling that the tree-level amplitude is real and that, because of time reversal
invariance, the whole invariant amplitude is symmetric under the exchange of 7

and p’, we then have, to 2PM order,

— o 4k — o o
Ili—lOOp( ,pl) = —7T/ W&(EP — Ek) Mtree(p;k)Mtree(k/p/) . (283)

Comparing the right-hand sides of (274) and (275), this identity guarantees that the

imaginary part of le—loop must cancel against that of the Born subtraction MBorn.

112



SECOND ORDER POST-MINKOWSKIAN SCATTERING IN ARBITRARY DIMENSIONS 113

In conclusion, we get the following potential in momentum space up to 2PM:

_ _ 2 2h2
N P I (L
iem(P/P7) + Vapm (P, P') 28 (p) E2¢2
D-5
Kk (my + my) (_4(p1‘p2)2+ 4m2m3 +(D—3)E,2,p2 I(352)r2(253) (f) ;
D1 — )2 — )2 _ 2
(47) " 4&(p)E3 (D—2) (D—2) I'(D—3) h
D-5
. (ﬂpZ)(@(p) 0, m(pz)> 2 (P;) (f) :
D1 2 _ 2
AE3E2(p)(4mr) 2 2E5¢(p) I'(D-3) h
D-5
_K%’YZ(Pz)(ml +ma — Ep) F(%W%%) (q_z) ’
() =epeyr TO—4 A
(284)
Fourier-transforming it to configuration space,
VPrp) = [ L 00 el (285)
IP (zﬂh)d 4 4
and making use of the identity
dz 2\Y . __ v d
/ d'q ‘7_) ehi% = 2 (v+3) 1 , (286)
@) \1? of T(-v) 27
we get the potential in configuration space up to order 2PM
VP(r, p) = Vipm(r, p) + Vapm(r,p) + -+, (287)
2 (=3
(PRGN T(P) 1 058)

VD r, - - _ 7
em(7,P) E%C(p) 7T¥ D=3
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Vo (7, p)
G2 + Am2m? D—3 . 2 2.2 FZ(H)
= 7_[]\17)(_7’;;5%62’;2)) ((DminZ ( )[((Fg _P;%z myms] —4(p; - pz)z) 7,213—36
Gy (P(P)(E(p) - 1) () 1
+ E%ézz\ép) ( ZE%C(I?) _4’7(172)171 ) pZ) 7'(DE3 72D—6
L G2 (P?)(Ep —m —my) T2(552) T(D —3)
Eip2e(p)nD3  T(D—4) rDe
(289)

Let us stress once more that, for D > 4, the 2PM potential thus receives a nontrivial
contribution from box and crossed-box diagrams that is not exactly compensated by
the Born subtraction. The combination of the two is proportional to the difference
between the total energy and the sum of the masses as shown in the last line of
Eq. (289). As we shall see in the next section, the appearance of this term for D > 4
will give rise to a modification in the linear relation between the classical part of
the amplitude and the expression for p?(r, Gy) in the classical trajectory that exists

in D = 4 dimensions [17,73].

The Effective Field Theory Matching in D dimensions

In the previous section we have shown how the classical effective potential can
be obtained from a scattering amplitude by means of the Born subtraction, which

involves inverting (271) perturbatively. We have seen in particular how the potential
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acquires new nontrivial terms at 2PM order in higher dimensions. Let us now
briefly explain how this calculation can be performed following the method of EFT
amplitude-matching introduced in [12].

We consider two theories: a fundamental one, which we also call the underlying
theory, of two massive scalar fields minimally coupled to gravity, and an effective
theory of two massive scalars interacting through a four-point interaction potential,
which we denote by VP (7, ') in momentum space.

In this approach, one starts by making an ansatz for the effective potential: to

2PM order and in momentum space one has

- 2,0 2\ 1 2,0 2 2
VP(p,p') ZGNcl(p S )(%) +G%\102<p 5 )(%) +---,  (290)

where ¢ and ¢; are unknown coefficients. Since the fundamental and the effective
theory should give rise to the same dynamics for the massive scalar particles, a
valid matching condition between the two is the equality of scattering amplitudes

order by order in the coupling, or equivalently in the PM counting

M(n—l)—loop(ﬁ/ ﬁ/) = MEIEE/I(F_;/ ﬁ/) ’ (291)

where the left hand side of Eq. (291) is computed in the full theory with the
normalization of Eq.(272), while the right hand side is computed in the effective

theory by a perturbative expansion in iterated bubbles as done in [12]. At 1PM
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order, comparing the coefficient of Gy in (291) with the tree amplitude (267), as

dictated by the matching condition

Mtree(ﬁrﬁ/) = Mllalljgfl(ﬁrﬁ/) ’ (292)
gives
c1(p?) = A1(p?) (293)

with Aq(p?) as in (277).
At 2PM order, the EFT amplitude is made by two contributions, a contact term

proportional to the potential and a bubble: truncating at G%; order one finds

D-5

EFT ' 2 2 072 :
Mopm (P, 77) = Gyea (P ) (;)
(294)
h4c2<P2+k2)

+G2/ ik 1\ 2 .
N @rh)(E, - Eq+ie)|p— k2| — K2

7

At this point one needs to evaluate the integral appearing in the second line of (294)
and then compare this the EFT amplitude with the box and triangle contributions
(269), (270) so as to derive ¢ (p?). However, thanks to the condition (293), the second
line of (294) equals ~M Born (P, P'), namely the Born subtraction (2775) except for

the overall sign. Therefore the matching condition

Ml—loop(ﬁ/ ﬁ/) = MIZEIEITA(T_?" ﬁ/) (295)
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is equivalent to

Mq(ﬁ/ _‘/) "‘Mb(ﬁrﬁ/) "’MD,S(_)/ﬁ/) ‘f’MD,u(_»rﬁ,) = ‘N/ZI%M(_)/}_;/) _MBorn(_)/ﬁ,) .

(296)
We thus see that the EFT matching condition is in fact identical to Eq. (274), which
was at the basis of the calculation of the previous subsection, and thus leads to the
same answer for the 2PM potential (284).

Let us once again briefly stress the new features arising in this analysis in higher
dimensions. We find that the box topologies not only provide a super-classical term
that is compensated by a corresponding contribution in the effective theory, but also
possess a subleading term which is non vanishing and classical in D > 4. This term
is not removed by a similar contribution from Mg, (7, #’) and this leaves a term
in the 2PM potential which is proportional to the difference in the total energy and

masses. This term vanishes at D = 4, as can be seen from the last line of Eq. (289).

More on the EFT matching and the Lippmann-Schwinger equation

At 2PM and in arbitrary dimensions the classical post-Minkwoskian potential
describing a binary system in isotropic coordinates is equivalent if computed
using the Lippmann-Schwinger equation or the EFT matching. Restricting to the

conservative sector, we can easily show the equivalence to hold to all orders in Gy
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and in arbitrary dimensions. To this extent, let’s go back to Eq. (271) and let’s find

a formal solution for a given scattering amplitude M(p, ’). Similar to Eq. (273),

the potential will be given by a formal series

M(p, ") = VP (5, 5')
Z / ddkl ddkz ) ddEn VD(ﬁ/ El) e VD (EV[/ ﬁ/) (297)
2rn)d 2rh)d  (2nh) (Ep — Ex, +i€)---(Ex, , — Ex, +i€) "

At this point, we can recast each propagator in Eq. (297) as being an “effective two

body propagator” so as to rewrite each of them as a couple of matter propagators

—i [0 (299)

Ek—Ek 271 o — +m1Ek—k0—\/m
If we now plug back Eq. (298) into Eq. (297) we can easily recognize on the right
hand side of the latter the same scattering amplitude computed in [12], where the
nh term of the series corresponds to the n" loop in an effective field theory of only

scalar fields. Using this observation, we get
M(B,p") = M(B,B') (299)

thus showing the equivalence between EFT matching and the Lippmann-Schwinger
equation. It would be interesting to understand if the equivalence persists once

introducing radiative effects in the potential, which are expected to first appear at

4PM [10].
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FROM THE CLASSICAL AMPLITUDE TO KINEMATICS

In the previous section we have used the classical limit of the scattering amplitude
to derive the classical potential at 2PM order. Including the kinetic terms this brings
us to the following Hamiltonian describing the interaction between the two objects

with mass m; and my:

H(r,p) = Y. o/p*+mi + Vipm(r, p) + Vapu(r,p) = E. (300)

i=1,2
Since E is a constant of motion the previous equation implicitly determines the

quantity p?> = p?(r,Gy) as a function of r and Gy. Knowledge of this function

is crucial in order to compute the scattering angle 0 in the center-of-mass frame.

Going to polar coordinates we can write p? as follows:
2 2, L
P.GN) =P+ g o1)
where p, = L is the conserved angular momentum of the system. Then, the

deflection angle is given by the relation:

“+o0 (o)
0=-2 %dr—n:ZL dr
aL "min Vzpr

— 7T, (302)

"min
min being the positive root of p, closest to zero. As noticed in Refs. [10,17,73] for

D = 4 one has the remarkable relation

P?(r,GN) = P2 — 2Ep E(peo) M(1, peo) , (303)
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where M (r, pso) is the Fourier transform of the amplitude given by

Mvcl.(r ) — ddq M‘“cl.(—» —»/)ei%f ( o )
/p - (27Th)d p’ ° 3 4

Working as usual in the center-of-mass frame, we find it convenient here to
emphasize the difference between the momentum evaluated along the classical
trajectory, p?(r, Gy ), and the asymptotic momentum by the denoting the latter by
Poo, although it had been simply called p in Sect. 8. For instance, the relation (258)

between the asymptotic momentum and the energy now reads

2 _ (m%—|—m%—E;%w)2—4m%m% (305)

We shall now generalize Eq. (303) to the D-dimensional case. Starting from
Eq. (300), we expand the function p?(r, Gy), whose existence is ensured by the
implicit function theorem, order by order in the coupling Gy. This allows us to
write

GZ
p*(r,GN) = P+ Gn (P)Gy=0(r) + =5 (P)Gy=o(r) + -+, (306)

where for brevity

0 1 1 02
(PZ)/GNZO(V) = Epz(n GN)lcN:()/ E(PZ)EN:O(V) = Eﬂpz(r, GN)‘GNZO

(307)

denote the first two coefficients of said expansion in powers of Gy. Note that (306)
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is a D-independent expression. We then extend the analysis of Ref. [17], substituting

(306) in (300) and solving order by order in Gy, to get

and
N (128, —o(r) = ~2E,.8(pe) [VE
2 p Gn=0 P poo) ZPM(rl p)
D D 3¢(p) —1 D \2 (509)
—2E V. ,1)0,2 V. , —— | (V. , .
pG(P)Vipm(r, p)0,2Vipm(r, p) + ( 2E,Z(p) )( o) (7 p)Lz—p&,

Using the fact that y(p?) in Eq. (260) can be written as follows,

D-3
v(p*) = 2E;p* + 2mim; (310)

D-2’

we can easily get

yP?) O\ (A -28(p) | 2 P’ .
ap2(E1<p>Ez<p>)‘ 2(pE) ><1+¢< ) o

Inserting then in Egs. (308) and (309) the potential in Eq. (289), we find:

v(p%)Gn T(E52) 1
E? ¢(pe) P2 P73

N (P, o = —2EpE(peo) [— ] = 2E, £ (pes) MEhe (7, po)

(312)
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together with

& Ghy_T2(252) (my +m) i

> (P")Gy=0 = —ZEPwC(Pw){_ 7D-3 D6 E2(p) (4(791 P2 - (D —2)2

. <D—3>E%p2> G (1) (Ey — m1 — ma) T*(252) T(D 3]
P=Peo

(D-2) Ep(p) a0 T(D—4) D5

= —ZEPOOé(poo) (MCLQ,D (r/ pOO) + (j\/lvgee)z(r' poo) pz F(D — 4)

6(poo)Ep, T(D —3)
pe, T(D-4))’

— 2E, &(pe) (Mihloop(n pes) -+ (Mo 2(r, poo)
(313)

where the Fourier transform of the classical part of the scattering amplitude is

defined by Eq. (304). Inserting Eqs. (312) and (313) in Eq. (306), we get

pz(rr GN) = pgo - ZEPoo‘:(POO) (Mvg'ee(r' POO) + Mvil'floop(r/ ]900)

¢(poo) Eps, T(D —3)

+ (Mghe)2 0, o) P = LD ) o, )

which of course reduces to Eq. (303) for D = 4.

It was argued in Ref. [17] that the simpler relation in four dimensions nicely
aligned with our expectations that the effective potential describing the scattering
of particles from flat space at minus infinity to flat space at plus infinity should
depend only on the classical part of the scattering amplitude. We note that this
expectation, although slightly modified due to the new term proportional to the
square of the tree-level amplitude at 2PM order, is still borne out by this new result

for D > 4.

&(poo)(Epe, —m1 —mp) T(D — 3))
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An alternative derivation

An alternative derivation of the modified relation (314) for D > 4 that directly
points towards a generalization to any order in the post-Minkowskian expansion
proceeds via Damour’s effective Hamiltonian defined by the solution to the energy
equation (300) [23,24].

To apply this strategy, let us start with the following ansatz p?(r, Gy) for the

solution of Eq. (300)

2 Gn D2
p*(r,GN) = pa + ; fn{”T(’;), (315)

where the constants f are found by solving Eq. (300) iteratively. As discussed in
detail in Refs. [17,24,73], one can consider the energy-momentum relation (315) as
an effective nonrelativistic “Hamiltonian” for the scattering problem, in which the

term pgo is regarded as the kinetic term, i.e. the unperturbed Hamiltonian, while

2, Gu D (2,
Vett = — 21 %Ez)) (316)
n=

plays the role of an effective small perturbation. Notice however that the “potential”
Vest has the dimension of an energy squared by (315). It is crucial that here the
coefficients of the potential are constants, only depending on the total conserved

energy E.
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The associated Lippmann-Schwinger equation then reads

o 4% Mo (P, kp’
Meff(p P/) = Vst P p 27'(h . p ])czj—ff(le - )

, (317)

where we have rescaled the amplitude by a normalization factor according to

Mgt (1, poo) = 2Epo&(Poo) M (7, peo) (318)

as in (385) and Veff denotes the effective potential in momentum space. In four
dimensions the perturbative iteration of Eq. (317) produces only super-classical

terms. For example, at 2PM order, the perturbative expansion of Eq. (317)

v &k Vet(p, k) Vegs (k, p )
M 33" = V(3. 3 +/ eff (P e . 1
eff(p p ) eff(F7 P ) (27Th)3 I_j k Tie (3 9)

implies

_ K 167 (f1)* G}/
- —; -/
Mee(P, ') = Vest (7, ') (27h)3 (52 — k2 +ie) (k— 7 )2(k — 77)? !

where f; stands for fP for D = 4 and we have used that the Fourier transform of %
is equal to 47;—2?12 (see Eq. (286)). From Eq. (444) one can see that the integral in the
previous equation has only super-classical and quantum contributions in D = 4, or

in other words that its classical piece vanishes in four dimensions.
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However, this argument does not apply for arbitrary dimensions D > 4. Working

again to 2PM order, the integral involved is now

_ 1 dik 1670 1G (P
M 73" = Vel 3. 3/ + / = —»N ! 7
ett(P,P') = Vet (P, 7) )2 @) (52 B2 tie) (K — )2 (k — p')2

(321)

where we employed (286). Using Eq. (444) and restricting ourselves to just the

classical part of this equation, we get in position space,

Meff(r p) Veff(r’ p) - 2p2 I—'(D o 4) TZ(D_3) (322)

from which

1 I(D-3)

Veff(r/ p) Meff(r p) sz m (Meff tree) (1’, p) . (323)

Inserting the proportionality relation Meg(7, peo) = 2E,. ¢ (Poo) M (7, poo), We obtain

that the effective potential at 2PM order for p = pe is

Vet (1, poo) = 2Ep. .8 (Poo)

(Mtree(r POO) Ml loop(r Poo) (Mtree) (1’, poo)é(p;giEPoo ?Eg:ig)

(324)
as well as the relation

pz(rl GN) = pgo - ZEpoog( ) (Mtree(r Poo)
(325)

+ Ml loop(r Poo) (Mtree) (7’, Poo) C(p:%)oEpoo ?Eg : ig)

confirming the previous derivation of Eq. (314). The advantage of this alternative
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derivation is that it is more suitable to generalization to higher orders in the PM
expansion. Further corrections of arbitrarily high order in Gy will in general appear

in the relation when D > 4.

THE SCATTERING ANGLE IN ARBITRARY DIMENSIONS

In this section we compute the deflection angle and in particular we see how the
new terms that appear in the quantity p?(r, Gy) reproduce the deflection angle
already obtained from the eikonal in dimensions greater than four [47].

For the calculation of the scattering angle using p?(r, Gy), one could in principle
employ Egs. (301) and (302), which however involves computing the root rmin of a
polynomial in Gy of increasing complexity. A more convenient strategy, as seen

n [17], is to express the scattering angle only in terms of p?(r, Gy) and the impact

parameter b as 4

o ~ 2p [0 d \* Vgt (7, Doso ky2(k=1)
= YA, A =g [T () TP G

2

where > = u? + b?, while the effective potential is given by

Vet (1, poo) = —Z rnf;;)(zoo), (327)

which avoids the need to evaluate ryj,. Since pz(r, GN) = p%o — Vegr, one can always

4 For an alternative way to relate p?(r, Gy) to the scattering angle, see Ref. [73].
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read the fP coefficients from Eq. (324).5

At 2PM order the D-dimensional scattering angle is thus provided by

O5pn = 01() +62(b), (328)
where
~ 1/ R A VA
. b o[t d\*
92(b) = p—4°o/0 du <W> |:1’2Verf(r, POO)} . (330)

From Eq. (324) we can read off the fP coefficients in terms of the amplitudes,

namely
D 2y(p%) (D3
fi (Poo) = Mr B (331)
Ep.mt2
and
2(my + my)T? (B2 4m2m3 + (D — 3)p*E?
f2(pe) = = 7ID_2( = (4(p1 P p)
2 ) PP (332)
L2 (Poo) (m1 4 mp — Epm)F2 D —3\T(D - 3)
E3p3,P—3 2 JT(D—-4)

5 In certain dimensions particular combinations of f? terms in the expansion of the scattering angle
may vanish [17]. This phenomenon occurs already at 2PM order in four dimensions, where the
expansion of the scattering angle exceptionally does not involve fZ. This is not so in dimensions
D > 4.
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The integrals in Eqgs. (329)—(330) are elementary. The first contribution to the

scattering angle gives

) — P ) VA T(%2) | GifPlpe) VE ID-3)
1 p%o pD- 3F(T) p%o p2D—6 I‘(D_3) ’
Inserting Egs. (331)—(332), this becomes

! pgo Epoo bD_3 ﬂ%

2GXT(D — 3)I(B53) (my + my) , 4mims+ (D —3)p°E;
+ 4(p1-p2)” —
p2, Ep., b2D- 670-5 T(D-3) (D —2)? —
+27 (peo) (1 +m2 — Ep.) 5 (D—3\T(D—3) G}
E3_pl, P2 2 )T(D—4)pD-6
(334)
The remaining contribution gives
() = LORUDY [+ (N (1
(o) = =N /O du W) r (rzd—4) -
2 I0- e g .
- E2_pk T(D—4) gD-j b2D-6

Note that this additional term vanishes in four space-time dimensions D = 4.
Adding these pieces together, we find the D-dimensional scattering angle at 2PM

order to be

o0 _ 21(pe)Gn I(3)
2PM pz Ep., pb-3 774

+2G12\,F( DT2(E53) (my + my) (4(p1_p2)2_ 4mim3 + (D — 3)E3p? )
p2, Ep., b2D- 670-3 T(D-3) (D —2)2+ -
N 292(poo) (my + ma) o (D ~ 3) I'(D-3) G
_7 2D—6
E3 phmP 2 JI(D-4)b
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in complete agreement with the eikonal calculation [47].

It is also interesting to see how this agreement comes about. On the one hand, the
new classical pieces from the box and crossed-box diagrams in D > 4 dimensions
yield a contribution proportional to (m; 4 my — E,,) in the last line of Eq. (334). On
the other hand, for D > 4 there is a new term in the formula for the scattering angle
that is proportional to E,,, (and flz) in Eq. (335). Adding these two contributions
one gets the last line of Eq. (336) where we see that the two terms proportional to
Ey,, have cancelled each other leaving only the term proportional to n1q + m;.

Finally, let us consider an alternative route to the computation of the scattering
angle which also can be phrased in terms of amplitude evaluations and which
has been described in Ref. [21]. As shown there, one can express the change in

four-momentum of a particle in two-body scattering by means of

(ApY) = (| STPYS ) — (| P! [9) (337)

where S denotes the S-matrix and the two particle state is given by a suitable |¢).

Re-expressing the S-matrix in terms of the T-operator, one gets [21]

(Apy) = Iéll) - 1&) (338)

Iy = @i[PLT][e) I = (@l T [P, T] [y) (339)
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In the center-of-mass frame, it is now straightforward to relate the scattering angle
6 to Eq.(338) by means of
(ApY) by

where b* = (0,b) denotes the impact parameter as in [21]. In the case of classical
General Relativity and to second Post-Minkwoskian order the scattering angle can

be read off from of Eq. (340) and (338),

v, I},
O = m + m , (341)

since sinf >~ 0 at this level of approximation.

To this order the scattering angle arises from two contributions, one linear
and one quadratic in the involved scattering amplitudes. The term quadratic in
the amplitude plays a role somewhat analogous of the Born subtraction needed
to define the potential as in Eq. (275). Indeed, the quadratic term removes a
classically singular term coming from I} [21], thus rendering a well-defined classical
observable in the same way as the Born subtraction of Eq. (275) removes super-
classical pieces, and thus allowing the 7 — 0 limit. It would be interesting to
understand the precise relationship between these two methods, and in particular
to see how the method of Ref. [21] leads to the same result as the two other

amplitude methods, also for D > 4.
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Eikonal exponentiation and unitarity

As we have already pointed out in the introduction, the computation of the scat-
tering angle to a certain fixed order in the expansion parameter Gy requires the
calculation of an infinite series of terms of the scattering amplitude, in the eikonal
approach. This is needed in order to ensure the exponentiation of terms in impact-
parameter space. In contrast, the fixed-order calculation that uses the Hamiltonian
language needs only the amplitude computed up to the given order in Gy. It is
therefore instructive to further explore the connection between unitarity, as encoded
in Eq. (370) and the eikonal exponentiation.

To analyze this issue, let us consider again the identity (283) for two-to-two

scattering in the center-of-mass frame, which we may recast as

SN 7T ddE R - I -
Ili—loop(p/p/) = _ZEP / (27Th)d5(p2 — kz)Mtree(p/k)Mtree(k,P/) ’ (342)

(note that we are dealing here with the invariant amplitude M instead of M) or

1 A% Mizee (7, K ) Migee (K, 7’
teel(_jp2 ) tee( P) (343)

= =/\ _ -
Im Mi-toop (P P) = 7 Im / (271 —R2+ie

The integral appearing on the right-hand side is the same as that in the first line of

Eq. (278), thus immediately giving us

(344)

G2 c2(p2)7tl_% T (S2)T2(PH4) 12\ 7
= =/ __ N™1 2 2
Im Ml—loop(pfp ) = 2D+1PEP I'(D—4) ( ) .
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Transforming to impact parameter space b by means of a Fourier transform in D — 2

dimensions yields

1G I?
Ili—loop(b) 2 2’40]152;9) (b g) 4) - D’ (345)

while the same Fourier transform for the tree level amplitude (277) gives

Gnar (P T(E2) 20
Ni(p ) ,SDE4)7T22D (346)

Mtree(b) —

and hence, dividing by the normalization factor 4E,p as in [47] (see also Eq. (387)),

we find

M1 100p (D ree 2

4Epp 4Epp
This is the first identity needed to ensure exponentiation of the tree-level amplitude
in the eikonal limit and we see that it follows from unitarity alone.

We interpret this as further evidence that, even at higher orders, unitarity indeed
lies behind the eikonal exponentiation. A remarkable phenomenon is that in this
approach super-classical terms of increasingly high inverse of powers of 71 are
needed to achieve the exponentiation in impact-parameter space that eventually, at

the saddle point, leads to the classical scattering angle.
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SIMPLE EXPRESSIONS FOR THE DEFLECTION ANGLE

In this section we show that, if the potential is just given by the contribution of the
tree diagram, then we can obtain a closed expression for the deflection angle in D
dimensions. Let us now assume that the effective potential in D dimensions is only

given by the tree-level contribution:

w

b 29(p2, D-3
Vee(r) = ~ D3’ £ (peo) = 7(pp)r( 5 ) (348)
Ep.mt2

where fP is given in Eq. (331). The deflection angle is computed from Eq. (326)

which, for the potential in Eq. (348), implies

2 2b GNfP koo k (5-D) _
Qgee - Z F ( - Péjl ) /0 du al()z) |:(1/l2 + b2)k 2 1:|

oo k o

_ 2_<Gf1)k1(5 ’3)_1_1)/+ du 1 .

=1 k! P 1=0 0 (u2 + b2)1+ e
(349)

The integral over the variable u can be easily computed and one gets

220 (—GnfP\ (5 D) NG 1 R,
oD _k;ﬁ<$> H<k—_1_l)bk( >

tree 2, 4 ) D-3)+1 k(D — 3) F(@) !
(350)
which we may finally recast in the form
ok F(M)
tree = \/_ Z KT (351)

KB 1)
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with

~ GnfP
&p = W' (352)

In some particular case, such as D = 4,5, the sum of the series (351) evaluates to
simple functions. For D = 4 one gets °

94
0* = 2 arctan <%> = tan? = % , (353)
while for D = 5 one finds
T

\/ﬁ —TT. (354)

The two previous deflection angles have the same form as the deflection angles in

6° =

Eq. (4.5) of Ref. [99] corresponding to the scattering of a massless scalar particle on
a maximally supersymmetric D6-brane and on a D5-brane, respectively. For D =7

we get

07 = =L 7, (355)

6 A closed expression for the scattering angle in D = 4 up to 2PM included has been given in [15,73].
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where K is the complete elliptic integral of first kind. Also this expression agrees
with the one in Eq. (4.6) of Ref. [99] for the D3-brane. Finally, for D = 6,8,9 and

D = 10 we can write the deflection angle in terms of hypergeometric functions:

0° = 26 3F> (;1,%; g, ;%D%> + o F (%, g; 1;%0%) -7, (356)

=i sy ) 357

oot (34185513 3 %008) -

0° = 7 oF (%,2;1; 27%) -7, (359)
9

PRCIS (é, 56,8910 7 9 111333 %) . (60
5 7°7°7 7777710710710 10" 2" 2" 12500
The power-series expansions of these results (up to order a%) again agree with
Eq. (4.8) of Ref. [99] with the following identification of the variables involved in
the two cases:
RF’

7-p
Xp <= (7) , p+D=10. (362)

An alternative way to show the equivalence between our approach with only the

tree diagram potential and that of Ref. [99] is using Eq. (302). In fact in this case
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p?(r,Gn) in Eq. (315) contains only the term with n = 1 and taking into account

Eq. (301) one gets the following expression for the deflection angle in Eq. (302):

© d b
) =2 5 —n (363)
Tmin ¥ Rp\P 3 2
1+ (7) a

with

po L eps_ OnAD 2681 (pR) T(55) 64)
Peo P P3 Ep.p% 772

where in the last step we have used Eq. (348). On the other hand Eq. (4.4) of Ref. [99]

can be easily rewritten as follows,

QP(b) =2 -7, (365)

dr b
o \/1+ (B)7" -8

where R, is a quantity defined in Ref. [99]. The two equations give the same

deflection angle if we make the following identification:

R, 7P« RE3, p+D=10. (366)

CONCLUSIONS

Starting from the elastic scattering amplitude of two scalar particles with arbitrary
masses in Einstein gravity in an arbitrary number D of space-time dimensions, we
isolated the terms that contribute in the classical limit by the method of regions. We

then extracted from them the long-range classical effective potential between the
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two scalar particles for arbitrary D by means of the Lippmann-Schwinger equation
or, equivalently, by the technique of EFT matching.

We then used the Hamiltonian consisting of the sum of the relativistic kinetic
terms for the two particles and the potential to determine the conjugate momentum
p?(r,Gn). It turns out that, unlike the case D = 4, for arbitrary D this relation
contains an extra term proportional to the square of the tree scattering amplitude
that, of course, vanishes for D = 4. We then used it to compute the deflection angle,
finding complete agreement with the one obtained using the eikonal approach [47].

The approach of this paper is not only different from the one of Ref. [47] because
here we use the Hamiltonian approach to derive the deflection angle, while Ref. [47]
was based on the the eikonal approach, but also because the box and crossed box
integrals are computed using two different methods. It turns out that, if we use the
method of the regions directly on the fully relativistic expression for the box and
crossed box diagrams, as explained in Appendix 8, we get the same result for the
subleading term as in Ref. [47], while, if we first go to the potential region and then
compute the subleading term, we get the same result only in the nonrelativistic
limit, where the energy of the two particles becomes equal to their mass. Since we
use the fully relativistic expression for the sum of the box and crossed box diagrams
in the underlying fundamental theory, while the nonrelativistic expression for those
diagrams emerges in the EFT, from the matching between the two theories we get

the important result that, for D > 4, these diagrams leave a nonzero contribution to
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the potential that, of course, vanishes for D = 4.



