UNIVERSITY OF COPENHAGEN

A thesis presented to the Faculty of Science in partial fulfillment of the requirements for the degree

Doctor of Philosophy in Physics

Effective Field Theory

&

Scattering Amp

Andreas Helset

Supervisors: Michael Trott & N. Emil J. Bjerrum-]

This thesis has been submitted to the PhD School of the Faculty of Science, University of Copenhagen

June 30, 2020



ii



ABSTRACT

This thesis is devoted to theoretical developments in effective field theories and scattering amplitudes.
We discuss several effective field theories, ranging from the effective-field-theory extension of the
Standard Model to an effective field theory describing gravitational interactions of black holes. We
also develop modern methods for calculating scattering amplitudes, and apply them to effective field

theories.
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RESUME

Denne afthandling er viet til teoretiske udviklinger inden for effektive feltteorier og spredningsam-
plituder. Vi diskuterer adskillige effektive feltteorier, lige fra den effektive feltteori-udvidelse af
standardmodellen til en effektiv feltteori, der beskriver gravitationsinteraktioner mellem sorte huller.

Vi udvikler ogsa moderne metoder til beregning af spredningsamplituder og anvender dem pa effektive

feltteorier.
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PREFACE

This thesis contains results originating from a three-year-long research project in theoretical physics.
The main topics are effective field theory and scattering amplitudes. The thesis is divided in two parts:
Part II: Effective Field Theory

Part I1I: Scattering Amplitudes

The main text consists of reprints of preprints and published journal articles.
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Part I

INTRODUCTION



MOTIVATION

Quantum field theory successfully describes many different phenomena, ranging in scale from the
shortest scales we can experimentally probe at the Large Hadron Collider, to the scales of black hole
mergers. Many of the quantum field theories which describe the observed phenomena are effective
field theories. Improving our calculational abilities of the effective field theories is of great value, both
practically and theoretically. Modern methods have been developed which enable many calculations
which were previously intractable with traditional methods. One of the main objectives of this thesis
is to apply the ever-increasing toolbox of modern methods for calculating scattering amplitudes to
effective field theories. This would simultaneously improve our ability to perform hard calculations as

well as illuminate the underlying structure of the effective field theory.



THESIS OUTLINE

Chapter 3 contains an introduction to effective field theory and scattering amplitudes.

The main results of the thesis are divided in two parts;
Part II: Effective Field Theory

Part III: Scattering Amplitudes

Part I1: Effective Field Theory contains the following chapters:

Chapter 4 is a reprint of A. Helset and M. Trott, On interference and non-interference in the smeft,
JHEP 04 (2018) 038 [1711.07954]

Chapter 5 is a reprint of A. Helset, M. Paraskevas and M. Trott, Gauge fixing the standard model
effective field theory, Phys.Rev.Lett. 120 (2018) 251801 [1803.08001]

Chapter 6 is a reprint of T. Corbett, A. Helset and M. Trott, Ward identities for the standard model
effective field theory, Phys.Rev.D 101 (2020) 013005 [1909.08470]

Chapter 7 is a reprint of A. Helset, A. Martin and M. Trott, The Geometric Standard Model Effective
Field Theory, JHEP 03 (2020) 163 [2001.01453]

Chapter 8 is a reprint of A. Helset and A. Kobach, Baryon number, lepton number, and operator
dimension in the smeft with flavor symmetries, Phys.Lett.B 800 (2020) 135132 [1909.05853]

Chapter 9 is a reprint of A. Helset and M. Trott, Equations of motion, symmetry currents and eft
below the electroweak scale, Phys.Lett.B 795 (2019) 606 [1812.02991]

Chapter 10 is a reprint of P. H. Damgaard, K. Haddad and A. Helset, Heavy black hole effective
theory, JHEP 11 (2019) 070 [1908.10308]

Part III: Scattering Amplitudes contains the following chapters:

Chapter 11 is areprint of K. Haddad and A. Helset, The double copy for heavy particles, 2005 .13897
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2 THESIS OUTLINE

Chapter 12 is a reprint of R. Aoude, K. Haddad and A. Helset, On-shell heavy particle effective
theories, JHEP 05 (2020) 051 [2001.09164]

Chapter 13 is a reprint of R. Aoude and A. Helset, Soft Theorems and the KLT-Relation, JHEP 04
(2020) 044 [1911.09962]

Chapter 14 is a reprint of N. Bjerrum-Bohr, H. Gomez and A. Helset, New factorization relations
for nonlinear sigma model amplitudes, Phys.Rev.D 99 (2019) 045009 [1811.06024]

Chapter 15 is a reprint of H. Gomez and A. Helset, Scattering equations and a new factorization

for amplitudes. part ii. effective field theories, JHEP 05 (2019) 129 [1902.02633]

Chapter 16 contains conclusions, while future work is discussed chapter 17.
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INTRODUCTION

The first key concept of this thesis is effective field theory (EFT).! EFTs are consistent quantum field
theories. The power of EFTs comes from the feature that one does not need to know the full theory in
order to perform calculations; we do not need to know about the mass of the Higgs boson or quantum
gravity in order to calculate the trajectory of a baseball.

In order to mathematically implement the ideas of effective field theory, we first need to know
how to describe a physical system. A general description of a physical system might consist of the

following elements:
* Degrees of freedom
* Symmetries
* Expansion parameter

The relevant degrees of freedom for a chemist are atoms and electrons, not muons and B-mesons. The
key principle here is that in order to describe physics at one length scale, it is sufficient to know the
field content on that length scale. What happens at a much smaller length scale is irrelevant.

Once we have specified the degrees of freedom for our system, we can study how they transform
under certain symmetries. Much of the success of physics is based on the use of symmetries. Thus,
symmetries are important for effective field theories. Sometimes the effective theory will have different
symmetries than the underlying theory.

Lastly, one of the hallmarks of an effective field theory is the expansion parameter. Often can we
not calculate the full answer to the complicated interactions of sub-atomic particles. But we can get
pretty close to the full answer by organizing the calculation with an expansion parameter. We can then

obtain the leading-order description and subsequently calculate corrections to the result.

ISee e.g. refs. [13—16] for reviews on effective field theories.



3 INTRODUCTION

The second key concept of this thesis is scattering amplitudes. The scattering amplitude A is a key
do

ingredient in the differential cross-section, 55 ~ | A|?. The differential cross-section, and the cross-
section (which is found by integrating the differential cross-section over angles), are experimental
observables. Thus, the scattering amplitude is one connection between theoretical and experimental
particle physics. However, calculating the scattering amplitude can be a lot of work. In the traditional
formulation of quantum field theory, we start with a Lagrangian and derive Feynman rules. These
Feynman rules are used to calculate various Feynman diagrams. However, when the number of
particles involved increases, so does the number of Feynman diagrams we need to calculate. For
example, a scattering amplitude with 10 gluons? at tree level involves more than 1 million diagrams
[17]. This becomes cumbersome very quickly, and alternative methods for performing the calculation
should be applied.

In recent years, much progress has been made to find alternatives to the Feynman-diagram expansion.
In particular, on-shell scattering amplitude methods dramatically reduce the complexity of calculating
multi-gluon scattering amplitudes. Some keywords from this toolbox are: on-shell recursion relations,
spinor-helicity formalism, generalized unitarity, the double-copy relation between gauge and gravity
amplitudes, etc. For reviews of the scattering-amplitude program, see refs. [18-21].

The synergy of effective field theory and modern methods for scattering amplitudes has currently
not been fully exploited. Effective-field-theory calculations are often performed with the use of more
traditional methods like Feynman diagrams. Many practitioners of modern methods for scattering am-
plitudes, on the other hand, have put a large focus on simpler theories as e.g. N/ = 4 supersymmetric

Yang-Mills theory. That leaves a vast landscape of effective field theories which could benefit from

being more interconnected to these modern methods. This thesis attempts to start bridging the gap.

2For scattering amplitudes involving gravitons the situation is even worse.



Part I1

EFFECTIVE FIELD THEORY



ON INTERFERENCE AND NON-INTERFERENCE IN THE SMEFT

We discuss interference in the limit rﬁw /s — 0 in the Standard Model Effective Field Theory
(SMEFT). Dimension six operators that contribute to $§ — ¢/, 51’51} scattering events can
experience a suppression of interference effects with the Standard Model in this limit. This occurs
for subsets of phase space in some helicity configurations. We show that approximating these
scattering events by 2 — 2 on-shell scattering results for intermediate unstable gauge bosons, and
using the narrow width approximation, can miss interference terms present in the full phase space.
Such interference terms can be uncovered using off-shell calculations as we explicitly show and
calculate. We also study the commutation relation between the SMEFT expansion and the narrow

width approximation, and discuss some phenomenological implications of these results.

4.1 INTRODUCTION

When physics beyond the Standard Model (SM) is present at scales larger than the Electroweak scale,
the SM can be extended into an Effective Field Theory (EFT). This EFT can characterize the low
energy limit (also known as the infrared (IR) limit) of such physics relevant to the modification of
current experimental measurements. Assuming that there are no light hidden states in the spectrum
with appreciable couplings in the SM, and that a SUy (2) scalar doublet with hypercharge y, = 1/2
is present in the IR limit of a new physics sector, the theory that results from expanding in the Higgs
vacuum expectation value \/m ) = Ot over the scale of new physics ~ A is the Standard Model
Effective Field Theory (SMEFT).

When the SMEFT is formulated using standard EFT techniques, this theoretical framework is a
well defined and rigorous field theory that can consistently describe and characterize the breakdown of

the SM emerging from experimental measurements, in the presence of a mass gap (7/A < 1). Fora



4 INTERFERENCE AND NON-INTERFERENCE

review of such a formulation of the SMEFT see Ref. [22]. The SMEFT is as useful as it is powerful
as it can be systematically improved, irrespective of its UV completion, to ensure that its theoretical
precision can match or exceed the experimental accuracy of such measurements.

Calculating in the SMEFT to achieve this systematic improvement can be subtle. Well known
subtleties in the SM predictions of cross sections can be present, and further subtleties can be
introduced due to the presence of the EFT expansion parameter o7/ /A < 1. Complications due to
the combination of these issues can also be present. As the SMEFT corrections to the SM cross
sections are expected to be small < % level perturbations, it is important to overcome these issues
with precise calculations, avoiding approximations or assumptions that introduce theoretical errors
larger than the effects being searched for, to avoid incorrect conclusions. For this reason, although
somewhat counterintuitive, rigour and precise analyses on a firm field theory footing are as essential
in the SMEFT as in the SM.

In this paper we demonstrate how subtleties of this form are present when calculating the leading
interference effect of some £(6) operators as rh%,\, Iz /s — 0. We demonstrate how this limit can be
modified from a naive expectation formed through on-shell calculations due to off-shell contributions
to the cross section. Furthermore, we show! how to implement the narrow width approximation in a
manner consistent with the SMEFT expansion.

These subtleties are relevant to recent studies of the interference of the leading SMEFT corrections
in the rh%v /7 /s — 0 limit, as they lead to a different estimate of interference effects than has appeared

in the literature when considering experimental observables.

4.2 cc03 APPROXIMATION OF 3 — o' s/ 1)

The Standard Model Effective Field Theory is constructed out of SU¢ (3) x SUL(2) x Uy(1) invariant

higher dimensional operators built out of SM fields. The Lagrangian is given as
Lsmerr = Lo+ L0 +£O +£D 4, L@ =) =i QW ford > 4. (1)

We use the Warsaw basis [25] for the operators (Ql@) in £(©), that are the leading SMEFT corrections
studied in this work. We absorb factors of 1/ A2 into the Wilson coefficients below. We use the
conventions of Refs. [22, 26] for the SMEFT; defining Lagrangian parameters in the canonically
normalized theory with a bar superscript, and Lagrangian parameters inferred from experimental

measurements at tree level with hat superscripts. These quantities differ (compared to the SM) due to

IFor past discussions see Refs. [22-24].



4 INTERFERENCE AND NON-INTERFERENCE

the presence of higher dimensional operators. We use the generic notation 6X = X — X for these
differences for a Lagrangian parameter X. See Refs. [22, 26] and the Appendix for more details on
notation.

Consider P1p — ', 5y’ ;1) scattering in the SMEFT with leptonic (¢ and quark ¢, ¢/, 9}
fields. The differential cross section for this process in the SM can be approximated by the CCO3 set
of Feynman diagrams,”> where the W* bosons are considered to be on-shell. This defines the related
differential cross section do (¢ — WTW ™) /dQ), which is useful to define as an approximation to
the observable, but it is formally unphysical as the W* bosons decay. The lowest order results of this
form were determined in Refs. [27-34] and the CCO3 diagrams are shown in Fig. 1. The amplitude

for Pip — WHTW~ — ¢/, 95’51} in this approximation is defined as

_ _ , _ 1

MY = D (s1o) D (s30) MY MM2 M Dyy(si) = - —,
X—{%,Z}X w(s12)Drolas) M W w l]) Sij — m%v + il'wiy + ie
/\i:{+r_}

2)

where a constant s-independent width for the W propagators Dy (si]-) is introduced® and

A MaAsgA LA ot o— A A2AzaAp A
MVZ - Mee—)WW,v (S)\+(5A,’ MV - MEG—)WW,V 4
)\12 _ )\12 /\34 — )‘34
My =M Mgt =M

where V = {A,Z}. Here A1y and As4 label helicities of the intermediate W= bosons with four
momenta s, 534, and A label helicities of the i initial state fermions. Transversely polarized
massive vector bosons are labeled as A1/34 = =+ and the remaining polarization (in the massless
fermion limit) is labeled as A1,/34 = 0. The individual sub-amplitudes are taken from Ref. [23] where
the complete SMEFT result was reported (see also Refs. [35—45]). The total spin averaged differential

cross section is defined as

do L IMLP
dQ d512d834 - (27‘[)2 8s !

Y IMY 1P = [Dw(si2)Dw(sa) P Y My (MY)", @)
X={v,A,Z}
Ar={+-}

where dQ) = d cos 0,, dp,p d cos 0.4 ey d cos 0 dg, with 6, ¢ the angles between the W and ¢~

in the center of mass frame. The remaining angles describing the two body decays of the W=

2So named as CC indicates charged current.
3We have checked and confirmed that the novel interference effects we discuss below persist if an s dependent width is
used.

10



4 INTERFERENCE AND NON-INTERFERENCE

Figure 1: The CCO3 Feynman diagrams contributing to i) — ¢’ 54’ 54} with leptonic initial states.

are in the rest frames of the respective bosons. The integration ranges for {s1,S34} are s34 €
[O, (Vs — \/@)2] ,512 € [0,s]. It is instructive to consider the decomposition of the general
amplitude in terms of helicity labels of the initial state fermions, and the intermediate W= bosons in
the limit rﬁ%v /7 /s — 0[31, 33, 40, 46-48]. Note that the results we report below are easily mapped

to other initial and finals states, so long as these states are distinct.

4.2.1 Near on-shell phase space

First, consider the near on-shell region of phase space for the W* bosons defined by
Casel: S12 = 81 7’7112/\/, S34 = S3 7’171%/\/ (@)

This expansion is limited to the near on-shell region of phase space for the intermediate W= bosons
(s1 ~ s3 ~ 1) by construction. Introducing x = i1y /+/s and y=s/ A? an expansionin x,y < 1
can be performed by expressing the dimensionful parameters in terms of these dimensionless variables,
times the appropriate coupling constant when required. The X parameters were rescaled to extract
these dimensionful scales as x?y 6X = X — X where required. This gives the results shown in Table
1.

Table 1 shows an interesting pattern of suppressions to £®) operator corrections dependent upon
the helicity configuration of the intermediate W™ polarizations. This result is consistent with recent
discussions in Refs. [40, 46—48]. In the near on-shell region of phase space a relative suppression of
interference terms by x? for amplitudes with a & polarized W* compared to the corresponding case

with a 0 polarization is present. These results for the AjpAggA A = £+ £+ +— and £+ £ —+ helicity

11



4 INTERFERENCE AND NON-INTERFERENCE

AMoAsgA A | Yy MY /4

00—+ | 3t |+ (ax% —org) ]

++—+ | —sinf [%+yt5;\“+ <5glz“—5Fzz“—(sl+53)/\§“ —l—‘?é)yxz]

+0—+ | (gl [1@ Y (5g7% — 26FF* + 5x7% + 53 MZ“)]

04—+ | (sl [f; + ¥ (8g7% — 20FZ% + 6x7% + 515)‘2“)}

o0+~ | gt [ o+ (v - 4 2500 g

+ 44— —Sige[<1 2%)5/\2—(5)\}y

s0r | Gz [ld) y gy gz (a0
—y <5F1Zp¢ 4(5§w — (6g7% + 6x7% + 55 5/\Za)>:|

04— |ty [(ng o)+ g+ glpsepe (1m0

—y <51:'Zuc _ 4(/55% _ (5glzfx 1 ookZe 4g, 5/\sz)>]
£r 4o | e

Table 1: Expansion in x, y < 1 for the near on-shell region of phase space of the CC03 diagrams approximating

Py — ¢/ sy’ 5} For exactly on-shell intermediate W+ bosons s; =
the notation 6F,, = (6F7 + 6F%)/4md, SA%® = 5Az — Mg, 6x%% = 6xz — 0Ky and 5g7% =

—0g1.

o3t

s3 = 1. We have used

terms (which correspond to initial state left and right handed leptons respectively) involve an intricate

cancellation of a leading SM contribution between the CC03 diagrams as

Aty 4
4T

Apq
4da

~

~

~ —sinf [(1 + oA, %)

(e o

14 z
sin 6

5 (6Ae —OA2) Y,

g y _ _1 y (L
sin® (HM“z)mk ((1 2s%> (HMZ 2)) (252) T
0 z pole 0/ v

sin 6 1
: K1_2> MZ_MI ,

Here we have labeled the contributions by the internal states contributing to Mg\:. The {v,a,Z}

contributions to the scattering events populate phase space in a different manner in general. These

12



4 INTERFERENCE AND NON-INTERFERENCE

differences are trivialized away in the near on-shell limit, leading to the cancellation shown of the
leading SM contributions in the expansion in x, but can be uncovered by considering different limits

of s1p, 534 and considering off-shell phase space.

4.2.2  Both W bosons off-shell phase space
For example, consider the off-shell region of phase space defined through
Case?2: S12 = 518, S34 = S35, (7)

with s1 < 1,53 < 1. In this limit, one finds the expansions of the CC03 results

ALS o~ —47rdosin® \/A(sy, s3) [(1 + oA, %) - (1 + oAy %H b ®)
N /5 1
Asyy ~ —47ma sinf4y/A(sq,53) (1 + 6y %>o¢pole — <<1 — 2s§> (1 + Az g))wde

47TR sin® - —(s1+s3) + (51 —53)(s1 — 53 F \/A(s1,53))
255 A(s1,83) 1—5; —s3+1/A(s1,83) cosf 4 pole

©)

+

Here we have defined \/5\(51, s3) = \/1 — 251 — 253 — 251 53 + 57 + s3. In the case of left handed
electrons, the differences in the way the various f and s channel poles populate phase space are no
longer trivialized away, and a SM contribution exists at leading order in the x expansion. This SM
term can then interfere with the contribution due to a £(®) operator correction in the SMEFT. The

complete results in this limit for the helicity eigenstates are reported in Table 2.

4.2.3  One W* boson off-shell phase space

One can define the region of phase space where one W™ boson is off-shell as

Case3a: S12 = 818, S34 = S3 ﬁz%v,

Case3b : S12 = 81 TTZ%,V, S34 = 838,

13



4 INTERFERENCE AND NON-INTERFERENCE

+

As Yx MY /4ma

00 — + ‘Q/%G [C12(1+51 +53) + (6K — 6FF%(1 4 51 + s3) + 687 (sl+53))y] x?

++ —+ —sinG\F)Nt[";—i—y‘sgzm—l— 5g4r — SFF* + MZ)yx]
0

+0—+ | -l [X§ 4 YmO  E (seZu _ pSFZN 4 5y 4 g MZ"‘)}
0
2

1Fcosf SAZH
0+ —+ (j‘%) [%M“Z + U2 (sg2 25F2Z“+5KZ“+51(5/\Z“)]

00 + — —jinsfs‘fé [1‘*‘51‘}‘53_*(1_(51_53)2_17517251%)}
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Table 2: Expansion in x,y < 1 for the off-shell region of phase space of the CC0O3 diagrams in when
$12 = 515,534 = s35. Here we have used a short hand notation A = A(sy,s3) and F3(Aq, A7) =

2
(( 52 ) oAy — OA ) to condense results.

6

with s1 < 1,83 ~ 1 for Case 3a, and s1 ~ 1,s3 < 1 for Case 3b. In these limits, the expansions of the

CCO03 results are as follows. In Case 3a one has Aii , and

N

~ . 3 1
Air =~ —47d sin6y/A(s1,0) (1 +M“%>mze - ((1 -5 > (1 v Z))
z pole

4774 sin @ 251(1 =51+ 1/A(51,0))
+ | ———[1+s1— . .
2534/ A(51,0) 1—s1 4+ 1/A(s1,0) cos®  pole

While in Case 3b one finds A% 4 and

(10)

e mismaio (o) (1) Gend))

47k sinf 253(1—53:F\//~\(0,S3))
+ _— 1+s3— . (11)
s /= -
253 1/A(0,53) 1—s34+4/A(0,s3)cosf + pole

N
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Again, the SM term for left handed initial states does not vanish and can interfere with the contribution
due to a £(©) operator correction in the SMEFT in these regions of phase space. The complete results

in this limit for the helicity eigenstates are reported in Table 3,4.

/\i ZX M%i /4:7'[5(
00 — + giﬁf[%@+sg+m&¥“—ﬁgwl+a)+@f%gy}x
. = Zn Zu
+4+ 4 | —sin6VA [’%2 + Lsg + <5glz"‘ — 6F#™ + %g — A7 s)s (21;51)53> yx2]
£0 -+ | — (et Vs [Clz + ¥ (5g7% — 2OFZ% 4 6x7% 4 54 MZ“)]
0
i Za 2
w—+(Tﬁﬁ%+ﬂ?+@@ﬁ—mﬂMW+%tﬂﬂymwﬂ
00 + — sin 0 s1(s2-1)

_mﬁsg 4x
44— | sinVA [1 —1 <1 - sl(lslM) - S§F3(/\txz/\Z)y:|

25(23 A 1—51+\F/~\c059
—1)(1Fcosh) 1
+04 — | —slszDUFcosd) 1
+ 2 25355\& X

_ | Qzcoso)VA |1 _ 25115 EVA) ) _ 2
0=+ 2v2s 5(23 |:1 A <1 +s 1—151+\/1Kc059> Séle?’(A“’ )\Z)y:|

(F14cos ) sin 6
25%(1fsl+\/i cos 9)

+F +-

Table 3: Expansion in x, y < 1 for the off-shell region of phase space of the CC03 diagrams. Here we have
used a short hand notation A = A(s1,0).

These results make clear that non-interference arguments based on on-shell simplifications of the
kinematics of decaying W= bosons get off-shell corrections for an LHC observable that includes
off-shell intermediate W* kinematics. (Admittedly a somewhat obvious result.) Such kinematics
are parametrically suppressed by the small width of the unstable gauge boson, but are generically

included in LHC observables due to realistic experimental cuts.*

“In some cases, off-shell effects are not relevant for physical conclusions. For example, Ref. [49] used helicity
arguments similar to those employed here to study the approximate holomorphy of the anomalous dimension matrix of the
SMEFT [50]. Ref. [49] was focused on the cut-constructable part of the amplitude related to logarithmic terms and the
corresponding divergences. As noted in Ref. [49] such reasoning does not apply to finite contributions, which can come
about due to off-shell effects.
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Table 4: Expansion in x, y < 1 for the off-shell region of phase space of the CC03 diagrams and A= 7\(0, $3).

4.3 MAPPING TO PAST RESULTS

The results in Table 1,2,3,4 are input parameter scheme independent, and can be applied to more than

one basis for £(©). Specializing to the Warsaw basis of operators, and the electroweak input parameter

scheme { &y, 117, Gp} the (re-scaled) x2y 6 X parameters are given by

2 )

My _ My Ch

A2 5g1 =0, A2 Ky = \pri HWBy,
) ) ) 2

My My My ity

—* 0N, = 65;————Cw, —> 0Ay = 6s5———Cy,
AT e A2 e Y
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and

) z

LT AN VR | M, B _ 52
A2 47k _(ng (gL)ss Zﬁép C[;]!—’_C[;[sg 559/
) z

My OBy M 1 )
A2 4%&_(5“"72 (gR)ss 2\/§GAFCI;ISE 556/
42
My < 7 1 So | Ca 1.,(1 1
-5 081 = ~ |-+ Cuws+ =0s5 | 5+ |,
A2 981 2/2Cr (C@ s@) HWB + 505p 5§+C$

52

1y 1 Sp cé> 1. ,(1 1
5 0kz=—Fx |-+ |C +50s5 5+ 5|,
A2 2\@(31@( Co  Sp BT 3% 5

with 637, 555 defined in the Appendix. The left and right handed couplings are ( gi) M= _1/2+ sg,
and (gg)M = sg. Here s = {1,2,3} is a flavour index labeling the initial state leptons. The results
in Table 1 can be more directly compared to Refs. [40, 4648, 51] using this procedure, finding
agreement in the subset of terms that were reported in these works. This comparison also utilizes the
naive narrow width limit to simplify the amplitudes as follows. In the sense of a distribution over

phase space, the following replacement is made

2
_ — 7T _ _
‘Dw(slz)Dw(Sy;) ’2 dslz d534 — mz 1_"2 5(512 — ﬂ’l%v) 5(534 — m%\,) dS]2 d534. (14)
W= W

The result of this replacement is a factorizing of the diboson production mechanism do (¢ —
W+ W~)/dQ and the branching ratios of the W* decays into specified final states as s; = s3 = 1 is
fixed in Table 1. This approximation holds up to O (T / Myy) corrections to Eqn. 14. The corrections
in Tables 2,3,4 are present and should not be overlooked by the construction of a simplified high
energy expansion, that is formally unphysical. It is not advisable to extrapolate the limited phase
space results of Table 1 to the full phase space.

Another key difference between more recent studies of interference in the SMEFT in the high
energy limit, compared to the past studies of interference of higher dimensional operators in the high
energy limit for gluonic operators [52, 53], is the presence of an unstable massive gauge boson. Such
massive gauge bosons have been studied using the narrow width approximation. However, a too naive
version of the narrow width approximation does not commute with the SMEFT expansion.

This non-commutation can be seen as follows. Expanding the propagator of the intermediate W

boson in the SMEFT
! = ! 14 6Dw(p?) + 5Dy (p?)*
PP+, ~ (Rt o, oW ) Febw(pr)T) [3)
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one has

[( iT'w
S < ||1— 53
p* — 1y, + il 21ty

oD (p?) = > omiy — iy oy | . (16)

By first doing the narrow width approximation, and then doing the SMEFT expansion, one obtains

dpz ”dpz 2 -2
_ _ o) —
(p? — m2y)2 + T2, - ity (p w)
tdp? Sm%, 6T
= £ HZ <1 _ Mg“ -5 W> 5(p? — m3,). (17)
wiity W W

Reversing the order of operations, we square the expanded propagators and then do the narrow width

approximation. For a general function f (pz), we find that after integrating

f(p*)dp? > -
(p? — A%v)2+f%/vm§/ (1+6Dw(p*) +éDw(p?)")
L, fUi)m <1 _ omiy 5FW> PR e g
Twittw 2y Tw Py "

In a naive version of the narrow width approximation, we simply replace 1y by #1y in Eqn. (17).

The operations of expanding in the SMEFT and doing the naive narrow width approximation don’t
commute in general. The reason is that the naive narrow width approximation assumes that the part
of the integrand that is odd in its dependence on the invariant mass cancels out in the near on-shell
region. With the SMEFT corrections, this is no longer the case, as the real part of  Dyy gives a finite
contribution to this part of the integrand. This difference is proportional to the shift of the mass of the
W boson. The correct way to implement the narrow width approximantion in the SMEFT is to use
Eqn. (17) and expand the general fuction f ( pz) in the SMEFT expansion after integration. We then
obtain Eqn. (18), and see that the commutation property is restored. Furthermore, we note that the x
expansion parameter itself can be chosen to be 7ty / /s or 1y /1/s when studying the high energy
limit (we choose the former expansion parameter). This is another ambiguity that can be introduced

into studies of this form, when using a {&, 71z, Gr } scheme.

4.4 SINGLE CHARGE CURRENT RESONANT CONTRIBUTIONS (CC11)

It is well known in the SM literature, that the CCO3 diagrams, with W= bosons fixed to be on-shell, are

an insufficient approximation to a P — ', P’} cross section to describe the full phase space of

18
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Figure 2: A subset of the CC11 Feynman diagrams contributing to ) — ¢’ 954’ 544 with leptonic initial
states.

scattering events [54—60]. Such scattering events need not proceed through the CCO03 set of diagrams,
so limiting an analysis to this set of diagrams is formally unphysical. This issue can be overcome
using the standard techniques of expanding around the poles of the process [61, 62] and including
more contributions to the physical scattering process due to single resonant or non-resonant diagrams.
Including the effect of single resonant diagrams allows one to develop gauge invariant results for such
scattering events [54—59] when considering the full phase space (so long as the initial and final states
are distinct). Including the single resonant diagrams is frequently referred to as calculating the set of
CC11 diagrams in the literature. Some of the additional diagrams required are shown in Fig. 2.

Considering the results in the previous sections, it is of interest to check if single resonant diagrams
contribute to the physical P — ', P51’ ;) observables in a manner that potentially cancels the
contributions for the off-shell phase space results in Tables 2,3,4. We find this is not the case, as can
be argued on general grounds, and demonstrated in explicit calculations which we report below.

In general, an expansion of a SM Lagrangian parameter with a SMEFT correction is generically

considered to be a correction of the form

X =X+x*yéX (19)

in the high energy limit considered, and one expects the SMEFT shifts to enter at two higher orders in
the x expansion compared to a SM result. In addition the SMEFT can introduce new operator forms
that directly lead to high energy growth and scale as a i correction to the amplitude, such as the effect
of the operator Qyy in P — ' PP’ s} scattering.

The CCO3 diagram results are quite unusual due to the intricate cancellation present between the

leading terms in the x expansion in the SM, at least in some regions of phase space. This leads to the

SNote that the CC03 diagrams are a (gauge dependent) subset of the CC11 diagrams [34] which can be seen considering
the differences found in CCO3 results comparing axial and Rz gauges.
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SM and SMEFT terms occurring in some cases at the same order in x, contrary to the expectation

formed by Eqn. 19. Conversely, the CC11 diagram contributions® follow the expectation in Eqn. 19.

4.4.1 Single charge current resonant contributions - the SM

We use the results of Refs. [54-59], in particular Ref. [55], for the SM results of the CC11/CC03
diagrams. We neglect contributions suppressed by light fermion masses. The generic SM amplitude is

defined to have the form

. 0q 0y 004 0Op (Tf _ — 0]
le 3 (pu/ pbl pC/ pd/ pE/ pf) - _41 e 50“ 7055[75 —0d U" 7Ufgvlfafggvl;fgfbgvlfcfdgVZfeff
DVl(pc+pd)DV2(P€+pf) A0
X ﬂ e 7y Pbr Per PdrPes
o & 7ot 7y (Pas Pbs Pes Pds Pes Pr)-

(20)

We have adopted the conventions of Ref. [55], and the initial and final states are labelled as a b —
cde f. See the Appendix for more notational details. The functions A7’ are given in terms of

spinor products as [55, 63],

A (Pa, o Pe PasPe PF) = (PaPe) (Pops)™ ({Popa)™(pope) + (Paps)*(peps)) ,
(21)
and satisfy [55, 63]
A++ (Paz pb/ Pc/ pd/ pe/ pf) = A;_—H_(pa/ pb/ pC/ pd/ Pf/ pe)/ (22)
(Par pb/ Pu Pd/ Pe/ Pf) = A;++(pur Pb/ pd/ pC/ Pez pf)/ (23)
(pll/ Pb/ pu Pd/ p€/ Pf) = A;++(pa/ Pb/ Pd/ pC/ Pf/ pe)/ (24)
Ay (Pa, Pos Pes Pas Pes PF) = (A; O (Day Pos Per Pas Pes Pf)) : (25)

5Modulo the CC03 diagrams which we indicate with CC11/CC03.
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The CC11/CCO03 results are

T T LT T8 s —01,—02,04,0—,—03,—0.
M+ 1,02,03,04 _ Z [MVIA} 2%+ 3 4(—k1,—k2,P+/P—/_k3,_k4)
V=AZ

_|_M_(73 704,04, 0—, =01, (—k3, _k4/ p+/ pfl _kll _kz)
+M;V‘¥}'7‘72’7‘73’7U4’U+’07 (—kl, —ka, —k3, —kq, P+, p—)

F My T TR (—ky, —ka, —k1, —k2, py,p-) ] (26)

As the final state fermions couple to one W= boson, and fermion masses are neglected, {07, 02, 03,04} =

{— 4+ —+}. We denote the amplitude by the helicities of the incoming fermions, M7+/7~01,02/3.04 —

M7= and find using [55] in the x < 1 limit for Case 1 and right handed electrons

¢*Q; sin 6 sin 0}, sin B34 Qf — 1;1 -Qp+ 132 Qpn — 1?4 —Qp+ 133

= 27
M 4s§c§sx2 s3 — 1+ idw s1 — 1+ 9w » @D
and for left handed electrons
,\4 . . A . A
L €*sinfsinfqp sin O3y
M= 454 cést s
[Qps5(Qr — IP) + 12 () — Qisp)] — [Qp, s5(Qr — 1) + I3 (I} — Qi 53)]
s3 —1+ifw
[Qf4 9<Ql - 13) ( le )] [Qfg, Q(Ql - 13) ( Q 55 )]
L (28)
s1— 14w

Here 4w = Tw/#w, Q 1. is the electric charge and Iz = +1/2 is the isospin of the fermion f;.

Similarly for Case 2 we find using [55] the results for right handed electrons

Mt = 4é4Ql I?l B Qfl Ry — 1?2 B sz
sgcss s3(1 —s1 + 53 — Acosfpp) ! s3(1 — s +s3+ Acosfyy)
13 _Q 13 _Q
4 hoEB R i =2 Rl o)

s1(1+s1 — 83— Acosbsy) 3 $1(14+s1 —s3 + Acosbzy)
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and for left handed electrons

M =

—40* [Qps3(Q = ) + I3 (I} — Qﬁ)L‘ Qpsi(Q — 1) + I3 (I} — Qis})
ss $3(1 — 51 +s3 — Acos ) ! s3(1 — 51+ 83 + Acosfyp)
Qpsz(Q — IP) + I (I — Qis; )L Qpsi(Q — ) + I (I} — Qis; )L
s1(1+ 81 —s3 — A cos ) T s1(1+s1 —S3+Ac03934)

SGC

4

(30)

The functions R;,L;, i = 1,..,4 are given in the Appendix, along with additional definitions. For Case

3a one finds for right handed electrons

A4Q1 sin é34
ds3czsx®(s3 — 1+ iyw)

M~ = [(Qn = 1) = (Qp — )] x (31)

(sin@sin B12(1 4 51) + /516 2(1 — cos 0) (1 + cos B15) + /51¢"2(1 + cos 8) (1 — cos 6712)) ,

and for left-handed electrons

+— A4 sin 534

45 sx2(53 —1+iyw)

(32)

(Qs}(Qi = 1)) + 1, (] = Qus))) — (Qpsh(Qi — 1) + I (1) — Qi) |

{sin() sinfo(1+51) — /516 92(1 + cos 0) (1 4 cos f15) — /5162 (1 — cos 0) (1 — cos 6512)] ,

and finally for Case 3b one finds for right-handed electrons

2*Q; sin by,

M~ +
442 2casx?(s1 — 1+iyw)

[(Qn— 1) = (Qs—13)] x (33)

<sin65in B34(1 4 s3) — /53¢ (1 — cos ) (1 — cos f3) — \/56@34(1 +cos0)(1+ cos §34)) ,

and for left-handed electrons

é4 sin 912

Mt = X
dsiczsx?(s1 — 1 +iyw)

(34)

Qs3I — Qisd) + B, () — Qis2)) — (Qps3 (1] — Qusd) + I, (I} — Qis}) |

[sin@ sin B34 (1 + 53) + /53¢ (1 + cos 0) (1 — cos B34) 4 /53¢ (1 — cos 0) (1 + cos 6734)] .
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Figure 3: A subset of 1* operator insertions contributing to 9 — ¢/, ¢/ s} scattering.

4.4.2 Single resonant contributions - the SMEFT

The SMEFT corrections to the single resonant charged current contributions to §1p — ', P59’ 31,
follow directly from the results in the previous section. These corrections follow the scaling in x
expectation formed by Eqn. 19, and the spinor products are unaffected by these shifts. As the charges
of the initial and final states through neutral currents are fairly explicit in the previous section, it is
easy to determine the coupling shifts and the SMEFT corrections to the propagators (6 Dyy z) by direct
substitution.

We find that the single resonant contributions are distinct in their kinematic dependence compared
to the novel interference results we have reported in section 4.2. The direct comparison of the results
is somewhat challenged by the lack of a meaningful decomposition of the single resonant diagrams
into helicity eigenstates of two intermediate charged currents, when only one charged current is
present. Furthermore, we also note that the angular dependence shown in the single resonant results in
Eqns. 29-34 reflects the fact that the center of mass frame relation to the final state phase space in
the case of the CCO03 diagrams is distinct from the CC11/CCO03 results. This is the case despite both
contributions being required for gauge independence in general [34].

To develop a complete SMEFT result including single resonant contributions, it is also required
to supplement the results in the previous section with four fermion diagrams where a near on-shell
charged current is present. For diagrams of this form see Fig. 3. These contributions introduce
dependence on L£©) operators that are not present in the CC03 diagrams, and once again the angular

dependence in the phase space is distinct from the CC03 results.

4.5 CONCLUSIONS

In this paper, we have shown that off-shell effects in CC03 diagrams contributing to ¢y —

P’ phy’ 31 observables lead to interference between the SM and L) operators in the high en-
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ergy limit. These effects can be overlooked when studying a simplified limit of these scattering events,
as defined by the CC03 diagrams and the narrow width approximation. We have determined the results
of the CC03 diagrams in several novel regions of phase space, compared to recent SMEFT literature,
and have shown that single resonant diagrams do not change these conclusions when included into the
results. We have also illustrated how to make the narrow width approximation consistent with the
SMEFT expansion.

The off-shell phase space of the CCO3 diagrams considered, and the phase space of the single
resonant diagrams, is parametrically suppressed in an inclusive $9p — ', 59’1, observable. The
full phase space is dominated by the near on-shell contributions of the CC03 diagrams which can be
parametrically larger by ~ (T'w 7w /9%) 7" or ~ (T 1ty / p?)~1 where p? is a Lorentz invariant
of mass dimension two. The exact degree of suppression that the off-shell region of phase space
experiences strongly depends on the experimental cuts defining the inclusive Py — ¢/, 5/ 39}
observables, which should be studied in a gauge independent manner including all diagrams that
contribute to the experimental observable, i.e. including all CC11 diagrams.

In some sense, our results coincide with the overall thrust of the discussion of Ref. [46], which em-
phasizes that searching for the effects of £© operators interfering with the SM in tails of distributions
(i.e. in the rh%,v /s — 0 limit) can be challenged in some helicity configurations, by the smallness of
such interference effects. Arguably, this encourages prioritizing SMEFT studies on “pole observables”
and makes such LHC studies a higher priority compared to pursuing such suppressed “tail observ-
ables”.” At the same time, we stress that the results of this work indicate that the strong statements
on non-interference of the SM and £(©) operators, in subsets of phase space, and for some helicity
configurations, are tempered by finite width effects, in addition to perturbative corrections [46, 53]
and finite mass suppressions [46]. Finally, our results also demonstrate that a careful examination of
historical and rigorous SM results, in the well developed SM literature, are an essential foundation to

precise and accurate SMEFT studies.

7For a recent discussion on a systematic SMEFT pole program see Ref. [26]. One of the comparative strengths of the
pole observable program is that observables can be optimized so that interference suppression effects enhance theoretical
control of a process for SMEFT studies.

24



APPENDIX

4.A CONVENTIONS AND NOTATION

We use the generic notation 6X = X — X for the differences for a Lagrangian parameter X [22, 26]

due to £(®) corrections in the SMEFT and define

C
0Gr = —= (V2C0) - ”>, 35
T ﬁc < i V2 G
1 it V41t iy
omy = ——= 2Cuyp + ~—75—=Crws, 36
2= 5 5 8, D & HWB (36)
0Gr 5mz SpCo
0 + C p 37
Sz 2 VTR HWB 37)
g V2 0
8¢ S 0Gr+ —5= | +¢55,597CHwa
& |2 V2 om3 2. .2
(5g2 = — R Cs 2(5Gf + YR + S5 Szé'UTCHWB 7 (38)
2054 ms
5 a A
055 = 2c§s§ ( ggl 5;) ’UT#CHWB, (39)
~D 2
iy oy 1cy 10s
T\Vﬁlégw = ( et **GCHW ) 1 526' (40)
0

0 . 0 0 O 0 0 0 034
Ry = { 0% 2elq’l2 cos 5 sin % — sin = cos 2} {'71 934 cos % cos = 4 Y3 o2 sin 712 gin 734 }

2 2 2 2
' 6 0 o . 0 0 9 0 0
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iy 0 . 0y .0 Oy
{—\/5 {e 34 cos 5 Sin == + 73, sin 5 cos ==

b . O O3 i 1o . O
5 } {—'yue"f’” sin —= cos —= + Y3,¢'7% cos —= > sin >

0 O 0 . 6 L
+V/s1 [ V12 €OS 5 COS —= 2 4 oif2gin Z 5 sin ;2] } e*’(4712+4>34)\/sTs:'y;fz%;1

(47)

0 . By 6 0 5 0 0 5 0 0
Ly {734 cos 5 sin —=~ 5 4 4 o3 sin — 5 €os ;4} {—’)/12614)12 sin ;2 sin =% — 12 34]

> 734614’34 cos —= cos =
0 i 34 i34 cog D 634 — piP34 b1z 64 i1 b . O3
{—\/s? [sm 3 sin — 5 Y34 COS 7 €05 —= | | —7pp€' ™ cos == cos —= — Y3y P12 sin —= 5 sin -

0 G .0 @ o
- [’yl_z cos 5 cos % + €'P12 sin 3 sin ;2} } e i(@r2t¢a) VEI53Yh Y5

(48)
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4 INTERFERENCE AND NON-INTERFERENCE 28

4.A.1 Phase space

The four momenta are defined as p, = % (1,5in 0,0, — cos @), p" = % (1, —sin#,0, cos 0) with

s=(ps +p-)*and sij = (ki + k]-)2 while the final state momenta (boosted to a common center of

mass frame) are

= (7120 — 112 €08 12, — sin B cos pra, — sin b12 sin 1o, Y120 cos O12 + 712) (49)
VS12
2

Jon = (7120 + 712 €08 12, 5in 1 cos 1, sin By sin Pro, 12,0 08 O12 + 112) (50)

= (7340 — 734 08 B34, sin B34 cos Paa, sin O34 Sin P34, Y340 COS O34 — 734) , (51)

= (7340 + 734 €0 34, — sin B34 COS P34, — sin O34 Sin P3s, — 734008 O34 — y34) . (52)

We use the definitions A = s? + 5%2 + S§4 — 25817 — 25534 — 2512534

. VA _ S5+512— 534
T12 NI Y12,0 BN 551
. \/X . S+ 833 — S12
Y34 2 Jo5as Y34,0 BN 5
+ _ + _
T2 = Y120 £ 712/ Y31 = V340 T V34

Useful identities are 3, s — 73, = 115712 = 1 and 3, 0 — 734 = 734734 = 1. A phase convention

choice on ¢ 34 in the spinors is required to be the same in the CC03 and CC11 results.



GAUGE FIXING THE STANDARD MODEL EFFECTIVE FIELD

THEORY

We gauge fix the Standard Model Effective Field Theory in a manner invariant under background

field gauge transformations using a geometric description of the field connections.

5.1 INTRODUCTION

When physics beyond the Standard Model (SM) is present at scales (A) larger than the Electroweak
scale (\/m ) = 1), the SM can be extended into an effective field theory (EFT). The Standard
Model Effective Field Theory (SMEFT), defined by a power counting expansion in the ratio of scales
or/A < 1, extends the SM with higher dimensional operators Ql(d) of mass dimension d. The

Lagrangian is

Lomprr = Lo+ L0 +£0 4 £0) 4 (53)
(d)
C:
£ = Z AZi—4 Ql(d) ford > 4.

i

The SMEFT is a model independent and consistent low energy parameterization of heavy physics
beyond the SM, so long as its defining assumptions are satisfied: that there are no light hidden states
in the spectrum with couplings to the SM; and a SU(2), scalar doublet with hypercharge y, = 1/2 is
present in the EFT.

The SMEFT has the same SU(3)c x SU(2)L x U(1)y global symmetry as the SM. The SMEFT
also has a Higgsed phase of SU(2)p, X U(1)y — U(1)em. A difference between these theories is that

additional couplings and interactions between the fields come about due to the Ql(d). Some of these
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5 GAUGE FIXING

interactions are bilinear in the SM fields in the Higgsed phase. These terms are important for gauge
fixing and the presence of these interactions introduce technical challenges to the usual gauge fixing
approach.

The bilinear field interactions in the SMEFT are usefully thought of in terms of connections in the
field space manifolds of the theory [64, 65]. The purpose of this paper is to show that gauge fixing the
SMEFT, taking into account the field space metrics, directly resolves many of the technical challenges
that have been identified to date. The approach we develop generalizes directly to higher orders in the
SMEFT power counting expansion.

The difficulties in gauge fixing the SMEFT are also present when the Background Field Method
(BEM) [66—72] is used [73]. The BFM splits the fields in the theory into quantum and classical fields
(F — F + F), with the latter denoted with a hat superscript. One performs a gauge fixing procedure
that preserves background field gauge invariance while breaking explicitly the quantum field gauge
invariance. This allows a gauge choice for the quantum fields to be made to one’s advantage, while
still benefiting from the simplifications that result from naive Ward identities [74] due to the preserved
background field gauge invariance.'

In this paper, we show how to perform gauge fixing with the BFM taking into account the field
space metrics that are present due to the SMEFT power counting expansion. The usual Ry gauge
fixing approach in the BFM for the Standard Model [69-72] is a special case of this approach.?
Conceptually one can understand that this procedure is advantageous as it preserves the background
SU(3)c x SU(2), x U(1)y invariance on the curved field spaces present due to the power counting

expansion. The latter is trivialized away in the Standard Model.

5.2 SCALAR SPACE

The operators that lead to scalar kinetic terms in the Higgsed phase of the theory up to L) are [25]

Lycatarkin = (DuH) " (D*H) + C/ff (H*H) 0 (H*H)

+ CALZD (H'DuH) (H'D'H),

1
=5h1y(¢) (Dug) (D). (54)

IThe Ward identities result from considering BRST invariance [75] when the BFM is not used, which can be more
cumbersome when extending results to higher orders in the SMEFT power counting expansion.
ZFor a Rz gauge SMEFT formulation with three distinct § parameters see Ref. [76].
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5 GAUGE FIXING

Our covariant derivative sign convention is given by D'*H = (" +i goW*" 0, /2 +i g1 y,B*Y)H
and (DFg)! = (8“5} - %WA'P‘?II”)(])] , with definitions given below. Defining

P2 + iy
P4 — ip3

(55)

Si=
N

the scalar field connections can be described by a R* field manifold with the metric /1;(¢). Our
notation is that the latin capital letters I, J, K, L - - - run over {1,2,3,4}, while lower case latin letters

i,j,k,1--- runover {1,2}. The metric takes the form

C 1C
hij(¢) = o1y — 2%4’14’1 + §%f 17(), (56)
where
—a 0 d ¢ _ = (P% T (P%’
0 a ¢ —d b= <P§ + (Pi,
fiy(¢) = , (57)
d ¢ b 0 c = P14 + Po¢p3,
€ —d 0 b 1 d=¢193 — Py

The Riemann curvature tensor calculated from the scalar field metric is non-vanishing [64, 65, 77].
The scalar manifold is curved due to the power counting expansion. An interesting consequence is that
there does not exist a gauge independent field redefinition which sets hij; = &;; when considering £
corrections [77]. As a result, demanding that the Higgs doublet field to be canonically normalized in

the SMEFT to £(®) cannot be used as a defining condition for operator bases [22, 77-79].
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5 GAUGE FIXING

5.3 GAUGE BOSON SPACE

The operators that lead to CP even bilinear interactions for the SU(2)y, x U(1)y spin one fields up to
L) are

1 1 C
Lwp = _1WZVWLI,VV _ 1BWB;M/ AHB HTHBP[VBHV

T CHW —LH HW, W+ CHWB 1t oy g
AZ wv
1
= —;3a8(H YW WP, (58)

where a,b - - - run over {1,2,3}, A,B,C--- runover {1,2,3,4}. Here wa = By, Analogous to

the scalar sector, we have introduced a metric g4p[H (¢;)], taking the form

CHW + CHB +
8ab:<1—4A HH)éab, g44—1—4A2HH,
. Cuwp .+
a4 = Q40 = -2 A2 H UaH. (59)

The Riemann curvature tensor for the gauge fields can be calculated from g 4p and is nonvanishing; the
(CP even) IR* spin one field manifold is also curved.> A physical consequence is that, as in the case
of the scalar manifold, there does not exist a gauge independent field redefinition that sets gap = J4p
including L) corrections.*> The power counting expansion of the SMEFT is relevant for gauge
fixing and cannot be removed with gauge independent field redefinitions, which is a novel feature
compared to more familiar EFTs without a Higgsed phase. The particular form of the field space
metrics depends on the operator basis used, but the utility of the geometric approach developed here

does not. This argues for a modified gauge fixing procedure using the BFM in the SMEFT.

3SU(Z)L is self adjoint. As aresult, one can define a GA® tensor of the same form as g 4p through GAB (H) Wi;v W, -

This GA5 is not the tensor gAB defined through the relation gAB gBCc = (5(‘:4 and used in the gauge fixing term.

4A rotation to the mass eigenstate basis for the field bilinear interactions can be made, and this is consistent with the
curvature of the gauge manifold.

SField redefiniton invariant quantities are more directly connected to S-matrix elements. For a similar discussion of
how field redefintion invariant beta functions can be defined in the SMEFT, see [80].
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5 GAUGE FIXING

5.4 GAUGE FIXING

Eliminating bilinear kinetic mixing between the gauge bosons and the Goldstone bosons in an efficient
gauge fixing procedure is advantageous. A simpler LSZ procedure [81] to construct S-matrix elements
results from this condition being imposed. Rz gauge [82] in the SM when {y = {p has some further
advantages in eliminating contact operators that complicate calculations in intermediate steps. Using
the BFM combined with Rz gauge fixing, the gauge fixing term for the SU(2)r, x U(1)y fields in the
SM takes the form [69-72]

1 " N o N E
Lop=—5—Y. [ayW“'“ — g2 Wy W+ iga S (B (o)~ H] <a“>;-Hf)]
20w = 2

8 (e i\
5 [aVB%‘ +ig 2 (Hi H — H HZ) , (60)
where the background fields are denoted by a hat.

The SU(2)y Pauli matrix representation in Eq. 60 is inconvenient for characterizing the gauge

fixing term as gap is defined on IR*. The Pauli matrix algebra is isomorphic to the Clifford algebra

C(0,3), and the latter can be embedded in the IR* field space using the real representations 71,2,3 such

that
00 0 -1 0O 01 O
! 00 -1 o0 ; 0 0 0 -1
M, = ’ Y2, = ,
01 O 0 -1 0 0 O
1 0 O 0 0 10 O
0 -1 0 O 0 -1 0 O
: 1 0 0 O ! 1 0 0 0
Y3y = ’ Vs = . (61)
0 0 0 -1 0 O 0 1
0 0 1 O 0O 0 -1 0

The 74 generator is used for the U(1)y embedding. As SU(2)L is self adjoint we can also define this

algebra for the adjoint fields, using the same real representations. y1234(¢) 7 0 and the unbroken
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5 GAUGE FIXING

combination of generators (3 + v4)(¢) = 0 corresponds to U(1)em. We absorb the couplings into

the structure constants and gamma matrices,

~A A s x1
€'pc = g2€pc, With €'y = +8o,

y 827y, forA=1,23
’)’AJ = (62)
gl%{ul for A = 4.

The different couplings g1, g> enter as the group defined on the R* field space is not simple. The ’yi /
matricies satisfy the algebra [¥,, 7] = 2€¢,, ¥ and [¥4,74] = 0. The structure constants vanish
when any of A, B, C = 4. Note also that I:PL(TAH — H+0'AI:I = —icp'yA(f), with oy =Y = I «». The

gauge fixing term in the background field gauge takes the form

Lor = —576" 6", (63)

GX = 9, WXH — EL WEWPH %@XC(PI hix ¢ 19

The Rg gauge fixing term follows when replacing the background fields with their vacuum expectation
values. The gauge fixing term is bilinear in the quantum fields. The field space metrics in Eq. 63 are
denoted with a hat superscript indicating they are defined to depend only on the background fields.

Contracting with the field space metrics is a basis independent feature of the gauge fixing term.

34



5 GAUGE FIXING

It is useful to note the following background field gauge transformations (6F), with infinitesimal
local gauge parameters 6& 4 (x) when verifying explicitly the background field gauge invariance of

this expression

. . oatgK . satak
(5h1}—]’11<] AI—f—h]K A],
2 2
W, = —&Gc 08P WS,
084 = §cp €5 04P + §ac EGp 0aP. (64)

The background field gauge invariance is established by using these transformations in conjuction

with a linear change of variables on the quantum fields

WK WAK g4 saB W,

oaB ,71
R (65)
The transformation of the gauge fixing term is
66X = —&% , 0aGh. (66)

With these transformations, the background field gauge invariance of the gauge fixing term is directly
established.

The background field generating functional (Z) depends on the background fields £ = { WA, 431 }
and the sources Jr = {J4,] é,} The source terms transform as

é‘&B ;>71
TBKLI; 67)

0 = —&c 08" Iy, 8y =—
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5 GAUGE FIXING 36

The background field generating functional dependence on the source terms is invariant under the
background field gauge transformations, as they are contracted with the field space metrics in Z [ﬁ , JF]

defined by
A . .
A )
AaB
The integration over dx* is implicit in this expression. Here a quantum field gauge transformation is
indicated with a A. The action is manifestly invariant under the gauge transformation of F + E. This

establishes the background field invariance of the generating functional.

The quantum fields gauge transformations are

AW = —9,Aa? — & Aa® (WE + W),

R

I
APl = —An? % (¢ + /). (68)

As the field metrics in Eq. 63 depend only on the background fields and do not transform under
quantum field gauge transformations, the Faddeev-Popov [83] ghost term still follows directly; we
find
— A
Lrp = — gapt® [~0%68 — 9 &b (WP 4 WD)
A A= A F s .
+ € DCW}ID 8 B €%E€EpcwﬂD(WRH + WF'H)
¢ . NN
— 38" + ¢ AC hux 75, B1) | . (69)

The form of this expression follows from the convention choice in Eq. 74, and the descendent

convention in Eq. 63. The mass eigenstate Z,,, A, fields are defined by

3 Cuw? Cuws0?
Wy I+=3" —2a || ¢ sa| |2
- 7
Cuws0t Cup0% o
B, — T+ =51 | —ss ca| [Au

where the introduced rotation angles sg, ¢z are [84, 85]

- > 2
31 07 Cawa < 81>
==+ N 70

$ 2 A 3 70

~
et]
Il

) ‘ w0

D[ D
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and §» = g2(1 + Cuw0%/A?), §1 = g1(1 + Cypd7/A?). This removes mixing terms as well as
making the kinetic term of the spin one electroweak fields canonically normalized. This results in a sim-
plified LSZ procedure to construct S-matrix elements. Ghost fields associated with the mass eigenstates
follow from the linear rotation to the mass eigenstate fields. Feynman rules can be extracted directly
from these expressions. Corrections from the Wilson coefficients (Cyq, Cyp, Cuyws, Cas, Caw)

enter in ghost interactions and couple to the sources through the gauge and scalar metrics.

5.5 CONCLUSIONS

In this paper we have defined an approach to gauge fixing the SMEFT that preserves background field
gauge invariance. This approach directly generalizes to higher orders in the SMEFT power counting.

The key point is to gauge fix the fields on the curved field space due to the power counting expansion.
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WARD IDENTITIES FOR THE STANDARD MODEL EFFECTIVE

FIELD THEORY

We derive Ward identities for the Standard Model Effective Field Theory using the background
field method. The resulting symmetry constraints on the Standard Model Effective Field Theory
are basis independent, and constrain the perturbative and power-counting expansions. A geometric
description of the field connections, and real representations for the SU(2)1, x U(1)y generators,

underlies the derivation.

6.1 INTRODUCTION

The Standard Model (SM) is an incomplete description of observed phenomena in nature. However,
explicit evidence of new long-distance propagating states is lacking. Consequently, the SM is usefully
thought of as an Effective Field Theory (EFT) for measurements and data analysis, with characteristic
energies proximate to the Electroweak scale (\/m ) = O7) — such as those made at the LHC or
lower energies.

The Standard Model Effective Field Theory (SMEFT) is based on assuming that physics beyond
the SM is present at scales A > 01. The SMEFT also assumes that there are no light hidden states in
the spectrum with couplings to the SM; and a SU(2)y, scalar doublet (H) with hypercharge y, = 1/2

is present in the EFT.
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6 WARD IDENTITIES

A power-counting expansion in the ratio of scales o7/ /A < 1 defines the SMEFT Lagrangian as

Lsverr = Lsm+ L8 +£0) 4 £ (71)
(d)
C.
£ — Z AZI—4 Ql@ ford > 4.

i

The higher-dimensional operators ngd) are labelled with a mass dimension d superscript, and multiply

()

unknown, dimensionless Wilson coefficients C;"’. The sum over i, after non-redundant operators
are removed with field redefinitions of the SM fields, runs over the operators in a particular operator
basis. In this paper we use the Warsaw basis [25]. However, the main results are formulated in a
basis independent manner and constrain relationships between Lagragian parameters due to the linear
realization of SU(2)r, x U(1)y in the SMEFT.

The SMEFT is a powerful practical tool, but it is also a well-defined field theory. Many formal
field-theory issues also have a new representation in the SMEFT. This can lead to interesting subtleties,
particularly when developing SMEFT analyses beyond leading order. When calculating beyond
leading order in the loop (%) expansion, renormalization is required. The counterterms for the SMEFT
at dimension five [86, 87], and six [85, 88-90] are known and preserve the SU(3) x SU(2) x U(1)
symmetry of the SM. Such unbroken (but non-manifest in some cases) symmetries are also represented
in the naive Ward-Takahashi identities [74, 91] when the Background Field Method (BFM) [66-70, 72]
is used to gauge fix the theory. In Ref. [2] it was shown how to gauge fix the SMEFT in the BFM in
Rz gauges, and we use this gauge-fixing procedure in this work.

The BFM splits the fields in the theory into quantum and classical background fields (F — F + F),
with the latter denoted with a hat superscript. By performing a gauge-fixing procedure that preserves
the background-field gauge invariance, while breaking explicitly the quantum-field gauge invariance,
the Ward identities [74] are present in a “naive manner" —i.e. the identities are related to those that
would be directly inferred from the classical Lagrangian. This approach is advantageous, as otherwise
the gauge-fixing term, and ghost term, of the theory can make symmetry constraints non-manifest in
intermediate steps of calculations.

The BFM gauge-fixing procedure in the SMEFT relies on a geometric description of the field
connections, and real representations for the SU(2), x U(1)y generators. Using this formulation of

the SMEFT allows a simple Ward-Takahashi identity to be derived, that constrains the n-point vertex

functions. The purpose of this paper is to report this result and derivation.!

"Modified Ward identities in the SMEFT have been discussed in an on-shell scheme in Ref. [92].
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6.2 PATH INTEGRAL FORMULATION

The BFM generating functional of the SMEFT is given by
Z[ﬁ ]] = /DF det g ei(S[F'f‘PHEGF-i-Sourceterms)
' AoB .

The integration over d*x is implicit in Lgr. The generating functional is integrated over the quantum
field configurations via DF, with F field coordinates describing all long-distance propagating states.
J stands for the dependence on the sources which only couple to the quantum fields [93]. The
background fields also effectively act as sources of the quantum fields. S is the action, initially
classical, and augmented with a renormalization prescription to define loop corrections.

