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English abstract

The frequency stability of current state-of-the-art stabilized clock lasers
are limited by thermal fluctuations of the ultra-stable optical reference
cavities used for their frequency stabilization. In this work, we study the
possibilities for surpassing this thermal limit by exploiting the nonlinear
effects from coupling of an optical cavity to laser cooled atoms having
a narrow transition linewidth. Here, we have realized such a system
where a thermal sample of laser cooled 88Sr atoms are coupled to an
optical cavity. The 88Sr atoms were probed on the narrow 1S0 →

3P1 inter-
combination line at 689 nm in a strongly saturated regime. The dynamics
of the atomic induced phase shift and absorption of the probe light were
experimentally studied in details with the purpose of applications to laser
stabilization. The atomic sample temperature was in the mK range which
brought this system out of the domains described by previous theoretical
works. A new theoretical cavity-QED model, which took into account
the effects of finite atomic velocities, was developed and the theoretical
predictions showed great agreement with the experimental observations.
It was predicted by the experimental and theoretical studies, that an
increase of the cavity finesse would bring the studied system into an
interesting domain, where laser stabilization performance may compete
with the current state-of-the-art stable laser systems. A new vacuum cavity
system with increased finesse was hence realized. This vacuum cavity
also brought the system into a new domain where collective emission
processes were observed. Collective emission processes can potentially
be exploited as active light sources with unprecedented spectral purity
and preliminary investigations of this collective emission process were
carried out. The studies presented in this work open novel possibilities for
alternative and simple strategies for surpassing the state-of-the-art laser
stabilization and for realizing active light sources involving collective
emission from narrow-line atoms.
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Dansk sammenfatning

Frekvensstabiliteten af de mest stabile clocklasere tilgængelige i dag er
begrænsede af termiske fluktuationer af de ultrapræcise optiske referen-
cekaviteter, som bruges i frekvensstabilisationsprocessen. I dette værk
studeres mulighederne for at overkomme denne termiske grænse ved at
udnytte de ikke-lineære effekter, som forekommer, når en optisk kavitet
kobles til laserkølede atomer med smalle atomare overgange.

Her har vi realiseret et sådant system, hvor en termisk samling af
laserkølede 88Sr-atomer er koblede til en optisk kavitet.

88Sr-atomernes smalle 1S0 →
3P1 interkonbinationsovergang ved 689 nm

var probet i et stærkt mættet regime. Fasen og absorptionen, som atomerne
påførte probelyset, blev undersøgt eksperimentelt i detaljer med henblik
på anvendelse til laserstabilisation.

Temperaturen af de undersøgte atomer var i mK-intervallet, hvilket
bragte dette system ud af det parameterdomæne, som tidligere teoretiske
studier har beskrevet. En ny teoretisk model, som tog højde for effekterne
af atomernes endelige hastigheder, blev udviklet. Denne teoretiske mo-
dels forudsigelser viste god overensstemmelse med de eksperimentelle
målinger. De teoretiske og eksperimentelle studier forudså, at en forøgelse
af kavitetens finesse ville bringe systemet ind i et nyt interessant parame-
terdomæne, hvor systemets ydeevne for laserstabilisation muligvis kunne
konkurrere med de mest stabile lasersystemer tilgængelige i dag. Et nyt
kavitetssystem med forøget finesse blev derfor realiseret inde i vakuum.

Dette vakuumkavitet bragte også systemet ind i et domæne, hvor kol-
lektive emissionsprocesser blev observeret. Kollektive emissionsprocesser
kan potentielt anvendes som aktive lyskilder med enestående spektral
renhed. Indledende undersøgelser af denne kollektive emissionsproces
blev derfor udført. Undersøgelserne præsenteret i dette værk åbner op
for nye alternative strategier for at overgå stabilitetsniveauet af de mest
stabile lasersystemer tilgængelige i dag og for at realisere aktive lyskilder
med kollektiv emission fra atomer med smalle overgange.
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Introduction

