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1V�\PQ[�\PM[Q[�W]Z�_WZS�_Q\P�UQKZWUMKPIVQKIT�UMUJZIVM�[\Z]K\]ZM[�UILM�W]\�WN �OITTQ]U�IZ[QVQLM
Q[�LM[KZQJML� <PM�QV\MZIK\QWV�WN �KWPMZMV\�TQOP\�_Q\P�\PM�UMUJZIVM[�_I[�NW]VL�\W�PI^M�I�[\ZWVO
KW]XTQVO�\W�\PM�UW\QWVIT�LMOZMM[�WN �NZMMLWU� IVL�M`KMX\QWVITTa�PQOP KWWTQVO WN �\PM�UMKPIVQKIT�UWLM[
_I[�[PW_V� <PM�KWWTQVO�MNNMK\�_I[�LM\MZUQVML�\W�JM�KI][ML�Ja�I XPW\W\PMZUIT MNNMK\� \PI\�Q[�L]M�\W
TWKIT�PMI\QVO�WN �\PM�UMUJZIVM�Ja�\PM�TI[MZ�TQOP\� <PQ[�PMI\QVO�QVL]KM[�I�[TW_�KPIVOM�QV�\PM�[PIXM
IVL�UW\QWV�WN �\PM�UMUJZIVM� *MKI][M�\PQ[�M`XIV[QWV�Q[�VW\�QV[\IV\IVMW][� \PM�UMUJZIVM�UW^M[
JMNWZM�\PM�NWZKM�WN �\PM�TWKIT�PMI\QVO�PI[�ZMIKPML�MY]QTTQJZQ]U� <PQ[�LMTIa�UISM[�\PM�NWZKM�^Q[KW][�
IVL� ZMUW^M[� MVMZOa� NZWU� \PM�UMUJZIVM�UW\QWV� <PQ[� Q[�LMVW\ML�^QJZI\QWVIT� KWWTQVO� ) ^MZa
[\ZWVO�^QJZI\QWVIT�KWWTQVO�LW_V�\W�IV�MNNMK\Q^M�� 3 NZWU�ZWWU�\MUXMZI\]ZM�Q[�[PW_V�NWZ�\PM������
UWLM�WN �I�TIZOM�/I)[�UMUJZIVM� )LLQ\QWVITTa�\PM�/I)[�UMUJZIVM�Q[�[PW_V�\W�PI^M�PIL�I�ZMKWZL
UMKPIVQKIT�Y]ITQ\a�NIK\WZ�WN Qm >�× ��� I\�ZWWU�\MUXMZI\]ZM� _PQKP�Q[�I�ZMUIZSIJTM�ZM[]T\�NWZ
I�/I)[�UMUJZIVM�

)VW\PMZ�[W]ZKM�WN �^QJZI\QWVIT�KWWTQVO�_I[�LQ[KW^MZML� IVL�\PM�][M�WN LMNWZUI\QWV�XW\MV\QIT KW]XTQVO�\W
\PM�^QJZI\QWV[�Q[�LM[KZQJML� <PQ[�MNNMK\�Q[�L]M�\W�\PM�KWPMZMV\�M`KQ\I\QWV�IVL�[]J[MY]MV\�ZMTI`I\QWV
WN �MTMK\ZWV[�IVL�PWTM[�QV�\PM�UMUJZIVM� _PQKP�KW]XTM[�\W�\PM�TI\\QKM�[XIKQVO� IVL�\P][�\W�\PM�^QJZI�
\QWVIT�UWLM[�WN �\PM�UMUJZIVM� <PQ[�UM\PWL�PI[�\PM�XW\MV\QIT�WN �MVIJTQVO�KWPMZMV\�KW]XTQVO�\W
\PM�^QJZI\QWVIT�UWLM[� 6M_�/I)[�UMUJZIVM�[a[\MU[�KZMI\ML�_Q\P�\PQV�Y]IV\]U�_MTT[�NWZ�KWVÅVM�
UMV\�WN �\PM�MTMK\ZWV�PWTM�M`KQ\I\QWV[�_MZM�QV^M[\QOI\ML�][QVO�^QJZI\QWVIT�UM\PWL[�IVL�\MKPVQY]M[
UMI[]ZQVO�XPW\WT]UQVM[KMVKM� <PM[M�LM^QKM[�LQL�VW\�[PW_�I�PQOP�UMKPIVQKIT�Y]ITQ\a�NIK\WZ�IVL
I�VM`\�OMVMZI\QWV�WN �/I)[�UMUJZIVM�[a[\MU�_I[�XZWXW[ML� <PQ[�[M\]X�PI[�\_W�Y]IV\]U�_MTT[�NWZ
JM\\MZ�KWVÅVMUMV\�IVL�ILLQ\QWVIT�\]VIJQTQ\a�ILLML�Ja�IV�MTMK\ZQKIT�LMOZMM�WN �NZMMLWU� IVL�\PM�K]Z�
ZMV\�_WZS�WV�\PM[M�[IUXTM[�Q[�LM[KZQJML�QV�\PQ[�\PM[Q[� )[�_WZS�Q[�OWQVO�WV�_Q\P�\PQ[�VM`\�OMVMZI\QWV
WN �/I)[�UQKZWUMUJZIVM[� Q\�Q[�PWXML� \PI\�I�[\ZWVO�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�WN �^QJZI\QWV[
_QTT�JM�[PW_V�QV�\PM�QUUMLQI\M�N]\]ZM�

)[�XIZ\�WN �KPIZIK\MZQbQVO�\PM�XW[[QJQTQ\QM[�QV�\PM[M�/I)[�PM\MZW[\Z]K\]ZM[� Q\�_I[�ZMITQbML�\PI\�I�JM\\MZ
KPIZIK\MZQbI\QWV�[M\]X�_I[�VMMLML� IVL�\PM�LM[QOV�IVL�KPIZIK\MZQbI\QWV�WN �I�5QKPMT[WV�QV\MZNMZ�
WUM\MZ�Q[�LM[KZQJML� <PM�LM^QKM�Q[�[PW_V�\W�JM�IJTM�\W�ZMTQIJTa�IVL�Y]QKSTa�UMI[]ZM�\PM�UQV]\M
*ZW_VQIV�UW\QWV�WN �I�[IUXTM�;Q6 UMUJZIVM�IVL�Q[�IV�WX\QUIT�QV[\Z]UMV\�NWZ�\PM�VM`\�OMVMZI\QWV
WN �\PM�WX\WUMKPIVQKIT�QV^M[\QOI\QWV[�QV�\PM�OZW]X�

:M[]Uu

1 LMVVM�\M[M�MZ�JM[SZM^M\�^WZM[�IZJMRLM�UML�UQSZWUMSIVQ[SM�UMUJZIV[\Z]S\]ZMZ� ,Q[[M�[a[\MUMZ
MZ�XZQU¥Z\�NZMU[\QTTM\�IN �OITQ]U�IZ[MVQL��/I)[�� 1V\MZIS\QWVMV�UMTTMU�SWP¥ZMV\�Ta[�WO�LQ[[M�UMU�
JZIVMZ�^Q[\M�[QO�I\�N¦ZM�\QT�MV�[\¥ZS�SWJTQVO�\QT�LMV�UMSIVQ[SM�NZQPML[OZIL�IN �LQ[[M�UMUJZIVMZ� -V
][¥L^IVTQO�SZIN\QO S¦TQVO IN �LM�UMSIVQ[SM�NZQPML[OZILMZ�JTM^�JM^Q[\� 3¦TQVOMV�^Q[\M�[QO�I\�^¥ZM�ZM�
[]T\I\M\�IN �MV NW\W\MZUQ[S MNNMS\� LMZ�[SaTLM[�LMV�TWSITM�WXPMLVQVO� TI[MZTa[M\�QVL]KMZMZ� ,MV�TWSITM
WXPMLVQVO�[\IZ\MZ�MV�ZMTI\Q^�TIVO[WU�]L^QLMT[M� MV�¥VLZQVO�IN �NWZUMV�WO�JM^¥OMT[M�IN �UMUJZIVMV�
,I�]L^QLMT[MV�QSSM�MZ�¦RMJTQSSMTQO� UMV�LMZ�[VIZMZM�MZ�MV�NWZ[QVSMT[M� PIZ�UMUJZIVMV�Æa\\M\�[QO�\QT
MV�Va�SWVÅO]ZI\QWV�N¦Z�LMV�NW\W\MZUQ[SM�SZIN\�PIZ�WXVsM\�MV�TQOM^¥O\� ,MVVM�NWZ[QVSMT[M�MZ�OZ]VLMV
\QT� I\�LMZ�]LN¦ZM[�IZJMRLM�^ML�I\�Æa\\M�MVMZOQ�NZI�UMUJZIVMV[�JM^¥OMT[M� WO�UIV�[QOMZ� I\�SZIN\MV
MZ ^Q[SW[� ,M\\M�N¥VWUMV�SITLM[�^QJZI\QWVMT�S¦TQVO� -V�SZIN\QO�^QJZI\QWVMT�S¦TQVO�JTM^�^Q[\�NWZ������
\QT[\IVLMV�IN �UMUJZIVMV� WO�LM\�[^IZMZ�\QT�MV�S¦TQVO�\QT�MV�MNNMS\Q^�\MUXMZI\]Z�Xs�� 3 NZI�[\]M\MUXMZ�
I\]Z� ,M\\M�MZ�M\�][¥L^IVTQO�OWL\�ZM[]T\I\�NWZ�MV�/I)[�UMUJZIV�
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-V�IVLMV�UM\WLM�\QT�I\�WXVs�^QJZI\QWVMT�S¦TQVO�JTM^�WO[s�WXLIOM\�Q� T¦JM\�IN �LM\\M�XZWRMS\� ,MV
[sSITL\M LMNWZUI\QWV[�XW\MV\QITM SWJTQVO�\QT�^QJZI\QWVMZVM�IN �UMUJZIVMV�MZ�QV\ZWL]KMZM\� ,MVVM�MNNMS\
[SaTLM[�SWP¥ZMV\�MS[Q\I\QWV�WO�MN\MZN¦TOMVLM�PMVNITL�IN �MTMS\ZWVMZ�WO�P]TTMZ�Q�UMUJZIVMV� WO�LI
LM\\M�SWJTMZ�UML�SZa[\IT[\Z]S\]ZMV[�LQUMV[QWVMZ� SWJTMZ�LM\�WO[s�\QT�LM�^QJZI\QWVMTTM�\QT[\IVLM� 6aM
/I)[�UMUJZIV� [a[\MUMZ�JTM^�]VLMZ[¦O\� ,Q[[M�MZ� TI^M\�UML� \aVLM S^IV\MJZ¦VLM NWZ�I\� QVLNIVOM
MTMS\ZWV�P]T�MS[Q\I\QWVMZVM� WO�LQ[[M�[a[\MUMZ�JTM^�]VLMZ[¦O\�^ML�^QJZI\QWVMTTM�UM\WLMZ�WO�UM\WLMZ
LMZ�UsT\M�LM\�]L[MVL\M�NW\WT]UQVQ[MV[� ,Q[[M�XZ¦^MZ�]L^Q[\M�QSSM�MV�P¦R�UMSIVQ[S�S^ITQ\M\[NIS\WZ
WO�MVLV]�MV�Va�OMVMZI\QWV�IN �/I)[�UMUJZIVMZ�JTM^� NWZM[TsM\� ,M\\M�VaM�LM[QOV� QVSWZXWZMZMZ
\W�S^IV\MJZ¦VLM�NWZ�I\�WXVs�MV�JMLZM�QVLNIVOVQVO�WO�PIZ�aLMZTQOMZM�MV�U]TQOPML�NWZ�I\�\QTXI[[M
\QT[\IVLMVM�^ML�MV�MTMS\ZQ[S�NZQPML[OZIL� LMZ�MZ�\QTN¦RM\� ,M\�QOIVO^¥ZMVLM�XZWRMS\�UML�UWLMTTMZQVO
WO�LM[QOV�IN �LQ[[M�[a[\MUMZ�MZ�JM[SZM^M\�Q�LMVVM�\M[M� ,M\�MZ�PsJM\� I\�UML�LMVVM�V¥[\M�OMVMZI\QWV[
IN �/I)[�UQSZWUMUJZIVMZ� LM\�[VIZ\�MZ�U]TQO\�I\�NZMU^Q[M�SZIN\QO�LMNWZUI\QWV[�XW\MV\QITM�S¦TQVO�IN
^QJZI\QWVMZ

=VLMZ^MR[�Q�XZWKM[[MV�UML�I\�SIZIS\MZQ[MZM�U]TQOPMLMZVM�Q�LQ[[M�/I)[�PM\MZW[\Z]S\]ZMZ� JTM^�LM\
STIZ\� I\�MV�JMLZM�WX[\QTTQVO�\QT�SIZIS\MZQ[MZQVO�^IZ�V¦L^MVLQO� ,M\\M�^IZ�UW\Q^I\QWVMV�NWZ�I\�LM[QOVM
WO�]VLMZ[¦OM�M\�5QKPMT[WV�QV\MZNMZWUM\MZ� WO�LM\\M�MZ�WO[s�JM[SZM^M\� ,M\�PIZ�^¥ZM\�U]TQO\�I\�UsTM
LMV�UMOM\�TQTTM�\MZUQ[SM�JM^¥OMT[M� P]Z\QO\�WO�XsTQLMTQO\� NWZ�MV�;Q6 XZ¦^M� ,M\�MZ�^Q[\� P^WZLIV
QV\MZNMZWUM\ZM\�MZ�M\�WX\QUIT\�QV[\Z]UMV\�NWZ�LMV�V¥[\M�OMVMZI\QWV�IN �WX\WUMSIVQ[SM�MS[XMZQUMV\MZ
LMZ� ^QT�JTQ^M�NWZM\IOM\�Q�OZ]XXMV�

�



����)KSVW_TMLOMUMV\[ 1V\ZWL]K\QWV

���� )KSVW_TMLOMUMV\[

1 _W]TL�TQSM�\W�\PIVS�M^MZa 9]IV\WXUMUJMZ�NWZ�I�^MZa�VQKM�IVL�PMTXN]T�UWWL�IVL�TM^MT�WN �IUJQ\QWV�
3WRQ�IVL�<WTOI�NWZ�[WUM�TWVO�_WZSQVO�PW]Z[�_PQKP�XIaML�WNN� I[�_MTT�I[�-]OMVM�[XMKQÅKITTa�NWZ�OQ^QVO
UM�\PM�WXXWZ\]VQ\a�\W�XZW^M�Ua�_WZ\P�I[�IV�M`XMZQUMV\ITQ[\�

1 _W]TL�TQSM�\W�\PIVS�)\It�ʈUIUWɦT]�NWZ�\PM�XW[[QJQTQ\a�WN �^Q[Q\QVO�\PM�QUXZM[[Q^M�OZW]X�QV�-<0
B�ZQKP� IVL�_W]TL�TQSM�\W�\PIVS�-UZM�<WOIV� 2I^QMZ�5QO]MT�;nVKPMb� )VLQ�:MQVPIZL� IVL�Â M[�,MT�
TMa�[XMKQÅKITTa� J]\�IT[W�\PM�ZM[\�WN �\PM�9]IV\]U�8PW\WVQK[�/ZW]X� NWZ�I�^MZa�_IZU�_MTKWUM� I�PMTX�
N]T�I\UW[XPMZM� IVL�OWWL�NZQMVL[PQX�L]ZQVO�Ua�\QUM�QV�B�ZQKP�

.QVITTa�1 _IV\�\W�\PIVS�Ua�NZQMVL[�IVL�NIUQTa�NWZ�VW\�SQTTQVO�UM�QV�\PM�XZWKM[[� IVL�VW\�TM\\QVO�UM
SQTT�\PMU�
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���� 8]JTQKI\QWV[

0MZM�Q[�TQ[\ML�X]JTQKI\QWV[�\PI\�PI^M�JMMV�KWV\ZQJ]\ML�\W�I[�_MTT�I[�KWVNMZMVKM[�XZM[MV\ML�I\�

8MMZ�ZM^QM_ML

C=[IUQ��E
7X\QKIT�KI^Q\a�KWWTQVO�WN�UMKPIVQKIT�UWLM[�WN�I�[MUQKWVL]K\WZ�VIVWUMUJZIVM
3WRQ�=[IUQ� )VLZMI[�6IM[Ja� *W�5MTPWT\�6QMT[MV� 2QV�4Q]� ;¦ZMV�;\WJJM� 8M\MZ�4WLIPT� IVL�-]OMVM�;�8WTbQS�
6I\]ZM�8Pa[QK[�������� >WT�  � .MJ� ����� LWQ"������ �VXPa[��!�

C4Q]��E
0QOP�9 WX\WUMKPIVQKIT�/I)[�VIVWUMUJZIVM[
2��4Q]� 3��=[IUQ� )��6IM[Ja� <��*IOKQ� -��;��8WTbQS� 8��4WLIPT� IVL�;��;\WJJM�
)XXT� 8Pa[� 4M\\� !!� �������������# LWQ"������������� �!�

C@]MZMJ��E
-`KQ\WV�UMLQI\ML�XPW\W\PMZUIT�KWWTQVO�QV�/I)[�UMUJZIVM[
)VLZu�@]MZMJ� 3WRQ�=[IUQ� )VLZMI[�6IM[Ja� -]OMVM�; 8WTbQS� IVL�3TMUMV[�0IUUMZMZ
6M_�2W]ZVIT�WN �8Pa[QK[������������ ����

8MMZ�ZM^QM_ML�ZMTI\ML

C<IaTWZ��E
4I[MZ�+WWTQVO�IVL�7X\QKIT�,M\MK\QWV�WN�-`KQ\I\QWV[�QV�I LC -TMK\ZQKIT�+QZK]Q\
2��5��<IaTWZ� )��;��;¦ZMV[MV� +��5��5IZK][� IVL�-��;��8WTbQS
8Pa[� :M �̂ 4M\\� ���� �������������

+WVNMZMVKM�KWV\ZQJ]\QWV[

C6IM[Ja��E
+76< ����
)��6IM[Ja
9]IV\]U�7X\W�6IVWUMKPIVQK[� 0+���3¦JMVPI^V�����

C6IM[Ja��E
7X\WMTMK\ZWVQK�KWWTQVO�WN�UMKPIVQKIT�UWLM[�QV�I�[MUQKWVL]K\WZ�VIVWUMUJZIVM
)��6IM[Ja
+4-7 ����� 5�VQKP� /MZUIVa

C5QO]MT�;nVKPMb��E
;MUQKWVL]K\WZ�Y]IV\]U�_MTT�JI[ML�VIVWUMUJZIVM[" .ZWU�UMKPIVQKIT�KWWTQVO�\W_IZL[
XWTIZQ\WV�WX\WUMKPIVQK[
2��5QO]MT�;nVKPMb� )��6IM[Ja� -��<WOIV� ,��8QVW\[Q� )��:MQVPIZL� <��>WTb� )��1UIUWOT]� *��*M[OI� 2��-[\M^M� 2�
:MQKPMT� 1��?QT[WV�:IM� 3��=[IUQ� IVL�-��8WTbQS
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C6IM[Ja��E
7X\QKIT�KI^Q\a�KWWTQVO�WN�UMKPIVQKIT�UWLM[�IVL�XW[[QJQTQ\a�WN�J]TS�KWWTQVO�WN�I�[MUQKWV�
L]K\WZ�VIVWUMUJZIVM
)��6IM[Ja
9647 ����� ;¦VLMZJWZO� ,IVUIZS

¸¸¸¸¸¸¸¸¸¸¸·

)LLQ\QWVITTa�I\\MVLML�\PM������/WZLWV�KWVNMZMVKM�WV�7X\WUMKPIVQK[�QV�/IT^M[\WV� <M`I[� =;)�
J]\�LQL�VW\�XZM[MV\�

¸¸¸¸¸¸¸¸¸¸¸·

7]Z�UIQV�_WZS�_I[�X]JTQ[PML�QV�C=[IUQ��E�_PMZM�Ua�KWV\ZQJ]\QWV�_I[�[MKWVL�\W�3WRQ� )TT�\PM
M`XMZQUMV\[�IVL�I�TW\�WN �\PM�IVITa[Q[�_I[�XMZNWZUML�Ja�3WRQ�IVL�1��_Q\P�\PM�QVQ\IT�PMTX�WN �<WTOI�
5a�KWV\ZQJ]\QWV�\W�\PM�UIV][KZQX\�IVL�\PM�LM^MTWXUMV\�WN �W]Z�VIZZI\Q^M�_I[�IT[W�[]J[\IV\QWVIT�
5a�KWV\ZQJ]\QWV� \W� C4Q]��E�_I[�UIQVTa�PMTXQVO� 2QV�_Q\P�ÅO]ZM[� IVL�LQ[K][[QWV[� <PM�_WZS� QV
C@]MZMJ��E�_I[�UIQVTa�)VLZu[�_Q\P�I�TW\�WN �LQ[K][[QWV[�JM\_MMV�)VLZu� 3WRQ� 3TMUMV[� -]OMVM�
IVL�1�
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<PM�ÅMTL�WN �WX\WUMKPIVQK[�PI[�JMMV�\PZQ^QVO�QV�\PM�TI[\�KW]XTM�WN �aMIZ[� IVL�\PQ[�_WZS�ZMXZM[MV\[
I�^MV\]ZM�QV\W�\PM�ÅMTL�IVL�\PM�_WZS�\PI\�_M�PI^M�LWVM�\W�KWV\ZQJ]\M�\W�\PQ[�ÅMTL� 1V�I�V]\[PMTT�
WX\WUMKPIVQK[�Q[�IJW]\�KW]XTQVO�\PM�MTMK\ZQK�ÅMTL�QV\MV[Q\a�IVL�XPI[M�WN �TQOP\�\W�\PM�UW\QWV�WN �I
UMKPIVQKIT�[a[\MU� 1N �\PQ[�Q[�IKPQM^ML�I�^I[\�^IZQM\a�WN �XW[[QJQTQ\QM[�PI^M�JMMV�[]OOM[\ML�IVL�Y]Q\M�I
NM_�WN �\PMU�PI^M�JMMV�[PW_V�ITZMILa�

) KW]XTM�WN �OWWL�ZM^QM_�IZ\QKTM[�NWZ�\PM�ÅMTL�IZM�QV�C.TWZQIV 5IZY]IZL\�!� )[XMTUMaMZ��E�

)UWVO�XW[[QJQTQ\QM[�NWZ�WX\WUMKPIVQK[�IZM�\PM�][M�WN �WX\WUMKPIVQKIT�[a[\MU[�NWZ�UMI[]ZQVO�UQV]\M
NWZKM[� UQV]\M�KWVKMV\ZI\QWV[�WN �XIZ\QKTM[� OZI^Q\I\QWVIT�_I^M�LM\MK\WZ[�NWZ�QVLQKI\QWV�WN �ZQXXTM[�QV
\PM�[XIKM�\QUM�I[�I�ZM[]T\�WN �[]XMZVW^IM�M`XTW[QWV[� J]\�IT[W�NWZ�WXMVQVO�]X�\PM�XW[[QJQTQ\a�WN �UISQVO
I�»UIKZW[KWXQK¼�UMKPIVQKIT�[a[\MU�[PW_�Y]IV\]U�JMPI^QW]Z� <PQ[�PI[�JMMV�I�LZMIU�WJRMK\Q^M�NWZ�I
TWVO�\QUM� IVL�QV�TI[\�aMIZ�WZ�\_W�\PQ[�PI[�JMMV�IKPQM^ML�QV�LQNNMZMV\�OZW]X[� <PQ[�Q[�I�ZMUIZSIJTM�NMI\
\PI\�WXMV[�]X�\PM�XW[[QJQTQ\a�WN �M�O� ][QVO�UQKZWW[KQTTI\WZ[�I[�I�»J][¼�JM\_MMV�Y]IV\]U�QVNWZUI\QWV
[a[\MU[�[]KP�I[�ÆaQVO�Y]JQ\[� Q�M� XPW\WV[� IVL�[\WZIOM�UMLQ]U�[]KP�I[�QWV[�WZ�[]XMZKWVL]K\QVO
Y]JQ\[�

<PM�ZMI[WV�\PI\�\PM�ÅMTL�PI[�JMMV�OIQVQVO�UWUMV\]U�L]ZQVO�\PM�TI[\�LMKILM�Q[�XZWJIJTa�I�KWU�
JQVI\QWV�WN �QV\MZM[\�IVL�\PM�VM_�UQKZW�VIVW�NIJZQKI\QWV�UM\PWL[�\PI\�\PM�[MUQKWVL]K\WZ�QVL][\Za
PI[�PMTXML�QV\ZWL]KQVO� 1\�Q[�XW[[QJTM�\W�UISM�U]KP�UWZM�KWUXTM`�IVL�[UITTMZ�[\Z]K\]ZM[�IVL�\PQ[
Q[�JMVMÅKQIT�NWZ�OM\\QVO�I�[\ZWVO�MNNMK\�WN �TQOP\�QV\MZIK\QWV�L]M�\W�\PM�[UITT�LQUMV[QWV�IVL�UI[[�WN
\PM�W[KQTTI\WZ[� 1\�Q[�IT[W�I�ÅMTL�_PMZM�XMWXTM�WN �LQNNMZMV\�JIKSOZW]VL�MV\MZ�IVL�Q[�WV�KWUXIZIJTM
»TQOP\¼�NWW\QVO� IVL�\PQ[�TMIL[�\W�[]ZXZQ[M[� 1V�W]Z�KI[M�\PQ[�_I[�[MMV�_Q\P�I�[QUXTM�/I)[�UMUJZIVM
\PI\�_I[�\PW]OP\�\W�JM�I�[QUXTM�TQ\\TM�NMI\�\W�KPIZIK\MZQbM� J]\�MVLML�]X�[PW_QVO�I�TW\�WN �VM_�XPa[QK[
IVL�QV\ZQO]QVO�KWUXTM`�JMPI^QW]Z�\PI\�ZMY]QZML�UWZM�\PIV�_PI\�_I[�M`XMK\ML� 1\�_I[�IT[W�M^MV
UWZM�NWZ\]VI\M�\PI\�\PM�[a[\MU� \PI\�_I[�UIV]NIK\]ZML�I[�I�Ja�XZWL]K\� PIL�ZMUIZSIJTM�XPa[QKIT
KPIZIK\MZQ[\QK[�_Q\P�I�TW\�WN �SVW_TMLOM�OIQVML�JW\P�WV�\PM�NIJZQKI\QWV�[QLM� J]\�IT[W�WV�\PM�UWLMTQVO
WN �\PM�XPa[QK[�

<PQ[�WXMV[�]X� \PM�XW[[QJQTQ\QM[� NWZ�PW_� \W�UISM� \PM�XZWXW[ML�MTMK\ZWVQK� ZMKWUJQVI\QWV�KWWTQVO
MNNMK\[� M^MV�UWZM�XZWVW]VKML�IVL� \PQ[� Q[� \PMV� \PM�XI\P�WV_IZL� NWZ� \PQ[�XZWRMK\� ;PW_QVO� \PQ[
NWZKM�I[�LWUQVI\QVO�_W]TL�]VLW]J\IJTa�ZMY]QZM�I�UWZM�LM\IQTML�]VLMZ[\IVLQVO�WN �\PM�UQKZW[KWXQK
XZWKM[[M[�QV�\PM�W[KQTTI\WZ� _PQTM�[\QTT�JMQVO�XW[[QJTM�\W�IXXZWIKP�NZWU�I�»\WX�LW_V¼�XMZ[XMK\Q^M�IVL
UIQV\IQV�IV�]VLMZ[\IVLQVO�

7]\TQVM

<PM�\PM[Q[�Q[�[MXIZI\ML�QV\W�Å^M�XIZ\[� <PM�XZWRMK\�Q[�QV\ZWL]KML�QV�XIZ\� 1 IVL�\PM�JI[QK�WX\WUM�
KPIVQKIT�\PMWZa�NWZ�LM[KZQJQVO�\PM�[a[\MU[�IVL�\PM�^QJZI\QWVIT�KWWTQVO�WN �\PMU� <PMV�QV�XIZ\� 11 \PM
JI[QK�UMKPIVQKIT�UWLMT�NWZ�\PM[M�UMUJZIVM�[\Z]K\]ZM[�IZM�LM[KZQJML�ITWVO�_Q\P�[WUM�UM\PWL[�NWZ
ÅVLQVO�\PM�UMKPIVQKIT�UWLM[� QVKT]LQVO�.QVQ\M�-TMUMV\�UM\PWL[� <PMV�QV�XIZ\� 111 \PM�UIQV�^Q�
JZI\QWVIT�KWWTQVO�M`XMZQUMV\�Q[�LM[KZQJML� <PM�[\ZWVO�KWWTQVO�WN �UMKPIVQKIT�UWLM[�Q[�XZW^MV�\W�JM
L]M�\W�XPW\W\PMZUIT�KWWTQVO� IVL�VM_�UM\PWL[�NWZ�^QJZI\QWVIT�KWWTQVO�IZM�XZWXW[ML� <PM LMNWZUI�
\QWV�XW\MV\QIT KWWTQVO�Q[�QV\ZWL]KML�IVL�VM_MZ�PM\MZW[\Z]K\]ZM�[a[\MU[�IZM�XZWXW[ML�IVL�QV^M[\QOI\ML�
?PQTM�I�TW\�WN �QV\MZM[\QVO�XPa[QK[�_I[�NW]VL� Q\�_I[�NW]VL�PIZL�\W�^QJZI\QWVITTa�KPIZIK\MZQbM�PQOPMZ
NZMY]MVKa�[a[\MU[� IVL�I�VM_�[M\]X�_I[�LM[QOVML� 1V�XIZ\� 1> \PM�LM[QOV�IVL�QUXTMUMV\I\QWV�WN �I
5QKPMT[WV�QV\MZNMZWUM\MZ�NWZ�PQOP�NZMY]MVKa�KPIZIK\MZQbI\QWV�_I[�LQ[K][[ML� <PM�LM^QKM�Q[�XZW^MV

!



����5W\Q^I\QWV 1V\ZWL]K\QWV

\W�JM�IJTM�\W�UMI[]ZM�IVL�KPIZIK\MZQbM�UWLM[�WN �JZW_VQIV�UW\QWV�NWZ�;Q6 [IUXTM�[a[\MU[� IVL�Q\�Q[
M`XTIQVML�PW_�\PM�KPIZIK\MZQbI\QWV�WN �PQOP�NZMY]MVKa�/I)[�[IUXTM[�IZM�NMI[QJTM�QV�\PM�VMIZ�N]\]ZM�
1V�XIZ\� > IV�W]\TWWS�Q[�XZM[MV\ML�NWZ�[WUM�N]\]ZM�XW[[QJQTQ\QM[�QV�\PM[M�[a[\MU[� IVL�\PM�\PM[Q[�Q[
KWVKT]LML�

5a�KWV\ZQJ]\QWV

1V� \PM�KW]Z[M�WN � \PQ[�8P, \PM� I]\PWZ�PI[� KWV\ZQJ]\ML�_Q\P� []J[\IV\QWVIT� M`XMZQUMV\IT�_WZS� I\
\PM�6QMT[�*WPZ�1V[\Q\]\M�NWZ�\PM�^IZQW][�WX\WUMKPIVQKIT�M`XMZQUMV\[�LM[KZQJML�PMZMQV� )LLQ\QWV�
ITTa�I� TW\�WN � KPIZIK\MZQbI\QWV�_WZS�PI[�JMMV�LWVM�I\�,<= 6IVW\MKP� QV� KWTTIJWZI\QWV�_Q\P� \PM
6IVWXZWJM[�OZW]X�WN �)VRI�*WQ[MV� <PM�I]\PWZ�_I[�IT[W�[W�NWZ\]VI\M�I[�\W�PI^M�\PM�XW[[QJQTQ\a�WN
^Q[Q\QVO�\PM�9]IV\]U�8PW\WVQK[�OZW]X�WN �)\It�ʈUIUWɦT]�I\�-<0 B�ZQKP� 0MZM�M`\MV[Q^M�M`XMZ�
QUMV\IT�_WZS�_I[�LWVM�WV�\PM�VIVWUMUJZIVM�[\Z]K\]ZM[�IVL�VM_�KPIZIK\MZQbI\QWV�[M\]X[�_MZM
J]QT\�IVL�][ML�

-`\MV[Q^M�\PMWZM\QKIT�UWLMTQVO�WN �\PM�[a[\MU[�PI^M�IT[W�JMMV�XMZNWZUML�Ja�\PM�I]\PWZ�_Q\P�\WWT[
[]KP�I[�+WU[WT�NWZ�ÅVQ\M�MTMUMV\�UWLMTQVO�

��



�� 7X\WUMKPIVQK[

?PI\� Q[�I� \aXQKIT�WX\WUMKPIVQKIT� [M\]X' 1V�\PM�KI[M�WN �I�KI^Q\a�[a[\MU� I�KW]XTQVO� Q[�WJ\IQVML
JM\_MMV�\PM�[\I\M�WN �TQOP\�IVL�I�UW\QWVIT�LMOZMM�WN �NZMMLWU�QV�I�KI^Q\a� ;]KP�I�[a[\MU�Q[�[SM\KPML
QV ÅO� ���J _PMZM�I�KI^Q\a�Q[�KZMI\ML�JM\_MMV�\_W�UQZZWZ[� _PMZM�WVM�Q[�ITTW_ML�\W�UW^M� 1N �\PM
UQZZWZ�UW^M[� \PM�TQOP\�UWLM�JM\_MMV�\PM�UQZZWZ[�_QTT�KPIVOM�IVL�\P][�KPIVOM�\PM�TQOP\�QV\MV[Q\a�
<PQ[�KIV�QV�\]ZV�KW]XTM�\W�\PM�UW\QWV�WN �\PM�UQZZWZ� <PQ[�LM[KZQJM[�IV�IZKP\aXQKIT�WX\WUMKPIVQKIT
[a[\MU�

1V�\PQ[�KPIX\MZ�\PM�JI[QK�WX\WUMKPIVQKIT�UWLMT�_QTT�JM�LM[KZQJML� IVL�\PM�XW[[QJQTQ\QM[�NWZ�^QJZI�
\QWVIT�KWWTQVO�_Q\P�TQOP\�_QTT�JM�LMZQ^ML�

���� 7X\WUMKPIVQKIT�UWLMT

1V�\PQ[�[MK\QWV�\PM�UWLMT�NWZ�\PM�WX\WUMKPIVQKIT�[a[\MU�_QTT�JM�LMZQ^ML� ]T\QUI\MTa�MVLQVO�_Q\P�\PM
0IUQT\WVQIV�JMQVO�I[[MUJTML�IVL�\PM�LaVIUQK[�W]\TQVML� )V�WJ^QW][�UMKPIVQ[U�NWZ�KW]XTQVO�\PM
TQOP\�\W�\PM�UW\QWV�WN �I�UIKZW[KWXQK�WJRMK\�KIV�JM�IKPQM^ML�^QI�ZILQI\QWV�XZM[[]ZM�WN �\PM�QVKWUQVO
TQOP\� <PM�KWTTQ[QWV�IVL�IJ[WZX\QWV�WN �I�[QVOTM�QVKWUQVO�XPW\WV�_QTT�aQMTL�I�UWUMV\]U�LQNNMZMVKM
NWZ�\PM�WJRMK\� ∆p� WN �C4W]LWV��E

∆p = 2h̄k =
2E

c
�������

_Q\P h̄k JMQVO�\PM�XPW\WV�UWUMV\]U� E JMQVO�\PM�MVMZOa�IVL c JMQVO�\PM�[XMML�WN �TQOP\� I[�Q[�QTT][�
\ZI\ML�QV�ÅO� ���I� <PM�M`MZ\ML�NWZKM�WN �I�XPW\WV�Æ]` (∆N/∆t) Q[�\P][

F =
∆p

∆t
∆N =

2Pin

c
�������

_Q\P∆N \PMV�JMQVO�\PM�IUW]V\�WN �XPW\WV[�PQ\\QVO�QV�\PM�\QUM∆t IVL Pin Q[�\PM�WX\QKIT�XW_MZ� 1V
\PM�KI[M�WN �ZMÆMK\QWV�\PM�WJRMK\�PI[�ZMKQM^ML�I�»SQKS¼�WN h̄k� IVL�\PM�XPW\WV�Q[�ZMÆMK\ML�JIKS�_Q\P�I
UWUMV\]U�WN −h̄k�

<PQ[�_QTT�VW\�JM�I�^MZa�TIZOM�NWZKM�NWZ�\PM�TQOP\�XW_MZ[�\PI\�IZM�MI[QTa�I\\IQVIJTM�QV�I�TIJ� )KKWZLQVO�\W
MYV� �������� NWZ�I�TQOP\�XW_MZ�WN ���U? \PM�NWZKM�_QTT�JM� 2× 1 U?/(�× �� U�[) ≈ �× ��−�� 6�
<PQ[�Q[�VW\�I�[\ZWVO�MNNMK\�WV�M�O� I���QVKP�UQZZWZ� 0W_M^MZ�NWZ�UQKZW��WZ�VIVWUM\MZ�[QbML�[\Z]K\]ZM[�
Q\�KIV�[\QTT�PI^M�I�[\ZWVO�MNNMK\� )V�WN\MV�][ML�UM\PWL�NWZ�MVPIVKQVO�\PQ[�MNNMK\�Q[�\W�\ZIX�\PM�TQOP\
JM\_MMV�\_W�UQZZWZ[�\W�NWZU�I�KI^Q\a� _PMZM�WVM�WN �\PM�UQZZWZ[�Q[�ITTW_ML�\W�UW^M� ) [QVOTM�XPW\WV
Q[�ZMÆMK\ML�JIKS�IVL�NWZ\P� QV�\PM�KI^Q\a�IVL�\P][�KIV�PQ\� \PM�UW^IJTM�UQZZWZ�UIVa�\QUM[� <PM
PQOPMZ�\PM�ZMÆMK\Q^Q\a� \PM�PQOPMZ�\PM�XPW\WV�TQNM\QUM� IVL�\PM�[\ZWVOMZ�\PM�NWZKM�WV�I�NZMMTa�UW^QVO
UQZZWZ� 1N �\PM�XPW\WV�Q[�IJ[WZJML�Q\�_QTT�[\QTT�\ZIV[NMZ�\PM�UWUMV\]U h̄k QV�IV�QVMTI[\QK�KWTTQ[QWV� J]\
_QTT�VW\�PQ\�\PM�UQZZWZ�UWZM�\QUM[�



����7X\WUMKPIVQKIT�UWLMT 7X\WUMKPIVQK[

�I� :ILQI\QWV�XZM[[]ZM�UW�
UMV\]U�\ZIV[NMZ

�J� )ZKP\aXQKIT� WX\WUMKPIVQKIT� [a[\MU� 7VM
UQZZWZ�Q[�ITTW_ML�\W�^QJZI\M�IVL�\P][�UWL]�
TI\M�\PM�KI^Q\a�ZM[WVIVKM�NZMY]MVKa� <PM�LQ�
ZMK\QWV�WN �XZWXIOI\QWV�WN �I�JMIU�Q[�LMVW\ML x
IVL�\PM�TMVO\P�WN �\PM�KI^Q\a�Q[�KITTML L�

.QO]ZM ����" :ILQI\QWV�XZM[[]ZM�NWZKM�IVL�7X\WUMKPIVQKIT�[a[\MU[�

<PM�KI^Q\a�ZM[WVIVKM

)V�M`IUXTM�WN �I�.IJZa�8vZW\�KI^Q\a�J]QT\�_Q\P�I� TIZOM�Å`ML�UQZZWZ�IVL�I�[UITT�UW^IJTM�WVM� Q[
QTT][\ZI\ML� QV ÅO� ���J� ) TQOP\� QVL]KML� NWZKM�KIV� \PMV� TMIL� \W�I�LQ[XTIKMUMV\�WN � \PM�UW^IJTM
UQZZWZ�IVL�KPIVOM� \PM�KI^Q\a� TMVO\P� 6W_�OWQVO�NZWU�\PM�XQK\]ZM�WN �[QVOTM�XPW\WV�M^MV\[�\PI\
_I[�][ML� IJW^M� \W� \PM�LM[KZQX\QWV�WN �ÅMTL[� QV� \PM�KI^Q\a� \PM� ZM[WVIVKM� KWVLQ\QWV� Q[�_ZQ\\MV� I[

nλ = 2L �������

QN L Q[�\PM�TMVO\P�WN �\PM�KI^Q\a� n Q[�IV�QV\MOMZ� IVL λ Q[�\PM�_I^MTMVO\P�WN �TQOP\� <PM�_I^MTMVO\P
KIV�JM�_ZQ\\MV λ = 2πc/ωc _Q\P ωc JMQVO�\PM�KI^Q\a�ZM[WVIVKM�IVO]TIZ�NZMY]MVKa�IVL c JMQVO
\PM�[XMML�WN �TQOP\� *a�][M�WN �\PQ[�IVL MYV� ������� Q\�Q[�KTMIZ�PW_ 2L = nλ = n2πc/ωc IVL�\P][

ωc = 2π
c

2L
n �������

IVL�\PQ[�Q[�\PMV�\PM�ZM[WVIVKM�KWVLQ\QWV�NWZ�Å`ML�UQZZWZ[� )VW\PMZ�ZM[WVIVKM�KW]TL�JM�NW]VL�Ja
MTWVOI\QVO�WZ�[PWZ\MVQVO�\PM�KI^Q\a nλ/2� ?PQTM MYV� ������� Q[�\Z]M�QV�\PM�KI[M�_Q\P�Å`ML�UQZZWZ[�
QN �\PM�TQOP\�Q[�ITTW_ML�\W�QVL]KM�I�NWZKM�WV�I�UW^IJTM�UQZZWZ� \PM�KW]XTQVO�_W]TL�QV\ZWL]KM�I�VM_
MY]QTQJZQ]U�KWVLQ\QWV� <PQ[�KW]XTQVO�KIV�JM�L]M�\W�^IZQW][�UMKPIVQ[U� J]\�NWZ�VW_�\PM�IK\]IT
XPa[QK[�Q[�QOVWZML� <PM�TQOP\�ÅMTL�Q[�R][\�UWLMTML�I[�KW]XTQVO�\W�\PM�UW\QWV�WN �WVM�WN �\PM�UQZZWZ[�
1N �\PM�MY]QTQJZQ]U�XW[Q\QWV�Q[�KPIVOML�NZWU�\PM�KI[M�_Q\P�VW�TQOP\�Q\�Q[�KW[\]UIZa�\W�QV\ZWL]KM�I
[PQN\ML�KI^Q\a�ZM[WVIVKM� ;WUM�OZW]X[�XZMNMZ�\W�LMVW\M�\PM�KW]XTML�[a[\MU�WN �\PM�UQZZWZ�IVL�ÅMTL
I[�I�ZM[WVI\WZ�_Q\P�\PM�ZM[WVI\WZ�ZM[WVIVKMωR� 1V�\PQ[�_WZS�\PM�[PQN\MLω′

c IVL�]V[PQN\MLωc IVO]TIZ
NZMY]MVKQM[�IZM�][ML�

6W_�I[[]UQVO�\PI\�\PM�MVL�UQZZWZ�UW^M�I�[PWZ\�IUW]V\ δx� \PM�TMVO\P�WN �\PM�KI^Q\a�_QTT�KPIVOM
NZWU L \W L+δx� IVL�\PMV�\PM�ZM[WVIVKM�KWVLQ\QWV� MYV� ������� _QTT�KPIVOM� [W�\PI\�\PM�ZM[WVIVKM
IVO]TIZ�NZMY]MVKa�JMKWUM[

ω′
c = 2π

c

2(L+ δx)
n �������

1V�\PQ[�M`XZM[[QWV L KIV�JM�UW^ML�I[

ω′
c = 2π

c

2L

1

1 + δx
L

n �������

��



7X\WUMKPIVQK[ ����7X\WUMKPIVQKIT�UWLMT

IVL�IOIQV�\PM�KI^Q\a�ZM[WVIVKM MYV� ������� KIV�JM�QLMV\QÅML�I[ 2πcn/(2L)� \W�ZML]KM�\W�\PM�[QUXTMZ
M`XZM[[QWV

ω′
c = ωc

1

1 + δx
L

�������

IVL�\PQ[�Q[�\PMV�\PM�M`XTQKQ\�M`XZM[[QWV�NWZ�\PM δx LMXMVLMVKM�WN �\PM�[PQN\ML�KI^Q\a�ZM[WVIVKM ω′
c�

<PM�NWZU� I[�_MTT�I[�\PM�KPWQKM�WN �LMVW\QVO�\PM�LQ[XTIKMUMV\ δx� PQV\[�\PI\�I�TQVMIZQbI\QWV�UQOP\
JM�\PM�XW[[QJTM� 1VLMML�QN �\PM�LQ[XTIKMUMV\[�NZWU�MY]QTTQJZQ]U�Q[�I[[]UML�[UITT�KWUXIZML�\W�\PM
TMVO\P�WN �\PM�KI^Q\a� δx $ L� MYV� ������� KIV�JM�TQVMIZQbML�I[

ω′
c ≈ ωc

(
1− δx

L

)
����� �

_PQKP�Q[�\PMV�\PM�[QUXTM�TQVMIZ�M`XZM[[QWV�NWZ�\PM�KPIVOM�QV�KI^Q\a�ZM[WVIVKM�Ja�I�[UITT�LQ[XTIKMUMV\
δx� <PM�[UITT�LQ[XTIKMUMV\�IXXZW`QUI\QWV�Q[�I�^MZa�OWWL�IXXZW`QUI\QWV�NWZ�\PM�KI[M�WN �ZMITQ[\QK
KW]XTQVO�[\ZMVO\P[�IVL�NWZ�ZMITQ[\QK�UQZZWZ�UW\QWV�L]M�\W�\PM�KW]XTQVO� <PM�KWZZM[XWVLIVKM�JM�
\_MMV�\PM�TMVO\P�WN �\PM�KI^Q\a�IVL�\PM�KI^Q\a�IVO]TIZ�ZM[WVIVKM�Q[�QTT][\ZI\ML�QVÅO� ����

.QO]ZM ����" <PM�KI^Q\a�TMVO\PL WN �I�.IJZa�8MZW\�_Q\P�I�[UITT�UW^IJTM�UQZZWZ�Q[�[PW_V�IJW^M� 1\�PI[
\PM�KI^Q\a�IVO]TIZ�NZMY]MVKa ωc� 1N �\PM�TQOP\�ÅMTL�KW]XTM[�[]NÅKQMV\Ta�\W�\PM�UW\QWV�WN
\PM�UW^IJTM�UQZZWZ�\PZW]OP�M�O� ZILQI\QWV�XZM[[]ZM�Q\�KIV�QVL]KM�I�[UITT�LQ[XTIKMUMV\
δx IVL�\PM�KI^Q\a�TMVO\P�_QTT�JML+δx I[�[PW_V�QV�\PM�TW_MZ�[SM\KP� <PM�KWZZM[XWVLQVO
IVO]TIZ�NZMY]MVKa�Q[�LMVW\ML ω′

c�

<PM�0IUQT\WVQIV

6W_�QV�WZLMZ�\W�UISM�XZWOZM[[�\W_IZL[�_ZQ\QVO�]X�IV�MY]I\QWV�WN �UW\QWV�\PM�0IUQT\WVQIV�[PW]TL
JM�[\I\ML� <PM�0IUQT\WVQIV�NWZ�\PM�KI^Q\a�IVL�\PM�XPWVWVQK�[a[\MU�KIV�JM�_ZQ\\MV

Ĥ = h̄ω′
câ

†â+ h̄ωmb̂†b̂ �����!�

_PMZM â†� â IZM�\PM�KZMI\QWV�IVL�IVVQPQTI\QWV�WXMZI\WZ[�WN �\PM�TQOP\�ÅMTL�QV�\PM�KI^Q\a� IVL b̂†� b̂ IZM
\PM�KZMI\QWV�IVL�IVVQPQTI\QWV�WXMZI\WZ[�NWZ�\PM�XPWVWVQK�^QJZI\QWVIT�LMOZMM�WN �NZMMLWU� 0MZM ω′

c Q[
\PM�[PQN\ML�KI^Q\a�ZM[WVIVKM�IVL ωm Q[�\PM�ZM[WVIVKM�WN �\PM�UW\QWVIT�LMOZMM�WN �NZMMLWU� 6W\M�\PI\
\PM�KW]XTQVO�JM\_MMV�\PM�XPWVWV�IVL�XW[Q\QWV�WN �\PM�UQZZWZ�Q[�PQLLMV�QV ω′

c� <PQ[�Q[�\PM�[\IVLIZL
NWZU�NWZ�I�Y]IV\]U�PIZUWVQK�W[KQTTI\WZ�_PQKP�Q[�VW\�QV�\PM�OZW]VL�[\I\M� 6W_�_Q\P�\PM�I[[]UX\QWV

��
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WN �[UITT�LQ[XTIKMUMV\ δx NZWU�MY]QTTQJZQ]U� _PQKP�MVIJTM[�\PM�TQVMIZQbI\QWV�WN �\PM�KI^Q\a�ZM[WVIVKM�
\PM�0IUQT\WVQIV�KIV�JM�_ZQ\\MV

Ĥ = h̄ωc

(
1− δx

L

)
â†â+ h̄ωmb̂†b̂ ��������

IVL�NZWU�\PQ[�M`XZM[[QWV�\PM�VIUQVO�KWV^MV\QWV�WNω′
c IVLωc [PW]TL�UISM�[MV[M�

<PM�XW[Q\QWV�WN �\PM�UW^IJTM�UQZZWZ�KIV�JM�I[KZQJML�\PM�XW[Q\QWV�WXMZI\WZ x̂� ;QVKM�\PM�LQ[XTIKM�
UMV\�NZWU�MY]QTQJZQ]U�Q[�I[[]UML�\W�JM�[UITT δx KIV�JM�ZMXTIKML�Ja�\PM�XW[Q\QWV�WXMZI\WZ x̂ QV
MYV� �������� C4I_!��5IZY]IZL\��E� <PM�0IUQT\WVQIV�KIV�\PMV�JM�_ZQ\\MV�I[

Ĥ = h̄ωc

(
1− x̂

L

)
â†â+ h̄ωmb̂†b̂ ��������

8W[Q\QWV�IVL�UWUMV\]U�WXMZI\WZ[

.ZWU�\PM�QLMV\QÅKI\QWV�WN �\PM�XW[Q\QWV�WXMZI\WZ x̂ Q\�Q[�XW[[QJTM�\W�_ZQ\M�]X�\PM�[\IVLIZL�KZMI\QWV�IVL
IVVQPQTQI\QWV�WXMZI\WZ[�NWZ�I�PIZUWVQK�W[KQTTI\WZ� <PM�XPWVWVQK�WXMZI\WZ[�IZM�C*ITTMV\QVM! E

b̂ =

√
mωm

2h̄

(
x̂+

i

mωm
p̂

)
��������

b̂† =

√
mωm

2h̄

(
x̂− i

mωm
p̂

)
��������

_PMZM x̂ IVL p̂ IZM�\PM�\_W�Y]ILZI\]ZM�WXMZI\WZ[�NWZ�\PM�XW[Q\QWV�IVL�UWUMV\]U� *a�ZM_ZQ\QVO�\PM
TILLMZ�WXMZI\WZ[�IV�M`XZM[[QWV�NWZ�\PM�UWUMV\]U�WXMZI\WZ�JMKWUM[

x̂ =

√
h̄

2mωm
(b̂+ b̂†) ��������

\PM�M`XZM[[QWV�NWZ�\PM�XW[Q\QWV�WXMZI\WZ�PI[�\PMV�JMMV�NW]VL� <PM�[Y]IZMZWW\�QV MYV� �������� Q[�LM�
VW\ML�\PM bMZW�XWQV\�Æ]K\]I\QWV[ WN �\PM�[a[\MU� xzpf � x̂ KIV�\PMV�JM�_ZQ\\MV

x̂ = xzpf (b̂+ b̂†) ��������

<P][ xzpf JI[QKITTa�LMVW\M�\PM�IUW]V\�WN �^QJZI\QWV�\PI\�Q[�I^IQTIJTM�_Q\P�VW�M`KQ\I\QWV� xzpf KIV
JM�]VLMZ[\WWL�I[�ZMTI\ML�\W�\PM�:5; ^IZQI\QWV�WN �\PM�UW\QWV� .WZ�\aXQKIT�M`XMZQUMV\IT�^IT]M[�NWZ
UMUJZIVM[�

xzpf =

√
h̄

2mωm
∼ 10−15 U ��������

_Q\P m JMQVO�\PM�MNNMK\Q^M�UW\QWVIT�UI[[�WN �\PM�[a[\MU� .WZ�I�LQ[K][[QWV�WN �\PM�MNNMK\Q^M�UW\QWVIT
UI[[� [MM [MK� ���

�<aXQKIT�MNNMK\Q^M�UW\QWVIT�UI[[�WN ����XO�IVL�I�ZM[WVIVKM�NZMY]MVKa�WN ωm/(2π) ≈ 150b� <PQ[�Q[�ZW]OPTa�\PM�WZLMZ
WN �UIOVQ\]LM�WN �I�\aXQKIT�6WZKILI�UMUJZIVM�_PQKP�[M^MZIT�OZW]X[�][M�

��
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+W]XTQVO�[\ZMVO\P g0

6W_�\PI\�IV�M`XZM[[QWV�NWZ x̂ PI[�JMMV�NW]VL� I�VQKM�M`XZM[[QWV�NWZ�\PM�KW]XTQVO�[\ZMVO\P g0 JM�
\_MMV�\PM�KI^Q\a�ÅMTL�IVL�\PM�XPWVWVQK�LMOZMM�WN �NZMMLWU�KIV�JM�QLMV\QÅML�NZWU�\PM�0IUQT\WVQIV�
)ZW]VL�\PM�ZM[WVIVKM�KWVLQ\QWVωc KIV�JM�_ZQ\\MV�I[�\PM�[MZQM[�M`XIV[QWV

ωc = ω(x) = ωc


x=0

+

(
∂ωc

∂x

∣∣∣∣
x=0

)
x+ . . . ��������

_PMZM ... ZMNMZ�\W�PQOPMZ�WZLMZ�\MZU[� <Z]VKI\QVO�I\�\PM�ÅZ[\�WZLMZ�[XI\QIT�LMZQ^I\Q^M�\PM�0IUQT\WVQIV
KIV�JM�_ZQ\\MV

Ĥ = h̄ωcâ
†â+ ωmb̂†b̂+ h̄

∂ωc

∂x
â†âx ������ �

1V[MZ\QVO x NZWU MYV� ��������

h̄
∂ωc

∂x
â†âx = h̄

∂ωc

∂x
· xzpf â†â(b̂+ b̂†) ������!�

IVL�\PMV�\PM�KW]XTQVO�ZI\M�KIV�JM�QLMV\QÅML�I[

g0 ≡
∂ωc

∂x
· xzpf ��������

.]TT�0IUQT\WVQIV

:M_ZQ\QVO�aQMTL[�\PM�N]TT�0IUQT\WVQIV

Ĥ = h̄(ωc + g0x̂)â
†â+ h̄ωmb̂†b̂ ��������

IVL�IOIQV�QV[MZ\QWV�WN �\PM�XW[Q\QWV�WXMZI\WZ� x̂� aQMTL[

Ĥ = h̄
[
ωc + g0xzpf (b̂+ b̂†)

]
â†â+ h̄ωmb̂†b̂ ��������

1V�\PM[M�MYV[� �������� ��������\PM�KW]XTQVO�Q[�IXXIZMV\� 1\�MVIJTM[�\PM�UIVQX]TI\QWV�WN �\PM�^QJZI�
\QWVIT�LMOZMM�WN �NZMMLWU�\PZW]OP�\PM�IXXTQKI\QWV�WN �I�XPW\WQVL]KML�TQOP\�NWZKM� IVL�I\�\PM�[IUM
\QUM�\PM�KI^Q\a�MVIJTM[�I�[QUXTM�ZMILW]\�WN �\PM�^QJZI\QWV[�I[�\PM[M�UWL]TI\M�\PM�KI^Q\a�\ZIV[UQ[�
[QWV�ZMÆMK\QWV� <PQ[�Q[�\PMV�\PM�0IUQT\WVQIV�NWZ�\PM�\aXQKIT�WX\WUMKPIVQKIT�[M\]X�

���� >QJZI\QWVIT�KWWTQVO

<PM�KW]XTQVO�JM\_MMV�\PM�^QJZI\QWVIT�LMOZMM�WN �NZMMLWU�IVL�\PM�KI^Q\a�UWLM�MVIJTM[�\PM�UIVQX�
]TI\QWV�WN �\PM�UMKPIVQKIT�JMPI^QW]Z� 1V�\PQ[�[MK\QWV�Q\�Q[�[PW_V�PW_�\PQ[�KW]XTQVO�Q[�][ML�\W�MQ\PMZ
M`KQ\M�WZ�LIUXMV�\PM�^QJZI\QWV[�WN �\PM�KI^Q\a�UQZZWZ�

1V�I�KTI[[QKIT�XQK\]ZM�KWWTQVO�KIV�JM�]VLMZ[\WWL� QV� \PM� NWTTW_QVO�_Ia� <PM�XPW\WQVL]KML� NWZKM
Q[�_PI\�LQ[XTIKM[�\PM�UW^IJTM�UQZZWZ�NZWU�\PM�MY]QTQJZQ]U� IVL�\PQ[�NWZKM�Q[�XZWXWZ\QWVIT�\W�\PM
TQOP\�ÅMTL� QV\MV[Q\a� <PMV�\PM�NWZKM�WV�\PM�UW^IJTM�UQZZWZ�Q[�I�N]VK\QWV�WN �\PM�UQZZWZ�LQ[XTIKM�
UMV\�R][\�I[�\PM�ÅMTL�QV\MV[Q\a�Q[� <PQ[� Q[� QTT][\ZI\ML�QV ÅO� ��� _PMZM�\PM�XPW\WQVL]KML�NWZKM�Q[

��
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QTT][\ZI\ML�I[�I� N]VK\QWV�WN �UQZZWZ�XW[Q\QWV�IZW]VL�\PM�KI^Q\a�ZM[WVIVKM� 1V�IV�M`XMZQUMV\�WVM
_W]TL�XW[Q\QWV�\PM�UW^IJTM�UQZZWZ� QV�[]KP�I�_Ia�\PI\� \PM�KI^Q\a� Q[� [TQOP\Ta�WNN � ZM[WVIVKM�_PQTM
[\QTT�PI^QVO�I�ÅVQ\M�\ZIV[UQ[[QWV� _PQKP�KWZZM[XWVL[�\W�I�ÅVQ\M�NWZKM�WV�\PM�UQZZWZ� 1N �\PM�UQZZWZ
Q[�XW[Q\QWVML�WV�\PM�[TWXM�WN �\PM�ZM[WVIVKM� \PM�[UITT�Æ]K\]ZI\QWV[�WN �\PM�UQZZWZ�NZWU�\PQ[�XW[Q�
\QWV�_QTT� TMIL�\W�IV�QVKZMI[M�IVL�LMKZMI[M�WN �\PM�NWZKM�WV�\PM�UQZZWZ�L]M�\W�\PM�KPIVOQVO�NWZKM�
C.TWZQIV 5IZY]IZL\�!E�

0W_M^MZ�QN �\PM�Æ]K\]I\QWV[�R][\�TML�\W�^IZaQVO�NWZKM�WV�\PM�UQZZWZ� VW�_WZS�_W]TL�VMKM[[IZQTa�JM
LWVM� J]\�\PMZM�Q[�I�\QUM�TIO�QV^WT^ML�I[�_MTT� <PQ[�UMIV[�\PI\�\PM�[a[\MU�\ISM[�[WUM�\QUM�\W�ZMIK\�\W
I�KPIVOM�QV�KWVÅO]ZI\QWV�L]M�\W�\PM�ÅVQ\M�TQNM\QUM�WN �\PM�XPW\WV[�QV�\PM�KI^Q\a� )[�\PM�UQZZWZ�UW^M[
\PM�KWVLQ\QWV[�NWZ�\PM�TQOP\�ÅMTL�QV�\PM�KI^Q\a�KPIVOM[� J]\�JMKI][M�WN �\PM�TWVO�TQNM\QUM�WN �XPW\WV[�QV
\PM�KI^Q\a� Q\�\ISM[�[WUM�\QUM�JMNWZM�I�VM_�MY]QTQJZQ]U�KIV�JM�IKPQM^ML� <PM�TQNM\QUM�Q[�XZWXWZ\QWVIT
\W�\PM�ÅVM[[M�WN �\PM�KI^Q\a� IVL�\P][�\PM�JM\\MZ�KI^Q\a� \PM�UWZM�XZWVW]VKML�\QUM�TIO� 1N �Q\�UW^M[
KTW[MZ�\W�\PM�ZM[WVIVKM�NZWU�\PM�W]\[M\� \PM�NWZKM�_QTT�JM�[UITTMZ�\PIV�»M`XMK\ML¼�I[�\PM�KI^Q\a�ÅMTL�Q[
VW\�Y]QKS�MVW]OP�\W�ZM[XWVL� IVL�TQSM_Q[M�_PMV�Q\�UW^M[�JIKS�I_Ia�NZWU�\PM�ZM[WVIVKM� <PQ[�TIO
¸�WZ�^Q[KW][�JMPI^QW]Z�¸�MVIJTM[�\PM�M`\ZIK\QWV�WN �_WZS�NZWU�\PM�UQZZWZ� ,MXMVLQVO�WV�_PQKP
[TWXM�\PM�[a[\MU�Q[�SMX\�I\� \PM�[TWXM�Q[�WN �I�LQNNMZMV\�[QOV� <PQ[�MVIJTM[�\PM�M`\ZIK\QWV�WN �_WZS�IVL
\PM�QVRMK\QWV�WN �_WZS� <PQ[�Q[�\MZUML KWWTQVO IVL PMI\QVO I[�\PM�UMKPIVQKIT�UWLM[�_QTT�JM�KPIVOML�QV
I�UIVVMZ�IVITWOW][�\W�KPIVOQVO�\PM�J]TS�\MUXMZI\]ZM�WN �\PM�UQZZWZ� <PM�KWWTQVO�PMI\QVO�KaKTM�Q[
QVLQKI\ML�QV ÅO� ���� <PM�KZQ\QKIT�XWQV\�Q[�\PI\�\PM�KPIVOM�QV�KI^Q\a�TMVO\P�LWM[�VW\�QV[\IV\IVMW][Ta
\]ZV�QV\W�I�KPIVOM�QV�\PM�TQOP\�QVL]KML�NWZKM�WV�\PM�UW^QVO�UQZZWZ� IVL�\PM�NWZKM�\PMV�LWM[�VW\
NWTTW_�\PM�[TWXM�\PI\�Q\�_W]TL�QN �\PM�KI^Q\a�ÅMTL�ZMIK\ML�QV[\IV\IVMW][Ta� <PQ[�Q[�_Pa�\PM�KaKTM�MVKTW[M[
IV�IZMI�QV ÅO� ��� IVL�LWM[�VW\�R][\�NWTTW_�\PM�4WZMV\bQIV�XMIS�

1V�\PM�M`XMZQUMV\�\PM�[a[\MU�_W]TL�JM�SMX\�[\IJTM�I\�I�KWVÅO]ZI\QWV�Ja�IV�MTMK\ZWVQK�KQZK]Q\�ILLQVO
NMMLJIKS�\W�\PM�UW^IJTM�UQZZWZ� 7VM�\ITS[�IJW]\ TWKSQVO \PM�KI^Q\a�WV�I�XW[Q\QWV�WV�\PM�KI^Q\a�ZM[W�
VIVKM� IVL�\P][�\PQ[�XQMKM�WN �MY]QXUMV\�Q[�LMVW\ML�I�KI^Q\a�TWKS�

.QO]ZM ����" <PM�XPW\WQVL]KML� NWZKM Fph IZW]VL� \PM� KI^Q\a� ZM[WVIVKM� <PM� KWWTQVO� KaKTM C Q[
QVLQKI\ML� <PM�UMUJZIVM�^QJZI\QWV�UISM[�\PM�KaKTM�WV�\PM�ZML�LM\]VML�[QLM�WN �\PM
WX\QKIT�ZM[WVIVKM� IVL�\PM�IZMI�QV[QLM�\PM�KaKTM�QVLQKI\M�\PM�^QJZI\QWVIT�MVMZOa�\PI\�\PM
KWWTQVO�ZMUW^M[�

��
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-Y]I\QWV�WN �UW\QWV

6W_�OWQVO�NZWU�\PM�0IUQT\WVQIV�QV MYV� ��������� \PM�MY]I\QWV[�WN �UW\QWV�NWZ�\PM�LQ[XTIKMUMV\�WX�
MZI\WZ�KIV�_ZQ\\MV� =[QVO�\PM�0MQ[MVJMZO�MY]I\QWV�NWZ�\PM�LQ[XTIKMUMV\�WXMZI\WZ�I[

∂x̂

∂t
=

i

h̄
[Ĥ, x̂] �������

\PM�MY]I\QWV�WN �UW\QWV�KIV�JM�LM\MZUQVML� 1V[MZ\QWV�WN �\PM�XW[Q\QWV�WXMZI\WZ� x̂� NZWU MYV� ��������
IVL�\PM�0IUQT\WVQIV�NZWU MYV� �������� KIV�aQMTL�\PM�MY]I\QWV�WN �UW\QWV� .WZ�I�[\IVLIZL�PIZUWVQK
W[KQTTI\WZ��07� \PM�0IUQT\WVQIV�KIV�JM�_ZQ\\MV�I[

ĤHO =
mωm

2
x̂2 +

p̂2

2m
�������

_Q\Pm JMQVO�\PM�UI[[�IVL x̂ IVL p̂ JMQVO�\PM�XW[Q\QWV�IVL�UWUMV\]U�WXMZI\WZ[� *a�\PM�][M�WN �\PM
0MQ[MVJMZO�MY]I\QWV�\PM�MY]I\QWV�WN �UW\QWV�NWZ x̂ IVL p̂ Q[�NW]VL�C;K]TTa!�E

∂x̂

∂t
=

p̂

m
������I�

∂p̂

∂t
= −mω2

mx̂ ������J�

_PQKP�\PMV�LM[KZQJM[�\PM�UW\QWV�WN �I�XIZ\QKTM�QV�I�PIZUWVQK�XW\MV\QIT� 0MZMmω2
m KIV�JM�QLMV\QÅML

I[�\PM�[XZQVO�KWV[\IV\ K� 1V�I�[QUQTIZ�UIVVMZ�\PQ[�KIV�JM�LWVM�NWZ�\PM�KW]XTML�WX\WUMKPIVQKIT
[a[\MU� J]\� \PQ[�_QTT�VW\�JM�[PW_V�PMZM� 1V[\MIL�\PM�LMZQ^I\QWV�_QTT�JM�[PW_V�Ja�OWQVO�JIKS�\W
\PM�I[[]UX\QWV�\PI\�\PM�KW]XTQVO�JM\_MMV�TQOP\�IVL�UQZZWZ�UW\QWV�KIV�JM�[MMV�I[�TQVMIZ�NWZ�[UITT
Æ]K\]I\QWV[�IZW]VL�MY]QTQJZQ]U�IVL�\PMV�KIV�JM�LM[KZQJML�I[�I�PIZUWVQK�W[KQTTI\WZ� 1\� Q[�IOIQV
VI\]ZIT�\W�_ZQ\M�]X�\PM�MY]I\QWV�WN �UW\QWV�NWZ�IV�W[KQTTI\WZ�_Q\P�UI[[ m I[��VMOTMK\QVO�I\�ÅZ[\�\PM
TQOP\�ÅMTL�QV�\PM�KI^Q\a�

m
∂2x

∂t2
+Kx = 0 �������

_Q\P K JMQVO�\PM�[XZQVO�KWV[\IV\�WN �\PM�ZM[\WZQVO�NWZKM� 1V�WZLMZ�\W�QVKT]LM�LIUXQVO�Ja�QVÆ]MVKM
WN �KWVVMK\QWV�\W�I�\PMZUIT�JI\P� I�LIUXQVO�\MZU βm

∂x
∂t Q[�QV\ZWL]KML�IVL�\PMV�\PM�Æ]K\]I\QWV�

LQ[[QXI\QWV�\PMWZMU�[\QX]TI\M[�\PI\�I�KWZZM[XWVLQVO�*ZW_VQIV�4IVOM^QV�VWQ[M�\MZU Fth(t) LM[KZQJ�
QVO�\PM�\PMZUIT�NWZKM�U][\�JM�ILLML�C+WNNMa!�� 3IUXMV��E� <PM�MY]I\QWV�WN �UW\QWV�JMKWUM[

m
∂2x

∂t2
+ βm

∂x

∂t
+Kx = Fth(t) �������

<PQ[�\PMZUIT�4IVOM^QV�NWZKM Fth(t) PI[�I�UMIV�bMZW 〈Fth(t)〉 = 0� IVL�[PW_�VW�KWZZMTI\QWV�JM�
\_MMV�[\WKPI[\QK�M^MV\[� <PQ[�Q[�M`XZM[[ML�Ja�\PM�Æ]K\]I\QWV�LQ[[QXI\QWV�\PMZWMU�QV�\PI\�\PM�NWZKM
I]\WKWZZMTI\QWV�KIV�JM�_ZQ\\MV

〈Fth(t)Fth(t+ τ)〉 = 2kBTβmδ(τ) �������

_Q\P kBT JMQVO�\PM�\PMZUIT�MVMZOa� <PM�NIK\WZ�WN ���KWUM[�NZWU�\PM�LMZQ^I\QWV�WN �\PM�\_W�\QUM�I]\W�
KWZZMTI\QWV�N]VK\QWV�I[�LM[KZQJML�QV�C3IUXMV��E� 1V�WZLMZ�\W�ZMTI\M�\PM�LMKIa�ZI\M�WN �\PM�UMKPIVQ�
KIT�UWLM�\W�\PM�LIUXQVO�\MZU� βm ∂x

∂t MYV� ������� Q[�ZM_ZQ\\MV�I[

∂x

∂t
+ γm

∂x

∂t
+ ω2

0x(t) =
Fth

m
�������

��
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_PMZM γm = βm/m Q[� \PM�LMKIa�ZI\M�WN � \PM�UMKPIVQKIT�UWLM� IVL K = mω2
m Q[� \PM� [XZQVO

KWV[\IV\� <P][�QV�\MZU[�WN �\PM�LMKIa�ZI\M γm QV[\MIL�WN �\PM�LIUXQVO�\MZU βm� MYV� ������� Q[
_ZQ\\MV

m
∂2x

∂t2
+mγm

∂x

∂t
+Kx = Fth(t) ����� �

IVL�\PM�KWZZM[XWVLQVO�I]\WKWZZMTI\QWV�Q[

〈Fth(t)Fth(t+ τ)〉 = 2kBTγmmδ(τ) �����!�

_PQKP�\PMV�LM[KZQJM�\PM�\PMZUITTa�LIUXMVML�PIZUWVQK�W[KQTTI\WZ�[a[\MU� ;W�NIZ�\PQ[�Q[�WVTa�\PM
UWLMT�NWZ�I�PIZUWVQK�W[KQTTI\WZ�_Q\P�LIUXQVO�QVKT]LML�L]M�\W�I�[\WKPI[\QK�\PMZUIT�NWZKM� )LLQVO�I
XPW\WQVL]KML�NWZKM�WV�\PM�UMKPIVQKIT�LMOZMM�WN �NZMMLWU�\ZIV[NMZ[�\PM�XZWJTMU�\W�IV�WX\WUMKPIVQ�
KIT�[M\]X� ) NWZKM�L]M�\W�I�TQOP\�ÅMTL�Fph� KIV�JM�[QUXTa�QV\ZWL]KML�\W�aQMTL

m
∂2x

∂t2
+mγm

∂x

∂t
+Kx = Fth(t) + Fph ��������

<PM�[a[\MU�Q[�QVLQKI\ML�QV ÅO� ���I� 0MZM�\PM Fph Q[�I�OMVMZIT�TQOP\�QVL]KML�NWZKM�\PI\�Q[�XZWXWZ�
\QWVIT�\W�\PM�TQOP\�XW_MZ�I\�\PM�XW[Q\QWV�WN �\PM�UQZZWZ�\PI\�Q[�ITTW_ML�\W�UW^M�IZW]VL�MY]QTQJZQ]U�
<PM�UQZZWZ�Q[�ITTW_ML�\W�M`KQJQ\�\PMZUIT�Æ]K\]I\QWV[�IVL�\PM[M�IZM�QVKT]LML�I[�I�4IVOM^QV�NWZKM
Fth�

:MOIZLQVO�\PM�M`XTQKQ\�NWZU�WN Fph QV MYV� �������� Q\�Q[�VW\�IT_Ia[�I[�[QUXTM�I[�\PM�[\WKPI[\QK�NWZKM
][ML�\W�UWLMT Fth� .WZ�\PM�KI[M�WN �ZILQI\QWV�XZM[[]ZM�XPW\WQVL]KML�NWZKM�\PM�5IZSW^QIV�M`XZM[[QWV
MYV� �����!� Q[�I�Å\\QVO�_Ia�WN �LM[KZQJQVOFph� <PQ[�Q[�JMKI][M�WN �\PM�5IZSW^QIV�NWZU�WN �\PM�ZILQI\QWV
XZM[[]ZM� *MKI][M�Q\�[\MU[�NZWU�XPW\WV�KWTTQ[QWV[� IVL�\PM�QV\MZIK\QWV�\QUM�QV^WT^ML�QV�I�ZMÆMK\QWV
M^MV\�KIV�JM�KITTML�QV[\IV\IVMW][� \PMZM�Q[�VW�VMML�NWZ�IVa�LMTIa� <PMZMNWZM�\PM�I]\WKWZZMTI\QWV
NWTTW_ 〈Fph(t)Fph(t + τ)〉 ∝ δ(τ)� 0W_M^MZ�NWZ�I�LQNNMZMV\�XPW\WQVL]KML�NWZKM� \PM�5IZSW^QIV
NWZU�WN Fph Q[�VW\�ZMITQ[\QK� )V�M`IUXTM�WN �[]KP�I�NWZKM�Q[�\PM�XPW\W\PMZUIT�NWZKM� _PMZM�\PM�[TW_
[XZMILQVO�WN �PMI\�L]M�\W�\PM�QVKQLMV\�TQOP\�ÅMTL�KW]XTM[�\W�\PM�UW\QWV�WN �\PM�UMKPIVQKIT�LMOZMM�WN
NZMMLWU�I[�[PW_V�QV�C5M\bOMZ��E� )[�\PQ[�\PMZUIT�\QUM�[KITM�Q[�WV�\PM�WZLMZ�WN �UQTTQ[MKWVL[�IVW\PMZ
NWZU�WN Fph \PI\�\PM�5IZSW^QIV�LM[KZQX\QWV�Q[�ZMY]QZML�

<PM�KZQ\QKIT�XIZ\�Q[�\PI\�\PM�XPW\WVQK�NWZKMFph [PW_[�I�LMTIa�JM\_MMV�\PM�\PMZUIT�QVL]KML�^QJZI\QWV
IVL�\PM Fph ZMIKPQVO�MY]QTQJZQ]U F (xn)� <PQ[�Q[�QTT][\ZI\ML�QV ÅO� ���J� 1V�\PQ[�ÅO]ZM�\PM�KWV\IK\
_Q\P�I�\PMZUIT�ZM[MZ^WQZ�Q[�UWLMTML�I[�\PMZUIT�SQKS[�XMZ\]ZJQVO�\PM�[a[\MU�I\�ZIVLWU�\QUM[� 1V�\PM
\WX�XIZ\�WN ÅO� ���J \PM[M�SQKS[�IZM�QTT][\ZI\ML� <PM�[a[\MU�Q[�[\IZ\ML�QV�\PM�QVQ\QIT�[Q\]I\QWV�I\�bMZW
IVL�I\�ZIVLWU�\QUM[�Q\�OM\[�I�SQKS�NZWU�\PM�MV^QZWVUMV\� +WV[MY]MV\Ta�Q\�UW^M[�\W_IZL�\PM�ÅVIT
[Q\]I\QWV�WN �\PM�^IT]M�WVM� 1V�\PM�JW\\WU�XIZ\�WN ÅO� ���J Q[�QTT][\ZI\ML�\PM�LMTIaML�ZM[XWV[M�WN �\PM
WX\WUMKPIVQKIT�[a[\MU�

)N\MZ�I�SQKS�I\�I�\QUM t1 \PM�XPW\WV�QVL]KML�NWZKM�NWTTW_[�_Q\P�IV�M`XWVMV\QIT�LMTIa� _Q\P�I�\QUM
KWV[\IV\�WN τ � <PM�LMTIa�N]VK\QWV�QV�\PM�TQUQ\�WN �TIZOM�V]UJMZ�WN �XPW\WV[�PQ\\QVO�\PM�UQZZWZ�PI[�\PM
NWZU

h(t) = 1− e−t/τ , NWZ t ≥ 0 �������I�

= 0, NWZ t < 0 �������J�

_PMZM�Q\�PI[�JMMV�KPW[MV�\W�LMÅVMh(t) I[�JMQVO�bMZW�NWZ�VMOI\Q^M�\QUM�\W�MV[]ZM�KI][ITQ\a�

�<PM�M`XWVMV\QIT�JMPI^QW]Z�UISM[�[MV[M�I[�ZILQI\QWV�XZM[[]ZM�ZMIK\[�_Q\P�M`XWVMV\QIT�JMPI^QW]Z�L]M�\W�\PM�KI^Q\a� IVL
\PM�\PMZUIT�PMI\�ÆW_�WN �XPW\W\PMZUIT�NWZKM�LWM[�I[�_MTT�

� 
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�I� )ZKP\aXQKIT�WX\WUMKPIVQKIT�[a[\MU�

II. EQUATION OF MOTION UNDER
CONSTANT ILLUMINATION

In this section, we solve the equation of motion of a vi-
brating harmonic oscillator forming a mirror of a FP cavity
in the limit of small vibrational amplitudes. In our setup, a
laser beam is coupled into the cavity through a fixed semi-
transparent input mirror. Depending on the mirror distance, a
resonance builds up in the cavity. The photons stored in the
deformable FP cavity exert a force Fph on the compliant
mirror originating on the light field present in the cavity. The
force is therefore directly dependent on the laser power and
can be caused by any photon-induced force such as radiation
pressure, photothermal deformation of the mirror, or radio-
metric pressure. For sake of generality, Fph in our analysis is
assumed to be any possible photon-induced force that is pro-
portional to the local light intensity at the location of the
mirror. Generally, such forces do not respond instantaneously
to a change in mirror position; instead they show a delayed
response with a time constant !. For example, the finite pho-
ton storage time of a cavity accounts for the delay of radia-
tion pressure forces with respect to a change in cavity length,
while photothermal action on the mirror is retarded by the
time it takes to conduct heat conduction along the mirror.
These retardation mechanisms mimic the retardation vital for
cooling of single atoms24,25 that is determined by the radia-
tive lifetime of single atoms.

A model system with a cantilever mirror that is able to
move under the influence of a delayed photon force is shown
in Fig. 1!a". We consider the equation of motion for the
center-of-mass position z of a oscillator with an effective
mass m, mechanical damping ", and spring constant K. The
mirror thermal fluctuations are assumed to be driven by an
thermal Langevin force Fth,

mz̈!t" + m"ż!t" + Kz!t" = Fth!t" + Fph„z!t"… . !1"

In the following, we model the total light-induced force on
the cantilever. To illustrate, we consider that the cantilever
position fluctuates in random increments under the effect of
thermal excitations. The photon force responds retarded in
time. After a step of zn−zn−1 at time tn, the light-induced
force Fph follows with a delay of time ! as depicted in Fig.
1!b". If we were to stop the random motion of the mirror at
step n, the light-induced force would reach asymptotically
the static value F!zn". To model the behavior of Fph(z!t")
after N steps in mirror position, we sum up all force incre-
ments such that

Fph„zN!t"… = F!z0" + #
n=1

N

h!t − tn"$F!zn" − F!zn−1"% , !2"

where the function h!t" describes the time delay. This dis-
crete sum can be reformulated as a continuous integral in
time,

Fph„z!t"… = F!z0" + &
0

t

dt!
dF!z!t!""

dt!
h!t − t!" . !3"

The equation of motion we need to solve then reads as

mz̈!t" + m"ż!t" + Kz!t"

= Fth!t" + F!z0" + &
0

t

dt!
dF„z!t!"…

dt!
h!t − t!" . !4"

This equation4 leads to complex dynamics with multistability
points treated in a recent work by Marquardt et al.16 Here we
focus on optical cooling, so for all practical purposes we
assume the mirror amplitudes to be small compared to the
change in cavity length needed for the optical resonance con-
dition to change substantially. In terms of the FP cavity fi-
nesse F= !# /2"g, with g=2'R / !1−R", this constraint trans-
lates into z$% / !2#g", where R is the reflectivity of the
cavity mirrors.

Equation !4" is solved by Laplace transform, which is
defined for a function f!t" as

f& = &
0

'

dtf!t"e−i&t. !5"

The constant force term F!z0" in Eq. !4" has no time depen-
dence and simply leads to a static shift of the oscillator’s
average position. By selecting the new average position for z,
it can be dropped from Eq. !4". The Laplace transform of Eq.
!4" yields

− m&2z& + i&m"z& + Kz&

= &
0

'

dte−i&t(Fth!t" + &
0

t

dt!
dF„z!t!"…

dt!
h!t − t!") . !6"

As F(z!t!") depends on time indirectly through z!t!", its de-
rivative in Eq. !6" is rewritten as

FIG. 1. !a" Schematic model of a deformable Fabry-Perot cavity.
!b" After discreet step-shaped changes in mirror distance z, the
light-induced force F grows after a characteristic delay time !.