The scalar Higgs doublet is decomposed into field coordinates ¢ > 3 4, defined with the normaliza-

tion

H L |t (72)
=5 |
$s — 13
The scalar kinetic term is defined with a field space metric introduced as
1 I
£scalar,kin :EhI]((P) (Dl/lcp) (DH(P)] ’ (73)

where (DF¢)! = (8”5} - %WA'V’?AJM)I , with real generators (¥) and structure constants (%)

defined in the Appendix. The corresponding kinetic term for the SU(2) x U(1)y spin-one fields is

1

ﬁgauge,kin = - ZlgAB (CP) W;g/ WB"W/ (74)

where A, B,C,... run over {1,2,3,4}, (as do I, ]) and Wﬁv = Byy. Extending this definition to

include the gluons is straight-forward.
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6 WARD IDENTITIES

A quantum-field gauge transformation involving these fields is indicated with a A, with an infinites-

imal quantum gauge parameter Aa”*. Explicitly, the transformations are

AW;:‘ = &4 AaP <VAVC”* + WC’”> — o (Aa?),
~1
APl = —Aa? % (¢ + ). (75)

The BFM gauge-fixing term of the quantum fields VW4 is [2]

Lo = 576" 6" (76)
¢

GA = W — el WEWPH + 204 huic 7 1.

The introduction of field space metrics in the kinetic terms reflects the geometry of the field space
due to the power-counting expansion. These metrics are the core conceptual difference of the relation
between Lagrangian parameters, compared to the SM, in the Ward identities we derive. The field
spaces defined by these metrics are curved, see Refs. [64, 65, 77]. The background-field gauge
fixing relies on the basis independent transformation properties of g4p and hp 1,2 and the fields, under
background-field gauge transformations (6 F) with infinitesimal local gauge parameters J& 4 (x) given

by

i

I
6 = —oat =21g/,

~

OWAK = — ("84 + &% WEH)saB,
. T BP0
Sty = hxy — AL 4 e — AT
1] K] 5 + hik 5
08a = §cp €5 q 04P + §ac €5 027,
6GX = —&X 001G,

ofi = A]A,i at fj'

5fi=a"fih, ., (77)

2The explicit forms of g 4p and hyj are basis dependent. The forms of the corrections for the Warsaw basis at £©) are
given in Ref. [2].
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where we have left the form of the transformation of the fermion fields implicit. Here i, j are flavour

indicies. The background-field gauge invariance of the generating functional, i.e.

=0, (78)

is established by using these gauge transformations in conjunction with the linear change of variables
on the quantum fields.

The generating functional of connected Green’s functions is given by
WIE,J] = —ilog Z[F, ]], (79)
where | = {J ’f, ) é,, I/ T f-}. As usual the effective action is the Legendre transform
T, E] = W[E, ]] —/dx4]-ﬁ|ﬁ:%v. (80)
Here our notation is chosen to match Ref. [94]. S-matrix elements are constructed via [94-96]
TR 0] = T[F, 0] + i / d*xCBE. @81)

The last term in Eq. (81) is a gauge-fixing term for the background fields, formally independent from
Eq. (76), and introduced to define the propagators of the background fields.
Finally, we define a generating functional of connected Green’s functions W,| J | as a further

Legendre transform [96]
Jr+Ief) |- (82)

with F = {W4, ¢} and

ifA _ _§rfull Z] _ _(Srfull i"_ _ (Srfull
T ST FT e
iofp’ i’ iof
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6 WARD IDENTITIES 43

6.3 WEAK EIGENSTATE WARD IDENTITIES

The BFM Ward identities follow from the invariance of F[ﬁ , 0] under background-field gauge trans-

formations,

=0. (84)

In position space, the identities are

or _@(ﬁ] oT
OWh 2T sl

) )
+Z<f] Bl5f 5; Z]f]> (85)

0= (30f — & W)

For some n-point function Ward identities, the background fields are set to their vacuum expectation
values. When this is defined through the minimum of the classical action S, where the scalar potential
is a function of H" H, which we denote as ( ). For example, the scalar vev defined in this manner is
through \/m ) = o7 and explicitly (¢/) with an entry set to the numerical value of the vev does
not transform via ’7/114, I

A direct relation follows between the tadpoles (i.e. the one point functions 5T /3¢") and, (§/),

given by
oT Yy, oF
Oizzaygiiﬁ;;‘—‘f§*<¢ >5$j- (86)

Requiring a Lorentz-invariant vacuum sets the tadpoles for the gauge fields to zero. Thus, for the

scalars

V87 a7 6T

— 'bJya]

87)

v8{¢') # 0 and the unbroken combination (3 + v4){¢/) = 0 corresponds to U(1)em. Eq. (87)
with B = 3,4 does not given linearly independent constraints. This leads to the requirement of a

further renormalization condition to define the tadpole 6T/ 5¢* to vanish.



The Ward identities for the two-point functions are

2 sl 2
PV 5FA _7B,]<4A)]> A(Sl“
SWAvsWER 2 SWAvspL’
52T Yoy (o 0T 6T
gt _ B, noot ol
0=0 SPKOWBH 2 <<‘P >(5¢3K5431 MK&;BI >

The three-point Ward identities are

ST Ty ) 0T
Sf0fioWBr 2 Sf0fio!
—k 6T T

Bji S AB,I’
5f0fi  Ofidfi
" 5T D 5T
~ ~ ~ - e AN N AN
SWAVSIWBHSINCe — ~ PC )Dp s Ay
~1
RV
2 SPLEWAVSNCR’

—oH

) 8T o 8T

~ ~ ~— — € BA cai  <aw

SWAVEWBHHK SWDvpK

51 3 2
_ 7By () — o°T I A(SF

2 SWAVSHISPK — K sWAvspL )
R S Y @y 0T

SWBHSGKSPL 2 T 5ploPKIPL

by (g P Ly OT
2 \Koplopl ~ "LoplspK )

6.4 MASS EIGENSTATE WARD IDENTITIES

6 WARD IDENTITIES

(88)

(89)

(90)

oD

92)

93)

The mass eigenstate SM Ward identities in the BFM are summarized in Ref. [72]. The tranformation

of the gauge fields, gauge parameters and scalar fields into mass eigenstates in the SMEFT is

WA,V _ \/gABuBCAC'V/

&A _ \/gAB uBC,BC/

¢ = Vi Vi b,

(94)

95)

(96)
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with AC = WH, W, 2, A), &L = {&F,d, %, A®). This follows directly from the formal-
ism in Ref. [2] (see also Ref. [97]). The matrices U, V are unitary, with \/gAB \/gB c = 5é and
\/EAB Vhpe = (5?. The square root metrics are understood to be matrix square roots and the entries
are () of the field space metrics entries. The combinations v/8U and VhV perform the mass eigenstate
rotation for the vector and scalar fields, and bring the corresponding kinetic term to canonical form,
including higher-dimensional-operator corrections. We define the mass-eigenstate transformation

matrices

uCA — \/gABuBC, (ufl)g — uDE\/gEP,

Ve = \/EABVBCI (VHP = VPEV g,

to avoid a proliferation of index contractions. The structure constants and generators, transformed to

those corresponding to the mass eigenstates, are defined as

C1\C = 1.
eGy = UT5eDrUE Uy, ')’g},L = 5’)’54,L ug,
AZX ] = i‘l,] Z/{)I?
The background-field gauge transformations in the mass eigenstate are
SACH = — [aﬂfsg + eCGYAYfP‘] 3pC,
6OK = —(V I 96 VRPN BC. (97)
The Ward identities are then expressed compactly as
T
dBC

oT —j or or
i Ay A
A +; <f]AX” 5f; (5fz'AX”f’>
T ¢ gy OT

S ACH € XY SHK (V"D v Vndr.

In this manner, the “naive" form of the Ward identities is maintained. The BFM Ward identities in the
SMEFT take the same form as those in the SM up to terms involving the tadpoles. This is the case

once a consistent redefinition of couplings, masses and fields is made.
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6 WARD IDENTITIES

6.5 TWO-POINT FUNCTION WARD IDENTITIES

The Ward identities for the two-point functions take the form

M
SAXHSAYv s AvsdK TYx, LN (PT),
6T 62T X
= J — 1K L pLGN
’ J SAXHSDO  SHKFHO (V)rrx VN (@)
or . _
- e DErk Vo 99)

6.6 PHOTON IDENTITIES

The Ward identities for the two-point functions involving the photon are given by

6T 6T
h____— — —oF—
T 0=0 U (100)

Using the convention of Ref. [72] for the decomposition of the vertex function

—iT (k,—k) = (—guk® + kyky + guM3) 6"V,

k,k oo kuky g
+ <_gyv+ Z2v> Z¥'V - ZZVZ[‘{'V/

an overall normalization factors out of the photon two-point Ward identities compared to the SM, and
AA AA B
= omerr(K) = 0, Sl e (0) = 0. (101)

The latter result follows from analyticity at k> = 0.
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6.7 W™, Z IDENTITIES

Directly, one finds the identities

5T - 8T
o Miﬂmw ~ Mz 52<i>35AYV’
0 = aﬂ(sﬁiﬂgél -V
+ 8t (ViugVi® = Vi it )
_ 8z 0T (\%4} NN \/ﬁ[w) 5
D / ’

(102)

(103)

and

0T - 5T
SWEns A W sdts Avv
52r - 52r
WDl W 5ot 5
i3> oI )
F %@ <\/ﬁ[4,4} + l\/fl[4,3]) X
{(\/E[U] —I—\/E[Z'Z]IFZ'\/E[M] :ti\/ﬁ[zrll)éf

B N Y A E N i\/E[z’”)(sli] .

(104)

(105)

These identities have the same structure as in the SM. The main differences are the factors multiplying
the tadpole terms. By definition, the vev is defined as \/m ) = Or. The substitution of the
vev leading to the Z boson mass in the SMEFT (M) absorbs a factor in the scalar mass-eigenstate
transformation matrix as \/2 (HTH) = /2 (H'V-1VH). If a scheme is chosen so that 5T /5$*
vanishes, then rotation to the mass eigenstate basis of the one-point vector 6T/ 5¢3i are still vanishing
in each equation above. One way to tackle tadpole corrections is to use the FJ tadpole scheme, for

discussion see Ref. [98, 99].
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6.8 A, Z IDENTITIES

The mapping of the SM Ward identites for I' 47 in the background field method given in Ref. [72] to
the SMEFT is

w 0T
SAvSZH

(106)

As an alternative derivation, the mapping between the mass eigenstate (Z, A) fields in the SM and
the SMEFT (Z, A) reported in Ref. [26] directly follows from Eq. (97). Input parameter scheme
dependence drops out when considering the two-point function I' 47 in the SM mapped to the
SMEFT and a different overall normalization factors out. One still finds ngf/mm(kz) = 0 and, as
a consequence of analyticity at k? = 0, Z“f/’si,[EFT(O) = 0. This result has been used in the BFM

calculation reported in Ref. [73, 100].

6.9 CONCLUSIONS

We have derived Ward identities for the SMEFT, constraining both the perturbative and power-counting
expansions. The results presented already provide a clarifying explanation to some aspects of the
structure of the SMEFT that has been determined at tree level. The utility of these results is expected

to become clear as studies of the SMEFT advance to include sub-leading corrections.
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APPENDIX

6.A NOTATION

The metric forms and rotations to £(®) in the Warsaw basis are explicitly [84, 85]

1+ Chaw 0 0 0
0 1‘|’CHW 0 0
Vg = :
0 0 1+ Cry — S
0 0 —Cuwe 14 Cpp
10 0 0
01 0 0
Vi = ,
0 0 1—1Cup 0
00 0 1+ Cho — 1Chp
1 1 —i i
5 55 000 % 4 00
i =i 9 0 L 1 0 0
Upc = |V V2 . k= |V2 V2 . (107)
0 0 ¢ s5 0 0 -10
0 0 -s5 ¢ 0 0 0 1

The notation for dimensionless Wilson coefficients is C; = 772TCi / A?. The convention for sg here has
a sign consistent with Ref. [85], which has an opposite sign compared to Ref. [72]. For details and
explicit results on couplings for the SMEFT including £(©) corrections in the Warsaw basis, we note

that we are consistent in notational conventions with Ref. [85].

49



The generators are given as

00 0 -1 0 0

; 00 -1 o0 ; 0 0
Y1, = ’ Y2, =

01 0 O -1 0

10 0 O 0 1

0 -1 0 O 0 -1

! 1 0 0 O ! 1 0
V3] = ’ Y4, =

0 0 0 -1 0 0

0 0 1 o0 0 0

6 WARD IDENTITIES

(108)

The 4 generator is used for the U(1)y embedding. The couplings are absorbed into the structure

constants and generators leading to tilde superscripts,

A A o
€pc = §2€pc, With €'y = +8o,

y g7y forA=1,2,3
YA =
glfyfq,], for A = 4.

In mass eigenstate basis, the transformed generators are

O 0 ¢ -1
7, =52 R 7, =52
N2liq 0 o 2v2

(109)
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0 (-2 0 0 0 -1 0 0

o (&) 0 0 0 1 0 00
'Yé,]:% , 1, =¢ . (110)

0 0 0 -1 0 0 00

0 0 1 0 0 0 00

6.B CONNECTED GREEN’S FUNCTIONS FORMULATION

An alternative approach is to derive the Ward identities in terms of the generating functional for
connected Green’s functions — W,. The non-invariance of ECB;I}”; under background-field gauge transfor-

mations leads to

OWe . [ 4 O .BF

5“78:1/[1 XW,CGF. (111)
We choose the gauge-fixing term for the background fields

EBF i

GF = 5z (ga8)GAG?, (112)

" ¢ R R K s
GX = 9, + 2(XC) (" — (§1) (hix) 7E (9.
The variation of the gauge-fixing term with respect to the background-gauge parameter is

o
53P

1 g oW,
LEr = =(gap) <D5§ +i0Me e
é 5 WC,;L

¥k OW.
+g<gAE>% (—z 5]43]) <hU<>’71]§,L<¢L>> G7,

(113)

where

A ,¢< DX>(SWC

iz W

GP = —ig¥
J l 5]WD,V 2 g

(k) 7% 1 (@)

Consider the difference between the vev defined by ( ) and an alternate vev denoted by (¢/)’ where

the minimum of the action still dictates the numerical value, but in addition (¢/) transforms as
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Sl = ’7{4’] (') &*. Replacing all instances of () in the above equations with this expectation

value, and related transformation properties on the modified metrics, one finds

) 1 D
5&—35‘3; = E(gBDYDGJ. (114)
The two results coincide for on-shell observables, for further discussion this point, and tadpole
schemes, see Ref. [96]. We postpone a detailed discussion of these two approaches to a future

publication.

52



THE GEOMETRIC STANDARD MODEL EFFECTIVE FIELD THEORY

We develop the geometric formulation of the Standard Model Effective Field Theory (SMEFT).
Using this approach we derive all-orders results in the \/2(H*H) /A expansion relevant for

studies of Electroweak Precision and Higgs data.

7.1 INTRODUCTION

The Higgs field in the Standard Model (SM) defines a set of field connections of the SM states. The
mass scales of the SM states are dictated by the vaccum expectation value (vev) of the theory, which
is defined to be \/m = U7. When the SM is generalized to the Standard Model Effective Field
Theory (SMEFT) [25, 101], the Lagrangian contains two characteristic power counting expansions.
The SMEFT is of interest when physics beyond the SM is present at scales A > 0. One of the
power counting expansions in the SMEFT is in the ratio of scales o7/ /A < 1. This ratio defines the
nature of the SMEFT operator expansion for measurements with phase space populations dictated by
SM resonances (i.e. near SM poles). The SMEFT is well-defined and useful when such effects are
perturbations to SM predictions.

A second power counting expansion is present in the SMEFT. This expansion is in (p?/A%)4~4 < 1,
with p? a kinematic Lorentz invariant. It is linked to the novel Lorentz-invariant connections between
SM fields, due to higher-dimensional (and frequently derivative) operators. This expansion is most
relevant when studying measurements with phase space populations away from the poles of the SM
states (when p2 # m% a)» 1.€. in tails of kinematic distributions.

For the SMEFT to be a predictive and meaningful theory, it is necessary that both of these expansions

are under control.! In this paper, we develop the geometric approach to the SMEFT. This approach is

IFor this reason, the fact that the number of parameters present in the SMEFT operator basis expansion also grows
exponentially on general grounds [102, 103] is a challenge for the SMEFT. We return to this point below.
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7 THE GEOMETRIC STANDARD MODEL EFFECTIVE FIELD THEORY

useful as it makes the effects of these two distinct power counting expansions more manifest. Here,
we advance this approach by systematically defining connections that depend on the scalar field
coordinates, defining a scalar field space geometry, that is factorized from composite operator forms.
These connections depend on the vev and functionally this is useful as it (largely) factorizes out the
o1/ A power counting expansion from the remaining part of the composite operator, and the derivative
expansion. The propagating degrees of freedom, including the Higgs field, then interact on field
manifolds, which encode the effects of higher-dimensional operators. The scalar field space is curved,
and the degree of curvature is linked to the size of the ratio of scales o7/ A [2, 8, 22, 64, 65, 77, 104].
This curved field space modifies correlation functions, and the definition of SM Lagrangian parameters
such as gauge couplings, mixing angles, and masses. The flat field space limit of the Lagrangian
parameters simplifies to the definitions in the SM as o7/ A — 0.

In this paper, we also introduce a consistent all-orders general definition of SM Lagrangian
parameters (in this expansion) embedded into the SMEFT. This is possible by taking into account the
geometry of the field space defined by the Higgs field. This definition is limited in form by consistency
of the parameter definitions in the SMEFT @7/ A expansion. These constraints due to self-consistency
allow several all-orders results to be derived for critical experimental observables in Electroweak

precision and Higgs data, which we also report.

7.2 THE GEOMETRIC SMEFT

The SMEFT Lagrangian is defined as

Lswierr = Lsm + L9, L@ = y - di) ford > 4. (115)
i

The particle spectrum has masses m ~ gspy/ (HTH), and includes a SU(2)y, scalar doublet (H)

with Hypercharge y, = 1/2, distinguishing this theory from the Higgs Effective Field Theory (HEFT)

[105-108], where only a singlet scalar is in the spectrum.?

The higher-dimensional operators Qfd) in the SMEFT are labelled with a mass dimension d
(d)

superscript and multiply unknown Wilson coefficients C;”’. The sum over i, after non-redundant
operators are removed with field redefinitions of the SM fields, runs over the operators in a particular
operator basis. We use the Warsaw basis [25] in this paper for L£©). The operators defined in Ref. [111]

are frequently used for L) results, when basis dependent results are quoted. We frequently absorb

2The direct meaning of this assumption of including a SU(2)y, scalar doublet in the theory, is that the local operators
are analytic functions of the field H. The analyticity of the operator expansion was reviewed in Ref. [22]. See also
Refs. [64, 109, 110] for some discussion on the HEFT/SMEFT distinction.
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powers of 1/A? into the definition of the Wilson coefficients for brevity of presentation and use
Cl@ = C§6)772T / A? as a short-hand notation at times for £(©) operators. We generalize this notation
to £ operators, so that Cl.(zn) = Cl.(zn)

with Ref. [22].

921~*/ A?"=*, Our remaining notation is largely consistent

Field space metrics have been studied and developed outside the SMEFT in many works.? These
techniques are particularly useful in the SMEFT, due to the presence of the Higgs field which takes
on a vev. When this occurs, a tower of high-order field interactions multiplies a particular composite
operator form. For low n-point interactions, the field space metrics defined in Refs. [2, 64, 65, 77, 104]
are sufficient to describe this physics. It has been shown that this approach can be used to understand
what operator forms cannot be removed in operator bases [77], how scalar curvature invariants and
the scalar geometry is related to experiment and the distinction between SMEFT, HEFT and the
SM [64, 65, 104], and how to gauge fix the SMEFT in a manner invariant under background field
transformations [2]. (See also Ref. [97].) This approach also gives all-orders SMEFT (background
field) Ward identities [8].

The generalization of this approach to arbitrary n-point functions is via the decomposition
ﬁSMEFT:Efi(“"')Gi(I/A"')/ (116)
i

where f;(a - - ) indicates all explicit Lorentz-index-carrying building blocks of the Lagrangian, while
the G; depend on group indicies A, I for the (non-spacetime) symmetry groups that act on the scalar
fields, and the scalar field coordinates themselves. By factorizing systematically the dependence on
the scalar field coordinates from the remaining parts of a composite operator, the expectation value
of G;j(I, A---) reduces to a number, and emissions of k. This collapses a tower of higher-order
interactions into a numerical coefficient for a composite operator — when considering matrix elements
without propagating / fields. The f; are built out of the combinations of fields and derivatives that
are outputs of the Hilbert series characterizing and defining a set of higher-dimensional operators,
see Refs. [103, 111, 115-117]. This introduces a basis dependence into the results. The Hilbert
series generates operator bases with minimal sets of explicit derivatives, consistent with reductions of
operators in an operator basis by the Equation of Motion (EOM). For example, the Warsaw basis for
L) is consistent with the output of a Hilbert series expansion.* The fi retain a minimal scalar field

coordinate dependence, and vev dependence, through powers of (D" H) and at higher orders through

3See for example Refs. [112, 113]. It is remarkable that the similar theoretical techniques to those we develop here also
enable studies of GR as an EFT, see Ref. [114].

4Such a basis also offers a number of other benefits when calculating in the SMEFT, that are most apparent beyond
leading order in the operator expansion; see the review [22] for more details.
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symmetric derivatives acting on H. As these operator forms depend on powers of d, /i they do not

collapse to just a number when a scalar expectation value is taken.

7.2.1 Mass eigenstates

The field coordinates of the Higgs doublet are put into a convenient form with a common set of
generators for SU(2) x U(1)y, by using the real scalar field coordinates ¢; = {¢1, ¢, 3, Ppa}

introduced with normalization

1 |P2+id q 1 P4+ i3

= , H(pr) =— : (117)
v2 ¢4 — i3 v2 —¢2 + i

H(¢r)

¢4 is expanded around the vacuum expectation value with the replacement ¢4 — ¢4 + 0. The gauge
boson field coordinates are similarly unified into W4 = {W!, W2, W3, B} with A = {1,2,3,4}.
The corresponding general coupling is defined as a4 = {<2, 92, 92,81}

We define short-hand notation as in Ref. [8] for the transformation matrices that lead to the

canonically normalized mass eigenstate fields
1j
Z/{él = \/?ABUBC/ V}( = \/E V]K.

I : . .
Here \/gAB and VI J are square-root metrics, which are understood to be matrix square roots of the
expectation value — () — of the field space connections for the bilinear terms in the SMEFT. These

connections are defined below in Section 7.2.3. The matrices U, V are unitary, and given by

1 1 —i i

5 7 000 5 7 000

L =L 0 0 L L 0 0
Uge = | V2 V2 , V= |2 V2

0 Cp Sg 0 0 -1 0

0 0 -s5 ¢ 0 0 0 1

1
Also, \/E ]\/E]K = (5II< and \/gAB \/gBC = 53. The rotation angles Cg, Sg are functions of a4 and
(g7%)

and are defined geometrically in Section 7.4.3.
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The SMEFT weak/mass eigenstate dynamical fields® and related couplings are then given by [2]
(see also Refs. [76, 85,92, 118])

ot =UABC, WA =UAAH, ¢ = V] K (118)
where in the SM limit

ot = {$282,82,81}, WA = {Wy, W,, W3, B},

B — | &2 (1-1) g+ 2+ g3(c2 _SE)IM AC=WH W, 2, A).

4 7 1 7
vz V2 Vai+g

and ¢/ = {¢1, 2, 3, Py}, DK = {®~,D*, x, h} for the scalar fields. All-orders results in the 1/ A

expansion can be derived as the relationship between the mass and weak eigenstate fields is always
given by Eqn. (118). Remarkably, the remaining field space connections for two- and three-point

functions can also be defined at all-orders in the o7/ A expansion.

7.2.2  Classifying field space connections for two- and three-point functions

We first classify the operators contributing to two- and three-point functions. The arguments used here
build on those in Refs. [25, 111]. Consider a generic three-point function, including the effects of a
tower of higher-dimensional operators. We denote a SM field, defined in the weak eigenstate basis, as

F = {H,p, WH"} for the discussion to follow. Recall the SM EOM for the Higgs field,

D?Hy — Av*Hy + 2A(H'H)Hy + 7 Y u(ion) je + d Yy g +e Yo [, = 0, (119)

indicating that dependence on D?H can be removed in a set of operator forms contributing to
three-point functions, in favour of just Hy, and higher-point functions. Further, using the Bianchi

identity

5The vev @7 is subtracted from ¢4 in the equation below involving 4;1 .
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one can also reduce D? Wyp to EOM-reducible terms and higher-point interactions via

D*Wgs = DuD,g"W/,
1 1 1 1
= —5Dpa Wi = 5D Wi — s WiaWiy — s WipWin,

= and higher-points (121)

Here Dy, 4y is the symmetric combination of covariant derivatives. An explicit appearance of Dy, ,|F
is reduced to W;,%F , where A is dictated by the SM charge of F.

Similarly, D?i can be reduced as

D*y = D,D,g" = DDy (y"9" +ic")yp = and higher-points,  (122)

where 0y, = %(’yy'yv — YvYu)- In what follows, when D?F appears, it is replaced in terms of EOM
terms and higher-point functions for these reasons. Explicitly reducing operator forms by the EOM,
when possible, in favour of other composite operators, has a key role in these arguments.

Now consider higher-derivative contributions to three-point functions. Explicit appearances of D>F
are removed due to the proceeding argument. Further, a general combination of derivatives, acting on

three general SM fields F; 3,
f(H)(DyF)(DyE2)Dyyun B, (123)

is removable in terms of EOM terms and higher-point functions, using integration by parts:

f(H)(DyF1)(DyF2) Dy F5 (124)
=~ f(H) [(D*F)(DyE) + (DuFy)(DuDyF2) + (DyDyF) (DyF2) + (DyFr) (D*R)] (DyFs)
— (Duf(H)) [(DuFr)(DyE2) + (DyF)(DyF)] (DyFs)
= — f(H) [(DuF)(DuDyF) + (DuDyF)(DuF)] (DyFs) + and higher-points
= — f(H)(DyF1)(DyF2) (DyFs) + f(H)(DuFy)(DyF2) (D*F) + and higher-points

= and higher-points.
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As aresult, in general, an operator with four or more derivatives acting on three (possibly different)
fields F; can be reduced out of three-point amplitudes.
When considering field space connections that can reduce to three-point functions when a vacuum

expectation value is taken, we also use

£(9) Fy (DuBs) (DyFs) = (Duf (9)) (D) B Fs + 3 (Df(9)) i B2 Fs + [EOMI],  (125)

to conventionally move derivative terms onto scalar fields. After reducing the possible field space
connections using these arguments systematically, and integrating by parts, a minimal generalization of
field space connections for CP even electroweak bosonic two- and three-point amplitudes is composed

of

hip(@)(Dug)' (Dud)!,  gas(@)W WP, ki (9)(Dug) ' (Dugp) Wi,

Fasc(@)WAWPPWS ™,

and the scalar potential V (¢).
The minimal set of field space connections involving fermionic field in two- and three-point

functions is

Y($)Pr9p2,  Lia(¢)fr17"oaya(Dug)’,  da(@)drio 2V,

where flavour indicies are suppressed. Here we have defined 04 = {0;, 1}, and use this notation

below. The corresponding connections in the case of the gluon field are
kas(§)Giy GPM,  kac(9)Gyi, GPPYGEM, o) P10 TayaGin,. (126)

When considering two- or three-point functions the expectation values of the scalar field connections
are taken with (). Although we are focusing our presentation on CP even field space connections,
the case of CP odd connections is analogous and an additional connection can be defined for g 4p,
fascs kap, and k 45c. The connections hj, gap are symmetric and real, while f4pc and k 45¢
are anti-symmetric. The Y(¢), da(¢), and ¢(¢) connections are complex. L 4 is real for the SM
fields, and complex in general in the case of the right-handed charged current connection. k‘f‘l is

antisymmetric in the subscript indicies.
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7.2.3  Definition of field space connections

The scalar functions include the potential Gy = V(H'H), with corresponding fy = 1.

V(¢) = —LsMEFT| £(a .- —0) (127)

Going beyond the potential, we define field space connections from the Lagrangian for a series of
composite operator forms. The field space metric for the scalar field bilinear, dependent on the SM

field coordinates, is defined via

g™ 62 LSMEFT
) = 5D 5D |

(128)

The notation L(&, - - - ) corresponds to non-trivial Lorentz-index-carrying Lagrangian terms and
spin connections, i.e. {W;ﬁ,, (D*®)X, gpotyp, Py - - - }. This definition reduces the connection /iy to
a function of SU(2), x U(1)y generators, scalar fields coordinates ¢; and 0.

The CP even gauge field scalar manifolds, for the SU(2);, x U(1)y fields interacting with the

scalar fields, are defined as

—2g" g0 2 LovprT
gaB(¢) = 7] A B ’ 2
d 5Wy¢7 (SWV,O E(ﬂc,ﬁ“' )_>0,CP-even

and (here A, Brunover1---8)

—29M" ¢ §2 LovprT
kas(p) = 3 A 5GB =
d 5Gy05GVP L(a,B---)—0,CP-even
We also have
1o gvo 3L
A _ 878 SMEFT (131)
17(¢) 282 5(Dy)5(Dup) SV, Ll )0
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and

g0 g P! 5% Lovprr

fapc(¢) = 3143 (SWPf‘V(SWEg(SWE/s

4

L(a,B---)—0,CP-even

g g7 eP1 53 Lovprr
kape(¢) = 3 B s C (132)
3id 5GVV5GP‘75G"‘5 L(a,B---)—0,CP-even
We also define the fermionic connections

0 LSMEFT ppr 6% LsMEFT

Y (¢r) = ——MEFL , LI = v , (133)
a 5(1/J£pl/11,r) L(aBe)—0 J 5(DV¢)]5(¢P7HUA§W) L(a,B)—0
and
8% LoMEFT

AW (p)) = —— M . (134)

A 5(1#’%,;10-]“/11[)1,1’)5]/\};?/ L(a,f)—0

7.2.4 Hilbert series counting

The Hilbert series is a compact mathematical tool that uses character orthonormality to count group

invariants. As shown in Refs. [103, 115-117], it can be adapted to count SMEFT operators up to

arbitrary mass dimension while accounting for EOM and integration by parts (IBP) redundancies.

The ingredients required are simply the SMEFT field content and each field’s representation under
the SM gauge groups and 4-d conformal symmetry. The output of the Hilbert series is the number of
SMEFT operators with a given mass dimension and field/derivative content. To convert this output
into something useful for phenomenology, one must make a choice of how to contract indices and
where to apply any derivatives. This choice introduces basis dependence.

The results from the Section 7.2.2 (combined with similar results from Ref. [97] for two-point
vertices) show that it is possible to construct a basis where the two- and three-point vertices are
particularly simple — meaning that they are impacted by a minimal set of higher-dimensional operator
effects. Following Eqns. (124) and (125), three-point (electroweak) bosonic vertices are captured
entirely by operators of the form D?(HYH)", (HTH)"X?, D*(H'H)"X, (H'H)" X3 and (H'H)"
(n an integer), with X; ;g = {W? 4+ W% B+ B,G & G}. The Lorentz group representation is
SO(4) ~ SU(2)r, x SU(2)R, so that X} /g are in the (1,0) and (0, 1) representations.

Studying the Hilbert series output for this restricted set, we find that the number of invariants in

each category approaches a fixed value, and then remains fixed independent of mass dimension: there
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are 2 operators of the form D?(H'H)" for all n, 2 operators (H"H)" W2, 1 operator (H'H)" WB,
etc. The fact that the number of operators relevant to the field connections for the two- and three-point
vertices saturates can be proven in each case using techniques from Ref. [111]. As one example, take
(HTH)" W? and suppress all indices other than Lorentz, in the form SU(2);. ® SU(2)g, and SU(2)y:
being bosonic, the H" and H'" terms must be completely symmetric and therefore in representations
(0,0,%) of (SU(2)r,SU(2)r,SU(2)w). Their product lies in (0,0,0 1 &2 ---n). W? must
also be symmetric, but it is more complicated as Wy, contains both Lorentz and SU(2),, indices (here
we use the notation SU(2),, to avoid a double use of SU(2)1). Keeping all symmetric combinations,
we find (0 2,0,02) + (1,0,1). Combining the two pieces, the product (HH)"W? clearly
contains two invariants, one where the (H"H)" form a net SU(2),, singlet, and one where (H'H)"
lie in a quintuplet (spin-2).% Since B; transforms under Lorentz symmetry alone, there is only one
operator of the form (H'H)"B?, and the SU(2),, triplet component of (H'H)" combines with the
Lorentz singlet piece of W By to form one operator of the form (H'H)"W; By. Together, these
make up the 4 terms in the g4p (¢)W$WB'V" entry of Table 7.2.1 for mass dimension > 8. Similar
arguments can be made for the other operator categories in Table 7.2.1, which are also consistent with
the results reported in Ref. [103].

The argument can also be made using on-shell amplitude methods for counting higher-dimensional
operators, and there is clearly a profitable connection between SMEFT geometry and the recent
developments using on-shell methods to study the SMEFT to exploit. See Refs. [119-126] for recent
developments of this form.

Because the number of terms of each operator form for the field connections saturates to a fixed
value, the expressions for the connections for the two- and three-point vertices at all orders in the
o7/ A\ expansion of the SMEFT can be written compactly and exactly. This implies that the general
exponential nature of the operator basis expansion [102, 103] is more strongly expressed in the growth

of higher-point functions and the SMEFT derivative expansion.®

OThis second possibility requires at least four Higgs fields (11 > 2), and therefore total operator mass dimension > 8.

7In addition to the X% operators, there are an identical number of hermitian conjugate terms involving Xg. Only one
combination of the X%, XIZQ terms are CP conserving.

8The very simple form of the resulting field space connections can clearly be examined using Borel re-summation, once
assumptions on perturbativity of the Wilson coefficients are made. This offers the potential to construct error estimates due
to the series truncation on the field space connection. We leave an exploration of this observation to a future publication.
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Mass Dimension

Field space connection 6 8 10 12 14
h1j(¢)(Dyg)' (DF¢) 2 |2 |2 2] z2
Sap ()W, WHH 30 4 | 4 | 4 | 4
kija(¢) (D) (D'9) Wy, 0| 3| 4| 4 | 4
Fapc(@)Wia WBWH 12| 2| 2] 2

Y”( )Qu+ h.c. 2N | 2N7 | 2N7 | 2N7 | 2N7

2 2 2 2 2

Y4, ($)Qd+ hec. 2N£ 2N£ ZNJ; zNJ; ZNJ;

o YE ¢)Le+ h.c. 2N7 | 2N7 | 2N7 | 2N7 | 2N7

“(¢)LoweW! + hec. 4N? | 6N; | 6N7 | 6N7 | 6N;

””’(cp) W'+ he. | 4N? | 6N? | 6N? | 6N? | 6N?

45" (9)Q0uudW'+ he. | 4N? | 6NZ | 6N2 | 6N? | 6N2
Ll;ffA(‘P)( ) (1/Jp,R'7y0'A¢r,R) NJZ" NJ?F NJ?F NJZ‘ NJ‘Z‘

LerA((P)( ) (lpp,L'YyUAlPr,L) 2Nj% 4Nj% 4N}% 4NJ% 4N]%

Table 7.2.1: Counting of operators contributing to two- and three-point functions from Hilbert series. These
results are consistent with Ref. [103].

7.3 FIELD SPACE CONNECTIONS

The explicit forms of the field space connections are basis dependent. In this section we give results
in a specific operator basis set, the Warsaw basis at £©) and some operators at £®) defined in
Ref. [111].

The potential is defined in a power counting expansion as

02

2
) —COHTH)? - c®(HTH). .. (135)

V(H'H) = A(H*H— 5

The minimum is redefined order by order in the power counting expansion

2
2 ©.2  9(c¥) +4c®) 2
<H+H>:% 1+3CfAv + o ( H>8A2 LIS zvzl. (136)

This generalization of the expectation value simplifies at leading order in 1/A? to the vev of the
SM. Including the leading 1/ AZ correction, the result is that of Ref. [85], the 1/ A* correction is
as given in Ref. [111], etc. At higher orders in the polynomial expansion of H' H that results from
taking the derivative of the potential, numerical methods must be used to find a minimum due to the
Abel-Ruffini theorem. Note that this also means that expanding out the vev dependence in a formal

all-orders result to a fixed order necessarily requires numerical methods.
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The expectation values of the field space connections is also denoted by () and a critical role is

p]ayed by \/EU — <h1]>1/2, and \/gAB = <gAB>1/2, The \/E and \/g depend on OUT.

7.3.1 Scalar bilinear metric: hyj(¢)

The relevant terms in £(68) for the scalar metric are [111]

£6® > ¢ (H*H)o(H'H) + C\%), (H'D,H)*(H' D"H) (137)
+ Ciih(H'H)X(DyH)"(D"H) + Cff py (H'H) (H'o,H) | (D, H)' o (D'H)] .

For the Warsaw basis [97], extended with the L£®) defined in Ref. [111], hyy is
4)4

8 8 6
hyp =11+ Z(CI(—I)D ~ Ciipa) | 8y — 2Cigl gy +

r, 7PK s o

y (Clth+9*Clin) - (138)

We note ;7 = FA,KFIE,] for all A and ¢? = ¢? + ¢35 + @3 + (s + 07). As we define hjj as
in Eqn. (128), the choice in the Warsaw basis to integrate by parts and retain an explicit O(H'H)

derivative form is notationally awkward. The integration by parts operator identity
Qo = (H'i'D*H)(H'i'D \H) — 4(H'D,H)* (H'D'H) (139)

can be used with the results in the Appendix to write
hy = |1+ 4)*4((:}?1)) — CI(?,)DZ) o1 + —rfq’](PKrﬁ’L(PL (C((’)

6 8
4 4 HD — 4C1$-I|)j + 4)2C§-I,)132>

— 2(¢ra)j(7a9)'CE). (140)

Alternatively, one can use field redefinitions, expressed through the EOM operator identity for £©)
for the Higgs,” to exchange Qi for H'H(D*H)" (D, H). This leads to a redefinition of the Wilson

coefficient dependence of the vev and

4 I‘I (PKI‘K (PL
6 8 8 A, AL
iy = 14+ ¢2C5 + T (C) — ) | oy + 2L ALY 1

£ (Clih+97Clims) - (14D

9See the Appendix and Eqn. (5.3) of Ref. [25].
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Although the dependence on Cgé coincides in (h U> in Eqns. (138), (140) a different dependence

on CS)D is present in (h I]> in Eqn. (141). There is also a redefined vev in this case, and a further
correction to the Wilson coefficient dependence in modified Class five operators in the Warsaw basis,
etc. It is important to avoid overinterpreting the specific, operator basis, and gauge dependent, form
of an individual field space connection. Such a quantity, like a particular Wilson coefficient, in a
particular operator basis, is unphysical on its own. (See Appendix 7.B for more discussion.) Despite
this, a geometric formulation'® of the SMEFT exists in any basis, and still dictates a consistent
relationship between the mass eigenstate field and the weak eigenstate fields. This relationship also
allows all-orders results in the 1/ A expansion to be derived.

The general form of the scalar metric with d = 8 4 2n dimensional two derivative operators, can

be defined as having the form

@ — (H'H)"2(D,H)"(D'H), (142)
@m —  (H'H)™(H'o,H)(DyH)" 0" (D'H), (143)

which leads to the result

(6) oS 4)2 n—+2 842 842 )
+2n +
hy = |1+ ¢*Chl+ Z <2> (C;ID /- CI(i,Dzn )] or
! K oL C(6) o) 2
A,]‘PKZ ALY ( ;2{1:) n Z <<P > C}?+D22n) . (144)

The scalar field space metric defines a curved field space.

7.3.2  Gauge bilinear metric: gap(¢)

The relevant £+2") terms for the Gauge Higgs interactions are

Qs> = (HTH)""'B"™ By, (145)
Qo = (H'H)"WE W, (146)
Qi) = (H'H)"(H'o"H)W!" B, (147)
Qiiws’ = (H'H)"(H'o"H)(H' o H)W}" Wi, (148)
Q6+2n _ ( )n+1GwGA (149)

10Christoffel symbols can be derived from the field space metrics.

65



7 THE GEOMETRIC STANDARD MODEL EFFECTIVE FIELD THEORY

The Gauge-Higgs field space metric is given by

4)2 n+1
aas(dr) = [1_42 ( 6+2n as )_|_C(6+2n)5A4) <2> ](5AB
- Ecp?#z” (% ) (9:Ths9") (#1T5k9%) (1= 0a0)(1 —bm1)

(o] 2 n
+ [ I;;Lv%n ( ) ] [(4’IF{4,]4’]) (1—044)0Bs + (A < B)] , (150)

B
and for the gluon fields GAM = \/le Qg, where

2 n
kg (¢ (1—4 Zc“z" <4;> >5AB. (151)

7.3.3  Yukawa couplings: Y (¢)

The Yukawa interactions of the Higgs field are extended in interpretation in a straightforward manner.

Here the relevant £(0+27) operators are

Q™ = (H'H)""'(Z,e H), (152)
pr
Q™ = (H'H)"™(q,u, H), (153)
pi’
Q™ = (H'H)"Y(q,d, H). (154)
pr

We define the Yukawa connection in Eqn. (133), where

e _ =~ (6+42n) (Pz i
Ypr((PI) - ((PI)[ Z C ? ’ (155)
n=0 P”
Yd ( - _H Y t H - (6+2n) ﬂz o
pr(@0) = —H(Pn)[Yalpr + H(gr) ;O a \7) (156)

N

(P n+1
Yi(pr) = —H(¢r)[Y.] pr) Y C (2) . (157)
n=0 P

T
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7.3.4 (D'¢)' 9T,y

The class seven operators in the Warsaw basis, and extended to higher mass dimensions, are of the

form

Que* ™)~ (H'H)"H' ID*Hyy,p,
pi’
Q?-}(q?JrM) = (H+H)n H' %ZH¢p7;tUa¢r/
pi’
QT = (H'H)"(H'o,H) H iD"Hifyy,0ur,
pr
Q) — e (H'H)" (H'o.H) H D} Hpy,our. (158)
pr

— . .
where D} = (0,DF — %P‘ 0, ). Connections corresponding to these operators are defined as

2\ " ~N
LYY = —(@m)om Z Ci 6+2”) <4;) —(¢74);(1 —da4) Z CHII?LJFZW) <4;>
= n=0 pr
£ @10 ) (9xT5 )Zc (s420) (97"
> (P as) Pk L6 L, Ciiy, 5
€l o ("
+ L (@) (oxTE o) ZOCHJ?L“ (2) : (159)

Similarly one can define the right-handed charged current connection

52£ 4;1 ) ) (6:+2n) 472 n
Ly = . = TL_1l iyl +2n) () . (160)
f Sy — 2T ) L G (5

where ng:lrdzn (H'H)"(HiD"H)ilyy,d;.
pr
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7.3.5 WL ooy

The class six operators in the Warsaw basis, and extended to higher mass dimensions, are of the form

Q™" = (H'H)" Tyouo e W H(1 = 0as), Q™"
pr pr
pr Pi’
QE{?;Z”) = (HJr ) GO0 u,WA T (1—644), Q%H”) —
pr pr
and

8+2n
oy
pl’

(842n)
Q
pr

— (H*H)”ZPUHVUAerWﬁVH Sa4,

(HJFH)nqu-yVU'AerZVH O A4,

(H'H)" (H'o*H) L,0e, WL H(1 — 6 44),

The dipole operator connections are given by

%) o\ [

n=0 L pr pr
g > (*\" 5.0, CloT2m) 1— 5 C6520)
Z= ) 5 asChp 7+ 0a(1—=0a4) Cpy ™ —

=0 i pr pr
du,pr _ = QDZ " 5 C(6+2n) 1-5 C(6+2n)
A - Z 7 A4-yB +UA( - A4) uW

n=0 L pr pr

_¢KF§,L(PL_
_‘PKrﬁ,LfPL_

— [9xTA ¢ |

(H'H)" (H'¢*H)qp0d W) H(1 — 6 44).

(1—1044)
(1—1044)
(1—1044)

(H'H)"§,0500 u, WY H S p4,

(161)

(842n)
CeWZ
pr

(842n)
CdWZ
pr

(8+2n)
CuWZ
pr

As the Higgs does not carry colour charge, the corresponding connections to gluons are simply

Cu,pr

n=0

H Z C (64+2n)

n
d,

n
(6+2n)
H
™ (%)
n=0

T

(162)
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P K 0 oM
7.3.6 Wy, We, Wep G4, 950 9,

The relevant operators are

QI(/SJan) = € (H+H)HW;VWV‘O’b WP V,c, (163)
QI(ASIZM) = ewc(H'H)" (H+UﬂH)W£uWVP'CBPH' (164)
Q™ = fase(H'H)"GiiGPG," . (165)

The connection for the electroweak fields is given by

[e) 2\ 1 o) o2\ 1
fapc(¢) =€asc Y, cleran (@) - *5A4€BCD (¢xIH,L9") Z cren (ﬁ) . (166)

n=0

While in the case of gluon fields it is

(o] 2\ "
kase(®) = fase Y CEH2 <q;> : (167)
n=0

For both of these connections, there is also a corresponding CP odd connection of a similar form.

7.3.7 (Dug)'oa(Dugp) Wi

In the Warsaw basis operators of the form (D, H)%o4 (D, H )WA are removed using field redefini-
tions. This connection is however populated by operator forms that cannot be removed using field
redefinitions, and a derivative reduction algorithm leading to an operator basis, at higher dimensions.

The form of the connection is given by

A (842n) (P2 s (84+2n) ¢2
kij(¢) = ’74 J0A4 Z Chipus <2> 'YA](l — 644) Z CHDHW <2>
1 %) " 2\ "
- 5= a0 [t [owrdio] by - it (%) (168)
1 n
+  geanc {‘PKPB L9 ] G Z Cirmiwz <q;>
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Here, the operator forms are defined as

Biw) = i(H'H)"™(D,H)"(D,H)B",
S = idg(HTH)"™(D,H) 0" (D,H)W.",
Qlintiva = ieac(HH)"(H'o"H)(DyH) o" (D, H)W!",
Qlipins = ibwéea(HYH)"(H'0"H) (H'o*H) (D, H) o (D,H)WS'. (169)

7.4 PHENOMENOLOGY

7.4.1 Higgs mass, and scalar self couplings

The Higgs mass follows from the potential and is defined as

V(P ., A © 1 (2n] .,
(gh)z >¢ 0:2(\/12 )25% 2< ) 22— cenl (170)
— T =

34
This result follows from /7 vanishing, due to the pseudo-goldstone nature of 4)3 . Similarly the

three-, four-, and m-point (m > 5) functions are given by

BV(D- D) B i, © 1 [2n] o
mey el MO (Vh )3or —6/\+n;32—n 3 ca |,
4 . ) 2n | _
_(S V(q) 4(D) _ (\/ﬁ44)4 —6/\"_ Z ln an) ,
(5}1) D—0 71:32 4
5"V (D - D) ., &1 20 Lo
—— = (V)" Y o Ci. (171)
(5h) ®—0 nZ::32 "
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7.4.2 Fermion masses, and Yukawa couplings
The fermion masses characterise the intersection of the scalar coordinates with the colour singlet,

Hypercharge 1/2 fermion bilinears that can be constructed out of the SM fermions. The corresponding

mass matrices are the expectation value of these field connections
[Mylrp = ((Yp)"), (172)

while the Yukawa interactions are

s(Yh)t Vit © 21— 3 2(m)n
] = —; ==\ W= L5 Gy |- (173)
O oo V2 = 2 pr

7.4.3  Geometric definition of gauge couplings
The covariant derivative acting on the scalar fields is
1
(D%Yz(N#—ZW“WL>W, (174)

with the real generators 'yg, ; given in Ref. [2], and also in the Appendix. The tilde superscript on

7 indicates that a coupling dependence has been absorbed into the definition of the generator. The

bilinear terms in the covariant derivative in coupling and field dependence gQW;’Z = ngVyi etc.

remain unchanged due to £ transforming to the mass eigenstate canonically normalized terms

[85]. This corresponds to the invariant « 1)V = & - WV being unchanged by these transformations.
This also holds for corresponding transformations of the QCD coupling and field g3G* = 33G".

At higher orders in the SMEFT expansion an invariant of this form is also present by construction.

The bar notation is introduced on the couplings to indicate couplings in Lgygpr that are canonically

normalized as in Ref. [85]. Here this notation also indicates the theory is canonically normalized due

(d>6)

to terms from £ that appear in gAB.
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The geometric definition of the canonically normalized mass eigenstate gauge couplings are

2= V3 =83 (175)
8z = CgTZ (Cé\/§33 — S g34> = ngl <59\/§44 - Cé\/§34)/ (176)
0z 0z

¢ = g (s0v8” + V) = &1 (covB™ +50v8™) (177)

with corresponding mass eigenstate generators listed in the Appendix. Here we have used the fact that
as /g 1 =g 22 due to SU(2)L gauge invariance, it also follows that \/glz = 0. These definitions
are geometric and follow directly from the consistency of the SMEFT description with mass eigenstate
fields. These redefinitions hold at all orders in the SMEFT power counting expansion. Similarly,

consistency also dictates the field space geometric definitions of the mixing angles

, §1(\/g 55— /8 cp) 178
56, = - 34 a3\ (78)
§2(\/8 g — /3 s9) + 81(\/T 55 — /T )
44 342
2= (818" — 82/8) (179)

Sl(VE*? + (V8™ + &l(VE®)? + (V3™ — 281828 (V8 + &™)

The gauge boson masses are also defined in a geometric manner as

Mgy = & 1V h11 0%, = gZ Vv h33 iy = 0. (180)

To utilize these definitions, and map to a particular operator basis, one must expand out to a fixed order
in Z7ZT / A?%. Nevertheless, such all-order definitions are of value. The relations hold in any operator
basis to define the Lagrangian parameters incorporating SMEFT corrections in z72T / A? and clarify the
role of these Lagrangian terms in the SMEFT expansion.

When the covariant derivative acts on fermion fields, the Pauli matrices o7 53 for the SU(2)L,
generators'!, and the 2 x 2 identity matrix I for the U(1)y generator are used. This is a more
convenient generator set for chiral spinors. The covariant derivative acting on the fermion fields 1,

expressed in terms of these quantities, is

Dy = |d —|—1g3gATA—i—sz(W+T++W T7) +igz (Ts —s§,Qp ) Z" +iQye A | ¢.

(181)

Defined in the Appendix.
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Here Qy = 03/2 + Yy and the positive sign convention on the covariant derivative is present and
the convention v2 W = W! F iW? and V2 d* = 4)2 F i(,i)1 is used. Here Tz = 03/2 and
2T+ = 0y +i0y and Yy = {1/6,2/3,-1/3,-1/2,—1} for = {q1,ur,dgr, {1, er}. Note that
the SU(2)1 x U(1)y generators of the fermion fields do not need to be the same as those for the
scalar and vector fields for the parameter redefinitions to consistently modify the covariant derivative
parameters in the SMEFT.

The covariant derivative acting on the vector fields is defined as
DW= 0, Wt — & Wi WY, (182)

where the covariant derivative sign convention is consistent with the definition, and also W]ﬁ, =

B WA — 3, WA — E4 WEWE.

7.4.4 W, Z couplings to Pip

The mass eigenstate coupling of the Z and WV to iy are obtained by summing over more than one
field space connection. For couplings to fermion fields of the same chirality, the sum is over Llf’fzr and
the modified $ilPy, that includes the tower of SMEFT corrections in /2. A compact expression for

the mass eigenstate connection is

— A (1/_Jp'7yfA¢r>‘5pr + ACH (’ﬁp'YV‘TAU’r) <LI££7> (—75,4)?7% (183)

where the fermions are in the weak eigenstate basis. Rotating the fermions to the mass eigenstate basis
is straightforward, where the V- and Upyng matrices are introduced as usual. The generators are
S +iom

T = —=

Vi o2 '

T3 =8z(Ts —55,Qp), T =2Qy. (184)

Expanding out to make the couplings explicit, the Lagrangian effective couplings for { Z, A, W*}

are

Ep = Lotz (25,00 — )0 + oo LE) + oL v, (189
(Alppipr) = —ePp ¢4 Quopr Y, (186)
Welgpyy) = —%¢p(¢Wi)Ti {5pr—77T<Llf,'1pr> iiﬁﬂLlffr)} Pr. (187)
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The last expressions simplify due to SU(2);, gauge invariance. Similarly the SMEFT has the right-

handed W™ couplings to (weak eigenstate) quark fields.

7.4.5  Dipole connection of W, Z to {1

The dipole operators generate a coupling of the Z and W to ¢ that is distinct from the couplings
above, due to the fermion fields being of opposite chirality. Interference between the dipole connection

and the connections in the previous section requires a mass insertion. The dipole couplings are defined

as
2 2
_p 7 — - u,pr C9 u,pr 59
R G N
2 2
_ L pr c d,pr s
(Z|dVdy) = —23zd}p,¢sdy <<d§P )2 — (dy? >GZ>,
N b4l
2 2
Zldek) = —25z2) P sy ey e 188
( |eLeR> 3ze P ¢ zer ( 3 >g2 ( 4 >g1 , (188)
and
_ g d,pr . 4d,pr _ r
<W+|Wdr> = _\@gi <<d1p ) +l<d2p >>”€VW¢W R/
W-lgpur) = —V2EZ (") —ilds™)) @ pyosw
Willpe,) = —\fzgi (@) + i (dS?) ) O poy v €. (189)

Here the fermions in the dipole connections are in the weak eigenstate basis and a Hermitian conjugate
connection also exists in each case. The expectation values of d 4 are understood to be the upper

(lower) component of an SU(2) doublet for ds ,, d‘f/z, and dj , (dY ,, d5 4, and d‘;A).

74



7 THE GEOMETRIC STANDARD MODEL EFFECTIVE FIELD THEORY

7.4.6 hAA hAZ couplings

The effective coupling of h-y-7, including the tower of 772T / A? corrections, is given by

VT T (@), @, Sgsul9), @ dgu(9), @
4 5ps ' g2 5ps ' 182 ops "gil’
(190)

(| A(p1)A(p2)) = —(hAM Ay

where Ay, = 0, Ay — 9y Ay, and (hAM Ayy) = —4(p1-p2€1-€2 — p1-€2p2-€1) when €1(p1), €2(p2)

are the polarization vectors of the external <’s. Similarily the coupling to h-y-Z is given by

(h|A(p1)Z(p2)) (191)
VI ben(9),F, | 0ga(e) B, 5, Ogu(9), 5
— uv _bvz z z "0z
<hA Z]U/> 2 egZ < 54)4 > g% + < (54)4 gng 54)4 > g%

where (hAM Z,,) = —2(p1-p2€1-€2 — p1-€2p2-€1).

7.4.7 hZZ, hWWW couplings

The off-shell coupling of the Higgs to Z Z and YWV are given by summing over multiple field space

connections. One finds

<h‘Z(P1) (PZ) (5833 C9z _2<6g34(¢) Cézséz 5844(<P)> 2] <hZVVZ’w>

gz Otpa 8182 ops " &1

2> +<h33(4,)>7’2l

44 gZ (5h33
5q>4

] (hz, Z")

C 2
Vi Bor [<k§4> P — (k34) gef]@”hzyzf‘“% (192)
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and
h44
W) = - Y1 [( 5800 S ] o
- 2
Vg [<‘5h;jp(f)>(zf) ) ]<hWVW”>

NP/ ki [i (k) — ()] (@) W WY + W W), (193)
0 42 uv 'V — pvtr+J 1/

As these couplings are off-shell, they are not directly observable.

7.4.8 Z — Y, W — ¢ partial widths

A key contribution to the full width of the Z, WV bosons in the SMEFT are the two-body partial widths
that follow from the SMEFT couplings of the Z, VW to fermions of the same chirality. These results

can be defined at all orders in the o7/ A expansion as

_ 4M;,
Tzogyp =) 24“\/ At ( 2 ) (194)

myz

where
Z, 3z
g = o [(2552 Qyp — 03)0pr + vT<L“’ ") +agvT<L§3’”>} (195)

and ¢ = {qr,ug,dr, {1, er}, while 03 = 1 for ur, vy and 03 = —1 for dy,e;. Similarly one can
define

e /72

FW%W - 247‘[ |geff ( %/\/) (196)
with

War _

8 _ , . ,
Seff = \ﬁ |:VCpIr<M - UT<L§/,LlW> + ZUT<L[1],szr>} ,

%) " _ 0, . {1,
we 82 [Uﬁ&Ns —or(Ly") £ wT<L1/sz>} ’

Seff __ﬁ
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where the Ve and Upning matrices are implicitly absorbed into (Lj 4).

7.4.9 Higher-point functions

Field space connections for higher-point functions can also be defined in a straight-forward manner.
However, due to the power-counting expansion in pz/ A? and the less trivial kinematic configu-
rations compared to two- and three-point functions, the number of independent field space con-
nections for e.g. four-point functions is infinite. This can be seen by noting that the field space
connections can be defined as variations of the Lagrangian with respect to four fields in the set
{D;,gbl, D{”/V}q)l, D{%V,p}(,bl,- -+ }, or analogous sets for W}ﬁ, or the fermion fields. The higher-
derivative terms are the symmetric combinations of covariant derivatives.

For two- and three-point functions, we used the integration-by-parts relations in Eqns. (124) and
(125). This was crucial to make the number field space connections finite and small for two- and
three-point functions. These arguments fail to reduce out higher-derivative field space connections for
four-point functions and higher.

The infinite set of field space connections is related to the exponential growth of operators, and

poses a challenge for the practitioners of the SMEFT on general grounds.

7.5 CONCLUSIONS

In this paper we have developed the geometric formulation of the SMEFT. This approach allows all
orders results in the o7/ A expansion to be determined. We have developed and reported several of
these results for Electroweak Precision and Higgs data. All-orders expressions are valuable because
one can expand directly from the complete result, and one need not — potentially laboriously —
rederive the result at each order in the 97/ A. These results make manifest the power, utility and

potential of this approach to the SMEFT.
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APPENDIX

7.A GENERATOR ALGEBRA

The Pauli matrices 0,, with a = {1,2,3}, are given by

o] = ’ oy = ’ 03 =

00 0 -1 0 01 O
; 00 -1 0 | 0 0 0 -1
T, = Vo = ,
01 0 0 -1 0 0 O
1 0 O 0 0 1 0 0
0 -1 0 0 0 -1 0 O
; 1 0 0 O ; 1 0 0 0
V3] = r Yay =
0 0 0 -1 0 O 0 1
0O 0 1 0 0O 0 -1 0

197)

(198)

We use tilde superscripts when couplings are absorbed in the definition of generators and structure

constants,

€ BC — gz €%C, with élz3 = +g2, and €4BC = O,
e «ny, forA=1,2,3

gl'yﬁ”, for A = 4.

(199)
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It is also useful to define a set of matrices

Thx =757k (200)
where
0 0 1 0O 00 01 -1 0 0 0
; 0 0 0 -1 | 0 010 ; 0 -1 0 0 |
Iy = , Iy = , I3 = , Typ= —lgy

1 0 0 O 0100 0 0 1 0

0 -1 0 O 1 0 0 O 0 0 01
(201)
These matrices have the commutation relations [y4, 78] = 2€557vc, [va,Ts] = 265, Tc,

T4, Tl = ZGCAB Yc. Explicitly the mapping between the generators acting on the field coordi-
nates is H — 0,H and ¢' — —(T'); ¢/ fora = {1,2,3}, while H — T H maps to the real field
basis transformation 4)1 — — (I‘4)} ¢. The matrix 74 is used for the Hypercharge embedding, and
also plays the role of i in the real representation of the scalar field. 'yi = —1I while i> = —1. Note that
consistent with this the mapping: H — i 0, H is related to ¢! — —(%)}cpf ,and H — iIlH maps to
' = —(1a)j 9.

An equivalent to complex conjugation is given in the real field basis by

-1 0 0 0

1 01 0 0

Te) = , (202)
0 0 -1 0
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This generator commutes with the remaining generators and I'2 = 1. Note ¢ = {3, ps, —P1, — 2},

and

H'o,H =
oY SDrH =
HYID'H =

2H'D'H =

‘PIT 9,

—¢r 74,](Dy4’)]

= (D")1v1,9’,

—¢r 74 (DF) = (D'¢)1vs 4/,
$1(—T5, +ivi)) (DFe).