APPENDIX

NORMALIZATION OF THE AMPLITUDE

In this Appendix we fix the conventions that we adopt for the normalization of

scattering amplitudes. We decompose the S-matrix according to

i
S—l—gT. (367)

The operator T has therefore the dimension of an action, EL, where E stands
for an energy scale and L for a length scale. Its matrix elements T;, = (b|T|a)
between asymptotic states |b) and |a) define the standard scattering amplitudes
My, according to

Tpo = (27th)PS(Py — Py) Map, (368)

where P, and P, denote the total outgoing and incoming D-momenta. The unitarity
of the S-matrix SST = 1 = S'S also implies the following identity among T-matrix

elements involving the sum over a complete set of intermediate asymptotic states

i
Tys — (T+)ba = “h ZTbC(T+)car (369)
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or, at the level of scattering amplitudes,
My — My, = —i27t Z(Zﬂh)D_lfs(Pa —P) Mg Mgy (370)
c

for states such that P, = P,
We are interested in asymptotic states containing two kinds of scalar particles
with masses m and m; although we shall suppress the subscripts 1, 2 for simplicity.

The associated free Hermitian scalar fields ¢(x) are described by the action
1
Sfree = _E /de (hzaygoa#qo + mZ(P2> . (371)

The Fock expansion for ¢(x) can be taken as

dP ~ ip-x
2() = [ Gyt 00+ )3 (p)e 672)

where ¢(p) = a(p) and ¢(—p) = a'(7) for p = (p°,7) and p° > 0, while the

canonical commutation relations read

[a(P),a" (F")] = 2E(p) (2nn)P~15(F — p'), (373)

with E(p) = /P ? + m? denoting the single-particle energy. The field ¢(x) has

1-D

dimension E~2L"2" and the creation/annihilation operators ¢(p) have dimension
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Lz . Single-particle states are obtained acting with the creation operator a'(7)

NI—=

E

on the Fock vacuum |0),

a(p)|0) =0, 7)) =a"(7)[0), (B1p’) = 2E(p)(2rh)P 16~V (5 — §"),
(374)

so that their normalization is Lorentz invariant. The completeness relation for

asymptotic states reads

Z/dm e L Bl =1 (379)
=1 27-“‘/‘1 D— 12E p) (27Th)D712E(pn) pn/---,pl pnl“‘/pl . 375

The invariant amplitude M (71, ..., Pm, P1’, - .., PN’) for the scattering of M incom-

ing and N outgoing massive scalars is then given by the relation

(BN BT, - 1) = AR)PS(P = P YM(Pr, ..., B, 1o PN') (376)

with
M N
P=Yp, P=Yrp (377)
i=1 i=1
and has the physical dimension EL'~P(ELP~1)™2 Y% This is a direct consequence

of the fact that the creation and annihilation operators have dimension E:L"7
For the specific case of two-to-two scattering of particles with mass m; and my,

which we describe at the beginning of Section 8, one has

3

— i271(27th)P 16 (p1 + p2 — p3 — pa) M(P1, Po, B3, Pa) ,
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and we adopt a simplified notation for the invariant amplitude evaluated in the

center-of-mass frame

M(P,B") = M(P1, P2, 3, Pa) , (379)

which has dimension E3LP—1. We also consider a reduced S-matrix, s, which relates

to the standard S-matrix by

(Pa, PalS|P2, 1) = 4E1(p1)E2(p2) (27th)P~16(F1 + P2 — Ps — Fa) (P'Is|F), (380)

with
ﬁ _ map1 — myp2 , PV map3 — MmMip4 ) (381)
my + my my —+ my
and reads
(7')s|p) = (2mnh)P16(F — §') — i2nd(Ep — Ey) M(p, ') (382)

in the center-of-mass frame. Therefore the reduced amplitude in the center-of-mass

frame M (7, #') is related to the invariant amplitude by

vl M(P,p')

M(P, P ):‘W (383)

and has dimension ELP~!. Eq. (382) for the reduced S-matrix can be also written

as

('Is|F) = @rn)P~16(p — ') — i2red (p* — p*) Mess (B, B) (384)

142



SECOND ORDER POST-MINKOWSKIAN SCATTERING IN ARBITRARY DIMENSIONS

with
Mest(P, ') = 2EpG (p) M(F, ), (385)

Oor as
('ls|p) = @rm)P~16(F — ') — i276(p — p') M (B, B') , (386)

with
Mad(p. ') = 24T, 687)

We should also mention that the T matrix is often defined in the following
alternative way:

S=1+iT. (388)

In this case one would get a scattering amplitude that differs from the previous
one by a factor —#. This alternative normalization was employed in [47] to retrace
the dependence on 7 of the eikonal factor that one extracts from the scattering

amplitude.

ONE-LOOP INTEGRALS IN THE /1 — 0 LIMIT

In this Appendix we explicitly discuss the evaluation of triangle and box integrals in
the classical limit 7 — 0, i.e. the limit of small transferred momentum g. We employ
a technique that can be used to extract the asymptotic expansion of Feynman

integrals in certain limits known as the method of regions [105], which consists in
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splitting the domain of integration into sectors defined by suitable scaling relations.

In the examples we shall consider, the asymptotic expansions of Feynman in-
tegrals will emerge in particular from the soft region, in which the integrated
momentum k scales as k ~ O(g), and from the hard region, k ~ O(1). The
non-analytic contributions in momentum space giving rise to long-range effects in
position space, on which we focus in the main body of the paper, are those obtained
from the soft region. We will then comment on the relation between the results
obtained from these regions and the potential region. This region involves both
the classical limit of small 4 and the nonrelativistic limit of small v, where v is the
relative velocity in the center-of-mass frame, and can be characterized by the scaling

relations k* ~ O(gv) and k ~ O(q).

Triangle integrals

Let us first consider the scalar triangle integral (262)

dPk #5
b= / (27th)P (k% —ie) ((q — k)? —i€)) (k* —2p1 -k —ie)’ (389)

which we may recast as

dPk 172
) R e s ¥ o e s M)
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introducing, together with the momentum transfer 4 = p; — p3, the additional
variable
qL=p1+ps. (391)
Note in particular that - g, = 0.
The classical limit consists in letting i — 0 in such a way that the momentum
transfer q vanishes, while the transferred wave-vector % g and the average momen-
tum %q 1 of the massive particle are kept fixed. We schematically identify this

situation by writing
qg~0m), q.~0Q1), q<q5. (392)
We note that this limit requires the mass m; to be nonzero, in view of the relation
—q1 = 4mi +q*. (393)

We shall now employ the expansion by regions to obtain an asymptotic approxi-
mation of the integral (390) in the classical limit. This method consists in splitting
the integration over the loop momentum k into a soft region, characterized by the
scaling k ~ O(h) and hence k ~ g < g, and a hard region, in which k ~ O(1) and
hence k ~ g, > g, namely

L =19+ 1", (394)
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with

(s) _ dk "
L7 = /qu (27'(h)D (k2 — 16) ((q _ k)2 _ l€) (k2 _ (QJ_ n q) Tk — l€) ’ (395)

(n) _ d"k 7o
I e s e e =

One then considers the Taylor expansion of the integrands according to the ap-

propriate scaling relations, thus obtaining two asymptotic series for I*) and 1",

16) = 1(s) £ 7(2s) o ...

(397)
1 — () o p2h) o oL
The first two contributions to the soft region thus read
Pk n
1= [ S o —, (398)
kg (270)P (k2 —ie)((q — k)? —i€)(—q1 -k —ie)
(25) dlk n(—k*+q-k)
kg 27R)P (@ —i€)((q — K12 —i€) (—q1 -k — 7€)
while for the hard contribution one has
D 5
(1h) _ / d-k h
> kg, (270)D (2 —ie)2(k2—q, -k —i€)’ (400)
(2h) Pk nq - k(3k2—2q, - k)
I; =/ 5 N30 — - (401)
kg, (27TR)P (K2 —i€)3(k* — g -k — i€)

The integration can be then extended to the whole D-dimensional space in both

regions in view of the fact that the error R, thus introduced always takes the
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form of a scaleless integral and is therefore identically vanishing in dimensional

regularization: to leading order, for instance,

dPk Ko
R = / (27h)D (k2 —ie)2(—q, -k —ie) 0. (402)

By means of the above expansion we have reduced the problem to the evaluation
of simpler Feynman integrals, which can be directly calculated introducing Feynman
parameters and exploiting the orthogonality between g and g,, as detailed in
Section 8 below. The leading contribution (398) to the soft region can be read from

the general integral (458) and takes the form

. _an2 _ D=5
Iéls) _ W 1ﬁ(Dz3) F(_SzD) (f) ’

(403)

since —qi = 4m% + C’)(hz) thanks to (393), while the leading hard contribution (400)

reads, by (450),

T (6=D 2\
1 i (%57) o <@> . (404)
2

We note that the leading soft term behaves as O(1) as I — 0 and is therefore
classical, while the hard term scales like nr Furthermore, the latter is analytic (in
fact, constant) in the transferred momentum and therefore corresponds to a local
term in position space, while the former gives rise to a power-law dependence on
r via (286). Actually, the whole hard asymptotic expansion is just a power series
expansion in 4> and this leads us to focus on the terms arising from the soft region

in the discussion of the long-range potential.
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Considering now the subleading soft integral (399), we note that the first term in
the numerator gives rise to a scaleless integral, after sending k — g — k, and thus

can be discarded. The remaining integral is then given by (459), namely

—2\2 1 (4-D D—4
s n o T(P2)T(5P) 2\ >
o) (=) (q ) , (405)

 mam?  2A(D-3)  \@?
which is O() and hence quantum. Interestingly, we note that this term of the
expansion is divergent as D — 4, despite the fact that the original integral (390)
is clearly finite in four dimensions. The appearance of such spurious divergences
is a standard feature of the expansion by regions and indicates the presence of
cancellations between the soft and the hard series. In this case, the pole at € = 0 for
D = 4 — 2¢ cancels in the sum of the leading hard term (404) and subleading soft

term (405), leaving behind the finite contribution

; 2
(1h) | (25 B ifh q
(1D 1 ) |y = T <log 2 ) . (406)
This can be regarded as a quantum contribution since it contains terms scaling as
O(hlogh) and O(h) in the classical limit.

A similar strategy also applies to tensor integrals associated to the triangle

diagram, such as

dPk Ak
= | G e e 4
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and the one appearing in (263),

w dPk nekrkY

-/ . . . (4oB)
(27h)P (k> —ie) [(q = k)? — ie] (K — (9. +¢) - k — i€)

After performing a tensor decomposition in terms of g¥, qﬁ and y#"¥, these integrals

can be evaluated directly in the soft region by means of Feynman parameters, (see

(451), (458), (459), (460)). To leading order as i1 — 0, one finds

(O _ VT FE2)T (22T (22) g (q_2)D55

(4m)3 2I'(D —2) hmy \ i (409)
409
i T(A2)T () g (qz)%
+ - = LA
(4m)?  2°(D-2)  mi \p?
and
Iés)],w: i
4my (47)2T(D — 1)
H_ v v 2 %
v PP 9'q"\ (aq _ —1)?
3 [(w (o -1)2d ) (L) varedr (o) o
2( BpV 4 gv V) 2 %
a'pi+4q"py) (q _ _
P2PL) (5) 7 () ey r ).

The analogous results for I, I!}, I can be obtained by replacing my > m, in the
g y 1rep g

above expressions (403), (405), (409) and (410).
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Box integrals

Let us now turn to the scalar box integral (264), leaving the —ie prescription implicit

for the time being,

. _/ dPk n (412)
== ) k)P k2 (k — q)2(k> = 2p1 - k) (2 +2py - k) i

Introducing the variables

qL = p1+Pp3, Q=p1+p2 (412)

allows us to recast the desired integral as follows

1(15):/ dPk h° (413)
Hs 2rh)P k2(k—q)>(k* + (2Q —q, —q) -k) (K> — (. +4q) - k)

These new variables satisfy in particular
9:91=0=9-Q, qL-Q=Q"—(m—m)). (414)
We are interested in the classical limit described by the scaling
g~ O0h),  q1,Q~0(Q1), 4<q.,Q, (415)
as  — 0, which implicitly requires a nonzero mass because

—% = 4mi+q°. (416)

150



SECOND ORDER POST-MINKOWSKIAN SCATTERING IN ARBITRARY DIMENSIONS

The leading soft term then reads

(1s) _ dPk 15 1
Ing = / 27m)P k2(k—q)2((2Q —q.) -k)(—(q, - k)’ (417)

where, following the same strategy detailed for the triangle diagram, we have
performed a Taylor expansion of the integrand of (413) to leading order for k ~
O(h), namely k ~ g < g, Q. Introducing a Feynman parameter x for the two

linear factors in the denominator, we then have

dPk n° (418)
/ 27h)P K2k —q2(2xQ —q.) k)2’ 4

Since 2xQ — g is orthogonal to g, we can apply (458), which thus yields

2(47)2T(D — 4)

0s) _ i <%)2r(6_7) 1 (q_2)Dz_6/1 dx
"

Os — D h 2 2 )
2 h xQ—%qL> — i€

where we have reinstated the —ie prescription. The roots of the polynomial
— (xQ — q—L>2 — i€ (420)
2

appearing in the denominator are given up to O(h?) by

1 py+ )2 — 2
s — p1 Pzz \/Z(I?l p2)? — (mymy) e (421)
my + my —2p1 - p2
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and their real parts both lie in the integration interval, namely between o and 1. We

thus obtain”

(422)

09 _ iT (%D I (%52) i —cosh™ (—%) <q—i> byt
" 21(47)2T(D —4) \/(m p2)? —mimi AP

The crossed box diagram is related to the one we just discussed by p; +— —ps3,

which corresponds to exchanging p; - py <+ —p1 - po up to O (/). The real parts of

the roots analogous to (421) then no longer fall between 0 and 1 and the resulting

integral gives

; — = -1 : D6
a9 _ T (P7%) T (532) cosh ! (—futz) 2\
Ou = D 2 (423)
2hn(4m)2T(D —4) \/(Pl p2)? — mim;
The sum of the leading box and crossed box diagrams finally reads
2
TR
@ -T2 — () -
2T

I'(D—4) \/(Pl p2)? —

The subleading term in the soft expansion for the box integral is instead

D 2
25 —2h5/ dx d“k q-k—k -, (425)
(27)P k2 (g — k)2 [(2xQ — 1) - K

2h(4r)

where we have considered the second term in the Taylor expansion of the integrand

of (413) for k ~ O(h), namely k ~ g < g, Q. Recognizing that the second term in

7 cosh™(x) = log(x + V2 —1).
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the numerator gives rise to a scaleless integral, this expression can be evaluated by

the help of formula (459) to

; 5— D-3)2 Tz
19— iyal (35°) T (B72) (Z_z) /01 dx : . (426)
- (xQ-%)-

Performing the integral over x then yields, to leading order in 7,

D) (D52 (q_) s (5t ) + 0 =) (G — 51|

~.
m
—
NIw

1(25) l\/_r (

2
s 8(4m)3T(D —4) \I? (p1 - p2)? — m2m3 ’

(427)
where s = —(p; + p»)?. Adding this expression, corresponding to the s-channel, to

the one obtained from the u-channel yields in particular

- -D D-3\2 , 2\ 2%5?
@) 20 _ WAL ()T (5) (4 my + my
ID,s + ID,u = D ) 55 (428)
2(4m)7T(D —4) \h (p1- p2)* — mym;

As mentioned for the case of triangle integrals, we have focused on the soft-
region expansion of box diagrams because it is the one containing terms with a
non-analytic dependence on g? for generic D. The hard region, obtained expanding
the original integral (413) for k ~ O(1), namely k ~ g, Q > g, gives rise instead
to terms with positive integer powers of g2. For instance, the leading hard term for

the box integral is given by

[ _ / dPk s

0 2D ()22 + (20 —q,) k) (k2 —q, k) (429)

153



SECOND ORDER POST-MINKOWSKIAN SCATTERING IN ARBITRARY DIMENSIONS

so that, employing again Feynman parameters to rewrite the linear factors in the

denominator in terms of a single one and using (450),

8—D * (430)

- (0 %) e ”

This contribution is thus analytic in q2 and finite in four dimensions. However, it is

100 iT (52)T (D —6) /1 n°Pdx
D
(47)2T(D —4) 7°

infrared divergent in, say, D = 5. The box integral (413) is however finite in five
dimensions and this means that such a divergence must cancel out when adding
the soft and the hard contributions: indeed, comparing (430) with the subleading
soft term (426) we see that the two divergent contributions cancel as D — 5 leading

to a finite limit for I(Dlh) + I(Dzs).

The potential region

Another region which can be useful for the expansion of Feynman integrals in
the classical limit is the so-called potential region, as also argued in [10,12]. To
describe it, let us again consider the scalar triangle (389), which we write in the

center-of-mass frame as
L / dPk w
T AP (k02 + K2 o) (~(K0) + [k + 7 2 i)
1
(— (k)2 + [k12 = 2Ex (p)k + 25 - F —i€)

(431)

where we have sent k — —k and adopted the same notation as in Section 8.
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As before, we are interested in the limit in which the transferred momentum g
is of order 7 and is hence small with respect to the mass. We also consider the
nonrelativistic limit, i.e. the regime || < m; in which the relative velocity v is
much smaller than the speed of light. The potential region is then defined by the

following scaling relations
K~qo,  k~g, (432)

which break Lorentz invariance as they prescribe the time-component k° of the
loop momentum to be negligible with respect to its spatial components k. The
leading potential term is then obtained by simply neglecting the (k)2 terms in the

propagators,

dP-1k i kO 1
I = / ( = (433)

2P K2k 4 |2 S 270 (—2E1(p)kO + (kI + 2 - k —ie)
The resulting integral over dk° is in principle ill defined, but can be evaluated by

prescribing the application of the standard formula for the passage near a simple

pole L =PV 1 +ind(x). We thus obtain

x—ie ~

i dP—1k i
' = / ( (434)

- AE(p) S @)D Rk 42
The remaining integral is elementary and can be evaluated by means of Feynman

parameters, yielding

. D-3\21 (5-D 252
1) ivm T (5°)T(>3) (512) . (435)
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Taking into account the fact that Ei(p) ~ m; up to terms of order v? in the
nonrelativistic limit, this is the same as the leading soft result (403).

It would be interesting to reproduce the subleading soft term (405) from the
subleading potential expansion, which is obtained from the higher-order terms
in Taylor series of the integrand in (431) for small (k?)2. However, the resulting
integral in dk® presents further difficulties, in particular due to appearance of a
double pole.

Let us now turn to the potential-region expansion of the massive box (411). We
go to the center-of-mass frame, adopting the same conventions as in Section 8, so

that
: _/ dPk n
7 ) @an)P (02 1R —ie) (— (K2 + k-7 7 —ie)
1
(—(KO)2 4+ k2 + 2E1k0 — 25 - k — i€e) (— (kO)2 + k2 — 2Epk0 — 25 - k — ie)

(436)

In addition to the classical limit, which consists here in sending # — 0 in such a

way that
g~0Mm),  q.~0Q), (437)

where §, = p+ p’, we also consider the nonrelativistic limit of small v, as we did

for the triangle. We then adopt the scaling relations

Ke~qo o k~g, (438)
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which characterize the potential region for the loop momentum. We are thus

justified in neglecting the (k°)? appearing in the denominator, to leading order,

[0p) _/ dPk n
H (27th)P E2(k — 7 [2(2EK0 + k2 — 2 - k — i) (—2Ek0 + k2 — 27 - k — ie)
q p p

(439)

The integral in dk” can be performed with the help of the residue theorem, leading

to
. D—17 4
1p) 1 / 'k h
I = 5= = = . 0
0 T 2E,) )Pl RFE 72227 -F—ie) (440)
Letting k — p— E, we have
. 17 4
[y _ / dP—1k _ _ h # , (441)
S 2B @) k- BRIk~ prR2 — |5~ de)

so that we have reduced the problem to the evaluation of a Euclidan version of the
triangle integral with an effective “squared mass” m? = —|f|? — ie. Indeed, with
an appropriate choice of routing for the loop momentum, the triangle integral (389)

can be written as follows

b= i/ " & (442)
> — 7
(27Th)D (kE — plE)Z(kE — P3E)2 (k% + 7;:-;)

after Wick rotation, and therefore the above integral can be obtained from this one

by the identifications

D—D-1, m — —ih|p|. (443)
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Consequently, thanks to (403) and (405), we find

dD lk h4
e T S S

in TP (2T 1 TP (¢
nan)z|p T(D—4) ()+ ()

hz
(444)
We thus have, retaining the first two nontrivial orders for the soft-region expan-

sion of (441),

2 D—6

an_ o D) I ( ) 2
N h“”'EP 2(47)2T(D — 4)
iva T (P52)°T (532)

"I PE, 2(47)2T(D — 4) ( ) T

(445)

Note that the first line coincides with the leading order (424) for the soft expansion

of the sum of box and crossed box diagrams written in the center-of-mass frame,

where |7 |E, = \/ (p1- p2)? — m3m3. Indeed, in the potential region, the crossed box
diagram gives zero to leading order since the poles in k¥ both lie in the upper half
plane.

However, the subleading order does not coincide with (428). It is in fact pro-
portional to it, but instead of the total mass m + m; it displays a factor E,, the
center-of-mass energy, so that the two results do agree in the nonrelativistic limit
v < 1. This is in general to be expected, since the leading potential contribution
I(D1 P is only reliable to first order in the nonrelativistic limit.

A more complete comparison between the results coming from the potential
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region and the ones obtained from the soft region for generic velocities, i.e. beyond
the nonrelativistic regime, should be performed after resumming the potential
series to all orders in v. However, the evaluation of subleading potential integrals
is quite complicated due to the fact that they are in principle ill defined, as we
have already seen for the triangle integral. A viable alternative to the evaluation of
such integrals could be provided by an extension of the nonrelativistic integration
techniques discussed in [10] to the case of generic dimensions.

In conclusion the potential region provides an expression for the non-analytic
terms terms in the small-g expansion of the relevant Feynman integrals that agrees
with the one furnished by the soft region at least to leading order in the nonrela-
tivistic limit. In contrast, the soft region directly provides the non-analytic terms in
the small-g expansion in a fully relativistic manner. Let us also mention once more
that the soft region gives rise to the needed cancellation of the spurious divergences
appearing in the hard region, again without involving the nonrelativistic limit, as

for instance between (426) and (430) as D — 5.

Auxiliary integrals

In this subsection we collect a number of useful standard techniques and results
that allow one to explicitly evaluate the Feynman integrals presented above. To

simplify the presentation, all quantities appearing in this section are understood to
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be dimensionless. We first recall that, in D-dimensional Euclidean space, we have

the general formula

Pt () _TE+BTE=F-3) a1pwp
— D 6
/(27‘()D (€%+A%)o¢ (47{)%T (« F(%) (AE) (446)
Let us consider
2 aby
1p7) = / (2 —ie (02 —2p- L —ie)h’ (447)

where p# is a time-like vector, (—p?) > 0. Introducing Feynman parameters we

have

2\ r()‘l‘i‘AZ) 1 A—1,A—1 de
M) = ity Jo 0" [ e )

Shifting ¢ by xp so as to complete the square in the denominator, performing the

Wick rotation (£9,7 ) = (iﬁ%,zg) and employing equation (446), one then obtains

) %F(/\1+)\2—%)

1 DA A D_j_
I(pz):”-[ F(/\l)r()\z) /0(1—3()/\1 1xD Pl 1dx(_p2)2 M AZ' (449)

Finally, recognizing the Beta function appearing in the last equation, we get the

formula (cf. [105, eq. (A.13)])

/ dPy D T'(A 4+ Ay — 2)I(D — 241 — A)
(02 —ie)M (L2 —2p - £ — i) T(A2)T(D — Ay — Ag)(—p2)hi+ho—5
(450)
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In a very similar way, one can also derive (cf. [105, eq. (A.7)])

i (g™ TTOT(D — A )
(451)
Let us now consider the following integral
dPy
[(2 ) — /
T el O B oy oy ) B oY P B o (452)

where r# is time-like, (—7?) > 0, and g -7 = 0, so that g* is space-like, 4> > 0.

Proceeding as in the previous case, we obtain

2 2 -7(7‘1+7\2+)‘3 %/ /\11/ A21/ As—1
I,(q5r%) =in2 TOT (AT () dx x dyy dzz

)(22( )+xyq) Thh s

x0(l—x—y—z x4 y)Dh A ,

(453)

where x, y and z are Feynman parameters. We change variables according to

—2 2
ol y=Axp (q2), z=A4, (454)

X = Axy

which simplifies the integral to

- pT(A + A +A3— %) I
I, (r5 =72 ,
L% ) TAOTAT(hs) (2t 232 2)% (455)
where I’ is an integral which does not depend on ¢ nor on 2,
co —M=Ar—A
B A—1 K21 1+x1x2) 1742743
B /0 ax1% / ax; (x1 + x2)P— AM—Ay—=Az ° (456)
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This can be evaluated performing the substitution x; = uv and x, = %, which

factorizes it into two integrals of the type

( oc+2ﬁ+1 (%)

/OOO u(1+ u?)Pdu = ( [)3) , (457)

1

conveniently evaluated letting x = 15.

In conclusion, for the two orthogonal vectors g - r = 0, we obtain (cf. [105, eq.

(A.27)])

1 () _/ dPy

HT)= @ —ien (g — 02 —ie)2(2r - —ie)

g Tt BI(R) TR - IR~ A

20(A)T(A2)T(A)T(D = A1 = A2 = A3)  (2)hdat X857 2y 3
(458)

Variants of the above integral that can be evaluated in a similar fashion, still under

the assumption g -7 = 0, are

10 (a2, 12) = / (q-0)d°¢
LAt (2 —ie)M((q — 0)2 —ie)*2(2r - £ —ie)Ms
_ D I( 72T (5) (5% AZ)I"(— — A +1)
ZI"(/\l)F(Az)I"(Ag)I"(D — A — A — A3+ 1) (q )A1+A2+ 5 _1(—72)7
(459)
and
12 (g2, 12) = / (q-0)?a>t
LAt (2 —ie)Mi((q — 0)2 —ie)*2(2r - £ —ie)Ms
= in? LA + A2+ 272)1(F) PP — A+ DI(EF™ —Aa +1)
2T (A)T(A2)T(A3)T(D — Ay — Ay — A3+ 2) (qz)A1+A2+A32’D —2(_1,2)%3
« D—2A —Az3+2 B 1
D —2A — A3 D+2—-2\ —2A — A3/~

(460)
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SCATTERING AMPLITUDE METHODS



SCALAR-GRAVITON AMPLITUDES

Using the CHY-formalism and its extension to a double cover we provide
covariant expressions for tree-level amplitudes with two massive scalar
legs and an arbitrary number of gravitons in D dimensions. Using
unitarity methods, such amplitudes are needed inputs for the computation
of post-Newtonian and post-Minkowskian expansions in classical general

relativity.

INTRODUCTION

Recently it has been realized that modern methods for amplitude computations
at loop level may provide a powerful new way to compute post-Newtonian and
post-Minkowskian expansions in classical general relativity [10,12, 14, 15,23, 24,

32,37,40,47,72,73]. This builds on the observation that the quantum mechanical
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scattering matrix for matter interacting gravitationally contains classical pieces at ar-
bitrarily high order in the loop expansion [21,31,46] and the fact that the sought-for
long-distance contributions are non-analytic in the exchanged momentum [44, 45],
thus making them straightforwardly accessible through unitarity cuts. All needed
contributions being classical, one would not expect it to be necessary to regularize
the loops dimensionally. However, since infrared "super-classical” (see, e.g., ref. [21])
terms appear at intermediate steps it is nevertheless convenient to use dimensional

regularization.

For the scattering of two massive objects at large distances the needed tree-level
amplitudes are those of two massive scalars and, at n-loop order, (n + 1) on-
shell gravitons. Using the Kawai-Lewellen-Tye (KLT) relations [106—109] these can
conveniently be constructed from the corresponding amplitudes with the (1 + 1)
gravitons replaced by gluons, amplitudes that are given in the literature on the
basis of recursion relations [110, 111] in four space-time dimensions, using the
spinor-helicity formalism. More recently, Naculich [112] has suggested an alter-
native and more direct method for the computation of such amplitudes based on
the Cachazo-He-Yuan (CHY) formalism [113,114]. One advantage of using the
CHY-formalism is that it immediately provides the amplitudes ‘covariantly’, in
terms of general polarization tensors for the gravitons, and hence not restricted to

four space-time dimensions.

From a practical point of view, it suffices to evaluate amplitudes with two scalar
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legs and (n + 1) gluons and subsequently turning them into scalar-graviton ampli-
tudes by KLT-squaring. This is our approach here. One key point of the present
calculation is the computation of a factorized expression for the amplitudes of
two massive scalars coupled to Yang-Mills theory, expressing them as sums over
lower-point amplitudes which are combinations of scalar-gluon amplitudes and
pure gluon amplitudes. Each of these has one gluon leg off-shell and an associated
polarization vector of both transverse and longitudinal components. In this way,
we can iteratively construct amplitudes of an arbitrarily high order. Crucial for
this factorized form is the insight gained from the double-cover version [115-119]
of the CHY-formalism. This double-cover description naturally splits amplitudes
into two lower-point amplitudes, each with one leg off-shell. These vector currents,
contracted with polarization vectors, are glued together by the polarization sum. A
subtlety here is the contribution from longitudinal modes that need to be dealt with
carefully. Useful relations that short-cut the evaluations of some of the color-ordered
amplitudes needed for the recursive evaluation of higher n-point amplitudes are

provided by simple identities [120-122] among these partly massive amplitudes.