METZGER et al. PHYSICAL REVIEW B 78, 035309 !2008"

035309-2

�J� ,MTIaML� NWZKM� _Q\P� KPIZIK\MZQ[\QK� M`�
XWVMV\QIT� \QUM� LMXMVLMVKM� WV� \PM
\QUM�TIO τ � <PM�\WX�QTT][\ZI\M[�\PM�XW�
[Q\QWV�WN �\PM�UQZZWZ� _PQTM�\PM�JW\\WU
QTT][\ZI\M[� \PM� QVL]KML� NWZKM� :MXZW�
L]KML�NZWU�C5M\bOMZ� IE

.QO]ZM ����" )ZKP\aXQKIT�WX\WUMKPIVQKIT�[a[\MU�IVL�LMTIaML�NWZKM�KPIZIK\MZQ[\QK�

,MTIa�.]VK\QWV

<PQ[�LMTIa�N]VK\QWV�QV MYV� �������� Q[�_WZ\P�I�TQ\\TM�UWZM�LQ[K][[QWV� <PM�M`XWVMV\QIT�LMKIa�NWZU
UISM[�[MV[M�NWZ�I�V]UJMZ�WN �LQNNMZMV\�[a[\MU[� .WZ�I� NI[\� QV\MZIK\QWV�XZWKM[[� []KP�I[� ZILQI\QWV
XZM[[]ZM�\PM�QV\MZIK\QWV�_Q\P�I�[QVOTM�XPW\WV�Q[�I�TW\�Y]QKSMZ�\PIV�\PM�TQNM\QUM�WN �\PM�KI^Q\a�ÅMTL�NWZ
ZMITQ[\QK�KI^Q\QM[� <PQ[�UMIV[�\PI\�I�KPIVOM�QV�XW[Q\QWV�WN �\PM�UW^IJTM�UQZZWZ�Ja�I�»SQKS¼�NZWU�I
XPW\WV�KPIVOM[�\PM�KI^Q\a�ZM[WVIVKM�KWVLQ\QWV�MNNMK\Q^MTa�QV[\IV\IVMW][Ta�KWUXIZML�\W�\PM�KI^Q\a
TQNM\QUM� κ−1� IVL�\PM�KI^Q\a�TQOP\�ÅMTL�\PMV�ILR][\[�\W�\PM�VM_�KI^Q\a�KWVLQ\QWV�_Q\P�IV�M`XWVMV\QIT
\QUM�LMXMVLMVKM�C;QMOUIV �E�

6W_�NWZ�I�[TW_MZ�XZWKM[[�[]KP�I[�XPW\W\PMZUIT�KWWTQVO�_PMZM�\PM�\QUM�Q[�L]M�\W�PMI\�LQNN][QWV�\PM
LMTIa�XZWKM[[�KIV�JM�I�TW\�TWVOMZ� ) LMTIa�\QUM�_I[�NW]VL�QV�C5M\bOMZ� IE�WN τ ≈ 0.5 U[ L]M�\W�\PM
[TW_�JMVLQVO�\PI\�\PMZUIT�LQNN][QWV�KI][M� ;QVKM���� U[�Q[�TWVOMZ�\PIV�\PM�XPW\WV�TQNM\QUM�WN �I�TW_
ÅVM[[M�KI^Q\a� \PM�ZM[XWV[M�WN �\PM�KI^Q\a�\W�I�XPW\WQVL]KML�»SQKS¼�_QTT�JM�NWTTW_QVO�\PM�JMPI^QW]Z
WN �\PM�UW^IJTM�UQZZWZ�KWUXTM\MTa� IVL�\PQ[�UISM[ τ \PM�LWUQVIV\�\QUM[KITM� *MKI][M�\PM� TWKIT
PMI\QVO�LQNN][QWV�IVL�KWV[MY]MV\�JMVLQVO�IT[W�NWTTW_�IV�M`XWVMV\QIT�\QUM�LMXMVLMVKM�C/ZMQVMZ!�E�
MYV� �������� Q[�MY]ITTa�IXXTQKIJTM�NWZ�\PQ[�KI[M� .WZ�\PM�KI[M�WN �I�KI^Q\a�_Q\P�I�PQOPMZ�ÅVM[[M�\PM
XPW\WV�TQNM\QUM�KIV�JM�UILM�KWUXIZIJTM�\W�\PQ[�LMTIa�\QUM�IVL�\PMV�\PMZM�KIV�JM�IV�QV\MZXTIa�WN �\PM
ZILQI\QWV�XZM[[]ZM�IVL�XPW\W\PMZUIT�KWWTQVO�MNNMK\[�[QU]T\IVMW][Ta� 1\�KW]TL�JM�QV\MZM[\QVO�\W�M�O� JM
IJTM�\W�\]VM�\PM�LWUQVIVKM�WN �WVM�MNNMK\�KWUXIZML�\W�IVW\PMZ�

.WZ�VW_�\PM�ZMITQbI\QWV�\PI\�LQNNMZMV\�XPa[QKIT�XZWKM[[M[�_W]TL�NWTTW_�\PM�M`XWVMV\QIT�LMKIa�\QUM�LM�
XMVLMVKM�ITTW_[�NWZ�\PM�IXXTQKI\QWV�WN MYV� �������� QV�\PM�NWTTW_QVO�LMZQ^I\QWV�

8PW\WQVL]KML�NWZKM

0MZM�\PM�XPW\WQVL]KML�NWZKM�_QTT�JM�IXXZW`QUI\ML�NWZ�[UITT�LQ[XTIKMUMV\[�IZW]VL�\PM�MY]QTTQJZQ]U
IVL�\PM�MY]I\QWV�WN �UW\QWV�\ZIV[NWZUML�\W�NZMY]MVKa�[XIKM� .ZWU�\PQ[�\PM�MNNMK\Q^M�XIZIUM\MZ[

�!
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LM[KZQJQVO�\PM�KWWTQVO�IVL�PMI\QVO�KIV�JM�LMZQ^ML�

<PM�ÅMTL�QV\MV[Q\a�QV[QLM�\PM�KI^Q\a�Q[�XW[Q\QWV�LMXMVLMV\�IVL�\PQ[�UMIV[�\PI\�\PM�XPW\W\PMZUIT�XPW�
\WQVL]KML�NWZKM�_QTT�JM�XW[Q\QWV�LMXMVLMV\�I[�_MTT�_Q\P Fph = Fph(x(t))� <P][�NWZ�\PM�\QUM t \PM
UQZZWZ�_QTT�JM�I\�XW[Q\QWVx(t) IVL�\PM�XPW\WQVL]KML�NWZKM�_QTT�JM

Fph(x(t)) = F (x0) +

∫ t

0
dt′

dF (x(t′))

dt′
h(t− t′) ��������

_PMZM�\PM�LMTIa�N]VK\QWV h(t) NZWU MYV� �������� MV\MZ[�I[�I�KWV^WT]\QWV�_Q\P�\PM�\QUM�LMZQ^I\Q^M
WN �\PM�NWZKM� 0MZM F (x) Q[�QV\ZWL]KML�I[�\PM�KWV\ZQJ]\QWV�\W�\PM�XPW\WQVL]KML�NWZKM�I\�\PM�LQNNMZMV\
XW[Q\QWV[� IVL�\P][�VW�[]NÅ`�Q[�QV\ZWL]KML� <PM�KPWQKM�WN �\PM�TW_MZ�TQUQ\�WN �\PM�QV\MOZIT�Q[�R][\�KPW[MV
\W�[\IZ\�I\ t′ = 0 J]\�I[�\PM�LMTIa�N]VK\QWV�_I[�LMÅVML�\W�JM�bMZW�NWZ�VMOI\Q^M�IZO]UMV\[�Q\�UQOP\
JM�[\IZ\QVO�I\ t′ = −∞ PMZM� 1\�\]ZV[�W]\�PW_M^MZ�\W�JM�KWV^MVQMV\�\W�KPWW[M t′ = 0� Fph(x0)
KWZZM[XWVL[�\W�\PM�[\I\QK�LQ[XTIKMUMV\�L]M�\W�\PM�TQOP\�ÅMTL�QV�\PM�KI^Q\a� IVL�\PQ[�LWM[�VW\�MV\MZ
QV\W�\PM�LaVIUQK[�WN �\PM�UW\QWV� <PQ[�M`XTQKQ\�M`XZM[[QWV�WN Fph(x(t)) KIV�\PMV�JM�QV[MZ\ML�QV\W
\PM�MY]I\QWV�WN �UW\QWV� MYV� ��������� =[QVO�\PM�KPIQV�Z]TM�\PM�LMZQ^I\Q^M�QV MYV� �������� Q[�_ZQ\\MV
I[

dF (x(t′))

dt′
=

∂F (x(t′))

∂x

∂x(t′)

∂t′
��������

IVL�I[�TWVO�I[�\PM�Æ]K\]I\QWV[�IZW]VL�\PM�MY]QTQJZQ]U�L]M�\W�\PM�XPW\WQVL]KML�NWZKM�IZM�¹[UITTº�
F (x(t′)) KIV�JM�IXXZW`QUI\ML�IZW]VL�\PM�MY]QTQJZQ]U�XWQV\x0 I[

F
(
x(t′)

)
≈ F (x(t0)) +

(
x(t′)− x(t0)

) ∂F (x(t′))

∂x
|x=x(t0) ��������

_PMZM�\PM�XIZ\QIT�LMZQ^I\Q^M�Q[�M^IT]I\ML�NWZ x JMQVO�I\�\PM�Å`ML�XW[Q\QWV x(t0)� 0MZM�C5M\bOMZ� IE
Q[�NWTTW_ML�IVL�\PM�LMZQ^I\M�Q[�_ZQ\\MV�I[ ∇F = ∂F (x(t′))

∂x |x=x(t0)� <PM�[XI\QIT�LMZQ^I\Q^M ∇F Q[
QLMV\QÅML�I[�\PM�XPW\W�QVL]KML ZQOQLQ\a� 1\�UISM[�[MV[M�\W�LMVW\M�Q\�\PM�ZQOQLQ\a�JMKI][M�WN �\PM�][]IT
NWZU�WN �0WWSM¼[�TI_ F = −kx� <ISQVO�\PM�[XI\QIT�LMZQ^I\Q^M�Q\�Q[�KTMIZ�PW_ ∂xF = −k IVL�\P][�Q\
Q[�JI[QKITTa�\PM�QVL]KML�[XZQVO�KWV[\IV\�WN �\PM�[a[\MU�

<PM�IXXZW`QUI\ML�M`XZM[[QWV�NWZ�\PM�[MKWVL�\MZU�QV MYV� ��������� \PMV�JMKWUM[

(
x(t′)− x(t0)

) ∂F (x(t′))

∂x
|x=x(t0) ≈

(
x(t′)− x(t0)

)
∇F ��������

IVL�[]J[MY]MV\Ta�\PM�M`XZM[[QWV�NWZ dFph/dt′� QV MYV� ��������� JMKWUM[

dF (x(t′))

dt′
≈ ∇F

∂x(t′)

∂t′
��������

IVL�\PQ[�M`XZM[[QWV�KIV�ÅVITTa�MV\MZ�QV\W MYV� �������� \W�aQMTL

Fph (x(t)) ≈
∫ t

0
dt′∇F

∂x(t′)

∂t′
h(t− t′) ��������

6W_ Fph Q[�QV[MZ\ML�QV\W�\PM�MY]I\QWV�WN �UW\QWV� MYV� ��������� IVL�\PM�4IXTIKM�\ZIV[NWZU�� Q[�][ML
\W�\ZIV[NWZU�\W�NZMY]MVKa�[XIKM� <PM�\ZIV[NWZUML�[aUJWT[�IZM�PMZM�LMVW\ML�Ja�\PM õ(ω) NWZ�I

�?Q\P�\PM�4IXTIKM�\ZIV[NWZU�LMÅVML�I[ x̃(ω) =
∫∞
0

dtx(t)eiωt� <PM�4IXTIKM�\ZIV[NWZU�WN �KWV^WT]\QWV[�Q[�][ML�QV
\PM�ZMNWZU]TI\QWV[�I[�VW\ML�QV�C5M\bOMZ� IE� 1\�Q[�KWV^MVQMV\�\W�][M�\PM�4IXTIKM�\ZIV[NWZU�_Q\P = iω PMZM�QV[\MIL
WN �][QVO�\PM�.W]ZQMZ�\ZIV[NWZU� <PM�UIQV�UW\Q^I\QWV�Q[�IOIQV�\PM�TQUQ\[�WN �\QUM�QV�\PM�QV\MOZI\QWV�W^MZ�\PM�LMTIa
N]VK\QWV�

��
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N]VK\QWV o(t) QV ω [XIKM� <PM�\ZIV[NWZUI\QWV�MVIJTM[�\PM�MY]I\QWV�WN �UW\QWV�\W�JM�ZM_ZQ\\MV�QV ω
[XIKM�I[

−ω2mx̃(ω) + imωγmx̃(ω) +Kx̃(ω) = Fth(ω) + iωx̃(ω)∇Fh̃(ω) ������ �

1V�\PQ[�MY]I\QWV�\PM�\MZU[�_Q\P ω NIK\WZ[�[\MU�NZWU�\ZIV[NWZUQVO�LMZQ^I\Q^M[�QV x(t)� *MKI][M x(t)
LMVW\M�\PM�[UITT�Æ]K\]I\QWV[�WN �\PM�UMUJZIVM�NZWU�MY]QTQJZQ]U� x0� \PM�\ZIV[NWZUML ω = ωm

KWZZM[XWVL[�\W�\PM�NZMY]MVKa�WN �\PM�UMUJZIVM�UWLM� <P][ ωm _QTT�JM�QLMV\QÅML�I[�[]KP�QV�\PM
NWTTW_QVO�

6W_�\PM�4IXTIKM�\ZIV[NWZU�WN �\PM�N]VK\QWVh(t)� _PQKP�_I[�OQ^MV�QV MYV� ��������� Q[

h̃(ω) = 1/iω(1 + iωτ) ������!�

IVL�QV[MZ\QVO�\PQ[� QV MYV� ������ � \PM�MY]I\QWV�WN �UW\QWV�QV�NZMY]MVKa�[XIKM�KIV�JM�_ZQ\\MV�I[

−ω2
mmx̃(ω) +Kx̃(ω) = Fth(ω) + imωmγmx̃(ω) +∇F

x̃(ωm)

1− iωmτ
��������

IVL�\PQ[�KIV�JM�ZM[\Z]K\]ZML�I[

−mω2
mx̃+ iωmmγMNNm x̃+KMNNx̃ = F̃th ��������

_Q\P�\PM�VM_Ta�KWQVML�MNNMK\Q^M�LIUXQVO

γMNNm = γm

(
1 +Qm

ω0τ

1 + ω2
mτ2

∇F

K

)
��������

_PMZM�\PM�UMKPIVQKIT�Y]ITQ\a�NIK\WZ�Q[�LMÅVML�I[ Qm = ω0/γm� IVL ω0 Q[�\PM�UMKPIVQKIT�IVO]TIZ
NZMY]MVKa�NWZ�\PM�KMV\MZ�WN �UI[[�WN �\PM�UW^IJTM�UQZZWZ ω2

0 = K/m� )OIQV�Q\�Q[�VW\ML�PW_ γm
Q[�\PM�QV\ZQV[QK�UMKPIVQKIT�LMKIa�ZI\M� IVL�\PI\ γMNNm Q[�\PM�MNNMK\Q^M�LMKIa�ZI\M�L]M�\W�\PM�KW]XTQVO�
)LLQ\QWVITTa�\PM�MNNMK\Q^M�[XZQVO�KWV[\IV\�Q[�QV\ZWL]KML�I[

KMNN = K

(
1− 1

1 + ω2
mτ2

∇F

K

)
��������

.ZWU�\PM�MNNMK\Q^M�[XZQVO�KWV[\IV\�\PM�[PQN\ML�^QJZI\QWVIT�ZM[WVIVKM�Q[�NW]VL�I[ (ωMNN
m)2 = KMNN/m

IVL�[W

(ωMNN
m)2 = ω2

0

(
1− 1

1 + ω2
mτ2

∇F

K

)
��������

<P][�\PM�[QUXTM�UWLMT� QVKT]LM[�\PM�[PQN\�WN � \PM�ZM[WVIVKM�NZMY]MVKa�I[�_MTT�I[� \PM�LIUXQVO�WN
^QJZI\QWV�I[�\PM�TQOP\�QVL]KML�NWZKM�KPIVOM[� 1V ÅO� ���I Q[�[PW_V�IV�QVLQKI\QWV�WN �PW_�\PM ωMNN

m

LMKZMI[M�_Q\P�QVKZMI[QVO�QVX]\�XW_MZ� _PQTM�\PM�LIUXQVO γMNNm QVKZMI[M[� <PQ[�KIV�JM�[MMV�\W�NWTTW_
NZWU MYV� �������� I[�\PM�MNNMK\Q^M�LIUXQVO�ZI\M�WN �I�UMKPIVQKIT�UWLM�[KITM�_Q\P�\PM�XPW\WQVL]KML
ZQOQLQ\a ∇F NWZ�I�OQ^MV�KI^Q\a�KWVÅO]ZI\QWV�IVL�I[�\PQ[�[KITM�_Q\P�QVX]\�XW_MZ γMNNm _QTT�QVKZMI[M�
4QSM_Q[M�QV MYV� �������� Q[�[PW_V�PW_�\PM�MNNMK\Q^M�UWLM�IVO]TIZ�NZMY]MVKa�LMKZMI[M�_Q\P�QVKZMI[�
QVO ∇F JMKI][M�WN �\PM�UQV][�[QOV� <PQ[�Q[�IT[W�LMXMVLMV\�WV�\PM�\QUM[KITM�WN �\PM�LMTIa τ IVL�\PM
UMKPIVQKIT�IVO]TIZ�NZMY]MVKa�WN �\PM�UMKPIVQKIT�UWLM�QV�Y]M[\QWV� .WZ�I�OQ^MV�KI^Q\a�KWVÅO]�
ZI\QWV�\PQ[�UMIV[�\PI\�\PM�LM\]VQVO�WN �\PM�KI^Q\a�NZWU�ZM[WVIVKM�LWM[�KPIVOM� IVL�Q\�Q[�I[[]UML
\PI\�\PM�KI^Q\a� Q[�SMX\�I\�I�Å`ML�LM\]VQVO� _Q\P�\PM�UMKPIVQKIT�LMOZMM�WN �NZMMLWU�\PMV�JMQVO�I

��



����>QJZI\QWVIT�KWWTQVO 7X\WUMKPIVQK[

Input power

�I� ,IUXQVO� �ZML�� IVL� NZMY]MVKa� [PQN\
�JT]M��

t

�J� +WWTQVO�MNNMK\[�QV�\PM�[XMK\ZI� <PM�JT]M
\ZIKM� [PW_[� \PM� TW_M[\� KWWTQVO� XW_MZ
_PQTM�\PM�OZMMVQ[P�[PW_[�\PM�UW[\�KWWTQVO
XW_MZ�

� � � � � �� � � ��

���

���

���

���

���

�K� <PM�KWWTQVO�\MZU ωmτ/(1+(ωmτ)2)
QV MYV� ��������� <PM�UI`QU]U� NWZ
ωmτ = 1 Q[�QVLQKI\ML�

.QO]ZM ����" 7X\WUMKPIVQKIT�LIUXQVO�IVL�NZMY]MVKa�[PQN\�I[�I�N]VK\QWV�WN �QVX]\�XW_MZ�

[UITT�XMZ\]ZJI\QWV�WN �\PQ[�KWVÅO]ZI\QWV� 1V ÅO� ��� I�[SM\KP�WN �\PM�WX\QKIT�ZM[WVIVKM�NWZ�\PM�KI^Q\a
_I[�[PW_V� <PM�KI^Q\a�ZM[WVIVKM�IVO]TIZ�NZMY]MVKa�Q[�LMVW\ML�Ja ωc� 1N �\PM�KI^Q\a�Q[�LM\]VML
WNN �ZM[WVIVKM�IVL�SMX\�I\�I�Å`ML�LM\]VQVO� Q\� Q[�K][\WUIZa�\W�\ITS�IJW]\�\PI\�\PM�KI^Q\a� Q[ TWKSML
I\�\PQ[�LM\]VQVO� +WV[QLMZQVO�I�KI^Q\a�UILM�WN �I�Å`ML�UQZZWZ�IVL�I�UW^IJTM�UQZZWZ� \PM�KI^Q\a
KW]TL�JM�TWKSML�WV�WVM�WN �\PM�[QLM[�WN �\PM�ZM[WVIVKM� IVL�I�[UITT�KPIVOM x WN �\PM�XW[Q\QWV�WN �\PM
UW^IJTM�UQZZWZ�_W]TL�\PMV�KPIVOM�\PM�KI^Q\a�ÅMTL�QV\MV[Q\a� .ZWU�\PM�[SM\KP ÅO� ��� Q\�Q[�KTMIZ
\PI\�\PM�LQZMK\QWV�WN x IVL�_PQKP�[QLM�WN �\PM�ZM[WVIVKM�Q[�_PI\�LM\MZUQVM[�\PM�[QOV�WN ∇F NWZ�I
[UITT x�

)OIQV�OWQVO�JIKS�\W MYV� ��������� Q\�Q[�[MMV�PW_ γMNNm PI[�I�UI`QU]U�NWZ ωmτ = 1 IVL�\PQ[�QV
\]ZV� [PW_[�PW_ τ Q[� QUXWZ\IV\� NWZ� R]LOQVO�\PM�MNNMK\Q^MVM[[�WN �KWWTQVO�XZWKM[[M[� .WZ�I� \aXQKIT
UMKPIVQKIT�ZM[WVIVKM�IZW]VL���50b�\PM�WX\QUIT�\QUM�KWV[\IV\�_W]TL�\PMV�JM τ = 1 µ[� <PM
ωmτ/(1 + (ωmτ)2) LMXMVLMVKM�Q[�QVLQKI\ML�QV ÅO� ���K�

������ 5QZZWZ�\MUXMZI\]ZM�IVL�KWWTQVO

1V�WZLMZ�\W�M[\QUI\M�\PM�MVMZOa�QV�\PM�^QJZI\QWVIT�UWLM�\PM�MY]QXIZ\Q\QWV�\PMWZMU�C/ZMQVMZ!�E�Q[
]\QTQbML� 1\�[\I\M[�\PI\�QV�\PMZUWLaVIUQKIT�MY]QTQJZQ]U�_Q\P�VW�QTT]UQVI\QWV�\PM�I^MZIOM�XW_MZ�QV
\PM�^QJZI\QWVIT�MY]QTTQJZQ]U�Q[�OQ^MV�I[

1

2
K

∫ ∞

0
dt|x(t)|2 = 1

2
kBT ��������

��



7X\WUMKPIVQK[ ����>QJZI\QWVIT�KWWTQVO

_Q\P kB JMQVO�*WT\bUIVV¼[�KWV[\IV\�IVL T \MUXMZI\]ZM�WN �\PM�\PMZUIT�ZM[MZ^WQZ�NWZ�\PM�[a[\MU�
<PM� \QUM t PMZM� Q[�IOIQV�KPW[MV� QV�I�_Ia� \PI\�_QTT�JM�KWV^MVQMV\� TI\MZ�WV� 1\� Q[�KPW[MV�[W� \PI\
\PM� TQOP\� QVL]KML� NWZKM� [\IZ\[�INNMK\ML�I\ t = 0� J]\� KW]TL�IT[W�JM� [\IZ\QVO�I\ t = −∞� <P][
\PM�^QJZI\QWVIT�JMPI^QW]Z�Q[�TQVSML�\W�\PM�\MUXMZI\]ZM�WN �\PM�[a[\MU� ]VLMZ�\PM�I[[]UX\QWV�\PI\
\PM�XIZIUM\MZ[�[]KP�I[�\PM�ZQOQLQ\a K� \PM�MNNMK\Q^M�UI[[ m IVL�[W�WV�KIV�JM�UMI[]ZML�QVLMXMV�
LMV\Ta�WN �\PM�UMI[]ZMUMV\�WN �\PM�^QJZI\QWVIT�QVNWZUI\QWV� 0W_M^MZ� \PQ[� Q[� NWZ�VW� QTT]UQVI\QWV
IVL�Q\� Q[�VMKM[[IZa�\W�XMZNWZU�\PM� QV\MOZIT

∫∞
0 dt|x(t)|2 M`XTQKQ\Ta� \W� QVKT]LM�\PM�XPW\W�QVL]KML

NWZKM�

)[[]UQVO�\PI\�\PM�\PMZUIT�M`KQ\I\QWV�Q[�[XMK\ZITTa�¹_PQ\Mº�IVL�\PI\�\PM�LIUXQVO�ZI\M γm $ ω0

M`XZM[[QWV[�NWZ�\PM�\PMZUIT�VWQ[M�[XMK\Z]U�WN �\PM�UW^IJTM�UQZZWZ |x̃(ω)|2 IVL�\PM�\PMZUIT�LZQ^QVO
NWZKM F̃th Q[�LM\MZUQVML�QV�C5M\bOMZ� IE� ?PMV�\PM�XPW\W�QVL]KML�NWZKM�Q[�QVKT]LML�\PM�[XMK\ZIT
NWZKM�LMV[Q\a�WN F̃th Q[�]VKPIVOML�I[�Q\�Q[�WVTa�LMXMVLMV\�WV�\PM�QV\ZQV[QK�UMKPIVQKIT�LIUXQVO γm
IVL�MNNMK\Q^M�[XZQVO�KWV[\IV\ KMNN� <PM |x(t)|2 Q[�IOIQV�ZMTI\ML�\W�\PM�MNNMK\Q^M�\MUXMZI\]ZM� T MNN�
Ja�\PM�MY]QXIZ\Q\QWV�\PMWZMU�I[

1

2
KMNN

∫ ∞

0
dt|x(t)|2 = 1

2
kBT

MNN ��������

<PM�MNNMK\Q^M�\MUXMZI\]ZM�WN �I�^QJZI\QWVIT�UWLM�KIV�\PMV�JM�NW]VL�\W�JM

T MNN

T
=

γm
γMNNm

��������

WZ�Ja�QV[MZ\QWV�WN γm IVL γMNNm NZWU MYV� �������� \PQ[�KIV�JM�M`XZM[[ML�LQNNMZMV\Ta�I[

T MNN

T
=

1

1 +Qm
ω0τ

1+ω2τ2
∇F
K

������ �

)OIQV�\PM�KWWTQVO�MNNMK\� Q[�[PW_V�QV ÅO� ���� <PQ[�KWZZM[XWVL[�\W�\PM�UMUJZIVM�JMPI^QVO�R][\
TQSM�QN �Q\�_I[�KWVVMK\ML�\W�I�\PMZUIT�ZM[MZ^WQZ�_Q\P�\MUXMZI\]ZM T = T MNN� 1V�\PM�NZIUM_WZS�PMZM
LM[KZQJML� \PMZM�Q[�VW\PQVO�\W�PQVLMZ�\PM�KWWTQVO�WN �\PM�^QJZI\QWVIT�UWLM�\W�\PM�OZW]VL�[\I\M�I[�TWVO
I[�\PM�KI^Q\a�LMKIa�ZI\M�Q[�TIZOM�MVW]OP� <PQ[�Q[�PW_M^MZ�VW\�\PM�N]TT�[\WZa� .WZ�M`IUXTM�[PW\�VWQ[M
Q[�VMOTMK\ML�QV�\PQ[�UWLMT� _PQKP�TMIL[�\W�QVKZMI[ML�VWQ[M� 5W\Q^I\ML�Ja�[]KP�KWV[QLMZI\QWV[�TML
\W�\PM�LM^MTWXUMV\�WN �I�Y]IV\]U�UWLMT�NWZ�KWWTQVO� X]JTQ[PML�[QU]T\IVMW][Ta�Ja�\_W�OZW]X[�QV
C?QT[WV�:IM���5IZY]IZL\��E� <PQ[�Q[�JZQMÆa�VW\ML�QV [MK� *���

������ +WWTQVO�^[� LIUXQVO

1V�\PM�\ZMI\UMV\�IJW^M�\PM�QV\ZQV[QK�LIUXQVO� γm� L]M�\W�\PMZUIT�4IVOM^QV�VWQ[M�Q[�]VKPIVOML
_PMV�I�TQOP\�ÅMTL�Q[�QV\ZWL]KML� J]\�Q\�QV\ZWL]KM[�I�VM_�MNNMK\Q^M�LIUXQVO� γMNNm � )[�UMV\QWVML�QV
C8QVIZL��� /ZI[[QI��� +W]Z\aI��E�\PQ[�LQ[\QVK\QWV�Q[�_PI\�MVIJTM[�\PM�¹KWTL�LIUXQVOº�WZ�KWWTQVO
WN �\PM�UMKPIVQKIT�UWLM� _PQTM�VW\�KPIVOQVO�\PM�J]TS�\MUXMZI\]ZM�WN �\PM�UQZZWZ� <PQ[�Q[�QV�KWV\ZI[\
\W�\PM�KI[M�_PMZM�IV�ILLML�ZIVLWU�VWQ[M�\MZU�\W�\PM�\PMZUIT�4IVOM^QV�NWZKM�_W]TL�TMIL�\W�IV�QV�
KZMI[ML�LIUXQVO�WN �\PM�UW\QWV� J]\�VW\�KPIVOM�\PM�MVMZOa�QV�\PM�^QJZI\QWV�

<PMZM�Q[�\PMV�I�LQNNMZMVKM�JM\_MMV�LIUXQVO�IVL�KWWTQVO�WN �I�UMKPIVQKIT�UWLM� )[�QTT][\ZI\ML�QV
ÅO� ��� LIUXQVO�JZWILMV[�\PM�XMIS�_PQTM�\PM�IZMI�]VLMZ�Q\�ZMUIQV[�\PM�[IUM� ZMÆMK\QVO�\PM�]V�
KPIVOML�XW_MZ� 1V�\PM�KI[M�WN �KWWTQVO�\PQ[�IZMI�Q[�LMKZMI[ML� 1\�Q[�IT[W�XW[[QJTM�\W�PMI\�I[�UMV\QWVML�
IVL�QV�\PI\�KI[M�\PM�XMIS�_QTT�JZWILMV�IVL�\PM�IZMI�JMVMI\P�_QTT�QVKZMI[M�

��
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D
is

pl
ac

em
en

t

�I� ,IUXQVO�_PMZM�\PM�XW_MZ�QV�\PM�XMIS�Q[�]V�
KPIVOML�

D
is

pl
ac

em
en

t

�J� +WWTQVO�_PMZM� \PM� XW_MZ� QV� \PM� XMIS� Q[� LM�
KZMI[ML�

.QO]ZM ����" ,IUXQVO�^MZ[][�KWWTQVO�NWZ�QVKZMI[QVO�NWZKM�

1V�\PQ[�IXXZWIKP�KWWTQVO�C5MZ\b!�E�KWZZM[XWVL[�\W�\PM�KW]XTQVO�\W�I�ZM[MZ^WQZ�_Q\P�LQNNMZMV\�\MU�
XMZI\]ZM� \PI\�KPIVOM[�\PM�^QJZI\QWVIT�UW\QWV�WN �I�UMKPIVQKIT�UWLM�\W�IV�MNNMK\Q^M�\MUXMZI\]ZM�\W
_PI\�Q\�_W]TL�JM�QN �\PM�J]TS�\MUXMZI\]ZM�WN �\PM�[a[\MU�_I[�\PM�\MUXMZI\]ZM�WN �\PM�KWTL�ZM[MZ^WQZ�
<PQ[�Q[�QV�KWV\ZI[\�_Q\P�\PM�KI[M�WN �X]ZM�LIUXQVO�_PMZM�\PM�LIUXQVO�Q[�VW\�IKKWUXIVQML�_Q\P�IV
MNNMK\Q^M�\MUXMZI\]ZM�KPIVOM� J]\�WVTa�ILL�MVMZOa�IVL�VWQ[M�

������ -`XMK\ML�^QJZI\QWV

<PM�M`XMK\ML�^QJZI\QWVIT�IUXTQ\]LM�KIV�JM�M[\QUI\ML�][QVO�\PM�MY]QXIZ\Q\QWV�\PMWZMU�C/ZMQVMZ!�E
I[�VW\ML�IJW^M� <PQ[�[\I\M[�PW_�\PM�\MUXMZI\]ZM�WN �I�[a[\MU�Q[�ZMTI\ML�\W�\PM�I^MZIOM�MVMZOQM[�
IVL�[\MU[�NZWU�IV�I[[]UX\QWV�\PI\�QV�MY]QTTQJZQ]U�\PM�MVMZOa�_QTT�JM�LQ[\ZQJ]\ML�IUWVO�ITT�LM�
OZMM[�WN �NZMMLWU� 1V�\PM�KI[M�WN �I�PIZUWVQK�W[KQTTI\WZ�\PQ[�UMIV[�\PI\�\PM�XW\MV\QIT�MVMZOa�IVL
\PM�SQVM\QK�MVMZOa�_QTT�JM�MY]IT� 1N �\PM�XW\MV\QIT�MVMZOa�Q[ Epot = 1

2kx
2 NWZ�I�PIZUWVQK�W[KQT�

TI\WZ�I\�XW[Q\QWV x _Q\P� [XZQVO�KWV[\IV\ k� IVL� Q\�PI[� \PM�SQVM\QK�MVMZOa Ekin = 1
2mv2� NWZ m

LMVW\QVO� \PM�UI[[� IVL v = ∂x/∂t� 1V� \PMZUIT� MY]QTTQJZQ]U� \PM� I^MZIOM� \W\IT� MVMZOa� Q[� \PMV

〈E〉 = 〈Ekin〉+ 〈Epot〉 =
1

2
kBT +

1

2
kBT = kBT ������!�

_PMZM kB Q[�\PM�*WT\bUIVV�KWV[\IV\� IVL 〈...〉 LMVW\M�\PM�I^MZIOM� .WZ�\PM�UWZM�KWUXTQKI\ML�KI[M
WN �I�^QJZI\QVO�UMUJZIVM�[a[\MU� Q\�Q[�VMKM[[IZa�\W�QVKT]LM�LIUXQVO�IVL�QV\MOZI\M�]X�[UITT�XQMKM[
WN �\PM�^QJZI\QVO�[a[\MU�\W�OM\�\PM�MVMZOa�C;I]T[WV!�� 3QXXMVJMZO��E� 1V�\PQ[�_Ia�KIV�JM�_ZQ\\MV

1

2
K

∫ ∞

0
dt|x(t)|2 = 1

2
kBT ��������

NWZ�I�[a[\MU�_PQKP�Q[�KWVVMK\ML�\W�I�\PMZUIT�JI\P�_Q\P�\MUXMZI\]ZM T � IVL�_PMZM K Q[�\PM�\W\IT
[XZQVO�KWV[\IV\�WN �\PM�UMKPIVQKIT�[a[\MU� .ZWU MYV� �������� \PM�:5; \PMZUIT�IUXTQ\]LM�WN �\PM
JZW_VQIV�Æ]K\]I\QWV[�WN �I�^QJZI\QWVIT�[a[\MU�_Q\P�\PM�UMKPIVQKIT�IVO]TIZ�ZM[WVIVKM ωm� KIV�JM
LM\MZUQVML�I[

√
〈x2〉 =

√
kBT

mω2
m

��������

.WZ�I�KTIUXML�UMUJZIVM�[\Z]K\]ZM� Q\�KIV�JM� [PW_V�C<PWUX[WV� E� \PI\� \PM�MNNMK\Q^M�UW\QWVIT
UI[[� Q[ m = 1/4mXPa[� 1V[MZ\QWV�WN �UMKPIVQKIT�XIZIUM\MZ[�NWZ�\PM�[a[\MU�aQMTL[�\PM�M`XMK\ML
:5; LQ[XTIKMUMV\�\PI\�_W]TL�JM�UMI[]ZML�

��



7X\WUMKPIVQK[ ����)^MV]M[�WN �WX\WUMKPIVQKIT�KW]XTQVO

.WZ�\PM�\aXQKIT�6WZKILI�;Q6 UMUJZIVM�WN ����VU × ��� µU × ��� µU�\PM�UI[[�Q[�IJW]\����VO�
IVL�\P][�\PM�UW\QWVIT�UI[[�_QTT�JM�����WN �\PI\� IJW]\����VO� <PM[M�UMUJZIVM[�[PW_�I�N]VLI�
UMV\IT�UMKPIVQKIT�ZM[WVIVKM�NZMY]MVKa�WN �IJW]\�����S0b� IVL�\P][�NZWU MYV� �������� \PM�:5;
LQ[XTIKMUMV\�KIV�JM�M[\QUI\ML�I[

√
〈x2〉 =

√
kB × 300 3

10 VO× (2π × 740 S0b)2
≈ 4.4 XU ��������

1V�\PM�NWTTW_QVO�\PM�UMUJZIVM�\PQKSVM[[�Q[�LMVW\ML� t� \PM�TI\MZIT�LQUMV[QWV� l� \PM�\PQKSVM[[�WN �IV
WX\QWVIT�IT]UQV]U�KWI\QVO�JMQVO tal IVL mphys IVL m JMQVO�\PM�XPa[QKIT�UI[[�IVL�\PM�UW\QWVIT
UI[[�ZM[XMK\Q^MTa� <PM�N]VLIUMV\IT�UMKPIVQKIT�ZM[WVIVKM�Q[ ν0�

\�CVUE T�CµUE tal CVUE mphys CVOE m CVOE ν0 CS0bE
√

〈x2〉 CXUE
���VU ��� µU � ���VO ���VO ����S0b ����XU
���VU ���� µU � ����VO ���VO ����S0b ���XU
����VU ��� µU �  ��VO ���VO ∼ ∼
����VU ��� µU � ����VO ���VO ∼ ∼
����VU ���� µU ��� ����VO ����VO ����S0b ����XU

?PQKP�KTMIZTa�[PW_[�\PI\�\PM�ZIVOM�NWZ�ITT�\PM[M�;Q6 UMUJZIVM[�IZM�I�KW]XTM�WN �XQKWUM\MZ�QV�:5;
LQ[XTIKMUMV\�IUXTQ\]LM�

���� )^MV]M[�WN �WX\WUMKPIVQKIT�KW]XTQVO

*a�QV\ZWL]KQVO�\PM�TQOP\�ÅMTL�IVL�\PM�XPW\WQVL]KML�NWZKM�\PI\�\PQ[�QVKT]LM� \PM�MNNMK\Q^M�MY]I\QWV
WN �UW\QWV MYV� ��������� [PW_[�\PI\�I�UIVVMZ�WN �KWV\ZWT�Q[�ILLML�W^MZ�\PM�JMPI^QW]Z�WN �\PM�UM�
KPIVQKIT�LMOZMM�WN �NZMMLWU� )[�[PW_V�QV ÅO� ��� \PM�UMKPIVQKIT�UWLM[�KIV�JM�KWWTML�Ja�I�KPIVOM
QV� \PM� QVX]\�XW_MZ� <PQ[� Q[�JMKI][M ∇F [KITM�_Q\P� \PM� QVX]\�XW_MZ� NWZ�I�OQ^MV�KI^Q\a�KWVÅO]�
ZI\QWV� <PQ[�MVIJTM[�\PM�KWWTQVO�WN �UMKPIVQKIT�UWLM[� ?PI\�Q[�VW\�[PW_V�QV�\PM�ÅO]ZM� Q[�\PI\
Q\�_WZS[�JW\P�_Ia[� QV�\PI\�\PM�[QOV�QN ∇F MV\MZ[�QV\W�\PM�MY]I\QWV[�NWZ γMNNm � MYV� ��������� .ZWU
\PM�LMÅVQ\QWV�WN ∇F = ∂F (x(t′))

∂x |x=x(t0) Q\� Q[� KTMIZ� \PI\� \PM� [QOV�WN ∇F Q[� OQ^MV�Ja� \PM� [XI\QIT
LMZQ^I\Q^M�WN �\PM�XPW\WQVL]KML�NWZKM� IVL�LMXMVLQVO�WV�\PM�KWVÅO]ZI\QWV�WN �\PM�.IJZa�8vZW\�KI^�
Q\a�\PQ[�KIV�JM�MQ\PMZ�NWZ�MTWVOI\QWV�WN �\PM�KI^Q\a� QVKZMI[QVO x� IVL�NWZ�[PWZ\MVQVO�WN �\PM�KI^Q\a�
_PQKP�KWZZM[XWVL[�\W�LMKZMI[QVO x� 1\�Q[�K][\WUIZa�\W�LMVW\M�\PM�PQOPMZ�NZMY]MVKa�[QLM��[PWZ\MZ
KI^Q\a��WN � \PM�KI^Q\a�ZM[WVIVKM�I[� \PM�JT]M�[QLM�WZ� TQSM_Q[M�ZML�[QLM� �TWVOMZ�KI^Q\a�� NWZ� \PM�W\PMZ
[QLM� <P][� NWZ�I�KI^Q\a�KWVÅO]ZI\QWV�_PMZM� \PM�MTWVOI\QWV� TMIL[� \W�I�XW[Q\Q^M ∇F � γMNNm _QTT� QV�
KZMI[M�IVL�\PM�KWWTQVO�_QTT�QVKZMI[M� 1N �IV�MTWVOI\QWV�TMIL[�\W�I�VMOI\Q^M ∇F � _PQKP�Q[�\PM�KI[M
NWZ�\PM�JT]M�[QLM� \PMV�I�PMI\QVO�WN �\PM�UMKPIVQKIT�UWLM�_QTT�WKK]Z� UMIVQVO�\PI\�\PM�LMKIa�ZI\M
IVL�[XMK\Z]U�WN �\PM�UWLM�_QTT�KWZZM[XWVL�\W�\PI\�WN �I�UMUJZIVM�I\�I�PQOPMZ�J]TS�\MUXMZI\]ZM
C)ZKQbM\��� 3QXXMVJMZO� E�

<P][�I�KPIVOM�QV�\PM�KWVÅO]ZI\QWV�JM\_MMV�\PM�UMKPIVQKIT�[a[\MU�IVL�\PM�KI^Q\a�ÅMTL�UWLM�MV�
IJTM[�\PM�UIVQX]TI\QWV�WN �\PM�UMKPIVQKIT�MVMZOa�QV�\PM�UMKPIVQKIT�UWLM[�IVL�WN �\PM�KW]XTQVO�JM�
\_MMV�\PM�WX\QKIT�QVX]\�IVL�\PM�UMKPIVQKIT�UWLM� <PQ[�Q[�\PM�JI[QK�\ISMI_Ia�NWZ�WX\WUMKPIVQK[�IVL
IKPQM^QVO�KWV\ZWT�W^MZ�\PM�KW]XTQVO�JM\_MMV�\PM�TQOP\�ÅMTL�IVL�\PM�UMKPIVQK[� Q[�I�[\MX�\_WIZL[�UI�
VQX]TI\QWV�WN �\PM�UMKPIVQKIT�JMPI^QW]Z�IVL�KW]XTQVO�\W�W\PMZ�[a[\MU[�

��



����)^MV]M[�WN �WX\WUMKPIVQKIT�KW]XTQVO 7X\WUMKPIVQK[

<PQ[�KW]XTQVO�WN �TQOP\�\W�\PM�UMKPIVQKIT�UW\QWV�PI^M�TML�\W�\PM�Y]M[\�NWZ�ZMIKPQVO�\PM�[W�KITTML
OZW]VL�[\I\M�WN �I�UMKPIVQKIT�UWLM� Ja�KWWTQVO�\PM�UMKPIVQKIT�UW\QWV�_Q\P�TQOP\�IVL�KZaWOMVQK
MY]QXUMV\� <PQ[�Q[�I�NI[KQVI\QVO�XW[[QJQTQ\a�I[�Q\�_W]TL�MVIJTM�\PM�UMKPIVQKIT�UWLM�\W�[PW_�\Z]M
Y]IV\]U�JMPI^QW]Z�_Q\P�IV�I^MZIOM�^QJZI\QWVIT�XPWVWV�UWLM�V]UJMZ�WN �]VQ\a� TMILQVO�\W�I�VM_
I^MV]M� NWZ� [PW_QVO� [\IVLIZL�Y]IV\]U�WX\QK[�M`XMZQUMV\[� 6W\�WVTa� Q[� Q\�VM_� \W� [PW_� \PQ[�JM�
PI^QW]Z�QV�UMKPIVQKIT�[a[\MU[� J]\�Q\�Q[�IT[W�\PM�JQOOM[\�[KITM�WN �UI[[Q^M�[IUXTM[�_PMZM�Y]IV\]U
MNNMK\[�PI^M�JMMV�[PW_V� _Q\P�Y]IV\]U�WX\QK[�M`XMZQUMV\[�][]ITTa�QV^WT^QVO�[QVOTM�\ZIXXML�QWV[�WZ
I\WUQK�MV[MUJTM[�IVL�[W�WV� <PM�OZW]VL�[\I\M�KWWTQVO�PI^M�VW_�JMMV�IKPQM^ML�QV�[M^MZIT�OZW]X[
C7�¼+WVVMTT��� <M]NMT��� +PIV��E� IVL�_QTT�XZWJIJTa�JM�ZMXTQKI\ML�Ja�W\PMZ[�[WWV� <PM[M�OZW]X[
[\IZ\�W]\�_Q\P�[IUXTM[�ITZMILa�I\�ZMITTa�TW_�J]TS�\MUXMZI\]ZM�QV�LQT]\QWV�ZMNZQOMZI\WZ[� IVL�\PQ[�OQ^M[
I�VQKM�PMIL�[\IZ\�I[�\PM�^QJZI\QWVIT�UWLM[�IZM�I\�\PM�KaZWOMVQK�J]TS�\MUXMZI\]ZM�_Q\PW]\�XPW\WQV�
L]KML�KWWTQVO�

:MOIZLQVO�\PM�OZW]VL�[\I\M�KWWTQVO� Q\�[PW]TL�JM�VW\ML�\PI\�_PI\�Q[�IKPQM^ML�Q[�VW\�\PM�OZW]VL�[\I\M
I[�IV�MY]QTTQJZQ]U� :I\PMZ�WVM�[PW]TL�\PQVS�IJW]\�Q\�I[�I�\PMZUIT�[\I\M�_Q\P�I�XZWJIJQTQ\a�WN �JMQVO
QV�\PM�OZW]VL�[\I\M� 1N �\PM�MNNMK\Q^M�\MUXMZI\]ZM�WN �I�UMKPIVQKIT�UWLM�Q[�[]NÅKQMV\Ta�TW_�Q\�[\IZ\[�\W
UISM�[MV[M�\W�QLMV\QNa�\PM�^QJZI\QWVIT�UWLM�I[�JMQVO�LM[KZQJML�Ja�I�ÅVQ\M�V]UJMZ�WN �XPWVWV[�WKK]�
XaQVO�\PM�UWLM� <PM�XPWVWV�WKK]XIVKa�Q[�OQ^MV�Ja�C+PIV��E

nphon =
kBT MNN

h̄ωm
�������

_Q\P kB JMQVO�*WT\bUIVV¼[�KWV[\IV\� .WZ T MNN → 0 \PM�XPWVWV�V]UJMZ�IXXZWIKPM[�bMZW� <PM
KWWTQVO�XZWKM[[�\PMV�MNNMK\Q^MTa�ZMUW^M[�XPWVWV[�NZWU�\PM�UMKPIVQKIT�UWLM�QV�\PM�Y]IV\]U�UWLMT
NWZ�KWWTQVO�I[�VW\ML� QV [MK� *��� <PM�OZW]VL�[\I\M� \PI\� Q[�IKPQM^ML� Q[� \PMV�\PM�[Q\]I\QWV�_PMZM
I�UMI[]ZMUMV\�WN �\PM�^QJZI\QWVIT�WKK]XI\QWV� \PZW]OP�\PM�LMKIa�ZI\M�WN �\PM�UWLM� _W]TL�ZM[]T\
QV�I�^IT]M�IZW]VL�WZ�TW_MZ�\PIV�I�[QVOTM�XPWVWV�WKK]XaQVO�\PM�UWLM� <PQ[�Q[�[\QTT�I�NI[KQVI\QVO
[Q\]I\QWV�IVL�MVIJTM[�UWLMTQVO�\PM�UMKPIVQKIT�UWLM�I[�I�NM_�TM^MT�[a[\MU� ;\IVLIZL�Y]IV\]U
WX\QK[�M`XMZQUMV\[�\PI\�_W]TL�][]ITTa�JM�I^IQTIJTM�NWZ�[a[\MU[�[]KP�I[�\ZIXXML�QWV[�IZM�\PMV�XW[[QJTM
NWZ�\PM�WX\WUMKPIVQKIT�[a[\MU� :MIKPQVO�\PM�OZW]VL�[\I\M�KWWTQVO�PI^M�VW\�JMMV�\PM�UIQV�NWK][

.QO]ZM ����" 8ZWXW[ML�[a[\MU�NWZ�KW]XTQVO�IV�MUJMLLML�9, \W�\PM�UMKPIVQKIT�UW\QWV�WN �\PM�[\Z]K�
\]ZM� <PM�JMVLQVO�KPIVOM[�\PM�TWKIT�[\ZM[[�I\�\PM�9, IVL�KPIVOM[�\PM�MVMZOa�TM^MT[�WN
Q\� :MXZWL]KML�NZWU�C?QT[WV�:IM��E�

WN �\PQ[�_WZS� IVL�ZI\PMZ�\PM�QV\MZM[\� Q[� QV�\PM�LM[QOV�IVL�IXXTQKI\QWV�WN �N]VK\QWVIT�LM^QKM[�][QVO
WX\WUMKPIVQKIT�XPa[QK[�NWZ�UIVQX]TI\QWV� <PI\�Q[�VW\�\W�[Ia�\PI\�\PM�KWWTQVO�WN �UMKPIVQKIT�UWLM[
PI^M�VW\�JMMV�I�OWIT� J]\�\PM�Y]M[\�NWZ�\PM�OZW]VL�[\I\M�ZMY]QZM[�I�LQNNMZMV\�UQVL[M\�IVL�XZMXIZI\QWV
\PIV�_PI\�PI^M�JMMV�\PQ[�XZWRMK\� 1\�Q[�QV\MZM[\QVO�\W�KWUJQVM�\PM�KWWTQVO�WN �^QJZI\QWVIT�UWLM[�_Q\P

��



7X\WUMKPIVQK[ ����)^MV]M[�WN �WX\WUMKPIVQKIT�KW]XTQVO

KW]XTQVO�\W�W\PMZ�[a[\MU[�IVL�\PMZM�PI^M�JMMV�I�TW\�WN �XZWXW[IT[�NWZ�KW]XTQVO�\PM�UMKPIVQKIT�UWLM
WN �IV�W[KQTTI\WZ�\W�M�O� I 9]IV\]U�,W\ �9,� MUJMLLML�QV[QLM� C<ZM]\TMQV��E�IVL�M`XMZQUMV\[�PI^M
[PW_V�\PM�KW]XTQVO�WN �UMKPIVQKIT�LMOZMM[�WN �NZMMLWU�\W�9, [\I\M[�C*MVVM\\��E� ;XMKQÅKITTa�\PM
XZWXW[ML�[a[\MU�QV�C?QT[WV�:IM��E�Q[�QVLQKI\ML�QV ÅO� ���� 1\�Q[�I�UWLMT�[a[\MU�NWZ�KW]XTQVO�\PM
UMKPIVQKIT�UW\QWV�\W�\PM�Y]IV\]U�VI\]ZM�WN �\PM�9, WXMZI\QVO�I[�I�[QUXTM�\_W�TM^MT�I\WU� IVL
]\QTQbQVO�\PQ[�KW]XTQVO�\W�KWWT�\PM�UMKPIVQKIT�UW\QWV�

<PM�NWK][�PI[�JMMV�WV�UMKPIVQKIT�[a[\MU[�UILM�W]\�WN �/ITQ]U�)Z[MVQLM��/I)[�� <PM[M�[\Z]K�
\]ZM[�IZM�[W�KITTML�LQZMK\�JIVL�[MUQKWVL]K\WZ[� _PQKP�MVIJTM�\PM�M`KQ\I\QWV�WN �KIZZQMZ[�LQZMK\Ta�Ja
QTT]UQVI\QWV�C0IZZQ[WV��E� <PQ[�MVIJTM[�I�TW\�WN �KWV\ZWT�WN �\PM�QV\MZVIT�[\I\M�WN �\PM�[\Z]K\]ZM� IVL
KWUXTQKI\ML�[\Z]K\]ZM[�KWUJQVQVO�/I)[�_Q\P�VMQOPJWZQVO� QV�\PM�[MV[M�WN �\PM�XMZQWLQK�\IJTM� MT�
MUMV\[�[]KP�I[�IT]UQV]U�WZ�QVLQ]U� MVIJTM[�\PM�\ZIXXQVO�WN �M`KQ\I\QWV[�QV�M�O� 9,[�WZ Y]IV\]U
_MTT[� )LLQ\QWVITTa�\PM�UI\MZQIT�KIV�JM�LWXML�_Q\P�LQNNMZMV\�MTMUMV\[� MVIJTQVO�\PM�KWV\ZWT�WN �\PM
XW\MV\QIT�QV�\PM�[\Z]K\]ZM�Ja�IXXTaQVO�IV�M`\MZVIT�JQI[� <PQ[�\]VIJQTQ\a�MVIJTM[�IV�MI[a�IKKM[[�\W�I
TIZOM�XIZIUM\MZ�[XIKM�NWZ�LQNNMZMV\�XPa[QK[�IVL�IXXTQKI\QWV[�IVL�\PQ[�XZW[XMK\�Q[�_PI\�PI[�UW\Q^I\ML
\PM�_WZS�WV�N]VK\QWVIT�UI\MZQIT[�

��
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5MKPIVQKIT�UWLMTQVO





�� 5MKPIVQKIT�UWLMTQVO

1V�\PQ[�KPIX\MZ�\PM�UWLMT�WN �UMKPIVQKIT�UWLM[�WN �UMUJZIVM�[\Z]K\]ZM[�Q[�XZM[MV\ML�I[�IV�QV\MZT]LM
JMNWZM�\PM�M`XMZQUMV\IT�_WZS� .QZ[\�\PM�JI[QK�IXXZWIKP�\W�UWLMT�\PM�UMKPIVQKIT�UWLM[�NZWU�\PM
_I^M�MY]I\QWV�LQZMK\Ta�Q[�LM[KZQJML�IVL�\PM�LQ[\QVK\QWV�JM\_MMV�\PM�XTI\M�IXXZW`QUI\QWV�IVL�\PM
UMUJZIVM�IXXZW`QUI\QWV�Q[�QV\ZWL]KML� <PMV�QV KPIX� � I�ÅVQ\M�MTMUMV\�UM\PWL� .-5��Q[�][ML
_Q\P�\PM�KWUUMZKQIT�[WN\_IZM�+WU[WT�\W�UWLMT�UWZM�KWUXTM`�[\Z]K\]ZM[�\PIV�Q[�XW[[QJTM�][QVO�\PM
\ZILQ\QWVIT�IXXZWIKPM[�

���� 5MKPIVQKIT�UWLMT�NWZ�UMUJZIVM

)[[]UQVO�\PI\ u LM[KZQJM�\PM�\ZIV[^MZ[M�LQ[XTIKMUMV\�ÅMTL�QV�\PM z LQZMK\QWV� \PI\�Q[ u = uz(x, y)�
\PM�UWLMT�WN �\PM�MY]QTQJZQ]U�KWVÅO]ZI\QWV�NWZ�I�JMVL�XTI\M�WZ�UMUJZIVM�Q[�[QOVQÅKIV\Ta�[QUXTQÅML
QN �\PM�LQ[XTIKMUMV\[�IZM�U]KP�[UITTMZ�\PIV�\PM�\PQKSVM[[�WN �\PM�UMUJZIVM� <PQ[�Q[�VW\�I�VMKM[[IZa
ZMY]QZMUMV\�IVL�QN �\PM�ZMY]QZMUMV\�Q[�TWW[MVML�\W�WVTa�JM�\PI\�\PM�LQ[XTIKMUMV\�Q[�U]KP�TM[[�\PIV
\PM�TI\MZIT�LQUMV[QWV�WN �\PM�XTI\M� u $ l� \PM�TIZOM�LMÆMK\QWV�WN �I�XTI\M�KIV�JM�KITK]TI\ML� .ZWU
[\IVLIZL�MTI[\QKQ\a� \PMWZa� C4IVLI] �� ;WMLMT��E�IV�M`XZM[[QWV�WN �\PM�UQVQUQbI\QWV�WN �\PM�X]ZM
JMVLQVO�MVMZOa�IVL�OMVMZIT�[\ZM\KPQVO�MVMZOa�KIV�JM�NW]VL�I[

D∆2u− h
∂

∂xβ

(
σ
∂u

∂xα

)
= P �������

_PMZM ∆ LMVW\M�\PM�JQPIZUWVQK�WXMZI\WZ� ∆ = ∇2� IVL α IVL β LMVW\M�\PM�[XI\QIT�I`Q[� <PM
ÆM`]ZIT�ZQOQLQ\a D Q[

D =
Eh3

12(1− γ2)
�������

<PM� ÅZ[\� JMVLQVO� \MZU� KIV�JM�_ZQ\\MV� I[ Du/l4 Ja� M^IT]I\QVO� \PM� JQPIZUWVQK� _PQTM� \PM� [MK�
WVL� [\ZM\KPQVO� \MZU� KIV� JM� M^IT]I\ML� I[ Thu/l2 _Q\P T JMQVO� \PM� \MV[QTM� [\ZM[[� 1V� MTI[\QKQ\a
\PMWZa� Q\� Q[� K][\WUIZa� \W� LMVW\M� I UMUJZIVM I[� I� \PQV� XTI\M� []JRMK\� \W� TIZOM� M`\MZVIT� [\ZM\KPQVO
NWZKM[�IXXTQML�I\�\PM�MLOM� <PI\�Q[�IT[W�KITTML�I�KTIUXML�UMUJZIVM�QV�IT\MZVI\Q^M�\W�I�NZMM�UMU�
JZIVM�

1V�\PM�KI[M�WN �I�KTIUXML�UMUJZIVM�\PM�\MV[QTM�[\ZM[[ T Q[�LWUQVI\QVO�\PM�QV\MZVIT�[\ZM[[� IVL�\PMZM
Q[�VMOTQOQJTM�KWV\ZQJ]\QWV�\W�\PM�[\ZM[[�Ja�\PM�TWVOQ\]LQVIT�[\ZM[[M[�KI][ML�Ja�JMVLQVO�WN �\PM�UMU�
JZIVM� <P][� \PMZM� Q[�JI[QKITTa� \PM� KI[M�_PMZM� \PM�MVMZOa� Q[�LWUQVI\ML�Ja� \PM�JMVLQVO�MVMZOa�
_PQKP�_W]TL�JM�\PM�KI[M�NWZ�\PM�JMVLQVO�WN �I�XTI\M� IVL�\PM�[\ZM\KPQVO�MVMZOa�NWZ�I�KTIUXML�UMU�
JZIVM�

<PM�JMVLQVO�MVMZOa�XMZ�IZMI�Q[�\PMV Eh3ul−4 _PQTM�\PM�[\ZM\KPQVO�MVMZOa�XMZ�IZMI�Q[ Thul−2� .WZ
I�[XMKQÅK�[a[\MU�\PM[M�KIV�\PMV�JM�KWUXIZML� ?WZS�WV�UMUJZIVM�[\Z]K\]ZM[�_Q\P�\PM�LQUMV[QWV[



����5MKPIVQKIT�UWLMT�NWZ�UMUJZIVM 5MKPIVQKIT�UWLMTQVO

QV�\PM�NM_�UQKZWUM\MZ[�IZM�LM[KZQJML�QV KPIX[� ��  IVL�NWZ�\PM[M VIVWUMUJZIVM[ \PM�ZI\QW�KIV�JM
M[\QUI\ML�I[

Eh3 u
l4

Th u
l2

=
Eh2

T l2
≈ 1000× (110× 10−9)2

(10−5)2
= 10−4 �������

_PMZM� \PM� \PQKSVM[[ h = 110 VU� IVL l %� �� µU� <PM�AW]VO¼[�UWL]T][ E =  ��/8I� NWZ
/I)[�_PQTM� \PM� \MV[QTM� [\ZM[[� Q[� I� TW\� [UITTMZ� IVL�KMZ\IQVTa�VW\� \PM� ���58I�WN � \PM�PQOP� [\ZM[[
;Q6 ][ML�NWZ�\PM�6WZKILI�KTIUXML�UMUJZIVM[� 0MZM�Q\�Q[�[M\�\W�58I�ZIVOM�[W�\PI\�\PM E/T ZI\QW
Q[ 103� .ZWU MYV� ������� Q\� Q[�KTMIZ�PW_�\PM�JMVLQVO�XIZ\� Q[�LWUQVI\QVO�M^MV�\PW]OP E . T
JMKI][M�WN � \PM�OMWUM\ZQKIT�I[XMK\� ZI\QW� h2/l2 ≈ �× ��−�� <P][� \PMZM� IZM� \PM[M� \_W� LQNNMZ�
MV\� IXXZW`QUI\QWV[� IXXTQKIJTM� NWZ�LQNNMZMV\� [a[\MU[� .WZ�I� KTIUXML�UMUJZIVM� \PM� MY]I\QWV� Q[

hT∆u+ P = 0 �������

_PMZM�\PM�XZM[[]ZM P KIV�JM�M`XZM[[ML�Ja�\PM�LQUMV[QWV[�IVL�\PM�[MKWVL�\QUM�LMZQ^I\M�WN �LQ[XTIKM�
UMV\�ÅMTL�I[P = ρh∂2u

∂t2 � <PM�UMUJZIVM�MY]I\QWV�\PMV�JMKWUM[

hT∆u+ ρh
∂2u

∂t2
= 0 �������

6W_�I[[]UQVO�\PI\ u PI[�\PM�\QUM�LMXMVLMVKM�I[ e−iωt \PM ∂2u
∂t2 = −ω2u IVL�TQSM_Q[M�_Q\P eikxx�

eikyy JMQVO�\PM�[XI\QIT�LMXMVLMVKM�\PM∆u = (k2x + k2y) = k2� <PMV�\PM�UMUJZIVM�MY]I\QWV�KIV

JM�ZM_ZQ\\MV�I[ hTk2+ρh(−ω2) = 0 ⇔ ω = k
√

T
ρ _PQKP�Q[�\PM�_MTT�SVW_V�UMUJZIVM�LQ[XMZ[QWV

ZMTI\QWV� 1V ÅO� ��� \PQ[�TQVMIZ�LMXMVLMVKM�Q[�QVLQKI\ML� ;QUQTIZTa�NWZ�\PM�JMVLQVO�XTI\M�MY]I\QWV

D∆2u = P �������

_PQKP�KIV�JM�_ZQ\\MV

∂2u

∂t2
− D

hρ
∆2ρ = 0 �������

IVL�\P][

ω =

√
Eh2

ρ(1− γ2)
(k2x + k2y) =

√
Eh2

ρ(1− γ2)
k2 ����� �

_PMZM�Q\�Q[�VW\ML�PW_�\PM�XTI\M�MY]I\QWV�[KITM[�_Q\P k2 _PQTM�\PM�UMUJZIVM�[KITM[�_Q\P k� 1VÅO� ���
\PM�LQNNMZMV\�LQ[XMZ[QWV� N]VK\QWV[�IZM� [PW_V� NWZ� \PM�XTI\M�JMVLQVO�MY]I\QWV�IVL� \PM�UMUJZIVM
[\ZM\KPQVO�MY]I\QWV�

6W_�NWZ�\PM�JMVLQVO�XTI\M�MY]I\QWV�IXXZW`QUI\QWV�\PM�N]VLIUMV\IT�NZMY]MVKa�KIV�JM�KITK]TI\ML
Ja�I[[]UQVO�\PM�N]VLIUMV\IT�LZ]U�UWLM�PI[�I�_I^MTMVO\P�MY]IT�\W�PITN �WN �\PM�TI\MZIT�LQUMV[QWV
l = λ/2 IVL�[W

ωm =

√
Eh2

ρ(1− γ2)

((
2π

λ

)2

+

(
2π

λ

))
�����!�

ν1,1m =
2

2π

√
Eh2

ρ(1− γ2)
2

(
2π

l

)
��������

��



5MKPIVQKIT�UWLMTQVO ����>QJZI\QWVIT�UWLM[�WN �UMUJZIVM

0.5 1.0 1.5 2.0

1

2

3

4

Plate

Membrane

.QO]ZM ����" 5MUJZIVM k� ^MZ[][�JMVLQVO�XTI\M k2 IXXZW`QUI\QWV�

IVL�NWZ�I�\M\PMZML�VIVWUMUJZIVM�_Q\P�XIZIUM\MZ[
h l ν1,1m

����VU �� µU  ����50b
_PQKP�Q[�QV�\PM�[IUM�WZLMZ�WN �UIOVQ\]LM�I[�UMI[]ZML�NWZ�\PM[M�[\Z]K\]ZM[�I[�[PW_V�QV KPIX[� ��
 � <W�KWUXIZM�_Q\P�IVW\PMZ�M`IUXTM�NZWU�\PM�TQ\MZI\]ZM�\PM�/I)[�WX\WUMKPIVQKIT�\M\PMZML�UQ�
KZWUMUJZIVM[�QV�C+WTM��E�Q[�NW]VL�\W�JM

h l ν1,1m

�� µU ��� µU ��!��50b
_PQKP�Å\[�^MZa�VQKMTa�_Q\P�\PM�ZMXWZ\ML�^IT]M� 1V�KWVKT][QWV�Q\�Q[�_WZ\P�VW\QVO�PW_�\_W�LQNNMZMV\
UWLMT[�IZM�LM[KZQJQVO�\PM�UMUJZIVM�[IUXTM[� _PM\PMZ�\PM�UMUJZIVM�IXXZW`QUI\QWV�WZ�\PM�XTI\M
IXXZW`QUI\QWV�Q[�\PM�UW[\�Å\\QVO� KPIVOM[�\PM�JMPI^QW]Z�KWV[QLMZIJTa�

���� >QJZI\QWVIT�UWLM[�WN �UMUJZIVM

0MZM�\PM�[\IVLIZL�UWLMT�NWZ�\PM�^QJZI\QWVIT�UWLM[�WN �I�UMUJZIVM�Q[�LMZQ^ML�C<QUW[PMVSW� E�

:MK\IVO]TIZ�XTI\M[�^QJZI\QWVIT

<PM�JI[QK�UWLMT�NWZ�ZMK\IVO]TIZ�XTI\M[�KIV�JM�LMZQ^ML�Ja�_ZQ\QVO�]X�\PM�_I^M�MY]I\QWV�QV�ZMK\IV�
O]TIZ�KWWZLQVI\M[� x, y

∂2z

∂x2
+

∂2z

∂y2
=

1

v2
∂2z

∂t2
�������

_PMZM v Q[�\PM�[XMML�WN �[W]VL�QV�\PM�UMLQ]U� *a�I[[]UQVO�I�XZWL]K\�[WT]\QWV�_M�KIV�I[[]UM�I
[WT]\QWV�WN �\PM�NWZU

z(x, y, t) = X(x)Y (y)T (t) �������

_PQKP�KIV�JM�QV[MZ\ML�QV\W�\PM�_I^M�MY]I\QWV� MYV� �������� aQMTLQVO

Y T
d2X

dx2
+XT

d2Y

dy2
=

1

v2
XY

d2T

dt2
�������

��



����>QJZI\QWVIT�UWLM[�WN �UMUJZIVM 5MKPIVQKIT�UWLMTQVO

*a�LQ^QLQVO�\PZW]OP�_Q\PXY T IVL�U]T\QXTaQVO�_Q\P v2 _M�ÅVL

v2

X

d2X

dx2
+

v2

Y

d2Y

dy2
=

1

T

d2T

dt2
�������

_PQKP�PI[�I�[WT]\QWV�WVTa�QN �JW\P�[QLM[�IZM�MY]IT�\W�I�KWV[\IV\ k2� ;M\\QVO�\PM�:0; WN MYV� �������
MY]IT�\W�I�KWV[\IV\�aQMTL�\PM�PIZUWVQK�[WT]\QWV

T (t) = A KW[ωt+B [QVωt �������

_PMZM�\PM�KWV[\IV\�PI^M�JMMV�QLMV\QÅML�I[�\PM�IVO]TIZ�NZMY]MVKa� 4QSM_Q[M�NWZ�\PM�40; WN MYV� �������

v2

X

d2X

dx2
+

v2

Y

d2Y

dy2
= −ω2 �������

IVL�\PQ[�Q[�MY]IT�\W

1

X

d2X

dx2
= −ω2

v2
− 1

Y

d2Y

dy2
= −k2x �������

<PM�[IUM�XZWKMML]ZM�KIV�JM�NWTTW_ML�NWZ� \PM Y (y) LMXMVLMV\�\MZU�_PQKP�[PW]TL�IT[W�MY]IT�I
KWV[\IV\

1

Y

d2Y

dy2
= k2x −

ω2

v2
= −k2y ����� �

IVL�QLMV\QNaQVO

k2x + k2y =
ω2

v2
�����!�

\PM�[WT]\QWV�NWZ x IVL y Q[

X = C KW[ kxx+D [QV kxx ��������

Y = E KW[ kyy + F [QV kyy ��������

6W_�_M�TQUQ\�\PM�UWLMT�\W�KTIUXML�ZMK\IVO]TIZ�UMUJZIVM[�IVL�\P][�[M\�\PM�JW]VLIZa�KWVLQ\QWV[
\W�JM�bMZW�LQ[XTIKMUMV\�I\�\PM�JW]VLIZa� <P][

z(0, y, t) = z(x, 0, t) = 0 ��������

_PQKP�ZMY]QZM[E = G = 0 QV�MYV[� ���������������� ;QUQTIZTa� \PM�KWVLQ\QWV[

z(Lx, y, t) = z(x, Ly, t) = 0 ��������

OQ^M[�ZQ[M�\W

[QV kxLx = [QV kyLy = 0 ��������

[W�\PI\ Lxkx = mπ IVL Lyky = nπ _PMZM m,n IZM�QV\MOMZ[� <PM�_I^MV]UJMZ[�KIV�\PMV�JM
QLMV\QÅML

kx =
mπ

Lx
, ky =

nπ

Ly
��������

��



5MKPIVQKIT�UWLMTQVO ����>QJZI\QWVIT�UWLM[�WN �UMUJZIVM

�I� ������UWLM� �J� �����

�K� ����� �L� �����

.QO]ZM ����" <PM�ÅZ[\���UMKPIVQKIT�UWLM[�WN �I�[aUUM\ZQK�UMUJZIVM�NWTTW_QVO MYV� ���������

_PQKP�VW_�MVIJTM�\PM�[WT]\QWV�WN �\PM�MQOMVNZMY]MVKQM[ωm� 1V[MZ\QVO�\PM�_I^MV]UJMZ[�QV\W MYV� �����!�
OQ^M

ω = vπ

√(
m

Lx

)2

+

(
n

Ly

)2

��������

1V[MZ\QVO�\PM�[WT]\QWV[�WN �\PM x, y XIZ\[�QV\W MYV� �����!� UISM[�Q\�XW[[QJTM�\W�ZM_ZQ\M�\PM�[WT]\QWV
MYV� ������� I[

zmn(x, y, t) = (Amn KW[ωmnt+Bmn [QV (ωmnt)) [QV
(
mπx

Lx

)
[QV
(
nπy

Ly

)
��������

_PMZM Amn IVL Bmn Q[�\PM�KWV[\IV\[�LMXMVLQVO�WV�\PM�QVQ\QIT�KWVLQ\QWV[� -`IUXTM�UMKPIVQKIT
UWLM[�IZM�QTT][\ZI\ML�QV ÅO� ����

<PM�NWZU]TI�NWZ�\PM�^QJZI\QWVIT�NZMY]MVKQM[ MYV� �������� Q[�][ML�I�TW\�_PMV�QLMV\QNaQVO�I�XMIS�QV�\PM
^QJZI\QWVIT�[XMK\Z]U�IVL�\ZaQVO�\W�ÅVL�W\PMZ�UWLM[� <PM�XZWJTMU�Q[�\PI\�\PM�[XMML�WN �[W]VL�QV�\PM
XZMNIK\WZ vπ Q[�^MZa�LMXMVLMV\�WV�\PM�QV\ZQV[QK�[\ZM[[�IVL�\P][�\PM�^IT]M�NWZ�J]TS�Q[�VW\�IXXZWXZQI\M
QV�UW[\�KI[M[� 0W_M^MZ�WVKM�WVM�WN �\PM�UMKPIVQKIT�UWLM[�PI^M�JMMV�QLMV\QÅML� MYV� �������� Q[�I
XW_MZNWWT�\WWT�NWZ�ÅVLQVO�W\PMZ�UWLM[�

��





�� .QVQ\M�-TMUMV\�5WLMTQVO

1V�\PQ[�KPIX\MZ�\PM�][M�WN �.-5 NWZ�LM\MZUQVQVO�\PM�MQOMVUWLM[�Q[�LM[KZQJML�WN �UWZM�KWUXTQKI\ML
[\Z]K\]ZM[�\PIV�LM[KZQJML�QV KPIX� �� <PM�IXXTQKIJQTQ\a�QV�LM[KZQJQVO�PMI\�\ZIV[NMZ�IVL�\PM�UMKPIV�
QKIT Qm Q[�LQ[K][[ML�I[�_MTT� 1V�\PM�MVL�Q\�Q[�KWVKT]LML�\PI\�.-5 Q[�I�OZMI\�\WWT�NWZ�UIXXQVO�W]\
\PM�LQNNMZMV\�UMKPIVQKIT�UWLM[� J]\�\PM�LM\MZUQVI\QWV�WN �M�O� \PM Qm NZWU�ÅZ[\�XZQVKQXTM[�Q[�VW\
\ZQ^QIT�

.QO]ZM ����" -`IUXTM�.QVQ\M�-TMUMV\�OZQL�NWZ�[WT^QVO�I�LQNNMZMV\QIT�MY]I\QWV� M�O� ÅVLQVO�\PM�UM�
KPIVQKIT�MQOMVUWLM[� 1V�\PQ[�M`IUXTM�\PM�OZQL�PI^M�JMMV�UILM�KWIZ[M�\W�UISM�\PM
[\Z]K\]ZM�WN �\PM�OZQL�^Q[QJTM� <PM�KWTWZ� QVLQKI\M�\PM�Y]ITQ\a�WN �\PM�OZQL� JI[ML�WV�I
+WU[WT�ITOWZQ\PU�

���� 5MKPIVQKIT�MQOMV^IT]M[

<PM�KWUUMZKQIT�[WN\_IZM�XIKSIOM�+WU[WT�Q[�][ML�NWZ�.-5��1\�Q[�VW\�VMKM[[IZa�\W�XMZNWZU�.-5
_PMV�QLMV\QNaQVO�UMKPIVQKIT�UWLM[�WN �\PM�[QUXTM�ZMK\IVO]TIZ�UMUJZIVM[� I[�\PM[M�JMPI^M�^MZa
U]KP� TQSM� \PM� [QUXTM�UWLMT� J]\� NWZ�I�UWZM�KWUXTQKI\ML� [\Z]K\]ZM� \PM�QV\MZIK\QWV[�WN �LQNNMZMV\
UWLM[�VMML�\W�JM�QVKT]LML� IVL�NWZ�M`IUXTM�\PM�MLOM[�VW\�JMQVO�[PIZX�J]\�ZI\PMZ�[WN\MVML�ZW]VL
[\Z]K\]ZM[�TMIL�\W�LQNNMZMV\�UMKPIVQKIT�UWLM[�[PW_QVO�]X�QV�\PM�[XMK\ZI� <P][�\PM�.-5 Q[�][MN]T
QV�KWVR]VK\QWV�_Q\P�\PM�UMI[]ZMUMV\[�\W�QLMV\QNa�UWLM[�

<PM .QVQ\M�-TMUMV\���.ZMY]MVKa�LWUIQV IXXZWIKP�Q[�M[XMKQITTa�[]Q\IJTM�NWZ�\PM�VMML[�WN �\PQ[�XZWRMK\� I[�\PM
MQOMV[WT]\QWV[�Q[�IT_Ia[�WZLMZML�_Q\P�\PM�TW_M[\�MVMZOa�WVM[�ÅZ[\� <PQ[�UISM[�Q\�MI[a�\W�V]UMZQKITTa
ÅVL�\PM�TW_M[\�MVMZOa�UMKPIVQKIT�UWLM[� _Q\PW]\�PI^QVO�\W�UWLMT�ITT�\PM�LMOZMM[�WN �NZMMLWU�WN �\PM
[a[\MU� )V�M`IUXTM�WN �\PM�OZQL�\PI\�\PM�.-5UM\PWL�][M[�NWZ�I�\M\PMZML�VIVWUMUJZIVM�[\Z]K\]ZM
Q[�[PW_V�QV ÅO� ����



����-NNMK\Q^M�UI[[�KWV\ZQJ]\QWV .QVQ\M�-TMUMV\�5WLMTQVO

1V ÅO� ��� \PM�������IVL�I�PQOPMZ�WZLMZ�UWLM�WN �I�VWV�ZMK\IVO]TIZ�UMUJZIVM�IZM�[PW_V� <PQ[�Q[
\PM�[PIXM�WN �\PM�JQO�/I)[�UMUJZIVM�[\]LQML�QV KPIX� � IVL�Q\�Q[�QTT][\ZI\ML�PW_�\PM�UWLM�[PIXM
Q[�VWV\ZQ^QIT�

*MKI][M�WN �\PM�_Ia�\PM�_I^M�MY]I\QWV�Q[�[M\�]X� \PM�XZWJTMU�KIV�JM�ZML]KML�\W�WVTa�JMQVO�LM�
XMVLMV\�WV�\PM�AW]VO¼[�5WL]T][�IVL�\PM�LMV[Q\a�WN � \PM�UI\MZQIT� �M`KMX\�WN �KW]Z[M�\PM�OMWUM�
\Za�IVL�JW]VLIZa�KWVLQ\QWV[�� J]\�\PQ[�Q[�]VNWZ\]VI\MTa�VW\�MVW]OP�\W�[QUXTa�OM\�\PM�ZQOP\�^IT]M[
NWZ�\PM�UMKPIVQKIT�MQOMVNZMY]MVKQM[�C-QKPMVÅMTL�!E� <PQ[�Q[�JMKI][M�WN �\PM�_Ia�\PM�\MV[QWV�MV�
\MZ[�IVL�Q[�ZMTI\ML�\W�AW]VO[�UWL]T][� <PM�[XMML�WN �[W]VL�QV�\PM�[\Z]K\]ZM�Q[�IXXZW`QUI\ML�Ja

v =

√
E

ρ
�������

_Q\P E JMQVO�AW]VO¼[�UWL]T][� IVL ρ JMQVO�\PM�LMV[Q\a� <PM�NWZU]TI�NWZ�\PM�MQOMVNZMY]MVKQM[�NWZ
I�[QUXTM�[Y]IZM�KTIUXML�UMUJZIVM�_I[�NW]VL�IJW^M�I[

νm =
v

2

√
i2 + j2

L2
�������

_Q\P L JMQVO�\PM�[QLMTMVO\P� IVL i, j LMVW\QVO�\PM�UWLM�QVLQKM[� )[�\PQ[�[QUXTM�MY]I\QWV�Q[�[QU�
XTa�ZMTI\ML�\W�\PM E IVL�\PM�\MV[QWV�Q[�LMXMVLMV\�WV�\PM�[\ZM[[�LMXW[Q\ML�L]ZQVO�NIJZQKI\QWV� Q\�Q[
KTMIZ� \PI\�^IT]M[� NZWU�\PM� TQ\MZI\]ZM� NWZ�M�O� J]TS�/I)[� Q[�VW\�IXXTQKIJTM� \W�M[\QUI\M� \PM�MQOMV�
NZMY]MVKQM[� QV� I� Y]IV\Q\I\Q^MTa�UIVVMZ� <P][�WVTa� \PM�WZLMZ�IVL� QLMV\QÅKI\QWV�WN � MQOMVUWLM[
[PW]TL�JM�NW]VL�][QVO�\PM�.-5��?PMV�\PM�IXZWXZQI\M�UWLM�PI[�JMMV�QLMV\QÅML�QV�M`XMZQUMV\�
\PM�KWZZM[XWVLQVO E KIV�JM�KPIVOML� QV� \PM�.-5 IVL� \PMV� \PM�IK\]IT� NZMY]MVKQM[�KIV�JM�M[\Q�
UI\ML�

���� -NNMK\Q^M�UI[[�KWV\ZQJ]\QWV

<PM�UW\QWVIT�UI[[� WN � \PM�UMKPIVQKIT� [a[\MU[� Q[�_PI\� MV\MZ[� QV\W� \PM� MY]I\QWV�WN �UW\QWV� QV�
[\MIL�WN � \PM�\W\IT�UI[[� I[�WVTa� \PM�MNNMK\Q^M�UW\QWVIT�XIZ\�WN � \PM� [a[\MU� [PW]TL�MV\MZ� QV\W� \PM
LaVIUQK[� <PM�UW\QWVIT�UI[[�NWZ�I�KTIUXML�UMUJZIVM�KIV�JM�NW]VL�I[�C/QTTM[XQM!�� 8QVIZL!!�
<PWUX[WV� E

mn,m
MNN = ρh

∫ w

0

∫ w

0
[QV2

(nπx
w

)
[QV2

(mπy

w

)
dxdy �������

m1,1
MNN =

1

4
ρhw2 =

1

4
m �������

_Q\P m JMQVO�\PM�UMUJZIVM�UI[[� w LMVW\QVO�_Q\P�[QLMTMVO\P�WN �\PM�UMUJZIVM�IVL h LMVW\QVO
\PM�\PQKSVM[[� <PM�LMV[Q\a�Q[ ρ IVL n,m LMVW\M�\PM�UWLM�QVLM`� 1\�Q[�QUXTQKQ\�QV�\PQ[�LMÅVQ\QWV�WN
\PM�MNNMK\Q^M�UI[[�\PI\�\PM�QVKT][QWV�WN �\PM�KW]XTQVO�\W�I�TQOP\�ÅMTL�_W]TL�ZMY]QZM�\PM�QVKT][QWV�WN �IV
W^MZTIX�QV\MOZIT�JM\_MMV�\PM�TQOP\�ÅMTL�IVL�\PM�IKW][\QK�UWLM� 1N �VW�W^MZTIX�Q[�\ISMV�QV\W�IKKW]V\�Q\�Q[
IK\]ITTa�\PM�MNNMK\Q^M�UI[[�_PMV�I�XWQV\�TQSM�TQOP\�JMIU�Q[�[IUXTQVO�IV�IV\QVWLM�WN �\PM�UMKPIVQKIT
UWLM� .WZ�I�PQOPMZ�WZLMZ�UWLM�\PM�MNNMK\Q^M�UI[[�_W]TL�\PMV�KWZZM[XWVL�\W�\PM�IV\QVWLM�_Q\P
TIZOM[\�LQ[XTIKMUMV\� 1\�Q[�K][\WUIZa�NWZ�UWZM�QV^WT^ML�OMWUM\ZQM[�\PIV�KTIUXML�UMUJZIVM[�\W
QV\ZWL]KM�IV�MNNMK\Q^M�UI[[�\PI\�Q[�QVKT]LQVO�\PM�MNNMK\Q^M�KW]XTQVO gm NWZ�I�OQ^MV�UWLM m� <PQ[

� 



.QVQ\M�-TMUMV\�5WLMTQVO ����-NNMK\Q^M�UI[[�KWV\ZQJ]\QWV

UISM[�I�TW\�WN �[MV[M�QV�I�KI[M�_PMZM�\PM�UW\QWVIT�UI[[�QV^WT^ML�QV�IV�IKW][\QK�UWLM�Q[�[XZMIL�W]\
IKKZW[[�I�KWUXTQKI\ML�[\Z]K\]ZM� I[�QV�\PM�WX\WUMKPIVQKIT�KZa[\IT�C-QKPMVÅMTL�!E�KI[M� .WTTW_QVO
C8QVIZL!!� ;KPTQM�MZ�!E�I�LMÅVQ\QWV�WN �\PM�MNNMK\Q^M�UI[[�NWZ�I�XIZ\QK]TIZ�UWLM� m� KW]XTQVO�KIV
JM�NW]VL�I[

mMNN,m ≡ mm

〈w, u0m〉2 �������

_Q\P u0m JMQVO�\PM�UMKPIVQKIT�LQ[XTIKMUMV\�ÅMTL�NWZ�\PM�UWLMm _Q\P�UW^QVO�UI[[mm IVLw JM�
QVO�I�_MQOP\QVO�N]VK\QWV� <PQ[�_MQOP\QVO�N]VK\QWV�Q[�QV\ZWL]KML�\W�UIX�\PM�LQ[XTIKMUMV\�ÅMTL u =
u(r, t) QV\W�I�[KITIZ�LQ[XTIKMUMV\ z� <P][�I�LMÅVQ\QWV�QVKT]LQVO�\PM�W^MZTIX�PI[�JMMV�QV\ZWL]KML
QV�\PQ[�MNNMK\Q^M�LMÅVQ\QWV�WN �\PM�»LM\MK\ML¼�UI[[�QV\WmMNN,m

.WZ�UWZM�KWUXTQKI\ML�[\Z]K\]ZM[�\PIV�I�UMUJZIVM�Q\�VW\�MI[a�\W�ÅVL�\PM�UW\QWVIT�UI[[�WN �I�OQ^MV
UWLM�IVL�_WZS�\W_IZL[�I�V]UMZQKIT�UM\PWL�_I[�LWVM�

1\�Q[�XW[[QJTM�QV�.-5 \W�M`\ZIK\�\PM�[W�KITTML�UW\QWVIT�XIZ\QKQXI\QWV�NIK\WZ��58.� NZWU�\PM�MQOMV�
UWLM[� <PQ[� Q[�LWVM�Ja�I�ZMVWZUITQbI\QWV�WN � \PM�MQOMV[WT]\QWV[� QV�\MZU[�WN � \PM�[W�KITTML�UI[[
UI\ZQ`� IVL�M`XZM[[M[�QV�_PI\�UIVVMZ�I�KMZ\IQV�UWLM�UQOP\�ZM[XWVL�\W�IV�IK\]I\QWV�QV�I�OQ^MV
LQZMK\QWV� <MKPVQKITTa�\PM�MQOMVUWLM[ =n IZM�WZ\PWOWVITQbML�_Q\P�ZM[XMK\�\W�\PM�UI[[�UI\ZQ` M
[W�\PI\�C+WUE

=T
nM=n = � �������

NWZ�I�UWLMn IVL�\PM�XIZ\QKQXI\QWV�NIK\WZ�NWZ�I�UWLMn QV�\PM�LQZMK\QWV p� rn,p Q[�OQ^MV�I[

rn,p = =T
nMLp �������

_PMZM Lp Q[�I�^MK\WZ�KWV\IQVQVO�]VQ\a�LQ[XTIKMUMV\�QV�\PM���LQZMK\QWV[�WN �\PM�KWWZLQVI\M�[a[\MU�WN
\PM�[IUXTM� 1\�Q[�KTMIZ�\PI\�\PQ[�UW\QWVIT�UI[[�XIZ\QKQXI\QWV�[PW]TL�JM�KWUXIZML�\W�\PM�XZWJM�WX\QKIT
ÅMTL�[QbM�WV�\PM�UMUJZIVM� 1N �Q\�M`XMZQUMV\ITTa�UISM[�[MV[M�\W�IXXZW`QUI\M�\PM�XZWJM�ÅMTL�[QbM
I[�I�XWQV\�KWUXIZML�\W�\PM�IKW][\QK�UWLM�[QbM�\PMV�\PM�58. KIV�JM�][ML�I[�IV�QVLQKI\QWV�WN �\PM
WX\WUMKPIVQKIT�KW]XTQVO� <PQ[�Q[�I�OWWL�IXZW`QUI\QWV�NWZ�I�JQO�[\Z]K\]ZM�TQSM�\PM�/I)[�UMUJZIVM
][ML�QV KPIX� � _PMZM�\PM�WX\QKIT�JMIU[QbM�_I[�IJW]\� � µU�QV 1/r2 UMI[]ZMUMV\� +WUXIZML�\W
\PM�\ZIV[^MZ[M�LQUMV[QWV[�WN �ZW]OPTa���Ja���UU�\PQ[�Q[�_MTT�IXXZW`QUI\QVO�I�XWQV\� 1V�\PM�WXXW[Q\M
ZMOQUM�\PM�VIVWUMUJZIVM[�QV^M[\QOI\ML�QV ÅO[� ��  IZM�\PM�[QbM�WN �I�KW]XTM�WN µU� IVL�\PM�XZWJM
JMIU�[QbM�Q[�^MZa�U]KP�\PM�[IUM�[QbM�I[�\PM�[\Z]K\]ZM� 1N �\PM�VIVWUMUJZIVM�Q[�\PM�WVTa�[\Z]K\]ZM
^QJZI\QVO�IVL�KW]XTQVO�\W�\PM�WX\QKIT�ÅMTL� \PM�58. QV�\PM�TWVOQ\]LQVIT�LQZMK\QWV�_W]TL�JM�I�OWWL
QVLQKI\WZ�WN �\PM�WX\WUMKPIVQKIT�KW]XTQVO� 0W_M^MZ�NWZ�Y]Q\M�I�NM_�WN �\PM�UMKPIVQKIT�UWLM[�I
TIZOM�XIZ\�WN �\PM�[]ZZW]VLQVO�]VLMZM\KPML�IZMI�Q[�IT[W�KWV\ZQJ]\QVO�\W�\PM�LQ[XTIKMUMV\� IVL�\P][
I�KITK]TI\QWV�WN � \PM�W^MZTIX�_Q\P�\PM�WX\QKIT�JMIU�_W]TL�JM�VMKM[[IZa� 1V ÅO� ��� IV�M`IUXTM
[SM\KP�WN �\PM��� ��50b�UMKPIVQKIT�UWLM�Q[�[PW_V�_Q\P�I�XZWJM�JMIU�QVLQKI\ML� 1\�Q[�KTMIZ�\PI\
\PM�JQO�IZMI�IZW]VL�\PM�\M\PMZML�UMUJZIVM� _PQKP�Q[�LMVW\ML�\PM�]VLMZM\KPML� KWV\ZQJ]\M[�\W�\PM
UMI[]ZML�UW\QWV�_Q\P�I�TIZOM�XZWJM�JMIU�_PQTM�I�[UITTMZ�XZWJM�JMIU�_QTT�WVTa�[IUXTM�\PM�UW\QWV
WN �\PM�VIVWUMUJZIVM� 1V [MK� *���� Q[�[PW_V�\PM�.-5 WN �\PM����TW_M[\�MVMZOa�UMKPIVQKIT�UWLM[
WN �\PM[M�VIVWUMUJZIVM[� IVL�Q\�Q[�NW]VL�\PI\�I�TW\�WN �\PM�UWLM[�[PW_�I�TIZOM�LQ[XTIKMUMV\�WN �\PM
]VLMZM\KPML�IZMI�

-`IUXTM[�WN �\PM�KITK]TI\ML�WN �\PM�XIZ\QKQXI\QWV�NIK\WZ�IZM�[PW_V�QV ÅO� ��� _PMZM�Q\�Q[�[PW_V�PW_
\PM�XIZ\QKQXI\QWV�Q[�LQNNMZMV\�NWZ�LQNNMZMV\�UWLM[� IVL�\PI\�Q\�Q[�VW\�\ZQ^QITTa�I�UWVW\WVW][�LMKTQVM�QV
XIZ\QKQXI\QWV�NWZ�PQOPMZ�MVMZOa�UWLM[�

�!
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XIZIJTM�_Q\P�\PM�VIVWUMUJZIVM�IVL�WVM�JQOOMZ�
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[MK� ���� +TMIZTa�\PM�UWLM[�_Q\P����!�50b� �� ��5Pb� �����50b� �����50b�50b
LWUQVI\M�
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.QVQ\M�-TMUMV\�5WLMTQVO ����-NNMK\Q^M�UI[[�KWV\ZQJ]\QWV

;W�QV�WVM�KWV^MV\QWV�\PM�MNNMK\Q^M�UI[[�QVKT]LM�\PM�W^MZTIX�JM\_MMV�\PM�TQOP\�ÅMTL�IVL�\PM�UMKPIV�
QKIT�UWLM� _PQTM�QV�IVW\PMZ�KWV^MV\QWV�\PQ[�Q[�QVKT]LML�I[�IV�M`XTQKQ\�W^MZTIX�\MZU�\PI\�Q[�QV\MOZI\ML
W^MZ� <PM�MNNMK\�Q[�QTT][\ZI\ML�QV ÅO� ��� _PMZM�I�XZWJM�JMIU�I\�\PM�[QLM�WN �I�UMUJZIVM�WVTa�[PW_
I�[UITT�W^MZTIX�_Q\P�\PM�������UMKPIVQKIT�UWLM� .WZ�\PZMM�LQNNMZMV\�XW[Q\QWV[�WN �KMV\MZ� KWZVMZ�IVL
\PM�[QLM��I[�[PW_V�QV ÅO� ����� \PM�W^MZTIX�Q[�[PW_V�QV ÅO� ���� 1\�Q[�KTMIZ�PW_�\PM�LQNNMZMV\�UWLM[
_QTT�PI^M�LQNNMZMV\�KWV\ZQJ]\QWV�\W�\PM�UMI[]ZML�[QOVIT� IVL�\PQ[�VMML[�\W�JM� QVKT]LML�_PMV�\PM
MNNMK\Q^M�UI[[�WN �I�UWLM�Q[�LQ[K][[ML�

Beam

(1,1) mode

Overlap

.QO]ZM ����" 7^MZTIX�_Q\P�JMIU�NWZ�\PM�������UWLM�
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.QVQ\M�-TMUMV\�5WLMTQVO ����.-5 UWLMTQVO�WN �UMKPIVQKIT�Y]ITQ\a�NIK\WZ

���� .-5 UWLMTQVO�WN �UMKPIVQKIT�Y]ITQ\a
NIK\WZ

1V� \PM� .-5 VW� TW[[� Q[� QVKT]LML� ]VTM[[� [XMKQÅKITTa� QVX]\� <PQ[� Q[� XW[[QJTM� \PZW]OP� QVKT][QWV� WN
\PM�^IZQW][� TW[[�UMKPIVQ[U[�\PI\�IK\]ITTa�WKK]Z� QV� \PM�UI\MZQIT[� 0W_M^MZ� \PM[M�IZM�UIVaNWTL�
IVL�KWUXTQKI\ML�\W�UWLMT� )V�M[\QUI\M�WN �\PM�LWUQVI\QVO�TW[[�UMKPIVQ[U�_W]TL�JM�^MZa�VQKM�\W
PI^M�

?PI\�Q[�VMMLML�Q[�\W�UWLMT�\PM�M`\MVL�\PM�M`KQ\I\QWV�KIV�ZMIKP�QN �ITTW_ML�\W�\ZI^MT�QV�\PM�IZMI�[]Z�
ZW]VLQVO�\PM�[IUXTM� +WV[QLMZ�I�UMKPIVQKIT�[a[\MU�[][XMVLML�Ja�\M\PMZ[� 1\�Q[�\PMV�VMKM[[IZa�\W
QVKT]LM�I�TIZOM�[]ZZW]VLQVO�[a[\MU�_PMZM�IV�M`KQ\I\QWV�KIV�\ZI^MT�IVL�LQ[[QXI\M�_Q\PW]\�ZMIKPQVO
\PM�MLOM�IVL�ZMÆMK\QVO� 1\�Q[�XZWJTMUI\QK�\W�IKPQM^M�\PQ[�KWUX]\I\QWVITTa�J]\�_PI\�Q[�LWVM�QV[\MIL
WN �KZMI\QVO�I�TIZOM�[\Z]K\]ZM� Q[�QVKT]LM�IV�IJ[WZX\QWV�WN �\PM�M`KQ\I\QWV�QV�\PM�UI\MZQIT�W]\[QLM�\PM
[IUXTM� ) \MKPVQKIT�_Ia�WN �QUXTMUMV\QVO�\PQ[�Q[�\W�QVKT]LM�IV�QUIOQVIZa�\MZU�QV�\PM�AW]VO¼[�UWL�
]T][�NWZ�\PM�UI\MZQIT�C-QKPMVÅMTL�!� []XXT� QVN�E \PI\�Q[�QVKZMI[QVO�I[�\PM�LQ[\IVKM�NZWU�\PM�[IUXTM
QVKZMI[M[� <PQ[�Q[�ISQV�\W�\PM 8MZNMK\Ta�5I\KPML�4IaMZ C<IÆW^M��E�_PQKP�Q[�_MTT�SVW_V�NZWU�[\]LaQVO
MTMK\ZWUIOVM\QK[�_PMZM�Q\�Q[�VMMLML�\W�VW\�PI^M�ZMÆMK\QWV[� <PM�AW]VO¼[�UWL]T][�Q[�QVKT]LML�I[
Ereservoir → E0(1+ iη) _PMZME0 Q[�\PM�[\IVLIZL�UI\MZQITE IVL η = η(z) Q[�\PMV�\PM�N]VK\QWV�WN
LQ[\IVKM z NZWU�\PM�[IUXTM�\PI\�QVKT]LM[�IJ[WZX\QWV� <PM�UMKPIVQKIT Qm Q[�\PMV�M[\QUI\ML�][QVO
Qm = 0(νm)/(21(νm))�

<PM η N]VK\QWV�VMML[�\W�JM�[UITT�MVW]OP�IZW]VL�\PM�[IUXTM�\W�VW\�MNNMK\�\PM�XW_MZ�LQ[[QXI\ML�I\
\PM�\M\PMZ[�_PQKP�_W]TL�KPIVOM�\PM�M[\QUI\ML Qm� J]\�I\�\PM�[IUM�\QUM�JQO�MVW]OP�IVL�^IZaQVO
IXXZMKQIJTa� [W� \PI\� \PM� ZILQI\ML�M`KQ\I\QWV�XZWXIOI\M[�I� [QOVQÅKIV\�LQ[\IVKM� QV� \PM� []ZZW]VLQVO
[a[\MU�J]\�I\\MV]I\ML�[W�\PI\�VW\PQVO�ZMÆMK\[�IVL�ZMMV\MZ[�\PM�[IUXTM�IZMI� <P][�\PM�[]ZZW]VLQVO
[a[\MU�[PW]TL�JM�UILM�^MZa�JQO� IVL η ^IZQML�]V\QT�\PM�IJW^M�ZMY]QZMUMV\[�IZM�UM\� <PMV�\PM
IJ[WZX\QWV�Q[�QVKZMI[ML�]V\QT�\PMZM�Q[�I�KTMIZ�KPIVOM�QV Qm I[�M[\QUI\ML�][QVO�\PM�IJW^M�ZMTI\QWV�
_PQKP�\PMV�Å`M[�\PM η� IVL�\P][ Qm�

1V ÅO� ��� M`IUXTM[�WN �\PM[M�M`KQ\I\QWV[�IZM�[PW_V� 1\�Q[�[MMV�PW_�\PM�M`KQ\I\QWV[�XZWXIOI\QVO�QV�\PM
[]ZZW]VLQVO�UI\MZQIT�_Q\P�IVL�_Q\PW]\�MVW]OP η N]VK\QWV�IZM�[PW_V� <PM�XZWKML]ZM�WN �WX\QUQbQVO
\PM η Q[�LWVM�NWZ�ITT�MQOMVNZMY]MVKQM[�WN �QV\MZM[\�

�I� -`IUXTM�WN �UMKPIVQKIT�LQ[XTIKMUMV\�_Q\P�[]Q\IJTM η� <PM�XZWX�
IOI\QVO�_I^M�Q[�^Q[QJTM� J]\�I\\MV]I\ML�JMNWZM�ZMIKPQVO�\PM�MLOM�WN
\PM�[]ZZW]VLQVO�[\Z]K\]ZM�

�J� -`IUXTM�WN �UMKPIVQKIT�LQ[XTIKMUMV\�_Q\PW]\�MVW]OP�IJ[WZX\QWV�

.QO]ZM ����" Qm M[\QUI\M

��
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+WVKT][QWV[�NZWU�\PM�.-5

.ZWU�\PM�QV^M[\QOI\QWV[�WN �\PM�\M\PMZML�UMUJZIVM�[\Z]K\]ZM�Q\�_I[�NW]VL�\PI\�\PM�M[\QUI\M[�WN Qm

NWTTW_[

� Qm QVKZMI[M[�I[�\PM�_QL\P�WN �\PM�\M\PMZ[�LMKZMI[M[

� Qm QVKZMI[M[�I[�\PM�TMVO\P�WN �\PM�\M\PMZ[�QVKZMI[M[

� Qm QVKZMI[M[�\W�I�UI`QU]U�QN �\PM�\M\PMZ�Q[�XTIKML�[TQOP\Ta�WNN[M\�NZWU�\PM�KMV\MZ�WN �\PM�UMU�
JZIVM�_PMZM�\PMZM�Q[�I�VWLM�QV�\PM�LQ[XTIKMUMV\�ÅMTL