(203)
(204)
(205)
(206)

Expressing D" H in terms of ¢ and (D¥¢) requires the introduction of a singluar matrix, so the

introduction of ¢ is preferred. When considering possible operator forms at higher orders in the

SMEFT expansion, it is useful to note that 4)11“2,]4)] # 0, while qb;’)/i,]ql)] =

The transformation of the generators to the mass eigenstate basis is given by

‘PI’Yi,]‘P] =0.

Ve = 2 7 v/ Usc. (207)
Expanding the results gives the mass eigenstate generators explicitly
1 82 I & (1 .1
_ 4 = —1 , (208)
T = 22 ('h] 72]) V2] 22 <’Yl,] 72,])
7 e
’Yé,] gz (CQZ’Ys] 55{%,]) , ’Yi] =5 (’Yz{,] + 4 ]) (209)
7.B PHYSICAL EFFECTS OF (hy)
When h; 7 is chosen to have the form
4
8 6 Tl oxTs  F
hip= |1+ %(C;I)D - CﬁI)DZ)] o1y — 2C§—I|):|¢I(Pf T (CHD +¢2CH D2> (210)
then
(hap) = |1 + CS)D qu)m)] 51j — 2C{1h 31,4014
=2
(G
+ = (013813 + 614014) (Clih + FHClis ) - @11)
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While if /177 is chosen to have the form

4 oIl 19"
= [1 + 92+ ) - CS?D»} by + % (Clib +9°Clis) - 12)

then

wy = (11 2c® LT e® c® s T (55 5a8) (COL 1+ AC®)
) = %3 H[\+4(HD H.D2) I+2(I3]3+14I4) up T 91CyDpy ) -

213)

These two cases are related by a field redefinition, expressed through an EOM operator identity at

£6)

H'HoH'H = 2(D'H)"(D,H)H'H —2Av*(H'H) +4A(H'H)?

+ H'H [qf Y] (ion) e+ d Y g+ Yo i + h.c.] . (214)

It is instructive to examine how the difference in the A(hyj) = (h};) — (hiy) cancels out of quantities

closely related to S matrix elements. Explicitly
~(6
Alhyy) = CO) 161 4 2614074] . (215)

The modification of (h;) can be seen to cancel in quantites closely related to S-matrix elements, as

expected. For example, one finds

44
AVI 1y S ~(6)]:0. (216)

A[ylp]rp:[ \@[ ]m‘m[ ]rpCHg

for the Yukawa couplings, due to the correlated shift in the £(©) Yukawa couplings. For the W and Z

masses

A2, = 8 [A\/hn 2 4 /I AUT} —0, 217)
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and
o _ & 2.2 2,2
aiy = £2 [A\/]’lg,g, 7+ /has AUT} — 0. (218)
with A772T = —CS‘)] 172T Conversely, quantites (such as off-shell couplings) not closely related to

S-matrix elements, are not expected to demonstrate an equivalence under field redefinitions, or the

transformation of (/177), and this can be observed in several off-shell couplings.
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BARYON NUMBER, LEPTON NUMBER, AND OPERATOR

DIMENSION IN THE SMEFT WITH FLAVOR SYMMETRIES

Using group theory techniques, we investigate the mathematical relationship between baryon
number, lepton number, and operator dimension in the Standard Model effective field theory
(SMEFT), when flavor symmetries are present. For a large set of flavor symmetries, the lowest-
dimensional baryon- or lepton-number violating operators in the SMEFT with flavor symmetry
are of mass dimension 9. As a consequence, baryon- and lepton-number violating processes are
further suppressed with the introduction of flavor symmetries, e.g., the allowed scale associated
with proton decay is typically lowered to 10> GeV, which is significantly lower than the GUT
scale. To illustrate these features, we discuss Minimal Flavor Violation for the Standard Model

augmented by sterile neutrinos.

8.1 INTRODUCTION

The Standard Model (SM) has been spectacularly successful at describing interactions among the
known elementary particles. However, it suffers from some shortcomings. An incomplete list of
phenomena not fully explained by the SM could include the experimental evidence for the existence of
dark matter [127-131], the observational fact of a global baryon asymmetry in the universe [132-137],
and evidence of non-zero mass terms for (at least two generations of) the neutrinos from observed
neutrino oscillations [138-142].

Given that the SM is incomplete, insofar as it is unable to explain the above mentioned experimental
facts, and with no conclusive hint from collider experiments of new particles beyond those in the SM
at the TeV scale, the scale of new physics could be much higher. If so, the SM can be extended in

an agnostic, model-independent approach to an effective field theory, namely the Standard Model
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Effective Field Theory (SMEFT). The SMEFT is constructed by adding a complete set of higher-
dimensional operators, which give rise to independent S-matrix elements, built out of the SM field
content, respecting the underlying local SU(3), ® SU(2); @ U(1)y gauge symmetry [25, 101].

Baryon number and lepton number are accidental symmetries of the SM. Thus, within the confines
of the SM, the baryon asymmetry in the universe could only come about through non-perturbative
processes, e.g., high-temperature sphaleron processes [143]. Baryon-number violating processes are
exponentially suppressed at low temperatures [144]. Whether lepton number is conserved or not is
intimately related to neutrino masses, and, in particular, if neutrinos are Majorana fermions, this may
point to the existence of an additional scale above the weak scale.

One new feature that occurs in the SMEFT is that baryon number and lepton number can be violated
by higher-dimensional operators. Lepton number and baryon number are always integers. For lepton
number, this follows directly from the definition, while it is a consequence of hypercharge invariance
in the case of baryon number. There is a close connection between lepton number, baryon number,

and the mass dimension of operators [145];

AB — AL

5 =d mod 2, (219)

where AB is the baryon number, AL is the lepton number and 4 is the mass dimension of the operator.
Some consequences of Eq. (219), among many others, are that (AB — AL)/2 must be an integer,
and no operator with odd mass dimension can preserve both baryon number and lepton number. See
Ref. [145] for more details.

Consider the lowest-dimensional operators that violate baryon number and/or lepton number. The
only effective operator at dimension 5 is the famous Weinberg operator [146]. This operator violates

lepton number by two units,

AL| = 2, and is associated with Majorana mass terms for the neutrinos
below the electroweak scale, generated by, for example, the seesaw mechanism [147]. At dimension
6, all operators satisfy AB — AL = 0. Many of the effective operators preserve both baryon number
and lepton number, AB = AL = 0. There are also some operators consisting of four fermion fields of
the form gqql, where g is a generic quark field and [ is a generic lepton field. These operators violate
baryon number and lepton number by AB = AL = £1. As a consequence, they can mediate proton
decay, through the dominant two-body decay p — MI, where p is the proton and M is a meson. The
experimental null result for such decay processes has pushed the allowed scale for baryon-number
violating operators with mass dimension 6 to around 10'°> GeV [148].

Eq. (219) and the results in Ref. [145] apply to the SMEFT, with one generation of fermions. They

remain true with the extension to multiple generations, and with the inclusion of flavor symmetries.
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A flavor symmetry is a global symmetry among the generations of fermions. We will consider what
happens to the general relation between baryon number, lepton number, and operator dimension when
flavor symmetries are present.

The paper is organized as follows. We start by discussing the general relation between baryon
number, lepton number and operator dimension, following from the local symmetries and field content
of the SM. Then, we discuss how this relation gets modified when certain flavor symmetries are
present, and discuss in detail an explicit example of Minimal Flavor Violation (MFV) for the SM
augmented by sterile neutrinos. We end by discussing implications for proton decay and Majorana

neutrino masses.

8.2 AB, AL AND OPERATOR DIMENSION

The SM field content consists of the fermions {L, e, Q,u¢, d°} and the Hermitian conjugate fields,
the gauge bosons for the gauge groups SU(3). ® SU(2); @ U(1)y, and the Higgs boson H. The

fermions are in the respective representations of the gauge groups as

Q ~ (3/2)1/6/ MC ~ (3/ 1)—2/3/ dC ~ (3/1)1/3/

L~(1,2) 1, € ~(1,1), v°~(1,1), (220)

where we have also included a sterile neutrino v© for generality. All the fermions are the in the (2,1)
representation of the Lorentz group SU(2); ® SU(2)g, with the Hermitian conjugate fields being in

the (1,2) representation. The Higgs field is in the representation
H~ (1,2)1,2 (221)

of the gauge groups and is a Lorentz singlet.
We will denote the number of various fermion fields and their Hermitian conjugate fields in an
operator by e.g., N, and N+ for the fermion fields e¢ and et etc. Baryon number and lepton number

are defined as

1 1
AB = g (NQ+Nu++Nd+) - g (NQf+Nu+Nd)/ (222)

AL = (NL+ Nyt + Nyt) — (Ni+ + N. +N,) . (223)
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Figure 8.2.1: The (AL, AB) values of operators with different mass dimension d without any flavor symmetry.
The numbers indicate the lowest mass dimension where the (AL, AB) value is allowed. Even
(odd) dimensional operators are shown in red (blue).

Both baryon number and lepton number are integers, AB € Z and AL € Z. For lepton number, this
can be seen directly from Eq. (223). For baryon number, this follows from hypercharge invariance
[145]. As the fermion fields have mass dimension 3/2, it follows directly that the mass dimension of
an operator which violates baryon number and/or lepton number is bounded by

duin > J|AB] + J|AL| (204)

By combining Eq. (224) with Eq. (219), we show the allowed (AL, AB) values for various mass

dimensions of operators in Fig. 8.2.1, where the sterile neutrinos are excluded.

8.3 FLAVOR SYMMETRY

We consider the allowed baryon number and lepton number values of the higher-dimensional operators
when the fermions in the SM transform non-trivially under a continuous flavor group Gr.! As the

quarks and leptons are charged differently under the SU(3). gauge group, we let the flavor group Gr

IThis requirement excludes some prominent flavor models, see e.g. Refs. [149-151].
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be factorized into a direct product of two distinct flavor groups, one for the quarks, G, and one for

the leptons, Gy,
Gr = Gq ® Gy. (225)

Also, we let all the generations of the fermions be charged democratically, i.e., they form irreducible
representations of the flavor group.

The Yukawa terms will in general break the flavor symmetry [152]. The flavor symmetry can
formally be restored by promoting the Yukawa couplings to spurion fields, transforming appropri-
ately to form invariants under the flavor group.? Spurion fields are auxiliary fields with non-trivial
transformation properties, but are not part of the Fock space, i.e., they do not contribute to the S-matrix.

In order to form operators which are singlets under the flavor group, more than one flavor multiplet
is required (or none). The constraint that a single quark field cannot appear in an operator is already
encoded in the SU(3), invariance. The leptons, however, have no such constraint. Thus, imposing a

flavor symmetry restricts the leptons to

N+ N+ + N+ Ny #1, (226)

where we again have excluded the sterile neutrinos. This basic fact severely restricts the allowed
values of baryon and lepton number. By combining Egs. (224) and (226), the mass dimension of a

baryon- or lepton-number violating operator is bounded by

9

dmin >
-2

|AB| + %\AL\ +30|aL11/ (227)
where d|5r 1 is the Kronecker delta. From Egs. (219) and (227), we find that no baryon- or lepton-
number violating operator is allowed below dimension 9, except for |[AL| = 2.

This constraint excludes the dimension-6 operators gqql. The quarks transform under the quark
flavor group and could form a singlet. However, the lepton field by itself, being in a non-trivial
representation of the lepton flavor group, cannot form a singlet under the lepton flavor group by itself.
Thus, the operators break the flavor symmetry. Implications for proton decay are discussed later.

The Weinberg operator also is forbidden, with one notable exception. The operator consists of two

lepton fields in the same representation, and the requirement that the lepton fields transform under the

2In principle, spurion fields can be introduced to render any operator invariant under the flavor group. Then there is no
relationship between flavor symmetry and baryon/lepton number. We consider the case where no additional spurions are
introduced.
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lepton flavor group as a triplet excludes this operator. The only case where two triplets could form a
singlet is the case where the symmetry group is G; = SU(2) (not to be confused with the electroweak
gauge group SU(2)y), and the lepton fields are in the adjoint representation [153].

We now want to see which (AL, AB) values are allowed with the inclusion of a flavor symmetry.
Let us start with the quarks. By letting them transform as triplets under the flavor group, a necessary
(but not sufficient) requirement of an operator being invariant under the quark flavor group and the

SU(3). gauge group is

1
(Ng + Nyt + Nyt ) — 3 (Ngt + N+ Ny) € Z. (228)

W[ =

This is nothing but the result that baryon number takes integer values.
Consider the case where the leptons are in the fundamental representation of an SU(3) flavor group,
and not in the adjoint representation of an SU(2) flavor group. They must form invariants subject to

the constraint

1

1
g (NL + Ne+) - § (NL+ + Ng) € Z. (229)

From the definition of lepton number, Eq. (223), and with no sterile neutrinos, we have that

1

§AL e”Z. (230)
Lepton number can only be violated in multiples of 3. From this we can immediately see that no
Majorana mass term is allowed. We show the allowed baryon number and lepton number values of the
operator basis with flavor symmetry in Fig. 8.3.1. The baryon- or lepton-number violating operators
with the lowest mass dimension have mass dimension 9. By comparing Figs. 8.2.1 and 8.3.1, we see

that the set of allowed baryon number and lepton number values has been severely restricted.
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Figure 8.3.1: The (AL, AB) values of operators with different mass dimension d with flavor symmetry, where
the leptons are not in the adjoint representation of an SU (2) flavor group. The numbers indicate the
lowest mass dimension where the (AL, AB) value is allowed. Even (odd) dimensional operators
are shown in red (blue).

8.4 MINIMAL FLAVOR VIOLATION

We now turn to an explicit example of a flavor symmetry, namely Minimal Flavor Violation (MFV)

[154, 155]. The flavor group is

Gr =SU(3)q ® SU(3), @ SU(3),

® SU(3), @ SU(3), @ SU(3),, (231)

where we have allowed for the existence of three generations of sterile neutrinos. The fermions are in

the fundamental or anti-fundamental representation, as

Q~(311111), u°~(1,3,1111),
i~ (1,1,3,1,1,1), L~ (1,1,1,31,1),

¢~ (1,1,1,1,3,1), 1°~(1,1,1,1,13). (232)
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The Yukawa terms and the Majorana mass term explicitly break the flavor symmetry. In order to
preserve the symmetry, the Yukawa couplings and the Majorana mass term are promoted to spurion
fields. The requirement of MFV is that all flavor breaking interactions should appear in the same

pattern as for the dimension-4 SM. The Yukawa terms and the Majorana mass term take the form

_ﬁspurion :YuQHuC + YdQH*dC + YeLH*eC

1
+Y,LHv + EMVI/CUC + h.c. (233)

The spurion fields transform as

Yu ~ (§/ 3/ 1/ 1/ 1/ 1)/ Yd ~ (§/ 1/ 3/ 1/ 1/ 1)/
Ye ~ (11 1/ 1151 3/ 1)/ YV ~ (1/ 1/ 1/§/ 113)1

M, ~ (1,1,1,1,1,3 ® 3). (234)

For an operator to be invariant under the MFV group, the following relations must hold,

1 1
3 (No + Ny + Ny ) - 5 (Ngr + Ny, + Ny,)) € Z, (235)
1
5 (Nt + Ny,) = 3 (Nu + Ny+) €z, (236)
1
3 (Ng+ + Ny,) — (Nd + Ny+) €Z, (237)
1 1
= (NL + Nyt + Nyvf) — 5 N+ + Ny, + Ny, ) € Z, (238)
1 1
5 (Ner + Ny) — = (Ne n NY;) €z, (239)
1 1 2
g(Nv*+NY1r) 3 (NV—f—NyJ) +§ (NMu_NM:C) cZ. (240)

By summing Eqgs. (235)-(237), we find that baryon number must be an integer, which already followed

from hypercharge invariance (or invariance under SU(3).). Adding Egs. (238)-(240), we have that

1 2
(N + Nt + Npt) = = (Nps + N+ Ny) + 5 (NMV - NM3) cZ. 241)

QW=
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Using the definition of lepton number, Eq. (223), we have that

1 2

AL+ 3 (NMU - NME) cZ. (242)
In the case where Ny, = N, Mi> We find agreement with Eq. (230). The difference between Egs. (230)
and (242) is due to the inclusion of the sterile neutrinos, which explicitly break the flavor symmetry

via the Majorana mass term and Yukawa interaction. Also, the Majorana mass term violates lepton

number by two units.

8.5 PROTON DECAY

The group-theoretical considerations presented above have phenomenological consequences. Experi-
mentally relevant are the implications for the search for proton decay. Cherenkov-radiation detectors
like Super-Kamiokande are used to search for certain potential decay channels of the proton [156].

Baryon number and lepton number are accidental symmetries of the SM, and are violated in many
grand unified theories [157-164] (see Ref. [165] for a discussion on MFV in grand unified theories
and Ref. [166] for a discussion on MFV and baryon-number violating operators). In many of the
beyond SM theories, the dominant decay channel of the proton is p — et 7’ (or p — u*n0),
where the proton p decays into a charged anti-lepton and a neutral pion. The neutral pion would
decay further to two photons, which could be detected by the Cherenkov-radiation detector. From an
effective-field-theory perspective, the two-body decay of the proton could arise from a dimension-6
operator gqql [146, 167]. The null results from the Super-Kamiokande experiment have pushed
the scale of new physics associated with the dimension-6 operator gqql to A ~ 10" GeV. This
corresponds to a bound on the partial life-time of the proton of Tyy_, 1 > 103* years [148, 168].

However, with the presence of certain flavor symmetries and with no sterile neutrinos, the dimension-
6 operators resulting in proton decay are excluded. The baryon-number violating operators with
lowest mass dimension have mass dimension 9. Thus, we need to analyze the decay channels resulting
from the new leading baryon-number violating operators.

The only dimension-9 operators with AB = AL/3 = 1 are u“ u"ute*LL and u“ u*QLLL.
However, neither contributes to three-body nucleon decay at tree-level since both contain heavier
quarks, e.g., a charm or top quark [169]. At dimension-10, the operator dTdtdt LY LT LT HT with
AB = —AL/3 = 1, could contribute to nucleon decay, through a four-body decay [169]. The
lowest-dimensional operators with AB = AL/3 = 1 which contributes to three-body proton decay at

tree-level are dimension-11 operators, such as u“*d*"QLLLHH [169]. If one posits the existence of
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flavor symmetries at high scales, then it may be very likely that the dominant contribution to proton
decay would come from such higher-dimensional operators. This could result in a three-body decay,

with three leptons in the final state. The estimated decay width is

1 ((H2\? 4,

where A is the scale associated with the intermediate flavor interaction and (H) is the vacuum
expectation value of the Higgs field. Current experiments would be sensitive to effects from these
operators if the scale is A ~ 10° GeV.

Some searches for three-lepton decays of the proton have been performed, but not exhaustively
across all possible decay channels [170, 171]. Since, on very general grounds, these three-lepton
decay channels may be a positive indication of an intermediate scale associated with flavor, further

experimental investigation would be valuable.

8.6 MAJORANA MASSES

Next we consider Majorana mass terms. By excluding the sterile neutrinos in the dimension-4 SM,
we ask whether higher-dimensional operators resulting in Majorana mass terms for the SM neutrinos
are allowed. From the discussion on MFV, by setting Nj1, = Ny = 0, we find that lepton number
can only be violated in multiples of 3, Eq. (230). This is an explicit example of a general result that,
excluding fermions in the adjoint representation of SU(2), no neutrino mass term is allowed. That is,
if one wants to generate Majorana neutrino mass terms, and have a certain flavor symmetry, only two
options are available. One could either have the leptons be in the adjoint representation of a flavor
SU(2) group (see e.g. Ref. [172]), or introduce some explicit violation of the flavor symmetry, e.g.,

as in Eq. (233).
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EQUATIONS OF MOTION, SYMMETRY CURRENTS AND EFT BELOW

THE ELECTROWEAK SCALE

The low-energy effective field theory is constructed by integrating out Standard Model states with
masses proximate to the electroweak scale. We report the equations of motion for this theory,
including corrections due to higher dimensional operators up to mass dimension six. We construct
the corresponding symmetry currents, and discuss how the SU(2), x U(1), symmetry, and global
symmetries, are manifested when Standard Model states are integrated out. Including contributions
from higher dimensional operators to the equations of motion modifies the interpretation of
conserved currents. We discuss the corrections to the electromagnetic current as an example,
showing how modifications to the equation of motion, and corresponding surface terms, have a

direct interpretation in terms of multipole charge distributions that act to source gauge fields.

9.1 INTRODUCTION

Assuming physics beyond the Standard Model (SM) at scales A > 01 = \/2<Hi+H> , the embedding
of the discovered “Higgs-like" scalar into an SU(2)y, scalar doublet (H), and the absence of hidden
states with couplings to the SM and masses < 7, the SM can be extended into the Standard Model
Effective Field Theory (SMEFT). Current LHC results are consistent with interpreting data in this
framework, where an infinite tower of higher dimensional operators is added to the SM. The lack
of any direct discovery of new physics resonances indicating beyond the SM states with masses
~ 7 also supports the assumption that o7/ A < 1. As a result, the SMEFT expansion in terms of
local contact operators is a useful and predictive formalism to employ studying measurements with

characteristic scales ~ 7.
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The SMEFT has the same field content as the SM, and reduces to the later by taking A — oco. As
the SM is falsified due to the evidence of neutrino masses from neutrino oscillations, we assume that
neutrino masses are generated by the dimension five SMEFT operator.

The LHC is providing large amounts of data measured around the scale 0t to search indirectly for
physics beyond the SM. These efforts are important to combine with experimental measurements
at scales < 0O, where the Low-Energy Effective Field Theory (LEFT) is the appropriate EFT
description.1 The LEFT is built out of the field content of the SM, but as the Higgs, W=, Z, and
top have masses my 7,y ~ Ur, these states are integrated out in sequence. The gauged and linearly
realized symmetries of the LEFT are U(1)p, and SU(3).. To perform EFT studies that combine data
sets at scales ~ o1 and < O, one matches the SMEFT onto the LEFT, and uses renormalization
group evolution to run between the different scales. For recent results to this end, see Refs. [173, 174].

When considering matching onto the LEFT at sub-leading order, it is usually necessary to take into
account corrections to the equations of motion (EOM) that occur due to the local contact operators
present in this theory. In Ref. [175], such corrections for the SMEFT were determined. In this paper,
we determine these corrections for the LEFT up to operators of mass dimension six.

The pattern of local operator corrections to the EOM encodes a (non-manifest) SU(2)r, x U(1)y
symmetry, when this symmetry is assumed to be present in the UV completion of the LEFT. In this
paper, we also construct the corresponding symmetry currents and explain the way that the SM gauge
symmetries, and global symmetries such as lepton number, are encoded in the LEFT.

Modifying the equations of motion of SM fields by higher dimensional operators challenges the
standard interpretation of conserved currents which is appropriate for, and limited to, renormalizable
theories. The generalized currents encode symmetry constraints that still constrain an EFT. We
also discuss how higher dimensional operator corrections to the equation of motion have a direct
interpretation in terms of multipole charge distributions that act to source the corresponding gauge
fields. We use the electromagnetic current as an example of this phenomena, and redefine the source

in Gauss’s law.

IThe notation @ indicates that this expectation value includes the effects of possible higher dimensional operators.
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9.2 EFFECTIVE FIELD THEORY TAXONOMY

This paper is concerned with the connection between three effective theories: the Standard Model, the
SMEFT and the LEFT. Our SM notation is defined in Ref. [175]. The SMEFT extends the SM with

higher dimensional operators QZ@ of mass dimension d,

Lsmerr = Loy + L8 +£0) 4 £7) 4 (244)

L) = ) Agi—‘l Ql(d) ford > 4.

i

The operators are suppressed by d — 4 powers of the cut-off scale A and the C; are the Wilson
coefficients. The Ql@ are constructed out of all of the SM fields and the mass dimension label on the
operators is suppressed. We use the non-redundant Warsaw basis [25] for L£©), which removed some

redundancies in the result reported in Ref. [101]. (See also Refs. [90, 176].)

The LEFT is given by
Ligrr = LM +LO) 1O 4 L) (245)
LD =Y Sipford s
=Y. P ford >4,
i Ur
where

1 focp ~
LEI]EAFT == 1 [FVVFVV + GI//}VGAW/:| + 337-(2 G;?VGAVV

0 . _ iy
+ 3317512 FAEA 1Y Gildy + T0ilvp + Liger (246)
7

The dual fields are defined with the convention E,V = (1/ 2)611%51:”‘/3 with €g123 = +1. The

dimension four mass terms are
3 — _ _
_L£IE)FT = Zl[][{ [Mlp] rsl/JL + 0T C;’SVEVL + h.c. 247)
m r s r s

F'V = ot AV — 9V A is the field strength of U(1)em. Here p = {e, u, d} labels the fermion fields. In

the chiral basis for the 7y; we use, charge conjugation is given by C = —ivy, 7yg. This C is not to be
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confused with a Wilson coefficient C;. As chiral projection and charge conjugation do not commute,
we fix notation ¢ = C 1/3{ Cy has been rescaled by 7 and has mass dimension zero.

The Pi(d) are constructed out of the SM fields except the Higgs, W™, Z and the chiral top fields ¢ LR-
The dimensionfull cut off scale of the operators has been chosen to be 7 in the LEFT. The relative
couplings required to transform this scale into the mass of a particle integrated out (or a numerical

factor in the case of A) are absorbed by the Wilson coefficients.

9.3 EQUATIONS OF MOTION

The SM, the SMEFT and the LEFT are all consistent field theories defined by actions

S = / L(x,dx)d* *x. (248)

Each theory contains field variables, here generically denoted ). The meaning of the field variables,
even those with the same notational label, differs in these theories. A field is redefined order by order
in an EFT power counting expansion to remove redundancies of description out of the Lagrangian. As

a result, the extremum of the action under variations of field configurations,

oL oL
0=106S= /d4_2€x {5 —9 () b} ] (249
X X a a(aWO X )

is also redefined order by order. The descendent EOM for x then depend on the local contact operators
that are present in the EFT expansion. Asymptotic states can be considered to be free field solutions to
the modified EOM. The A corrections to the EOM modify matching to sub-leading order onto an EFT
[174, 175, 177], and modify the sources of gauge fields. Obviously, one must be careful to include all
effects when dealing with higher orders in the power counting expansion.

For the LEFT the gauge fields have the expanded EOM

o 0 _ AF’/(d)
DyF"" =e ) §Qy"p + 4 351751‘32 QWEF Y ﬁ (250)
P d T

A — focp <A
DG s T Ty 453 [, G
Ap,(d)

AG
+) (251)
d Ot
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Here we have used the adjoint derivative with definition

[D*, Q1" = 3% Q* — g5 fE1 GEQc. (252)

For the fermions, the EOM take the form

(d)
AN
iDyr = [My], ¥~ Y —7, (253)
p " 4=5 Ur
0 A(d)
ibv, = — Z _;i’z, (254)
p d=3 U1
o Al(/)d)
Dy, = [M* ] R — LP (255)
£ ] V8 d;s Z
Each A up to L£6E)FT is given in the Appendix.
9.4 SYMMETRY CURRENTS
A continuous transformation of a field,
x(x) = x'(x) = x(x) +aVx(x), (256)

under a deformation Vx(x), with an associated infinitesimal parameter &, is a symmetry of S if

S — S’ is invariant under this transformation, up to the possible generation of a surface term.

The EOM defined by the variations of field configurations in the action —6S5— is unchanged by this
transformation. The EOM are defined with surface terms neglected, and the surface terms themselves

are defined to be those of the form

oL
Iy (a(ay)() V}() , (257)

generated by 6S. The Lagrangian is then invariant under S — S’, up to a possible total derivative

L — L+ ad, K", (258)
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for some /CF. Associated with each symmetry defined in this manner is a conserved current [178].

The definition of the current is

oL
p_ 9= _KH
J 5 (ay)() Vx — KF. (259)

The conservation of the current corresponds to

3,J" = 0. (260)

Due to the presence of an EFT power counting expansion, it is interesting to examine how symmetry
currents are defined when non-renormalizable operators are included, and how these currents encode

symmetry constraints.

9.5 BASIS DEPENDENCE

The symmetry currents are basis dependent in an EFT, but still meaningful. They receive corrections
due to the local contact operators in a particular basis through the modification of the EOM. The basis
dependence of the symmetry currents can be made clear by considering a space-time symmetry. For

an infinitesimal translation of this form

xt — xt —at,

x(x) = x(x+a) = x(x) +a"o,x(x),

L— L+a"9,L=L+a"0, (L), (261)

up to O(a?). Comparing to Eqn. (258) identifies K. Four separately conserved currents result,

identified as the stress-energy tensor, given by

oL
T = ———a,x — LJ}. (262)
9 (9x)
The x become basis dependent when redundant operators are removed from the EFT, leading to the

chosen basis of operators for £. The T}/ constructed from {, £} is also basis dependent as a result

at the same order in the power counting. This should be unsurprising, as the currents are auxiliary
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operators, and sources and the related Green’s functions are not invariant under field redefinitions. For
more detailed discussion on this point, see Refs. [22, 179]. This basis dependence is similar to scheme
dependence. It vanishes in relationships between a set of physical measured quantities (i.e. S-matrix
elements constructed with an LSZ procedure) defined via the same stress-energy tensor. Symmetry
constraints between S-matrix elements are basis independent, even though the symmetry current itself

carries basis dependence.

9.6 NON-LINEAR GLOBAL SYMMETRIES

The effect of non-linear representations of the symmetries of the LEFT is straightforward in some

cases. As a simple example, consider transforming the charged lepton fields as

ep — eey, er — eeg, (263)
p p p 14
by some global phase «. By inspection of the LEFT operator basis, the AL = 0 operators all respect

this transformation, except O,,.4,. The charged lepton current is

Jo =J0 + 0k =eyer +eryer + ... (264)
rr rr r r r r

rr

The kinetic terms are taken to a flavour diagonal form

Pr/r = U(p, L/R) sy g, (265)

using the flavour space rotation matrix U. In the remainder of the paper, the prime superscript is
suppressed. |, descends from the kinetic terms and is also flavour diagonal after these rotations. J,
can receive contributions from higher dimensional operators in a basis, as indicated by the ellipsis in
the above expression. The LEFT basis of Refs. [173, 174] removes derivative operators systematically
so there are no contributions of this form due to the LIE?E)FT defined in these works. The divergence of

the current including the EOM corrections A®) is

0,8, =i (9L ) Ve + e (ayeL> (266)
rr r r P p

= | —erMe +A£6) er +erL MeeR—Aéi) ,
p Pr L r p "oy v
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and similarly for id, ] e” r- The mass terms are invariant under Eqn. (263) and cancel when the
expressions are summed. We split the EOM correction and | into lepton number conserving and

violating parts, A(®) = AGL) 1 A6L) and J# = J(L# 4 J(E)K First, consider the lepton number

conserving part of Eqn. (266). A significant degree of cancellation occurs in the resulting expression.

The only Wilson coefficient remaining corresponds to P,.,, an operator which is not individually

invariant under the charged lepton field transformation. The explicit expression is

(6,L) > A(6L) (6,L) o AL _ [ CVILL v CV/LLx v
AEL er — eLAEL + AER €r — eRAeR - vedu ] ]du,L vedu ] ]Md,L Muv
P r P op 7 r P op prst pr st rpts pr st

V LR v V LR ,RR RRx*
vedu ] ]du,R vedu ] ev,L ud R 77141/ Cyedu SVC,LSdu,L C]/gdu SEV,RSud,R (267)
prst pr st rpts pr st prst  Pr st rpts pr st

+ <CT RRT ,TdD;ﬁL - CT RR*IEV R7;d R) Naullpv + Cvedu Sve Lsd” R Cvedtf Sev Rsud,L'

vedu vedu
prst pr st rpts pr st prst  Pr st rpts pr st

Similarly, we can define a neutrino current
Jh = vyt + ... (268)
rr r r

The lepton number conserving contributions to the divergence of the neutrino current are such that

A e, —e AT + A0V er —erAlY + A v — v A =0, (269)
r r Poop r ’ Pop r r Pop

This is as expected, and provides a cross check of the EOM corrections in the Appendix. The total

lepton field current is conserved by the subset of AL = 0 operators leading to

3, ] =0, (270)

where ¢ is the SU(2)r, doublet field. Considering the transformation of only part of the lepton
multiplet under a phase change also illustrates how a symmetry can be present in a Lagrangian, but
non-linearly realized. The symmetry constraint is only made manifest when all terms corresponding to
the linear symmetry multiplet are simultaneously included in the constructed symmetry current. This
re-emphasizes the requirement to use a consistent LEFT with all operators retained when studying the
data. Doing so ensures that the LEFT represents a consistent IR limit. Conversely, dropping operators
can forbid non-linear realizations in the LEFT of UV symmetries, which can block a consistent IR

limit of some UV completions being defined. For this reason (see also Ref. [180]), experimental
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studies of constraints on higher dimensional operators done “one at a time" can result in misleading

conclusions.

9.7 LINEAR REPRESENTATIONS OF GLOBAL SYMMETRIES

Operator dimension in the SMEFT is even (odd) if (AB — AL)/2 is even (odd) [145, 181]. Here
AB and AL are respectively the baryon and lepton number violation of the operator considered. In
Lov + £, B — Lisan accidentally conserved quantity consistent with this constraint.

In the LEFT, incomplete SU(2)p SM multiplets are used to construct operators, and operators are
not constructed to respect hypercharge. The relationship between operator dimension and global
lepton and baryon number in the LEFT is different than in the SMEFT as a result. When considering
arbitrary Wilson coefficients in the LEFT, the classes of AL = 2, AB = —AL = 1,and AL =4
defined in Refs. [173, 174] are present. These 1,[)4 operators are not present in £6) in the SMEFT, and
these operators violate B — L.

The SMEFT relationship between operator dimension and these global symmetries is projected
onto the LEFT operator basis when the matching result of Ref. [173] is imposed. The corresponding

Lsmert - Ligrr matchings that violate B — L vanish exactly.

9.8 HYPERCHARGE

The fermion hypercharge current of the SM is

Toysm = Y y¥¥7"Y, Q@71

Y=eg,ur,dr,
LraL

where yy = {—1,2/3,—1/3,—1/2,1/6}. This current is manifestly not conserved in the LEFT

I ipysm 7 O- (272)

In the LEFT, a hypercharge current can be defined as

oy = Y yy Y'Y, (273)
Y

101



9 EQUATIONS OF MOTION AND SYMMETRY CURRENTS

Here Y = {1,0 R YL, VL} and the hypercharges are assigned as in the SM. Part of the non-conservation
of the current stems from the fermion mass terms. In addition, the A corrections also lead to the
current not being conserved when the Wilson coefficients in the LEFT take arbitrary values. When the
matching conditions on the Wilson coefficients to the SMEFT are imposed [173], many of the EOM

corrections generating a non-vanishing 9, ]@y are removed. The terms that remain are

id
V]Yy match
(Yug — Ydg) CVLR V,LR V1,LR 1 V1,LR
= Rﬁz . vedu ]ve L]du,R Cvedu *]ev L ud R + Cuddu ]ud,L]oli/u,R Cuddu *]du,L]:i/u,R 17}“/
T prst  pr st rpts pr st prst pr st rpts pr st
+ (ysz — y¢L) (lPR [Mlp] pr¢L — YL [MH I,UR> + 20Ty, [ULCV v — ULCV VL] 274)
p r p pror pr oy p pror

+ (ylpL ylpR) Z [wRO_(XﬁTAl/JL C:/()G _ @L(T“ﬁTAdJR Cg;c Giﬁ
14 rorp 14 roorp

T g7
(YIIJL ysl'R)
or

+ Pro Py C — Pro*Pyr C%] Fap+ ...

p rorp P rorp
Here we have used the fact that in whole or in part, composite operators forms with } . y¢ = 0 have
a corresponding vanishing contribution to the current. This condition being fulfilled also provides a
cross check of the AG—6) EOM corrections in the Appendix.

Enforcing matching constraints to the SMEFT is insufficient to make the hypercharge current
manifest. The reason is that SM states are integrated out in constructing the LEFT, that carry this

quantum number. Consider the definition of the full hypercharge current
<=
Ty = Joy +yuH" i DFH, (275)

where y; = 1/2 for the Higgs field. Here, and later, we are using the Hermitian derivative defined by

o'ip,0 = i0o'(D,0)—i(D,0)%0, (276)
0''Dlo = io*t! (D,0) —i(D,0)" 70, @77)

for a field O. To make hypercharge conservation manifest, we include the transformation properties

of the masses associated with states integrated out that depended on (H'H). This can be done in a
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spurion analysis. Rescaled Wilson coefficients and mass terms are promoted to spurion fields with

tilde superscripts

~V,LR _ - ~V,LR ~V1,LR _ - ~VI1,LR
Cvedu - vchedu 4 Cuddu - vTcuddu 4
prst prst prst prst
Clp IMlp, Cv =297C%,
pr pr pr pr
CUJ'}/ = 77]" Cl‘)[(J'Y’ Cl/lG - 77’1“ CZI(JG
pr rp pr rp

These spurion fields have the hypercharge assignments

Ye = Yag = Yux for Coi's Cogin s
Ye = —Y for C,,

Y& = Yyr — Yoy for C~¢7, C~¢G,

YE = Yo — Yoz for Clp.

As the spurions are charged under hypercharge, we need to include them in the current in the LEFT

])Ij,LEFT = ]\]ﬁy + ];l,sz (278)

where
~y —
Tis =Y ve CtiD*C. (279)
¢

Here the flavour indices are suppressed. When promoting the Wilson coefficients to fields, we need to

include kinetic terms,

£§" =y (p€)" (D,C) . (280)

C

The EOM for the spurion fields are D?>C = §Ly gpr/6C*. Including these contributions, the hyper-

charge current is conserved: id, ]5/ Lerr = 0.
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This provides a cross check of the EOM corrections in the Appendix and the results in Ref. [173,
175].

9.9 SU(2)L CURRENT

The SU(2)y, current in the SMEFT is defined as

T = %ﬁrl'yyq n %irwyl n %H*iﬁ;H. (281)
This definition of the current fixes the embedding of the LEFT states into SU(2), doublets. Here
7! are the SU(2)r, generators (Pauli matrices) with normalization [t!,7/] = 2i€1]KTK for I =
{1,2,3}. The fields g and [ are left-handed quark and lepton SU(2)y, doublets, which are absent in
the LEFT as linear multiplets. To examine the SU(2)y, current we need to combine terms in the LEFT
into reconstructed SU(2) multiplets and also introduce spurions to account for the transformation

properties of Gp. We illustrate the constraints of the SU(2)y, current with an operator from the class

(LR)X + h.c. as an example,

CeyerotegrFyy +he. — fLO’VV(:‘RFPVCé«Y +h.c. (282)
pr p r p r pr
where
. 0 . VL
Cey = and =1 "P]. (283)
pr ng P er,
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We have promoted the Wilson coefficient to a SU(2)1, doublet field, and collected the left-handed
leptons into a doublet. Analogous promotions can be made for all the operators in this class. The

relevant terms in the equations of motion are

or il = —0"erFuChy + ... (284)

p r pr
o7 lelL = +Ce7FWeRU” +... (285)

pr
3% D*Cly = Fera™li, (286)
pr r p
D2c97 = TLo™egFyy. (287)
p r

The covariant derivative of | ly gives

) I . 1-
i[D,JI'] = oy, <215T17Vl§) —gzefKIWM]{fK (288)
1/, -\, 1. /.
= S | iDuly | Tyl 4 STy [ iDulr
2 p p2p p
N 0 -
- wrll — ] lghegF
257 VVE]}O’ % o [ﬁT o €R w +

To recover a conserved current, we perform a spurion analysis, similar to the one for hypercharge. We

have the EOM for the spurion C,,, in Eqns. (286) and (287). The spurion current is
s fCZW DI, (289)

with flavour indices suppressed. The covariant divergence of the spurion current is
. I 1]~ ~ ~ -
i[DuJs] =3 [Cev*T 'D?C,, — D*Co 1! Cm] (290)
pr pr pr pr

1
=——|C'T FweRJV I, — I ot eRF,WT Cey| -
2071 pr r p p pr

Combining Eqns. (288) and (290), the new current is covariantly conserved for the chosen operator

from the class (LR)X

i[Dy, J"] =i [Dy, (' +15)] =0. (291)
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The generalization to include quarks is straightforward.

For l/J4 operators a similar spurion analysis that also includes the promotion of all of the fermion
fields into the corresponding SU(2)1, fermion multiplet of the SM is done. The procedure is straight-
forward. When imposing the Lonvgrr - Ligpr matching and performing this spurion analysis, the

SU(2)y current is conserved.

9.10 CONSTRAINTS DUE TO NON-MANIFEST CURRENTS

The SU(2)y, and U(1)y currents are not conserved in the LEFT when the Wilson coefficients of this
theory are treated as free parameters. Furthermore, the implication of these currents in the LEFT is
distinct than in the SM or the SMEFT, as there is no manifest field corresponding to these currents
when they are conserved. There is no direct construction of a Ward identity using a propagating gauge
field as a result.

The conserved currents do constrain the LEFT by fixing relationships between otherwise free
parameters of the theory. Matrix elements of the currents can be directly constructed, as they are
composed of the fields of the LEFT. Constructing such a matrix element from the generalized
Heisenberg current field, with a set of initial and final states denoted ¥'; f, and taking a total derivative

gives
o / déxel (% 4|, (x)[¥;) = 0. (292)
A series of relationships between the Wilson coefficients then follows

20 (¥ 7| Pul ¥} (p)Co = 0. (293)

n
Formally, the measured S-matrix elements must be constructed using an LSZ reduction formula. The
constraints that follow for the Wilson coefficients are trivially satisfied only if the Wilson coefficients

are already fixed by a UV matching preserving the corresponding symmetry.
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9.11 U(1)em AND THE LEFT MULTIPOLE EXPANSION

The classical limit of LiEéT reproduces the well known physics of Maxwell’s equations, and in
particular Gauss’s law [182] (see also Ref. [183]). Gauss’s law relates the time component of the
electromagnetic current J/* = 9,1, to

0 V-E

= . 294
e (294)

Here e,,ys = 1.6021766208(98) x 1071 C, is the electron charge in the usual SI units [184]. In the

LEFT, the electromagnetic current is also expected to be conserved
9, J" =0, (295)

without any of the subtleties of the previous sections as the P; are constructed to manifestly preserve
U(1)em.

The U(1)em current is subject to its own set of subtleties. First, the naive understanding that J#
being conserved directly leads to its non-renormalization requires some refinement. This issue was
comprehensively addressed for QED in Ref. [185], neglecting higher dimensional operators and
considering a one electron state and the corresponding electron number current. Here we review the
result of Refs. [185, 186] and then directly extend this result into the LEFT.

The definition of the electromagnetic current is affected by the presence of a surface term 0" F,,
[185, 187] introducing a renormalization of this current. We define the LiéﬁT CP conserving QED

Lagrangian as

£ = (fliv- 0+ eqd) = m)g)” = Z () - 32(0- 47

= 72 [i7 - (0 +equ° ) = m®] p = D (Fu)? = 5:0- 4,

where all () (0) superscripted quantities are bare parameters. y is introduced so that the renormalized

coupling is dimensionless and g is the charge of 1. We restrict our attention to ¢ = 1, for simplicity
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(even in loops) in the discussion below. Renormalized quantities are introduced above with a

suppressed 7 superscript, d = 4 — 2¢€ and we use MS as a subtraction scheme so that

A =VZaAD, O = VT,

mgo) = megr), el0) = Ze® el

Here m2? = [M,]11[M]]11. The renormalization constants in QED are given by

6255 eZSS
Ia=1——F—, Zo=1-—
3 1212e 72 16 12 €’
3¢2S,
Zy=1-— ,
" 16 2 €

and Z, = 1/+/Z3 at one loop. Here S, = (47te™ 7)€, following the notation of Ref. [185]. Hereon

we define our subtractions in MS and suppress the corresponding constant terms, setting S = 1.

T A

c) E i d)
<

Figure 9.11.1: Figures a)-d) represent the renormalization of the electromagentic current in LLEIA?LT' The later
two diagrams illustrate a penguin diagram c) leading to a surface counter-term in d).

Standard arguments advanced to establish the non-renormalization of JV are concerned with
Fig. 9.11.1 a)-b). Fig. 9.11.1 a) represents wavefunction renormalization, while the insertion of
the current is represented with a circled cross in Fig. 9.11.1 b)-c). The divergence and finite terms of
diagrams a)-b) cancel at zero momentum transfer for an on-shell state. For a one electron state, the
Noether current corresponds to the electron number current, which we label as J}; consistent with

Ref. [185]. The usual textbook argument then concludes
Ay (296)
‘ud]/l N — Y

consistent with the current being conserved. However, the penguin diagram in Fig. 9.11.1 c) is

divergent. This divergence is cancelled by a counter-term of the form 9" F,;, shown in Fig. 9.11.1 d).
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This operator has a four divergence that identically vanishes (i.e. corresponds to a surface term). The

EOM of the A¥ field is given by

OSLEFT - 1
= = Z30,F'* + —oto - A. 297
0 54, (x) ey + Z39y +C 297)

The EOM relates terms in a non-intuitive fashion when an extremum of the action is taken. | I}\l, receives
a multiplicative renormalization generated from the nonzero anomalous dimension of the second term

as a result. The current can be subsequently redefined to remove this effect and cancel the running, as

shown in Ref. [185].

Figure 9.11.2: Figure a) shows the insertion of a dipole operator in a one loop diagram (black square) with the
d < 4 LEFT electromagnetic current as a circled cross. Figure b) shows the insertion of a dipole
contribution to the current as a circled cross box.

Fig. 9.11.2 shows the need to further refine this argument in the presence of higher dimensional

operators. These diagrams are the direct analogy to the arguments of Ref. [185] leading to a redefinition

of the current due to the mixing of the dipole operator with the counter-term multiplying o, F'¥.

Inserting the dipole operator (indicated with a black box) with the electromagnetic current, indicated

with a circled cross in Fig. 9.11.2a), gives mixing proportional to M,/vr. Including the effect of

the dipole operator in the current insertion is indicated by a “circled cross box" in Fig. 9.11.2b).

Calculating the diagrams directly for an electron in the loop gives a contribution to the photon two

point function of the form

e * t
—AZ3 = ———(Cey|M Cey [M, . 298

3= 5 (Coy[Meln + ﬁ[ eJ11) (298)
This divergence is cancelled by a counter-term [174] which leads to a modification of Z3 of the form
AZs3. (The generalization to other charged leptons in the loop is trivial.) This is as expected as a
corresponding divergence is present in the LEFT in Fig. 9.11.3 a)-b) and the external photon does not
play a role that distinguishes the divergence obtained once the current is redefined. We have calculated

the diagrams in Fig. 9.11.3 and agree with the corresponding dipole operator results in Ref. [174].
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c) : d)

Figure 9.11.3: One loop diagrams generating the divergences of the LEFT that are removed with the renormal-
ization reported in Ref. [174].

The interpretation of this mixing effect is subtle in the LEFT. Varying Sy grr with respect to A,(f)

gives
éS

= = vp M
0 5A =eu ]N+Z3a FP*+ ga 0-A (299)

+ \/Z73Z281/ (ZCCe”y (ELU'VVER) + ZEC:,Y (ERO—VVeL)) t..

The tree level contributions to the electron number operator of terms o C, C;,, vanish at infinity by

Stokes’ theorem.? We define a MS-renormalized current

]ﬂ (300)
T ggZz Oy (ZcCoy (ero*ter) + ZECy, (v Mer)) + ...
The MS-renormalized current expressed in terms of bare quantities is
] - ﬁ(o)v”l/’(o) + 1_60Z3_13v F0)vu 30D
+e(10)av (cgg> (E(Lo) vael(g)> +C5© (EgJ) el )) L
The renormalization group flow of the current is
“ia FO (302)

H
deJMS

ZWe thank Mark Wise for discussions on this point.
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The MS-renormalized current depends on the renormalization scale  as in the SM case. The LEFT
dipole corrections to the current fall off at infinity when considering the electron number operator.
They also vanish from Eqn. (302) as separate terms, which is consistent with this fact. The dipole
operators mix into 9" Fy, proportional to M,/0r, a correction with a natural interpretation of an
electron dipole charge distribution in the LEFT. In order to extract a conserved electron number which
is independent of the renormalization scale, we redefine the current, including the effect of dipole
operators in direct analogy to Ref. [185]. We define

11(0)

= Js- v a,F"", (303)

]V
LEFTphys

where I1(0) is the electron vacuum polarization in the LEFT, including the effects of operators of
mass dimension greater than four. The electron vacuum polarization is still defined in the standard
manner, and the current is modified by a redefinition at g2 = 0.

It follows that

1/2
F {EFT,phys = [14+TII(0)]"" F'F, (304)
CLEFTphys = |1+ H(O)]_l/2 eus. (305)
In the MS scheme
o2 "2
I1 - " oo Ze
(0) 122 1082 (306)

+ %(Cey[Me]ﬂ + C;y [M+]11) log me +...
2 7'[2 11 11 € }42

From these results one directly defines the time component of the physical current as

0 V- Eipprphys 307
JUEFTphys = ~_,—— (307)
LEFT,phys
which is the appropriate generalization of the source in Gauss’s law into the LEFT. This is a numerically

small effect, as the electromagentic dipole operator is constrained [188].
To summarize, higher dimensional operators in the LEFT act to change the relationship between
the Lagrangian parameter e and experimental measurements in a manner that corresponds to dipole

operators being present in the LEFT. This occurs through a modified source term in Gauss’s law that

reflects the presence of a multipole expansion in the EFT. The tree level dipole contributions to the
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electron number operator vanish at infinity by Stokes’ theorem, but quantum effects necessitates a

redefinition of the current.

9.12 CONCLUSIONS

We have reported the equations of motion for the LEFT including corrections due to dimension six
operators. These results are listed in the Appendix. These corrections lead directly to questions
on the meaning of conserved currents in the LEFT. We have examined how the conserved currents
of the LEFT encode symmetry constraints that are manifest or non-linearly realized. We have also
generalized and embedded the source in Gauss’s law into the LEFT, incorporating the effects of

electrically charged particles having dipole operator sources.



APPENDIX

Our operator label notation for the LEFT is largely consistent with Refs. [173, 174]. We use a different
sign convention on the charge conjugation operator, here C = —iy2 4, where as in Refs. [173, 174]

C is defined with opposite sign. We further introduce the current notation

I A s A
Stpltpz,tL/R = <1P1,LS/R1P2,I§/L> r Sy L/R = (lPl,LS/RT %’R/L> ,
s st

b e b
Sl[;lll’z,L/R - (ll]bll/Ls/Rlin,Rt/L) ’ (308)
st
Tprpo,L/R = <1P1,LS/R’Y“1P2,L/R> / Ii}‘,;ﬁ,z,L/R = (lPl,Ls/R’YaTAlPZ,Lt/R) , (309)
st st
7-0(/3 _ @ 0’“‘8 7—04‘3,14 N s O'“ﬁTA (310)
iy L/R = | YLL/R 1/’2,Rt/L r Ty = lpl,LS/R 1/12,Rt/L ,
st st

where | lD/f?l,D, R= ]f/ﬁ, r €tc. We also define the currents where one of the fields is charge conjugated
st st

~ — ~ ,b o 7a b
Swlqzz,tL/R = (¢’LLS/R¢2,L/R) Sy L/R = <1IJ1,LS/R1P2,L/R) ,
S st

f$1¢2,L/R = <1P1,LS/R’Y“1/12,Rt/L> , 7:,,0‘1!?,,2,”1{ = <1P1,LS/RU“51P2,L/R> , (311)
st st

and similarly for fl"/ﬁl‘?h R etc.
st

Using these notational conventions, the EOM for the gauge fields from L(50) are
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AV/( )
FT—ZCW?TNLCMT L +he, (312)
pAv P pr pr
AAV'(S) B A
¢ =Y Cyc [Dv,szaWTlpR} +h.c., (313)
2 or p p
Aé.“/( )

6 =3Cof"" [0 (Gh Gepa ) + & fprcGERGH G|
+ Cof B¢ [0 (Gl Gupa ) + & fpenCR.GAPGE]
+ CGfABC [a“ (Gg‘BGC“ﬂ) +ngEBGEaGE”ﬁGé}

C ~ ~ ~
. 7@ fABCe [EM (G?G s ﬁ) 4 ngEBGgGDng} : (314)

The AL, AB = 0, contributions to the EOM from L56) are as follows

ASE) =CiyoPerFip, (315)
ASEY =Cino* 5uLFa5—|—CuSU"‘5T uL G, (316)
A cdg “ﬁd%Fw—deGa"‘ﬁT e 317)
AZSH =, (318)
A =Coyo*PexFyp, (319)
AB) =Cuyo*PugFyp + C,%g;a""ﬁTAu kG, (320)
A ~Cyo” Py Fyp + Cago P Tdr Gy, (321)

pr

AGBL) _

€R,P -

V,RR V,RR V,R V,LR
Yaer [ 2C'% " Jor + Cleir Jur +C oy ]dR+ZC JpL
r prst gt prst st prst st Pv stpr st

l’

rpts st rpts st rpts st rpts st rpts st
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CT,RR CTRReT S,RLx S,RRx T, RRx
+ oager | Cléy 7:, R 7;5 o | CORYSuar + Col Y Suar | + CLN o™y Td R
: ,

vedu vedu vedu
rpts st rpts st r rpts st rpts st rpts
(322)
(6,B,L) _
A“R/P -
V RR V,RR V1,RR V,LR V,LR V1,LR V1,LR
r)’tx”R uu ]uR+C ]eR+C ]d,R+Cvu VL+Ceu eL+C ]dL+C ]u,L
r prst gt st Pr st prst st stpr gt stpr ¢ stpr st Stw st
V8 RR ya,A V8,LR ,A V8 LR S8,RR S8,RR
+ v T ug [ CLa NIy + Cl ™ Tt + Jol | 4 Thup [ 2G50 st p + CoBRReg
r prst sft stpr st stpr st r rpts st rpts st
r tsrp st rpts st rpts st stpr st tsrp
V LRx V1,LR* yu V8,LRx* A
+ ly"‘dR vedu ICV Lt Cuddu ]dM,L + Cuddu i “T"d ]du L
r tsrp st tsrp st tsrp st
S,RRx* S1,RRx* S8,RR+ A T, RR* o
+ dL Cvedu Sev,R + Cuddu Sdu,R + Cuddu T dLSdM R + Cvedu ﬁdL,EV,R’ (323)
r tsrp st tsrp st tsrp st tsrp roost
(6,B.L) _
dr,p

V,RR V,RR V1,RR 1o V,LR V,LR V1,LR ya V1,LR
Yadr ( 2C3  Jir +Coi Ter ¥ Cog Tur T Cop  Ton +Cog e + Co Tun + Cag T
r prst st stpr st stpr st stpr st stpr st stpr st stpr st

+ Y4 TAdR CV8 RR] + CV8 LR]lX/,A VS LR] + TAdL CSS RRx* SAR 4 ZCSS RRx S‘?,R
r stpr st stpr st stpr st r tsrp st rpts st

+ dL CS RR*S + CSl RR*Su R _|_ 2CSl RR*Sd _|_ CS RLSg,L + CT RR*U‘aﬁdL’]:XI/{S
st

r tsrp St tsrp st rpts st stpr st tsrp
V LR V1,LR ya V8,LR A o, A S1,RR*
+ Yalir vedu ]ve Lt Cuddu ud,L + Cuddu %"T uR]ud,L tur Cuddu S“d Rt Cvedu SV@/L
r stpr st stpr st stpr rost r rpts st stpr st
S8,RR* A A
+ Cugiy T ULSug R/ (324)
rpts st
AGBL) _
VL,P -

V,LL V,LL V,LR V LL V,LR
’)/IXVL 2C,; ]1/ Lt Z C ]1/) Lt Z C ]gb,R + YalL vedu ]du Lt Cvedu ]gu,R

prst st v pyst st PAv prst st r prst st prst st
vedu Sd” L+t Cvedu Sd” R |+ Cvedu 0’0[/361{7;1” L’ (325)
prst st prst st prst
(6,B,L)
AEL,P -

V,LL 1o V,LL V,LL V,LL V,LR
Yaer | 2Ce " Jor + Coe ToL + Col " Jur + Cof ]dL+ZC TR
r prst st stpr st prst st prst st P prst st
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+er | 2CERRS, 1 + CSRRS, 1+ CoRRS 1 + CIRLS, r + CORES,

r prst st prst st prst st prst st prst st
T,RR 06,3 TRR V,LL* 7o V,LRx* 7o
+U“ﬁeR Cei 7:£,L T + YalL Cvedu lld,L+Cvedu ud,R |/ (326)
r prst st prst st r rpts st rpts st
(6,BL) _
AML,P

')’ocu& CXL,LL]L,L +Cy LL]VL +CY LL]E,L —}—CX;’LL];‘,L—FCX(;LRLR +Chr LR]u,R Vl LR]dR

prst st stpr st stpr st prst st prst st prst st prst st
A V8,LL ya,A V8 LR V8 LR T,RR ap
+ ’Y“T UL C ] d,L C u, R + ud ] + CEU U“,BMRZ,L
r prst st PT’St ot prst st stpr st

+ ug CS RRS 4 2C51 RRS L+ CSl RRS iL + CgﬁRL*Se,R + TAMR zch,RRsAL + CSS RRSd,L

uu

r stpr st prst st prst st tsrp st r prst st prst st
VLL* V1,LR yu V8,LR A
+ 'Y"‘dL vedu ]EV Lt Cuddu ]du,R + Cuddu YaT dL]du R
r tsrp st prst st prst
S1,RR S,RLx* S8,RR—TA A
+dr Cuddu Sd“ L+ Cvedu SEV/R + Cuddu T dRSdu,L’ (327)
r prst st tsrp st prst st
(6,B,L) _
dup
V LL

]dL VLL]VL VLL]eL+CV1LL]uL+CVLR]eR+CV1LR]uR+CV1LRId,R

'Yuch
r prst st stpr st stpr st stpr st prst st prst st prst st

LL LR LR T,RR o
+ Ty | CoptTeft 4 CIE R 4 Rt | + ClMR oupd T
r stpr st prst st prst st stpr st

+dR CS RRSEL+C51 RRSuL+2C51 RRSdL“"CSRL*Se,R —|—TAEZR CSBRRSAL_’_ZCSSRRS:;L
r

stpr st stpr st prst st tsrp St r stpr st prst st
V LL V1,LR* ya V8,LRx A
+ YaliL vedu ]VE Lt Cuddu ud,R + Cuddu YaT uL]ud R
r stpr st rpts st rpts st
S1,RR T,RR 58 RR—TA
+UR Cvedu SVE/ Cuddu Sud,L + Cvedu U“ﬁuR,Z/e L uddu T uRSuer' (328)
r stpr st stpr st stpr stpr roost

The AL # 0, AB = 0 contributions to the EOM from L(®) are

ABBE) _

eR,P -

S,LL S,LR V,RL V,RR
er <C ve Sv ey T Ce *Sw”,L> + C ve leﬁeLch L + 'thVL Cootii d LT Coedn ch,R ’
r stpr

vedu vedu
st Sf’lﬂ st stpr r rpts st rpts st

(329)

AGBE) _

UR,p
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SLL& S,LRx T,L S LRx & V,RR* 7
<C Sye cy,L T Cu vaC,L) + Cuy UaﬁuLT vedu dLSevC,L + Cvgdu ’)’DédR]gvf,R/
r stpr st tsrp st stpr st tsrp r st tsrp r t
(330)
(6,BL) _
AdR/P -
S, LL S, LR* T,LL o SLL,, &
dL C Sv ‘v,L + C SVVC,L +C vd O-a‘BdLT vy, L + CveduuLSvCe,L
r stpr st srp st stpr sf stpr T st
T,LL V,RR 7
+ Cvedu U“/SuLTCe L Cvedu ’Y“uR]zéce,L’ (33D
stpr st stpr rost
(6,BL) _
AVL/P -

+ zcs LL*SVVE L + Z CS LLx Slp R _'_ CS LL*Slp + CS LR*SII) L + CS LR*SV)’R
st

c SLLx&
VL 2Cw Sv ‘v,L
st prst st rpts

r prst st rpts st P prst st rpts
c T,LLs* - p* T,LL* 7B T,LLs% - f* T,LLx T LLx zxﬁ* T LLx
+ OapVL Cve 7-e,R + Cve 7;,L + Cvu 7;,R C 7:: L T T
r prst st rpts st prst st TPtS st prst st rpts st
c S,LL* o S,LR* o T,LLx* o c V,RLx ta CVRRx
+er Cvedu Sdu,R + Cvedu Sdu,L + Cvedu UaﬁeL’]:iu,R + TalR Cvedu ]du L vedu ]du R |/
r prst st prst st prst st r prst st prst st
(332)
(6,BL) _
AeL/P -
S,LLx & S,LR& T,LL*
€Rr Cve SVVC,L + Cve SVCV,L + Cye ERT
r tsrp st stpr st tsrp st
c S,LLx S,LRx T,LLx
+r Cvedu S”d/L + Cvedu S“d/R Cvedu U“.BULTd L’ (333)
r rpts st rpts st rpts
(6,BL) _
AML,P -
S,LLx& S,LR& T,LLx S LLx a
UR Cvu SVI/C,L + Cvu SI/CV,L + C]/u Oy uR7;Vc L vedu dRSevC,L
r tsrp st stpr st tsrp tsrp T st
T,LLx o V,RLx *x
Cvedu UaﬁdRT ¢ L + Cvedu r)/“dL]evf,R' (334)
tsrp tsrp st
(6,B Z)
AdL,P
S,LLx & S,LR¢& T,LLx S LR & V,RL Fo
dr C Syver + C SveuL |+ C Oup dRT vedu URSyee + Cyedu Yol [ e ce L*
r tsrp st stpr st tsrp st stpr T st stpr rst
(335)

AL, AB # 0, contributions to the EOM from L(®) are
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AGBL) _

€Rr,P -

COLRY e, eGP 4 eypoail¢ | CARAGPRS 1 CSRRAgBe ) 4 gy [ CSLLGIEP 4 CSRIGE)

duu ud, L duu ud,R
tsrp r st r tsrp st tsrp st r stpr st stpr st
(336)
(6,BL)
AMR,P -
SLR* /36,7* SRR* aPBc,y* Be SRL* 3YC, * SRL* e
€pyalr duu SduL duu SduR +€D‘5'Yu uud SdeL o uud SedL
r stpr st stpr st r prst st rpts st
Bc SRL* ,'yc SRR* ,yc SRL* Rz SRR* ST S,LRx
+epandy | Com Sent + Catn SeuR Cand Svd,L Coaa SuiL Caan 657“VLSdL ’
rpts st rpts st rpts st prst st tsrp st
(337)
(6,BL) _
drp

Be S,RLx &yc, *  ~S5,RLx & ,y¢ S,RL* ,'y* S,RLx* S,RRx* ,'y* S,RRx*
e“ﬁ’YdR Cddu Suv,L Cddu Svu,L + Cddd S Cddd Sde L Cddd S Cddd Sde R
r prst st rpts st prst st rpts st prst st rpts st

Be S,RL¥ &vc¢, * S,RRx &7c, S,RL* &vc¢, * S,RRx S, LR>|< sBc,v*
+€apytir | Coi Sy o1 +Ca S, eR +Cdud de,L -C deR +C 657“3158

duu duu
r prst st prst st prst st rpts st stpr st
S,LRx &7, ﬁc S,RRx %ﬁc S,LRx &7,Bc S,RR* &7.pc
gt | Caaq Sar +Caa Sar | Tepravi | Cuag Sanr T Cuta Saug | - (338)
tsrp st tsrp st r tsrp st tsrp st
(6,BL) _
AVL/P -

e S,LLx &P, txc 5 RLx &p,ac 0% S,LR S,RR auc,p
€uprd] | Coma S, S +€apydi | Cond Suat + Coii Sud'k

udd du, L dud ud,R
r tsrp st tsrp st r stpr st stpr st
S,RLx ﬁ xc S,LR suc,f
+ Ct €nprtty Sy + Camy €apytirSay - (339)
tsrp r st stpr roost
AGBE) _

eL,p -

ye S LL*S/% ,0C S RL*Sﬁ ,0C + CS RL*Ga 7dﬂycsﬁ ,0C + €(xﬁ7d1z CS,LRSM: ,B S RRSac ,B ,

€aprlty | Catn Suar T Caim Sudr ddd Cid
r tsrp st tsrp st tsrp r r stpr st stpr st
(340)
(6,B,L
AML,P )

Be S,LLx &7c¢, * S,LR* ,’Y* S,LLx & /¢ S,LRx ,’yc S,RL sPBc,y*
e"‘ﬁ’YdL Cudd S v,L + Cudd S - Cduu Seu,L - Cduu S + Cddu eﬁ’Y“VLS
r prst st prst st rpts st rpts st stpr r
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c S LLx 56,7* S RLx &Bc,v* c S LR+ 37c, * _ ~S,LRx & /¢
+ eﬁ“WeL duu Sdu L duu Sdu,R + e"‘ﬁ'YuL uud Sde R Cuud Sed,R 4 (341)
r stpr st stpr st r prst st rpts st
(6,B, IL)
AdL/P
Be S,LLx & ,y¢ S,LRx S,LL% &7c, * S,LRx &7c, * S, RL* sBc,v*
€partty | Cuta Syar T Cuaa de R~ Can Ouer — Caim Suer | T Cund €BralLOL R
r rpts st rpts st prst st prst st stpr r st
S,LLx 37, ﬁC S,RLx &7, ﬁC c S,LLx aPc,v* S,RLx 3Pc,7*
T eppar | Coza Sap TCaa Sar | T€prnvi | Cuaa Suar +Cana Saur
r tsrp st tsrp st r stpr st stpr st

Bc LL¥ o ,v* S,LLx S,LRx ,"y* S,LR* o7, S,LRx o ,7* S,LRx
+eapydy | Coi Sk = Cata " Saor + Cae Svur — Ca Suvr + Cata - Sedt — Caii Sder
r prst st rpts st prst st rpts st prst st rpts st

(342)

Finally, the dimension 3 and 5 LEFT operators contributing to the neutrino EOM give

A = —2Cis, (343)
p pr r

A = 2Ciyo P Fop. (344)
p pr r
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HEAVY BLACK HOLE EFFECTIVE FIELD THEORY

We formulate an effective field theory describing large mass scalars and fermions minimally
coupled to gravity. The operators of this effective field theory are organized in powers of the
transfer momentum divided by the mass of the matter field, an expansion which lends itself to the
efficient extraction of classical contributions from loop amplitudes in both the post-Newtonian
and post-Minkowskian regimes. We use this effective field theory to calculate the classical and
leading quantum gravitational scattering amplitude of two heavy spin-1/2 particles at the second

post-Minkowskian order.