The outline of this paper is as follows. In sections 2 and 3 we show how to compute
amplitudes with two scalars and n gluons using different methods. In section 4
we briefly discuss the straightforward application of Kawai-Lewellen-Tye relations
to replace the gluons with gravitons. Some technical details and a proof of an

important theorem regarding vanishing longitudinal contributions are provided in
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appendices.

PRELUDE: TWO MASSIVE SCALARS AND 1 GLUONS

We first present a simple way to obtain explicit expressions for the scattering
amplitudes of two massive scalars and n gluons. Since our method is based on
the CHY approach, we give a very brief review of this formalism. We then apply
the factorization method developed in [119] to obtain, up to six-point, analytical
expressions for the scattering of gluons where two of them, suitably defined, are
massive. Next, we turn the two massive gluons into massive scalars, thus providing
the scattering amplitudes for two massive scalars and in principle any number of

massless gluons.

Massive Yang-Mills Amplitudes

We start by presenting a simple recursive formula that computes pure Yang-Mills
amplitudes with up to three massive gluons. The method we will use was developed
by one of us in a different context [115,119]. We shall show explicit expressions up
to six points but it is straightforward to extend the method to any higher number
of external legs. In the following, we will denote massive particles with the capital

letter “P,” and the massless ones with the lower-case letter “k,”. Unless otherwise
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mentioned we will work under the assumption of implicit momentum conservation,

Ki+Ky+---+K,=0. (461)

Let us first recall how to extend the CHY approach to the massive case following the
method of Naculich [112]. We have {P;, ..., P;} as momenta of the massive particles
(P2 # 0) and {k;1,... k,} as momenta the massless gluons (k2 =0). A generic

momentum vector is thus K4 € {Py, ..., P;, ki1, ...k, }. We define as well

Psp.p =Ks+Kp+---+Kp,

Ppatrj=Ka+Kapr+---+Kayj- (462)

The modified CHY scattering equations are then given by

" 2Ks-Kgp+2Aup
UAB

=0, A=12,..,n, (463)

%M

where the matrix Ayp is still to be determined. In order to guarantee SL(2,C)
invariance, i.e., Y44 o454 =0form=0,1,2, the matrix A sp must be symmetric,

Aap = Apa, and it must satisfy the conditions

ZA,X[;JF Z A =Py, a=1,...,i
b=i+1

ﬁ#a

ZAH/H— Z Ny = a=i+1,...,n (464)
b=i+1

b+#a
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Since we are interested in at most up to three massive gluons of momenta {P;, P,, P},
it is sufficient to consider only A1y, A3, Apz. Therefore, we therefore have the simple

conditions

Ay + A3 = PF,
A1y + Aos = P3, (465)

A3+ Ay = P,

that have a unique solution given by

> - (466)

When two masses are degenerate, e.g., P> = Ps # 0and P7 = 0, it is straightforward
to see from (466) that A1y = P12 and A3 = A3 = 0, which, not surprisingly, is in
agreement with the one-loop scattering equations formulated in refs. [116, 123-125].
On the other hand, when only one of the legs is massive, e.g. P? # 0 and
P? = P =0, then A;p = P?/2, A;3 = P?/2 and A3 = —P?/2, ie., in order to

describe one massive particle it is necessary to use at least three A 45 parameters.

After having described the massive scattering equations let us now remind that
the CHY prescription for color ordered amplitudes of the scattering of gluons at

tree-level is given by [112,113,126]

An(Pry oy Pyi 1,y 1) = /dynPT(l,Z,...,n) X PF'¥,, (467)
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where dy;, is the usual CHY measure

n n
dpn = ((7jk(7klalj) HdUA X (CmrOrsOsm) H(S(SB) ’ (468)
Af;‘;,i,l B;B;;,lr,s

and PT(1,...,n) and Pf"¥, are the usual Parke-Taylor and reduced Pfaffian factors

PT(1,..,n) = ;, PfY¥, = =D PAI(¥.)48].  (469)
012023+ * Op1 UAB

The 2n x 2n matrix, ¥,, is defined as

A —CT
TYZ = 7 (470)
C B
with,
2K4-Kp+2Axp €EA-€EA ALB
Aap = UAB Bap =< 4B (471)
0, 0 A=B8,
and
(
V2es - Kp ALB
0_ 7 7
Cap = nAB\/Q e, K (472)
_ Z #, A=B.
Cc=1 UAC
L C#A

The matrix, (¥,)48, denotes the reduced matrix obtained by removing the rows
AB y )

and columns A, B from ¥,,, where 1 < A < B < n.

Since we are interested in the case of at most three massive particles of momenta
{Py, P,, P3} we can avoid dealing with the A sp-matrix in the scattering equations

altogether by choosing the labels {j, k,1} and {m,r,s} in (468) to match with the
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massive ones, i.e., {j,k,1} = {m,r,s} = {1,2,3}.

It is useful to recall that the reduced Pfaffian (Pf'Y, = % Pf(¥n)42)) is
independent of the choice of A and B, and that the SL(2, C) symmetry is guaranteed
by the transversality of the external polarization vectors, (ec - K¢) = 0. However, we
note that the terms C44 and Cgp do not appears in the reduced matrix, (¥,,)45. It
follows that the transversality conditions on €4 and ep are not needed to obtain an
integrand invariant under the action of SL(2,C) [127]. We can therefore consistently
define the integral with these two legs being off mass-shell and with arbitrary
polarization vectors for (€4 - K4) # 0 and (ep - Kg) # 0. We now use the double-
cover method ref. [119] to obtain compact recursive expressions for these massive

and/or off-shell scattering amplitudes as defined above. The results clearly reduce

to the usual expressions when all external legs are massless and on-shell.

First, let us consider the basic building block of three legs. We take all three particles
to be massive and choose the polarization vectors €; and €, as not necessarily
transverse so that we do not impose (€1 - P;) = 0 = (&3 - P»). We are going to denote

with a bold source in the amplitude (as in. [112,113,119]), e.g.

An(...,Pa,...,P/g,...), (473)

the rows/columns that are removed from its reduced Pfaffian. In the above ampli-

tude the reduced Pfaffian is given by, Pf'¥, = % Pf [(‘I’n)ig] Particles P, and
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Pg can thus be off-shell, so that (e, - Py) # 0 and (eg - Pg) # 0.

Therefore, using the CHY prescription given in (467) one has

_eaV2P V2P

0 013 023 C33

( 1) 61'\/§P3 O €1°€2 €1°€3

2 _ 013 012 013

A3(P, Py, P3) = (012023023)° PT(1,2,3) rf

012 €2 D5 €€ 0 €-€3

023 021 023

€3-€1 €3-€2
L C33 031 032 0

= V2{(e1-€)(e3-P1) — (€2-€3)(€1- P3) + (e3-€1)(ea- P3)}, (4721)

where we have used

e3P e3P 012
Cys = —V2 ( + ) =v2(e5- P) x ,
33 oo o (e3-Pyp) a1 0 (475)

due to the momentum conservation constraint P; + P, + P; = 0 and the transver-
sality condition (e3 - P3) = 0. Although the amplitude itself is independent of
the choice of rows/columns that are removed in the Pfaffian, the intermediate
expressions do depend on the choice and we have therefore introduced a notation

where we indicate which rows and columns are removed.

We consider next a computation with three massive gluons of momenta {P;, P,, P3}

and one massless gluon of momentum {k4}. Using the factorization method de-
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scribed in [117,119], this four-point calculation can be expressed in terms of the

A3(P,, Py, P.) building-blocks,

Ay(Py, Py, P3,4)
v A3(Ps)', Py, Py) As(P5, , Ps,4) . A3(Py, Pg, ,4) A3(P3,P§f4,132)]
M S5p34 S4p,
A3(Pfy, Pa,4)

L
X A3(P2€4,P1, P3)

_22

, (476)
T 5p,4

where the notation PfM (PfL) means the particle with momentum P; has as polar-

ization vector éM (eF). The sums over the polarizations are given by the relations

M
Y e e =y, (477)
M
Pt pv
Lu Lv 1]
Y ettelv — . (478)
2 2
T t Pl'-P]'—l—Pl—P3

The unusual normalization factor of the longitudinal modes is precisely what is
needed to recover the correct four-point amplitude [118, 128]. The polarization
vectors of all massive on-shell legs of course still satisfy €; - P; = 0. Using that

condition it is easy to see that the last term in (476) evaluates to

A3 (PG, P, 4)

L
— x A3(Pyy, Py, P3)| = (€1-€3)(€2-€4). (479)
2

_22

The full four-point amplitude is thus remarkably simple.
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Finally, in order to calculate higher-point amplitudes we will also need A4 (P, P>, Ps,4).

Using the BCJ-like identity [120-122],
sap, PT(3,4,1,2) +s4p,, PT(3,1,4,2) =0,
it is straightforward to deduce

S
Ay(Py, Py, P3,4) = — (1 + Sﬂ) x Ag(Py, s, Py, 4) . (480)
4Py

The calculation of higher-point amplitudes with massive gluons now proceeds

recursively. We illustrate a few cases in the appendix.

Turning massive gluons into scalars

Now, using the prescriptions of Naculich [112] and Cachazo, He, and Yuan [114]
we can compute the amplitudes of interest which also involve massive scalar legs.
The basic idea is to consider the massive gluon theory in one extra dimension (i.e.,
in D + 1 dimensions) with “polarizations” and momenta of massive scalars chosen

to be
Massive scalars (P? = P2 = m?), (481)

K = (k,,0), €l =(&,0) } Massless gluons (a = 2,...,n —2, and k3 = 0).
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In this set-up all external particles satisfy P; - €; = 0 = k; - €, and, additionally, it
is easy to see that Ay, = Ay = m? in Naculich’s notation as a consequence of
equation (466). The CHY prescription for the scattering of two massive scalars with

n — 2 gluons can thus be written as

An(Lgr2g, s (1= 1)g, 1) = /dyn PT(1,2,..,1) x Pf'¥, L 482)

€1,en=(0,1
where the massive scattering equations, the reduced Pfaffian and the measure as
defined above. It is useful to note that these ordered amplitudes are invariant under

cyclic permutations, i.e.,
An(L1,2,.., Py, ..., Py, o) = Ap(n,1,2,..., Py, ooy Py ey — 1), (483)
and also satisfy
An(1,2,.., Py, ..., Pg,...,n — 1,n)=(-1)"A,(n,n—1,.., Pg, ..., Py, .2,1).

As a first step we note that when P; and P, are associated with scalar legs the

three-point amplitude reads

A3(Py, Py, P3) =V2(e3- Py). (484)

€1,€2:(6,1)
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We illustrate our method by evaluating the four-point function of two massive
scalars and two gluons. Using the above conditions and the cyclicity property (483)

we immediately infer this amplitude from eqs. (476):

As(19,24,34,44) = Ay(Py, Py,2,3)

) (485)
61,64:(0 1) 4 5

As(Pg', PY PP As(PS),2,3)  As(PY,PS)',3) As(2, PS)', PY)

_Z 45 ) 4 ’ i

523 53P4

“ 4

where the superscript (or subscript) “¢” refers to one of the massive scalars. We
note that the term (479) does not contribute at all, (we shall return to this point
later).

Remark: Since ei‘ = eZ = (0,1) the contraction relation for the second term in (485),

%(e%i e1)(ep V) = (e1-V), (486)

is non-vanishing only when V¥ has a non-zero projection on €4. Therefore, it is
Mp _ M uo_ . . . .
equivalent to choosing €p, ~ = €p = (0,1), i.e., the internal lines corresponding to

momenta Pj; and P34 turn out to be propagating scalars as expected due to current

conservation. In other words,

As(P{,P5,',3) As(2,P5,, P) _ As(P{,Pf),3) As(2, P, P)

D

(487)
M 53p, 53p, 7
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The same phenomenon occurs for higher n-point amplitudes. Let us now introduce

some convenient notation:

Wo_ i v v oM
Fy = Kjeq—Kyey,

(VW) = V;l Nuv WZ, (488)
as well as

5
(VE...FW)aa,.ap = Va fuy ExY 1o Fy -+ Ff\j U&ﬁwﬁ/ (489)

Saapa; = (Kay+Kay+-+Ka )2 = (K5, +K5 4+ +K3),
] ] 1 2 ]

where V' and W, are two generic vectors. From (477) and (474) it is straightforward

to compute

M M
y As(Pgy, Py, PY) As(Pg),2,3) _ 2(eP)2 (ek)s2 — 2 (€FP)az (490)

M 523 523

as well as

As(P{,P{,,3) A3(2, Py, P{)  2(eP)y (eP)ss

1
., - (491)

The four-point covariant amplitude of two massive scalars and two gluons is thus

given by the simple expression

2 (6P)21 (6k)32 -2 (6FP)231 . 2(6P)21 (€P)34 .

As(ly,24,30,45) =
4( pr8r=8 (P) 523 5p;2

(492)

Specializing to four dimensions, this is in agreement with the result found in the

literature on the basis of the spinor-helicity formalism [111].
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In an analogous way, the five-point amplitude becomes

A5(1q), 2g, 3g, 4g, 5(P) - AS(PS, Pl, 2, 3, 4)

511552(6/1)
M
i A3(Pe),2,3) Ay(PS, PP, P, 4)  As(PS,, PY,PY) Ay(PE,2,3,4)
= (=1 Z 523 * 5234
M
A3(2,PS., PY) x Ay(P?, PP, 3,4)
+(_1) % 35771 57712 , (493)

534p5
where eq. (513) has been used. As in the four-point case, the purely longitudinal
contributions vanish on account of the orthogonality conditions for the polarization
vectors associated with external scalar legs, (€1 - €3) = (€5 €2) = 0. In appendix

9, we prove the vanishing of these longitudinal contributions for any number of

external gluons.
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Applying the identity (477) and using (474), (476) and (480) we finally find an

explicit covariant expression for As(1y,2¢,3¢,44,5¢):

As(lp, 24,35, 45, 59) _ (€€)34 534 — 2 (€k)34 (€P)s5 + 2 (€k)43 (€P)35
= (6P)21
\/5 S5p;2534
+Sz3[(€€)23 (€k)az — (€€)34 (€P)21 — (€Fe€)340 | — (€€)23 (€P)41 534 L+ (€€)34 (€P)21 S4ps
523 534 5p2534
(eP)31 + (€k)32 2(€k)21(€P)32 — 2(ek)23(€P)31 — (€€)23523
+ (€P)45
5p;2 54Ps 523 54p;
+Sp12(€1:€)243 + (e€)23 (€k)4z sp2 — (€€)34 [(€P)215p,a + (€P)255pa — (€P)21 523]
534 5234
(e€)23(eP)a1s3s  (€€)23 (€P)as spp2 N (€€)34(€P)21 — (€€)24(€P)31 + (€€)23(€P) 4
5235234 52354p5 5234
. (€€)34(€k)235p s — (€€)24(€k)325p,a + (€€)23[(€k)a25pa — (€P)415p,2 — (€P)455p,2]
5235234
(€P)25(€P)31(€k) o+ (€P)4s5[(€P)21(€k)32+ (€P)25(€P)31+(€P)21 (€P)31] — (145)

534 5234

) (6k)23(€P)35(€P)41 + (€k)32(€P)45(€P)21 — (1 — 5) .

5235234

—|—2(€P)21 (6P)45

+2

(494)

Specializing to four dimensions, this matches the spinor-helicity result provided
in [111]. We note that this five-point amplitude A5(1<P' 20,3¢,4q, 5(,,) can also be

computed using eq. (516) so that, alternatively,

A5(1¢/2g/3g14g15§0) — A5(314/P5/P112) (495)

e1,e5=(0,1)
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It is now straightforward to move to any higher number of points, recursively.

Using the result of the appendix we find the six-point amplitude

A6<1(P, Zg, 3g, 4g, 5g, 6(P) - A6(P6, P]_, 2, 3, 4, 5)

As(2,PL,, PY) As(P?, Pl 3,4,5) Y
5345P M
+A3(P4€ff,z,3) As(PS, PP, PS,4,5)  Ay(PY,PY P, ,5) Ay(PS),2,3,4)

= (496)

61166:(6/1)
As(Pss, P, PP) As(PS',2,3,4,5)
52345

523 5234
The longitudinal pieces have again cancelled, leaving a simple sum over intermedi-
ate polarizations and a very intuitive recursive structure, as shown. Although the
explicit evaluation of this expression is straightforward, the resulting expression is

lengthy and we do not reproduce it here.

KLEISS-KUIJF DECOMPOSITION

While the method described in the previous section is straightforward and immedi-
ately generalizable to any number of gluons 7, we wish to point out that an alterna-
tive track based on an expansion with analytically computed BCJ-numerators is of
comparable simplicity. The trick is to compute the scattering of two massive scalar
fields with massless gluons (eventually gravitons) by decomposing the reduced
Pffafian in terms of a Kleiss-Kuijf (KK) basis [129] by using the Bern-Carrasco-

Johansson (BCJ) numerators [130] for Yang-Mills theory. This useful technique was
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developed in [126,131,132].

Let us recall that our first main goal is to calculate the amplitude

An(1¢,2g,3g,...,(n _1)g,n(P), (497)

and in order to avoid dealing with the terms

2P; - P, 4+ 2Aq, 2P, - P; 4+ 2A,1

O1n On1l

we remove from the reduced Pfaffian the rows/columns {1,n}. Thus, we are

looking for the following KK expansion

(_1)1+n

e Pf [(‘P)%Z} = Y. Nap@- 1) PT(Lp(2,---,n=1),n), (498)

PES—2
where Ny 4(3,... n—1),n) are the BC] Yang-Mills numerators and S, is the group of
the (n — 2)! permutations of the set {2,3,---,n —1}. As argued in [133], since the
Pfaffian Pf [(¥)]"], is independent of the products P; - P, and Ay, = A, = P the
algorithm proposed in ref. [132] can be applied. Therefore, the scattering between

two massive scalar fields with (n-2) gluons can be written as

An(lp,2g,mg) = Y mu[12---n|1p(2- -1 = 1)n] X N1 p(2,e n—1)) L

PES,_2 €1,€n:(0,1)
where the BCJ] numerators N ,(2,... »—1),,) can be obtained by the algorithm devel-

oped in [132] and where m,[«|B] is defined by

Mplag - an)B1--- Bn) = /dyn PT(ay,...,an) X PT(B1,...,Bn), (500)
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with the massive measure dy, as given in (468).

To illustrate, let us consider the four-point amplitude A4(1y,2¢,3¢,44). From (499)

we arrive at

Ag(19,24,3¢,4y) = N(1,2,3,4)L o / dus PT(1,2,3,4) x PT(1,2,3,4)

1,€4=

+ N(1,324)

. / dus PT(1,2,3,4) x PT(1,3,2,4)(501)

€1,64=

Now applying the method of ref. [132], the BC] numerators are readily found to be

given by

N(1234) e (1) —2(€P)21 (€P)3s, N(1324) evesm (@) 2(eP)21(eP)31 + 2 (eFP)31,

(502)

where we have fixed the reference ordering to be (1,2,3,4). The massive integrals

obtained in (501) are straightforward to do using the A-algorithm [115]. We find

1
my[1234]1234] = /dm PT(1,2,3,4) x PT(1,2,3,4) = —— + >,
Sp2 523
1
my[1234[1324] = / duy PT(1,2,3,4) x PT(1,3,2,4) = ——. (503)
23

For the four-point amplitude we therefore get

As(1p,2¢,3¢,4,) = —2 (6135)21 (€P)34 422 (€P)21 (€P)3g — (2 (EP)ZI(GP)M + 2 (eFP)231) ,
P2 23

which agrees with the result we found in equation (492).
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Explicit BC] numerators at five points

This method easily generalizes. For two massive scalar legs and three gluons we

need to evaluate

183

As(1p, 2, 3¢ 4¢,50) = Y, ms[12345[10(234)5] X Ny pasas)| - - (504)
p€S3 61165*(011)
The six BCJ-numerators N(j (23,4) 5 cves—(@) are given by
1
— | N, . = —2(eP eP €P)31 + (ek , 0
(J5) Mazsas|, gy ~2(cPhr (Phis [(ePhar + (ck)a (505)
1
(5) Naszasi|, g, = ~2(cPas (P (ePhr + (e — (cohs(ePlasr
+(e€)24(€P)355pa,
1
(—> Ni3425) . =2(€P)25(€P)31 [(€k)az + (€P)ss] + (€€)23 [(€k)42 + (€P)a5] spy3
\/E €1,65=(0,1)
—(€€)43(€k)a5p,3 — (€€)24(€P)315p,34 — (€€)24 [(€k)32 + (€P)35] 5p,3,
1
— N = —2(eP)yy(€P)3s [(€P)a1 + (€k)sa] — p +504),
(\/5> (1,24,3,5) €165 (01) (€P)21(eP)3s [(€P)a1 + (€k)a2] — (€€)3a(e )21(51314 $24)
1
— | N, . = —2(eP)31(eP €P)> + (ek + (€€)23(€P)455p,3,
(T5) Muszas|, gy~ —2eP)mlePlis (EP)oa + (ek)n] + (ce)n(ePlassn
1
(J5) Nassas, . gu= 2ePhalePhas (eklsa + (eP)as] = (ee)as (ePar + (M)
V2 e1,65=(0,1)

+(€€)24 [(€k)32 + (€P)3s]| spa — (€€)23 [(€k)42 + (€P)4s5] spa — (€€)23(€P)a15p;34,

where we have fixed the reference ordering to be (1,2,3,4,5).
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Using again the A-algorithm [115], it is straightforward to compute, with two

massive legs,

1 1 1 1 1
m5[12345\12345] = + + + + , (506)
5234534  Sp;2534  52354P;  54P;5P;2 5235234
1
m5[12345|14235] = oo
23 5234
1
m5[12345|13425] = oo’
234 534
1 1
m5[12345|12435] = —5234 S22 — SpaSen”
1
1 1
m5[12345|13245] = —523 Sam — P
5
1 1

ms[12345(14325] =

5234534  S235234
After substituting eqgs. (505) and (506) into (504) one can check that the result

matches the one given in eq. (494).

This method does have the drawback for n large that the number of BC] numerators
grow in a factorial way. For instance, to compute the six and seven-point amplitudes

one needs to calculate 4! = 24 and 5! = 120 numerators, respectively.

TWO MASSIVE SCALARS AND GRAVITONS

In the previous sections, we have shown different methods for efficient evaluation of

scattering amplitudes of two massive scalar fields and (n — 2) gluons. Staying within
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the CHY-framework as in section 9, one could similarly express the amplitude of the

scattering among two massive scalars (¢) and gravitons (h,;) through [126,134,135],

x Pf'Y¥,

€1,€n:(0,1) €1,€n:(6,1)

M(20,(n=2)h) = [ duy PF'¥, .G

. . .o v . N
where the gravitons are identified as, Y =€l €, and using the same massive

measure defined in (468). Similarly, one can use a KK-decomposition analogous to

what we explained above for the case of gluons in (499), and write

Mﬂ(Z(PI (n - Z)h) = Z N(l,p,n)

pesn,z
(565,1,2

X mu[lpn|ldn] x N(1,5n)

- (508)

el,en:(ﬁ,l) €1,€n=(0,1)

However, by using the Kawai-Lewellen-Tye (KLT) [106] relations at the amplitude
level, it seems much more straightforward to find the scattering between two

massive scalar and (n — 2) gravitons by use of the momentum kernel [108,109], i.e,

M (29, (n=2)h)= (=1)"7 Y Au(ly,aq, (n—1)g,1p) X Sla|Bli, x (509)
Bess
Ay(ng, (n—l)g, B, 1) . (510)

Here A, is an amplitude of two massive scalars and (n — 2) gluons as defined in

(482), and the momentum kernel S[a|f] is

k k
S[il, ... ,ik|j1, - /jk]kl = H (Sitl + Z @(it, iq)sit,iq> , (511)

t=1 q>t
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where O is the step function. For instance, for the four-point amplitude we immedi-

ately get
M4(2¢12h) = A4(1(P/3g/2g/4¢) X 8[3’2] X A4(1(P12g/3g/4¢) 7 (512)
where S[3|2] = —sp3, thus using the result found in (492), one has
M4(2§0, 2]’1) _ |:2 (€P)31 (€k)23 Sp13 -2 (6PP)321 Sp13 -2 (€P)31 (€P)24 523} y (_523)
5p;3523
% |:2 (6P)21 (Gk)gz Sp;2 — 2 (6FP)231 S5p;2 — 2 (€P)21 (6P)34 523}
5p;2 523

2 (€P)24(eP)315p,2 + 2 (€P)21(€P)3as0p, + (€€)235p,252p, ]
Sp,2 523 52P, ’

which is the correct 4-point amplitude. Higher order amplitudes follow by KLT-

squaring analogously.

CONCLUSION

We have presented different methods to compute the tree-level scattering amplitudes
of two massive scalars and an in principle arbitrary number of gravitons in D-
dimensions. These are the tree-level amplitudes needed to obtain the classical two-
body scattering of two massive objects without spin in general relativity through
the use of unitarity. The most economical method appears to be the one based on a
new set of recursive relations that can be derived from the so-called A-algorithm (or

double cover) in the CHY-formalism. In this method one first defines an extension of
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scattering amplitudes where one external leg is taken off-shell (defining, effectively,
a current in the case of Yang-Mills theory) and then glues off-shell legs together
by an appropriate polarization sum. We have proven a particular simplification in
comparison to the pure Yang-Mills case when the amplitude contains two massive
scalar legs: a sum over longitudinal polarizations cancels exactly. The resulting
amplitude relations for two massive scalars and any number of on-shell gluons
thus becomes surprisingly simple.

Although a similar technique can be used to compute amplitudes of two massive
scalars with an arbitrary number of gravitons we have found it economical to
simply use KLT-squaring in order to obtain these. Again, they are then provided in
D-dimensions and with arbitrary polarization tensors.

We have checked our general recursive formula up to six points with existing
expressions in the literature for the case D = 4, always finding complete agreement.
An interesting observation is the possibility of establishing a new on-shell set of
recursion relations for these amplitudes based on BCFW-recursion combined with

the double-cover analysis of the A-algorithm. This will be discussed elsewhere.
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HIGHER-POINT YANG-MILLS AMPLITUDES WITH MASSIVE LEGS

Here we present details of the main ingredients that go into the computation of

the massive five-point gluon amplitudes: As(P;, P, P3,4,5), As(Py,2, Ps, Py, 5) and
As(Py, P>, P5,4,5).

Using the method developed in [119], the factorization decomposition of As(Py, P», P3,4,5)

becomes

A5(P1,P2,P3,4:,5) = (—1) X Z
M

A3(Ps, Py, Py) x Ag(PS,, P3, 4,5) N A3(P3, PSy, Py) x Ag(Py, PSy ,4,5)
S P45 545p;

A3(PE, , Ps,4) x Ay(Py, Py, P5,,5) N
Sps4

As (P, Py, 4 AL(PS, Py, 4,5
5p4 5p,45

+2;{

L
A3(P2€451P11P3)}I (513)

where we have written As(Pj, P, P3,4,5) in terms of the smaller amplitudes,
A3(Py, Py, P:), As(Py, Py, P, d) and A4(Py, Py, P, d). As in the four-point case, we

must use the identities in (477) and (478).
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It is straightforward to find the longitudinal contributions,

A P 1P14
3 513772 )XA4(P11P3/P2€4L’5)

_ZZ

S5py4
S €1 -F5-63)+2(e1-63)(P;-F-P
—\/E(ez~e4)>< 5P13(1 5 €3) (e1-€3)(Py - F5 3)’ (514)
55P13 SP;5
and
Ay PG,P2,4,5 L
-2 (Pt ) X A3(Pyys, Py, P3) | =
T 5p,45
5 € -Fs-€1) +2(er-€4)(Pr-F5-k
_\/5(61.63”( 5P24(2 5 €4) (€2-€4)(Pp- F5 4). (515)

S5P,, 545

Similarly, the amplitude As(Py, 2, P5, Py, 5) is factorized according to

M

As(PEY, Ps, Py) x As(Py,2, P55
A5(P1,2,P3,P4,5)=(—1)><Z{ 3(Psa, Ps, Py) X Ag(P1,2, Py, )+

i Spyp, 2034
M M
A3(P5s, P1,2) x Ay(P5,', Ps, Py, 5) N A3(Ps, P51 ,2) x Ay(Py, PSPy, 5) }

Spypy5 T2 Asg sp5p; 2014
L L
3(P%,,2, P, A4(Pf,,2,P,5
+2 Z 513/ 2. P1) Ay(Py, Ps, 24,5>+ (Pl 1) X
Sap, + 2A14+2 A3 Sop,5 + 2014 +2 A3
A3(P245/P1/P3)}/ (516)
where we have used (166), namely
P? + P} — P? P? — P + P2 —P?+P% + P

A13 = 5 A14 = 5 A34 = 2 . (517)
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We also recall that A4 + A3y = Pf. It is now straightforward to verify that the

longitudinal contributions in (516) are identical to the one evaluated above, i.e.,

2,Py) .
-2 513/ % As(Py, Py, PSr 5)| = (51
Z SP42+2A14—|—2A34 4(Py, P3, Py, 5) (514)
and
A4(PS,2,Py,5) .
o x As(Ps§ ,P,P = (515).
Spp5 + 20814+ 273 3(Pygs, P1, P3) | = (515)

Finally, we are able to expand the amplitude, As(Py, P, P3, Py, 5), in terms of the
two previous ones, As(Py, Py, P.,d,e) and As(P,, b, P, P;,,¢e). Using the BCJ-like

identity [120,121],

Sp;45 PT(3,4, 5, 1,2) —+ (Sp345 —|—Sp15) PT(3, 4,1,5, 2) + (Sp345 —I—Sp1p45) pT(3, 1,4, 5,2) =0,

the amplitude, As5(Py, P, P3,4,5), turns into

As(Py, Py, P3,4,5) =
_ (1 + %) As(P,, P3, Py, 4,5) — (1 + SP126) As(Py,5, Py, P3, 4). (518)
Sp;45 5Pp;45
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Finally, let us show how to compute the six-point amplitude, Ag(P;, P2, P3,4,5,6).