<PQ[�Q[�IUWVO�\PM�ÅVLQVO[�][ML�NWZ�\PM�LM[QOV�WN �\PM�VM`\�OMVMZI\QWV�UQKZWUMUJZIVM�[\Z]K\]ZM[
LM[KZQJML�QV KPIX�  �

���� 0MI\�\ZIV[NMZ�IVL�JMVLQVO

?WZS�PI^M�IT[W�JMMV�LWVM�WV�UWLMTQVO�\PM�TWKIT�PMI\QVO�WN �\PM�LQNNMZMV\�UMUJZIVM�[\Z]K\]ZM[�L]M
\W�I�TQOP\�JMIU� <PQ[�WN �KW]Z[M�UW[\Ta�ZMTM^IV\�NWZ�\PM�LQZMK\�JIVL�OIX�[MUQKWVL]K\WZ�[\Z]K\]ZM[
IVL�\P][�VW�PMI\QVO�NWZ�\PM�;Q6UMUJZIVM[�IZM�\ISMV�QV\W�IKKW]V\� ) TWKIT�M`XIV[QWV�L]M�\W�PMI\�QV
\PM�.-5 KIV�JM�QV\ZWL]KML�Ja�I�TWKIT�M`XIV[QWV�NWTTW_QVO�\PM�QV\MV[Q\a�WN �\PM�UWLMTML�TQOP\�JMIU
I[�I�OI][[QIV� *a�KW]XTQVO�\PM [\Z]K\]ZIT�UMKPIVQK[ NZIUM_WZS�IVL�\PM PMI\�\ZIV[NMZ�QV�[WTQL[ QV�+WU[WT�
\PM�JMVLQVO�L]M�\W�TWKIT�PMI\QVO�KIV�JM�UWLMTML� <PQ[�_I[�LWVM�NWZ�\PM�¹JQOº�/I)[�J]\�I[�\PM
KWVKT][QWV[�_I[�\PM�[IUM�I[�\PM�[QUXTM�PMI\�LQNN][QWV�LQ[K][[QWV�QV [MK� )��� VW�N]Z\PMZ�_WZS�_I[
LWVM�QV�\PQ[�LQZMK\QWV� 1N �UWZM�_I[�SVW_V�IJW]\�\PM�K]ZZMV\�KZWX�WN �VIVWUMUJZIVM[� Q\�_W]TL�JM
WJ^QW][�\W�[\]La�\PM�JMVLQVO�LW�\W�ZILQI\QWV�XZM[[]ZM�IVL�IT[W�TWKIT�PMI\QVO�NWZ�IV�IJW^M�JIVL�XZWJM
TQOP\� 0W_M^MZ�I\�\PM�\QUM�WN �\PQ[�_ZQ\QVO�\PM�VIVWUMUJZIVM[�PI^M�WVTa�[PW_V�I�NM_�LM\MK\IJTM
UMKPIVQKIT�UWLM[�IVL�\PQ[�UWLMTQVO�PI^M�VW\�JMMV�LWVM�

���� )XXTQKIJQTQ\a�WN �.-5

<PM�.-5 UM\PWL�Q[�QV^IT]IJTM�NWZ�QLMV\QNaQVO�\PM�LQNNMZMV\�UMKPIVQKIT�UWLM[�\PI\�Q[�I^IQTIJTM�NWZ
[\Z]K\]ZM[�UWZM�KWUXTQKI\ML�\PIV�I�[QUXTM�UMUJZIVM�[\Z]K\]ZM� .WZ�\PM�[QUXTM�[\Z]K\]ZM[�IV�M`IK\
[WT]\QWV�KIV�JM�NW]VL�I[�LM[KZQJML�QV [MK� ���� J]\�_PMV�\PI\�Q[�VW\�IXXTQKIJTM�I�.-5 [WT]\QWV�Q[
LM[QZIJTM�

)\�\PM�[IUM�\QUM�Q\�PI[�JMMV�ZMITQbML�\PI\�\PM�NZMY]MVKQM[�WN �\PM�.-5 MQOMVUWLM[�LW�VW\�IT_Ia[
Å\�_Q\P�\PM�UMI[]ZML�UMKPIVQKIT�UWLM[� 1V�\PM�VWZUIT�[\ZM\KPML�UMUJZIVM�UWLM�WN �IV�»WNN �\PM
[PMTN ¼�UMUJZIVM�NZWU�M�O� 6WZKILI� \PM�\MV[QTM�[\ZM[[�Q[�SVW_V�NZWU�\PM�NIJZQKI\QWV� .ZWU�\PQ[
SVW_V T \PM�MQOMVNZMY]MVKQM[�KIV�JM�M[\QUI\ML�][QVO�\PM�M`XZM[[QWV[�NZWU [MK� ��� IVL�KWUXIZML
_Q\P�\PM�.-5 [WT]\QWV�

.WZ�UWZM�KWUXTQKI\ML�[\Z]K\]ZM[� []KP�I[�\M\PMZML�UMUJZIVM[�I[�XZM[MV\ML�QV�C+WTM��E� \PM�[\ZM\KPML
UMUJZIVM�IXXZW`QUI\QWV�Q[�VW\�^ITQL�IVaUWZM� ;]KP�I�.-5 Q[�QVLQKI\ML�QVÅO� �� � =VNWZ\]VI\MTa
\PQ[�UMIV[�\PI\�\PM�QV\MZVIT�[\ZM[[�Q[�VW�TWVOMZ�LWUQVI\ML�Ja�\PM�\MV[QTM�[\ZM[[� IVL�\PMV�\PM�LM\MZ�
UQVI\QWV�WN � \PM�N]VLIUMV\IT� NZMY]MVKa�JMKWUM[�I�LQNNMZMV\�XZWJTMU� <PM�MQOMVUWLM[�KIV�JM
UWLMTML�Ja�I[[]UQVO�I�NZMM�NZMM�UWLMT�NWZ�I�ZMK\IVO]TIZ�[\Z]K\]ZM� J]\�\PMV�\PM�MNNMK\�WN �\PM�\M\PMZ[
IZM�WN �KW]Z[M�LQ[ZMOIZLML� <PQ[�KIV�JM�IXXTQKIJTM�NWZ�\PM�UWLM[�_PMZM�\PM�VWLM[�WN �\PM�UW\QWV

��



.QVQ\M�-TMUMV\�5WLMTQVO ����)XXTQKIJQTQ\a�WN �.-5

.QO]ZM �� �" -`IUXTM�.-5 WN �I�[\Z]K\]ZM�[]KP�I[�XZM[MV\ML�QV�C+WTM��E� <PM�KWTWZ�QVLQKI\M[�\PM
LQ[XTIKMUMV\� <PM�LQ[XTIKMUMV\�Q[�OZW[[Ta�M`IOOMZI\ML�NWZ�KTIZQ\a� <PM�]VLMZM\KPML
IZMI�IZW]VL�\PM�\M\PMZML�UMUJZIVM�Q\[MTN �M`\MVL[�NIZ�W]\�_Q\P�\PM�MLOM[�JMQVO�Å`ML�Ja
I�JW]VLIZa�KWVLQ\QWV� \P][�INNMK\QVO�\PM�UMUJZIVM�UW\QWV�\PM�TMI[\�

IZM�I\�\PM�\M\PMZ�XWQV\[��I[[]UQVO�QVÅVQ\MTa�\PQV�\M\PMZ[�� J]\�\W�OM\�\PM�N]TT�TQ[\�WN �UWLM[�I�.-5 Q[
VMKM[[IZa� ?Q\PW]\�ILLQVO�QV\MZVIT�XZM[[]ZM�QV�\PM�.-5 \PM�^IT]M[�]VNWZ\]VI\MTa�LW�VW\�Å\�_Q\P�\PM
M`XMZQUMV\IT�ZM[]T\[� IVL�\PQ[�_W]TL�VW\�JM�MI[a�\W�LW�QV�I�[a[\MUI\QK�IVL�IKK]ZI\M�NI[PQWV� 1N �\PM
NWZU�Q[�SMX\� M^MV�\PZW]OP�\PM�XZMNIK\WZ�Q[�U]KP�UWZM�KWUXTQKI\ML� \PM�WZLMZ�WN �UMKPIVQKIT�MVMZOa
QV�\PM�LQNNMZMV\�MQOMVUWLM[�IZM�I[[]UML�\W�JM�]VKPIVOML� <PQ[�Q[�WVTa�\Z]M�I[[]UQVO�\PM�QV\MZVIT
XZM[[]ZM�LQ[\ZQJ]\QWV�Q[�Q[W\ZWXQK�_PQKP�_QTT�VW\�JM�\PM�KI[M� .WZ�I�Y]QKS�\M[\�NWZ�[QUXTM�[\Z]K\]ZM[
\PM�.-5 Q[�^MZa�IXXTQKIJTM�\W�LM\MZUQVM�_PQKP�UWLM�Q[�_PQKP�

��





8IZ\ 111�

+WWTQVO�^QJZI\QWV[�_Q\P�TQOP\





�� +WWTQVO�_Q\P�TQOP\

<PQ[�KPIX\MZ�LM[KZQJM[�\PM�QUXTMUMV\I\QWV�IVL�QV^M[\QOI\QWV�WN �KWWTQVO�WN �^QJZI\QWVIT�UWLM[�NWZ�I
/I)[�UMUJZIVM� <PM�M`XMZQUMV\IT�[M\]X�Q[�LM[KZQJML�IVL�\PM�LQNNMZMV\�KPIZIK\MZQbI\QWV�UM\PWL[
IZM� QV\ZWL]KML� <PM�M^QLMVKM� NWZ� [\ZWVO�KI^Q\a�KWWTQVO� Q[� [PW_V�IVL� \PM�XPa[QKIT�UM\PWL� \PI\
OQ^M[�ZQ[M�\W�\PQ[�Q[�QV^M[\QOI\ML� 1\�Q[�XZW^MV�\PI\�\PM�KWWTQVO�[\MU[�NZWU�I�LMTIa�QV�\PM�ZM[XWV[M�WN
\PM�UMUJZIVM�\W�I�KPIVOM�QV�\PM�KI^Q\a�ÅMTL� <PM�LMTIa�Q[�NW]VL�\W�JM�L]M�\W�\PM�M`KQ\I\QWV�WN
MTMK\ZWV�PWTM�XIQZ[�IVL�\PM�[]J[MY]MV\�[TW_�ZMTI`I\QWV�QV\W�PMI\�Q[�_PI\�OW^MZV[�\PM�[\ZWVO�KWWTQVO
MNNMK\�

?PI\�Q[�ZMUIZSIJTM�Q[�PW_�[\ZWVO�\PM�^QJZI\QWVIT�KWWTQVO�Q[� _PQKP�Q[�NW]VL�\W�JM�L]M�\W�I�[\ZWVO�XPW�
\W\PMZUIT�KWWTQVO�KWUJQVML�_Q\P�\PM�QV\ZQV[QK�JMVL�WN �\PM�UMUJZIVM� IVL�\PQ[�Q[�QV^M[\QOI\ML�IVL
M`XTIQVML� 1\�Q[�[PW_V�PW_�\PM�^QJZI\QWVIT�KWWTQVO�KW]TL�JM�L]M�QV�XIZ\�\W�\PM�[W�KITTML LMNWZUI\QWV
XW\MV\QIT KWWTQVO� IVL�\PQ[�Q[�LM[KZQJML�I[�\PM�VM`\�[\MX�QV KPIX� ��

���� <PM�[MIZKP�NWZ�OZW]VL�[\I\M�KWWTQVO

1\� PI[� JMMV� \PM� OWIT� WN � \PM� WX\WUMKPIVQK[� ÅMTL� \W� IKPQM^M� ^QJZI\QWVIT� OZW]VL[\I\M� KWWTQVO� ][�
QVO� \PM� ZILQI\QWV�XZM[[]ZM� [QLM�JIVL� KWWTQVO� NWZ� I� KW]XTM� WN � aMIZ[� I[� LM[KZQJML� IJW^M� 1V� \PQ[
\MZUQVWTWOa� \PM� ^QJZI\QWVIT� OZW]VL[\I\M� ZMNMZ� \W� \PM� ^QJZI\QWVIT� WKK]XI\QWV� JMQVO� KTW[M� \W� JM�
QVO�MY]Q^ITMV\�WN �I�Y]IV\]U�PIZUWVQK�W[KQTTI\WZ�_Q\P�I� [QVOTM�XPWVWV�WKK]XI\QWV� <PQ[� PI^M
JMMV�IKPQM^ML�_Q\P�\PZMM�^MZa�LQNNMZMV\�ZMITQbI\QWV[�JMQVO�[PW_V�QV� »���IVL�»��� 1V�ÅO� ������ Q[
[PW_V�\PM[M���ZMITQbI\QWV[�C>MZPIOMV��� +PIV��� <M]NMT��E�_PMZM�I�XPWVWV�XWX]TI\QWV�WN �\PM
^QJZI\QWVIT�UWLM� Q[� KWWTML� \W� TM[[� \PIV��� <PQ[� Q[� I� ZMUIZSIJTM� [\I\MUMV\� IVL�I�UQTM[\WVM� NWZ
XPa[QK[�

<PM�ZMI[WV�\PI\�\PM[M�[a[\MU[�_MZM�\PM�ÅZ[\�_I[�L]M�\W�\PM�^MZa�[UITT�[QbM�IVL�\PM�^MZa�KTM^MZ�MV�
OQVMMZQVO�\PI\�PI[�JMMV�X]\�QV\W�LM[QOVQVO�\PMU� <PM�[a[\MU�QV�C>MZPIOMV��E�Q[�I�UQKZW\WZWQLIT
KI^Q\a�_PMZM�\PM�ZQVO�WN �\PM�\WZZWQL�[]XXWZ\[ _PQ[XMZQVO�OITTMZa�UWLM[ NWZ�\PM�KWV\IQVUMV\�WN �JW\P�\PM
TQOP\�ÅMTL�IVL�\PM�^QJZI\QWVIT�LMOZMM�WN �NZMMLWU� )LLQ\QWVITTa�C7�¼+WVVMTT��E�LM[MZ^M[�IV�PWV�
W]ZIJTM�UMV\QWV�I[�\PM�ÅZ[\�[a[\MU�[PW_QVO�\PQ[�OZW]VL�[\I\M�KWWTQVO� J]\�Q\�_I[�VW\�^QJZI\QWVITTa
KWWTQVO�_Q\P�TQOP\� J]\�ZI\PMZ�^QI�XQMbWMTMK\ZQK�KW]XTQVO� <PM�[a[\MU�QV�C+PIV��E�Q[�I�PQOPTa�MV�
OQVMMZML�XPWVWVQK�KI^Q\a�\PI\�TWKITQbM[�IVL�LMKW]XTM[�\PM�^QJZI\QWVIT�UWLM�I\�\PM�XWQV\�_PMZM�I
XPW\WVQK�KZa[\IT�KI^Q\a�Q[�KZMI\ML� \P][�KZMI\QVO�I�^MZa�[UITT� IVL�PQOPTa�Q[WTI\ML�[a[\MU� <PM�[a[�
\MU�QV�C<M]NMT��E�Q[�I�[]XMZKWVL]K\QWV�UQKZW_I^M�KQZK]Q\�IVL�\P][�\PM�KWWTQVO�ÅMTL�Q[�I�KWPMZMV\
UQKZW_I^M�LZQ^M� J]\�Q\�Q[�M[[MV\QITTa�\PM�[IUM�\aXM�WN �[a[\MU�

1\�[PW]TL�IT[W�JM�VW\ML�\PI\�M^MV�\PW]OP�\PM[M�OZW]X[�PI^M�[PW_V�IV�I^MZIOM�XPWVWV�WKK]XI\QWV
WN �TM[[�\PI\�WVM� \PMa�IZM�[\QTT�QV�I�\PMZUIT�[\I\M�J]\�_Q\P�I�[UITT�XZWJIJQTQ\a�WN �UMI[]ZQVO�UWZM�\PIV
WVM�XPWVWV�WKK]XI\QWV� <PM�KWVKT][QWV�\PI\�\PQ[�[\I\M�Q[�X]ZMTa�VWV�KTI[[QKIT�Q[�\P][�I�TQ\\TM�JQ\�WN �I
[\ZM\KP� J]\�I�TW\�WN �VM_�I^MV]M[�[]KP�I[�[\ZWVO�KW]XTQVO�ITTW_QVO�NWZ�KWPMZMV\�[\I\M�\ZIV[NMZ�QV\W�\PM
UMUJZIVM�UW\QWV�IVL�[\WZQVO�WN �Y]IV\]U�[\I\M[�QV�\PM�^QJZI\QWV[� IZM�XW[[QJTM�VW_�\PQ[�UQTM[\WVM
PI[�JMMV�IKPQM^ML�C7�¼+WVVMTT��� <M]NMT��� +PIV��E�



����<PM�[MIZKP�NWZ�OZW]VL�[\I\M�KWWTQVO +WWTQVO�_Q\P�TQOP\

�I� ;a[\MU� NZWU� \PM� 61;<�214) OZW]X[
C<M]NMT��E�

�J� ;a[\MU� NZWU� \PM� 8IQV\MZ� OZW]X� �)[�
XMTUMaMZ��C+PIV��E�

�K� ;a[\MU� NZWU� \PM� 3QXXMVJMZO� OZW]X
C>MZPIOMV��E�

.QO]ZM ����" -`IUXTM[� WN � KWWTQVO� �� ^MZa� LQNNMZMV\� UQKZWUMKPIVQKIT� [a[\MU[� \W� \PM� ^QJZI\QWVIT
OZW]VL�[\I\M�

��



+WWTQVO�_Q\P�TQOP\ ����<PM�[MIZKP�NWZ�OZW]VL�[\I\M�KWWTQVO

.QO]ZM ����" ;a[\MU�NZWU�C5M\bOMZ��E� ) OWTL�KWI\ML�[QTQKQ]U�KIV\QTM^MZ�KZMI\M[�I�.IJZa�8vZW\�KI^�
Q\a�_Q\P�I�OWTL�KWI\ML�ÅJMZ� :MXZWL]KML�NZWU�C5M\bOMZ��E�

0MZM�\PM�NWK][�Q[�WV�I�LQNNMZMV\�KWWTQVO�UM\PWL�\PIV�\PM�WVM�MUXTWaML�QV�\PM[M�[M\]X[� <PM�M`�
XMZQUMV\�Q[�XMZNWZUML�I\�ZWWU�\MUXMZI\]ZM�IVL�\PM�KWWTQVO�XZWKM[[�Q[�L]M�\W�PMI\�QVL]KML�Ja�\PM
QUXQVOQVO�XPW\WV[� <PQ[�Q[�\PM�[WKITTML�XPW\W\PMZUIT�KWWTQVO�C5M\bOMZ��E� _PMZM�\PM�TWKIT�PMI\QVO
KW]XTM�\W�\PM�UMKPIVQKIT�LMOZMM�WN �NZMMLWU�IVL�TMIL[�\W�^QJZI\QWVIT�KWWTQVO�

<PM�KWV\ZQJ]\QWV[�WN �\PM�I]\PWZ
?PQTM�\PM�WZQOQVIT�WX\WUMKPIVQKIT�[M\]X�_I[�LM[QOVML�IVL�QUXTMUMV\ML�Ja�3WRQ�=[IUQ� *W�5MT�
PWT\�6QMT[MV� <WTOI�*IOKQ�IVL�\PM�I]\PWZ� \PM�_WZS�XZM[MV\ML�QV�\PQ[�KPIX\MZ�_I[�LWVM�ITUW[\�M`�
KT][Q^MTa�Ja�3WRQ�=[IUQ�IVL�\PM�I]\PWZ� 3WRQ�=[IUQ�UILM�\PM�ZMITQbI\QWV�\PI\�\PM�[\ZIVOM�KPIW\QK
JMPI^QW]Z�\PI\�_I[�_Q\VM[[ML�_I[�L]M�\W�I�[\ZWVO�XPW\WQVL]KML�NWZKM� IVL�\PM�I]\PWZ�IVL�3WRQ
=[IUQ�\PMV�MUJIZSML�WV�I�TWVO�QV^M[\QOI\QWV�WN �\PM�UMKPIVQ[U�_Q\P�\PM�PMTX�IVL�KW]VKMT� I[�_MTT
I[�M`XMZQUMV\IT�I[[Q[\IVKM� NZWU�UIVa�[QLM[� <P][�\PM�I]\PWZ�PI[�JMMV�PMI^QTa� QV^WT^ML� QV� \PM
LM[QOV� WX\QUQbI\QWV�IVL�WXMZI\QWV�WN �M`XMZQUMV\[�IVL�IVITabI\QWV�WN �\PM�ZM[]T\[�\W�QV^M[\QOI\M�\PQ[
MNNMK\�QV�\PM�/I)[�UMUJZIVM� _Q\P�PMTX�NZWU�<WTOI�*IOKQ�

������ -`IUXTM[�WN �XPW\W\PMZUIT�KWWTQVO

1V�C5M\bOMZ��E�\PM�KI^Q\a�QVL]KML�XPW\W\PMZUIT�KWWTQVO�WN �I�^QJZI\QWVIT�UWLM�][QVO�I�OWTL�KWI\ML
[QTQKWV�UQKZW�KIV\QTM^MZ�_I[�[PW_V� <PM�\PMZUIT�UW\QWV�WN �\PM�KIV\QTM^MZ�_I[�UWVQ\WZML�Ja�[M\\QVO
]X�I�.IJZa�8uZW\�KI^Q\a�JM\_MMV�\PM�KIV\QTM^MZ�IVL�I�OWTL�KWI\ML�ÅJMZ�\QX� IVL�\PMV�UMI[]ZQVO�\PM
ZMÆMK\QWV� *a�UMI[]ZQVO�\PM�PQOP�NZMY]MVKa�KWUXWVMV\[��IZW]VL�\PM�^QJZI\QWVIT�NZMY]MVKa��WN �\PM
ZMÆMK\QWV�[QOVIT� \PM�UW\QWV�WN �\PM�KIV\QTM^MZ�KIV�JM�LML]KML� 1V ÅO� ��� \PM�[a[\MU�QV�Y]M[\QWV�Q[
[PW_V� <PMa�[]KKMMLML�QV�KWWTQVO�I�^QJZI\QWVIT�UWLM�NZWU�ZWWU�\MUXMZI\]ZM�UWZM�\PIV�I�NIK\WZ
WN ���� 1V�\PM�TIVO]IOM�WN �MNNMK\Q^M�^QJZI\QWVIT�\MUXMZI\]ZM� T MNN� NZWU MYV� �������� \PMa�IKPQM^ML
^QJZI\QWVIT�KWWTQVO�\W T MNN = 18 3� 1V�\PQ[�KI[M�\PM�XPW\W\PMZUIT�NWZKM�Q[�QUXTMUMV\ML�\PZW]OP�\PM
LQNNMZMV\�\PMZUIT�M`XIV[QWV�KWMNÅKQMV\[�JM\_MMV�\PM�[QTQKWV�KIV\QTM^MZ� IVL�\PM�OWTL�KWI\QVO� ?PMV
XPW\WV[�IZM�IJ[WZJML�QV�\PM�OWTL�ÅTU�\PMa�PMI\�TWKITTa�IVL�M`XIVL� <PQ[�M`XIV[QWV�\PMV�KW]XTM[
\W�\PM�UW\QWV�WN �\PM�TM^MZ�Ja�JMVLQVO� J]\�I[�Q\�LWM[�VW\�QV[\IV\IVMW][Ta�LMNWZU� \PMZM�Q[�I�LMTIa
\W�\PM�ZM[XWV[M� <PQ[�MV\MZ[�QV\W�\PM�MY]I\QWV[�WN �UW\QWV�I[�\PM�LMTIa h(t) = 1− e−t/τ \PI\�_I[
QV\ZWL]KML�QV KPIX� ��

*MKI][M�WN �\PM�\QUM�LMTIa�JM\_MMV�\PM�TWKIT�PMI\QVO�IVL�\PM�NMMLJIKS�WV�\PM�UW\QWV�WN �\PM�UM�
KPIVQKIT�[a[\MU� \PM�KW]XTQVO�\W�\PM�^QJZI\QWVIT�UW\QWV�WN �\PM�KIV\QTM^MZ�IVL�^QJZI\QWVIT�PMI\QVO
IVL�KWWTQVO�Q[�XW[[QJTM� I[�_I[�LM[KZQJML�QV KPIX� ��

��



����.]VK\QWVIT�LM^QKM[ +WWTQVO�_Q\P�TQOP\

���� .]VK\QWVIT�LM^QKM[

;W�_Pa�Q[�Q\�QV\MZM[\QVO�\W�NWK][�WV�[a[\MU[�_PMZM�XPW\W\PMZUIT�KWWTQVO�Q[�I�[\ZWVO�MNNMK\�ZI\PMZ
\PIV�\ZaQVO�\W�IKPQM^M�OZW]VL[�[\I\M�KWWTQVO�QV�\PM�[IUM�NI[PQWV�I[�I�TW\�WN �W\PMZ�OZW]X[' ) UIRWZ
ZMI[WV�Q[�\PM�XW\MV\QIT�W]\TWWS�NWZ�LM[QOVQVO�N]VK\QWVIT�WX\WUMKPIVQKIT�[a[\MU[� _PMZM�\PM�^QJZI\QVO
UQZZWZ�UMUJZIVM�Q\[MTN �QVKT]LM[�I�VWVTQVMIZ�NMI\]ZM�[]KP�I[�I�KWVÅVML�[\Z]K\]ZM�I[�I�Y]IV\]U�LW\
I[�XZWXW[ML�QV�C?QT[WV�:IM��E� ;WUM�WN �\PM�I^MV]M[�WN �QV^M[\QOI\QVO�[\Z]K\]ZM[�UILM�WN �/I)[�\PI\
M`PQJQ\�\PQ[�XPW\W\PMZUIT�KWWTQVO�IZM�LM[KZQJML�QV [MK� ����

���� -`XMZQUMV\IT�[M\]X

1V�\PQ[�[MKQ\WV�\PM�M`XMZQUMV\IT�[M\]X�_QTT�JM�LM[KZQJML�

������ 5MUJZIVM�NIJZQKI\QWV

<PM�/I)[�UMUJZIVM�_I[�NIJZQKI\ML�Ja�\PM�OZW]X�WN �8M\MZ�4WLIPT� )[�LM[KZQJML�QV�C4Q]��E�Q\�_I[
NIJZQKI\ML�][QVO�I�/I)[�)T/I)[�PM\MZW[\Z]K\]ZM�_Q\P�I�/I)[� []J[\ZI\M� I�� µm )T/I)[� M\KP
[\WXXQVO� TIaMZ� IVL�I�/I)[�KIXXQVO� TIaMZ�WN �����VU� \PI\� Q[�JMQVO� \]ZVML� QV\W� \PM�UMUJZIVM�
<PM�KWVÅO]ZI\QWV� Q[� [SM\KPML� QV ÅO� ���I� <PM�[]J[\ZI\M�/I)[� Q[� ZMUW^ML� NZWU�\PM�XZWRMK\ML
UMUJZIVM�IZMI�Ja�[MTMK\Q^M�_M\�M\KPQVO�\PI\�M\KPM[�I_Ia�]V\QT�Q\�PQ\[�\PM�)T/I)[�[\WXXQVO�TIaMZ� )
[W�KITTML�VWV�J]NNMZML�IKQL�\PMV�[MTMK\Q^MTa�_M\�M\KPM[�\PM�)T/I)[�TIaMZ�I_Ia�NZWU�\PM�]VLMZ[QLM�
IVL�_PI\�Q[�TMN\�Q[�\PMV�\PM�\PQV�/I)[�TIaMZ� <PM�ZMUIZSIJTM�\PQVO�Ja�\PQ[�NIJZQKI\QWV�XZWKMML]ZM
Q[�\PI\�\PM�UMUJZIVM�Q[�WX\QKITTa�IKKM[[QJTM�NZWU�JW\P�\WX�IVL�JW\\WU� _PQKP�Q[�]V][]IT�NWZ�[]KP
[MUQKWVL]K\WZ� [\Z]K\]ZM[� <PQ[� Q[� I�JWV][� NWZ�][QVO� \PM�UMUJZIVM� QV�WX\WUMKPIVQKIT� [a[\MU[
_PMZM�Q\�KW]TL�JM�XTIKML�QV�I�UMUJZIVM�QV�\PM�UQLLTM�KWVÅO]ZI\QWV� \W�IKPQM^M�PQOP�KI^Q\a�ÅVM[[M
IVL�\P][�PQOPMZ�XPW\WV�V]UJMZ[�

<PM�[IUXTM�_I[�KTMIVML�IVL�ZMILa�NWZ�][M� 1\�Q[�_WZ\P�VW\QVO�PW_�QV�\PM�;-5 XQK\]ZM ÅO� ���J \PM
QZZMO]TIZ�ZW]VLML�ZMK\IVOTM�[PIXM�Q[�WJ^QW][� <PQ[�Q[�VW\�I�NIVKa�LM[QOV�KPWQKM� J]\�ZI\PMZ�PW_�\PM
M\KPQVO�NWTTW_[�\PM�I`Q[�WN �\PM�/I)[�KZa[\IT� IVL�\PM�ZM[]T\�WN �I�ZMK\IVO]TIZ�UI[S�Q[�\PMV�\PQ[�[PIXM�
<PQ[�Q[�LQNNMZMV\�\PIV�\PM�MY]I\QWV[�LMZQ^ML�QV KPIX� � NWZ�\PM�ZMK\IVO]TIZ�UMUJZIVM� <PM�UIQV
LQNNMZMVKM� Q[� \PI\� \PM�LQNNMZMV\�UWLM[� \PI\�IZM�LMOMVMZI\M� QV�I�XMZNMK\Ta� ZMK\IVO]TIZ�UMUJZIVM�
[PW_[�]X�_Q\P�I[�LQNNMZMV\�UWLM[� 1V�WZLMZ�\W�QLMV\QNa�UWLM[�\PM�UMUJZIVM�_I[�QV^M[\QOI\ML�QV�I
>QJZWUM\MZ� IVL�UWLMTML�][QVO�.-5�

<PM�NIJZQKI\ML�UMUJZIVM�Q[�^MZa�JQO�KWUXIZML�\W�W\PMZ�WX\WUMKPIVQKIT�[a[\MU[� _Q\P�I�_QL\P�WN
���� UU�IVL�I�TMVO\P�WN ���!� UU� <PM�\PQKSVM[[�Q[���� VU� <PQ[�¹JQOº�/I)[�[a[\MU�Q[�\PM�UIQV
[IUXTM�][ML�QV KPIX� �� <PM�[a[\MU�Q[�[PW_V�QVÅO� ��� QV�UQKZW[KWXM�XQK\]ZM[�

������ 5MUJZIVM�KPIZIK\MZQbI\QWV�[M\]X

<PM�JI[QK�[M\]X�Q[�QTT][\ZI\ML�QV ÅO� ���� ) LQMTMK\ZQK�KWVKI^M1/2 QVKP�UQZZWZ�_Q\P�!���ZMÆMK\Q^Q\a
NWZU[�I�XWWZ�KI^Q\a�_Q\P�I�UMUJZIVM�_Q\P�I�ZMÆMK\Q^Q\a�WN �IJW]\����� <PM�ÅVM[[M�WN �\PM�.IJZa�
8uZW\�KI^Q\a�Q[�UMI[]ZML�\W�JM�IJW]\����QV�\PM�_I^MTMVO\P�WN � QV\MZM[\�NZWU� ���VU�\W�  ��VU�
<PM�UQZZWZ� Q[�UW]V\ML�WV�I�XQMbW�KZa[\IT� \W�MV[]ZM� \PI\� \PM�KI^Q\a� TMVO\P� _PQKP� Q[ ≈ �!�UU�
KIV�JM�[_MX\�IKKZW[[�\PM�KI^Q\a�ZM[WVIVKM� IVL�\PM�[IUXTM�UMUJZIVM�Q[�UW]V\ML�QV�I�UW^IJTM

��



+WWTQVO�_Q\P�TQOP\ ����-`XMZQUMV\IT�[M\]X

�I� +ZW[[�[MK\QWV�[SM\KP�WN �\PM�VIVWUMUJZIVM�[PW_QVO�[]J[\ZI\M�
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Figure 1 | Experimental set-up and structure of the fabricated GaAs
membrane. a, Sketch of the experimental set-up. A dielectric concave
mirror with a reflectivity of 96% and a membrane with a reflectivity of
roughly 62% form a hemispherical cavity with a measured finesse of about
10 (essentially constant in the range of laser wavelength from 810 nm to
884 nm). The cavity is placed in a vacuum chamber maintained at 10�5 Pa.
The cavity length (⇠29 mm) can be varied by means of a piezoelectric
transducer (PZT) attached to the end mirror. A Ti:sapphire laser
(810 nm–880 nm) is used as a cavity input for both cooling and inducing
mechanical oscillations (the beam spot radius at the membrane is about
80 µm) by modulating its intensity by means of an acousto-optic
modulator (AOM). A diode laser (975 nm) is used to probe the membrane
oscillations using a beam deflection method with a two-segment
photodiode. b, Cross-section of the 160-nm-thick suspended GaAs
membrane (not to scale). The membrane is intrinsically bent slightly
(about 0.1% of the lateral size); the bending shown in the figure is grossly
exaggerated. c, Lateral dimensions of the membrane. The mechanical mode
shown is the (2, 1)-mode.

in the absence of the cavity field is assumed to be 300K. The
mode temperatures obtained with these two methods agree well
with each other. The heating of the nanomembrane due to photo-
absorption is thus not significant for the range of cavity input
power we could examine (50 µW). For the (2, 1)-mode, from
the slope in Fig. 2b, the cooling factor for 50-µW cavity input is
found to be about 10. For the (4, 3)-mode, which has the highest
mechanical Q0 of 2.3⇥ 106 (ref. 22), the cooling factor is about
75 (see Supplementary Information), meaning that the effective
temperature of this particular mode is reduced down to 4 K from
room temperature (when assuming the heating is insignificant
for this mode as well).

A special feature of the cooling is the dependence of the cooling
factor on the photon energy (wavelength) of the cavity field. The
measured cooling factors for a cavity input power of 50 µW with
photon energy in the range from E = 1.53 eV (810 nm) down to
1.40 eV (884 nm) across the bandgap Eg = 1.424 eV (870.8 nm)
are shown in Fig. 3. The cooling factor is essentially constant
from E � Eg to E ⇠ Eg, then varies drastically and ceases
to have an effect when E < Eg � kBT (kB is the Boltzmann
constant and kBT⇠ 26meV at room temperature), which basically
follows the excitonic absorption spectrum25. A sharper excitonic
absorption edge can be expected at lower temperature, which
is interesting from the viewpoint of the proposed single-mirror
Doppler optomechanics26. The origin of the small bump(s) in the
cooling factor around the bandgap Eg is unknown at present and
requires further investigation.
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Figure 2 | Cooling results. a, Calibrated power spectra (resolution
bandwidth: 10 Hz) of the Brownian peaks ((2, 1)-mode) for different cavity
input powers (the wavelength of the laser is 870 nm). b, Results of the
mechanical ringdown. Red and blue diamonds represent the measured
damping rate and the frequency, respectively. Each point is the average of
five identical measurements and the error bars correspond to one standard
deviation; the lines are their least-square linear fits. c, A comparison of the
mode temperatures deduced from the calibrated power spectrum (purple
points) and those from ringdown results performed under the same
conditions (red points). Each point is the average of five identical
measurements and the error bars correspond to one standard deviation;
the red line is produced by the least-square linear fit to the inverse of the
ringdown time.

The second special feature of the cooling is its dependence
on the cavity detuning (Fig. 4). Because of the finite thickness
of the membrane (l = 160 nm) the system consisting of the
semi-transparent membrane and the mirror should be treated
as a coupled two-cavity system formed by the two surfaces of
the membrane and the end mirror (Supplementary Information).
Figure 4a shows the calculated power transmission, reflection and
absorption probabilities of the coupled cavity for an photon
of wavelength 870 nm. The reflection and absorption exhibit
shifted asymmetric resonances with respect to the cavity detuning
because of interference effects inside themembrane. Themaximum
probability of the absorption reaches more than 50% even though
the single-pass absorption probability is just 8%. The intra-
membrane photon number nmem shows the same behaviour as the
absorption (see the red solid line in Fig. 4b). The photo-induced
force Fph(z) is presumably proportional to the number of photons
in themembrane,nmem. This coupled cavity picture (Supplementary
Information) explains the observed abnormal dependence of the
cooling factor on the cavity detuning as�eff/�0�1/rFph /rnmem,
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Figure 1 | Experimental set-up and structure of the fabricated GaAs
membrane. a, Sketch of the experimental set-up. A dielectric concave
mirror with a reflectivity of 96% and a membrane with a reflectivity of
roughly 62% form a hemispherical cavity with a measured finesse of about
10 (essentially constant in the range of laser wavelength from 810 nm to
884 nm). The cavity is placed in a vacuum chamber maintained at 10�5 Pa.
The cavity length (⇠29 mm) can be varied by means of a piezoelectric
transducer (PZT) attached to the end mirror. A Ti:sapphire laser
(810 nm–880 nm) is used as a cavity input for both cooling and inducing
mechanical oscillations (the beam spot radius at the membrane is about
80 µm) by modulating its intensity by means of an acousto-optic
modulator (AOM). A diode laser (975 nm) is used to probe the membrane
oscillations using a beam deflection method with a two-segment
photodiode. b, Cross-section of the 160-nm-thick suspended GaAs
membrane (not to scale). The membrane is intrinsically bent slightly
(about 0.1% of the lateral size); the bending shown in the figure is grossly
exaggerated. c, Lateral dimensions of the membrane. The mechanical mode
shown is the (2, 1)-mode.

in the absence of the cavity field is assumed to be 300K. The
mode temperatures obtained with these two methods agree well
with each other. The heating of the nanomembrane due to photo-
absorption is thus not significant for the range of cavity input
power we could examine (50 µW). For the (2, 1)-mode, from
the slope in Fig. 2b, the cooling factor for 50-µW cavity input is
found to be about 10. For the (4, 3)-mode, which has the highest
mechanical Q0 of 2.3⇥ 106 (ref. 22), the cooling factor is about
75 (see Supplementary Information), meaning that the effective
temperature of this particular mode is reduced down to 4 K from
room temperature (when assuming the heating is insignificant
for this mode as well).

A special feature of the cooling is the dependence of the cooling
factor on the photon energy (wavelength) of the cavity field. The
measured cooling factors for a cavity input power of 50 µW with
photon energy in the range from E = 1.53 eV (810 nm) down to
1.40 eV (884 nm) across the bandgap Eg = 1.424 eV (870.8 nm)
are shown in Fig. 3. The cooling factor is essentially constant
from E � Eg to E ⇠ Eg, then varies drastically and ceases
to have an effect when E < Eg � kBT (kB is the Boltzmann
constant and kBT⇠ 26meV at room temperature), which basically
follows the excitonic absorption spectrum25. A sharper excitonic
absorption edge can be expected at lower temperature, which
is interesting from the viewpoint of the proposed single-mirror
Doppler optomechanics26. The origin of the small bump(s) in the
cooling factor around the bandgap Eg is unknown at present and
requires further investigation.
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Figure 2 | Cooling results. a, Calibrated power spectra (resolution
bandwidth: 10 Hz) of the Brownian peaks ((2, 1)-mode) for different cavity
input powers (the wavelength of the laser is 870 nm). b, Results of the
mechanical ringdown. Red and blue diamonds represent the measured
damping rate and the frequency, respectively. Each point is the average of
five identical measurements and the error bars correspond to one standard
deviation; the lines are their least-square linear fits. c, A comparison of the
mode temperatures deduced from the calibrated power spectrum (purple
points) and those from ringdown results performed under the same
conditions (red points). Each point is the average of five identical
measurements and the error bars correspond to one standard deviation;
the red line is produced by the least-square linear fit to the inverse of the
ringdown time.

The second special feature of the cooling is its dependence
on the cavity detuning (Fig. 4). Because of the finite thickness
of the membrane (l = 160 nm) the system consisting of the
semi-transparent membrane and the mirror should be treated
as a coupled two-cavity system formed by the two surfaces of
the membrane and the end mirror (Supplementary Information).
Figure 4a shows the calculated power transmission, reflection and
absorption probabilities of the coupled cavity for an photon
of wavelength 870 nm. The reflection and absorption exhibit
shifted asymmetric resonances with respect to the cavity detuning
because of interference effects inside themembrane. Themaximum
probability of the absorption reaches more than 50% even though
the single-pass absorption probability is just 8%. The intra-
membrane photon number nmem shows the same behaviour as the
absorption (see the red solid line in Fig. 4b). The photo-induced
force Fph(z) is presumably proportional to the number of photons
in themembrane,nmem. This coupled cavity picture (Supplementary
Information) explains the observed abnormal dependence of the
cooling factor on the cavity detuning as�eff/�0�1/rFph /rnmem,
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Figure 1 | Experimental set-up and structure of the fabricated GaAs
membrane. a, Sketch of the experimental set-up. A dielectric concave
mirror with a reflectivity of 96% and a membrane with a reflectivity of
roughly 62% form a hemispherical cavity with a measured finesse of about
10 (essentially constant in the range of laser wavelength from 810 nm to
884 nm). The cavity is placed in a vacuum chamber maintained at 10�5 Pa.
The cavity length (⇠29 mm) can be varied by means of a piezoelectric
transducer (PZT) attached to the end mirror. A Ti:sapphire laser
(810 nm–880 nm) is used as a cavity input for both cooling and inducing
mechanical oscillations (the beam spot radius at the membrane is about
80 µm) by modulating its intensity by means of an acousto-optic
modulator (AOM). A diode laser (975 nm) is used to probe the membrane
oscillations using a beam deflection method with a two-segment
photodiode. b, Cross-section of the 160-nm-thick suspended GaAs
membrane (not to scale). The membrane is intrinsically bent slightly
(about 0.1% of the lateral size); the bending shown in the figure is grossly
exaggerated. c, Lateral dimensions of the membrane. The mechanical mode
shown is the (2, 1)-mode.

in the absence of the cavity field is assumed to be 300K. The
mode temperatures obtained with these two methods agree well
with each other. The heating of the nanomembrane due to photo-
absorption is thus not significant for the range of cavity input
power we could examine (50 µW). For the (2, 1)-mode, from
the slope in Fig. 2b, the cooling factor for 50-µW cavity input is
found to be about 10. For the (4, 3)-mode, which has the highest
mechanical Q0 of 2.3⇥ 106 (ref. 22), the cooling factor is about
75 (see Supplementary Information), meaning that the effective
temperature of this particular mode is reduced down to 4 K from
room temperature (when assuming the heating is insignificant
for this mode as well).

A special feature of the cooling is the dependence of the cooling
factor on the photon energy (wavelength) of the cavity field. The
measured cooling factors for a cavity input power of 50 µW with
photon energy in the range from E = 1.53 eV (810 nm) down to
1.40 eV (884 nm) across the bandgap Eg = 1.424 eV (870.8 nm)
are shown in Fig. 3. The cooling factor is essentially constant
from E � Eg to E ⇠ Eg, then varies drastically and ceases
to have an effect when E < Eg � kBT (kB is the Boltzmann
constant and kBT⇠ 26meV at room temperature), which basically
follows the excitonic absorption spectrum25. A sharper excitonic
absorption edge can be expected at lower temperature, which
is interesting from the viewpoint of the proposed single-mirror
Doppler optomechanics26. The origin of the small bump(s) in the
cooling factor around the bandgap Eg is unknown at present and
requires further investigation.
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Figure 2 | Cooling results. a, Calibrated power spectra (resolution
bandwidth: 10 Hz) of the Brownian peaks ((2, 1)-mode) for different cavity
input powers (the wavelength of the laser is 870 nm). b, Results of the
mechanical ringdown. Red and blue diamonds represent the measured
damping rate and the frequency, respectively. Each point is the average of
five identical measurements and the error bars correspond to one standard
deviation; the lines are their least-square linear fits. c, A comparison of the
mode temperatures deduced from the calibrated power spectrum (purple
points) and those from ringdown results performed under the same
conditions (red points). Each point is the average of five identical
measurements and the error bars correspond to one standard deviation;
the red line is produced by the least-square linear fit to the inverse of the
ringdown time.

The second special feature of the cooling is its dependence
on the cavity detuning (Fig. 4). Because of the finite thickness
of the membrane (l = 160 nm) the system consisting of the
semi-transparent membrane and the mirror should be treated
as a coupled two-cavity system formed by the two surfaces of
the membrane and the end mirror (Supplementary Information).
Figure 4a shows the calculated power transmission, reflection and
absorption probabilities of the coupled cavity for an photon
of wavelength 870 nm. The reflection and absorption exhibit
shifted asymmetric resonances with respect to the cavity detuning
because of interference effects inside themembrane. Themaximum
probability of the absorption reaches more than 50% even though
the single-pass absorption probability is just 8%. The intra-
membrane photon number nmem shows the same behaviour as the
absorption (see the red solid line in Fig. 4b). The photo-induced
force Fph(z) is presumably proportional to the number of photons
in themembrane,nmem. This coupled cavity picture (Supplementary
Information) explains the observed abnormal dependence of the
cooling factor on the cavity detuning as�eff/�0�1/rFph /rnmem,
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membrane. a, Sketch of the experimental set-up. A dielectric concave
mirror with a reflectivity of 96% and a membrane with a reflectivity of
roughly 62% form a hemispherical cavity with a measured finesse of about
10 (essentially constant in the range of laser wavelength from 810 nm to
884 nm). The cavity is placed in a vacuum chamber maintained at 10�5 Pa.
The cavity length (⇠29 mm) can be varied by means of a piezoelectric
transducer (PZT) attached to the end mirror. A Ti:sapphire laser
(810 nm–880 nm) is used as a cavity input for both cooling and inducing
mechanical oscillations (the beam spot radius at the membrane is about
80 µm) by modulating its intensity by means of an acousto-optic
modulator (AOM). A diode laser (975 nm) is used to probe the membrane
oscillations using a beam deflection method with a two-segment
photodiode. b, Cross-section of the 160-nm-thick suspended GaAs
membrane (not to scale). The membrane is intrinsically bent slightly
(about 0.1% of the lateral size); the bending shown in the figure is grossly
exaggerated. c, Lateral dimensions of the membrane. The mechanical mode
shown is the (2, 1)-mode.

in the absence of the cavity field is assumed to be 300K. The
mode temperatures obtained with these two methods agree well
with each other. The heating of the nanomembrane due to photo-
absorption is thus not significant for the range of cavity input
power we could examine (50 µW). For the (2, 1)-mode, from
the slope in Fig. 2b, the cooling factor for 50-µW cavity input is
found to be about 10. For the (4, 3)-mode, which has the highest
mechanical Q0 of 2.3⇥ 106 (ref. 22), the cooling factor is about
75 (see Supplementary Information), meaning that the effective
temperature of this particular mode is reduced down to 4 K from
room temperature (when assuming the heating is insignificant
for this mode as well).

A special feature of the cooling is the dependence of the cooling
factor on the photon energy (wavelength) of the cavity field. The
measured cooling factors for a cavity input power of 50 µW with
photon energy in the range from E = 1.53 eV (810 nm) down to
1.40 eV (884 nm) across the bandgap Eg = 1.424 eV (870.8 nm)
are shown in Fig. 3. The cooling factor is essentially constant
from E � Eg to E ⇠ Eg, then varies drastically and ceases
to have an effect when E < Eg � kBT (kB is the Boltzmann
constant and kBT⇠ 26meV at room temperature), which basically
follows the excitonic absorption spectrum25. A sharper excitonic
absorption edge can be expected at lower temperature, which
is interesting from the viewpoint of the proposed single-mirror
Doppler optomechanics26. The origin of the small bump(s) in the
cooling factor around the bandgap Eg is unknown at present and
requires further investigation.
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Figure 2 | Cooling results. a, Calibrated power spectra (resolution
bandwidth: 10 Hz) of the Brownian peaks ((2, 1)-mode) for different cavity
input powers (the wavelength of the laser is 870 nm). b, Results of the
mechanical ringdown. Red and blue diamonds represent the measured
damping rate and the frequency, respectively. Each point is the average of
five identical measurements and the error bars correspond to one standard
deviation; the lines are their least-square linear fits. c, A comparison of the
mode temperatures deduced from the calibrated power spectrum (purple
points) and those from ringdown results performed under the same
conditions (red points). Each point is the average of five identical
measurements and the error bars correspond to one standard deviation;
the red line is produced by the least-square linear fit to the inverse of the
ringdown time.

The second special feature of the cooling is its dependence
on the cavity detuning (Fig. 4). Because of the finite thickness
of the membrane (l = 160 nm) the system consisting of the
semi-transparent membrane and the mirror should be treated
as a coupled two-cavity system formed by the two surfaces of
the membrane and the end mirror (Supplementary Information).
Figure 4a shows the calculated power transmission, reflection and
absorption probabilities of the coupled cavity for an photon
of wavelength 870 nm. The reflection and absorption exhibit
shifted asymmetric resonances with respect to the cavity detuning
because of interference effects inside themembrane. Themaximum
probability of the absorption reaches more than 50% even though
the single-pass absorption probability is just 8%. The intra-
membrane photon number nmem shows the same behaviour as the
absorption (see the red solid line in Fig. 4b). The photo-induced
force Fph(z) is presumably proportional to the number of photons
in themembrane,nmem. This coupled cavity picture (Supplementary
Information) explains the observed abnormal dependence of the
cooling factor on the cavity detuning as�eff/�0�1/rFph /rnmem,
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Figure 1 | Experimental set-up and structure of the fabricated GaAs
membrane. a, Sketch of the experimental set-up. A dielectric concave
mirror with a reflectivity of 96% and a membrane with a reflectivity of
roughly 62% form a hemispherical cavity with a measured finesse of about
10 (essentially constant in the range of laser wavelength from 810 nm to
884 nm). The cavity is placed in a vacuum chamber maintained at 10�5 Pa.
The cavity length (⇠29 mm) can be varied by means of a piezoelectric
transducer (PZT) attached to the end mirror. A Ti:sapphire laser
(810 nm–880 nm) is used as a cavity input for both cooling and inducing
mechanical oscillations (the beam spot radius at the membrane is about
80 µm) by modulating its intensity by means of an acousto-optic
modulator (AOM). A diode laser (975 nm) is used to probe the membrane
oscillations using a beam deflection method with a two-segment
photodiode. b, Cross-section of the 160-nm-thick suspended GaAs
membrane (not to scale). The membrane is intrinsically bent slightly
(about 0.1% of the lateral size); the bending shown in the figure is grossly
exaggerated. c, Lateral dimensions of the membrane. The mechanical mode
shown is the (2, 1)-mode.

in the absence of the cavity field is assumed to be 300K. The
mode temperatures obtained with these two methods agree well
with each other. The heating of the nanomembrane due to photo-
absorption is thus not significant for the range of cavity input
power we could examine (50 µW). For the (2, 1)-mode, from
the slope in Fig. 2b, the cooling factor for 50-µW cavity input is
found to be about 10. For the (4, 3)-mode, which has the highest
mechanical Q0 of 2.3⇥ 106 (ref. 22), the cooling factor is about
75 (see Supplementary Information), meaning that the effective
temperature of this particular mode is reduced down to 4 K from
room temperature (when assuming the heating is insignificant
for this mode as well).

A special feature of the cooling is the dependence of the cooling
factor on the photon energy (wavelength) of the cavity field. The
measured cooling factors for a cavity input power of 50 µW with
photon energy in the range from E = 1.53 eV (810 nm) down to
1.40 eV (884 nm) across the bandgap Eg = 1.424 eV (870.8 nm)
are shown in Fig. 3. The cooling factor is essentially constant
from E � Eg to E ⇠ Eg, then varies drastically and ceases
to have an effect when E < Eg � kBT (kB is the Boltzmann
constant and kBT⇠ 26meV at room temperature), which basically
follows the excitonic absorption spectrum25. A sharper excitonic
absorption edge can be expected at lower temperature, which
is interesting from the viewpoint of the proposed single-mirror
Doppler optomechanics26. The origin of the small bump(s) in the
cooling factor around the bandgap Eg is unknown at present and
requires further investigation.
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Figure 2 | Cooling results. a, Calibrated power spectra (resolution
bandwidth: 10 Hz) of the Brownian peaks ((2, 1)-mode) for different cavity
input powers (the wavelength of the laser is 870 nm). b, Results of the
mechanical ringdown. Red and blue diamonds represent the measured
damping rate and the frequency, respectively. Each point is the average of
five identical measurements and the error bars correspond to one standard
deviation; the lines are their least-square linear fits. c, A comparison of the
mode temperatures deduced from the calibrated power spectrum (purple
points) and those from ringdown results performed under the same
conditions (red points). Each point is the average of five identical
measurements and the error bars correspond to one standard deviation;
the red line is produced by the least-square linear fit to the inverse of the
ringdown time.

The second special feature of the cooling is its dependence
on the cavity detuning (Fig. 4). Because of the finite thickness
of the membrane (l = 160 nm) the system consisting of the
semi-transparent membrane and the mirror should be treated
as a coupled two-cavity system formed by the two surfaces of
the membrane and the end mirror (Supplementary Information).
Figure 4a shows the calculated power transmission, reflection and
absorption probabilities of the coupled cavity for an photon
of wavelength 870 nm. The reflection and absorption exhibit
shifted asymmetric resonances with respect to the cavity detuning
because of interference effects inside themembrane. Themaximum
probability of the absorption reaches more than 50% even though
the single-pass absorption probability is just 8%. The intra-
membrane photon number nmem shows the same behaviour as the
absorption (see the red solid line in Fig. 4b). The photo-induced
force Fph(z) is presumably proportional to the number of photons
in themembrane,nmem. This coupled cavity picture (Supplementary
Information) explains the observed abnormal dependence of the
cooling factor on the cavity detuning as�eff/�0�1/rFph /rnmem,
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XMIS�LMKZMI[M[� IVL�VW\�WVTa�\PI\�\PM�XMIS�JZWILMV[�L]M�\W�LIUXQVO [MK� ������ *a�XMZNWZUQVO�I
V]UMZQKIT�QV\MOZI\QWV�\PM�XW_MZ�KIV�JM�LM\MZUQVML�IVL�QN �\PM�M`XMZQUMV\�Q[�ZMXMI\ML�[\I\Q[\QK[�KIV
JM�WJ\IQVML� <PQ[�_I[�\PM�UM\PWL�][ML�\W�XZWL]KM�\PM�KITQJZI\ML�\ZIV[UQ[[QWV�UMI[]ZMUMV\[�QV
ÅO� ����K� +TMIZTa�[\ZWVO�KWWTQVO�PI[�JMMV�XZW^ML�][QVO�\PM�ZQVOLW_V�UMI[]ZMUMV\�\MKPVQY]M�I[
_MTT�I[�\PM�KITQJZI\ML�\ZIV[UQ[[QWV�UMI[]ZMUMV\�\MKPVQY]M�

<PM�/I)[�[XZQVO�KWV[\IV\�WN �\PM�������UWLM�I\����S0b�_I[�NW]VL�\W�JM������6�U�Ja K = mω2
m�

<PM�UW\QWVIT�UI[[� ����� WN � \PM� \W\IT�UMUJZIVM�UI[[��_I[� ���� VO� *a� \PM� [IUM�UM\PWL� \PM
[XZQVO�KWV[\IV\�WN �\PM����S0b�������UWLM�_I[�LM\MZUQVML�\W�JM������6�U� .ZWU�\PM�MY]QXIZ\Q\QWV
\PMWZMU� \PM�LQ[XTIKMUMV\�L]M�\W�*ZW_VQIV�UW\QWV�I\�ZWWU�\MUXMZI\]ZM�Q[�OQ^MV�I[��<%��� 3�

��
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.QO]ZM ���!�" -`IUXTM�KITQJZI\QWV�[KPMUM�UMI[]ZMUMV\�WN �KWWTQVO� *T]M�KWZZM[XWVL�\W��� µ?��ZML
\W��� µ?��IVL�OZMMV��� µ?�

1

2
k〈x2〉 = 1

2
kBT ������I�

√
〈x2〉 ≈ 19.1 XU ������J�

IVL�\PQ[�KIV�\PMV�JM�KWUXIZML�_Q\P�\PM�UMI[]ZML�LQ[XTIKMUMV\� 1V ÅO� ����I Q\�Q[�[PW_V�PW_
\PM�KITQJZI\ML�LQ[XTIKMUMV\�Q[�NW]VL�\W�JM�IZW]VL��� XU�

√
0b NWZ�\PM�������UWLM� )[�\PM������

UWLM�PI[�I�VWLM�QV�\PM�KMV\MZ� \PM�UI`QU]U�LQ[XTIKMUMV\�Q[�M`XMK\ML�\W�JM�IJW]\�PITN �\PI\�WN
\PM�������UWLM�I\�UI`QU]U� IVL MYV� ������� Q[� NW]VL�\W�Å\�VQKMTa� 1\�[PW]TL�JM�VW\ML�\PI\�\PM
UMI[]ZMUMV\�[PW_V�QV ÅO� ���! LWM[�VW\�[PW_�M`KMX\QWVIT�KI^Q\a�KWWTQVO� J]\�[PW_[�I�KWWTQVO�WN
IJW]\�I�NIK\WZ�WN ����NZWU�\PM�ZWWU�\MUXMZI\]ZM�\W�\PM�MNNMK\Q^M�\MUXMZI\]ZM�WN T MNN ≈ 30 3� .WZ
\PM�������UMKPIVQKIT�UWLM�IZW]VL��!�S0b�I�KWWTQVO�WN ����\QUM[�LW_V�\W�I�IV�MNNMK\Q^M T MNN ≈ 4 3
_I[�UMI[]ZML� <PQ[�_I[�I�ZMKWZL�NWZ�UMKPIVQKIT Qm WN �/I)[�UMKPIVQKIT�[a[\MU[�I\�\PM�\QUM�WN
X]JTQKI\QWV�WN �C4Q]��E� =[]ITTa�PQOP�Qm Q[�WVTa�XW[[QJTM�QV�;Q6 [\Z]K\]ZM[�J]\�\PQ[�_I[�IV�M`IUXTM
WN �I Qm =�.�× ����

������ ?I^MTMVO\P�LMXMVLMVKM

1V�\PM�JMOQVVQVO�WN �\PM�QV^M[\QOI\QWV�WN �\PM�/I)[�VIVWUMUJZIVM�Q\�_I[�VW\�KTMIZ�_PQKP�XZWKM[[
INNMK\ML�\PM�^QJZI\QWVIT�UWLM[� 1\�\]ZVML�W]\�\PI\�\PM�KWWTQVO�MNÅKQMVKa�Q[�[\ZWVOTa�LMXMVLMV\�WN �\PM
_I^MTMVO\P�WN �\PM�KI^Q\a�TI[MZ� IVL�\P][�WN �\PM�XPW\WV�MVMZOa� <PM�UMI[]ZML�KWWTQVO�NIK\WZ[ γMNNm/γ0
NWZ�I�KI^Q\a�QVX]\�XW_MZ�WN ��� µ? Q[�[PW_V�QV ÅO� ����I NWZ�KI^Q\a�_I^MTMVO\P�ZIVOQVO�NZWU� ��
VU�\W�  ��VU� <PM�LI\I�Q[�OI\PMZML�Ja�\PM�ZQVOLW_V�UMI[]ZMUMV\�WN �\PM�������^QJZI\QWVIT�UWLM
NWZ���LQNNMZMV\�KI^Q\a�QVX]\�XW_MZ[�]X�\W��� µ? IVL�NZWU�\PM�JMPI^WQ]Z�I\��� µ? KI^Q\a�QVX]\
XW_MZ� \PM�MNNMK\Q^M�KWWTQVO�NIK\WZ�KIV�JM�QVNMZZML� <PM�KWWTQVO�NIK\WZ�Q[�IOIQV�LMÅVML�I[�\PM�ZI\QW
WN �\PM�ZWWU�\MUXMZI\]ZM�\W�\PM�MNNMK\Q^M�^QJZI\QWVIT�\MUXMZI\]ZM�I[ T/T MNN _Q\P T JMQVO���� 3�
<PM�KWZZM[XWVLQVO�XPW\WV�MVMZOQM[�QV�M> IZM�QVKT]LML�IVL�\PM�JIVL�OIX�MVMZOa Eg WN �/I)[�Q[
QVLQKI\ML�_Q\P�I�LI[PML�TQVM� 1V\MZM[\QVOTa�I�[\ZWVO�LMXMVLMVKM�WV�\PM�_I^MTMVO\P�Q[�WJ^QW][� .WZ
XPW\WV�MVMZOQM[�U]KP�PQOPMZ�\PIV�\PM�JIVLOIX�MVMZOaEg� \PM�KWWTQVO�NIK\WZ�Q[�M[[MV\QITTa�KWV[\IV\
I\≈���J]\�^IZQM[�NWZ�MVMZOQM[�KTW[MZ�\WEg� 1\�LZWX[�LZIUI\QKITTa�WNN �NWZ�MVMZOQM[�TW_MZ�\PIVEg IVL
Q[�VW\�[MMV�NWZ E < Eg − kBT _Q\P kBT JMQVO�\PM�\PMZUIT�JZWILMVQVO� <PM�[PIXM�WN �\PQ[�KWWTQVO

��
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NIK\WZ�Å\[�\PM�M`KQ\WVQK�IJ[WZX\QWV�[XMK\Z]U�\W�I�ZMUIZSIJTM�LMOZMM�C.W`��E� 1V ÅO� ���� Q[�[PW_V
I�UWZM�LM\IQTML�QV^M[\QOI\QWV�WN �\PQ[�_I^MTMVO\P�LMXMVLMVKM�

1VÅO� ����J \PM�\ZIV[UQ[[QWV�WN �\PM�KI^Q\a�I[�I�N]VK\QWV�WN �_I^MTMVO\P�Q[�[PW_V� <PQ[�Q[�M[[MV\QITTa�I
UMI[]ZMUMV\�WN �\PM�IJ[WZX\QWV��_PMV�\ISMV�\PM�KI^Q\a�ÅVM[[M�KPIVOM�_Q\P�_I^MTMVO\P�QV\W�IKKW]V\�
WN �\PM�UMUJZIVM� IVL�Ja�KWUXIZQVO�_Q\P ÅO� ����I Q\�Q[�[MMV�PW_�\PM�KWWTQVO�NIK\WZ�NWTTW_[�\PM
IJ[WZX\QWV�

1V ÅO� ����I Q\�Q[�[MMV�PW_�\PM�KWWTQVO�NIK\WZ�[PW_[�[WUM�»J]UXa¼�JMPI^QW]Z�IZW]VL Eg J]\�NWZ
PQOPMZ�XPW\WV�MVMZOQM[�\PIV Eg� 1V ÅO� ���� I�PQOPMZ�ZM[WT]\QWV�[KIV�Q[�[PW_V�NWZ�\PM� ���VU
\W�  ��VU�_I^MTMVO\P�ZIVOM� <_W�LQ[\QVO]Q[PIJTM�XMIS[�QV�\PM�KWWTQVO�NIK\WZ�IZM�WJ^QW][�IZW]VL
\PM�JIVL�OIX�MVMZOa� <PQ[�Q[�I�NI[KQVI\QVO�LQ[KW^MZa�IVL�I�KTMIZ�QVLQKI\QWV�WN �[WUM�UWZM�IL^IVKML
LaVIUQK[�\PI\�_W]TL�VMML�\W�JM�QV^M[\QOI\ML� )[�VW\ML�\PM�JMPI^QW]Z�WN �I�XMIS�QV�\PM�KWWTQVO�NIK\WZ
NWTTW_[�_MTT�_Q\P�\PM�UMI[]ZMUMV\�WN �[]KP�I�XMIS�QV�\PM�WX\QKIT�IJ[WZX\QWV�NZWU�/I)[�[IUXTM[
C*TISMUWZM �� -TTQW\\��� /WQ!�E� ?PQTM�\PQ[�Q[�NI[KQVI\QVO�I�UMI[]ZMUMV\�WN �\PM�\ZIV[UQ[[QWV�LWM[
VW\�[PW_�\PM[M�J]UX[�I[�[PW_V�QV ÅO� ����J� QVLQKI\QVO�\PI\�\PM�J]UX[�QV ÅO� ����I Q[�VW\�\ZQ^QITTa
\PM�XMIS[�QV�IJ[WZX\QWV�\PI\�IZM�UMI[]ZIJTM�QV�/I)[�[IUXTM[� )V�M`XTIVI\QWV�NWZ�\PM�J]UX[�QV�\PM
KWWTQVO�NIK\WZ�UMI[]ZMUMV\�Q[�\PMV�[\QTT�\W�JM�NW]VL�

������ ,M\]VQVO�LMXMVLMVKM

1VÅO� ���� Q[�[PW_V�\PM�LMXMVLMVKM�WN �\PM�KI^Q\a�LM\]VQVO�WN �\PM�KITK]TI\ML�XW_MZ�\ZIV[UQ[[QWV� ZM�
ÆMK\QWV�IVL�IJ[WZX\QWV�XZWJIJQTQ\QM[� \PM�KWWTQVO�NIK\WZ�IVL�\PM�UMKPIVQKIT�ZM[WVIVKM�

)[�[PW_V�QV ÅO� ���� \PM�����VU�\PQKS�/I)[�UMUJZIVM�XZM[MV\[�Q\[MTN �I[�IV�M\ITWV�IVL�[]KP�\PM
KI^Q\a�[PW]TL�JM�UWLMTML�I[�I�KW]XTML�KI^Q\a� 1\�Q[�I[[]UML�\PI\�\PM�UQZZWZ�Q[�QVÅVQ\MTa�\PQV�IVL
TW[[TM[[�IVL�_Q\P�I�LQMTMK\ZQK�KWV[\IV\�\PI\�Q[�\ISMV�NZWU�\PM�TQ\MZI\]ZM�C+P]IVO�!E� ;MM [MK� )���
1V\ZWL]KQVO L I[�\PM�LQ[\IVKM�NZWU�\PM�UMUJZIVM�\W�\PM�UQZZWZ� \PM�QV\ZI�UMUJZIVM�ÅMTL[�IZM
NW]VL�\W�JM

Emem(L, x) = E1(L)e
ikñx + E′

1(L)e
ikñ(l−x) �������

_Q\P ñ LMVW\QVO�\PM�KWUXTM`�LQMTMK\ZQK�KWV[\IV\�WN �/I)[� k = 2π/λ� IVL l%����VU�Q[�\PM�\PQKSVM[[
WN �\PM�UMUJZIVM� 1N �\PM�XPW\W�QVL]KML�NWZKM Fph Q[�XZWXWZ\QWVIT�\W�\PM�V]UJMZ�WN �MTMK\ZWV�PWTM
XIQZ[�QV�\PM�UMUJZIVM�Q\�[PW]TL�JM�XZWXWZ\QWVIT�\W�\PM�QV\ZI�UMUJZIVM�XPW\WV�V]UJMZ� nmem� I[

Fph ∝ nmem ∝
∫ l

0
|Emem(L, x)|2dx ����� �

1V\MZM[\QVOTa�\PM�QV\ZI�UMUJZIVM�XPW\WV�V]UJMZ nmem [PW_[�I�[PQN\ML�I[aUUM\ZQK�ZM[WVIVKM�QV
ZM[XMK\�\W�\PM�KI^Q\a�LM\]VQVO� <PQ[�Q[�[PW_V�I[�\PM�ZML�[WTQL�TQVM�QVÅO� ����J�

<PM�KWWTQVO�NIK\WZ γMNNm/γm Q[

γMNNm/γm = 1 +Q0
ωmτ

1 + ω2
m

∇Fph

mω2
m

�����!�

IVL�\PM�[MKWVL�XIZ\�Q[

γMNNm/γm − 1 ∝ ∇Fph ∝ ∇nmem =
d

dL
nmem ∝ d

dL

∫ l

0
|Emem(L, x)|2dx ��������

��
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�I� ?I^MTMVO\P�LMXMVLMVKM�WN �\PM�KWWTQVO�NIK\WZ γMNN
m/γm� -IKP

XWQV\�KWZZM[XWVL�\W�IV�I^MZIOM�KWWTQVO�NIK\WZ�NZWU�Å^M�QLMV�
\QKIT� ZQVOLW_V�UMI[]ZMUMV\[� _Q\P� \PM�MZZWZ�JIZ[� QVLQKI\QVO
WVM�[\IVLIZL�LM^QI\QWV� <PM�LW\\ML�PWZQbWV\IT�TQVM�QVLQKI\M�I
KWWTQVO�NIK\WZ�WN �QLMV\Q\a� 5WLQÅML�NZWU�C=[IUQ��E�

�J� +I^Q\a�\ZIV[UQ[[QWV� �K� ��<ZIV[UQ[[QWV�

�L� +I^Q\a�ÅVM[[M�

.QO]ZM �����" ?I^MTMVO\P�LMXMVLMVKM� <PM�UMI[]ZMUMV\[�\PI\�IZM�\QOP\Ta�[XIKML�QV�_I^MTMVO\P
IZM�KPW[MV�\W�QV^M[\QOI\M�\PM�»J]UXa¼�JMPI^QW]Z�NW]VL�QV ÅO� ����I� <PM�JIVLOIX
MVMZOa� Eg� WN �/I)[�Q[�QVLQKI\ML�

� 
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.QO]ZM �����" +WWTQVO�XW_MZ��NIK\WZ��NWZ�LQNNMZMV\�KI^Q\a�QVX]\�_I^MTMVO\P[� <PM�JTIKS�XWQV\[�KWZZM�
[XWVL�\W�WVM�[_MMX�WN �UMI[]ZMUMV\[� _PQTM�\PM�ZML�XWQV\[�[PW_�I�TI\MZ�IVL�UWZM�\PWZ�
W]OP�UMI[]ZMUMV\�[MZQM[� <PM bWWU�QV [PW_[�\PM�[IUM�UMI[]ZMUMV\[�NWZ�I�[UITTMZ
_I^MTMVO\P�ZIVOM�NWZ�^Q[]IT�KTIZQ\a�

�!
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<PQ[�WJ[MZ^ML�I[[aUM\Za�QV�\PM�KI^Q\a�LM\]VQVO�LMXMVLMVKM�QV�\PM�KWWTQVO�NIK\WZ�KIV�JM�M`XTIQVML
Ja�\PQ[�NWZU]TI� IVL�QV ÅO� ����J γMNNm/γ0 − 1 = α∇nmem� _Q\P α JMQVO�I�Å\\QVO�XIZIUM\MZ� Q[
[PW_V�I[�\PM�LI[PML�TQVM�\W�Å\�\PM�M`XMZQUMV\IT�ZM[]T\[�_MTT� <P][�\PM�LMXMVLMVKM�WV ∇nmem WN
\PM�KWWTQVO�MNNMK\�Q[�M[\IJTQ[PML�

1V ÅO� ����K \PM�UMKPIVQKIT�ZM[WVIVKM ωMNN
m LMXMVLMVKM�WV�\PM�KI^Q\a�LM\]VQVO�Q[�[PW_V� 0MZM�Q\�Q[

QUUMLQI\MTa�WJ^QW][�\PI\�\PM�M`XMZQUMV\IT�LI\I�NWZ�\PM�NZMY]MVKa�KPIVOM�LW�VW\�NWTTW_∇nmem J]\
ZI\PMZ�\PM�IK\]IT�QV\ZI�UMUJZIVM�XPW\WV�V]UJMZ nmem� <PQ[�Q[�LQNNMZMV\�\PIV�\PM�\PM�LaVIUQK
WX\WUMKPIVQKIT�JIKS�IK\QWV�UWLMT�C5M\bOMZ��� 5M\bOMZ� JE� 1V�\PM�3IZZIQ�UWLMT�LM[KZQJML�QV
[MK� ��� \PM�[PQN\�QV ωMNN

m Q[�L]M�\W�\PM�LaVIUQK�XIZ\�WN �\PM�XPW\WQVL]KML�NWZKM� 0W_M^MZ�\PMZM�Q[�I
[\I\QK�XIZ\�WN �\PM�XPW\WQVL]KML�NWZKM�\PI\�IT[W�TMIL[�\W�I�[\I\QK�LQ[XTIKMUMV\��_PQKP�KIV�VWZUITTa�JM
LQ[ZMOIZLML�I[�Q\�LWM[�VW\�MV\MZ�\PM�LaVIUQK[� J]\�QV�\PQ[�KI[M�ZM[]T\[�QV�\PM�UMKPIVQKIT�QV[\IJQTQ\a�
IVL�I�KPIVOM�QV�\PM�[\I\QK�[XZQVO�KWV[\IV\� <PQ[�Q[�L]M�\W�\PM�KPIVOM�WN �\MV[QTM�[\ZM[[�WN �\PM�UMUJZIVM
L]M�\W�I�TWKIT�\MUXMZI\]ZM�ZQ[M�I\�\PM�UMUJZIVM�L]M�\W�\PM�XPW\WV�IJ[WZX\QWV�C4IZ[MV��E� <PQ[
TWKIT�PMI\�IJ[WZX\QWV δT Q[�XZWXWZ\QWVIT�\W�\PM�QV\ZI�UMUJZIVM�XPW\WV�V]UJMZ nmem IVL�\P][
\PM�NZMY]MVKa�KPIVOM�Q[�NW]VL�\W�JM�LMXMVLMV\�WV nmem�

<PQ[�Q[�IOIQV�LMMUML�\W�JM�IV�QVLQKI\QWV�WN �\PM�]VQY]MVM[[�WN �\PM�»JQO¼�/I)[�UMUJZIVM� I[�I�[UITT
TWKIT�PMI\QVO�TMIL�\W�I�TIZOM�LQ[XTIKMUMV\� QV�KWV\ZI[\�\W�\PM�\aXQKIT�PQOP�\MV[QTM�[\ZM[[�;Q6 UMU�
JZIVM[� <PQ[�Q[�I\\ZQJ]\ML�\W�\PM�QV\ZQV[QK�JMVLQVO�WN �\PM�UMUJZIVM�\PI\�Q[�L]M�\W�QV\MZVIT�[\ZM[[� \PI\
UISM[�I�[UITT�TWKIT�M`XIV[QWV�\]ZV�QV\W�I�TIZOM�LQ[XTIKMUMV\�

<PM�KPIVOM�QV�J]TS�\MUXMZI\]ZM�WN �\PM�UMUJZIVM�Q[�VW\�^MZa�PQOP�I[�\PM�\_W�LQNNMZMV\�UM\PWL[
NWZ�UMI[]ZQVO�\PM�UMKPIVQKIT�LMKIa�ZI\M�[PW_V�QV ÅO� ����K QVLQKI\M� J]\�IXXIZMV\Ta�[\QTT�[\ZWVO
MVW]OP�\PI\�\PQ[�KWZZM[XWVLIVKM�Q[�^Q[QJQTM�QV�\PM�KI^Q\a�LM\]VQVO�M`XMZQUMV\�

.QO]ZM �����" ;KPMUI\QK�WN �\PM�KW]XTML�KI^Q\a�WN �\PM�UMUJZIVM�UQZZWZ� :MTM^IV\�ÅMTL�IUXTQ\]LM[
IVL�LQMTMK\ZQK�KWV[\IV\[�IZM�[PW_V�

������ +WWTQVO�UMKPIVQ[U�QLMV\QÅKI\QWV

<PM�_I^MTMVO\P�LMXMVLMVKM�IVL�KI^Q\a�LM\]VQVO�M`XMZQUMV\[�_MZM�LWVM�\W�QLMV\QNa�\PM�KWWTQVO
UMKPIVQ[U�QV^WT^ML� .ZWU�\PM�_I^MTMVO\P�LMXMVLMVKM�QV ÅO� ����I Q\�Q[�KTMIZ�\PI\�ZILQI\QWV�XZM[�
[]ZM�KIVVW\�JM�\PM�LWUQVIV\�MNNMK\� I[�\PQ[�_W]TL�VW\�NWTTW_�\PM�IJ[WZX\QWV�WN �\PM�/I)[�UMU�
JZIVM� )VW\PMZ�ZMI[WV�Q[�\PI\�\PM�TW_�ÅVM[[M�KI^Q\a�KZMI\ML�JM\_MMV�\PM�UMUJZIVM�IVL�UQZZWZ�
TMIL[�\W�I�^MZa�TW_�XPW\WV�V]UJMZ�IVL�\PQ[�UISM[�\PM�ZILQI\QWV�XZM[[]ZM�MNNMK\�VMOTQOQJTM� .ZWU
\PM�_I^MTMVO\P�LMXMVLMVKM�Q\�Q[�KTMIZ�\PI\�\PM�KWWTQVO�MNNMK\�NWTTW_[�\PM�IJ[WZX\QWV�IVL�[]OOM[\[
IV�MTMK\ZWV�PWTM�OMVMZI\QWV�MNNMK\� <PM�OMVMZI\QWV�WN �NZMM�KIZZQMZ[�Ja�\PM�QVKWUQVO�XPW\WV[�TMIL[

��
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�I� +ITK]TI\ML� XW_MZ� \ZIV[UQ[[QWV� ZMÆMK\QWV� IVL� IJ[WZX\QWV
XZWJIJQTQ\QM[�

on the other hand, shows a di!erent behaviour from the model
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c�J� +WWTQVO� NIK\WZ�UMI[]ZML�][QVO� \PM�ZQVOLW_V�UM\PWL� <PM
QV\ZI�UMUJZIVM�XPW\WV�V]UJMZ�IVL�[XI\QIT�LMZQ^I\Q^M�WN �\PQ[
Q[�QVLQKI\ML�

only leads to a static displacement of the membrane (which is
indeed responsible for the aforementioned instability of the system

change due to the change of the tensile stress of the membrane

membrane due to the photon absorption, which is proportional to

Several mechanisms could be responsible for this e!cient
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�K� ,MXMVLMVKM�WN �\PM�UMKPIVQKIT�ZM[WVIVKM�WV�KI^Q\a�LM\]VQVO�
1\� [PW]TL�JM�VW\ML� \PI\� \PM�UMI[]ZMUMV\�XWQV\�I\� \PM�!���
XWQV\�KTW[M[\�\W�\PM�ZM[WVIVKM�Q[�[TQOP\Ta�WNN �\PM nmem IVL�\PI\
\PQ[�Q[�I\\ZQJ]I\ML�\W�\PM�QV[\IJQTQ\a�WV[M\�ITZMILa�[M\\QVO�QV�PMZM�
I[�Q\�_I[�XZWJTMUI\QK�\W�SMMX�\PM�[a[\MU�I\�\PQ[�LM\]VQVO�

.QO]ZM �����" +I^Q\a�LM\]VQVO�LMXMVLMVKM[�NWZ�\PM�������UMKPIVQKIT�UWLM�][QVO� ���VU�KI^Q\a�TQOP\�
:MXZWL]KML�NZWU�C=[IUQ��E�

��



����-`XMZQUMV\IT�M^QLMVKM�WN �KI^Q\a�KWWTQVO +WWTQVO�_Q\P�TQOP\

\W�JW\P�I�MTMK\ZWVQK�XZM[[]ZM�^QI�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�C<PWU[MV �� 5I\[]LI��E� [QUXTa
QUIOQVML�I[�\PM�NZMM�KIZZQMZ[�\ISQVO�]X�UWZM�[XIKM�QV�\PM�UI\MZQIT�TI\\QKM� IVL�\PMZUIT�XZM[[]ZM�L]M
\W�\PM�TWKIT�PMI\QVO�··�\PM�[W�KITTML�XPW\W\PMZUIT�KWWTQVO�

<PM�UMUJZIVM�_I[�QV\ZQV[QKITTa�JMV\�L]M�\W�PQOP�[\ZM[[�QV�\PM�UMUJZIVM�QV�\PM�M\KPQVO�XZWKM[[�
;WUM�\WXWTWOa�UMI[]ZMUMV\[�IZM�[PW_V�QV )�� J]\�_PI\� Q[� QUXWZ\IV\� \W�]VLMZ[\IVL�\PM�MNNMK\
Q[�UIQVTa�\PI\�\PM�UMUJZIVM�Q[�QV\ZQV[QKITTa�JMV\�WV�\PM�WZLMZ�WN ��� µU�_PQKP�Q[�IJW]\������WN
\PM� TI\MZIT�LQUMV[QWV� IVL�U]KP�UWZM�\PIV�\PM�\PQKSVM[[�WN �\PM�UMUJZIVM� l%����VU� 1\�_I[
JMVL�QV�\PM�LQZMK\QWV�WN �\PM�MVL�UQZZWZ� IVL�\PM�W[KQTTI\QWV[�\PI\�_MZM�[\]LQML�IZM�\PMV�WN �U]KP
TM[[MZ�IUXTQ\]LM�\PIV�\PQ[�JMVL� 1VKWUQVO�XPW\WV[�IZM�\PW]OP\�\W�M`KQ\M�MTMK\ZWV�PWTM�XIQZ[�QV�\PM
TI\\QKM�IVL�JMKI][M�WN �\PM�MTMK\ZWVQK�IVL�\PMZUIT�[\ZM[[M[�QV\ZWL]KML� \PM�TI\\QKM�M`XIVL[� )[�\PM
TWKIT�[XW\�M`XIVL[�\PM�_PWTM�UMUJZIVM�LMNWZU[�L]M�\W�\PM�TWKIT�LMNWZUI\QWV�IVL�Q\�LWM[�\PQ[�QV
\PM�LQZMK\QWV�WN �\PM�UQZZWZ� JMKI][M�WN �\PM�QV\ZQV[QK�JMVL� _PQKP�\PMV�TMIL[�\W�I�KPIVOM�QV�KI^Q\a
TMVO\P� <PM�KI^Q\a�TMVO\P�Q[�\PMV�OM\\QVO�[UITTMZ�_Q\P�PQOPMZ�QV\ZI�UMUJZIVM�XPW\WV�V]UJMZ�IVL
I[�[]KP�\PM�V]UJMZ�WN �XPW\WV[�QV�\PM�KI^Q\a�KPIVOM[� TMILQVO�\W�\PM�WX\WUMKPIVQKIT�KW]XTQVO� <PM
LQZMK\QWV�WN �\PM�QV\ZQV[QK�JMVL�Q[�\PMV�IJ[WT]\MTa�ZMTI\ML�\W�_PM\PMZ�I�[\ZWVO�KWWTQVO�MNNMK\�Q[�XW[[QJTM
I[�\PM�WXXW[Q\M�KWVÅO]ZI\QWV�_W]TL�TMIL�\W�I�TWKIT�M`XIV[QWV�UISQVO�\PM�KI^Q\a�TMVO\P�TWVOMZ� <PQ[
M`XTIQV[�\PM�LQNNMZMVKM�JM\_MMV�\PM�ZILQI\QWV�XZM[[]ZM�LMXMVLMVKM�WN �\PM�KI^Q\a�LM\]VQVO� IVL�NWZ
\PQ[�[M\]X�

<PM�XW_MZ�WN �\PM�MTMK\ZWVQK�[\ZM[[�IVL�\PMZUIT�[\ZM[[�KIV�JM�KWUXIZML� <PM�MTMK\ZWVQK�[\ZM[[�Q[�L]M
\W�\PM�M`KQ\I\QWV�WN �IV�MTMK\ZWV�PWTM�XIQZ� IVL�\PM�[\ZM[[�QVL]KML�Q[�OQ^MV�Ja σel = −B(dEg/dp)
_Q\P B LMVW\QVO�\PM�J]TS�UWL]T][�WN �/I)[� IVL dEg/dp Q[�\PM�KPIVOM�QV�JIVL�OIX�MVMZOa�L]M
\W�\PM�XZM[[]ZM p� <PM�M`XZM[[QWV −B(dEg/dp) Q[�\PMV�\PM�PaLZW[\I\QK�LMNWZUI\QWV�_PQKP�Q[�\PM
[\ZIQV� QV\ZWL]KML�Ja� \PM�PaLZW[\I\QK�XZM[[]ZM p� .WZ� \PQ[� [IUXTM σel = −B(dEg/dp) ≈ 8 M>
XMZ�]VQ\�^WT]UM� Q[�M[\QUI\ML� <PM�M`KQ\ML�MTMK\ZWV�PWTM�XIQZ[�IZM� [PWZ\TQ^ML�I[� \PM�M`KQ\ML�KIZ�
ZQMZ[�ZMKWUJQVM�_PMV�[KI\\MZQVO�WV�QUX]ZQ\QM[�WZ�[]ZNIKM[�IVL�ZMTMI[QVO�\PM�MVMZOa�QV\W�\PM� TI\�
\QKM� ;MM ����� IJW]\� M`KQ\WV[� QV� [MUQKWVL]K\WZ[� <PM� [\ZM[[� L]M� \W� \PM� TWKIT�PMI\QVO� Q[� OQ^MV
Ja σth = −3Bβ(ηEph/C) _PMZM β� C LMVW\M� \PM� \PMZUIT�M`XIV[QWV�KWMNÅKQMV\�IVL�\PM�PMI\
KIXIKQ\a� ZM[XMK\Q^MTa� <PM η XIZIUM\MZ� ZMXZM[MV\[� \PM�KWV^MZ[QWV�MNÅKQMVKa� NZWU�\PM�IJ[WZJML
XPW\WV� MVMZOa� Eph� \W� \PM� TWKIT� PMI\QVO� 1V� \PM� KI[M� WN η = 1 ITT� IJ[WZJML� MVMZOa� Q[� KWV�
^MZ\ML�QV\W�PMI\�\PZW]OP�VWV�ZILQI\Q^M�LMKIa� _PQTM�NWZ (Eph − Eg)/Eph ITT�\PM�IJ[WZJML�MVMZOa
Q[�ZMMUQ\\ML��ZILQI\Q^M�XMZNMK\�LMKIa��IVL�\P][�M`Q\[�\PM�TI\\QKM� <PM�\PMZUIT�[\ZM[[�Q[�M[\QUI\ML�\W
JM σth ≈ 0.8ηEph M> XMZ�]VQ\�^WT]UM�NWZ�\PQ[�[IUXTM� .ZWU�\PM�KPIVOM�QV�UMKPIVQKIT�NZMY]MVKa
[PW_V�QV ÅO� ����K I�KWV^MZ[QWV�MNÅKQMVKa�L]M�\W�\PMZUIT�M`XIV[QWV�WN η ≈ 0.9 _I[�LM\MZUQVML
NWZ�\PQ[�[IUXTM�

<PM�UIQV�UMKPIVQ[U�Q[�\PM�\PMZUIT�[\ZM[[�QV\ZWL]KML�Ja�\PM�IJ[WZX\QWV�WN �XPW\WV[�IVL�\PM�[]J[M�
Y]MV\�VWV�ZILQI\Q^M�ZMTI`I\QWV�WN �\PM�MTMK\ZWV�PWTM�XIQZ[� 1V ÅO� ����I Q[�[PW_V�\PM�\QUM�ZM[WT^ML
UMI[]ZMUMV\�WN �\PM�\ZIV[UQ[[QWV�\PZW]OP�\PM�UMUJZIVM�UQZZWZ�KI^Q\a�_PMV�IV�M`\MZVIT�X]UX
TQOP\�Q[�\]ZVML�WV�IVL�WNN� ) TI[MZ�_Q\P�\PM�_I^MTMVO\P�WN � ���VU�IVL�\P][�IJW^M�\PM�JIVLOIX
MVMZOa�WN �\PM�/I)[�Q[�KITTML�\PM�X]UX�IVL�Q[�UW]V\ML�[W�\PI\�\PM�TI[MZ�JMIU�Q[�PQ\\QVO�\PM�UMU�
JZIVM�I\�IV�WNN�IVOTM�IVL�\P][�VW\�MV\MZQVO�\PM�\ZIV[UQ[[QWV�XI\P� 1\�Q[�KPMKSML�\PI\�VW�TQOP\�Q[
TMISQVO�QV\W�\PM�UMI[]ZMUMV\�XI\P� <PM�X]UX�Q[�Z]V�_Q\P�ZMTI\Q^MTa�PQOP�WX\QKIT�XW_MZ�WN ���U?�
.WZ�\PM�KI^Q\a�TQOP\�I�TI[MZ�_Q\P�  ��VU� IVL�\P][�JMTW_�JIVLOIX�MVMZOa� Q[�][ML�Z]VVQVO�_Q\P����
µ?��<PM�KI^Q\a�TMVO\P�Q[�TWKSML�[W�\PI\�\PM�KI^Q\a�TQOP\�Q[�WV�\PM�[TWXM�WN �\PM�KI^Q\a�\ZIV[UQ[[QWV
XMIS� IVL�\P][�\PM�KI^Q\a�TQOP\�XZW^QLM[�I�XZWJM�WN �\PM�UMUJZIVM�LQ[XTIKMUMV\� 1V ÅO� ����I \PM
KPIVOM�QV�IUXTQ\]LM�\PI\�NWTTW_[�_PMV�\PM�IJW^M�JIVL�TI[MZ�Q[�\]ZVML�WV�WZ�WNN � Q[�[PW_V� <PM
UMKPIVQKIT�ZM[XWV[M�Q[�NW]VL�\W�JM����U[� <PM�IUXTQ\]LM�WN �\PM�KPIVOM�Q[�WVTa�I�NZIK\QWV�WN �\PM

��
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\W\IT�\ZIV[UQ\\ML�XW_MZ� I[�\PM�UMUJZIVM�WVTa�UW^M[�[TQOP\Ta�WV�\PM�[TWXM�WN �\PM�KI^Q\a�\ZIV[UQ[�
[QWV� ) TW\�WN �M`XMZQUMV\[�_MZM�LWVM� ;MM [MK� ������ \W�QV^M[\QOI\M�_PM\PMZ�[M^MZIT�\QUM�[KITM[
_MZM�QV^WT^ML�IVL�UMI[]ZIJTM�QV�\PQ[�M`XMZQUMV\� J]\�PMZM�Q\�Q[�R][\�VW\ML�\PI\�\PM����U[�\PI\�Q[
KTMIZTa�^Q[QJTM� Å\�^MZa�_MTT�_Q\P�\PM�\PMZUIT�\QUM[KITM� <PM�\PMZUIT�LQNN][Q^Q\a�WN �/I)[�D ≈ 0.25
KU2/[�CAIW �E� IVL�\PM�PMI\�LQNN][QWV�\QUM�Q[�M[\QUI\ML�\W�JM τth = l2/(2D) = 20 U[�_Q\P�\PM
[QbM l2 ≈ ��UU2� <PQ[�Å\[�^MZa�_MTT�_Q\P�I�\PMZUIT�XZWKM[[�JMQVO�\PM�LWUQVIV\�NWZKM�QV^WT^ML�QV
\PM�KWWTQVO�

<W�KWVÅZU�\PQ[�IVW\PMZ�M`XMZQUMV\�_I[�XMZNWZUML�_PMZM�I�UWL]TI\QWV�WN � \PM� QVX]\� TQOP\�_I[
QV\ZWL]KML� 1V�ÅO[� ����J� ����K Q[�[PW_V�\PM�ZM[XWV[M�_PMV�LZQ^QVO�\PM�KI^Q\a�TQOP\�I[�NWTTW_[�
1V\ZWL]KQVO�IV�IUXTQ\]LM�UWL]TI\QWV�WV�\PM�KI^Q\a�TQOP\�QV\ZWL]KM[�I�[QV][WQLIT�KWUXWVMV\�QV�\PM
XPW\WQVL]KML�NWZKM�I[�C5M\bOMZ� IE