10.1 INTRODUCTION

The direct detection of gravitational waves (GWs) from the merging of two black holes by LIGO and
VIRGO in 2015 [189] has placed a spotlight on GW astronomy as a novel channel through which
to test general relativity (GR). As the detection rate of GWs becomes more frequent in the years
ahead, it is necessary to improve the analytical predictions on which the GW templates used in the
observations are based. To do so requires knowledge of the interaction Hamiltonian of a gravitationally
bound binary system to high accuracy. This necessarily entails the calculation of higher orders in the
post-Newtonian (PN) and post-Minkowskian (PM) expansions.

Much of the work related to GWs has been done from the relativistic approach to GR; some notable
developments are the effective-one-body approach [190-192], numerical relativity [193—195], and
effective field theoretic methods [196, 197] (see Refs. [198, 199] for comprehensive reviews summa-
rizing most of the analytical aspects of these methods). Also, there has been substantial work done
using traditional and modern scattering amplitude techniques to calculate classical gravitational quan-
tities, including the non-relativistic classical gravitational potential [200—212]. Moreover, techniques

were recently presented in Refs. [213, 214] to convert fully relativistic amplitudes for scalar-scalar
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scattering to the classical potential, and for obtaining the scattering angle directly from the scatter-
ing amplitude [215]. The prescription of Ref. [213] was combined there with modern methods in
amplitude computations to obtain the 2PM, and elsewhere the state-of-the-art 3PM Hamiltonian for
classical scalar-scalar gravitational scattering [210, 212]. This large body of work, facilitated by
classical effects arising at all loop orders [200, 216] (see Section 10.2), suggests that quantum field
theory methods can reliably be used instead of direct computation from GR, particularly when the
latter becomes intractable. Following in this vein, we apply here the machinery of effective field
theory (EFT) to compute classical gravitational scattering amplitudes.

Computations of classical quantities from quantum scattering amplitudes are inherently inefficient.
Entire amplitudes must first be calculated — which are comprised almost entirely of quantum
contributions — and then classical terms must be isolated in a classical limit. One of the advantages
of EFT methods is that they allow the contributions of certain effects to be targeted in amplitude
calculations, thus excluding terms that are not of interest from the outset. From the point of view of
classical gravity, it is then natural to ask whether an EFT can be formulated that isolates classical
from quantum contributions already at the operator level. Indeed, we find that a reinterpretation of the
operator expansion of the well-established Heavy Quark Effective Theory (HQET) [217, 218] (for a
review, see, e.g., Ref. [219]) leads us down the right path.

HQET has been used extensively to describe bound systems of one heavy quark — with mass M
large relative to the QCD scale Agcp — and one light quark — with mass m 5 Aqep. Interactions
between the light and heavy quarks are on the order of the QCD scale, 4 ~ Aqcp. Thus the
heavy quark can, to leading order, be treated as a point source of gluons, with corrections to the
motion of the heavy quark arising from higher dimensional effective operators organized in powers of
q/M ~ Agcp/ M.

A similar hierarchy of scales exists when considering the long-range (classical) gravitational
scattering of two heavy bodies; for long-range scattering of macroscopic objects the momentum of
an exchanged graviton g is much smaller than the mass of each object. This can be seen by noting
that, once powers of 7 are restored, the transfer momentum is g = 14, where § is the wavenumber of
the mediating boson [220]. Consequently, the expansion parameter of HQET — and its gravitational
analog, which we refer to as the Heavy Black Hole Effective Theory (HBET) — can be recast as
hg/M. The magnitude of the wavenumber is proportional to the inverse of the separation of the
scattering bodies, hence for macroscopic separations and masses, 717/ M < 1. The presence of this
separation of scales in classical gravitational scattering further motivates the development of HBET.
The explicit 2 power counting of its operators makes HBET a natural framework for the computation

of classical gravitational scattering amplitudes.
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This work shares conceptual similarity with the Non-Relativistic General Relativity (NRGR) EFT
approach to the two-body problem introduced in Ref. [196] (extended to the case of spinning objects
in Ref. [197]). As in the case of NRGR, the interacting objects of HQET and HBET are sources
for the mediating bosons, and are not themselves dynamical; in HQET and HBET, this can be seen
from the fact that derivatives in the Lagrangians produce residual momenta (see Sec. 10.3) in the
Feynman rules, not the full momenta of the objects in the scattering. However the EFTs differ in
what they describe. NRGR is organized in powers of velocity, facilitating the computation of the
Post-Newtonian expansion. In contrast, the operator expansions of HQET and HBET are expansions
in 1, allowing us to target terms in the amplitudes with a desired % scaling. Being derived directly
from a relativistic quantum field theory, a Post-Minkowskian expansion is naturally produced by
the amplitudes of HBET. Moreover, while NRGR computes the non-relativistic interaction potential
directly, HBET is intended for the computation of the classical portions of scattering amplitudes,
which must then be converted to classical observables [213-215].

In this paper, we derive HBET in two forms, describing separately the interactions of large mass
scalars and fermions minimally coupled to gravity. By restoring /i we demonstrate how to determine
which operators contribute classically to 2 — 2 scattering at n loops. Using the developed EFT we
compute the 2 — 2 classical scattering amplitude for both scalars and fermions up to 2PM order. We
include in our calculations the leading quantum contributions to the amplitudes that originate from the
non-analytic structure of the loop integrals.

The structure of this paper is as follows. In section 10.2 we explain the procedure by which we
restore 71 in the amplitudes. We give a brief review of HQET in Section 10.3, and outline the derivation
of the HQET Lagrangian. Our main results are presented in Sections 10.4 and 10.5. In the former
we derive the HBET Lagrangians for heavy scalars and heavy fermions, whereas the latter presents
the 2 — 2 scattering amplitudes for each theory up to 2PM. We conclude in Section 10.6. Technical
details of the HQET spinors are discussed in Appendix 10.A. In Appendix 10.B we include the
effective theory of a heavy scalar coupled to electromagnetism, and in Appendix 10.C we use HQET
to compute the classical and leading quantum contributions to the 2 — 2 electromagnetic amplitude
up to one-loop. Appendices 10.D and 10.E contain respectively the Feynman rules and a discussion
on the one-loop integrals needed to perform the 2PM calculations. We also discuss in Appendix 10.E

the circumvention of the so-called pinch singularity, which appears in some HQET loop integrals.
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10.2 COUNTING h

In quantum field theory we are accustomed to working with units where both the reduced Planck
constant /1 and the speed of light ¢ are set to unity, thus obscuring the classical limit # — 0. We must
therefore systematically restore the powers of 7 in scattering amplitudes so that a classical limit may
be taken. We follow Ref. [220] to do so.

The first place we must restore 7 is in the coupling constants such that their dimensions remain
unchanged: in both gravity and QED/QCD, the coupling constants are accompanied by a factor of
172

. Second, as mentioned above, we must distinguish between the momentum of a massless

particle p* and its wavenumber p¥. They are related through

p" = hpt. (345)

In the classical limit, the momenta and masses of the massive particles must be kept constant, whereas
for massless particles it is the wavenumber that must be kept constant. While this result is achieved
formally through the consideration of wavefunctions in Ref. [220], an intuitive way to see this is
that massless particles are classically treated as waves whose propagation can be described by a
wavenumber, whereas massive particles are treated as point particles whose motion is described by
their momenta.

In this work, we are interested in the scattering of two massive particles, where the momentum 4 is
transferred via massless particles (photons or gravitons). Letting the incoming momenta be p; and p,

the amplitudes will thus take the form

iM(p1,p2 — p1— g, p2 + hq). (346)

As the momentum transfer is carried by massless particles, the wavenumber 4 remains fixed in the
classical limit, whereas the momentum ¢ scales with 71, as indicated in Eq. (346). The classical limit

of the kinematics is therefore associated with the limit |q| — 0.

123



10 HEAVY BLACK HOLE EFFECTIVE FIELD THEORY

10.2.1 Counting at one-loop

With these rules for restoring powers of 7 in amplitudes, we can preemptively deduce which operators
from the EFT expansion can contribute classically at one-loop level. First we must determine the
fi-scaling that produces classical results.

The usual Newtonian potential can be obtained from the Fourier transform of the leading order
non-relativistic contribution to the tree-level graviton exchange amplitude (see Fig. 10.5.1). Using a

non-relativistic normalization of the external states,

(p1lp2) = (2m)°8 (B — Pa), (347)

this contribution to the amplitude is

(348)

where ¥ = /327G /h and G is Newton’s constant. Here g is the four-momentum of the mediating
graviton. Following the discussion above, we can thus make all factors of 7 explicit by writing g in

terms of the graviton wavenumber. We find

_47TGm1m2

M(l) ~
h g2

(349)
We conclude that classical contributions to scattering amplitudes in momentum space with the current
conventions scale as i >. A quantum mechanical term is thus one that scales with a more positive
power of 71 than this, as such a term will be less significant in the i — 0 limit.

Indeed, this must be the fi-scaling of any term in the amplitude contributing classically to the

potential. At tree-level, the relation between the amplitude and the potential is simply

a3 iz Bg =
Ve / 1 e 17 M = -1 / 1 =i\, (350)
(27)?
where we have made factors of 7 explicit. The scaling of classical contributions from the amplitude
must be such that they cancel the overall 13 in the Fourier transform.
Central to the applicability of the Feynman diagram expansion to the computation of classical

corrections to the interaction potential is the counterintuitive fact that loop diagrams can contribute
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classically to scattering amplitudes [200, 216]. Which loop diagrams may give rise to classical terms
can be determined by requiring the same #i-scaling as in Eq. (349).

Diagrams at one-loop level have four powers of the coupling constant, which are accompanied by a
factor of /i ~2. This implies that classical contributions from one-loop need to carry exactly one more
inverse power of i, arising from the loop integral. The only kinematic parameter in the scattering
that can bring the needed 7 is the transfer momentum g, and even then only in the non-analytic
form 1/ \/—;q2 Non-analytic terms at one-loop arise from one-loop integrals with two massless
propagators [200, 216]. There are three topologies at one-loop that have two massless propagators per
loop, and hence three topologies from which the requisite non-analytic form can arise: the bubble,
triangle, and (crossed-)box topologies. We will determine the superficial fi-scaling of these topologies.

First we note that the loop momentum [ can always be assigned to a massless propagator, and hence

should scale with %. The bubble integral is thus

2
(2) G4 [ 47
M ~ 271 [ &'

1 1

oWt
w21 h(1+74)2 )

=0(h?). (351)
We conclude that the bubble contains no classical pieces.

Triangle integrals must have an extra HQET/HBET matter propagator, which, as will be seen below,

is linear in the residual momentum. Therefore, triangle diagrams scale as

@ G g 1 1 1 2
lMtriangle hZh /d lh272 hz(f—i—ﬁ)Z ho - (Z—i—%) +O(h )

=0n3). (352)

Here, v is the velocity of the heavy quark, and k is the residual HQET/HBET momentum. These
quantities and their %i-scaling are discussed in Section 10.3. The scaling of the triangle integral
suggests that triangles must contain classical pieces.
Finally, box and crossed-box integrals scale as
GZ

@ s 11 1 1 5
iM ~ —h /d l = — —— 1+ O(n
(crossed—)box H2 h272 T’lz(l + q)Z ho - (l + kl) ho - (l + kz) ( )

=0, (353)
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There are potentially classical pieces in the subleading terms of the (crossed-)box — that is, in higher
rank (crossed-)box loop integrals. However, the leading terms in the box and crossed-box diagrams
look to be too classical, scaling as 1/ h*. In order for the amplitude to have a sensible classical limit,
such contributions must cancel in physical classical quantities. Two types of cancellations occur at
one-loop level: cancellations between the box and crossed-box, and cancellations due to the Born
iteration of lower order terms when calculating the potential [203, 214, 221, 222].

In this paper we compute long-range effects arising from one-loop integrals, which are proportional
to the non-analytic factors S = 772/ \/—7(72 and L = log(—qz).1 When considering only spinless
terms at one-loop order, those proportional to S are classical, and those proportional to L are quantum.
With the established 7 counting, classical terms at one-loop can arise from operators with at most one
positive power of 71, and quantum terms arise from operators with at most two positive powers of 7. In
the operator expansion of HQET/HBET, powers of /i come from partial derivatives.

The inclusion of spin slightly complicates this counting. In order to identify spin multipoles
with those of the classical angular momentum, we must allow the spin to be arbitrarily large while
simultaneously taking the classical limit. More precisely, for a spin S; the simultaneous limits S; — oo,
i — 0 must be taken while keeping /1S; constant [223, 224].> When considering spin-inclusive parts
of the amplitude we must therefore neglect one positive power of 7 for each power of spin when
identifying the classical and quantum contributions. To make the expansion in classical operators
explicit, in this paper we keep track only of the factors of i that count towards the determination
of the classicality of terms in the amplitudes. Practically, this amounts to rescaling the Dirac sigma
matrices in the operators as 0"V — ¢* /H, or the spins in the amplitudes as S; — S;/h. At linear
order in spin, this leads again to the interpretation at 2PM order of terms proportional to S as being
classical, and those proportional to L as being quantum. At quadratic order in spin, however, terms
such as q3S and gL begin arising, which respectively have quantum and classical 7 scaling.

Altogether, operators contributing classically contain either up to one deriative, or up to two

derivatives and a Dirac sigma matrix, which will be seen to be related to the spin vector.

10.2.2  Counting at n-loops

We can extend this analysis to determine which operators can produce classical terms at arbitrary loop

order. First we consider two-loop diagrams, contributing 3PM corrections to the classical potential.

'In contrast to Refs. [203, 221], we define S in terms of the wavenumber 4 to make powers of /1 explicit in the amplitude.
2The universality of the multipole expansion in gravitational interactions ensures that the expansion remains unchanged
in this limit [203, 224].
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The highest order operator needed is determined by the most classical fi-scaling attainable at a
given loop order, i.e, by the i-scaling of the diagram that scales with the most inverse powers of /1. In
Appendix 10.D we show that the leading order fi-scaling of a graviton-matter vertex is always 0. The
Einstein-Hilbert action governing pure graviton vertices involves two derivatives of the graviton field,
so that pure graviton vertices always scale as h2. It follows that the most classical diagrams at 3PM
are the box and crossed-box with four massive and three massless propagators; we refer to these as
ladder diagrams. The overall coupling is G/ 13, and the two integrals over loop momenta contribute

eight positive powers of 7. In total, the amplitude superficially scales as

3 1.41 1
Ml(acgder ~ %h W — ﬁ (354)

At nPM — corresponding to n — 1 loops — the dominant diagrams in the 7z — 0 limit are still the

ladder diagrams, with  massless propagators and 2(n — 1) massive propagators. The scaling is then

(1’1) 1 4(n_1) 1 1
M]adder ~ hTh hﬂm
1
~ (353)

From the HBET point of view, this means that we need to include operators that scale with one
more power of /i whenever we go from nPM to (n + 1)PM order. Starting with the observation
from the previous section of classical operators at 2PM, we will need operators with at most 7 — 1
derivatives, or n derivatives and one Dirac sigma matrix, to obtain the full classical correction at 7PM.
Furthermore, to have a sensible classical limit, all superclassical contributions must cancel in physical
quantities. We see that the order of cancellation scales with the number of loops.

Note that, according to this counting, starting at 3PM, spinless terms proportional to L can contribute

classically. This is consistent with the classical 3PM scalar-scalar amplitude in Refs. [210, 212].

10.3 HEAVY QUARK EFFECTIVE THEORY

As the concepts and methods we will use to derive HBET are based on those of HQET, we give a
brief review of the latter here.

HQET is used in calculations involving a bound state of a heavy quark Q with mass mg > Aqcp.,
and a light quark with mass smaller than Agcp. The energy scale of the interactions between the light

and heavy quark is on the order of the QCD scale, and is thus small compared to the mass of the heavy
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quark. The momentum p* of the system is therefore decomposed into a large part representing the
energy of the heavy quark, mqoo*, which is approximately conserved in interactions between the two
quarks, and a small residual momentum parameterizing the remaining momentum, k¥, which is due to

the motion of the light quark and interactions between the light and heavy quarks. Altogether,
p;l = va” + k¥, |k}l| ~ O(AQCD) where AQCD < mg. (356)
A hierarchy of scales is present, and we can organize an effective theory which expands in this
hierarchy.
An interesting feature of HQET, as will be seen below, is that its propagating degrees of freedom are

massless. The propagating degrees of freedom carry the residual momentum k*. Therefore, since we

are interested in classical scattering, we can rewrite the residual momentum according to Eq. (345):

pt = vau + hk*, (357)

The procedure we will use to derive the HBET Lagrangian for spinors in the next section is
identical to that used to derive the HQET Lagrangian. As such, we outline the derivation of the HQET

Lagrangian for one quark coupled to a U(1) gauge field.* Our starting point is the QED Lagrangian,

Loep = P (i) —m) 1, where DMy = (0¥ + ieA¥)y. (358)

Next, following the pedagogical derivation in Ref. [226], we introduce the projection operators

1+
Py = J, (359a)
2
and two eigenfunctions of these operators
Q=™ Py, (359b)
Q =™ *p_yp. (359c)

3The non-abelian case is discussed in e. g. Ref. [225].
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This allows us to decompose the spinor field as

1 1-— ; ~
p="tp+ Sty = (Q Q). (360)

The details pertaining to the external states of the fields Q and Q are explained in Appendix 10.A.
Substituting Eq. (360) into Eq. (358), using some simple gamma matrix and projection operator

identities, and integrating out Q using its equation of motion, we arrive at the HQET Lagrangian,

2

- D D
L‘,HQET:Q<ZT)-D—2;;—4 VVP;W)Q"’QZDZ( Zv

5 ) P_iPQ.  (361)

Here, 0"V = %['yﬂ, 9"] is the Dirac sigma matrix.
The redundant operators proportional to the leading order equation of motion can be removed by a

field redefinition [225] leading to the Lagrangian
D> D* e

ﬁHQET:Q<iU'D—+

e
am 8 @%F " WU“ [D"F] (362)

8m ezvp‘fw{DH FPU} 45

+

{D Ouv

3 1% > Q+0(m~ )
Square brackets enclosing a derivative denote that the derivative acts only within the brackets.
Once Fourier transformed, partial derivatives produce the momentum of the differentiated field. In

the specific case of HQET, the partial derivatives produce either a residual momentum (when acting

on the spinor field) or a photon momentum (when acting on the vector field) in the Feynman rules.

As both types of momenta correspond to massless modes, they both scale with #, and hence partial
derivatives always result in one positive power of 7.

We note the appearance of the covariant derivative D¥ in Eq. (362) instead of the orthogonal
covariant derivative Dﬁ = D! — v¥(v - D) that typically appears in HQET. The two types of the

derivative can be swapped before integrating out the anti-field using

QPO =0np,Q, (363a)

opQ = Qn, Q. (363b)

In Appendix 10.C we use the form with D¥ to more easily compare with previous calculations.
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10.4 HEAVY BLACK HOLE EFFECTIVE THEORY

We now turn to the case of a heavy particle minimally coupled to gravity. The derivation of the
Lagrangian for a heavy scalar coupled to gravity differs from the derivation of the spinor theory,
because the scalar field whose heavy-mass limit we are interested in describing is real. The initial

Lagrangian is that of a minimally coupled scalar matter field:

1 1
Locgrav =/ —§ <2g”1’ayq>a,,(p — 2m2<p2> ) (364a)

The metric is given by a small perturbation around flat space, g,y = 1y + Khw,, where the perturba-
tion /1, is identified with the graviton.

The heavy-field limit of a real scalar field can be expressed in terms of a complex scalar field
x by employing a suitable field-redefinition. Motivated by earlier analyses in Refs. [227-229], we

decompose

1

47 N E (efimuxx_’_eimvwx*) ] (365)

Substituting this into Eq. (364a) and dropping quickly oscillating terms (those proportional to e2"7X)

gives the HBET Lagrangian for scalars:

_ . 1 1
imer = /—gx" | 8100y + im(g””vyvv -1) - %gﬂ”ayav x+01/m?).  (366)

Comparing the Feynman rules for this theory in Appendix 10.D with the Feynman rules for the full
theory in Ref. [203], we see that they are related by simply decomposing the momenta as in Eq. (356)
and dividing by 2m.

Next, we consider the case of a heavy spin-1/2 particle. We begin with the Lagrangian of a

minimally coupled Dirac field @

[’grav =V _8775 (ieya')’u Dy - m) lP, (3673)

130



10 HEAVY BLACK HOLE EFFECTIVE FIELD THEORY

where e#, is a vierbein, connecting curved space (with Greek indices) and flat space (with Latin

indices) tensors. The expansion of the vierbein in terms of the metric perturbation is given in Ref. [203].

The covariant derivative is [230]

D,y = <ay + ;wyaboab> P, (367b)

where the spin connection wyab is given in terms of vierbeins in Eq. (41) of Ref. [230]. To quadratic

order in the graviton field, the spin-connection is [203]
ab Kby a K ob a K ob a K pbnyay, o

Eq. (367c¢) differs from that in Ref. [203] by a factor of —1/2. The spin connection of Ref. [230]
differs from that of Ref. [203] by this same factor, and we use the connection of Ref. [230].

We make the same decomposition of the fermion field ¢ as in HQET, Eq. (360), and integrate out
the anti-field by substituting its equation of motion. As in the case of HQET, this gives a non-local

form of the HBET Lagrangian, which we expand in 1/m:

Liphl? = /=30 [ie! 47" Dy, + mo, 0" (e'y — 51)] Q (368a)

+ T—mgQ_ liet 2y Dy + muy, " (et s — (55)}
1 F[h]"

2 L+ Jouob(ery — 8%) 1

X [ieP ey Dy + mu,y©(efe — 0F)] Q,

where

i, 1=oyy" .  1T—=0y" i
vl jap - PE D
2 TP 2

e’ o[7" Dy] . (368b)

As the operator F[h] contains a covariant derivative, and the other factor in the sum in Eq. (368a) is

covariantly conserved, the placement of F[}] to the right of everything in the sum is unambiguous.
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We can recover a local form of this Lagrangian by further expanding the denominator of the sum in
x. We will only need vertices involving two spinors and at most two gravitons, so we expand up to

O(x?). The result is

Limt = /—8Q [ie" ey Dy + mo,v° (et — )] Q (369a)

V=81 co Fln]" .
20 Qi Dy mo* (e — o)) L Gl VI et 7 Dy + mogye (et — 2] @

where
— n®  3n 2 2
Gulhl =1+ (n+1)Hy[h]x + ?+7+1 Hi[h]* — (n+1)Ha[h]| x*+ ... ¢, (369b)
— 1 uv — 3 a up
Hilh] = Evyvvh , H[h] = 160n? hapht?. (369c¢)

Though we started with massive matter fields, Egs. (366), (368a), and (369a) contain no mass terms
for the matter fields. The propagating modes of HBET are therefore massless, so their momenta scale
with 71 in the classical limit. As in the case of HQET, this allows us to interpret the operator expansion
of HBET as an expansion in 7.

The Feynman rules of both theories (Appendix 10.D) are suggestive of the universality of the
multipole expansion from Ref. [203]; all terms present in the scalar Feynman rules also appear in the
spinor Feynman rules. There are, of course, extra terms in the spinor Feynman rules which encode
spin effects. Moreover, we find additional spin-independent terms in the spinor Feynman rules that do
not appear in the scalar rules. This is not necessarily inconsistent with Ref. [203]: as will be discussed
further below, we expect these additional terms to not contribute to the properly defined potential at

one-loop level.

10.5 LONG RANGE 2 — 2 GRAVITATIONAL SCATTERING AMPLITUDES

We will demonstrate the utility of the above EFTs for systems of two heavy particles. We do so by
calculating the amplitudes for the scattering of scalars and fermions mediated by gravitons up to
the leading quantum order at one-loop level. To maximize the efficiency of the computation of the
following amplitudes, one could obtain them as double copies of HQET amplitudes. Focusing on the

validation of HBET, however, we compute them using standard Feynman diagram techniques applied
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pP1—q p2+tgq

Figure 10.5.1: Classical scattering of two particles at tree-level.

directly to the HBET Lagrangians in Egs. (366) and (369a), with graviton dynamics described by the

usual Einstein-Hilbert action,

_ 1! 4y /=5

To obtain the classical portions of the amplitudes, we use only the HBET operators described in
Section 10.2. The leading quantum terms arise by also including operators that scale with one more
factor of 7.

In what follows we make use of the reparameterization invariance of HBET [231-233] to work
M

in a frame in which the initial momenta are p; = m;v;, where Uf‘ is the initial four-velocity of
particle i. We then define w = vlyvg , which, in such a frame, is related to the Mandelstam variable

s = (p1+p2)* via
s —sp = 2mymy(w — 1), (371)

where s) = (m1 + mz)z. From Eq. (371) it is evident that the non-relativistic limit of the kinematics
of both particles, s — sg — 0, is equivalent to the limit v — 1. As a check on the results, we
reproduce the amplitudes in Ref. [203] in the non-relativistic limit.

Amplitudes for scalar-scalar scattering arise as a portion of the fermion-fermion scattering amplitude

[203]. For this reason we present here the amplitudes for fermion-fermion scattering.
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10.5.1 First Post-Minkowskian Order

At 1PM order, the relevant diagram is the tree-level graviton exchange diagram, shown in Fig. 10.5.1.

Using the fi-counting in Section 10.2, we see that the coupling constants provide one inverse power of

71, while the graviton propagator scales as 1/ h?. The leading tree-level amplitude becomes

4 G 2i 2i
./\/lgl) = —w (2602 — 1)2/{11/{2 + 21(,0 Elr + sz EU
h°g? mima myms;
1 w
— &85+ —=E'&, . 372
m%m% 1¢2 + m%m% 1<2u ( )

This is in agreement with Ref. [203] at leading order in O(|q|). We use the shorthand notation

Uy =i(pr — q)u(pr) = iiaus, (373a)
Uy = 1(p2 + q)u(p2) = tiaus, (373b)
& = e PprpadaSip, (373¢)
5iy = e’“’"‘ﬁpivqasiﬂ, (3734d)

with the relativistic normalization of the spinors, 7(p)u(p) = 2m. The Levi-Civita tensor is defined

by €%123 = 1. The spin vector is defined as

St = sy uniia, (373e)

N =

14243, The definition of the HQET spinor in Eq. (359b) automatically imposes

where 5 = —i%y
the orthogonality of the spin vector and the momentum of the corresponding particle, since it implies

the relation gu = u.

10.5.2 Second Post-Minkowskian Order

At 2PM order, eleven one-loop diagrams can contribute, shown in Fig. 10.5.2. Only triangles or
box diagrams contribute to the classical amplitude, but as we also compute the leading quantum

contributions, all eleven diagrams are needed.
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) (9]

Figure 10.5.2: The one-loop Feynman diagrams containing non-analytic pieces that contribute to the classical
scattering of two particles in GR. Solid lines represent fermions, wavy lines represent gravitons,
and dashed lines represent the ghost field arising from working in the harmonic gauge [203].
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For clarity, we split the 2PM amplitude into three parts: the spinless, spin-orbit, and spin-spin

contributions. These are, respectively,

Mo

spinless
G? 3, ,
?mlmﬂ{ﬂ/{zsi(&u — 1)(7?11 + mz)

G2 U, L

m {2m1m2(18w6 67wt + 5007 — 1)

—60mymyw(12w* — 20w? + 7) Ly (w) vV w? — 1 —15ir(m? 4 m3) (24w* — 37w? +13)Vw? — 1

12
hzqozinm%mg (40® — 8w +5w* — 1)V w? — 1] , (374a)
) _
Mspin—orbit -
2 2 _ H
G mlm;w(SaJ 3)S (3my +4m2)12/115§
27° (w? — 1) mym3
G’L

" Ddmymow(w? — 1)(46w? — 31) — 20m3inw(w? — 2)Vw? —1
o T (e ~ 1 ) — 20mim(w? ~2)

—hfgzinm%mgw(wz ~1)2w? —1)Vw? -1 - 5minw(12w* — 10w? — 5)Vw? — 1

—5mymy[(40w* — 48w? + 7) Ly (w) — (8w* —1)(Lo(w) +in)]V w? — 1} ;Zjln% + (14 2),
1715
(374b)
@
Mspin—spin -

25%2w3 (5w? — 4
q()gpz S1p1 - 5o

S [(20w* —21w? + 3)

2 — _. _. —_— _2 .
G*(mq +m2)h3 3w —1) (7-517-S2—4°51-S2) + p(0? =1
G°L

+ J—
h3m1m2

[m1Cy(mq, mp)py - S1G - Sp — maCy(my, my)d - S1p1 - S2]

G’L ) G?3°L
205G S17- So+ C3d%S1 - So) +
60y ol (w? — 1)2( 25152+ Col 51 52) 201 m2m3(w? — 1)5/2

Cap2 - S1p1- S2,

(374c)
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where
— 1 — /w2 —
Lo(w) =log w=1 w -1 , (374d)
w—1+vVw?-1
w+1l+vVw?—1
Ly (w) = log ISR et (374e)
4 2
— 1
Ci(m;,m;) = (8e” — 8w + )in(mi+wm]-), (374f)

(W2 —1)3/2
Cy = 60mymow ((Lg(w) +i7) (4wt — 20w* — 1) + Ly (w)(—8w* + 14w? — 5)) w?—1
120 .

- hz—ﬁzznm%m%(wz —1)(1-2w*)*Vw? -1

— 30irt(m? + m3) (2w® — 4w* — W? +2)Vw? — 1

+ 2myma (w? — 1) (258w4 — 287w +29) , (374¢)
Cz = 60mymow ((Lg(w) +i71) (3 — 4w?) 4 12L« (w) (2w* — 3w? + 1)) w?—1
+ Eimn%m%(wz —1)(8w* = 8w? +1)Vw? -1

+ 15i(m? + m3)(8w® — 12w* — 3w? + 5)Vw? — 1

+ dmymy (w? — 1) (—258w4 128702 — 44) , (374h)
Cy = —ginm%m%w (w2 — 1) (8w4 —8w? + 1) . (3741)
q

The classical contributions are in the first lines of each of Egs. (374a)-(374b), and in the first
and second lines of Eq. (374c). The classical spinless contribution is in agreement with Ref. [213].
The classical spin-orbit contribution is consistent with the spin holonomy map of Ref. [234]. The
classical spin-spin contribution compliments the results in Ref. [209]. In particular, we find that the
coefficient of (—g - S1g - S3) in Eq. (374c) agrees with Ai‘l’M in Eq. (7.18) in Ref. [209], which is
the corresponding coefficient in the Leading Singularity approach [205, 206], whereas the remainder
of the terms are not presented therein. To the best of our knowledge, this is the first presentation of
the leading quantum contributions to the spinless, spin-orbit and spin-spin amplitudes at 2PM order.
There are additional spin-spin terms at the quantum level proportional to p; - S; for i # ] that we have
not included in our calculation. We note that additional spin quadrupole terms are also present at the

second order in spin, which can be calculated from vector-scalar scattering.
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To obtain the results in this section we have made use of the identity
;0" 9; 1 = —2€""*Pv;, Sy, (375)

which is valid for HQET spinors. This identity merits some discussion. Replacing the HQET spinors

by Dirac spinors (denoted with a subscript D), the identity becomes

2
— . 1% —
il po™ Uz _1p = —21P£i_1uzz‘,D’Y”] Ui-1D — %Gwaﬁpzpmsi,]}ﬂ (376)

The second term above is the same as in Eq. (375). The first, by contrast, arises only with Dirac
spinors, and through the Gordon decomposition contains both a spinless term involving only the spinor
product U/;, and a term like that on the left hand side of the equation. Eq. (376) thereby mixes spinless
and spin-inclusive effects. This is an advantage of this EFT approach, at least at one-loop level.
Eq. (375) allows one to target spinless or spin-inclusive terms in the amplitude simply by ignoring or
including operators involving the Dirac sigma matrix. It is also consistent with the universality of the
spin-multipole expansion observed in Refs. [203, 221], where spin effects were found to not mix with,
and to be corrections to the universal spin-independent amplitude.

At face value, there is one complication to this interpretation of Eq. (375). Due to the heavy propa-
gators, terms such as o™ (1 + ¢)(7“ﬁ u begin to arise at one-loop level. Through some gamma matrix
manipulations, it can be shown that these terms contain spinless (containing no sigma matrices) and
spin-inclusive (containing one sigma matrix) components. At one-loop level the spinless components
contribute to the classical and leading quantum portions of the spinless part of the amplitude only
through the term proportional to (m% + m%)L As this term is purely imaginary, we expect it to be
subtracted by the Born iteration when extracting the potential. Thus, if one is interested only in
non-imaginary terms at one-loop, spinless or spin-inclusive terms can be independently targeted by
exploiting the separation of spin effects at the level of the Lagrangian.

While spinless and spin-inclusive effects are cleanly separated in spinor HBET, the presence of
additional spin-independent operators in spinor HBET compared to scalar HBET makes it ostensibly
possible that the spinless parts of its amplitudes differ from the amplitudes of scalar HBET. In fact,
calculating scalar-scalar scattering explicitly with scalar HBET, we find that the term proportional to
(m? + m3)L in Eq. (374a) does not arise. In addition to receiving contributions from the zo#" (1 +
;/5)(7”‘ﬁu tensor structure in the loop amplitudes — a structure that certainly does not arise in scalar
HBET — it is also the only term that is affected by the spin-independent operators in spinor HBET that

are not present in scalar HBET. We therefore find that we preserve the universality of the multipole
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expansion from Ref. [203] in the one-loop relativistic regime as well, up to terms which are subtracted
by the Born iteration.

As a check on the validity of our results, we compare their non-relativistic limits with what exists in
the literature, simply by taking the limit w — 1 — 0 in the PM amplitudes. At 1PM order we find that
our results agree with those in Ref. [203]. At 2PM the amplitudes above contain those in Ref. [203],

but there are two discrepancies:

1. We find an additional spinless term that we expect to be subtracted by Born iteration, arising

from the imaginary term proportional to (m? + m3)L.

2. The contraction p; - S; for i # j vanishes in the non-relativistic limit. However, these terms in
Eq. (374c) also have denominators that vanish in this limit. Without knowing explicitly how

pi - Sj — 0, we therefore cannot say that these terms will not remain in the limit.

We note that this limit only represents the non-relativistic limit of the kinematics; the non-relativistic

limit of the spinors must also be taken in order to obtain the fully non-relativistic amplitude.

10.6 CONCLUSION

While significant progress has been made in understanding the relationship between gravitational
scattering amplitudes and classical gravitational quantities, it remains uneconomical to extract the
few classically contributing terms from the multitude of other terms that constitute the full amplitude.
With an eye to addressing this inefficiency, we have introduced HBET, an EFT which describes
the interactions of heavy scalars and heavy fermions with gravity. By restoring 7 at the level of
the Feynman rules, we have been able to infer the 7i-scaling of HBET operators, and exploit it to
determine which operators can contribute to the classical amplitude at arbitrary loop order. One may
see the present construction as a step towards isolating just those terms of the scattering amplitude
that will contribute to the classical scattering of two massive objects, order by order in the loop
expansion. Crucially, a method does not yet exist to convert fully relativistic amplitudes including
spin to interaction potentials.

We used HBET to directly calculate the 2PM classical gravitational scattering amplitude for the
scattering of two fermions, and checked that the spinless part of the amplitude matches the amplitude
for scalar-scalar scattering, up to terms that we expect to be subtracted from the potential. To validate
the EFT, we compared the fully relativistic amplitudes and their non-relativistic limits with what has

been previously calculated, and found agreement. We presented the classical and leading quantum
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spinless, spin-orbit and spin-spin contributions at 2PM order, up to terms proportional to p; - S; where
i # j for the spin-spin contribution, complementing and extending the results in the literature.

While we derived HBET only for heavy particles of spin s < 1/2, we believe it is possible to also
derive an HBET for heavy higher-spin particles: as long as a Lagrangian can be written for a massive
particle of spin s, we can apply similar techniques to those herein to derive the HBET applicable for
spin s. This would allow the computation of the classical amplitude for higher order terms in the
multipole expansion.

For full efficiency, the HBET formalism should be used in combination with modern scattering
amplitude techniques. First, the Feynman rules of scalar and spinor HBET, and the property in
Eq. (375), are suggestive of the universality of the multipole expansion presented in Ref. [203]. An
interesting next step is to express the degrees of freedom of HBET in terms of massive on-shell
variables [235]. It would be interesting to study whether this universality can be made manifest in such
variables, and how the observed separation of spinless and spin-inclusive effects arises. An on-shell
formulation of HBET should also include an explicit 71 expansion, further elucidating the classical
limit for amplitudes computed using on-shell variables. Moreover, the work in Refs. [209, 224, 235]
suggests that massive on-shell variables may facilitate the extension of HBET to higher spins. Second,
as HQET is derived from QCD, and HBET is derived from GR, we expect the double copy structure
of the scattering amplitudes to still hold as a relation between the effective theories. While certainly
not the only way to study such a relation, we expect it to be more readily apparent in on-shell versions
of HQET and HBET. We leave the on-shell formulation of HBET for future work.

By combining the power counting (which includes the 7 counting) and multipole expansion of the
effective field theories with the on-shell formalism, unitarity methods, and the double copy, we believe

that higher order calculations are within reach.
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APPENDIX

10.LA HQET SPINORS

In this section, we make precise the external states of the HQET spinor field by expressing them in
terms of the external states of the original Dirac spinor field 1. To do so, we begin with the mode

expansion of ¢:

& 1 S ., —ip-x st s ip-x
00 = [ s B (bl P ), am)

V2E,

where p represents the three-momentum, Ep = /p-+m#4, s is a spin index, and asl', and bi,
are annihilation and creation operators for the particle and antiparticle respectively. We use the
unconventional notation wp for the antiparticle spinor to differentiate it from the four-velocity. The

spinors u5)(p) and w})(p) satisfy the Dirac equation,

(p —m)up(p) =0, (378a)

(p +m)wp(p) = 0. (378b)
Recall the definition of the HQET spinor field Qy,

eimv-x 1+ ¢

Qv = > P, (379)

where v* is defined by the HQET momentum decomposition in Eq. (356). The mode expansion for

Qy is then
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After the decomposition in Eq. (356), the Dirac equation can be rewritten as

pub(p) = (1- 1 ) (o), G81a
pwn(p) = - (1 - T’i) wh(p)- (381b)

Using this in the mode expansion for Q, we find

Pk 1

)= | ey o5,

Z (a;u;(p)e_ik'x + b;*wf,(p)ei@m”k)"‘) . (382a)

where

uy(p) = (1 - zlfn> up(p), (382b)
S — k S
wy(p) = 5 wh(p)- (382¢)

Similarly, the mode expansion of QU 18

N d3k 1 s K s —ik-x st k s i(2mo+k)-x
Qp = /<27T)3\/E ; <ap2muD(p)e + by, <1 — 2m> wh(p)e > . (383

The mode expansion in Eq. (382a) makes it apparent that, when considering only particles and not
antiparticles, the derivative of Q, translates to a factor of the residual momentum k* in the Feynman

rules.

10.B HEAVY SCALAR EFFECTIVE THEORY

For completeness we include the derivation of an effective theory for Scalar Quantum Electrodynamics

(SQED). That is, we want the effective theory that arises when ¢ in

Lsqep = (Dy¢)* D' — m*¢?, DF¢ = (9" +ieAM)¢, (384)
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is very massive. To do so, we simply make the field redefinition [226]

—imvu-x
e

¢ — T (x+Xx)- (385)

The anti-field ¥ is to be integrated out. At leading order, we can drop this term. Inserting Eq. (385)
into Eq. (384), and performing a field redefinition to eliminate redundant operators, we obtain Heavy

Scalar Effective Theory (HSET):

2

D
Luser = X* (iv D — 2m> X+ O0(1/m). (386)

Higher order terms can be restored by keeping contributions coming from integrating out the anti-field.

10.c LONG RANGE 2 — 2 ELECTROMAGNETIC SCATTERING AMPLITUDES

In this section we demonstrate that HSET and HQET can be used to calculate the classical and leading
quantum contributions to the 2 — 2 scattering amplitudes. We present here the results up to one-loop
order. As in the gravity case, electromagnetic interactions also possess a universal spin-multipole
expansion [221], so we present this calculation using HQET.

At tree level, the diagram in Fig. 10.5.1 is once again the only one that contributes. The amplitude

is, up to leading order in |gq|,

47t & i&1U w
= + A2 El&y| . (387)
q ﬂ’llm2 mlmz mimsy

This amplitude is in agreement with Ref. [221] in the relativistic and non-relativistic regimes.
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At one-loop level, the abelian nature of QED reduces the number of relevant diagrams compared to
the gravity case. There are only five relevant diagrams in the electromagnetic case: they are diagrams

(a) to (e) in Fig. 10.5.2. Of course, the wavy lines are reinterpreted as photons. We find the amplitude

2
(1) & hL 4
/ = - 2 -1
Aspmless h3m1m2 S(ml + mZ) 21’?117?12((,02 — 1)2 ( mlmz(w )
+4mymyw(w? —2)Ly (w)Vw? —1
+(m2 +md)irm(w? —1)2Vw? -1
+%m%m%w2(w2 - 1) m)] Uik, (3882)
q
> iU E
AW “ S(2ma(w +1) — myw(w — 3)) 12
spin-orbit 4h3m1m2( _ 1) ( 2( ) 1 ( ))mlm%
4h2 w’L [4m2 inwyVw? —1+w?—1)
+2m1m2((2w2 +1)(Lo(w) + i) — (w? = 2) Ly (w))Vw? — 1
+miw(—2(2w?* = 3)(Lo(w) + i) — (5w — 7) Ly (w)) vV w? — 1} ;Llllnfg
175
4i7T0é2Lw iU152
- + (1 < 2), 388b
h4ﬁzmm1m§ ( ) ( )
22 2,3
(1) _ a*S(my + my) 2w? — 1 . o 2c. . 297w ) )
Aspin-spin = Pmind(a? — 1) (2w )(q-519-S2—4q°S1-S2) + (@ —1) 1)P2 S1p1- 52
2
5 [m1C (my, mp)p2 - S1q - So — maCy(my, my)q - Sapy - S2
h mqmnip
+ L (Chq- 519 S +2C4%S1 - Sa)
20 mdm3(w? — 1)2 20721022 SIS
a’L
Cipo - S1p1 - Sa, 388
+27rz§'r;1%((4)2—1)5/2 4P2°21P1" 22 (388¢)
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where
/ ‘725 2/ 4 2 2 2 2
Cy(mj,mj) = _mfm?(aﬂ 1 [m7 (3w™ + 8w® — 3) + 4mimj(w + 1)~(2w — 1) + 2mjw(5w” — 1)]
LQ2w? —1) .
(h 5 )m(mi +wmj), (388d)
s

Ch = dmympw (LX (w) + Lo(w)w? + imuz) Vw?—1
—irt(m? + m3) <2w4 — 5w + 1) w?—1
2 8 .
+ 6mymy (wz - 1) - hz—qzmm%m%cuz (wz - 1) Vw?—1, (388e)
Ch = 2mymow (—Lg(w) + 2Ly (w) (wz - 1) - in) w?—1
+irt(m? 4 m3) <2w4 — 4w + 1) w?—1

+ 2mymy (w2 - 1) (2 — 3w2) n hfqzinm%m% (wz - 1) (2w2 — 1) W2 —1, (388f)

4
/P - 2.2 2 2 3 2
C, = hzqzznmlmZaJ (w 1) (Zcu 1) + 6mymyw’V w* —1

+ mymy ((Lg(w) +im) (2w4 + 5w?* — 1) + Ly (w) (—2a)4 +3w? — 1))

—inw (2w* — 6w? +1) (m? +m3). (388g)
( ) (i + )

The non-relativistic limit of this amplitude is in agreement with Ref. [221], with discrepancy number
2 from the gravitational case applying here as well.

Calculating explicitly the amplitude for scalar-scalar scattering using HSET, we find the same
amplitude as in Eq. (388a), but without the imaginary term proportional to (m% + m%)L. This term
vanishes in the non-relativistic limit, thus preserving the non-relativistic universality of the multipole
expansion in Ref. [221]. Furthermore, we expect it to be subtracted by the Born iteration when

calculating the potential, thus extending the multipole univerality to the relativistic potential.

10.b FEYNMAN RULES

We list here the Feynman rules used to perform the calculations in this paper. Below we denote the
matter wave vector entering the vertex by kq and the matter wave vector leaving by k;. g1 and g5 are

incoming photon (graviton) wave vectors with indices y, v (1, &), respectively.
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We use the photon propagator in the Feynman gauge. The graviton propagator, three graviton

vertex, as well as the ghost propagator and two-ghost-one-graviton vertex are given in the harmonic

gauge in Ref. [203].

10.0.1 Abelian HSET

Starting with HSET, the one- and two-photon vertex Feynman rules are

; 3
" e oow u h
TXX*,Y(m, U,kl,kz) = _ﬁ ot + %(kl + kZ) + @) (n/l?’)] , (3893)
uv ie? v h?
TXX*W(m, v, k1,kp) = e '+ O =) (389b)
10.0.2  Scalar HBET
For HSBET the one- and two-graviton vertex Feynman rules are
iK n
T, 0k k) = = {mvﬂvv — S "o (K] + k) — 0" (kY + k) — 0¥ (K} + )
i KEkS + kb kY Mkiak "
+%[(12+ k1) — 1" k1a 2]+O ) , (390a)

)

1
T;I:;%(m, v, ki,kz) = % {mUTUA [IW’T”WA'“ﬁ - ;L(valaﬁ’” + Waﬁpw,ﬂ)]

n
g {=P o, (K + k) — (" I 4 P 1P o (ki + Kap)
_i_QIIMrT”/[W)""ﬁ [0z (k1a + kar) + va (ki + kor )}
2
+Zm [—PIATky ok — (g IPTA 4 P Ik ko

h3
+21MTT[LAVP (kytkoy + karkip)] + O (mz> } ’ (390b)

where

—_

Puvap = 5 (1" + 5Py — gy P). (390c)
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The propagator in both scalar theories is

D50(k) = hvl' - (391)

10.0.3  Abelian HQET

The one- and two-photon Feynman rules in HQET are

ie 1 h
Tng(m, v, k1, k) = _ﬁ {v” + %O'W(kzv — k1) + %(kﬁl + ké‘)

i )
o 0pTap ki £ k2)* [ (K — K — (kG — k)

hZ
o [0F (ko — k1)* — 0, (K — k) (K — k4]

8m?
+ﬁ(k2 +K3)0M (kop — k1p) + O <F’3> } (392a)
8md V1 2 20 1p e ,
v ie? i
rgQW(m, v,k1,kp) = = {,7;”/ _ @[ghpvvqlp + 0%, — 00, (q° — g2)]

lh 1 vV KX 1% 1 hz
—m(kzp + k1p)aaﬁ(179’115 g 4 nf'nPrgd) + O <m2> } . (392b)
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Finally, the one- and two-graviton Feynman rules in HBET are

]41/
Toqn

Hv,ap
ToQmn

(m,v, ki, k) =

(ml o, kl/ kZ) -

h
+5 [oa (K + )7 — 0" (K + k) — 0" (k] + K5)

307 (k5 — k) + 30" (K — K1) — 6170, (kG — k)]

ih
g (2o = k1) (Ko + ko) — 00" o kapki

—%vp(kgsz Kk (0™ + 0% ™)
+(kap — kp) (ks — K)o + (kap — kup) (K5 — ki) o]
2

h 1
[ el + Lot

1 1 v v
ot kap — ) (K5 = ) = 5 (k) = k) (05 — k)

1 1 n?
+10pvy(k5kg + kYKY) + Evpvv(kgkg + kg‘kg’)] +0 (nﬂ) } ., (393a)

) 1

1;;[{ 00, |:IHV’K’YLY/\'“’B o Z(1706‘31‘“1/,1(/\ _|_;,].“1/Ilkﬁﬂ€)\):|
i

a 16€APT§7(575(IVV'K/\I“ﬁ'TKqZP + I I )

i
+T60KUUUpUAT [I;u/,K/\ Iucﬁ,ar (qu 4 klp) + szﬁ,K)x HvoT (q1p 4 klp)]

_ %UK(T)LT(khT _ k2(7) (Ipn/,;c/\ Ioc,B,ch + szﬁ,x/\lyv,a'r)

_ %UKUUP (kq _ kg) (Iw,KTszﬁ,m + Iaﬁ,xrlyv,m)
+1UK0'AP (kq — kg) (;7?“/ I'Xﬁ,K/\ + 1,/06/5 I]/H/,K)\)

8

+i’0;{0'/\p(kq — kg)(v?‘vvl"‘ﬁf’()\ + vﬂévﬁpw,K)\)

i
+§UKU)\p (17”'/["‘.5"‘/\6](17 4 170413 I]JV,KAq{ZJ)

+évp(7m(lw"“1"‘/5’mq1n 4 [PRA[IOT ) ) O(h)} , (393b)
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where
I#P = %(77"‘"77”5 + Py, (393c)
Based on the 7 counting, there are additional terms that could contribute to the amplitude, but we find

that they contribute only at subleading quantum levels, and thus don’t include them.

The propagator in both spinor theories is

—_ (394)

10.E ONE-LOOP INTEGRAL BASIS
In this section, we point out some subtleties that arise from the linear matter propagators characteristic
of HQET/HBET. We first address the appearance of non-analytical contributions to loop integrals

when using linear matter propagators instead of quadratic ones. Then we discuss how we circumvent

the infamous pinch singularity of HQET.

10.E.1  Non-analytic portions of loop integrals

Consider, for example, the box integral with quadratic massive propagators:

d*l 1
Toua :/ - —. 395
quad ()t 12(14 )% [(p1 — 1 — q)2 — m2 +i€] [(p2 + | + )% — m3 + ie] (395)

Letting the incoming momenta be p]f = mlvﬁl and pg = mzvg , and making explicit the factors of 71

from the massless momenta,

Iquad = (396)

/ d4l 1
Qo714 7)2 [—Zmlhvl (I+7) +12(1+7)2 + ie} {ZmZhUZ (A+7) + P21 +7)2 + ie} '

Note that the massive propagators remain quadratic in the loop momentum.
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The box integral with the linear massive propagators of HQET/HBET takes the form

4

huger = | (zdnl)4 20+ o (I + q)1 e [o2 (4 q) L ie] (397)
We are concerned with addressing how the non-analytic pieces of the integrals in Egs. (395) and (397)
are related.

We see from Eq. (397) that the HQET integral is, up to a factor of 1/4mm5, the leading term of the
integral in Eq. (395) when it has been expanded in % or 1/m — the equivalence of the two expansions
is once again manifest. However, when including subleading terms in the expansion of Eq. (395),
additional factors of (I 4+ q)z appear in the numerator, cancelling one of the massless propagators. We
conclude that all non-analytic contributions to Eq. (395) must be produced by the leading term of its
expansion in 7z (1/m). The same argument holds in the cases of triangle and crossed-box integrals,
so the non-analytic pieces of integrals with quadratic massive propagators are reproduced (up to a
factor of 2m for each propagator of mass ) by the HQET integrals. Another way of seeing why this
should be the case is to invoke generalized unitarity. Upon cutting two massless propagators [? and
(l + q)z, there is no distinction between Iqu,q and Iyger. Consequently, the one-loop integrals needed
to perform the calculations in this paper are those in Ref. [221] with p# — mov# + k¥ and multiplied

by 2m for each massive propagator of mass m.*

10.E.2  Pinch singularity

HQET box integrals suffer from the so-called pinch singularity, which causes it to be ill-defined and
means that HQET cannot be used to describe a bound state of two heavy particles beyond tree level.
The cause of this issue is that, in such a scenario, the two heavy particles would have the same velocity,

vﬁ‘ = vg = v, The HQET box integral in Eq. (395) then becomes

dil 1

I = — / - —. 398

M= i PUT @) o () — el [0 (T+q) +ie) .

Any contour one tries to use to evaluate this integral is then "pinched" in the € — 0 limit by the
singularities above and below the real axis at v - (I +g) = 0 [236].

For bound systems, the resolution is to reorganize the power counting expansion in terms of v/c

instead of q/m. The resulting effective theory is non-relativistic QCD (NRQCD), which restores the

4The integrals in Ref. [221] contain only IR and UV finite terms. It was shown in Ref. [212] that the interference of
such terms does not contribute to the classical potential, so we have omitted them from our calculations.
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quadratic pieces of the propagators. In the case at hand, however, we are considering the scattering of
two unbound heavy particles, the crucial difference being that the velocities of the heavy particles are
in general distinct, (vﬁl #+ vg ). Thus, the HQET integral remains well defined.’ Note that the limit
where the HQET box integral becomes ill-defined (v’f — vg ) is precisely the limit in which the box
integral with quadratic massive propagators obtains the singularity which is removed by the Born

iteration [221].

SWe thank Aneesh Manohar for discussions on this point.
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11

THE DOUBLE COPY FOR HEAVY PARTICLES

We show how to double-copy Heavy Quark Effective Theory (HQET) to Heavy Black
Hole Effective Theory (HBET) for spin s < 1. In particular, the double copy of spin-s
HQET with scalar QCD produces spin-s HBET, while the double copy of spin-1/2 HQET
with itself gives spin-1 HBET. Finally, we present novel all-order-in-mass Lagrangians

for spin-1 heavy particles.

11.1 INTRODUCTION

An expanding family of field theories has been observed to obey double-copy' relations [237-268].
In particular, scattering amplitudes of gravitational theories with massive matter can be calculated
from the double copy of gauge theories with massive matter [212, 269-278].

As Heavy Quark Effective Theory (HQET) [217] is derived from QCD and Heavy Black Hole
Effective Theory (HBET) [6] is derived from gravity coupled to massive particles, the amplitudes of
HBET should be obtainable as double-copies of HQET amplitudes. Indeed, this is the main result
of this paper. We show through direct computation that the three-point and Compton amplitudes of

HQET and HBET satisfy the schematic relations

(QCD,_g) x (HQET,) = HBETS, (399a)

(HQETs:1/2) X (HQETS:1/2) = HBETSzl, (399b)

for s < 1, where the spin-s HQET and HBET matter states are equal in the free-field limit, and

the spin-1 heavy polarization vectors are related to the heavy spinors through eq. (427). While we

!For a review of the double-copy program, see ref. [21].
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only show here the double copy for three-point and Compton amplitudes, invariance of the S-matrix
under field redefinitions implies that eq. (399) holds more generally whenever QCD double-copies to
gravitationally interacting matter. Equation (399) expands the double copy in powers of 7 since the
operator expansion for heavy particles can be interpreted as an expansion in 7 [6]. The 7z — 0 limit of
the double copy is currently of particular relevance [212, 271, 274].