The factorization decomposition of Ag(Py, P2, P3,4,5,6) is given by

A6<P1/P2/P3/4/5/6) — Z
M

A3(PS,, Py, Py) x As(PS,, P3, 4,5,6) . A3(PE,, P3,4) x As(Py, Py, P, ,5,6)
5p;456 5p;4
A4(P1/ PZ/ Pg:]\;/ 6) X A4(P6€;A24/ P3/4/ 5) }

A3(P3,Pi]\f,P2) X A5(P1,P2€§A,4,5, 6) 1
S456P;

5p;45

Ly A3(PSg, Py, Py) x As(PS,, P3,4,5,6) N A3(PE,, Ps,4) x As(Py, Py, PE,,5,6)
T 5P;456 Spy4

_ , (519)
(€a-Pa)=—(ex-Py)

A4(Py, Py, PSs, 6) X Ag(PEs, P3,4,5) }
(e,,fP,X)zO

5p;45

where 2 <+ 3 means the changing of the two labels, « = 1,3 and Pj is the comple-
ment of P4 (by the momentum conservation condition, P4 4+ P57 = 0). For example,
P, is given by Poys6, P4 and Pyy5 in the last three term in (519), respectively, there-
fore, P4 is Pj3, P1356 and Pj36. Additionally, the identities in (477) and (478) must be

used in the above factorization expansion.

LONGITUDINAL CONTRIBUTIONS

As we have observed in all special cases worked out in this paper, the longitudinal
contributions to the factorized amplitudes with massive scalars always vanish

identically. In this section we prove this important fact in all generality.
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Let us consider a Yang-Mills n-point amplitude with up to three massive legs
An(Py, P, P2, 3,...,n—1). Applying the factorization method, a generic longitudinal

contribution is given by

L L

A(n—i)+2(Pn/ b, P1€34‘..i’i+ 1,..n— 1) X Ai(Pﬁl—l..ﬂZ’ P;,3,4,.., l)

). , (520)

T 5p;34...i

where the the two amplitudes are sewn together by the rule

P! pv
Yoeteft = ol (521)
T Pi . P] + Pn — P2

We can now show the following:

L

Under the condition €1 = ¢, = (6,1), the amplitudes, A, _; 42(Pu, Py, Py i+

1,..,n—1) and A;(P¢

z—il... 10 P1,3,4,...,1) vanish identically.

The proof of this proposition is straightforward.

Let us consider the amplitude, A,-(P.€L Py, 3,4,..,i). From the notation intro-

i+1..n27

Pi1.n2Py

Pi+14..n2pli| , has a row

duced in the main text, it is clear that the reduced matrix [(‘I’l)

(column) given by the vector

L
erky . erki  €1€%1.m2 0 e ... €1°€; (522)
12 B R T Rt Tqu e1en=(0,1)
=(0 ... 0 el'eiL+1...n2 0, --- 0] -
’ T O ’
Since ‘51'L+1...n2 is proportional to P; ;1,2 = kjt1 + - - - + ky + D5 it follows that

€1 €1 €1 Pt

S =0, (523)

1P 1. .m0 1P 1.2
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using that (e - k;) = 0. Therefore, Ai(Pzil...nZ' Py, 3,4,...,i) vanishes trivially for,

€1 = €, = (0,1). The essential property that makes these contributions vanish is
the fact that the polarization vectors associated with what become massive scalars
live in a higher dimensional space with no overlap with the momenta of the D-

dimensional space.

The same argument works for A(n_i)+2(Pn, P, Pf3L4“j,i +1,..,n—1).
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CLASSICAL WAVE PHYSICS



10

GRAVITATIONAL SHOCK WAVES AND SCATTERING

AMPLITUDES

We study gravitational shock waves using scattering amplitude techniques.
After first reviewing the derivation in General Relativity as an ultrarel-
ativistic boost of a Schwarzschild solution, we provide an alternative
derivation by exploiting a novel relation between scattering amplitudes
and solutions to Einstein field equations. We prove that gravitational
shock waves arise from the classical part of a three point function with
two massless scalars and a graviton. The region where radiation is local-
ized has a distributional profile and it is now recovered in a natural way,
thus bypassing the introduction of singular coordinate transformations
as used in General Relativity. The computation is easily generalized to
arbitrary dimensions and we show how the exactness of the classical solu-

tion follows from the absence of classical contributions at higher loops.
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A classical double copy between gravitational and electromagnetic shock
waves is also provided and for a spinning source, using the exponential
form of three point amplitudes, we infer a remarkable relation between
gravitational shock waves and spinning ones, also known as gyratons.
Using this property, we infer a family of exact solutions describing grav-
itational shock waves with spin. We then compute the phase shift of a
particle in a background of shock waves finding agreement with an earlier
computation by Amati, Ciafaloni and Veneziano for particles in the high
energy limit. Applied to a gyraton, it provides a result for the scattering

angle to all orders in spin.

INTRODUCTION

The study of General Relativity using scattering amplitudes techniques is in a
golden era thanks to state of the art computations for interacting black holes and
the possibility to relate classical gravitational observables to scattering amplitudes
[10,12,21,24,32]. Nowadays, the literature is vast and includes different approaches
to deal with post-Newtonian and post-Minkwoskian black holes [15, 18, 19, 47,
85,136, 137], including also classical spin effects for Kerr black holes [65-70, 72,
87,88,138-144] and tidal effects [145,146]. The existence of this literature might

seem surprising, given that we are trading General Relativity for an even more
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complicated quantum gravitational system and its classical limit. However, the
introduction of concepts such as unitarity and double-copy [130,147-159] has made
possible not only the computation of observables relevant for LIGO/Virgo [14]
but also to unravel new structures in classical field theory, proving that quantum
mechanics can help us in elucidating the essence of classical physics. In fact, the
EOB approach [7], which led to accurate models of gravitational wave signals for a
binary system, was inspired by these ideas [8]. Along this line, this paper describes
perturbative solutions in General Relativity using the scattering amplitude approach
recently developed by Kosower, Maybee and O’Connell [21]. We focus on the
Aichelburg-Sex] metric describing a gravitational shock wave sourced by a massless
particle [160]. Derived almost simultaneously by Aichelburg, Sexl, Penrose [161]
and Bonnor [162], it has been central to our understanding of graviton dominance
in high energy scattering [74], and in the past years it has been studied in different
settings [75,163-166]. As we will see, an alternative derivation is also possible
using a novel relation between perturbative solutions to Einstein’s field equations
and scattering amplitudes. Several authors have conjectured a similar connection

and in the case of a static massive source, it has led to the computation at second

order in Gy of the Schwarzschild® and Kerr-Newman solution [11,76, 168, 169].

However, the lack of a covariant framework has made it impossible to treat more

general cases such as those described by an energy momentum tensor sourced by

1 See also [167] for a derivation up to G3; using EFT methods.
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massless particles with spin. This work is a step toward this direction. We start
by first reviewing the original derivation by Aichelburg and Sexl of a gravitational
shock wave employing an ultrarelativistic boost of a Schwarzschild solution. We
then present a relation between classical solutions in General Relativity and the
classical part of three point functions from quantum field theory. Using a massless
particle coupled to a graviton, we derive the complete Aichelburg-Sex] metric as
an exact solution to Einstein field equations. The region where the radiation is
localized has a well known distributional profile and it is now recovered from the
amplitude itself, bypassing the introduction of singular coordinate transformations
as used in General Relativity. We also generalize the computation to arbitrary D
dimensions finding agreement in the literature [170,171] with the ultrarelativistic
boost of the so called Tangherlini metric [172, 173]. We then extend the classical
double copy for static black holes to gravitational shock waves, showing that their
single copy is described by electromagnetic ones. For a spinning source, using the
exponential form of three point amplitudes, we infer a remarkable relation between
gravitational shock waves and spinning ones, also known as gyratons. From this,
we obtain solutions describing spinning gravitational shock waves directly from the
spinless case, avoiding the use of ultrarelativistic boosts on Kerr black holes [174].
To our knowledge, the existence of such a relation between exact solutions in
General Relativity was previously unknown. Interestingly, this relation resembles

the Newman-Janis algorithm [175] which provides a Kerr solution from a complex
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deformation of Schwarzschild, recently studied by Arkani-Hamed, Huang and
O’Connell in [69]. We then compute the phase shift of a particle in a background of
shock waves, finding agreement with earlier computations for particles in the high
energy limit [176,177]. Applied to a gyraton, it provides a result for the scattering
angle valid to all orders in the spin.

We will work throughout in natural units and in mostly negative signature.

THE AICHELBURG-SEXL METRIC

Aichelburg and Sexl derived for the first time an exact solution to Einstein field
equations describing the gravitational field generated by a massless particle [160].
Their procedure employed the use of an ultrarelativistic boost of a Schwarzschild
solution, previously used by D’Eath to address the scattering of two ultrarelativistic
black holes [178]. Let us review their original derivation. We start by introducing

the Schwarzschild metric in isotropic coordinates [179]

1—A)? mG
i =" A 4p Ay (a2 a4 d?) , A= .,
T Tt A2 (1+4) <x T Z> 2¢/x2+y2 + 22

(524)

and we decompose it as

(1-A)

2 g2 .2 32 52
ds® = dt* —dx* —dy” —dz +{(1—|—A)2

(525)

- 1} 4 — [(1 +A - 1} (dx2 i+ dzz> .
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If we apply a Lorentz transformation to eq.(524) on the x -direction,

z=12, (526)

t: Vi x: 7 :_ 7
V1—190? V1 —v? y=Y

the previous line element changes to

ds? = dP2 — dx® — di? — d£ + {(1 - A2 1} (df — vdx)?

(14 A’)2 1— 92

-T2
— {(1 + ANt - 1] (% +di? + dZZ) , (527)

GnyV1— 102
Al = TNV T (528)

2{(x—vF)2+ (1—2) (PR +22)}/*

We write m = pv/1 — v? and expand (527-528) around v = 1 for a fixed value of p

to find

(df —dx)? , x#T. (529)

In order to include also the missing region given by ¥ = f, Aichelburg and Sexl

proposed a coordinate transformation which becomes singular in the limit for v = 1

x'— ot =x —of
(530)

x' +ot' = x + of — 4pGylog[\/(x — vf)2 + (1 — 02) — (x — F)].
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Using the following relation

. 1 1 - VR
ZIEH \/(x’—vt’)2+(1—vz)p_\/(x’—vt’)2+(1—v2) = —20(t = x)log(p),

the line element assumes the usual form of an impulsive pp-wave
ds®> = di"”? — dx"? — dy”? — dz"* + 4pGno(t — X)) log(y? + 22) (dt' — dx')?. (532)

The latter defines a global solution given by two copies of Minkwoski space con-
nected by a singularity along a light cone coordinate. Among the relevant properties
of this solution we can notice that in going from eq.(524) to eq.(532) we have changed
the algebraic type of the Weyl tensor from Petrov type D to the radiative type N [180],
a property first discovered by Pirani [181]. Moreover, from the computation of the
associated Einstein tensor we can infer that the energy momentum tensor is simply

that of a massless particle, thus confirming the physical interpretation of the metric.

GRAVITATIONAL SHOCK WAVES FROM SCATTERING AMPLITUDES

The idea to perturbatively solve Einstein field equations using quantum field theory
techniques dates back to a paper by Duff [168] where the Schwarzschild solution
was derived up to G%; order. After, several authors used known relations among

off-shell scattering amplitudes and form factors so as to include quantum effects in
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the latter, confirming the same results for the classical part [169]. Both approaches
require the knowledge of the Einstein-Hilbert action expanded around a fixed
background which becomes intractable already after few iterations in the coupling
k = /321tGy. In order to have a better control on the complexity of the calculation,
it would be desirable to relate scattering amplitudes directly to the metric tensor in
the same way as these have been related to classical observables in [21]. To this end
we start by considering a Riemannian manifold and a Minkwoskian background.
We then introduce an off-shell continuation of the second quantized solution to the

linearized Einstein field equations

~

k . :
() = 5 5 [ 0gy(a) [ el @ife 5+ (€ @@ o] 63

To ensure the gauge dependence of the metric, the sum runs over longitudinal

polarizations and the measure of integration used in [21] has been replaced with

dD dD
1unlg) = Gp2TP0) > e = (530

We have added the subscripts on-off to denote that every integral carrying such
measure of integration will lead to an integrand with a momentum which is
respectively on-shell or off-shell. In our case, eq.(534) ensures the off-shellness

of the graviton and the fact we are not looking for radiative modes of the metric
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tensor. The ie prescription is implicitly assumed. We then propose the following

wave-function describing our system in absence of interactions

de
(2m)P

) = [ d@u(po(p) ) ©10) , dPun(p) = L8P —mt),  (535)

where §(*) (p2 — m?) = 2716(p? — m?)8(po). The state |0) denotes the vacuum state

of the gravitational field while ¢(p) is a proper wave-packet describing the source.

We now define the metric tensor satisfying the non linear Einstein field equations as

Suv(X) = v + by (), hyw(x) = (F1(2)] fliw(x) [¥1(t)) - (536)

The operator fzi,v(x) is defined as the action of Uj,;(4o0,t) on (533), while the state

|'¥(t)) is defined as the evolution at time t of the initial state under Uj,,;(t, —o0).

We can now express (536) as follows

Iy (x) = (¥ 1(5)] Uy (00, )y (x) Uine (09, 1) [¥1(1)) (537)

= (in¥| Ui (£, —00) Ui (400, t)fZW(x)uint(‘i‘oort)umt( o) [¥in) (538)

= (in¥] Sy (x)S [¥in) (539)

where we have the introduced the S matrix of the system. In doing so, we have

been able to relate the solution to the complete Einstein field equations with a plane

wave operator, by encoding all non linearities in the S matrix alone. Using then

203



GRAVITATIONAL SHOCK WAVES AND SCATTERING AMPLITUDES

S =1+ iT we can expand eq.(539) neglecting for the moment terms proportional

to TTT,
My (x) = i (i (ﬁw(x)T - T+ﬁ,w(x)) ¥in) - (540)
From which
k / /
() = 5 1 [ dugr(@)dun (1)@ ()" (1)

(P d* T p) ep(@)e™ T = (p'| TV [pg™) (e3,)T(9)€'7]  (541)

- _k;/dq)off@/)dq)on(p)dq)on(}?/) Im go(p)(p‘L(p’) <p,qA| T |p> el)l‘v(q)e_iq'x .

(542)

Matrix elements in eq.(542) usually describe on-shell scattering amplitudes thanks

to the covariant measures which have a Dirac delta in each integrated momentum.

Having assumed instead an off-shell integration measure for gravitons, the term
in eq.(542) won’t be an on-shell scattering amplitude but an off-shell three point

function given by

(' Tp) = 2m)PsP(p—q—p') (eap) (@M (p,p',0q). (543)
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We now choose harmonic coordinates which amounts to requiring the following

identity to hold

2
(attop + Nuplive — T Muvllap) = Pvap - (544)

N~

;eﬁv(q)(e,ﬁﬁ)*(q) =

Using this, eq.(542) becomes

(%) = =k [ d(9)dPon (p)dPon () Im | @(p) g () x

2)P8P (0" + 4 = p) PuwapM*P(p, 0/, 0)e 7| . (545)

We now proceed by making explicit the integration measure for the source particle.

Integrating over p’ we obtain

b (x) = K [ dy(q) g0 (7 = )5 (p =) = )¢

Im|¢(p)¢" (p — 9) PuvapM P (p, P’,q)eﬂ”'x} , (547)
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where it is implicitly assumed that M*f(p,p’,q) is constrained with p’ = p —g.

Making also explicit the off-shell integration measure we obtain,

_ dPq 1 1 dp sy 0 oiaey 2
hlﬂ/(x) - _k/ (27T)Dq_2/ (27_[)1)5 (]9 —m )5 (q —2q-p)><
Im{qv(r))@ (P — 9) PuagM™ P (p, 0/, q)e | . (548)

For a wave-packet sharply peaked around a given momentum py> we obtain

Im[Pyyup M (po, v = po — q,9)e 7).

_k/ qu S (q* —2q- po)
q2

(549)

We are thus left with a remarkable relation between the classical metric tensor
satisfying Einstein field equation and three point functions with an external graviton,

valid both for massive and massless sources

k/ qu S (q* —2q- po)

e Im(Pyyap M (po, p' = po—q,q)e 1]

(550)
Let us consider the massless case. Taking advantage of this covariant relation, we
can proceed to explore which space-time corresponds to a three point function with
an off-shell graviton and a massless source. Based on what has been discussed in

the previous section, this should correspond to a gravitational shock wave. We start

2 For further details, see [21], Section 4.
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at tree level from the interaction of a graviton with a massless source
MM _ ﬁ Ko Hov o uv,
(P p2) = 5 (PP3 + Papi = 1""p1-p2), (551)
p B ik
wap MO (P, 0) = 5 |\ 2PuPv — Pudv — oy + P - q |, (552)

where in the last equation we have expressed the whole contributions in terms
of p#* and g, being the former the incoming momenta. The whole metric tensor

depends on only two functions

2
hyy (x) = ) {Zpym@(x) — PuOu(x) — prOu(x) + 1w p"Ou(x) |, (553)

dPg . :

o(x) = | (ZN)qDé(*)(qz—Zq-P)mS'(q#, (554)
dPg .

0u(x) = [ Gy (4" ~20-p) T cos(g ). (555)

In the classical limit we implement the limit for small g by considering the integra-
tion domain where p > 4. This amounts to disregarding the Heaviside theta in

eq.(550) as well as the g term in its Dirac delta

S(g*—2q9-p) — 278(29-p). (556)
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In this limit @, (x) is vanishing being the integrand an odd and real valued function
and we are thus left with the computation of ©(x). Using then the integral
representation for a Dirac delta together with the Schwinger parametrization we

obtain

. dPq e ~
O(x) = —z/Rds /IR+ dt/ (27‘[;7136 iq-(x—2ps)+ig*t (557)

The latter is a complex Gaussian integral and its computation gives

2%
Ox) =—(-— /ds At ——5—. 8
(x) ( M) R Je. 0 (558)
Expanding the square in the exponential,
\
Ox) =—|-— /ds dt ——5—
(x) ( 47T) k% Je. - (559)
D
i\? at _i2 (p-x
= 2 — had st
o) hop () oo

——2n<i> o( x)/ ﬁe%ﬁzw (561)
4 P R4 t% ) >
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Changing variables to t = 1, we get
D —iux
2 e 4
O(x) = —27T<—) 6(p-x) | du—5. (562)

At this point, we should carefully distinguish the computation in D = 4 from other
dimensions. One can realize it by computing separately the two cases and by a

comparison afterwords. We start from the case with D = 4,

2
O(x) = %5(]0 - X) / —e 1. (563)
In order to compute this integral, we consider its partie finie (Pf) to find

1 +% du iux?
=~ 4(p - x) Pfli e
Ox) 87r5(p x) 20 z '’ '
1 +oo dl/l izux?
= — . 1 —e 6
87r5(p x) Pf}}_)mo e z (564)

1 . zix?
= %‘5(17 - x) Pfllg(l) Ey (T) ,

where we have introduced the exponential integral E1(x). Using the Puiseux series

o (_\k
Eiz) = —y—logz— ), S Jarg(z) < nl. (565)
k=1 :

The result is

O(x) = —g-d(p-x)log(1?) , D=4. (566)
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As for the case D # 4, we evaluate it by first rescaling eq.(562),

2\ 2 . p_
O(p-x) (xz) R due My 7" (567)
+

D
2

O(x) = —27{(4&)

After a Wick rotation, the remaining integral defines a Gamma function, from which

-5 , D>4. (568)

O(x) = (569)

.x .
7 >~ , otherwise

Using eq.(553) we can read the metric tensor related to a three point function with

a massless source and an off-shell graviton. The final result is

) AGnpupd(p-x)log(|x?]) , D=4 o
viX) = 570
' r(252)6(p-x)

D4
(D-)(2)"2

—8n'7 GNPupv , otherwise

D4
3 One could also infer the D = 4 case from the following regularization riD§4) — —2log(x). This
amounts to remove a divergent quantity from the metric tensor with a gauge transformation.
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We will shortly argue that contributions from higher loops produce only divergences

which are removed from the cut terms proportional to TT" in (539). This procedure

provides an exact solution to Einstein field equations already at linear order in Gy.

In D = 4 the line element reads

ds? = gudxdx’ = dt* — dx* — dy* — dz* + 4GNS (p - x) log(|x?|) pupvdxtdx’ .
(571)
For a massless particle moving along the x direction we recover the Aichelburg-Sexl

metric (532) for a gravitational shock wave
ds* = dt* — dx?® — dy* — dz> + 4pGno(t — x) log(y? + 2%) (dt — dx)?. (572)

In D dimensions, the metric is in agreement with earlier computations describing
the ultrarelativistic boost of the Schwarzschild-Tangherlini metric in D dimensions
[171]. As for the coordinates associated with this metric, we notice that eq.(570)
satisfies the harmonic gauge condition, equivalent at linear order in Gy with the
linear harmonic,

pPh =0 — 9t = %a"h, (573)

which can be easily seen to be satisfied thanks to eq.(570) being traceless. In D = 4

X
0" = 4GNp"p* 906 (p - x) log(|x*]) + 8GN pp*é(p - x) 5 =0, (574)
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with the same result in higher dimensions. This is consistent with the harmonic
gauge choice made in eq.(544). The advantages of this computation with respect to
the derivation from classical General Relativity are several. The exactness of the
solution already at linear in Gy can now be explained in light of the absence of
classical contributions to higher loops in three point functions with two massless
scalars and a graviton. This is in contrast with the computation for a massive three

point function where the classical part from higher loop orders is non vanishing

and needed in order to reproduce the expansion of Schwarzschild in Gy [169].

Remarkably, the distributional profile emerges in a natural way from the amplitude
itself, with no need to introduce singular coordinate transformations as those
in eq.(530). As we will see, this property is more general: it is valid also for

gravitational shock waves carrying a spin dependence.

A CLASSICAL DOUBLE COPY FOR GRAVITATIONAL SHOCK WAVES

In the previous section we have shown a relation between perturbative solutions to
Einstein field equations and scattering amplitudes. The latter can be introduced
also for a gauge theory as classical electromagnetism. We start by introducing the

following operator for a gauge potential

A4(x) = X [ dgsta)[eh@e > + @D @@)er] . o9
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Following the same steps seen before and working in Feynman gauge we can easily
derive a relation between a gauge potential A”(x) and three point functions in

scalar QED with an external photon,

dPq §() (42 — 24 L
Ay(x):/ (ZN?D . 7 TP ton ¥ (o, ' = o~ g, )] (570

We now consider electromagnetic shock waves [182]. We find natural to relate these

to a three point amplitude of a massless scalar particle coupled to a photon,
M = —ie(2p" —g"'). (577)

Using this, we can express the gauge potential A#(x) in terms of (554, 555),
Af(x) = —e |2p"O(x) — OF(x)| . (578)

The final result for an electromagnetic shock wave is

(

= P'o(p - x)log(|x?]) , D=4

Al (x) = (579)

, otherwise

We may now consider the classical double copy procedure shown in [149] in
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order to construct a solution in General Relativity. This amounts to the following
replacement

e—~1l6nGy , pt— p'pY. (580)

Interestingly, this gives the correct gravitational shock wave in arbitrary D dimen-
sions of eq.(570) showing that gravitational and electromagnetic shock waves are

related by a classical double copy, in agreement with [150].

SPINNING GRAVITATIONAL SHOCK WAVES

Having studied in depth the relation between massless particles and gravitational
shock waves, we find natural to investigate the same relation for the case of a
spinning source. As we will see, this leads to a family of classical solutions also
known in the literature as gyratons [183,184]. For ease of discussion we restrict
ourselves to the case D = 4. In order to perform the computation, we take advantage
of the exponential representation of three point functions for a spinning massive

particle emitting a graviton [67,88]

L el SVEpP . (581)

S _ a-q -
MW—MWe , a = 5,2 vap

being M, the associated spinless three point amplitude and a" the rescaled spin
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vector of the source. For ease of discussion we restrict ourselves to the case D = 4.
In the massless limit we assume a* to be fixed. We start from the associated metric

tensor
k2
bal3) =~ (204 @) = PuOF(x) — PUOS(H) + @S ), (582)

=/ N(q*—2q- P)COS%A, (583)

| |
\

(q*—2q- P)Z— cos(q - x)e” (584)

We can now prove a relation between spinless gravitational shock waves and gyra-
tons. We restrict to the classical limit by considering the integration region where

p > q, thus

©5 (x) = O(x —ia) q2L®(x +ia) ’ ®f¢(x) _ Oy (x —ia) —;@M(x +ia)  (585)

We now consider the behavior of ®(x) under a complex shift. Introducing a =

\ /—aﬂay we obtain the following expression

O(x — ia) = —éd(px) log(|22 + ?). (586)
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Eq.(586) is real valued due to the absence of linear terms in a - x. It follows from

the Dirac delta in p - x and the orthogonality of p# with respect to the spin tensor.

Thus,

@%(x) = O(x — i)

— hfw(x) = hyy(x —ia). (587)

O}, (x) = Oy (x — ia)
Remarkably, thanks to the exponential form of the three point amplitude we can
now read the metric tensor sourced by a massless spinning source directly from
the spinless case using the shift x¥ — x# —ia”. To our knowledge, this property
between spinless shock waves and gyratons was previously unknown and it relates
to the exponential form of the energy momentum tensor for linearized Kerr black

holes [65]. The line element is
ds? = dt* — dx* — dy* — dz* + 4GNO(p - x) log(|(x* + a?|) pupvdxt'dx’.  (588)
In particular, for a spinning particle moving along the x direction
ds* = dt* — dx* — dy* — dz* +4Gnpd(x — t) log(|y? + 2% — a?|) (dt — dx)*. (589)

in agreement with an earlier computation by Ferrari and Pendenza [174] describing
the ultrarelativistic boost of a Kerr black hole. The derivation by a simple shift
in a# is remarkable, since the same in classical General Relativity is much more
complicated.

Interestingly, this procedure resembles the Newman-Janis algorithm [175] which
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provides a Kerr solution from a complex deformation of Schwarzschild, this last
recently studied by Arkani-Hamed, Huang and O’Connell in [69]. As for the
2

singularity at y* + z2 = a?, we interpret this as the remnant of the singularity in the

equatorial plane.

THE SCATTERING ANGLE IN THE HIGH ENERGY LIMIT

The computation of geodesics in a gravitational shock wave background has been
explored by several authors [186,187]. Since the whole space-time is Minkwoskian
up to a region defined by a null light cone coordinate, geodesics are fully determined

from the net change in momentum of a particle

1 (44
Bph = 5 [ 400" hp (x(0))ppS (590)

where the subscript 0 denotes the particle, while ¢ the affine parameter of its

world-line. To leading order in Gy we assume free motion

xp(0)=pho+b" , b-pp=0 , b-p=0, (591)
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being b* a covariant impact parameter and p# the momentum associated with the

shock wave. The resulting change of impulse in D = 4 reads

1 xh (o 4Gnp -
Aph = 55y /RdUSGNPaPﬁ [‘S(P~xo(0)) x‘%ga; =T (592)
0

Having computed the change of momentum experienced by the particle, we can

compute the associated phase shift using

sin(6) = , (593)

where we have introduced b = ./ —bybﬂ. The result is

. 4Gnp -
sin(0) = #. (594)
Po
Let’s now consider the massless limit,
p-po=ppo—P-Po=2p5 , s=4p;. (595)

If we now apply the small angle approximation we obtain

6 = %, (596)

in agreement with an earlier computation by Dray and t"Hooft [163]. Interestingly,
as shown by Amati, Ciafaloni and Veneziano, the same result agrees with the

leading order scattering angle between particles in the high energy limit [176]. We

218



GRAVITATIONAL SHOCK WAVES AND SCATTERING AMPLITUDES

can generalize this result including effects to all orders in spin using as a source the

metric tensor for a gyraton derived in eq.(587). This provides the following result

4GNp - po b
apt = P (597)

The scattering angle in the massless limit and including effects to all order in spin

reads

9_2GN\/§+2GN\/§
" b—a b+a

(598)

Interestingly, this scattering angle in the high energy limit resembles a striking

similarity with the all order in spin result by Vines [65] including the pole at b = a.