Fph(t) = 1 + ε KW[(ωUWLt)Fph ��������

_PMZM ε = ε(ωmod) Q[�\PM�UWL]TI\QWV�[\ZMVO\P�NWZ�\PM�UWL]TI\QWV�NZMY]MVKa 2πνmod = ωmod� .WZ
TW_�NZMY]MVKa�UWL]TI\QWV[� Q�M� ωmod $ ωMNN

m � \PM�QUIOQVIZa�XIZ\�WN �\PM�TWKS�QV�ZM[XWV[M�WN �\PM
UMUJZIVM�LQ[XTIKMUMV\ xω Q[

1(ω) ≈ −
Fphε

mωMNN
m

1

ωMNN
mτ

ω

ω2 + (1/τ)2
��������

<PM�UQVQU]U�NWZ1(xω) [PW_[�I�UQVQU]U�NWZ τ = 1/ω QN �\PMZM�Q[�I�[TW_�KWUXWVMV\� 1VÅO� ����J
Q[�[PW_V�\PQ[�NWZ�TW_�NZMY]MVKa�UWL]TI\QWV[�IVL�\PM τ Q[�UMI[]ZML�\W�JM τ ≈ ����U[� <PQ[�Å\[�_MTT
_Q\P�\PM����U[�NW]VL�][QVO�\PM�X]UX�XZWJM�M`XMZQUMV\�

<PM�N]TT�M`XZM[[QWV�NWZ�\PM�QUIOQVIZa�XIZ\�WN �\PM�TWKS�QV�ZM[XWV[M�Q[�VW\�[PW_V�PMZM� IVL�[PW_[
I�UWZM� KWUXTM`� JMPI^QW]Z� \PIV MYV� ��������� <PM� N]TT� M`XZM[[QWV� Q[� [PW_V� QV� C5M\bOMZ� I�
=[IUQ��E�IVL�PI^M�I�bMZW�QV�\PM�LMVWUQVI\WZ�I\ ωUWL = ωMNN

m � 1V ÅO� ����K \PM�ZM[XWV[M�_PMV�\PM
UWL]TI\QWV�NZMY]MVKa�Q[�LZQ^MV�Q[�[PW_V�QV�I�ZIVOM�KTW[M�\W�\PM�UMKPIVQKIT�ZM[WVIVKM� ωUWL ≈ ωMNN

m �
) LQ[XMZ[QWV�TQSM�JMPI^QWZ�Q[�NW]VL�IZW]VL�\PM�������UMKPIVQKIT�UWLM� <PQ[�UMI[]ZMUMV\[�IOIQV�Å\
_Q\P�\PM�M`XMK\ML�JMPI^QW]Z�LMZQ^ML�NZWU�\PM�N]TT�M`XZM[[QWV� IVL�\PM�UIOVQ\]LM�IVL�\QUM�ZM[XWV[M
Å\�_Q\P�\PM�M[\IJTQ[PML�

+WVKT][QWV�IJW]\�\PM�LWUQVIV\�MNNMK\

<PM[M�ÅVLQVO[�KWVÅZU[�\PM�\PM[Q[�\PI\�\PM�[\ZWVO�KWWTQVO�MNNMK\�Q[�LWUQVIV\Ta�L]M�\W�\PM�\PMZUIT
[\ZM[[�L]M�\W�\PM�M`KQ\I\QWV�IVL�[]J[MY]MV\�ZMTI`I\QWV�WN �\PM�MTMK\ZWV�PWTM�XIQZ[�QV\W�\PMZUIT�M`�
XIV[QWV� <PM�IT\MZVI\Q^M�UM\PWL�_Q\P�MTMK\ZWVQK�XZM[[]ZM�^QI�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�Q[
VMOTQOQJTM�NWZ�\PM�KWWTQVO�XZWKM[[�QV�\PQ[�[M\]X�

) \QUM�ZM[WT^ML�UMI[]ZMUMV\�WN �\PM�XPW\WT]UQVM[KMVKM�NZWU�I�[QUQTIZ�/I)[�[IUXTM�IT[W�NW]VL�\PI\
\PM�VWV�ZILQI\Q^M�LMKIa�QV\W�PMI\�_I[�\PM�LWUQVI\QVO�MNNMK\� <PM�ZILQI\Q^M�LMKIa�_I[�LM\MZUQVML�\W
JM�^MZa�NI[\� τel < 50 X[� <PQ[�Q[�_PI\�Q[�M`XMK\ML�NWZ�I�J]TS�/I)[�[IUXTM�I[�\PM�M`KQ\ML�KIZZQMZ[� KIV
ZMKWUJQVM�WV�[]ZNIKM[�WN �\PM�UMUJZIVM�WZ�QUX]ZQ\QM[�^MZa�Y]QKSTa� <PQ[�JMPI^QW]Z�Å\[�_MTT�_Q\P�\PM
QV\MZXZM\I\QWV�\PI\�\PMZUIT�[\ZM[[�LWUQVI\M[�\PM�KWWTQVO�MNNMK\�

������ ;MIZKP�NWZ�I�NI[\�\QUM�KWV[\IV\

1\�_I[�[\QX]TI\ML�\PI\�UIaJM�IVW\PMZ�MNNMK\�_I[�KW]XTQVO�\W�\PM�JMPI^QW]Z�IVL�[PW]TL�[PW_�]X�I[�I
»NI[\�\QUM[KITM¼�QV�\PM�KWWTQVO�JMPI^QW]Z� <PQ[�KW]TL�JM�QV\MZM[\QVO�QV�\PM�[MIZKP�NWZ�\PM�UMKPIVQ[U

��
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�I� :M[]T\�WN �I�X]UX�XZWJM�UMI[]ZMUMV\� <PM�ZM�
[XWV[M�WN �\PM�UMU��JZIVM�LQ[XTIKMUMV\�]XWV
\PM� QTT]UQVI\QWV� �OZMMV� XWQV\[�� IVL� JTWKSQVO
�WZIVOM�XWQV\[��WN �\PM�X]UX�TQOP\�

�J� 1UIOQVIZa�XIZ\[�WN �\PM�TWKS�QV�ZM[XWV[M�WN �\PM
UMUJZIVM�LQ[XTIKMUMV\�`�WV�\PM�UWL]TI\ML
KI^Q\a� LZQ^QVO� I\� TW_�NZMY]MVKQM[� 6W\M� \PI\
\PQ[�Q[�LMVW\ML "(ω) QV�\PM�\M`\�

�K� <PM�ZM[XWV[M�WV� \PM�LZQ^QVO�IZW]VL� \PM�UM�
KPIVQKIT�ZM[WVIVKM��\PM�������UWLM�

.QO]ZM �����" +WWTQVO�UMKPIVQ[U�QLMV\QÅKI\QWV� :MXZWL]KML�NZWU�C=[IUQ��E�

JMPQVL�\PM�KWWTQVO� IVL�XW\MV\QITTa�LM\MZUQVM�QN �[WUM�XIZ\�WN �\PM�JMPI^QW]Z�[PW]TL�JM�I\\ZQJ]\ML�\W
MTMK\ZWVQK�XZM[[]ZM�^QI�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�

) TW\�WN �LQNNMZMV\�M`XMZQUMV\[�_MZM�XMZNWZUML�QV�\PM�[MIZKP�NWZ�\PM�»NI[\�\QUM[KITM¼� 1\�_I[�M[\IJ�
TQ[PML�IJW^M�\PI\�\PM�[TW_�\QUM[KITM�L]M�\W�PMI\QVO� τth� LWUQVI\M[�\PM�KWWTQVO�WN �\PM�^QJZI\QWVIT
UWLM[� <PQ[�_I[�L]M�\W�\PM�Y]QKS�VWV�ZILQI\Q^M�ZMKWUJQVI\QWV�WN �M`KQ\ML�MTMK\ZWV�PWTM�XIQZ[�\PI\
Q[�SVW_V�\W�JM�Y]QKS�L]M�\W�ZMKWUJQVI\QWV�WV�[]ZNIKM[�WN �\PM�UMUJZIVM�IVL�QUX]ZQ\QM[� QV�\PM
/I)[�

)[�LM[KZQJML�QV [MK� ��� \PM�^QJZI\QWVIT�KWWTQVO�Q[�L]M�\W�\PM�»^Q[KW[Q\a¼�WN �\PM�XPW\WQVL]KML�NWZKM�
QV�\PI\�\PMZM�Q[�I�\QUM�LMTIa� τ � JM\_MMV�I�KPIVOM�WN �KWVÅO]ZI\QWV�IVL�I�KPIVOM�QV�\PM�NWZKM� <PM
LMTIa�\PMV�TMIL�\W�_WZS�JMQVO�LWVM� IVL�LMXMVLMV\�WV�\PM�LM\]VQVO�WN �\PM�KI^Q\a� \PQ[�KIV�TMIL�\W
MVMZOa�JMQVO�ZMUW^ML�NZWU�\PM�^QJZI\QWV� MYV� �������� LM[KZQJM[�\PM�KWWTML�LMKIa�ZI\M� QN �I�[QVOTM
τ LM[KZQJM�\PM�KWWTQVO�MNNMK\

γMNNm = γm

(
1 +Q0

ω0τ

1 + ω2
0τ

2

∇Fph

mω2
m

)
��������

<PI\�Q[�QN �\PM�MNNMK\Q^M τ TMIL[�\W�\PM�ÅZ[\�NZIK\QWV�JMQVO�KTW[M�\W�]VQ\a�\PM�LIUXQVO�Q[�\PM�[\ZWVOM[\�
1\�Q[�[MMV�\PI\�\PQ[�Q[�\PM�TIZOM[\�NWZ τ = 1/ω0� .WZ�ZM[WVIVKM[�IJW]\ ω0/2π ≈ �� S0b�\PQ[�aQMTL[
IV�WX\QUIT τ ≈  µ[� .ZWU�\PQ[�Q\�Q[�KTMIZ�_Pa�\PM�\PMZUIT�LQNN][QWV�\QUM�TMIL[�\W�I�[\ZWVO�KWWTQVO
MNNMK\�QV�\PQ[�[a[\MU�

)V�IT\MZVI\Q^M�PaXW\PM\QKIT�KWWTQVO�XZWKM[[�_Q\P�I�\QUM�[KITM�WN ���� V[� _W]TL�TMIL�\W�\PM�NZIK\QWV
JMKWUQVO�IJW]\������NWZ�\PM�[IUM�ZM[WVIVKM�NZMY]MVKa� IVL�\PMV�\PQ[�MNNMK\�[PW]TL�JM�^MZa�[UITT�NWZ
\PM[M�TW_�NZMY]MVKa�UMKPIVQKIT�UWLM[� J]\�UQOP\�JM�UMI[]ZIJTM�NWZ�\PM�PQOPMZ�NZMY]MVKa�UWLM[�
0W_M^MZ� \PQ[� Q[� WVTa� \PM� [KITQVO� NWZ� \PM ω0τ/(1 + ω2

mτ2) IVL�\PMZM� Q[�IT[W� \PM�[\ZMVO\P�WN � \PM
XPW\WQVL]KML�NWZKM�\W�\ISM�QV\W�IKKW]V\�

)[�_QTT�JM�[PW_V�JMTW_� \PM�TWKIT�[\ZM[[�\PI\�MTMK\ZWV�XZM[[]ZM�QVL]KM�KIV�JM�M[\QUI\ML�\W�JM�IJW]\
σel ≈ 8 M> XMZ�MTMK\ZWV�PWTM�XIQZ�\PI\�Q[�M`KQ\ML� XMZ�]VQ\�^WT]UM� <PQ[�KIV�KWUXIZML�_Q\P�\PM
\PMZUIT�XZM[[]ZM�_PQKP�Q[�ZW]OPTa σth ≈ 0.7EPh M>� XMZ�]VQ\�^WT]UM�XMZ�XPW\WV�_Q\P�MVMZOa
EPh� )[� \PM�IJW^M�JIVL� TQOP\� \PI\� Q[�][ML� \W�M`KQ\M� \PM�KIZZQMZ[�PI^M�_I^MTMVO\P� [PWZ\MZ� \PIV
IJW]\� �� VU� _PQKP�KWZZM[XWVL�\W������M>��\PM�\PMZUIT�XZM[[]ZM�Q[�M[\QUI\M�IZW]VL σth ≈ 1.2eV
XMZ�XPW\WV� XMZ�]VQ\�^WT]UM� <P][ σel > σth J]\�\PM�\QUM�[KITM[�IZM�^MZa�LQNNMZMV\� _Q\P τel $
τth� )VW\PMZ�KWUXTM`Q\a�Q[�\PI\�\PM�KI^Q\a�TQNM\QUM�MV\MZ[�I[�I�LMTIa�WN �I�PaXW\PM\QKIT�NI[\�LMKIa
XZWKM[[� 1N �\PM�\QUM�Q[�I�KWUJQVI\QWV�WN �\PM�KI^Q\a�TQNM\QUM�IVL�\PM�MTMK\ZWV�XZM[[]ZM�LMTIa�\QUM

��
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\PM�KI^Q\a�_QTT�LWUQVI\M�I[�\PM�XZWKM[[M[�KI[KILM� IVL�\PM�KI^Q\a�TQNM\QUM�_QTT�JM�\PM�TQUQ\QVO� I[
τ = τcav + τel ≈ τcav� <PM�KI^Q\a�TQNM\QUM�_I[�M[\IJTQ[PML�\W�JM�IJW]\ τcav ≈ 20 V[� IVL�\PQ[�TQUQ\[
\PM MNNMK\Q^M τ �

8PW\WT]UQVM[KMVKM

<PM�ZILQI\Q^M�ZMKWUJQVI\QWV�\QUM�Q[�^MZa�NI[\�QV�J]TS�/I)[� IVL�M`XMZQUMV\[�_I[�XMZNWZUML�Ja
;¦ZMV�;\WJJM�I\�,<= .W\WVQS�\W�QV^M[\QOI\M�\PQ[� =[QVO�I�X]T[ML�M`KQ\I\QWV�[KPMUM�\PM�\QUQVO�WN
\PM�XPW\WT]UQVM[KMVKM�_I[�UMI[]ZML�NZWU�\PM�ZMKWUJQVI\QWV�WN �KIZZQMZ[� QV�I�/I)[�UMUJZIVM
[QUQTIZ� \W� \PM�WVM� QV^M[\QOI\ML�PMZM� <PM�\QUM�WN � \PM�ZILQI\Q^M�ZMKWUJQVI\QWV�_I[� NW]VL�\W�JM
NI[\MZ�\PIV�\PM�ZM[XWV[M�WN �\PM�)8, LM\MK\WZ[� <PQ[�X]\�I�JW]VL�WV�\PM�ZILQI\Q^M�ZMKWUJQVI\QWV
\QUM�WN �TM[[�\PIV����V[�IVL�Q\�Q[�M`XMK\ML�\PI\�\PQ[�Q[�I�[QOV�\PI\�UW[\�WN �\PM�M`KQ\I\QWV[�LMKIa�VWV�
ZILQI\Q^MTa�\PZW]OP�KW]XTQVO�\W�\PM�XPWVWV�JI\P�IVL�\P][�PMI\�]X�\PM�[a[\MU� 1\�Q[�IT[W�SVW_V�\PI\
\PM�ZMKWUJQVI\QWV�XZWKM[[M[�QV�J]TS�/I)[�Q[�WV�\PM�WZLMZ�WN ���� X[�C0IZZQ[WV��E�IVL�\PQ[�Å\[�_MTT
_Q\P�\PM�UMI[]ZML�

:QXXTM[�L]M�\W�PMI\QVO

1\�UQOP\�PW_M^MZ�JM�\PI\�W\PMZ�\QUM�KWV[\IV\[�IZM�MV\MZQVO�QV\W�\PM�LaVIUQK[�WN �\PM�^QJZI\QWVIT
UWLM[�WN �\PM�/I)[�UMUJZIVM� <PM�[XMML�WN �[W]VL�QV�J]TS�/I)[�Q[�WV�\PM�WZLMZ�WN ���� SU�[�I\�ZWWU
\MUXMZI\]ZM��C*TISMUWZM��E��IVL�QV\ZWL]KQVO�I�SQKS�\W�\PM�UMUJZIVM�_W]TL�QV\ZWL]KM�_I^M[�TQSM
ZQXXTM[�QV�I�XWVL� IT\PW]OP�\PM�UIOVQ\]LM�WN �\PM[M�_I^M[�Q[�VW\�KTMIZ� 1N �\PM�UIOVQ\]LM�WN �\PQ[�MNNMK\
Q[�JQO�MVW]OP� Q\�KW]TL�XW\MV\QITTa�MV\MZ�QV\W�\PM�LaVIUQK[�WN �\PM�^QJZI\QWV[� <PQ[�Q[�\PM�UW\Q^I\QWV
NWZ�[MIZKPQVO�NWZ�ZQXXTM[�IN\MZ�IV�M`KQ\I\QWV�WN �\PM�UMUJZIVM� )V�QTT][\ZI\QWV�WN �IV�M`IUXTM�WN �\PM[M
ZQXXTM[�Q[�[PW_V�QV ÅO� ���� NWZ�I�KQZK]TIZ�UMUJZIVM�

)[[]UQVO�I�[XMML�WN �[W]VL�WN �� SU�[� I�_I^M�XZWXIOI\QVO�QV�\PM�UMUJZIVM�_QTT�\ISM�IZW]VL���� V[
\W�\ZI^MT�TIZOM[\�LQUMV[QWV�WN ��� UU� 7N �KW]Z[M�\PQ[�_QTT�JM�LMXMVLMV\�WV�\PM�XW[Q\QWV�WN �\PM�SQKS
IVL�\PM�XZWJM�XW[Q\QWV�IVL�\P][���LQNNMZMV\�XW[Q\QWV[�_MZM�KPW[MV�

<PM�TWKIT�PMI\QVO�L]M�\W�\PM�SQKS�WN �IV�IJW^M�JIVL�TI[MZ�X]T[M�WV�\PM�UMUJZIVM�KIV�JM�M[\QUI\ML�
8]T[M[�WN ����V[�TMVO\P� ���VU�TQOP\�_MZM�][ML�IVL�UWVQ\WZML�][QVO�I�NI[\�XPW\WLM\MK\WZ� ) TQOP\
XW_MZ�KWZZM[XWVLQVO�\W�� U? _PMV�Z]VVQVO�QV�+? UWLM�_I[�KPW[MV� )XXZW`QUI\QVO�\PM�X]T[M
[PIXM�I[�I�ZMK\IVOTM�IVL�][QVO�\PM�X]T[M�TMVO\P�WN ��� V[�aQMTL[�IV�MVMZOa�WN �IJW]\����U2 XZ� X]T[M�
<PQ[�UMIV[�\PI\�_Q\P� �� VU�TQOP\�_Q\P����!! M> WN �MVMZOa�\PMZM�Q[ 109 XPW\WV[�XMZ�X]T[M� )[[]UQVO
IV�IJ[WZX\QWV�IVL�KWV^MZ[QWV�QV\W�PMI\�WN �IJW]\���!�\PQ[�OQ^M[�IV�QLMI�WN �\PM�X]VKP�\PI\�Q[�INÆQK\ML
WV�\PM�UMUJZIVM�Ja�\PM�X]T[M� 7N �KW]Z[M�Q\� Q[�IK\]ITTa�WVTa�\PM�\ZIV[QMV\�_M�IZM�QV\MZM[\ML�QV�
IVL�\PM��� V[�X]T[M[�IZM�KPW[MV�L]M�\W�\MKPVQKIT�Q[[]M[�IVL�I�[PWZ\MZ�_W]TL�JM�XZMNMZIJTM� 0W_M^MZ

.QO]ZM �����" /MVMZQK�LQ[XTIKMUMV\�UWLMT�[PW_QVO�JW\P�\PM�M`IOOMZI\ML�LQ[XTIKMUMV\�I\�\PM�KMV\MZ
L]M�\W�\PM�X]T[M�IVL�\PM�ZMÆMK\QWV� <PM�ÅZ[\�ZMÆMK\QWV�WN �\PM�_I^M�ZM\]ZV[�I\�\PM�KMV\MZ
IJW]\���� µ[�IN\MZ�\PM�QVQ\QIT SQKS�

��
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IOIQV�\PM�\QUM�[KITM[�MV\MZ[�J]\�\PQ[�\QUM�Q\�Q[�LQNNMZMV\�I[�I�TWKIT�PMI\QVO�WN �\PM�[QbM�WN �\PM�UMUJZIVM
Q[�VW\�\PM�[IUM�\QUM[KITM�I[�\PM�\QUM[KITM τth� τth Q[�M[\QUI\ML�][QVO�\PM�\PMZUIT�LQNN][Q^Q\a�WN �/I)[�
D ≈ 0.25 KU2/s IVL�][QVO�\PM�TI\MZIT�[QbM�WN �\PM�UMUJZIVM� l2 ≈ 1mm2 \PM�PMI\�LQNN][QWV�\QUM
Q[�M[\QUI\ML�\W�JM τth = l2/2D = 20 U[� 0W_M^MZ�\PM�TWKIT�PMI\QVO�WV�\PM�[QbM�WN �\PM�JMIU
_W]TL�JM�M`XMK\ML�\W�JM�\PM�VWV�ZILQI\Q^M�ZMKWUJQVI\QWV�\QUM�I[�VW�LQNN][QWV�WN �PW\�KIZZQMZ[�Q[
QVKT]LML�TWKITTa� <P][�Q\�Q[�QV\MZM[\QVO�\W�LM\MZUQVM�\PM�TWKIT�M`XIV[QWV�I\�\PM�X]T[M�JMIU�[XW\�IVL
_PM\PMZ�\PQ[�Q[�LM\MK\IJTM� IVL�\PM�\QUM�KWV[\IV\�IVL�UIOVQ\]LM�WN �\PM�ZQXXTM[�QV\ZWL]KML�QV�\PM
UMUJZIVM�

<PM�TWKIT�M`XIV[QWV�L]M�\W�PMI\QVO�KIV�JM�M[\QUI\ML�][QVO�\PM�UM\PWL[�LM[KZQJML�QV [MK� )��� *a
\PM�NWZU]TI�NWZ�^WT]UM\ZQK�\PMZUIT�[\ZM[[

σth = −β

(
3B

ηabsEph

C

)
≈ 0.8ηabsEph ��������

_PMZM�NWZ�Q[W\ZWXQK�\PMZUIT�M`XIV[QWV�\PM�^WT]UM\ZQK�M`XIV[QWV�KWMNÅKQMV\�Q[�MY]IT�\W�\PM�TQVMIZ�KW�
MNÅKQMV\��×αl� *a�I[[]UQVO�[UITT�LMNWZUI\QWV[�L]M�\W�\PM�\PMZUIT�[\ZM[[�IVL�][QVO�\PM�J]TS�UWL]�
T][�WN �����/8IC)LIKPQ �E� <PM�J]TS�UWL]T][B Q[�\PM�LMÅVML�I[

B = −V
∆P

∆V
��������

_PMZM P Q[�\PM�XZM[[]ZM� V Q[�\PM�^WT]UM�IVL ∆P/∆V Q[�\PM�KPIVOM�WN �XZM[[]ZM�NWZ�I�KPIVOM�WN
^WT]UM� .ZWU�ÅO[� ������� ������ \PM�^WT]UM�KPIVOM�Q[�\PMV

∆V

V0
=

0.8ηabsEph

B
��������

_PMZMEph Q[�\PM�XPW\WV�MVMZOa�IJ[WZJML�IVL ηabs [XMKQNa�\PM�KWV^MZ[QWV�MNÅKQMVKa�NZWU�IJ[WZJML
Eph \W�PMI\�MVMZOa� B Q[�\PM�J]TS�UWL]T][� 4QSM_Q[M� NWZ�\PM�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�Q\�KIV
JM�[PW_V�\PI\�\PM�^WT]UM\ZQK�MTMK\ZWVQK�[\ZM[[�XMZ�[QVOTM�MTMK\ZWV�PWTM�XIQZ�Q[

σel = −B
∆Eg

∆p
≈ 8M> ��������

IVL�\PI\�\PM�^WT]UM�KPIVOM�XMZ�IJ[WZJML�XPW\WV�NWTTW_[ MYV� �)����!�

∆V

V
=

(σel/Vill)

B
������ �

_Q\P Vill JMQVO�\PM�^WT]UM�\PI\�\PM�NWZKM�INNMK\[� σel Q[� \PM�LMNWZUI\QWV�XW\MV\QIT�[\ZM[[� �QV�]VQ\
MVMZOa�� 1V�WZLMZ�\W�M[\QUI\M�\PM�M`XIV[QWV� \PM�XIZIUM\MZ[�[XMKQÅML�IJW^M�Q[�][ML�IVL�QN �\PM�JMIU
[QbM�Q[�I[[]UML�WV�\PM�WZLMZ�WN ���� µU�QV�LQIUM\MZ� \PQ[�MVIJTM[�\PM�^WT]UM�KPIVOM�L]M�\W�TWKIT
PMI\QVO�\W�JM

∆V

V0
≈ �× ��−�� ������!�

<PM�NZIK\QWVIT�^WT]UM�M`XIV[QWV�XMZ�XPW\WV�_QTT�JM

<PMZUIT ,MNWZUI\QWV�XW\MV\QIT
�× ��−�� �× ��−��

��
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IVL�NWZ�I�XPW\WV�V]UJMZ�WN 109 XPW\WV[�XMZ�X]T[M� \PM�NZIK\QWVIT�M`XIV[QWV�XMZ�X]T[M�Q[�\PMV

<PMZUIT ,MNWZUI\QWV�XW\MV\QIT
�× ��−� �× ��−�

?PQKP�NWZ�\PM�QLMIT����� µU�LQIUM\MZ�KaTQVLMZ�_Q\P�PMQOP\�WN �����VU��KaTQVLMZ�_QTT�TMIL�\W�I\�UW[\
IV�QVKZMI[M�QV�PMQOP\�WN∆V /V h = 0.5 XU� _Q\P h JMQVO�\PM�\PQKSVM[[�WN �\PM�UMUJZIVM� <PQ[�Q[�I
^MZa�[UITT�KPIVOM� J]\�UQOP\�JM�LM\MK\IJTM�][QVO�\PM�KI^Q\a�\ZIV[UQ[[QWV�UMI[]ZMUMV\�\MKPVQY]M�
<PQ[�_I[�\PM�PWXM�NWZ�\PM�M`XMZQUMV\[�QV�\PQ[�[MK\QWV� 1N �XW[[QJTM�\W�LM\MK\� \PQ[�KW]TL�OQ^M�PQV\[�I[
\W�W\PMZ�\QUM[KITM[�OW^MZVQVO� _PQKP�UQOP\�KW]XTM�\W�\PM�^QJZI\QWV[� IVL�JM�XIZ\�WN �\PM�M`XTIVI\QWV
NWZ�\PM�[\ZWVO�^QJZI\QWVIT�KWWTQVO�

+WU[WT�UWLMTQVO

<PM�[M\]X�_I[�UWLMTML�QV�+WU[WT� <PQ[�_I[�LWVM�\W�\Za�IVL�M[\QUI\M�\PM�\QUM[KITM[�QV^WT^ML� IVL
\W�OI]OM�PW_�ZMITQ[\QK�I�UMI[]ZMUMV\�WN �\PM�LQ[XTIKMUMV\[�IZM� )[�\PM�.-5 Q[�LWVM�_Q\P�\PM�XIZIU�
M\MZ[�NZWU�\PM�M`XMZQUMV\�\PM�OW^MZVQVO�\QUM�[KITM�Q[�\PM�[XMML�WN �[W]VL�QV�\PM�UI\MZQIT� ,MXMVLMV\
WV�\PM�TI\\QKM�WZQMV\I\QWV�\PM�[XMML�WN �[W]VL�Q[�NZWU�IJW]\�����SU�[�\W�����SU�[�C*TISMUWZM��E�
IVL�NWZ�I���UU�LQIUM\MZ�UMUJZIVM�I�»SQKS¼�I\�\PM�KMV\MZ�I\�\QUM t0 _QTT�ZM[]T\�QV�I�_I^M�\ZI^MTTQVO
_Q\P�IJW]\�����SU�[�\W�JM�ZMÆMK\ML�I\�\PM�JW]VLIZa�IVL�\ZI^MT�JIKS�QV 1 UU/(3.5 SU�[) ≈ 0.3 µ[�
<PQ[�M[\QUI\M�Q[�OWWL�NWZ�UW\Q^I\QVO�\PM�[MIZKP�NWZ�I µ[�\QUM[KITM�QV�\PQ[�[a[\MU� J]\�UWZM�KWUXTM`
.-5 UWLMT[�_MZM�QUXTMUMV\ML�

<PM�XW[Q\QWV�IVL�\QUQVO�WN �\PM�X]T[M[�I\�IVL�\PM�M`XMK\ML�\ZI^MTTQVO�_I^M�_MZM�UWLMTML�I\�\PZMM�LQN�
NMZMV\�XW[Q\QWV[� <PM[M�KWZZM[XWVL�\W�\PM�M`XMZQUMV\ITTa�KPW[MV�[M\]X[�I[�LM[KZQJML�QV [MK� ������
*a�KWUXIZQVO�\PM�LQNNMZMV\�XW[Q\QWV[�Q\�_I[�PWXML�\W�[PW_�XZWWN �WN �\PM�LQ[XTIKMUMV\�IVL�\PM�ZQXXTM[�
QVLQKI\QVO�I�[W]ZKM�NWZ�I�NI[\�\QUM[KITM�

������ <QUM�ZM[WT^ML�M`XMZQUMV\

5W\Q^I\ML�Ja�\PM�IJW^M�Q\�_I[�\ZQML�\W�QUXTMUMV\�I�_Ia�\W�UMI[]ZM�\PQ[�Y]QKS�\QUM[KITM� _Q\P�\PM
]T\QUI\M�OWIT�WN �\ZaQVO�\W�KWZZMTI\M�Q\�_Q\P�\PM�\QUM[KITM�\PI\�MV\MZ[�QV\W�\PM�KWWTQVO�WN �\PM[M�/I)[
UMUJZIVM[�

<PM�»SQKS¼�_I[�QUXTMUMV\ML�][QVO�I�X]UX�TI[MZ�\PI\�PQ\�\PM�UMUJZIVM�I\�IV�WNN �IVOTM�_Q\P�IV
IJW^M�JIVLOIX�TI[MZ�_Q\P� ���VU�_I^MTMVO\P� 1V�\PQ[�_Ia�\PM�NWZKM�Q[�JW\P�\PM�ZILQI\QWV�XZM[[]ZM
SQKS�I[�_MTT�I[�M`KQ\QVO�KIZZQMZ[�KI][QVO�TWKIT�PMI\QVO�IVL�TWKIT�M`XIV[QWV� <PM�SQKS�_I[�M[\IJTQ[PML
_Q\P����V[�X]T[M[�_Q\P�I�ZMXM\Q\QWV�ZI\M�WN �� µ[� IVL�\PM�WX\QKIT�XW_MZ�_I[�IJW]\����U? _PMV
UMI[]ZML�Z]VVQVO�QV�+? UWLM� )[�_I[�M[\QUI\ML�IJW^M� \PQ[�[PW]TL�OQ^M�I� TWKIT�M`XIV[QWV�WN
IJW]\���� XU� <PM�KI^Q\a�\ZIV[UQ[[QWV�_I[�UWVQ\WZML�][QVO��� µ?  ���VU�TQOP\� IVL�UMI[]ZML
][QVO�I�NI[\�XPW\WLM\MK\WZ� 1V�\PQ[�_Ia�Q\�_I[�PWXML�\W�\QUM�\PM�\ZQOOMZQVO�WN �\PM�X]T[M�_Q\P�KIJTM
TMVO\P�IVL�JM�IJTM�\W�LM\MK\�\PM�UW\QWV�WN �\PM�UMUJZIVM�QV�LQNNMZMV\�[XW\[�I[�\PM�X]T[M�M`KQ\ML
Q\�

)N\MZ�PI^QVO� [WT^ML�XZWJTMU[�_Q\P� [KI\\MZML� ���VU� TQOP\�OWQVO� QV\W� \PM� \ZIV[UQ[[QWV�LM\MK\WZ�
XZWJTMU[�_MZM�WJ^QW][�_Q\P�ZQVOQVO� <PM�MTMK\ZQKIT�X]T[M�OWQVO�QV\W�\PM�KWV\ZWT�WN �\PM�TI[MZ�_I[
ZM[]T\QVO�QV�ZQVOQVO�QV�\PM�[QOVIT�UMI[]ZML�Ja�\PM�NI[\�XPW\WLM\MK\WZ� ,QNNMZMV\�KIJTM�TMVO\P[�_MZM
\M[\ML�J]\�\PM�ZQVOQVO�_I[�[\QTT�XZWJTMUI\QK� )N\MZ�[WUM�QV^M[\QOI\QWV[�Q\�_I[�KWVKT]LML�\PI\�\PM

��
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ZQVOQVO�_I[�QV�\PM�4M+ZWa�?8�����7[KQTTW[KWXM�Q\[MTN� IVL�\PQ[�UILM�Q\�PIZLMZ�\W�PIVLTM� )[�\PM
ZQVOQVO�_I[�M`IK\Ta�WV�\PM�\QUM[KITM�IN\MZ�\PM�X]T[M�_PMZM�I�IKW][\QK�[QOVIT�_I[�M`XMK\ML�\W�WKK]Z�
\PQ[�_I[�I�XZWJTMU� )[�\PM�ZQVOQVO�_I[�MTMK\ZWVQK�QV�VI\]ZM�IVL�M`XMK\ML�\W�JM�I�TMIS\PZW]OP�NZWU
WVM�KPIVVMT�\W�\PM�VM`\�QV�\PM�W[KQTTW[KWXM� Q\�[PW]TL�JM�XZM[MV\�VW�UI\\MZ�_PM\PMZ�\PM�X]UX�X]T[M
PQ\[�\PM�UMUJZIVM�WZ�VW\� <P][�I�UMKPIVQKIT�[P]\\MZ�_I[�QV[\ITTML�QV�\PM�X]UX�JMIU�XI\P� IVL
LZQ^MV�I\�[XMML[�]X�\W�� SZXU� <PQ[�MVIJTM[�I�Y]QKS�LQNNMZMV\QIT�UMI[]ZMUMV\�_PMZM�\PM�MTMK\ZWVQK[
IZM�]VKPIVOML�J]\�\PM�TQOP\�WVTa�PQ\[�\PM�[IUXTM�QV�[WUM�XWZ\QWV�WN �\PM�UMI[]ZML�\ZQOOMZQVO�M^MV\[�
) LQNNMZMV\QIT�UMI[]ZMUMV\�[KPMUM�_I[�LM^MTWXML� 0MZM�\PM�\ZIV[UQ[[QWV�VWQ[M�_I[�UMI[]ZML�_Q\P
IVL�_Q\PW]\�\PM�X]T[M�JMQVO�JTWKSML� )[�\PM�UMKPIVQKIT�KPWXXMZ�_I[�Z]VVQVO�I\�IJW]\���SZXU�\PM
\_W�\aXM[�WN �M^MV\[�_PMZM�WVTa�[MXMZI\ML�Ja�UQTTQ[MKWVL[� _PQKP�[PW]TL�ZMVLMZ�\PM�[M\]X�ZWJ][\
IOIQV[\�XW_MZ�Æ]K\]I\QWV[�IVL�[W�WV� =VNWZ\]VI\MTa�VW�[a[\MUI\QK�[QOVIT�_I[�NW]VL�\W�Å\�_Q\P�\PM
IZZQ^IT�\QUM[�M[\QUI\ML�][QVO�\PM�LQNNMZMV\�UWLMT[�

.QO]ZM �����" +WUXW[Q\M�QUIOM�WN �\PM�UMUJZIVM�_Q\P�XZWJM�IVL�X]UX�JMIU[� <PM�KI^Q\a�XZWJM
JMIU�Q[�I\�\PM�_PQ\M�JMIU�[XW\�I\�\PM�ZQOP\UW[\�XW[Q\QWV� _PQTM�\PM�\PZMM�JZQOP\�[XW\[
[PW_�\PM�\PZMM�X]UX�XW[Q\QWV[�\ZQML�

0M\MZWLaVM�LM\MK\QWV

)[�I�ÅVIT�\M[\�WN �\PM�PaXW\PM[Q[�WN �\PM�ZQXXTQVO�JMQVO�UMI[]ZIJTM� I�PM\MZWLaVM�LM\MK\QWV�[KPMUM
_I[�QUXTMUMV\ML�QV�WZLMZ�\W�W^MZKWUM�^IZQW][�MTMK\ZWVQK�VWQ[M�[W]ZKM[�QV�\PM�50b�ZIVOM�\PI\�_MZM
XTIO]QVO�\PM�M`XMZQUMV\�

0M\MZWLaVM�LM\MK\QWV�_WZS�Ja�UQ`QVO�\PM�TQOP\�KIZZaQVO�\PM�[QOVIT�\W�JM�LM\MK\ML�_Q\P�I�[\ZWVO TWKIT
W[KQTTI\WZ� <PM 47 Q[�\ZILQ\QWVITTa�I�[\ZWVO�TI[MZ�ÅMTL�_Q\P�IV�IVO]TIZ�NZMY]MVKa ωLO� <PM�[QOVIT�Q[
QV�\PM�MTMK\ZQK�ÅMTL ES(t) = ES KW[(ωS + φS)t IVL�\PM 47 QV ELO(t) = ELO KW[(ωLO + φLO)t
C5QTWVVQ  E� 0MZM ωS Q[�\PM�IVO]TIZ�NZMY]MVKa�WN �\PM�[QOVIT�KIZZaQVO�ÅMTL� IVL φS IVL φLO IZM�\PM
XPI[M�\MZU[� <PM�MTMK\ZQK�K]ZZMV\�WN �\PM�XPW\WLM\MK\WZ�\PI\�UMI[]ZM[�\PM�ZM[]T\QVO�TQOP\�Q[�LMVW\ML

� 



+WWTQVO�_Q\P�TQOP\ ����-`XMZQUMV\IT�M^QLMVKM�WN �KI^Q\a�KWWTQVO

ID� IVL�Q\�_QTT�JM�XZWXWZ\QWVIT�\W�\PM�QV\MV[Q\a�I\�\PM�LM\MK\WZ�I[

ID ∝ [ES KW[(ωst+ φS) + ELO KW[(ωLOt+ φLO)]
2 ��������

∝ 1

2
E2

S +
1

2
E2

LO + ESELO KW[ ((ωS − ωLO)t+ (φS − φLO)) ��������

_PMZM�OWQVO�NZWU MYV� �������� \W MYV� �������� NI[\�\MZU[�_Q\P 2ωS � 2ωLO IVL ωS + ωLO IZM
LZWXXML� I[� \PM[M� IZM� I[[]UML� \W� JM� I^MZIOML� W]\� <PQ[�UMIV[� \PI\� \PM� NI[\� W[KQTTI\QWV� IJW]\
bMZW�Q[�I^MZIOML�\W�I�bMZW�QV\MV[Q\a� <PM�\_W�ÅZ[\�\MZU[�QV MYV� �������� PI^M�VW�NZMY]MVKa�LM�
XMVLMVKM�IVL� \PM� QV\MZM[\QVO� \MZU� Q[�KTMIZTa� \PM� \PQZL� QV\MZNMZMVKM� \MZU� <PM�LM\MK\ML�K]ZZMV\
_QTT�W[KQTTI\M��JMI\��I\�\PM�LQNNMZMVKM�NZMY]MVKa ωS − ωLO� ?PI\�Q[�UWZM�QV\MZM[\QVO�Q[�PW_�\PQ[
\MZU�Q[�XZWXWZ\QWVIT�\W ESELO I[�\PQ[�MVIJTM[�LQZMK\Ta�IV�MVPIVKMUMV\�WN �\PM ωS \PI\� Q[� \W�JM
LM\MK\ML� )[�\PM�TWKIT�W[KQTTI\WZ�Q[�QVKZMI[ML�QV�XW_MZ |ELO|2 \PM�UMI[]ZML�[QOVIT�I\ ωS − ωLO

_QTT�QVKZMI[M�QV�\PM�[IUM�WZLMZ� IVL�\P][�PI^QVO�I�U]KP�[\ZWVOMZ�47 MVIJTM[�LM\MK\QWV�WN �_MIS
[QOVIT[�

*a�I�KWUJQVI\QWV�WN �\PM�LQNNMZMV\QIT�[KPMUM�NZWU�IJW^M�IVL�I�PM\MZWLaVM�UQ`QVO�Q\�_I[�PWXML
\PI\�\PM�_MIS�[QOVI\]ZM�WN �\PM�ZQXXTQVO�KW]TL�JM�UMI[]ZML� *a�][QVO�I�^MZa�[\ZWVO�TWKIT�W[KQTTI\WZ�
\PM�[QOVIT� [PW]TL�JM�IUXTQÅML�[QOVQÅKIV\Ta� 1\�_I[� QUXTMUMV\ML�Ja�UQ`QVO� \PM�KI^Q\a� \ZIV[UQ[�
[QWV� TQOP\�_Q\P� \PM� QVX]\� TQOP\� NZWU�\PM�<Q"; TI[MZ� )[� \PM� \PM�KI^Q\a� QVX]\�_I[�XW_MZ�[\IJQTQbML
][QVO�\PM�ÅZ[\�LMÆMK\ML�JMIU�WN �IV�)75 JMQVO�LZQ^MV�_Q\P�I� ���50b�LZQ^M� \PM�\ZIV[UQ\\ML
IVL�]VLMÆMK\ML�TQOP\�NZWU�\PM�)75 _I[�IV�WJ^QW][�KPWQKM� <PM�<Q"; TQOP\�_I[�UQ`ML�_Q\P�\PM
 ���50b�[PQN\ML�KI^Q\a�\ZIV[UQ[[QWV�TQOP\� IVL�I[�\PM�QV\MV[Q\a�WN �\PM�KI^Q\a�\ZIV[UQ[[QWV�_I[�QV
\PM µ? ZIVOM� I�[\ZWVO�47 _I[�VMMLML� ) KW]XTM�WN �P]VLZML µ? 47 _I[�][ML�IVL�\PM�UQ`ML
TQOP\�_I[�KW]XTML�\W�I�ÅJMZ�IVL�NML�\W�\PM�NI[\�XPW\WLM\MK\WZ� <MKPVQKITTa�I�<PWZTIJ[�!���/0b
)UXTQÅML�ÅJMZKW]XTML�XPW\WLM\MK\WZ�8,) /; _I[�][ML�IVL�IN\MZ�JMQVO�JIVLXI[[ML�IZW]VL� ��
50b�_Q\P�I�XI[[Q^M�ÅT\MZ� \PM�[QOVIT�_I[�IUXTQÅML�][QVO�I�B@�������5; ���������50b�IU�
XTQÅMZ� )[�JW\P�\PM�TI[MZ[�IVL�\PM�MTMK\ZWVQK[�[PW_�U]KP�JM\\MZ�IVL�TM[[�VWQ[a�JMPI^QW]Z�I\� ��
50b�\PIV�IZW]VL���50b�\PQ[�Q[�I�U]KP�UWZM�[MV[Q\Q^M�[M\]X�\PIV�\PM�[QUXTM�\ZIV[UQ[[QWV�UMI�
[]ZMUMV\�

:M[]T\[

1VÅO� ���� I�KWUXW[Q\M�QUIOM�WN �\PM�\PZMM�LQNNMZMV\�KPW[MV�X]UX�XW[Q\QWV[�WV�\PM�/I)[�UMUJZIVM
Q[�[PW_V�I[�_MTT�I[�\PM�XZWJM�JMIU�NWZ�\PM�KI^Q\a�\ZIV[UQ[[QWV�JMIU� 1V ÅO� ���� ZMXZM[MV\IJTM
\ZIKM[�NWZ�LI\I�NZWU�\PM���XW[Q\QWV[�IZM�[PW_V� <PM�[M\]X�_I[�WX\QUQbML�\W�ZM[]T\�QV�\PM�X]T[M�PQ\\QVO
\PM�UMUJZIVM�I\�\PM�\QUM t = 0 QV ÅO� ���� IVL�\P][�I�XMIS�_I[�M`XMK\ML�IZW]VL���������V[�IN\MZ
\PQ[� <PM�JTIKS�[KI\\MZ�Q[�\PM�QV\MV[Q\a�WN �TQOP\�I^MZIOML�W^MZ�UIVa�\ZQOOMZQVO�M^MV\[� IVL�\PM�ZML
Q[�\PMV�I�[UWW\PQVO�WN �\PQ[� 1\�_I[�NW]VL�QUXW[[QJTM�\W�XZW^M�IVa�[a[\MUI\QK�[QOVIT�WN �I�\ZI^MTTQVO
_I^M�][QVO�\PQ[�[M\]X�

<PQ[�UMIV[�\PI\�\PM�MNNMK\�Q[�[UITTMZ�\PIV�_PI\�_I[�LM\MK\IJTM�][QVO�\PQ[�[M\]X� IVL�I[�\QUM�[KITM[
IJW]\����U[�_I[�NW]VL�L]M�\W�PMI\QVO�QV [MK� ����� \PQ[�Q[�KWVKT]LML�\W�JM�\PM�LWUQVI\QVO�\QUM
[KITM�NWZ�\PM�^QJZI\QWVIT�JMPI^QW]Z�WN �\PM�UMUJZIVM�

�!



����-`XMZQUMV\IT�M^QLMVKM�WN �KI^Q\a�KWWTQVO +WWTQVO�_Q\P�TQOP\

�I� 8W[Q\QWV�� �J� 8W[Q\QWV��

�K� 8W[Q\QWV��

.QO]ZM �����" 5MI[]ZML�NI[\�ZM[XWV[M�[QOVIT�QV\MV[Q\a�I\���LQNNMZMV\�XW[Q\QWV[�

 �



+WWTQVO�_Q\P�TQOP\ ����<PM�XPW\W\PMZUIT�KWWTQVO�QV�\PM�/I)[�UMUJZIVM

���� <PM�XPW\W\PMZUIT�KWWTQVO�QV�\PM�/I)[
UMUJZIVM

1V�KWVKT][QWV� Q\�PI[�JMMV�M[\IJTQ[PML� \PI\� \PM� [\ZWVO�^QJZI\QWVIT�KWWTQVO� \PI\�_I[� [PW_V� QV� \PQ[
UMUJZIVM�_I[�XZQUIZQTa�L]M�\W�I�[\ZWVO�XPW\W\PMZUIT�KW]XTQVO�QV�\PM�UMUJZIVM� <PM�KWWTQVO
XW_MZ�_I[�NW]VL�\W�JM�KWUXTM\MTa�LMXMVLMV\�WV�\PM�_I^MTMVO\P�WN �\PM�KWWTQVO�TQOP\�JMQVO�PQOP
MVW]OP�MVMZOa�XMZ�XPW\WV� \W�M`KQ\M�KIZZQMZ[�QV�\PM�UI\MZQIT�IVL�PMI\�Q\� >MZa�[\ZWVO�KWWTQVO�LW_V
\W�MNNMK\Q^M�^QJZI\QWVIT�\MUXMZI\]ZM�WN ���3 _I[�NW]VL�NWZ�\PM�������UWLM� J]\�\PM�MNNMK\�_I[�TQUQ\ML
L]M�\W�UMKPIVQKIT�QV[\IJQTQ\a�[M\\QVO�QV�NWZ�IJW]\��� µ? WN �KWWTQVO�XW_MZ� 1\�_I[�NW]VL�\PI\�\PM
^MZa�[\ZWVO�MNNMK\� I[�_MTT�I[�\PQ[�WV[M\�WN �QV[\IJQTQ\a�NWZ�ZMTI\Q^MTa�TW_�XW_MZ� _I[�L]M�\W�I�[\ZWVO�QV�
\ZQV[QK�JMVL�QV�\PM�UMUJZIVM� <PQ[�TML�\W�\PM�TWKIT�PMI\QVO�IT_Ia[�UISQVO�\PM�UMUJZIVM�JMVLQVO
QV�\PM�[IUM�LQZMK\QWV� IVL�\PQ[�KPIVOM[�\PM�MNNMK\Q^M�[XZQVO�KWV[\IV\�Ja�UISQVO�IVW\PMZ�LMNWZUI�
\QWV�

<PM�QV\ZQV[QK�JMVLQVO�_I[�[PW_V�\W�JM�I�OMVMZIT�NMI\]ZM�I[�I�KWV[MY]MVKM�WN �\PM�NIJZQKI\QWV�XZWKMM�
L]ZM� IVL�XZWJIJTa�QVKT]LM�I�TW\�WN �[\ZM[[�I\�\PM�JW]VLIZQM[�IVL�I[�I�KWV[MY]MVKa�\PM�UMUJZIVM[
IZM�LZIUI\QKITTa�JMVL� <PQ[�Q[�^MZa�LQNNMZMV\�\PIV�\PM�KI[M�NWZ�\PM�;Q6 6WZKILI�UMUJZIVM[� _PMZM
\PM�\MV[QTM�[\ZM[[�LWUQVI\M[�\PM�JMPI^QW]Z�KWUXTM\MTa�

������ ;PMTT���5MUJZIVM�LM[KZQX\QWV

)\�\PQ[�XWQV\�Q\�Q[�QV\MZM[\QVO�\W�XWQV\�W]\�\PM�LQNNMZMVKM�JM\_MMV�\PM[M�/I)[�UMUJZIVM[�KWUXIZML
\W�\PM�\aXQKIT�;Q6 UMUJZIVM[�NZWU�6WZKILI� )[�\PM�/I)[�UMUJZIVM�Q[�QV\ZQV[QKITTa�JMV\� IVa
IJ[WZJML�TQOP\�TMIL[�\W�I�M`XIV[QWV�IVL�LQ[XTIKMUMV\�QV�\PM�[IUM�LQZMK\QWV�VW�UI\\MZ�\PM�XW[Q\QWV
QV�\PM�KI^Q\a� <PQ[� Q[� QV�KWV\ZI[\� \W�\PM�[\IVLIZL�;Q6 UMUJZIVM�_PMZM�\PM�PQOP�\MV[QTM�[\ZM[[� Q[
LWUQVI\QVO�\PM�JMPI^QW]Z� <PQ[�Q[�\PM�LQNNMZMVKM�LM[KZQJML�QV [MK� ���_PMZM�\PM�LQNNMZMVKM�JM\_MMV
[a[\MU[� _PMZM�\PM�XTI\M�MY]I\QWV�Q[�I�OWWL�IXXZW`QUI\QWV�[]KP�I[�\PQ[�/I)[�UMUJZIVM� QV�KWV\ZI[\
\W�[a[\MU[�_PMZM�\PM�UMUJZIVM�MY]I\QWV�Q[�I�OWWL�LM[KZQX\QWV� I[�Q[�\PM�KI[M�NWZ�\PM�LZ]U[SQV�;Q6
UMUJZIVM�

������ +WVKT][QWV�IJW]\�UMKPIVQKIT�KW]XTQVO

)[�_I[�WJ^QW][�NZWUÅO� ���� VW�KTMIZ�[QOVI\]ZM�WN �I�NI[\�\QUM�[KITM�_I[�LM\MK\IJTM�QV�I�UQKZW�[MKWVL
\QUM�ZIVOM� .ZWU�\PQ[�M`XMZQUMV\�IVL�\PM�M`XMZQUMV\�LM[KZQJML�QV [MK� ������ Q\�Q[�KTMIZ�\PI\�\PM
NI[\�\QUM�[KITM�\PI\�_W]TL�JM�L]M�\W�\PM�Y]QKSMZ�KW]XTQVO�\PZW]OP�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�
\PI\�_I[�XZWXW[ML�\W�M`XTIQV�\PM�KWWTQVO�XPMVWUMVI� Q[�VW\�LM\MK\IJTM� 1\�Q[�\PMV�IV�M`XTIVI\QWV
WN �I�LWUQVI\QVO�KWWTQVO�UMKPIVQ[U� QV�\PQ[�[a[\MU�IVL�\PM�XPW\W\PMZUIT�KWWTQVO�Q[�KWVKT]LML�\W
LWUQVI\M�\PM�JMPI^QW]Z�

 �





�� 6M`\�[\MX[�NWZ�^QJZI\QWVIT�KWWTQVO

)V�WJ^QW][�VM`\�[\MX�Q[�IT[W�\W�KWWT�\PM�/I)[�[\Z]K\]ZM�\W�I�KZaWOMVQK�\MUXMZI\]ZM� ;M^MZIT�IL^IV�
\IOM[�IZM�\PW]OP\�\W�NWTTW_�_Q\P�TW_MZ�J]TS�\MUXMZI\]ZM� \PM�UW[\�WJ^QW][�JMQVO�\PI\�\PM�\PMZUIT
VWQ[M�_QTT�JM�TW_MZ� IVL�\PMZUIT�LIUXQVO�XZWKM[[M[�C7SIUW\W� � 4QN[PQ\b��E�_QTT�JM�LIUXMVML
ZM[]T\QVO�QV�PQOPMZ�UMKPIVQKIT Qm¼[� ) [XMKQIT�KI[M�NWZ�[\]LaQVO�\PM�QV\MZXTIa�JM\_MMV�\PMZUITTa
QVL]KML�KWWTQVO�_Q\VM[[ML� QV� \PQ[� [a[\MU�IVL�MTMK\ZWVQK�XZM[[]ZM� KWWTQVO� Q[� \PI\�/I)[� [PW_[�I
[\ZWVO�\MUXMZI\]ZM�LMXMVLMVKM�WN �\PM�\PMZUIT�M`XIV[QWV�KWMNÅKQMV\� <PM�\PMZUIT�M`XIV[QWV�KW�
MNÅKQMV\� Q[�[PW_V�UMI[]ZML�QV ÅO� ��� C7SIUW\W� � ;XIZS[��E�IVL�I�KTMIZ�bMZW� Q[�_Q\VM[[ML�I\
IZW]VL����3 IVL����3��<PQ[�Q[�VW\�I�[XMKQIT�XZWXMZ\a�WN �/I)[�J]\�Q\�KW]TL�JM�][ML�NWZ\]Q\W][Ta
NWZ�[\]LaQVO�\PM�XPW\W�\PMZUITTa�QVL]KML�KWWTQVO� I[�\PM�^QJZI\QWVIT�KWWTQVO�MNÅKQMVKa�_W]TL�^IZa
LZIUI\QKITTa�QV�\PM�\MUXMZI\]ZM�ZIVOM�IZW]VL����3 WZ����3��)T[W�I�KPIVOM�\W�\PM[M�\MUXMZI\]ZM
ZIVOM[�_W]TL�MTQUQVI\M�\PM� QV[\IJQTQ\a�L]M�\W�\PM�\PMZUIT�LMNWZUI\QWV� \P][�MVIJTQVO�I�JZWILMZ
ZIVOM�WN �XIZIUM\MZ[�_PMZM�\PM�[a[\MU�KW]TL�JM�[\]LQML�

*MKI][M�\PM�XPW\W\PMZUIT�LMNWZUI\QWV�X]\�I�TQUQ\�\W�PW_�U]KP�TQOP\�XW_MZ�KIV�JM�][ML�\W�KWWT
\PM�^QJZI\QWVIT�UWLM[� \PMZM�Q[�I�TQUQ\�\W�PW_�U]KP�KWWTQVO�KIV�JM�IKPQM^ML�QV�\PQ[�[a[\MU� <PI\
Q[�VW\�\W�[Ia�\PI\�KWWTQVO�_Q\P�XPW\W\PMZUIT�KWWTQVO�QV�OMVMZIT�Q[�QV[]NÅKQMV\�\W�ZMIKP�\PM�OZW]VL
[\I\M�WN �^QJZI\QWV[� I[�C:M[\ZMXW��E�IZO]M[� J]\�Q\�_QTT�JM�TQUQ\QVO�NWZ�\PQ[�KWVÅO]ZI\QWV�WN �UMU�
JZIVM[� <P][� \PM�[]XXW[ML�MTMK\ZWVQK�[\ZM[[�JMKWUM[� QV\MZM[\QVO�\W�]\QTQbM� <PM�\W\IT�MTMK\ZWVQK
[\ZM[[ σelnmemτel Q[�[UITTMZ�\PIV�\PM�\W\IT�\PMZUIT�[\ZM[[ σthnmemτth� _Q\P nmem [QOVQNaQVO�\PM
XPW\WV�V]UJMZ�IJ[WZJML�XMZ�]VQ\�\QUM� <PQ[�Q[�JMMKI][M�\PM�TQNM\QUM� τel� WN �\PM�MTMK\ZWVQK�XZM[[]ZM
Q[�ZMTI\ML�\W�\PM�ZMKWUJQVI\QWV�WN �\PM�M`KQ\ML�MTMK\ZWV�PWTM�XIQZ[� _PQKP�Q[�I�^MZa�NI[\�XZWKM[[�QV�\PQ[
[a[\MU� _PQTM�\PM�\PMZUIT�TQNM\QUM τth Q[�U]KP�TWVOMZ� <PQ[�Q[�_Pa�\PM�\PMZUIT�[\ZM[[�W^MZ_PMTU[
\PM�MTMK\ZWVQK�[\ZM[[� 1V�\PQ[�[Q\]I\QWV τel/τth ≤ �× ��−! [W�Q\�Q[�KTMIZ�\PI\�\PM�MTMK\ZWVQK�XZM[[]ZM
MNNMK\�Q[�VMOTQJTM�

1\�Q[�IT[W�XW[[QJTM�\W�MVOQVMMZ�\PM�LQNNMZMV\�\QUM�[KITM[�MV\MZQVO�\W�UISM�\PM�MTMK\ZWVQK�[\ZM[[�LWUQ�
VI\M� *a�[M\\QVO�]X�\PM�UMUJZIVM�QV�I�KI^Q\a�OMVMZI\ML�Ja�\_W�UQZZWZ[� QV�\PM�UMUJZIVM�QV�\PM�
UQLLTM�IXXZWIKP�C<PWUX[WV� � ?QT[WV�!E� I�PQOPMZ�ÅVM[[M�KI^Q\a�Q[�XW[[QJTM� 1N �\PM�_I^MTMVO\P�WN
\PM�TI[MZ�Q[�WX\QUQbML�[W�\PI\�\PM�TW[[�QV�\PM�KI^Q\a�L]M�\W�IJ[WZX\QWV�QV�\PM�UMUJZIVM�Q[�UQVQUQbML�
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τ = τcav + τel ≈ τcav �������

_PMZM τcav = 1/κ Q[�\PM�TQNM\QUM�WN �\PM�KI^Q\a� <PQ[�_W]TL�UMIV� \PM�XZWKM[[�_MZM�LWUQVI\ML
Ja�\PM�[TW_MZ�KI^Q\a�TQNM\QUM�\PIV�\PM�MTMK\ZWVQK�XZM[[]ZM�\QUM[KITM τel IVL�\PQ[�_W]TL�IOIQV�UISM
\PM�MTMK\ZWVQK�XZM[[]ZM�MNNMK\�VW\QKMIJTM�_PQTM� QVKT]LQVO�PQOP�MVW]OP�XPW\WV�V]UJMZ[� \W�UISM
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FIG. 3. The low-temperature thermal expansions of Ge anu Si.
Th t Ge samples are from the same piece, and the data for
the shorter sample have been normahzed by multip yi g
length changes by (13.46/6. 99) so that the "long" and "short"
sample data can be compared on the same scale. The Ge data
plotted in the left-hand curve have been multiplied by a factor
of 10 for display purposes.

These data essentially consist of a series of 61.readings
as a function of temperature.

At high temperatures, a procedure can be used which
is similar to that used for heat-capacity measurements.
Here the length change AL is measured for a relatively
small temperature change /3T (where DT is of the order
of 0.1T or 1'K, whichever is smaller), and an average

=I;i~I.,~thermal-expansion coefficient is defined as n=
/3. T. The thermoelectric'power dE/dT of the thermo
couples is used directly here. These data then consist
of a series of direct determinations of e as a function
of temperature. Ke have one advantage over the heat-
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FIG. 5. The low-temperature thermal expansions of GaSb and
GaAs. The GaAs sample was removed from the sample holder
between runs 1 and 2.

capacity measurements in that the sample can be
cooled back to its original temperature and the resulting
negative length change determined. This gives an ex-
cellent check for friction or extraneous vibration effects.
In general, the thermal-expansion coeKcients as well
as the total length changes from 1.89'K to a given
temperature are recorded. The maximum temperature
at which data are taken (approximately 40'K) is
limited by an uneasy feeling that the necessarily large
heat Qows are causing temperature gradients in t e
sample.

ns forIn general, a check is made in each series of runs or
effects due to a lack of temperature homogeneity in
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White (Ref. 7) are shown also.
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FIG. 6. The "high"-temperature linear-thermal-expansion co-
efBcients for GaSb and GaAs. The GaAs sample was removed
from the sample holder between runs 1 and 2.
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)[�LM[KZQJML�QV [MK� ����� \PM�QLMV\QÅKI\QWV�WN �\PM�KWWTQVO�XZWKM[[M[�TML�\W�\PM�ZM^ITI\QWV�\PI\�XPW�
\W\PMZUITTa�QVL]KML�KWWTQVO�LWUQVI\M[�\PM�KWWTQVO�XZWKM[[�NWZ�\PM�JQO�/I)[�UMUJZIVM� 0W_M^MZ
Q\�Q[�MV^Q[QWVML�\PI\�\PM�MTMK\ZWVQK�XZM[[]ZM�QVL]KML�KWWTQVO�XZWKM[[�KW]TL�TMIL�\W�I�TW\�WN �IL^IV\IOM[
_PMV�OWQVO�\W�TW_MZ�\MUXMZI\]ZM[� <PQ[�MNNMK\�Q[�L]M�\W�\PM�TWKIT�M`XIV[QWV�L]M�\W�\PM�LQ[I[[WKQI�
\QWV�WN �MTMK\ZWV[�IVL�PWTM[�NZWU�\PM�TI\\QKM� IVL�Q[�IT[W�KITTML�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO� I[�\PQ[
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1V�\PM�IXXMVLQ` [MK� )���� Q[�LM[KZQJML�PW_�\PM�TWKIT�IJ[WZX\QWV�TMIL[�\W�I�TWKIT�M`XIV[QWV�L]M�\W
MTMK\ZWV�XZM[[]ZM� <PQ[�KIV�\PMV�KW]XTM�JIKS�\W�\PM�UW\QWV�WN �\PM�UMUJZIVM�QN �\PM�[\Z]K\]ZM�Q[�WX�
\QUQbML� IVL�I�KI^Q\a�Q[�KZMI\ML�\W�M[\IJTQ[P�\PM�ZM[WVIVKM�MNNMK\�

 �



6M`\�[\MX[�NWZ�^QJZI\QWVIT�KWWTQVO ����,MNWZUI\QWV�XW\MV\QIT�KWWTQVO

<PMZM�IZM�[M^MZIT�WX\QUQbI\QWV�XW[[QJQTQ\QM[�\W�[PW_�MTMK\ZWV�XZM[[]ZM�KWWTQVO� )V�WJ^QW][�UM\PWL
_W]TL�JM�\W�XTIKM�\PM�UMUJZIVM�[a[\MU�QV�JM\_MMV�\_W�UQZZWZ[�QV�\PM�UMUJZIVM�QV�\PM�UQLLTM
IXXZWIKP�C<PWUX[WV� � ?QT[WV�!E�IVL�\P][�KZMI\M�I�KI^Q\a�_Q\P�PQOP�ÅVM[[M� <PM�_I^MTMVO\P�WN
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VW�KI^Q\a�UWLM�Q[�[][\IQVML� 1N �\PQ[�Q[�ZMITQbML�\PM�MNNMK\Q^M�LMTIa�\QUM�KIV�JM�LWUQVI\ML�Ja�\PM
KI^Q\a� TQNM\QUM τcav QV[\MIL�WN �\PM�[PWZ\�KIZZQMZ�TQNM\QUM τel JMKI][M�WN �\PM�KI[KILM�VI\]ZM�WN �\PM
LMKIa�XZWKM[[M[�I[ τ = τcav + τel ≈ τcav�

+WPMZMV\�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO

<PM�MTMK\ZWV�XZM[[]ZM�MNNMK\�KIV�JM�UWLMTML�Ja�KWV[QLMZQVO�\PM�[QUXTQÅKI\QWV�\PI\�\PMZM�Q[�WVTa�I
[QVOTM�I^IQTIJTM�M`KQ\WV�UWLM�\W�KW]XTM�\W� IVL�VW\�I�KWV\QV]]U� 1V�\PQ[�KI[M�I�0IUQT\WVQIV�NWZ
\PM�QV\MZIK\QWV�JM\_MMV�I�UMKPIVQKIT�MQOMVUWLM�_Q\P�WXMZI\WZ[ b� b† IVL�I�M`KQ\WV�UWLM�_Q\P
WXMZI\WZ[ d� d† JMKWUM[

H = h̄g0d
†d
(
b+ b†

)
�������

.WTTW_QVO�C?QT[WV�:IME�\PM�KW]XTQVO�L]M�\W�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�QV�I�NZMM�W[KQTI\WZ�KIV
JM�_ZQ\\MV

|g0| ≈
(1− 2γ)|Dc −Dv||z|
(ρE)1/4

√
h̄wtL3/2
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<PQ[�M`XZM[[QWV�KWV\IQV[�I�TW\�WN �XIZIUM\MZ[�J]\�\PM�UIQV�XWQV\�Q[�\PI\�\PM�M`KQ\WVQK�WX\WUMKPIVQKIT
KW]XTQVO�[KITM[�_Q\P�\PM�LMNWZUI\QWV�XW\MV\QIT�LQNNMZMVKM |Dc −Dv| _PMZM Dc Q[�\PM�LMNWZUI\QWV
XW\MV\QIT�NWZ�\PM�KWVL]K\QWV�JIVL�IVLDv Q[�NWZ�\PM�^ITMVKM�JIVL� >IT]M[�NWZ�/I)[�IZMDc = 9.36
M> IVLDv = −1.21 M> [W�\PI\ |DcτDv| %�!�M>��0MZM γ� ρ IVLE LMVW\M�\PM�LMV[Q\a� 8WQ[[WV�ZI\QW
IVL�AW]VO¼[�UWL]T][�IVL w� t IVL L LMVW\M�\PM�_QL\P� \PQKSVM[[�IVL�TMVO\P�WN �\PM�ZM[WVI\WZ� z
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W[KQTTI\WZ�IVL�\PI\�\PM�JMIU�Q[�WN �I�[QbM�_PMZM�Q\�WVTa�[IUXTM[�\PM�IV\QVWLM� 1V�\PQ[�KI[M�\PM z ^IT]M
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QV\MZVIT�ÅMTL�IUXTQ\]LM�[PW]TL�JM�QVKT]LML�QV�\PM�UWLMT�
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1V�\PM�NWTTW_QVO KPIX� � \PM�M`XMZQUMV\IT�_WZS�\W_IZL[�OM\\QVO�\PQ[� �XW[[QJTa��KWPMZMV\�KWWTQVO
UMKPIVQ[U�_WZSQVO�M`XMZQUMV\ITTa� Q[�XZM[MV\ML� ?Q\P�I� TW\�WN � \PMWZM\QKIT�_WZS�LM[KZQJQVO� \PM
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QV^M[\QOI\M�\PM�XW[[QJQTQ\QM[�\PI\�PI^M�JMMV�XZM[MV\ML�IJW^M�
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\PM[M�KIV�JM�KWVÅVML�Ja�LM[QOVQVO�\PQV�[\Z]K\]ZM[�KITTML�9]IV\]U�?MTT[� ) [a[\MU�]\QTQbQVO�\PM[M
KWVÅVMUMV\�XZQVKQXTM[�_MZM�UIV]NIK\]ZML�KW]Z\M[a�WN �)\It�ʈUIUWɦT]�I\�\PM�9]IV\]U�8PW\WVQK[
OZW]X�I\�-<0 B�ZQKP� IVL� \PM[M VIVWUMUJZIVM[ _MZM� [\]LQML� QV� KWTTIJWZI\QWV�_Q\P�UMUJMZ[�WN
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QVO�[\IVLXWQV\� )VW\PMZ�QUXWZ\IV\�XWQV\�Q[�\PI\�\PM�KW]XTQVO�\W�\PM�UMKPIVQKIT�UW\QWV�KIV�QV�XZQV�
KQXTM�JM�LWVM�QV�I�KWPMZMV\�NI[PQWV�QN �I�ZM[WVIV\�M`KQ\I\QWV�QV�\PM�[MUQKWVL]K\WZ�Q[�XW[[QJTM� ?WZS
PI[�JMMV�LWVM�\W�UWLMT�\PQ[�� IVL�\PM�XW[[QJQTQ\QM[�NZWU�I�N]VLIUMV\IT�[\IVLXWQV\�_Q\P�I�KWPMZMV\
KWWTQVO�XZWKM[[�IZM�QV\MZM[\QVO� 9]IV\]U�QVNWZUI\QWV�X]ZXW[M[�[MMU�WJ^QW][�QN �[]KP�I�KWPMZMV\
KW]XTQVO�JM\_MMV�TQOP\�IVL�UMKPIVQKIT�UW\QWV�Q[�XW[[QJTM�

)VW\PMZ�[\ZWVO�XWQV\�NWZ�]\QTQbQVO�\PQ[�MNNMK\�Q[�\PI\�\PM�[MUQKWVL]K\WZ[�WNNMZ�I�U]KP�UWZM�\]VIJTM
NZIUM_WZS� Q�M� \PM�XZWXMZ\QM[�WN �\PM�M`KQ\I\QWV[�KW]TL�QV�\]ZV�JM�\]VML�Ja�IXXTaQVO�MTMK\ZQKIT�JQI[
IVL�\PQ[�_W]TL�XW\MV\QITTa�TMIL�\W�VM_�\MKPVWTWOQKIT�IVL�[KQMV\QÅK�XW[[QJQTQ\QM[�

������ 9]IV\]U�?MTT[

1\�Q[�_MTT�SVW_V�PW_�\PM�LaVIUQK[�WN �\PM�MTMK\ZWV�[\I\M[�QV�[MUQKWVL]K\]ZM[�KIV�JM�LM[KZQJML�Ja
I�JIVL�[\Z]K\]ZM�\PMWZa� <_W�LQ[\QVK\�JIVL[�IZM�LQ[K][[ML�_PMZM�\PM�TW_MZ�MVMZOa�JIVL�Q[�UW[\Ta
N]TT�WN �MTMK\ZWV[�IVL�KIV�KWVL]K\�Ja�\PM�UW^MUMV\�WN �^IKIVKQM[� <PQ[�JIVL�Q[�LMVW\ML�\PM�^ITMVKM
JIVL�I[�Q\�Q[�NWZUML�L]M�\W�\PM�^ITMVKM�MTMK\ZWVQK�[\I\M[�WN �\PM�I\WU[�QV�\PM�TI\\QKM� <PM�^IKIVKQM[�
\PI\�Q[�\PM�MUX\a�[\I\M[�_PMZM�VW�MTMK\ZWV�Q[�XZM[MV\� IZM�[QUQTIZTa�LMVW\ML PWTM[� <PM�^ITMVKM�JIVL
Q[�\PMV�\PM�JIVL�LM[KZQJQVO�\PM�I^IQTIJTM�[\I\M[�WN �\PM[M�PWTM[� <PM�]XXMZ�JIVL�Q[�UW[\Ta�MUX\a
WN �MTMK\ZWV[�IVL�Q[�I�LM[KZQX\QWV�WN �\PM�I^IQTIJTM�[\I\M[�QV\W�_PQKP�MTMK\ZWV[�KIV�JM�M`KQ\ML� <PM[M
[\I\M[�IZM�I�KWUJQVI\QWV�WN �LMTWKITQbML�M`KQ\ML�[\I\M[�WN �\PM�MTMK\ZWV[�QV�\PM�TI\\QKM� IVL�JMKI][M�WN
\PM�PQOP�UW^IJQTQ\a�WN �\PM[M� \PMa�IZM�MI[QTa�IKKMTMZI\ML�IVL�UISM�]X�I�K]ZZMV\�ÆW_� <PQ[�JIVL
Q[�\P][�LMVW\ML�\PM KWVL]K\QWV JIVL� ?PI\�Q[�QUXWZ\IV\�NWZ�I�[MUQKWVL]K\WZ�Q[�\PM�IXXMZIVKM�WN �I
JIVLOIX JM\_MMV�\PM�\_W�JIVL[� Q�M� I�ZMOQUM�WN �MVMZOa�_PMZM�VW�[\I\M[�IZM�I^IQTIJTM�QV�KWV\ZI[\�\W
I�UM\IT�_PMZM�VW�[]KP�OIX�Q[�NW]VL� 7N �KW]Z[M�\PQ[�UWLMT�Q[�I�[QUXTQÅKI\QWV�IVL�QV�ZMITQ\a�I\�TMI[\�I
LQ[\QVK\QWV�JM\_MMV�[W�KITTML PMI^a��IVL TQOP\�PWTM�^ITMVKM�JIVL[�IZM�WN\MV�VMKM[[IZa� _PMZM�»_MQOP\¼
ZMNMZ[�\W�\PM�MNNMK\Q^M�UI[[�WN �\PM�PWTM�[\I\M�

<PM�KWVÅVMUMV\�WN �IV�MTMK\ZWV�[\I\M�QV�I�XW\MV\QIT�_QTT�KPIVOM�\PM�I^IQTIJTM�[\I\M[� IVL�IV�M`IUXTM
WN � \PQ[�KIV�JM� NW]VL� QV�PM\MZW[\Z]K\]ZM[�_PMZM�M�O� I� TIaMZ�WN �WVM�UI\MZQIT� Q[�J]QT\� QV� \PM�J]TS
WN �IVW\PMZ�UI\MZQIT� )[� \PM�UI\MZQIT[�IZM�KPW[MV� \W�PI^M�LQNNMZMV\�LQMTMK\ZQK�KWV[\IV\[� I� ZIVOM
WN �MTMK\ZWV�[\I\M[�KIV�JM�KWVÅVML� 1V ÅO� ��� \PM�ZM[]T\QVO�XW\MV\QIT V (z) NWZ�[]KP�I�[\Z]K\]ZM�Q[
�=VX]JTQ[PML�_WZS�Ja�1OVIKQW�?QT[WV�:IM�PI[�JMMV�LWVM�\W�UWLMT�\PM�KWPMZMV\�LMNWZUI\QWV�XW\MV\QIT�^QJZI\QWVIT
KWWTQVO� <PM�UWLMT�ZML]KM[�\PM�M`KQ\WV�ZM[MZ^WQZ�\W�I�[QVOTM�M`KQ\WV�TM^MT�IVL�QVKT]LM[�\PM�^IZQW][�LMKIa�XZWKM[[M[
IVL�KW]XTQVO[�VMKM[[IZa�NWZ�]VLMZ[\IVLQVO�\PM�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�\W�^QJZI\QWV[� <PMZM�PI[�JMMV�I�TW\�WN
_WZS�WV�\PM�^IZQW][�LM\IQT[�WN �\PQ[�UWLMT� J]\�N]Z\PMZ�M`XMZQUMV\IT�_WZS�Q[�VMKM[[IZa�
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[PW_V� )V�M`IUXTM�WN �[]KP�I�[\Z]K\]ZM�Q[�I�Y]IV\]U�_MTT��9?� _PMZM�\PM�\PQKSVM[[�WN �\PM�[\Z]K\]ZM
Q[�KPW[MV�\W�JM�[UITT�»MVW]OP¼� [Ia����VU� \W�aQMTL�I�KWV[QLMZIJTM�KWVÅVMUMV\�IVL�[PW_�Y]IV\]U
XZWXMZ\QM[�C*]\W^��J� *]\W^��IE�

)V�M`KQ\I\QWV�Ja�WX\QKIT�UMIV[�M`KQ\M�KIZZQMZ[�NZWU�\PM�^ITMVKM�JIVL�\W�\PM�KWVL]K\QWV�JIVL�_PQTM
TMI^QVO�I�PWTM�QV�\PM�^ITMVKM�JIVL� )Va�M`KQ\I\QWV�WN �KIZZQMZ[�QV�\PM�[a[\MU�_QTT�\Za�UQVQUQbM�\PM
MVMZOa�IVL�LWM[�\PQ[�Ja�ZMTI`I\QWV�Ja�KW]XTQVO�\W�\PM�^QJZI\QWVIT�UWLM[�WN �\PM�KZa[\IT�TI\\QKM� \PM
XPWVWV[� <P][�IN\MZ�TW[QVO�[WUM�MVMZOa�\W�PMI\�IVL�XPWVWV[�QV�\PM�TI\\QKM� MTMK\ZWV[�IVL�PWTM[�_QTT
KWTTMK\�QV�\PM�Y]IV\]U�_MTT� *MKI][M�WN �\PQ[�KWVÅVMUMV\�WN �\PM�KIZZQMZ[�Q\�Q[�KTMIZ�PW_�I�ZMKWUJQVI�
\QWV�WN �\PM�MTMK\ZWV�IVL�PWTM�_QTT�PIXXMV�Y]QKSTa�WVKM�\PM�M`KQ\I\QWV�PI[�»NITTMV¼�LW_V�QV�MVMZOa�QV\W
\PM�9?� <PM�M`IUXTM�WN �I�[QVOTM�9? WN �WVM�UI\MZQIT�QV�I�JQO�_INMZ�WN �/I)[�Q[�I�[W�KITTML�\aXM \aXM

.QO]ZM ����" +WVÅVML�[\I\M�QV�I�[MUQKWVL]K\WZ�9? [\Z]K\]ZM� Eg QVLQKI\M[�\PM�JIVLOIX�MVMZOa�WN
\PM�[MUQKWVL]K\WZ�

�9?��<PM�9? KW]TL�JM�UILM�WN �1V/I)[� <PM�JIVLOIX�WN �\PM�1V/I)[�Q[�\PMV�VM[\TML�_Q\PQV�\PM
_QLMZ�JIVLOIX�/I)[� IVL�JW\P�\PM�MTMK\ZWV[�IVL�\PM�PWTM[�KWVOZMI\M�\W�\PM�9? C0IZZQ[WV��E� )V
IT\MZVI\Q^M�IXXZWIKP�Q[�\W�QUXTMUMV\�I \aXM�� [a[\MU�_PMZM�\PM�JIVLOIX�WN �\PM�UI\MZQIT[�IZM�ITQOVML
[W�\PI\�\PM�Y]IV\]U�_MTT[�NWZUML�QV�\PM�KWVL]K\QWV�IVL�^ITMVKM�JIVL[�ZM[QLM�QV�LQNNMZMV\�UI\MZQIT[�
[]KP�\PI\�M�O� \PM�MTMK\ZWV[�IZM�QV�WVM�UI\MZQIT�_PQTM�\PM�PWTM[�IZM�QV�I�LQNNMZMV\�UI\MZQIT� <PQ[�[XI\QIT
KWVÅVMUMV\�QV�LQNNMZMV\�TIaMZ[�UMIV�\PI\�\PM�KW]XTQVO�Q[�TW_MZ�\PIV�QV�\PM�\aXM���9? IVL�KWV[M�
Y]MV\Ta�\PM�ZMKWUJQVI\QWV�\QUM[�IZM�TWVOMZ� 1\�Q[�XW[[QJTM�\W�MVOQVMMZ�\PQ[�SQVL�WN �[\Z]K\]ZM�_Q\P�I
TW\�WN �LQNNMZMV\�KWUJQVI\QWV[�WN �UI\MZQIT[�IVL�LQUMV[QWV[�

������ -`KQ\WV[�QV�[MUQKWVL]K\WZ[

1N �IV�MTMK\ZWV�Q[�M`KQ\ML�NZWU�\PM�JW]VL�[\I\M�QV�\PM�TI\\QKM�Ja�M�O� IV�WX\QKIT�M`KQ\I\QWV� _Q\P�MVW]OP
MVMZOa�\W�UW^M�IZW]VL�QV�\PM�TI\\QKM� I�NZMM�MTMK\ZWV�Q[�KZMI\ML�IVL�IV�MUX\a�[\I\M�WN �I�PWTM�Q[�TMN\
QV� \PM�^ITMVKM�JIVL� <PM�PWTM�PI[� \PM�LaVIUQK[�WN �IV�IQZ�J]JJTM� QV�I�OTI[[�IVL�JMPI^M[�XW[Q�
\Q^MTa�KPIZOML� )[�[]KP�Q\�ZQ[M[�\W�\PM�\WX�WN �\PM�^ITMVKM�JIVL�IVL�Q\� Q[�MVMZOM\QKITTa�NI^W]ZIJTM
NWZ�IV�MTMK\ZWV�IVL�PWTM�\W�NWZU�I�JWVL� ) JW]VL�MTMK\ZWV�PWTM�XIQZ�Q[�LM[KZQJML�I[�I�Y]I[QXIZ�
\QKTM�LMVW\ML�IV�M`KQ\WV� 1N �\PM�TQOP\�XPW\WV�PI[�MVMZOa�R][\�JMTW_�\PM�JIVL�OIX�WN �\PM�UI\MZQIT
I�ZM[WVIV\�M`KQ\I\QWV�KIV�NWZU�IV�M`KQ\WV�LQZMK\Ta� )[�\PM�M`KQ\WV�Q[�UILM�WN �I�IV�MTMK\ZWV�IVL
I�PWTM�Q\�Q[�KTMIZ�\PI\�Q\�Q[�JW]VL�\W�ZMKWUJQVM�IN\MZ�[WUM�\QUM��X]V�QV\MVLML�� J]\�\PM�TQNM\QUM�Q[

 !
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[\QTT�ZMTI\Q^MTa�TWVO�KWUXIZML�\W�NZMM�KIZZQMZ�ZMKWUJQVI\QWV�\QUM� IVL�]X�\W�I�VIVW[MKWVL�TQNM\QUM
Q[�VWZUIT� <PQ[�Q[�WN �KW]Z[M�I\�KZaWOMVQK�\MUXMZI\]ZM[�_PMZM�M`KQ\WV�[\I\M[�IZM�Y]QKSTa�\PMZUITTa
LQ[[WKQI\ML�

1V�J]TS�IV�M`KQ\WV�PI[�\PM�[IUM�MVMZOa�I[�\PM�JIVL�OIX�XT][�IV�M`KQ\WV�JQVLQVO�MVMZOa�\PI\�Q[�M�O�
�����UM> NWZ�J]TS�/I)[�C0IZZQ[WV��E� IVL�\PQ[�[UITT�^IT]M�IT[W�PQV\[�_Pa�\PM[M�M`KQ\WV[�IZM�VW\
TWVO�TQ^ML� 1V�I�PM\MZW[\Z]K\]ZM�[]KP�I[�I�I�9? \PMZM�Q[�IT[W�\PM�KWVÅVMUMV\�MVMZOa�WN �\PM�MTMK\ZWV
IVL�PWTM�[MXIZI\MTa� I[�_MTT�I[�\PM�JQVLQVO�MVMZOa�

) 9? Q[�\P][�I�][MN]T�[\Z]K\]ZM�NWZ�ZMTI\Q^MTa�TWVO�\QUM�KWVÅVMUMV\�WN �M`KQ\ML�KIZZQMZ[�QV�[MUQKWV�
L]K\WZ[� IVL�\PQ[�Q[�QUXWZ\IV\�NWZ�\PM�KWV[QLMZI\QWV�WN �\PM�UMKPIVQKIT�[\Z]K\]ZM[�KWV[QLMZML�QV�\PQ[
_WZS� )V�QUXWZ\IV\�XWQV\�Q[�IT[W�\PI\�\PM�M`KQ\I\QWV�WN �I�9? M`KQ\I\QWV�KIV�JM�UILM�\W�JM�KTW[M�\W
ZM[WVIV\�Ja�I�[TQOP\�LM\]VQVO�WN �\PM�X]UX�TI[MZ�NZWU�\PM�JIVL�OIX�MVMZOa�WN �\PM�[\I\M�QV�\PM�9?�
IVL�\P][�I�KWPMZMV\�M`KQ\I\QWV�Q[�XW[[QJTM� <PQ[�WXMV[�]X�\PM�I^MV]M�WN �KWPMZMV\�KW]XTQVO�JM\_MMV
\PM�LaVIUQK[�WN �\PM�QV\MZVIT�UIVa�JWLa�XZWXMZ\QM[�QV�[MUQKWVL]K\WZ�[\Z]K\]ZM[�IVL�UMKPIVQKIT
UW\QWV�WN �I�UIKZW[KWXQK�LM^QKM�_Q\P�\PM�9? MUJMLLML�

,MKIa�LaVIUQK[

1V�ZMITQ\a� \PM�LMKIa�LaVIUQK[�WN �M`KQ\I\QWV[� QV�[MUQKWVL]K\WZ[� Q[�U]KP�UWZM�KWUXTQKI\ML�\PIV
_PI\�Q[�PQV\ML�IJW^M� IVL�[M^MZIT�MNNMK\[�MV\MZ�\PM�XZWKM[[� )V�WJ^QW][�LQ[\QVK\QWV�Q[�\PM�LQNNMZMVKM
JM\_MMV�\PM�ZMKWUJQVI\QWV�WN �MTMK\ZWV[�IVL�PWTM[�QV�MQ\PMZ�I�ZILQI\Q^M�WZ�VWV�ZILQI\Q^M�ZMKWUJQ�
VI\QWV� <PI\�Q[�I�ZMKWUJQVI\QWV�ZM[]T\[�QV�\PM�MUQ[[QWV�WN �I�XPW\WV�WZ�I�KW]XTQVO�\W�\PM�XPWVWV
UWLM[�WN �\PM�TI\\QKM�IVL�KWV^MZ\ML�QV\W�PMI\�

1N �\PM�MTMK\ZWV�LMV[Q\a n Q[� MY]Q^ITMV\� \W� \PM�PWTM�LMV[Q\a� _PQKP� Q[� IKK]ZI\M� NWZ�PQOP�M`KQ\I\QWV
XW_MZ[� C;PMV��E�LM[KZQJM[�PW_�Q\�Q[�XW[[QJTM�\W�LM[KZQJM�\PM�\W\IT�ZMKWUJQVI\QWV�ZI\M�WN �MTMK\ZWV�
PWTM�XIQZ[�I[

dn

dt
= −An−Bn2 − C3n3 +G �������

_PMZMA Q[�\PM�[W�KITTML�;PWKSTMa�:MIL�0ITT�VWVZILQI\Q^M�ZMKWUJQVI\QWV�_PMZM�\PM�M`KQ\WV�ZMTI`M[
Ja�KW]XTQVO�\W�IV�QUX]ZQ\a� B Q[�\PM�ZILQI\Q^M�ZMKWUJQVI\QWV�IVL C Q[�\PM�)]OMZ�VWVZILQI\Q^M�ZM�
KWUJQVI\QWV�_PQKP�KW]XTM[�\W�I�\PQZL�KIZZQMZ� G LMVW\M[�\PM�OMVMZI\QWV�IVL�Q[�XZWXWZX\QWVIT�\W�\PM
IJ[WZX\QWV�TI[MZ�ÅMTL� IVL�QV^MZ[MTa�\W�\PM�\PQKSVM[[�WN �\PM�M`KQ\ML�9? TIaMZ�

<PM�MI[QM[\�\W�UMI[]ZM�WN �\PM[M�MNNMK\[�Q[�\PM�ZILQI\Q^M�ZMKWUJQVI\QWV�ZI\M�I[�\PQ[�KIV�JM�UMI[]ZML
][QVO�I�X]T[ML�M`KQ\I\QWV�TI[MZ�IVL�I�\QUM�ZM[WT^ML�UMI[]ZMUMV\�[KPMUM�WN �\PM�ZILQI\ML�T]UQVM[�
KMVKM� <PQ[�Q[�WN\MV�LWVM�][QVO�I^MTIVKPM�XPW\WLQWLM[��)8,[��_PMZM�I�PQ[\WOZIU�WN �\PM�ZILQI\Q^M
LMKIa�ZI\M�KIV�JM�M[\IJTQ[PML� 1\�Q[�XW[[QJTM�\W�Å\�\PM�\W\IT�ZMKWUJQVI\QWV�ZI\M�MY]I\QWV MYV� �������
Ja�\PM�Y]IV\]U�MNÅKQMVKa

η =
Bn2

G
�������

_PQKP�Q[�\PM�XZWXWZ\QWV�WN �TQOP\�\PI\�ZMKWUJQVM[�ZILQI\Q^MTa�KWUXIZML�\W�\PM�IJ[WZJML�TQOP\�

<PM�KWMNÅKQMV\[�IZM�LM\MZUQVML�_Q\P�IV� Q\MZI\Q^M�XZWKML]ZM� <PM� ZILQI\Q^M�LMKIa�KWMNÅKQMV\� Q[
NW]VL�Ja�Å\\QVO�I�LMKIa�K]Z^M�\W�ÅVL�\PM�KIZZQMZ�LMV[Q\an� <PQ[�ZMY]QZM[�\PI\�\PM�Y]IV\]U�MNÅKQMVKa
η IVL�IJ[WZJML� TI[MZ�M`KQ\I\QWV q Q[� SVW_V� 1V� C;PMV��E� \PQ[� Q[�IKPQM^ML�Ja�XZWJQVO�I� [IUXTM
_Q\PW]\�9? [\Z]K\]ZM[�IVL�KWUXIZQVO�_Q\P�\PM�84 NZWU�I�[IUXTM�_Q\P�I�9?��?PMV n� η IVLG Q[

!�



-VOQVMMZQVO�LM^QKM[�\W_IZL[�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO ����5IVa�JWLa�XPMVWUMVI

LM\MZUQVML�\PM�ZILQI\Q^M�KWMNÅKQMV\�NWTTW_[�NZWU B = ηG/n2 _PQKP�UISM[�Q\�XW[[QJTM�\W�Å\ A IVL
C�

<PM�VWVZILQI\Q^M�ZMKWUJQVI\QWV� Q[�I�^MZa�Y]QKS�XZWKM[[� QN � \PM�KIZZQMZ[�KIV�ZMTI`� \PZW]OP�W\PMZ
XZWKM[[M[�\PIV�\PM�ZMKWUJQVI\QWV�WN �IV�MTMK\ZWV�IVL�I�PWTM� <PQ[�KIV�M�O� JM�LWVM�QN �\PM�MTMK�
\ZWV�PQ\[�IVL�QUX]ZQ\a�QV�\PM�TI\\QKM� WZ�Q\�KIV�PQ\�I�[]ZNIKM�_Q\P�[W�KITTML�LIVOTQVO�JWVL[� <PQ[
Q[�\PM�KI[M�NWZ�[]ZNIKM[�WN �M�O� /I)[�QN �Q\� Q[�VW\�KWI\ML�_Q\P�IVW\PMZ�UI\MZQIT�\PI\�XI[[Q^I\M[�\PM
[]ZNIKM�Ja�JQVLQVO�\W�\PM[M�NZMM�JWVL[�WV�\PM�[]ZNIKM� 4QSM_Q[M�I�XWWZ�KWV[\Z]K\]ZML�9? _Q\P
I�^IZaQVO�UI\MZQIT�KWUXW[Q\QWV�KW]TL�IT[W�_WZS�TQSM�TWKIT�LMNMK\[�IVL�KPIVOM�\PM�ZMKWUJQVI\QWV
\QUM�

<PM�LaVIUQK[�WN �M`KQ\WV[� QV�9?[� Q[�I�KWUXTQKI\ML� \WXQK� IVL� Q\� Q[�_MTT� JMaWVL� \PM� QV\MZM[\� QV
KW]XTQVO�_Q\P�WX\WUMKPIVQK[�NWZ�\PQ[�_WZS� .WZ�IV�M`IUXTM�WN �\PM[M�LaVIUQK[�\PM�ZMILMZ�Q[�ZMNMZZML
\W�M�O� C;Q^ITMZ\XWZV��E�

;\ZIQVML�9]IV\]U�?MTT[

<PM�KPWQKM�WN �UI\MZQIT[�QV�][M�NWZ�NIJZQKI\QVO�9?[�IZM�^IZQML�IVL�I�TW\�WN �LQNNMZMV\�XZWXMZ\QM[�KIV
JM�KPW[MV�IVL�LM[QOVML�\W�WX\QUQbM�\PM�KPW[MV�JMPI^QW]Z� 7J^QW][�XIZIUM\MZ[�IZM�\PM�\PQKSVM[[
WN �\PM�9? IVL�\PM�UI\MZQIT�KWUXW[Q\QWV� _PMZM�LQNNMZMV\�KWV\MV\�WN �M�O� QVLQ]U�IVL�IT]UQV]U
KPIVOM�\PM�XZWXMZ\QM[�WN �/I)[� <PM�LQNNMZMV\�UI\MZQIT[�PI^M�[TQOP\Ta�LQNNMZMV\�[QbM�WN �\PM�]VQ\�KMTT�QV
\PM�TI\\QKM�JMKI][M�WN �\PM�LQNNMZMV\�I\WU[� 7N �KW]Z[M�\PM�LQNNMZMV\�TI\\QKM[�PI^M�\W�UI\KP�]X�QV�\PM
JW]VLIZa�JM\_MMV�WVM�UI\MZQIT�IVL�\PM�W\PMZ� IVL�\PQ[�TQUQ\[�_PQKP�UI\MZQIT[�KIV�»_WZS¼�\WOM\PMZ�
1N �\PMZM�Q[�\WW�U]KP�WN �I�UQ[UI\KP�JM\_MMV�\PM�TI\\QKM�[QbM[� \PM�[Q\M[�\MVL�\W�»R]UX¼�I�[XIKM�_PMV�LM�
XW[Q\ML�IVL�\PQ[�ZM[]T\[�QV�LQ[TWKI\QWV[�IVL�LMNMK\[�QV�\PM�KZa[\IT�

1V�UW[\�KI[M[�WVM�WN �\PM�UI\MZQIT[�_QTT�JM�MQ\PMZ�KWUXZM[[ML�WZ�M`XIVLML�KWUXIZML�\W�\PM�MY]Q�
TQJZQ]U�J]TS�KI[M�NWZ�\PM�UI\MZQIT� IVL�\PQ[�UMIV[�\PI\�\PM�TI\\QKM�WN �\PM�9? _QTT�JM�[\ZIQVML� <PM
[\ZIQV�Q[�I�ZM[]T\�WN �\PM�[\ZM[[�QV\ZWL]KML�JMKI][M�WN �\PM�TI\\QKM�UQ[UI\KP�IVL�\PM�[\ZIQV�Q[�\PMV�LMÅVML
\PZW]OP�0WWSM¼[�TI_� +MZ\IQV�MVOQVMMZQVO�UM\PWL[�M`Q[\�NWZ�KWUXMV[I\QVO�NWZ�\PQ[�[\ZIQV�Ja�M�O�
KWUXMV[I\QVO�NWZ�\PM�KPIVOM�QV�TI\\QKM�KWV[\IV\�OZIL]ITTa�W^MZ�I�TIZOMZ�LQ[\IVKM�

<PM�ZMI[WV�[\ZIQV�Q[�QUXWZ\IV\�Q[�\PI\�Q\�KPIVOM[�\PM�JIVL�[\Z]K\]ZM�I^IQTIJTM�QV�\PM�[\Z]K\]ZM�JMKI][M
\PM� TI\\QKM�PI[� I�LQNNMZMV\� [QbM� <P][�I� [\ZIQVML�9? PI[�I�LQNNMZMV\�JIVL� [\Z]K\]ZM� ;QVKM� \PM
[\ZIQV�Q[�[UITT�NWZ�\PM�XW[[QJTM�9? KWVÅO]ZI\QWV[� ÅZ[\�WZLMZ�XMZ\]ZJI\QWV�\PMWZa�KIV�XZMLQK\�\PM
KPIVOM�QV�MVMZOa� <PM�0IUQT\WVQIV�KIV�JM�M`XZM[[ML�I[�\PM�]V[\ZIQVML�0IUQT\WVQIV�H0� IVL�\PM
KWV\ZQJ]\QWV�L]M�\W�[\ZIQV�Hε� <P][�\PM�0IUQT\WVQIV�Q[H = H0+Hε� )KKWZLQVO�\W�C0IZZQ[WV��E
\PM�LMXMVLMVKM�WN �[\ZIQV�Q[

Hε =
∑

i,j

∂V

∂εi,j
εi,j �������

_PMZM V Q[�XW\MV\QIT�_Q\PW]\�[\ZIQV� <PM�KZQ\QKIT�XWQV\�Q[�VW_�\PI\�\PM�[W�KITTML�LMNWZUI\QWV�XW�
\MV\QIT�KIV�JM�][ML�\W�LM[KZQJM�\PM�MVMZOa�[PQN\�L]M�\W�[\ZIQV� ,MÅVQVO Dij I[�I�\MV[WZ�LM[KZQJ�
QVO� \PM� LMNWZUI\QWV� XW\MV\QIT� I[ Dij = ∂V

∂εij
QV� \PM�LQNNMZMV\� [aUUM\Za�LQZMK\QWV[�WN � \PM�KZa[�

\IT� .ZWU� \PQ[� \PM� MVMZOa� [PQN\� WN � I� JIVL� I\� I� [XMKQÅK� XWQV\� QV k [XIKM� Q[� \PMV� QLMV\QÅML� I[

δE =
∑

i,j

Di,jεi,j �������

!�



����5IVa�JWLa�XPMVWUMVI -VOQVMMZQVO�LM^QKM[�\W_IZL[�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO

1\�Q[�\P][�KTMIZ�\PI\�\PM�LMNWZUI\QWV�XW\MV\QIT�Q[�I�LM[KZQX\QWV�NWZ�\PM�JIVL�[PQN\�L]M�\W�[\ZIQV� ?PQTM
IV IJ�QVQ\QW KITK]TI\QWV�WN �\PM[M�LMNWZUI\QWV�XW\MV\QIT[�IZM�XW[[QJTM�\W�[WUM�M`\MV\� Q\�Q[�K][\WUIZa
\W�UMI[]ZM�\PM[M�LMNWZUI\QWV�XW\MV\QIT[�C/WZKbaKI!�� 5IQZ! E� <PMZM�Q[�Y]Q\M�I�TIZOM�LMXMVLMVKM
WV�\PM�[XMKQÅK�[a[\MU�QV�ZMOIZL[�\W�\PM�^IT]M[�TQ[\ML�QV�\PM�TQ\MZI\]ZM� IVL�I[�[]KP�\PM�^IT]M[�[PW]TL
VW\�JM�\ISMV�\W�JM�\WW�XZMKQ[M�NWZ�\PQ[�[M\]X�

!�



-VOQVMMZQVO�LM^QKM[�\W_IZL[�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO ����-<0 ;a[\MU

���� -<0 ;a[\MU

<PM�LM[QOV�IVL�NIJZQKI\QWV�WN �\PM�VIVWUMUJZIVM[ _I[�LWVM�Ja�2I^QMZ�;nVKPMb� <PM�LM[QOV�Q[
[PW_V�QV ÅO� ��� _PMZM�\PM�^IZQW][�[\Z]K\]ZM[�IZM�QVLQKI\ML� <PM�XIZIUM\MZ[ a� b IVL d IZM�^IZQML
IKKZW[[�I�TW\�WN �[IUXTM[�QV�WVM�XZWL]K\QWV� <PM[M�XIZIUM\MZ[�IZM�IT[W�QVLQKI\ML� 1VÅO� ��� Q[�[PW_V
I�UQKZW[KWXM�XQK\]ZM�WN �\PM�MV\QZM�[IUXTM�WN �VIVWUMUJZIVM[� <PM�_PWTM�[\Z]K\]ZM�Q[�[XTQ\�QV\W�\_W
ÅMTL[��TMN\�IVL�ZQOP\��_PQKP�IZM�QLMV\QIT� <PMV�\PM�XIZIUM\MZ[�IZM�^IZQML�NWZ�\PM�LQNNMZMV\�[IUXTM[
\W�IKKW]V\�NWZ�NIJZQKI\QWV�XZWJTMU[� IVL�XMZPIX[�\W�LML]KM�[WUM�LMXMVLMVKM�WN �\PM�OMWUM\Za�WN
\PM�XPa[QKIT�XZWXMZ\QM[� ,]M�\W�\PM�TW_�[]Z^Q^IT�ZI\M�WN �\PM�VIVWUMUJZIVM[�Q\�Q[�IT[W�VMKM[[IZa�\W
PI^M�I�TW\�WN �[IUXTM[�_Q\P�^IZaQVO�XZWXMZ\QM[�

) ���VU��]X�\W�������I\WU[�\PQKS�� 1V/I)[�9? Q[�OZW_V�I[�\PM�KMV\MZ�WN �\PM�/I); VIVWUMU�
JZIVM[� ;XMKQÅKITTa�\PM�KWUXW[Q\QWV�WN �\PM�9? Q[�1V0.12/I0.88)[� <PM�UMUJZIVM�Q[�OZW_V�\W�JM
����VU�

a

b

d

a from 110nm to 200nm
b from 1000 to 2900nm
d 2000nm and 4000nm

a

b

d

a from 110nm to 200nm
b from 1000 to 2900nm
d 2000nm

a

b

d

a from 110nm to 200nm
b from 1300 to 2900nm
d 2000nm

.QO]ZM ����" ,M[QOVML�UMUJZIVM�[\Z]K\]ZM[�_QL\P�\PM�^IZQW][�LQUMV[QWV[�QVLQKI\ML� <PM�[\Z]K\]ZM[
_MZM�M\KPML�_Q\P�I�\PQKSVM[[�WN �����WZ�����VU�

GaAs
InGaAs QW

ETH Nanomembrane

.QO]ZM ����" ;KPMUI\QK�WN �\PM�VIVWUMUJZIVM[�_Q\P�\PM�9? ^Q[QJTM� <PM�_QL\P�WN �\PM�9? Q[�M`IO�
OMZI\ML�NWZ�KTIZQ\a� <PM�9? Q[�IJW]\����VU�\PQKS�_PQTM�\PM�MV\QZM�[\Z]K\]ZM�Q[�����VU
WZ�����VU�LMXMVLQVO�WV�\PM�[IUXTM�

������ .IJZQKI\QWV�LM\IQT[

<PM� [\Z]K\]ZM� Q[�UILM�Ja�UWTMK]TIZ� JMIU�MXQ\I`a�_PMZM� I� []J[\ZI\M� WN �/I)[� Q[� OZW_V� I[� \PM
JI[Q[� ) 9? [\Z]K\]ZM� Q[�UILM�Ja� OZW_QVO� I� \PQKS� � VU� TIaMZ�WN � 1V/I)[�JMNWZM�OZW_QVO� \PM

 ;W�VIUML�IN\MZ�\PM�\PQKSVM[[�IVL�\PM�TMVO\P�WN �\PM�\M\PMZ[� I[�Q\�Q[�KTMIZ�\PI\�KITTQVO�I�� µU�[\Z]K\]ZM�I�VIVW�Q[�I�[TQOP\
[\ZM\KP�

!�



����-<0 ;a[\MU -VOQVMMZQVO�LM^QKM[�\W_IZL[�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO

ZM[\�WN �\PM�/I)[�[\Z]K\]ZM� ) [MTMK\Q^M�M\KPQVO�Q[�\PMV�XMZNWZUML�Ja�UI[SQVO�W]\�\PM�VIVWUMU�
JZIVM[�IVL�M\KPQVO�JMTW_� \PM�UMUJZIVM[� <PQ[�]VLMZM\KPQVO�XZWKML]ZM� TMIL[� \W�LQNNMZMV\�LQ[�
\IVKM[� \W� \PM�[]J[\ZI\M�JMTW_�\PM� NZMM�[\IVLQVO�UMUJZIVM�IVL�\W�LQNNMZMV\�[QbM[�WN � \PM�[WKITTML
]VLMZM\KPML�IZMI� <PQ[�IZMI�Q[�XIZ\�WN �\PM�^QJZI\QWVIT�[\Z]K\]ZM�WN �\PM�VIVWUMUJZIVM[�IVL�Q[�IT[W
^IZQML�

.IJZQKI\ML�M`IUXTM[�WN � \PM���LQNNMZMV\�LM[QOV[�IZM�[PW_V�QV ÅO� ��� IVL ÅO� ���� ) TW\�WN �\PM
[IUXTM[�LW�VW\�TWWS�I[�XZM\\a�IVL�_MTT�LMÅVML�I[�\PM[M� _Q\P�UIVa�JMQVO�JMV\�IVL�[\]KS�\W�\PM
JW\\WU�JMVMI\P� \PM�UMUJZIVM� TMI^QVO� \PMU�][MTM[[� NWZ�M`XMZQUMV\[� <PM�/I)[�[\Z]K\]ZM�IT[W
W`QLQbM[�QN �[]JRMK\ML�\W�IQZ� [W�I�UQVQU]U�WN �M`XW[]ZM�\W�\PM�I\UW[XPMZM�PI[�JMMV�IV�WJRMK\Q^M�
<PM�[\Z]K\]ZM�PI[�JMMV�SMX\�QV�^IK]]U�NWZ�ITUW[\�ITT�Q\[�\QUM�I\�6*1��IVL�_I[�[\WZML�QV�I�VQ\ZWOMV
ÆW_JW`�QV�B�ZQKP�

.QO]ZM ����" 5QKZW[KWXM�XQK\]ZM�WN � \PM�MV\QZM� [IUXTM�[PW_QVO� \PM�L]XTQKI\M�ÅMTL[�WN �VIVWUMU�
JZIVM[�

������ ,M[QOV�XIZIUM\MZ[

<PM�OWIT�_Q\P�\PM�LM[QOV�_I[�\W�UQVQUQbM�\PM�\PMZUIT�KW]XTQVO�\W�\PM�ZM[MZ^WQZ�IVL�[\QTT�OM\�I�OWWL
Qm� <P][�\PM�KPWQKM�WN �ZMITTa�[UITT�VIVWUMUJZIVM[�_PMZM�\PM�ZI\QW�WN �^WT]UM�\W�[]ZNIKM�IZM�TW_�
IVL�\PM�KPWQKM�WN �VIZZW_�\M\PMZ[�\W�KW]XTM�\W�\PM�ZM[MZ^WQZ� <PQ[�Q[�I�^MZa�LQNNMZMV\�IXXZWIKP�\PIV
_PI\�PI[�JMMV�LWVM�_Q\P�\PM�JQO�/I)[�UMUJZIVM�LM[KZQJML�QV�XIZ\��� _PMZM�\PM�PQOP�UMKPIVQKIT
Qm _I[�L]M�\W�\PM�PQOP�QVL]KML�[\ZM[[� J]\�NWZ�\PM[M�VIVWUMUJZIVM[�\PM�[\ZM[[�Q[�ZMTQM^ML�L]M�\W
I�ZMTI`I\QWV�\PI\�Q[�ITTW_ML�Ja�\PM�\M\PMZ[� <PM�QVJ]QT\�9? [\Z]K\]ZM�QVL]KM[�I�[\ZM[[�L]M�\W�TI\\QKM
UQ[UI\KP�JM\_MMV�/I)[�IVL�1V/I)[�I[�\PM�[\Z]K\]ZM�Q[�OZW_V� ?PMV�\PM�VIVWUMUJZIVM[�IZM
M\KPML�W]\�\PQ[�[\ZM[[�Q[�ZMTMI[ML�\W�[WUM�M`\MV\�I[�\PM�VIVWUMUJZIVM�KIV�UW^M�QV�\PM�\M\PMZ[� )[
[]KP�Y]Q\M�I�NM_�WN �\PM�VIVWUMUJZIVM[�LW�VW\�ZMITTa�NWTTW_�\PM�PWZQbWV\IT�XTIVM�WN �\PM�[\Z]K\]ZM� 1\
Q[�IT[W�^MZa�WJ^QW][�NZWU�\PM�QVPMZMV\�JMVLQVO�WN �\PM�]VLMZM\KPML�ZMOQWV�_PMZM�[WUM�[IUXTM[�JMVL
LW_V_IZL[�\W_IZL�\PM�[]J[\ZI\M�IVL�[WUM�JMVL�]X_IZL[�

!�



-VOQVMMZQVO�LM^QKM[�\W_IZL[�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO ����-<0 ;a[\MU

�I� -`IUXTM� WN � OWWL� KQZK]TIZ� VIVWUMUJZIVM
_Q\P���\M\PMZ[�

�J� -`IUXTM�WN �OWWL�[Y]IZM�VIVWUMUJZIVM�_Q\P
��\M\PMZ[�

.QO]ZM ����" -`IUXTM[�WN �VIVWUMUJZIVM�[\Z]K\]ZM�UMI[]ZML�][QVO�I�LQNNMZMV\QIT�QV\MZNMZMVKM�KWV�
\ZI[\�UQKZW[KWXM�

.QO]ZM ����" -`IUXTM�WN �\ZQIVOTM�VIVWUMUJZIVM�[\Z]K\]ZM�UMI[]ZML�][QVO�I�LQNNMZMV\QIT�QV\MZNMZ�
MVKM�KWV\ZI[\�UQKZW[KWXM� ,QUMV[QWV[�IZM�QVLQKI\ML�

!�



����-`XMZQUMV\IT�[M\]X -VOQVMMZQVO�LM^QKM[�\W_IZL[�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO

������ 6]UMZQKIT�;QU]TI\QWV�WN �[a[\MU

6]UMZQKIT�UWLMTQVO�WN �\PM�^QJZI\QWVIT�UWLM[�WN �\PM�VIVWUMUJZIVM[�PI^M�JMMV�LWVM� IVL�M`�
IUXTM[�WN �\PM�^QJZI\QWVIT�UWLM[�IZM�[PW_V�QV ÅO� ���� ;PW_V�Q[�I�\aXQKIT�[IUXTM�_Q\P�I�ZW]VL
VIVWUMUJZIVM�UW]V\ML�_Q\P���KWUXIZI\Q^MTa�TWVO�\M\PMZ[� <PM�KPIZIK\MZQbI\QWV[�WN �\PM�LQNNMZ�
MV\�UMKPIVQKIT�UWLM[� QV�M`XMZQUMV\� Q[�PIZL�L]M�\W� \PM�^MZa�[UITT�LQ[XTIKMUMV\�WN � \PM[M�[UITT
VIVWUMUJZIVM[�^QJZI\M� =VNWZ\]VI\MTa�KITQJZI\ML�UMI[]ZMUMV\[�WN �\PM�LQ[XTIKMUMV\�PI^M�VW\
JMMV�[]KKM[[N]TT� IVL�\PM�M[\QUI\M�][QVO�\PM�UM\PWL�LM[KZQJML�QV [MK� ����� NWZ�\PM�JZW_VQIV�UW�
\QWV�Q[�]VZMTQIJTM�NWZ�\M\PMZML�[\Z]K\]ZM[�[]KP�I[�\PM[M�

<PM�.-5 UWLMTQVO�MVIJTM[�\PM�QLMV\QÅKI\QWV�WN �\PM�LQNNMZMV\�UMKPIVQKIT�UWLM[� IVL�Q\�_I[�NW]VL
\PI\�\PM�QV\MZM[\QVO�ZIVOM�NWZ�\PM�VIVWUMUJZIVM[�Q[�ZW]OPTa�QV�\PM���50b�\W� �50b�ZMOQUM�NWZ
\PM�^IZaQVO�[QbM[�WN �[IUXTM[� 1V [MK� *���� I�.-5 QV^M[\QOI\QWV�WN �\PM�TW_M[\�MVMZOa�^QJZI\QWVIT
UWLM[�WN �WVM�WN �\PM[M�\aXQKIT�VIVWUMUJZIVM[�Q[�[PW_V�

.QO]ZM ����" .-5 WN �\_W�^QJZI\QWV[�

)LLQ\QWVITTa� PMI\� KWVL]K\IVKM� [QU]TI\QWV[�_MZM� XMZNWZUML�_Q\P� \PM� \PMZUIT� XZWXMZ\QM[� WN � \PM
/I)[�1V/I)[�PM\MZW[\Z]K\]ZM�QVKT]LML�QV�\PM�UWLMT� )V�QV[\IV\IVMW][�KPIVOM�QV�TWKIT�PMI\QVO
_Q\P�I�OI][[QIV�QV\MV[Q\a�XZWÅTM�UWLMTQVO�\PM�QVKQLMVKM�WN �I�PMI\QVO�TI[MZ�_I[�QVKT]LML�IVL�\PM
\QUM[KITM�NWZ�PMI\�LQNN][QWV�IKKZW[[�\PM�\M\PMZ[�IVL�ZMIKPQVO�MY]QTQJZQ]U�_I[�QV^M[\QOI\ML� 6W�VM_
KWVKT][QWV[�_MZM�LZI_V�NZWU�\PQ[�UWLMTQVO�

���� -`XMZQUMV\IT�[M\]X

;M^MZIT�LQNNMZMV\�M`XMZQUMV\[�_MZM�XMZNWZUML�I\�-<0 B�ZQKP�_Q\P�\PM�VIVWUMUJZIVM[� )[�_MTT
I[�\PM�^QJZI\QWVIT�XZWXMZ\QM[�WN �\PM�[a[\MU� \PM�QV\MZVIT�XZWXMZ\QM[�KW]TL�IT[W�JM�QV^M[\QOI\ML� 8PW�
\WT]UQVM[KMVKM� �84� M`XMZQUMV\[�_MZM�XMZNWZUML� \W� \PQ[� MVL� ) X]T[ML� TI[MZ�_I[�M`KQ\QVO�KIZ�
ZQMZ[� QV� \PM�9? IVL� \PM� ZM[]T\QVO� T]UQVM[KMVKM� NZWU� \PM� ZMKWUJQVI\QWV� WN � \PM[M� KIZZQMZ[�_I[
UMI[]ZML� <PQ[�_I[�LWVM� QV�I� \QUM�ZM[WT^ML�UIVVMZ�][QVO�I�KWVÅO]ZI\QWV�WN �I^ITIVKM�XPW\W�
LQWLM[��)8,[��WZ�[XMK\ZITTa�Ja�NMMLQVO�\PM�84 \W�I�[XMK\ZWUM\MZ� )LLQ\QWVITTa�Q\�_I[�\ZQML�\W�XZWJM
\PM�^QJZI\QWVIT�UW\QWV�WN � \PM�VIVWUMUJZIVM[�Ja�J]QTLQVO�I�5QKPMT[WV�1V\MZNMZWUM\MZ� J]\� \PM
PQOP�NZMY]MVKa�ZMY]QZMUMV\[�]VNWZ\]VI\MTa�UILM�\PQ[� QUXW[[QJTM� QV�\PM�[PWZ\�\QUM�NZIUM�WN �\PM
XZWRMK\�

8QK\]ZM[�WN �\PM�P]UJTM�[M\]X�QV�\PM�LIVQ[P�TIJ! Q[�[PW_V�QV ÅO� ��!� <PM�TIJ�Q[�I\�-<0 QV�\PM
1UIUWOT]�OZW]X� <PM�KZaWOMVQK�NI[KQTTQ\QM[�I\�-<0 UILM�Q\�XW[[QJTM�\W�ZW]\QVMTa�KWWT�\PM�[IUXTM
\W�����3��_PQKP�Q[�VMKM[[IZa�QV�WZLMZ�\W�PI^M�_MTT�LMÅVML�84 NZWU�\PM�9? NWZ�I�TWVO�\QUM� <PM
TQVM_QL\P�WN �\PM�84 Q[�\PMZUITTa�JZWILMVML�I\�PQOPMZ�\MUXMZI\]ZM[�IVL�QUXW[[QJTM�\W�LQ[\QVO]Q[P�I\
M�O� ����3��<PM�KWWTQVO�[a[\MU�_I[�I�LM_IZ�_Q\P�TQY]QL�PMTQ]U�ÆW_QVO�\PZW]OP�I�7`NWZL�1V[\Z]�

!;WUM\QUM[�KITTML�/���

!�



-VOQVMMZQVO�LM^QKM[�\W_IZL[�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO ����-`XMZQUMV\IT�[M\]X

�I� 8ZWJM�\W�\PM�TMN\�WN �\PM�UMUJZIVM� �J� 8ZWJM�\W�\PM�ZQOP\�WN �\PM�UMUJZIVM�

.QO]ZM �� �" 8QK\]ZM�WN �\PM�XZWJQVO�[M\]X�L]ZQVO�\PM�M`XMZQUMV\�Z]V�

�I� ;M\]X�_Q\P�TQY]QL�PMTQ]U�LM_IZ�[PW_V �J� +TW[M�]X�WN �\PM�QV\MZNMZWUM\MZ�XPW\WT]UQVM[KMVKM�[M\]X

.QO]ZM ��!�" <PM�KZaWOMVQK�QV\MZNMZWUM\MZ�IVL�84 [M\]X�I\�-<0 B�ZQKP�

UMV\[�ÆW_�KZaW[\I\�_Q\P�\MUXMZI\]ZM�KWV\ZWT� <PM�/I)[�[\Z]K\]ZM�_I[�UW]V\ML�QV�\PM�KZaW[\I\
IVL�QV^M[\QOI\ML�][QVO�I�UQKZW[KWXM�WJRMK\Q^M�UW]V\ML�WV�\ZIV[TI\QWV�[\IOM� ) _PQ\M�TQOP\�[W]ZKM
I[�_MTT�I[�I�KIUMZI�NWZ�^Q[]ITQbI\QWV�_I[�XTIKML�QV�\PM�WX\QKIT�XI\P�WN �\PM�TI[MZ�[W]ZKM� <_W�XQK\]ZM[
WN �\PM�[M\]X�Z]VVQVO�_Q\P�\PM�VIVWUMUJZIVM�^Q[QJTM�IVL�\PM�XZWJM�TI[MZ�PQ\\QVO�\PM�J]TS�XIZ\�WN
\PM�[IUXTM�NWZ�^Q[]IT�KTIZQ\a�IZM�[PW_V�QV ÅO� �� � ) V]UJMZ�WN �JMIU�[XTQ\\MZ[�WV�ÆQX�UW]V\[�UILM
\PM�[M\]X�^MZa�LaVIUQK� IVL�\PM�ÅJMZKW]XTQVO�WN �LQNNMZMV\�TIJ[�QV�\PM�1UIUWOT]�OZW]X�UILM�\PM
Y]QKS�KWUJQVI\QWV�WN �^IZQW][�MY]QXUMV\�XW[[QJTM� .WZ�M`IUXTM�\PM�KPIVOM�\W�XZWJQVO�\PM�[IUXTM
_Q\P�I�X]T[ML�TI[MZ�ZMY]QZML�WVTa�\PI\�\PM�<Q"; TI[MZ�QV�WVM�TIJ�Q[�Y]QKSTa�ÅJMZ�KW]XTML�\W�\PM�LIVQ[P
TIJ�I^WQLQVO�PI^QVO�\W�UW^M�IVa�MY]QXUMV\�

������ +PIZIK\MZQbI\QWV

;XMK\ZIT�KPIZIK\MZQbI\QWV

<PM�XPW\WT]UQVM[KMVKM�NZWU�\PM�[IUXTM[�IZM�TML�\PZW]OP�I�TWVO�_I^MTMVO\P�ÅT\MZ�_Q\P�I�K]\WNN
M�O� I\� ���VU�LMXMVLQVO�WV�\PM�M`IK\�KWVLQ\QWV[�NWZ�\PM�M`XMZQUMV\� <PM�NZMM�KIZZQMZ[� QV�\PM
[IUXTM[�IZM�OMVMZI\ML�][QVO�IV�IJW^M�JIVL�OIX�TI[MZ�IVL�UW[\�WN\MV�I�� ��VU�<Q"; IZM�][ML�NWZ
X]UXQVO�_MTT�IJW^M�\PM�JIVL�OIX�_PQKP�KZMI\M[�PQOP�MVMZOa�KIZZQMZ[�\PI\�IZM�\PMV�[]J[MY]MV\Ta
ZMTI`ML�\PW]OP�\PM�KW]XTQVO�\W�XPWVWV[�QV�\PM�TI\\QKM�JMNWZM�M`Q[\QVO�QV�\PM�9?��<M[\�_MZM�UILM

!�
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_Q\P�M`KQ\QVO�\PM�[a[\MU�_Q\P�I�X]UX�TI[MZ�_Q\P�IV�MVMZOa�KTW[MZ�\W�\PM�JIVL�OIX�MVMZOa�WN �\PM
9? [\I\M[��IZW]VL� ���VU�� J]\�\PMZM�_I[�VW\�I�Y]ITQ\I\Q^M�LQNNMZMVKM�QV�\PM�[XMK\ZIT�NMI\]ZM[�WZ
\PM�\QUM�ZM[WT^ML�UMI[]ZMUMV\�

.QO]ZM �����" +WUXIZQ[WV�WN �84 NZWU�UMUJZIVM� ]VLMZM\KPML�IVL�J]TS� 5WZM�TQOP\�Q[�MUQ\\ML�NZWU
\PM�J]TS�IVL�\PM�]VLMZM\KPML�IVL�UMUJZIVM�[\Z]K\]ZM[�MUQ\�I\�TWVOMZ�_I^MTMVO\P�L]M
\W�\PM�ZMTMI[M�WN �[\ZM[[�QV�\PM�9? NWZ�\PM[M�

1VÅO� ���� I�VWV�VWZUITQbML�[XMK\Z]U�WN �\PM�84 Q[�[PW_V�NZWU�I�VIVWUMUJZIVM� \PM�]VLMZM\KPML
IZMI�IVL�\PM�J]TS�[a[\MU� <PMa�IZM�ITT�M`KQ\ML�][QVO�I�� ��VU�TI[MZ�_Q\P�I�KW]XTM�WN �P]VLZML
µ? XW_MZ� 0W_M^MZ�\PM�LI\I�Q[�VW\�VWZUITQbML�\W�KW]V\[�XMZ�[MKWVL� [W�Q\�[PW]TL�JM�VW\ML�\PI\
\PM�J]TS�84 Q[� QVLMML� NW]VL�\W�JM�^MZa�U]KP�JZQOP\MZ� \PIV� \PM�MUQ[[QWV� NZWU�\PM�]VLMZM\KPML
IVL�\PM�UMUJZIVM� J]\�[PW]TL�VW\�JM�KWUXIZML�LQZMK\Ta� <PM�ZMI[WV�\PI\�\PM�J]TS�[PW]TL�MUQ\�I
TW\�UWZM�84 Q[�\PI\�\PM�[a[\MU�Q[�M`KQ\ML�_Q\P�I�� ��VU�TI[MZ� _PQKP�Q[�IJW^M�JIVLOIX�NWZ�/I)[
I\���3��IVL� \P][� Q\�_QTT� M`KQ\M� I� TW\�WN � KIZZQMZ[� QV� \PM�_PWTM� [\Z]K\]ZM�IVL�VW\� R][\� QV� \PM�9?�
;XMKQÅKITTa� NWZ�J]TS�\PM�M`KQ\I\QWV�[QUXTa�ZMIKP�I� TIZOMZ�^WT]UM�WN �/I)[� \PI\�_PI\� Q[� \PM�KI[M
_PMV�\PM�\PM�UMUJZIVM�Q[�QTT]UQVI\ML� IVL�\PQ[�ZM[]T\[�QV�UWZM�KIZZQMZ[�ZMTI`QVO�QV\W�\PM�[\I\M�WN
\PM�9? []J[MY]MV\Ta�

<PM�[XMK\ZIT�NMI\]ZM[�WN �\PM�84 Q[�IT[W�QV\MZM[\QVO� <PM�84 NZWU�\PM�J]TS�[a[\MU�[PW_[�I�[TQOP\Ta�I[�
[aUM\ZQK�TWZMV\bQIV�I\�IJW]\�!�����VU�XMIS�MUQ[[QWV� 6W\M�\PI\�Q\�Q[�\PM�MUQ[[QWV�_I^MTMVO\P�NZWU
\PM�9? \PI\�Q[�UMI[]ZML� IVL�\P][�\PM�PQOPMZ�MVMZOa�MUQ[[QWV[�NZWU�ZMKWUJQVI\QWV[�_Q\P�PQOPMZ
MVMZOa� M�O� QV�\PM�J]TS�TI\\QKM� IZM�ÅT\MZML�W]\� <PM�MUQ[[QWV�NZWU�\PM�]VLMZM\KPML�IVL�UMUJZIVM
IZM�KTMIZTa�I\� TWVOMZ�_I^MTMVO\P�\PIV�\PM�J]TS� _Q\P�\PM�]VLMZM\KPML�MUQ[[QWV�JMQVO�JZWILMZ�QV
_I^MTMVO\P�\PIV�NWZ�\PM�UMUJZIVM� <PM�QV\MZXZM\I\QWV�NWZ�\PQ[�LQNNMZMVKM�JM\_MMV�J]TS�IVL�\PM
W\PMZ[�IZM�M`IK\Ta�\PM�VW\ML�ZMTI`I\QWV�WN �\PM�[\ZM[[�QVL]KML�Ja�\PM�QVKT][QWV�WN �\PM�9? QV�\PM�TI\�
\QKM� 1V�J]TS�\PM�[\ZM[[�Q[�QVPMZMV\�C0IZZQ[WV��E�_PQTM�NWZ�\PM�]VLMZM\KPML�IVL�\PM�UMUJZIVM�[WUM
WN �\PM�[\ZM[[�Q[�ZMTMI[ML�L]ZQVO�\PM�M\KPQVO�XZWKM[[�_PQTM�Q\�Q[�ZMKWVÅO]ZML�QV�[WUM�_Ia� <PM�ZMTMI[M
WN �[\ZM[[�PI[�\PMV�KPIVOML�\PM�MVMZOa�WN �\PM�KWVÅVML�KIZZQMZ[�QV�\PM�9? IVL�\PQ[�Q[�ZMÆMK\ML�QV�\PM
MUQ[[QWV�_I^MTMVO\P[� 1\�KW]TL�JM�QV\MZM[\QVO�\W�OI\PMZ�UWZM�QVNWZUI\QWV�IJW]\�\PQ[�ZMTMI[M�IVL
IJW]\�_PM\PMZ�I�KWZZMTI\QWV�_Q\P�IXXIZMV\�[\ZIQV�QV�\PM�[IUXTM[�KW]TL�JM�M[\IJTQ[PML� J]\�]VNWZ\]�
VI\MTa�\WW�NM_�WN �\PM�[IUXTM[�[]Z^Q^ML�\PM�NIJZQKI\QWV�\W�JM�IJTM�\W�KWVKT]LM�U]KP� IVL�I�[MXIZI\M
QV^M[\QOI\QWV�_W]TL�JM�VMKM[[IZa� .ZWU�\PM[M�UMI[]ZMUMV\[�Q\�Q[�VW\�KTMIZ�_Pa�\PM�]VLMZM\KPML
MUQ[[QWV�[PW_[�I�JZWILMZ�NMI\]ZM�\PIV�\PM�UMUJZIVM�

1V ÅO� ���� \_W�[a[\MUI\QK�XZWJQVO[�WN �\PM�84 Q[�[PW_V�I[�\PM�M`KQ\I\QWV�IVL�XZWJQVO�XI\P�Q[�[_MX\
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�I� 8PW\WT]UQVM[KMVKM� I[� \PM� M`KQ\I\QWV� IVL� XZWJQVO� Q[
[_MX\�IKZW[[�\PM�]VLMZM\KPML�IZMI�

�J� 8PW\WT]UQVM[KMVKM� I[� \PM� M`KQ\I\QWV� IVL� XZWJQVO� Q[
[_MX\�IKZW[[�\PM�]VLMZM\KPML�IZMI�IVL�\PM�UMUJZIVM�

.QO]ZM �����" 8PW\WT]UQVM[KMVKM�I[�\PM�XZWJM�IVL�M`KQ\I\QWV�Q[�[_MX\�IKZW[[�\PM�[IUXTM� <PM�;KIV
[\MX�I`Q[�LMVW\M�\PM�V]UJMZ�WN �[\MX[�NZWU�\PM�JMOQVVQVO� IVL�\PM�QV[M\�ÅO]ZM�QTT][\ZI\M
\PM�[KIV�LQZMK\QWV�IKZW[[�\PM�[IUXTM�

IKKZW[[�\PM�[IUXTM� 1V�XZIK\QKM�\PQ[�_I[�QUXTMUMV\ML�Ja�UW^QVO�\PM�[IUXTM�][QVO�)\\WK]JM�XW[Q\QWV
[\IOM[�IKKZW[[�\PM�WX\QKIT�XI\P� 1V ÅO� ����I \PM�XI\P�Q[�KPW[MV�[W�\PI\�\PM�T]UQVM[KMVKM�Q[�KWTTMK\ML
NZWU�\PM�J]TS� \PMV�QV\W�\PM�]VLMZM\KPML� \PMV�VW\PQVO�I[�\PM�XI\P�Q[�QV�\PM�OIX�IVL�\PMV�\W�\PM
]VLMZM\KPML�IOIQV� 1V ÅO� ����J \PM�XI\P�Q[�KPW[MV�\W�KZW[[�NZWU�\PM�]VLMZM\KPML� \W�\PM�OIX� \W
\PM�UMUJZIVM� \W�\PM�OIX� IVL�\PMV�JIKS�\W�\PM�]VLMZM\KPML� 1\�Q[�VW\ML�\PI\�\PM�M`XMZQUMV\�\QUM
_MZM�Y]Q\M�I�NM_�UQV]\M[�QV�\PM[M�M`XMZQUMV\[� IVL�\P][�\PMZUIT�MNNMK\[�[PW]TL�JM�KWV[QLMZML�NWZ
\PM�M`XTIVI\QWV�

.ZWU�\PM�UMI[]ZMUMV\[�[PW_V�QV ÅO� ����� Q[�Q[�[MMV�PW_�\PM�84 [PQN\[�\W�TWVOMZ�_I^MTMVO\P[�I[
\PM�X]UX�TQOP\�UW^M�KTW[MZ�\W�\PM�UMUJZIVM�IVL�\M\PMZ[� *a�KWUXIZQ[WV�JM\_MMV ÅO� ����I IVL
ÅO� ����J Q\�Q[�IOIQV�[MMV�PW_�\PM�UMUJZIVM�MUQ\�I\�TWVOMZ�_I^MTMVO\P�\PIV�\PM�]VLMZM\KPML�IVL
J]TS�/I)[� <PQ[�Q[�L]M�\PM�[\ZM[[�\PI\�Q[�QVL]KML�QV�\PM�NIJZQKI\QWV�XZWKM[[� TMIL[�\W�PQOPMZ�MVMZOa
KWVÅVML�[\I\M[�QV�\PM�9? C0IZZQ[WV��E� J]\�\PI\�_PMV�\PM�UMUJZIVM�Q[�M\KPML�I_Ia�\PM�\M\PMZ[
ITTW_�NWZ�\PM�VIVWUMUJZIVM�\W�ZMTMI[M�[WUM�WN �\PQ[�[\ZM[[�Ja�ZMKWVÅO]ZQVO� <PM�ZMTI\Q^MTa�UWZM
[\ZM[[�ZMTMI[ML�VIVWUMUJZIVM[�\PMV�[PW_�84 I\�TWVOMZ�_I^MTMVO\P�I[�\PM�9? QV�\PMU�IZM�]VLMZ
TM[[�[\ZM[[�

)VW\PMZ�QV\MZM[\QVO�NMI\]ZM�Q[�\PM�^MZa�[TW_�JZWILMVQVO�WN �\PM�84 XMIS�NZWU�\PM�9? QV�\PM�VIVWUMU�
JZIVM�Q\[MTN �_PMV�\PM�X]UX�JMIU�Q[�Å`ML�WV�I�UMUJZIVM�IVL�TMN\�\PMZM� <PQ[�Q[�^Q[QJTM�QV ÅO� ����J
_PMZM�\PM�84 NZWU�\PM�VIVWUMUJZIVM�Q[�WV�\PM�WZLMZ�WN ���VU�_QLM�[XMK\ZITTa� _PQKP�Q[�U]KP�JW�
ZILMZ�\PIV�QV ÅO� ����� <PQ[�Q[�\PW]OP\�\W�JM�L]M�\W�\PMZUIT�JZWILMVQVO� ) UMI[]ZMUMV\�WN �\PM
84 NZWU�\PM�UMUJZIVM�IN\MZ�\PM�X]UX�Q[�\]ZVML�WV�Q[�[PW_V�QV ÅO� ����� 1\�Q[�[MMV�PW_�I�[\ZWVO
JZWILMVQVO�PIXXMV[�W^MZ�I�TWVO�\QUM[KITM�WN �[MKWVL[� 0MZM����[MKWVL[�WN �UMI[]ZMUMV\[�IZM�[PW_V�
<PM�^MZa�[TW_�\QUM�[KITM�QVLQKI\M�\PI\�I�\PMZUIT�XZWKM[[�Q[�PIXXMVQVO�I[�\PM�X]UX�JMIU�I\�� ��VU
M`KQ\M[�KIZZQMZ[�M^MZa_PMZM�_PMZM�Q\�Q[�IJ[WZJML�IVL�\PQ[�KW]XTM[�\W�XPWVWV�UWLM[�QV�\PM�TI\\QKM�
,]M�\W� \PM� \PQV�\M\PMZ[�JM\_MMV�\PM�UMUJZIVM�IVL�\PM�]VLMZM\KPML�\PMZUIT�ZM[MZ^WQZ� Q\� \ISM[
Y]Q\M�[WUM�\QUM�NWZ�\PM�PMI\�\W�LQNN][M�IVL�NWZ�\PM�[a[\MU�\W�ZMIKP�MY]QTQJZQ]U� 1\�Q[�\PMWZQbML�\PI\
I[�\PM�TWKIT�PMI\�J]QTL[�]X� \PM�UMUJZIVM�M`XIVL[� _PQKP�TMIL[�\W�I�JZWILMVQVO�WN �\PM�MUQ[[QWV
NZWU�\PM�9?��) .-5 UWLMT�WN �\PM�\PM�VIVWUMUJZIVM�_I[�NW]VL�\W�Å\�_MTT�_Q\P�\PM�PaXW\PM[Q[
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.QO]ZM �����" -`IUXTM�WN �\PM�XPW\WT]UQVM[KMVKM�NZWU�\PM�UMUJZIVM�_QLMVQVO�W^MZ�I�^MZa�TWVO
\QUM�[KITM�WN ����[MKWVL[� QVLQKI\QVO�I�\PMZUIT�XZWKM[[�

\PI\�\PM�\PMZUIT�KWVL]K\QWV�\PZW]OP�\PM�\PQV�\M\PMZ[�TQUQ\[�\PM�\PMZUIT�MY]QTQJZI\QWV� J]\�\PQ[�Q[�VW\
QVKT]LML�QV�\PQ[�_WZS�

<PM�UMI[]ZMUMV\� [PW_V� QV ÅO� ���� _I[�LWVM�W^MZ�I� \QUM[KITM�WN ���� U[�XMZ�UMI[]ZMUMV\�
J]\�IVW\PMZ� NMI\]ZM� Q[�VW\�^Q[QJTM�_Q\P� \PQ[� [M\\QVO� *a�^Q[]ITTa� QV^M[\QOI\QVO� \PM�84 W^MZ�I� TWVO
\QUM[KITM� IV�W[KQTTI\QVO�JMPI^QW]Z�KIV�JM�_Q\VM[[ML� 1\�_I[�VW\�XW[[QJTM�\W�OM\�I�OWWL�UMI[]ZMUMV\
[PW_QVO� \PM�W[KQTTI\QWV� J]\�I� \QUM�LMXMVLMV\�W[KQTTI\QWV� QV� \PM�_I^MTMVO\P�WN � \PM�84 NZWU� \PM
UMUJZIVM�_I[�XZM[MV\� 1V�WVM�[MKWVL�UMI[]ZMUMV\�\PM�MUQ[[QWV�_W]TL�JM�UIQVTa�I\�!�!�VU
_Q\P�I�_QL\P�WN �IJW]\�I�VU� IVL�QV�\PM�VM`\�[MKWVL�Q\�_W]TL�KWV[Q[\�WN �UIQVTa�\_W�XMIS[�[XZMIL
IZW]VL� \PQ[� KMV\MZ� MUQ[[QWV�_I^MTMVO\P� _Q\P� M�O� !���VU�IVL�!���VU�XMIS[� <PQ[� KW]TL�JM
L]M�\W�\PM�VIVWUMUJZIVM�ZMILR][\QVO�\W�\PM�TWKIT�PMI\QVO�IVL�MUQ\\QVO�I\�LQNNMZMV\�_I^MTMVO\P[
LMXMVLQVO�WV� \PM�KWVÅO]ZI\QWV� \PI\� ZMTMI[ML� \PM� [\ZM[[� \PM�UW[\� 7^MZ� TWVOMZ� \QUM�[KITM� \PM[M
W[KQTTI\QWV[�TMIL�\W�\PM�W^MZITT�JZWILMVQVO�WN �\PM�84 XMIS� <PM�\M\PMZ[�IZM�^MZa�VIZZW_�KWUXIZML
\W�\PM�^WT]UM�WN �\PM�VIVWUMUJZIVM�Q\[MTN� IVL�\PM�PMI\�ÆW_�IZM�^MZa�[TW_� _PQKP�M`XTIQV[�\PM�\QUM
[KITM�WN �[MKWVL[�

<QUM�ZM[WT^ML

)LQNNMZMV\�SQVL�WN �UMI[]ZMUMV\�_I[�LWVM�\W�QV^M[\QOI\M�\PM�\QUM�ZM[WT^ML�XZWXMZ\QM[�WN �\PM�VIVWUMU�
JZIVM[� ) +WPMZMV\�<Q"; _I[�Z]V�QV�X]T[ML�UWLM�_Q\P�I�ZMXM\Q\QWV�ZI\M�WN � ��50b�IVL�\PM�X]T[ML
� ��VU�TQOP\�_I[�[MV\�\W�\PM�[IUXTM[�I[�IJW^M� <PM�[XMK\ZITTa�ÅT\MZML�84 _I[�[MV\�\W�I�[M\�WN �\_W
KWZZMTI\ML�)8,[�_PQKP�_I[�[M\�\W�\ZQOOMZ�WV�\PM�ZMXM\Q\QWV�[QOVIT�WN �\PM�<Q";��*a�ZMKWZLQVO�\PM�\QU�
QVO�WN �\PM�»KTQKS[¼�QV�\PM�)8, [QOVIT�QV�I�PQ[\WOZIU� LMKIa�K]Z^M[�[]KP�I[�[PW_V�QV ÅO� ���� _MZM
WJ\IQVML� )OIQV�\PM�UW[\�TQOP\�_MZM�MUQ\\ML�NZWU�\PM�J]TS�WN �\PM�[IUXTM[� I[�UWZM�KIZZQMZ[�_MZM
M`KQ\ML�IVL�\P][�UWZM�KIZZQMZ[�KW]XTM[�\W�M`KQ\I\QWV�WN �\PM�9?��<PM�LMKIa�XZWKM[[M[�IZM�UWLMTML
Ja�IV�M`XWVMV\QIT�LMKIa�C6IZ]SI_I!�� 0IZZQ[WV��E

N(t) = ae
t
τ + C �������

_PMZM τ Q[�\PM�QV^MZ[M�WN �\PM�LMKIa�ZI\M� IVL C Q[�\PM�JIKSOZW]VL� 1\�\]ZVML�W]\�\W�VW\�Å\�^MZa�_MTT
_Q\P�\PM�UMI[]ZML�JMPI^QW]Z�PW_M^MZ� <PM�Å\\QVO�_MZM�\PMV�XMZNWZUML�Ja�I�LW]JTM�M`XWVMV\QIT
�JQM`XWVMV\QIT��_Q\P�I�NI[\�IVL�I�[TW_�LMKIa�ZI\M� <P][�\PM�IUW]V\�WN �»KTQKS[¼�XMZ�\QUMN(t) NWTTW_
I[

N(t) = ae
t
τa + be

t
τb + C �������
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_Q\P τa IVL τb \PMV�JMQVO�\PM�LMKIa�\QUM[� IVL τ−1
a IVL τ−1

b IZM�\PMV�\PM�LMKIa�ZI\M[�QV�]VQ\[�V[−1�
<PQ[�_I[�NW]VL�\W�Å\�\PM�UMI[]ZML�LMKIa�K]Z^M[�JM\\MZ�

1V�\PM�M`XMZQUMV\�\PM�M`KQ\I\QWV�_I[�LWVM�_Q\P�I�� ��VU�TI[MZ�Z]VVQVO�I\�I� ��50b�ZMXM\Q\QWV�ZI\M�
<QUM�ZM[WT^ML�UMI[]ZMUMV\[�_MZM�XMZNWZUML�NWZ�I�TW\�WN �LQNNMZMV\�[IUXTM[�_Q\P�I�TW\�WN �LQNNMZMV\
[M\\QVO[� )V�M`IUXTM�Q[�I�UMI[]ZMUMV\�I[�[PW_V ÅO� ����� 0MZM�\PM�X]UX�XW_MZ�_I[��� µ? WV
I�VIVWUMUJZIVM� 1\�Q[�[MMV�PW_�\PM�LMKIa�WN �\PM�MUQ[[QWV�NZWU�\PM�9? NWTTW_[�I�JQM`XWVMV\QIT
\W�I�TIZOM�M`\MVL�
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.QO]ZM �����" -`IUXTM�JQM`XWVMV\QIT�Å\\QVO�WN �\QUM�ZM[WT^ML�UMI[]ZMUMV\�NWZ�I����]? XW_MZ�WV
I�VIVWUMUJZIVM� <PM�\QUM�ZIVOM�KPW[MV�NWZ�Å\\QVO�Q[�[PW_V�_Q\P�^MZ\QKIT�LI[PML
TQVM[� <PM�Å\�Q[�[PW_V�_Q\P�I�ZML�\ZIKM� _PQTM�\PM�X]ZXTM�IVL�OZMMV�QVLQKI\M�\PM�\_W
M`XWVMV\QIT�\QUM[KITM[� τa = �� � V[�IVL τb = ���� V[�

)LLQ\QWVIT�\QUM�ZM[WT^ML�UMI[]ZMUMV\[�XMZNWZUML�NWZ�LQNNMZMV\�XW_MZ�WV�J]TS� ]VLMZM\KPML� IVL
WV�I�UMUJZIVM�Q\[MTN �Q[�[PW_V�QV ÅO� ����� .WZ�X]UX�XW_MZ[�[UITTMZ�\PIV�IJW]\���� µ? \PM�LMKIa
K]Z^M[�Å\�VQKMTa�_Q\P�I�JQM`XWVMV\QIT� J]\�NWZ�PQOP�XW_MZ�I�LQX�Q[�WJ^QW][�I\�\PM�XMIS�^IT]M�WN �\PM
LMKIa�PQ[\WOZIU� <PM�M`XTIVI\QWV�WN �\PM�[\ZIVOM�LQX�I\�\PM�JMOQVVQVO�WN �\PM�LMKIa�K]Z^M�Q[�JMaWVL
\PM�[KWXM�WN �\PQ[�_WZS�\W�QV^M[\QOI\M�QV�LMX\P� J]\�Q[�I\\ZQJ]\ML�\W�KWUXTQKI\ML�UIVa�JWLa�MNNMK\[
_PMV�\PM�M`KQ\I\QWV�WN �KIZZQMZ[�QV�\PM�9? Q[�[\ZWVO�MVW]OP�

) KWTTMK\QWV�WN �\PM�LMKIa�ZI\M[�NW]VL�Ja�\QUM�ZM[WT^ML�UMI[]ZMUMV\[�I\�LQNNMZMV\�X]UX�XW_MZ[�Q[
[PW_V�QV ÅO� ���� IVL�QV ÅO� ����� <PM�LMKIa�ZI\M�Q[�LM\MZUQVML�Ja�\PM�[IUM�UM\PWL�I[�LWVM
QV ÅO� ����� IVL�JW\P�\PM�NI[\�IVL�\PM�[TW_�XIZ\�WN �\PM�LMKIa�Q[� QVKT]LML� 5MI[]ZMUMV\[� NWZ�I
UMUJZIVM� Q[� KWTTMK\ML�ITWVO�_Q\P�UMI[]ZMUMV\[� NZWU� \PM�]VLMZM\KPML�IZMI�IZW]VL� Q\� I[�_MTT
I[�J]TS� <PMZM� Q[�Y]Q\M�I� TIZOM� [XZMIL� NWZ� \PM�LMKIa� ZI\M[�LM\MZUQVML� QV� \PQ[� NI[PQWV� _Q\P� \PM
J]TS�UMI[]ZMUMV\[�JMQVO�UW[\�[XZMIL�W]\� 1\�Q[�VW\�KTMIZ�_Pa�\PQ[�Q[� .WZ�\PM�UMUJZIVM�IVL�\PM
]VLMZM\KPML�Q\�Q[�UWZM�WJ^QW][�\PI\�\_W�\QUM[KITM[�PI^M�JMMV�LWUQVI\QVO�\PM�LMKIa� IVL�LI[PML
TQVM[�IZM�QVKT]LML�QV ÅO� ���� I[�O]QLM[�NWZ�\PM�MaM� ;WUM�WN �\PM�W]\TQMZ�^IT]M[�QV ÅO� ���� KIV
JM�I\\ZQJ]\ML�\W�\PM�JQM`XWVMV\QIT�[QUXTa�VW\�Å\\QVO�I[�_MTT�I[�I�[QVOTM�M`XWV\QIT�Å\� IVL�I�UWZM
\PWZW]OP�QV^M[\QOI\QWV�_W]TL�JM�VMKM[[IZa�\W�]VLMZ[\IVL�\PQ[�

1V�OMVMZIT�Q\�PI[�\PMV�JMMV�M[\IJTQ[PML�\PI\�JQM`XWVMV\QIT�JMPI^QW]Z�Q[�LM[KZQJQVO�\PM�LMKIa�WN �84
NZWU�\PM�9? QV� \PM�J]TS� ]VLMZM\KPML� IVL�UMUJZIVM� [\Z]K\]ZM[� J]\�_PI\� Q[� \PM�LWUQVI\QVO
NIK\WZ[�QV\W�\PM�TQNM\QUM�Q[�VW\�SVW_V� <PM�X]UXQVO�Q[�\PW]OP\�\W�KZMI\M�I�KWUJQVI\QWV�WN �MTMK\ZWV�

���
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�I� *]TS �J� =VLMZM\KPML

�K� 5MUJZIVM

.QO]ZM �����" -`IUXTM[�WN �\QUM�ZM[WT^ML�ZQVOLW_V�UMI[]ZMUMV\[� -`KQ\I\QWV�_Q\P�� ��VU�X]T[ML
TI[MZ�

���
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.QO]ZM �����" <PM�\_W�\QUM[KITM[�QV^WT^ML�QV�\PM�\QUM�ZM[WT^ML�UMI[]ZMUMV\[�WN �\PM�9? [\Z]K\]ZM
NWZ�J]TS� ]VLMZM\KPML�IVL�UMUJZIVM�

PWTM�XIQZ[�QV�I�KWUJQVI\QWV�WN �NZMM�KIZZQMZ[�\ZIXXML�QV�\PM�9?��IVL�UWZM�JW]VL�M`KQ\WV�TQSM�[\I\M[�
*a�^IZaQVO�\PM�_I^MTMVO\P�Q\�KW]TL�JM�XW[[QJTM�\W�QV^M[\QOI\M�\PQ[�Ja�M`KQ\QVO�KTW[M�\W�\PM�JIVLOIX
MVMZOa�QV�\PM�9?��IVL�\PMV�QV^M[\QOI\M�\PM�MNNMK\�\PQ[�_W]TL�PI^M�WV�\PM�LMKIa�JMPI^QW]Z� =VNWZ�
\]VI\MTa�I�TW_MZ�X]UX�MVMZOa�IT[W�UMIV�TM[[�XPW\WT]UQVM[KMVKM�NZWU�\PM�[IUXTM� I[�NM_MZ�LMKIa
\ZIRMK\WZQM[� QV�\PM�/I)[�IZM�I^IQTIJTM� NWZ�IV�M`KQ\I\QWV� IVL�TM[[�KIZZQMZ[� \PMV�LMKIa�\W�\PM�9?
[\I\M[�

-`XMZQUMV\[�_MZM�XMZNWZUML�_Q\P�\PM�X]UX�TI[MZ�IZW]VL� ���VU� J]\�\PQ[�_I[�IJIVLWVML�I[�VW
LQ[KMZVIJTM�LQNNMZMVKM�_I[�[MMV�QV�\PM�[XMK\Z]U� ?Q\P�\PM�84 QV\MV[Q\a�Q\�_I[�LMMUML�QVNMI[QJTM
\W�KWV\QV]M�_Q\P�\PWZW]OP�\QUM�ZM[WT^ML�UMI[]ZMUMV\�_Q\P�\PM�[M\]X�I[�Q\�_MZM� *a�WX\QUQbI\QWV
WN �\PM�XQKS]X�NZWU�\PM�[IUXTM�IVL�\PM�ÅJMZ�KW]XTQVO�\W�\PM�)8, [M\]X� IV�QVKZMI[M�WN �WZLMZ[�WN
UIOVQ\]LM�QV�TQOP\�XW_MZ�KW]TL�PI^M�JMMV�IKPQM^ML� J]\�\PQ[�_I[�VW\�X]Z[]ML� 8W[[QJTa�I�[MUQ�
ZM[WVIV\�M`KQ\I\QWV�[KPMUM�KW]TL�IT[W�PI^M�JMMV�][ML� _PMZM�\PM�M`KQ\I\QWV�_I^MTMVO\P�Q[�I[�KTW[M
I[�XW[[QJTM�\W�\PM�IJ[WZX\QWV�TQVM�WN �\PM�9?UWLM� J]\�\PQ[�_W]TL�PI^M�ZMY]QZML�\PI\�\PM�IJ[WZX\QWV
[XMK\Z]U�_I[�UIXXML�W]\� IVL�\P][�\PQ[�_I[�VW\�QUXTMUMV\ML�

<QUM�[KITM[

1V�\PM�MVL�Q\�KIV�JM�KWVKT]LML�\PI\�\PM�\QUM�ZM[WT^ML�UMI[]ZMUMV\[�PI^M�KWUXTQUMV\ML�\PM�[XMK�
\ZIT�UMI[]ZMUMV\[�VQKMTa� IVL�Q\�PI[�JMMV�M[\IJTQ[PML�\PI\�NI[\�IVL�[TW_�\QUM[KITM[�IZW]VL�� V[�_MZM
LWUQVI\QVO�QV�\PM[M�[IUXTM[� ;W�_PI\�KIV�\PM[M�\QUM[KITM[�JM�I\\ZQJ]\ML' 1\�KIV�JM�[PW_V�\PI\�QN �\PM
M`KQ\WV�[\I\M�QV�\PM�9? Q[�ITTW_ML�\W�\]VVMT�\W�M�O� I�[]ZNIKM�[\I\M�\PM�LMKIa�_QTT�NWTTW_�\_W�\QUM[KITM[
C;\WJJM�!E� IVL�\PM�LMKIa�_QTT�JM�JQ�M`XWVMV\QIT� IVL�KWV[Q[\�WN τ−1

rad IVL τ−1
nonrad�

���
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������ 5MKPIVQKIT�UW\QWV

1V�-<0 B�ZQKP�_I[�IT[W�QUXTMUMV\ML�I�5QKPMT[WV�QV\MZNMZWUM\MZ�I[�LM[KZQJML�QV KPIX� ! NWZ�\PM
UMKPIVQKIT�KPIZIK\MZQbI\QWV�WN �\PM�VIVWUMUJZIVM[� 0Q[\WZQKITTa�\PQ[�_I[�LWVM�ÅZ[\� IVL�_Q\P�\PM
SVW_TMLOM�OI\PMZML�NZWU�\PM�\ZQIT[�QV�B�ZQKP� \PM�5QKPMT[WV�QV KPIX� !_I[�LM[QOVML�

<PM�UMKPIVQKIT�UWLM[�WN �\PM�VIVWUMUJZIVM[�\PMU[MT^M[�IZM�VW\�_MTT�]VLMZ[\WWL� .-5UWLMTQVO
WN �\PM�UMKPIVQKIT�UWLM[�WN �\aXQKIT�[IUXTM[�WN �\PM[M�VIVWUMUJZIVM[�IZM�XZM[MV\ML�QV [MK� *�����
<PMZM�Q[�I�TW\�WN �UMKPIVQKIT�UWLM[�L]M�\W�NZMMLWU�WN �\PM�\M\PMZ[�IVL�\PM�]VLMZM\KPML�IZMI� J]\�QV
WZLMZ�\W�UISM�][M�WN �\PM�LMKW]XTQVO�L]M�\W�\PM�\M\PMZ[� UWLM[�_PQKP�LW�VW\�QVKT]LM�\PM�UW\QWV�WN
\PM�\M\PMZ�WZ�]VLMZM\KPML�IZMI�IZM�XZMNMZZML�NWZ�WX\WUMKPIVQK[� <PM�QLMV\QÅKI\QWV�WN �\PM�^QJZI\QWV
NZMY]MVKa�Q[�I�VWV\ZQ^QIT�XZWJTMU�JMKI][M�WN �\PM�QV\ZQV[QK�[\ZM[[�QV�\PM�[\Z]K\]ZM[� IVL�\PM�^IT]M[�QV
[MK� *���� Q[�JI[ML�WV�TW_�[\ZM[[� -`XMZQUMV\[�IZM�VMMLML�\W�KWVÅLMV\Ta�QLMV\QNa�_PQKP�^QJZI\QWVIT
XMIS�KWZZM[XWVL�\W�_PQKP�UWLM�

1\�_I[�VW\�XW[[QJTM�\W�ZMTQIJTa�LM\MK\�\PM�^QJZI\QWV[�WN �\PM�VIVWUMUJZIVM[�_Q\P�\PM�QV\MZNMZWUM\MZ
QV�B�ZQKP� _Q\P�\PM�XZWJTMU�XZQUIZQTa�JMQVO�\PM�LQ[XTIKMUMV\�WN � \PM�UMUJZIVM[�JMQVO�[UITTMZ
\PIV�\PM�LM\MK\QWV�TQUQ\� <PM�I]\PWZ�\PMV�JZW]OP\�WVM�WN �\PM�[IUXTM[�\W�\PM�>QJZWUM\MZ�I\�,<=�
_PMZM�Q\�_I[�KPIZIK\MZQbML� 1\�\]ZVML�W]\�\W�JM�I�ZMITTa�PIZL�UMI[]ZMUMV\� I[�\PM�VIVWUMUJZIVM[
IJ[WZJ�\PM�XZWJM�TI[MZ�\W�I�TIZOM�M`\MVL�IVL�\PQ[�TWKIT�PMI\QVO�KW]XTM�\W�\PM�^QJZI\QWV[�I[�LM[KZQJML
JMNWZM� -`IUXTM[�WN �\_W�^QJZI\QWVIT�UMI[]ZMUMV\�IZM�[PW_V�QV ÅO� ����� _PMZM�\PM�^MTWKQ\a�WN �\PM
UMUJZIVM�Q[�UMI[]ZML� <PM�[IUXTM�_I[�UW]V\ML�WV�I�XQMbW�IVL�LZQ^MV�_Q\P�I�KPQZX�NZWU���50b
IVL�]X� >QJZI\QWVIT�UWLM[�_MZM�NW]VL�I\�����50b�IVL�IJW^M� J]\�\PM�;6: _I[�\WW�TW_�\W�JM�IJTM
\W�LQ[KMZV�\PM�UWLM�[PIXM�WN �\PM�UW\QWV� <PM�M[\QUI\ML�UMKPIVQKITQm Q[�ILLML�QV ÅO� ����� J]\
[QVKM�\PM�XZWJM�TI[MZ�Q[�SVW_V�\W�PMI\�]X�\PM�VIVWUMUJZIVM[�KWV[QLMZIJTa� \PM�[XZQVO�KWV[\IV\
_QTT�KPIVOM�IVL�\PM Qm TW_MZML� <PQ[�_I[�IOIQV�\PM�UW\Q^I\QWV�NWZ�NIJZQKI\QVO�\PM�QV\MZNMZWUM\MZ
[PW_V�IJW^M�QV KPIX� !�

���
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�I� ;IUXTM N���JI����� 5MKPIVQKIT�XMIS�_Q\P Qm ≈ 82� <PM
JZQOP\�XMIS�I\���50b�Q[�MTMK\ZWVQK�VWQ[M�

5 10 15
Frequency (MHz)

Ve
lo

ci
ty

 (a
.u

.)

�J� ;IUXTM N���JI����� 5MKPIVQKIT�XMIS[�_Q\P Qm ≈ 109 IVL
Qm ≈ 68

.QO]ZM �����" -`IUXTM[�WN �VIVWUMUJZIVM�>QJZWUM\MZ�UMI[]ZMUMV\[� <PM�XMK]TQIZ�[PIXM�WN �\PM
VWQ[M�ÆWWZ�Q[�L]M�\W�LQNNMZMV\�IOQ\I\QWV�[QOVIT[�\W�I�XQMbW�MTMUMV\� LQNNMZMV\�TQOP\XW_MZ
IVL�LQNNMZMV\�IUXTQÅKI\QWV�[M\\QVO[�JM\_MMV�\PM�\_W�UMI[]ZMUMV\[� )^MZIOQVO�W^MZ
�����[_MMX[� 5MI[]ZML�][QVO���� µ? WN �ZML�0M6M�TI[MZ�I\�ZWWU�\MUXMZI\]ZM�

���� <PMZUWUM\Za

1N �\PM�^QJZI\QWVIT�UMI[]ZMUMV\[�KW]TL�JM�LWVM�_Q\P�UWZM�[MV[Q\Q^Q\a�_Q\PW]\�INNMK\QVO�\PM�VIVWUMU�
JZIVM[�I[�U]KP�\PQ[�[M\]X�MV\IQT[�[WUM�QV\MZM[\QVO�XW[[QJQTQ\M[�

1\�KW]TL�JM�XW[[QJTM�\W�LML]KM�UWZM�SVW_TMLOM�WN �\PM�QV\MZVIT�XZWKM[[M[�QV^WT^ML�QV�\PM�VIVWUMU�
JZIVM[�Ja�UMI[]ZQVO�\PM�\MUXMZI\]ZM�QV�^IZQW][�_Ia[� *MKI][M�WN �\PM�^QJZI\QWVIT�LMOZMM�WN �NZMMLWU
WN �\PM�VIVWUMUJZIVM[� Q\�Q[�XW[[QJTM�\W�M[\QUI\M�\PM�J]TS�\MUXMZI\]ZM�WN �\PM�VIVWUMUJZIVM� Tnano�
QV�KWV\ZI[\�\W�\PM�MNNMK\Q^M�UWLM�\MUXMZI\]ZM TMNN� Ja�UMI[]ZQVO�\PM�JZW_VQIV�UW\QWV�WN �\PM[M�^Q�
JZI\QWVIT�UWLM[� ?Q\P�SVW_TMLOM�WN �_PQKP�UWLM�KWZZM[XWVL�\W�_PQKP�NZMY]MVKa� Q\� [PW]TL�JM
XW[[QJTM�\W�LM\MZUQVM�\PM�J]TS�\MUXMZI\]ZM�[WUM�WN �\PM�UMKPIVQKIT�UWLM[� ;XMKQÅKITTa�\PM�UWLM[
_PMZM�UW[\�WN �\PM�UW\QWV�Q[�\PM�^QJZI\QWV�WN �\PM�VIVWUMUJZIVM�QVLMXMVLMV\�WN �\PM�\M\PMZ[�IVL
]VLMZM\KPML�[PW]TL�NWTTW_�\PM�NWZU�M`XMK\ML�QV [MK� ������ 1N �\PM�\MUXMZI\]ZM�WN �\PM�_PWTM�[IUXTM
Q[�KWV\ZWTTML�Ja�\PM�KZaW[\I\�\MUXMZI\]ZM� \PQ[�\MUXMZI\]ZM�KIV�JM�][ML�I[�ZMNMZMVKM�NWZ�[]NÅKQMV\Ta
TW_�XZWJM�XW_MZ� 1V�IV�M`XMZQUMV\�[]KP�I[�\PM�5QKPMT[WV�QUXTMUMV\ML�QV KPIX� ! \PM������VU
TI[MZ�[PW]TL�VW\�INNMK\�\PM�VIVWUMUJZIVM[�I�TW\� IVL�I�TIZOM�[QOVIT�\W�VWQ[M�KIV�JM�IKPQM^ML�][QVO
^MZa�TQ\\TM�TQOP\�WV�\PM�[IUXTM�Ja�][QVO�I�PWUWLaVM�[KPMUM�_Q\P�I�[\ZWVO�ZMNMZMVKM�IZU� <P][�I
ZMNMZMVKM�UMI[]ZMUMV\�WN �\PM�^QJZI\QWVIT�LQ[XTIKMUMV\�IVL�PW_�\PQ[�NWTTW_�_Q\P�\PM�KZaW[\I\�\MU�
XMZI\]ZM� MVIJTM�\PM�KITQJZI\QWV�IVL�UMI[]ZMUMV\�WN �\PM�J]TS�\MUXMZI\]ZM�WN �\PM�VIVWUMUJZIVM�
)VW\PMZ�XW[[QJQTQ\a�Q[�\W�QV\ZWL]KM�I�X]UX�TI[MZ�_Q\P�IJW^M�JIVLOIX�TQOP\�QV�\PM�[M\]X�IVL�\P][
PMI\�\PM�VIVWUMUJZIVM� \W�[\]La�PW_�\PM�PMI\�ÆW_�Q[�QV�\PM�[a[\MU� IVL�PW_�_MTT�Q[WTI\ML�\PM
VIVWUMUJZIVM�Q[�NZWU�\PM�ZM[MZ^WQZ�

-[\IJTQ[PQVO�\PM Tnano NZWU�^QJZI\QWV[�_W]TL�JM�QV\MZM[\QVO�QV�Q\[MTN� J]\�KW]TL�IT[W�JM�KWUJQVML
_Q\P�\PM�QV\MZVIT�LaVIVIUQK[�WN �\PM�VIVWUMUJZIVM[� 1\�Q[�IV�WXMV�Y]M[\QWV�PW_ Tnano KIV�JM
M[\QUI\M�][QVO�\PM�84��J]\�_WZS�PI[�JMMV�LWVM�\W�\Za�IV�M[\QUI\M�\PQ[� .WZ�M`IUXTM�\PM�UM\PWL�WN

���



����,MNWZUI\QWV�XW\MV\QIT�KWWTQVO�WN �^QJZI\QWV[ -VOQVMMZQVO�LM^QKM[�\W_IZL[�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO

[W�KITTML LQNNMZMV\QIT�T]UQVM[KMVKM�\PMZUWUM\Za Q[�I�XW[[QJQTQ\a�C8I\\MZ[WV��E� )[�\MUXMZI\]ZM�Q[�KPIVOML
\PM�TI\\QKM�M`XIVL[�IVL�\PM�MUQ[[QWV�NZWU�\PM�9? KPIVOM�\W�TW_MZ�MVMZOa�MUQ[[QWV� <PQ[�KW]TL�JM
KITQJZI\ML�][QVO�\PM�[IUM�SQVL�WN �UM\PWL�I[�IJW^M� IVL�KWUJQVQVO�\PM�\_W�UM\PWL[�KW]TL�TMIL�\W�QV�
[QOP\[�QV\W�PW_�\PM�QV\MZVIT�JMPI^QW]Z�KW]XTM[�\W�\PM�\MUXMZI\]ZM�IVL�\PM�^QJZI\QWV[�

���� ,MNWZUI\QWV�XW\MV\QIT�KWWTQVO�WN
^QJZI\QWV[

7VM�WN �\PM�UW\Q^I\QWV[�NWZ�LM[QOVQVO�IVL�QV^M[\QOI\QVO�\PM[M�VIVWUMUJZIVM[�_I[�WN �KW]Z[M�\W�\Za
IVL�XZW^M�\PM�\PM[Q[�WN �[\ZWVO�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�C5IPIV!�� ;\ZW[KQW��E�WN �\PM�^QJZI�
\QWVIT�UWLM[�WN �\PM�VIVWUMUJZIVM[� QV[XQZML�Ja�\PM�[\ZWVO�KWWTQVO�Ja�XPW\W\PMZUIT�MNNMK\[�NW]VL
QV�\PM�JQO�/I)[�UMUJZIVM�LM[KZQJML�QV KPIX� �� ) ZMY]QZMUMV\�NWZ�_Q\VM[[QVO�I�[\ZWVO�KWWTQVO
WN �\PM�^QJZI\QWVIT�UWLM[�Ja�I�XZWKM[[�_Q\P�I�\QUM�LMTIa� Q�M� XPW\W\PMZUIT�WZ�MTMK\ZWV�XZM[[]ZM
QVL]KML�LMNWZUI\QWV�XW\MV\QWV�KWWTQVO� Q[�[M\�Ja�\PM�\QUM�[KITM�WN �\PM�LMTIa� τ � )[�LM[KZQJML�QV
KPIX� � Q\�Q[�\PM�WZLMZ�WN ωmτ \PI\�Q[�QUXWZ\IV\� IVL�\P][�\PM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�KW]TL
JM�_Q\VM[[ML�QN ωmτ ≈ 1� .WZ�^QJZI\QWVIT�UWLM[�QV�\PM�����50b�ZIVOM�\PQ[�_W]TL�ZMY]QZM�I�\QUM
[KITM�WN ωmτ = 1 IVL�\P][ τ ≈ 30 V[�NWZ�I ωm/(2π) %���50b� )[�_I[�[PW_V�QV [MK� ����� \PM
\QUM�[KITM[�UMI[]ZML�NWZ�\PM�M`KQ\I\QWV�WN �\PM�9? QV�\PM�VIVWUMUJZIVM�_I[�QV�\PM�����V[�\W����
V[�ZIVOM�[W�Q\�Q[�Y]Q\M�LQNNMZMV\� .WZ�\PM�/I)[�UMUJZIVM�[\]LQML�QV KPIX� �� XPW\WT]UQVM[KMVKM
ZQVOLW_V�UMI[]ZMUMV\[�_MZM�XMZNWZUML�C=[IUQ��E�IVL�NW]VL�\PI\�\PM�LMKIa�\QUM�_I[�[PWZ\MZ
\PIV�\PM�TQUQ\�WN �\PM�M`XMZQUMV\� ���X[� <P][�Q\� Q[� NW]VL�\PI\�KWVÅVML�[\I\M[� QV�\PM�9? QV�\PM
VIVWUMUJZIVM[�QVLMML�PI^M�I�TWVOMZ�TQNM\QUM� IVL�\P][�\PM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�Q[�UWZM
TQSMTa� )[�\PM�UMI[]ZML�TQNM\QUM[�_PQKP�KW]TL�JM�I\\ZQJ]\ML�\W�ZILQI\Q^M�IVL�VWV�ZILQI\Q^M�TQNM\QUM[�
_I[���WZLMZ[�WN �UIOVQ\]LM�WNN �NZWU�\PM�WX\QUIT� Q\�Q[�VW\�LMMUML�I�NMI[QJTM�M`XMZQUMV\�\W�\Za�\W
XZW^M�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�][QVO�\PM[M�[\Z]K\]ZM[�

1N � Q\�_I[�XW[[QJTM� \W�XTIKM� \PM�VIVWUMUJZIVM[� QV�IV�M`XMZQUMV\IT� KWVÅO]ZI\QWV�_PMZM� \PM�^Q�
JZI\QWVIT�UW\QWV�KW]TL�JM�UWVQ\WZML�_PQTM� \PM�KIZZQMZ[�KW]TL�JM�M`KQ\ML�][QVO�IJW^M�JIVL�OIX
TQOP\� Q\�[PW]TL�JM�XW[[QJTM�\W�_Q\VM[[�\PQ[�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO� )[�\PM�\PMZUIT�M`XIV�
[QWV�KWMNÅKQMV\�Q[�VMOTQOQJTM�IZW]VL����3 WZ����3 NWZ�/I)[� I[�[PW_V�QV KPIX� �� \PM�XPW\W\PMZ�
UIT� MNNMK\� Q[�JMTQM^ML� \W�JM�UQVQUQbML� IVL�I[� KZaWOMVQK� \MUXMZI\]ZM[�IZM�VMMLML� NWZ� \PM�9?
\W�JM�_MTT� ZM[WT^ML� UIaJM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�WN �^QJZI\QWV[� Q[�XW[[QJTM�\W�XZW^M� 7N
KW]Z[M�\PM�^QJZI\QWVIT�MVMZOa�IT[W�NWTTW_[�\PM�J]TS�\MUXMZI\]ZM�IVL�\P][�\PM�UMI[]ZMUMV\�_QTT�JM
PIZL�

���� +WVKT][QWV�IVL�W]\TWWS

)[�UMV\QWVML�IJW^M�I�TW\�WN �KPIZIK\MZQbI\QWV�PI^M�JMMV�LWVM�WV�\PM�VIVWUMUJZIVM�[a[\MU[� J]\
\PM�KWVKT][QWV�Q[�\PI\�\PM�TQNM\QUM�WN �M`KQ\I\QWV[�Q[�\WW�[PWZ\�\W�KW]XTM�MNÅKQMV\Ta�\W�\PM�^QJZI\QWV[�
<PQ[�LWM[�VW\�Z]TM�W]\�\PI\�\PM�[IUXTM[�KIV�JM�][ML�NWZ�[\]LaQVO�W\PMZ�MNNMK\[� IVL�_WZS�Q[�[\QTT�OWQVO
WV�_Q\P�\PM�[IUXTM[� J]\�QV�ZMOIZL[�\W�\PM�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�I�UWZM�QV^WT^ML�IXXZWIKP
_QTT�JM�VMKM[[IZa� <PM�UIVVMZ�\PI\�PI^M�JMMV�KPW[MV�Q[�\W�KWVÅVM�\PM�M`KQ\I\QWV[�NWZ�TWVOMZ�QV�I��
9? PM\MZW[\Z]K\]ZM� IVL�\PQ[�QLMI�Q[�LM[KZQJML�QV KPIX�  �

���



 � 1VLQZMK\�M`KQ\WV�UMUJZIVM[

)N\MZ�\PM�ZMITQbI\QWV�\PI\�\PM�VIVWUMUJZIVM[�LM[KZQJML�QV [MK� ��� PI^M�I�^MZa�Y]QKS�ZMKWUJQ�
VI\QWV�\QUM�IVL�[PW_�^MZa�TQ\\TM�UMKPIVQKIT�UW\QWV� \PM�[MIZKP�NWZ�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO
][QVO�\PM[M�[\Z]K\]ZM[�_I[�PIT\ML� 1V[\MIL�_WZS�JMO]V�WV�\PM�VM`\�OMVMZI\QWV�WN �LM^QKM�_PMZM�\PQ[
IUWVO�W\PMZ�MNNMK\[�_QTT�JM�XW[[QJTM�\W�QV^M[\QOI\M�

.QO]ZM  ���" <PM�[\Z]K\]ZM�][ML�NWZ�QV[XQZI\QWV�NWZ�\PM�VM`\�OMVMZI\QWV�LM[QOV� <PM���50b�/I)[
ZM[WVI\WZ�Ja�C+WTM��E� _Q\P�LQUMV[QWV[�WN �IJW]\��� µU × ��� µU� :MXZWL]KML�NZWU
C+WTM��E�

) TW\�WN �_WZS�_I[�X]\�QV\W�\PM�LM[QOV�WN �\PM�VM`\�OMVMZI\QWV�WN �\PM�/I)[�UMUJZIVM�[\Z]K\]ZM[
I[�\PM[M�PI^M�[PW_V�I� TW\�WN �XW\MV\QIT� NWZ�[PW_QVO�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�WN �^QJZI\QWVIT
UWLM[� ITWVO�_Q\P�I�TW\�WN �W\PMZ�XW[[QJTM�IL^IV\IOM[�QN �LM[QOVML�IVL�NIJZQKI\ML�_MTT� <PM�ZMIT�
QbI\QWV� NZWU� \PM�VIVWUMUJZIVM[�_I[� \PI\� Q\�LMÅVQ\MTa� Q[� I� TW\�PIZLMZ� \W�UMI[]ZM� \PM�UMKPIV�
QK[�WN �[\Z]K\]ZM[�I\�\PM�VIVWUM\MZ�\W�I�NM_�UQKZWUM\MZ�[KITM�IVL�IT[W�\PI\�\PM[M�[\Z]K\]ZM[�PI^M
[PW_V�I�TW_�UMKPIVQKITQm L]M�\W�NIJZQKI\QWV�Q[[]M[� ) TW\�WN �KPIVOM[�_I[�\PMV�X]\�QV\W�MNNMK\�NWZ
\PM�VM`\�OMVMZI\QWV�WN �\PM[M�LM^QKM[� <PM�LM[QOV�PI[�JMMV�I�KWTTIJWZI\Q^M�MNNWZ\�JM\_MMV 9]IV\WX
NZWU�\PM�WX\WUMKPIVQKIT�XWQV\�WN �^QM_� IVL�\PM�4WLIPT�OZW]X�I\�6*1 _PQKP�IT[W�PI[�W\PMZ�M`XMZQ�
UMV\[�XTIVVML�_Q\P�\PQ[�[M\]X� )LLQ\QWVITTa�UMM\QVO[�PI^M�JMMV�PMTL�_Q\P�\PM�ʈUIUWɦT]�OZW]X�I\
-<0�

1V ÅO�  �� \PM� [\Z]K\]ZM�LM[QOV� Q[� [PW_V� <PM�LM[QOV�KWV[Q[\�WN �I�LW]JTM�9? [\Z]K\]ZM�_Q\P��
1V/I)[�TIaMZ[�XIVKISML�JM\_MMV�/I)[�J]NNMZ�TIaMZ[� )LLQ\QWVITTa�\PM�UMUJZIVM�[\Z]K\]ZM�PI[
ILLML�ZMOQWV[�\PI\�Q[�LWXML�_Q\P�X��WZ�V��KWVKMV\ZI\QWV[�WN �QWV[� <PM[M�ZMOQWV[�MVIJTM�I�KWV\ZWT
WN �\PM�QV\MZVIT�MTMK\ZQK�ÅMTL�Ja�IXXTaQVO�I�JQI[�^WT\IOM�IKKZW[[�MTMK\ZWLM[� <PM�UMUJZIVM�Q[�LM[QOVML
\W�JM�WN �\PM�\aXM�I[�[PW_V�QVÅO�  �� Ja�C+WTM��E� _PMZM�\PM�UMUJZIVM�Q[�[][XMVLML�WV�\PQV�\M\PMZ[�
<PM�[a[\MU�Q[�[]XXW[ML�\W�JM�X]\�QV�I�5MUJZIVM�QV�\PM�UQLLTM�KWVÅO]ZI\QWV�_Q\P�I�UIV]NIK\]ZML
*ZIOO�UQZZWZ�JMVMI\P�IVL�I�KWV^MV\QWVIT�UQZZWZ�UW]V\ML�I\�\PM�\WX� 1V�\PQ[�KI^Q\a�KWVÅO]ZI\QWV
\PM�\PQKSVM[[�WN �\PM�_PWTM�[IUXTM�Q[�KPW[MV� [W�\PI\�\PM�WX\QUIT�ÅMTL�[\ZMVO\P�I\�\PM�9?[�KIV�JM
IKPQM^ML� )LLQ\QWVITTa�IVW\PMZ�[M\�WN �MTMK\ZWLM[�MVIJTM�IXXTQKI\QWV�WN �I�ÅMTL�NZWU�\PM�UMUJZIVM
\W� \PM� []J[\ZI\M�JMVMI\P� _PQKP�_QTT�MVIJTM� \PM� \]VQVO�WN � \PM�XW[Q\QWV�WN � \PM�UMUJZIVM� QV� \PM
KI^Q\a�

) TW\�WN �KWV[QLMZI\QWV�_MV\�QV\W�\PQ[�LM[QOV� J]\� \PM�UIQV�UW\Q^I\QWV� NZWU�\PM�WX\WUMKPIVQKIT



1VLQZMK\�M`KQ\WV�UMUJZIVM[

XWQV\�WN �^QM_� Q[�OM\\QVO�I�TWVOMZ�KWVÅVMUMV\�\QUM�WN �\PM�M`KQ\I\QWV� <PQ[�QV�\]ZV�_QTT� TMIL�\W�I
TWVOMZ τ � 1\�Q[�\PM�PWXM�\PI\�\PM�ILLQ\QWVIT�KWV\ZWT�WN �\PM�UMKPIVQKIT�IVL�QV\MZVIT�LaVIUQK[�IVL
\PM�XW[Q\QWV�WN �\PM�UMUJZIVM� _QTT�MVIJTM�I�[a[\MUI\QK�UIXXQVO�WN �I�JZWIL�XIZIUM\MZ�[XIKM� IVL
\PM�QV^M[\QOI\QWV�WN �JW\P�\PM�XPW\W\PMZUIT� LMNWZUI\QWV�XW\MV\QIT�IVL�ZILQI\QWV�XZM[[]ZM�KWWTQVO
QV�\PQ[�[M\]X�

.QO]ZM  ���" 6M`\�OMVMZI\QWV�0M\MZW[\Z]K\]ZM� :MXZWL]KML�KW]Z\M[a�WN �8M\Z]�<QOPQVMIV]�

<PM�UW\Q^I\QWV�NWZ�OWQVO�\W�I�LW]JTM�9? �,9?� [\Z]K\]ZM�KWUM[�NZWU�\PM�ZMITQbI\QWV�\PI\�I�TWVO
LMTIa�\QUM�Q[�VMKM[[IZa�QV�WZLMZ�\W�IKPQM^M�KWV[QLMZIJTM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO� <PQ[�_I[
VW\�NW]VL�\W�JM�XW[[QJTM�QV�I�J]TS�/I)[�[\Z]K\]ZM�JMKI][M�WN �\PM�Y]QKS�LMKIa�XZWKM[[M[�_Q\P�\PM
[]ZNIKM[� 1\�Q[�SVW_V�\PI\�KWVÅVML�[\I\M[�QV�,9?[�KIV�PI^M�TWVO�TQNM\QUM[�C*]\W^!!E� )LLQ\QWVITTa
\PM�,9? LM[QOV�_Q\P�ILLML�MTMK\ZWLM[�QV\ZWL]KM[�\PM�ILLML�KWV\ZWT�\PI\�\PM�KW]XTQVO�JM\_MMV
\PM�[\I\M[�JM\_MMV�\PM�,9? KW]XTML�KIV�JM�\]VML� <PM�M`KQ\I\QWV�WN �I�,9? [\Z]K\]ZM�KIV�JM
MVOQVMMZML�[W�I�[W�KITTML�QVLQZMK\�M`KQ\WV�[\I\M�Q[�XW[[QJTM�_PMZM�\PM�M`KQ\ML�MTMK\ZWV�IVL�PWTM�IZM
[XI\QITTa� [MXMZI\ML� QV� \PM� \_W�9?[� IVL�JMKI][M�WN � \PM� TM[[MVML�KW]XTQVO�\PQ[�MV\IQT[� \PM� \QUM
KWV[\IV\�NWZ�ZMKWUJQVI\QWV�Q[�TWVOMZ�\PIV�Q\�Q[�NWZ�I�[QVOTM�9? [\Z]K\]ZM�C*]\W^!!� 0IZZQ[WV��E�
1\�[PW]TL�JM�VW\ML�\PI\�ITT�LQ[K][[QWV[�IJW]\�\PM�T]UQVM[KMVKM�IVL�QV�OMVMZIT�\PM�KWVÅVMUMV\�WN
M`KQ\I\QWV[�QV�\PM[M�9? [PW]TL�JM�XMZNWZUML�I\�KZaWOMVQK�\MUXMZI\]ZM[�I[�\PM�\PMZUIT�JZWILMVQVO
WN �\PM�[\I\M[�W\PMZ_Q[M�_QTT�KPIVOM�\PM�W^MZTIX�KWV[QLMZIJTa� <PQ[�Q[�IT[W�\ISQVO�QV\W�IKKW]V\�QV�\PM
UWLMTQVO�_PMZM�I�KZaWOMVQK�\MUXMZI\]ZM�PI[�JMMV�QVKT]LML�

1V ÅO�  �� I�[SM\KP�WN �\PM�JIVL�[\Z]K\]ZM�NWZ�\PM�PM\MZW[\Z]K\]ZM�Q[�[PW_V� <PM�TW_M[\�MVMZOa�PWTM
[\I\M�Q[�QVLQKI\ML�_Q\P�I�JTIKS�KQZKTM� IVL�Q\[�KWVÅVMUMV\�Q[�[SM\KPML�][QVO�I�JT]M�\ZIKM� ;QUQTIZTa
\PM�TW_M[\�MVMZOa�KWVÅVML�MTMK\ZWV�[\I\M�Q[�QVLQKI\ML�_Q\P�I�ÅTTML�JTIKS�KQZTM�IVL�Q\[�KWVÅVMUMV\�Q[
[SM\KPML�_Q\P�I�JT]M�\ZIKM� <PM�\PQKS�ZML�TQVM[�QVLQKI\M�\PM�MVMZOa�TIVL[KIXM�QV�\PM�KWVL]K\IVKM
IVL�^ITMVKM�JIVL�L]M�\W�\PM�LQNNMZMV\�UI\MZQIT[� <PQ[�[PW_[�PW_�\PM�MVMZOa�TIVL[KIXM�Q[�\QT\ML�L]M
\W�\PM�QV\ZQV[QK�JQI[�IXXTQML�Ja�\PM�LWXIV\�QV\ZWL]KML�QV�\PM�[\Z]K\]ZM�\W�NWZU�\PM�MTMK\ZWLM[� <PM
TW_M[\�MVMZOa�[\I\M�Q[�LM[QOVML�\W�JM�\PM�KI[M�_PMZM�I�PWTM�Q[�KWVÅVML�QV�WVM�9? _PQTM�IV�MTMK\ZWV
Q[�KWVÅVML�QV�\PM�W\PMZ� <PQ[�Q[�\PM�[Q\]I\QWV�QVLQKI\ML� IVL�\PM�MTMK\ZWV�IVL�PWTM�NWZU�IV�[W�KITTML
QVLQZMK\�M`KQ\WV� <PQ[�Q[�XZMNMZIJTM�I[�\PQ[�MVIJTM[�I�[\ZWVO�\]VQVO�WN �\PM�KW]XTQVO� IVL�\P][�\PM
TQNM\QUM� Ja�IXXTaQVO�IV�M`\MZVIT�JQI[�WV�\PM�MTMK\ZWLM[�_PQKP�\PMV�[PQN\[�\PM�[TIV\�WV�\PM�MVMZOa
TIVL[KIXM�

1V ÅO�  �� KITK]TI\QWV[�WN �\PM�_I^MN]VK\QWV[�NWZ�\PM���TW_M[\�MVMZOa�[\I\M[�WN �\PM�MTMK\ZWV�IVL�PWTM
[\I\M[� QV�\PM�,9? I[�I�N]VK\QWV�WN �\PM�ÅMTL�IKKZW[[�\PM�X��IVL�V��MTMK\ZWLM[�IZM�[PW_V� <PM

�� 



1VLQZMK\�M`KQ\WV�UMUJZIVM[

.QO]ZM  ���" <PM�OZW]VL�[\I\M�QVLQZMK\�M`KQ\WV�_Q\P�IV�IXXTQML�MTMK\ZQKIT�JQI[� <PM�TW_M[\�MVMZOa
PWTM�Q[�QVLQKI\ML�_Q\P�I�ZQVO� _PQTM�OZW]VL�MTMK\ZWV�[\I\M�Q[�QVLQKI\ML�_Q\P�I�N]TT�KQZKTM�
<PM�ÅZ[\�M`KQ\ML�[\I\M�Q[�LQZMK\�M`KQ\WV�NWZUML�Ja�M�O� \PM�PWTM�OZW]VL�TM^MT�KW]XTQVO�\W
\PM�ÅZ[\�M`KQ\ML�[\I\M�WN �\PM�MTMK\ZWV�[\I\M[�QVLQKI\ML�_Q\P�OZMMV�

.QO]ZM  ���" <PM�TW_M[\�MVMZOa�_I^MN]VK\QWV[�NWZ�\PM�MTMK\ZWV�IVL�PWTM�[\I\M[�QV�\PM�,9?��;PW_V
_Q\P�IV�M`\MZVIT�ÅMTL�WN Vext = 1 > IVL Vext = 0.5 _PQKP�ZM[]T\[�QV�[TQOP\Ta�LQNNMZMV\
W^MZTIX� :MXZWL]KML�KW]Z\M[a�WN �8M\Z]�<QOPQVMIV]�

��!