Frequency is the one measurable quantity we can determine with the
highest precision and accuracy with the current technology. These precise
frequency measurements are performed by comparing the frequency
under test with an other known ultra precise frequency provided by a
reference oscillator. The well known frequency of an reference oscillator
with a great level of precision an accuracy can be applied as a time keeping
pendulum in ultra precise clocks, which keep the time for a wide range of
applications around the world. Precise frequency measurements are hence
equivalent with precise measurements of time. The current state-of-the-art
research groups have realized atomic clocks with astonishing precision and
accuracy down to the 1× 10−18 fractional level [Chou et al., 2010a, Hinkley
et al., 2013, Nicholson et al., 2015, Ushijima et al., 2015]. This corresponds to
a clock which losses only one second in 30 billion years! The research field
is however not yet satisfied with this breathtaking stability and researchers
around the world is currently aiming for the 1 × 10−19 fractional precision
level. This work is just one of many contributions to push this precision
forward.

Precision of such orders of magnitude might seem obsolete at first
sight, however, developments of this kind only occur, if it is driven by
great technological and scientific motivations. This following chapter will
present the many motivations that drives the research of precision clocks
and outline the state-of-the art and trends within the research field. When
this is presented, the current obstacles limiting the progress of this research
field will become apparent, and the reader will be introduced to the details
of the contributions of this work. Hopefully, the main objective and the

1
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Figure 1.1: Private photo:
Marine Clock No.1, 1760
by Ferdinand Berthoud ex-
hibited at Musée des Arts
et Métiers, Paris.

Figure 1.2: All GPS satellites are equipped with
frequency standards in order to localize the GPS
receivers through the propagation time of the GPS
signal and to correct the time delays predicted by the
general and special relativity.

possible implications of this work will be apparent after this chapter.

History of clocks
A part of the motivation for improving the precision of clocks becomes clear
when realizing, that the majority of the measurable quantities are measured
relative to time. In the 17’th century, the leaders of the empires around
the world wished supremacy on the sea and a precise determination of
positions on the sea was crucial for achieving this. The celestial objects
were the only reliable references on the open waters and the latitude could
be determined by measuring the hight of the celestial objects relative to
the horizon. The longitude on the other hand could only be determined
by simultaneous measurements of the height of the sun relative to the
horizon and the time. Precise measurements of time were hence made
possible by developing mechanical pendulum clocks with great stability
and accuracy. Figure 1.1 shows such a clock.

In the 20’th century, the improvement of the clocks sped up by the
development of quartz crystals and microwave oscillators. SI units such
as the meter was now defined relative to the speed of light in vacuum
c = 299792458 m/s and the second and time was once again the main quantity
of interest. We still benefit from time measurements for navigation as
navigation systems such as the Global Positioning System (GPS) determine
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the position of a GPS-receiver by analyzing the propagation time of a
signal from the GPS satelites. This is illustrated in Fig. 1.2.

One corner stone of precision measurement of any observable is that
all measurements are comparisons of two quantities. These measurements
can never be more precise than the least precise quantity out of the two.
Consider an example, where a research group develops a precise clock
with a precision of ±1 min and an other research group develops a less
precise clock with a precision of only ± 30 min. A detailed comparison of
these two clocks over time will reveal that the two clocks have a relative
deviation of ± 30 min and it will not be possible to determine, which clock
caused the deviation. Consequently, only appointments with precision of
± 30 min can be arranged between these two research groups.

A device capable of producing reliable and well known frequencies are
hence needed as a reference for any frequency (and time) measurements.
Such devices are called frequency standards. One of the most important
frequency standards is the Caesium atomic clock, which currently defines
the second.

Figure 1.3: A part of the original article
by Niels Bohr [Bohr, 1913] describing
the absorption and emission of photons
by discrete atomic transitions. The equa-
tion in the red box describes the energy
difference of two stationary states of an
electron in Hydrogen.