We will begin in Section 11.2 with a brief review of the color-kinematics duality, and we will also

discuss double-copying with effective matter fields. In Sections 11.3 to 11.5 we demonstrate the

double copy at tree level for three-point and Compton amplitudes for spins 0, 1/2, and 1, respectively.

We conclude in Section 11.6. The Lagrangians used to produce the amplitudes in this paper are
presented in Section 11.A. Among them are novel all-order-in-mass Lagrangians for spin-1 HQET

and HBET given in egs. (435) and (440).

11.2 COLOR-KINEMATICS DUALITY AND HEAVY FIELDS

An n-point gauge-theory amplitude, potentially with external matter, can be written as’

A, =Y Gl (400)

7
iel di

where I is the set of all diagrams with only cubic vertices. Also, c¢; are color factors, 1; encode the
kinematic information, and d; are propagator denominators. A subset of the color factors satisfies the

identity
Ci+Cj+Cp = 0. (401)
If the corresponding kinematic factors satisfy the analogous identity,

n; +nj+ng = 0, (402)

2We omit coupling constants for the sake of clarity. Reinstating them is straight-forward: after double-copying the
gauge theory coupling undergoes the replacement ¢ — /k /2.
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and have the same anti-symmetry properties as the color factors, then the color and kinematic factors
are dual. In this case, the color factors in eq. (400) can be replaced by kinematic factors to form the

amplitude

M=) ——, (403)

which is a gravity amplitude with anti-symmetric tensor and dilaton contamination.> In general,
n’ and n; need not come from the same gauge theory, and only one of the sets must satisfy the
color-kinematics duality.

In this paper we are interested in applying the double-copy procedure to HQET. A complicating
factor to double-copying effective field theories (EFTs) is that Lagrangian descriptions of EFTs are not
unique, as the Lagrangian can be altered by redefining one or more of the fields. The LSZ procedure
[81] guarantees the invariance of the S-matrix, and in particular eqs. (400) and (403), under such field
redefinitions by accounting for wavefunction normalization factors (WNFs) R ~1/2, which contribute
to the on-shell residues of two-point functions.* Under the double copy the WNFs from each matter
copy combine in a spin-dependent manner, which complicates the matching of the double-copied
amplitude to one derived from a gravitational Lagrangian.

In order to ease the double-copying of HQET to HBET, we would like to avoid having to compensate
for the WNFs. This can be achieved by ensuring that HQET and HBET have the same WNFs —i.e.
that the asymptotic states for the spin-s particles in HQET and HBET are equal — and double-copying
HQET with QCD, which has a trivial WNF.

3For an amplitude of arbitrary multiplicity containing massive external states with an arbitrary spectrum, eq. (403) may
not represent a physical amplitude [279]. However, for the cases under consideration in this paper, the application of the
double copy will yield a well-defined gravitational amplitude.

“Note that R~1/2 = 1 for canonically normalized fields. The WNF for an effective state £ can thus be determined by
relating it to a canonically normalized state € through

e=RV2.¢ (404)
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The asymptotic states — that is, the states in the free-field limit — of the canonically normalized
theories (given by complex Klein-Gordon, Dirac, and symmetry-broken Proca actions) are related to

their respective asymptotic heavy states (labelled by a velocity v) in position-space through

o(x) = ey ! A ¢o() (4052)
V2m 2m+iv-8+%2m o
; i
P(x) = i [1 T [CAE a)} Qu(x), (405b)
e~ imvx ivtd, — d*9d, /2m
Iz — H_ v v v
AF(x) N [5,, mi0 9/2 } By (x), (405c¢)

where a’i = a" — v#(v - a) for a vector a*. Here, the momentum is decomposed as p# = mot 4 k¥
in the usual heavy-particle fashion. The Lagrangians for the heavy fields in eq. (405) are given in

Section 11.A. Converting to momentum space, eq. (405) gives the WNFs

1 k2
R (p) = —= |1 - , 406
=0 (P) V2m [ +4m2+2mv-k—ki] (4062)
_ 1
Rs:l{/zz(P) = 1+W(K—U‘k)l (406b)

K+ k,kv /2
_ kT ARk m] (406¢)

-1/2 _ 1 v
<R5:1 (p))y_\/ﬁ[" m+uv-k/2

We will demonstrate that spin-s HBET amplitudes can directly be obtained by double-copying
spin-s HQET amplitudes with scalar QCD for spins s < 1. At s = 1 there is also the possibility to

double-copy using two spin-1/2 amplitudes. We will discuss this point further below.

11.3 SPIN-O GRAVITATIONAL AMPLITUDES

We begin with the simplest case of spinless amplitudes. Consider first the three-point amplitude. For

scalar HQET we have that

(k1 +k2),
2m

_ . K+
AP0 = — Tie,"¢3 (1 + 14m2 2) $o X |Up + +0 (m74) ’ 407
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where k = k1 — g. For scalar QCD the amplitude is

A5 = —Tre [vay + (ky + ko) H] . (408)
Note that we have left the external heavy scalar factor ¢, explicit in the HQET amplitude. This is
because, in contrast to the canonically normalized scalar fields, the heavy scalar factors are not equal
to 1 in momentum space. Indeed, for the HQET amplitude to be equal to the QCD amplitude, the
heavy scalar factor in momentum space must be equal to the inverse of eq. (406a). This will cancel
the extra factor in round brackets in eq. (407).

The double copy at three-points is simply given by a product of amplitudes:

_ _ k3 +k3 ki, +k (ki +k2)u(ky + k)
=0 AH,s=0 __ *MU xv . % 1 2 v v 1 2)u\A1 2)v
A; A3 $ _eq qu(l)v (1 + 47/1/12) (Pv X 2m |:va1/ + U}l m + 4m2

+0(m™3). (409)

As the only massless particle in this process is external, we can easily eliminate the massless non-
graviton degrees of freedom by identifying the outer product of gluon polarization vectors with the
graviton polarization tensor. After doing so, eq. (409) agrees with the three-point amplitude derived
from eq. (438).

As another example, consider the Compton amplitude. The color decomposition for Compton

scattering is

CsNs Cthy Cyhy

Ay = d, " d d,

(410a)
where

cs = THTY, o = if™T,  cu =TTy, (410b)

5We have computed all Compton amplitudes using NRQCD propagators. It is also possible to perform the computations
using HQET propagators: in that case, a comparison to the Compton amplitude for the emission of bi-adjoint scalars from
heavy particles (described by the Lagrangians in eqgs. (430) to (432)) — analogous to the treatment in ref. [280] — is necessary
to identify kinematic numerators. Both methods produce the same results.
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The kinematic numerators for scalar HQET are

H,s=0 __ 2 * KU _xy 1 k% +k% 411
g = —2m¢,€y €g, Uy + a2 v, (411a)
nfs=0 = o, (411b)
nHs=0 — ng{,s:O’quqZ, (411c¢)
where ky = k1 — g1 — g2. Those for scalar QCD are
n§=0 = —4mze;f€;‘;’vyvv, (412a)
ni=0 =0, (412b)
n50 = n5=0), s (412¢)

For brevity we have written the numerators under the conditions k; = g; - €j = €; - €j = 0; the initial
residual momentum can always be set to 0 by reparameterizing v, and such a gauge exists for opposite
helicity gluons. We have checked explicitly up to and including O (m~2) that the following results
hold when relaxing all of these conditions.

Both the HQET and QCD numerators satisfy the color-kinematics duality in the form

Cs —Cy = Ct & Ng— Ny = Ny 413)

We can therefore replace the color factors in the HQET amplitude with the QCD kinematic numerators,

=0,,H,s=0 s=0,,H,s=0 s=0,,H,s=0

_ ni='n ni="n n'n

M4H,S—0 _ s s + t t + u u ) (414)
ds dt du

Identifying once again the outer products of gluon polarization vectors with graviton polarization
tensors, we find that the Compton amplitude derived from eq. (438) agrees with eq. (414).

To summarize, we have explicitly verified that

(QCD,_g) X (HQET,_) = HBET,_g (415)

for three-point and Compton amplitudes.
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11.4 SPIN-1/2 GRAVITATIONAL AMPLITUDES

We now move on to the double copy of spin-1/2 HQET with scalar QCD to obtain spin-1/2 HBET.

The three-point spin-1/2 HQET amplitude is

Ho—l ) ki, k2 —k - it} 1
A3 g —T?juvuve;” (vy + Wﬂ +1 1 i qu — z—n;]uva"‘ﬁuve;” Gallpy — %qaklﬁvy

+0O(m™3) (416)

Double-copying with scalar QCD, we find

Hsf

My’

Hsf

2= ATOAT (417)

where M?'S:% is the amplitude derived from eq. (439).

We turn now to Compton scattering. For brevity we write here the amplitudes in the case k1 =
gi - € = €; - €j = 0. We have checked explicitly that the results hold when these conditions are
relaxed. Also, we have performed the calculation up to O (m~2) but only present the kinematic

numerators up to O (m~'). They are

H,s:l _ v
ny~ 2 = —2mily, v-eglwe

0
7;2 o O'HV(qu qleqz—keqz qzeq1 qzeqf ;]V) Uy, (418a)

Hsf—

ne T =0, (418b)
H, =1 H, =
my” 2 =157 % |ge- (“18¢)

In this case, the color-kinematic duality eq. (413) is violated at O(m_z). Nevertheless, since the
scalar QCD kinematic numerators satisfy the duality we can use them to double copy the spin-1/2

Compton amplitude. Doing so we find

1
=0,,Hs=3 s=0,,Hs5=7 s 0,,Hs=3
Hs=1 ni7"ng ni='n n,
M7= = + (419)
s t u

_1
where MZI’S_Z is the spin-1/2 HBET Compton amplitude derived from eq. (439).
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‘We have seen that
(QCD4—g) x (HQET,_1,7) = HBET;_, (420)

for the three-point and Compton amplitudes.

11.5 SPIN-1 GRAVITATIONAL AMPLITUDES
Gravitational amplitudes with spin-1 matter can be obtained by double-copying two gauge theories
with matter in two ways: spin-0 X spin-1 or spin-1/2 x spin-1/2 [275-277]. This fact also holds for

heavy particles. We now show this in two examples by deriving the spin-1 gravitational three-point

and Compton amplitudes using both double-copy procedures.

11.5.1 0 x 1 Double Copy

The three-point spin-1 HQET amplitude is

— ES * 1
AR = Theleber upon + 5 lup (K1 + Koy — 2070y + 20wl

1
+5 3O —kipda +4udp + apkie) | (421)

where kg = k}f — g". Double-copying with scalar QCD we find

ME=E = A5TOA, (422)

where M?’szl is the amplitude derived from eq. (440) after applying the field redefinition in eq. (441).
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Compton scattering for spin-1 HQET is given by the kinematic numerators

n5=1 = ometPet |4 €50 quﬂaﬁ;—F 2 (et — Naptpy) (€1 qiegt + €5 ghert)

V-2, « x %
— (e ip = i, ﬁ)} ) (423a)
nps=1 =0, (423b)
nis=t = pfs=t o, (423¢)

where, for brevity, we again write the numerators up to O(mfl) and in the case where k1 = €; - €; =

gi - € = 0. We have performed the calculation up to O(m~?) and checked the general case explicitly.

The double copy becomes

=0, Hs=1 s=0, H,s=1 s=0, H,s=1

_ n="'n n:="'n n’=>"n

M= 8 e (424)
ds d; dy

where ./\/lff’szl is derived from eq. (440) after applying the field redefinition in eq. (441).
Thus, we find that

(QCD,_g) X (HQET,_;) = HBET,_4 (425)

for three-point and Compton amplitudes.

11.5.2 % X %Double Copy

The spin-1 gravitational amplitudes can also be obtained by double-copying the spin-1/2 HQET
amplitudes. To do so, we use the on-shell heavy particle effective theory (HPET) variables of ref. [11]
to modify eq. (2.11) of ref. [277] for the case of heavy particles. Using the fact that the on-shell
HPET variables correspond to momenta pé’ = myo! with mass my = m(1 — K%/ 4m2), following the

derivation of ref. [277] leads to

Hixl m H1 "
A _m mkz§KﬁTrAnaP+¢v i £, (426)
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where P = (14 #)/2, K, is the KLT kernel, and a,  represent color orderings. Here A" and
AH are amplitudes with the external states stripped, and A% = —v5(A")T~5. We have also adopted
the convention that only the initial matter momentum is incoming. Converting to the on-shell HPET

variables, it can be easily seen that

1
enu(p) = 5 ﬁmkuzi(p)myué(p), (427)

with I, ] being massive little group indices. Given the WNF for the heavy spinors, the WNF for the
polarization vector can easily be computed by comparing eq. (427) to its canonical polarization vector
analog. We find that it is indeed given by eq. (406c).
Applying eq. (426) to eq. (416) with the three-point KLT kernel K3 = 1, we immediately recover
the left-hand side of eq. (422). For Compton scattering the KLT kernel is
(s — m?)(u — m?)

Ky = : (428)
2q1- g2

Then, applying eq. (426) to the spin-1/2 HQET Compton amplitude with kq,q; - €j,€; - €j # 0
up to and including terms of order O(m~2), we find eq. (424) up to O(m~'). When imposing
ki = qi-€j = €; - €j = 0, cancellations make the double copy valid up to O(m~2). The extension
to higher inverse powers of the mass amounts to simply including the contributions of higher-order
operators in the HQET and HBET amplitudes.

Therefore, by using eq. (426) to convert heavy spinors in amplitudes to heavy polarization vectors,

we have shown that

(HQET,_1,5) X (HQET,_1,) = HBET;—4 (429)

for three-point and Compton amplitudes.

11.6 CONCLUSION

We have shown that the three-point and Compton amplitudes derived from HQET can be double-
copied to those of HBET for spins s < 1. As long as the matter states of HQET and HBET are

related through the double copy, in the sense described in Section 11.2, and as long as higher-point
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amplitudes obey the spectral condition of ref. [279], we see no obstacles to extending the double copy
to higher-point amplitudes.

As mentioned in the introduction, due to the operator expansion of HPETs, the double-copy relation
between HQET and HBET can be studied at each order in the % expansion, with the classical limit

being of special interest. Studying the double copy of HPETSs through this lens may provide some

insight into the connection between the double copy with matter at the quantum and classical levels.

We leave this study for future work.
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APPENDIX

11.A LAGRANGIANS FOR HEAVY PARTICLES

We present Lagrangians for heavy particles coupled to bi-adjoint scalars, gluons, and gravitons. The
heavy-particle Lagrangians were used to derive the scattering amplitudes in the paper. For clarity, we

omit the subscript v for the heavy spin-1 fields.

Bi-adjoint scalars and heavy particles

We couple the bi-adjoint scalars & to heavy particles with spins s < 1. The spin-0 Lagrangian is

- 92 —ys® 92 —ys® 1 0?2 —y®
L3570 o .9 — =L s L s L s )
bi—adjoint (PU 1 om + m ot iv-9 4+ azi;rZSq) m (PU
(430)
The spin-1/2 Lagrangian is
_ — 1
=1/2 . . . .
Loiadjoine = Qo |00+ yp @+ (1) 5o yr® (lal)] Qv @b
The spin-1 Lagrangian is
Lol — _B(iv.9)BF — B B + Y BBl — (ﬂB;) (ﬂB*)
bi—adjoint u Am W om M - m+ %ai +ZA
(432a)
where
] 1 o
o iiﬂ_iﬂ . Y= . 432
Fi < 28 2ma (v a)+2m> (432b)
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The coupling constants between the bi-adjoint scalars and the heavy scalars, fermions, and vectors are

Ys, Y, and Yy, respectively.

Gluons and heavy particles

We couple gluons to heavy particles. The covariant derivative in this case is given by D), = 9, +

igsT”A;’l. The scalar Lagrangian is

D? D? 1 D?
L5080 =¢; liv-D— L4 [ -+ —= : 433
gluon o m 'm o+ iv-D+ % m $o ( )
The spin-1/2 Lagrangian is
L5712 25 lin-D 4 (iD,) —— (iD,)| Q (434)
gluon — <o Y oamtiv-D VR

The spin-1 Lagrangian [281] with gyromagnetic ratio g = 2 can be written as

1 i 2
=1 _ * (2 * g * A p* H
Liuon = — Bj(iv- D)B! — 1, BB 5 FBLB, — (S_BA> I (E1B,) (435a)
where
i 1 igu, F'F
= _DM — B(p.
EL <i2D sz (v-D) £ o . (435b)

The heavy spin-1 states described by this Lagrangian are related to the canonical massive spin-1 states

through
e~ imox 1 ivta
Iz — " v v
AF(x) o [(SV Ty ] BY(x). (436)

To obtain the desired heavy spin-1 states we apply the field redefinition

1 -
B, — [5;+2mz (—ouv- D+ Dy) D"] B, + O(m™3). (437)
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Gravitons and heavy particles

We couple gravitons to heavy particles. The spin-0 Lagrangian is

1
— s=0 — — *
\% gﬁgrawton V =8Py Ar + (AZ*) 2m + i(vl‘vy ¥ VHZ)V) — A (A2+) Po, (438a)

where
1. n 1 oy uv 1 v my g
Ar =5ig" (0u Vo + Vi) + 5m(" =" )ouo, — 5V (8" = 1)V + 1"V 1),
(438Db)

1 . v v . 1 v 1 :
Ans = (imoy, — V) (8% — 1) (—imoy + V1)) = 5 V(Y 1) + 23 [V,

(438c)
with o = #"v, and V, = V), — v,(v”V,). The spin-1/2 Lagrangian is

_ — . ) 1 )
ﬁ_gcfg;alv{fm =/-¢Q,|i¥Y + B+ (i¥Y + B) P_ o (¥ T B)P. (i¥ + B)| Qu, (439a)

where V = 6} 7"V, and
B = (e} —5) i7"V, + my vy). (439b)
The spin-1 Lagrangian can be written as

V=8 L raviton =V/—8 [—%(WBD(%BJ) (8" —n")g" — (8" — ") (" —u""))
+% [(VVBD (UPBU) - (UMBj) (vaa)] (8¢ —8"g"")

Lo o1
B Bueg s — (CUBY) (chﬁ)} ) (4402)
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where

m
CL=——
* 2

(8" = ™)os 5o, [g"g" — g"g] V), <Up S ) S

D =%(vvvgg"“) + ﬁvv (8¢ — "¢V, Vv, (440c)

Note that though the velocity four-vector is constant its covariant derivative does not vanish because
of the metric connection. The heavy spin-1 states described by this Lagrangian are related to the
canonical massive spin-1 states through eq. (436). To obtain the desired heavy spin-1 states we apply

the field redefinition

1
By — |:(5Z + 2 (—ga'BU,XD‘BUV + Dy> gVADA:| B,

+0O(m™3). (441)

Extending this redefinition to higher orders in 1/m is straight-forward.
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ON-SHELL HEAVY PARTICLE EFFECTIVE THEORIES

We introduce on-shell variables for Heavy Particle Effective Theories (HPETs) with the goal of
extending Heavy Black Hole Effective Theory to higher spins and of facilitating its application
to higher post-Minkowskian orders. These variables inherit the separation of spinless and spin-
inclusive effects from the HPET fields, resulting in an explicit spin-multipole expansion of the
three-point amplitude for any spin. By matching amplitudes expressed using the on-shell HPET
variables to those derived from the one-particle effective action, we find that the spin-multipole
expansion of a heavy spin-s particle corresponds exactly to the multipole expansion (up to order
2s) of a Kerr black hole, that is, without needing to take the infinite spin limit. Finally, we show
that tree-level radiative processes with same-helicity bosons emitted from a heavy spin-s particle

exhibit a spin-multipole universality.

12.1 INTRODUCTION

The relationship between quantum scattering amplitudes and classical physics has enjoyed a surge of
attention in recent years, in large part due to the observation of gravitational waves by the LIGO and
Virgo collaborations as of 2015 [189]. Motivating studies in this direction has been the realization
that perturbative techniques from quantum field theory are well suited to the computation of the
complementary post-Newtonian (PN) and post-Minkowskian (PM) expansions of the binary inspiral
problem in General Relativity (GR). Indeed, the effective field theory (EFT) of GR [200, 201]
has been used extensively to compute classical corrections to the gravitational potential [201-206,
209, 222, 282]. Furthermore, effective-field-theoretic methods have been used to develop EFTs for
gravitationally interacting objects whose operator expansions are tailored to computing terms in the
PN approximation [196—199, 283]. In fact, using EFT methods, the entire 4PN spinless conservative

dynamics were derived in refs. [284, 285], and the computation of the SPN spinless conservative
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dynamics was approached in refs. [286, 287]. Including spin, the current state-of-the-art computations
from the PN approach were performed in refs. [288, 289] using the EFT of ref. [283].

On the PM side, it has also recently been shown that quantum scattering amplitudes can be used to
extract fully relativistic information about the classical scattering process [208, 210-214, 220, 223,
290-293]. Moreover, a direct relationship between the scattering amplitude and the scattering angle
has been uncovered in refs. [191, 192, 215, 294].1 All of these developments suggest that the 2 — 2
gravitational scattering amplitude encodes information that is crucial for the understanding of classical
gravitational binary systems, to all loop orders [200, 216].

Various methods exist for identifying the classical component of a scattering amplitude [205,
206, 220, 223]. Towards this same end, Heavy Black Hole Effective Theory (HBET) was recently
formulated by Damgaard and two of the present authors in ref. [6] with the aim of streamlining the
extraction of classical terms from gravitational scattering amplitudes. It was shown there that the
operator expansion of HBET is equivalent to an expansion in 7. Exploiting this fact, the authors were
able to identify which HBET operators can induce classical effects at arbitrary loop order, and the
classical portion of the 2 — 2 amplitude was computed up to one-loop order for spins s < 1/2. These
results were obtained using Lagrangians and Feynman diagram techniques which, while tractable at
the perturbative orders and spins considered, become non-trivial and computationally unwieldy to
extend to higher spins or loop orders. Nevertheless, the separation of classical and quantum effects
and the observed separation of spinless and spin-inclusive effects are desirable features of the EFT
that will prove quite convenient when cast as part of a more user-friendly formalism.

We aim in this paper to present such a formalism that will allow the extension of HBET to higher
spins and to facilitate its application to higher loop orders. A means to do so comes in the formalism
presented in ref. [235]. Spinor-helicity variables were presented there that describe the scattering of
massive matter with arbitrary spin. Based solely on kinematic considerations, these variables were
used to construct the most general three-point amplitude for a massive spin-s particle emitting a
massless boson with a given helicity.? In this most general amplitude, the term that is best behaved in
the UV limit is termed the minimal coupling amplitude. When s < 1/2 it reduces to the three-point
amplitude arising from the relevant Lagrangian that is minimally coupled in the sense of covariantized
derivatives. This terminology is preserved for higher spins; the minimal coupling amplitude for a
general spin-s particle is a tensor product of 2s factors of spin-1/2 minimal coupling amplitudes.

Note that this definition of minimal coupling generally differs from the typical definition from the

'We thank Andrea Cristofoli for bringing earlier work on this relationship to our attention.
ZFor alternative approaches to the application of spinor-helicity variables to massive spinning particles see e.g. refs. [295,
296].
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Lagrangian perspective. Phenomenologically, these minimal coupling amplitudes are those that
produce a gyromagnetic ratio of ¢ = 2 for all spins [209, 297, 298].

This minimal coupling amplitude has proven to be quite useful in the study of classical Kerr black
holes, which have been shown to couple minimally to gravity [206, 208, 209, 211, 224, 299]. Such a
description of Kerr black holes is in fact not immediately exact when using the variables of ref. [235]
due to the difference between the momenta of the initial and final states, leading to an ill-defined
matrix element of the spin-operator. This gap has been overcome using various methods in the above
references. However we will show that expressing the degrees of freedom of HBET in on-shell
variables reduces the discrepancy to a mere choice of the kinematics. The appropriate kinematics can
sometimes be imposed (when a process is described by diagrams with no internal matter lines), but
are always recovered in the classical limit; 7 — 0.

In this paper, we express the asymptotic states of Heavy Particle Effective Theories (HPETSs) —
the collection of effective field theories treating large mass particles — using the massive on-shell
spinor-helicity variables of ref. [235]. An explicit i expansion will arise from these variables, which
makes simple the task of taking classical limits of amplitudes. Such an expression of the asymptotic
states of HPET will also lead to an explicit separation of spinning and spinless effects in the three-point
minimal coupling amplitude. From the lens of the classical gravitational scattering of two spinning
black holes, this results in the finding that the asymptotic states of HPET are naturally identified with
a Kerr black hole with truncated spin-multipole expansion.

Our construction will also allow us to gain insight into this class of effective field theories. We will
derive a conjecture for the three-point amplitude arising from an arbitrary HPET, and posit a form for
this same amplitude for heavy matter of any spin. Then, in the appendices, we comment on the link
between reparameterization invariance of a momentum and its little group, and finally compute the
operator projecting onto a heavy particle of spin s < 2, the derivation of which can be extended to
general spin.

The layout of this paper is as follows. We begin with a very brief review of HPETS in Section 12.2.
Also, we introduce on-shell variables that describe the heavy field. The three-point amplitudes of
HPETs are analyzed in Section 12.3. In particular, we construct the three-point amplitude of HPET
resummed to all orders in the expansion parameter. Furthermore, the construction of ref. [235]
provides a method of extending HPET amplitudes to arbitrary spin. In Section 12.4, we interpret
the on-shell HPET variables as Kerr black holes with truncated spin-multipole expansions, and show
that heavy spin-s particles possess the same spin-multipole expansion as a Kerr black hole, up to
the 2s™ multipole. This is in contrast to previous work [209, 224], which found that minimally

coupled particles possess the same spin multipoles as Kerr black holes only in the infinite spin limit.

170



12 ON-SHELL HEAVY PARTICLE EFFECTIVE THEORIES

Section 12.5 is dedicated to the computation of on-shell amplitudes, and we show the simplicity of

taking the classical limit of an amplitude when it is expressed in on-shell HPET variables. The main

body of the paper is concluded in Section 12.6. Our conventions are summarized in Appendix 12.A.

The question of the uniqueness of the constructed variables is addressed in Appendix 12.B. We then
relate the little group of a momentum p to its invariance under the HPET reparameterization (see
Section 12.2) in Section 12.C. In Appendix 12.D we use spin-s polarization tensors for heavy particles
to explicitly construct propagators and projection operators for heavy particles with spins s < 2. We
then use these results to conjecture the forms of the projection operators for arbitrary spin. Finally,
we describe in Appendix 12.E the forms of the spin-1/2 HPET Lagrangians that must be used to
match to the on-shell minimal coupling amplitudes. We also show there that the three-point amplitude
derived from a Lagrangian for a heavy spin-1 particle is reproduced by the extension of the variables

to arbitrary spin in Section 12.3.

12.2 EFFECTIVE THEORIES WITH HEAVY PARTICLES

When describing a scattering process in which the transfer momentum, g¥, is small compared to the
mass of one of the scattered particles, m, we can exploit the separation of scales by expanding in
the small parameter |q|/m. Heavy Quark Effective Theory (HQET) [217-219] is the effective field
theory that employs this expansion in the context of QCD, with HBET being its gravitational analog.

Central to the separation of scales is the decomposition of the momentum of the heavy particle as

pt = mot + k¥, (442)

where v# is the (approximately constant) four-velocity (v> = 1) of the heavy particle, and k¥ is
a residual momentum that parameterizes the energy of the interaction; it is therefore comparable

in magnitude to the momentum transfer,

kM| ~ |g"|. When decomposed in this way, the on-shell

2

condition, pz = m*, is equivalent to

v k=———. (443)

As was argued in ref. [6], using results from ref. [220], the residual momentum scales with 7 in the
limit 7 — 0. We discuss the counting of 7 in Section 12.5.1.
With some background about the construction and motivation behind HPETSs, we introduce in

this section on-shell variables that describe spin-1/2 HPET states. Then, the transformation of these
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variables under a reparameterization of the momentum eq. (442) is given. We end the section by

defining the spin operator for heavy particles.

12.2.1 On-shell HPET variables

The spinors ul,(p) that describe the particle states of HPET are related to the Dirac spinors u!(p) via
[6]

I+9 K

I I I

=(— = (01— — 444

o) = (57 ) ) = (1 51 ) o) (@44
where [ is an SU(2) little group index, and v* and k* are defined in eq. (442). The operator Py = 1#
is the projection operator that projects on to the heavy particle states. Writing the Dirac spinor in
terms of massive on-shell spinors |p), and |p]*, we define on-shell variables for the HPET spinor

field:
Ipo) ( ¥ > p)
= (11— . (445)

The bold notation for the massive on-shell spinors was introduced in ref. [235], and represents
symmetrization over the little group indices. We refer to the on-shell variables of ref. [235] as the
traditional on-shell variables, and those introduced here as the on-shell HPET variables. The on-shell
HPET variables are labelled by their four-velocity v. We emphasize that the relation between the
traditional and HPET on-shell variables is exact in k/m. See Section 12.A for conventions.

When working with heavy particles, the Dirac equation is replaced by the relation gul = ul,
which can be seen by multiplying the first equation in eq. (444) by ¢. This relates the on-shell HPET

variables in different bases through

0,41P)P = [Po)a, 9*P|po)p = [pol?, (4462)

[Pola0™ = —(polP,  (pol*vyp = —[pols. (446b)
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We associate the momentum p}, with the on-shell HPET spinors, where

0 |Pv>II[Pv’
Po = = myy, (447)
‘Pv]11<Pv‘ 0
and
k2
g = <1 _ W) m. (448)

We see that the momentum pg is proportional to v*, regardless of the residual momentum. The

momentum p}, is related to the momentum p* through

P"'V?} :P+}ﬂp+. (449)

The on-shell HPET variables naturally describe heavy particles in a context with no anti-particles.

To see this, note that the relation between the HPET spinor and the Dirac spinor in eq. (445) can be
inverted [233]

wip) = (1- ") ul(p)

2m
B 1 k-o\ ! I

In the free theory, this corresponds to the relation between the fields in the full and effective theories
once the heavy anti-field has been integrated out by means of its equation of motion. Thus, eq. (444)

is equivalent to integrating out heavy anti-particle states.

12.2.2  Reparameterization

There is an ambiguity in the choice of v and k in the decompositon of the momentum in eq. (442).

The momentum is invariant under reparameterizations of v and k of the forms

(v,k) = (w, k') = <v—|— f:,k—ék) , (451)
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where |6k|/m < 1 and (v + 6k/m)? = 1. Given that observables can only depend on the total
momentum, observables computed in heavy particle effective theories must be invariant under this

reparameterization [231-233]. In particular, the S-matrix is reparameterization invariant.

The on-shell HPET variables transform under the reparameterization of the momentum in eq. (451).

The HPET spinors ul(p) and ul, (p) are related through

ul(p) = L2y

v 2
14 1 Koo\, |
= 1+2m<1+ 5 > (K —k -w)] uy,(p), (452)

where the second line is simply eq. (450) with (v,k) — (w, k). Rewriting this in terms of the on-shell
HPET variables, we find

B K2\ K KoK oK
P = (1= 52) | (17 g+ e ) [Pe) — el 453
B K2\ K KoK 5K
po] = <1 - 4m2> [(1 a2 T 41“2) Pw] — M\Pw)] . (453b)
Similarly,
K2\ K2 oKk oK
(po| = (1 - 47112) [<Pw| (1 T a2 + 4m2> + [Pw|2m] , (453¢)
B K2\ KoKk oK
[po| = <1 - 4mZ> [[Pw| (1 ) + 4mz> + <Pw|2m] . (453d)

The transformed spinors |py) and |py| are related to the traditional on-shell variables via eq. (445),
with the replacement k — k’. This transformation is singular at the point where the new residual
momentum has magnitude squared k"> = 4m?. This pole is ubiquitous when using these variables, and
signals the point where fluctuations of the matter field are energetic enough to allow for pair-creation.
As we have integrated out the anti-particle through eq. (444), such energies are outside the region
of validity of this formalism. In fact, the working assumption of the formalism is that the residual
momentum is small compared to the mass, so one would expect the formalism to lose predictive power

well before this point.
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12.2.3  Spin operator

We identify the spin operator with the Pauli-Lubanski pseudovector,

1
St = —ﬂe’“’“ﬁpv Jups (454)

where J*" is the generator of rotations, p# is the momentum with respect to which the operator is
defined, and m? = p?. For our purposes, it will be convenient to choose p* = pl: this ensures
that, irrespective of the value of the residual momentum, the momentum pﬁf = myo* will always be
orthogonal to the spin operator. Thus, S* is the spin vector of a particle with velocity v# and any value

of residual momentum. With this choice for the reference momentum, the spin-operator is

1
St = —Ee’m‘f’vv Jup- (455)

Its action on irreducible representations of SL(2,C) is

(0")as0™ — vm(c‘f”)”"ﬂ , (456a)
[(5—#)&&,0“!3 _ ZJM(U'H)“B} . (456b)

These two representations of the spin-vector are related via

(SM),F = vaa(SM)" s0PP,  (SM)*5 = 0*(8"),Pog. (457)

On three-particle kinematics, the spin-vector can be written more compactly by introducing the x

factor for a massless momentum g [235],

mx(q| = [q]p1, (458a)

= mx [gq| = (q]p1. (458b)
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Using this, when the initial residual momentum is k = 0, we can re-express the contraction g - S as

(7-9)," = Zla)al, (459)

i x !
(45 =~ lallal. (459b)

For general initial residual momentum, we find an additional term:

1 1
wsuﬁ:4(wwxm+mmﬂf), (460a)

A T
(0-5)% = =3 (2 Yallal + ka1 (460b)

Note that eq. (460) reduces to eq. (459) when k = 0.

When choosing the reference momentum to be pﬁf , we can identify the spin-vector with the classical
spin-vector of a Kerr black-hole with classical momentum pj, . = mﬂkpﬁf . This is because the Lorentz
generator in eq. (454) can be replaced with the black hole spin-tensor S*¥ = | ﬁv which satisfies the

condition [283, 300]

PerrSuv = 0, (461)

known as the spin supplementary condition.

In ref. [6], the spin vector was defined as

—_

S = Sa(p2) 157" tta(p1), (462)
and it was found that this spin vector satisfied the relation
iy (p2)otuy(p1) = —26”"“/50“505. (463)
We can therefore relate these two definitions of the spin vector:
Sh = 11, (p2) S"uu(p1) = —2(25|S"|10) = 2[25|S"|1s). (464)

Thus the two definitions are consistent, with one being the one-particle matrix element of the other.
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12.3 THREE-POINT AMPLITUDE

We study in this section the on-shell three-point amplitudes of HPET. The main goal here will be to
express the most general three-point on-shell amplitude for two massive particles (mass #1, spin s)
and one massless boson (helicity /) in terms of on-shell HPET variables. Focusing on the minimal
coupling portion of such an expression, we will be left with a resummed form of the HPET three-point
amplitude, valid for any spin. Moreover, we will find that a certain choice of the residual momentum
results in the exponentiation of the minimally coupled three-point amplitude.

In the traditional on-shell variables, the most general three-point amplitude for two massive particles

of mass m and spin s, and one massless particle with momentum g and helicity £ is [235]

MHls — (_1)Zs+hﬂ [g0<21>25 + ¢ <21>251x<2q7il<q1> ot g0 (x<2‘7> <q1>)2S] , (465)

mZS m2S

—|h] —1 -1 2 1 2s

. pX M 5 —1x [24q][41] L (7 [24][q1]

M = (—1) p_—r [g0[21]25 + & [21)% 17 +---+ ng(mzs) . (466)
The overall sign differs from the expression in ref. [235], due to our convention that p; is incoming.
The positive helicity amplitude is expressed in the chiral basis, and the negative helicity amplitude in
the anti-chiral basis. The minimal coupling portion of this is the amplitude with all couplings except

go and gp set to zero:

aald
M = (—1)2 8 2, (467)
-
_ X
Moy = (=) ], (468)

Thus we see that expressing this in terms of on-shell HPET variables requires that we convert the
spinor products (21), x(2q)(q1) (and their anti-chiral basis counterparts) to the on-shell HQET
variables.

In the remainder of this section we take p} = mo* + k! incoming, and g* and p5 = mo# + kb
outgoing. With this choice of kinematics, the initial and final residual momenta are related by
kg = kil — g". We can relate a spinor with incoming momentum to the spinor with outgoing
momentum using analytical continuation, eq. (551). Also, the x factor picks up a negative sign when

the directions of p; or g are flipped, x — —x.
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12.3.1 General residual momentum

We start by converting the s = 1/2 amplitude to on-shell HPET variables. Inverting eq. (445) and

simply taking the appropriate spinor products, we can relate the traditional and HPET spinor products:

2 m -1
(21) = m;”mk [n’j<zvlv> + ﬁ[zvqmm + gl | (4692)
2
@4y = g ({20} 410 + X1 (200) [10] + x 7 (20} (g10) + x2[20q] 1] ) - (469D)

Similarly, the spinor products in the anti-chiral basis become

2 'm
1) = o | ) g e 1) + o (2e0) (1) @00)
2
2a1la1] = ¢ == (2odl 7] + x[209]1{g10) + 2(200) [g10] + x*(209) (q1o)) . (470b)

By substituting egs. (469) and (470) in egs. (467) and (468) for s = 1/2, the minimally coupled

amplitudes for positive and negative helicity become

—1 m 1 -1
MR = (1) hgorl I [0 o10) 1) + el @71

m my 1 X

2]+ g (anll] ¢  Gan L) @)
One can expand the my, in powers of |k|/m, which is the characteristic expansion of HPETs. These
three-point amplitudes therefore provide a conjecture for the resummed spin-1/2 HPET amplitude.
Comparing the expansions of eq. (471) with that computed directly from the spin-1/2 HPET La-
grangians, we have confirmed that they agree at least up to O(m_z) for HQET, and O(m~!) for

HBET.? Some subtleties of the matching to the Lagrangian calculation are discussed in Section 12.E.

3Note that the power counting of the HBET operators starts one power of m higher than HQET, at O(m). Thus both of
these checks account for the operators up to and including NNLO.
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The spin-dependence of these amplitudes can be made explicit by using the on-shell form of g - S

in eq. (460):

Hhls=3 _ _q\1+hy, BT _pkikap S

MHPET,mm ( 1) gox mkzmkl <2'U’ 1 4m2 + m ’10>’ (4723)
—|n|s=1 - m pK1K27 )

MHILE|TS,m§1 = (=1)"gox ! M, M, 2| [1 a 4171122 B qm L] (472b)

Written in this way, it is immediately apparent how the k1 = 0 parameterization can be obtained from

the general case. We turn now to this scenario.

12.3.2  Zero initial residual momentum

We now consider the parameterization where ki = 0 and k, = —g# With zero initial residual

momentum, we can switch between the chiral and anti-chiral bases using eq. (446):

(2,1,) = —[201,], (473a)

(209) (q10) = x*[204] [q1). (473b)

Recognizing eqs. (473a) and (473b) as directly relating spinless effects and the spin-vector respectively
in different bases, we see that, for this parameterization, spin effects are never obscured by working
in any particular basis. This is in contrast to the traditional on-shell variables, where the analog to
eq. (473a) includes a spin term, thus hiding or exposing spin dependence when working in a certain
basis. Thus we have gained a basis-independent interpretation of spinless and spin-inclusive terms.
Either setting k1 = 0 in eq. (472), or applying eqs. (473a) and (473b) to egs. (469) and (470), the

minimally coupled three-point amplitude with zero residual momentum is obtained:

h ,S:l x‘h‘ X
M = (D EE— [02,1,) + = (2,)(q1.)] (474a)

—|h ,S:l o x_|h| x_l
Mgt = (—1)"E2— [[zvlv] + 2 (2] [qlv]} , (474b)

Note the negative signs which come from treating p; as incoming.
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Three-point kinematics are restrictive enough when k; = 0 that we can derive the three-point
amplitude in eq. (474) in an entirely different fashion. The full three-point amplitude for a heavy

spin-1/2 particle coupled to a photon can be written as*

A(=12,2,4") = f(m, v, q)evuey™ o (p2)uo(p1) + g(m, v, 0)eq el iio(p2) oviio(p1).  (475)

The negative in the argument of the amplitude signifies an incoming momentum. The three-point
operators in the HQET Lagrangian, as well as any non-minimal couplings, modify the functions f and
g, but there are no other spinor structures that can arise. We therefore have two spinor contractions in
terms of which we would like to express the spinor brackets of interest. We proceed by writing the
two contractions in terms of the traditional on-shell variables, and equating this to the contractions

expressed in terms of the on-shell HPET variables. Working with, say, a positive helicity photon, this

yields
oues M io(p2)uo(pr) = —V2¥(201) =~ (= 2y () +2(21)), @760
V2 \ m
iy (p2)0yuttn (P1)q"e7 " = V2ix%(200) (7o) = V2ix* (24) (q1). (476b)

Solving for the traditional spinor products, we find

(21) = (2,10) + ﬁ(%q) (910), (477a)
(29)(q1) = (209){915). (477b)
Similarly,
21] = 23] + 5 2eg] 0], @rsa)
[29][71] = [209][91]. (478b)

Note that eqs. (477) and (478) decompose the spinor brackets into spinless and spin-inclusive terms.

Applying eq. (473), it is easy to check that this separation of different spin multipoles is independent

of the basis used to express the traditional spinor brackets.

4We use A to denote a Yang-Mills amplitude.
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With eqgs. (476a) and (476b), we can rewrite eq. (475) as

A(=12,25, %) = Vaxe (— f(m,0,9)(210) + 8(m,0,9)ix(2,0)(q10)) . (479)

The three-point amplitude in QED — with interaction term Liy = e A — for a positive helicity

photon is

Aqen(—12,22,47) = eit(p2) yuu(pr)e; "

= V2ex(21), (480)

where in the first line we use Dirac spinors instead of HQET spinors. Substituting eq. (477a) into the

above equation gives

Agep(—12,22,47) = V/2ex (<zv1v> + %(20[1)([112,)) . (481)

As abelian HQET is an effective theory derived from QED, it must reproduce the on-shell QED
amplitudes when all operators are accounted for. This means that eqs. (479) and (481) are equal, so

we can solve for the functions f and g:

f(m,v,q) =1, (482a)

i
g(m,v,q) = 5. (482b)
As a consequence of eqs. (482a) and (482b), we conclude that only the leading spin and leading
spinless three-point operators of HQET are non-vanishing on-shell when k1 = 0. Indeed, in this case
the transfer momentum g* is the only parameter that can appear in the HQET operator expansion.
In the three-point amplitude, it can only appear in the scalar combinations qz = (0 by on-shellness
of the photon, v - g ~ qz = 0 by on-shellness of the quarks, or g - €(q) = 0 by transversality of the

polarization.

181



12 ON-SHELL HEAVY PARTICLE EFFECTIVE THEORIES

To sum up, we list the three-point amplitude for two equal mass spin-1/2 particles and an outgoing

photon for both helicities, and in both the chiral and anti-chiral bases:’

-1

AtLs=3 — V2ex <<zvlv> n zx (20) (g1 >) —V2ex ([ o] — %[qu] [qlv]) , (483a)
1 X x!
A1 = \/2ex ! (<2y10> - %@vq)wlv)) = —Vaex'! ([Zvlv] T 2 224 [”71”0 '

(483b)

s0go = %o = v/2em. When a graviton is emitted instead of a photon, we simply make the replacement

e— — % and square the overall factors of x.

We can obtain the amplitude with general initial residual momentum by reparameterizing the states

by means of eq. (453).

12.3.3  Most general three-point amplitude

Recall the most general three-point amplitude for two massive particles of spin s and mass m and a

massless boson with helicity % in the chiral basis, eq. (465):
|h| 2s
l, 254n X 2 25-1%(24) (q1) (x(29)(q1))
M — (1 [go<21> g RN g I (a8

When expressing eq. (465) in terms of the on-shell HPET variables, setting the initial residual

momentum to zero, and applying the binomial expansion, we find that

|| k k 26 — i
+lhls _ 25+h X 25—k (X H _ §—1
Mz = (=17 mZS):gskZlV (5 (2o (1)), gs,k—ggi<2s_k>-
(485a)
We can express this in the anti-chiral basis using eq. (473):
s xl 1)k sk (X7 ¢
M = ng 2oL <2m[zvq] [qlv]) : (485b)

5We abbreviate the arguments of the amplitude here, but still use p1 incoming.
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The k™ spin-multipole can be isolated by choosing the k™ term in the sum. There are 2s + 1
combinations of the spinor brackets in this sum, consistent with the fact that a spin s particle can only
probe up to the 2s™ spin order term of the spin-multipole expansion. Note also that the coefficient of
the spin monopole term is always equal to its value for minimal coupling, making the monopole term
universal in any theory.®

The minimal coupling amplitudes are those in eqgs. (467) and (468), which correspond to setting
gi~0 = 0. Translating to the on-shell HPET variables, minimal coupling in eqgs. (485a) and (485b)
corresponds to ggk = Q0 (st ).

We can write the analogous expressions to egs. (485a) and (485b) for a negative helicity massless

particle. Expressing eq. (466) using eqs. (478a) and (478b),

x— Il

inls 2s —1 k k 2s
M = (1) 3 e (G el ) = (5 ) s

1

Converting to the chiral basis,

x—|h| 2s

sH (1 \2s5+h+k 25k (X k
k;)gs,k( 1) (2,1y) (2m<zvq><qlv>) : (486b)

_‘h‘/s
M =

st

Minimal coupling in this case corresponds to §i~o = 0, and thus g, = g”o(zks).

12.3.4  Infinite spin limit

Various methods have been used to show that the minimal coupling three-point amplitude in traditional
on-shell variables exponentiates in the infinite spin limit [208, 211, 299]. All of them require a slight
manipulation of the minimal coupling to do so, with refs. [208, 211] employing a change of basis
between the chiral and anti-chiral bases, ref. [208] applying a generalized expectation value, and
refs. [211, 299] using a Lorentz boost — analogous to the gauge-fixing of the spin operator in ref. [283]
— to rewrite the minimal coupling amplitude. As the on-shell HPET variables inherently make the
spin-dependence of the minimal coupling manifest, the exponentiation of the three-point amplitude is

immediate.

OThis is consistent with the reparameterization invariance of HQET, which fixes the Wilson coefficients of the spinless
operators in the HQET Lagrangian up to order 1/m [231]. As argued above, when the initial residual momentum is set to 0,
these are the only operators contributing to the spin monopole.
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Consider the minimal coupling three-point amplitude for two massive spin s particles and one

massless particle:

s X k
MFIHLs — (_1)25+hg0x|h| <20|25 22 (25)! (%’[w <q‘) |lv>25. (487)

m?s = (25 —k)! k!

The quantity in the sum is the rescaled spin-operator g - S/m for a spin s particle, raised to the power

of k and divided by k! [209],

(E/mS)" = (25;2_5);1)' <ﬁ|¢7><€l!>n, (488)

where we have suppressed the spinor indices. The amplitude is therefore

k
5
pald 25 %
MRS — (_1)25+hg0 <2v|25 Z ( )

_r o 11,)2%. (489)

k=0

We identify the sum with an exponential, with the understanding that the series truncates at the 2s™®

term for a spin 2s particle:

i
M+|h|,s — (_1)25+hgfnx25 <20‘256q~5/m’1v>25. (490)

Taking the infinite spin limit, the exponential is exact as its Taylor series does not truncate. We treat

the exponential as a number in this limit and remove it from between the spinors [211]:

i
lim M = fim (—1)2 182 _or5/m 3,1,y (491)

S—00 5—00 m

Note that since the initial residual momentum is 0, both spinors are associated with the same momen-

tum. Then, using the on-shell conditions for these variables,’

lim MFs = (—1)gqxlhledS/m, (492)

S—00

This amplitude immediately agrees with the three-point amplitude in refs. [208, 211]: it is the scalar

three-point amplitude multiplied by an exponential containing the classical spin-multipole moments.

"The validity of using the on-shell conditions can be checked explicitly by rewriting the bracket in terms of traditional
on-shell variables, then boosting one of the momenta into the other as in ref. [299].
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Also notable is that the generalized expectation value (GEV) of ref. [208] or the Lorentz boosts of
refs. [211, 299] are not necessary here to interpret the spin dependence classically.
For the emission of a negative helicity boson, the n" power of the spin-operator projected along the

direction of the boson’s momentum is

(12) = 2 (“5aa) .

Starting with eq. (486a), the three-point amplitude exponentiates as

—|hls hgoxi‘h‘ 2s ,,—q-S/m 2s
M = ()P (2] e 1], (494)

with the exponential being truncated at the 2s™ term. Taking the infinite spin limit, we find

5 Il
lim M = Tim (<1)"8% =05/ mp,1,]2, (495)

5—00 5—00 m=s

Applying the on-shell conditions for these variables, we get

lim M~ = (1) goxltle=a:5/m, (496)
§— 00
Once again we find the scalar three-point amplitude multiplied by an exponential containing the
classical spin dependence.
That the exponentials in this section are functions of g - S instead of 24 - S, as is the case when the
traditional on-shell variables are naively exponentiated — that is, without normalizing by the GEV, or
Lorentz boosting one of the spinors — is significant. We discuss the implications of this in the next

section.

12.4 KERR BLACK HOLES AS HEAVY PARTICLES

In this section, we apply the on-shell HPET variables to the classical gravitational scattering of two
spinning black holes. We show that, with the correct momentum parameterization, a heavy spin-s
particle minimally coupled to gravity possesses precisely the same spin-multipole expansion as a Kerr

black hole, up to the order 2s multipole. The reason for this is that on-shell HPET variables for a
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given velocity v#, residual momentum k¥, and mass m always correspond to momenta 0¥, where
my is defined in eq. (448).

We begin with a brief review of the effective field theory for spinning gravitating bodies. The
action of a particle interacting with gravitational radiation of wavelength much larger than its spatial
extent (approximately a point particle) was formulated in ref. [196]. The generalization to the case
of spinning particles was first approached in ref. [197]. The effective action formulated in ref. [283]

takes the form

1
S = /dU'{—WI\/;— ESVVQW/ + LSI[MV/ S‘uv/g‘uv(xy)]} s (497)

where ¢ parameterizes the wordline of the particle, u¥ = % is the coordinate velocity, S,y is the

spin operator, ()*" is the angular velocity, and Lgy contains higher spin-multipoles that are dependent
on the inner structure of the particle through non-minimal couplings.

The first two terms in eq. (497) are the spin monopole and dipole terms, and are universal for
spinning bodies with any internal configuration. We assign to them respectively the coefficients
Cgo = Cq1 = 1. From an amplitudes perspective, the universality of the spin-monopole coefficient
can be seen from the on-shell HPET variables since the coefficient of the spin-monopole term in
egs. (485a) and (486a) is always equal to its minimal coupling value. The universality of the spin-
dipole coefficient was argued in refs. [209, 224] from general covariance, and by requiring the correct

factorization of the Compton scattering amplitude. Explicitly, the higher spin-multipole terms Lg; are

Ly = i (V" Con v p Eumgugn  gm
=1 (21’1)! mn—1"Hm M3 \/;
- (=D)" Coun By pa
D D P2 g H2 V2n+1. 4 8
+ Z (2n+1)| mZn Hont1 U3 \/ﬁs S S ( 9 )

See ref. [283] for the derivation and formulation of this action. The Wilson coefficients Cgx contain
the information about the internal structure of the object, with a Kerr black hole being described by
C?,f“ =1 for all k.

The three-point amplitude derived from this action was expressed in traditional spinor-helicity
variables in refs. [209, 224], where it was shown that the spin-multipole expansion is necessarily
truncated at order 2s when the polarization tensors of spin s particles are used. By matching this
three-point amplitude with the most general form of a three-point amplitude, it was found there that in

the case of minimal coupling one obtains the Wilson coefficients of a Kerr black hole in the infinite
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spin limit. Following their derivation, but using on-shell HPET variables instead, we find (with all

momenta incoming)

2 a b
sy K s soa [ (2-0){q10) sb [ —1[2-09]1q10]
M = N 2 Csu+bna,b<2—vlv> ( X m [2—1;1'0] X m ’

06

As in refs. [209, 224], we refer to this representation of the amplitude in a form symmetric in the

s
na,b

chiral and anti-chiral bases as the polarization basis. Flipping the directions of p; and g (to allow us

to directly compare with eq. (485a)), then converting the polarization basis to the chiral basis:

x2 Km o X ﬂ+b
M= T Y e g 2 (g (1) 00
a+b<2s

Comparing with eq. (485a), we obtain a one-to-one relation between the coupling constants of both

expansions:
H Km ‘ S
gt = - Cs Y i (501)
j=0

Such a one-to-one relation is consistent with the interpretation of eq. (485a) as being a spin-multipole
expansion. Focusing on the minimal coupling case, we set g;~o = 0, which means g;{k = gg(zks).
Normalizing go = xm /2, the coefficients of the one-particle effective action for finite spin take the

form

1

PO -

The final equality is the Chu-Vandermonde identity, valid for all k. This suggests that the minimal
coupling expressed in the on-shell HPET variables produces precisely the multipole moments of a
Kerr black hole, even before taking the infinite spin limit.

Using the same matching technique, refs. [209, 224] showed that, when using traditional on-
shell variables, the minimal coupling three-point amplitude for finite spin s corresponded to Wilson
coefficients that deviated from those of a Kerr black hole by terms of order O(1/s). Why is it then
that the polarization tensors of finite spin HPET possess the same spin-multipole expansion as a Kerr

black hole? Analyzing the matching performed in refs. [209, 224], the s dependence there arises
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from the conversion of the polarization basis to the chiral basis. The reason for this is that new spin
contributions arise from this conversion since the chiral and anti-chiral bases are mixed by two times

the spin-operator:

(12) = ~[12] + __[1q]{g2], (503)
[12] = —(12) + %(1q><q2>. (503b)

The second terms on the right hand sides of these equations encode spin effects, while the first terms
were interpreted to be purely spinless. However, the left hand sides of these equations contradict the
latter interpretation; the spinor brackets (12) and [12] themselves contain spin effects. This is the
origin of the observed deviation from Cgke“: eq. (503), while exposing some spin-dependence, does
not entirely separate the spinless and spin-inclusive effects encoded in the traditional minimal coupling
amplitude. The result is the matching of an exact spin-multipole expansion on the one-particle effective
action side, to a rough separation of different spin-multipoles on the amplitude side.

A similar mismatch to Kerr black holes was seen in ref. [211], where the minimal coupling

amplitude was shown to produce the spin dependence®

(21) = —[2[e*15/™|1], (504)

where S¥ is the Pauli-Lubanski pseudovector defined with respect to p;. Expanding the exponential
and noting that the series terminates after the spin-dipole term in this case, it’s easy to see the
equivalence between this and eq. (503). The spin-dependence here differs from that of a Kerr black
hole by a factor of two in the exponential [208, 301]. Motivated by arguments in ref. [283], an exact
match to the Kerr black hole spin multipole expansion was obtained in ref. [211] by noting that
additional spin contributions are hidden in the fact that the polarization vectors [2| and |1] represent
different momenta. Writing [2| as a Lorentz boost of [1|, the true spin-dependence of the minimal

coupling bracket was manifested:

(21) ~ —[1]e7*/" 1], (505)

up to an operator acting on the little group index of [1|. The spin-dependence here matches that of

a Kerr black hole, and also matches what has been made explicit in Section 12.3.4. Using a similar

8Ref. [211] worked exclusively with integer spin. However the only adaptation that must be made to the results therein
when working with half integer spins is the inclusion of a factor of (—1)25 = -1

188



12 ON-SHELL HEAVY PARTICLE EFFECTIVE THEORIES

Lorentz boost, the authors of ref. [299] also showed that the minimal coupling bracket indeed contains
the spin-dependence of a Kerr black hole. We see that in the absence of a momentum mismatch
between the polarization states used, the full spin-dependence is manifest, and the multipole expansion
of a finite spin s particle corresponds exactly to that of a Kerr black hole up to 2s™ order.

This mismatch of momenta is avoided entirely when using on-shell HPET variables. Recall that in

general the momentum p,, represented by on-shell HPET variables is

ph = myot. (506)
Working in the case where the initial residual momentum is zero, as in the rest of this section, this
reduces to simply muv,, for the case of p, 1. For p,», where po = p; — q and g is the null transfer

momentum,

2
P — <1 - fmz> o = mot (507)

Consequently, although the initial and final momenta of the massive particle differ by g, the degrees
of freedom are arranged in such a way that the external states |1,) and |2,) are associated with the
same momentum. This explains why we have recovered precisely the Wilson coefficients of a Kerr
black hole. We identify this common momentum with that of the Kerr black hole pﬁm = mokt.
From the point of view of spinor products, eq. (473) shows that on-shell HPET variables provide
an unambiguous and basis-independent interpretation of spinless and spin-inclusive spinor brackets.
Thus, the entire spin dependence of the minimal coupling amplitude is automatically made explicit,
and is isolated from spinless terms.

In the case of k1 # 0, the three-term structure of the minimal coupling amplitude spoils its
exponentiation. The matching to the Kerr black hole spin-multipole moments is therefore obscured,
but is recovered in the reparameterization where ki is set to 0. This mismatching of the spin-multipole
moments can be attributed to the fact that the polarization tensors for the initial and final states no
longer correspond to the same momentum, since generally my, # My, .

A similar matching analysis has recently been performed in ref. [302] for the case of Kerr-Newman
black holes. It was also found there that minimal coupling to electromagnetism reproduces the
classical spin multipoles of a Kerr-Newman black hole in the infinite spin limit, when the matching
is performed using traditional on-shell variables. Repeating their analysis, but using on-shell HPET
variables instead, we find again that the classical multipoles are reproduced exaclty, even for finite

spin.
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12.5 ON-SHELL AMPLITUDES

In this section, we compute electromagnetic and gravitational amplitudes for the scattering of mini-
mally coupled spin-s particles in on-shell HPET variables using eqs. (469), (470), (477) and (478).
Our goal in this section is two-fold: first, we will show how spin effects remain separated from
spinless effects, at the order considered in this work, when using on-shell HPET variables. Second,
we will exploit the explicit # dependence of egs. (469) and (470) to isolate the classical portions of the
computed amplitudes. Given that the momenta of the on-shell HPET variables always reduce to the
momentum of a Kerr black hole in the classical limit, we expect to recover the spin-multipoles of a
Kerr black hole in this limit. We show that, at tree-level, the spin dependence of the leading % portions
factorizes into a product of the classical spin-dependence at three-points. This is simply a consequence
of factorization for boson exchange amplitudes (a result that has already been noted in ref. [211]).
For same-helicity tree-level radiation processes this results from a spin-multipole universality that
we will uncover, and for the opposite helicity Compton amplitude there will be an additional factor

accounting for its non-uniqueness at higher spins.’

12.5.1 Counting h

Given that we will be interested in isolating classical effects, we summarize here the rules for restoring
the 7 dependence in the amplitude [220], and adapt these rules to the on-shell variables.

Powers of i are restored in such a way so as to preserve the dimensionality of amplitudes and
coupling constants. To do so, the coupling constants of electromagnetism and gravity are rescaled
ase — e/vVhand x — x/Vh. Furthermore, when taking the classical limit # — 0 of momenta,
massive momenta and masses are to be kept constant, whereas massless momenta vanish in this limit
— for a massless momentum g, it is the associated wave number § = g/ that is kept constant in
the classical limit. Thus each massless momentum in amplitudes is associated with one power of .
Translating this to on-shell variables, we assign a power of 1" to each |q), and a power of A% to

each |g].!° Momenta that are treated with the massless 7 scaling are
* photon and graviton momenta, whether they correspond to external or virtual particles;

* loop momenta, which can always be assigned to an internal massless boson;

9We contrast the factorization for radiation processes here with that in ref. [208] by noting that the entire quantum
amplitude was factorized there, whereas we show that the factorization holds also for the leading 7 contribution.

10The value of & can be determined by fixing the # scaling of massless polarization tensors for each helicity. Requiring
that the dimensions of polarization vectors remain unchanged when 7 is restored results in the democratic choice &« = 1/2.
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 residual momenta [6].