CONCLUSION

We have derived a relation between perturbative solutions to Einstein field equations
and off-shell scattering amplitudes thanks to a covariant framework developed by
Kosower, Maybee and O’Connell [21]. We have studied to which gravitational field
corresponds a scattering amplitude with an off-shell graviton and two massless
particles finding that the latter describes a gravitational shock wave also known as

Aichelburg-Sexl metric [160]. The result has been easily generalized to arbitrary
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D dimensions finding agreement with previous computation of D dimensional
shock waves in General Relativity [171]. The advantage of this computation are
several. We have been able to avoid singular coordinate transformations which were
used in General Relativity to deal with the singular behavior of the gravitational
field along a light cone coordinate. Remarkably, the distributional profile emerges
in a natural way from the amplitude itself, while the exactness of the classical
solution at linear in Gy can now be explained in light of the absence of classical
contributions at higher loops for three point functions with massless particles. We
have also shown that a classical double copy is satisfied between gravitational
and electromagnetic shock waves and for a spinning source, using the exponential
form of three point amplitudes, we have inferred a remarkable relation between
gravitational shock waves and spinning ones, also known as gyratons. Using this
property, we have been able to infer solutions describing spinning gravitational
shock waves directly from the spinless case, thus bypassing the derivation in
General Relativity involving an ultrarelativistic boost of a Kerr black hole. We have
computed the phase shift of a particle in a background of shock waves finding
agreement with earlier computations for the scattering angle of particles in the high
energy limit [176,177]. Applied to a gyraton, it has provided a result to all orders

in the spin.

220



11

WAVEFORMS FROM AMPLITUDES

We show how to compute classical wave observables using quantum scat-
tering amplitudes. We discuss observables both with incoming and with
outgoing waves. The required classical limits are naturally described by
coherent states of massless bosons. We recompute the classic gravitational
deflection of light, and also show how to rederive Thomson scattering.
We introduce a new class of local observables, which includes the asymp-
totic electromagnetic and gravitational Newman-Penrose scalars. As an
example, we compute a simple radiated waveform: the expectation of the
electromagnetic field in charged-particle scattering. At leading order, the

waveform is trivially related to the five-point scattering amplitude.
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INTRODUCTION

Theoretical waveforms play an important role in the LIGO/Virgo Collaboration’s
observational program of gravitational-wave events from binary mergers [6,81-84].
These waveforms provide templates that enable the detection of events against
otherwise overwhelming noise backgrounds. They also allow observers to extract
the masses and spins of the binaries” constituents [188]. To date, theorists have com-
puted waveforms (or equivalently, spectral functions for decaying binaries) using
long-established effective-one-body (EOB) methods [189] and numerical-relativity
approaches [190], in addition to methods based on the ‘traditional” Arnowitt-Deser-
Misner Hamiltonian formalism [191], direct post-Newtonian solutions in harmonic
gauge [192], and computations in the effective-field theory approach pioneered by
Goldberger and Rothstein [167,193,194].

The start of the gravitational-wave observational era has spurred theorists to
explore new approaches to computing classical observables for the two-body prob-
lem in gravity, in particular using quantum scattering amplitudes. The connection
between the quantum S-matrix and observables in classical General Relativity
(GR) was first explored nearly fifty years ago by Iwasaki [31]. More recently,
renewed interest has been driven by modern on-shell techniques for computing
amplitudes and the double-copy relation between Yang-Mills and gravitational

amplitudes [130, 147-154,195-211], as well as the bounty of observations. Earlier
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investigations included applications to the two-body potential [11] and study of
quantum corrections to gravity [212].

An important step was taken by Cheung, Solon, and Rothstein [12], who showed
how to match effective field theories (EFTs) to scattering amplitudes above thresh-
old in order to extract a classical potential. The classical potential can then be
used in the EOB or other frameworks to make predictions for bound-state quan-
tities. Bern, Cheung, Roiban, Shen, Solon, and Zeng used [10] this approach
to compute the third-order corrections (G®) to the conservative potential. This
milestone computation went beyond what had been known from direct classical
GR calculations, and provided the first concrete fulfillment of the promise of the
scattering-amplitudes class of methods. It used a two-loop scattering amplitude
for massive particles, and was followed by many new calculations using amplitude
methods [15,17,26,68,69,72,86,139,144,213—221]. New EFT-based results have also
emerged [70,73,222—244]. In this context, Kilin and Porto have pointed out an
interesting analytic continuation from scattering to bound-state observables [73,141].
Several groups have pursued an eikonal approach [47,245-250], and connections
to it [251]. Another approach which has seen recent attention is the world-line
formalism [193,252,253]. In the context of EFT, this world-line approach is particu-
larly important since it makes immediate sense classically. Treated as an effective
quantum field theory, this means that it organizes quantum corrections particularly

simply. Finally, two of the present authors have examined light-ray operators [254]

223



WAVEFORMS FROM AMPLITUDES

and shock waves [20]. Researchers working within a traditional GR framework
have also continued to produce new results [14, 25, 85,87, 146, 255-264].

In a previous paper [21], two of the present authors and Maybee outlined an
observables-based approach to computing classical quantities. It starts with an
observable in the quantum theory, expressing it in terms of scattering amplitudes;
and then uses an efficient and controlled method for taking the classical limit.
In this approach, rather than trying to compute intermediate quantities such as
the conservative potential, we write down a formal expression for an observable
of interest — for example, the total change in the momentum of one of two
scattered particles, aka its impulse — in the quantum theory. With an appropriate
wavefunction for the initial state, we can express the chosen observable in terms of
quantum scattering amplitudes. We further restore powers of /1 via dimensional
analysis. At this stage, the 7 scaling is naively bad, as the observable may be
seemingly divergent in the classical, # — 0 limit, and loop corrections appear to be
increasingly divergent with increasing order.

The original paper [21] focused on scattering two massive particles. Appropriate
wavefunctions were necessary to localize each incoming particle. This localization
will sharpen in the classical limit, when we are focusing on point particles. The
localization will in turn lead us to retain momenta for the scattering particles in
the expression for the observable, but to use wavenumbers for exchanged, emitted,

or virtual massless particles (photons or gravitons). The change of variables from
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momenta to wavenumbers for the latter reveals additional powers of 7 that then
yield a finite classical limit at each perturbative order. Herrmann, Parra-Martinez,
Ruf, and Zeng [26,215], and separately Bautista and Guevara [220] have applied
this approach in their calculations.

Ref. [21] did not discuss massless bosonic particles, in particular in the initial
state. We remedy that in this article. Furthermore, ref. [21] focused only on global
observables, which require surrounding an event with a detector of 47t coverage. We
remedy this as well with a discussion of local observables, such as electromagnetic
and gravitational waveforms. Newman-Penrose [265] scalars provide a natural
language for these quantities. We will introduce these two principal topics of our
article in the remainder of this introduction.

Let us begin with the question of initial-state massless bosons. In the classical
limit, one describes massive particles as superpositions of single-particle states. They
ultimately appear as point-like particles or extended bodies. In contrast, massless
bosons appear as waves or wave packets. It is no longer possible to describe them
as superpositions of single-particle states. Instead, we shall see that they emerge
most naturally from coherent states of the corresponding quantum fields. Such
states are inherently superpositions of multiparticle states.

The significance of coherent states was emphasized by Glauber from 1963 on. He
proved that every quantum state of radiation — that is, every density matrix — can

be described as a suitable superposition of coherent states [266,267]. In particular,
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in the classical limit one can describe these density matrices using the so-called
Glauber-Sudarshan P-representation [267,268]. In this representation, there is a
classical probability distribution in the space of coherent states. The application of
coherent states to the classical limit of quantum scattering amplitudes started soon
afterwards in the work of Frantz, Kibble, and Brown [269-271], but a systematic
analysis of the question was still lacking [272]. Most calculations were limited
to the solvable model of the linear interactions of a current (or a stress tensor)
with the associated field [273]: in this case the S-matrix is solvable to all orders in
perturbation theory, and its structure is exactly equivalent to a coherent state. Yaffe
later showed [274] that coherent states are very convenient for understanding the
emergence of the classical approximation from quantum physics quite generally.
Concrete applications are nonetheless rare in the literature, especially outside the
case of a single particle interacting with a fixed coherent background (see ref. [275]
and references therein)®. Coherent states have a close connection to soft limits and
infrared divergences, which provide a natural arena for their emergence in the
late-time dynamics of QED and linearized gravity [277-282].

Let us turn next to the question of local observables. In ref. [21], the authors
studied time-integrated observables, in the context of scalar electrodynamics, and
validated the amplitude-based approach through comparisons with direct calcu-

lations in classical electromagnetism. What is of more direct interest to observers,

1 Ref. [276] offers a notable exception in the context of the superradiance problem.
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however, are time-dependent observables such as radiation waveforms. These are
examples of a class of observables which are local in the sense that they describe a
measurement at one spacetime point (or in a small region of spacetime). The time-
integrated observables of [21] in principle require an apparatus which completely
surrounds a scattering event, so that (for example) the impulse of any incoming
particle can be measured. We describe this class of observables as global as a result.

In this article, we establish a direct connection between local observables, such as
waveforms, and scattering amplitudes. We validate our approach with a calculation
of a simple waveform, arising from the scattering of two charged particles in
scalar QED. We will see that waveforms are effectively amplitudes for detecting
massless particles, or waves in the classical limit. We show how to write appropriate
quantum observables, and how to take their limits. Finally, we provide a direct
connection between the celebrated Newman-Penrose formalism [265] and scattering
amplitudes.

As our work has progressed, we have become aware of a parallel line of inves-
tigation by Bautista, Guevara, Kavanagh and Vines [283]. Their work is broadly
complementary to ours, but touches on some of the same themes: the connection
between the Compton amplitude and classical wave scattering, for example, and
the close connection between the Newman-Penrose scalars and helicity amplitudes.

Our article is organized as follows. We begin in the next section with a re-

view of the formalism of ref. [21]. In Sect. 11, we review coherent states for the
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electromagnetic field, show how they correspond to classical fields, and give a
simple example of a light beam built from them. In Sect. 11, we discuss global
observables with massless waves in the initial state, concentrating on the impulse
in this context. As examples, we discuss Thomson scattering and its relation to the
Compton amplitude, and we examine the calculation of the gravitational deflection
of light within our formalism. We turn to the second major topic of our article in
Sect. 11 with a discussion of the general form of local observables far from some
event. Sect. 11 follows with an introduction to spectral aspects of local observables,
leading to the Newman-Penrose projection formalism. In Sect. 11, we pause the
general development to give example of a local observable: the scattered radiation
field in Thomson scattering. In Sect. 11, we present the general form of the emission
waveform when two massive particles scatter, and in Sect. 11 we give explicit results
for electromagnetic emission in charged-particle scattering to leading order. We
discuss the connection between the waveform and the total radiated momentum in

Sect. 11, and end with concluding remarks in Sect. 11.

REVIEW OF FORMALISM

We use relativistic units, retaining ¢ = 1, even as we restore /1 explicitly. This
means that we must distinguish units of energy and length, which we denote

by [M] and [L] respectively. In this article, we will use a different normalization
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than the conventions of ref. [21] (Which are also the conventions of Peskin and
Schroeder [284]). Here, we normalize the annihilation and creation operators such

that,
@y, ay] = (27)2E,6%) (p — p). (599)

(Bold symbols denote spatial three-vectors.) Accordingly, n-point scattering ampli-
tudes continue to have dimension [M]*~".

We keep [M]~! as the dimension of single-particle states |p),
p) = @l0), (600)

with the vacuum state being dimensionless. We define n-particle plane-wave states
as simply the tensor product of normalized single-particle states. (The normalization
of the single-particle states is the same as in ref. [21].) The state |p) represents a
particle of momentum p and positive energy, while (p| = (0|a, is the conjugate
state.

We find it convenient to define an n-fold Dirac ¢ distribution with normalization
absorbing 27ts,

5" (p) = (2m)"6™ (p). (601)
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The scattering matrix S and the transition matrix T are both dimensionless.

Scattering amplitudes are matrix elements of the latter between plane-wave states,

(Ph- Pl Tlp1 - pu) = Alprepn = ph - P80 (prt - pu = pi = = ).

(602)
As our formalism encompasses both QED and gravity, as well as other theories
with massless force carriers, we denote the coupling by g. In electrodynamics, it

corresponds to ¢, while in gravity to x = v/327tG. It is not dimensionless once we

have restored the factors of 7; rather, it is g/+/% that is the dimensionless coupling.

We start by taking the momenta of all particles as the primary variables; but as
explained in the introduction, for most massless momenta, wavenumbers are the
variables of interest. We introduce a notation for the wavenumber p associated to

the momentum p,
p=p/h. (603)

We use the notation of ref. [21] for the on-shell phase-space measure,
dd(p;) = d*p; 8 (p} —m7). (604)

We will leave the mass implicit, along with the designation of the integration
variable as the first summand when the argument is a sum. The notation for the

measure again absorbs factors of 27,

dtp = )t (605)
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and as usual,

8 (p* —m?) = @(p") 6(p* — m?), (606)

so that,

A

8 (p* —m?) = 21O(p") 6(p* — m?) . (607)

(p' is the energy component of the four-vector.)
Given our convention for normalizing single-particle states, their inner product
is,
(¢'lp) = 2E,6% (p — p"). (608)
The expression on the right-hand side is the appropriately normalized delta function

for the on-shell measure, which is convenient to express in more compact notation,

A A

So(py — p) = 2E,, 8% (py — p1) - (609)

We should understand the argument on the left-hand side as a function of four-

vectors. In this notation, eq. (608) is simply,

P'lp) =do(p—7). (610)

With this notation, we can also rewrite the normalization of creation and annihilation

operations (599) in a natural form,
[a,,a,] =ba(p—p). (611)

We will also employ the notation a (k) = a, and a' (k) = af to allow for additional
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indices.

Ref. [21] exclusively considered the scattering of two massive point-like particles.
In this article we go beyond that discussion to consider initial states which may
involve massless radiation. However, when appropriate we will continue to use
the notation of ref. [21] for initial states involving only massive particles: we take
the initial momenta to be p; and p», initially separated by a transverse impact
parameter b. The latter is transverse in that p; - b =0 = py - b.

In the quantum theory, the system of massive particles is described by wave
functions, which we build out of plane waves. In the classical limit, these wave
functions must localize the two point-like particles, and must separate them clearly.
We describe the incoming particles in the far past by wave functions ¢;(p;), which
we take to have reasonably well-defined positions and momenta. We will review
the requirements on the wave packets, discussed in detail in sect. 4 of ref. [21],
below.

We express the initial state in terms of plane waves |p1 p2)in,

A

$hin = [@prdpa 80 (5 = )60 (5 — ) @1 () a(p2) €7/ )i

= /dq’(m)d@(vz) P1(p1)@2(p2) € PV p1 pa)in
(612)

We require each wave function ¢; to be normalized to unity,

/d¢(P1) o1 (p1))> =1, (613)
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so that our incoming state is also normalized to unity,

m<¢|¢>jn = /dq)(pl)dq)(pz)dq)(lﬂll)dq)(plz)elb(Pl_Pﬁ)/h
< 1(p1) 91 (P1) #2(p2) 93 (P2) S (p1 — P1) b0 (p2 — p3)

- /dCD(p1)dCI>(P2) 91(p1) 1Pl p2(p2)

(614)

=1.

Finally, we turn to a review of the classical limit. As discussed in ref. [21], there

are three scales we must consider in the context of massive particle scattering;:

the Compton wavelengths of the particles, Egi) = li/m;; the intrinsic spread of the
two particles” wavepackets, given by /,; and the scattering length, /;. Taking the

classical limit requires that we impose the ‘Goldilocks” conditions,
09 <« 0, < 1. (615)

The calculation of the scattering reveals that {5 ~ v/ —b2.

In order to expand in the i — 0 limit and extract the leading, classical, term

for any observable, as mentioned above we must make the powers of i explicit.

These arise from two sources: powers ordinarily hidden inside electromagnetic
or gravitational couplings; and powers arising from keeping the wavenumbers of
massless particles fixed rather than their momenta. This is true both for emitted and

virtual particles, when considering quantities such as the total emitted radiation.
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CLASSICAL LIMIT FOR MASSLESS PARTICLES

We are now ready to address the first major topic of this article: how to include
initial-state massless classical waves in the formalism of ref. [21]. A naive exten-
sion of the considerations of ref. [21] to massless particles is clearly impossible.
A particle’s Compton wavelength diverges when its mass goes to zero, making
it impossible to satisfy the required conditions (615). It doesn’t make sense to
treat messengers (photons or gravitons) as point-like particles. Indeed, Newton
and Wigner [285] and Wightman [286] proved rigorously long ago that a strict
localization of known massless particles in position space is impossible®. A proper
treatment instead relies on coherent states. We begin such a treatment in the fol-
lowing subsection by discussing general aspects of coherent states, focusing on the

electromagnetic case. We then describe the kind of coherent states of interest to us.

Coherent States of the Electromagnetic Field

We can write the electromagnetic field operator as,

Au(x) = =¥ [dok) [,y (R)el) (k) e ™/t at (k)ell (k) e 5/, (616)
Vi

2 The proof holds for vector bosons and gravitons.
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where 1 = £ labels the helicity, and the polarization vectors satisfy,
[ (0] = e (k). (617)

We follow the usual amplitudes convention of representing an outgoing positive-
helicity photon of momentum k by sgf) (k), which also corresponds to an incoming
negative-helicity photon of the opposite momentum. To understand the helicity
flip for an incoming state, note that we can analytically continue an incoming
momentum k to an outgoing momentum k' = —k. The energy component k'* of the
outgoing momentum is now negative. Thus, in an all-outgoing convention, positive-
helicity photons of momentum k with k' > 0 are represented by the polarization
vector sgf)(k), while positive-helicity photons of momentum k with k' < 0 are
represented by the polarization vector el (k).

More generally, azrﬂ)(k) creates a single-messenger state of momentum k and
helicity 7, while a(n)(k) destroys such a state. Equivalently, the latter operator

creates a conjugate state of momentum k and helicity 7.

The commutation relations are
[a(ﬂ) (k). “?n/) (K)] = 517,17’5q>(k — k). (618)

For example, a single-particle positive-helicity state is

.I.

k) = at, (0)]0) = [a,, (0)]1]0). (619)

The conjugate state is (k™.
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Using the form of the electromagnetic field in eq. (616), the electromagnetic field

strength operator is,

B (x) = =572 Z/ AD(K) [ag,) (K) ke, (1) X/ —af, () e ) () e 1,

where as usual the subscripted brackets denote antisymmetrization,

Ap,B

uBy = 5(AuBy — AyBy) . (621)

l\)\»—\

Introduce the coherent-state operator,

g = Naexp {/ AP (k) “(k)“gﬂ)(k) , (622)

where the normalization N, will be given below. We can build coherent states of

the electromagnetic field using this operator, such as a positive-helicity one,
a™) = Cp(4)[0) . (623)

More generally, we could consider coherent states containing both helicities. Since
coherent-state operators for different helicities commute and every polarization
vector can be decomposed in the helicity basis, there is no loss of generality in
making a specific helicity choice for the coherent states we consider. The coherent

state operators are unitary,

(Ca,(n))+ - (sz,(ﬂ))il . (624)
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The normalization factor , is determined by the condition (a™|a™) = 1, that is,

Ne=exp | =5 [ dot)a(t)P| (625)

as can be seen by using the Baker-Campbell-Hausdorff formula.

At this stage, the function a(k) is quite general, however in specific examples, we
may take it to be real. We will see below that it is subject to certain restrictions in the
classical limit. We will also see that its functional form will determine the physical
shape of the corresponding state, so we will call it the ‘waveshape” function.

The coherent-state creation operator acting on the vacuum can be rewritten
using the Baker-Campbell-Hausdorff identity as a displacement operator [269,270]

yielding

Co,(|0) = exp { / Ao (k)a(k) (al, (k) —a(, (k) [10). (626)
Its action on creation and annihilation operators is given by,

-I- J—
Co (o) K)Cq ) = ) (K) +0yp (k)

(627)
+ 1 s *
Co ) (K€ ) = () (K) +0yp ™ (k) .
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To interpret the state, let us compute (a™|A¥(x)|a™). It is useful to note,

1) (K)a*) = a(k)la’),
a(_)(k)|a+> =0,
(628)
(o af, ) () = (ot (),
(W laty (k) =0,
which incidentally imply that the dimension of a(k) is the same as the dimension

of the annihilation operator: inverse mass. It is then easy to see that,

<D€+‘Ay(x)|(x+> _ % /dq)(k) [Oé(k)ﬁgj_)*(k)e_ik‘x/h +0€*(k)€,(,,+)(k)e+ik'x/h]
— /dq)(lz) [56(1_()8;4_)*(]_()67{%’)( +0_C*(l_<)€§4+)(l_()e+ik‘x} (629)
= Acly(x) ’
where we define
a(k) = 1 a(k). (630)

Additional constraints on & will emerge below from the consideration of correlators

in the classical limit. Note that the polarization vector is invariant under the

rescaling from a momentum to a wavevector: (") (k) = &) (k) is independent of %.

Now, the most general solution of the classical Maxwell equation in empty space
is,

Y AL (1) = ¥ [ d(®) [ A, Rl (Re* + Ay (R (Be ], (63)
U Ul

in terms of Fourier coefficients A, (k), which we can identify as &(k). Evidently our
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state | ™) contributes only the terms of positive helicity (7 = +); a more general
coherent state involving creation operators of both helicities would generate this
most general solution of the free Maxwell equations. In examples we will consider,
the simpler state |a™) will suffice.

To further illuminate the meaning of coherent states, we may consider scattering
amplitudes in the presence of a non-trivial background field A.(x). The scattering
matrix in the presence of this background field depends on it. We denote this
dependence by S(A.). Using the properties of the coherent state operator it can be

shown that,

Cl ) S(A)Cy ) = S(A+al). (632)

Coherent states thus allow us to capture the physics of a specific background field

based on vacuum scattering amplitudes:
Co ) SO0, = sy (633)

The formulation of the perturbation theory in a fixed background is particularly
convenient when the Feynman rules — or the scattering amplitudes — in the

background are known exactly [287].
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Classical Coherent States

The coherence of a state does not suffice for it to behave classically. We must also

require factorization of expectation values,

(@ [AF(x)AY (y)]a™) = (" [AF(x)|a ") (| AT (y)]a"). (634)
A straightforward calculation in a light-cone gauge defined by a light-like vector g
shows that,

(| AM () A" (y)|a") =

kg + kg
N ) (at|AY( wo_ k-(x=y)/h
(A @) @A lat) + 1 [ dol { e ]e

M Va1 -
= (o |AF (x) | )@t [AY (y)]at) +1 /dcb {qw M}e—zw—w,

k-q+is
(635)

Similarly for the field strengths, in a gauge independent way using eq. (620), we

obtain

(™[ ()7 (y)|a™) = (a"[FF (x)a) (" [P (y) |2 )
) (636)
+anabiyloar] [ () ek,
For classical behavior, the second term on the right-hand side of eq. (636) must
be negligible compared to the first term. Writing F/}"(x) = (a|F"(x)|a ™), the

right-hand side becomes,

1
(x—yP = (D=0 i)

v h v
EL (1) B (y) + —goly o (637)
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The first term has a nontrivial limit as # — 0, whereas the second term goes to
zero in the limit, consistent with our expectations. For i # 0, it is not possible
to satisfy the inequality in the full spacetime region due to the divergence on
the light-cone (x* — y%)? = |x — y|? of the massless photon propagator: causally
connected measurements cannot be disentangled. We expect these contributions
to fade away in the classical limit of a physical observable [270]. The factorization
condition, which is trivial in the classical limit, has been dubbed the “complete
coherence condition” in the literature3, a term coined by Glauber [267].

As usual, we define the operator measuring the number of photons to be,

N, = ; / 4 (k) al, (K)ay, (K). 638)

A short computation shows that the expectation number N,, of photons in our

coherent state is,

_ / Ao (k) |a (k) 2 (639)

— E/d@(zz)m(zz)ﬁ.
The classical limit # — 0 thus corresponds to the limit of a large number of

photons, that is a limit of large occupation number [274]. The desired factorization

property eq. (634) will thus hold when,

N, >1. (640)

In the quantum optics literature the normal-ordered correlator of the electric field at different spatial
locations can have various degrees of coherence [288].
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We must choose the waveshape a such that the integral in the last line of eq. (639) is
not parametrically small as # — 0. A simple way to do so is to chose & independent

of h.

Similarly, the momentum carried by the coherent state is,

~ [aola(o ke (641)

This quantity (“K beam”) is finite in the classical limit, as expected.

We emphasize that this coherent-state construction and its connection to classical
states generalizes to any massless particle, including gravitons. Finally, it is worth
remarking on the important and familiar case of geometric optics. This is a
purely classical approximation to wave phenomena, valid in situations where the
wavelength is negligible in comparison to other physical scales. An important

example, which we discuss below, is of the gravitational bending of light.

Localized Beams of Light

In this paper, one of our foci will be on phenomena associated with scattering
light from a point-like object. For problems of this type to be well-defined, the

incoming wave must be spatially separated from the incoming particle in the far
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past. Consequently, we need to understand how to describe a localized incoming
beam of light. We can choose the beam to be moving in the z direction, localized
around the origin of the x—y plane. To see how to do this, let’s consider some
examples.

The simplest option for the waveshape is,
a(k) = axoe(k —Tik.), (642)

where k. (“k-bar beam”) is the overall wavevector of the wave, and a., (“a beam”)

1/2

is a constant which scales like /7. Defining &, = 1~/ “«,, this choice implies that,

(k) = &o00(k—k.), (643)

and that the classical field takes the form,

Alj(x) = 2Rew, el (k. )e ™ (644)

It is worth pointing out here that the expectation value of the gauge potential
between coherent states is always a real quantity: a physical field which can be

measured. We can choose

(645)
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to provide an explicit example. If we pick the normalization of & to be given by

&, = A, /2 with A, real, the classical field for this example is,
All(x) = A, (0,cosw(t — z), —sinw(t — z),0), (646)

which is a plane wave of circular polarization* moving in the z-direction with
angular frequency w. This wave is completely delocalized, which is a disadvantage
for our purposes: we wish to have a clean separation between the incoming wave
and point-like particle states.

To localize the wave, we may “broaden” the delta function in eq. (642). Define,

]EZ
exp [—;} , (647)

which is normalized so that

/ " ke, (F) =1. (648)

The peak width is controlled by the parameter o. As k is a wavenumber, ¢ has
dimensions of inverse length. We may choose our incoming wave, moving along

the z-axis, to be symmetric under a rotation about that axis. Consider the choice,
1
(k) = h—3\ky (27)? AV 20 85 (w — K/ 11)S5, (K /1)05, (K /1) ; (649)
or equivalently,

a(k) = V2|k|(27)> As 85 (w — ¥)do, (K¥)80, (K), (650)

4 The wave (a~ |A¥|a™) is circularly polarized in the opposite sense.
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with A real. (We use the superscripts t, x, y, and z to denote the corresponding
components of k.) We have introduced two measures of beam spread, ojand oy,
along and transverse to the wave direction respectively. The corresponding classical
field is,

Al (x) = V24, Re / ke (F) 65y (0 — F)

(651)
X O, (I%")chl (Ey)e‘ik'x

B=/( P+ (R (R
We emphasize that other choices of wave shape are available in the classical theory:
the only constraint is that N, must be large.

Let us further refine our example by taking o to be very small compared to the
other two scales, 0, and w = I_cg. We are thus considering a monochromatic beam,

for which we can replace d, by a Dirac delta distribution. Doing so, we obtain,

Al (x) = V2A, Re / Pk €7(K) 8y, (K5)5y, (KY) e~V @ HR)2HER)? piewz ik x iRy
(652)
We can simplify this expression with the following considerations. For the beam to
be moving in the z-direction, the photons in the beam should dominantly have their
momenta, or equivalently their wavenumbers, aligned in the z-direction. However,
the broadened distribution J,, does allow small components of momentum in the

x and y directions. These components should be subdominant. The corresponding

245



WAVEFORMS FROM AMPLITUDES

x and y wavenumbers are of order o, while the wavenumber in the z direction is of

order w. Let us define the (reduced) wavelength A = w~!. We must thus require,
A>o (653)

We can also define a transverse size of the beam,

along with a ‘pulse length’,

g=op (655)
We see that we must require,

ALl (656)

In other words, a collimated monochromatic beam must have a transverse size
which is large in units of the beam’s wavelength. The requirement (656) is in some

respects analogous to the first part of the ‘Goldilocks” condition (615). However, we

emphasize that eq. (656) arises from our desire to localize the wave in the far past.

In particular, waves violating the requirement (656) may still be classical.
Turning back to eq. (652), we may now simplify the time-dependent exponential

factor. The broadened delta distribution é,, forces,

() + () <ot =02, (657)
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so that,

Vo + B2+ ()2 S w2 + 2 =0+ 020 2) ~ w. (658)
For the wave’s field, we obtain, in this approximation,

Al(x) = V24, Re{eiw(fz) [ R E) 00, ()00, (;zy)eazxxeﬂzyy}
o (659)
= \/EAG Re{e_iw(t_z) sgﬂ (k) / 4’k o, (I_CX)KSUL (I_Cy)eikx xeikyy} ,

where we can replace ¢, (k) by €. (k.) because of the smallness of the transverse
components of k. (Recall that l_cg = (w,0,0,w).) To continue, we may note that the
integral,

/ " dgelts,(q) = e YO, (660)

so that we finally obtain,
Afl(x) = V2A,Re [e‘iw(t_z)szy(l_c@) e~ (Y /()| (661)

This is indeed a wave of circular polarization along the z-axis, with finite size in the
x—y plane.