 ���<PM�J]TS�[a[\MU 1VLQZMK\�M`KQ\WV�UMUJZIVM[

KITK]TI\QWV[�IZM�ZMXZWL]KML�KW]Z\M[a�WN �8M\Z]�<QOPQVMIV]�NZWU�\PM�4WLIPT�OZW]X� 1\�Q[�[MMMV�PW_
I�PQOPMZ�ÅMTL�IKKZW[[�\PM�MTMK\ZWLM[� Vext� X]\[�I�[TIV\�WV�\PM�KWVÅVMUMV\�MVMZOQM[�IVL�QV�KWVR]VK�
\QWV�_Q\P�\PM�QV\MZVIT�ÅMTL�XZWL]KML�Ja�\PM�LQNNMZMV\�ITTWa[�IVL�LWXQVO[� \PM�W^MZTIX�JM\_MMV�\PM
MTMK\ZWV�IVL�PWTM�_I^MN]VK\QWV[�KIV�JM�QVKZMI[ML�IVL�LMKZMI[ML� )[�\PM�XZWJIJQTQ\a�WN �\PM�ZMKWU�
JQVI\QWV�Q[�XZWXWZ\QWVIT�\W�\PM�UWLM�W^MZTIX� \PQ[�UMIV[�\PI\�\PM�LMKIa�\QUM�Q[�KWV\ZWTTIJTM�][QVO
Vext�

+ITK]TI\QWV[�Ja�8M\Z]�<QOPQVMIV]�WN �\PM�XZWXW[ML�[\Z]K\]ZM�[PW_[�\PI\�\PQ[�KWV\ZWT�WN �\PM�ÅMTL�QV
\PM�XZWXW[ML�[\Z]K\]ZM�_QTT�TMIL�\PM�LMKIa�TQNM\QUM�WN �IV�M`KQ\I\QWV�WN �\PM�,9? \W�JM�\]VML�NZWU
µ[�\W�X[�Ja�I�KPIVOM�WN ���> W^MZ�\PM�MTMKZWLM[� <PQ[�ZMUIZSIJTM�KWV\ZWT�_W]TL�TMIL�\W�\PM�LQNNMZMV\
MNNMK\[�QV�\PM�[\Z]K\]ZM�JMQVO�QV^M[\QOI\ML�QV�I�[a[\MUI\QK�_Ia� I[�M�O� \PM�XPW\W\PMZUIT�KWWTQVO�MNNMK\
KIV�JM�KPIVOML�_Q\P�\MUXMZI\]ZM� _PQTM�\PM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�KW]TL�\PMV�JM�KPIVOML
Ja�KPIVOQVO�\PM�IXXTQML�^WT\IOM�

+I^Q\a�KWVÅO]ZI\QWV

<PM�LM[QOV�WN �\PM�KI^Q\a�KWVÅO]ZI\QWV�NWZ�\PM�[M\]X�PI[�JMMV�LWVM�QV�\IVLMU�_Q\P�\PM�LM[QOV�WN �\PM
UMUJZIVM�[\Z]K\]ZM� <PM�LM[QOV�Q[�[PW_V�QV ÅO�  �� IVL�[PW_[�PW_�I�KI^Q\a�Q[�KZMI\ML�_Q\P�\PM
UMUJZIVM�QV�\PM�KMV\MZ� IJW^M�I�*ZIOO�UQZZWZ�\PI\�Q[�XIZ\�WN �\PM�NIJZQKI\ML�[\Z]K\]ZM� ) \ZILQ\QWVIT
UQZZWZ�Q[�\PMV�XW[Q\QWVML�NIZ�IJW^M�\PM�[IUXTM� 1V�\PQ[�KWV\M`\�»NIZ¼�UMIV[�WV�\PM�WZLMZ�WN �I�UU�
_PQTM�\PM�LQ[\IVKM�JM\_MMV�\PM�UMUJZIVM�IVL�\PM�*ZIOO�UQZZWZ�Q[���WZ�� µU� LMXMVLQVO�WV�\PM
KWVÅO]ZI\QWV�

<PQ[�[KPMUM�ITTW_[�NWZ�I�TW\�WN �\]VQVO� I[�MTMK\ZQKIT�KWV\IK\[��VW\�[PW_V��MVIJTM�\PM�\]VQVO�WN �\PM�XW[Q�
\QWV�WN �\PM�UMUJZIVM� I[�_MTT�I[�QVL]KQVO�I�[\I\QWVIZa�JMVLQVO�WN �\PM�UMUJZIVM�

Coupled QWs
for Optome-

chanics

Petru
Tighineanu
and Søren
Stobbe

General Concept

Goals:

• Tunable radiative lifetime up to ⌧

rad

⇡ 1 µs << ⌧

nrad

.

• Two designs: large and small optomechanical couplings.

• Resonance wavelength 900–950 nm.

Petru Tighineanu and Søren Stobbe Coupled QWs for Optomechanics

.QO]ZM  ���" 6M`\�OMVMZI\QWV�KI^Q\a�KWVÅO]ZI\QWV� _Q\P�I�NIJZQKI\ML�*ZIOO�UQZZWZ�JMVMI\P� IVL�I
\ZILQ\QWVIT�UQZZWZ�WV�\WX�WN �\PM�LW]JTM�9? UMUJZIVM�QV�\PM�KMV\MZ�

 ��� <PM�J]TS�[a[\MU

 ����� .IJZQKI\QWV

)\�\PM�\QUM�WN �\PQ[�_ZQ\QVO�\PM�J]TS�[a[\MU[�PI^M�JMMV�OZW_V�][QVO�MTMK\ZWV�JMIU�MXQ\I`a�I\�-<0
IVL�\PM[M�[IUXTM[�PI^M�JMMV�KPIZIK\MZQbML�Ja�\PM�4WLIPT�OZW]X� <PM�UMKPIVQKIT�[QLM�WN �\PM�LM�
[QOV�PI[�VW\�JMMV�XMZNMK\ML�aM\� ?PQTM�\PM�VIVWUMUJZIVM[�_MZM�M\KPML�I\�-<0 B�ZQKP�][QVO�I
\MKPVQY]M�QV^WT^QVO�LZa�M\KPQVO�I[�LM[KZQJML�QV [MK� ������ \PQ[�Q[�VW\�I^IQTIJTM�I\�6*1 aM\� 1VQ\QIT
_M\�M\KPQVO�XZWKML]ZM[�PI^M�UILM�Q\�KTMIZ�\PI\�MY]QXUMV\�IVL�SVW_TMLOM�PI[�\W�JM�OI\PMZML�JMNWZM

���



1VLQZMK\�M`KQ\WV�UMUJZIVM[  ���<PM�J]TS�[a[\MU

\PM�M\KPQVO�WN �WX\WUMKPIVQKIT�[a[\MU[�KIV�JM�]VLMZ\ISMV� IVL�\PQ[�PI[�XW[\XWVML�\PM�ZMITQbI\QWV
WN �WX\WUMKPIVQKIT�[a[\MU[�_Q\P�,9?�

 ����� -`XMZQUMV\IT�ZM[]T\[

9]Q\M�I�TW\�WN �M`XMZQUMV\[�PI^M�ITZMILa�JMMV�LWVM�Ja�\PM�4WLIPT�OZW]X�WV�\PQ[�J]TS�[a[\MU� )[�IV
M`IUXTM�\PM�XPW\WT]UQVM[KMVKM�PI[�JMMV�UMI[]ZML�_Q\P�IJW^M�JIVLOIX�X]UXQVO� QV�\PM�[XMK\Z]U
IVL�\QUMZM[WT^ML�LWUIQV� )[�\PM�_WZS�Q[�\W�JM�X]JTQ[PML�TI\MZ�Q\�Q[�VW\�QVKT]LML�PMZM� 1\�PI[�JMMV
M[\IJTQ[PML�\PI\�QVLMML�\PM�MTMK\ZQKIT�KWV\IK\[�MVIJTM�I�\]VQVO�WN �\PM�I^IQTIJTM�[\I\M[� <PM�W^MZTIX
JM\_MMV�M`KQ\ML�[\I\M[�QV�\PM�LQ[\ZQJ]\ML�9?[�PI[�JMMV�[PW_V�\W�KPIVOM�_Q\P�\PQ[�\]VQVO� _PQKP
Q[�XZWUQ[QVO� <PM�[IUM�SQVL�WN �M`XMZQUMV\[�I[�_I[�LWVM�_Q\P�\PM�VIVWUMUJZIVM[�QV [MK� ���
PI[�JMMV�LWVM�WV�\PM�,9? [a[\MU� QV�WZLMZ�\W�QV^M[\QOI\M�\PM�KWUXTM`�JMPI^QW]Z�WN �\PM�KWVÅVML
[\I\M[� =[QVO�\PM[M�UM\PWL[�Q\�PI[�JMMV�M[\IJTQ[PML�\PI\�QVLMML�\ZIXXML�KWVÅVML�[\I\M[�IZM�KZMI\ML
QV� \PM�,9?��<PM�SQVL�WN �JW]VL� QVLQZMK\� M`KQ\WV� \PI\� KIV�JM�JW]VL�JM\_MMV� \PM� \_W�9?[� Q[
KITTML�I�?IVVQMZ�M`KQ\WV�C?IVVQMZ��� 0IZZQ[WV��E� IVL�NWZ�\PM[M�\PM�ZMTI\Q^M�UW\QWV�WN �\PM�QVLQZMK\
M`KQ\WV[�Q[�TWKSML� _PQTM�\PM�UW\QWVIT�UI[[�WN �\PM�M`KQ\WV�Q[�LMTWKITQbML� )[�_I[�UWLMTML�QV ÅO�  ��
I�KPIVOM� QV� \PM�JQI[�^WT\IOM�KPIVOM[� \PM�W^MZTIX�JM\_MMV� \PM�MTMK\ZWV�IVL�PWTM� QV� \PM� QVLQZMK\
M`KQ\WV� )[�IV�M`IUXTM�I�UMI[]ZMUMV\�WN �\PM�84 [XMK\Z]U�Q[�[PW_V�QV ÅO�  ��� <PM�MUQ[QWV
NZWU�\PM�,9? Q[�QV�\PM�LW]JTM�XMIS�IZW]VL�!���!���VU�I\�KZaWOMVQK�\MUXMZI\]ZM[� ) TW\�KIV�JM
NW]VL�Ja�\]VQVO�XIZIUM\MZ[�[]KP�I[�\MUXMZI\]ZM� X]UX�XW_MZ�IVL�_I^MTMVO\P� IVL�\PM�MTMK\ZQKIT
JQI[� 1\� Q[�M[\IJTQ[PML�PW_�\PM�KWVÅVML�[\I\M[�KIV�JM�\]VML� I[�M`XMK\ML� IVL�NWTTW_�\PM�UWLMT
\PI\�PI[�JMMV�LM^MTWXML�NWZ�\PM�[a[\MU� <PQ[�_QTT�JM�X]JTQ[PML�MT[M_PMZM� J]\�NWZ�\PM�W]\TWWS�WN
\PQ[�XZWRMK\� Q\�Q[�^MZa�XZWUQ[QVO�NWZ�\PM�ZMITQbI\QWV�WN �LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�I[�I�LWUQVIV\
MNNMK\�
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Figure 2: (a) Measured PL and (b) calculated band gap.
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(a) Decay dynamics of the exciton ground state. A

pumping power of 1 µW was used. The blue curve is

the PL signal. The green line is the point-spread func-

tion of the detector while the red line represents the fit.
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(b) Calculated radiative lifetime as a function of exter-

nally applied voltage.

Figure 3: (a) Measured and (b) calculated PL decay.

The decay dynamics of the exciton recombination peak is shown in Fig. 3a. The decay curve
shows a bi-exponential behavior, most probably due to many-body e↵ects. The fast (slow) decay
rate correlates reasonably (very) well with the calculated values for no externally applied voltage
(radiative lifetime of 80 ns which corresponds to a decay rate of 0.0125 ns�1), see Fig. 3b (the
radiative lifetime is just the inverse of the radiative decay rate).
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.QO]ZM  ���" 84 WN �\PM�,9?[�NWZ�I�X]UXQVO�XW_MZ�WN ����V?��1V\MOZI\QWV�\QUM�WN ���[�_I[�][ML�
:MXZWL]KML�KW]Z\M[a�WN �/IJQRI�3QZ[IV[SM�IVL�8M\Z]�<QOPQVMIV]�

 ����� 4QNM\QUM

;XMKQÅKITTa�ZMOIZLQVO�\PM�TQNM\QUM�WN �\PM�M`KQ\WV�[\I\M[� \PM� \]VQVO� [PW]TL� TMIL� \W�^MZa�LQNNMZMV\
TQNM\QUM[�NWZ�\PM�KWVÅVML�[\I\M[�QV�\PM�,9?��IVL�QVLMML�\PQ[�PI[�JMMV�[PW_V�M`XMZQUMV\ITTa� 8ZM�

���



 ���<PM�J]TS�[a[\MU 1VLQZMK\�M`KQ\WV�UMUJZIVM[

TQUQVIZa�UMI[]ZMUMV\[�PI^M�[PW_V�I�TIZOM�\]VQVO�QV�TQNM\QUM�WN ���WZLMZ[�WN �UIOVQ\]LM� J]\�M`XMZQ�
UMV\IT�LQNÅK]T\QM[�_Q\P�NWK][QVO�PI^M�UMIV\�\PI\�OWWL�ZMXZWL]KQJTM�UMI[]ZMUMV\[�PI^M�WVTa�JMMV
LWVM�NWZ�WVM�MTMK\ZQKIT�JQI[� 1\�Q[�M`XMK\ML�\PI\�JM\\MZ�LI\I�_QTT�JM�I^IQTIJTM�[WWV� J]\�Q\�Q[�^MZa�MV�
KW]ZIOQVO�\W�JM�IJTM�\W�IKPQM^M�I�\]VQVO�WN �\PM�\QUM[KITM�NZWU�VIVW[MKWVL[�\W�UQKZW[MKWVL[� <PQ[
UISM[� Q\�XW[[QJTM� \W�ZMITQbM� \PM�[Q\]I\QWV�_PMZM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO� Q[� \PM�LWUQVI\QVO
MNNMK\�NWZ�\PM�JMPI^WQ]Z�WN �UMKPIVQKIT�UWLM[�

 ����� <W_IZL[�WX\WUMKPIVQKIT�[\Z]K\]ZM[

1V�WZLMZ�\W�ZMITQbM�\PM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�WN �^QJZI\QWV[� I�[]Q\IJTM�UMKPIVQKIT�ZM[WVI\WZ
PI[�\W�JM�NIJZQKI\ML�NZWU�\PQ[�PM\MZW[\Z]K\]ZM� )\�\PM�\QUM�WN �_ZQ\QVO�NIJZQKI\QWV�Q[[]M[�IZM�JMQVO
_WZSML�WV� J]\�L]M�\W�\PM�ZMY]QZMUMV\[�WN �\PQV�\M\PMZ[�IVL�LQUMV[QWV[�WV�\PM�UQKZWUM\MZ�[KITM�
I[� [\QX]TI\ML�Ja� \PM�LM[QOV�Ja� C+WTM��E� _WZS� Q[� [\QTT� QV�XZWOZM[[� )LLQ\QWVITTa� \PM�JM[\�XW[[QJTM
LM[QOV�_QTT�JM�I�KWUXZWUQ[M�WN �[\ZWVO�WX\WUMKPIVQKIT�KW]XTQVO�IVL�PQOP Qm [W� \PM�LM[QOV�WN
M^MZa�LQUMV[QWV�WN �\PM�ZM[WVI\WZ�IVL�\PM�ZM[]T\QVO�KI^Q\a�ÅMTL�NZWU�\PM�ZM[WVI\WZ�IVL�\_W�UQZZW[
PI^M�\W�JM�\ISMV�QV\W�IKKW]V\�

<PM�XW[Q\QWV�WN �\PM�\M\PMZ�WN �\PM[M�[\Z]K\]ZM[�IZM�M[[MV\QIT�NWZ�\PM�KW]XTQVO�WN �\PM�LQNNMZMV\�UMKPIVQ�
KIT�UWLM[�\W�\PM�ZM[MZ^WQZ�WN �\PM�]VLMZM\KPML�[]ZZW]VLQVO[�I[�_I[�QV^M[\QOI\ML�Ja�C+WTM��E� =[QVO�I
[MZQM[�WN �.-5 [QU]TI\QWV[�-UZM�<WOIV�NZWU�-<0 IVL�\PM�I]\PWZ� _Q\P�I�\M[\�LM[QOV�WN 40×80µ U�
[M^MZIT�KWVKT][QWV[�PI^M�JMMV�UILM�NWZ�I�OWWL�LM[QOV�\ISQVO�VW\M[�NZWU�\PM�LM[QOV�XZM[MV\ML�QV
C+WTM��E� <PM�.-5UM\PWL�NWZ�M[\QUI\QVO�\PMQm _I[�LM[KZQJML�QV [MK� ����

� Qm QVKZMI[M[�I[�\PM�_QL\P�WN �\PM�\M\PMZ[�LMKZMI[M[�

� Qm QVKZMI[M[�I[�\PM�TMVO\P�WN �\PM�\M\PMZ[�QVKZMI[M[�

� Qm QVKZMI[M[�\W�I�UI`QU]U�QN �\PM�\M\PMZ�Q[�XTIKML�I�KW]XTM�WN µ U�WNN[M\�NZWU�\PM�KMV\MZ�WN
\PM�UMUJZIVM�_PMZM�\PMZM�Q[�I�VWLM�QV�\PM�LQ[XTIKMUMV\�ÅMTL�

� <PMZM�Q[�IV�WX\QU]U��IVL�[PWZ\��[QbM�WN �\PM�]VLMZM\KPML�IZMI�\PI\�\PM�\M\PMZ�Q[�I\\IKPML�\W�

<PM[M�KWVKT][QWV[�NZWU�\PM�.-5 NWTTW_�_Q\P�\PM�M`XMK\ML�NZWU�M`XMZQMVKM�M`KMX\�NWZ�\PM�\PQZL
WVM� \PI\�[MMU[�\W�KWV\ZILQK\�\PM�LQ[K][[QWV�QV�C+WTM��E� _PMZM�\PM�VWLM�[PW]TL�JM�XTIKML�KTW[MZ�\W
\PM�VWLM�WN �\PM�UMKPIVQKIT�UWLM� 4]KSQTa�QV�\PM�M`XMZQUMV\�\PM�\M\PMZ�XW[Q\QWV�KIV�JM�^IZQML�Ja
UIV]NIK\]ZQVO�I�TW\�WN �UMUJZIVM[�WV�\PM�[IUM�KPQX� \W�ÅVL�\PM�WX\QUIT�XW[Q\QWV�NWZ�\PM�PQOPM[\
Qm� <PQ[�Q[�\PM�XTIV�

 ����� .-5 WN �\PM�XZWXW[ML�[\Z]K\]ZM

1V�WZLMZ�\W� QV^M[\QOI\M�\PM�XW[[QJQTQ\a�WN �IKPQM^QVO�[\ZWVO�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO� QV�\PQ[
XZWXW[ML�[a[\MU� I��, .-5 QUXTMUMV\I\QWV�PI[�JMMV�KZMI\ML� <PM�XZWXW[ML�LQUMV[QWV[�][ML
PMZM�IZM��� µU ×  � µU�_Q\P�I�\PQKSVM[[�WN �� ��VU� ) KITK]TI\QWV�WN �\PM�LQ[XTIKMUMV\�][QVO
\PQ[�UWLMT�Q[�QTT][\ZI\ML�QV ÅO�  �� _PMZM�\PM�LQ[XTIKMUMV\�Q[�OZW[[Ta�M`IOOMZI\ML�NWZ�^Q[]IT�KTIZ�
Q\a�

<PM� LMZQ^I\QWV� WN � \PM� NWZKM� M[\QUI\M� L]M� \W� \PM� LMNWZUI\QWV� XW\MV\QIT� KW]XTQVO� Q[� QVKT]LML� QV
[MK� )���� I[�_MTT�I[�\PM�QUXTMUMV\I\QWV�LM\IQT[�NWZ�\PM +WU[WT UWLMT� 1\�Q[�[PW_V�\PI\�_Q\P�ZM�
ITQ[\QK�XIZIUM\MZ[� I�KPIVOM�WV�\PM�WZLMZ�WN �� µU�LQ[XTIKMUMV\�I\�\PM�JMIU�[XW\� KIV�JM�IKPQM^ML
_Q\P�IZW]VL�� µ? WN �IJW^M�JIVL�TQOP\�PQ\\QVO�_Q\P�I��� µU�JMIU�[QbM� <PQ[�[MMU[�Y]Q\M�TIZOM

���



1VLQZMK\�M`KQ\WV�UMUJZIVM[  ���<PM�J]TS�[a[\MU

.QO]ZM  ���" .-5 WN �LQ[XTIKMUMV\�NWZ�\PM�VM`\�OMVMZI\QWV�UMUJZIVM�UWLMT�_Q\P�\_W�Y]IV\]U
_MTT[��VW\�^Q[QJTM�� <PM�UWLMT�Q[�I[[]UML�[aUUM\ZQK�IVL�\P][�WVTa�PITN �\PM�UWLMTML
[a[\MU�Q[�[PW_V� <PM�KW]XTQVO�\W�\PM�WX\QKIT�ÅMTL�KIV�JM�M[\QUI\ML�L]M�\W�\PM�LQ[XTIKM�
UMV\� <PM�LQ[XTIKMUMV\�Q[�OZW[[Ta�M`IOOMZI\ML�NWZ�^Q[]IT�KTIZQ\a�

J]\�Q[�\PW]OP\�\W�JM�L]M�\W�\PM�NZMMLWU�\PI\�\PM�\M\PMZ[�ITTW_�NWZ� <PQ[�TIZOM�LQ[XTIKMUMV\�I\�\PM
JMIU�XW[Q\QWV�[MMU[�^MZa�XZWUQ[QVO�NWZ�\PM�XZW[XMK\�WN �[MMQVO�\PM�LMNWZUI\QWV�XW\MV\QIT�M`XIV[QWV
PI^QVO�I�[\ZWVO�MNNMK\�WV�\PM�^QJZI\QWV[�WN �\PM�[a[\MU� ?Q\PW]\�QVKT]LQVO�\PM�LMNWZUI\QWV�XW\MV\QIT
KW]XTQVO�QV�\PM�.-5 I�TWIL�WV�\PM�9? TIaMZ�Q[�QVKT]LML�I[�I�[QUXTM�XWQV\�NWZKM� IVL�I[�I�OI][�
[QIV�NWZKM�NWTTW_QVO�\PM�UWLMTML�TI[MZ�JMIU� 1V�\PQ[�UIVVMZ�Q\�Q[�M[\QUI\ML�QV [MK� )���� \PI\�\PM
MY]Q^ITMV\�NWZKM�Q[�WV�\PM�WZLMZ�WN 10−18 6 XMZ�XPW\WV�

<PM�_Ia�\PQ[�NWZKM�Q[�UWLMTML�Q[�NWZ�\PM�[\I\QWVIZa�KPIVOM�WN �\PM�[a[\MU� _Q\P�\PM�QVKT][QWV�WN �\PM
M`XIV[QWV�L]M�\W�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO� 1\�Q[�MV\MZML�I[�I�Q[W\ZWXQK�IVL�KWV[\IV\�[\ZIQV�QV
\PM�.-5��_PQKP�PI[�\PM�QUXTQKI\QWV�\PI\�\PM�\QUM�ZM[XWV[M�Q[�VW\�QVKT]LML�QV�\PM�UWLMT� <P][�\PM
UWLMT�LWM[�VW\�QVKT]LM�\PM�KW]XTQVO�\W�\PM�^IZQW][�UMKPIVQKIT�UWLM[�WN �\PM�UMUJZIVM� VWZ�LWM[
Q\�QVKT]LM�KW]XTQVO�\W�W\PMZ�\QUM�[KITM[�WN �\PM�[\Z]K\]ZM�

 ����� ,MNWZUI\QWV�XW\MV\QIT�KW]XTQVO

1V�WZLMZ�\W�M[\QUI\M�\PM�KW]XTQVO�\W�\PM�^QJZI\QWV[�\PM�KI^Q\a�NMMLJIKS�PI^M�\W�JM�\ISMV�QV\W�IKKW]V\�
) UWLMT�UILM�Ja�8M\Z]�<QOPQVMIV]�PI^M�M[\QUI\ML�\PM�KI^Q\a�KW]XTQVO�[\ZMVO\P� g = ∂ωc/∂δx� \W
JM

g

2π
≈ 2/0bVU−1 � �����

NWZ�\PM�[\Z]K\]ZM�PMZM�UWLMTML�QVKT]LML�QV�I�KI^Q\a� =[QVO�\PQ[�Q\�Q[�XW[[QJTM�\W�M[\QUI\M�\PM�[]XXW[ML
ZI\QW�WN �\PM�LQNNMZMV\�NWZKM[� ) NWZKM�[]KP�I[�\PM�XPW\W\PMZUIT�MNNMK\�WN �\PM�KW]XTQVO�\W�\PM�^QJZI\QWVIT
UWLM[�^QI�\PM�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO� Q[�LMXMVLMV\�WV�\PM�V]UJMZ�WN �XPW\WV[�IJ[WZJML�QV
\PM�UMUJZIVM� LMVW\ML 〈nUMUJZIVM〉� <PMV�NWZ�I�OMVMZIT�NWZKM F � _PQKP�KW]TL�JM Fth WZ Fel� \PM

���



 ���+WVKT][QWV[ 1VLQZMK\�M`KQ\WV�UMUJZIVM[

UMIV�^IT]M 〈F 〉� _QTT�JM

〈F 〉 = β〈nUMUJZIVM〉 � �����

_PMZM β PMZM�LMVW\M[�\PM�UIOVQ\]LM�WN �\PM�NWZKM�XMZ�IJ[WZJML�XPW\WV� <PM�[IUM�KW]TL�JM�_ZQ\\MV
I[

〈F 〉 = βα〈nKI^〉 � �����

_PMZM α Q[�\PM�WX\QKIT�IJ[WZX\QWV�QV�\PM�UMUJZIVM� IVL 〈nKI^〉 Q[�\PM�UMIV�V]UJMZ�WN �XPW\WV[
QV� \PM�KI^Q\a� α Q[�LMXMVLMV\�WV� \PM�KI^Q\a�KWVÅO]ZI\QWV�I[�_MTT�I[� \PM�IJ[WZX\QWV� QV� \PM�9?[
QV�\PM�UMUJZIVM�IVL�KIV�\PMV�MI[QTa�JM�LM\MZUQVML� <PM�.-5 Q[�VMMLML�NWZ�\PM�M[\QUI\M�WN β
\PW]OP�

<PM�XPW\W\PMZUIT�LMNWZUI\QWV�XW\MV\QIT� NWZKM�KIV�JM� [PW_V� C?QT[WV��E� \W� NWTTW_ ∇F\P/LX ≈
βα∇nKI^ _Q\P ∇nKI^ JMQVO�\PM�[XI\QIT�LMZQ^I\Q^M�WN �\PM�QV\ZIKI^Q\a�XPW\WV�V]UJMZ�IZW]VL�MY]QT�
TQJZQ]U� .WZ�\PM�ZILQI\QWV�XZM[[]ZM�NWZKM�\PM�XZM[[]ZM�NWZKM�OZILQMV\�[ITM[�I[∇FZIL ≈ h̄g∇nKI^� <PM
KWUXIZQ[WV�JM\_MMV�\PM[M�NWZKM[�\PMV�MVIJTM�\PM�KWUXIZQ[WV�JM\_MMV�ZILQI\QWV�XZM[[]ZM�IVL�XPW�
\W\PMZUIT�LMNWZUI\QWV�XW\MV\QIT�NWZKM[� ZM^MIT[�\PM�QUXWZ\IV\�NIK\WZ

∇FZIL/∇Fth/dp
=

βα

h̄g
� �����

)[ β ≈ �× ��−� 6 XMZ�IJ[WZJML�XPW\WV� IVL�I[[]UQVO α = 0.1 I[�I�[\IZ\� IVL�I�TQOP\�XW_MZ
WN �� µ?��_PQKP�TMIL[�\W�I�XPW\WV�V]UJMZ�WN �× ����� \PM�NIK\WZ�QV MYV� � ����� Q[�WV�\PM�WZLMZ
WN ����� _Q\P�\PM�[\ZIVOM�]VQ\�C3 [E� <PQ[�PQV\[�\PI\�TW_�WX\QKIT�XW_MZ� Q\�[PW]TL�QVLMML�JM�XW[[QJTM
\W�IKPQM^M�I�ZMOQUM�_PMZM�\PM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�_QTT�JM�UMI[]ZIJTM� )VL�\PQ[�ZW]OP
M[\QUI\M�PI[�VW\�I\�ITT�QVKT]LML�\PM�\]VIJTM�[\ZMVO\P�WN �\PM�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�QV�\PM
XZWXW[ML�KI^Q\a�[M\]X�

7]\TWWS

<PM�[IUXTM[�IZM�OZW_V�IVL�KPIZIK\MZQbML�IVL�[WWV�M\KPML�\W�NWZU�UMKPIVQKIT�W[KQTTI\WZ[� <P][
\PM�_WZS�QV�\PQ[�OZW]X�WN �UMKPIVQKIT�QV^M[\QOI\QWV�IVL�LM[QOV�WN �\PM�ÅVIT�KI^Q\a�[M\]X�KIV�[WWV�JM
[\IZ\ML�IVL�\PM�KZaWOMVQK�[M\]X�J]QT\�

<PM�KI^Q\a�PI[�\W�JM�LM[QOVML�QV�I�NI[PQWV�_PMZM�\_W�LQNNMZMV\�TQOP\�ÅMTL[�KIV�JM�[][\IQVML� <PMZM
_QTT�JM�\PM�XZWJM�TQOP\�NWZ�LM\MZUQVO�\PM�UMUJZIVM�^QJZI\QWVIT�XZWXMZ\QM[�IVL�\PM�KWWTQVO�TQOP\
NWZ�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO� <PM�KI^Q\a�[PW]TL�M`PQJQ\�I�ZMTI\Q^MTa�TW_�ÅVM[[M�NWZ�\PM�XZWJM
_I^MTMVO\P� []KP�\PI\�\PM�UMKPIVQKIT�UW\QWV�KIV�JM�LM\MK\ML�][QVO�\PM�\ZIV[UQ[[QWV�UMI[]ZMUMV\�
_PQTM�IKPQM^QVO�PQOP�KI^Q\a�ÅVM[[M�_Q\P�I�_I^MTMVO\P�_PMZM� \PM�IJ[WZX\QWV� QV� \PM�9?[�KIV�JM
[\ZWVO� 1\�Q[�\PM�PWXM�\PI\�ITT�WN �\PQ[�KIV�JM�IKPQM^ML�QV������

 ��� +WVKT][QWV[

) TW\�WN � \PQVO[�PI^M�JMMV�OWQVO�WV� NWZ� \PM�VM`\� [\MX� NWZ�^QJZI\QWVIT�KWWTQVO�IN\MZ� \PM�JQO�/I)[
UMUJZIVM[�_MZM� ZM\QZML� <PM�VM`\� [\MX� Q[�UQVQUQbQVO� \PM�XPW\W\PMZUIT� KWWTQVO� IVL� [PW_QVO
\PM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�WN �^QJZI\QWV[� ) TW\�WN �ZM[MIZKP�PI[�JMMV�LWVM�WV�\PM�/I)[
VIVWUMUJZIVM[�_Q\P�I�[QVOTM�9? MUJMLLML�I[�LM[KZQJML�QV KPIX� ��� J]\�\PM[M�PI^M�[PW_V�VW\

���



1VLQZMK\�M`KQ\WV�UMUJZIVM[  ���+WVKT][QWV[

\W�JM�OWWL�MVW]OP�[a[\MU[�NWZ�[\]LaQVO�XW\MV\QIT�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�L]M�\W�\PM�[PWZ\
TQNM\QUM�WN �M`KQ\I\QWV[� <PM�LM[QOV�IVL�NIJZQKI\QWV�Q[�]VLMZ_Ia�NWZ�\PM�VM`\�OMVMZI\QWV�/I)[�UM�
KPIVQKIT�W[KQTTI\WZ�_Q\P�\_W�9?[�\W�KWVÅVM�M`KQ\WV[�NWZ�I�TWVOMZ�\QUM�[KITM� 1V������Q\�Q[�\PM�PWXM
\PI\�\PM�\_W�OZW]X[�I\�6*1 _QTT�PI^M�I�_WZSQVO�[IUXTM�_PMZM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�KIV�JM
\]VML�\W�JM�\PM�LWUQVIV\�^QJZI\QWVIT�KWWTQVO�XZWKM[[�

���





8IZ\ 1>�

6M`\�OMVMZI\QWV�UMKPIVQKIT
KPIZIK\MZQbI\QWV





<PM�VIVWUMUJZIVM[�UIV]NIK\]ZML�I\�-<0 B�ZQKP�\]ZVML�W]\�\W�JM�LQNÅK]T\�\W�^QJZI\QWVITTa�KPIZ�
IK\MZQbM� I[�\PMa�[QUXTa�LW�VW\�UW^M�I�TW\�IVL�PI^M�ZMTI\Q^MTa�PQOP�NZMY]MVKQM[� <PQ[�_I[�WVM�WN �\PM
UW\Q^I\QWV[�NWZ�KWV[QLMZQVO�PW_�I�JM\\MZ�KPIZIK\MZQbI\QWV�[M\]X�KW]TL�JM�LM[QOVML�_PQKP�_W]TL�JM
JMVMÅKQIT�NWZ�\PM�_PWTM�OZW]X� <PM�\I[S�WN �\PM�I]\PWZ�\PMV�JMKIUM�\PM�LM[QOV�IVL�QUXTMUMV\I\QWV
WN �\PM�XZWXW[ML�[M\]X�IVL�\PQ[�Q[�LQ[K][[ML�QV KPIX� !�

��!





!� +PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV
QV\MZNMZWUM\MZ

<PMZM�PI[�JMMV�I�TW\�WN �][M�NWZ�I�Y]QKS�UM\PWL�NWZ�KPIZIK\MZQbQVO�UMUJZIVM[�QV�\PM�OZW]X� <PM
XZM^ITMV\�UM\PWL� PI^M� JMMV� \W� J]QTL� I� KI^Q\a�_Q\P� \PM�UMUJZIVM� I[� WVM� WN � \PM�UQZZWZ[� IVL
\PMV� \PM�UM\PWL[� LM[KZQJML� QV [MK� ��� MVIJTM[� \PM�KPIZIK\MZQbI\QWV�WN � \PM�UMKPIVQKIT�UWLM[
WN �\PM�[IUXTM� )V�IT\MZVI\Q^M� �IVL�Y]QKSMZ��UM\PWL�PI^M�JMMV�\W�\ZI^MT� \W�,<= IVL�JWZZW_�I
8WTa\MK�>QJZWUM\MZ �[PW_V�QV ÅO� !��I�� \PI\�\PM�)VRI�*WQ[MV�OZW]X�PI^M�OMVMZW][Ta�OZIV\ML�IKKM[[
\W� <PQ[�LM^QKM� Q[� I�LWXXTMZ� QV\MZNMZWUM\MZ�_Q\P�I�PQOP� [MV[Q\Q^Q\a�_Q\P�I�UQKZW[KWXM�WJRMK\Q^M
IVL�IL^IVKML�[WN\_IZM�NWZ�IVITa[Q[� )[�[]KP�Q\�Q[�WN �KW]Z[M�I�KW^M\ML�UIKPQVM� IVL�QV�][M�UW[\
WN �\PM�\QUM� <P][�Q\�_W]TL�JM�WX\QUIT�\W�JM�IJTM�\W�KPIZIK\MZQbM�[M^MZIT�UMUJZIVM[�W^MZ�I�[PWZ\
\QUM[XIV� _Q\PW]\� [IKZQÅKQVO� \PM� [MV[Q\Q^Q\a� \PI\� Q[�I\\IQVIJTM�_Q\P� \PM�KI^Q\a�WZ�>QJZWUM\MZ�IX�
XZWIKP�

<PM�ÅZ[\�UM\PWL�WN �J]QTLQVO�I�KI^Q\a�_Q\P�\PM�UMUJZIVM�I[�I�UQZZWZ� Q[�^MZa�[MV[Q\Q^M� IVL�\PM
JI[Q[�NWZ�UW[\�WN �\PM�_WZS�\PI\�PI[�JMMV�LWVM� 0W_M^MZ�Q\� Q[�I�^MZa�\QUM�KWV[]UQVO�XZWKM[[�\W
KZMI\M� ITQOV� IVL�WX\QUQbM�I�KI^Q\a� JMNWZM�UMI[]ZQVO�\PM�UMKPIVQKIT�UW\QWV�Ja�\PM�\ZIV[UQ[[QWV�
<PM�XZWJTMU�_Q\P�\PM�KI^Q\a�IXXZWIKP�Q[�IT[W�\PI\�\PM�UW]V\QVO�WN �\PM�UMUJZIVM�QV�I�^IK]]U
KPIUJMZ�_QTT�TQUQ\�\PM�UMKPIVQKIT�LMOZMM[�WN �NZMMLWU�NWZ�\PM�UMUJZIVM� IVL�\P][�UISM�Q\�PIZL
\W�[IUXTM�LQNNMZMV\�XWQV\[�WV�\PM�UMUJZIVM� I[�KI^Q\a�KW]XTQVO�_QTT�PI^M�\W�JM�ZMOIQVML�I\�M^MZa
XWQV\� <PQ[� Q[�VW\� QUXW[[QJTM�IVL�PI[� QVLMML�JMMV�LWVM�I�V]UJMZ�WN � \QUM[� QV�\PM�^IZQW][�KI^�
Q\a� [M\]X[� QV� \PM�OZW]X� J]\�I[� Q\� Q[� K]UJMZ[WUM�IVL� \QUM�KWV[]UQVO�IV�IXXZWIKP� []KP�I[� \PM
>QJZWUM\MZ�_W]TL�JM�JM\\MZ� <PQ[�XI^M[�\PM�_Ia�NWZ�LM[QOVQVO�I�VM_�[M\]X�NWZ�\PQ[�KPIZIK\MZQbI�
\QWV�

)VW\PMZ�QUXWZ\IV\�XZWJTMU�_Q\P�\PM�>QJZWUM\MZ�I\�,<= Q[�\PI\�\PMZM�Q[�VW�XW[[QJQTQ\a�WN �KWWTQVO�\PM
\MUXMZI\]ZM�WN �\PM�[IUXTM�\W�TW_MZ�\MUXMZI\]ZM[�\PIV�IKPQM^IJTM�_Q\P�I�8MT\QMZ�MTMUMV\� <PQ[�Q[�JM�
KI][M�Q\�Q[�J]QT\�IZW]VL�I�[\IVLIZL�^IK]]U�KPIUJMZ� _PQKP�Z]TM[�W]\�\PM�XW[[QJTQ\a�WN �KPIZIK\MZQbQVO
\PM�UMKPIVQKIT�UW\QWV�I\�\MUXMZI\]ZM[�TW_MZ�\PIV�UIaJM�����ψ� <PQ[�_I[�VW\�I�JQO�XZWJTMU�NWZ
\PM�KPIZIK\MZQbI\QWV�WN �[IUXTM[�I\�ZWWU�\MUXMZI\]ZM�J]\�I[�Q\�KW]TL�JM�QV\MZM[\QVO�\W�X][P�\W_IZL[
N]VK\QWVIT�[MUQKWVL]K\WZ�LM^QKM[�IVL�\PM[M�ZMY]QZM�TW_MZ�\MUXMZI\]ZM�\W�N]VK\QWV� \PM�VMML�NWZ
TW_MZ�\MUXMZI\]ZM[�IZQ[M[� -`IUXTM[�WN �[]KP�N]VK\QWVIT�LM^QKM[�_W]TL�JM�PM\MZW[\Z]K\]ZM[�LM[QOVML
\W�[PW_�\PM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�XZWKM[[�I[�LM[KZQJML�QV KPIX� �� *MKI][M�WN �\PMZUIT
JZWILMVQVO�I\�ZWWU�\MUXMZI\]ZM�\PM�KWVÅVMUMV\�WN �\PM�M`KQ\ML�[\I\M[�QV�\PM�[\Z]K\]ZM�Q[�U]KP�TW_MZ
I\�ZWWU�\MUXMZI\]ZM� IVL�KZaWOMVQK�\MUXMZI\]ZM[�IZM�VMKM[[IZa� ;]KP�[a[\MU[�IVL�\PM�_WZS�WV
ZMITQ[QVO�VM_�XPMVWUMVI�QV�\PM[M�IZM�LM[KZQJML�QV KPIX� �� ?Q\P�\PM�IJW^M�UW\Q^I\QWV[�\PM�_WZS
WV�J]QTLQVO�I�5QKPMT[WV�1V\MZNMZWUM\MZ�C5QKPMT[WV �E�JMO]V�

<PM�KWV\ZQJ]\QWV[�WN �\PM�I]\PWZ
<PM�1V\MZNMZWUM\MZ�_I[�LM[QOVML�IVL�J]QT\�Ja� \PM�I]\PWZ� QV�KWTTIJWZI\QWV�_Q\P�)VLQ�*IZO�I[�I
UI[\MZ�[\]LMV\� <PM�_WZS�_I[�[PIZML�_Q\P�\PM�I]\PWZ�LWQVO�I�TIZOM�XIZ\�WN �\PM�LM[QOVQVO�IVL�)VLQ
*IZO�XMZNWZUQVO�I�TW\�WN �\PM�QUXTMUMV\I\QWV�_Q\P�I�TW\�WN �LQ[K][[QWV�IVL�LM^MTWXUMV\�_Q\P�PMTXN]T
UMUJMZ[�WN �\PM�ZM[\�WN 9]IV\WX�



!���1V\MZNMZWUM\MZ�ZMY]QZMUMV\[ +PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ

�I� ) KWUUMZKQIT� ,WXXTMZ� QV\MZNMZWUM\MZ�
8WTa\MK�>QJZWUM\MZ� C8WTE

�J� <PM�QV\MZNMZWUM\MZ�[MMV�NZWU�IJW^M�

.QO]ZM !���" <PM�8WTa\MK�>QJZWUM\MZ� IVL�\PM�PWUMJ]QT\�5QKPMT[WV�QV\MZNMZWUM\MZ�

!��� 1V\MZNMZWUM\MZ�ZMY]QZMUMV\[

<PM�LM[QOV�KZQ\MZQI�NWZ�\PM�QV\MZNMZWUM\MZ�_I[�[QUXTa�\PI\�Q\�[PW]TL�JM�IJTM�\W�LM\MK\�^MZa�[UITT
LQ[XTIKMUMV\�_Q\P�I�JIVL_QL\P�[]Q\IJTM�NWZ�\PM�[IUXTM[�\PM�OZW]X�Q[�_WZSQVO�_Q\P� 5WZM�[XMKQÅ�
KITTa

� 5QKZW[KWXM�WJRMK\Q^M�_Q\P�PQOP�UIOVQÅKI\QWV� IJTM�\W�IKPQM^M�I�[UITT�XZWJM�[XW\�[QbM� KIXIJTM
WN �NWK][QVO�\PZW]OP�I�KZaW[\I\�_QVLW_�

� )JQTQ\a�\W�LM\MK\�\PM�UW\QWV�WN �\PM�UMUJZIVM�_Q\P�LQ[XTIKMUMV\[�WN �XU�ZIVOM�

� 5W]V\�IVL�[M\]X�KWUXI\QJTM�_Q\P�+ZaW[\I\�

� 1TT]UQVI\QWV�IVL�LMOZMM[�WN �NZMMLWU�KIXIJTM�WN �[KIVVQVO�IVL�^Q[]ITQbQVO�[IUXTM[�ZIVOQVO
NZWU µU�[QbM�\W�UU�[QbM�

)TT�WN �\PQ[�[PW]TL�JM�IKPQM^ML�_PQTM�VW\�[]JRMK\QVO�\PM�[IUXTM�\W�PQOP�WX\QKIT�XW_MZ� _PQKP�_W]TL
KPIVOM�\PM�KPIZIK\MZQ[\QK[�Ja�PMI\QVO� IVL�XW\MV\QITTa�LM[\ZWa�[MV[Q\Q^M�[IUXTM[�

!����� -`XMK\ML�^QJZI\QWV

<PM�QV\MZNMZWUM\MZ�[PW]TL�JM�IJTM�\W�LM\MK\�\PM�JZW_VQIV�UW\QWV�WN �\PM�UMKPIVQKIT�[IUXTM[� IVL
\PQ[�UW\QWV�[PW]TL�\PMZMNWZM�JM�M[\QUI\ML�NWZ�\PM�^IZQW][�[IUXTM[�\PI\�Q[�WN �QV\MZM[\�\W�\PM�OZW]X� <PM
UIQV�UMKPIVQKIT�[a[\MU�\PI\�PI^M�JMMV�][ML�IZM�\PM�;Q6 \PQV�UMUJZIVM[�_Q\P�\PQKSVM[[M[�WN ����
���� ����VU�IVL�TI\MZIT�LQUMV[QWV[�WN ���� µU�IVL���UU� 1\�_I[�[PW_V�QV [MK� ����� PW_�\PM�M`�
XMK\ML�:5; LQ[XTIKMUMV\�*ZW_VQIV�UW\QWV�IZM�WV�\PM�WZLMZ�WN �� XU� [W�\PQ[�Q[�_PI\�\PM�QV\MZNMZWU�
M\MZ�[PW]TL�JM�IJTM�\W�LM\MK\�_Q\P�IV�IXXZMKQIJTM�[QOVIT�\W�VWQ[M�

.WZ�QLMIT�UWLM�W^MZTIX�JM\_MMV�\PM�\_W�QV\MZNMZWUM\MZ�IZU[�IVL�JITIVKML�XW_MZ�Q\�\]ZV[�W]\�\PI\

���



+PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ !���1V\MZNMZWUM\MZ�UWLMT

\PM�W]\X]\�ÅMTL�XW_MZ�_QTT�JM KW[2 k∆l� _Q\P k JMQVO�\PM�_I^MV]UJMZ�IVL ∆l Q[�\PM�LQNNMZMVKM�QV
XI\P�TMVO\P�JM\_MMV�\PM�\_W�IZU[� <PQ[�Q[�LMZQ^ML�JMTW_� *a�WXMZI\QVO�I\�\PM ∆l = λ/8 XW[Q\QWV�
I�[UITT�LQ[XTIKMUMV\�IZW]VL�\PQ[�XW[Q\QWV�TMIL�\W�I�TQVMIZ�KPIVOM�QV�\PM�[QOVIT� <PQ[�_W]TL�NWTTW_
I[�I� TQVMIZQbI\QWV�WN KW[2 kx ≈ 1

2 − 2πx
λ � ;W�_Q\P�I�XZWJQVO�_I^MTMVO\P�WN λ = 1064 VU� \PM

LQ[XTIKMUMV\�WN ����XU�_W]TL�aQMTL�IJW]\ 6 × 10−5 W]\�WN ���WN �\PM�[QOVIT�[\ZMVO\P�NWZ�UW^QVO
I�N]TT�_I^MTMVO\P� <PQ[�Q[�\PMV�_PI\�[PW]TL�I\�UQVQU]U�JM�LM\MK\IJTM�_PQKP�Q[�I\\IQVIJTM�QV�IV
QV\MZNMZWUM\MZ� 1N �\PM�QV\MZNMZMVKM�[QOVIT�NZWU�\PM�QV\MZNMZWUM\MZ�KIV�JM�KI[\�QV\W�I�����\W����>WT\
ZIVOM� \PMV�\PM�JZW_VQIV�UW\QWV�WN �\PM�UMUJZIVM�QV�\PM�XZWJM�IZU�_W]TL�KWZZM[XWVL�\W �× ��−�

XIZ\[�WN �\PM����>WT\�[QOVIT�IUXTQ\]LM� KWZZM[XWVLQVO�\W�I�[QOVIT�WN �IJW]\���U>��<PQ[�Q[�\PMV�\PM
ZMY]QZMUMV\�NWZ�\PM�QV\MZNMZWUM\MZ�\W�JM�IJTM�\W�UMI[]ZM�

!��� 1V\MZNMZWUM\MZ�UWLMT

1VÅO� !�� \PM�KPW[MV�5QKPMT[WV�QV\MZNMZWUM\MZ�[KPMUM�Q[�[PW_V�

Membrane

Reference 
mirror

.QO]ZM !���" 1V\MZNMZWUM\MZ�[KPMUM� <PM�OZMMV�ZMK\IVOTM[�[QOVQNa�_I^MXTI\M[� )T[W�QTT][\ZI\ML�Q[�XW�
TIZQbQVO�JMIU�[XTQ\\MZ[� IVL�I�LQNNMZMV\QIT�XPW\WLM\MK\WZ�[M\]X� <PM�[IUXTM�UMUJZIVM
Q[�QV�\PM XZWJM IZU� _PQTM�\PM�IZU�_Q\P�\PM�ZMNMZMVKM�UQZZWZ�Q[�LMVW\ML�\PM ZMNMZMVKM IZU�
<_W�LM\MK\WZ[�IZM�][ML�\W�UMI[]ZM�\PM�[QOVIT� QV�I�[KPMUM�KITTML�JITIVKML�LM\MK\QWV�

!����� 1V\MZNMZWUM\MZ�MY]I\QWV[

<PM�MY]I\QWV[�NWZ�I�5QKPMT[WV�QV\MZNMZWUM\MZ�I[�QVLQKI\ML�QV ÅO� !��� Q[�\W�JM�LMZQ^ML� 1\�Q[�I[[]UML
\PI\�\PM�QV\MZNMZWUM\MZ�Q[�XMZNMK\Ta�JITIVKML� _PQKP�Q[�\W�[Ia�\PI\�\PM�XW_MZ[�IZM�\PM�[IUM�QV�\PM
ZMNMZMVKM�IZU�I[�QV�\PM�XZWJM�UMUJZIVM�IZU� )LLQ\QWVITTa�\PM�W^MZTIX�JM\_MMV�\PM�\_W�JMIU[
NZWU�\PM�IZU[�IZM�I[[]UML�XMZNMK\Ta�W^MZTIXXML�

<PM�QVX]\�MTMK\ZQK�ÅMTL�\PI\�MV\MZ[�\PM�QV\MZNMZWUM\MZ�Q[�LMVW\ML

E0e
i(ωt−kx) �!�����

���
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_Q\P E0 JMQVO�\PM�IUXTQ\]LM� ω \PM�IVO]TIZ�NZMY]MVKa� t \PM�\QUM� k \PM�_I^M^MK\WZ�IVL x PMZM
LMVW\QVO�\PM�XW[Q\QWV� 1N �\PM�JMIU[XTQ\\MZ�Q[�I[[]UML�I�XMZNMK\���"���JMIU[XTQ\\MZ�\PM�IUXTQ\]LM�ZM�
ÆMK\QWV�KWMNÅKQMV\�KIV�JM�LMVW\ML�I[ r = 1/

√
2 IVL�TQSM_Q[M�NWZ�\PM�\ZIV[UQ[[QWV� t = i/

√
2� <P][

\PM�TQOP\�\PI\�Q[�\ZIV[UQ\\ML�\PZW]OP�\PM�JMIU�[XTQ\\MZ�QV�\PM�XZWJM�IZU�_QTT�JM i(E0/
√
2)ei(ωt−kx)�

_PQTM�NWZ�\PM�ZMÆMK\ML�TQOP\�QV�\PM�ZMNMZMVKM�IZU�\PM�ÅMTL�_QTT�JM (E0/
√
2)ei(ωt−kx)� )[�\PM�TQOP\�Q[

ZMÆMK\ML�NZWU�\PM�[IUXTM�QV�\PM�XZWJM�IZU�IVL�\PM�ZMNMZMVKM�UQZZWZ�QV�\PM�ZMNMZMVKM�IZU�\PMa�IZM
U]T\QXTQML�_Q\P�I�NIK\WZ −1� <PM�ZM\]ZVQVO�JMIU[�IZM�\ZIV[UQ\\ML�IVL�ZMÆMK\ML�_Q\P�\PM�[IUM t, r
IUXTQ\]LM[�I[�\PM�ÅZ[\�OW�IVL�\PM�W]\X]\�ÅMTL�_QTT�JM�C;I]T[WV!�E

Eout =
i

2
E0e

i(ωt)−2kLR +
i

2
E0e

i(ωt)−2kLP �!�����

_Q\P LR VW_�QLMV\QÅML�I[�\PM�TMVO\P�WN �\PM�ZMNMZMVKM�IZU� IVL LP LMVW\QVO�\PM�XZWJM�IZU�TMVO\P�
:M_ZQ\QVO MYV� �!����� I[

Eout =
1

2
ieiωt

(
E0e

−i2kLR + E0e
−i2kLP

)
�!�����

= iE0e
i(ωt−kLR−kLP ) KW[(kLR − kLP ) �!�����

IVL� QLMV\QNaQVO� \PM�XI\P� TMVO\P�LQNNMZMVKM�I[ ∆l = LR − LP � \PM�W]\X]\�ÅMTL�KIV�JM�_ZQ\\MV

Eout = iE0e
i(ωt−k∆l) KW[(k∆l) �!�����

_PMZM∆l \PMV�Q[�ZMTI\ML�\W�\PM�UW\QWV�WN �\PM�[IUXTM�\PI\�Q[�\W�JM�UMI[]ZML� .ZWU MYV� �!����� \PM
LM\MK\ML�W]\X]\�XW_MZ�KIV�JM�NW]VL�\W�JM

Pout = |Eout|2 �!�����

= Pin KW[2(kLR − kLP ) �!�����

=
Pin

2
(1 + KW[ [2(kLR − kLP )]) �!��� �

IVL�Ja�QLMV\QNaQVO ∆l = LR − LP \PQ[�KIV�JM�_ZQ\\MV

Pout =
1

2
Pin (1 + KW[[2k∆l]) �!���!�

IVL�\P][�Q\�Q[�KTMIZ�PW_�\PM�QV\MZNMZWUM\MZ�Q[�[MV[Q\Q^M�\W�\PM�UWL]TI\QWV[�WN �\PM�TMVO\P�WN �\PM�\_W
IZU[� M�O� _PMV�\PM�UMUJZIVM�^QJZI\M[� ) LMXMVLMVKM�WN �\PM�LQ[XTIKMUMV\ ∆l WN �\PM�QV\MZNMZ�
WUM\MZ�QV Pout QVLQKI\ML�QV ÅO� !��� <PQ[�Q[�\PM�JI[Q[�NWZ�\PM�N]VK\QWV�WN �\PM�QV\MZNMZWUM\MZ�I[�I
^QJZI\QWV�[MV[Q\Q^M�QV[\Z]UMV\�

0.2

0.4

0.6

0.8

1.0

.QO]ZM !���" 1V\MZNMZWUM\MZ�W]\X]\ (1 + KW[[2k∆l]) Ja MYV� �!���!� NWZ�I�JITIVKML�QV\MZNMZWUM\MZ�

���
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) V]UJMZ�WN �KPWQKM[�_MZM�UILM�NWZ�\PM�QV\MZNMZWUM\MZ�[M\]X� ) KWV^MV\QWVIT�ÆW_�KZaW[\I\�_I[
KPW[MV�I[�\PM�UIQV�^IK]]U�KPIUJMZ� J]\�\PM�[M\]X�_I[�LM[QOVML�_Q\P�ÆM`QJQTQ\a�QV�UQVL� IVL�\PM
XZWJM�ÅJMZ�Q[�MI[QTa�UW^IJTM�\W�IVW\PMZ�XZWJM�»PMIL¼� <PM�ZMI[WV�NWZ�_WZSQVO�_Q\P�ÅJMZ[�Q[�IT[W�NWZ
MI[QMZ�M`\MV[QWV�QV\W�I�UWZM�IL^IVKML�[KPMUM�_MZM�M�O� I�ÅJMZ�KW]XTML�-75 KW]TL�JM�X]\�QV�\PM
ZMNMZMVKM�IZU�NWZ�I�PM\MZWLaVQVO�[KPMUM� IVL�\PQ[�KW]TL�JM�QV[\ITTML�_Q\PW]\�I�UIRWZ�ZM[\Z]K\]ZQVO�
)\�\PM�[IUM�\QUM�\PM�5QKPMT[WV�_I[�LM[QOVML�\W�JM�I[�KWUXIK\�I[�XW[[QJTM�\W�UQVQUQbM�\PM�IKW][\QK
^QJZI\QWV�XQKS]X�

!����� 1V\MZNMZWUM\MZ�[KPMUM

0MZM�\PM�[KPMUM�_QTT�JM�LM[KZQJML�QV�UWZM�LM\IQT� <PM�[KPMUM�Q[�QVLQKI\ML�QVÅO� !��_Q\P�\PM�XWTIZ�
QbI\QWV�LMOZMM�WN �NZMMLWU�QVLQKI\ML�_Q\P�ZML�IZZW_[� 1\�Q[�LM[KZQJML�I[

Membrane

Reference 

Reference 

mirror

WP1

WP1

WP2

.QO]ZM !���" 5QKPMT[WV�QV\MZNMZWUM\MZ�[KPMUM�QV�LM\IQT� <PM�XWTIZQbI\QWV�LMOZMM�WN �NZMMLWU�Q[�QV�
LQKI\ML�_Q\P�ZML�IZZW_[�

�� 4QOP\�MV\MZ[�\PM�QV\MZNMZWUM\MZ� <PM�XWTIZQbI\QWV�PI[�JMMV�KTMIVML�Ja�I�JMIU[XTQ\\MZ�JMNWZM
MV\MZQVO�

�� <PM�ÅZ[\ λ/2?8 Q[�KWV\ZWTTQVO�\PM�JITIVKQVO�WN �XW_MZ[�QV�\PM�QV\MZNMZWUM\MZ� <PM�TQOP\�PQ\[
\PM�UIQV�8*; IVL�Q[�[XTQ\�JM\_MMV�\PM�XZWJM�IZU�IVL�\PM�ZMNMZMVKM�IZU�

�� <PM�XZWJM�IZU

I� ) [UITT�IUW]V\�WN �\PM�TQOP\�Q[�\ZIV[UQ\\ML�QV�\PM�8*; IVL�_Q\P�PWZQbWV\IT�XWTIZQbI\QWV
Q\� Q[� NML� \W� \PM�XZWJM�ÅJMZ� <PM�XW_MZ�[PW]TL�JM�WV�\PM µ? [KITM� \W�VW\�INNMK\� \PM
UQKZWUMUJZIVM[�

J� <PM�PWZQbWV\ITTa�XWTIZQbML�TQOP\�\ZI^MT[�\PZW]OP�\PM�ÅJMZ�IVL�Q[�NML�\PZW]OP�I λ/4?8
JMNWZM�Q\�ZMÆMK\[�WNN �\PM�UMUJZIVM� �LQ[ZMOIZLQVO�UQKZW[KWXM�WJRMK\Q^M�IVL�ÅJMZ�KW]�
XTQVO�WX\QK[�_PQKP�Q[�XZM[]UML�\W�WVTa�QV\ZWL]KM�TW[[M[��

K� <PM�ZMÆMK\ML�TQOP\�Q[�ZM\IZLML�Ja�\PM λ/4 ?8 IVL�ZM\]ZV[�\W�\PM�UIQV�8*;�

���
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L� )[�\PM�ZMÆMK\ML�TQOP\�VW_�PI[�^MZ\QKIT�XWTIZQbI\QWV�\PM�UIQV�8*; ZMÆMK\[�IVL�\PM�XZWJM
TQOP\�Q[�NML�\W λ/2 ?8 QV�\PM�QV\MZNMZMVKM�IZU�

M� <PM�?8 Q[�[M\�\W�JITIVKM�\PM�XW_MZ�KWUQVO�NZWU�\PM�\_W�IZU[�WN �\PM�QV\MZNMZWUM\MZ�

N� 1V�WZLMZ�\W�VW\�\PZW_�I_Ia�PITN �WN �\PM�[QOVIT�\PM�JITIVKML�TQOP\�Q[�NML�\W�IVW\PMZ�8*; IVL
JW\P�IZU[�IZM�NML�\W�IV�IUXTQÅML�LQNNMZMV\QIT�XPW\WLM\MK\WZ� <PQ[�ZMUW^M[�KWUUWV
UWLM�VWQ[M� NZWU�\PM�\IJTM�IVL�\PM� TI[MZ� 1N �\PM�QV\MZNMZWUM\MZ�Q[�JITIVKML�_PMV�VW
UMUJZIVM�Q[�PQ\�Q\�[PW]TL�N]VK\QWV�I[�I�¹V]TT�QV[\Z]UMV\º�IVL�\P][�WVTa�\PM�UMUJZIVM
UW\QWV�MV\MZ[�I[�I�[QOVIT�

�� <PM�ZMNMZMVKM�IZU

I� ) JMIU�Q[�ZMÆMK\ML�_Q\P�^MZ\QKIT�XWTIZQbI\QWV�\PZW]OP�\PM�UIQV�8*;�

J� 1\�Q[�KPW[MV�\W�JM�U]KP�TIZOMZ�QV�QV\MV[Q\a�Ja�ILR][\QVO�?8��[W�\PI\�\PM�;6: KIV�JM
QUXZW^ML�Ja�\PM�ZI\QW�WN �\PM�QV\MV[Q\QM[�QV�I�PM\MZWLaVM�NI[PQWV�

K� 1\�Q[�NML�\PZW]OP�I�ÅJMZ�IVL�\PZW]OP�I λ/4 ?8�

L� 1\�Q[�ZMÆMK\ML�WNN �\PM�8B< UW]V\ML�UQZZWZ�

M� <PM�[\ZWVO�ZMNMZMVKM�JMIU�Q[�JITIVKML�_Q\P�\PM�XZWJM�JMIU�][QVO�?8�� <P][�QVKZMI[�
QVO�\PM�;6: Ja�\PM�ZI\QW�WN �\PM�QV\MV[Q\QM[�WN �\PM�\_W�IZU[�

�� ) LQNNMZMV\QIT�UMI[]ZMUMV\�Q[�XMZNWZUML�IN\MZ�JITIVKQVO�\PM�XW_MZ[�WN �\PM�\_W�IZU[�WV�\PM
\_W�XPW\WLQWLM[� \P][�KIVKMTTQVO�W]\�KWUUWV�QV\MV[Q\a�Æ]K\]I\QWV[�

�� <PM�[QOVIT�NZWU�\PM�LQNNMZMV\QIT�UMI[]ZMUMV\�Q[�[XTQ\� ) XIZ\�Q[�NML�\W�I�TWKSQVO�KQZK]Q\�][ML
NWZ�KWV\ZWTTQVO�\PM�8B< QV�\PM�ZMNMZMVKM�IZU� [\IJQTQbQVO�\PM�QV\MZNMZWUM\MZ� ) KWVVMK\QWV�\W
I�NI[\�W[KQTTW[KWXM�WZ�[XMK\Z]U�IVITabMZ�_Q\P�I�UMI[]ZMUMV\�TWIL�WN ��� Ω Q[�UILM�IVL�\PM
VWQ[M�NZWU�\PM�XZWJM�IZU�KIV�\PMV�JM�UMI[]ZML�IVL�NZWU�\PQ[�\PM�^QJZI\QWV[�WN �\PM�[IUXTM
[a[\MU�KIV�JM�LML]KML�

<PM�QV\MZNMZWUM\MZ�Q[�LM[QOVML�\W�_WZS�QV�I�]VJITIVKML�[KPMUM�_PMZM�\PM�XZWJM�TQOP\�XW_MZ�KIV�JM
U]KP�TM[[�\PIV�\PM�XW_MZ�QV�\PM�ZMNMZMVKM�IZU� <PQ[�Q[�LWVM�Ja�_WZSQVO�_Q\P�LQNNMZMV\�XWTIZQbI\QWV[
QV�\PM�\_W�IZU[� IVL�\PMV�UQ`QVO�\PMU�WV�\PM�[MKWVL�8*; IVL�UMI[]ZQVO�JW\P�W]\X]\[� <P][�VW
TQOP\�Q[�_I[\ML�IVL�\PM�[QOVIT�NZWU�\PM�UMUJZIVM�KIV�JM�QVKZMI[ML

√
Pref/Pprobe _PMZM Pref IVL

Pprobe Q[�\PM�WX\QKIT�XW_MZ�[\MUUQVO�NZWU�\PM�\_W�IZU[� <PQ[�Q[�\PM�JI[Q[�NWZPWUWLaVM LM\MK\QWV�IVL
_QTT�JM�LM[KZQJML�QV [MK� !����� )VW\PMZ�JMVMÅ\�Q[�\PI\�JW\P�WN �\PM�LM\MK\WZ[�KIV�JM�NML�I�[]NÅMV\Ta
[\ZWVO�TQOP\�XW_MZ�[W�\PI\�\PMa�IZM�Z]VVQVO�QV�I�[PW\VWQ[M�TQUQ\ML�ZMOQUM� .WZ�ZMITQ[\QK�XW_MZ[�\PQ[
ZI\QW�Q[����U?��� µ?∼���� IVL�\P][�I�TIZOM�QVKZMI[M�QV�[QOVIT�\W�VWQ[M�Q[�IKPQM^IJTM�Ja�PI^QVO
TIZOM�XW_MZ�QV�\PM�ZMNMZMVKM�IZU�

<PM�W]\X]\�[QOVIT�Q[�UMI[]ZML�][QVO�I JITIVKML�LM\MK\QWV [KPMUM�_PMZM�\PM�W]\X]\�Q[�[XTQ\�WV�I�JMIU�
[XTQ\\MZ�IVL�UMI[]ZML�WV�\_W�XPW\WLQWLM[� <PQ[�PI[�\PM�IL^IV\IOM�\PI\�I�LQNNMZMV\QIT�IUXTQÅMZ�QU�
UMLQI\MTa�ZMUW^M[�\PM�KWUUWV�UWLM�VWQ[M�NZWU�\PM�\_W�XPW\WLM\MK\WZ[� IVL�\PQ[�UISM[�\PM�[a[\MU
QV[MV[Q\Q^M�\WW�QV\MV[Q\a�Æ]K\]I\QWV[�IVL�W\PMZ�VWQ[M�[W]ZKM[�

���
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�I� 7]\X]\�ÅMTL�

�J� 7]\X]\�XW_MZ PW]\� �K� <PM�LQNNMZMV\QIT�[QOVIT VLQNN�

.QO]ZM !���" <PM� QV\MZNMZMVKM� WN � \PM� XZWJM� IZU� IVL� ZMNMZMVKM� IZU� QV� \PM� QV\MZNMZWUM\MZ� <PM
QV\MZNMZWUM\MZ� Q[� TWKSML� []KP� \PI\�I�XPI[M�LQNNMZMVKM�JM\_MMV� \PM�IZU[�IZM�Å`ML�I\
∆L = λ/8� <PM�TWKS�XW[Q\QWV�Q[�QVLQKI\ML�_Q\P�I�ZML�LW\�

���
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!����� 1V\MZNMZWUM\MZ�TWKSQVO

.ZWU�\PM�QV\MZNMZMVKM�\MZU�QV MYV� �!���!� \PM�W]\X]\�XW_MZ�I[�I�N]VK\QWV�WN �IZU�TMVO\P�LQNNMZMVKM�
∆L� _QTT�JM

Pout = Pin
1

2
(1 + KW[(2k∆L)) = Pin

1

2

(
1 + KW[(2

2π

λ
∆L)

)
�!������

IVL�\PQ[�Q[�QTT][\ZI\ML�I[�\PM�JT]M�\ZIKM�QV ÅO� !��I�

1\�Q[�KWV^MVQMV\�\W�TWKS�\PM�ZMNMZMVKM�IZU�WN �\PM�QV\MZNMZWUM\MZ�[W�\PI\�\PM�QV\MZNMZMVKM�[QOVIT�Q[�I\�I
KPW[MV�XW[Q\QWV�I\�ITT�\QUM[� 1\�_W]TL�JM�XW[[QJTM�\W�TM\�\PM�QV\MZNMZWUM\MZ�¹NZMM�Z]Vº�_PMZM�\PM�\_W
IZU[�LZQN\�L]M�\W�\MUXMZI\]ZM�Æ]K\]I\QWV[�IVL�^QJZI\QWV[� J]\�\PQ[�_W]TL�ZM[]T\�QV�^IZaQVO�QV\MV[Q\a
WN �\PM�QV\MZNMZMVKM�[QOVIT� IVL�\P][�_W]TL�TMIL�\W�I�TW_MZ�;6:��1V ÅO� !�� \PM�KPW[MV�TWKSQVO�XWQV\
Q[�QVLQKI\ML��

1V�\PM�M`XMZQUMV\�\PM�QV\MZNMZMVKM�[QOVIT� Q[�UMI[]ZML�][QVO�I�LQNNMZMV\QIT�UMI[]ZMUMV\�[KPMUM�
_PMZM�\PM�^WT\IOM�NZWU�WVM�XPW\WLQWLM�Q[�[]J\ZIK\ML�NZWU�\PM�^WT\IOM�NZWU�\PM�[MKWVL�LM\MK\WZ�IVL
\PM[M�ZM[]T\[�QV�I�[PQN\ML�QV\MZNMZMVKM�[QOVIT�I[�QVLQKI\ML�QV ÅO� !��K� <PM�QV\MZNMZWUM\MZ�TWKS�Q[�J]QT\
][QVO�IV�WXMZI\QWVIT�IUXTQÅMZ�KWVÅO]ZML�QV�I�QV\MOZI\WZ�KQZK]Q\� IVL�_Q\P�I�KPW[MV�KPIZIK\MZQ[\QK
NZMY]MVKa�WN ����S0b�

?PMV�\PM�TWKS�Q[�MVOIOML�\PM�Æ]K\]I\QWV[�L]M�\W�\PM�[IUXTM�UW^QVO�_QTT�\PMV�XZWL]KM�I�PQOP�NZM�
Y]MVKa�KWUXWVMV\� <PM[M�_QTT�VW\�JM�KIVKMTTML�W]\�Ja�\PM�LQNNMZMV\QIT�UMI[]ZMUMV\� _PQTM�M�O� \PM
KWUUWV�UWLM�VWQ[M�L]M�\W�IKW][\QK�VWQ[M�WV�\PM�QV\MZNMZWUM\MZ�\IJTM� _QTT�JM�KIVKMTTML�\W�I�TIZOM
M`\MVL� <PQ[�Q[�\PM�UW\Q^I\QWV�NWZ�\PM�PWUWLaVM�LM\MK\QWV�[KPMUM�][ML�IVL�LM[KZQJML�QV [MK� !�����
<PM�LQNNMZMV\QIT�[QOVIT�Q[�UMI[]ZML�][QVO�IV�QV[\Z]UMV\�IUXTQÅMZ�_WZSQVO�_Q\P�OIQV���_Q\P�I�JIVL�
_QL\P�WN ���50b� IVL�UMI[]ZML�][QVO�I�PQOP�[XMML�W[KQTTW[KWXM�

8QMbWMTMK\ZQK�MTMUMV\

<W�\ISM�\PM�_PWTM�\ZIV[NMZ�N]VK\QWV�WN �\PM�[M\]X�QV\W�IKKW]V\� \PM�XQMbW�QV�\PM�ZMNMZMVKM�IZU�U][\
JM�KITQJZI\ML� <PQ[�KIV�JM�LWVM�Ja�\ISQVO�\PM�[IUXTM� QV�\PM�XZWJM�IZU�W]\�WN � \PM�[a[\MU�IVL
R][\� ZMXTIKM� Q\�_Q\P�I�UQZZWZ� *a�LZQ^QVO� \PM�XQMbW� QV� \PM�ZMNMZMVKM�IZU�\PM�MNNMK\�WV� \PM� QV\MZ�
NMZMVKM�[QOVIT�KIV�JM�LM\MZUQVML� 1N �\PM�XQMbW�Q[�LZQ^MV�_Q\P�I�[QV][WQLIT�^WT\IOM� \PM�UW\QWV�WN
\PM�XQMbW�Q[�M`XMK\ML�\W�NWTTW_�I[ x(t) = x0 + Ad KW[(ωdt) _PMZM x0 Q[�\PM�MY]QTQJZQ]U�XW[Q\QWV
WN �\PM�XQMbW� ωd/(2π) = νd Q[�\PM�LZQ^QVO�NZMY]MVKa�IVL Ad Q[�\PM�IUXTQ\]LM�WN �\PM�LZQ^MV�XQMbW
UW\QWV� .WZ� [QUXTQKQ\a� \PM x0 KIV�JM�[M\� \W�bMZW�I[� Q\�_QTT�VW\�INNMK\� \PM�KWVKT][QWV�I[� [MMV�JM�
TW_�

)V�ILLQ\QWVIT�KWUXTQKI\QWV�MV\MZ[�_Q\P�\PM�XQMbW�PI^QVO�LQNNMZMV\�ZM[XWV[M�I\�LQNNMZMV\�UWL]TI\QWV
NZMY]MVKQM[� IVL�\PQ[�VMML[�\W�JM�\ISMV�QV\W�IKKW]V\� <PQ[�KIV�JM�LWVM�Ja�KITQJZI\QVO�\PM�XQMbW
ZM[XWV[M�I\�LQNNMZMV\�NZMY]MVKQM[�LZQ^QVO�NZMY]MVKQM[� <PM�ZM[XWV[M�WN �\PM�XQMbW�KZa[\IT�Q[�M`XMK\ML
\W�NWTTW_�\PM�NZMY]MVKa�JMPI^QW]Z�QVLQKI\ML�QVÅO� !��� .WZ�TW_�UWL]TI\QWV�NZMY]MVKQM[�\PM�ZM[XWV[M
_QTT�JM�XZM\\a�QVLMXMVLMV\�WN �NZMY]MVKa� _PQTM�Q\�OM\[�I�U]KP�TIZOMZ�»[\ZWSM¼�IZW]VL�\PM�ZM[WVIVKM
NZMY]MVKa�WN �\PM�XQMbW�KZa[\IT� <PQ[�Q[�QVLQKI\ML�I[�I�XMIS�QV ÅO� !��� IVL�\PM�ZM[XWV[M�Q[�M`XMK\ML
\W�LZWX�WNN �I[ 1/νmod NWZ�PQOPMZ�NZMY]MVKQM[� <PM�KZa[\IT�Q[�IT[W�M`XMK\ML�\W�[PW_�\PM�PIZUWVQK[
WN �\PM�ZM[WVIVKM� IVL�\PM[M�KIV�JM�][ML�\W�KZMI\M�I�TIZOMZ�[QOVIT�M^MV�I\�ZMTI\Q^MTa�PQOP�UWL]TI\QWV
NZMY]MVKQM[�

�� 
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Resonance

Frequency [Hz]
D

is
pl

ac
em

en
t [

pm
]

.QO]ZM !���" <PMWZM\QKIT�NZMY]MVKa�ZM[XWV[M�WN �XQMbW�KZa[\IT� <PM�LQ[XTIKMUMV\�Q[�U]KP�MVPIVKML
IZW]VL�\PM�ZM[WVIVKM�WN �\PM�KZa[\IT� IVL�\PMV�LMKIa[�I[ 1/ν NWZ�PQOPMZ�NZMY]MVKQM[�
?PI\�Q[�VW\�QVLQKI\ML�Q[�\PI\�\PM�PIZUWVQK[�IT[W�[PW_�I�PQOPMZ�LQ[XTIKMUMV\�\PIV�\PM
1/νmod LMXMVLMVKM�

<PM�KPIVOM�QV�TMVO\P ∆lpzt Q[�TQVMIZ�QV�IXXTQML�^WT\IOM�I[

∆lpzt ≈ ±EdijL0 �!������

_Q\P E JMQVO� \PM�MTMK\ZQK�ÅMTL� [\ZMVO\P�I\� \PM�XQMbW�KZa[\IT� c>�Ue� dij JMQVO� \PM�XQMbWMTMK\ZQK
KWMNÅKQMV\�WN �\PM�UI\MZQIT�cU�>e�

!��� ,Q[XTIKMUMV\�KITQJZI\QWV

) [KPMUM�NWZ�KITQJZI\QWV�Q[�VMMLML� ) [QVOTM�QV\MZNMZMVKM�NZQVOM�[\ZQK\Ta�[XMISQVO�KWZZM[XWVL[�\W λ/2
WN �\PM�TQOP\� J]\�\PI\�UMIV[�\PI\�\PM�\ZIV[NMZ�N]VK\QWV�WN �\PM�TWKSQVO�KQZK]Q\�XQMbW�LZQ^MZ�VMML[�\W�JM
UMI[]ZML� )LLQ\QWVITTa�\PM�TI[MZ�QV\MV[Q\a�[PW]TL�JM�KWV\IV\�[W�\PI\�\PM�^WT\IOM�JM\_MMV�UI`QU]U
IVL�UQVQU]U�WN �\PM�[_MMXQVO�[QOVIT�Q[�KWV[\IV\�IVL�I�KPIVOM�QV�^WT\IOM�KWZZM[XWVL[�\W�I�KPIVOM
QV�XI\P�TMVO\P� <PQ[�Q[�VW\�I�\ZQ^QIT�KPIZIK\MZQbI\QWV�

1V[\MIL�\PM�NWZU�WN �\PM�QV\MZNMZMVKM�[QOVIT�Q[�]\QTQbML�

Membrane

Detector

Reference 
mirror

.QO]ZM !���" +ITQJZI\QWV�[KPMUM� <PM�ZMNMZMVKM�UQZZWZ�Q[�UW]V\ML�WV�I�XQMbW�KZa[\IT�

��!
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!����� :MTI\QWV�JM\_MMV δv IVL δx

1\�Q[�VMKM[[IZa�\W�JM�IJTM�\W�LM\MZUQVM�\PM�LQ[XTIKMUMV\�\PI\�I�KMZ\IQV�UMI[]ZML�^WT\IOM�KWZZM[XWVL
\W� <PM�QV\MZNMZWUM\MZ�Q[�KPW[MV�\W�WXMZI\M�IZW]VL�\PM�TWKSQVO�XWQV\�I\∆L = λ/8� _Q\P�\PM�UW\QWV
WN �\PM�[IUXTM�ILLQVO�I�[UITT�[PQN\ δx I[∆L = λ/8+ δx� <PQ[�Q[�QTT][\ZI\ML�QV ÅO� !��� <PM�W]\X]\
XW_MZ�I\�\PQ[�XWQV\�Q[

Pout = Pin
1

2

(
1 + KW[(

2π

λ
λ/4)

)
= Pin

1

2

(
1 + KW[

(
π

2
+

4π

λ
δx

))
= Pin

1

2

(
1− [QV

(
4π

λ
δx

))

�!�����

1N �\PM�[IUXTM�QV�\PM�XZWJM�IZU�UW^M[�I�[UITT�LQ[\IVKM δx QV�\PM�LQZMK\QWV�WN �\PM�TQOP\�JMIU� Q\
QV\ZWL]KM[�I�[UITT�[PQN\ δl JM\_MMV�\PM�\_W�IZU[� 1N �\PM�QV\MZNMZWUM\MZ�Q[�TWKSML�I\�\PM ∆L = λ/8
XWQV\�\PM�KPIVOM�QV�XW_MZ�_QTT�\W�ÅZ[\�WZLMZ�JM�XZWXWZ\QWVIT�\W�\PM�[PQN\�QV�IZU�TMVO\P δx� <PMV�Ja
TQVMIZQbQVO MYV� �!����� \W�ÅZ[\�WZLMZ�QV�\PM�LQ[XTIKMUMV\ δx

Pout ≈ Pin
1

2

(
1− 4π

λ
δx

)
�!�����

IVL� \PM�UMI[]ZML�XPW\WK]ZZMV\�_QTT� \PMV�JM�I[[]UML�XZWXWZ\QWVIT� \W� \PQ[�XW_MZ� _PMV� \PM� QV�
\MZNMZWUM\MZ�Q[�SMX\�TWKSML�IZW]VL�\PM ∆l = λ/8 XW[Q\QWV� <PM�WX\QKIT�XW_MZ�Q[�PW_M^MZ�UMI�
[]ZML�][QVO�I�LQNNMZMV\QIT�[M\]X�JM\_MMV�\_W�LM\MK\WZ[� IVL�\PM�LQNNMZMV\QIT�^WT\IOM�KIV�JM�_ZQ\\MV

VLQNN(∆L) =
VFF

2
KW[(2k∆L) �!�����

_PMZM VFF Q[�\PM�XMIS�\W�XMIS�UMI[]ZMUMV\�WN �\PM�»N]TT� NZQVOM¼�UMI[]ZMUMV\�WN �\PM�IUXTQ\]LM
WN �\PM�QV\MZNMZMVKM�[QOVIT� <PQ[�Q[�UMI[]ZML�QVLMXMVLMV\Ta�Ja�[_MMXQVO�\PM�ZMNMZMVKM�IZU�TMVO\P
W^MZ� [M^MZIT�_I^MTMVO\P[� 1\� Q[�VW\ML� \PI\� \PM�ÅZ[\� \MZU� QV MYV� �!����� Q[� KIVKMTTML�Ja�LWQVO�I
LQNNMZMV\QIT�UMI[]ZMUMV\�IVL�\P][�\PM�[\I\QWVIZa�\MZU�Q[�VW\�MV\MZQVO�QV MYV� �!������ 1V[MZ\QWV�WN
∆L = λ/8 + δx QV MYV� �!����� aQMTL[

VLQNN(λ/8 + δx) = −VFF

2
[QV
(
4π

λ
δx

)
�!�����

_PMZM�\PM�[IUM�\ZQOWVWUM\ZQK�QLMV\Q\a�I[�IJW^M�_I[�][ML� <PM�UQV][�[QOV�ZMÆMK\[�\PI\�\PM�TWKSQVO
XW[Q\QWV�Q[�WV�I�VMOI\Q^M�[TWXM�WN �\PM�QV\MZNMZWUM\MZ�[QOVIT� 1N �\PM�QV\MZNMZWUM\MZ�Q[�SMX\�IZW]VL�\PM
[W�KITTML _PQ\M�TQOP\ XW[Q\QWV� \PQ[�_W]TL�JM�\PM�WX\QUIT�XTIKM�\W�TWKS�\PM�QV\MZNMZWUM\MZ� <PM�_PQ\M
TQOP\�KWVLQ\QWV�Q[�LM[KZQJML�TI\MZ�QV [MK� !����� )OIQV�\PQ[�KIV�JM�TQVMIZQbML�NWZ�[UITT δx IZW]VL�\PM
∆L = λ/8 XWQV\�I[

VLQNN ≈ −V..

2

4π

λ
δx = −V..

2π

λ
δx �!�����

.ZWU�\PQ[�M`XZM[[QWV�Q\�Q[�VW_�XW[[QJTM�\W�\ZIV[TI\M�NZWU�I�KPIVOM�QV�UMI[]ZML�^WT\IOM�QV\W�I�[UITT
UQ[ITQOVUMV\�WN �\PM�QV\MZNMZWUM\MZ� <PM�[QbM�WN �\PM�LQ[XTIKMUMV\ δx NWZ�I�OQ^MV�^WT\IOM VLQNN _QTT�JM

|δx| ≈
∣∣∣∣
VLQNN

V..

∣∣∣∣
λ

2π
�!�����

<P][�I�[UITT�UMI[]ZML�^WT\IOM�KIV�JM�ZMTI\ML�\W�I�[UITT�LQ[XTIKMUMV\�WN �\PM�UMUJZIVM�QV�\PM�XZWJM
IZU� *]\�\PQ[�Q[�WVTa�\Z]M�QV�\PM�KI[M�_PMZMV.. PI[�JMMV�LM\MZUQVML�ZMTQIJTa�

���
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<PQ[�Q[�\PM�»N]TT�NZQVOM¼�UMI[]ZMUMV\�_PQKP�Q[�JI[QKITTa�I�UMI[]ZMUMV\�WN �\PM�QV\MZNMZMVKM�W^MZTIX�I[
Q\�Q[�KPIVOQVO�NZWU�WVM�XW[Q\QWV�\W�\PM�VM`\�WV�I�[IUXTM� <PM�ZMÆMK\QWV�_QTT�JM�[TQOP\Ta�LQNNMZMV\�IVL
\PM�NWK][QVO�_QTT�JM�[TQOP\Ta�LQNNMZMV\�I[�\PM�XZWJM�JMIU�Q[�UW^ML�IKZW[[�I�JQO�[IUXTM� L]M�\W�Q\�VW\
JMQVO�XMZNMK\Ta�PWZQbWV\IT� <W�ZMUMLa�\PQ[� I�UMI[]ZMUMV\�WN V.. KW]TL�JM�LWVMI\�M^MZa�[IUXTM
XWQV\� J]\�\PQ[�_W]TL�JM�QUXZIK\QKIT�NWZ�I�TW\�WN �[IUXTQVO�XWQV\[� 5WZM�XZM[[QVO�\PW]OP� Q[�\PI\�JM�
KI][M�\PM�KWVÅO]ZI\QWV�KPIVOM[�NZWU�\PM�^QJZI\QWVIT�UMI[]ZMUMV\�[M\]X�_PMZM�\PM�QV\MZNMZWUM\MZ
Q[�TWKSML� \W�\PM�»N]TT�NZQVOM¼�UMI[]ZMUMV\�_PMZM�Q\�Q[�VW\�TWKSML� \PMZM�UQOP\�JM�Æ]K\]I\QWV[�WN V..