Finally, we come to the case of spin-inclusive terms. When taking the classical limit 7 — 0, we
simultaneously take the limit s — oo where s is the magnitude of the spin. These limits are to be
taken in such a way so as to keep the combination 7s constant. This means that for every power of
spin in a term, there is one factor of 7z that we can neglect when taking the classical limit. Effectively,
we can simply scale all powers of spin with one inverse power of i, and understand that 7 is to be
taken to 0 wherever it appears in the amplitude.

As in ref. [6], we identify the components of an amplitude contributing classically to the interaction

potential as those with the 7 scaling

M ~h3, (508)

Terms with more positive powers of 7 contribute quantum mechanically to the interaction potential.

Also, we use M¢! to denote the leading 7 portion of an amplitude.

12.5.2 Boson exchange

We begin with the tree-level amplitudes for photon/graviton!! exchange between two massive spinning
particles. We consider first spin-1/2 — spin-1/2 scattering, to show that the spin-multipole expansion
remains explicit in these variables at four points. The classical part of the amplitude can be computed
by factorizing it into two three-point amplitudes. To simplify the calculation, we are free to set the

initial residual momentum of each massive leg to 0, so we will need only eqs. (477) and (478). Letting

we will denote an amplitude involving photons by A, and one involving gravitons by M.
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particle a have mass m, and incoming/outgoing momenta p1/p, and particle b have mass m; and

incoming/outgoing momenta ps/p4, we find for an exchanged photon

: 303 a1 gl . hooal 1
1~Atree(_1a/2a1_3bz4b) = Z tree —q )?-Atree(q 1_32142)
h

162

= _qiz [4w<20a 1va> <4vb3vb>

2
mp

2
+m7 V CUZ -1 xa<2-0aq>
a

1 (20,10, ) x5 (40,9) (930,)

(710, ) (40,30,)

Xa(20,9) (910, ) X0 {40,9) (430, | , (509)

Mgty

where w = pq - p3/mamy, = (xax;1 +x,1%)/2, v, = p1/mg, vy, = p3/my, and negative

momenta are incoming. The x variables are defined as

_ lmle) 1 lpld]
= ge T melad] (5102
_lalpslg) -1 {4lpal€]
= mlae) T mylgl] (100

The negative sign in the definitions of x, and x !

account for the fact that the massless boson is

incoming to particle a.

The gravitational amplitude is computed analogously:

_ 1111 imamyx>
iMuyee(—12,22,—37,42) = _ZT; [4 (20* = 1) (20,10,) (40,30,)
4w
- wz - 1 xa <20aq> <qlva> <4vh3'{)b>

a

4w
+m7bm (20,10,) x5 (40,4) (430,

_ wxa (20,0) (910, ) X5 (40,9) (430,)

(511)
mgmy

Both amplitudes agree with known results [6, 203, 221]. Furthermore, the amplitudes as written
are composed of terms which each individually correspond to a single order in the spin-multipole
expansion. All terms in these amplitudes scale as 13, so these amplitudes are classical in the sense

mentioned in the previous section.
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Using the exponential forms of the three-point amplitudes in Section 12.3.4, we can write down
the boson-exchange amplitudes in the infinite spin case. We find the same result in the gravitational
case as ref. [211]. However we have obtained this result immediately simply by gluing together the
three-point amplitudes; we had no need to boost the external states such they represent the same

momentum. Omitting the momentum arguments, the amplitudes are

2
lim A = —2;2 Y (w+Vw?—1)exp [j:q : (S“ + Sb)] , (512a)
+

Sq,8p—>00 My my
i 505 szamb \/27 2 Sa Sp
Smslbrgw/\/ttree =4y ;(wi w?—1)*exp |£q- E+% : (512b)

The gravitational result corresponds to the first post-Minkowskian (1PM) order amplitude.

12.5.3 Compton scattering

Our focus shifts now to the electromagnetic and gravitational Compton amplitudes. These com-
putations will enable the exploitation of the explicit # and spin-multipole expansions to relate the
classical limit # — 0 and the classical spin-multipole expansion. Concretely, we will show that the
spin-multipole expansion of the leading-in-7 terms factorizes into a product of factors of the classical
spin-dependence at three-points.

First, consider the spin-s electromagnetic Compton amplitude with two opposite helicity photons,
A(—15,25,q3_ l,qzl). To simplify calculations, we can set the initial residual momentum to 0,
so that p’f = mo". Note that it is impossible to set both initial and final residual momenta to 0
simultaneously, so we will need eqs. (469) and (470). We perform the computation by means of

Britto-Cachazo-Feng-Witten (BCFW) recursion [303, 304], using the [3, 4)-shift

4) = [4) —z|3), |3] = (3] +z[4]. (513a)

Under this shift, two factorization channels contribute to this amplitude:

s ns — A(_ls/ Ail/ps A 2%, A+1/ _1’55
A(=15,25,g50, g7 = d5, Pi3) A(2%, 4, 13)

(3]p113] P2, —m?
AT R)AR, 45, Py (514)
(4[p14] P2, =m?
14
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This shift avoids boundary terms for s < 1 as z — co. When expressing the factorization channels
in terms of on-shell HPET variables, there is a question about whether new boundary terms arise
relative to the traditional on-shell variables for z — oo, as would generally be expected because of
higher-dimensional operators present in EFTs. This is not the case here, since eq. (450) shows that
the definition of the on-shell HPET variables accounts for the contributions from all higher order
HPET operators. Another way to see this is that, since the relation between the traditional and on-shell
HPET variables is exact, an amplitude must always have the same large z scaling for any shift when
expressed using the on-shell HPET variables as when expressed with the traditional on-shell variables.
Consider for example the spinor contraction part of the P;3 factorization channel. In the traditional

variables, this is

(2P13) 11 [Py31], (515)

which scales as z when z — oo. In the on-shell HPET variables:

m

m

1 ] 1 A
2,P 2,4](4P —[2,4][4P Pl -
Mgsas << v 13v>1+4 [2.4]( 130>I+4m£4[ o4[ 13v]1>< 130] (

|3><3|> 10)-

a1
2mx3

(516)

Choosing appropriate reference vectors for £; ' and £4 (|4] and |3) respectively), we recover the
unshifted x5 1 and x4. Thus this also scales as z when z — oo. All other factors involved in the
factorization channel are common to both sets of variables.

Adding the P;3 and Py4 factorization channels, we find the spin-s Compton amplitude

. —2s
A(=1,2°,05%,017) = (D2 A(-1%,2% 457, g1 ) 4l f3) 7> (1- 23

2s
X ((317,)[420] — (32,)[41,] + [;:1]<203><31v> - f:j[zvzl] [414) ,
2 2
A(-1%,2% g5, 1) = - <4f pﬂf <13"3;1,3], (517)
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which is in agreement with the result in ref. [209] for QED when the massive spinors are replaced

with on-shell HPET spinors. In the gravitational case, we find

. —2s
M(=1,2,45%,01%) = (1) M(=1°,2°, 452, ) [4lp13) > (1 - B2
)

2m?2
X <<31v>[4zz,] — (32,) [41,] + [;31]<203><31v> - <234

2s
7 [2v4] [4111] ) ’

K2 [4]pa[3)*

M _10’20, —2’ +2y _ .
( 95°45") 843 - 94 (4[p1|4](3|p1/3]

(518)

Note the appearance of spurious poles for s > 1 in the electromagnetic case, and for s > 2 in the
gravitational case, consistent with the necessarily composite nature of higher spin particles [235].
Spin effects are isolated in the last two terms in parentheses. This can be seen in two ways. The

first is to rewrite these last two terms in the language of ref. [208]:

s s B _1 2s _ 3 . —2s
M(_l /2 /‘13 2/ ‘14+2) = ( mZZ M(_lo' 20/[73 2’ qiz) (1 B q2m24>
2s
1 .5]3,;{8;]/]”]/ 1. q4,ﬂ‘c’j1—1/]yv 2
) 2s | I s S = 1 S, 519
X (2] <+21 — +5i7 —— ¢ 1) (519)

Alternatively, as is more convenient for our purposes, the factorization into classical three-point

amplitudes can be made more visible by application of the Schouten identity to these terms:

-1 2s
M(=1,2°,q5%,4%) = ( mzi M(=1%2% 45%,4%) (M1 + N2)%, (520a)
where
Ny = (2, ]I+(‘74_‘73)’5} I1,), (520b)
L Mgs+qy
No = (2 —04 3&%—3 40171.[13} 1
Rl Lk o r A R e et ] R
[ q3 - 44 w-S ]
— (2, |0]41(3 1,), (520¢)
(2| i 4 ’mq3+q4[4|191|3> M 44 1)
and

[4]*(3]"
[4lp1[3)°

Baldls
a3y A

Wai = 2p1° 43 (520d)
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N, is the term that contributes spurious poles for high enough spins. The contraction w - S has been
defined through eq. (456a). The momentum w* scales linearly with 71, so the contraction w - S does
not scale with 7. Compared to this term, the first term in N3 is subleading in %. Ignoring it in the
classical limit, and noting that binomial combinatoric factors must be absorbed into the spin-vector

when it is raised to some power, the remaining terms imply an exponential spin structure:

. _ —-1)% _ —qz+w)-S
MEH1%205%0%) = M0, 057,07 (2 Prexp | IR S g s

(521)

The same exponentiation holds in the electromagnetic case, with the spinless amplitude above replaced
by the corresponding spinless amplitude for QED.

The leading % scaling for these amplitudes is h~! whereas naive counting of the vertices and
propagators says that the scaling should be 172, The source of this discrepancy is interference between
the two factorization channels, yielding a factor in the numerator of py - (i3 + hdy) = h*q3 - Ga. It
is thus possible for the naive 7 counting to over-count inverse powers of 71, and hence overestimate the
classicality of an amplitude. This has consequences for the extension of these results to the emission
of n bosons: factorization channels with a cut graviton line are naively suppressed by one factor of 71
relative to those with cut matter lines. The interference described here means that both factorizations
may actually have the same leading % behavior.

Consider now the same-helicity amplitudes. The two-negative-helicity amplitude for spin-1 has
been computed by one of the present authors in ref. [305] by shifting one massive and one massless

leg. Extending the amplitude found there to spin s,

1
A-1,2,057 05 =~ A(-1°,2%, 957, g, ) [21)%, (522a)

e?m?(34)2
(3l p1[3] (4] p1[4]

A(-1°2% g1, 9,1) = (522b)

We have replaced the coupling in ref. [305] with e, as is appropriate for QED. Expressing this in

terms of on-shell HPET variables, we find

A(—15.2°5 a=1 g 1) = 1 A(—10 20 g=1 -1 2 (1 (93 +4q4)-S = 2s 57
(—1°,2%,q5 ,q, ) = m2s (—1°,2%, 957,95 ) (20| —7%1 o 1] (523)
3+44
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The spin-dependence immediately becomes explicit after the change of variables. The exponential

spin structure is obvious:

(93 +4q4)-S
Mgs+4q,

1
-1 -1 050 —1 1 2 2
A(=1°,2°,q95 .9, ) = mzsA(_l ,2°,45 7,95 ) [20]Pexp [— } 11,]°. (524)
When the gyromagnetic ratio ¢ = 2, the arbitrary spin s = s1 + s, gravitational Compton amplitude
is proportional to the product between the spin s; and s, electromagnetic amplitudes [275, 306, 307].
As we have constructed the electromagnetic Compton amplitude using the minimal coupling three-

point amplitude, this condition is satisfied. The same-helicity gravitational Compton amplitude is thus

S s ,—2 _— 1 -2 _— s + -5 s
M(=1%,2,05%,05%) = 2 M(=1°,2°,05%,0.%) (2. Pexp [—“’?’mqq;] L%, (5250
3 4

x> (3] p1[3](4]p14]
8¢t g3 - qa

M(=1%,2° 452, q,%) = A(=1%,2°% g3, . 1)% (525b)

Analogous results hold for the emission of two positive helicity bosons:
1 )
A(=15,25,47, ") = 5 A(=1°%2% g3, g1) (20 Fexp [(%;; 94) ] 1,)%,  (5260)

st

e?[34)?
(3lp1[3](4]p1 4]’

1 + .S
M1, 2,05%0%) = o MO, 2 32 g o | I8 g s (s
q3+4a

A(=1%2% g3, gt = (526b)

x> (3]p113](4]p1 4]
8et 93 - ga

M(-1°,2°, 432, q{%) = A(-1°,22, g3, g (5264)
Taking the classical limit, we can simply replace 114,14, — m to obtain the leading 7z behavior of
these amplitudes.

To see that the spin-dependence of the leading % portions of the amplitudes in this section factorize

into a product of the three-point amplitudes, note that

T p
g S, q;- SlaP = —<U iy S — lq;lﬁlj]#V)a =0(n), (527)

where square brackets around indices represent normalized anti-symmeterization of the indices. We
can thus combine exponentials and split exponentials of sums only at the cost of subleading-in-#

corrections.
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The on-shell HPET variables have made it immediate that the spin exponentiates in the same-helicity
Compton amplitudes, and this exponentiation is preserved in the 7 — 0 limit. In the opposite helicity
case, the composite nature of higher spin particles can be seen to influence dynamics already at the
leading 7 level. It does so through the contraction w - S for the unphysical momentum w/, which
appears in a spin exponential in the leading 7 term. The focus in this section has been on the emission
of two bosons, but we will now show that the exponentiation in the same-helicity case extends to the

n bosons scenario.

12.5.4 Emission of n bosons

We can generalize the exponentiation of the spin observed in the same-helicity Compton amplitudes.
In particular, focusing on integer spins for simplicity, we show that for the tree-level emission of n

same-helicity bosons with a common helicity / from a heavy spin-s particle, the amplitude satisfies

s _ (_1)nh s=0 2 2s ii < .Sl n 2s 528
n+2 — 25 n+2< U| exp ZQZ | v> ( )
m mg |h| =
(_1)nh

_ 1 h &
— MS—O 2 2s - . S 1 25.
m2s n+2[ U‘ eXp [mq |l’l‘ lzzlql ] | v]

We use g = )" ; g; throughout this section. Once we have proven the first line, the second follows
from the fact that the velocity commutes with the spin-vector. The easiest way to proceed is inductively,
constructing the n 4 2 point amplitude using BCFW recursion. The cases n = 1,2 were the focus of
previous sections. Note that the result holds for n = 1 even when kj # 0, since a non-zero kq results
in an additional subleading O (h?) term.

First, note that when expressed in terms of traditional on-shell variables, the spin dependence in

eq. (528) is simply

(21)% = (2,Fexp <‘75> 1,)% = [2,Fexp (’75> 1%, fork > 0, (529a)
my mg

[21]% = [2,|%exp (—‘ﬁ) 115]% = (2,|%exp <—‘7ms) 11,)%, forh < 0. (529b)
q q

Thus the problem becomes to prove that the spin dependence is isolated in these spinor contractions.

Having already proven this for the base cases, let us now assume it holds up to the emission of
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n — 1 bosons and show that this implies the relations for the emission of n bosons. Constructing the

n + 2-point amplitude using BCFW, the amplitude takes the general form

i€[] ~rs, ] h 1 ~_h
n+2 Z Z k) k+2 p2 o) MU(H*k),H*k“rZ + Z MS k) k+3 PZ o) Ma(n—k),n—k-H

(530)

where Py ;) = p1+ vk, o(io(k)) = P1+ Poo(k)- The permutations o'(k) and o'(n — k) account
for all the ways of organizing the boson legs into k + 2 and n — k + 2 point amplitudes, in which
shifted legs are never in the same sub-amplitude. p(i, o(k)) denotes the i index in the permutation
(k). The notation M reminds us that the sub-amplitudes are functions of shifted momenta. The first
term in eq. (530) represents factorizations where a massive propagator is on-shell, whereas the second
accounts for a massless propagator going on-shell — / in this second term is the helicity of the cut
boson.

We will treat each term in eq. (530) separately. We begin with the first term, which is the only
contribution for QED. For the case of n positive-helicity bosons, we shift |1] and, say, |g1) as in

ref. [305]. Then, applying the induction hypothesis, this term is

nh n—1 :
01 1 ~s=0,] 51 25 /D 2
m4s Z Z MS k) k+2 pZ ) MtsT(nfk),nkarZ <2P1,t7(k)> S<P1,0(k)11> ’

( 2 0 I i s=0,]
st 21 ’ Z Z Ms k),k+2 p2 o) MU’(TL*k),Yl*k‘FZ (33D

The case of n negative-helicity bosons can be shown similarly by shifting |1) and, say, |g1]. In
particular, choosing an appropriate shift of one massive and one massless leg results in no massive
shift appearing in the sub-amplitudes. Applying eq. (529) to this, the form of the first term in eq. (530)

is therefore

D™ 2se | LN, g 1,)% Y Lo 532
2 (20 exp m, ] & gi- S| o) E E k+2P2 U(n—k),n—k+2 (332)
i=1 o (k) 1,0(k)

The remaining sum here is the BCFW form of the amplitude for n-photon emission from a massive
scalar. Thus we have proven eq. (528) for the photon case.

The non-linear nature of gravity allows contributions from the second term in eq. (530). The
contribution of this term to the amplitude is predictable for unique-helicity configurations. The only

non-vanishing factorization channels will involve the product of (1 — 1) 4 2 point amplitudes with
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n — 1 same-helicity gravitons, and a three-graviton amplitude with one distinct helicity graviton, which
is the cut graviton. For example, consider the all-plus helicity amplitude. Applying the induction

hypothesis,

— + i o
- Z Ms o(n—2),n+1 p2 MU’(Z),3
L o(n—2) 0,0(n—2) el

Z Zk Z k+3p2 (k)M n—k)n—k+1

1 5 s ; i
= 5 (20[Fexp [ Zﬂh ] 1) Y, M5 wnpr Moy 533)
o(n—2) 0,0(n—2)

We have used momentum conservation to write the cut momentum in terms of the sum of the momenta

of the gravitons in the all-graviton subamplitude. The argument is identical in the all-negative case.

Adding eqgs. (532) and (533) and identifying the remaining sums of sub-amplitudes as the scalar

amplitude for the emission of n + 2 gravitons, we find

1
f1+2 Mn+2<20|256Xp [ ‘h’ qu ’ S] |1v>25 (534)
myg

1
Mn+2[2v|zseXP [ m, \h| Z”h ] ’121]25

In amplitudes where this spin universality is manifest, we can eliminate the dependence on the

specific states used by taking the infinite spin and classical limits of the result,

}L%Mi+2:Mn+2 exp [ |h’ qu ], (535)
h—0

where we have used that limy,_,q pZ >, = limy_y pZ ; = mo# to apply on-shell conditions. This
makes contact between the classical limit of the kinematics, and the classical spin limit: for tree-level
same-helicity boson emission processes, the spin dependence of the leading-in-7 term factorizes into

factors of the classical three-point spin-dependence.

12.6 SUMMARY AND OUTLOOK

We have presented an on-shell formulation of HPETs by expressing their asymptotic states as a
linear combination of the chiral and anti-chiral massive on-shell helicity variables of ref. [235]. This
expression automatically takes into account the infinite tower of higher-dimensional operators present

in HPETS, which result from the integrating out of the anti-field. The variables defined in this manner
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possess manifest spin multipole and 7 expansions. Consequently, using the most general three-point
amplitude of ref. [235], we have been able to derive a closed form for the amplitude arising from
the sum of all three-point operators in an arbitrary spin HPET. This form of the amplitude has been
checked explicitly up to NNLO in the operator expansion of spin-1/2 HQET and HBET. We will
also show in Section 12.E that the extension to higher spins is suitable for describing the three-point
amplitude for zero initial residual momentum for a heavy spin-1 particle coupled to electromagnetism.

We have shown that the spin-multipole expansion of minimally coupled heavy particles corresponds
exactly to a truncated Kerr black hole expansion when the initial residual momentum is set to zero.
This has been done in two ways. First, we exponentiated the spin dependence of the minimally coupled
three-point amplitude in Section 12.3.4. Doing so directly produced the same spin exponential as
that in refs. [208, 301] for a Kerr black hole coupled to a graviton. Unlike previous approaches, no
further manipulation of the three-point amplitude was needed to match to refs. [208, 301]. An exact
match to all spin orders was achieved in the infinite spin limit. An alternative approach to matching
the Kerr black hole multipole moments was carried out in refs. [209, 224], by matching to the EFT of
ref. [283]. Following this matching procedure but using on-shell HPET variables, an exact match to
the Kerr black hole Wilson coefficients was achieved without the need to take an infinite spin limit.
The reason that the three-point amplitude in on-shell HPET variables immediately matches the Kerr
black hole multipole expansion is that the heavy spinors representing the initial and final states are
both associated with the same momentum, which is identified with that of the black hole.

We set out to provide a framework that would enable the extension of HPETs to higher spins, and
to enable the application of HPETS to the computation of higher order classical amplitudes. As a
step in this direction, we applied recursion relations to the minimal coupling amplitude for heavy
particles to build arbitrary-spin higher-point tree amplitudes. Doing so, we showed that the explicit &
and spin multipole expansions at three points remained manifest in all amplitudes considered. We
also easily constructed the tree-level boson exchange amplitude to all orders in spin for QED and
GR, without having to further manipulate the states to produce the correct classical black hole spin
multipole expansion.

Moving on to radiative processes, we showed that the same-helicity electromagnetic and gravita-

tional Compton amplitudes exhibit a spin universality: they can be written as

1

Mg +q,

S S=! S h z
M = M579(2,|%exp [ T Y g s] 1,)%. (536)
i=1

This universality extends to the emission of n same-helicity bosons (eq. (528)). In the four-point

opposite-helicity case, a similar exponential was obtained only in the classical limit. However the sum
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in the exponential also included an unphysical momentum contracted with the spin, representing the
non-uniqueness of the amplitude for large enough spins. It would be interesting to examine whether the
opposite-helicity amplitude possesses an n-boson extension analogous to eq. (528). Another natural
extension is to study how the leading 7 behaviour changes when a second matter line is included
in radiation processes; this is relevant to the understanding of non-conservative effects in spinning
binaries. The understanding of radiative processes is paramount to the PM amplitude program, as
the construction of higher PM amplitudes using unitarity methods requires knowledge of tree-level
radiative amplitudes. Combining radiative amplitudes with the % counting of the on-shell HPET
variables in a unitarity-based approach, the classical limits of amplitudes can be easily identified and
taken before integration to simplify computations of classical loop amplitudes including spin.
Because of the topicality of the subject, we have focused in the main body of this paper on the
application of these variables to their interpretation as spinning black holes and the construction of
classical tree-level amplitudes. Nevertheless, they are equally applicable to the QCD systems which
HQET was formulated to describe. Moreover an on-shell perspective is useful for the understanding of
HPETSs as a whole. Indeed, we take an on-shell approach in the appendices to make further statements

about HPETS.
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APPENDIX

12.A  CONVENTIONS

We list here our conventions for reference. In the Weyl basis, the Dirac gamma matrices take the

explicit form

0 (") ai
"= , (337)
(a.lu)éax 0
where o# = (1,0%), & = (1,—¢'), and ¢’ are the Pauli matrices. The gamma matrices obey

the Clifford algebra {y*,y"} = 2n"'. We use the mostly minus metric convention, y*¥ =

diag{+, —, —, —}. The fifth gamma matrix is defined as

. 0.1.2 -0
Y=Y Y Yy = . (538)

The generator of Lorentz transforms is

i
=g (539)
We express massless momenta in terms of on-shell variables:

Quic = q”(Uy)m = )\a}\a = ’/\>u¢[/\‘a'u (5403)

g* = g (o)™ = A*A" = |A]H(A~ (540b)
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Here a, & are SL(2, C) spinor indices. Spinor brackets are formed by contracting the spinor indices,

(MA2) = (M) [A2) e, (541)
[AMA2] = [Ad]a]A2)®. (542)
For massive momenta, we have that
Paic = Ao Aar = [A)L[A ar, (543a)
pi = ATA = AT (A, (543b)

where [ is an SU(2) little group index. Spinor brackets for massive momenta are also formed by
contracting spinor indices, identically to the massless case. We also use the bold notation introduced

in ref. [235] to suppress the symmetrization over SU(2) indices in amplitudes:

(2'31) (2 q2) I=1],
(201)(292) = (544)

2'q1) (21 q2) + 1) (2'q2) T # .

The Levi-Civita symbol, used to raise and lower spinor and SU (2) little group indices, is defined

by

e? = —epp =1. (545)

Spinor and SU(2) indices are raised and lowered by contracting with the second index on the

Levi-Civita symbol. For example,

M=eTr;, Ap=egh. (546)
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The on-shell conditions for the massive helicity variables are

ANy =ms'y, AN = —mell, A% Ay = meyy, (547a)

Ai)\?‘ = —m(SI], XWI = mel, ;\al;\‘}‘ = —meyj. (547b)

Given eq. (445), we can derive the on-shell conditions of the HPET variables, analogous to eq. (547).

We find
7\517\004 = mk(SI], /\%I/\w‘] = —mkeU, /\%I/\W] = MmMy€rj, (5483)
ALY = —meoly, ALAY =mell,  RowiAl) = —myeyy, (548b)
where
k2
my = <1 — 4mz) m. (548c)

In Section 12.C we will decompose massive momenta into two massless momenta, as in eq. (559).

When identifying

At = |a)a, Au? = |b)a, (549a)

A1 = [ala, A2 = [bla, (549b)

we use (ba) = [ab] = m.
On-shell variables can be assigned to the upper and lower Weyl components of a Dirac spinor so

that the spinors satisfy the Dirac equation [209],
I A -
)= || w) = (a4 Au) (550)

where p is expressed in terms of A and A as in eq. (543).
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Using analytic continuation, under a sign flip of the momentum, the on-shell variables transform as

|—p)=—Ilp), |—pl=Ipl, (551a)

which means

| =po) = [p-0) = —[Po), | —Po] = |P-o] = [Po]- (551b)

12.B UNIQUENESS OF ON-SHELL HPET VARIABLES

In this section, we address the question of uniqueness of the on-shell HPET variables as defined in
eq. (445). In particular, we relate the on-shell HPET variables |p,) and |p] to the traditional on-shell

variables under two conditions:

1. The new variables describe a very massive spin-1/2 state that acts as a source for mediating
bosons, meaning that the velocity of the state is approximately constant. Since the motion of the
particle is always very closely approximated by its velocity, we demand that the new variables

satisfy the Dirac equation for a velocity v# and mass v?> = 1:

?po) = |pol,  ?|po] = |Po)- (552)

Clearly these relations can be scaled to give the state an arbitrary mass.

2. When describing a heavy particle with mass m and velocity v, the new variables must reduce

to the traditional on-shell variables with p# = mv* when k = 0.

We express the on-shell HPET variables in the basis of traditional on-shell variables:

lpo) = a(k)[p) + Y1(k)|p], (553a)

o] = b(K)|p] + Va(K)|p)- (553b)

The fact that the functions a, b, I'1, T'; can, without loss of generality, be assumed to be functions of
only k* (and m) follows from on-shellness and the Dirac equation. Any dependence on v# must be
either in a scalar form, v - v = 1 or v - k = —k?/2m, or in matrix form %, which can be eliminated

for ¥ /m using the Dirac equation for p- This also means that we can rewrite Fﬁl ) =C12 (k)k”, where
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the c; (k) are scalars and potentially functions of k2. Moreover, given that a and b are functions only
of k, they must also be scalars; the only possible matrix combinations they can contain to preserve the
correct spinor indices are even powers of K, which would reduce to some power of k2. Condition 2

provides a final constraint on these four functions:

a(0) = b(0) =1, (554a)

T'1(0) = T',(0) = 0. (554b)

Since I'' = c¢;(k)k", the second line imposes that the c;(k) are regular at k = 0. From now on we
drop the arguments of these functions for brevity.

Applying condition 1 to egs. (553), we derive relations among the four functions a, b, ¢, c:

b=a, (555a)

) =———c(q. (555b)

The most general on-shell HPET variables are thus

lpo) = alp) + c1k[p], (556a)

lpo] = alp] — (% +c1) lp). (556b)

The momentum associated with these states is

- 0 ‘Pv)ll[Pv| —wm [az to (% —{—C1> kZ] 7. (557)

’PU]II<PU‘ 0

The functions 4 and ¢ cannot be constrained further by conditions 1 and 2. However we can choose

c1 = —a/2m to describe non-chiral interactions. Then, from an off-shell point of view, the function a
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simply corresponds to the (potentially non-local) field redefinition Q — Q/a in the spin-1/2 HPET

Lagrangian. We are free to redefine our fields such that 2 = 1. The final result is

_ K
Po) = [p) — 5Pl (5582)

_ K
lpo] = Ip] — %!p% (558b)

Thus we recover the on-shell HPET variables in eq. (445). We conclude that, up to scaling by an
overall function of k%, eq. (445) is the unique decomposition in terms of traditional variables of non-
chiral heavy particle states. The overall scalings correspond to field redefinitions in the Lagrangian

formulation.

12.c REPARAMETERIZATION AND THE LITTLE GROUP

As is apparent from eq. (442), reparameterization transformations leave p* unchanged. It is therefore
reasonable to expect that there exists a relation between reparameterizations and the little group of
p!. There is indeed a relationship between infinitesimal little group transformations of Ay! and ;\?
and reparameterizations of the total momentum. The focus of this section is the derivation of such a
connection, which is easy to explore by employing the so-called Light Cone Decomposition (LCD)
[308, 309] of massive momenta.

The LCD allows any massive momentum to be written as a sum of two massless momenta. That is,

for a momentum p* of mass m, there exist two massless momenta a* and b such that

pt = at + b*. (559)

When p# is real, we can assume wihtout loss of generality that a# and b* are real as well, since any
imaginary components must cancel anyway. The condition p?> = m? then implies a - b = m?/2.

Expressing this in on-shell variables,

Pai = /\al;\al = |a)alale + [b)u[bla, (560a)

P = REAC = o) al* + B (b1 (5600)
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This allows us to make the identifications
1 2 3 3
AD( - ’a>m )\a - ‘b>/x/ )\ﬁzl - [a‘&/ Aa’cZ - [b|u'c- (560C)

In the spirit of the momentum decomposition in eq. (442) we can break this up into a large and a

small part
pt = aat + Bb¥ + (1 — a)a” + (1 — B)b¥, (561)

where |a|, |B| ~ 1. We identify
mot = wat + pv¥, k' = (1 —a)a” + (1 — B)b¥. (562)

Since v* is a four-velocity, it must satify v> = 1, which constrains a and f to obey & = 1. Once we

2

require this, the on-shell condition that 2mv - k = —k* is automatically imposed.

Now, consider a reparameterization of the momentum as in eq. (451). We can use the LCD to

rewrite the shift momentum as
Okt = c* +av, (563)

where |c + d|/m < 1. For this to be a reparameterization, the new velocity v" + 6k /m must have

magnitude 1, which means c# and d* must be such that
(xa+ Bb) - (c+d) = —c-d. (564)
Contracting the shift momentum with the gamma matrices and using the Schouten identity,

has = b (e d)ahulali+ —za- (c-+D)]b)albl
O T A CICET P 565

Note that setting k = 0 is always allowed for an on-shell momentum by reparameterization: indeed,

choosing ¢ = (1 — a)a* and d* = (1 — B)b* trivially satisfies eq. (564).

209



12 ON-SHELL HEAVY PARTICLE EFFECTIVE THEORIES

Consider an infinitesimal little group transformation of the on-shell variables W' j where W €

SU(2). Then we can write
Wi =1 +idu’, (566)

where €/ are real and infinitesimal parameters, and U/’ J is traceless and Hermitian. We suppress the

color index j below. Under this transformation, the on-shell variables transform as [235]

AL — wha, (567a)

Aar — (W H Ay (567b)
Up to linear order in the infinitesimal parameter, the momentum transforms as

Pai = Al Aar — (14 el ) Ay Ay + (1 + ieU?) A *Agn + ieU? AL A + ieUA2 A4

— el AL Asy — ieUA2 R4 — ieUM A Ay — ielU?aA 2 Ao (568)

Comparing with eq. (565), we would like to identitfy the following map to the reparameterization in

eq. (451):

%% —[b|%a)

(569)

1
ieU'; - Rl = =
1€ ] ] o

ok ok

—[al510)  2a- 5

The reparameterization matrix R! 7 is infintesimal because of the appearance of 6k* /m in each entry.
Moreover, R’ J 18 traceless up to corrections of order O(6k? /m?) because of eq. (564). However, we
cannot equate it to ieU! | because the latter is always anti-Hermitian, whereas R!; need not be. Indeed,
when 5k* is real R 7 is Hermitian, and when k" is imaginary it is anti-Hermitian. It can thus be seen

that the condition for equality is that k* is imaginary:
5k" € iR = 1" + R'; € SU(2), (570)

where I J+ R! J induces the reparameterization in eq. (451). It is straightforward to check that this

quantity also has determinant 1, up to infinitesimal corrections of order O (5k?/m?).
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12.D PROPAGATORS

In ref. [123], massive on-shell variables were used to construct propagators for massive spin-1/2 and

spin-1 states. In this section, we use the on-shell HPET variables to do the same for a spin s < 2 state.

We find that the propagator for a heavy particle with spin s < 2 is

Di(p) = P Loy, (57)
where P* is the spin-s projection operator whose eigenstate is the HPET state, and N*(p,) is the
numerator of the propagator for a massive particle of that spin. By recognizing the form of the
numerator, this will allow us to extract the higher spin projection operators. The methods used in this
section can be applied to arbitrary spin, but become quite cumbersome as the number of little group
invariant objects that must be computed grows as s + 1/2 for half-integer spins, and as s for integer

spins. Nevertheless, we are able to use our results to conjecture projection operators for any spin.

Spin-1/2

We begin with the spin-1/2 propagator, which can be constructed as

I
pr—m? " €U<<—P£\ [—vil) =Pt = PP (572)
Py

We do indeed recover the projection operator for a heavy spin-1/2 field.

Spin-1

We can do the same for a massive spin-1 field. In this case, we posit that the polarization vector is

obtained by replacing p — p, and m — m in the usual polarization vector:

ooy 1 ] I
eou(p) = Zﬁmk(%mlpv]+<Pvm\r7£])- (573)
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It is straightforward to see that the polarization vector satisfies the requisite condition on the heavy

spin-1 particle, v - ey = 0 for p# = mv# + k¥, as well as the orthonormality condition

1
sy bk — —E(eILeIK + elKelhy, (574)

The heavy spin-1 propagator is

1

pzi_ — (g7, —v'vy). (575)

eu(p)exeriet(—p)| = (gu

From this we can read off that the operator projecting onto the heavy spin-1 particle is P"" in
Section 12.E.
Spin-3/2

The spin-3/2 polarization tensor is

1 po))
R : (576
k

1pY]

ean (

where the round brackets around sets of indices denote normalized symmetrization over the indices.

Using the symmetry of the spin-1 polarization vector in its little group indices, we have that

1
el (p) = 3 (bl +elfud +elful) (57)
The propagator is
1 11K
o [Sv{u (P)€1A€]B€KCS£§C(—P>}
= #1 <€y &y vI]uKﬁvK + Zelv] &y vIKuKﬁv ])
P2 _ mZ 3 M=, [ ’ HET, v 7
2my 1 1

=P, P‘*‘“W [g“ﬁ — 57“7/@ — g(ﬁ'y"‘vﬁ + v“'yﬁy})} P_g,P;. (578)
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We recognize the quantity between the projection operators as the propagator for a massive spin-
3/2 particle with momentum ;. v* [310, 311]. The heavy spin-3/2 projection operator can thus be

identified as

P =p.p". (579)
1
Spin-2
The spin-2 polarization tensor is
Ll LI 1 I
el (p) = enillesis) = 2 (o v IPENPE 2] (580)
k

Using the symmetry of each spin-1 polarization vector in its little group indices, we find that

Lk ]2 _ 1 L )2 Ll i)z L D)1
eopin (P) = 3 (Svr(ﬂlewz) T Eo(m o) + 8v,(m‘c’v,yz)) : (581)

The propagator is

1 LI KiLiK>L
pz ) [gvl,}]}l/ﬂz(p)ehKlehLl612K2€]zL28v,1,xﬁl 2 2(_;7)}

L1/ nn b L )
= s (Eheaieoanneopnn + 260 fec i onneonn )

1 1 1ol ol 1 I ol
_ pa' pv'p wp W' pe'p
= p2 ) P_rW/‘/P_rVV/ |:—2(P P " +prPpve ) + EP* P :| P_,a/aP_,ﬁ/ﬁ.

(582)

The quantity in square brackets is the numerator of the massive spin-2 propagator with momentum

myovH [312]. We therefore identify the heavy spin-2 projection operator:

ptvab — phvpeb, (583)
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12.D.1 Spin-s Projection Operator

Based on the above discussion, as well as the properties of a general spin heavy field, we conjecture
the projection operator for a spin-s field. An integer spin-s field Z*1#s must be symmetric and
traceless [313]. When the mass of the particle is very large, the particle component Z must satisfy

[314]
0y 2115 = 0, (584)

By symmetry, this condition holds regardless of the index with which the velocity is contracted. The
general spin-s projection operator for a field satisfying eq. (584), and which reduces to the above

cases fors =1 ands = 2 1is

pﬁll/l,.“,]/lsl/s — f[ Pﬁivi‘ (585)
i=1

The integer spin projection operator is simply a product of spin-1 projection operators.

A half-integer spin-(s + 1/2) field ¥#1--#s must be symmetric and 7y-traceless [315],
Yo, THEH = 0. (586)

Symmetry ensures that the condition holds for any index the 7y matrix is contracted with. When the

mass of the field becomes very large, its particle component Q must satisfy [314]

PQpIts = QI (587)
These constraints also imply, among other things, the v-tracelessness of the heavy field. The general

spin-(s + 1/2) projection operator that results in a field satisfying these conditions, and that reduces

to the above cases for spin-1/2 and spin-3/2, is

Pi‘ll/l/--v,us]/s = P+PK1V1/~--/,”SVS. (588)
2/
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From this we see that knowledge of the spin-1/2 heavy particle states is enough to construct the
polarization tensors and projection operators for higher spin states. In this sense, HPETSs are unified in

terms of the basic building blocks in eq. (445).

12.E MATCHING TO HPET LAGRANGIANS

In this section, we address the matching of on-shell amplitudes to those derived from HPET La-
grangians. First, there is a subtlety that must be accounted for when matching the minimal coupling in
egs. (469) and (470) to an HPET Lagrangian. We focus the discussion of this to the case of spin-1/2
HPET. Next, we confirm explicitly that the general spin three-point amplitude derived from the
Zeeman coupling in ref. [209] reproduces the amplitude derived from spin-1 abelian HQET when

expressed using on-shell HPET variables.

12.E.1 Matching spin-1/2 minimal coupling

For any quantum field theory, the form of the Lagrangian that produces a given S-matrix is not unique:
indeed the S-matrix is invariant under appropriate redefinitions of the fields composing the Lagrangian
[16]. Generally, a field redefinition will alter the Green’s function for a given process. To relate the
Green’s functions of two forms of a Lagrangian, the relation between both sets of external states must
be specified. The same holds for HQET, which has been presented in various forms in the literature.

Fortunately, the definition of the heavy spinors in eq. (444) specifies for us the form of the spin-1/2
HPET Lagrangian whose external spinors are expressible as such. By inverting eq. (444), we see that

the field redefinition converting the full theory to its HPET form must reduce to

e 1+9 1—9 1
_ 1mo-x
pla) =e 2 * 2 iv-0+2m

id| Qu(x). (589)

in the free-field limit. For spin-1/2 HQET, this means we must match the minimal coupling to the

Lagrangian in the form

1
dm+iv-D

Ligr = Qiv- DQ + QiP- »Q. (590)

This form of the Lagrangian appears in e.g. ref. [232], and differs from the forms in refs. [6, 316] by

the presence of a projection operator in the non-local term. The Lagrangian of HBET presented in
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ref. [6] must similarly be modified to compare to the minimal coupling amplitude. The suitable form

for spin-1/2 HBET is

gl]n iDQ, (591a)

Ligir = /—8QiDQ + FQZDP_ Z G

where
iD = iel' y" Dy + mu, " (e!a — 61, (591b)

and all other notation is described in ref. [6].

12.E.2 Matching spin-1 Zeeman coupling

We demonstrate explicitly the applicability of the on-shell HPET variables to spin-1 heavy particle
systems. To do so, we will show that the same variables are suitable for describing the three-point
amplitude arising from the Proca action. First, we note that a massive spin-1 particle described by
the Proca action has a gyromagnetic ratio ¢ = 1 [297]. As such, it should not be expected that the
corresponding three-point amplitude matches with the minimal coupling amplitude for s = 1. To
understand which three-point amplitude we should match with, we recast the three-point amplitude

derived from the Zeeman coupling in ref. [209] into on-shell HPET variables (with k; = 0):

+5 _ gox 2s S8 2s5—1
At = S0 [<2v1v> + x5 (21,) <2v3><310>+...], (592)

where the dots represent higher spin multipoles. When ¢ = 2 we recover the spin-dipole term from

2s factors of the spin-1/2 minimal coupling amplitude. Setting s = ¢ = 1 for the Proca action,

At =88 01,2 4+ 2 2,1,)(2,3)(31) + ... | (593)

2m
This is the three-point amplitude that we expect from a very heavy spin-1 Proca particle.

Consider now the Proca Lagrangian for a massive vector field B# coupled to electromagnetism:

1 1
L=— R "+ 2sz;‘,B”, (594a)
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where

F"W = DFBY — DVB¥, DFBY = (d" +ieA")BY, (594b)

and A" is the U (1) gauge field. We now need a condition that splits the light component B# from the

heavy (anti-field) component B¥. Furthermore, the light component has to satisfy v, BF = 0[314].

The appropriate decomposition of the massive vector field is

Bt = ¢moxpt'p, (595a)
BF = ™ ipt'B,, (595b)
where P = g — vHv¥ — this is the projection operator that has been derived explicitly in

Appendix 12.D — and Pﬁu = vMvY. Next, we substitute eq. (595) into the Proca Lagrangian, and

integrate out B* using its equation of motion to find

gk = —mB;(iv- D)B — 1B}, B + %B:D”DHB" +0(m™), (596)

4

where B = D*BY — DVBH. Computing the three-point amplitude with this Lagrangian for ky = 0

and expressing it using on-shell HPET variables, we find agreement with eq. (593) for go = —em/ V2.

This supports the hypothesis that the on-shell information of spin-1/2 HPET is sufficient to extend
HPETS to higher spins.
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SOFT THEOREMS AND THE KLT-RELATION

We find new relations for the non-universal part of the Yang-Mills amplitudes by combining the
KLT-relation and the soft behavior of gauge and gravity amplitudes. We also extend the relations

to include contributions from effective operators.

13.1 INTRODUCTION

The study of scattering amplitudes when the momentum of one or more particles becomes soft has a
long history [317-328]. Weinberg showed that the scattering amplitudes factorize when a photon or
graviton becomes soft, and that this factorization is universal [325, 326]. The universality of the soft
photon theorem is due to charge conservation, while for a soft graviton it follows from the equivalence
principle. A subleading soft theorem for photons at tree-level was proven by Low [321]. Similar
subleading soft theorems for gravitons and gluons have more recently been discussed using eikonal
methods [329-331]. Also, Cachazo and Strominger showed that the sub-subleading soft graviton
correction at tree-level is also universal [332].

The soft graviton theorem was shown to be connected to the Bondi, van der Burg, Metzner and
Sachs (BMS) symmetry [333, 334], as a Ward identity [335-337]. This has sparked an interest in the
connection between asymptotic symmetries and soft theorems (see Ref. [338] for a list of references).
The subleading soft theorem is known to be related to the supertranslations and superrotations for
asymptotic symmetries and the sub-subleading soft theorem related symmetries was recently analysed
in Ref. [339, 340]. The authors found a new class of vector fields, which hints in the direction of a

BMS algebra extension.
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13 SOFT THEOREMS AND THE KLT-RELATION

At loop level, the leading soft theorems for photons and gravitons remain unchanged. However,
the loop corrections to the subleading soft theorems for gluons and gravitons were discussed in
Refs. [341, 342].

The soft behavior of scattering amplitudes when more than one particle is taken soft has also been
studied (see e.g. Ref. [343] and references therein). The soft theorems have also been discussed
outside four dimensions [344-347] using the scattering equation framework by Cachazo, He, and
Yuan (CHY) [348-350].

Much of the recent progress in calculating gravitational scattering amplitudes relies the connection
between gauge amplitudes and gravity amplitudes [21, 239]. One manifestation of this connection is
the Kawai-Lewellen-Tye (KLT) relations [237], which relates open and closed string amplitudes at
tree level. In the field theory limit, the KLT-relation states that a sum of products of two color-ordered
Yang-Mills amplitudes is a gravity amplitude.

In this paper, we study the connection between gravity and gauge soft theorems via the KLT-
relations. We compare both sides of the formula at sub-subleading order in the soft-momentum
expansion and obtain relations for the non-universal part of the Yang-Mills amplitude. To the best
of our knowledge, no other relations have been obtained for the non-universal piece of the Yang-
Mills amplitudes. We further study the insertion of effective operators, which start contributing at
sub-leading order. We also obtain relations for the non-universal effective amplitude at sub- and
sub-subleading order.

The paper is organized as follows: Section 13.2 reviews the derivation of the soft theorems using
Britto-Cachazo-Feng-Witten (BCFW) recursion relations. Section 13.3 presents the soft theorems
of Yang-Mills and gravity amplitudes, while section 13.4 introduces the KL T-relations. Two of the
new results of the paper are presented in section 13.5, where the soft limit of the amplitudes and the
KLT-relation are used to find non-trivial relations which the Yang-Mills amplitudes must satisfy. An
extension of these results is presented in section 13.6, when effective operators are included. We

conclude in section 13.7.

13.2 BFCW

We will review the derivation of the soft theorems for Yang-Mills and gravity amplitudes using the
BCFW recursion relations [303, 304]. This follows closely the derivation of the new soft theorems

by Cachazo and Strominger [332]. We use the spinor-helicity formalism, with the convension
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13 SOFT THEOREMS AND THE KLT-RELATION

sy = {(a,b)[b,a]. For an (n + 1)-point amplitude with a soft particle s with positive helicity,'
Ani1(s,1,...,n), we perform the BCFW shift

As(z) = As +zAy, An(z) = Ay — zAs. (597)

The original amplitude can be recovered from the complex deformed amplitude as the residue at

z =0,

1
2711

d
Apiy = ;ZAm(z)- (598)

Using Cauchy’s residue theorem, we find the following relation

1
App1= ), AL(ZI)EAR(ZI)/ (599)
i

diagrams [

where the amplitude factorizes into a sum of two lower-point amplitudes, assuming the contribution
from |z| — oo vanishes. The product of the two amplitudes is the residue in Cauchy’s theorem,
therefore they are evaluated at the pole z;. The pole is found for each diagram by solving the equation
P12 (zr) = 0. From this relation we can build up higher-point amplitudes recursively.

The sum in eq. (599) can be split into two parts as

1
Ani1= A3(S(ZI)/1/I)ﬁAn(_112/ oo n(z1)) + Ruga- (600)
1
The remainder term is written as
A1 .
Ruy1= ), AL(S(ZI),l,Z,...,])EAR(]—F1,...,1/1(21)) (601)
diagrams I I

IThe negative helicity case can be derived analogously.
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where Ay in eq. (601) is a four- or higher-point amplitude. Under the holomorphic scaling A; — €As,

As — Ag, the amplitude? for a soft gluon takes the form

1 1 ~ ~ ~ 1) ~
An-i—l = <n>>-/4n ({/\1/)\1 + €<ZS>)\S}/ ey {An/ As + €<:l>)\s}> + Rn—i—l

€2 (ns)(s1 (n1) (1)
_ 1 (nl) (L)
e (ns)(s1) 1 Ant R (602)

This form was written down in Ref. [351]. Also, the authors of Ref. [332] showed that R, is
of order O(€). A similar expression can be written down for gravity, with the leading pole being
O(e~?). By expanding the exponential we can find the universal leading and (at tree-level) subleading

soft factors, Sg)l\),[ and S%\),[ The exponential contains derivative terms, for which we use the notation

va,b = 7&2‘ d?\‘*' The soft factors can be written as
b

k
s — : (n1) 1 <(ns> 7511+<sl>7m> , 603)

where the soft factors with k > 2 give only a part of the amplitude. Again, a similar partial infinite
soft factor for gravity can be found analogously.
A partial infinite soft theorem for effective operators can also be found using the same method. For

Yang-Mills, we find that

skt ([ns]  [1s]\ 1 [ (ns) < (1) k
SYM - <<I’IS> + <1S>) k! <<1’11> VS,l + <1’11> Vs,n> . (604)

The k = 0 term reproduces the leading soft theorem for effective operators with a spin-1 particle
discussed in Ref. [352]. The first contribution from effective operators for a Yang-Mills amplitude
appears at subleading order. For gravity, the first contribution from effective operators only enters at

sub-subleading order.

13.3 SOFT THEOREM

We will show the connection between the soft factors of gauge theory and gravity using the KLT-

formula. In particular, at sub-subleading order in the soft expansion we find new relations between

2We will denote a Yang-Mills amplitude by A, and a gravity amplitude by M.
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tree-level amplitudes. We start with an amplitude with one external soft particle. The soft limits of an

amplitude with an external soft spin-1/spin-2 particle are

SO s o
An-i—l = eYZM + % + SYM An + RVH—l =+ O(el)/ (605)
SO s 5
Mn+1 = e%R + ;R + gR Mn + O(eo)/ (606)

respectively. The Sg{ll)v[ is the ith subleading soft factor of an amplitude with a soft spin-1 particle, and
similarly for gravity. The non-universal part of the Yang-Mills amplitude enters at sub-subleading
order. In the KLT-formula, two Yang-Mills amplitudes with different color-ordering are required:
An(t,oc,n—1,n) and A, (n —1,p,n,t). From now on we assume that whenever A, and A, is
written, we have this particular ordering. The same holds for the (1 + 1)-point amplitudes; the
relevant color-orderings are A, 1 (t,0,n —1,n,n+ 1), A (n—1,p0,nt,n+1),Ryp1(t,o,n—
1,n,n+1)and R, 1(n —1,0,n,t,1n+1). We leave the ordering implicit from now on.

The soft limit of the Yang-Mills amplitude is given by the soft factors in eq. (603). The soft limit of

the gravity amplitude is

1 [n+1,k
Mn+1(1,2,...,7’l+1)——gk221m (607)
(x,k){y, k) e (xk) (v.k) "\ ¢ e = 2
<x,7’l+1><y,n+l>§ <x,7’l+1> + <y,7’l+l> V?H—l,k—’—E (vn—i-l,k) M"(llzl"'/n)/

where x, i are reference spinors which specifies a gauge. The amplitudes are independent of the choice
of x,y. Some care is needed when implementing the momentum conservation. We use (72 + 1)-point

and n-point momentum conservation, given by

L WGR, GmtDs SR finD)
Lty e A= Ly et T A
ki ] k£i ]
and
L=y Uy oy SRy (609)

222



13 SOFT THEOREMS AND THE KLT-RELATION

We use eq. (608) for all (n + 1)-point amplitudes A, 1 and M1, and eq. (609) for all n-point

amplitudes A, and M,,, with i,j = n — 1, n. Also, the total derivatives in the soft factors are

- <5 d sl O <j,k>> d < <i,k>> d
V.o, — g R — 4+ [ = — | . 1
sk = As dAf As [a)\;; ( (j, 1) OAY (i,7) a)\;‘ (610)

When first using momentum conservation before applying the soft factors, the total derivatives reduce

to partial derivatives.

13.4 KLT-RELATION

In string theory, the KLT-relation provides a connection between open and closed string amplitudes.

In the limit of infinite string tension, field theory is recoved and a relation between gravity and gauge
amplitudes is obtained. Once all the proper permutations are taken into account, the KLT-relation gives
the gravity amplitude as the "square" of the gauge amplitudes. For low-point amplitudes, the formulas
are relatively simple, which helps streamlining gravitational scattering-amplitude calculations.

The most general form of the KL T-relation is [353, 354]

My(1,2,...n) =-1)"" Y Y Y AL o, 0010-0,n—1,1) (611)

0ES, 3 0(65]',1 IBESn_z_]'

X So(2),0(7) 021 S 74 1,n-2|Bo(j+1),0(1—-2) pus An (8a2) o), 1ot = 1, Bo(js1),0(n—2): 1),

where «, 8, 0, p are particular orderings of the color-ordered Yang-Mills amplitudes. The KLT-kernel

S is defined as

k k
S[il, - ,ik|j1, - ’jk]pl = H(Sitl + Z Q(it, iq)sitiq)/ (612)

t=1 q>t

where 6(i,, ip) is 0 if i, sequentially comes before i in the set {j1, ..., jx }, and otherwise it takes the
value 1. One of the properties of the kernel is to take into account the fact that Yang-Mills amplitudes

are color-order while gravity amplitudes are not. It was also proven in Ref. [354] that the KLT-relation,
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as written in eq. (611), is independent of the choice of j. Therefore, with j = 2, we have for an

(n 4 1)-point amplitude that

n—2
Mn+1(1,2,...,7’l,n+1) = (_1)1’1 Z Z An—‘—l(t/O—/n_1/nln+1)S[t’t]l7n+1$[0'|p]pn—l
t=10,0€5,_3

x Api1(n—1,0,n,t,n+1). (613)

In the next section, we are going to apply the soft theorems for each amplitude and collect terms at

different orders in 1 /€. Thus, we also need the soft limit of the KLT-kernel, which is [351]

(n,n+1)

S[HH e SIololpy s — €stniaes #0 1Solo],, - (614)

Pn+1

We also have the S, _3—symmetric form of the KLT-relation for #-point amplitudes

Mu(1,2,...,n) = (=) Y A(10,n—1,n)S[olplp, Au(lL,n—1,0,n).  (615)

o,pES—3

The different forms of the KLT-relation will be useful shortly.

13.5 NON-UNIVERSAL RELATIONS

The usual procedure when using the KLT-relation is to obtain gravity amplitudes from Yang-Mills
amplitudes, since usually the Yang-Mills amplitudes are easier to calculate. Here, we go in the opposite
direction. We use information about the gravity amplitudes to obtain relations on the Yang-Mills side.
As we noted before, the non-universal part of the Yang-Mills amplitude enters at sub-subleading order
in the soft-momentum expansion. At this order, we also have a universal part which comes from an
exponential of the associated soft factor. Both terms contribute in the KLT-formula. On the other hand,
gravity contains only universal pieces at O(1/¢€) . We equate the soft limit of the gravity amplitude
with the soft limit of the Yang-Mills side in the KL T-relation. This immediately gives constraints for
the non-universal part of the Yang-Mills amplitudes. We describe the procedure in the following and

give a detailed derivation in Section 13.A.
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We use the KLT-relation in eq. (613), which we write as

M= ZAn+l Snt1 [U’P]An—i-l (0). (616)

For the left-hand side of eq. (616), we apply the soft-graviton theorem in eq. (607), and then apply the

KLT-relation in eq. (615) for each k in the sum for the soft factor,

(0) @ (2)
S S S
Mn+l = ( GC;'R + GR + gR) ./\/ln

€2
(0) (1) (2)
S Sg S
_ ( ;R+ GR) Z‘A” Sula|B] .An( ). (617)

The right-hand side of eq. (616) becomes

] s g
ZAHmemwuH=21<;¥+]?+s% Au+ Ruvsr | Sl
o,0 0,0

SO oW o
X [(;{21"[%—?\4%—5%\)4 A+ Rus1 |, (618)

when we use the soft limit of the Yang-Mills amplitudes in eq. (603). We can match the left-hand side
and the right-hand side of eq. (616) at each order in 1/€. A detailed analysis of the relation at order
1/€3 and 1/€2 was performed in Ref. [351], resulting in new relations for the KL.T-kernel.

Focusing on O(1/¢€), we find simple relations between the universal and non-universal piece of the
Yang-Mills amplitudes. A more detailed derivation can be found in Section 13.A. The non-universal

pieces are defined as

n-2 1[t,n+1){t,n —1) .
— (1)1 g A ’ e—0
n-2 1[t,n+1](n,t) .
Ry = (—1)"*! S L AL Selelp,  RETY, (620)
( ) ; a,pezslns € <1’l + 1/n> [ ‘p]P 1 +1

while the universal pieces come from second derivatives,

n—2 n N B
n—2 >

1o -
.%swmmlbvauAJ. (62)
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The relation between the universal and non-universal pieces of the Yang-Mills amplitudes is

T, + T, = Ry + Ry. (623)

Equation (623) is a new, non-trival relation, illustrating that the non-universal part of the Yang-Mills

amplitude possesses some hidden structure. Remarkably, find that the relation simplifies into two

parts,? given by

T = Ry, (624)

T, = Ry. (625)

Explicitly, for e.g. eq. (625), this means that

n—2 1 tn+1){nn—1) [1o, [t,n+1){n,t) ~. 0
L L et [ty [ ] + S R o

(626)

This is a non-trivial relation for R, 1, which previously have not been discussed. It relates the second
derivative of the universal part of a n-point amplitude to the non-universal piece of the (n + 1)-point
amplitude. Taking as an example the n + 1 = 6 NMHV amplitude. There are usually three BCFW-
diagrams contributing to the amplitude. One of them contains all the universal soft behavior, as in
eq. (600), while the other two diagrams belongs to R, 11 (see eq. (601)). In the soft momenta limit,
€ — 0, we have a relation between these two diagrams and the second derivative of the 5-point

amplitude A,,.

13.6 EFFECTIVE OPERATORS

The inclusion of effective operators in soft theorems were first studied in Ref. [355]. The authors
considered the operators F3, R3, and R2¢, and found that the soft theorems hold for the two first
operators while the soft graviton theorem receives a contribution from the last operator at sub-sub-
leading order. More general operators were considered in Ref. [352], where was shown that the soft

theorem for a Yang-Mills particle is corrected at the subleading and sub-subleading order, while

3We have explicitly verified this through seven-points.
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gravity amplitudes get corrections at the sub-subleading order. The modified soft theorems take the

form

€

5(0) S(l) g(l) - o
A1 = (;;M +—=0 SA ) Ay + [ M 452 ) A, + Ross + OCe), (627)

@ ) @ =2
My = [ Z8R 4 ZOR | ZGR ) AL, + ZSRAL, 4+ Ofe). (628)
el €2 € €

All amplitudes, including the remainder terms R, 1, can contain contributions from effective opera-
tors. The bar and superscript (k) denote that, when corrected by effective operators, the particle k
of the (1 + 1)- and n-point amplitudes may be of different particle type. The soft theorems for the

effective operator corrections are

SomA, =Y My, (629)
k

where s is the soft particle and k is adjacent to the soft particle. We have absorbed the couplings into
the amplitudes. The sum in eq. (629) for a Yang-Mills particle goes over the two adjacent legs, while
for gravity it sums over all other particles. The sub-subleading soft term for Yang-Mills particles can
be found in eq. (604).

The second ingredient we need is the KLT-relation. The open-closed string KLT-relations are
similar to the field-theory KLT-relations, with a different kernel. For instance, the 4-point string

KLT-relation turns into

2
M§e4(1,2,3,4) = AP(1,2,3,4) [47"1“/ sin (nx)] APN(1,2,4,3) (630)
where x = —a’s1> and &' is the inverse string tension. A generalized prescription for the KLT-

relations for effective amplitudes was analysed in Refs. [356—358]. The new, generalized kernel used
in Refs. [356-358] was organized as a Taylor expansion in powers of a’sq,

M — x(1+cx +cx® +...) (631)

The first order in &’ recovers the usual KLT-kernel.
To consider the KLT-relation for effective amplitudes, we need to make some assumptions. First,

we assume that a general n-point KLT-relation for effective amplitudes follows the structure found in
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Refs. [356-358], i.e. the kernel is generalized, where the leading order reproduces the original kernel,
and the kernel can be expanded as a Taylor expansion in powers of s;;/ A?, where A is some energy
scale. In string theory, &’ takes the role of 1/A?, as can be seen from eq. (630). Second, we assume
that the soft limit of the kernel is similar to eq. (614), with possibly more powers of s; ;1. Therefore,

we assume that the soft limit of the kernel is

sl (n,n+1)
S[Ht]py S loly, , = €Simin <Zce<est,n+l>f> U Sl (632
(=0

where cp = 1. We absorb any mass scale into the unknown coefficiencts cy, such that the mass
dimension of ¢, is —2¥.