Our approximation that o) is negligible gives us a beam of infinite spatial extent
along the direction of propagation (here, the z axis). Were we to stop short of the
o — 0 limit, we would find a finite size in this direction too. The occupation
number, which is divergent for infinite extent in the z-direction, would also become
finite for nonvanishing o.

The classical field in eq. (661) describes a beam of light that does not spread in the
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transverse direction, in apparent contradiction to the non-zero transverse momenta

the integral contains. This seeming contradiction is lifted when we compute the

field of eq. (652) to the next order in 1/(w/, ) and ¢/, as described in App. 11.

The result for short enough times is,

B exp[—ia)(t — Z)] U T (xz +]/2)
Al(x) = V2A, Re{ n iﬁ el (ks) exp [_4gi[1 +it/(2w€i)]] }

+ A—\/‘% Re{exp[—iw(t —2z)] [i%@,—cxsgy (k

(¥* + %)
402

X exp [—

GLOBAL OBSERVABLES WITH INCOMING RADIATION

In the previous section, we examined the use of coherent states to describe waves
built up of massless messengers (photons or gravitons), and understood that the
classical limit emerges in the limit of large occupation number. In this section, we
turn to dynamics: we will consider the scattering of a messenger wave and a scalar
point particle. Real-life examples are the classical scattering of a light beam off a
charged point particle; a light beam scattering gravitationally off a point particle; or
a gravitational wave scattering off a point particle.

Our focus in this section will be on global observables, obtained by surrounding

the scattering event with a distant sphere of detectors. These detectors can register
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the total change in momentum (or impulse) of the particle, or of the wave, during
scattering. These are the same kinds of observables considered in ref. [21]. The main
novelty in this section will be the computation of global observables for scattering
with incoming classical radiation, which we will describe using the coherent states
discussed in the previous section. In the following sections we will discuss local
observables.

Two examples will allow us to explore different aspects of the dynamics: the
electromagnetic impulse on a charge in a spatially localized beam of light (Thomson
scattering); and the General-Relativistic deflection of light in the geometric-optics
limit. We begin by discussing the details of the requirements imposed by the

dynamics in the classical limit, and the nature of the initial state.

Setup

In the classical limit, the Compton wavelength /. of a point-like particle must be
unobservably small. However, there is (in general) no need for the wavelength of
massless waves to be small. On the contrary, finite-wavelength classical waves are
quotidian phenomena, and propagate along the pages of many classical-physics
textbooks.

In the scattering of two point-like particles, this requirement on ¢, would be

violated if the particles approach at distances smaller than (or of order of) their
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Compton wavelength, because then the underlying wave nature of the particles
becomes important. Thus we arrive at the conclusion that classical scattering of two
particles obtains only when the impact parameter b # 0.

In contrast, for a wave of wavelength A interacting with a particle, we simply

require that A be much larger than the Compton wavelength /. of the particle.

When this is the case, the messengers comprising the wave cannot resolve the
quantum structure of the particle. For the classical point-particle approximation to
be valid, we further require that A should be large compared to the finite size ¢;, of

the particle’s wave packet. We thus have the requirement,

le < Uy K A, (663)

for classical interactions of a wave with a particle of Compton wavelength /.. There

is no a priori constraint on the impact parameter b.

Y Y

¢ ¢

Figure 1: While the t-channel graviton exchange contribution exists for a photon interacting
gravitationally with a scalar, this is not true in electromagnetic case

As exemplified in Fig. 1, in the electromagnetic scattering of a photon off a
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charged particle, there is no t-channel contribution. Correspondingly we are
primarily interested in the b ~ 0 case. (More precisely, we are interested in b
smaller than the transverse size of the beam.) We will explore this in more detail
below. In contrast, in the gravitational scattering of a photon off a neutral particle,
there are both s- and t-channel contributions. In this case, we are interested in
general b.

The interaction between our particle and our wave introduces another length
scale to consider, namely the scattering length ¢;. Let g = 1 be a characteristic
momentum exchange associated with the interaction; then the scattering length is

defined to be,
1

vigh

The value of the scattering length depends on the details of the scattering process.

by = (664)

In the case where two point-like particles scatter, for instance, one finds that ¢; ~ b.
In the case at hand where a particle interacts with a wave this need not be the case.
Indeed for an s channel processes it is more natural to expect /5 to be determined
by the off-shellness of intermediate propagators such as s — m?. For definiteness
let us take the momentum of the incoming particle to be p; = mju; while the
incoming wave has characteristic wavenumber k.. Then s — m% = 2hk, - p1, so that

the scattering length should be,

g o — . (665)
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This is simply of the order of the wavelength of the incoming wave.

We turn next to the construction of the incoming state. As in ref. [21] and
in eq. (612), we write the point particle as a superposition of plane-wave states
weighted by a wavefunction ¢(p). Following the discussion in the previous section,
we write the messenger wave as a coherent state of helicity # characterized by
the waveshape «(k). We start with a basis of states constructed out of coherent
states (623) of definite helicity |a) for the messenger and plane-wave states for the

massive particle,
[P1ag)in = [p1)]a3) - (666)

Our initial state then takes the form,

|w)in = /dq’(Pl) o1(p1) €7 |prad)in (667)

The impact parameter b now separates the particle from the center of the beam
in the far past. As in the earlier discussion, the state is normalized to unity,
in(Qw|Pw)in = 1. (We will leave the ‘in” subscript implicit going forward.)

Information about the classical four-velocity of the point particle is hidden inside
@(p). The explicit example studied in ref. [21] made use of a linear exponential
(which slightly counter-intuitively reduces to a Gaussian in the nonrelativistic limit).
In the same way, the information about the overall momentum K of the messenger
wave is hidden inside a (k).

In the following, we will make use of the coherent wave shape a(k) chosen in
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eq. (649) corresponding to the choice of a(k) of eq. (650), independent of i as
desired. We will elucidate inequalities between the various parameters defining the

beam below, where relevant.

General Expression for the Impulse

Before we discuss the details of specific examples, let us investigate the general
structure of the impulse, (Ap;), on a massive particle during a scattering event with

a classical wave. We can carry over the expression from ref. [21],

(APY) = (Yol i[PY, T] o) + (ol T'PY, T] [p)
(668)
_TH I
- Iw(l) + Iw(2) :
Compared to ref. [21], only the initial state is different.

Before studying the expansion of this expression, we remark that there is an

equivalent formulation in terms of the background field,

(Bpl) = /dCD(m)dCP(P’l) pr(p1) @i (ph)e PP gt iR, TIC, () 1)
+ [ d(p1)d(ph) g1(p1) i (ph)e VAP (€L TP, TIC, () L)

= [ a@(p)de(ph) or(p)ei (ph)e ™ ¥/ i Y, T(AL )] [pa)

+ [ d0(p1)d®(p}) g1 (p1) i (ph)e I (| TH A P, T(AD)] 1)

(669)
(17)

where the scattering matrix computed from the background A

is denoted by
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T(A(W)), and we have used the relation C! i€ = 1. While we will focus

d a,(17)

on the formulation (668), it is intriguing to notice the linear term of the impulse
I f; (1) 1 closely related to the two-point function of the massive scalar field in the
coherent state background. As a consequence, we should expect a resummation of
all higher-order results.

Returning to eq. (668), we note that — just as in the scattering of two massive
particles — only the first term contributes at leading order (LO) in the generic
coupling g. This LO contribution arises at O(g?); the second term only contributes
starting at O(g*). Let us focus on the I Z) (1) term, and write out the details of the

wavefunction (667),

Loy = /dcp(m)d@(pi) e ) Mgy (p1) @3 (P1) i(ph — p) (Ph a3 Tl )

(670)

The matrix elements of coherent states are not of definite order in perturbation
theory. In order to isolate the contributions at each order, one would ordinarily
introduce a complete set of states of definite particle number on each side of the T

matrix,
Bo= X X [ d0(p)dd(ph)de(r)do(r)dd(;)dd (k)
XX {,{'==%
x e PP M (p)) i (1) i(Ph — 1) (671)

x (p | K XV K X! | Tl S X) (ry kS X|py )

254



WAVEFORMS FROM AMPLITUDES

The sums over X and X’ are over different numbers of messengers, including none,
and include the phase-space integrals over their momenta. Charge conservation
implies that each intermediate state must contain one net massive-particle number;
we drop additional particle-antiparticle pairs as their effects will disappear in the
classical limit, and we denote the massive-particle momenta by r; and rg. Moreover,
in order to satisfy on-shell conditions of the T matrix element, each intermediate
state must contain at least one messenger, whose momenta are denoted by k, and
k5.

The LO contribution to I ;i 1) is the simplest. One may be tempted to believe
that it arises from terms with X = X’ = &, but this is not quite right: that would
omit disconnected parts of the S-matrix. In the situation at hand, a great many
photons are present in the initial state; the dominant contribution to the interaction
occurs when most photons pass directly from the initial to the final state. Thus
rather than taking X = X’ = &, we instead need to sum over additional messengers
in the coherent states. These sums over non-interacting messengers, contributing
disconnected S-matrix terms, are necessary to recover the correct normalization.

One can carry out these sums explicitly, but it is convenient instead to introduce
an alternate representation for the T matrix in terms of creation and annihilation
operators. As the incoming state |¢,,) given in eq. (667) contains one massive
particle and an arbitrary number of photons (or messengers more generally), we

must consider terms with a pair of massive-particle annihilation and creation
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operators, and an arbitrary nonzero number of messenger annihilation and creation

operators (not necessarily paired). That representation has the form,

r= Z/d®(71f7i/%zrié) <AV41?217 |T|71EZ> a{ﬁ/)(%)“Wﬁ) a(ﬂ)a(@ (k) +-- -, (672)

S

1
where the ellipsis indicates higher order terms in the coupling g as well as ampli-
tudes which do not contribute in the classical limit. We will summarily drop all
these terms in the following, retaining only the explicit O(g?) term. The measure

here is a shorthand,
dD(F), 71, Ky, k) = dD(7,)dD (7)dD (k,)dP(K)) . (673)

The advantage of the representation (672) is that the creation and annihilation
operators act simply on coherent states, yielding factors of a(k,) and a*(k}), and
taking care of the normalization for us. Each term within this representation
contains an ordinary (connected) amplitude with a definite number of external
messengers.

The required matrix element for the integrand term in eq. (672) can be computed

easily,

(ph | Tlpr o) = (PR I TIRRD) (ph odllat (R)a* () a ) (Ra)a () pr )

= 5q>(71 - 1) 5@(741 - p1) 517,:7(517’,11“2(%2)“3 (75/2) <717€/2;7 !TWZ) ’
(674)

where we neglected all the terms in the ellipsis of eq. (672). Notice that we
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encountered the matrix element <ocg |0cg) = 1: this conveniently takes care of all
the disconnected diagrams. The remaining matrix element introduces the desired

scattering amplitude,
FRTIRE) = AT K - 7K 87+ k-7 - Ky). (675)

As usual, the superscripts on the messenger momenta denote the corresponding
physical helicity. To write it in the usual amplitudes convention, A(0 — p1, p2,...),
we must cross the momenta to the other side. This flips the helicity of incoming
messengers.
Using the results of egs. (674) and (675) in eq. (670) and carrying out the sums
over 77,1, we obtain,
Ly = / d®(p1)d®(p1)dP(ky)d®(ky) @1(p1) @7 (ph)aa(ky)az (k)
x e PP Mi(ph — py ) (676)
x Alpy Ky = piky) 8 (py + ko = ph = K5),
where we have dropped the tildes on k; and k5.

If we make the usual change of variables to the momentum mismatches 41 o,

qm=py—pi,
(677)

qp =k —ko;
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use the delta function to integrate over g; and drop the subscript on 47, we find,

= /dCI>(P1)d<1>(kz)0f4q 5(29-p1+92)6(2q ko — )O(p + 4")O(Ky — q')
x @1(p1)91(p1+q) a3 (k2 — q)az(k2)

x e TN igh A(piky — pr+q, (ka—q)").
(678)

The analysis of the classical limit as far as the ¢ (p1) ¢} (p1 +¢) factor is concerned
is the same as in ref. [21]. It requires us to take the wavenumber mismatch as our
integration variable in lieu of the momentum mismatch. At leading order, we do
not have to worry about terms singular in 7, so the evaluation as far as the massive

particle is concerned will take,

5(2q-p1+q%) =1 15(27-p1),
(679)
¢(p1+49) — @(p1)-

Removing the coupling from inside the scattering amplitude (as in ref. [21], the

reduced amplitude is denoted by A), we find for the classical limit,

ey = <</d<1> (k2)d*7 827 - p1)S(27 k2 — 77) ©(Ky — 7') &3 (k2 — D) (ko)
x e 0T igh A(py k) — p1+hg, h(ky — 07)77)>>
(680)

As in ref. [21], the double-angle brackets indicate an average over the wave function
of the point-like particle. Classically, this is a function of the momentum p; with a
very sharp peak at p; = mju; where u; is the classical (proper) velocity and m; is

the particle’s mass.
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Figure 2: Impulse in scattering of a massive object off a coherent state background.

We can now apply this general result in a variety of specific cases. We shall
describe two examples in detail: Thomson scattering of a charge by a wave, with

b ~ 0, and gravitational scattering of light by a mass in the geometric-optics limit.

Impulse in Thomson Scattering

Our first application is to Thomson scattering, of a particle of charge Qe and mass
m, by a collimated beam of light. We take the light beam to have positive helicity,
corresponding to the coherent state |a™). We need the four-point tree Compton

amplitude in scalar QED,

Alpy k) = ph, ) = 2Q% 0 (ky) - £ (Ky) = 2Q% & (k) - e (Ky), (681)
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where we have chosen the gauge,
el . p1=0, (682)

for both photons. Alternatively, in spinor variables, we have a gauge-invariant

expression for the helicity amplitude, namely

Q? <k2|P1‘kf2]2

A + Ity =
A(pl’k2—>p1’k2)_ 2 k2p1k/2p1

(683)

This form of the amplitude is manifestly gauge independent, but it depends
explicitly on spinors |k}) and |k,] associated with photon momenta. As usual, in the
classical limit we prefer to work with photon wavenumbers. We therefore introduce

rescaled spinors,

Kh) =1 V2K, (k) =RV k], (684)

which are directly associated with the photon wavenumbers. The amplitude then

has the expression,

Q* (kalp1liy)?

Albvke = k) = =5 £ o

(685)

Choosing b = 0, and for a more symmetric presentation, writing k = k, and

k' = ky — g, the impulse eq. (680) takes the form,

=A
—~
byl
N
=~
=~
|
=
N
=

(686)

262 _ . o _
(ap) = S5 [ ko) sep- (k—F))a F)

(k-p)?
This expression may be compared with the classical electromagnetic result, obtained

by iterating the classical Lorentz force twice. Thus we see in an explicit example

260



WAVEFORMS FROM AMPLITUDES

that a vanishing impact parameter is perfectly acceptable in the classical scattering
of waves off matter, in contrast to the situation for two massive particles scattering.

It is interesting that the Compton amplitude appears at tree level in the classical
physics of wave scattering off massive particles. This amplitude is also relevant [67]
for purely massive particle scattering, though at one loop order. While the ampli-
tude is very simple for spinless particles, it is considerably more complicated [71]
for particles with large spins. Currently we do not have a clear understanding of
the appropriate Compton amplitude for the Kerr black hole, or of what principle we
could use to determine it. This is an important area for further research. Our work
suggests one angle of attack: information about the classical part of the Compton
amplitude could be extracted by a purely classical analysis of the impulse on a
massive spinning object in scattering off a messenger wave. This is one topic under

independent study in ref. [283].

Light Deflection in Gravitational Scattering

A second interesting application of the formulas derived in the previous section
is to the gravitational deflection of light by a massive object. We may access this
observable by computing the change in momentum of a narrow (small ¢, ) beam of
light passing with non-zero impact parameter b past a massive point-like particle.

At leading order, there is no radiation of momentum, so the change in momentum
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of the wave is simply the negative of the change in momentum of the massive point
source: our starting point is once again eq. (680).

Before we discuss the details of the calculation, it is worth dwelling for a moment
on our setup. Eddington’s famous observations demonstrated that starlight is
deflected by the sun in accordance with General Relativity. Near the sun, light
emitted by a distant star is essentially a spherical wave, and so the incoming wave
is extremely delocalized. In contrast, we have chosen to study a collimated, narrow
beam of light. Nevertheless, the difference between our setup and Eddington’s case
is immaterial. We work in the situation where the wavelength A of the light is very
small compared to the impact parameter: this is the domain of geometric optics,
and also applies to Eddington’s case. It is in the context of geometric optics that
the bending is well-defined; the geometric bending does not depend on the details
of the wave.

For our purposes the setup of a narrow beam in the far past is just a simpler
place to start. The reason is that we can then determine the bending of light by
computing the impulse on the beam: this impulse is directly the change in direction
of the wave. By contrast the impulse on starlight due to the sun involves integrating
over the whole incoming spherical wavefront: this is not related in a simple manner
to the bending of light.

In the geometric-optics regime, we need the wavelength of the light A to be small.

At the same time we must suppress all quantum effects, so we choose A to be
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large compared to the Compton wavelength /. of our point source. To keep our
beam collimated, eq. (656) requires that £; > A. The requirement that our beam is

narrow is /| < b. Thus there is a series of inequalities:
<ALl < ls~D. (687)

Note that the scattering length /5 is expected to be of order of the impact parameter
in this case, as we are considering a ¢t channel process. For simplicity, we consider
a monochromatic beam with ¢y — 0. The final length scale to consider is the size
¢y, of the point-particle’s wave packet. As usual we require ¢, < ¢, < ¥s. Once
these conditions are met, there will be little overlap between the beam and the wave
packet, so we do not anticipate that the values of the ratios A /¢, or ¢, /¢y, will be
important.

The impulse given in eq. (680) simplifies due to the constraints of eq. (687). Note
that the quantity |7 - k| > |§?| in the second delta function, as k; ~ 1/A while
g ~ 1/4s. The wavenumber § is then dominantly in the plane of scattering. In this
plane, the coherent waveshape & is of width 1/¢, so that we may approximate

3(ky — 4) ~ & (kz). For the same reason, the explicit theta function in the impulse

p=]|
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simplifies: @ (k5 — ') = 1. Taking into account the sign demanded by momentum

balance, the impulse on the wave is,

(098 =~ (( [ a0k 527 p)sCy Fo) Inalk)P

e~ igh A(py K] — py + g, h(ky — 67)'7)>> :
(688)

The integral over k; is now in a great many respects analogous to the integral over
the massive particle wave function which is hidden in our double-angle brackets. In
the geometric optics limit, & (k) is a steeply-peaked function of the wave number
peaked at ky = k.; in view of eq. (639), its normalization is related to the number
of photons in the beam. The amplitude, meanwhile, is a smooth function in this

region. The k; integral then has the structure,

/dCD (k2) (27 - k2) |2 (k2) 2 f(kn) ~ /dCID 527 Fa) (k) )2, (689)

where f is a slowly-varying function. We thus encounter the convolution of a

delta function and the sharply-peaked |a;(k)|?. The result of the convolution is a
broadened delta function centered at k, = k.. Neglecting the width (of order )

of this function we have,

/ d0(k>) 627 - F2) |2 (k)2 f(ka) = F(k.) Noi6(27 - Ko). (690)

Notice the appearance of the number of photons N., in the beam: this normalization

constant emerges from the integral over |ay(k)|2. The classical geometric optics

approximation does not have access to this number of photons, and correspondingly
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it will cancel in our expression for the deflection angle below. Certain other physical
quantities do involve this number of photons: for example, the total momentum of

the beam is,

K = [ao®laPr
(691)
~ N, kL.

Returning to the impulse on the beam, use of eq. (690) leads to the expression,

(8pfeom) =Ny (( [ 75027 p)dC2q - R.)
v igr A

(692)

The subscript reminds us that the approximation is valid in the geometric-optics
limit.

At leading order, we only need the four-point tree-level amplitude. As there are

no contributions singular in 7 at this order, we can simply retain only the terms

that survive in the classical limit:

- ko py - K
A(pr K — p), K1) = %8(7)*(1@) D)+
. I . ! _ _
_ %ﬁlkzg(m*(kz) D (EY) 4

(693)

where we have chosen the gauge p; - £) (k) = 0 for each polarization vector, and
the ellipsis indicates terms which are suppressed by powers of 7.

This amplitude simplifies further in the geometric-optics limit. The inequalities
eq. (687) require in particular that the wave number § ~ 1/b < k;. We may

therefore replace the scalar product p - k, with p - kz in eq. (693), up to terms which

265



WAVEFORMS FROM AMPLITUDES 266

are neglected in the geometric-optics limit. At the same time, we may replace the
polarization vector e (k}) with (") (k,) to the same order of approximation. The

amplitude is then simply,

_ k)2
Ak - ph, k) = Pl (694)

q

We note that the geometric-optics limit of the amplitude for the scattering of a
photon off a massive scalar is helicity-independent. Up to constant factors, it reduces
to the amplitude between one massless and one massive scalar>. This is as expected
from the equivalence principle: if the classical limit weren’t universal, the impulse
and hence the scattering angle would have helicity-dependent contributions.

In order to the evaluate the impulse, we insert the geometric-optics ampli-
tude (694) into the expression (692) for the impulse in the geometric-optics limit.

We obtain,

(Bpheom) = i Nyt (p1 - Ko)? [ d7327- pr)é(2q-.) e 1%
1 (695)

=i (- K)? [ @500 pdeg-K.) e Ty
Here, we have replaced the general coupling g by the appropriate gravitational
coupling «x, and the wavenumber k. by the total beam momentum K. The second
line of this equation is strikingly similar to the impulse in a scattering process

between two massive classical objects. Indeed, the integral remaining in eq. (695) is

essentially the same as the integral appearing in the LO impulse in ref. [21]. It can

5 See the beautiful and pedagogical discussion in ref. [289] for more details.
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easily be performed by taking the light beam in the z direction, K} = (E,0,0, E).

The result is,

‘u o 2 pl * Kr.

The impact parameter b* is directed from the massive particle towards the wave, so
the sign above indicates that the interaction is attractive.

The scattering angle 0 is then determined geometrically in terms of the impulse,

sinf = (697)

once we have fixed a frame. We have taken the absolute value to drop the sign
of the angle, understanding that the bending is towards the scatterer. Working
in the rest frame of the massive scalar, and using x?> = 321Gy, we reproduce the

well-known value for the gravitational bending of light,

. 4GNm

0
bl

+ e (698)

As a final comment, it is satisfying that the impulse we have obtained in eq. (695)

is essentially the same as the impulse on massive point particles as discussed in

ref. [21]. This occurred as the inequalities eq. (687) greatly simplified the impulse.

These inequalities themselves are very similar to the Goldilocks conditions eq. (615)
for classical point-like particles. The fact that the dynamics of massive particles is
so similar to the behavior of waves in the geometric-optics regime was a celebrated

aspect of nineteenth and early twentieth century physics, known as the Hamiltonian
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analogy. This analogy was highlighted by Schrodinger [290] and others as an

important consideration in the early days of quantum mechanics.

Higher Orders

Although in sections 11 and 11 we focused on leading-order applications, our
formalism is completely general and eq. (668) holds to all perturbative orders. As
we have seen, the leading-order contribution arises at O( gz). The second term, I Z: (2)7
in the impulse of eq. (668) involves one-loop amplitudes, and therefore contributes
only starting at O(g*). Consequently, we can identify a further contribution, at
O(g?), which receives no contribution from I ) but only from I (1)- 1t arises from

the leading corrections to eq. (672),

ﬁ,ﬁ/’ﬁ//

X [@41’]2’2’7 |T|71EZE2 ) a?ﬁ/)(@)‘f(ﬁ) a(ry)a (E)”(ﬁ//)(%)
+ <7’41?2]7 ?37 |T|71%Z> aIﬁfq(E)aIﬁ/)(?z)a*(ﬁ) a(ﬂ)”(ﬁ) (%2)] ’

(699)

where the additional argument in the measure corresponds to a factor of d®(k,).
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Inserting the integrand of JT3 into the matrix element in eq. (670), we obtain

(analogously to eq. (674)),

(P} ad|6T5|p1 o) =
(PR |TI7 RIS ) (0 o |al (Ry)at (7) a(Fy)a g (K2)a g, (ks) 1 )
+ (7R K TIRKY) (05 adlal (ka)aly, (6)at (7) a(7))a g (ko) p1 o))
:S ( pl)(s‘fb( Pl) Il 17 170‘2(7(/2)“;(];’2)

X [5~u,7cx2(k3)<r1 |T|1’1k'7k'7 )+5,7//,70c2(k3)<r1k k'7 |T|r1k'7)]
(700)

The scattering matrix elements in this expression introduce five-point amplitudes,

AR IE) = ARKE 7B 86 +th -7~ k),

(701)
FR R TR KD = AF K — 7R K ) 847+ — 7 — Ky — Ka) -
By crossing, we could choose to identify,
A7 K k’7 —>r1k’7) A(rlk"—wl,kz,( —k3)" Y. (702)

Substituting these expressions into eq. (670) and dropping tildes, we obtain,
Il = [ AD(py)d(ph) A (ky) D (K A (ks) (K5 ko)
x e ey (p) g (pr) i(ph = 1)
X [“2(k3)A(P1 KIS = piks") 64 (py+ Ky + ks — ph — k)

+ a3 (ks) A(pr k) — phky K3) 8*(pr + ko — p — Ky — k3)] :
(703)
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This O(g?) term is interesting as it differs in structure from contributions to
the impulse for massive-particle scattering studied in ref. [21]. In that case, the

first corrections arise at O(g*), from one-loop amplitudes in I éll) and cut one-loop

amplitudes in Iélz)' We leave an investigation of the new contributions (703) to
future work.

Another difference between purely massive scattering and particle-on-wave
scattering relates to the radiation reaction. In the massive case [21], radiation
reaction first occurs at next-to-next-to-leading order, that is at O(¢°). In contrast,
radiation reaction arises at O(g*) in wave—particle scattering. This radiation reaction

must contain contributions from the second term in the impulse, IZ 2)7 which

contributes at that order.

POINT-LIKE OBSERVABLES

In the previous section, we built on ref. [21] to analyze what we may call global
observables, requiring an array of detectors covering the celestial sphere at infinity
in order to measure the quantity. This is most manifest for the total radiated

momentum, defined by eq. (3.33) of ref. [21],

RF = (k") = in (9] STKYS [¢h)in = in (| T'K'T [¢)in. (704)

Even in electromagnetic scattering, achieving 47 coverage would make this a
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challenging measurement. In the gravitational context, where we would be looking
to detect emission from scattering of distant black holes, such a measurement would
be hopelessly impractical. Instead, for the remainder of this article, we turn to what
we may call local observables, which can be measured with a localized detector,
albeit still sitting somewhere on the celestial sphere, say at x. The paradigm for
such a measurement is that of the waveform W (t, 1; x) of radiation emitted during
a scattering event in direction 7 from an event at the coordinate origin. (That
is, we adopt the convention that —# points back from the observer towards the
scattering event.) We will focus on electromagnetic radiation here, but much of the
formalism will carry over to the gravitational case. Let us keep in mind that we
will be interested in several detectors, all nearby x, though with separations that
are completely negligible compared to the distance from the origin.

Local observables have a general structure which, as we will see, is determined
by some source (the scattering event) and the propagation of messengers over
very large distances. In fact it is convenient to break up our discussion of these
observables along these lines. In the present section we will discuss this overall
structure in more detail, with a focus on the crucial aspect of propagation. In
the following sections, we will extract general expressions for local observables
from quantum field theory, and connect to the Newman-Penrose formalism. Then
we will examine global observables in cases where a classical wave scatters off a

massive particle before turning to the physically important case where two massive
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particles scatter and radiate.
It will be easier to discuss and manipulate the Fourier transform of the waveform
with respect to time. We will refer to this as the spectral waveform f(w, 71; x):

+o0 .
flw,f;x) = / dt W(t,#; x) et (705)

—o0

Given a result for the spectral waveform, we can of course recover the time-
dependent waveform via an inverse Fourier transform. Because we are interested in
radiation produced by long-range forces, the idealized waveforms for the scattering
processes we will consider stretch infinitely far back and forward in time. The
idealization is implicit in the infinite limits for the integral in eq. (705). In an actual
measurement, however, the waveform would be below the noise floor of the detector
for all times before a ‘signal start time’ preceding the moment of closest approach,
and likewise for all times after a ‘signal end time” following that moment. We can
then take the theoretical waveforms to be approximations to actual ones cut off at
the start and end times. Label the interval between the two by At;.