\PI\�IZM�VW\�UMI[]ZML� <PQ[�Q[�JMKI][M�\PM�UMI[]ZMUMV\�Q[�VW\�LWVM�QV�XIZITTMT�_Q\P�\PM�^QJZI\QWVIT
UMI[]ZMUMV\� <W�[WT^M�\PQ[� I�KITQJZI\QWV�[KPMUM�_I[�LM^QKML�

+ITQJZI\QWV�[QOVIT

) KITQJZI\QWV�[QOVIT�Q[�KZMI\ML�Ja�IXXTaQVO�I�ZMNMZMVKM�UWL]TI\QWV�WV�\PM�XQMbW�WN �\PM�UQZZWZ�QV�\PM
ZMNMZMVKM�IZU� _PQKP�_QTT�[PW_�]X�I[�I�KITQJZI\QWV�XMIS�QV�\PM�^QJZI\QWVIT�[XMK\Z]U� <PM�UIOVQ\]LM
WN �\PQ[�ZMNMZMVKM�XMIS�Q[�\PMV�][ML�\W�ZMNMZMVKM�\PM�»IK\]IT¼ V.. \ISMV�QV\W�IKKW]V\�\PM�KPIVOM[�QV
\PM�KWVLQ\QWV[�WN �\PM�M`XMZQUMV\[�[QVKM�\PM�QVLMXMVLMV\�UMI[]ZMUMV\�WN V..� 1V�\PM�M`XMZQUMV\
\PQ[�UMIV[� \PI\ V.. Q[�UMI[]ZML�I\� \PM� QVQ\QIT�XW[Q\QWV� I[�_MTT�I[� \PM�KITQJZI\QWV�XMIS� IVL� \PQ[
UMI[]ZMUMV\�Q[�\PMV�\PM�ZMNMZMVKM�NWZ�ITT�\PM�VM`\�[IUXTM�XWQV\[�

<PM�ZMNMZMVKM�XQMbW�KIV�JM�LZQ^MV�\W�ZMTI\Q^MTa�PQOP�NZMY]MVKa�_PQTM�[\QTT�QV\ZWL]KQVO�I�TIZOM�LQ[�
XTIKMUMV\�\PI\�Q[�[\ZWVO�MVW]OP�\W�JM�UMI[]ZML�I[�I�UWL]TI\QWV�WN �\PM�QV\MZNMZMVKM�[QOVIT�WV�IV
W[KQTTW[KWXM� <PM�KWUXIZQ[WV�JM\_MMV�\PM�\_W�LQNNMZMV\�_Ia[�WN �UMI[]ZQVO�\PM�[IUM�UWL]TI\QWV
Q[�[PW_V�QVÅO� !� I� .QZ[\�QV�\PM�\QUM�LWUIQV�WV�\PM�NI[\�W[KQTTW[KWXM� IVL�\PMV�KWUXIZML�_Q\P�\PM
XMIS�PMQOP\�I\�\PM�UWL]TI\QWV�NZMY]MVKa�QV�\PM�..< LMZQ^ML�[XMK\Z]U� UMI[]ZML�_Q\P�\PM�[IUM
[M\\QVO[�I[�_PMV�\PM�IK\]IT�UMI[]ZMUMV\[�IZM�XMZNWZUML� .QZ[\Ta�Q\�Q[�QV\MZM[\QVO�PW_�UWZM�IUXTQ�
\]LM�Q[�\ZIV[NMZZML�_Q\P�NZMY]MVKQM[�IJW]\�����S0b� <PM�XQMbW�Q[�[XMKQÅML�\W�PI^M�I�N]VLIUMV\IT
ZM[WVIVKM�NZMY]MVKa�I\����S0b� IVL�I[�\PQ[�KPIVOM[�[TQOP\Ta�_PMV�\PM�XQMbW�Q[�[]JRMK\ML�\W�[\ZM[[
QV�\PM�UW]V\� Q\�Q[�\PW]OP\�\PI\�\PM�XMIS�KIV�JM�I[KZQJML�\W�I�PIZUWVQK�WN �\PM�N]VLIUMV\IT�ZM[W�
VIVKM�WN �\PM�XQMbW� )[�\PM[M�UMI[]ZMUMV\[�IZM�LWVM�_Q\P�\PM�QV\MZNMZWUM\MZ�TWKS�MVOIOML� TW_MZ
NZMY]MVKa�UWL]TI\QWV[�LW�VW\�UISM�[MV[M�\W�UMI[]ZM� I[�\PM�TWKS�_QTT�KW]V\MZIK\�\PM�UW\QWV�WN �\PM
ZMNMZMVKM�IZU�UQZZWZ�\PI\�Q[�QV\ZWL]KML� <PM�TWKS�_I[�LM[QOVML�\W�PI^M�I�KPIZIK\MZQ[\QK�NZMY]MVKa
WN ����S0b� 1V�\PQ[�KWV\M`\�\PQ[�UMIV[�\PI\�\PM�OIQV�WN �\PM�TWKSQVO�KQZK]Q\�Q[���L* NWZ����S0b�IVL�\PMV
LZWX[�WNN �NWZ�PQOPMZ�NZMY]MVKQM[� <PQ[�Q[�LM[QOVML�I[�[]KP�M`IK\Ta�\W�VW\�QV\MZNMZM�_Q\P�I�KITQJZI\QWV
UWL]TI\QWV�IZW]VL�����S0b� _PQKP�Q[�IT[W�WVM�WN �\PM�ZMI[WV[�NWZ�KPWW[QVO�����S0b�I[�JMMQVO�\PM
KITQJZI\QWV�NZMY]MVKa� <PQ[�Q[�IT[W�IZW]VL�\PM�PQOPM[\�NZMY]MVKa�_PMZM�\PM�XQMbW�ZM[XWV[M�Q[�[]KP
\PI\�I�KITQJZI\QWV�XMIS�KW]TL�JM�UMI[]ZML�_Q\P�I�PQOP�[QOVIT�\W�VWQ[M�ZI\QW�_PQTM�JMQVO�LZQ^MV�_Q\P
I����> ZIUX�[QOVIT�NZWU�I�[QOVIT�OMVMZI\WZ�

:MOIZLQVO�\PM�QV\MZNMZWUM\MZ�TWKS�Q\�[PW]TL�JM�VW\ML�\PI\�IT\PW]OP�\PM���L* OIQV�WXMZI\QWV�Q[�_Q\P
[QOVIT[�I\����S0b� \PM�ZM[XWV[M�WN �\PM�XQMbW�MNNMK\Q^MTa�_WZS[�I[�I�TW_�XI[[�ÅT\MZ�[W�\PM�MNNMK\�WN �\PM
TWKS�[PW]TL�JM�KWUXTM\MTa�VMOTQOQJTM�I\�\PM�KITQJZI\QWV�NZMY]MVKa� 1\�KIV�\PMV�JM�I[[]UML�\PI\�\PM
KITQJZI\QWV�XMIS�Q[�QVLMXMVLMV\�WN �\PM�TWKSQVO�KQZK]Q\�

1\�Q[�_WZ\P�VW\QVO�\PI\�I\�I�UWL]TI\QWV�WN �����S0b�\PM�LQ[XTIKMUMV\�WN �\PM�ZMNMZMVKM�IZU�XQMbW
Q[�[W�[UITT�\PI\�\PM�UWL]TI\QWV�WN �\PM�QV\MZNMZMVKM�[QOVIT�Q[�WVTa�I�NM_�U> NZWU�\PM�TWKSQVO�TM^MT
WV� \PM�W[KQTTW[KWXM� )\� \PQ[� TW_� TM^MT� \PM�VWQ[M�L]M� \W�LQNNMZMV\� [W]ZKM[� Q[� [\IZ\QVO� \W�JMKWUM�I
[QOVQÅKIV\�NIK\WZ� IVL�Q\�_I[�KTMIZ�\PI\�\PM�UMI[]ZML�:5; LQL�VW\�ZMÆMK\�\PM�IK\]IT�LQ[XTIKMUMV\�
<PQ[�M`XTIQV[�\PM�����S0b�UMI[]ZMUMV\�QV ÅO� !� I�

���
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�I� =VVWZUITQbML�ZMNMZMVKM�XQMbW�ZM[XWV[M� �J� 6WZUITQbML�ZMNMZMVKM�XQMbW�ZM[XWV[M�

.QO]ZM !� �" :M[XWV[M�WN � \PM�XQMbW�QV�\PM�ZMNMZMVKM�IZU�_PMV�LZQ^MV�_Q\P� QVKZMI[QVO�NZMY]MVKa�
<PM�ZM[XWV[M�Q[�UMI[]ZML�JW\P�I[�\PM�QV\MZNMZMVKM�[QOVIT�UWL]TI\QWV�KWUXIZML�\W�\PM
N]TT�NZQVOM�IUXTQ\]LM V..� IVL�I[�\PM�XMIS�XW_MZ�QV�\PM�.W]ZQMZ�[XIKM� <PMZM�Q[�I�OWWL
KWZZMTI\QWV�]X�]V\QT�����S0b�_PMZM�\PM�ZMXWV[M�WN �\PM�8B< OM\[�^MZa�TW_�IVL�LQNÅK]T\�\W
UMI[]ZM�XZMKQ[MTa� -ZZWZ�JIZ[�VW\�[PW_V�NWZ�XW_MZ�QV�NZMY]MVKa�[XIKM� I[�\PM�[XMK\Z]U
_I[�\PM�ZM[]T\�WN �I�TWVO�UMI[]ZMUMV\�QV�\QUM�

1N �\PM�ZMNMZMVKM�XQMbW�Q[�[_MX\�I�LQ[\IVKM�TWVOMZ�\PIV�IV�QV\MZNMZMVKM�NZQVOM� \PM�IUXTQ\]LMV.. KIV�JM
LM\MZUQVML� )[�\PM�LQ[XTIKMUMV\�ZIVOM�WN �\PM�8B< LMKZMI[M[�_Q\P�PQOPMZ�LZQ^QVO�NZMY]MVKQM[� \PQ[
Q[�VW\�XW[[QJTM�I\�\PM�NZMY]MVKQM[�_PMZM�\PM�ZMNMZMVKM�UWL]TI\QWV�VMML[�\W�JM�XMZNWUML� 0W_M^MZ�QN
\PM�»N]TT�NZQVOM¼�^WT\IOM�Q[�LM\MZUQVML�I\�TW_�UWL]TI\QWV�NZMY]MVKQM[��[Ia�����0b��I�OQ^MV�IUXTQ\]LM
\PI\�Q[�UMI[]ZML�_Q\P�I�PQOPMZ νmod KIV�JM�KWUXIZML�\W�\PQ[� <PQ[�Q[�WVTa�\Z]M�]VLMZ�\PM�I[[]UX\QWV
\PI\� \PM� ZM[XWV[M�WN � \PM�LM\MK\WZ� [a[\MU�IVL�IUXTQÅMZ[�LW�VW\�KPIVOM� NZWU� \PM� TW_� NZMY]MVKa
ZMOQUM�\W�\PM�NZMY]MVKa�ZIVOM�WN �\PM�^QJZI\QWVIT�UWLM�NZMY]MVKa�\PI\�Q[�]VLMZ�QV^M[\QOI\QWV� .WZ
UMKPIVQKIT�[a[\MU[�_Q\P�TM[[�\PIV���50b�^QJZI\QWVIT�UWLM[�\PQ[�Q[�LMMUML�I�OWWL�IXXZW`QUI\QWV
][QVO�\PM�K]ZZMV\����50b�LM\MK\WZ�[KPMUM� J]\�\PQ[�Q[�VW\�WJ^QW][�NWZ�M�O� \PM�VIVWUMUJZIVM[
_Q\P���50b�UMKPIVQKIT�UWLM[�IVL�PQOPMZ�

)[�IV�M`IUXTM�\PM�ZMTI\QWV�JM\_MMV�I�XMIS�PMQOP\�QV�\PM�[XMK\Z]U�IVL�\PM�IUXTQ\]LM�UMI[]ZML
QV�\PM�\QUM�LWUIQV�Q[�ZW]OPTa�I V −1 QV�\PM�M`IUXTM�[PW_V�QV ÅO� !� I� )[�\PM�LQ[XTIKMUMV\�QV
IJ[WT]\M�]VQ\[�KIV�JM�QVNMZML�LQZMK\Ta�NZWU�\PM�\QUM�LWUIQV�UMI[]ZMUMV\� \PQ[�KITQJZI\QWV�UMISM[
\PM�KWV^MZ[QWV�WN �\PM�XMIS�XW_MZ�\W�I�LQ[XTIKMUMV\�XW[[QJTM� *]\�NWZ�\PQ[�\PM A IVL VWNN[M\ VMML[�\W
JM�LM\MZUQVML�I\�TW_�NZMY]MVKa�

!����� 5MI[]ZMUMV\�WN N]TT�NZQVOM IUXTQ\]LM

<PM�ZMNMZMVKM�IZU�XQMbW�KIV�JM�LZQ^MV�Ja�I�[QOVIT�OMVMZI\WZ�I\�TW_�NZMY]MVKa�QV�WZLMZ�\W�UMI[]ZM
\PM�N]TT�NZQVOM�IUXTQ\]LM� ) NZMY]MVKa�WN �IJW]\�����0b�Q[�NW]VL�\W�XZM[MV\�I�OWWL�KWUXZWUQ[M�JM�
\_MMV�[XMML�IVL�IKY]Q[Q\QWV� <PM�^WT\IOM�IUXTQ\]LM�WN �\PM�LQNNMZMV\QIT�[QOVIT�Q[�\PMV�UMI[]ZML�IVL
V.. KIV�JM�LM\MZUQVML� <PQ[�N]TT�NZQVOM�UMI[]ZMUMV\�Q[�\PMV�UMI[]ZML�WVKM�L]ZQVO�IV�IKY]Q[Q\QWV
Z]V� IVL�QN �\PM�QV\MZNMZWUM\MZ�Q[�TWKSML�IVL�I�KITQJZI\QWV�XMIS�Q[�ILLML� \PM�XW_MZ�QV�\PM�KITQJZI\QWV
XMIS�Q[�KWUXIZML�_Q\P�\PM�ZMNMZMVKM�UMI[]ZMUMV\�

���



+PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ !���,Q[XTIKMUMV\�KITQJZI\QWV

�I� ;XMK\Z]U�IZW]VL�KITQJZI\QWV�IVL�N]VLIUMV\IT�NZMY]MVKa� �J� +ITQJZI\QWV�XMIS�_Q\P�QV\MOZI\QWV�QV\MZ^IT�QVLQKI\ML�
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Frequency (kHz)

|Y
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|

�K� *ZW_VQIV�UW\QWV�XMIS�_Q\P�QV\MOZI\QWV�QV\MZ^IT�QVLQKI\ML�

.QO]ZM !�!�" -`IUXTM�[XMK\Z]U�_Q\P�VW�IOQ\I\QWV�WN �\PM�UMKPIVQKIT�UWLM[� +TMIZ�[QLMJIVL[�IZM
^Q[QJTM�L]M�\W�\PM�IOQ\I\QWV�ZMXM\Q\QWV� <PM�[IUXTM�_I[�I � × ��UU�;Q6 UMUJZIVM
KWI\ML�_Q\P�IT]UQV]U� <PM�OZMMV�QVLQKI\M�\PM�IZMI�WN �QV\MOZI\QWV�

!����� -`IUXTM�KITQJZI\QWV�[XMK\Z]U

1V ÅO� !�! IV�M`IUXTM�[XMK\Z]U�Q[�[PW_V� <PM�[a[\MU�QV^M[\QOI\ML�_I[�I��× ��UU�;Q6UMUJZIVM
KWI\ML�_Q\P�IT]UQV]U�_Q\P�I�N]VLIUMV\IT�NZMY]MVKa�WN �IJW]\�����S0b� <PM�UMI[]ZMUMV\[�_MZM
LWVM�_Q\P�I�[IUXTM�ZI\M�WN ���5;�[MK�NWZ���[MKWVL[�_Q\P�I�����U>�LQ^�OIQV�IVL�I�\QUMJI[M�WN ����
U[�LQ^�WV�\PM�W[KQTTW[KWXM� <PM�KITQJZI\QWV�XMIS�_I[�ILLML�][QVO�I�<MS\ZWVQ`�[QOVIT�OMVMZI\WZ
\PI\�ILLML�I�����S0b�[QVM�N]VK\QWV�\W�\PM�TWKS�W]\X]\�

<PM�ZI\QW�WN �\PM�UMI[]ZML�XW_MZ�QV�\PM�KITQJZI\QWV�XMIS�QV ÅO� !�!J IVL�\PM�JZW_VQIV�UW\QWV�XMIS
QV ÅO� !�!K Q[�VMMLML�QV�WZLMZ�\W�KITQJZI\M�\PM�LQ[XTIKMUMV\�QV�\PM�JZW_VQIV�UW\QWV�XMIS� <PM
QV\MOZI\QWV�ZIVOM�Q[�KPW[MV�\W�JM�I[�VIZZW_�IZW]VL�\PM�XMIS[�I[�XW[[QJTM�QV�WZLMZ�\W�VW\�QVKT]LM
\PM�[QLMJIVL[� 1V�\PQ[�KI[M�[QLMJIVL[�WN �����0b�IZM�^MZa�XZM^ITMV\� PQV\QVO�I�UWL]TI\QWV�[W]ZKM�WN
]VSVW_V�WZQOQV�

���



!���,Q[XTIKMUMV\�KITQJZI\QWV +PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ

�I� ;XMK\Z]U�IZW]VL�KITQJZI\QWV�IVL�N]VLIUMV\IT�NZMY]MVKa� �J� +ITQJZI\QWV�XMIS�_Q\P�QV\MOZI\QWV�QV\MZ^IT�QVLQKI\ML�

262 264 266 268 27010−8
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|Y
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|

�K� *ZW_VQIV�UW\QWV�XMIS�_Q\P�QV\MOZI\QWV�QV\MZ^IT�QVLQKI\ML�

.QO]ZM !����" -`IUXTM�[XMK\Z]U�_Q\P�IOQ\I\QWV�WN �\PM�UMKPIVQKIT�UWLM[� <PM�[IUXTM�_I[�I�� × �
UU�;Q6 UMUJZIVM�KWI\ML�_Q\P�IT]UQV]U� <PM�OZMMV�QVLQKI\M�\PM�IZMI�WN �QV\MOZI�
\QWV�

���



+PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ !���1V\MZNMZWUM\MZ�[M\]X

!��� 1V\MZNMZWUM\MZ�[M\]X

1V ÅO� !��� XIZ\[�WN �\PM�QV\MZNMZWUM\MZ�[M\]X�Q[�[PW_V� <PM�QV\MZNMZWUM\MZ�Q\[MTN �Q[�UW]V\ML�WV�I
[UITT�\IJTM�\W�UQVQUQbM�\PM�[QbM�IVL�\PM�KW]XTQVO�\W�W\PMZ�UMKPIVQKIT�VWQ[M�[W]ZKM[�WV�\PM�WX\QKIT
\IJTM� <PQKS�����QVKP�XWTM[�IZM�][ML�NWZ�UW]V\QVO�\PM�[UITT�\IJTM� 1V�WZLMZ�\W�UISM�\PM�[M\]X�I[
LaVIUQK�I[�XW[[QJTM�JW\P�\PM�XZWJM�IZU�IVL�\PM�ZMNMZMVKM�IZU�IZM�ÅJMZ�KW]XTML�\W�MVIJTM�\PM
KW]XTQVO�\W�LQNNMZMV\�XZWJM�PMIL[� )LLQ\QWVITTa�Q\�KW]TL�JM�XW[[QJTM�\W�M`\MVL�\PM�[M\]X�_Q\P�ÅJMZ
KW]XTML�LM^QKM[�[]KP�I[�IV�MTMK\ZWWX\QK�UWL]TI\WZ�WZ�IV�IKW][\WWX\QK�UWL]TI\WZ�QV�I�TI\MZ�Q\MZI\QWV�
.]\]ZM�XW[[QJQTQ\QM[�IZM�LM[KZQJML�QV !��� <PM�XZWJM�PMIL�Q[�[PW_V�QV ÅO� !���J IVL�KWV[Q[\[�WN �IV
]T\ZI�[\IJTM���LQUMV[QWVIT�UW^QVO�UW]V\�_Q\P�I�ÅJMZ�KW]XTMZ�IVL�UQKZW[KWXM�WJRMK\Q^M�UW]V\ML�
<PM�UWL]TIZ�LM[QOV�UMIV[�\PI\�\PM�XZWJM�PMIL�KIV�JM�UW^ML�\W�LQNNMZMV\�XW[Q\QWV[�_Q\PW]\�INNMK\�
QVO�\PM�ZM[\�WN �\PM�QV\MZNMZWUM\MZ�

!����� 1UIOQVO

<PM�QUIOQVO�Q[�LWVM�_Q\P�I�+57; KIUMZI�UW]V\ML�WV�I�[\IVL�Ja�Q\[MTN� 1V ÅO� !��� I�XQK\]ZM�WN
\PM�[M\]X�Q[�[PW_V� <PM�KIUMZI�Q[�KWVVMK\ML�_Q\P�I�V]UJMZ�WN �TMV[M[�NWZ�UIOVQÅKI\QWV�IVL�QUIOM
\PM�TQOP\�ZM\]ZVML�NZWU�\PM�KZaW[\I\�ZMÆMK\ML�Ja�\PM�JMIU[XTQ\\MZ� <PM�JMIU[XTQ\\MZ�Q[�I�!�" �ZI\QW
JMIU[XTQ\\MZ��Q�M� !���\ZIV[UQ[[QWV��IVL�Q[�QVLQKI\ML�I[�*; QV ÅO� !���� <PM�[IUXTM�Q[�UW]V\ML
QV�\PM�KZaW[\I\�IVL�\PM�UQKZW[KWXM�WJRMK\Q^M�Q[�KPW[MV�[]KP�\PI\�\PM�XZWJM�JMIU�JMKWUM[�[UITT�
_PQTM�ZMITQbQVO�I�OWWL�KWUXZWUQ[M�WN �_WZSQVO�LQ[\IVKM� UIOVQÅKI\QWV�IVL�KWUXI\QJQTQ\a�_Q\P�\PM
KZaW[\I\� <PM�WJRMK\Q^M�Q[�LM[KZQJML�QV KPIX� !����� <PM�QTT]UQVI\QWV�WN �\PM�[IUXTM�_Q\P�^Q[QJTM�TQOP\
Q[�UILM�_Q\P�I�ZQVO�WN �OZMMV�UQVQI\]ZM�;5,4-,[�IZW]VL�\PM�QVX]\�WN �\PM�XZWJM�TI[MZ� <PQ[�UM\PWL
WN �QTT]UQVI\QWV�Q[�XZIK\QKIT�NWZ�NZMMQVO�]X�[XIKM�I\�\PM�WJRMK\Q^M�·�KZaW[\I\�QV\MZNIKM� 0W_M^MZ�\PM
QTT]UQVI\QWV�Q[�VW\�XMZNMK\�I[�\PM�KMV\MZ�WN �\PM�QUIOML�IZMI�Q[�VW\�^Q[QJTM� <PQ[�Q[�VW\�I�JQO�XZWJTMU
I[� \PM�XZWJM� TI[MZ�WN �KW]Z[M�KIV�JM�KPW[MV�\W�JM� QV� \PQ[�IZMI�IVL�\PQ[�XZW^QLM[�[WUM�PQV\�I[� \W
\PM�XW[Q\QWV�WN �\PM�[IUXTM� ,MXMVLMV\�WV�\PM�VMML�IV�IT\MZVI\Q^M�KWVÅO]ZI\QWV�Q[�_Q\P�\PM�4-,
ZQVO�UW]V\ML�WV�\PM�WJRMK\Q^M�I\�\PM�^MZa�QV\MZNIKM�JM\_MMV�\PM�WJRMK\Q^M�IVL�\PM�KZaW[\I\� <PQ[
XZW^QLM[�M`KMTTMV\�QTT]UQVI\QWV�WN �\PM�[IUXTM� J]\�ZML]KM[�\PM�\ZI^MTTQVO�LQ[\IVKM�I^IQTIJTM�_Q\PW]\
[KZI\KPQVO�\PM�KZaW[\I\�\WX�OTI[[�_Q\P�\PM�4-,[�

?PI\�PI[�VW\�JMMV�LM[KZQJML�Q[�\PM�Y]IZ\MZ�_I^MXTI\M�\PI\�Q[�QVLQKI\ML�I[�?8 QV ÅO� !���� <PM
VMML�NWZ�\PQ[�QV�\PM�XZWJM�IZU�Q[�LM[KZQJML�QV KPIX� !�����

!����� 7X\QK[

<PM�[XMKQÅK�UQKZW[KWXM�WJRMK\Q^M�JW]OP\�Q[�QVLQKI\ML QV�[Q\] QVÅO[� !����!��� IVL�Q[�\PM�\aXM

6QSWV�WJRMK\Q^M�5:8�����
+.1 )KPZWUI\�4?, ��@ +
6�)������� ?�,����������UU
+W^MZ�OTI[[�KWZZMK\QWV" ������UU

<PM�KPWQKM�_I[�I�KWUXZWUQ[M�JM\_MMV�\PM�ZMY]QZMUMV\[�WN �KW^MZ�OTI[[�KWZZMK\QWV�\W�IKPQM^M�I�OI][�
[QIV�JMIU�WV�\PM�[IUXTM� I�PQOP�V]UMZQKIT�IXMZ\]ZM��6�)���_PQKP�ZM[]T\[�QV�I�^MZa�[UITT�LQNNZIK�
\QWV�TQUQ\ML�[XW\�QV�\PM�NWK][� IVL�I�TIZOM�_WZSQVO�LQ[\IVKM��?�,���JMKI][M�WN �\PM�ZMTI\Q^MTa�\PQKS

���



!���1V\MZNMZWUM\MZ�[M\]X +PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ

�I� <PM�QV\MZNMZWUM\MZ�[MMV�NZWU�IJW^M� <PM�LM\MK\WZ�QV�\PQ[�QUIOM�Q[�I��
50b�JITIVKML�LM\MK\WZ�][ML�NWZ�XZQTQUQVIZa�\M[\QVO�

�J� <PM� XZWJM� ¹PMILº� _Q\P� WX\QK[
UW]V\ML�WV�I�\ZIV[TI\QWV�[\IOM�_Q\P
��LMOZMM[�WN �NZMMLWU�

.QO]ZM !����" 1V\MZNMZWUM\MZ�XIZ\[�

.QO]ZM !����" 1TT]UQVI\QWV�[M\]X� <PM�XZWJM�IZU�IVL�\PM�QUIOQVO�[M\]X� ) ZQVO�WN �OZMMV�4-,[�Q[
XTIKML�IZW]VL�\PM�ÅJMZ�KWTTQUI\WZ�NWZ�QTT]UQVI\QWV�

���



+PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ !���1V\MZNMZWUM\MZ�[M\]X

�I� ;KPMUI\QK� WN � \PM� QUIOQVO� NWZ� \PM� IT\MZVI\Q^M� QTT]UQVI\QWV
[KPMUM� <PM�OZMMV�IZMI� QVLQKI\M� \PM� QUIOQVO�XI\P�_PQTM
\PM�WZIVOM�TQVM�QVLQKI\M�\PM�XZWJM�JMIU�

�J� )T\MZVI\Q^M� QTT]UQVI\QWV� [a[\MU� _Q\P� 4-,[
UW]V\ML�WV�\PM�UQKZW[KWXM�WJRMK\Q^M�

�K� )T\MZVI\Q^M� QTT]UQVI\QWV� [a[\MU�_Q\P�4-,[�UW]V\ML�WV� \PM�UQKZW�
[KWXM�WJRMK\Q^M�

.QO]ZM !����" <PM�IT\MZVI\Q^M�QTT]UQVI\QWV�[KPMUM� <PM�4-, Q[�UW]V\ML�ZQOP\�WV�\PM�UQKZW[KWXM
WJRMK\Q^M�

���



!���1V\MZNMZWUM\MZ�[M\]X +PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ

KW^MZ�OTI[[� \PZW]OP�\PM�KZaW[\I\� <PM�OTI[[� NWZ� \PM�KW^MZ� Q[�[XMKQÅML�Ja�7`NWZL�1V[\Z]UMV\[�I["
97>+��0:��+ZaW[\I\�\WX�XTI\M�_Q\P�����UU�\PQKS� ���UU�LQIUM\MZ�WX\QKIT�IKKM[[� ;XMK\ZW[QT�* N][ML�Y]IZ\b
_QVLW_� ?Q\P� \PQ[�WJRMK\Q^M� \PM�XTIVM�WN � NWK][� Q�IJW]\�����UU� QV\W� \PM�KZaW[\I\�LMXMVLQVO�WV
\PM�KWVÅO]ZI\QWV�IVL�IKPQM^M[�I�[UITT�JMIU[XW\� 1\�[MMU[�\PI\�\PM�KPWQKM�WN �WJRMKQ^M�_I[�ILM�
Y]I\M�

!����� )OQ\I\QWV

1\�Q[�XW[[QJTM�\W�IOQ\I\M�\PM�^QJZI\QWV[�WN �\PM�[IUXTM�_Q\P�IV�M`\MZVIT�[W]ZKM�IVL�\PQ[�Q[�IKPQM^ML�Ja�IV
M`\MZVITTa�UW]V\ML�8B< KZa[\IT�\PI\�Q[�UMKPIVQKITTa�KTIUXML�\W�\PM�[M\]X�UW]V\� 1\�Q[�\PMV�QV�LQZMK\
UMKPIVQKIT�KWV\IK\�_Q\P�\PM�[IUXTM� ) XMZQWLQK�KPQZX�Q[�IXXTQML�QV�\PM�NZMY]MVKa�ZIVOM�IZW]VL�\PM
UMKPIVQKIT�ZM[WVIVKM� IVL�I�ZQ[M�QV�[QOVIT�WN �]X�\W����L*U�_I[�_Q\VM[[ML�_PMV�\]ZVQVO�WV�\PQ[
IOQ\I\QWV� 7N �KW]Z[M�\PQ[�Q[�VW\�\PM�WX\QU]U�KWVÅO]ZI\QWV�IVL�\PM�OZW]X�PI[�PIL�[]KKM[[�_Q\P
UW]V\QVO�I�8B< QV[QLM�\PM�KZaW[\I\�QV�KTW[M�XZW`QUQ\a�\W�\PM�[IUXTM� <PQ[�aQMTL[�I�U]KP�[\ZWVOMZ
ZM[XWV[M� IVL�MVIJTM[�\PM�IOQ\I\QWV�WN �PQOPMZ�NZMY]MVKQM[�

1V ÅO� !��� IV�M`IUXTM�WN �\PM�XW[[QJTM�IOQ\I\QWV�WN �I�UMKPIVQKIT�XMIS�Q[�[PW_V� <PM�N]VLIUMV�
\IT�ZM[WVIVKM�WN �I�� × ��UU�IT]UQV]U�KWI\ML�;Q6 UMUJZIVM�UMI[]ZML�][QVO�VW�IOQ\I\QWV�QV
ÅO� !���I IVL�\PMV�I�IOQ\I\QWV�_I[�IXXTQML� QV ÅO� !���J� 1V�\PQ[�M`IUXTM�IV� QVKZMI[M� QV�XMIS
XW_MZ�WN �IJW]\���\QUM[�_I[�IKPQM^ML� <PM�ZQ[M�QV�[XMK\ZIT�MVMZOa�I\�\PM�XMIS�XW[Q\QWV�_Q\P�\PM
IOQ\I\QWV�KWVÅZU[�\PI\�\PM�XMIS�Q[�UMKPIVQKIT�QV�WZQOQV� 1\�Q[�XW[[QJTM�\W�W^MZTIX�I�XMIS�WN �]VSVW_V
WZQOQV�_Q\P�\PM�IOQ\I\QWV�NZMY]MVKa�IVL�JM�NWWTML�QV\W�JMTQM^QVO�\PI\�\PM�XMIS�Q[�MVPIVKML� _PQTM�Q\
IK\]ITTa�Q[�R][\�\PM�KWUJQVML�MVMZOa�WN �\PM�\_W�VWQ[M�[W]ZKM[�\PI\�Q[�UMI[]ZML� <P][�Q\�Q[�WVTa�[]ZM
\PI\�Q\�Q[�UMKPIVQKIT�QV�WZQOQV�QN �Q\�KIV�JM�IOQ\I\ML� [W�\PI\�Q\�Q[�LZQ^MV�I\�Q\[�ZM[WVIVKM�NZMY]MVKa� 1\
Q[�IT[W�XW[[QJTM�\W�OM\�PQV\[�WN �\PM�WZQOQV�WN �I�XMIS�Ja�PW_�Q\�LZQN\[�_Q\P�KPIVOM[�QV�\MUXMZI\]ZM�WZ
TQOP\�XW_MZ�

1V ÅO� !��� Q\�Q[�VW\ML�PW_�\PM�IOQ\I\QWV�XZWKMML]ZM�PI[�ILLML�I�TW\�WN �[QLMJIVL[�\W�\PM�UMKPIV�
QKIT�XMIS� <PQ[�_I[�L]M�\W� \PM�_Ia�\PM�IOQ\I\QWV�[QOVIT�_I[�UILM�_Q\P�I�XMZQWLQK�KPQZX�_Q\P�I
ZMXM\Q\QWV�ZI\M�WN ����U[� ZM[]T\QVO�QV�MNNMK\Q^MTa�I�TW_�NZMY]MVKa�KWUXWVMV\�\W�\PM�IOQ\I\QWV� <W
I^WQL� \PQ[� Q\� Q[�XW[[QJTM� \W�UQ`�I� [QVOTM� NZMY]MVKa� [QVM�_Q\P�I�OI][[QIV� N]VK\QWV�IVL� \P][� QV\ZW�
L]KM�[WUM�[XMK\ZIT�_QL\P� \W� \PM�IOQ\I\QWV�[QOVIT� _PQKP�ZM[]T\[� QV� TM[[�XZWJTMU[�_Q\P�[QLMJIVL[�
J]\�Q\�_I[�NW]VL�[]NÅKQMV\�NWZ�\PM�\QUM�JMQVO�\W�R][\�IOQ\I\M�_Q\P�I�[QVOTM�NZMY]MVKa� <PQ[�_I[�IT[W
\PM�KI[M�JMKI][M�WN �\PM�TIZOM�;6: NWZ� \PM�UMKPIVQKIT�XMIS[� NWZ� \PM� \M[\UMUJZIVM� _PQKP�ZMV�
LMZML�\PM�IOQ\I\QWV�UWZM�I�V]Q[IVKM�\PIV�I�XT][� <P][�\PM�IOQ\I\QWV�_I[�UIQVTa�][ML�I[�I�PQV\�\W
XZW^M�\PI\�\PM�XMIS[�_MZM�QVLMML�UMKPIVQKIT� IVL�VW\�\W�UMI[]ZM�IVa\PQVO�[XMKQÅK�_PQTM�IOQ\I\�
QVO�

!����� 0a[\MZM[Q[�IVL�KZMMX�WN �XQMbW�KZa[\IT

1\�Q[�_MTT�SVW_V�C81E�\PI\�XQMbWM[�M`PQJQ\�I�Pa[\MZM[Q[�QV�LQ[XTIKMUMV\�_PMV�LZQ^MV�_Q\P�I�XMZQWLQK�
M�O� [QV][WQLIT� ^WT\IOM� <PQ[�UMIV[�\PI\�\PM�ÅZ[\�M`KQ\I\QWV�XMZQWL�ZM[]T\�QV�I�TIZOMZ�LQ[XTIKMUMV\
\PIV�\PM�[]J[MY]MV\�XMZQWL[� <PM�IUW]V\�WN �Pa[\MZM[Q[�QVKZMI[M�_Q\P�QVKZMI[QVO�^WT\IOM�J]\�Q[�VW\
M`XMK\ML� \W�M`KMML����C81E�]VLMZ�UI`QUIT�LZQ^QVO� [QOVIT� 0W_M^MZ� \PQ[� [PW]TL�JM�M`XMK\ML
\W�ZMIKP�I�MY]QTQJZQ]U�LQ[XTIKMUMV\�IUXTQ\]LM�Y]QKSTa�IN\MZ�I�[UITT�V]UJMZ�WN �XMZQWL[� IVL�\P][
[PW]TL�VW\�QVÆ]MVKM�IV�I^MZIOM�UMI[]ZMUMV\�WN �\PM�LQ[XTIKMUMV\�NW]ZQMZ�KWUXWVMV\�I\�\PM�LZQ^QVO
NZMY]MVKa� )VW\PMZ�MNNMK\�Q[�KITTML�KZMMX�_PMZM�I�Å`ML�XW[Q\QWV�WN �\PM�XQMbW�KIV�KPIVOM�LQ[XTIKM�
UMV\�[TW_Ta� <PQ[�Q[�PW_M^MZ�M`XMK\ML�\W�JM�W^MZ�\QUM[�WV�\PM�PW]Z�[KITM� IVL�IVa_Ia�WVTa�TM[[

�� 
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�I� 6W�IOQ\I\QWV�

�J� ?Q\P�IOQ\I\QWV�

.QO]ZM !����" )OQ\I\QWV�WN �UMKPIVQKIT�XMIS� <PM�IOQ\I\QWV�_I[�LWVM�_Q\P�I���U[�ZMXM\Q\QWV�ZI\M
ZM[]T\QVO�QV�[QLMJIVL[�

��!



!���5MI[]ZMUMV\[ +PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ

\PIV�I��QV�TMVO\P� IVL�Q[�\P][�\PMV�VW\�ZMITTa�QVÆ]MVKQVO�\PM�KWV[QLMZI\QWV[�NWZ�I�XMZQWLQK�UW\QWV
[M\]X�

<PMZM� Q[� IT[W� \PM� KWV[QLMZI\QWV� WN �_PM\PMZ� I� KPIVOM� QV� \PM� LQ[XTIKMUMV\� Q[� XMZNMK\Ta� TQVMIZ� QV
\PM�IXXTQML�ÅMTL� [\ZMVO\P� _PQKP�Q[�WN �KW]Z[M�VW\�\PM�KI[M� 7VM� \ITS[�IJW]\�;\ZWSM�^[� -TMK\ZQK
.QMTL�;\ZMVO\P�VWVTQVMIZQ\a�C6WTE� <PQ[�_W]TL�KPIVOM�\PM�\ZIV[L]K\QWV�[QOVIT�\W�QVKT]LM�I�VWV�
TQVMIZQ\a�QV�\PM�IUXTQ\]LM�WN �\PM�LZQ^M Ad� *MKI][M�\PM�8B< QV�\PM�ZMNMZMVKM�IZU�Q[�KWV\ZWTTML
_Q\P�I� TWKS�J]QT\�][QVO�IV�WXMZI\QWVIT�IUXTQÅMZ�_Q\P�I ± ���> W]\X]\� IVL� \PM�KITQJZI\QWV�[QO�
VIT�Q[�OMVMZI\ML�][QVO�I����>pp [QV][WQLIT�[QOVIT� \PQ[�Q[�TM[�\PIV�����WN �\PM�UI`QU]U�LZQ^QVO
^WT\IOM�WN �\PM�[XMKQÅK�8B<��IVL�Q\�Q[�\PMV�I�NIQZ�IXXZW`QUI\QWV�\W�I[[]UM�\PM�ZM[XWV[M�\W�JM�TQV�
MIZ�

!��� 5MI[]ZMUMV\[

1V�\PQ[�[MK\QWV�M`IUXTM[�WN �UMI[]ZMUMV\[�_QTT�JM�LM[KZQJML�IVL�\PM�XMZNWZUIVKM�WN �\PM�QV\MZNMZWU�
M\MZ�_QTT�JM�M^IT]I\ML�

!����� -`IUXTM[�WN �UMI[]ZMUMV\[

1V ÅO� !��� I�\M[\� [a[\MU�NWZ� \PM�^MZQÅKI\QWV�WN � \PM� QV\MZNMZWUM\MZ�XMZNWZUIVKM� Q[� [PW_V� 1\� Q[
I���UU × �UU�IVL����VU�\PQKS�[\WQKPQWUM\ZQK�;Q6 UMUJZIVM� [MTMK\Q^MTa�KWI\ML�_Q\P�I����
VU� \PQKS� IT]UQVQ]U� TIaMZ� [W� \PI\� WVTa� ;Q6 Q[� QV� \PM� KMV\MZ� ) \PWZW]OP�UMI[]ZMUMV\�WN �\PM
XW_MZ�QV�\PM�N]VLIUMV\IT�^QJZI\QWVIT�UWLM�_Q\P�I νm ≈ ����S0b�_I[�XMZNWZUML�W^MZ�I�LMV[M
OZQL�

) KITQJZI\QWV�XMIS�I\�����S0b�_I[�QV\ZWL]KML�\PZW]OP�I�XPI[M�UWL]TI\QWV�I[�LM[KZQJML�QV [MK� !��
IVL�\PM�UMI[]ZML�[XMK\ZIT�LMV[Q\a�XW_MZ�QV�\PM�KITQJZI\QWV�XMIS� KIV�\PMV�JM�KWUXIZML�\W�\PM�\PMZ�
UIT�VWQ[M�XMIS� 1V�\PQ[�KI[M�\PM�N]VLIUMV\IT�^QJZI\QWVIT�UWLM�_I[�IOQ\I\ML�][QVO�IV�M`\MZVIT�XQMbW
KZa[\IT�LZQ^MV�_Q\P�I�NZMY]MVKa�[_MMX�IZW]VL�\PM�UWLM� IVL�\P][�Q\�_I[�VW\�TQUQ\ML�\W�JZW_VQIV
UW\QWV� 1V ÅO� !��� \PM�M`IUXTM�UMI[]ZMUMV\�NWZ�\PQ[�[a[\MU�Q[�[PW_V� _Q\P ÅO� !��� ZMXZM[MV\QVO
\PM�ZM[]T\QVO�^QJZI\QWVIT�XZWÅTM� 1V\MZM[\QVOTa�\PM�KMV\MZ�XWQV\�[PW_[�I�LQX�JW\P�QV�\PM�UMKPIVQKIT
XMIS�XW_MZ�QV ÅO� !���I LQZMK\Ta�IVL�QV�\PM�KITQJZI\QWV�XMIS�XW_MZ�QV ÅO� !���J� J]\�QV�\PM�ZI\QW
WN �\PM[M�\_W�QV ÅO� !���K Q\�Q[�VW\�^Q[QJTM�

-`IUXTM�UMI[]ZMUMV\[�WN �\PZMM�TW_M[\�MVMZOa�UWLM[�WN �IV�IT]UQV]U�KWI\ML�UMUJZIVM�[]KP�I[
[PW_V�QV ÅO� !��� IZM�[PW_V�QV ÅO� !����

!����� +ITQJZI\ML�UMI[]ZMUMV\[

=[QVO�\PM�UM\PWL[�LM[KZQJML�IJW^M�Q\�_I[�XW[[QJTM�\W�UIX�W]\�\PM�LQNNMZMV\�UMKPIVQKIT�UWLM[�WN
\PM�[IUXTM�[a[\MU[� <PM�VM`\�[\MX�Q[�\PMV�\W�KZMI\M�I�KITQJZI\ML�LQ[XTIKMUMV\�UIX�WN �\PM�UMUJZIVM
UW\QWV� )V�M`IUXTM�WN �[]KP�I�KITQJZI\ML�UMI[]ZMUMV\�Q[�[PW_V�QV ÅO� !�� � <PM�N]TT�UMUJZIVM�Q[
[KIVVML�_Q\P�I���50b�[IUXTM�ZI\M�IVL�\PM�XW_MZ�QV�\PM�XMIS�Q[�M[\IJTQ[PML�

<PM�LQ[XTIKMUMV\�_I[�LM\MZUQVML�][QVO MYV� �!�����

|δx| =
∣∣∣∣
VLQNN

V..

∣∣∣∣
λ

2π
�!�����

���
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�I� -`IUXTM� UQKZW[KWXM� XQK\]ZM� WN � ;Q6 UMU�
JZIVM�KWI\ML�_Q\P�IT]UQVQ]U�

�J� ;-5 XQK\]ZM�WN �I�[QUQTIZTa�IT]UQV]U�KWI\ML
;Q6 UMUJZIVM�

.QO]ZM !����" <_W�QV\MZNMZWUM\MZ�M`IUXTM�[a[\MU�

�I� 5MKPIVQKIT�XMIS�XW_MZ� �J� +ITQJZI\QWV�XMIS�XW_MZ�

�K� ,Q[XTIKMUMV\� ÅMTL� OQ^MV� I[� \PM� ZI\QW� WN � \PM
XW_MZ�QV�\PM�UMKPIVQKIT�XMIS�^[� \PM�KITQJZI�
\QWV�XMIS�

.QO]ZM !����" -`IUXTM� QV\MZNMZWUM\MZ�UMI[]ZMUMV\� <PM�UIQV�[PIXM�WN � \PM�N]VLIUMV\IT�ZM[W�
VIVKM�Q[�^Q[QJTM� <PM�JTIKS�XWQV\[�QVLQKI\M�UMI[]ZMUMV\�XW[Q\QWV[� _PQTM�\PM�\ZQIVO]�
TIZ�[PIXM�Q[�L]M�\W�\PM�KPW[MV�QV\MZXWTI\QWV�ITOWZQ\PU� IVL�I[�[]KP�Q[�VW\�XPa[QKIT�

���
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�I� ����������S0b 5MKPIVQKIT�+ITQJZI\QWV �J� ����������S0b 5MKPIVQKIT�+ITQJZI\QWV

�K� �������� �S0b 5MKPIVQKIT�+ITQJZI\QWV

.QO]ZM !����" 1V\MZNMZWUM\MZ�UIXXQVO[�WN �\PM�IT]UMUJZIVM� <PM�JTIKS�XWQV\[�QVLQKI\M�UMI[]ZM�
UMV\�XW[Q\QWV[� _PQTM� \PM� \ZQIVO]TIZ�[PIXM� Q[�L]M�\W� \PM�KPW[MV� QV\MZXWTI\QWV�ITOW�
ZQ\PU� IVL�I[�[]KP�Q[�VW\�XPa[QKIT�

���
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_PMZM�\PM�N]TT�NZQVOM�UMI[]ZMUMV\�WN V.. _I[�LWVM�I\�IV�QVQ\QIT�ZMNMZMVKM�UMI[]ZMUMV\� 1\�Q[�\PMV
LMVW\ML V R

.. \W�UISM�\PQ[�KTMIZ� *MKI][M�WN �\PM�ILLML�KITQJZI\QWV�XMIS�I\�����S0b� Q\�Q[�XW[[QJTM
\W�ZMNMZ�[]J[MY]MV\�UMI[]ZMUMV\[�JIKS�\W�\PM�ZMNMZMVKM�UMI[]ZMUMV\[� 1N �\PM�^IZQIVKM�QV�^WT\IOM
QV�IV�QV\MZ^IT�IZW]VL�\PM�KITQJZI\QWV�XMIS�Q[�LMVW\ML 〈V 2

KIT〉 I\�I�UMI[]ZMUMV\�XWQV\�WV�\PM�[IU�
XTM�Q\�KIV�JM�ZMNMZZML�JIKS�\W�\PM�^IT]M�\PI\�_I[�QV�\PM�KITQJZI\QWV�XMIS�I\�\PM�ZMNMZMVKM�XW[Q\QWV�
〈(V R

KIT)
2〉 � <PMV�\PM�MNNMK\Q^M�N]TT�NZQVOM�UMI[]ZMUMV\�I\�I�UMI[]ZMUMV\�XWQV\�KIV�JM�LM\MZUQVML

Ja

V.. =

√
〈V 2

KIT〉
〈(V R

KIT)
2〉
V R
.. �!�����

_PMZM�\PM�[Y]IZMZWW\�KWUM[�NZWU�\PM�ZMTI\QWV�JM\_MMV�TQOP\�XW_MZ�IVL�^WT\IOM� MYV� �!����� KIV�JM

ZM_ZQ\\MV�QV�\MZU[�WN �\PM�^IZQI\QWV[�QV�LQ[XTIKMUMV\ |δx| =
√

〈x2〉 IVL VLQNN =
√

〈V 2
LQNN〉 Ja�ZMITQbQVO

\PI\�\PQ[�Q[�_PI\�_QTT�JM�LM\MZUQVML�QV�\PM�M`XMZQUMV\� 1V[MZ\QWV�WN VFF QV MYV� �!����� TMIL[�\W

√
〈x2〉 =

√
〈V 2

LQNN〉√
〈(V 2

KIT〉
〈(V R

KIT )
2〉V

R
..

λ

2π
=

√
〈V 2

LQNN〉

V R
..

√
〈(V R

KIT)
2〉

〈V 2
cal〉

λ

2π
�!�����

.WZ�\PM�UMI[]ZMUMV\[�XZM[MV\ML�QV ÅO� !�� \PM�ZMNMZMVKM�N]TT�NZQVOM�UMI[]ZMUMV\�_I[�LM\MZUQVML
I[ V R

FF ≈ 12.6 >� <PQ[�UMI[]ZMUMV\�_I[�LWVM�[QUXTa�Ja�[_MMXQVO�\PM�QV\MZNMZWUM\MZ� IVL�UMI�
[]ZQVO�I�\QUM\ZIKM�WN �I�[MKWVL�\W�LM\MZUQVM�\PM�XMIS�\W�XMIS�^WT\IOM� 1V�N]\]ZM�M`XMZQUMV\[�\PQ[
UMI[]ZMUMV\�_QTT�JM�ZMXMI\ML�I�KW]XTM�WN �\QUM[�QV�WZLMZ�\W�XZW^M�\PI\�\PM�^IT]M�LWM[�VW\�KPIVOM
I[�\PM�QV\MZNMZWUM\MZ� Q[� TWKSML�IVL�\PMV�[_MX\�IOIQV� )LLQ\QWVITTa�\PM�^IZQI\QWV�WN V R

FF [PW]TL
JM�UMI[]ZML�I[�I�LM^QI\QWV�WV�\PQ[�ZMNMZMVKM�UMI[]ZMUMV\�XZWXIOI\M�\W�\PM�LQ[XTIKMUMV\�IUXTQ�
\]LM[�

1\�Q[�VW\ML�PW_�\PM�LQ[XTIKMUMV\�UMI[]ZMUMV\�[PW_V�QV ÅO� !�� I [PW_�I�LMÅVQ\M�[PIXM�WN �\PM
������^QJZI\QWVIT�UWLM� IVL�IT[W�\PI\�\PM�NZIUM�IZW]VL�\PM�UMUJZIVM�Q[�[MMV�\W�JM�LQ[KMZVIJTM�
)[�\PM�NZIUM�Q[�[\I\QWVIZa�I\�\PQ[�NZMY]MVKa� \PQ[�Q[�M[[MV\QITTa�I�UMI[]ZMUMV\�WN �\PM�VWQ[M�ÆWWZ�NWZ
\PQ[�UMI[]ZMUMV\� IVL�Q\� Q[�LM\MZUQVML�\W�JM�WV�\PM�WZLMZ�WN �� XU�QV�\PQ[�UMI[]ZMUMV\� <PQ[
Q[� \PMV�\PM� TQUQ\�WN � \PM�LQ[XTIKMUMV\�\PI\� Q[�LM\MK\IJTM� <PM� ������UWLM� Q[�^MZa�^Q[QJTM�_Q\P� \PM
PQOPM[\�LQ[XTIKMUMV\�QV�\PM�KMV\MZ�WN �\PM�UWLM�I[�M`XMK\ML� J]\�I�TIZOM�^IZQI\QWV�QV�LQ[XTIKMUMV\
Q[� NW]VL�JM\_MMV�VMQOPJWZQVO�[IUXTM�XWQV\[�WV� \PM�UMUJZIVM� +WUXIZQVO�_Q\P� \PM�UMI[]ZM�
UMV\�WN �\PM�IT]UQVQ]U�KWI\ML�UMUJZIVM�[PW_V�QV ÅO� !���� \PM�UWLM�[PIXM�TWWS�U]KP�UWZM
VWQ[a� <PM�[XI\QIT�[IUXTQVO�LMV[Q\a�Q[�U]KP�PQOPMZ�NWZ�\PQ[�KITQJZI\ML�UMI[]ZMUMV\� <PM�[IUXTQVO
\QUM�WN ���[MKWVL[�XMZ�[XW\�_I[�\PM�[IUM�NWZ�JW\P�UMI[]ZMUMV\� [W�Q\�Q[�VW\�L]M�\W�I�LQNNMZMVKM�QV
\PQ[�

;M^MZIT� XW[[QJQTQ\QM[� IZM� VW_� I^IQTIJTM� NWZ� XZM[MV\QVO� \PM� KITQJZI\ML� LQ[XTIKMUMV\� IUXTQ\]LM� QV
ÅO� !�� I� ) [XI\QIT�I^MZIOM�WN �\PM�LI\I�OI\PMZML�UISM[�\PM�UMI[]ZML�UWLM�[PIXM�TWWS�UWZM
I[�M`XMK\ML� J]\�\PQ[�QV\ZWL]KM�\PM�^IZQIJTM�WN �PW_�UIVa�[IUXTQVO�XWQV\[�\W�I^MZIOM� IVL�\PQ[�PI[
VW\�JMMV�LWVM�PMZM� )T\MZVI\Q^MTa� Q\�KIV�JM�][ML�\PI\�\PM�UWLM�[PIXM�Q[�SVW_V�QV�IL^IVKM�NWZ
\PQ[�[XMKQÅK�������UWLM� 1VLMML�\PM�[IUXTM�_I[�KPIZIK\MZQbML�][QVO�\PM�>QJZWUM\MZ�ÅZ[\� [W�Q\�_I[
M[\IJTQ[PML�\PI\�Q\�_I[�UW^QVO�I[�M`XMK\ML� 1N �Q\�Q[�I[[]UML�\PI\�\PM�������Q[�UMI[]ZML�IVL�\PM�UWLM
N]VK\QWV�\PMV�NWTTW_�\PM�[\IVLIZL�NWZU�WN MYV� ��������� Q\�Q[�MI[a�\W�Å\�\PM�UMI[]ZML�LI\I�_Q\P�\PQ[
UWLM�[PIXM� ) Å\�_Q\P�\PQ[�UWLM�[PIXM�Q[�[PW_V�QV ÅO� !�� J _PMZM�\PM�LQ[XTIKMUMV\�Q[�[]J\ZIK\ML
\PM�LQ[XTIKMUMV\�WN �\PM�[\I\QWVIZa�NZIUM� <PM�UI`QU]U�LQ[XTIKMUMV\�NWZ�\PQ[�Å\\ML�UWLM�[PIXM

���



!���5MI[]ZMUMV\[ +PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ

�I� 5MI[]ZML�LQ[XTIKMUMV\�IUXTQ\]LM� �J� :MVWZUITQbML�Å\� _Q\P�\PM�NZIUM�VWZUITQbML�\W δx =
0

.QO]ZM !�� �" +ITQJZI\ML�[XI\QIT�UIX�WN �\PM� ������UWLM�NWZ�;Q6 UMUJZIVM�IVL�\PM�Å\�WN �\PM�^Q�
JZI\QWVIT�UWLM�_Q\P�I��, [QVM�N]VK\QWV� -IKP�XQ`MT�KWZZM[XWVL[�\W�I�UMI[]ZMUMV\
XW[Q\QWV� 1\�Q[�VW\ML�PW_�\PM�NZIUM�Q[�^Q[QJTM�I\�\PM�[QLM[�

Q[�\PMV�NW]VL�\W�JM� �� XU� _PQKP�Å\[�^MZa�_MTT�_Q\P�\PM�^IT]M[�UMI[]ZML�QV�\PM�>QJZWUM\MZ�NWZ�\PM
[IUM�UMUJZIVM� 1\�PI[�\PMV�JMMV�M[\IJTQ[PML�\PI\�QV\MZNMZWUM\MZ�KITQJZI\QWV�[KPMUM�_WZS[�IVL
KIV�JM�][ML�NWZ�KPIZIK\MZQbQVO�UWZM�QV\MZM[\QVO�[a[\MU[�

.WZ�I�OMVMZIT�[\Z]K\]ZM�_PMZM�\PM�UWLM�[PIXM�KIVVW\�JM�\ISMV�\W�JM�SVW_V�QV�IL^IVKM� I�[XI�
\QIT�I^MZIOM�Q[�\PW]OP\�\W�JM�I�JM\\MZ�UM\PWL� ?PI\�Q[�M[[MV\QITTa�LWVM�Ja�[XI\QITTa�I^MZIOQVO�Q[
\W�UMI[]ZM� TWVOMZ�I\� \PM�[IUM�IZMI�WN � \PM�UMUJZIVM� IVL� QV� \PQ[�_Ia� \PM�KPIVOM� QV�UW\QWVIT
IUXTQ\]LM�W^MZ� TWVO� \QUM[KITM[�IZM� \ISMV� QV\W�IKKW]V\� <PQ[� Q[�UWZM�XZIK\QKIT� \PIV�UMI[]ZQVO
NWZ� I� TWVOMZ� \QUM� I\� M^MZa� XWQV\� I[� [TW_�LZQN\[� WN � \PM� [a[\MU�_W]TL� \PMV� [\IZ\� \W� INNMK\� \PM� ZM�
[]T\[�

!����� ;QOVIT

1V�\PQ[�[MK\QWV�\PM�[\MX[�VMKM[[IZa�\W�KWV[QLMZ�OWQVO�NZWU�\PM�UW\QWV�WN �\PM�UMUJZIVM�\W�I�UMI�
[]ZMUMV\�WN �\PM�LQ[XTIKMUMV\�Q[�LQ[K][[ML� 1\�[\IZ\[�W]\�NZWU�\PM�UW\QWV�WN �\PM�UMUJZIVM�\PI\�Q[
LZQ^MV�Ja�\PMZUIT�VWQ[M�IVL�TQOP\�VWQ[M�XW_MZ�WV�\PM�UMUJZIVM� 1N �\PM�LQ[XTIKMUMV\�NZWU�MY]QTQJ�
ZQ]U x0 Q[�LM[KZQJML�I[ x� \PM�[XMK\ZIT�LMV[Q\a�NWZ�\PM�UMUJZIVM�UW\QWV�Q[�LMVW\ML�I[ Sxx(ω)�
<PQ[� Q[� QV\ZWL]KML� QV [MK� +��� J]\� NWZ�VW_� Q\� Q[� R][\� [\I\ML� I[� \PM�.W]ZQMZ� \ZIV[NWZU�WN � I� \_W
\QUM�I]\W�KWZZMTI\QWV�N]VK\QWV�WN �\PM�LQ[XTIKMUMV\� <PM�XW_MZ�[XMK\ZIT�LMV[Q\a�QV�LQ[XTIKMUMV\
Q[

Sxx(ω) =

∫ ∞

−∞
〈x(t)x(t+ τ)〉e−iωτdτ �!�����

)[�PI^M�JMMV�[\I\ML�JMNWZM�JIKS�QV KPIX� � QV [MK� ����� \PM�:5; LQ[XTIKMUMV\�WN �I�\aXQKIT�[a[\MU
KIV�JM�ZMTI\ML�\W�\PM�MNNMK\Q^M�UMKPIVQKIT�UI[[� IVL�\PM�\PMZUIT�MVMZOa�WN �\PM�PMI\�JI\P�Q\�Q[�KWV�

���
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VMK\ML�\W� .ZWU�\PQ[�\PM�\aXQKIT�UW\QWV�Q[�ZMTI\ML�I[�C;I]T[WV!��3QXXMVJMZO��E

x2rms =
kBT

mω2
m

=

∫
Sxx(x)dx �!�����

.WZ�I�[a[\MU�[]KP�I[�IV�IT]UQV]U�KWI\ML�UMUJZIVM�\PM�MNNMK\Q^M�UI[[�KIV�JM�KITK]TI\ML� <PM
[a[\MU�PI^M�LQUMV[QWV[��× ��UU�IVL�I�\PQKSVM[[�WN ����VU�;Q6 _PQKP�Q[�\PMV�KWI\ML�_Q\P�����VU
WN �IT]UQV]U� <PM�UW\QWVIT�UI[[�Q[�\PMV

1

4
(ρSiN × 50 VU× 1 UU× 1 UU+ ρAlu × 200 ]U× 1 UU× 1 UU) ≈ 156 VO �!�����

)[�[\I\ML�QV [MK� !���� []KP�I�[a[\MU�PI[�I�N]VLIUMV\IT�NZMY]MVKa�WN �IJW]\�����S0b�IVL�NZWU�\PQ[
\PM�:5; LQ[XTIKMUMV\�Q[�NW]VL�\W�JM

√
〈x2〉 ≈ 3.0 XU �!�����

6W_�\PQ[�LQ[XTIKMUMV\�KIV�JM�LM\MK\ML�QV\MZNMZWUM\MTa�Ja�\PM�KPIVOM�QV�XPI[M�WN �\PM�XZWJM�TQOP\
\PI\�I�LQ[XTIKMUMV\�_W]TL� QV\ZWL]KM� <PM�ZMTI\QWV�JM\_MMV� \PM�LQ[XTIKMUMV\ x IVL� \PM�XPI[M
KPIVOM φ Q[�R][\

∂φ

∂x
=

2π

2λ
�!��� �

_PMZM λ Q[�\PM�_I^MTMVO\P�WN �\PM�XZWJM�TQOP\� <PQ[�KIV�JM�]VLMZ[\WWL�I[�\PM�\ZIV[L]K\QWV�N]VK\QWV
KWV^MZ\QVO�NZWU�\PM�LQ[XTIKMUMV\�[XMK\ZIT�LMV[Q\a�\W�\PM�XPI[M�[XMK\ZIT�LMV[Q\a�I[

Sxx(ω) → Sφφ(ω) �!���!�

1\�Q[�K][\WUIZa�\W�_ZQ\M�\PQ[�]X�I[�I�TQVMIZ�\ZIV[NWZUI\QWV G(ω) [W�\PI\ Sφφ(ω) = |Gxφ(ω)|2Sφφ

I[�VW\ML�QV�C?QT[WV��E�IVL [MK� +���

?Q\P�\PM�LQ[XTIKMUMV\�QVNWZUI\QWV�\ZIV[NMZZML�QV\W�XPI[M�QVNWZUI\QWV�Q\�Q[�XW[[QJTM�\W�LM\MK\�\PQ[
LQNNMZMVKM� <PZW]OP�\PM�QV\MZNMZMVKM�JM\_MMV�\PM�XZWJM�IVL�\PM�ZMNMZMVKM�IZU�WN �\PM�QV\MZNMZWUM\MZ
\PM�XPI[M�QVNWZUI\QWV�Q[�\ZIV[NMZZML�QV\W�I�KPIVOM�QV�XPW\WK]ZZMV\� ∆I � <PQ[�KIV�JM�_ZQ\\MV�I[

Sφφ(ω) → S∆I∆I(ω) �!������

_Q\P S∆I∆I(ω) JMQVO�\PM�XPW\WK]ZZMV\�[XMK\ZIT�LMV[Q\a�NWZ�\PM�LM\MK\WZ� <PM�\ZIV[NMZ�N]VK\QWV�NWZ
\PQ[�_QTT�JM�LMXMVLMV\�WV�\PM�QV\MZNMZMVKM�KWV\ZI[\�IVL�\PM�JITIVKQVO�WN �\PM�QV\MZNMZWUM\MZ�I[�_MTT�I[
\PM�ZM[XWV[Q^Q\a�WN �\PM�KPW[MV�LM\MK\WZ� ?PQTM�\PM�QV\MZNMZMVKM�KWV\ZI[\�KIV�JM�UILM�ITUW[\�XMZNMK\�
\PM�KPWQKM�WN �\PM�ZMNMZMVKM�XW_MZ�Q[�I�UWZM�\ZQKSa�Y]M[\QWV� ;MM [MK� !�����

1V�WZLMZ�\W�UMI[]ZM�\PM�OMVMZI\ML�[QOVIT�\PM�QVL]KML�XPW\WK]ZZMV\�Q[�\ZIV[NMZZML�QV\W�I�^WT\IOM

S∆I∆I(ω) → SV V (ω) �!������

IVL�\PQ[�\ZIV[NMZ�Q[�OWQVO�\W�JM�LMXMVLMV\�WV�\PM�Y]IV\]U�MNÅKQMVKa�WN �\PM�LM\MK\WZ� η� I[�_MTT�I[
\PM�OIQV�IVL�VWQ[M�XZWÅTM�WN �\PM�LM\MK\WZ� SV V (ω) Q[�\PMV�\PM�[XMK\ZIT�^WT\IOM�LMV[Q\a� <PM�KPIQV
WN �LM\MK\QWV�Q[�\PMV

Sxx(ω) → Sφφ(ω) → S∆I∆I(ω) → SV V (ω) �!������

���
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1\�Q[�KTMIZ�NZWU�\PQ[�KPIQV�WN �\ZIV[NWZUI\QWV[�\PI\�I�TW\�WN �KITQJZI\QWV�Q[�VMKM[[IZa�QV�WZLMZ�\W�M[\IJTQ[P
ITT�\PM�\ZIV[NMZ�N]VK\QWV[�\W�N]TTa�]VLMZ[\IVL�\PM�XZWKM[[M[� IVL�QV MYV� �!������ \PM�KPIQV�Q[�WVTa�_ZQ\�
\MV�]X�NWZ�\PM�[\MX[�NZWU�LQ[XTIKMUMV\�\W�\PM�^WT\IOM�LMV[Q\a�WV�WVM�LM\MK\WZ�

1V�\PM�M`XMZQUMV\�\PM�^WT\IOM�[QOVIT�Q[�IK\]ITTa�[\MUUQVO�NZWU�\_W�LM\MK\WZ[�MIKP�UMI[]ZQVO�I�XIZ\
WN �\PM�[QOVIT�IVL�\PMV�NML�\W�I�LQNNMZMVKM�IUXTQÅMZ� N]Z\PMZ�QVKZMI[QVO�\PM�V]UJMZ�WN �[\MX[�\PI\�VMML
\W�JM�KPIZIK\MZQbML� )LLQ\QWVITTa�\PM�ZM[XWV[M�WN �\PM�UMI[]ZMUMV\�MY]QXUMV\� M�O� IV�W[KQTTW[KWXM
[PW]TL�IT[W�JM�QVKT]LML� 1V�\PM�M`XMZQUMV\�\PM�KITQJZI\QWV�_I[�LWVM�QV�I�UWZM�IL�PWK�NI[PQWV�I[
LM[KZQJML�QV [MK� !���

?PI\�Q[�UMI[]ZML�QV�\PM�M`XMZQUMV\�Q[�\PM�^IZQIVKM�WN �\PM�^WT\IOM�QV�I�[IUXTML�\QUM� <PQ[�Q[�\ZIV[�
NWZUML�\W� NZMY]MVKa�[XIKM�IVL� QV\W� \PM�]VQ\[�WN �>2�0b� <PM�^IZQIVKM�WN �\PM�^WT\IOM�[Y]IZML
QV� I� NZMY]MVKa�_QVLW_� IZW]VL� \PM� ZM[WVIVKM� NZMY]MVKa� Q[� \PMV� NW]VL 〈V 2〉 =

∫
S>>(ω)

dω
2π �

<PQ[�Q[�_PI\�Q[�LM\MZUQVML�Ja�QV\MOZI\QVO�\PM�NZMY]MVKa�LWUIQV�[XMK\Z]U�IZW]VL�\PM�ZM[WVIVKM
XMIS�

-TMK\ZWVQK�LM\MK\WZ�VWQ[M

<PM�VWQ[M�L]M�\W�\PM�LQ[XTIKMUMV\�WN �\PM�[IUXTM�Q[�\PMV�JM�KWUXIZML�_Q\P�\PM�M`XMK\ML�VWQ[M�NZWU
\PM�LM\MK\WZ�MTMK\ZWVQK[�IVL�\PM�[PW\�VWQ[M�WN �\PM�XZWJM�TQOP\� <PM�K]ZZMV\�[XMK\ZIT�LMV[Q\a�L]M�\W
MTMK\ZWVQK�VWQ[M�KIV�JM�LMVW\ML Snoise

II (ω)�

.WZ�XPW\WLM\MK\WZ[�I�KWUUWVTa�LMVW\ML�UM\ZQK� NWZ� \PM�MTMK\ZWVQK�VWQ[M� TM^MT� Q[�KITTML�\PM�VWQ[M
MY]Q^ITMV\�XW_MZ� 6-8��<PM�LM\MK\WZ[�][ML�QV�\PM�QV\MZNMZWUM\MZ�[M\]X�IZM���[\IVLIZL�<PWZTIJ[
8,)��)�-+��_PQKP�PI^M�I�VWUQVI\ML�6-8 :IVOM��?2�0b��WN �.�× ��−�� · �.�× ��−�� LM�
XMVLQVO�WV�\PM�OIQV� .WZ�\PM�[XMKQÅK�OIQV�[M\\QVO�WN ���L* ][ML�\W�OM\�I������50b�JIVL_QL\P� \PM
VWQ[M� Q[�ZI\ML�\W�PI^M�I�� � µ> :5;��IVL�\PM�6-8 \W�JM �.!�× ��−�� ?�

√
0b I\� \PM� \M[\ML

_I^MTMVO\P�WN �!���VU� <PM�ZM[XWV[Q^Q\a�Q[�ZI\ML�I[ R = �����)�? NWZ������VU� <PM�ZM[XWV[Q^Q\a
KIV�IT[W�JM�_ZQ\\MV�I[�C0WJJ[�!E

R =
ηe

h̄ω
�!������

_Q\P e JMQVO�\PM�MTMUMV\IZa�KPIZOM� IVL η [XMKQNaQVO�\PM�Y]IV\]U�MNÅKQMVKa� .ZWU�\PQ[�\PM�Y]IV\]U
MNÅKQMVKa�KIV�JM�NW]VL�I[ η = Rhc

e ≈ 0.4 I\ �����VU� <PM�6-8 Q[�MY]IT� \W�\PM�VWQ[M�[XMK\ZIT
LMV[Q\a�C:QKPIZL[!�E� _PQKP�Q[�\PM�XW_MZ�[XMK\ZIT�LMV[Q\a�WN �\PM�MTMK\ZWVQK�VWQ[M� LQ^QLML�Ja�\PM
ZM[XWV[Q^Q\a� 6-8 % SV V (ω)/R�

6-8 =

√
SV V (ω,∆ω)

R
�!������

QV�?�
√
0b� <PM�6-8 Q[�JI[QKITTa�\PM�[QOVIT�XW_MZ�ZMY]QZML�\W�WJ\IQV�I�[QOVIT�\W�VWQ[M�ZI\QW�WN ��

QV�I���0b�JIVL_QL\P� <PM �.!�× ��−�� ?�
√
0b ZI\QVO�Q[�\PMV�WX\QKIT�XW_MZ�VMMLML�\W�WJ\IQV

I�;6: WN ��� QV�I���0b�JIVL_QL\P� )VW\PMZ�_Ia�WN �IXXZWIKPQVO� Q\� Q[� \W�[Ia� \PI\ �.!�× ��−��

?�
√
0b Q[� \PM�WX\QKIT�XW_MZ�WV� \PM�LM\MK\WZ� I\�_PQKP� \PM� TQOP\�VWQ[M� IVL�MTMK\ZWVQK�VWQ[M� IZM

MY]IT�

)VW\PMZ� _Ia� \W� [MM� Q\� Q[� \PI\� \PM� WX\QKIT� XW_MZ� VMMLML� \W�UMI[]ZM� TQOP\� [PW\� VWQ[M� _W]TL� JM

6-82

ηωh̄
≈ 15 U? �!������

���
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_PQKP� Q[� ZI\PMZ�I�PQOP�XW_MZ� <PM�LM\MK\WZ[� [I\]ZI\M�_Q\P�IV�WX\QKIT�XW_MZ�IZW]VL��� U? [W
\PQ[�OQ^M[�I�VQKM�XW_MZ�QV\MZ^IT�_PMZM�Q\�Q[�XW[[QJTM�\W�UMI[]ZM�TQOP\�VWQ[M� 1V�\PM�M`XMZQUMV\�Q\�Q[
]VNWZ\]VI\MTa�VW\�I�OWWL�QLMI�\W�PI^M�I�[\ZWVO�XW_MZ�QV�\PM�XZWJM�IZU� I[�I�TIZOM�XW_MZ�_QTT�PMI\
\PM�[IUXTM� <PM�TI[MZ�Q[�KPW[MV�\W�JM����� VU�_I^MTMVO\P�_PQKP�UISM[�\PM�IJWZX\QWV�[UITTMZ�\PIV
Q\�_W]TL�JM�NWZ�I�[PWZ\MZ�_I^MTMVO\P� J]\�I[�\PMZM�[\QTT�Q[�IV�MNNMK\�Q\�_PQKP�KIV�JM�UMI[]ZML�I[�I
NZMY]MVKa�KPIVOM�WV�\PM�WZLMZ�WN �����0b�NWZ�M�O� I�����S0b�ZM[WVIVKM�NZMY]MVKa� <PM�KPIVOM
Q[�^MZa�[UITT��TM[[�\PIV�I�XZWUQTTM�� J]\�LM\MK\IJTM� ;QVKM�\PM�NZMY]MVKa�KPIVOM�Q[�M`XTIQVML�_Q\P
TWKIT�PMI\QVO�KPIVOQVO�\PM�MNNMK\Q^M�[XZQVO�KWV[\IV\� Q\�Q[�]VLM[QZIJTM�\W�UMI[]ZM�_Q\P�[\ZWVO�XZWJM
XW_MZ� <P][�\PM�XW_MZ�Q[�ILR][\ML�[W�\PI\�\PM�\W\IT�XW_MZ�WV�LM\MK\WZ[�IZM�KTW[M�\W�[I\]ZI\QWV�XW_MZ�
IVL�\PQ[�Q[�IKPQM^ML�Ja�PI^QVO�I�TIZOM�XW_MZ�QV�\PM�ZMNMZMVKM�IZU� <PQ[�\]ZV[�W]\�\W�[\QTT�QVKZMI[M
\PM�[QOVIT�NZWU�\PM�UMUJZIVM�QV�I�[KPMUM�LM[KZQJML�I[ PWUWLaVM�LM\MK\QWV� 1\�Q[�LM[KZQJML�JMTW_�QV
[MK� !���� _Pa�\PQ[�_WZS[�

<PM�VM`\�Y]M[\QWV�Q[�\PMV�_PI\�Q[�UMI[]ZML� IVL�_Q\P�_PI\�[MV[Q\Q^Q\a� -^MV�\PW]OP�\PM�WX\QKIT
XW_MZ�WV�\PM�LM\MK\WZ�Q[�UWZM�XW_MZN]T�\PIV�\PM�LMVW\ML�6-8 Q\�[\QTT�VMML[�\W�JM�QV^M[\QOI\ML�PW_
U]KP�[QOVIT�KWUM[�NZWU�\PM�TQOP\� <PQ[�Q[�[PW_V�JMTW_�QV [MK� !�����

1V�\PM�M`XMZQUMV\�\PM�MTMK\ZWVQK�VWQ[M�XW_MZ�QV�\PM�QV\MZM[\QVO�NZMY]MVKa�ZIVOM�Q[�M[\IJTQ[PML�QV�I
[QUXTMZ�NI[PQWV� <PM�VWQ[M�TM^MT�QV�\PM�QV\MZM[\QVO�NZMY]MVKa�ZIVOM�Q[�ÅZ[\�UMI[]ZML�_Q\P�VW�QTT]UQ�
VI\QWV� <PM�QV\MZM[\QVO�NZMY]MVKa�ZIVOM�_QTT�JM�QV�[WUM�NZMY]MVKa�ZIVOM�IZW]VL�_PMZM�\PM�[QOVIT
\W�JM�UMI[]ZML�Q[�M`XMK\ML� 1N �\PM�LM\MK\WZ�Q[�QTT]UQVI\ML�\PM�UMI[]ZML�VWQ[M�_QTT�QVKZMI[M�LMXMVL�
QVO�WV�\PM�NZMY]MVKa�ZIVOM� IVL�\PM�XZWXMZ\QM[�WN �\PM�LM\MK\WZ� 1N �\PM�VWQ[M�TM^MT�QV�\PM�QV\MZM[\QVO
NZMY]MVKa�Q[�QVKZMI[QVO�_Q\P�TQOP\�XW_MZ�Q\�KIV�JM�KTIQUML�\W�JM�TQUQ\ML�Ja�\PM�TQOP\�VWQ[M� <P][�I[
TWVO�I[�\PM�TQOP\�XW_MZ�Q[�U]KP�PQOPMZ�\PIV�\PM�VWQ[M�TM^MT�_PMZM�\PM�TQOP\�XW_MZ�Q[�\PM�[IUM�I[�\PM
LIZS�VWQ[M�TM^MT�\PM�UMI[]ZMUMV\�KIV�JM�[IQL�\W�JM�TQUQ\ML�Ja�[PW\�VWQ[M� ;MM [MK� !����� 1N �\PM�TQOP\
Q[�UWL]TI\ML�QV�XW_MZ�_Q\P�I�NZMY]MVKa νmod \PI\�Q[�QV�\PM�QV\MZM[\QVO�NZMY]MVKa�ZIVOM� I�XMIS�_QTT
IXXMIZ�QV�\PM�UMI[]ZML�NZMY]MVKa�ZIVOM� IVL�JM�UMI[]ZIJTM�

4QOP\�VWQ[M

.WZ�[]KP�I�JITIVKML�PWUWLaVM�LM\MK\QWV�[KPMUM�\PM�TQOP\�Q[�[XTQ\�WV�I�XMZNMK\�JMIU�[XTQ\\MZ�IVL�\_W
XPW\WLQWLM[�IZM�][ML�\W�UMI[]ZM�\PM�XPW\WK]ZZMV\[�IVL�I�LQNNMZMVKM�[QOVIT�Q[�OMVMZI\ML�MTMK\ZWVQ�
KITTa�NZWU�\PM[M� 1N �\PM�XZWJM�IZU�Q[�JTWKSML�\PM�LQNNMZMVKM�XPW\WK]ZZMV\�Q[�I�UMI[]ZM�WN �\PM�TQOP\
VWQ[M�TM^MT�WN �\PM�ZMNMZMVKM�IZU� C0WJJ[�!� *IKPWZ��� ;I]T[WV!�E� <P][�\PM�JITIVKML�LM\MK\QWV
[KPMUM�UISM[�\PM�LM\MK\QWV�WN �\PM�TQOP\�VWQ[M�TQUQ\�KWUXIZML�\W�\PM�IK\]IT�VWQ[M�MI[a� <PM�[]U�WN
\PM�\_W�XPW\WK]ZZMV\[�NZWU�\PM�LM\MK\WZ[�PI^M�\PM�[IUM�VWQ[M�I[�M�O� \PM�ZMNMZMVKM�IZU�LQZMK\Ta�WV
I�LM\MK\WZ�

) UMI[]ZMUMV\[�WN � \PQ[� Q[� [PW_V�QV ÅO� !��! ][QVO� \PM�WX\QKIT� XW_MZ� [M\\QVO[�][ML� NWZ� \PM� M`�
XMZQUMV\[� <PM�QV\MZNMZMVKM�NZWU�\PM�QV\MZNMZWUM\MZ�Q[�UMI[]ZML�_Q\P�\PM�TWKSQVO�KQZK]Q\�IK\Q^MTa
SMMXQVO�\PM ∆L = λ/8� ) KITQJZI\QWV�[QOVIT�Q[�ILLML�\W�\PM�ZMNMZMVKM�IZU�_Q\P�I�NZMY]MVKa�WN
����S0b� IVL�\PM�UMI[]ZML�XMIS�Q[�WJ^QW][�QV�\PM�ÅO]ZM�QV�\PM�JT]M�\ZIKM� <PM�JT]M�\ZIKM�Q[�I
UMI[]ZM�WN �\PM�VWQ[M�QV�_Q\P�\PM�QV\MZNMZWUM\MZ�TWKSML�QV�\PM�VWZUIT�WXMZI\QWV�[\I\M� <PM�aMTTW_
\ZIKM�LMVW\M�\PM�[IUM�_Q\P�\PM�XZWJM�IZU�JTWKSML� [PW_QVO�\PM�KWV\ZQJ]\QWV�L]M�\W�\PM�XZWJM�IZU�
<PM�X]ZXTM�\ZIKM�[PW_[�\PM�VWQ[M�_PMV�VW�TQOP\�Q[�QUXMVLQVO�WV�\PM�XPW\WLQWLM[� <PM�VWQ[M�L]M�\W
TQOP\�VWQ[M�Q[�IXXIZMV\�I[�\PM�JT]M�IVL�aMTTW_�\ZIKM�IZM�IJW]\���L* PQOPMZ�QV�UMI[]ZML�XW_MZ�\PIV
\PM�KI[M�_Q\P�VW�TQOP\� <PQ[�Q[�^MZQÅML�]X�\W�IJW]\���50b�NWZ�\PQ[�KWVÅO]ZI\QWV�_Q\P�\PM�MTMK\ZWVQK
VWQ[M�NWTTW_QVO�\PM�[IUM�K]Z^M�I[�\PM�TQOP\�VWQ[M�NWZ�PQOPMZ�NZMY]MVKQM[� )[�VW�IXXIZMV\�LQNNMZMVKM
Q[�NW]VL�JM\_MMV�\PM�JT]M�IVL�\PM�aMTTW_�\ZIKM� \PM�[M\]X�_I[�\PMV�VW\�TQUQ\ML�Ja�TQOP\�VWQ[M�NWZ

���
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�I� 4QOP\�VWQ[M�UMI[]ZMUMV\�NZWU�����S0b�]X�\W
��50b

�J� 4QOP\� VWQ[M�UMI[]ZMUMV\� ]X� ���� S0b� \W� ��
50b

.QO]ZM !��!�" 8MZNWZUIVKM�WN �\PM�QV\MZNMZWUM\MZ� <PM�JT]M�\ZIKM�LMVW\M[�\PM�VWZUIT�Z]VVQVO�XMZ�
NWZUIVKM�_Q\P�\PM�XZWJM�IZU�PQ\\QVO�I�UQZZWZ� <PM�KITQJZI\QWV�XMIS�Q[�WJ^QW][� <PM
aMTTW_�Q[�_Q\P�\PM�XZWJM�IZU�JTWKSML�IVL�Q\�Q[�[MMV�PW_�\PM�KITQJZI\QWV�XMIS�Q[�OWVM
I[�VW_�QV\MZNMZMVKM�JM\_MMV�\PM�IZU[�IZM�ITTW_ML� <PM�VWQ[M� Q[� \PM�[IUM�I[�_Q\P
\PM�XZWJM�IZU�WXMV� QVLQKI\QVO�\PI\�I�TW\�TM[[�XW_MZ�Q[�QV�\PM�XZWJM�IZU�\PIV�QV�\PM
ZMNMZMVKM�UIV� ?Q\P�VW�TQOP\�PQ\\QVO�\PM�LM\MK\WZ[�\PM�X]ZXTM�\ZIKM�Q[�UMI[]ZML� 1\
Q[�UMI[]ZML�\PI\�I\�UW[\�\PM�QV\MZNMZWUM\MZ�KIV�LM\MK\�IJW]\���L* WN �TQOP\�VWQ[M�NWZ
NZMY]MVKQM[�TM[[�\PIV�� 50b�

PQOPMZ�\PIV���50b�

1V�WZLMZ�\W�UISM�I�KTIQU�IJW]\�JMQVO�[PW\�VWQ[M�TQUQ\ML� IV�QV^M[\QOI\QWV�WN �\PM�TQOP\�XW_MZ�LMXMV�
LMVKM�WV�\PM�[KITQVO�WN �\PM�UMI[]ZML�TQOP\�VWQ[M�Q[�VMMLML�C*IKPWZ��� 0WJJ[�!E� =VNWZ\]VI\MTa
[]KP�IV�QV^M[\QOI\QWV�PI[�VW\�JMMV�LWVM�UM\QK]TW][Ta� IVL�I[�[]KP�\PQ[�KIVVW\�JM�KTIQUML� .ZWU
\PM�VWQ[M�UMI[]ZMUMV\�QV ÅO� !��!I Q\�TWWS[�TQSM�\PMZM�Q[�[M^MZIT�XMIS[�QV�\PM�TQOP\�VWQ[M�KWUXIZML
_Q\P�\PM�X]ZXTM�MTMK\ZWVQK�VWQ[M� <PM�TI[MZ�][ML�NWZ�\PM�[M\]X�Q[�I�6L"A)/ TI[MZ�C1VVWTQOP\E�IVL�\PM
ZMTI`I\QWV�W[KQTTI\QWV�QV�\PM[M�TI[MZ[�PI^M�I�[\ZWVO�KWV\ZQJ]\QWV�WN �KTI[[QKIT�VWQ[M�I\�IZW]VL� ���S0b�
LMXMVLQVO�WV�\PM�QVRMK\QWV�K]ZZMV\� <PM�JITIVKML�LM\MK\QWV�WN �\PM�[M\]X�ZMUW^M[�I�TIZOM�XIZ\�WN �\PM
KTI[[QKIT�QVX]\�VWQ[M� J]\�UIaJM�_PI\�Q[�UMI[]ZML�PMZM�Q[�_PI\�Q[�VW\�ZMUW^ML� )[�UW[\�VWQ[M�[W]ZKM[
IZM�VW\�ÆI\�QV 1/ν Q\�[MMU[�TQSMTa�\PI\�I\�TMI[\�[WUM�WN �\PM�� L* WN �TQOP\�VWQ[M�[PW_V�QV ÅO� !��!I
Q[�L]M�\W�[PW\�VWQ[M� <PQ[�Q[�IT[W�JIKSML�Ja�\PI\�\PM�TQOP\�XW_MZ�_I[�PQOPMZ�\PIV�\PM��� U? \PI\
_I[�M[\QUI\ML�\W�JM�\PM�TQUQ\�NWZ�JMQVO�[PW\�VWQ[M�TQUQ\ML�QV MYV� �!������� 1V�WZLMZ�\W�UWZM�N]TTa
JM�IJTM�\W�]VLMZ[\IVL�\PM�[MV[Q\Q^Q\a�WN �\PM�QV[\Z]UMV\� Q\�Q[�VMML�\W�LM\MZUQVM�\PM�M`IK\�WZQOQV�WN
\PM�VWQ[M�ÆWWZ�QV�\PM�QV\MZM[\QVO�JIVL_QL\P� <PQ[�_QTT�JM�LWVM�NWZ�\PM�VM`\�OMVMZI\QWV�WN �JITIVKML
LM\MK\WZ� _PQKP�Q[�ITZMILa�QV[\ITTML�I\�\PM�\QUM�WN �\PQ[�_ZQ\QVO�

!��� 7X\QUQbI\QWV

) V]UJMZ�WN �\MKPVQY]M[�PI^M�JMMV�MUXTWaML�\W�QUXZW^M�\PM�[MV[Q\Q^Q\a�WN �\PM�QV[\Z]UMV\�IVL�\PM
ZM[Q[\IVKM�\W�VWQ[M�NZWU�^IZQW][�[W]ZKM[�

�� 
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!����� ?PQ\M�TQOP\�XW[Q\QWV

)V�WX\QUQbI\QWV�\MKPVQY]M�\PI\�PI[�JMMV�MUXTWaML�QV�\PM�[M\]X�Q[�\W�\Za�IVL�ÅVL�\PM�[W�KITTML _PQ\M
TQOP\�XW[Q\QWV� )[�_QTT�JM�[PW_V�\PM�QV\MZNMZWUM\MZ�Q[�U]KP�TM[[�[MV[Q\Q^M�\W�VWQ[M�QV�\PM�XPI[M�IVL
NZMY]MVKa�WN �\PM�QVX]\�TI[MZ�I\�\PQ[�XW[Q\QWV� IVL�\P][�Q\�Q[�_WZ\P�\PZQ^QVO�NWZ� )[�VW\ML�JMNWZM�\PM
W]\X]\�XW_MZ�NZWU�\PM�QV\MZNMZWUM\MZ�_QTT�JM

Pout = |Eout|2 = 2|trE0|2(1− KW[(2k∆l)) �!�����

_Q\P ∆l LMVW\QVO�\PM�XI\P�TMVO\P�LQNNMZMVKM�JM\_MMV�\PM�\_W�IZU[� <PM�KWVLQ\QWV�NWZ�\PM�_I^M�
TMVO\P�Æ]K\]I\QWV�Q[�[W]OP\�QV�\MZU[�WN �\PM�UMUJZIVM�UW\QWV�

*a�QLMV\QNaQVO�\PM�NZQVOM�XI\\MZV�I[�I�N]VK\QWV�WN �\PM�XI\P�TMVO\P�LQNNMZMVKM∆l NZWU�\PQ[�M`XZM[[QWV�
Q\�Q[�KTMIZ�\PI\�\PM�KWVLQ\QWV�NWZ�LM[\Z]K\Q^M�QV\MZNMZMVKM�IVL�\P][�I�LIZS�NZQVOM�Q[�\PI\�\PM�XI\P�TMVO\P
LQNNMZMVKM�Q[�IV�QV\MOMZ�U]T\QXTM�WN �\PM�_I^MTMVO\P�I[

∆l = nλn/2 �!�����

_PMZM n Q[�IV�QV\MOMZ� IVL λn LMVW\M[�\PM�_I^MTMVO\P�KWZZM[XWVLQVO�\W�\PM n\P�LIZS�NZQVOM� *a
LMÅVQVO�\PM n\P�_I^MTMVO\P λn = 1064 VU� Q\�Q[�XW[[QJTM�\W�ÅVL�\PM�_I^MTMVO\P�KWZZM[XWVLQVO
\W�\PM�ILRIKMV\�NZQVOM[� <P][�Q\�Q[�XW[[QJTM�\W�ÅVL�\PM�TI[MZ�_I^MTMVO\P�VWQ[M�\PI\�_W]TL�TMIL�\W�I
¹R]UXº�NZWU�WVM�LIZS�NZQVOM�\W�\PM�VM`\� <PQ[�VWQ[M�Q[�_PI\�Q[�[W]OP\�\W�JM�UQVQUQbML�\W�OW�\W�\PM
_PQ\M�TQOP\�XW[Q\QWV� <PM�LQNNMZMVKM�QV�_I^MTMVO\P�NWZ�\_W�NZQVOM[�Q[�LMVW\ML ∆λ = λn − λn−1� )
KPIVOM�QV�_I^MTMVO\P�L]M�\W�TI[MZ�Æ]K\]I\QWV[�Q[�LMVW\ML δλ IVL�KIV�JM�ZMY]QZML�\W�JM�U]KP�TM[[
\PIV

δλ $ ∆λ
δφ

2π
�!�����

_PMZM δφ Q[�\PM�XPI[M�Æ]K\]I\QWV[� IVL 2π KWUM[�NZWU�\PM�XPI[M�KPIVOM�NZWU�WVM�LIZS�NZQVOM�\W�\PM
VM`\� 1N �\PQ[�_I[�VW\�\Z]M� \PM�TI[MZ�_I^MTMVO\P�Æ]K\]I\QWV[�_W]TL�JM�JQOOMZ�\PIV�\PM�NZQVOM[�

<PM�XZQVKQXTM�Q[�QVLQK\I\ML�QV ÅO� !���� 4I[MZ�NZMY]MVKa�XPI[M�VWQ[M�Q[�[PW_V�I[�_I^M[�_Q\P�[TQOP\Ta
LQNNMZMV\�_I^MTMVO\P� )\�M`IK\Ta δl = 0 ITT�LQNNMZMV\�_I^MTMVO\P[�W^MZTIX�XMZNMK\Ta�I\�\PM�JZQOP\
NZQVOM�QVLQKI\ML�I\�WZQOW�WN �\PM�KWWZLQVI\M�[a[\MU� .ZWU�\PQ[�ÅO]ZM�Q\�[PW]TL�JM�KTMIZ�_Pa�Q\�Q[�KITTML
\PM�_PQ\M�TQOP\�KWVLQ\QWV� I[�Q\�Q[�\PM�WVTa�KWVÅO]ZI\QWV�_PMZM�[XMK\ZITTa�_PQ\M�TQOP\�_QTT�QV\MZNMZM�

<PM�TQVMIZ�[XMK\ZIT�LMV[Q\a�WN �\PM������VU�1VVWTQOP\�5MXPQ[\W�TI[MZ�Q[�ZI\ML�I\�IJW]\ ���0b�
√
0b

I\�I�S0b�C1VVWTQOP\E� =VNWZ\]VI\MTa� \PM� NZMY]MVKa�VWQ[M� Q[�VW\�[XMKQÅML�NWZ�PQOPMZ� NZMY]MVKQM[�
JMKI][M�\PM[M�TI[MZ[�IZM�\ZILQ\QWVITTa�[WTL�\W�OZW]X[�_Q\P�[M\]X[�[]KP�I[�NWZ�\PM�OZI^Q\I\QWVIT�_I^M
KWUU]VQ\a� _PMZM�I�TW_MZ�NZMY]MVKa�Q[�QV\MZM[\QVO� <PM�TQVMIZ�[XMK\ZIT�LMV[Q\a�WN �\PM�NZMY]MVKa
WN �\PM�W]\X]\�NZWU�\PM�TI[MZ�[PW]TL�JM�U]KP�[UITTMZ�\PIV�\PM�LQNNMZMVKM�JM\_MMV�\_W�NZQVOM[��PMZM
TMVQMV\Ta�R][\�[\I\ML�I[�\PM�^IZQIVKM�WN �\PM�NZMY]MVKa� δν�

δν $ ∆x
c

λ2

1

n+ 1
�!�����

_PQKP�KIV�JM�ZM_ZQ\\MV�I[

(n+ 1) $ ∆x

δν

c

λ2
�!�����

��!
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6l

.QO]ZM !����" <PM�_PQ\M� TQOP\�KWVLQ\QWV� ?I^M[�_Q\P�LQNNMZMV\�_I^MTMVO\P[�KWZZM[XWVL� \W�XPI[M
VWQ[M�QV�\PM�TI[MZ� IVL�\PMa�ITT�W^MZTIX�I\�\PM�_PQ\MTQOP\�KWVLQ\QWV� 1N �\PM�IZU�TMVO\P
LQNNMZMVKM ∆l Q[�bMZW�\PM�QV\MZMZWUM\MZ�Q[�\PMV�VMOTMK\QVO�\PM�XPI[M�VWQ[M�

_PQKP�KIV�JM�[PW_V�\W�aQMTL�I�KZQ\MZQWV�WN

δL $ 2650× λn ≈ 2.8UU �!�����

<PQ[�ZW]OP�M[\QUI\M�UISM[�Q\�[MMU�XW[[QJTM� ITJMQ\�WX\QUQ[\QK� \PI\�\PM�QV\MZNMZWUM\MZ�Q[�J]QT\�_Q\P
\PM�IZU�TMVO\P�LQNNMZMVKM�JMQVO�KTW[M�\W�\PM�_PQ\M�TQOP\�KWVLQ\QWV� <PM�XI\P�TMVO\P�LQNNMZMVKM�_I[
UMI[]ZML�I[�XZMKQ[MTa�I[�XW[[QJTM� J]\�I\\MUX[�\W�XZW^M�QV\MZNMZMVKM�][QVO�I�[XMK\ZITTa�_QLM�TQOP\
[W]ZKM�_I[�LQ[KWV\QV]ML�L]M�\W�\MKPVQKIT�XZWJTMU[�

.WZ�I�OWWL�LM[KZQX\QWV�WN �\PM�^IZQW][�UM\PWL[�MUXTWaML�\W�UQVQUQbM�LQNNMZMV\�VWQ[M�[W]ZKM[�\PM
ZMILMZ�Q[�ZMNMZZML�\W�C7JTIS�!E�

!����� 0WUWLaVM�LM\MK\QWV

) PWUWLaVM LM\MK\QWV�Q[�I�UM\PWL�NWZ�MVPIVKQVO�I�[QOVIT�J]ZQML�QV�VWQ[M� <PM�\MZU�PWUWLaVM�ZMNMZ[
\W�\PI\�\PM�ZMNMZMVKM�[QOVIT�Q[�LMZQ^ML�NZWU�\PM�[IUM�[W]ZKM�I[�\PM�XZWJM�[QOVIT� IVL�Q[�LMÅVML�QV
KWV\ZI[\�\W PM\MZWLaVM LM\MK\QWV�_PMZM�\PM�ZMNMZMVKM�[QOVIT�Q[�LMZQ^ML�NZWU�IVW\PMZ�[W]ZKM� 1V�\PM
KI[M�NWZ�IU�QV\MZNMZWUM\MZ�PWUWLaVM�ZMNMZ[�\W�\PI\�ZMNMZMVKM�IZU�IVL�\PM�XZWJM�IZU�[\MU�NZWU
\PM�[IUM�TI[MZ�IVL�VMQ\PMZ�Q[�NZMY]MVKa�[PQN\ML�IN\MZ_IZL[� <PM�ZMNMZMVKM�IZU�\PMV�N]VK\QWV[�I[�I
TWKIT�W[KQTTI\WZ C;I]T[WV!�� *IKPWZ��E�

)[�[PW_V�QV [MK� !���� \PM�LM\MK\QWV�Q[�IK\]ITTa�LM[QOVML�][QVO JITIVKML�LM\MK\QWV _PMZM�\_W�XPW�
\WLM\MK\WZ[�MIKP�UMI[]ZM�XIZ\�WN �\PM�[QOVIT� IVL�\PM�LQNNMZMVKM�JM\_MMV�\PM�\_W�XPW\WK]ZZZMV\[�Q[
\PMV�_PI\�Q[�UMI[]ZML� <PM�LQNNMZMVKM�JM\_MMV�I�JITIVKML�QV\MZNMZWUM\MZ�IVL�JITIVKML�LM\MK\QWV
[PW]TL�JM�VW\ML� *ITIVKQVO�QV�ZMOIZL[�\W�\PM�QV\MZNMZWUM\MZ�I[�I�_PWTM�ZMNMZ�\W�\PM�XW_MZ�ZI\QW�QV
\PM�QV\MZNMZWUM\MZ�IZU[� IVL�\PM�QV\MZNMZWUM\MZ�Q[�[IQL�\W�JM�JITIVKML�NWZ ER = EP � *ITIVKML
LM\MK\QWV�Q[�QUXTMUMV\ML�][QVO�\PM�XWTIZQbI\QWV�LMOZMM�WN �NZMMLWU�QV�\PM�QV\MZNMZWUM\MZ�IVL�\PM
JITIVKQVO�KIV�\P][�JM�KWV\ZWTTML�MI[QTa�Ja�\PM�UIVQX]TI\QWV�WN �I λ/2 _I^MXTI\M�JMNWZM�I�8*; JM�
NWZM�\PM���LM\MK\WZ[� <PM�W]\X]\�WN �\PM�LM\MK\WZ[�Q[�KWVVMK\ML�\W�I�LQNNMZMV\QIT�IUXTQÅMZ�IVL�\PM
JITIVKQVO�Q[�\PMV�XMZNWZUML�\W�UQVQUQbM�\PM�LQNNMZMVKM�[QOVIT�

1V�\PM�KI[M�_PMZM�\PM�QV\MZNMZWUM\MZ�Q[�VW\ JITIVKML \PM�IUXTQ\]LM�WN �\PM�ÅMTL[�QV�\PM�ZMNMZMVKM�IZU
IVL�\PM�XZWJM�IZU�IZM�LQNNMZMV\� <PM[M�IZM�QV\ZWL]KML�I[ ER IVL EP NWZ�\PM�ZMNMZMVKM�IZU�IVL

���
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XZWJM�IZU�ZM[XMK\Q^MTa�QV [MK� !����� 6W_�NZWU MYV� �!����� \PM�ÅMTL�I\�\PM�W]\X]\�KIV�JM�_ZQ\\MV

ER(t) =
i

2
ERe

i(ωt−2kLR) �!����I�

EP (t) =
i

2
EP e

i(ωt−2kLP ) �!����J�

WZ�Ja�KWUJQVQVO�\PM[M�QV�I�[QVOTM�ÅMTLEout \PQ[�KW]TL�JM�LM[KZQJML

Eout =
1

2
ieiωt

(
ERe

−i2kLR + EP e
−i2kLP

)
�!��� �

= iei(ωt−kLR−kLP ) KW[(kLR − kLP )(ER + EP ) �!���!�

<PM�W]\X]\�XW_MZ�_QTT�JMPout = |Eout|2 _PQKP�NZWU MYV� �!���!� JMKWUM[

Pout =
∣∣∣iei(ωt−kLR−kLP ) KW[(kLR − kLP )(ER + EP )

∣∣∣
2

= KW[2(k∆l)(E2
P + E2

R + 2EPER) �!������

_PMZM�IOIQV ∆l = LR − LL� 1N �\PM�W]\X]\�ÅMTL�_I[�LM\MK\ML�][QVO�I�XPW\WLM\MK\WZ�\PM�QVL]KML
XPW\WK]ZZMV\�_W]TL�JM�XZWXWZ\QWVIT�\WPout NZWU MYV� �!�������

1N �\PM�W]\X]\�[QOVIT�Q[�UMI[]ZML�][QVO�JITIVKML�LM\MK\QWV�QV[\MIL�\PM�[Q\]I\QWV�KPIVOM[� <PM�W]\X]\
ÅMTL Eout Q[� TML�\PZW]OP�I λ/2 _I^MXTI\M�IVL�Q[�[XTQ\�WV�I�8*; JMNWZM�\PM�XPW\WLM\MK\WZ[� <PM
_I^MXTI\M� Q[�WX\QUQbML�\W�I�Å`ML����LMOZMM�IVOTM�\W�WX\QUITTa� QV\MZNMZM�\PM� TQOP\� NZWU�WVM�IZU
_Q\P�\PM� TQOP\� NZWU�\PM�W\PMZ� )[�WVM�IZU�Q[�KPW[MV�\W�JM�PWZQbWV\ITTa�XWTIZQbML�IVL�\PM�W\PMZ
^MZ\QKITTa�XWTIZQbML�\PQ[�UMIV[�\PI\�\PM�ÅMTL�IUXTQ\]LM[�I\� \PM�XPW\WLM\MK\WZ[� D1 IVL D2� IZM

ED1 =
1√
2
ER(t) +

1√
2
EP (t) �!�����I�

ED2 =
1√
2
ER(t)−

1√
2
EP (t) �!�����J�

_PMZM�\PM�XPI[M�[PQN\�L]M�\W�\PM�8*; PI[�JMMV�QVKT]LML� <PM�XPW\WK]ZZMV\�NZWU�\PM�LM\MK\WZ[�_QTT
\PMV�JM�XZWXWZ\QWVIT�\W�\PM�WX\QKIT�XW_MZ�I[

ID1 ∝ |ED1|2 =
1

2

(
|ER(t)|2 + ER(t)EP (t)

∗ + EP (t)ER(t)
∗ + |EP (t)|2

)
�!�����I�

ID2 ∝ |ED2|2 =
1

2

(
|ER(t)|2 − ER(t)EP (t)

∗ − EP (t)ER(t)
∗ + |EP (t)|2

)
�!�����J�

;W�NIZ�[W�OWWL� )[[]UQVO�\PI\�\PM[M�XPW\WK]ZZMV\[�KIV�JM�NML�\W�I�XQMKM�WN �MY]QXUMV\�\PI\�W]\�
X]\[�\PM�LQNNMZMVKM�JM\_MMV�\PM�XPW\WK]ZZMV\[�� \PM�LQNNMZMV\QIT�XPW\WK]ZZMV\� ID� KIV�JM�LMÅVML
I[

ID = ID1 − ID2

∝ EP (t)ER(t)
∗ + ER(t)EP (t)

∗ = 2|EP (t)ER(t)| �!������

��<PM�IK\]IT�QUXTMUMV\I\QWV�_Q\P�\PM�KWV^MZ[QWV�NZWU�\PM�QVL]KML�XPW\WK]ZZMV\�\W�\PM�^WT\IOM�UMI[]ZML�WV�I�LQNNMZ�
MV\QIT�IUXÆQMZ�Q[�VW\�QVKT]LML�PMZM� 1V�\PM�M`XMZQUMV\�\PM�LM\MK\WZ[�IZM�[_Q\KPIJTM�OIQV�<PWZTIJ[�;Q�XPW\WLM\MK\WZ[
\PI\�][M�I�\ZIV[QUXMVLIVKM�IUXTQÅMZ�\W�KWV^MZ\�\PM�[QOVIT�

���
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_PMZM�\PM�[]J\ZIK\QWV�ZMUW^ML�\PM�WNN[M\�XW_MZ[ |ER(t)|2 IVL |EP (t)|2� *a�QV[MZ\QWV�WN �\PM�N]TT�ÅMTL
M`XZM[[QWV[�NZWU MYV� �!����� \PM�LQNNMZMVKM�[QOVIT�_QTT�\PMV�ZML]KM�\W

ID ∝ 2EPER KW[2(k∆l) �!������

<PQ[�Q[�I�ZMUIZSIJTM�ZM[]T\�\PI\�[PW_[�PW_�\PM�LQNNMZMVKM�[QOVIT�NZWU�I�JITIVKML�LM\MK\QWV�[KPMUM
[KITM[�_Q\P EP IVL ER� )V�QVKZMI[M�QV�\PM�ÅMTL�[\ZMVO\P�QV�\PM�ZMNMZMVKM�IZU� |ER|2 _QTT�MVPIVKM
\PM�[QOVIT�NZWU�\PM�UW\QWV�WN �\PM�[IUXTM� IVL�MVIJTM�\PM�LM\MK\QWV�WN �\PM�UW\QWV�WN �I�UMKPIVQKIT
[a[\MU�_Q\PW]\�PI^QVO�\W�][M�I�PQOP�XW_MZ�XZWJM�JMIU�I[�\PM�ZMNMZMVKM�JMIU�KIV�JM�UILM�ZMT�
I\Q^MTa�[\ZWVO�\W�KWUXMV[I\M� <PQ[�Q[�WVM�WN �\PM�IL^IV\IOM[�WN �\PM�PWUWLaVM�JITIVKML�LM\MK\QWV
[a[\MU�

)VW\PMZ�IL^IV\IOM�Q[�QVPMZMV\�QV�\PM�JITIVKML�LM\MK\QWV�QV�\PI\�Q\�KIVKMT[�W]\�\PM�QV\MV[Q\a�Æ]K\]�
I\QWV[�\PI\�\PM�QVX]\�TQOP\�UQOP\�PI^M� <PM[M�MV\MZ�\PM�QV\MZNMZWUM\MZ�I[�KWUUWV�UWLM�VWQ[M�IVL
IZM�\P][�[]J\ZIK\ML�Ja�\PM�LQNNMZMV\QIT�UMI[]ZMUMV\� )LLQ\QWVITTa�\PM�XPI[M�VWQ[M�WN �\PM�QVX]\�TI[MZ
Q[�ZML]KML�[QOVQÅKIV\Ta�I[�\PM�[IUM�XPI[M�VWQ[M�MV\MZ[�JW\P�IZU[�IVL�\P][�IT[W�Q[�LIUXMVML�Ja�\PM
LQNNMZMV\QIT�UMI[]ZMUMV\�

1V�\PM�M`XMZQUMV\�\PM�ITQOVUMV\�WN �\PM�XWTIZQbI\QWV�LMOZMM�WN �NZMMLWU�Q[�WX\QUQbML�][QVO�\PM�_I^M�
XTI\M�JMNWZM�\PM�8*; I\�\PM�LM\MK\WZ[� 0W_M^MZ�Q\�Q[�VMKM[[IZa�\W�KWZZMK\�\PQ[�JITIVKQVO�_PMV�KPIVO�
QVO�\PM�KWVÅO]ZI\QWV�WN �M�O� \PM�XW_MZ�JITIVKQVO�QV�\PM�\_W�IZU[� WZ�\PM�\W\IT�XW_MZ� <PQ[�QUXMZ�
NMK\QWV�Q[�XZWJIJTa�L]M�\W�I�[UITT�UQ[ITQOVUMV\�WN �\PM�XWTIZQbI\QWV�WN �\PM�ÅJMZ[�QV�\PM�\_W�IZU[�
I[�_MTT�I[�[TQOP\Ta�LQNNMZMV\�Y]IV\]U�MNÅKQMVKQM[�IVL�OIQV�XZWÅTM[�NWZ�\PM�\_W�LM\MK\WZ[� <PM�JIT�
IVKQVO�Q[�WX\QUQbML�Ja�\]ZVQVO�\PM�_I^MXTI\M�]V\QT�\PM�LQNNMZMVKM�[QOVIT�Q[�UMI[]ZML�\W�JM�IJW]\
bMZW�

!��� 1V\MZNMZWUM\MZ�W]\TWWS

<PM�_WZSQVO�QV\MZNMZWUM\MZ�PI[�JMMV�J]QT\�IVL�][ML�\W�KPIZIK\MZQbM�LQNNMZMV\�[IUXTM[� <PM�Y]QKS
KPIVOM�NZWU�WVM�[IUXTM�\W�IVW\PMZ�Q[�IV�WJ^QW][�JMVMÅ\�NWZ�\PM�QV\MZNMZWUM\MZ� QV[\MIL�WN �PI^�
QVO�\W�KW]XTM�\PM�[IUXTM�\W�I�UQZZWZ�IVL�][M�\PM�KI^Q\a�\ZIV[UQ[[QWV�[KPMUM�I[�_I[�\PM�K][\WU
JMNWZM� 1\� Q[�\PM�MI[QM[\�_Ia�\W�_WZS�_Q\P�[IUXTM[�[]KP�I[�\PM�VIVWUMUJZIVM�WZ�W\PMZ�[IUXTM[
\PI\�PI^M�VW�\ZIV[UQ[[QWV�XI\P� IVL�_W]TL�JM�PIZLMZ�\W�KW]XTM�I�KI^Q\a�\W� <PM�QV\MZNMZWUM\MZ
_QTT�QVLMML�JM�][MN]T�QV�\PM�N]\]ZM� IVL�KIV�JM�KWUJQVML�_Q\P�VM_�XZWRMK\[�[]KP�I[�\PM�[MIZKP�NWZ
\PM�LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�QV�\PM�VM`\�OMVMZI\QWV�WN �/I)[�UMUJZIVM�PM\MZW[\Z]K\]ZM[�I[
LM[KZQJML�QV KPIX� �� IVL�NWZ�[a[\MU[�UILM�NWZ�WX\QKIT�ZMNZQOMZI\QWV� KPIX� ��� I[�_MTT�I[�\PM�W\PMZ
WX\WUMKPIVQKIT�QV^M[\QOI\QWV[�OWQVO�WV�QV 9]IV\WX�

)V�WJ^QW][�M`\MV[QWV�WN �\PM�XZM[MV\�QV\MZNMZWUM\MZ�[M\]X�_W]TL�JM�\W�QV\ZWL]KM�I�XPI[M�UWL]TI\QWV
[KPMUM�QV�\PM�ZMNMZMVKM�IZU�WN �\PM�QV\MZNMZWUM\MZ� ,QNNMZMV\�[KPMUM[�IZM�XW[[QJTM� .WZ�I�XPI[M
UWL]TI\QWV�LM^QKM��M�O� IV�-75� QV�JW\P�IZU[�Q\�_W]TL�JM�XZ]LMV\�\W�QV\ZWL]KM�I�XPI[M�[PQN\�WN
φm QV�WVM�IZU�IVL−φm QV�\PM�W\PMZ� <PM�[KPMUM�\PI\�Q[�][ML�QV�\PM�8WTa\MK�5;)�����>QJZWUM\MZ
Q[�\PM�[IUM�I[�_M�PI^M�QUXTMUMV\ML�J]\�_Q\P�I�IV�)75 \PI\�QV\ZWL]KM[�I�[PQN\�\W�PQOP�NZMY]MVKQM[
C8WTE� <PQ[�Q[�][MN]T�I[�I�TW\�WN �\PM�MTMK\ZWVQK�VWQ[M�Q[�I�TW_MZ�NZMY]MVKQM[�IVL�[]KP�I�PM\MZWLaVQVO
[KPMUM�\ZIV[NMZ[�\PM�QVNWZUI\QWV�QV\W�I�PQOPMZ�NZMY]MVKa�ZIVOM� )LQ\QWVITTa�\PM�XPI[M�QVNWZUI\QWV
OI\PMZML�KIV�JM�][ML�\W�<PMa�][M�Q\�\W�LM\MZUQVM�_PQKP�_Ia�\PM�^QJZI\QWV�OWM[� Ja�[PQN\QVO�\W���
50b�IVL�LM\MK\QVO�\PM�[PQN\�

1V�\PM�UWZM�QUUMLQI\M�N]\]ZM� Q\�Q[�\PM�XTIV�\W�ZMXTIKM�\PM�XPW\WLQWLM[�_Q\P�I�UWZM�[MV[Q\Q^M�KWVÅO�
]ZI\QWV� ) LM^QKM�KWV\IQVQVO���NI[\�XPW\WLQWLM[�IVL�MUJMLLML�)+ KW]XTML�LQNNMZMV\QIT�IUXTQÅMZ

���



+PIZIK\MZQbI\QWV�WN �UMKPIVQKIT�UWLM[�_Q\P�IV�QV\MZNMZWUM\MZ !���1V\MZNMZWUM\MZ�W]\TWWS

PI[�JMMV�X]ZKPI[ML�\W�IKPQM^M�PQOPMZ�[MV[Q\Q^Q\a� 1\�Q[�I�<PWZTIJ[�8,*���+�)+ 1V/I)[�JITIVKML
XPW\WLM\MK\WZ�XIKSIOM�_Q\P�I�JIVL_QL\P�WN ����50b� ?Q\P�\PM�[XMKQÅKI\QWV[�XZW^QLML�\PM�6-8 Q[
MY]IT�\W�\PM�TQOP\�[PW\�VWQ[M�I\�IZW]VL���� µ? WN �WX\QKIT�XW_MZ� <PQ[�Q[�I�U]KP�JM\\MZ�[MV[Q\Q^Q\a
\PIV�\PM�LM\MK\WZ�KWUJQVI\QWV�VW\ML�IJW^M�

<PM�QV\MZNMZWUM\MZ�PI[�XZW^ML�\W�JM�_WZSQVO�_MTT�_Q\P�\PM�KITQJZI\ML�UIXXQVO�WN �\PM�*ZW_VQIV
UW\QWV� NWZ� [IUXTM� [a[\MU[� 6W_� \PM� \QUM� Q[� \W�][M� \PQ[� [M\]X� NWZ� KPIZIK\MZQbQVO�UWZM�LQNÅK]T\
[IUXTM[�[]KP�I[�\PM�VIVWUMUJZIVM[� I[�_MTT�I[�\PM�VM`\�OMVMZI\QWV�WN �WX\WUMKPIVQKIT�[a[\MU[�QV
9]IV\WX�

���





8IZ\ >�

7]\TWWS





<PM�X]Z[]Q\�WN �KWWTQVO�_Q\P�TQOP\

?PQTM�\PM�WX\WUMKPIVQK[�KWUU]VQ\a�PI[�JMMV�ÅOP\QVO�W^MZ�\PM�Y]M[\�NWZ�\PM�KWWTQVO�\W�\PM�OZW]VL
[\I\M�WN �\PM�^QJZI\QWVIT�UWLM[� \PMZM�Q[�IVW\PMZ�TM[[�NIUW][�X][P�\W_IZL[�\ZaQVO�\W�KWWT�\PM�J]TS
\MUXMZI\]ZM�WN �UI\MZQIT[�][QVO� TI[MZ� TQOP\� <PM�UM\PWL� Q[� KITTML WX\QKIT� ZMNZQOMZI\QWV IVL� Q[� \PMW�
ZQbML�I[�]\QTQbI\QWV�WN �I� [TQOP\Ta� ZML�LM\]VML� TI[MZ� \PI\� Q[�IJ[WZJML�Ja� \PM�MUQ[[QWV�WN �XPWVWV[
QV�\PM�UI\MZQIT� IVL�[]J[MY]MV\�MUQ[[QWV�WN �JT]M�[PQN\ML�TQOP\�\PI\�\PMV�ZMUW^ML�\PMZUIT�MVMZOa
NZWU�\PM�UI\MZQIT� <PQ[�PIL�JMMV� [PW_V� QV� ZIZM�MIZ\P�LWXML�UM\IT�LWXML�OTI[[M[�IVL�KZa[\IT[
C;PMQS�*IPIM��� -X[\MQV�!E�J]\�I\�\PM�\QUM�WN �\PQ[�XZWRMK\�Q\�PIL�VW\�JMMV�[PW_V�QV�[MUQKWVL]K�
\WZ[� <PQ[�_I[�I�VI\]ZIT�X]Z[]Q\�I[�\PM�VMML�NWZ�VM_�UM\PWL[�WN �KWWTQVO�MTMK\ZWVQK[�Q[�IT_Ia[�VMMLML�
IVL�IV�WX\QKIT�_Ia�KW]TL�MVIJTM�\PM�IXTQKI\QWV�QV�WX\WMTMK\ZWVQK�LM^QKM[�IVL�QV�LM^QKM[�_PMZM�M�O�
KWV^MK\QWV�KWWTQVO�Q[�QUXW[[QJTM� )V�WN\MV�KQ\ML�M`IUXTM�Q[�WV�JWIZL�WN �[I\MTQ\M[�\ZI^MTQVO�QV�\PM
^IK]]U�WN �[XIKM�

*MTW_�Q[�W]\TQVML�PW_�WX\QKIT�ZMNZQOMZI\QWV�UQOP\�JM�XW[[QJTM�QV�\PM[M�VIVW��IVL�UQKZW[\Z]K\]ZM[
[PW_V�QV�\PQ[�\PM[Q[� 1V\MZM[\QVOTa�Q\�_I[�[PW_V�^MZa�ZMKMV\Ta�QV�CBPIVO��E�\PI\�VM\�KWWTQVO�_I[�XW[�
[QJTM�QV�I�[MUQKWVL]K\WZ�VIVW[\Z]K\]ZM�Ja�I�OZW]X�NZWU�;QVOIXWZM� <PMQZ�_WZS�Q[�][QVO�����OZW]X
UI\MZQIT[�+L; IVL�Q[�\P][�LQNNMZMV\�\PIV�\PM�����UI\MZQIT[�WN �/I)[� J]\�^MZa�U]KP�KWZZWJWZI\M�\PI\�I
[\Z]K\]ZML�VIVW[IUXTM�Q[�I�OWWL�IXXZWIKP�\W�[PW_�VM\�KWWTQVO�

<PQ[� Q[�OWWL�VM_[� NWZ� \PM�ÅMTL�I[�I�_PWTM� ?Q\P�ILLML� NWK][�IVL�ZM[MIZKP� \PI\�_QTT�KWUM�VM_
XW[[QJQTQ\QM[�_QTT�JM�I^IQTIJTM�

1\�Q[�IT[W�I�OWWL�QVLQKI\WZ�NWZ�\PM�XW[[QJQTQ\QM[�\PI\�IV�IK\Q^M�UI\MZQIT�IVL�I�KWPMZMV\�QV\MZIK\QWV
XZWKM[[�OQ^M� IVL�WVKM�IOIQV�UW\Q^I\M� \PM�X]Z[]Q\� \W_IZL[�]\QTQbQVO� \PM�XZWKM[[M[� \PI\�M�O� 9?
MUJMLLML�/I)[�[\Z]K\]ZM[�MVIJTM�

���





��� 7X\QKIT�ZMNZQOMZI\QWV

)[�LM[KZQJML�IJW^M�WX\QKIT�ZMNZQOMZI\QWV�QV�[MUQKWVL]K\WZ[�Q[�I�NI[KQVI\QVO�XW[[QJQTQ\a� 0MZM�\PM�QLMI�
I[�_W]TL�JM�ZMITQbML�QV�9? PM\MZW[\Z]K\]ZM[�IZM�XZM[MV\ML�

����� 7X\QKIT�ZMNZQOMZI\QWV���J]TS�MNNMK\[

)V�M`IUXTM�WN �\PM�WX\QKIT�ZMNZQOMZI\QWV�[KPMUM�Q[�QTT][\ZI\ML�QV ÅO� ����� 1\�Q[�LM[KZQJML�QV�C0Wa\���
;PMQS�*IPIM��� -X[\MQV�!E�IVL�Q[�IV�IUJQ\QW][�OWIT�\W�ZMITQbM�QV�[MUQKWVL]K\WZ�LM^QKM[�

<PM�KWWTQVO�KaKTM�Q[�QTT][\ZI\ML�QV ÅO� ����� <PM�OWIT�Q[�\W�IKPQM^M�[W�KITTML IV\Q�;\WSM[�Æ]WZM[KMVKM�
_PMZM�\PM�X]UX�TQOP\�KZMI\M[�IV�M`KQ\I\QWV�\PI\�]T\QUI\MTa�TMIL�\W�MUQ[[QWV�WN �TQOP\�_Q\P�[TQOP\Ta
PQOPMZ� MVMZOa� -TMK\ZWV[� QV� \PM� \WX�WN � \PM�^ITMVKM�JIVL�IZM�M`KQ\ML�WX\QKITTa� \W� \PM�JW\\WU�WN
\PM�KWVL]K\QWV�JIVL�_PMZM�\PMa�\PMZUITQbM�Ja�KW]XTQVO�\W�XPWVWV[� 1N �\PM�MVMZOa�WN �\PM�X]UX
TQOP\�Q[�[TQOP\Ta�TM[[�\PIV�\PM�JIVL�OIX�MVMZOa�WN �\PM�[MUQKWVL]K\WZ�\PM�[\Z]K\]ZM�KIV�WVTa�IJ[WZJ
XPW\WV[�Ja�\PM�KW]XTQVO�\W�XPWVWV[� <PM�MVMZOa�WN �\PM�X]UX�XPW\WV[�LM\MZUQVM�\PM�IUW]V\�WN
MVMZOa�ZMUW^ML�NZWU�\PM�[a[\MU�Ja�KW]XTQVO�\W�XPWVWV[� IVL�QV�\PM�QLMIT�KI[M�\PM�M`KQ\I\QWV�LMKIa
\PZW]OP�[XWV\IVMW][�MUQ[[QWV�_Q\P�IV�MVMZOa�TW_MZ�\PIV�\PM�MVMZOa�WN �\PM�X]UX�XPW\WV[� ;Ia�\PM
X]UX�XPW\WV[�PI^M�\PM�MVMZOa hν IVL�\PM�MUQ\\ML�XPW\WV[�PI^M�I�UMIV�MVMZOa�WN hνf �ÆW]ZM[�
KMVKM�� \PMV�\PM�MVMZOa�ZMUW^ML�Q[ hν − hνf � <PM�KWWTQVO�XW_MZ�Q[�\PMV�I[[]UML�\W�[KITM�_Q\P
\PM�IJ[WZJML�XW_MZ� <PQ[�Q[�PW_M^MZ�VW\�\PM�KI[M�QV�I�[QUXTM�[MUQKWVL]K\WZ�I[�\PM�M`KQ\ML�KIZZQMZ[
KW]XTM�JIKS�\W�XPWVWV[�IVL�\PMV�PMI\[�\PM�[\Z]K\]ZM� 1N �Q\�_I[�XW[[QJTM�\W�UISM�\PM[M�M`KQ\I\QWV[
M`Q\�I[�XPW\WV[�Q\�_W]TL�ZMUW^M�\PMZUIT�MVMZOa�NZWU�\PM�[a[\MU� <PM�MUQ[[QWV�Q[�PIUXMZML�Ja
\W\IT� QV\MZVIT�ZMÆMK\QWV�NWZ�PQOP�ZMNZIK\Q^M� QVLM`�[MUQKWVL]K\WZ[�I[�_MTT�I[�[QUXTM�VWV�ZILQI\Q^M
LMKIa�

>MZa�[\ZWVO�WX\QKIT�ZMNZQOMZI\QWV�PI^M�JMMV�[PW_V�QV�OTI[[�UI\MZQIT[�LWXML�_Q\P�ZIZM�MIZ\P�LWVWZ[
C0Wa\��� -X[\MQV�!E� :MKMV\Ta�QV�C;MTM\[SQa��E�KWWTQVO�\W���� 3 _I[�IKPQM^ML�QV�a\\MZJQ]U�LWXML
Æ]WZQLM�KZa[\IT��AJ��"A4Q.��� _PQTM���� 3 _I[�XZM[MV\ML�QV�C;MTM\[SQa��E� ?PQTM�NI[KQVI\QVO�QV
Q\[MTN� \PM�XW\MV\QIT�IXXTQKI\QWV[�NWZ�IKPQM^QVO�J]TS�KWWTQVO�QV�[MUQKWVL]K\WZ[�IZM�WJ^QW][�IVL�UW�
\Q^I\M[�\PM�[MIZKP�NWZ�\PQ[�MNNMK\�QV�/I)[� )[�WX\QKIT�ZMNZQOMZI\QWV�WN �+L; Ja����3 _I[�[PW_V�QV
CBPIVO��E�NWZ�VIVW_QZM�[\Z]K\]ZM[� \PQ[�Q[�I�NI[KQVI\QVO�\QUM�

+WWTQVO�XW_MZ

*a�LMÅVQVO�\PM�IJ[WZJML�XW_MZ�I[Pabs \PM�KWWTQVO�XW_MZ�KIV�JM�NW]VL�I[

Pcool = Pabs
hνf − hν

hν
��������

IVL�\PM�MNÅKQMVKa�Q[�\PMV η = Pcool/Pabs� .ZWU MYV� �������� Q\�_W]TL�JM�M`XMK\ML�\PI\� TW_MZ
XPW\WV�MVMZOQM[�_W]TL�_W]TL�JM�UWZM�MNÅKQMV\�J]\�I[�\PM�IJ[WZX\QWV�IT[W�LMKZMI[M�I�KWUXZWUQ[M
PI^M�\W�JM�UILM�



�����7X\QKIT�ZMNZQOMZI\QWV���J]TS�MNNMK\[ 7X\QKIT�ZMNZQOMZI\QWV

12 1 Optical Refrigeration in Solids: Fundamentals and Overview

1.4
Prospects for Laser Cooling in Semiconductors

Researchers have examined other condensed matter systems beyond RE-doped ma-
terials, with an emphasis on semiconductors [17, 43–46]. Semiconductor coolers
provide more efficient pump light absorption, the potential for much lower tem-
peratures, and the opportunity for direct integration into electronic and photonic
devices. However, these materials provide their own set of engineering challenges,
and net cooling is yet to be observed. The essential difference between semicon-
ductors and RE-doped materials is in their cooling cycles. In the latter, the cooling
transition occurs in localized donor ions within the host material, while the former
involves transitions between extended valence and conduction bands of a direct gap
semiconductor (see Figure 1.8a). Indistinguishable charge carriers in Fermi–Dirac
distributions may allow semiconductors to get much colder than RE materials.
The highest energy levels of the ground state manifold in the RE-doped systems
become less populated as the temperature is lowered, due to Boltzmann statis-
tics. The cooling cycle becomes ineffective when the Boltzmann constant times
the lattice temperature becomes comparable to the width of the ground state (see
previous section describing the four-level model). This sets a limit of T ~ 100 K
for most existing RE-doped systems. No such limitation exists in pure (undoped)
semiconductors – temperatures as low as 10 K may be achievable [15, 17, 47]. See
also Chapter 6 by Rupper, Kwong and Binder.

Semiconductors should achieve a higher cooling power density than RE materi-
als. The maximum cooling power density (rate of heat removal) is W N ~ kBT/τr,
where N is the photoexcited electron (hole) density and τr is the radiative recombi-
nation time. In semiconductors, the optimal density N is limited due to many-body
processes and does not exceed that of moderately doped RE systems. We can gain

Figure 1.8 (a) Cooling cycle in the laser
refrigeration of a semiconductor in which the
absorption of laser photons with energy hν
creates a cold distribution of electron–hole
carriers (only the electron distribution is

shown for clarity). The carriers then heat up
by absorbing phonons, and this is followed
by an upconverted luminescence at hνF.
(b) Typical anti-Stokes luminescence observed
in a GaAs/GaInP double heterostructure [6].

.QO]ZM �����" +WWTQVO�KaKTM�_Q\P�\PM�X]UXQVO�TI[MZ�_Q\P�MVMZOa hν JMQVO�IJ[WZJML�Ja�\PM�IJ[WZX�
\QWV�WN �I�XPWVWV�UWLM�IVL�\PM�]XKWV^MZ\ML�KIZZQMZ[�IZM�MUQ\\ML�_Q\P�MVMZOa hνf �
<PM�MTMK\ZWV�LQ[\ZQJ]\QWV�QV�\PM�^ITMVKM�JIVL�Q[�[PW_V�_Q\P�OZIa� :MXZWL]KML�NZWU
C-X[\MQV�!E�

Moreover, parasitic absorption due to uncontrolled impu-
rities in the material further limits the effective range of
long-wavelength excitations. The practical range of the
energy difference h! f ! h! is of the order of thermal en-
ergy (kBT) as a consequence of the ground-state Boltz-
mann distribution. Therefore Eq. (1) indicates that
Tm3"-doped materials with h! f " 0.7 eV have the poten-
tial to cool nearly twice as efficiently as Yb3"-doped ma-
terials with h! f " 1.25 eV.

Although dopant ions with lower-energy gaps can pro-
duce more efficient cooling, they will generally be subject
to higher nonradiative decay rates that are strongly host
dependent. Nonradiative decay in various hosts by mul-
tiphonon emission has been shown to exhibit a simple ap-
proximate behavior.23–25 Specifically, the energy-gap law
states that the multiphonon emission rate is inversely
proportional to the exponential of energy difference (#E)
between the initial energy state and the energy state be-
low:

Wnr # W0 exp$!%#E &. (2)

Here W0 is a phenomenological parameter that depends
strongly on the host material. The parameter a in Eq. (2)
is inversely proportional to the characteristic phonon en-
ergy in a given material and is thus strongly host depen-
dent. The symbol #E in Eq. (2) represents the energy
gap of the particular electronic-state transition. Figure 3
is a logarithmic plot of the nonradiative decay rate as a
function of energy gap for a number of different hosts.21,25

In Fig. 3, Eq. (2) was fitted to the data obtained from ex-
periments involving various dopant ions in a given host
material. For ZBLAN, the values of W0 and a are found
to be 1.99 $ 105 s!1 and 0.0021 cm, respectively.21 The
3F4 → 3H6 energy gap in ZBLAN ('6000 cm!1 at the
peak of absorption) therefore corresponds to Wnr
# 0.64 s!1, which is significantly less than the radiative
rate of '83 s!1. The resultant heating that is due to
nonradiative processes in pure Tm3":ZBLANP should be
small relative to the cooling processes.

Excitations to the 3H4 manifold in Tm3":ZBLANP
have the potential to produce fluorescence cooling. The
path 3H4 → 3H5 is primarily radiative (see Fig. 3),
whereas the 3H5 → 3F4 transition is strongly nonradia-
tive. This nonradiative decay can cause heating that
would overwhelm the optical cooling effect. Fortunately,
the branching ratio for the 3F4 → 3H5 transition is
0.03,25 which indicates that the population of the nonra-
diative branch should be small. Because the 3H4 mani-
fold lies 6900 cm!1 above the 3F4 level, it can be popu-
lated by excited-state absorption during illumination by
the OPO at 1.85 (m % ) % 1.97 (m. We verified this by
observing fluorescence at '1 (m using a silicon-based
video camera. This excited-state absorption process is
endothermic and should contribute extra cooling if fluo-
rescence efficiency and background absorption are in the
acceptable range. At typical pump wavelengths the ab-
sorption cross section for the 3H6 → 3F4 transition is
'2 $ 10!22 cm2.25 With a radiative lifetime of 12 ms at
a pump wavelength of 1.9 (m, the saturation irradiance
is '84 kW/cm2. Our average irradiance is less than 10%
of this value, so we expect the population of the 3F4 mani-
fold to be much larger than that of the 3H4 manifold.
Any heating or cooling effects from the excited-state ab-
sorption process should therefore be small relative to the
cooling effects on the 3H6 → 3F4 transition. We exam-
ined transitions to the 3H4 manifold by directly pumping
the 3H6 → 3H4 transition using a Ti:sapphire laser at
790–900 nm. The sample showed slight heating. This
may indicate the presence of strong fluorescence quench-
ing in addition to the processes described above that led
to heating.

The amount of cooling power possible in a realistic sys-
tem can be obtained from a simplified rate-equation
model for the 3H6 and 3F4 manifolds:

dN

dt
#

Pabs
r

h!
! WradN ! WnrN " $1 ! *e&WradN, (3)

where N is the number density of excited dopant atoms in
the 3F4 manifold, Pabs

r is the resonantly absorbed power
density, h! is the pump photon energy; and Wrad,nr are the
radiative and nonradiative decay rates, respectively. The

Fig. 2. Absorptivity and fluorescence spectra of 1-wt. %
Tm3":ZBLANP at room temperature. The dotted curve is ab-
sorptivity data obtained with a Fourier-transform infrared
photospectrometer, and the solid curve is fluorescence data ob-
tained with a monochromater and PbS detector. The vertical
solid line marks the mean fluorescent wavelength at 1.803 (m,
and the shaded area indicates the pump wavelength region
where cooling is expected.

Fig. 3. Nonradiative decay rates versus energy gap for various
host materials, after Ref. 21. The vertical dashed line marks
the energy gap for the 3H6 → 3F4 transition.
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I[�I�[\I\QK�IVL�LaVIUQK�XIZ\�

Fph(t) = F (0)
ph +

∫ t

0

dFph(t′)

dt′
h(t− t′)dt′ �)�����

_Q\P�\PM�\QUM�LMTIa h(t − t′) JMQVO�\PM�ZM[XWV[M�\QUM�JM\_MMV�I�KPIVOM�QV�KI^Q\a�TMVO\P� IVL�\PM
[]J[MY]MV\�KPIVOM�QV�XPW\WQVL]KML�NWZKM� <PM�[\I\QK�XIZ\�Q[�LMVW\ML F (0)

ph � 1\�Q[�I[[]UML�\PI\�\PM

[\I\QK�LMNWZUI\QWV�WN �\PM�UMUJZIVM�L]M�\W F (0)
ph Q[�XZWXWZ\QWVIT�\W�\PM�XPW\WV�MVMZOa�QV�\PM�KI^Q\a

I[
∫ l+L

l

1

c
|Ecav(L, x)|2dx = h̄ωlncav ≡ Pcavτrt �)�����

_Q\P c LMVW\QVO�\PM�[XMML�WN �TQOP\�Ecav(L, x) = E2(L)eikx+E′
2(L)e

ik(L−x) Q[�\PM�ÅMTL�IUXTQ\]LM
I\�XW[Q\QWV x QV� \PM�KI^Q\a� Pcav Q[� \PM�WX\QKIT�XW_MZ� QV� \PM�KI^Q\a� IVL τ ≡ 2L/c Q[� \PM�KI^Q\a
ZW]VL\ZQX�\QUM�NWZ�I�XPW\WV�

<PM�KI^Q\a�LM\]VQVO�Q[�\PM�LQNNMZMVKM�JM\_MMV�\PM�TI[MZ�NZMY]MVKa ωl/(2π) IVL�\PM�KI^Q\a�NZMY]MVKa
ωc/(2π)� Q[ ∆ = ωl − ωc

Pcav(ωc) =
(κ/2)2

(ωl − ωc)2 + (κ/2)2
P̃cav �)�����

_Q\P�\PM�XW_MZ�QV�\PM�KI^Q\a�I\�\PM�ZM[WVIVKM�_Q\P κ/(2π)

P̃cav ≡ 4|E0|2/κ
τrt

=
2F|E0|2

π
�)�����

_Q\P F Q[�\PM�KI^Q\a�ÅVM[[M� <PM�UMUJZIVM�LMNWZU[�I[�I�ZM[]T\�WN F 0
ph ∝ nmem IVL�\P][�\PM�KI^Q\a

TMVO\P L Q[�QVLMML�I�N]VK\QWV�WN �\PM�KI^Q\a�XW_MZ�I[

L(Pcav) = L+ δL(Pcav) 4 L− gPcav �)�����

_Q\P g JMQVO�\PM�KWV[\IV\�JM\_MMV�\PM�KWV\ZIK\QWV�WN �\PM�KI^Q\a�TMVO\P� δL� IVL�\PM�XW_MZ�QV�\PM
KI^Q\a� Pcav� 0MZM�Q\�Q[�I[[]UML�\PI\ L LMKZMI[M�_Q\P�\PM�XW_MZ�I[�\PM�UMUJZIVM�LMNWZUI[�\W_IZL[
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∂L(Pcav)

∂L
= 1− g

∂Pcav

∂L
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−∂Pcav(L)

∂L
|KWWTQVO =

P̃cav
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∂L
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P̃cav
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FIG. 2. Schematic of the coupled cavity. Relevant 8 field
amplitudes, E0, E

′
0, E1, E

′
1, E2, E

′
2, Et and E′

t, in the coupled
cavity system are shown.

when the cavity scan speed is faster than the thermal
response time (∼ 10 ms) the cavity resonance shape re-
mains the symmetric Lorentzian shape as shown in Sup-
plementary Figure 3a.

Using Eq. (16) the instability onset condition P̃cav =
λ/2Fg can be recast in terms of |E0|2, i.e., the cavity
input power, as

|E0|2 =
πλ

4gF2
. (22)

With g ∼ 0.03 nm/µW (this can be measured via the
pump-probe experiment describe in the subsequent sec-
tion of Supplementary Information), λ = 870 nm, and
F = 10, the unstable behaviour is expected to set in
around 200 µW. We observed that to keep the cavity
length at the fixed detuning point L−L̃ = λ/4F (cooling
side) the cavity input power has to be less than 50 µW,
otherwise self-oscillations set in. This observation con-
forms to the instability mechanism due to the static de-
formation of the membrane.

Cooling mechanism identification.

To figure out the cooling mechanism we performed two
complementary measurements. The first method is a
pump-probe measurement for which the above-bandgap
laser (853 nm, 3 mW) is used as a pump for electron-hole
pair excitation (put in place of the external probe light in
Fig. 1a) and the below-bandgap laser (884 nm, 150 µW)
is used as the cavity input for probing the membrane
displacement (measured as a change of the cavity trans-
mission signal). Supplementary Figure 4a shows the re-
sponse of the membrane displacement upon turning the
pump light on (off). The mechanical response time is





FIG. 3. Asymmetric cavity resonance. a, Cavity
transmission signal with the cavity input power of 200 µW
(852 nm) recorded as the cavity length is scanning (shorten-
ing) around a cavity resonance, where the scan speed is faster
than the thermal response time (∼ 10 ms). b, The same sig-
nal as a, but the scan speed is slower. The transmission signal
becomes asymmetric.

found to be 10 ms. In the light of the known thermal
diffusivity of GaAs, D ∼ 0.25 cm2/s [6, 7], and the lat-
eral size of the membrane, l2 ∼ 1 mm2, the heat diffusion
time is estimated to be τth = l2/2D = 20 ms, close to
the measured response time.

To confirm that the thermal relaxation of the electron-
hole excitations is the main mechanism of the cooling
we applied a modulated cavity driving method [4, 5].
For low-frequency modulations (ω # ωeff) the imaginary
part of the lock-in response of the membrane displace-
ment zω on the modulated cavity driving (where the
photo-induced force is Fph(t) = (1 + εω cos(ωt))Fph) is
given by

Im[zω] ≈ −Fphεω

mωeff

1
ωeffτ

ω

ω2 + (1/τ)2
, (23)

which has a minimum at τ = 1/ω if there is such a
slow time lag in a region ω # ωeff . Supplementary Fig-
ure 4b shows Im[zω] for low-frequency modulations and τ
is found to be 6.6 ms, in good agreement with the pump-
probe result.

Having this evidence of thermal stress, the magni-
tude of the photo-induced force Fph and the character-
istic time delay τ relevant to the cooling can be iden-
tified by inspecting the response around the mechani-
cal resonance (ω ∼ ωeff). As shown in Supplementary
Figure 4c the measured dispersion-like response Im[zω]
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\QWV[�

<PM�TWKIT�\PMZUIT�M`XIV[QWV�KIV�JM�M[\QUI\ML�Ja�I[[]UQVO�ITT�\PM�XPW\WV�MVMZOa�OWM[�QV\W�PMI\
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σth = −3αL
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B
ηabsEph

Cv
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I[

σth ≈ 0.8ηabsEph �)�����

��<PM�IXXZW`QUI\QWV�LWVM�Q[ 3αLB ≈ Cv _PQKP�PWTL[�NWZ�[]NÅKQMV\Ta�[UITT�LMNWZUI\QWV[� =[QVO�\PM�J]TS�UWL]T][�WN
���� /8I�C)LIKPQ �E�IVL αL = 6 · 10−6 3� Cmass = 3502��SO × 3)� \PM�PMI\�KIXIKQ\a�XMZ�]VQ\�^WT]UM�KIV�JM
_ZQ\\MV

Cv = ρCm = 5.36O�KU3 · 350× 2��SO · 3) = 1.72× 1062 U−3 3−1 �)�����

_Q\P Cm = Cv
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αLB IVL Cv Q[�[]KP�\PI\

3αLB
Cv
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1.4× 1063−18I

1.72× 1062U−33−1
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UI\QWV�XW\MV\QIT�WN �\PM�MTMK\ZWV�IVL�PWTM� 6W\M�\PI\ η Q[�VW\�\PM�[IUM�I[�QV [MK� )���
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σel ×Nphotons �)������
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XW\MV\QIT�KW]XTQVO�KIV�JM�_ZQ\\MV�I[
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[QUXTa�I[�I�[TIJ�_Q\P�\PQKSVM[[�WN ����VU�IVL�\ZIV[^MZ[M�LQUMV[QWV[�WN ���� µU × ��� µU� 1\�Q[
I[[]UML�Å`ML�I\� \PM�MLOM[� ?Q\P�I�XPW\WV�MVMZOa�WN �ZW]OPTa���M> _M�KIV�_ZQ\M�\PM�NZIK\QWVIT
^WT]UM�M`XIV[QWV�I[

∆V

V0
=

Eph/Vill

B
�)������

_Q\P Eph JMQVO�\PM�XPW\WV�MVMZOa� Vill JMQVO�\PM�QTT]UQVI\ML�^WT]UM�IVL V0 Q[�\PM�QVQ\QIT�^WT]UM
WN �\PM�_PWTM�UMUJZIVM� 0MZM�IV�IJ[WZX\QWV�MNÅKQMVKa�WN �]VQ\a�Q[�I[[]UML�/WQVO�\W�I��, UWLMT
KIV�JM�LWVM�Ja�[M\\QVO�I�[UITT�TWKIT�M`XIV[QWV l + δl \W�TMIL�\W�I�[UITT�LQ[XTIKMUMV\ x + δx _Q\P
x JMQVO�\PM�LQ[XTIKMUMV\�QV�\PM�LQZMK\QWV�WN �\PM�KI^Q\a�UWLM�

3δl

l0
=

1M>/(�µU× �µU×π × ��VU)

75.5/8I
�)������

x Q[�\PM�QVQ\QIT�LQ[XTIKMUMV\�IVL�Q[�[M\�\W�JM�� µU� <PQ[�NWTTW_�QV�TQVM�_Q\P�\PM�QV\ZQV[QK�JMVLQVO
WN �\PM�/I)[�UMUJZIVM[� 1\� Q[�VMKM[[IZa�\W�PI^M�\PQ[� QV\ZQV[QK�JMVLQVO�QV�WZLMZ�\W�UISM�I�TWKIT

��!



)���-[\QUI\M[�WN �TWKIT�M`XIV[QWV <PM JQO /I)[�UMUJZIVM

M`XIV[QWV�TMIL�\W�I�LQ[XTIKMUMV\�IVL�VW\�R][\�I�J]TOQVO�I\�\PM�JMIU�[XW\� 1V�\PM�IJW^M�M`XZM[�
[QWV� Q\� KIV�JM� [MMV� \PI\ l × δl% x × δx ⇔ δl = x

l dx IVL� \PQ[� MVIJTM[� [\PM� QLMV\QÅKI\QWV�WN

3δl

l0
=

3x× δx

l20
�)������

_PQKP�KIV�JM�QV[MZ\ML�QV MYV� �)������ \W�aQMTL

3x× δx

l20
=

1M>/(�µU× �µU×π × ��VU)

75.5/8I
�)���� �

_PQKP�TMIL[�\W�IV�M`\MV[QWV�WV�\PM�WZLMZ�WN

δx/x ≈ 10−11 �)����!�

<PQ[�UMIV[�\PI\���XPW\WV�IJWZJML�QV�\PM�VIVWUMUJZIVM� \PMZM�_QTT�JM�I�LQ[XTIKMUMV\�WN 10−11x
IVL�NWZ�I�KWWTQVO�TQOP\�JMIU�WN �ZMITQ[\QK�QV\MV[Q\a� \PM�Æ]`�WN 109 XPW\WV[�PQ\\QVO�XMZ�[MKWVL� _PQKP
aQMTL[�I�LQ[XTIKMUMV\�WN �IJW]\����VU� <PQ[�Q[�^MZa�TIZOM� IVL�PQV\[�I\�_Pa�\PM�XPW\W\PMZUIT�MNNMK\
Q[�[W�[\ZWVO� .WZ�I�VIVWUMUJZIVM�[a[\MU�_Q\P�LQUMV[QWV[

��µU× ��µU×π × ���VU �)������

\PM�TMVO\P�LQNNMZMVKM�Q[�M[\QUI\ML�\W�JM

δx/x ≈ 10−13 �)������

_PQKP�NWZ 109 XPW\WV[�aQMTL[�I�����VU�LQ[XTIKMUMV\�

)����� +WU[WT�UWLMTQVO�WN �\PM�JMVLQVO

.WZ�\PM�ZMIT�JMVLQVO�WN �\PM�XZWXW[ML�9? VIVWUMUJZIVM�\PQ[�M[\QUI\M�Q[�WN �KW]Z[M�\WW�[QUXTM�

.WZ�M`IUXTM� \PM� Q\� Q[� \PM�PWXM�\W� QUXTMUMV\� \PM�MNNMK\� QV�I�VIVWUMUJZIVM�_Q\P�I[[aUM\ZQKITTa
XTIKML�9?[�IVL�\PMV�\PM�M[\QUI\M[�][ML�IJW^M�LWM[�VW\�PWTL� ) +WU[WT�UWLMT�PI^M�IT[W�JMMV
LM^MTWXML�_PMZM�\PM�[\ZM[[�QV\ZWL]KML�Ja�\PM�MTMK\ZWVQK�NWZKM�Ja�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�KIV
JM�QUXTMUMV\ML� 0MZM�\PM��, [\Z]K\]ZM�IVL�\PM�OI][[QIV�JMIU�WN �\PM�TQOP\�KIV�JM�QVKT]LML� I[�_MTT
I[�\PM�IJ[WZX\QWV�WVTa�QV�\PM�9?[� =VNWZ\]VI\MTa�\PM�KWUXTM`Q\a�WN �\PM�UWLMT�UISM[�\PM�XZWJTMU
KWUX]\I\QWVITTa�PIZL�J]\�[WUM�QVQ\QIT�KWVKT][QWV[�KIV�JM�UILM�

1UXTMUMV\I\QWV

)[�Q\�Q[�VW\�XW[[QJTM�\W�QUXTMUMV\�IN �LQZMK\QWVTM[[�[\ZIQV�LQZMK\Ta�QV�\PM�+WU[WT�[WN\_IZM� I�_WZS�
IZW]VL�_I[�QUXTMUMV\ML�_PMZM�\PM�TWKIT�M`XIV[QWV�L]M�\W�PMI\QVO�_I[�UWLQÅML�\W�QVKT]LM�\PM
MTMK\ZWV�XZM[[]ZM�[\ZM[[�LQ[K][[ML� 1\�_I[�XW[[QJTM�\W�QVKT]LM�I�TWKIT�M`XIV[QWV�QV�I�_Ia�KWV[Q[\MV\
_Q\P�\PM�MTMK\ZWV�XZM[[]ZM�NWTTW_QVO�\PM�ÅMTL�QV\MV[Q\a�I\�\PM�9?[�IVL�NZWU�\PQ[�\PM�LQ[XTIKMUMV\
KW]TL�JM�UWLMTML� <PQ[�Q[�WN �KW]Z[M�LMXMVLMV\�WV�XIZIUM\MZ[�[]KP�I[�\PM�JMIU�[QbM�WV�\PM�UMU�
JZIVM�IVL�\PM�UMUJZIVM�LQUMV[QWV[� LQUMV[QWV[�IVL�XW[Q\QWV�WN �\PM�\M\PMZ[� I[�_MTT�I[�\PM�KWV�
[\Z]K\QWV�WN �\PM�KI^Q\a� 0W_M^MZ�I[[]UQVO�I�[\ZWVO�J]\�]VKPIVOQVO�ÅMTL�[\ZMVO\P�QV�\PM�LQZMK\QWV�WN
ÅMTL�XZWXIOI\QWV�I\�\PM�XW[Q\QWV�WN �\PM�9?[�IZM�KWV[Q[\MV\�_Q\P�\PM�LM[QOV�KPWQKM[� J]\�I�OI][[QIV
XZWÅTM�WN �\PM�JMIU�Q[�QUXTMUMV\ML� <PM�LQ[XTIKMUMV\�XMZ�XPW\WV�KIV�JM�LML]KML�Ja�ZMTI\QVO�\PM

� �



<PM JQO /I)[�UMUJZIVM )���-[\QUI\M[�WN �TWKIT�M`XIV[QWV

\W\IT�LQ[XTIKMUMV\�\W�\PM�KWZZM[XWVLQVO�V]UJMZ�WN �XPW\WV[�VMMLML�\W�QV\ZWL]KM�\PQ[�TWKIT�[\ZIQV�
1V�WZLMZ�\W�IKPQM^M�\PQ[�I�.-5 UWLMT�PI^M�IT[W�JMMV�LM^MTWXML�_PMZM�\PM�[\ZM[[�QV\ZWL]KML�Ja�\PM
MTMK\ZWVQK�NWZKM�Ja�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�KIV�JM�QUXTMUMV\ML� 0MZM�\PM��, [\Z]K\]ZM�IVL
\PM�OI][[QIV�JMIU�WN �\PM�TQOP\�KIV�JM�QVKT]LML� I[�_MTT�I[�\PM�IJ[WZX\QWV�WVTa�QV�\PM�9?[� =VNWZ�
\]VI\MTa�\PM�KWUXTM`Q\a�WN �\PM�UWLMT�UISM[�\PM�XZWJTMU�KWUX]\I\QWVITTa�PIZL� IVL�I�KWVKT][QWV
PI^M�VW\�JMMV�ZMIKPML�aM\� 1V�+WU[WT�\PM�[\ZIQV�L]M�\W�IJ[WZX\QWV�KIVVW\�JM�LQZMK\Ta�QUXTMUMV\ML
I[�\PM�VI\]ZM�WN �.-5 ZMY]QZM[�I�LQZMK\QWV�WV�\PM�[\ZM[[� 0W_M^MZ�\PM�^WT]UM�M`XIV[QWV�L]M�\W�I
PaLZW[\I\QK�XZM[[]ZM�QVKZMI[M�KIV�JM�QUXTMUMV\ML�QV�I�JQ\�WN �I�K]UJMZ[WUM�NI[PQWV� J]\�UQOP\�JM
[]NÅKQMV\�NWZ�QV\QIT�\M[\� +WU[WT�[WT^M[�\PM�UMKPIVQKIT�XZWJTMU�WN �\PM�OZILQMV\�WN �\PM�LQ[XTIKMUMV\
\MV[WZ ]

∇] �)������

<PM�\W\IT�[\ZIQV�\MV[WZ�Q[�_ZQ\\MV�QV�\MZU[�WN �\PQ[�OZILQMV\�I[

ε =
1

2
(∇]+∇]T ) �)������

_PMZM ()T LMVW\M[�\PM�\ZIV[XW[ML� <PQ[�KIV�IT[W�JM�_ZQ\\MV�QV�WN �KWUXWVMV\[�I[

εmn =
1

2

(
∂um
∂xn

+
∂un
∂xm

)
�)������

<PM�[W�KITTML�,]PIUMT�0WWSM�TI_�� ZMTI\M[�\PM�[\ZM[[�\MV[WZ�I[

s = s0 + + : (ε− ε0 − αT (T − TZMN)) �)������

_PMZM s Q[�\PM�[\ZM[[�\MV[WZ� s0 IVL ε0 Q[�\PM�QVQ\QIT�[\ZM[[�IVL�[\ZIQV�\MV[WZ[� + Q[�\PM��\P�WZLMZ�MTI[�
\QKQ\a�\MV[WZ�IVL�\PM�¹"º [QOV�KWUU]VKI\M[�\PM�LW]JTM�LW\�\MV[WZ�XZWL]K\� <PM�TI[\�\MZU�LM[KZQJM
\PMZUIT�M`XIV[QWV�IVL�NWZ�\PQ[ T IVL TZMN [\IVL[�NWZ�\PM�\MUXMZI\]ZM�IVL�\PM�ZMNMZMVKM�\MUXMZI�
\]ZM� _PQTM αT Q[�\PM�\PMZUIT�M`XIV[QWV�KWMNÅKQMV\� <PM�MY]I\QWV�\PI\�Q[�[WT^ML�Q[�6M_\WV¼[�[MKWVL
TI_�NWZU]TI\ML�I[

ρ
∂2]
∂t2

−∇ · σ = .v �)������

)_Ia�WN �NWZKQVO�I�^WT]UM�M`XIV[QWV�Q[�\W�ZMLMÅVM�\PM�\MV[WZαT \W�VW\�JM�\PM�\PMZUIT�M`XIV[QWV�KW�
MNÅKQMV\� J]\�ZI\PMZ�IV�M`XZM[[QWV�NWZ�\PM�TWKIT�M`XIV[QWV�L]M�\W�\PM�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO
IVL�\PM�ZM[]T\ML�^WT]UM�M`XIV[QWV�L]M�\W�\PQ[� :MLMÅVQVO

αT ∝ M`X
(
−(x− x0)2

2σ2
b

− (y − y0)2

2σ2
b

)
�)������

_PMZM x0 IVL y0 LMVW\M�\PM�JMIU�KMV\MZ�IVL σb LMVW\M�\PM�_QL\P�WN �\PM�JMIU� 1\�Q[�\PMV�XW[[Q�
JTM�\W�NWZKM�\PM T − Tref = 1 IVL�Ja�UISQVO�[]ZM�\PI\�\PQ[�\MUXMZI\]ZM�QVKZMI[M�LW�VW\�KW]XTM
JIKS�\W�\PMZUITTa�QVL]KML�[\ZM[[� \PM�^WT]UM�M`XIV[QWV�KIV�JM�LMÅVML�M`XTQKQ\Ta� IVL�NWZ�Q[W\ZWXQK
M`XIV[QWV�KWMNÅKQMV\[�\PM�[\ZIQV�Q[�OQ^MV�I[

3
∆L

L
=

∆V

V
�)���� �

��;MM�\PM�;\Z]K\]ZIT�5MKPIVQK[�,WK]UMV\I\QWV�NWZ�+WU[WT����� IVLC)\IVIKSW^QK��E

� �



)���-[\QUI\M[�WN �TWKIT�M`XIV[QWV <PM JQO /I)[�UMUJZIVM

IVL�[QVKM�\PM�[\ZIQV�QV�+WU[WT�Q[�LMÅVML�I[ εmn = αmn(T −Tref ) \PMZM�Q[�I�NIK\WZ�WN ���\PI\�MV\MZ[�
6W_�IOIQV�\PM�M`XZM[[QWV�NWZ�\PM�^WT]UM�M`XIV[QWV�L]M�\W�\PM�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO�KIV
JM�_ZQ\\MV

∆V

V
=

(σel/Vill)×Nph

B
�)����!�

σel JMQVO�\PM�MTMK\ZWVQK�[\ZM[[�QV�MVMZOa�IVLNph JMQVO�\PM�XPW\WV�V]UJMZ�

) ZMTI\QWV�Q[�VMMLML�JM\_MMV MYV� �)������� IVL�\PM�M`KQ\I\QWV�WN �MTMK\ZWV�PWTM�XIQZ[� MYV� �)������
[\I\M[�\PI\�\PM�^WT]UM�M`XIV[QWV�Q[�XZWXWZ\QWVIT�\W�\PM�TQOP\�ÅMTL�QV\MV[Q\a� IVL�_ZQ\QVO�]X�\PM�/I][�
[QIV�N]VK\QWV�NZWU MYV� �)������� I[ M`X � \PM αT KIV�JM�_ZQ\\MV

αT = ηabs
σel/Vill)×Nph

B
M`X

()
�)������

_Q\P ηabs JMQVO�\PM�ZI\QW�WN �\PM�QTT]UQVI\ML�XPW\WV[�\PI\�Q[�IJ[WZJML�IVL�TMIL[�\W�IV�M`KQ\ML�M�P�XIQZ�
KWUXIZML�\W�\PM�QTT]UQVI\ML�V]UJMZ�WN �XPW\WV[� 1VQ\QITTa�\PQ[�KIV�JM�[M\�\W�]VQ\a�

*MVLQVO�WN �VIVWUMUJZIVM[

.WZ�\PM�[XMKQÅK�KI[M�WN � \PM�VM`\�OMVMZI\QWV�/I)[�UMUJZIVM[�_Q\P���9?[�\PQ[�JMVLQVO�[PW]TL
JM�M[\QUI\ML� <PQ[�Q[�\PM�[a[\MU�LM[KZQJML�QV KPIX�  � =[QVO�.-5 QUXTMUMV\I\QWV�I[�[SM\KPML
IJW^M� \PM�LQ[XTIKMUMV\�_I[�NW]VL�\W�JM���! µU�I\�\PM�JMIU�KMV\MZ�_Q\P�R][\�I�]VQ\a�XZMNIK\WZ�
<PM�QUXTMUMV\I\QWV�Q[�[PW_V�QV ÅO� )� �

.QO]ZM )� �" .-5 WN �LQ[XTIKMUMV\�NWZ�\PM�VM`\�OMVMZI\QWV�UMUJZIVM�UWLMT�_Q\P�\_W�Y]IV\]U
_MTT[��VW\�^Q[QJTM�� <PM�UWLMT�Q[�I[[]UML�[aUUM\ZQK�IVL�\P][�WVTa�PITN �\PM�UWLMTML
[a[\MU�Q[�[PW_V� <PM�KW]XTQVO�\W�\PM�WX\QKIT�ÅMTL�KIV�JM�M[\QUI\ML�L]M�\W�\PM�LQ[�
XTIKMUMV\� <PM�LQ[XTIKMUMV\�Q[�OZW[[Ta�M`IOOMZI\ML�NWZ�^Q[]IT�KTIZQ\a�

<PM�QTT]UQVI\ML�IZMI�Q[ 2πσ2
b IVL�\P][�\PM�QTT]UQVI\ML�^WT]UM�Q[ Vill = 2wqw × 2πσ2

b � _Q\P wqw

JMQVO�\PM�\PQKSVM[[�WN �\PM�9]IV\]U�?MTT[� <PM�^IT]M�WN Vill ≈ 7 × 10−18U−� Q[�\PMV�NW]VL�_Q\P
wqw = 6 VU IVL�I�JMIU�[QbM�_Q\P σb = 10µ U� )[�[PW_V�IJW^M�\PM�MTMK\ZWV�MVMZOa�Q[�IZW]VL
 M> IVL�\PM�XZMNIK\WZ�\W αT Q[�NW]VL�\W�JM

8M>/
(
7× 10−18U�

)

75.5/8I
≈ 2× 10−12 �)������

� �



<PM JQO /I)[�UMUJZIVM )���-[\QUI\M[�WN �TWKIT�M`XIV[QWV

XMZ�XPW\WV�IJ[WZJML� ;M\\QVO ηabs = 1 \PM�LQ[XTIKMUMV\�WN �\PM�XZWXW[ML�[\Z]K\]ZM�KIV�JM�NW]VL�
?Q\P�\PM�[XWSM�XTIKML�I\����×l \PM�LQ[XTIKMUMV\[�I\�\PM�JMIU�KMV\MZ�L]M�\W�LMNWZUI\QWV�XW\MV\QIT
KW]XTQVO�Q[�NW]VL�\W�JM

αT 5I`�LQ[XTIKMUMV\�CUE ,Q[XTIKMUMV\�Ja��µ? QTT]UQVI\QWV

10−15 10−21 ��VU
10−12 10−18 � µU

IVL�\PQ[�\PMV�OQ^M[�\PM�UI`QU]U�LQ[XTIKMUMV\�XMZ�XPW\WV� ) ^QM_�WN �\PM�UWLMTML�[\Z]K\]ZM�[PW_�
QVO�\PM�LQ[XTIKMUMV\�QV�M`IOMZI\ML�NWZU�Q[�[PW_V�QV ÅO� )� � )VL�\P][�_Q\P��µ? WN �TQOP\�XW_MZ�
TMILQVO�\W�I�XPW\WV�V]UJMZ�WN 6ph = 1012 M^MZa�[MKWVL� \PQ[�TMIL[�\W�I�LQ[XTIKMUMV\�WV�\PM�WZLMZ
WN �IJW]\�I µU� <PQ[�Q[�NWZ�XPW\WV[�_Q\P�MVMZOa�WN 1.4 M>� _PQKP�NWZ�IV�WX\QKIT�XW_MZ�WN �� µ? Q[
IJW]\ 2× 1012 XPW\WV[�XZ� [MKWVL�

)LLQ\QWVIT�UWLMTQVO�_I[�LWVM�_Q\P�LQNNMZMV\� [XWSM�XW[Q\QWV[�IVL� \PQKSVM[[M[� J]\� \PM[M�IZM�VW\
QVKT]LML�PMZM�

)����� +WU[WT�NWZKM

=[QVO�\PM�[IUM�SQVL�WN �OI][[QIV�LMXMVLMVKM�NWZ�\PM�NWZKM�I[�_I[�][ML�IJW^M�NWZ�\PM�LMNWZUI\QWV�XW�
\MV\QIT�KW]XTQVO� I�NWZKM�WV�\PM�9? TIaMZ�_I[�QUXTMUMV\ML�QV�+WU[WT�\W�M[\IJTQ[P�\PM�NWZKM�\PI\�\PM
LMNWZUI\QWV�XW\MV\QIT�KWWTQVO�_W]TL�TMIL�\W� <PM�NWZKM�ÅMTL�QV\MV[Q\a�Q[�QTT][\ZI\ML�QVÅO� )�!_PMZM
IOIQV�\PM�[aUUM\Za�WN �\PM�XZWJTMU�PI[�JMMV�][ML�\W�UQVQUQbM�\PM�UMUWZa�ZMY]QZMUMV\[� IVL�WVTa
I�Y]IZ\MZ�WN �\PM�UWLMTML�ÅMTL�Q[�\PMV�[PW_V� <PM�NWZKM�ÅMTL�WV�\PM�9? [MK\QWV�Q[�UWLMTML�][QVO
\PM�OI][[QIV�LMXMVLMVKM�QV MYV� �)������ _Q\P�I�XZMNIK\WZ A�

/I][[QIV�.WZKM�LQ[\ZQJ]\QWV�I[�[PW_V�QV ÅO� )�!
) �6�U2� ,Q[XTIKMUMV\��U�
�× ��−�� �.�× ��−��

�× ��−�� �.�× ��−��

�× ��−�� �.�× ��−��

�× ��−! �.�× ��−��

8WQV\�NWZKM�I\�\PM�KMV\MZ�WN �\PM�UMUJZIVM
) �6� ,Q[XTIKMUMV\��U�

�× ��−�� �.�× ��−��

�× ��−�� �.�× ��−��

�× ��−�� �.�× ��−��

�× ��−! �.�× ��−!

?PMV�\PM[M�LQ[XTIKMUMV\[�IZM�KWUXIZML�_Q\P�\PM�LQ[XTIKMUMV\�LM\MZUQVML�][QVO�\PM�LMNWZUI�
\QWV�XW\MV\QIT�UWLMTQVO�I[�[PW_V�IJW^M� \PM�NWZKM�Q[�M[\QUI\ML�\W�JM F ≈ 10−18 6 XMZ�IJ[WZJML
XPW\WV�

<PQ[�Q[�LWVM�Ja�[MMQVO�\PI\�I αT = 10−12 TMIL[�\W�I�LQ[XTIKMUMV\�I\�\PM�KMV\MZ�WN 10−18 U� IVL
\PMV�KWUXIZQVO�_Q\P�\PM�ÅK\QW][�NWZKM�NZWU�IJW^M�I�NWZKM�WN F ≈ 10−18 6 XMZ�IJ[WZJML�XPW\WV�Q[
MY]Q^ITMV\�

� �
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.QO]ZM )�!�" .QMTL�QV\MV[Q\a�][ML�NWZ�UWLMTQVO�\PM�JMIU�WN �KWWTQVO�TQOP\� <PM�[IUM�OI][[QIV�LQ[�
\ZQJ]\QWV�Q[�][ML�NWZ�ÅVLQVO�\PM�MY]Q^ITMV\�NWZKM�WN �\PM�LMNWZUI\QWV�XW\MV\QIT�KW]XTQVO
M`XIV[QWV�

� �
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*��� 9]IV\]U�VWQ[M�IXXZWIKP�\W�[QLMJIVL
KWWTQVO

<PM�KTI[[QKIT�LM[KZQX\QWV�WN �KWWTQVO�KMI[M[� \W�JM�IXXTQKIJTM� QN � [PW\�VWQ[M�INNMK\[� \PM�[a[\MU�QV�I
UMIVQVON]T�_Ia� =VLMZ�KMZ\IQV�KWVLQ\QWV[� []KP�I[�TW_�TQOP\�XW_MZ�WZ�PQOP�KI^Q\a�ÅVM[[M� \PM�[PW\
VWQ[M�PMI\[�\PM�UW\QWV�WN �\PM�ZM[WVI\WZ�QV�I�IXXZMKQIJTM�UIOVQ\]LM�IVL�\P][�VMML[�\W�JM�QVKT]LML
QV�\PM�UWLMT� <PQ[�Q[�\PM�UW\Q^I\QWV�NWZ�I�Y]IV\]U�UWLMT�WN �\PM�[QLM�JIVL�KWWTQVO� IVL�Q[�L]M
\W� C?QT[WV�:IM��� 5IZY]IZL\��E� 0MZM� \PM�ZM[WVI\WZ�IVO]TIZ� NZMY]MVKa ωR Q[�][ML� QV[\MIL�WN
[PQN\QVO�\PM�KI^Q\a�ZM[WVIVKM�I[�QV KPIX� �� 1\�Q[�JI[QKITTa�I�LM[KZQX\QWV�WN �_MIS�KW]XTQVO�WN �\PM
MV^QZWVUMV\�\W�\PM�ZM[WVI\WZ� IVL�QN �\PM�KW]XTQVO�Q[�_MIS�MVW]OP�I�LM[KZQX\QWV�WN �\PM�[XMK\Z]U
WN �\PM�TQOP\�QVL]KML�NWZKM�WV�\PM�[a[\MU�Q[�MVW]OP�\W�N]TTa�LM[KZQJM�\PM�KW]XTML�[a[\MU� )\�_MIS
KW]XTQVO�\PM�NWZKM�[XMK\Z]U�KIV�JM�LM\MZUQVML�I[

Ĥint = −F̂ x̂

_PQKP�Q[�WJ^QW][Ta�R][\�0WWSM¼[�TI_� <PM�NWZKM�Q[ F̂ = ωR
L â†â IVL�\PM�NWZKM�[XMK\Z]U�Q[�\PMV�OQ^MV

I[

SFF (ω) =

∫
dteiωt〈F̂ (t)F̂ (0)〉

_PMZM ω Q[�\PM�.W]ZQMZ�NZMY]MVKa�KWUXWVMV\�KWZZM[XWVLQVO�\W t� .MZUQ¼[�/WTLMV�:]TM�\PMV�MVIJTM[
\PM�M[\QUI\QWV�WN �\PM�XWX]TI\QWV�ZI\M[�I[

Γ↓
opt =

x2zpf
h̄2

SFF (ωm), Γ↑
opt =

x2zpf
h̄2

SFF (−ωm)

_Q\P Γ↓
opt \PMV�JMQVO�\PM�ZI\M�WN �I�XPW\WV�QVKQLMVKM�\PI\�ZMUW^M[�WVM�XPWVWV� IVL Γ↑

opt JMQVO�\PM
WXXW[Q\M�XZWKM[�_PMZM�I�XPWVWV�Q[�KZMI\ML�Ja�\PM�QVKQLMV\�XPW\WV� <PM�KPWQKM�WN ωm IVL −ωm Q[
JMKI][M�\PM[M�IZM�\PM�NZMY]MVKQM[�_PMZM�\PM�QVÆ]MVKM�WN �TQOP\�Q[�[\ZWVOM[\��I[[]UQVO ωm . Γopt��
<PM�WX\WUMKPIVQKIT�LIUXQVO�ZI\M�Q[�\PM�LQNNMZMVKM�WN �VWQ[M�[XMK\ZI�I\�\PM�\_W�[QLMJIVL[�I\ ±ωm

Γopt =
x2zpf
h̄2

(SFF (ωm)− SFF (−ωm)) �*�����

<PM�ZI\M[�MV\MZ[�\PM�UI[\MZ�MY]I\QWV�NWZ�\PM�ZM[WVI\WZ�KW]XTML�\W�I�MY]QTQJZQ]U�PMI\�JI\P�IVL�TQOP\
QVL]KML�ÅMTL� <PM�UI[\MZ�MY]I\QWV�Q[�_ZQ\\MV�]X�QV�\PM�[\IVLIZL�_Ia�NWZ�\PM�LMV[Q\a�UI\ZQ` ρ̂ _Q\P
4QVLJTIL�WXMZI\WZ[�LM[KZQJQVO�\PM�XWX]TI\QWV�\ZIV[Q\QWV[�WN �\PM�ZM[WVI\WZ� 1V�C5IZY]IZL\� E�Q[�LM�
ZQ^ML�\PM�MY]I\QWV�NWZ�\PM�[\MILa�[\I\M�XPWVWV�WKK]XI\QWV�V]UJMZ 〈n̂〉 =

∑
n nρnm I[

∂n

∂t
= γm〈n̂〉th + Γopt

↑ − (γm + Γopt)〈n̂〉 �*�����



*���9]IV\]U�VWQ[M�IXXZWIKP�\W�[QLMJIVL�KWWTQVO 7X\WUMKPIVQK[

_PMZM 〈n̂〉th LMVW\M�\PM�\PMZUIT�MY]QTQJZQ]U�XWX]TI\QWV� .WTTW_QVO�C+TMZS��� ?QT[WV�:IM��E�IVL
C5IZY]IZL\��E�Q\�Q[�XW[[QJTM�\W�ÅVL�\PM�NWZKM�[XMK\Z]U�I[�I�4WZMV\bQIV�\PI\�Q[�[PQN\ML�L]M�\W�\PM
LM\]VQVO ∆ = ωL − ωR I[

SFF (ω) =

∫
dteiωt〈F (t)F (0)〉 �*�����

=

(
h̄ωR

L

)2

〈n̂photon〉
Γopt

(ω +∆)2 +
(
Γopt

2

)2 �*�����

_Q\P 〈n̂photon〉 JMQVO�\PM�I^MZIOM�XPW\WV�V]UJMZ�QV�\PM�KI^Q\a�IVL

〈n̂〉 =
γM 〈n̂〉th + Γopt〈n̂〉optth.M

γM + Γopt
�*�����

_PMZM�IOIQV γM Q[�\PM�UMKPIVQKIT�LIUXQVO�ZI\M�IVL� Γopt Q[�\PM�WX\QKIT�LIUXQVOΓopt = Γ↓
opt−Γ↑

opt

IVL 〈n̂〉optm Q[�\PM�UQVQUIT�XPWVWV�V]UJMZ�WX\IQVML�NWZ 〈n̂〉optm = Γ↑
opt/Γ

↓
opt�

6W_�KPWW[QVO�\PM�TI[MZ�NZMY]MVKa�QV�I�_Ia�_PMZM�Q\�Å\[�_Q\P�\PM�XIZIUM\MZ[�WN �\PM�[a[\MU� Q\� Q[
XW[[QJTM�\W�KWWT�\PM�^QJZI\QWVIT�UWLM�WN �\PM�[a[\MU�[QOVQÅKIV\Ta� )[�Q[�[MMV�NZWU�MYV� �*������\PM�ÅVIT
XPWVWV�V]UJMZ�_QTT�LMXMVL�WV�\PM�ZI\QW�WN �\PM�LMKIa�ZI\M[� 1\�Q[�IT[W�ZMY]QZML�\PI\�\PM�UMKPIVQKIT
Y]ITQ\a�NIK\WZ�WN �\PM�^QJZI\QWV ωm/γm = Qm . 1� 1V�\PQ[�KI[M . 1 Q[�IV�]VLMZ[\I\MUMV\�I[�\PMZM
Q[�I�TWVO�ZIVOM�WN �_WZS�WV�IKPQM^QVO�PQOPMZ�UMKPIVQKITQm IVL�^IT]M[�WN 106 Q[�KWUUWVXTIKM� J]\
\PQ[�_QTT�VW\�JM�LQ[K][[ML�PMZM�

:MOQUM[

;M^MZIT�ZMOQUM[�IZM�ZMTM^IV\�NWZ�\PQ[�LQ[K][[QWV� .WZ ωm $ κ \PM 〈nO
m〉 . 1 IVL�\P][�OZW]VL�

[\I\M�KWWTQVO�Q[�VW\�XW[[QJTM� 1V�\PM�[W�KITTML�[QLMJIVL�ZM[WT^ML�ZMOQUM�WN κ $ ωm \PM�UQVQU]U
WKK]XI\QWV�KIV�JM�NW]VL�\W�JM�C5IZY]IZL\� E

UQVnm ≈
(

κ

4ωm

)2

�*�����

IVL�I[�QTT][\ZI\ML�QV ÅO� *�� \PQ[�OWM[�_MTT�JMTW_�I�XPWVWV�WKK]XI\QWV�WN ��� <P][�OZW]VL�[\I\M�KWWT�
QVO�Q[�XW[[QJTM�QN �\PM�[a[\MU�KIV�JM�JZW]OP\�QV�\PM�ZM[WT^ML�[QLMJIVL�ZMOQUM�

.WTTW_QVO�C;KPTQM[[MZ� E� _PMV�\PM�LMKIa�ZI\M κ WN �\PM�KI^Q\a�[a[\MU�Q[�U]KP�TIZOMZ�\PIV�\PM�UM�
KPIVQKIT�NZMY]MVKa ωm/(2π) OZW]VL�[\I\M�KWWTQVO�Q[�QUXW[[QJTM�QV�\PQ[�XQK\]ZM� 1V ÅO� *�� Q\�Q[�[MMV
PW_�\PM�[QLMJIVL[�IZM�VW\�LQ[KMZVIJTM�IVL�\P][�Q\�KIV�JM�LMVW\ML�I[�]VZM[WT^ML�[QLMJIVL�ZMOQUM�
)VW\PMZ�\MZU�NWZ�\PQ[�_W]TL�JM�\W�KITT�Q\�_WZSQVO�QV�\PM�JIL�KI^Q\a�TQUQ\�I[ κ $ ωm, γm� IVL�\P][
IV�M`KQ\I\QWV�WN �\PM�KI^Q\a�Q[�\ZIV[NMZZML�W]\�WN �\PM�[a[\MU�Y]QKSTa�IVL�JMNWZM�Q\�KIV�INNMK\�\PM�QV�
\MZVIT�MTMUMV\[� 1V�\PM�WXXW[Q\M�KI[M�WN ωm . κ \PM�UW\QWVIT�[QLMJIVL[�IZM�KTMIZTa�LQ[KMZVIJTM
I\ ωc ± ωm I[�[PW_V�QV ÅO� *�� IVL�\PM�OZW]VL�[\I\M�KWWTQVO�Q[�XW[[QJTM� .WZ�WJ^QW][�ZMI[WV[�\PM
ZM[WT^ML�[QLMJIVL�ZMOQUM�Q[�IT[W�\MZUML�\PM�OWWL�KI^Q\a�TQUQ\�

� �
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Sideband resolved 
regime

0.01 0.1 1 10 100

0.001

0.1

10

.QO]ZM *���" 5QVQUIT�WJ\IQVML�XPWVWV�V]UJMZ�UQVnm I[�I�N]VK\QWV�WN ωm/κ� .WZ ωm/κ > 1
\PM�[QLMJIVL�ZM[WT^ML�ZMOQUM�KIV�JM�IKPQM^ML�_Q\P�I�UQVQU]U�XPWVWV�V]UJMZ�WN �TM[[
\PIV�WVM� C5IZY]IZL\� E

tL

t

�I� *IL�KI^Q\a��]VZM[WT^ML�[QLMJIVL��ZMOQUM�UQVnm ≈ κ/(4ωm) $ 1

tL

t

�J� :M[WT^ML�[QLMJIVL�ZMOQUM�UQVnm ≈ κ2/(16ω2
m) < 1�

.QO]ZM *���" =VZM[WT^ML�[QLMJIVL�IVL�\PM�ZM[WT^ML�[QLMJIVL�ZMOQUM� <PM�ZML�TQVM�[PW_[�\PM�KI^Q\a
[a[\MU[�ZM[WVIVKM�_PQTM�\PM�JT]M�Q[�\PM�NZMY]MVKa�WN �\PM�QVX]\�TI[MZ�_Q\P�NZMY]MVKa
ωL/(2π)�

� �
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*��� )T]UQVQ]U�UMUJZIVM
UMI[]ZMUMV\[

)UQKZW[KWXM�XQK\]ZM�Q[�[PW_V�QVÅO� *�� WN �IV�IT]UQV]U�KWI\ML�UMUJZIVM�

;WUM�WN �\PM�.-5 UWLMTML�UMKPIVQKIT�UWLM[�WN �\PM�IT]UQV]U�KWI\ML�UMUJZIVM�Q[�[PW_V�QV
ÅO� *���

5MI[]ZMUMV\[�QV�\PM�8WTa\MK�>QJZWUM\MZ�[PW_[�I�^QJZI\QWVIT�[XMK\Z]U�I[�[PW_V�QV ÅO� *��� <PM
UMI[]ZML�UMKPIVQKIT�UWLM[�IZM�QTT][\ZI\ML�QV ÅO� *���

*����� .-5 WN �VIVWUMUJZIVM[

<PM�[XWSML�VIVWUMUJZIVM[�[\]LQML�QV [MK� ��� PI^M�I�TW\�UWZM�I^IQTIJTM�^QJZI\QWVIT�UWLM[� ;WUM
WN �\PM�TW_M[\�MVMZOa�UMKPIVQKIT�UWLM[� I[�NW]VL�Ja�.-5��Q[�QTT][\ZI\ML�QVÅO� *���

.QO]ZM *���" )T]UQVQ]U�KWI\ML�UMUJZIVM

�  



7X\WUMKPIVQK[ *���)T]UQVQ]U�UMUJZIVM�UMI[]ZMUMV\[

�I� ����� �J� ����� �K� �����

�L� ����� �M� �������

.QO]ZM *���" .-5 WN �)T]UQVQ]U�KWI\ML�UMUJZIVM� <PM�UWLM[� IZM� LQNNMZMV\� NWZ� PQOPMZ� WZLMZ
UWLM[� L]M�\W�\PM�TIaMZ�WN �IT]UQVQ]U�_Q\P�I�PWTM�QV�\PM�KMV\MZ�

.QO]ZM *���" >QJZWUM\MZ�[XMK\Z]U

� !
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�I� ����� �J� ����� �K� �����

�L� ����� �M� �� �N� �����

�O� �����

.QO]ZM *���" >QJZWUM\MZ�UMI[]ZMUMV\�WN �)T]UQVQ]U�KWI\ML�UMUJZIVM

�!�
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�I� ���!�50b �J� ��!��50b �K� ��!��50b �L� �� ��50b

�M� �����50b �N� �����50b �O�  �!��50b �P�  �!��50b

�Q� !�!��50b �R� �����50b �S� �����50b �T� �����50b

�U� �����50b �V� �����50b �W� �����50b �X� � ���50b

�Y� � ���50b �Z� �����50b �[� ��� �50b

.QO]ZM *���" .-5 WN �\PM�UMKPIVQKIT�UWLM[�NWZ�I�\aXQKIT�VIVWUMUJZIVM�

�!�





+� ;QOVIT[

+��� ;XMK\ZIT�LMV[Q\a

-VMZOa�[XMK\ZIT�LMV[Q\a�LM[KZQJM�PW_�\PM�MVMZOa�WN �I�OQ^MV�[QOVIT�Q[�LQ[\ZQJ]\ML�QV�NZMY]MVKa� <PM
MVMZOa�WN �I�[QOVIT x(t) Q[

Es =

∫ ∞

−∞
|x(t)|2dt �+�����

6W_�\PQ[�WN �KW]Z[M�ZMY]QZM[�\PI\ x(t) JM�IJ[WT]\MTa� QV\MOZIJTM�[W� \PI\� \PM�MVMZOa� Q[�VW\� QVÅVQ\M�
<PZW]OP�8IZ[MT^IT¼[�\PMWZMU�C3IUXMV��E�\PM�MVMZOa�WN �\PM�[QOVIT�KIV�JM�_ZQ\\MV�Ja�\PM�.W]ZQMZ
\ZIV[NWZU� x̃(ω)� I[

Es =

∫ ∞

−∞
|x(t)|2dt =

√
1

2π

∫ ∞

−∞
|x̃(ω)|2dω �+�����

1V�\PQ[�M`XZM[[QWV�\PM�QV\MOZIVL |x̃(ω)|2 KIV�JM�QV\MZXZM\ML�I[�I�LMV[Q\a�N]VK\QWV�NWZ�\PM�MVMZOa�XMZ
NZMY]MVKaω� .ZWU�\PQ[�\PM�MVMZOa�[XMK\ZIT�LMV[Q\a�Q[�\PMV�LMÅVML�Ja

Sxx(ω) = |x̃(ω)|2 = |
∫ ∞

−∞
x(t)e−iωtdt|2 �+�����

.WZ�XMZQWLQK�[QOVIT[�Q\�UISM[�UWZM�[MV[M�\W�][M�\PM�XW_MZ�[XMK\ZIT�LMV[Q\a� 8;,��_PQKP�LM[KZQJM[
\PM�LQ[\ZQJ]\QWV�WN �XW_MZ�W^MZ�NZMY]MVKQM[� <PM�XW_MZ�QV�I�[QOVIT�W^MZ�I�\QUM T _QTT�JM�OQ^MV�I[

P = 〈x(t)2〉 = 1

2T

∫ T

−T
x(t)2dt �+�����

.ZWU�\PQ[� Q\� Q[�KTMIZ� \PI\� NWZ T < ∞ \PM�XW_MZ�_QTT�JM�ÅVQ\M�M^MV�\PW]OP�\PM�MVMZOa�UQOP\�JM
QVÅVQ\M�

;]XXW[M�I�ZIVLWU�¹[\I\QWVIZaº�N]VK\QWV x(t) LM[KZQJM�I�VWQ[a�XPa[QKIT�XZWKM[[�[]KP�I[�I�UMKPIV�
QKIT�W[KQTTI\WZ�_Q\P�*ZW_VQIV�UW\QWV� <PM�[XMK\ZIT�XZWXMZ\QM[�KIV�\PMV�JM�LMÅVML�I[�IJW^M� <PM
I]\WKWZZMTI\QWV�WN x(t) Q[�LMÅVML�I[�C3IUXMV��E

〈x(t)x(t+ τ)〉 = TQU
T→∞

1

2T

∫ T/2

−T/2
x(t)x(t+ τ)dτ �+�����

IVL�\PMV�\PM�?QMVMZ�3PQVKPQV�\PMWZMU�[\I\M[�\PI\�\PM�.W]ZQMZ�\ZIV[NWZU�WN �\PM�I]\WKWZZMTI\QWV
N]VK\QWV�Q[�\PM�XW_MZ�[XMK\ZIT�LMV[Q\a�I[

Sxx(ω) =
1

2T

∫ ∞

−∞
〈x(t)x(t+ τ)〉e−iωτdτ �+�����



+���;XMK\ZIT�LMV[Q\a ;QOVIT[

<PQ[�Q[�\PMV�\PM�XW_MZ�[XMK\Z]U�LMV[Q\a�NWZ�\PM�[QOVIT x(t)� -`XMZQUMV\ITTa�Q\�_W]TL�JM�MI[QMZ�\W
_WZS�_Q\P�I�[QVOTM�\QUM�KWUXWVMV\�IVL�VW\�IV�I]\WKWZZMTI\QWV� IVL�Q\�Q[�MI[QMZ�\W�][M�I[�IJW^M�\PI\
VWZUITQbQVO�\PM�MVMZOa�[XMK\ZIT�LMV[Q\a�WN �I�UMI[]ZMUMV\�QV\MZ^IT T KIV�JM�[PW_V�\W�IXXZW`QUI\M
\PM�XW_MZ�[XMK\ZIT�LMV[Q\a�NWZ�QVKZMI[QVO T I[

Sxx,T (ω) = TQU
T→∞

1

T
|
∫ T/2

−T/2
x(t)e−iωtdt|2 = TQU

T→∞

1

T
|xT (ω)|2 �+�����

_PMZMxT (t) Q[�QV\ZWL]KML�_Q\P�\PM�^IT]M�WNx(t) QV�\PM�QV\MZ^ITT IVL�bMZW�W\PMZ_Q[M�

<PM�XW_MZ�[XMK\ZIT�LMV[Q\QM[�KIV�JM�][ML�\W�_ZQ\M�]X�\PM�ZMXWV[M�WN �I�[a[\MU�QN �Q\�KIV�JM�I[[]UML
\W�JM�I� TQVMIZ�ZMXWV[M� 1N x(t) Q[�I� QVX]\�[QOVIT�IVL y(t) Q[�I[[]UML�\PM�W]\X]\�[QOVIT� \PMV�\PM
ZMXWV[M�WN �\PM�[a[\MU�KIV�JM�LM[KZQJML�Ja�I�TQVMIZ�\ZIV[NWZUI\QWV G� <P][ y(t) = G(x(t))� 1\
KIV�JM�[PW_V�C3IUXMV��E�\PI\�]VLMZ�KMZ\IQV�I[[]UX\QWV[�IJW]\�\PM�\ZIV[NWZUI\QWV�\PI\�Q\�KIV�JM
_ZQ\\MV�I[�I�KWV^WT]\QWV�WN x(t) I[

y(t) =

∫ ∞

−∞
x(t)g(t− t′)dt′ �+��� �

IVL�\PI\ g(t) PI[�I�.W]ZQMZ�\ZIV[NWZU� g(ω) \PI\�ITTW_

y(ω) = g(ω)x(ω) �+���!�

_PQKP�\PMV�MVIJTM[�\PM�\ZIV[NWZUI\QWV�WN �\PM�XW_MZ�[XMK\ZIT�LMV[Q\QM[�I[

Syy(ω) = |g(ω)|2Sxx(ω) �+������

_Q\P |g(ω)|2 \PMV�JMQVO�QLMV\QÅML�I[�\PM�\ZIV[NMZ�N]VK\QWV� .ZWU�\PQ[�Q\�PI[�\PMV�JMMV�M[\IJTQ[PML
PW_�\PM�ZM[XWV[M�WN �I�TQVMIZ�[a[\MU�Q[�\W�I�QVX]\�_Q\P�[WUM�[XMK\ZIT�LMV[Q\a�

�!�



,� 5Q[KMTTIVMW][

,��� 5MXPQ[\W�LI\I

;WUM�[XMKQÅML�XZWXMZ\QM[�WN �\PM�5MXPQ[\W�TI[MZ�Q[�QTT][\ZI\ML�QV ÅO� ,��� <PM�ÅO]ZM�Q[�ZMXZWL]KML
NZWU�C1VVWTQOP\E� <PQ[�TI[MZ�_I[�][ML�NWZ�\PM�QV\MZNMZWUM\MZ�[M\]X�



,���5MXPQ[\W�LI\I 5Q[KMTTIVMW][

.QO]ZM ,���" 5MXPQ[\W�LI\I�C1VVWTQOP\E�

�!�



5Q[KMTTIVMW][ ,���5MXPQ[\W�LI\I

.QMTL[�IZZIVOML�Ja�X]ZQ\a� P\\X"��`SKL�KWU�����

∼

�!�
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