The left-hand side of the KLT-relation in eq. (616) now becomes

(0) (1) (2) <2
S S S S S
My = ( ;‘;R + ZGR 4 SR> M, + (SR> M,

62
(0) (1) (2) =(2)
— (S;R 1 5 SGR) Y Ap(a BlA.(B) + (SE’R> M,. (633)

Note that the only difference between eq. (617) and eq. (633) is the additional term coming from the

effective-operator extension of soft-graviton theorem. The right-hand side of eq. (616) is

)3 M M SYM An+ YM +Sya | An + Rt | Susa o p]

o0 62
(0) (1) (1)
s& s - (s
X [( et 5@4) Aw + ( ™+ SYM> A+ Rn+1] (634)

By equating egs. (633) and (634) and comparing order-by-order in 1/€, we see that the first correction
from the effective operators appears at subleading order for the right-hand side and at sub-subleading

order for the left-hand side. Therefore, at order O(1/€?), we find the relation

0=U; + U+ Uz + Uy, (635)
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where the first two terms are given by the modifications of the soft theorem for effective operators,

— (= [t,n+1])(n,t) m+1,n—1]=n-1)  [n+1,t] =
=" L Y s A5l A
(636)

= _ (yme [+ 10— | [n+18— [t,n+1)(t,n—1)
Uz = LY i it ]3[ Plos = 1 1y A

(637)

The third term comes from the expansion of the kernel, which has an unknown parameter c1,

(- [t,n+1)%(t,n)(t,n —1) -
T IR e

The last term is

nni: ZS: (n [i,fll—;i](lﬂn nﬁl) A Slelplp, [ﬁn+1,tﬂn]~
TPES -3 /

which was also found in the analysis in Ref. [351], and was shown to vanish as long as the original
kernel, defined in eq. (612), satisfies two non-trivial identities. As we have not specified the generalized
kernel fully, we keep this term for generality.

At O(1/€), we proceed analogously. For the left-hand side of eq. (616) we obtain the same terms
P;_¢ in egs. (639) to (644) in addition to the gravity effective operator term. For the right-hand side,
we find the same Q_¢ in eqs. (645) to (650) and Ry in egs. (619) and (620) as in section 13.5. The
new contributions appear when we have used 3%34, §§(21\),[, or higher terms in the expansion of the

kernel. All the new contributions are given in Section 13.B.

After some manipulations, we obtain the following relation

=(2)
Seo _
%Mn+T1+T2 =Q+ Ry +Ry. (638)

where Q is defined in the appendix. As expected, when the effective operators are turned off we
recover eq. (623). Although the relation eq. (638) is more complicated than the relation for the original

amplitudes (with no effective operators), we can still systematically organize the contributions from
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the effective operators into a simple formula. We found here the most general relations for the effective
terms. However, further assumptions can be made on the type of effective operators that contribute to
the amplitude and the form of the kernel, which can further simplify the relations. We leave this for a

future investigation.

13.7 CONCLUSION

Using the KLT-relation and the soft limit of Yang-Mills and gravity amplitudes, we have found new,
non-trivial relations for the sub-subleading part of the Yang-Mills amplitudes. Previous analysis
has only considered the subleading terms, and the sub-subleading part has not previously been fully
discussed. The new relations provide non-trivial constraints for the behavior of the Yang-Mills
amplitudes under the soft limit. We also studied the analogous relations when contributions from
effective operators are included.

The new relations give information about the non-universal part of the Yang-Mills amplitude.
In obtaining the relations, we went in the oppositve direction of most of uses of the KLT-formula,
where we made use of the behavior of the gravity amplitude to extract information for the Yang-Mills
amplitude.

As we have used the spinor-helicity formalism, our results are restricted to four dimensions.
Extending the analysis to arbitrary dimensions would provide insight into the generality of the result.
A natural framework for studying the relations in arbitrary dimensions is the CHY-formalism.

Recently, infinite partial soft theorems were discussed in Refs. [359, 360]. Understanding the
connection between our results and the infinite partial soft theorems would be illuminating. Also,
non-linear relations for Yang-Mills amplitudes were presented in Refs. [361, 362]. We leave the study
of the connection between these non-linear relations and the relations presented in this paper as a

future project.
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APPENDIX

13.A°  SUB-SUBLEADING TERMS

We outline the derivation of the relation for the non-universal terms at O(1/€). Recall that the
color-ordered amplitudes are given by A, = A, (t,o,n —1,n) and A, = A, 1(n -1, p,n,t) and
the definition of the derivative operator is Wa,b = A4 d%g’;‘ The left-hand side of eq. (616), after
applying the soft-graviton theorem and the KLT-relation, is given in eq. (617). At O(1/¢€), the terms

in eq. (617) are given by P;_g, where

n2 1[t,n+1] Tes -
P = 1)" - n |3 S ns 639
1 ( ) g U’pezs: 3€ <t,1’l +1>A [2vn+1,t [U|p]Pn1:| 'A ( )
2 1[t,n+1] {LZ } .
P, = (~1)" -1 SN2, Al Slelply, A, (640)
2 < ) = 0—,‘0; € <t,n+l> 2 +1,t [ ‘p]P
2 1[t,n+1] [1 - _
Py = (—1)" SR A,Sololy, | V2 An], (641)
3 ( ) ;a,pg c <t,7’l+1> [ ‘p]P 1 2 +1,t

21 +1] e - i
Y €<[t’:1+1]> [Virrt Anl [Vigre Slelelp, ] An, (642)

t=1 U,p65n73

= 1[tn+1] = i
=)' Y L (9 A Sl [Taes A, 64
i’Z]O’,pESn,3 4
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L= 1[t,n+1 - - .
Po=(—-1)") ) €<[t;l+1]>v4n (Vs Slolelp, ] [Varre Au] - (644)
t=1 U,peS,,,g 4

Similarly, the right-hand side of eq. (616) is given in eq. (618), consisting of Q1_¢ and R;,. The

non-universal terms Rj » are given in egs. (619) and (620), with the residual terms being

B L2 1[t,n+1){t,n —1)(n,n+1) le, -
Q=L B i e[ Sl | A 049

n—2

o 1[t,n+1{t,n—1)(nn+1) [1~2 ] -
Q=02 o s 1m0y (20 A Sl A (640

o 1[tn+1](nt)(n—1,n+1) les .
Qs = (1) Z—‘;O_,pg36<t,n+1><n,n+1><n—1,t>AnS[0|p]p“1 3 Ve, (647)

_(_\n 1tn+1]{tn—1){nn+1) o - i
Q== t; U,Pezsns e(t,n+1)(n+1,n—-1)(nt) [Vasre An] [V Slololp, o] An,

(648)

= 1[t,n+1] = .
Q="YX L 0 Al Slolely,  [(Tais A, 649)

e 1[tn+1] - - .
Qé - <_1) = g,pgzs i EmAn [anrl,t/S[U"P]p,,,J [vn+1,t An] . (650)
Note that
Ps = Qs, (651)

Ps = Qs, (652)

232



13 SOFT THEOREMS AND THE KLT-RELATION

which reduces eq. (616) to

Pr+P,+P3+Py=0Q1+ Q2+ Q3+ Qs+ Ry +Ro. (653)

We can simplify this further by using that

Th=P+P+P—Q1—Q2—Qs4 and 1o =P3—Q3, (654)

which are the terms used in the main text, given in eqs. (621) and (622). With these manipulations,

we find new, non-trivial relations for the non-universal part of the Yang-Mills amplitudes. The new

relations, eqs. (624) and (625), have surprisingly simple forms.

13.B  SUB-SUBLEADING TERMS FROM EFFECTIVE OPERATOR

<)

The new contributions to eq. (616) coming from the soft theorems for effective operators involve Sy,

(2)

and EYM We will denote the terms by QZ 6 as they resemble Qy_¢ in eqs. (646) to (650) In general,

2
as ngM) contain two different terms, we express Q,_ as two terms, e.g. Q, = Q2 + Qz Note

that Qs is split into eight terms,

1’11 1 —(t, Rnl —(R,
Qs =0y Vo i a1 gl 4l Y 4R (659)

The terms are

o _ DR b+ 1206n—D{nn+1) (o —0) )
R t—zl L LD o0my Vuire & | Slolely, A,
- (T,PGSn,g,

—(n) _ (_1>n+1 = [t,?l + 1] <t,7’l - 1> [1’1 + 1/ 1’1] = —(n) 1
= LR Tty (VA Sele A
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[t,n+12(nt)(n—1,n+1) [~ ~(t)}
n S » n n 7
7,0ES -3 (n+1,m)n+1,t)(n—1,1) An 811l | VisaaA

1
S o D = (t,n+1][n+1,n—1](nt)
Q =

3 € ; U,pGZS:H (n+1,n)(n—1,t)

~ L(n—l)
Ay 8[‘7|P]pn71 |:V71+1,f~’4n } .

7(71)_(—1)"”—2 tn+1{t,n—1)(n,n+1)[n+1,n] —(n) = i
: L L oL Dm et 2 VSl A

t=10,0€S5, 3

o _1)n n=2 t, 11{t,n — 1)(n, 1 1,t ~ -
Qit):( ) y [t,n+1)(t,n —1)(n,n+1)[n + ]A,(f) (Vas1Slelolp, 1] An,

e Bk, tLa-0npnt1n

L()’Z*l)
Slolelp, Aw

(mu-1) _ (=1)" "= tLn+1n+1,t[n+1n]n+1,n—1] <@
Q = A
t—zla,peXS:n3 (n—|—1,n><n+1,n - 1>

Cgmg::(—lyHJ”*Z 3 [t,n+1]2[n +1,n]

- = (1)
€ t= U’pesn73 <n + 1/ n> An S[O.|p:|p1'lfl An 7

—(tyn—1 —1)n+l n=2 tbn+1Pn+1,n—-1
Qe - LU o 1 |

—(n) =~ (n—1)
A 8 ag A ,
t=10,0€5,_3 <n + 1/ n— 1> n [ |p]P;171 n

Lny  (=1)" n=2 [t,n+1][n+1,n]
&= € L (n+1,n)

A S[ololp, s [Vasredal,

t=10,0€5,_3

234



13 SOFT THEOREMS AND THE KLT-RELATION

@y (=12 [t,n+1][n+ 1,8 — @) - .
Q"= 2 2 n+1,6) Ay Slololp, . [VariiAa],

—(Rn-1) (=112 tn+1n+1,n-1] = (n—1)
= 7 Vi1t An| S LA ’
Q5 € g U,pEZS:ns <Tl + 1/7’1 _ 1> [ +1,t ] [U|p]Pn 1Y 'n
—(Rt) (=1t nz? [t,n+1]n+1,1] = ~ (1)
Qs = — ; ) Y LD (Vg0 An] Slolplp, o Ay -
- IPESn—S

~ ;(1’1—1)
A [vn+1,t8[‘7’P]Pn—J A,

n-1 —1)ntlnz2 tn+1n+1,n-1
o) _ (=1 y Ll ]

Q (n+1,n-1)

t=10,0€5,-3

n  (—1)mrin=2? 3 [t,n+1][n+1,¢]

Q = € (n+1,t)

= =)
An [V”+1/t8[a|p]P:1—l] An °

t=10,0€5,_3

. = = ... ~(L, . e .
The strategy now is to group Qgt) and fo) with Qé t). Notice that each term has a derivative and
comes with the superscript (f). We apply the Schouten identity on the spinor brackets in the first two
terms to match the last one. This produces a ’total” derivative called Q(Lt) and an extra term, which we

call @”). We do the same for others operators, finding the following rearragements

— —(L, — —(t1

o’ +0+0" =0 + s, (656)

—(n —(n =(Ln —n Al

Q"+ + Q" =0 +ay, (657)
7R, — —

O (658)

—(n—1 —(n—1 —(Rn—1 —(n—1 —(n—1
Ve =g el (659)
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where
i(k) (_1)n+1 n—2 [1’l—|—1,k] ~ 7(}() i
Q =—7— —1) [t,n+ 15— Vi | A, Slololp, An|,  (660)
; - t_w,pezsnf )[4 10 Vs [ A Slelely, Al
—(k) (_1)n+1 n—2 [Tl—i—l,k] _ -k
Qv = » Y, (-1 [t,n+1]mvn+1,t AuSlelplp, Ay |- (661)
=10,0€5,—3
The extra terms are
R ) ek~ N\ W PO ~
QS o € , <7’l+1,1’l—1><n, t> v71—4—1,t [An S[U‘P]pn,l} -An; (662)

t=1c,p€S,_

Sm _ DR [tn+1[nn=1]t,n+1)(n,n—1) & —(n) 7
QS - c tzzl UIPGZS”_3 <1’l T1,n— 1> <1’l, t> <1’l n 1,7’1) anrl,t |:-’4n 8[0—|p]Pn—1} Anl

(663)

n+1 n—=2

—2) (1) (t,n+1]*{n,n—1) [~ ~(t)]
G = e L n s —1,0 Sl [V A 660

—(n-1) _ (=1)" ”‘Z:Z Z:[f,n +1ln+1,n—1)(n,n—-1)(t, n+1)

~ =~(n—1)
L, i+ Ln)(n—1t)(n+1n-1) An Slelplp,-. |:v”+1,f"4n ] :

t=1 o,0€S,
(665)
We group the terms together,
= —(n —(t1 —(t2 —(n—-1
Qs =0s"+05" +af” + 0y, (66)
— —(mn-1) =t  =En-1)  =(t,
Qs ="+ T + @y, (667)

Q=0 +a" +al v Q. (068)
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We also have contributions from the higher-order terms in the expansion of the kernel. We group

them as
Q=T+ Ts+Ts+ Ty + U, + U,
The two last terms are related to U; and U» in egs. (636) and (637) as

—
LI1 = €C1$tln+1 Ul,

—/
U, = ec18tn+1lo,

where the factor s; ;1 is understood to be inside the sum over £.

The other terms are

—1)ymtt n=2 [t,n+1]%(n,t) - -
T/ = (7 ; l’lS V}’l nis
- EUE g B i (Al
—1)n+t 2 t,n+1%n—1,t) -
T/ — (7C d d Vﬂ .An S (% _ An,
? € ! ; U,pGZSnS <1’l —-1Ln+ 1> [ i } [ ‘p]pn !
= GV Yy =LY g, Sl ] A
=—0 n 1t . ns
3 € S opss (n—1,n+1) n+ Pu-1

_1\n n—2 n n n— n T
T = (—1) o Z Z [t,n+1]3(n,t)(t, (t,n+1) [AnS[‘7|P]pn_1 An]-

€ (n,n+1)(n+1,n—-1)

t=10,0€5,_3

We can rewrite T| 5 using the Schouten identity to

T +T+T=T+T,

(669)

(670)

(671)

(672)

(673)

(674)

(675)

(676)
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where

(—1)mtt  n=2 [t,n+1)%(n—1,t)

= € al, L (n—1,n+1)

t=10,0€5,_3

vn—i—l,i‘ [An S[U’P]pn,l An] ’ (677)

, (-1 =2 [t,n+12(n,n—1)(t,n+1) - N
Ts - Tcl Z Z <7l,1’l + 1><1’l + 1;7’1 _ 1> ’A”S[U|p]lﬂn—1 [vn+1rf"4”] : (678)

t=10,p€5,3

In total, we have that

Q= Qs +0Qp+ Qs+ Ok (679)
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1

NEW FACTORIZATION RELATIONS FOR NON-LINEAR SIGMA

MODEL AMPLITUDES

We obtain novel factorization identities for non-linear sigma model amplitudes using a new
integrand in the CHY double-cover prescription. We find that it is possible to write very compact
relations using only longitudinal degrees of freedom. We discuss implications for on-shell

recursion.

14.1 INTRODUCTION

Cachazo, He and Yuan invented in ref. [348] a new method for calculating S-matrix elements. This
formalism has numerous applications and many interesting connections, see for instance refs. [363—

365]. The CHY construction was formally proven by Dolan and Goddard in ref. [366].

The main ingredients are the n-point scattering equations

n
s
0=8=Y 2 zp=z—zy 5u=2k ks (680)
b=1,b#a Zab
where z, are auxiliary variables on the Riemann sphere and k, are momenta. In the CHY formalism

one has to integrate over a contour containing the (n — 3)! independent solutions of the scattering

equations.

As computations in the CHY formalism grow factorially in complexity with 7, integration rules have
been developed at tree [367-370] and loop level [371], so that analytical results for amplitudes can be

derived without solving the scattering equations explicitly.

Recently, the CHY formalism was reformulated by one of us in the context of a double cover [372]

239



14 NEW FACTORIZATION RELATIONS FOR NLSM AMPLITUDES

(called the * A-formalism’ in refs. [372, 373]). Here, the basic variables are elements of C]Pz, and not
CPP! as in the original CHY formalism. One advantage of the extra machinery is that amplitudes in the
double-cover formulation naturally factorize into smaller CIP! pieces, and this is a useful laboratory

for deriving new amplitude identities.

We will start by reviewing the CHY formalism for the non-linear sigma model (NLSM) and provide
an alternative formulation that employs a new integrand. Next, we will show how the double-cover

formalism naturally factorizes this new CHY formulation in a surprising way.

14.2 A NEW CHY INTEGRAND

As explained in ref. [246], the flavor-ordered partial U(N') non-linear sigma model amplitude in the

scattering equation framework is given by the contour integral

An(a) = / dinHy(a), (681)
"oodz
dpn = (zij zjk 26i)* ?a
a=1 a
A1k

where («) = (a(1),...,a(n)) denotes a partial ordering. The integrand is given by

H,(x) = PT(a) x (Pf'A)?, (682)
1
PT(a) = , (683)
Za(1)a(2)2a(2)a(3) " " Za(n)a(1)
_1Y\itj y
PfA = =D Pf[(A)7]. (684)
Zl']' ]

Here PT(«) and Pf'A are the Parke-Taylor (PT) factor and the reduced Pfaffian of matrix A, respec-

tively. The n X n anti-symmetric matrix, A, is defined as,

Ay = zL: fora#b, and A, =0 fora = b. (685)
a
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In general, (A);;’; denotes the reduced matrix obtained by removing the rows, {i1,...,i,}, and
columns, {Ji, ..., jp}, from A. Note that when the number of external particles 7 is odd, Pf'/A = 0,

and A, («) vanishes.

Using eq. (684), we have

(_1)i+]’+m+p

(PFA)? = PF[(A)]] x PE[(A)mp]. (686)

Zﬁzmp

With the choice {i,j} = {m, p}, this product of Pfaffians becomes a determinant,
(PfA)? = —PT(m, p) det[(A)mb)- (687)

We will now discuss the following new matrix identities. On the support of the scattering equations

and the massless condition, {S, = 0,k2 = 0}, we find when m # p # g

PE[(A)mp) x PE[(A)h] = det[(A),f], (688)

det[(A)p/] =0 ifn odd. (689)

A proof of these identities will be provided in ref. [5]. Using the non-antisymmetric matrix, (A)Z{, we

define the objects (with i < j < k)

y+k ij

/ dytn PT(x ZUZ]k det[(A)]], (690)
i+

0 = [ dur PT(a )]dt[(A)] 691)

Note that in eqgs. (690) and (691) we have reduced the A matrix with the indices {7, j, k} associated
with the Faddeev-Popov determinant. This gauge choice will be convenient later. We now have the

following equality,

Ap () = An(w), (692)
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when all particles are on-shell. When there are off-shell particles, the identity is true only if the
number of particles is even. When the number of particles is odd and there are off-shell particles, one
has A, («) = 0 while A},(x) # 0. Since the A matrix has co-rank 2 on the support of the scattering
equations and the massless condition, {S, = 0,k2 = 0}, A,(fj ) (a) vanishes trivially. However, when

there are off-shell particles the amplitude Agfj ) («) is no longer zero.

These observations will be crucial in obtaining the new factorization relations.
14.3 THE DOUBLE-COVER REPRESENTATION
In the double-cover version of the CHY construction, the n-point amplitude is given as a contour inte-

gral on the double-covered Riemann sphere with 7 punctures. The pairs (o1, y1), (02,Y2), - - -, (T, Yn)

provide the new set of doubled variables restricted to the curves

O:Cuzyg—U§+A2 fora=1,...,n. (693)

A translation table has been worked out in detail in ref. [372]. The double-cover formulation of the

NLSM is given by the integral

(ijk iikl|r
/dyn ]ST) (ijk|r) < To(a),
_ dy = dog
d#r],k,r

1 + Y+ 0, -
7(a,b) S0 <yu ];/;; ”b> , St = ;sab 7(a,b),
b#a

A(ijk) = (t(i,j) T(j, k) T(k,i)) ", (695)

A(ijk|r) = oiA(jkr) — 0, A(ijk) + kA (rif) — ojA(kri).

The I' contour is defined by the 21 — 3 equations

A=0, Sio,y)=0, C,=0, (696)
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ford # {i,j,k,r} anda =1, ..., n.

The integrand is given by

Zy(a) =—PT"(a) - %U)” PTT(m, p) det[(AA)%], (697)
a=1 a

where (yU)a = 1, + 0,. To obtain the kinematic matrix and the Parke-Taylor factors we need to do

the following replacements

A — A%, and PT — PT" for z, — T}, (698)
PT — PTT for z, — 7(a,b)7}, (699)
with T, = ————. Analogous to eq. (690), we can now write down a new form for the integrand

(yo)a—(yo)s

e (1) 7 Ty et (A, (700)

where {i,j,k} are the same labels as in A(ijk) A(ijk|r). For more details on the double-cover pre-

scription, see refs. [5, 372, 374].

14.4 FACTORIZATION

Let us start by considering the four-point amplitude, A} (1,2,3,4), with the gauge fixing (ijk|r) =
(123]4). We will denote sums of cyclically-consecutive external momenta (modulo the total number
of external momenta) by Pl-:j =ki+kigi+...+ k]'_1 + k]',. For expressions involving only two (not
necessarily consecutive) momenta, we are using the shorthand notation P;; = k; + k;. We focus on
the configuration where the sets of punctures (071, 07) and (03, 04) are respectably on the upper and

the lower sheet of the curves
(yl - +\/0-12_A2/0.1)/ (yZ - +\/0—22_A2/0.2)/ (701)
—\/ 03— A2, 03), ( 07 — A2, 04)

(ys = Ya=—
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Expanding all elements in A} (1,2,3,4) around A = 0, we obtain (to leading order)

12 A2 1 1
= 7
34 22 (01202p,0py,1) (0P,303404p,, )

PT™(1,2, 3,4)‘

A<123)A(123’4) 12 25 , (1 )
Si ‘3,4 T A% (012 02p3, Opy1) o x (0p,303404p,,)°,  (702)
A1 siu 1 (=1)s3

== ) (703)
34 2% 01202p, Opy10p,3 03404p;,

4
[T o) T2 T3 det[(AA)%]‘
a=1 Ya

where we have introduced the new fixed punctures op,, = op, = 0. Since we want to arrive at
factorization identity for non-linear sigma model amplitudes (inspired by previous work for Yang-Mills
theories, see ref. [374]) we are now going to introduce polarizations associated with the punctures,

_ —0.je M M
opy, = 0p, = 0, i.e. €35 and €75. Thus,

S14 — 2(k1 . k4) =2 (kly X 17’“/ X k41,) (704)

=Y (V2ki - ed}) x (V2ks-€}),
M
employing,

Y e eMy =i, (705)
M

After separating the labels {1,2} and {3,4}, it is simple to rearrange the eq. (702) as a product of

two reduced determinants,

1 (V2k-€d) 1 det [ﬁkl'eﬁ]

012 02p;, 0py,1 012 02p, 0py,1

V2ks-el s
(—1) s3a (V2ks- €M) (1) det e, O

0p;,3 034 04py, 0p;p3 V2ky-eM
4Py
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therefore
4 12 2
(g , A 1
[TY7% roaean)] S =4 < ¥ x
a=1 Ya 34 M 71202p

det
0p,3 V2ky-eM
04p;,

. (706)

V2kyed s
M 12 S
det \/§k1'€34 % (_1) T3P, 034
Opy,1

The new matrices in eq. (706) can be obtained from the A matrix by replacing the off-shell momenta,
P34 and Py, by their corresponding off-shell polarization vectors,
\ﬁkl : €13\2

12
det[(A)2P34] — det [%

1
for Py, — M (707)

5634/

\@kg-(—?{\g 534

1
det[(A)S2] — det \/ZPHM | for P, — Eefg, (708)
4°€
T 2

where the A matrix in eq. (707) is the 3 X 3 matrix related with the punctures (7, 07, Up34), while the
matrix in eq. (708) corresponds to the punctures (op,,, 03, 04).

Using the measure, d yi\ = 2% dWA, we now perform the A integral and the amplitude becomes

1,2
Al1,2, 3,4)‘34 - (709)
Ly 4512 P5) x AP, 3,4) _ s
2 M 512 - 27

. M
where the notation, Pf , means one must make the replacement, P; — % elM , and use eq. (705). The

1,2
overall factor 1/2 cancels out after summing over mirrored configurations, i.e., Af;( 1,2,3,4) ) +
34
34
Aﬁl(l, 2, 3, 4) ) = S514.
1,
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Following the integration rules in ref. [374], we also have the contribution (up to summing over

mirrored configurations)

4,1
A2(1’2,3,4)‘23: (710)
Iy A (1, P 4) x AL(PE',2,3) s
2 2

M 514

Thus, the final result is

A}(1,2,3,4) = (711)

M Piy3 M
5 [4501.2,P5) > A= (P, 3,4)
M 512
AN (1, Py, 4) x Ay(Pg,2,3)

+ = —813.
514

The four-point amplitude is factorized in terms of three-point functions. The general three-point

functions where some or all particles can be off-shell, are
AL(P,, Py, P.) = sp.p, = —(P? — PZ + P?), (712)
A (P, Py, ) = spypsep, (713)
= (P? = Py + ) (P; — Py + %)

Since the non-linear sigma model is a scalar theory it is an interesting proposition to consider

longitudinal degrees of freedom only

K'kY
Ly v __ "i7]

e etV = ) (714)
;l J ki'kf
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Doing so we arrive at the equation

A4(1,2,3,4) = (715)

2; (1)

L (]P L
Ly AL(PSE,2,3) ><SA3 =1, p5,4)] _ o
14

5 A5(1,2,P5) x A2 (pg) 3, 4)

512

Surprisingly, it is possible to generalize this equation to higher point amplitudes. Here the overall sign
of each contribution depends of the number of points of the sub-amplitudes. In ref. [5], we will give

more details on this phenomenon.

14.5 NEW RELATIONS
As will be shown in great detail elsewhere [5], using the double-cover prescription for a partial

non-linear sigma model amplitude one is led to the following general formula where an n-point

amplitude is factorized into a product of two (single-cover) lower-point amplitudes:

Al (1,2,3,4,...,n) =

§ A2 ) AT (R, )
i=4, M Pi2+1'2
AL(PE 2,3)x A (1 pt gy
+§A: 3(4.1 )X n1;2213( 23 ”)' (716)

Here n is an even integer and we have used eq. (705). The above expression is valid using the Mobius

and scale-invariance gauge choice (ijk|r) = (123]4).

From the decomposition obtained by the double-cover method in eq. (716), we are able to write down

a new factorization relation, where only longitudinal degrees of freedom contribute,
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n .
A;(1,2,3,4,,,,,n) =2 Z (—1)171>< (717)
i=4,L
Aniis (12 B, i+, o) X AT (RS 0.3,0)
Pi2+1:2
0 (1p o
(a2 < ALY (1B 4. )
L P,

where eq. (714) was used. We checked this formula up to ten points.

Since the above factorization relation includes only longitudinal contributions, we can rewrite it in
a more elegant form, involving only the Af/i amplitudes. Using the definitions given in eqs. (690)

and (691) and under the gauge fixing (ijk), with i < j < k, we have the following two identities [5]

AP (P ) = PPAL (., Py, g =2m 41

AP e By) = B APy, =2, 1)

where Pl.2 # 0. In addition, Aéij ) satisfies the useful identities

= A (Pkeged) = AV (kg 1, .. DL). (719)

Applying the identities eqgs. (718) and (719), it is straightforward to obtain

A;(1,2,3,4,...,Tl) = (720)
noAl (1,2, I%Zi,l'—{—l,..ﬂ) XA;_l (B‘+1;2,3,...i)

n—i+3
;L Pi2+1:2
i Aé (P4;1,2, 3) X A;—l (P23,4, ...n, 1)

2 7
P23

where the factorization formula has been written in terms of the generalized amplitude A’q. Other

gauge choices will naturally with lead to alternative factorization formulas.
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14.5.1 BCFW recursion

It is interesting to analyse the new factorization identities in comparison with expressions originating

from Britto-Cachazo-Feng-Witten (BCFW) recursion [304]. We introduce the momentum deformation
kh(z) =Ky +zq", Ki(z) =k —zq", z€C, (721)
where gV satisfies ko - g = k3 -q = q-q = 0. Deformed momenta are conserved and on-shell:

ki+ko(z) +ks(z) +ka+ - +ky = 0and k3(z) = k3(z) = 0. We consider the general amplitude,

An(1,...,n), where n is an even integer. From eq. (720) using Cauchy’s theorem we have

An(1,2,..,1) = (722)

n/2

/ .

— Y Respe oo Anoaira (1,2 Bai 1,20, 1) %

=3
Al 5 (Pin,3,...,2i — 1) Res [A;Z(l,z, ) (2)

- Z=00
z P}, (2) z

Only the even amplitudes, namely A’zq, contribute to the physical residues. This is simple to understand
as we have the identity, Ao,(1,...,2q9) = A’zq(l, ...,2q), so only sub-amplitudes with an even
number of particles produce physical factorization channels. On the other hand, when the number
of particles is odd, the off-shell (P? # 0) amplitude, A’Zq +1(., P;, ...), is proportional to P?, since it
must vanish when all particles are on-shell. So, the poles, PZZFM, i=3, ,% + 1 and Pz, are all
spurious and the sub-amplitudes with an odd number of particles only contribute the boundary term at

Z = 0.

Finally, it is important to remark that after evaluating the residues, Pzzi:z(z) = 0, in eq. (722), one

obtains extra non-physical contributions, which cancel out combining with terms associated with the
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residue at z = oo. Therefore, the effective boundary contribution is just given by the sub-amplitudes

with an odd number of particles

A/ 12 . Effective
TR =

Res;—oo [
n/2+1

9 2 Al ii5(1,2,Bin,2i — 1,..,1)
i—3

N

Alzz;g (P2i—1;2, 3,..,2i — 2)
2Py 1,(2)
Aé (P4;1/ 2, 3) X A:1—1 (P23, 4,...,n, 1)
z P2, L_oo'

14.6 CONCLUSIONS

We have proposed a new CHY integrand for the U(N) non-linear sigma model. For this new inte-
grand, the kinematic matrix, (A)Z{, is no longer anti-symmetric. We have found two new factorization
identities, eq. (716) and eq. (717). We have written the second factorization formula in an elegant way,
which only involves the generalized amplitude, A'/T This formula turns out to be surprisingly compact

(we have checked agreement of the soft-limit of this formula with ref.[259]).

This has implications for BCFW recursion since the two new factorization formulas can be split among
even and odd sub-amplitudes, for example A’zq x A, and A’Zf7 41 X A%, respectively. Using this
we are able to give a physical meaning to the odd sub-amplitudes as boundary contributions under

such recursions.

Work in progress [5] is going to present a new recurrence relation and investigate its connec-
tion to Berends-Giele [243, 375-378] currents and Bern-Carrasco-Johansson (BCJ) numerators
[238, 379, 380]. Similar relations for others effective field theories [246, 259, 375] are expected and

will be another focus.

Despite similarities between the three-point amplitudes with the Feynman vertices obtained in ref.
[262], the construction presented here is different. For example, the numerators found in eq. (711) are
not reproduced by the Feynman rules found in ref. [262]. Understanding the relationship between the

formalisms would be interesting.
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SCATTERING EQUATIONS AND FACTORIZATION OF AMPLITUDES

II: EFFECTIVE FIELD THEORIES

We continue the program of extending the scattering equation framework by Cachazo, He and
Yuan to a double-cover prescription. We discuss how to apply the double-cover formalism
to effective field theories, with a special focus on the non-linear sigma model. A defining
characteristic of the double-cover formulation is the emergence of new factorization relations. We
present several factorization relations, along with a novel recursion relation. Using the recursion
relation and a new prescription for the integrand, any non-linear sigma model amplitude can
be expressed in terms of off-shell three-point amplitudes. The resulting expression is purely
algebraic, and we do not have to solve any scattering equation. We also discuss soft limits,
boundary terms in BCFW recursion, and application of the double cover prescription to other

effective field theories, like the special Galileon theory.

15.1 INTRODUCTION

The S-matrix elements of gravity, gauge theories and various scalar theories can be calculated using
the novel scattering equation framework by Cachazo, He and Yuan (CHY) [348-350]. The n-point
scattering amplitude in the CHY-formalism is expressed as contour integrals localized to the solutions

of the scattering equations

Se=0, where S,=Y 2% (724)
b£a Zab

with z;;, = z, — zp, and z, are auxiliary variables on the Riemann sphere. Unless otherwise specified,

weleta,b € {1,...,n}. The momentum of the a'h external particle is k}; and s,, = 2k, - k;, are the
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15 SCATTERING EQUATIONS AND EFFECTIVE FIELD THEORIES

usual Mandelstam variables. The scattering equations are invariant under PSL(2, C) transformations

of the variables,

Az, + B
Zg — Zh = Cz:ﬁ’ where AD — BC =1, (725)
using overall momentum conservation, }_k, = 0, and the massless condition, kﬁ = 0. This means

that if z, is a solution to eq. (724), then so is z,. Thus, only (1 — 3) of the scattering equations are

independent, which can be seen from the fact that

Y Si=) 258, =) 75, =0. (726)
a a a

There is a redundancy in the integration variables which needs to be fixed, similar to how gauge
redundancy is fixed. We choose three of the integration variables to be fixed, leaving (n — 3) unfixed
variables, which are integrated over. Thus, the number of integration variables and the number of
constraints from the scattering equations are equal, which fully localizes the integral to the solutions
of the scattering equations. However, the number of independent solutions to the scattering equations
is (n — 3)!, and it becomes impractical to deal with them when 7 is not small. The computational cost
becomes huge when the number of external particles increases. Integration rules have been developed

to circumvent this problem, both at tree [367-370, 381, 382] and loop level [371], where no scattering

equation has to be explicitly solved. A formal proof of the CHY-formalism was provided in Ref. [366].

See also Ref. [383].

Recently, one of us extended the scattering equation formalism to a double cover of the Riemann
sphere (called the A-algorithm in Refs. [372, 373, 384, 385]). The auxiliary double-cover variables
live in CIP?, contrasted with the original auxiliary variables z,, which live in CP! in the standard

CHY formulation. More precisely, we consider curves in CIP? defined by

C=y2—02+A>=0, (727)

where A is a non-zero constant. This curve is invariant under a simultaneous scaling of the parameters
y, 0, A. In the new double-cover formulation, the punctures on the Riemann sphere are given by the

pair (04, Ya). As eq. (727) is a quadratic equation, two branches develop. The value of y, specifies
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which branch the solution is on. To make sure we pick up the puncture on the correct branch, the

scattering equations have to be modified

Salo,y) = Z% (yb +1) Sab, (728)

ba Ya Oab

where 0,, = 0, — 03. The factor % (% + 1) projects out the solution where y;, approaches —y,, and
gives 1 when vy}, approaches y,. Another (equivalent) way of defining the double cover scattering

equations is to postulate the map

Sa(z) =) Sab Si(0,y) =) SavT(ap)s where 1, =

1 <yﬂ +Yp +Uab>
a#b Zab a#b

20 Ya

(729)

It is easy to check that the two prescriptions for the double cover scattering equations are equivalent
by using overall momentum conservation and the on-shell condition. The map z;; — T(;}.) will be
useful later when we define the double cover integrand. For a full formulation of the double-cover
prescription, see Ref. [372].

In the double cover prescription, three variables need to be fixed due to Md&bius invariance. In
addition, the integrand is invariant under a scale transformation. This gives an additional redundancy
which needs to be fixed (as the integrand is PSL(2, C) and scale invariant, i.e. GL(2,C) invariant).
Using the scale symmetry, we fix an extra puncture, and promote A to a variable and include a scale
invariant measure dWA. Using the global residue theorem, we can deform the integration contour to go
around A = 0 instead of the solution to the scattering equation for the puncture fixed by the scale
symmetry. This scattering equation is left free. Thus, in the double-cover prescription we gauge fix
four points, three from the usual gauge fixing procedure, and one from the scale transformation.

The two sheets of the Riemann sphere are separated by a branch cut, and by integrating over A,
lead to the factorization into two regular lower-point CHY amplitudes. This is the origin of the new
factorization relations which we will discuss in the main part of this paper. By iteratively promoting
the scattering amplitudes to the double-cover formulation, and using certain matrix identities, any
n-point scattering amplitude for the non-linear sigma model can be fully factorized into off-shell
three-point amplitudes.

This paper is organized as follows. In Section 15.2 we formulate the non-linear sigma model
amplitudes in the usual CHY formalism. In Section 15.3 we introduce the double-cover prescription

for effective field theories. In Section 15.4 we describe the graphical representations for the scattering
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amplitudes in the double-cover formalism. In Section 15.5 we list the double-cover integration
rules. In Section 15.6 we define the three-point functions which will serve as the building blocks for
higher-point amplitudes. In Sections 15.7 and 15.8 we present the new factorization formulas for the
non-linear sigma model. In Section 15.9 we present a novel recursion relation, which fully factorizes
the non-linear sigma model amplitudes in terms of off-shell three-point amplitudes. This is one of the
main results of the paper. Section 15.10 takes the soft limit of the non-linear sigma model amplitudes,
and presents a new relation for NLSM & ¢> amplitudes. In Section 15.11 we apply the double-cover
prescription to the special Galileon theory. We end with conclusions and outlook in Section 15.12.

The Sections 15.A and 15.B contain matrix identities and details of the six-point calculation.

15.2 CHY FORMALISM

We briefly review the construction of non-linear sigma model (NLSM) scattering amplitudes in the
CHY formalism to fix notation. The flavor-ordered partial U(N) amplitude for the non-linear sigma

model in the scattering equation framework is defined by the integral

Ay(a) = /d‘uSHY(zpqzqrzrp)an(rx), (730)
n dz,
dngY _ _11;[ o (731)
a=1,a#p,q,r

where a partial ordering is denoted by () = (a1, ...,&;,). We have fixed the punctures {z,, z4, z }.
The integrand is given by the Parke-Taylor factor PT(«) and the reduced Pfaffian of the matrix A,
PfA,,

H,(a) = PT(a) (PfA,)°, (732)
PT(a) = L , (733)
ZaqanZapas - - - Zayoq
/ 1)+t Hm i.
(PfA,) = (DT b [(An)iﬂ « Pf [(An)m . (734)

ZijZIm
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The matrix A, is n X n and antisymmetric,

(An)ap = & (735)

..l'p
~Jp

and columns {jy, ..., jp} from the matrix A,,. As an example, we can remove rows {7, j} and columns

{j, k} from A, in eq. (735), denoted by (An);{

We will in general denote a reduced matrix by <A”)2 , where we have removed rows {iy,...,i,}

With the conventional choice {I,m} = {i, j}, the product of Pfaffians turns into a determinant

(PfA,)* = —PT(i, ) det [(An)gﬁ] . (736)

We will denote the amplitude with this choice by

An(a) = — / dpSHY (220,2,,)2 PT(w) PT(i, j) det [(An)ﬁﬂ . (737)

We can make a different choice, specifically {I,m} = {j, k}. We will make use of the matrix identities

Pf [(An)jﬂ x Pf [(An)gﬂ = det [(An);ﬁﬂ , (738)

det [(An);ﬂ =0  ifnisodd. (739)

Equation (739) depends on momentum conservation and the massless condition. A proof of the matrix
identities in eqs. (738) and (739) is found in section 15.A. The amplitude with this new choice is
denoted by

(_1)i+k

U et [(An);ﬂ . (740)

An(a) = /dﬂEHY(quZWZw)Z PT(a) =
ij~jk

This definition differs from the conventional one, and will be of great practical use in the following
[386]. It will often be useful to remove columns and rows from the set of fixed punctures. For the
objects in eqs. (737) and (740), we will encode the information of which rows and columns are
removed in the labeling of the partial ordering . When removing columns and rows (i, j), we bold the

corresponding elements in the partial ordering, i.e. A,(...,1,...,J,...). For the new prescription,

255
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the choice (ijk) is labeled by A),(...,4,...,f,...,k,...), where the set is chosen to be ordered as i <
j < k. Unless otherwise specified, we assume the set of removed rows and columns are in the two or
three first positions, i.e. A, = Ay(i,j,...)and A, = A},(i,7,k,...). In this case, we will suppress
the bold notation. For an odd number of external particles 1, det [(A")ﬂ = det [(An);ﬂ =0, and
the amplitudes vanish.

When evaluating the double cover amplitudes, it will be necessary to relax the requirement of
masslessness, as the full amplitude is splits into off-shell lower-point amplitudes. The off-shell

punctures are part of the set of fixed punctures. We will also use the object

( 1)1+]

) 0‘) = /d,uSHY(quzqurp)zPT( ) Zi

det [( )J. (741)
As the matrix A, has co-rank 2 on the support of the massless condition and the scattering equations,
{k2 =0,S, = 0}, AW («) vanishes trivially. However, when some of the particles are off-shell,
A («) is non-zero in general. Similarly, the object A/,(«) is non-zero for odd number of particles,

if and only if some of the particles are off-shell.

15.3 EFFECTIVE FIELD THEORIES IN THE DOUBLE-COVER PRESCRIPTION

In Ref. [386], it was argued that the n-point NLSM scattering amplitude in the double-cover language

is given by the integral

r rlm

ANLSM () /dﬂn WS; (pqr| )Irll\lLSM((X), (742)
A B 1 dA Yadya n @

H G . 1dl;[ 5 (743)

JA#p,q,r,m

1
A(pqr) = (744)
Tp.a) Uar) Urp)

A(pqr|im) = o, A(qrm) — oqA(rmp) + o:A(mpq) — cnA(pqr). (745)

In this section we will include a superscript to denote the amplitudes. In the rest of the paper we keep
this superscript implicit. When not otherwise specified, an amplitude without a superscript refers to

an NLSM amplitude. The integration contour I' is constrained by the (21 — 3) equations

A=0, Sio,y)=0, C,=0, (746)
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ford # {p,q,r,m}anda =1,...,n.

In a similar fashion, one can obtain the expressions for the NLSM & ¢3 and special Galileon
amplitudes, i.e. for AI,)TLSM@(IQ («|B) and ASS3l by specifying the integrand. The integrands in the
double-cover scattering equation framework for the NLSM, NLSM & ¢? and special Galileon theory

are given by the expressions

TNM(g) = PT7(a) x det’'A, (747)

DM (1) = P (T2 [P (pyaet [a3]77), ay)
a=1 Ya BBy

7558 = det/ AL x det’ AD, (749)

where (yo), = Yy, + 0,. The bold reduced determinant is defined as

det'A; = — [H (yya )”] PT(i, j)det [Aﬂz (750)
a=1 a
= [H (y7)e (=1)"**T;; Tdet [Aﬁr, (751)
a=1 Ya ik

where the second equality is used to define the A’ amplitude in the double cover language, similar to

eq. (740). The Parke-Taylor factors and the kinematic matrix are defined by the following replacement

Ap — ALY for zy — Tt (752)
PT - PT"  for zyp — T}, (753)
PT — PT°  for z, — T(;lb), (754)

where T.,' = (y0)q — (yo)p.
Notice that the generalization to theories such as sGal ® NLSM? @ ¢3 or Born-Infeld theory,

among others, is straightforward [246, 259, 375].

15.3.1 The Il Matrix

Most integrands in the CHY approach depend on the auxiliary variable z; through the combination

zjj = z; — zj. As shown in egs. (752) to (754), we can construct the double cover integrand by
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replacing z;; with Ti]_.1 or T(;}) .I This makes for an easy map between the traditional CHY approach
and the new double cover method for most integrands.

However, the IT matrix, defined in Refs. [246, 259, 375], has elements such as, Zukaks \which so

Zap

far have not been studied in the double cover framework. Explicitly, the T1 B1,B2,..pn MAtrix, defined in

Ref. [375], is

jeB  be{BuBu}  jEB b E{B1 . Pu}

Aij I1; Az] Iy i€ E

Haj I, Haj 1T,y ac {,81/ ey ,Bm}
il R e

Aij I 0 Iy i€ B

Hu’j Ha’b Ha’j Ha’b’ a e {,Blr ey le}

Here, the B,’s sets are such that B, N B, = @, a # b, and B is the complement, namely, B =
{1,2,..,n}\ B1UPB2U---U By, where n is the total number of particles. The I'T submatrices are

given by the expressions

ki'kc kC.kd

ZC k ° kc
Oy =), —, Hib’zzzli'/ =), P
cep, “ic c€By ic ;g;i cd
zgke -k Zezgke - k
My =Y, SUACRET I § JApp y Zcsd e Rd (755)
ccpy  Zcd CPa Zed
depy depy,

As shown in Refs. [374, 386], to obtain the usual CHY matrices in the double-cover prescription
. . . 1 o 1 . . .

we use the identification 7 Ty = A (see the above section), which gives us the

naive identification z, — (y, + 0,). However, we need all elements of Hﬁ1,..-,/5m to transform in

the same way under a global scaling (y1,01, ..., Yun, On, A) = 0 (Y1,01, s Yn, 0n, \), p € C*. We

1Of course, the measure is also redefined in the double cover prescription.
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use the map? z, — (y”/\i"). Thus, the I'T matrix in the double-cover representation is given by the

replacement,

1 (yo)
A = a
Hﬁ1,ﬁ2,...,ﬁm = Hﬁlrﬁz ----- Bom for a = Tapy 20— A (756)

The multi-trace amplitude for interactions among NLSM pions and bi-adjoint scalars is given by the

integrand [375]

I,I:TLSMEBBA(DCHIBH . |,Bm) _ PTT(DC) % ([Ii (y;l>ﬂ] X PTT(,Bl) .. .PTT(ﬁm) x Pf [Hg\lﬁp]> .

The integrand is the defined using eqs. (753), (754) and (756). The reduced Pfaffian is defined as

P [115, 4, | = P15 )] (757)

15.4 GRAPHICAL REPRESENTATION

The graphical representation for effective field theory amplitudes in the double-cover prescription

is analogous to one presented in Ref. [374]. The only difference is that we are going to work with

determinants instead of Pfaffians. We will briefly review the graphical notation used in this paper.
First, the Parke-Taylor factor is drawn by a sequence of arrows joining vertices. The orientation of

the arrow represents the ordering,

1), (758)

To describe the half-integrand (—1) [HZ:1 (y; Ja

Yang-Mills theory was represented [374]. In YM, the half-integrand

} (T;;Ty) det[(A,‘Z\)Z], we recall how the Pfaffian in

(—1)* [ngl %} (T;;)Pf [(‘FQ)Z] was represented by a red arrow from i — j. We associate this
red arrow with the factor Tj; of the reduced Pfaffian. In the case of NLSM, we draw two red arrows,
i = J, for the factor T;;T}; of the reduced determinant. With the new definition of the NLSM integrand,

(—1)i+k [ngl (]/y‘fa)n} T;iTix det[(Aﬁ)Z{], we draw two red arrows, i — j— k.

2This is in agreement with the single and double-cover equivalence given in Ref. [372].
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If we choose to fix the punctures (pgr|m) = (123|4) and reduce the determinant with (i, ) =

(2, p), we can graphically represent the NLSM amplitude A, («) by an NLSM-graph,

Recall that the removed columns and rows (i, j) are written in bold in the partial ordering. The
notation for the fixed punctures by yellow, green and red vertices is the same as in Ref. [374]. When
all particles are on-shell, the expression is independent of the choice of fixed punctures and reduced
determinant. However, as we shall see later, when we have off-shell particles, the expression depends
on the choices.

Lastly, the following two properties

Aq(1,2,3,4,..,p,..,1n) = Au(cyc(1,2,3,4, ..., p,...1n)),

Ay(1,2,3,4,..,p,.n) = (=1)" Ay(n, ..., p, ., 4,3,2,1), (759)

are satisfied even if some of the particles are off-shell. The graphical representation for other
effective field theories are similar. Also, the double-cover representation reduces to the usual CHY

representation when the green vertex is replaced by a black vertex.

15.5 THE DOUBLE-COVER INTEGRATION RULES

We will formulate the double-cover integration rules, applicable for the effective field theory ampli-
tudes for the NLSM and special Galileon theory (sGal). Generalizing the integration rules to other
effective field theories is straightforward. The integration rules share a strong resemblance to the
Yang-Mills integration rules given in Ref. [374].

The integration of the double-cover variables y, localizes the integrand to the curves C, = 0, with
the solutions vy, = :I:\/(T,%—ij\z, V a. The double cover splits into an upper and a lower Riemann
sheet, connected by a branch-cut, defined by the branch-points —A and A. The punctures are
distributed among the two sheets in all 2" possible combinations.> When performing the integration of
A, the two sheets factorize into two single covers connected by an off-shell propagator (the scattering
equation S}, in eq. (742) reduces to the off-shell propagator under the A integration). On each of the

two lower-point single covers three punctures need to be fixed due to the PSL(2, C) redundancy. The

30nly 2"~ configurations are distinct, due to a Z, symmetry.
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branch-cut closes to a point when A — 0, which becomes an off-shell particle. The corresponding
puncture is fixed. In addition, two more punctures need to be fixed on each of the sheets. These fixed
punctures must come from the fixed punctures in the original double cover (graphically represented
by colored vertices, yellow or green). If there is not exactly two colored vertices on each of the new

single covers, the configuration vanishes. We summarize this in the first integration rule [372, 374];

* Rule-1. All configurations (or cuts) with fewer (or more) than two colored vertices (yellow or

green) vanish trivially.

The first integration rule, Rule-I, is general for any theory formulated in a double-cover language.

In addition, we need to formulate supplementary integration rules specific to the NLSM and special

Galileon amplitudes.

We start by determining how different parts of the integrand (and the measure) scale with A.

Without loss of generality, consider a configuration where the punctures {Up+1, e., 04,010,072} are
located on the upper sheet, and the punctures {03, 03, . . ., Up} are located on the lower sheet. This
configuration (or cut) will be graphically represented by a dashed red line, which separates the two
sets. Rule-I forces two of the fixed punctures to be on the upper sheet, and the other two to be on the

lower sheet. By expanding around A = 0, the measure and the Faddeev-Popov determinants become

AlPHL-A2 AN |dopy doy, dos  dop
= — X ce X | — ... —L O(A
ey A | S S 5 s, oW
dA CHY CHY
= 7 X dﬂn_(p_2)+l X d]/l(p_z)+1 + O(A), (760)
A(123)A(123]4) |p+1,.12 20 | 1 ) 5
S—I ‘3,4,“.,}7 = (012 02y, Upszpl) P ((Tpp+1:23 034 (74Pp+1:2) + O (A ) , (761)

where Ps.;, and Pp11:2 denote the momentum of the off-shell punctures on the upper and lower sheets,

respectively. Here, P3.) = ks + -+ +kp, Pyr12 = kpy1+ -+ - +krand s34 = 22f<]-:3 ki - kj.

For concreteness, we have fixed the punctures (pgr|m) = (123|4). Graphically, this configuration is

represented by

p+1,..,1,2
An(1,2,3,4,..,p,..,1) =

(762)
3,4,..,p
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Notice how the measure and the Faddeev-Popov determinants scale with A at leading order,

dA

A 0N

ity A (763)
A(123)A(123]4) 1

5 Nt (764)

We also need to know how the Parke-Taylor factor and the reduced determinant scale with A.

Table 15.5.1 shows how the integrand factors depend on A when expanded around A = 0. We see

Factor
PT"(a) | det’(A2)
2|0 AD AU
2
El1 - A?
32| A2 A?
o
S|3 - -
4

A4 -

Table 15.5.1: The table displays the dependence of A in the integrand factors when expanding around A = 0.

Some entries are empty, meaning that they are impossible to achieve. E.g. the Parke-Taylor factor
only appears when an even number of arrows are cut. This is because the PT factor forms a closed
ring. Similarly, the reduced determinant enters with two arrows, so at most two arrows can be cut.

that how the integrand scales with A is very dependent on the number of cut arrows. For an NLSM

amplitude, for each possible non-zero cut, we find that

PT*(1,...,n) X det/Aﬁ ~ O(A6), The dashed red line cuts more than four arrows.
PT*(1,...,n) X det/Aé\ ~ A* + O(AZ), The dashed red line cuts three or four arrows.

PTY(1,...,n) x det' A2 ~ A% + O(A®),  The dashed red line cuts two arrows (singular cut).
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Similarly, for an sGal-graph, we find that

det’ ALY x det’ A} ~ AT+ O(A?), The dashed red line cuts one or two arrows
from each of the determinants.

det' ALY x det’ A} ~ A% + O(A?), The dashed red line cuts one or two arrows
from a single the determinant (singular cut).

det/Aﬁ X det/Aﬁ ~ A%+ O(Az), The dashed red line cuts no arrows (singular cut).

We combine this with eqgs. (763) and (764). For an NLSM-graph, there is no residue when more than
four arrows are cut, and the configuration vanishes. When three or four arrows are cut, the factor of
1/ A* from the Faddeev-Popov determinants is canceled by the integrand, and we have a simple pole
in A. We can evaulate the contribution directly. However, when only two arrows are cut, we do not
have a simple pole, and we need to expand beyond leading order. We call this configuration a singular

cut. We summarize this in the second integration rule for an NLSM-graph;

e Rule-II (NLSM-graph). If the dashed red line cuts fewer than three arrows over the NLSM-
graph, the integrand must be expanded to next to leading order (singular cut). If the dashed red
line cuts three or four arrows, the leading order expansion is sufficient. Otherwise, the cut is

zero.

We can perform a similar analysis for an sGal-graph. If one or two arrows from each of the determi-
nants are cut, we have a simple pole and the contribution can be evaluated directly. Otherwise, the cut
is singular and we need to expand beyond leading order. This produces the second integraion rule for

an sGal-graph;

* Rule-II (sGal-graph). If the dashed red line cuts at least one arrow from each of the determi-
nants, the leading order expansion is sufficient. Otherwise, the integrand must be expanded to

next to leading order.

In Ref. [372], this rule was called the A-theorem. In general, we want to avoid singular cuts. If the

graph in question is regular (not singular), the following rule apply

* Rule-IIla (NLSM- and sGal-graphs). When the dashed red line cuts four arrows, the graph
breaks into two smaller graphs (times a propagator). The off-shell puncture corresponds to a

scalar particle.
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* Rule-IIlb (NLSM- and sGal-graphs). If the dashed red line cuts three arrows in a graph,
there is an off-shell vector field (gluon) propagating among the two resulting graphs. The two

resulting graphs must be glued by the identity, ¥y €M1 eMV = yhv.,

* Rule-Illc (sGal-graph). If the dashed red line cuts two arrows, there is an off-shell spin-2 field
(graviton) propagating between the two resulting smaller graphs. The two sub-graphs are glued

together by the identity Yy, eMMeMvP = 17?“’17"‘ﬁ,

When there are off-shell gluons or gravitons connecting the sub-graphs, we must replace the cor-

responding off-shell momentum by a polarization vector, PiV — PiM” = LM , in the reduced

V2¢i

determinants [3].

Finally, we note that the integration rules are independent of the embedding,

* Rule-IV. The number of intersection points among the dashed red-line and the arrows is given

mod 2.

We can always find an embedding where the dashed red line cuts any arrow zero or one time.

15.6 THREE-POINT FUNCTIONS

Before we look at examples, it is useful to compute the three-point amplitudes that will work as

building blocks for higher-point amplitudes.
We are using the objects defined in eqs. (740) and (741). For the non-linear sigma model, the

fundamental three-point functions are given by the expressions
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P,

3
A(P (Pur Pb/ Pc) = A: /d‘ugHY(UPanO—PbPCUPEPH)z PT(Pa, Ph/ PC>2 — 1’ (765)

Pc Pb

P,
1 Spcpa
Ag(PuerrPC) = A: /d‘ugHY(U'pupbO'pbpc(Tpcpu)z PT(Pa,Ph,PC) 70_1313 Top. Upp
alp blc cla
Pc Pb

= spp,, (766)

P,

PP
A:(a b)(Pa/PbrPC) = A:/dﬂgHY(UPanUPbPCU'PEPg)ZPT(PaerrPc)

P Py

1 R SpyPe
x U et | Tne - Tn
PP, SP.Py
OPcPy

= Sp,P. SP.Py/ (767)

where P} + Pg‘ + P! = 0 and all particles could be off-shell, i.e. Pi2 # 0. Using momentum

conservation, we reformulate the expressions as

AL(P,, Py, P.) = sp.p, = — (P> — P2 + P?), (768)
AL (P, Py, P.) = spyp.spp, = (P2 — P2+ P2) x (P2 — P2 + P?)

= A5(P., Py, Py) x A5(Py, Py, Pe). (769)

We see that the three-point functions in eqgs. (768) and (769) vanish when the particles are on-shell.

15.7 FACTORIZATION RELATIONS

We will presents three different prescriptions for computing NLSM amplitudes. As we will see, they

lead to three different factorization relations.
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First, we start with the conventional NLSM prescription given in eq. (737) (in the double-cover
language). It is useful to remember that for an odd number of external particles, the amplitude
vanishes,

Agpir(,...,P,...,P;,...,n) = 0. (770)

This relation holds even when the particles removed from the determinant by the choice (i, j) are
off-shell, i.e. when P? # 0 and/or P].2 # 0.

Secondly, we will use the alternative prescription given in eq. (740) with two different gauge fixing
choices, resulting in two new factorization formulas. Parts of the results were reported by us in
Ref. [3].

In general, we denote the sum of cyclically-consecutive external momenta (modulo the total
number of particles) by P;;; = k; + - - - + kj. We also use the shorthand notation P; ; = k; + k; for

two (not necessarily consecutive) momenta. We also define the generalized Mandelstam variables

_ — : — VP
Siij = Sii+1..i+j AN Sisij, 1 = Siiq.ikjils With Siy i, = Yy 05 q ki, - ki,

15.7.1 Four-Point

The Usual Integrand Prescription

Let us start by considering the four-point amplitude, A4(1,2,3,4). Without loss of generality, we
choose the gauge fixing (pqr|m) = (123|4). In order to avoid singular cuts (see Section 15.5), we

remove the columns and rows (7, j) = (1, 3) for the determinant in eq. (737). For notational simplicity,

wedefinell, = (1,...,n). 0 = (1,...,d,...,j,...,n),andI{™ = (1,...,i,...,j,...,k,...,n).

Graphically, the amplitude factorizes into

1 2 1//1/—(»_&\2\\ 1 ,”_\‘2\\ g )
i | > \ Va— O
A4(]I§13)): /dyf NI N+ N b (771)
\\ 3//1 O < \\\
4 3 4 3 4 7 . 3

cut-1 cut-2 cut-3

By applying rule-III, we can evaluate cut-1, finding
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(/ \\\!

1 A3(P34,1,2) x A3(P 4

i _ VX () " i% _ A3(Ps4,1,2) X A3(P1p,3,4) _ 0, 77
534 534

O O

4 3

where we have used eq. (770). Cut-2 can be evaluated in a similar manner. Finally, it is straightforward

to see that the last cut (cut-3) is broken into
| o o2
1
NFASOAY e
524
@ < O,
<3 3

From the normalization of the three-point function in eq. (765), the first graph evaluates to (—1),

while the second is (using rule-IIT)

P13
2 0o
— (UP132 024 U4P13) « det 024 | — 554 ) (774)
(UP132 02P13) X (‘TP1340—4P13) Sﬂ 0
4 2 (%)

We can also rewrite the cut using matrix relations defined in section 15.A.2,

AL(Pis,2,4)A4(1,3, P
cur-3 = — 2P s) (1,3, Pos) (775)
24

By evaluating the cuts, we have that

A3(P34,1,2)A5(P 4 A3(P3,1,4)A5(3, Py, 2
A4(]L(Ll3)): 3( 34, 4, ) 3( 12,3, )+ 3< 23, % ) 3(3' 14/ )
534 523
 A4(Pi3,2,4)A4(1,3, Pyy)
524
AL(P13,2,4)A5(1,3, P, - -
S24 524

Here we have used eqs. (768) and (770) when evaluating the amplitude. Notice that the factorization
channels with poles s34 and sp3 vanish because they factorize into an odd NLSM amplitude, see

eq. (770). The last contribution does not vanish, as it is not the usual NLSM prescription, but rather an
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off-shell amplitude with the new prescription given in eq. (740). Of course, the subamplitudes would
vanish if all particles, including intermediate particles, were on-shell. In particular if P4 was on-shell

(collinear limit). We can see this reflected by the answer, which would vanish in that case.