Let us imagine that the point of closest approach during the scattering event is
at the coordinate origin, (¢,x) = (0,0). When a massless wave scatters off a point
particle, the wave may overlap the particle; we take a suitable event of maximum
overlap as the origin. We can treat the scattering as occurring in a box of temporal
length Ats, and of spatial size Ax;. Radiation is emitted inside the box during the

scattering event, and then spreads out. We will take an (idealized) measurement
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of the radiation in some direction 7, at a much later time and at a point very far
away in that direction. The details of the scattering — the particles” interaction
and spins — will determine the radiation emitted inside the box. Modifying those
details could radically change the emission. Those details, however, will have no
effect on the propagation of the radiation out to the distant measuring apparatus.
Only the spin of the radiated field can have any effect. We thus expect the form of
the result to be a Green’s function convoluted with a source. More precisely, given
that we have only outgoing radiation, we expect a retarded Green’s function Gy,;.
We can then expand the Green’s function in the large-distance limit to obtain the
connection between the observable and the emitted radiation inside the box.

The details of the scattering inside the box around (0,0) define a current for our
radiation. In a real-world context, we are interested in electromagnetic or gravita-
tional radiation, but we can equally well treat the case of (massless) scalar radiation
as well. The details of the scattering inside the box give rise to a wavenumber-space
tield-strength current, Tﬁ(k), where the notation ji denotes a number of indices
appropriate to the radiated messenger: none for a scalar, two for a photon, and

four for a graviton,
T(I_f) : scalar,
T (k) : electromagnetism, (706)
T,ul/plf (I_() : gravity .

In a slight abuse of language, we will refer to these quantities simply as currents.
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They will satisfy appropriate conservation conditions. We will later obtain an
expression for such a current in terms of scattering amplitudes.
Given this current, the usual position-space current can of course be obtained by

taking a Fourier transform,

Jix) = [ #E TR e . (707)
Clearly we can also write Tﬁ(l_c) in terms of J;(x) via an inverse transform,

i) = [ i gy e (708)

Both of these forms of the current will be helpful for us below.
As we will show in detail in the next section, we obtain an x-dependent radiation

observable in the general form,
Ry(x) =i [ dd(®) [Ja(R)e ™ — iR e*], (709)

that is, as an integral of the source ]Nﬁ(E) over the on-shell massless phase space for
the radiated messenger. Examples will include expectations of hermitian operators,
such as the field-strength operator in electromagnetism, or the Riemann tensor in
gravity.

The hermiticity properties of our radiation observables is manifest in eq. (709).
But notice that the observables are defined as integrals over positive frequencies
kit > 0. Yet in writing the innocuous-seeming Fourier transform in eq. (707), we

have assumed knowledge of the current for both positive and negative frequency.
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So we must fill a gap: what do we mean by the current for negative frequency? In
fact, the reality condition provides the necessary information. Our currents are real

in position space, and we may note that,
i(x) = [ RO [JaB) e + Ja(~Re] . (710)
The reality condition then leads to the relation,
i (—F) = Ta(®). (711)

We use this relation to define the current for negative frequency.

A key simplification arises because the source event, occurring in our box, is
sourced in a comparatively localized region compared to the very large propagation
distance of the outgoing radiation. To access this simplification, we follow a well-
trodden path [291] by rewriting our radiation observables as integrals over the
spatial extent of the source. Thus, we express the observable of eq. (709) in terms of

the spatial current J;(x), yielding
_ z/dCD )y Ja(y) [ ik-(x—y) _ e+z’l‘c-(x—y)} . (712)

Next, we interchange orders of integration. Judicious forethought reveals the
combination of phase space integrals to be a difference of retarded and advanced

Green’s functions,

x) = [ dy Jg(w) [Gre (v = ) = Gugulx = v)] 713)
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In the far future, where the observer measures the wavetrain emitted from the
scattering event, G,;, will vanish. Put in an explicit form for G, and switch back
to the wavenumber-space current in order to make the complete dependence of the

integrand on x and y manifest. The result is,

b omra v iy 0~y — [x—y))
~(x) = Bl d*y T- ik-y
Rj(x) /dwd kd*y Jz(k)e I —y

_ 1
o iwx? ptiw|x—y| ,t+iky (714)

— /vfwdgl_c dy Tﬁ(l_c) Ty
Notice that the integral is now over all wavenumbers. We have split the four-
dimensional momentum integration into integrals over spatial and frequency com-
ponents for later convenience.

From the earlier discussion, we know that J;(y) is concentrated around y ~ 0,
whereas x is far away (x > y). Accordingly we can expand the integrand there,
using,

|x_y| ~ [xz_zx.y}l/Z

-(1-51)

We must be careful in performing this expansion: while it is sufficient to retain the

(715)

leading term in the denominator, we must retain formally subleading terms that
contribute to nontrivial phases. Even in those exponents, we can of course still drop
terms beyond the subleading, as they give rise to no nontrivial phases.

Substituting the expansion (715) into eq. (714), we obtain,

o iwx? ptiw|x| p—iwiy ptiky
; (716)

— = Jod®k d° N—» k
Ry(x) /dwd kdy Ta(k) 1l
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performing in turn the y and k integrals, we finally obtain,

Ry(x) = 27

— P OBT T T p—iwx? tiwlx| 37 .5
i yrep /dwd k Ju(k)e e 0°(k — wnt)

) (717)
_ T AN\ o —iw(x0—|x|)
Tla| /dw Ji(w, wit) e :

We can thus identify the waveform with the coefficient of the leading-power term

x|,
Wi (t, i, x) = i/cfcu Tﬁ(w,wﬁ)e_i“’(xo_‘x‘) : (718)

4r

In this equation, t represents the observer’s clock time. We could take it to be x°, or
x¥ — |x|, or some other convenient time. We must nonetheless retain the separate
dependence on x° and |x|, because these quantities will differ between the cluster
of nearby observers in which we are interested. That is, the absolute phase of
the waveform at any given observer’s location is not measurable and is therefore

irrelevant, but the relative phases between nearby observers are measurable.

Choosing t = x° — |x|, the corresponding spectral waveform is then simply,

falew,) = 4-Tn(w,w). 719

More precisely, eq. (719) is the waveform for positive frequencies. For negative

frequencies, the waveform follows from eq. (711),
filw, i) = E]ﬁ(_w’ —wi); (720)

notice that —w is now positive. In both cases, once we know the current Tﬁ(l_c), we

can immediately write down the spectral waveform.
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SPECTRAL WAVEFORMS

As we have seen, the waveform is directly related to the current Tﬁ(l_c) generated
by the scattering event. We must choose a specific local radiation observable to
determine this current using its definition, eq. (709). In this section we will study
examples in both electrodynamics and gravity. Let us begin with a simple case: the
tield-strength tensor (620) in electrodynamics.

We choose an observer at x, in the far future of the event, equipped to measure the
expectation value of the electric and magnetic field at the point x. The observable is

therefore
<F]311/1t(x)> = out (Y[ Fpv (X)[¢)out - (721)

We can rewrite the outgoing state in terms of the incoming state using the time-

evolution operator or S-matrix,

(Eovt(x)) = in (IS Fpy (x)S|)in, (722)

where (as usual) |¢)in is the incoming state in the far past. This state could contain,
for example, two isolated massive point-like particles, or a single isolated massive
particle and a coherent state describing incoming radiation. A state of the former
type would be appropriate to study radiation emitted as two particles scatter, while
a state of the latter type can be used to study the scattered radiation field in a

Thomson scattering process. We will study both of these examples in detail later in
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this article.
Inserting the expression for the field-strength tensor (620) into this expectation

value, and converting to integrals over wavenumbers, we learn that,

(B () = —2in* [ a0(®) [(p1S"a, (0SI) kel (B e
(723)

— (plstal, (S|P ke () ],
where we have again dropped the ‘in” subscript, leaving it implicit in the rest of our
discussion. (Recall that k is just a label for the creation and annihilation operators,
and we can use k interchangeably for this purpose.)
We now see the virtue of our definition of the general class of radiation observ-
ables in eq. (709). Evidently the expectation value (Fg;*(x)) is of precisely this form,

and we can read off the current Tﬁ(l_c) as

Powll

Juw (k) = 2713/22 plSTa, (k)Sl) K, (k). (724)

The discussion of the previous section therefore applies, and we see from eq. (719)

that the corresponding spectral waveform is,

fun(eo, ) = hmZ yIsta RS ke B L (72s)

for positive frequency (w > 0). For negative frequency (w < 0) the waveform is,

A 1 e
fuleor ) = =W gls'aly Sl kAP B 020

This result holds to all orders in perturbation theory.
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It is straightforward to extend this result to gravity. We work in Einstein gravity,
and assume that the spacetime is asymptotically Minkowskian. In this case our
observer at x is very far from the source of gravitational waves, and is equipped
to measure the expectation value of the local spacetime curvature (R;’},j;a(x)>. The

corresponding spectral waveform is nothing but the double copy of eq. (725),

5 ix _ .o - ‘-
fuvpelw, ) = Eh3/2;<¢|s*a<,]><k>5|¢> Bad "B Eed " @ L G2

for w > 0. In this equation, the operator a () (k) annihilates perturbative gravita-
tional states. We have included a factor x/2 so that the Riemann tensor has the
conventional normalization. Noting that the metric perturbation falls off as inverse
distance, it follows that non-linear terms in the Riemann tensor produce corrections
which fall off faster than inverse distance. Consequently, we have neglected them.
Notice that all possible traces of eq. (727) vanish, consistent with the fact that the
Riemann tensor in vacuum equals the Weyl tensor. The waveform for negative
frequency is,

. ix - R _
praw,n):—E#”;wswa)(kwmk[yef,’?(k) Rped B, (728)

The Lorentz indices on these observables reflects the tensor structure of electrody-
namics and gravity. In both cases, however, there are only two possible polarizations

of the outgoing radiation. It is helpful to project the waveform onto one of these

polarizations. Classically, a convenient way to do so is to use the Newman-Penrose
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(NP) [265] formalism, which is intimately connected to the spinor-helicity method
of scattering amplitudes [210,211,283]. We can adopt the same idea in the present
context. For us, a simple route to the NP formalism is to pick a complex basis of

vectors which is aligned with our setup. We choose the vectors®
LF=k'/w=(1,a)F, NF=ZF, MHF=ecbH MH = (729)

The null vector { is simply a gauge choice, satisfying { -e(*) =0and L- N =L-{ =
1. Furthermore note that M - M* = —1. The scaling of the NP vector L ensures that
it does not depend on frequency w, and is dimensionless. Indeed the polarization
vectors e*) do not depend on the scaling of k so they are also independent of
frequency. These vectors therefore make sense as a spacetime basis, not merely as a
basis in Fourier space.

It is easy to check that the only non-zero components of f,, in the NP basis
are f,y M*"*N" and f,, M'N". These are the leading radiative NP scalar, tradition-
ally [292] denoted @), and its conjugate. We can write these NP scalars as Fourier

transforms:
®U(t 7)) = / dew e~ (e, 1) . (730)

Notice that we commuted the NP basis vectors through the frequency integration

We use capital letters to denote the elements of our NP basis rather than the more traditional lower
case symbols in order to distinguish the vectors from loop momenta, masses, et cetera.
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sign. This is permissible as the basis vectors are independent of frequency. For

positive frequency w, we find,

B(w, 7) = — 2 (ylsta RSl (731

=(wwh)

while for negative frequency, the corresponding expression reads,

B, ) = + -1 (IS al, (K)S]g)| . (732)

—(w,wit)

Combining these results, we find that the time-domain NP scalar is,

h3/2
W(t,1) =~ [ dwO W) wle W y|sta_, (0)SIy)
(733)
+iwt T+
rerlpistal, (RSl |
In gravity, the corresponding radiative NP scalar is defined by
Fa(x) = —=NuMyN, Mo (WHP? (x)), (734)

where WH'P7(x) is the Weyl tensor, equal to the Riemann tensor in our case. Ex-

panded at large distances, the leading term in the NP scalar is ¥9:

1
Ya(x) = H‘Pg +ee (735)

This object is directly relevant to gravitational waveforms [190,293]. We find that

the spectral version of the NP scalar is,

KC()

(o, ) = ~iT 12l e 0SIY),_ (736)

=(w,wit
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for positive w. Let us emphasize once again that these results hold to all orders of
perturbation theory.

NP scalars are particularly well-suited for comparison with helicity amplitudes
in quantum field theory. However, they may be slightly less familiar than the more
elementary field strengths; field strengths also have the virtue of being hermitian
quantities. Therefore, in the remainder of this article, we will also study the
expectation of the radiative field-strength tensor in perturbation theory. This entails

rewriting the scattering matrix in terms of the transition matrix T, S = 1 +iT,

(' (20)) = (9[(1 = iT")Fp (x) (1 +iT) )
(737)
= (Y[Fp (x)[9) +2Re ([ Fpy (1) T|) + ($[ T F () T]9) .
The first term in eq. (737) is the expectation value of the field strength due to any
incoming radiation which may be present in |)i,; the following term is linear in
amplitudes, and thus of O(g?) (or higher); the last term is quadratic in amplitudes

(or equivalently, linear in a cut amplitude), and contains terms of O(g¢°) and higher.

Using unitarity, we can rewrite eq. (737),

(Bt () (x) = (| By () 9) + | [Fu (x), TI) + (I T [Fpo (x), TI[) . (738)

The commutator in the second term of this expression is reminiscent of the form of
the impulse Ap (although in case of the field strength, the first term above need not
vanish). This second form of the field strength can be both instructive and useful,

but it has a slight disadvantage that reality properties are somewhat obscured
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compared to eq. (737). When taking the classical limit, we are interested in the
leading term in the large-distance expansion as well; for such radiation observables,
we will understand the (- - -)) notation to impose that expansion as well.

We will use this observable to analyze emitted radiation in the scattering of two
charged particles in Sect. 11. We first continue our analysis of Thomson scattering

in the next section.

FROM COMPTON SCATTERING TO THOMSON SCATTERING

In Sect. 11, we considered the Thomson scattering process: electromagnetic scatter-
ing of a classical beam off of a massive point charge. In our earlier discussion we
studied the impulse suffered by the massive particle during the process. We are
now equipped to deepen our analysis by determining the scattered light generated
during Thomson scattering. We will do so by using the results of the previous
section to compute the NP scalar ®) which describes that scattered light at very
large distances.

In this situation, our initial state eq. (667) describes an isolated massive particle,
and a localized beam of incoming classical radiation described as in Sect. 11 by

a coherent state with an appropriate waveshape function. Correspondingly, the
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Figure 3: The observer measures the field strength of the outgoing wave.

incoming state generates a non-vanishing expectation value for the electromagnetic

field strength tensor. This is the incoming classical radiation (F;f]‘,(x»

<F;14r11/(x)> = (Y| Fyv|¢pw) - (739)

In particular, there is a non-vanishing NP scalar @ in the far past.
To focus attention on the scattered light, it is convenient to study the overall

change in the NP scalar during the process,

A, 1) = —L 12 [(palSTa_ (0SIpa) — (Pala B gl | - a0
47 k=(w,wn)

This simply subtracts the contribution of the incoming beam to the radiation field
in the future. We will compute this quantity at leading order, focusing on the

positive-frequency part throughout.
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Using unitarity of the S matrix, we may write AP in terms of a commutator,

. i
ADY (w, 1) = _Ewh3/2<lpw|[a(f)(k,z)/T”’abﬂ B (w,wh) (741)
2 =\w,wn

We relabeled the quantity k appearing in eq. (740) as k, because, as we will see
below, it has the interpretation of the wavevector associated with the outgoing wave
which was denoted k) in Sect. 11.

To compute the commutator [a ) (k}), T], we make use of eq. (672) to expand the
T matrix in terms of creation and annihilation operators. Dropping the terms in the

ellipsis of eq. (672), the commutator is easily computed to be,

[a(f)(k’z),T] = Z/d<1>(71,?’1,752) <7'41k/2_|T|71EZ> ”Jr(?i)ﬂ(?l)ﬂ(ﬁ) (k). (742)
7

Inserting this result in eq. (741), and expanding the state |i,) using its defini-
tion eq. (667) specialized to the case b = 0 we easily find that,

ADY(w, 1) =

i

U / 4 (p1, Py, ka) 9" (P1) @ (p1) (piky | TIpakd) (ot ag, (ko) lat)
Ui

i , .
= — -l [ 4 (py, pi, ko) 9" (P (1) (phy [TIpk) k)
(743)

The matrix element of the transition operator yields the Compton amplitude, as
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well as the usual delta function enforcing overall momentum conservation. We may

perform the pj integral using this delta function to find that,
ADY (w, 1) =

— ﬁwhg’/z/d@(m,kz)ﬁ@m - (ky — ko)) |@(p1) P a(ko) Alprky — piky ).
(744)

We replaced the (conjugated) wavefunction ¢*(p} + k, — k) by ¢*(p)) because the
difference (k, — kb)/h = k, — k), is small (of order 1/A) compared to the width of
the wavefunction (which is of order 1//¢,). The integral over the wavefunction is
now precisely of the form required for the double-angle-bracket notation of ref. [21]

so that we arrive at,

8030, ) = — (/[ d0(k) B2pn - (ks — ko)) alk) Alpiks — pids ) ).
(745)

Finally, we insert the explicit Compton amplitude of eq. (681), and replace the
remaining integral over k; with an integral over the associated wavenumber k; to

learn that the LO NP scalar due to the scattering process is,

0 _ Qe YA 2 (kaky)
AD;y(w, 7 Hen << /dq) (ka) 6(2p1 - (ky — ka)) &(kz) m M—Ezm>> (746)

The same result would also be obtained from a classical analysis of the leading
order radiation field of a point charge moving under the influence of an incoming

classical wave.
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Alternatively, it is possible to compute the expectation value of the field strength

in the very far future. Focusing again on the change in the field strength,

(AF,(x)) = (F'(x)) — (F(x)), (747)

it is straightforward to use eq. (737) and find that,

(AFuw (%)) = i(pw By (x), Tl[thw) +--- - (748)

We have indicated higher order terms are present in the ellipsis. It may be worth
emphasizing once again that this result is the same as one would find be direct

computation using background field methods:

(AF™ (x)) = (o] STFM (x) S|t} — (P |F" (x)|9ho)
= /dq’(m)dfb(m)q)(m)@*(P’l)e‘ib'(”ﬁ"’“/h

< {ilph | (x), T(AT )] pa) + (I T AT E (1) T(AT) 1) |
(749)
()

where ACl

(x) denotes the classical background field corresponding to our coherent

state, and we once again used the relation Cl ( C, () = 1.

) (1)

Returning to the LO computation of the scattered field strength, by inserting the

definition of the field strength operator, we now encounter two commutators:

(8Fu () = —75 ¥ [ 40K) [(Wullagy (F), Tl 9) Byel] (6 2/
17/

— ol (B, Tl B e (1) e8]
(750)

288



WAVEFORMS FROM AMPLITUDES

The first of these was computed explicitly above; the second is very similar. After a

short computation, the field strength can be expressed as,

(8F()) = Re (26 K [ (ke k) 8(p1 - (s — k) (ko)
:

< Alpik] = i Ryl By ).
(751)

Comparison with the NP scalar is facilitated by performing the k) integral using
the methods of Sect. 11. Indeed, the field strength change of eq. (751) is of the

general form of the radiation observable eq. (709). The corresponding current is,

TyV(EZ) =
~ (X [ a0(k) b2pn - (s — ko)) alk) Alpik — P ) Ryl (B )
17/
(752)
The NP scalar can be obtained directly from this current as,
A 1 T 7. *
ADRY(w, A1) = o Juw (k) MTFNY. (753)

Performing the dot products, we recover our earlier result, eq. (746).

Earlier, we identified incoming classical radiation with coherent states. The reader
may wonder then about the nature of outgoing radiation. A necessary condition
for the outgoing radiation to be represented by a coherent state is that expectation
values of observables, such as the field strength, should factorize. We have proved
this explicitly earlier, see eq. (636). Perhaps surprisingly, it turns out that this is also

a sufficient condition. Indeed, one can work out the constraints on the probability
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density of the outgoing (pure) radiation: in the coherent state space (also called
the Glauber—Sudarshan representation), the classical factorization of observables
implies that the distribution has zero variance. In turn, this makes the distribution
degenerate, i.e. supported on isolated points. But as shown by Hillery [294], the
normalization condition together with the purity constraint suffices to reduce the
sum of delta functions in the coherent state space to just a single delta function.
That is, we have only a single outgoing coherent state in the classical limit. In
appendix 11, we prove that the factorization condition holds at the lowest order in
the coupling constant, which makes the outgoing radiation state of the Thomson
scattering coherent up to order g%. A more detailed discussion on this point will

appear in forthcoming work [295].

EMISSION WAVEFORM

We turn now to photon emission in the scattering of two charged point particles. At
leading order in perturbation theory, only the second term in eq. (737) (or similarly,

in eq. (738)) contributes. It will be of order O(g®), whereas the second term will be

of O(g°).
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If we now substitute the expression (620), along with that (612) for the initial-state

wavefunction for the scattering particles into the first term of eq. (737), we obtain,

(P (3))1 = 73 Re ¥ [ d(p1)d(p2)dd(p)d(ph) (k)
Ui
x e PP o () o* (p1) @ (p2) 97 (P)

x klig(mHxmikx/ I pf palag,) (k) T|p1 p2)

A (754)
= S Re L [ d(p)d(pa)de(p))db(ph)d(K)
U
x e M o(p1) 9" (p1) @ (p2) 9" (P)
x kel XM (3 ) K| T p1 pa) -
We can identify the matrix element as a five-point amplitude,
(1P K| Tlpr p2) = A(p1 p2 = prpa KNS (p1+p2—pr—pa—k). (759

At leading order, we replace the amplitude by its LO contribution, given by a
tree-level expression. To compute the required waveform, we must identify the
expectation of F*(x) as the spatial current J;(x) in egs. (707) and (708), and via
eq. (708), in eq. (718).

Beyond leading order, the expectation of F*¥(x) will receive higher-order contri-
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butions to the amplitudes in eq. (755), alongside contributions from the last term in

eq. (738),

(P )2 = =37 3 | d(p)a(p)d(p)io( )il

% e—ih(p{—m)/hq)(pl)(p*(p’l)qo(Pz)(P*(P,z)

| (756)
x [kl ie=tks/m iyt o | Tha ) (k) T|py pa)
— Kl gt/ b | Tal () T|p1 pa)]
Insert a complete set of states to the right of each T,
WITETIY) = ¥ [ d(r)d(rs) (1T X) (nn XIETlg),  G57)
X

where the sum over X is over all states, including no additional particles, and
includes an implicit integral over momenta of any particles in X and a sum over any
other quantum numbers. As in ref. [21], we assume that each of the incoming mas-
sive particles carries a separately conserved global charge, so that each intermediate
state has one net particle of each type. We can ignore additional particle-antiparticle
pairs of the massive particles, as these contributions will disappear in the classical
limit. As there are no messengers in the initial state, and hence no coherent states,

there is no need to sum over arbitrary numbers of messengers. Accordingly, we do
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not need to switch to a coherent-friendly representation (672) of the T matrix. We

obtain,

(F'(x))p = ~an ZZ/dﬂb 11)dD (r2)dD (p1)dD(p2)dD(p})dP(ps)dP (k)
x e PN (py) o (p) @ (p2) 9" (h)
x [klnemvlse=ikx/h iyt wb Ty 1y X) (11 1 Xlag, (k) T|p1 p2)
— kel R/t o T 7y 1y X) (71 72 Xaf, () Ty p2)]
= 5 B L [ 0000 (p)ae(p)ae ] a pae 4
x e PP o (p1) 0" (p)) @ (p2) 9" (12)
x [klelmhee =X/t ph | T ry vy X) (r1 12 KT X|T|p1 p2)

— klreVltikx /Rt ol TH py 1y KT X (1 72 X| T 1 p2)] .
(758)

In the second term within brackets, the creation operator requires a photon in the

intermediate state, and eliminates it from the bra. We then relabeled X to exclude it.

Note as well that at next-to-next-leading order and beyond, we necessarily require
amplitudes with three incoming particles. These can just as easily be obtained by
crossing. The term (758) has the interpretation of a cut of an amplitude, just as for
the second term in the impulse in ref. [21], as seen in egs. (3.26—3.31) therein.

This contribution first appears at next-to-leading order. At this order, we are
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interested in contributions with X = &, and we can identify the required matrix

elements as a combination of four- and five-point amplitudes,

(r172|T|p1p2) = A(pr1p2 = 1172)8 (p1 + p2 — 11— 12),
(p1, pal THrira) = A*(ph, ph — 11, 12) 8% (Pl + ph — 11 — 12),
(759)
(r1 12 K| T|p1 p2) = A(p1, p2 = 11,72, k1) (p1 + p2 —11 — 2 — k),
(P pa|T |1 ra KTy = A*(pY, ph — 11,12, KO (P + ph — 11 — 12 — k).

For the next-to-leading order contribution to (F*¥(x)), we use tree-level amplitudes

in eq. (759).

THE DETECTED WAVE AT LEADING ORDER

The leading-order contribution to the waveform will arise at O(g%), as described in
the previous section. We apply the approach of ref. [21] to eq. (754). Similarly to

that reference, and to Sect. 11, we define the momentum mismatches,

q1=p1—P1,
(760)

02 = py— P2;
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and trade the integrals over the p/ for integrals over the g;,

(F'(x))h =
, o . .
w2 Re Y [ doo(p)dd(p2)dqid*aad(k) 5(2py - g1+ 1)6(2p2 - g2 + 3)
7
x e~ 1O(p) +41)0(ph + 45) (P19 (p1 + 41) 9(p2) 9" (P2 + 72)

x kvl e=k X/t A (1 by — p1 + g1, p2 + 42, k1) 8 (g1 + g2 + k) -
(761)

We can take the classical limit, and change to the required wavenumber variables

for the g; and k,

(F'(x))1,a =
g3<<h2ReZ [ dep(ppiretnize-its
n

< T1 [ 8(pi-) e ™05 + 324+ F)
i=1,2

(762)

X A(p1, p2 — p1 + hir, p2 + ko, hl_<’7)>> :
We have also extracted powers of 1 from the coupling, and dropped the 7-
suppressed terms inside the on-shell delta functions as well as the positive-energy
theta functions. We recognize the inner integral in the second term as the radiation

kernel defined in eq. (4.42) of ref. [21] (after changing variables there p; — p; — hw;
and w; — —(71'),
RO®;0) =n* T /34071' S(pi-qi) e 13 qy + G2 + k)
=12 (763)
x A(p1, p2 = p1+hia, p2 + hijp, 1k") .
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We have made the impact parameter an explicit argument here. At LO, we can then

write,
(F*(x)) 1,0 = & <<Re2 / do(k *—””‘R<><k'7;b>>>. (764)

The integrand has the form of the radiation observables introduced in Sect. 11. The

spectral waveform is then,

(765)
_ @(_w)E[HS(W)V]R( ) (k"; b ‘k——w(l ﬁ)}
The corresponding result for the Fourier-space NP scalar is,
HO ig°w 0 - 0
B0,) = 52 O@IRY (w(1,1) 5b) + O(-)RO (—w(l, ) 'ib) )
(766)
Equivalently, we may write,
(1) =~ <</ dew ©(w) wle RO (w(1,7)7;b)
(767)

_ e+iw~tR(0)* (w(l, ﬁ)+; b)} >> )
As the LO radiation kernel R(?) is given by a five-point amplitude, the waveform as

a function of frequency w, is simply the five-point amplitude up to the additional

factor of w.
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The explicit form of eq. (763) for electromagnetic scattering is given in eq. (5.46)

of ref. [21], and reproduced as eq. (816). We evaluate it in appendix 11, to obtain,

2
RO (k; b) = m?;??l_{[uz-l_cul ce—uy-kup-€l I

2
Comy ulQ-ll_cQ(’zyZ_ 1) [ - K (1 =) - & = (1 —yup) - kuy - e] Iy

L Qi eltk
mqUq - I_(

[ul-l_cz-s—g-l_cuys}

X;Kl(\/ —bzul-l_c/ ’)/2—1)

2r (v —1)
+ (1 +» 2 modulo phases)
Q3Q, e*

:m[uZ'kul'S—ul'l_{uz's}

1

>< e —

2/ —1

, Qiomett
mq Uq -k

(768)

Ko(\/ —b2l/l1-k/ ’)/2—1)

ul-EE-S—E~Eu1-s]

ROV W i
X 27T(’)/2—1)K1( b u k/ Y 1)
+ (1 > 2 modulo phases) .
A side calculation shows that (with ¢ a null reference momentum),
Uy -kuy-e—uy-kuy-e =

1
V2(Zk)

[(Fcluz |K] (2] ey K] = (k] uy (K] (Z] a2 [K] (769)

up uq |k]

1 -
=
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for positive-helicity emission, and

75 ([ (770
for negative-helicity emission.
Then,
RO (k+;b) 040, "

B 2V2mmyug k2 —1
« {[Tq iz K] Ko(v/—t2u1 -/ /72 - 1)

i k] by [R] i }

+ Ki(vV—b%uqy -k 21
Ty VRt =) -
Q103

+ =
2V2mmyuy -k /92 —1
« {mm u []] Ko(v/—Puz -/ /72 —1)

+ —Z;Y[f!?rz\/’%&(\/—_bzuz"_(/ 2 —1)}-

There is a similar result for the other photon helicity.
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Using the integrals,

/ dw we DK (way) =
0

1 (t+ao) . 1
— h{—(t
@ (g 102 [+ (g + P2 (7t )
_im (t+a)
2 [+ (@ + 72
0 (772)
/ dw we 0K, (way) =
0
i) i (ag +t)
2[a3 + (ag + )22 ay[a? + (ag + t)?]
. ai . 1 )
— l[a% a0 LD arcsmh(a(t + u0)> ;
and defining,
uig=u-k/w=u; (1,n),
p1(t) = —b*ui,+ (* = 1)(t+b-h)?, (773)
p2(t) = —b2uz, + (v = DE?,
along with,
/n2 _ 2 _ .7 /2 _
Em(t,ﬁ;v) _ VT 1 —5(7 13)(2t—|—v ) arcsinh(,y—l(H—v-ﬁ))
p1(t) 0y 2(t) V=bPuy;
it (> —=1)(t+v-n)
o (774)

= (1 ) = L A2 —1(t+v-n)
=ib 0) =

1
2 T P ()

. 2 —
- i;% arcsinh (7—1(1‘ +v- ﬁ)> ,
07 (1) Y, —bzullﬁ
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we can write,

DY (t, 1) =
: 302
g QlQZ N A\ A A AT —— N
— Aluruq |7) EF (t,7;0) — (Al uruq |2 B (¢, 7;b
ey e Lt ) 18 150) — | g 1] S5, 50)
+i((A|buy |A) — [A] buy [A]) gy, A5 b)] (775)
;3 2
lg QlQZ ~ ~ —— A A AT —— A
— filuyus |71y B (t,7;0) — (71| ugup |71] E5 (£, 7,0
ey B L ) 58 150) = 8 s 2] S50, 50)

+i((A|buy ) — [A] buy |A]) EZb(t,ﬁ;O)} .