The New Integrand Prescription

In the previous section, we expressed the factorized non-linear sigma model amplitude with the usual
prescription in terms of lower-point amplitudes with the new prescription. In this section we are going

to do the calculations using the new prescription.

Let us consider the four-point amplitude, with gauge fixing (pqr|m) = (123|4). In order to get a
better understanding of the method, we are going to choose two different reduced determinants, i.e. we
consider removing columns and rows such that (ijk) = (123) in the first example, and (ijk) = (134)

in the second example. In the first example, we have the graphical representation

1 2 1 e
AZL(M):/d%\ I“*} ﬂ+
4 3 4 3

cut-1 cut-2

(777)

4

The graphs can be evaluated as

Ppp3 1P

AL(1,2, PMY AP (PM 3,4) AR (1, PM, 4) AL(PM,2,3)

- + : . (T78)
34 41

Ay (Iy) = %

We see that all factorization contributions are glued together by an off-shell vector field (off-shell
gluon). The notation PZ-M means the replacement Pi” — \%GZMV in the A,, matrix. Also, the gluing
relation is

Y et reMy =y, (779)
M

Explicitly, the two factorization contributions become

AL(1,2, Py AP2Y) (pM, 3,4
534

(ﬁeé\f{ : k1> X 8§34 (\@6% : k4> _ 51453

534 534

D )=§ .,

(780)
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and

M M
ZAélPB)(l’ p21\§1,4>Aé(pi\{1,2,3> _ Z (\@623 . k4> S41 X (\@e41 .k3> _ suSy _
M 523 M 523 523
(781)
As a second example, consider
: 3 2
ALYy = / Ayl g: "+ (782)
Os—==0 Os——03 ,'/
4 3 4 3 4
cut-1 cut -2
The graphs evaluate to
1P,
AZL(JL(EM)) -y Aé (1,2, P} A3(PY,3,4) . A5(1, Pp3,4)A3(3, Py, 2) (783)
M

534 523

Notice that only one of the factorization contributions (cut-1) is glued together by an off-shell gluon,
while the second contribution (cut-2) is a purely scalar contribution. Evaluating the contributions, we

find that

X A (1,2, PY) AL (P, 3,4) Y- (V2elt ko) o x (V2eld k) L
M 534 M 534 534 v
(784)
and
AL(1, Py, 4)A3(3,Py,2)  PEL %0
3(1 Pr3,4)A3(3, P, 2) _ Py <0 _ (785)

$23 523

The scalar contribution vanishes, as an odd amplitude in the usual prescription vanishes, see eq. (770).

Summing the contributions, we obtain

ALY = 514+ 510 = —s1, (786)

Ai(]lim) = —s13+ 0= —s13. (787)
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This agrees with eq. (776).

15.7.2 Six-Point

Next, we compute the six-point amplitude using the double-cover formalism. We stick to the gauge
fixing (pgr|m) = (123|4), and to removing the columns and rows (i,j) = (1,3). Graphically, the

amplitude factorizes into

6 2 {
A6(1§) = [y =" (785)

We have omitted some factorizations, which evaluate to zero by analogy to the four-point case. The
full calculation is presented in section 15.B.3. Cut-1 is straightforward to evaluate, as it factorizes into
lower-point NLSM amplitudes. However, cut-2 and cut-3 do not have straightforward interpretations
yet (which is why they sometimes are referred to as strange-cuts). Take cut-2 as an example, it

graphically takes the form

Pq3 1
X () X A (789)
54:6,2 SR

The first graph looks non-simple to be computed since there is no way to avoid the singular cuts.
Nevertheless, such as in Yang-Mills theory, Ref. [374], this strange-cut can be rewritten in the

following way

Pys,2

6
P13
[ anst™ s@ x A = (~1) A4(P13,2,4,5,6) x A4(1,3,Pig2),  (790)
2 3 1
4



15 SCATTERING EQUATIONS AND EFFECTIVE FIELD THEORIES

which comes from the matrix identities given in section 15.A.2. We can do a similar rewriting for

cut-3. Putting it all together, the six-point amplitude factorizes as

_Ay(1,2,Ps5,6)As(Pe2,3,4,5)  As(P13,2,4,5,6)A5(1,3, Pyep)
53:5 513
AL(Ps13,2,4)AL(1,3, Py, 5,6)
524
$765 S S S S S s S36 + 8
:2635_|_sl [46 26 + 46]+S24|:26+ 46+ 26 + 536 46

— +
53:5 S4:6 556P;5 556P, 55:1

(791)

By using momentum conservation, all unphysical poles cancel, and we match with the known result

A (Tg) = (512 +523) (S45 + S56) 4 (523 + 534) (S56 + S61) n (534 + 545) (56 + S61)
5123 5234 5345
— (S12 + S23 + S34 + Sa5 + S56 + Se1)- (792)

The six-point amplitude can also be computed using the new prescription. The first example with

the choice (ijk) = (123) gives, graphically,

As(lg ™) = (793)
The full calculation is found in section 15.B.1. The contributions unambiguously evaluate to
A ™) = (794)

P13 P553
Ay (1,2,PM) AlP2Y (PM 3 4 5,6) L AL12, PM,5,6) AL (PM 3, 4)

D

o $3:6 S34
! (DM (1Py3) M / M (Ps23) (pM
+ A3 (P4:l’ 2’ 3) A5 (1’ P23’4’ 5’ 6) + A4 (1’ 2’ P3:5’ 6) A4 (P6:2’ 3’ 4’ 5) ]
54:1 53:5 ‘

Graphically, the second example, with the choice (ijk) = (134), is

(795)
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which becomes (see section 15.B.2)

A = (796)
v AP (1,2, PM) AL(PM, 3,4,5,6) . AP (1,2, PM, 5,6) A} (PM, 3,4)
i 53:6 534
. AP (1,2,PM,6) A, (PM,3,4,5) | A3 (3,Pi,2) A5(1, Py 4,5,6)
535 54:1 '

Notice that the last contribution (cut-3) evaluates to zero. We can check that both examples with
the new integrand prescription reproduce the correct result. The full six-point calculation for both
choices of gauge fixing is presented in section 15.B. Notice that in the first example, all factorization
contributions are glued together with off-shell gluons, while in the second example, three contributions
involve off-shell gluons, and one contribution is purely in terms of scalar particles.

So far we have seen three different kinds of factorization relations. The first kind, presented in
eqgs. (776) and (791), all particles were scalar. In the second case, given by eqs. (778) and (794),
the intermediate particles were vector fields (off-shell gluons). Finally, in the last case, eqs. (783)

and (796), the factorization relation involved both intermediate scalar and vector fields.*

15.7.3 Longitudinal Contribution

As the non-linear sigma model is a scalar theory, it is an interesting proposition to only consider
longitudinal contributions. An off-shell vector field can be decomposed in terms of transverse and
longitudinal degrees of freedom. Let us consider only including the longitudinal degrees of freedom.

Practically, this means that instead of using the relation in eq. (779), we keep only the longitudinal

sector,

H

Ly Lv _ kik}/ _Eﬂkv ith, ¥ = —k* EV_ k?
;ei €j _ki-k]-_if’ with, k; = =k, K = — 2] (797)
1

Here we label the polarization vectors by a superscript L instead of M when keeping only longitudinal

degrees of freedom.

4 Although in this case, the factorization contribution where the propagated particle is a scalar field vanishes, it is simple
to find an example where this does not happen. For instance, let us choose the gauge, (pgr|m) = (134|6), and the reduced

A, matrix with (ijk) = (146). It is not hard to check that for this gauge fixing the amplitude, Aé(l[él%)), has the two types
of factorization contributions which are non-zero.
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In the four-point example, we have that

P13 1P.
A5(1,2, PL) AT (P, 3,4) | AJ™) (1, Pl 4) 44(P;, 2,3)
534 523

D

L

1[s%, &2 1
[u + 14} =B Al (798)

2 S12 514 2

and

AP (1,2, PL) AL (P, 3,4) L A3(1, P, 4) A5 (3, Py, 2)

E 534 523

L

1 S%Z 0 512
= |22y | =212 £ AT 799
32+ 0] =2 #easny (7199)
where is p is a real constant. The sum of longitudinal contributions in eq. (798) is proportional to the
correct answer, while the sum of longitudinal contributions in eq. (799) is not.

Applying the same ideas to the six-point amplitude in eq. (794), we have that

A4 (1,2,PL) AP (PL,3,4,5,6) L AL(L2, Py 5,6)A"¥ (PL),3,4)

Z‘ 53:6 534

L
. A, (PE,2,3) AU (1, PL, 4,5,6) o 1)Ag (1,2, Pk, 6) A% (DL, 3,4,5)
5441 53:5

1
=5 Ag(Tlg). (800)

Notice that the relative sign of the contribution from even subamplitudes (physical pole) was flipped
in order to reproduce the correct amplitude.’ In the four-point example, all subamplitudes are odd,
and no relative sign flip is needed. All the longitudinal contributions are computed in section 15.B.4.

Now, let us focus on the factorization relation given in eq. (796) and its longitudinal contributions

1P;, 1P
2 (_1)i1 Aé 3'6) (1’ 2’ P3L6) A/5(P1L2’3’4’5’ 6) + (_1)i2 Aé 34)(1/2/ P§4’5’ 6)Ag<P5LZ’3’4)
T 53:6 534
1Ps.
+ (_1)i3 AZ(L ) (1’2’ P3L5’6) AZL (P6L:2/3’4/5) + A3 (31 P4::1/2) Aé‘,(lz P23/4r5/ 6)
53:5 54:1
# pAs(Ils), (801)

SWe have tested all possible sign combinations, and this is the only one which is proportional to the correct amplitude.
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where the non-equality is preserved for all 2> = 8 possible combinations of relative signs, i.e.

(i1,12,13) € {(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1)}. Thus, like
the four-point example, the amplitude with both off-shell gluons and scalars does not reproduce the
full answer when only longitudinal contributions are kept. Again, the longitudinal contributions are
presented in section 15.B.4.

In summary, we have obtained examples of three different factorization relations, involving only
intermediate scalars, off-shell gluons, or both scalars and off-shell gluons, respectively. In the case
where we have only off-shell gluons, we are able to reproduce the full answer by only keeping
the longitudinal degrees of freedom (with a relative sign flip between even and odd factorization

contributions).

15.8 GENERAL FACTORIZATION RELATIONS

The factorization relations from the previous section can be generalized. In this section, we present
three different factorization formulas. One formula is given in terms of exchange of off-shell vector

fields, while the other two formulas are given in terms of purely scalar fields.

First, let us consider the case, AZn(IISE) ) Thus, as in the section 15.7.1, we choose the gauge

fixing (pgr|m) = (123]4) and the reduced matrix with (ij) = (13), namely [A,,]13. Applying the

integration rules, the amplitude becomes

n Al . (1 2 1%;.2',1 2i, ... ZTZ)XA/ . (PZ"2 3,4,...,2i — 1)
2(n—i+2 7<=y 121 ’ 7 7 2(i—1 1277 7 7
Ay (]Igz?’)) = § : (i2) =D

i—3 53:2i—1
n+1 A,Z(nfiJrZ)Jrl (1, 3, P4;21‘_2,2, 2i—1,..., 21’1) X A/2(i71)71 (le'_1:1’3, 2,4,...,2i — 2)

(1) )2

= 54:2i-272

_|_

(802)

This formula has been check up to ten points. In order to obtain the this relation, we used the matrix
identities formulated in section 15.A.2. In the first line, we used that

Ap; (, Py,...Py, ... P, ) = Ay (, Py, ... Py, ..., Py, )

= A3 (', Py, Pyy oy Pry ) = A (o Py, oy Py Py ) (803)
For the second line, we used properties I and I1I in section 15.A.2.

Thus, as the formula obtained in eq. (802), our second factorization relation, that was already

presented in Ref. [3], is supported on the double-cover formalism. In order to generalize the eqs. (778)
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and (794), we choose the same gauge fixing, (pqr|m) = (123|4), and the reduced matrix with,

(ijk) = (123), (i.e. [A24]33). By the integration rules formulated in section 15.5, it is straightforward

to see the amplitude turns into

n AL o (1,2, PM 2,0, 2n) x ALEY) (PM 3,4, 21 — 1)
2(n—i+2 3:2i 2i:27
A/Zn (HZH) — Z Z (n—i+2) 1— . 2(i-1) i
M |i=3 3:2i—-1
; (Pri-123) :
L Ay iy (L2 B 5,20 =1, 2n) X Ay 21 (P4 5,3,4,..,21 = 2)
+ Z 5
3:2i-2

L A (P,2,3) x AUIP2) (1,PM,4,...,2n)

54:1

, (804)

where we use eq. (779). This second general formula has been verified up to ten points.

On the other hand, from the results obtained in the eqs. (798) and (800) for four and six points,

respectively, we can generalize the idea presented in section 15.7.3 to higher number of points.

Therefore, by considering just the longitudinal degrees of freedom in eq. (804), we conjecture the

following factorization formula [3],

(Pyi23) .
() =25 Z”: A nivay (L2, By, 20, 2m) X Ay 737 (Pyi, 3,4, ., 21 — 1)
! L |i=3 53:2i—1
1 (P i—1: 3) .
1 ntl Alz(n—i+2)+1 (L2, P 5,2i—1,..,2n) XAz(ffll)zfl (PE 1,,3,4,..,2i —2)
NE> 2
=3 3:2i—-2
AL (PL,,2,3) x AlP2) (1,PL 4, 2n
+( 1) ( 4:1 ) 2n—1 ( 23 ) ) (805)

S4:1
where we use eq. (797). Finally, by applying the identities

(PyPy) (PyPr)
Ag" " (o Pyyociy Py Pry) = Ay (o) Poyy Py Py, )

- 7(1)% + pg + P?)x Abi (o Py, e, Py, Py, ),
(PpPy) (P, P,)
Ay (s Py Py Py = Ayt (s Poys Py Pry )

2i+1

= (P} —P; —P})xAY 1 (- Py, Py, Py, ), (806)
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which are a consequence from the properties in appendix 15.A.2, it is straightforward to see the

eq. (805) becomes

A/Z(nfiJrZ) (1, 2,P3.0i 1, 2i,..., 271) X AlZ(ifl) (pzl':z, 3,4,..,2i — ].)

Agy(lpy) = i

i—3 53:2i—1

. nil A’Z(H_Z‘JFZ)Jrl (1,2, P35 5,20 — 1,...,2n) ><A’2(Z._1)_1 (Pzi_1:2,3, 4,..,2i — 2)
i=3 53:2i—2
Al (Pyq,2,3) x Al 1,P3,4,...,2n
+ (_1> 3( 4:1 ) 271—1( 23 ) (807)

54:1

This is our third general factorization formula.

15.8.1 A New Relationship for the Boundary Terms

As we argued in Ref. [3], the amplitudes with an odd number of particles, i.e. amplitudes of the
form A}, (..., Py, ...) (odd amplitude), are proportional to P?Z since that them must vanish when all
particles are on-shell. Thus, the poles given by the odd contributions, namely expressions of the form

Al P, )X AL Py, .
21 (o Pa 21)3 .szkﬂ( b ), are spurious and, therefore, those terms are on the boundary of any usual
a

BCFW deformation [304]. In particular, under the BCFW deformation,
ky(z) = kh +zq", kb(z) = kb —zq", with > =0, (808)

all even contributions (physical poles), which are given by the sum

i A/2(n7i+2) (1, 2, P3:2,‘,1,21‘, ey 27’1) X A/Z(ifl) (le':z, 3, 4, vy 2i — 1) (809)
i=3 P2si_1(2)

in eqgs. (802) and (807), are localized over the z-plane at, PB%:Zi—l (z) = 0. Thus, by the above
discussion, all odd contributions in eqgs. (802) and (807) are localized at the point z = oo on the

z-plane and, hence, we call those odd amplitudes the boundary terms.
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Now, clearly, by comparing the factorization relations obtained in eqgs. (802) and (807), this is

straightforward to see that one arrives to the identity

n+1 A/Z(nfi+2)+l (1, 2,P3.9i 5,21 —1,..., 27[) X A/Z(ifl)fl (P2i71:2/ 3,4,..,2i — 2)

+(2 + 3)
i—3 53:2i—2

_ A5(Pa,2,3) x A,y (1, P4, 2n)

54:1

, (810)

which lies on the boundary of any usual BCFW deformation. We have checked this identity up to
n = 10.

159 A NOVEL RECURSION RELATION

In this section, we are going to present a new recursion relationship, which can be used to write down
any NLSM amplitude in terms of the three-point building-block, A5 (P, Py, P.) = —(P? — P? + P?),
given in eq. (766).

Previously, in eq. (805), we arrived at an unexpected factorization expansion, which, although it
emerged accidentally from the integration rules, a formal proof is yet unknown.® Thus, since applying
the integration rules is an iterative process, we would like to know if the relationship in eq. (805)
could be extended to off-shell amplitudes (both for an even and odd number of particles). Here, we
are going to show how to do that.

First, consider the four-point computation, Ay (P;, P>, P3,4), where the particles, { P, P>, P3}, can

be off-shell. By the integration rules, we obtain the same decomposition as in eq. (778),

Al (P, Py, Ps,4) = (811)

AL(Py, Py, PMY AR (PM Py 4)  ALPPR) (P PM, 4) AL (PM, Py, Py)

Z + 23 = —54p,-

M SPsPy SPPy

STt is important to remind ourselves that the longitudinal contributions give the right answer only when, after applying
the integration rules, all factorization channels are mediated by an off-shell vector field. This was exemplified in section
15.7.3.
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Now, by using the longitudinal gluing relation given in eq. (797), i.e. Y ; €§4L€‘1’ZL = ?&P{’z and

L
Yo 653 641 = P23P41, over the above factorized amplitude, one arrives at

PP PP
<_2) Z Aé(P1/P2/P3L4)A§; B 3)(P1L21P3/4) 4 A( ' 23)(P1,P23,4)A’ (P4L],P2,P3)
L SPsPy SpyPy
_(Plz_P22+P324)54P12 + _(Pfl _P22+P??)S4P23
p2 p2 :
34 41

(812)

Clearly, since {Py, P,, P3} are off-shell, the results found in egs. (811) and (812) do not match.
However, there is a simple way to make them coincide. Instead of using the usual longitudinal identity,

we employ a generalized version where PE is redefined as

It is straightforward to check that under this redefinition, the factored expression in eq. (812) reproduces
the same result as in eq. (811). The generalization to a higher number of points is straightforward,
so, when the particles { P, P,, P3 } are off-shell, the longitudinal gluing relations that must be used in

eq. (805) are given by

PP L
ZAMH L Py...,Ps..) xquH‘)(Pl,... PL,...)) = Ze” vL —pl'py,
ZAP1P" (P,...,PL,...) x Ab(PE,...,P,, ..., Ze”L vl _Plpy,
where, Pry = —Pf , and

_ pPH _
’ (W—¥+¥) : <W+$ Gl
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Thus, by applying the identities in eq. (806), we obtain the following simple and compact expression

Aén (P1/ P2/ P3/ 4, veey 21/1) g

£ 2(n—i+2)
2
n

(Plr P, P3;21',1, 2i, ..., 2”) X A;(ifl) (PZi:ZI P,4,.., 2i — 1)

53:2i—1
i (n l+2)+1(P1/P2,P3:2i—2,2i—1 . 2n )XAIZ(z 1)-1 1 (Paic12,P3,4,...,2i — 2)
2 _ 2
i=3 Pf — P + P,

AS (P4:1,P2, P3) XAénfl (P],P23,4, NN ,21”1)

+ (=1 814
=1) P2, P2+ P} #19

Obviously, when { P;, P», P;} become on-shell, we rediscover eq. (807).
In order to achieve a completed recursion-relationship, it is needed to get a closed formula for the
odd amplitude, A}, (P, P2, P3,4,...,2n + 1). Therefore, applying the integration rules over this

amplitude, one obtains the following two types of combinations

P, P,
L ZA’Zm+1 (PM,..., Py, Py, ) x APy, B, ),
(P Py)
II. ZAZM (P,...,PM, ...y x Ay (PM,...,P,,...,P5,...).

We found that, to land on the right result by using just longitudinal degrees of freedom, the combination

I must be glued by the relation

L Ye'lteyt = (~1)(P} - P} + P}) x PPy, (815)
L

where P! and P}, are defined in eq. (813), while the combination II has to be discarded. Note that the
overall factor, (P? — P% + Pg), implies that when the off-shell external particles become on-shell, the

amplitude A} 1 vanishes trivially, such as it is required.
To summarize, after applying the integration rules over an even or odd amplitude, such that the
factorized subamplitudes are glued only by virtual vector fields, then, we can compute this process

just by considering the longitudinal degrees of freedom and the rules given in the following box
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Product Allowed (P Py)
/ € 15k €
A2m+1 (Pr s ’ Pz’ ’ P3’ ) €¢t~)ﬁg A2q+l (Pl' 4 Pk/ 4 ) 65: %PI?
Product _ 2 _ p2 2 Product
Allowedﬂ x (=1) (Pf — P; + P3) HForbidden
(P Py) e Product Allowed ’ €
A2] (Pl/ /Pk/ /) 6?—)?? AZz(Pr’ rPZI rP3/ ) eil—)P,”

where Pﬁl and FZ are given in eq. (813). Notice that the horizontal rules on the box work over
the even amplitudes, i.e. A’2n(P1, P,, P3,4, ...,2n), while the vertical rules work over the odd ones,
A/2n+l(P1’ P, P5,4,...,2n + 1)

Finally, by employing the identities in eq. (806) and the above box, we are able to write down a

compact formula for A’211+l (Py, Py, P5,4,...,2n+ 1),

n+1 1
Ayir (P Po, Pa, 4, 2n 4+ 1) = (PR — B3+ PE) x lz ( S - )
" i3 \P1 — Py + Py 4
y A/2(n7i+2)+1 (P1, Py, P3.0i_1,2i,...,2n + 1) XA/Z(ifl) (le':z, Ps,4,..,2i — 1)
53:2i—1
1 AL (Pyq, Py, P3) x AL (Py, Pos,4,...,2n+1
+ = ] x 4 (Pya, Po, P3) x Al (Py, Pos ) 516)
Piy — Py + Py S4:1

Evidently, the formulas, eqgs. (814) and (816), give us a novel recursion relation, which we have
checked against known results for up to ten points. The big advantage with this relation is that it is
purely algebraic, as any non-linear sigma model amplitude can be decomposed to off-shell three-point

amplitudes (without solving any scattering equations).
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NLSM @ ¢3
15.10 THE SOFT LIMIT AND A NEW RELATION FOR A, oe

The soft limit for the U(N') non-linear sigma model in its CHY representation was already studied by
Cachazo, Cha and Mizera (CCM) in Ref. [259]. One of the main results is given by the expression (at
leading order)
2 s NLSMa¢®
An(l,.om)=e Y 2ky ke AL (1, n—1|In—1,a,1) + O(?), (817)
a=2
where k! = ekl and e — 0.
In this section we carry out, in detail, the soft limit behaviour at six-point, but using the new
recursion relation proposed in section 15.9. Although the generalization to a higher number of points

is not straightforward, it is not complicated. We will not take into account the general case in this

work.
Let us consider the amplitude, A¢(1,2,3,4,5,6) = A[(5,6,1,2,3,4), where the soft particle is,

kg = elzg, with € — 0. From eq. (814), we have

A(5,6,Pry) x Af(Pss,1,2,3,4)  A4(Pas,6,1) x AL(5,Ps1,2,3,4)

Ay(5,6,1,2,3,4) =

P P&
+A(,3(P316/ 1/2) X Aé (51 6/ Per 3/ 4) + AZL(S/ 6/ P1:3/ 4) X AZ}(P4:6/ 1/ 2/ 3)
2 2
P12 P1:3

26]26 -k4 X A:}(P456/ 1,2,3)
S45 + 2€ I~<6 - Pys

= —Aé(P56, 1,2,3,4) + Ag(S, P61,2,3,4) - A/5(5, 6, P]z, 3,4) -

7

(818)

where the three-point building-blocks in eq. (767) have been used. Applying the off-shell formula
proposed in eq. (816), it is not hard to check that, at leading order, the above five-point amplitudes

become

i Al (Ps1,2,3,4)  AL(5,Pp,3,4

A’s(P56,1,2,3,4)=(26k6~k5)[ P 34) | Ao P )], (819)

551 512

i Al(Ps1,2,3,4)  AL(5,Pp,3,4
Aé(5,P61,2,3,4>=(2ek6-k1>[ a(P51,2,3,4) | 445 Pro )}, (820)
551 512

- Al(5,Ppp, 3,4 -

—AL(5,6,P15,3,4) = —(2¢€ke - Pios) X 445, P12, 3,4) —2¢ekg - ka. (821)

512
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Therefore, the six-point amplitude at leading order in € is given by

. AL (P ,234 Al(5,Pp,3,4
A6(1,2,3,4,56) = (2¢ks- kz)[ P 2,34) Ayl - )}
12
P ,2 3,4
+(2eke - ks3) { o1 )}
1(P ,234 Al (Pys,1,2,3
+(2eke - ky) [ o1 ) Au(Pos )—1]. (822)
545
Now, from the CCM formula in eq. (817) one has
A6(1,2,3,4,56) = (2eks ky) x ANMH (1253 4 5)|5,2,1)
+(2eks k) x ANMP (1 553 4 5)15,3,1)
+(2eke- ky) x ANSMEP(1,2,3,4,5([5,4,1). (823)

Although at first glance, the eqs. (822) and (823) do not seem to be the same, notice that by choosing

the gauge, (pgqr|m) = (512|3), the amplitude ANLSM@(P (1,2,3,4,5||5,2,1) turns into

3
ANUSMEP (1 5 3.4,5](5,2,1) = /dyg\ 5 2_

3 3
AY (1,2, Py5) x A}(5,P12,3,4) ALY (1,Pp4,5) x Aj(Psy,2,3,4)

512 515
_ _A{4(5, Pip,3,4) _ AZ(P51,2, 3,4) (824)
512 515 ’

3
where we employed the integration rules, the building-block, Ag (Py, Py, P3) = 1, and the second

property from the appendix 15.A.2. Following the same procedure, it is straightforward to see

5 A! (Ps1,2,3, 4
ANPME(1,2,3,4,5)15,3,1) = _Au(Ps2,8,4) (825)

515

Clearly, the first two lines in eqs. (822) and (823) match perfectly, however, to compare the last

lines we must take care. By direct computation, it is not hard to show that, in fact, the third lines in
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eqs. (822) and (823) produce the same result, but, we can extract more information from them. For
. o . NLSM&¢?
example, under the gauge fixing, (pqr|m) = (512|3), the amplitude Az (1,2,3,4,5||5,4,1)

is given by the cuts

NLSM&¢? :
A 9°(1,2,3,4,5/|5,4,1) = /dyg\ 5 2_fs

4 3 N
Singular —_cut
Al (Ps1,2,3,4
- _ % + Singular-cut. (826)
15

Clearly, by comparing the above expression with the last line in eq. (822), we arrive at

Al(Pg5,1,2,3)

Singular-cut = —
545

-1, (827)
which is a simple but a strong result. As it has been argued several times [372, 374] (see section
15.5), the integration rules, which were obtained by expanding at leading order the A parameter of the
double cover representation, can not be applied over singular cuts. In order to achieve an extension of
these rules to singular cuts, one must expand beyond leading order the A parameter and find a pattern,
which is a highly non-trivial task. Nevertheless, eq. (827) tells us that the soft limit behaviour could

help us to figure out this issue. This is an interesting subject to be studied in a future project.

3
15.10.1 A New Relation for A}:ILSM@(P

In the previous section, we observe that, using the recursion relation proposed in section 15.9, the

soft limit behaviour of the six-point amplitude, A¢(1,2,3,4,5,6), gives a factorized formula for
3

AIS\ILSM@‘P (1,2,3,4,5]|5,4,1) in terms of off-shell NLSM amplitudes. In this section, we are going

3
to show a new factorization formula for the general amplitude, AEILSM@(P (1,...,n||n,a,1).

First, let us consider the gauge fixing (pgr|m) = (1an|2), so, we can suppose that the set of parti-

NLSM@¢?

283

cles, { P, Py, P, }, are off-shell (here a is a label between 2 < a < n). Since the A, (1,...,nln,a,1)

amplitude vanishes trivially when # is even, then, it is enough to define, n = 2m + 1. Thus, applying

the integration rules with the previous setup the amplitude is factorized into
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3
AI;H“SM@(P (1,...,a=1,a,a+1,...,n||n,a1l) = (828)
a . NLSM@¢? .
18] AL (Pyiy,1,2,...,2i — 1) x Az(mii)f; (Pyoi_1,2i,...,a,...,n||n,a,Prai_1)
i 51:2i—1
. NLSM@¢? .

m Alzi(P2i+1:1/ 2,.,4,.., 21) X A2<m7i)f3 (l, P02 4+1,.. .,7’1‘ ’7’1, P5.;, 1)

i=[%] 52:2i ’

where | x| and [x] are the Floor and Ceiling functions, respectively. Notice that when a = 3, the first

line doesn’t contribute because of the properties of the Floor function.
In the particular case when a = 2, we choose the gauge fixing (pgr|m) = (12n|3), and the

factorization relation becomes

3
ANEMEC (1 0 nln,2,1) = (829)
NLSM®¢>
Al (1,P12,3,...,n—1) x A, ?(Psn, 1,2|| P32, 1) .
S3:n
. NLSM@¢? )
m A (Poiy11,2,3,...,2i) X Az(m_i)f3 (1, Poi, 2i +1,...,1||n, Paoi, 1)
i=2 52:2i ’

Clearly, when n = 2m 4+ 1 = 5, the relations obtained above are in agreement with the ones in

egs. (824) and (825).

15.11 SPECIAL GALILEON THEORY

In Ref. [246], Cachazo, He and Yuan proposed the CHY prescription to compute the S-Matrix
of a special Galileon theory (sGal). The Galileon theories arise as effective field theories in the
decoupling limit of massive gravity [312, 387, 388]. The special Galileon theory was discovered in
Refs. [246, 389] as a special class of theory with soft limits that vanish particularly fast.

As discussed previously (for more details, see Ref. [246]), the CHY prescription of the sGal is

given by the integral

AsGal — /dySHY (zpgzqrzrp)® % [det’A, x det'A,] . (830)
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From this expression, it is straightforward to see the sGal is the square of the NLSM, where the
product is by means of the field theory Kawai-Lewellen-Tye (KLT) kernel [237]. Schematically, one
has

AsGal — 4 %T A (831)
n - n nr

where the KLT matrix, usually denoted as S{a|p], is the inverse matrix of the double-color partial
amplitude for the bi-adjoint ¢* scalar theory [348, 350]. Notice that, from this double copy formula,
we can use whole technology developed for NLSM and apply it in sGal. Nevertheless, since our main

aim is to show how the integration rules work, we will not use eq. (831).

15.11.1 A Simple Example

In this section, we will show how the integration rules work in a theory without partial ordering. As a

simple example, we will calculate the four-point amplitude for sGal.

From eq. (749), the sGal in the double cover representation is given by the integral

—1)A(pgr)A(pgr|m
as = [ aut (71 (PZ% (parlm) [det A x det'A}]. (832)
where we have defined, det' A} = TT'_, (yy%)” x det'A2. After choosing a gauge fixing, by the

—1)A(pgr)A -
(=1) (Wsr) (parlm) , A4 4

T
m

rule-I in section 15.5 we know that the Faddeev-Popov factor goes as,

O(A‘z), (eq. (763)). Thus, in order to cancel this A~* factor, at leading order, a cut-contribution
in the special Galileon theory must cut at least one arrow of each reduced determinant, this fact
comes from table 15.5.1. This is summarized in Rule-II. For example, for the four-point amplitude,

AZGal(l, 2,3,4), let us consider the following four different setups

2 2
O*——0 O O
’ @@ I:I &o ' 5
@=——O
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where the red/black arrows denote a given reduced determinant. Clearly, the first two graphs with
reduced matrices, (A)12 x (A})3] and (AD)13 x (AD)11, respectively, have the following singular

cuts

1 PR

| “«— ) K \
I A A ks 0 o i © I A A anlt 2
s det'AD x det' A} ~ A, 3—>detA4><detA42 ~ A2
4 '
@=——0O 3 v O 7 O 3
4 3 N4, 3

On the other hand, the third and fourth graphs do not have any singular cuts, therefore, we can apply

the integration rules over them.

The Four-Point Computation

To carry out the four-point sGal amplitude, we choose the fourth setup in eq. (833). Thus, from the

integration rules, we have three cut contributions given by

N

1 2 4 Te 1 2 o
o o) /i o Va0
ALN1,2,3,4) = [ duf & - h + | @@ + : (834)
4 3 4 3 43 4 3

~2

cut-1 cut-2 cut-3

It is straightforward to see that the first contribution vanishes trivially,

______ m
7 o 1 2 P

127
‘ o) @) 1
.. el _ 2
= X <) x = 2(‘712‘72P34UP341) X
534 M
4 3

PS; 4 3

cut-1

M
P12

1P 1 P 1
PT(l,P34) det[(Ag,)leﬂ X Edet[(AB’)lM} ) _)5% X <S34) X =0,
34 34—
4 3

where we used the identity, det [(Ag)%;ﬁﬂ = 0. The first and second reduced determinants correspond

to the black and red arrows, respectively. In the following, we associate the first reduced determinant
with the black arrows, and the second reduced determinant with the red arrows. By a similar

computation, the cut-3 also vanishes, then, the only non-zero contribution comes from the cut-2.
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/ \ (@) ] oM O

/ ' P33 1 Pl 2

1\ = X () X = 2 (04101Py, Opya)” X
\ 514 MM

4 3 4
cut-2
1 41 1 Pysd 1
———det|(Aa)th, || e x ———det[(A)PY]| | % () %
04101P,; Pp—2 0UPpy34041 pBﬁ% 514
2 1 Py 1 3
(02303p,0p2)" % | ———det|(As); X o——det|(As)p, By
P143 P144)% 3P14 PM~)1—\/4E
= —512513514 ,
: s M v M v uM M v
where the completeness identities, ) s €55 €7, = 7V and } 5y €55 €], = n'¥, have been used.
Therefore, we obtain
AF(1,2,3,4) = —s12 513514, (835)

which is the right answer.

Finally, it is straightforward to generalize this simple example to a higher number of points.

Additionally, it would be interesting to understand the properties of the special Galileon theory similar

to ones obtained for NLSM in sections 15.7.3, 15.8.1 and 15.9.

15.12 CONCLUSIONS

The double-cover version of the CHY formalism is an intriguing extension that sheds new light on how
scattering amplitudes can emerge as factorized pieces. Focusing on the non-linear sigma model, we
have illustrated how unphysical channels appear at intermediate steps, always canceling in the end, and
thus producing the right answer. The origin of factorizations is the appearance of one 'free’ scattering
equation. By fixing four ¢-variables rather than three as in the ordinary CHY formalism, there is
no longer a one-to-one match between the o-variables and the number of independent scattering
equations. This is the origin of the off-shell channel through which the amplitudes factorize.

We have analyzed the factorizations obtained in the non-linear sigma model because they perfectly
illustrate the mechanism, and the cancellations that eventually render the full result free of unphysical
poles. For this theory, we have obtained three different factorization relationships, two of them
emerged naturally from the double-cover framework (by using the Ay, and A}, prescriptions), while
the other one was obtained fortuitously by considering the longitudinal degrees of freedom of the
cut-contributions from the new A}, prescription. By comparing to BCFW on-shell recursion relations

we have found a perfect correspondence between the unphysical terms of the double-cover formalism
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and terms that arise from poles at infinity in the BCFW formalism. In that sense, the double-cover
version of CHY succeeds in evaluating what appears as poles at infinity in BCFW recursion as simple
CHY-type integrals of the double cover. It would be interesting if this correspondence could be made
more explicit. Certainly, it hints at the possibility that an alternative formulation of the problem of
poles at infinity in BCFW recursion exists, without recourse to the particular double-cover formalism.

Using the new prescription for the reduced determinant in the integrand, we found a factorization
relation where all the intermediate off-shell particles are spin-1 (gluons). The corresponding momenta
in the reduced determinants are replaced by polarization vectors. We would like to investigate further
the connection between this new object and the integrand for generalized Yang-Mills-Scalar theory
[246]. At first sight, we thought that this new matrix could be related to the novel model proposed by
Cheung, Remmen, Shen, and Wen in [254, 262], nevertheless, after comparing the numerators at the
four-point computation, the relation among these two approaches is unclear.

However, when we replaced the off-shell gluons with only the longitudinal degrees of freedom,
we were able to rewrite the factorized pieces in terms of lower-point NLSM amplitudes in the new
prescription, with up to three off-shell punctures. This is a very surprising result, and understanding
the origin of this connection is left for future work. The big advantage of being able to rewrite the
factorized pieces is that we can iteratively promote the lower-point NLSM amplitudes to the double
cover, which would lead to further factorization. Thus, any NLSM amplitude can be factorized entirely
in terms of off-shell three-point amplitudes. This is a novel off-shell recursion relation. The resulting
expression is algebraic, and no scattering equation needs to be solved. We have checked the validity
of the recursion relation up to ten points (17 points for odd amplitudes). We would like to find the
connection between the recursion relation and Berends-Giele currents [375, 376].

The novel recursion relation can also be used to investigate singular cuts and NLSM & ¢* ampli-
tudes through the soft limit. CCM showed how the soft limit of an NLSM amplitude can be expressed
in terms of NLSM ¢ qb3 amplitudes [259]. We calculated the soft limit of a six-point NLSM amplitude
in two ways, using the CCM formula and using the novel recursion relation. This gives a relation for a
specific singular cut. Further investigations into the nature of the soft limits might reveal insight into
the singular cuts in general. Also, we were able to find a factorization relation for the NLSM & ¢°
amplitudes.

Lastly, we showed how the special Galileon amplitudes can be calculated in a double cover language.
One intriguing feature is that for some configurations, the off-shell particle propagating between the
lower-point pieces is spin-2 (graviton). So, we have observed that for the NLSM, off-shell gluons
appear, while for the special Galileon theory, both off-shell gluons and gravitons appear. This might

be connected to the fact that the NLSM originated as an effective theory of pion scattering, while the
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Galileon theories arise as effective field theories in the decoupling limit of massive gravity. This also
seems natural, as the special Galileon theory is the square of the NLSM, using the KLT relation.
It seems evident that there are numerous aspects of CHY on a double cover that need to be

investigated.



APPENDIX

15.A° SOME MATRIX IDENTITIES

In this section, we are going to provide some useful properties of the determinant of the A, matrix.
Although we lack formal proofs for many of the relations, we have performed numerous checks, up to

ten points.

15.A.1 A New NLSM Prescription from CHY

In this appendix, we formulate two propositions which have been employed to redefine the n-point
NLSM amplitude from the CHY framework.

Proposition 1: Let M be a 2n x 2n antisymmetric matrix. Then M satisfy the identity
ik kj k
Pf[(M);k] X Pf[(M)kﬂ - det[(M);q.], (836)

up to an overall sign.

Proof: We start with the Desnanot-Jacobi identity [390], given by

det [M] det [(M)ﬁﬂ = det [(M)j} det [(M)ﬂ — det [(M);} det [(M)ﬂ. (837)

Now, let M be a 21 x 21 antisymmetric matrix, therefore, (M)Kis a (2n — 1) x (2n — 1) antisym-

metric matrix. Thus, from the identity in eq. (837), it is straightforward to see that

0 = det [(M)’,ﬂ det [(M)Qﬂ — det [(M)’;;‘.] det [(M)ﬁﬂ , (838)
where we used the fact, det [(M)X] = det [(M)Eﬂ = 0. Since, [(M)Z] = [(M)]IZ]t = —[(M)',;],
then

{Pf[(M);iﬂ X Pf[(M)’,gﬁ] }2 = {det[(M);;ﬂ }2, (839)
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and proposition 1 has been proved.
Proposition 2: Let A be the antisymmetric matrix defined in eq. (735). When its size is (2n +
1) x (2n + 1), then
ik
det[(A)}q] = 0. (840)

Proof: Let us consider the 211 X 27 antisymmetric matrix given by ( A)llg Thus, from the Desnanot-

Jacobi identity in eq. (837), one has
det[(A)ﬂ X det[(A)Qﬂ S {det[(A)iﬂ }2, (841)

where we used, det [(A)ﬁ} = det [(A)iﬂ = 0. Under the support of the scattering equations, S, = 0,
and the on-shell conditions, k% = 0, it is simple to show that the A matrix has co-rank 2, therefore,

det [(A)ﬂ = 0. This implies that, det [(A);ﬂ = 0, and the proof is completed.

15.A.2  Off-shell Determinant Properties

In this appendix we give some properties of the determinant when there is an off-shell particle. These

properties involve the matrices, A,, and A,

1"
P,v%ﬁei

This is very important to remark that those properties are supported on the solution of the scattering
equations, and, although we do not have a formal proof, they have been checked up to ten points.

Let us consider n-particles with momenta, (Py, P>, Ps, ky, ..., ky, ), where the first three are off-shell,
ie. Pi2 # 0, and the momentum conservation condition is satisfied, Py + P, + P35 + k4 - - -+ k,, = 0.
Additionally, the three off-shell punctures are fixed, op, = c¢1, 0p, = ¢2, 0p, = c3, ¢; € C, where

c1 # ¢y # c3. Thus, the “n — 3" scattering equations are given by

:2ka‘P1+2ka‘P2+2ka‘P3+ n 2ka‘kb:
Oup, 0up, Oup, =t Tab
a#b

Sa

0, a=4,...,n. (842)

Properties:
Under the support of the scattering equations and using the above setup, we have the following

properties

I. Let n an odd number, n = 2m + 1, then

-1
det [(An)gj = (P2 — P2 —P?) x ((TP P) det [(Anﬁg} : (843)
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Notice that if all particles are on-shell, PZ-2 = 0, the right hand side vanishes trivially by the

overall factor, (P? — P? — P2).

When the momentum P{l is replaced by an off-shell polarization vector, Ply — \%e’f ,(e1- P #

0), the identity keeps the same form, namely

—1
porw = = C et (a,)7] (544

det | (A,)5!
[(an2] Iy o

u e
Py — €

1
v/
This identity is no longer satisfied if there are two off-shell polarization vectors.

Let n an even number, n = 2m, then

-1 1
Qdet [(An)ﬁﬂ = —(P}+P;+P}) x ————det [(An)%gﬂ

- 4ﬁ+@+@p<(_)cm“M@ﬂ.(M®

If all particles are on-shell, Pi2 = 0, the right hand side vanishes trivially by the overall factor,

(P? + P37+ P%).

When the momentum Pf is replaced by an off-shell polarization vector, Pf — %e?, (€1-P #

0), then, eq. (845) is no longer an identity. Instead, we have a new identity given by

(846)

det [(An)gj

PV 1 M

H e
— a6 =5

(Tpl P, Upl Ps

1
\f

If there are two off-shell polarization vectors, then, this equality is no longer true.

Let n an odd number, n = 2m + 1, and let us consider the particles P; and P, on-shell

(P2 P2 = 0). Then, we have the following identities

det [(An)g] G t[(A )Pj, (847)

op, ps 0p, ps

1 2
2 PP, Ps
[pl X > PJ det [(An)P1P3P3] . (848)

det [(An)g]
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15.B SIX-POINT COMPUTATIONS

B

In this section we are going to explicitly calculate the six-point NLSM amplitudes Ay, (]I(123))

AL(T(39) and Ag(1(13)), where the two first are defined with the new integrand prescription, while
the third is defined with the standard integrand. We will calculate some of the cut-contributions in
detail, with the hope that the reader becomes more familiar with the double cover formalism. The rest

of the cut-contributions can be computed in a similar way.

15.8.1 AL(I12%))

Let us consider the six-point NLSM amplitude, .44(1,2,3,4,5,6), with the gauge fixing, (pgqr|m) =
(123]4), and the reduced matrix [A,]33 (i.e. (ijk) = (123)). Applying rule-I, this amplitude has the

following contributions

(849)

We will compute in detail the first contribution, which we call cut-1. The other cuts can be evaluated

using the same techniques.

From the integration rules, cut-1 is evaluated as

AL(1,2, Py x ALY (pelt 34,5 6)
53:6

. (850)

The three-point amplitude was already computed in eq. (766). We remind ourselves that the notation

P?‘ffg means that the off-shell momentum, P§f6, must be replacement by the polarization vector,

P§f6 — % eé\i” . More precisely, the three-point amplitude becomes

A5(1,2,P5e) = V2 (edk K1) - (851)
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P, x A4(Pg,

Before computing the five-point amplitude in eq. (850), it is useful to use the identity, A
12

(P123)

§ 2 (pe),3,4,5,6) =
3,4,5,6). Thus, by applying the integration rules for A/S(szM ,3,4,5,6) one has

M

Pi;

AL(PeY 3 peNy x AP134) (pel 4 5 6
Ag(Pff,3,4,5,6)=/dyg\" 3:2{ 3Py /3 Pl) X A4 777 (s n
N S4:6
5 4

AP (pe)! pel 5,6) x AL(PE),3,4) | AUPE3, P 6) X AL

N
3 P 6€:3 /4,5)
545 ’

556P;,

(852)

with } 5 elN” e]N V' = n". From the building blocks in egs. (766) and (767), the above three-point
amplitudes are straightforward to compute. We find that

M N N Pss 4 N
A5(Pfy 3, Pig) = €l - kg, A5(P52,3,4) = V2ely -ka, Ag ° )(P§:3,4,5) = V2545 (e - k).

(853)

Next, using the same procedure as in eq. (777), we evaluate the four-point graph, Afl(szM ,3, Pfg’ ,6),
arriving at

M N 1
AP 3, PN, 6) = 2(eM - ke) (- ko) (

1
+ ) . (854)
S6Pys  S6Pyp,

On the other hand, in order to avoid singular cuts when applying the integration rules over A

10 (Pey,4,5,6),
we employ the identity, A" (P, 4,5,6) = A2 (Pe} 4,5,6). Thus,
Pla 4 B 4 P o (R
{ ) 045 N >0 4
ASP2%) (pel 4,5,6) —/dyf =T+ N F
‘05 / O<<—0 "
5 5 - 6 Y,
cut-1 cut-2 cut-3
V2546545 (€5 - ko)
—V2546(ell3 - ky) — Ser 1:3 — V2546 ()3 - ks),
1:3

(855)
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where we again have used the three-point building blocks in eqs. (766) and (767). Lastly, since for the

amplitude, Aiplz Ps) ( Pf;vI , ng ,5,6), the above identity is no longer valid, namely’

M N M N
AP (e, Py 5,6) # ALY (P, S 5,6), (856)
we make use of the BCJ relation [369, 370],

s65 PT(5,6, P12, P34) 4 S6p,,; PT(5, P12, 6, P34) = 0. (857)

From this we obtain the equality ASLP12 P34)(P1€£/I ,P§4N ,5,6) = <S§§z‘*) X Aipu 1)34)(P1€;/I ,6, P?fi] ,5).

Now, applying the integration rules, one has

P 6 /Py 6% PRz TN ipeita
L ) 506\ \{,’ >0 6
(P12 Pag)  peM peN _ ([ Sepy " A R N -t | LN
A4 (P12 ,P34 ,5,6) = s X d‘u4 = —+ l gNﬁ_ \ %
556 WY P5s/ \
S O=<—®
5 Py 5 Py 5 = 5 Piy
cut-1 cut-2 cut-3
256py, (€17 - ko) (€34 - ks)
_ 34 \©12 " 16) \C34 T 15 M N M _N
== —2(e1p - ks) (€31 - ko) — sepy, (€1 - €34)- (858)

56P;,

Utilizing the results obtained in eqs. (853) to (855) and (858), it is straightforward to check the

five-point amplitude, Aépu 3) (Pféw ,3,4,5,6), is given by

M
Py 3 M S s45(€75 ke
AL (ps)',3,4,5,6) = —sip ﬁ{szz [(e?ﬁ k) + (Séllj) + (e - ks)l
. 1:3

M M

S Su5 (€59 - k Su6 (€35 - k 1 1

| Sery | Sa5 (er ko) | a6 (erp - Ks) + (M ky)| — 556 (€M - ke) + , (859)

12 12
556P;, 56P;, 56P3, S6Py;  S6P;,

"This is because there is more than one off-shell polarization vector.
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and therefore cut-1 in eq. (850) is given by

- AL(1,2, P50 ) x Aéplz?’)(Pff,SA, 56) Sa6 545516
= E =—9T [s14 T + 815
M 53:6 S4:6

6P;3

S6Py, | 545516 | 546515 1 1
+ =3 + +514| — S56516 + . (860)
S56P;, L S6P, 56P3, S6Py;  S6P;p

The other contributions, cut-2,3,4, are calculated in a similar fashion. We find that

Al 1,2,P€M,5,6 XA(P5:23) PE.M’3,4 s SuES
5( 34 ) 3 ( 5:2 ) _ _{ 15 |:514+ 45516 +546]

534 55:1 55P).4

5P, | 945516 , S46515 1 1
+ 12 + + S14| — S56 545 + , (861)
S56P3, | S5P3 S5P;» 55P  S5P3

AL(PEY 2,3) x AL PR (1, P 4,5,6) S46 545536
=) : =97 St + 835
M S4:1 S4:6 6P;.3

S S
_ 856536 S6Pay 34}, (862)
56Py5 55:1
AL(1,2,P55,6) x AP (Pe) 3,4,5)  sigs y
53:5 53:5
1 1 S34 S
< + > x <536 s sl +s46>. (863)
516 S6Dys 55Ps

15.8.2  AL(10134)

In this section, we just write down the results found for the cut-contributions obtained in eq. (795).

Using the same method presented above, it is straightforward to arrive
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Aéng;:e)(l,zl p3er) X Aé(pfg/l,3,4,5,6) 546 545526
+ + 525

= Z = o |52
M

53:6 4:6

6Py3

S6Py, | S45526 | S46525 1 1
+ = + + 824 | — 856526 + , (864)
556P;, L S6Py 56P3, S6Py  S6P
(1P34) eM /[ peM
— As V(1,2 P5,,5,6) X A3(P5,,3,4) 526556545 | S2456Py,
/ M 534 55P3 56Ps:5 55:1
526 56P3, 545
+ $25846 + ————— + 524 56p,, | (865)
5P3456 S6P;,

A3(3,Py1,2) x AL(1, Py3,4,5,6
b 3(3, Py1,2) : 5(1, Po3 )=0, (866)
4:1

AP (1,2, pel 6) x AL(PEN,3,4,5)

S26 S
_ 2 _ 26 45 ~
M 83:5 83:5

1 1 S17S
( + ) x (s15+ 12756 +s25). (867)
545  S5p;, 56P5.5

15.8.3 Ag(1(13))

Now, we focus to apply the integration rules for A6(I[(13) ). We recall that this notation means that
the reduced Pfaffian is given by —PT"(1,3) x det[(A2)13]. In addition, such as in the previous

examples, we fix the gauge by (pgr|m) = (123|4). Thus, from the eq. (788), we have that

Applying the integration rules, cut-1 is split into
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N 1 2 Ps:2 3
\ [
7 _ /dy4CHY () o« /dngY
5345 )
6 P3_-5 5 4

A4(1,2,Ps:5,6) X Ay(Pe2,3,4,5) _ 52653
53:5 53:5

(868)

On the last equality we used the identity, A4(Pe:2,3,4,5) = A4(Pe2,3,4,5) (in order to avoid
singular cuts), and the same procedure as in eq. (771). This identity is supported over the off-shell

Pfaffian properties given in appendix 15.A.2.

The following contribution is the cut-2 (strange-cut), which, by the integration rules, is broken as

6 Pys,2

P13
x (1) x A (869)
54:6,2 SEE—

Notice that on the first graph the our method can not be employed. Nevertheless, similar to Yang-Mills

theory [374], this strange-cut can be rewritten in the following way

6 Pys,2 6 Pys,2
P13 Pis
e D Lo
. 2 3 1 y 2 3 1
= (-1 Aé(Plg,Z, 4,5,6) x Aé(l, 3, Py62)- (870)

where we used the identities formulated in appendix 15.A.2. Therefore, this cut turns into

AL(Pyi3,2,4,5,6) x AL(1,3, Py
_qy As(Pi3 ) X A3(1,3, Pygp) e |:&46+526+S46} ’ &71)

54:6,2 5456 556P;3

The five-point amplitude, A'5(P13, 2,4,5,6), was already calculated in eq. (852) and the three-point

function is given in eq. (766).
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Lastly, the strange cut-3 is

A4(Ps.13,2,4) x A5(1,3,Py,5,6)

524

15.B.4 Longitudinal Contributions

= 524

526 + 546 | S26 1536 1+ S46
S56Py, 5561

(872)

In this section, we consider just the longitudinal degrees of freedom of all cut-contributions obtained

from AL(1123)) and AJ(I1(13%)). Those results are used in section 15.7.3.

First, we begin with the cut-structure given in eq. (849) for A’6(I[(123)). We replace e — €l, and
use eq. (797). The longitudinal contributions become
L Pi3
y AL(1,2, P5) x Aé 2 )(sz,3 4,5,6) _ Sipy i Spp |, 5455P6
T 53:6 2 512 S4: 2Pis S6P).5
S6P S45S S46 S 1
| 6Py [5455P6 | 546 5Py +Sp124} 565706 [ n ]} 873)
556y, S6Py, 56Ps, S6Py;s  S6Py,
P523) / pel
AL(1,2,P5,5,6) x AV (PE),3,4)  sapy, [ sis SPy5S16
Z - X SPyPs T
T S34 2834 85:1 S5P,.4
s $ps,5 S $p.,6 S 1 1
4 5Py [SPu5S16 | SPu6S15 +51P34] ~ssgssm, [ n }}’ 874)
556P3, S5P3, S5P;» 55P  S5P3

5 A AL (P,2,3) x AUPR) (1, Pel 4,5,6)

_ 53P4y

L 54:1
 5565Py36 | 6Py SPyd }
56P;5 55:1

2 523

546 5455P,36
X { |:SP23 P T
54:6 S6P,

1:3

(875)
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L Pg:n3 L
ZA§1(1,2, P55, 6) x AP (PEL,3,4,5)  sigsp, . ( 1,1 ) y

T $3:5 2535 S16  SePys
53! 534 S5P,
X <SP62P34 + 62) (876)
53: 55P.
To end, we carry out the longitudinal contributions for all cut-contributions of A’6(I[(134)),
1Px. L L
AP0 (1,2, PEe) x AL(PS;,3,4,5,6)  sapy, [ Sug $455Py6
2 - 2 — |SPpPs T
I 53:6 512 S4:6 56P;.3
S6Py | S455P;6 | 546 SPp5 1 1
=+ - 12 + 12 =+ SP124:| — 556 SP126 |: + :| } . (877)
S56P;, S6P;, 56P3, S6Py;  S6Pp
AP (12 el 5 6) x AL(PSS,3,4) s 526 556 9 S2p,, S
5 r=r 3477 3 5:27%r - _ 4P5:2 X{ 26 °56 P345 + 2P34 6P2:4
T S34 2834 S5Py, S6Py.5 85:1
526 S6P34 S5P
+ $255py6 + —————2 + 5pp,, 56P34} } , (878)
5Py,56 S6Py,
1P;. L L
):A‘(* 5)(1,2, P§5, 6) x Al (Pes,3,4,5) _ sspy, 535 y < 11 > y
T 53:5 53:5 S45  S5p4,
$26 512 5P3.56
— X (Snvsﬁ + +szP3:5> : (879)
53:5 56Ps.5
As3(3,P11,2) x AL(1, P»3,4,5,6
3(3, Py1,2) S 5(1, P ) _ 0, (880)
4:1

300



Part IV

CONCLUSION AND FUTURE WORK



1

CONCLUSION

Many interesting quantum field theories relevant for describing phenomena in Nature are effective
field theories. In this thesis we have discussed several different effective field theories, ranging from
the effective-field-theory extension of the Standard Model to an effective field theory describing the
classical (and quantum) behavior of a black hole. In order to extract information from the effective
theories, we must perform calculations. Tree- and loop-level calculations are crucial in order to
connect the theories to experimentally relevant quantities. In particular, one object of great theoretical
and experimental interest is the scattering amplitude. Traditional methods for calculating scattering
amplitudes are well-established, and have their use. However, the traditional methods also have several
limitations. This is particularly true when dealing with effective field theories. Therefore, modern
methods for calculating scattering amplitudes have received a surge of interest in recent years.

One outstanding problem is to fully connect the realm of effective field theory with the modern
methods for scattering amplitudes. The work presented in this thesis connects several effective field
theories with these modern methods. In particular, we have developed the gravitational theory for
a heavy particle, both from an effective-field-theory perspective, with a Lagrangian and associated
Feynman rules, as well as from an on-shell methodology. This illustrates the interplay between the
two approaches. We believe that this connection will be a fruitful object of study in years to come.

We also presented many novel results which sit more comfortably in one of the two subjects. For
the Standard Model Effective Field Theory (SMEFT), we introduced the notion of a curved field space
for the gauge sector. Using the curved field space and the background field method, we derived a
gauge-fixing term which breaks quantum field gauge invariance while keeping background field gauge
invariance. A direct consequence of the background field gauge invariance is background field Ward
identities, which we also derived. The background field Ward identities are valid to all orders in the

perturbative expansion. Another consequence of the curved field space of the theory is a geometric
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description of the SMEFT. In particular, the canonically normalized gauge couplings, mixing angles,
and masses have geometric definitions. Since we can write down a closed form for the metric defining
the curved field space to all orders in the V2HTH/A expansion, the geometric definitions of the
couplings, masses, and mixing angles are also defined to all orders in the power-counting expansion.

Other results for the SMEFT include a detailed discussion on interference and non-interference
effects, as well as a group-theoretic discussion of operators violating baryon and/or lepton number
when flavor symmetries are imposed.

When describing phenomena below the electroweak scale, a new effective field theory can be
applied, namely the Low-Energy Effective Field Theory (LEFT). We discussed the equations of
motion and symmetry currents of the LEFT.

On the scattering-amplitudes side, we investigated several effective field theories using the scattering
equation framework extended to a double cover. The theory in focus was the non-linear sigma model,
but similar techniques were also applied to the special Galilean theory and the combination of the
non-linear sigma model and 4)3 theory. We derived novel recursion relations, where any tree-level
scattering amplitude in the non-linear sigma model can be recursively calculated from (off-shell)
three-point amplitudes.

We also discussed the connection between the soft limit of gauge and gravitational amplitudes using
the KLT-relation. In particular, we derived novel relations for the gauge theory amplitudes, which
are constrained by the soft behavior of the gravitational amplitudes. These novel relations where
generalized to include contributions from effective operators.

Lastly, we developed the Heavy Black Hole Effective Theory (HBET), the gravitational analog of
Heavy Quark Effective Theory (HQET), both from a Lagrangian and an on-shell perspective. We also
demonstrated the double-copy relation between HQET and HBET.
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FUTURE WORK

Based on the work presented in this thesis, there are many avenues of further research to consider.
On the effective-field-theory side, the geometric framework for the Standard Model Effective Field
Theory should be developed further. In particular, applying it to phenomenological calculations would
be of great value. A separate effective field theory is also relevant for Higgs physics beyond the
Standard Model, namely Higgs Effective Field Theory (HEFT). There is a close connection between
the SMEFT and the HEFT, but also some crucial differences. In particular, in the HEFT the Higgs
field transforms non-linearly under the electroweak gauge symmetry. The geometric framework
could be applied to the HEFT. Work has been performed for the scalar sector of the theory. However,
analogous to the SMEFT, the geometric framework can be applied for the gauge sector as well. Similar
definitions of the gauge couplings, masses and mixing angles can then be defined.

The on-shell description of heavy particles deserves more investigation. The heavy limit is closely
related to the non-relativistic limit, which hints at an on-shell description of non-relativistic systems. A
non-relativistic version of the on-shell program would be useful for calculations in e.g. post-Newtonian
corrections to the binary inspiral problem, relevant for LIGO/LISA observations of gravitational waves.

One of the groundbreaking new results of the amplitude program is the double-copy relation
between gauge and gravitational theories, through the KLT-relation, color-kinematics duality, or the
scattering-equation framework. One natural extension of this is to investigate general effective field
theories in the light of the double-copy relations. This would highlight the underlying structure of the
effective theories, as well as to recast complicated calculations involving gravitational interactions in
terms of simpler gauge-theory calculations.

Hopefully, several of these research directions will be pursued in the near future.
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