Here, |71) and |f1] are spinors built out of the null vector (1, 7).

CONNECTION TO RADIATED MOMENTUM

In Sect. 11, we presented the general form for the waveform observable. We worked
out the leading-order form in two-particle scattering in Sect. 11, and computed the
explicit form for electromagnetic scattering in the previous section. The appearance
of the radiation kernel suggests a connection to the radiated momentum previously
computed in ref. [21]. Let us elucidate that connection in this section.

In eq. (3.33) of ref. [21], we find an expression for time-averaged radiated momen-

tum,
RI = (k") = in (| STKMS [)in = in (| T'K'T [¢)in - (776)

This quantity is also integrated over the entire celestial sphere; we need a more

differential observable. Furthermore, this expression is related to the energy emitted,
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rather than the amplitude of the emitted wave.
We can use Mellin transforms to extract a more restricted observable, passing
through the spectral waveform to relate the emitted power to the amplitude. Write

the expectation of the observable (k)1

R(z) = ((K)*7) = (gl T" (KT [$)in- (777)

The inverse Mellin transform is related to the unpolarized energy density function,

c+ioo
felB) = —iE | dzETR(2), (778)

where the integral is taken along a line parallel to the imaginary axis, with ¢ € (0,1)
(or a deformation of that contour that doesn’t cross any poles or branch points)”.

The total energy is given by the integral,

Eiot = /O AE f.(E). (779)

Using the form in eq. (3.38) of ref. [21], we can write,

R(z) / 4D (K)dD (1 )dD (ry) (Ky)*L Y[R (K, rx) 2, (780)
Ui

for the expression in the quantum theory. In this equation, R represents the
quantum radiation kernel, given by the integral over wavefunctions inside the
absolute square in eq. (3.38). The quantum radiation kernel is expressed directly in

terms of a scattering amplitude.

7 With our conventions, the expected power of (277) ! is in the forward rather than the inverse Mellin
transform.
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In the classical limit, the density function is more naturally a function of frequency

rather than of energy,

c+ioo
fealw) = —iw [ dzw Ra(2), (781)

so that Rq(z) = "> "1R(z). We can use egs. (4.40—4.41) of ref. [21] to write,

Rate) = D ([0 (o DR P ) 68

The radiation kernel here is expressed in terms of the appropriate limit of a quantum
scattering amplitude.

We next need to restrict the measured radiation from the entire celestial sphere to
a narrow cone in a given direction. We take the limit of the cone, and measure only
the radiation in a given direction from the scattering event. We implicitly assume
that the measurement distance is much larger than the impact parameter, so that
there is a unique and well-defined direction. It’s not clear exactly what a formal

expression for the operator would be, but what we want is,
K 6@ (R ), (783)
for radiation in the 7 direction. This operator is to be understood as inserting,

Yy, K@k —n), (784)

i€messengers

into a sum over states or equivalently the phase-space integral. Focusing on the
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energy component, this can be understood as a light ray operator [254,296—299]
given by,

+o0
E(A) = / du lim r°T,, (u,r,A) (785)

PV
where u denotes the light-cone time u = t —r and Ty, (1,7, i) is the (light-cone)
time-time component of the stress-energy tensor (in gravity, this will be replaced by
the Bondi news squared operator [254]). By applying the saddle point approxima-
tion for the fields in the energy momentum tensor, the plane wave expansion will
localize to the point on the sphere in the direction of propagation. Schematically

we will have (see refs. [300,301] for further details)

oK/ _ eZ’(UM‘Fl’(Ur(l*ﬁ'lz) r—e %eiwu(s(Z) <ﬁ — ]2) (786)

where w = kf. Then one finds,

E(f) =Y / 4 (k) k 6@ (7 — ) [a, (K)a, (k)] (787)
Ui

where the action on on-shell particle states is equivalent to the time component of

eq. (784). The analogous Mellin kernel for (IK")?~! is presumably,
(K> 6@ (K —7), (788)
which is to be understood as inserting,

Y (LK) ek -0, (789)

distinct jlli

i€ ;
messengers jEmessengers
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into a sum over states or the phase-space integral. The sum over distinct messengers
is a sum over messengers which are not collinear; the sum over the collinear
messengers is taken in the inner sum. The inner sum includes i itself.

This form is motivated by a subtlety about overlapping directions: if IA<]~ = k; with

the remaining directions distinct we want,

Y, (kTP (k) + (K + k)T 6P (k- 1), (790)

i€messengers

i£j,l
which is what eq. (789) is designed to give. At leading order this subtlety is

irrelevant.

The analog to eq. (780) is,

-y Z/dcp )dd(ry)dd(ra) (L k)T

iE distinct jlli
messengers jE€messengers (79 1 )

x 63 (ki — ) Y IR(K], rx)|?,
1

and to eq. (782),

Razi)= Y m= 1<</d<1> y k) i—ﬁ);]R(k?,rX)\2>>.

ic distinct jlli
messengers jEmessengers

At LO, eq. (792) simplifies to just,
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The corresponding result for the spectral density in the # direction is,

fealw, i) = gw<< [ao® (I“ktkt ne) 5<2><l%—ﬁ);]R@(W;b)f). (794)

Writing out,
. dk
@ k — A =
© = 2emm
_ |k|d|k| 40z
o 2(2m)d

we can perform the integrals in eq. (794) to obtain,

E(eomal). oo

(795)

f €l (w

We can now compare this with the amplitude of each component of the waveform,

expanded at the leading order order in the coupling: for |f,,, M**N"| and | f,, M*N"|

we have, respectively

o o1, 2))MEENT] = 16607t ’ <<R(O)(w(l'ﬁ)_;b)>>‘ (797)

futw ] = 2| ( RO )| 7
At LO, we can also write

<<)R(0)(w(1,ﬁ)’7;b)‘2>> - ‘<<R(0)(w(1’ﬁ)’7;b)>> i (798)

and therefore we can express the spectral density of emission from eq. (796) in

terms of the amplitudes of the two helicity components of the waveform,

fea(w, i) = 32| fur (w(1,A)) M NY 2 + | fuw (w(1, 1) ) MPNV[?] . (799)
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This relation is the avatar of the relation between the energy of the wave and
the squared amplitude of the wave, the only difference being that here we are
measuring the momentum emitted in a given direction at a large distance r from the
source. The emitted radiation observable provides information about the magnitude
of the observed messenger wave, but not about its phase. The direct derivation in
previous sections adds that information.

A recently proposed generalization of a standard event shape is sensitive to
amplitude phases [302]. It would be interesting to explore a possible connection to

the waveform.

CONCLUSIONS

In this paper, we have developed an observables-based formalism for computing
classical waves from quantum scattering amplitudes. We have shown how to
incorporate both outgoing and incoming narrowly sampled waves, via the “local”
observables needed for the former, and scattering of waves needed for the latter.
Waveforms measured at gravitational wave observatories are “local” measure-
ments, in the sense that the passing gravitational wave train is sampled only at
the (small) spatial location of the observatory relative to the (very large) spatial
extent of the gravitational wave. In this paper, our first major focus was on devel-

oping a quantum-field theoretic formalism to describe this kind of classical, local
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measurement. This is in contrast to previous work [21,72] on classical observables
in quantum field theory, which discussed “global” observables, such as the total
amount of energy-momentum radiated in a scattering event. Our formalism is very
general, though in our explicit discussions we focused on the case of electromag-
netic radiation, which has the pedagogical benefit of being slightly easier to work
with. We look forward to applications of our formalism in gravity.

Scattering amplitudes are remarkably simple objects which can be computed
efficiently. For this reason, it seems very promising that waveforms can be computed
so directly in terms of amplitudes. In particular, it is clear from our work that
there is no obstacle to using the double copy to compute gravitational waveforms
(sourced by a scattering event) to any order of perturbation theory. It may be
worth emphasizing that we do not need the BCJ formulation [130] of the double
copy at loop level, which remains conjectural, to perform such a computation. The
gravitational waveform at higher orders could be computed using the unitarity
method, with only tree-level gravitational amplitudes required as inputs. For
those amplitudes, the BCJ relations are proven. The insensitivity of the classical
waveform to delta-function contributions localized on the worldlines of the particles
offers another, potentially significant simplification: only a subset of all possible
quantum factorization channels needs to be computed. The possibility of computing
leading-order gravitational radiation using amplitudes and the double copy was

previously discussed by Luna et al. [154], building on a leading-order worldline
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treatment by Goldberger and Ridgway [195]. The formalism presented here makes
this computation possible to any order. Shen [196] has already computed the
next-to-leading order waveform; it will be interesting to compare the efficiency
of our methods, using the conventional double copy of amplitudes, with Shen’s
ingenious world-line implementation of the double copy.

One important theme in the calculation and exploration of scattering amplitudes
is the search for the simplest forms in which to cast them. An early realization came
through the focus on helicity amplitudes rather than covariant forms (in terms of
polarization vectors and momenta). The former contain all physical information,
and are simpler. This is especially true when they are expressed in terms of spinorial
variables. The translation comes through a spinor-helicity formalism; historically,
that of Xu, Zhang, and Chang [303] played an important role.

Remarkably, the same phenomenon occurs in classical field theory. Newman-
Penrose (NP) scalars [265] are classical analogs of helicity amplitudes; indeed, as we
have seen, the NP scalar ®; is an integral over a helicity amplitude. The NP scalars
can be defined by contracting tensorial quantities, such as the electromagnetic field
strength F*Y, with a basis of four null vectors. This basis is a direct analog of the
momentum of a particle, along with its two possible polarization vectors, and a
gauge choice. Alternatively, the NP scalars can be constructed directly by passing
from the tensorial field strength to its spinorial equivalent. In this formulation, a

natural basis of spinors occurs classically, in an exact analogue of the spinor-helicity
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method in scattering amplitudes. It seems likely that further study will reveal more
close connections between sophisticated approaches to classical physics and the
methods of scattering amplitudes.

As a concrete application of our formalism, we computed a simple waveform:
the electromagnetic radiation emitted as two charges scatter. We extracted the
asymptotic spectral functions, as well as the relevant asymptotic Newman-Penrose
scalar. At leading order, these quantities are closely related to five-point amplitudes.
In the Fourier domain, they are built out of modified Bessel functions. At higher
orders, the connection to five-point amplitudes will persist. We expect that an
interesting class of functions, generalizing Bessel functions, will appear. In the time
domain, the functions were simpler; we suspect that this may be an accident of low
orders.

Our second major focus in this paper has been developing a quantum field-
theoretic description of massless classical waves readily amenable to calculations
using scattering amplitudes. Coherent states are key tools in extracting classical
behavior from quantum field theory [274], so it is no surprise that we found them to
be very helpful. Indeed, they mesh very naturally with amplitudes, and especially
with the transition operator T whose matrix elements are the amplitudes. The
reason is that the T matrix can be written out in terms of amplitudes and of creation
and annihilation operators. These operators, in turn, act very simply on coherent

states.
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As an application of massless waves, we studied the scattering of a massless
electromagnetic wave off a classical charge. We showed that the resulting outgoing
wave is determined, at leading order, by the classical limit of the Compton four-
point amplitude. We expect this final state to also be coherent. In appendix 11 we
provide evidence in favor of the coherence of this radiation.

Throughout our paper, the focus has been on scattering events. These are
very naturally described using amplitudes. Scattering events in general relativity
are interesting in themselves given the possibility that the tightly-bound compact
binaries observed by the LIGO and Virgo collaborations are created after a scattering
event with a third object [188]. Of course, a major goal for the future will be to
understand how gravitational waveforms from classically bound objects can also be
computed using amplitudes. This will need a new understanding, perhaps building
on the work [73, 141] of Kélin and Porto in the context of conservative classical
dynamics. Yet even without such a direct connection, it seems clear that our work
can be used in the context of bound state physics by developing an effective action
to enable the transfer of know-how from unbound to bound cases. The reader
may also be interested in forthcoming work by Bautista, Guevara, Kavanagh and
Vines [283] on related subjects.

The future for gravitational wave physics is data-rich and high precision. We will
need every good idea we can find to calculate waveform templates at the necessary

precision. By now it is clear that amplitudes and the double copy will be a useful
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tool. The double copy, at least in its BC] form, was a theoretical discovery which
was a by-product of the drive for precision theory for LHC physics. New theoretical
discoveries may well await us as we develop our understanding of gravitational

amplitudes in the drive for precision gravitational-wave physics.
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BEAM SPREADING

Let us obtain a more refined picture of the time dependence of the classical wave in
eq. (652). Expand the square root in the exponent in that expression, keeping the

next-to-leading term in the expansion,

> (k)% + (k¥)?

\/w2+(l_cx)2—|—(ky)2 =w+ 5 +o (800)
Substituting this into eq. (652), we obtain,
Al(x) = V2A, Reéli (k. )e T (w,0y), (801)

where we have introduced the following scalar integral (recall that o} = 611),
I(w, EJ_) _ / dzl_q_ bo, (]_Cx)éaj_ (I_Cy)eﬂ_‘x xeil}y ye—itki/(Zw)e—itl_cﬁ/(Zw) (802)
Integrating over the angular variable, we find,

T(w, l,) =207 /oodkk 2 2 ke RIA +it/ (20)] 3
(w,£1) =26 | dkkJo(y/2* +y2k)e (803)
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Performing the integral, we obtain,

e a2 2wt
I(w,l)) = o . (804)
+ 2wl§_

Yet higher-order contributions may be computed by noticing that the electromag-

netic field can be expressed — without expanding the square root in eq. (800) — as,

A _ (@24
Al(x) = V24 Reél (k.) el e 9T (805)
where we have introduced the operator H(w) = ,/w? — V%x )" In this reformu-

lation, the problem is now equivalent to computing the time evolution — for a
relativistic Hamiltonian with effective mass w — of a Gaussian wavepacket. Re-
stricting the time evolution to the nonrelativistic limit, we obtain the well-known
result for the spread of a Gaussian wavepacket in two dimensions, in agreement
with eq. (804). In a similar way, we can easily generalize the computation by adding
contributions from the expansion of the polarization vectors in the integrand as in

eq. (662).

FACTORIZATION AND UNITARITY IN THE CLASSICAL LIMIT

Our framework allows the computation of classical phenomena such as the elec-
tromagnetic field generated by the scattering of an incoming beam of light with a

massive particle. In this appendix, we address the question of whether the final
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state is coherent, in the context of a perturbative calculation. For coherence to hold,
we must show that the mean value of the electromagnetic field operator on the final

state factorizes. The final state is given by the evolution of the initial state,

Phou = [ 40(p) 9(p) PP/ S [pacty,, (806)

We say that the final state is coherent if the following correlation function vanishes

in the classical limit,

A= ou’c<l/"“FW(x)]FM3 W) out — out (Y[ (x)[9) out 0ut<‘PHF“ﬁ(1/)‘1P>out (807)

where the electromagnetic field operator is given by eq. (620). Let us prove that the
previous correlation function vanishes at the first nontrivial order in the coupling
g. The second term in eq. (807) is already known to this order as it matches the
value of the electromagnetic field in Thomson scattering times its free counterpart.
What is left is to compute is the first term. We can safely disregard contributions

quadratic in the transfer matrix, leaving us to compute the classical limit of,

out (P (X)EP (y) [)oue = FFO () FPO) (y) + i in (| [FHY () (), T] |93,

(808)
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(

where Pyg) (x) denotes the free field. Expanding the electromagnetic field operator

in terms of annihilation and creation operators,
F (x)F*f (y) =

4 e I () Bl il vk
_?EZ / AP (k1)dd (k,) [a(m)(k1>“<nz>(k2)kgﬂg<m>v1 Kl ) Bl il x-thay)

+ a?’h) (kl)a-(rﬂz) (k2)k[1V€(111)v] kgxs(’h)ﬁ} ol kixtkoy) /h
- ”Em(kz)a(m(kl)kg’*s(m)vl* k[zag(rIZ)ﬁ]eii(kl'xsz-y)/h
B ”Em(k1>a<nz>(kz)k§”e<m>vl kgxg(ﬂz)m*ei(k1~x—k2.y)/h

— O (k1 — kz)kgﬂe(ﬂl)v]* k[zms('h)ﬁ]ei(kl'x_kZ'y)/h |
(809)

At leading order in the coupling, the T matrix reads
T= Y [do® k7, p) ®FITRIP) afyy )" 7)oy @@+, 610
'

We can now evaluate the correlation function. The first two terms inside the bracket
in eq. (809) can contribute only at higher order in the coupling, and can be safely
neglected in the evaluation of the correlation function. As for the last term in

eq. (809), we can see it is similar to (636), providing a quantum contribution at
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leading order in the coupling which will disappear in the classical limit. We are left

with the following,

af (k)agy (k2), T) = / 40 (5, 7, %) (K27 TIRIB) af,  (kn)a* (7) a, (F)a(P)
L [ 0G5 R) @I T B) al R (7) g, (K2)a(P)

laf, ) (ka)agy k1), T] = / 40 (p, ', K) (KI'F| TIR1) a,, (ka)a™ (7') a, (R)a(P)

g [ a0 R) ®VF I TIER) afy (F)at (7) g, (k1)a(p).

(811)

These results imply that,

out (i [IFH (x)lF“ﬁ(y) ) out =

£rv,(0) (x) A (y)
8 *
+oiRe Y- /dCD (ku, ko, b, p, p) o (p)9* (P')
1112
X [i (kKI'p'| T KT p) (™| af,,)) (ka)ag,, (k) Ioﬁ)k&”e(’“)”]*k[z"‘s(’”)ﬁ]B*i(kl'xsz'y)/h]
8 *
iR Y /dcp (ki ko, K, p, ') 9(p) 9" (P')
171,12

x [ (K| T [R1p) (™|, (K Jag () ) K emv) el x—tay) /]
(812)
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After some simple algebra, we find

out (Y[F* (2)F* (1) [h)out =

FHv.(0) (x) £2p,(0) (y)

8 T *
+Re ) [ a@tkpp)e(p)e" (p)
1,12

y {i k| T|E’7p>oc(%)kg“g(m)’f]*e_ikl'”h /dCP(kz)lx*(kz)k[zaE(m)ﬁ]eikz'y/h]

8 7 *
+oke L [ a0t ke k p,p)e(p)e" ()
1/ 2

x {i (Y| T [Rp) (k) keIt a0/m [ (i) o (ko el e""l'x/ﬂ ;
(813)

reorganizing the terms we then obtain, as expected,
ot $IF (PP (1) o =
Fr ) () F2B0) (4))
PO ) Re ) [ aviinkp o) ()
X [ (]| T (R p) (R el ik /]
PO Re Y [ dvlia ko) ()

[ (| T 1) Ryl iken]
(814)

From this result we conclude that,

A|g2 =0. (815)
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This demonstrates that the semiclassical state generated in Thomson scattering is a

coherent state to this nontrivial order in the coupling.

INTEGRALS

We require explicit expressions for the integrals appearing in the leading-order

radiation kernel, eq. (5.46) of ref. [21]. The integral is,

R(O)(E, b) =4 /dA4w1dA4w2 5(2791 ,wl)g(zpz ) w2)5(4)(]_( — W — W) oiT1b

y {Qigz {_FZ,EJF (pr-p2)(@2-€)  (p2-K)(p1-¢)

= R oK (816)
(k@) (p1-p2)(p1-e)
fn e RN

We replace pf‘ by m;u!’, and introduce a fourth basis vector,

vy = 4eyv;\pu’1’u§‘bp . (817)

Its square is given by,

02

_ZG(Mll uz, b) ’ (818)

where G is the Gram determinant

G({pi}) = det(2p; - p)) . (819)
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The only nontrivial Lorentz invariants that can be built out of the uﬁl , b*, and o#

are,
Y =uy-uy,
and b2, as ulz =1.
We note that,

v? = 16b*(v* —1).

It is convenient to introduce two rescaled four-vectors,
b* = b /\/ 12,
ot =0t/ v =01/ (44 V(7?2 - 1)).

1

Let us also introduce as well new coordinates z;> , .,

7 =l ol T+l

The Jacobian from the change of variables in each w; is,

2
AT v _ ]
|€uvAp?7ﬂuifusz\ = ——4 N ¥ —1.

We also have the following expression for each square,

1

@ = ()2 4 242120 4 ()2 — (22— oliye

(820)

(821)

(822)

(823)

(824)

(825)
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There are four elementary integrals we need to evaluate,

M o A A A _ . . eiwl-b
11 = /d4w1d4w2 (5(1/11 . wl)é(uz . ZUQ)(S(4)(k — w1 — ZUz) ? ,

1
eiwl'bwif

_2 7
w7

(up - W)W (k — Ty — )

(o2

Ig = /d/\4w1d\4w2 3(1/11 : wl)

ol (826)

(lez . WZ)5(4) (k — wl — wZ)

(e 2N

Mo M 2 .
IgZ/d wld ZU2(5(M1'ZU1) —5
w;
iw b=
e ZUZ
=2
w;

(S oN

(uz . w2)5(4) (E — wl — WQ)

IZ = /lj‘}wllflwz 5(141 : wl)

Start evaluating I; by using the four-fold delta function to evaluate the w, integral,

oM R n _ eﬁl-b
11 Z/d wl (5(111-@1)5@{2'@1—112-]()?, (827)
1

and then make the change of variables (823),

/72 1 _
—(;/7_()2 /dzgl]dzgl]dzl[]udzz[}] 5(2%1] + 'yzgl})é('yzgn + zg] —up - k)
izl V1 (828)

(Zgl])z 4+ 2,),2[11]%1] + (zgﬂ)z _ (Zgl])z _ (zL”)Z '

1]

Use the delta functions to perform the z; ; integrals,

X

fizl[}] v
DIvE (829)

1 1] 5,11 e
dz; ' dz; -
[ (122 (P = 1)~ ()~ (=2

(2m)2 /7?1
1]

Perform the z; " integral to obtain,

—izlVy/p2
ST
4 \/y2 -1 \/(z}[]”)2+(u2-7<)2/(’yz—1)
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This can be evaluated as a Fourier transform,

1 _
L=-—— Ko(vV—PPup K/ /72— 1), 8
! 2/ -1 ol uz kI ) (831)

where Kj is a modified Bessel function of the second kind.

The first two steps are the same for I,

N A A _ ezwlb —H
Ig :/d w1 (5(“1'@1)5(”2'w1_u2'k) P =
1
V'Y - /dz[l]dzz Va2l 6+ yZo(rl + 2 — s B) (832

iz ]‘/T’(zg }”1 + zg ]uz + ZIE o 4+ ZL]Z)V)
(Zg ])2 + 272% ]ZE] 4 (Zgﬂ)z _ (Zl[,l})z _ (ZLU)z

[1]

The 9" term will vanish because of the antisymmetry in z;'; the u}, terms will

X

yield a result proportional to I,

us - k
I;a = 1 (,Yul B Mg)ll

N2 —
. (833)
— 2" M H \/ I
C 2m(yr-1p2 (vuy —uz)Ko(V =b2ua - k/ (/7> = 1)
The remaining (EV) term is,
. B 1 p—izy V12 ZE]
TR Y |
4t /9?2 -1 \/(Zl[jll)z +(un K2/ (92— 1) (830)
. iuz . 7(5” ) = 2
= by (72_1)K1<\/ b Un k/ Y 1)/

where we have dropped a delta-function contribution. The total is,

=1 + 1. (835)
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In I3, start by using the four-fold delta function to integrate out wy,

ei@z‘b

I; = eib'k /5{4w2 5(111 < Wy — Uq ]_C)S(Mz . wz) =2
2

This is proportional to I;, with the exchange uq < uy,

eib~l_<

221

Iz =

Ko(V —b2uq -k/\/7v*>—1).

Similarly for I,

H_ 1M H
I = Ip, + 1y,
with,

ul-l_c
Iila = _,),2 1 (ulf - 7“5)13

B U .k elbk
2w (y2—1)3/2
u i keltkpr

=Rk (VR R\ 1).

*o2m(yr-1)

(uh = yub)Ko(V =b2ur - k/1/7* = 1),

(836)

(837)

(838)

(839)

322



Part V

CONCLUSION AND FUTURE WORK



12

CONCLUSION

Black holes are extraordinarily simple. According to the no-hair theorem, they
are entirely described only by three externally observable parameters: their mass,
angular momentum and electric charge. This thesis shows that their dynamics
shares an equal remarkable simplicity since we can uniquely describe it in terms of
scattering amplitudes, the most perfect microscopic structures available in quantum
tield theory. To outline this incredible fact, in the first part of the thesis we have
focused on the two-body problem in General Relativity, with an attention toward
the post-Minkowskian approximation for spinless binary black holes. We have
started in Chapter 4 by presenting the complexity of the classical post-Minkowskian
approximation in General Relativity. Tracing a close analogy with a quantum
scattering, we have introduced the Lippmann-Schwinger equation as a tool to
reformulate the classical scattering in terms of amplitudes. Although usually

presented in the non-relativistic approximation, the Lippmann-Schwinger equation
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can be easily generalized to capture the two-body dynamics in the fully relativistic
sector. We have proven this in Chapter 5 by deriving the Hamiltonian of a spinless
binary system up to second order in Gy and all orders in the velocities, finding
agreement with an earlier calculation for the scattering angle by Westpfahl. We have
then applied this general framework to the case of a modified theory of gravity in
Chapter 6, deriving the same observable for binary systems. We have then focused
in Chapter 7 on a remarkable linear relation between the classical momentum of
a binary system - precisely the square of the derivative of the radial action - and
on-shell amplitudes. Using this relation, first introduced by Damour, we have
provided a direct formula relating the scattering angle in the post-Minkowskian
approximation to scattering amplitudes, valid to all orders in the coupling and
in the conservative regime. Interestingly, this simple relation holds at a linear
level only in D = 4 dimensions. We have shown this in Chapter 8, where non-
trivial information coming from box diagrams in dimensions higher than 4 is
crucial to agree with earlier calculations from eikonal approaches. Chapter 9 has
introduced the CHY formalism providing the needed input for on-shell calculations
relevant to derive post-Minkowskian observables from amplitudes at higher orders.
We have presented different methods to compute tree-level amplitudes of two
massive scalars and an arbitrary number of gravitons in D-dimensions, the most
economical one being the so-called A-algorithm. Chapters 10 and 11 have then

considered the problem left apart in the previous chapters of describing wave
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phenomena and radiation generated by a binary. The primary tool used has been
the KMOC formalism, which provides the most rigorous map between classical
observables and quantum scattering amplitudes. In Chapter 10, we have presented
an off-shell generalization of the underlying ideas in KMOC, which has been used
to derive gravitational and electromagnetic shock waves solutions in a simple
manner, including higher-dimensional ones and spin effects. In Chapter 11, we
have extended the realm of application of the original work in KMOC by showing
how classical wave phenomena, particularly those related to the two-body problem,
are accessible once we consider coherent states in scattering processes. Equipped
with this generalized framework, we have derived the bending of light and the
Thomson scattering from on-shell amplitudes in the most rigorous way. Finally, we
have shown a deep relation between waveforms and on-shell amplitudes. The latter
has been considered in two cases: waveforms generated in the Thomson scattering
and in a binary encounter. In both cases, we have adopted the Newman-Penrose
formalism, providing an elegant expression for the final emitted waveform as an

integral over helicity amplitudes.
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There are many avenues for research based on the ideas presented in this thesis.
Self-force results for binary systems can provide an essential improvement to
waveform templates, especially considering the proposed Laser Interferometer
Space Antenna and its sensitivity to low-frequency signals. From this perspective, it
would be interesting to explore the application of scattering amplitudes to self-force
effects, especially in light of the recent success in tackling the inspiral phase of the
general relativistic two-body problem. Another interesting possibility is the study
of alternative wave and fluid solutions in General Relativity from the scattering
amplitude approach outlined in Chapter 10. Based on the work in Chapter 11,
which treats unbound states, it would be of particular interest also to understand
how gravitational waveforms from classically bound objects can be computed using
amplitudes. Hopefully, these research directions will be pursued in the upcoming

years.
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