An atomic clock is a frequency
standard which exploits the dis-
crete nature of atomic transitions
described among many others by
the Danish Nobel laureate physi-
cist Niels Bohr [Bohr, 1913]. See
Fig. 1.3. The frequency correspond-
ing to a photon emitted or absorbed
by an atomic transition is used as
an frequency reference. An atomic
transition is particularly suited as a
frequency standard, as two atoms
of same species are exactly identical
anywhere in the universe according
to the conventional understanding
of quantum mechanics. The tran-
sition frequencies will hence also
be identical provided that the sur-
rounding environments are identi-
cal.

The International Committee for Weights and Measures (CIPM) has
since 1967 defined the second to be 9 192 631 770 periods of the microwave
radiation corresponding to the energy difference between the two hyper-
fine ground state levels of the 133Cs atom. The precision of this definition
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has reached a fractional level in the order of- or just below 1×10−15 [Bureau
International des Poids et Measures, 2014].

In the 21st century, the frequency standards based on atomic transitions
in the optical frequencies have been realized to a wide extend. The stability
of those optical frequency standards has surpassed the stability of the 133Cs
atom clocks by two orders of magnitude [Chou et al., 2010a, Hinkley et al.,
2013, Ushijima et al., 2015, Nicholson et al., 2015] and the huge task of
redefining the second seems realizable in the future. The many motivations
driving the improvements towards the 1 × 10−19 fractional stability level
are diverse. Some of the scientific motivations are: measurements of
relativistic effects due to gravitational potential changes [Bondarescu et al.,
2012], simulations of many-body systems with cold atoms [Martin et al.,
2013], investigations of potential drifts of fundamental physical constants
[Rosenband et al., 2008] and detailed studies of the future promising
field of gravitational astronomy after the recently confirmed detection of
gravitational waves [Abbott et al., 2016]. Furthermore persistent efforts
are put into the development of more compact systems in order to bring
these stunning stability levels into the research fields located outside the
laboratory environments.

The development of the optical frequency standards does not seem to
slow down and the current state-of-the-art presented in this work will most
likely be outdated just few years after its submission (April 2016). The
reason for this extreme rapid development can perhaps be found in the fact,
that studies of previously inaccessible physical effects are made possible
every time an additional digit gets available for measurement. These new
effects might also be the new limitation for further improvements of the
precision.

During the years of this work, this striving for precision has been
justified by the group members of the Ultra Cold Atoms Group at the
Niels Bohr Institute by the following formulation:

One man’s noise is another man’s data.

1.1 Characterization of frequency standards

All clocks consist essentially of two components: an oscillator and a counter.
The oscillator provides a well known frequency and the counter count the
oscillations. The elapsed time is then recorded in terms of numbers of
oscillations. For example, the recurrences of day and night is an oscillation
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and the mankind has counted this oscillation to keep track of the calender
throughout human history.

An atomic clock can divide the time into much smaller intervals than
day and night and even provide much better stability than the revolution of
the Earth. The oscillator of an atomic clock is a laser which is stabilized to a
well defined frequency. Narrow line atomic transitions such as the ground
state hyperfine transition in the Caesium atom are used as references
in atomic clocks. This basic concept of an atomic clock is illustrated in
Fig. 1.4.

Figure 1.4: Illustration of the basic principle of an atomic clock. A local oscillator
oscillating at a frequency f is stabilized through a feedback loop to a frequency f0

corresponding to an atomic transition energy. Furthermore the local oscillator
frequency f is stabilized to a reference cavity such that the frequency noise δ f is
reduced.

Frequency standards such as the atomic clocks are characterized in
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terms of two quantities: Accuracy and stability/precision.
Accuracy is a measure of the deviation and uncertainty of a frequency

relative to a reference frequency. This reference frequency is the frequency
corresponding to the transition energy of an atomic transition in the case of
an atomic clock. Accuracy is secured by adjusting the oscillator frequency
to match the atomic transition frequency. See Fig 1.4. This transition
frequency can be considered as a target scale and the accuracy is then
a measure for how accurate this transition frequency can be reproduced.
Fig. 1.5a) and c) illustrates accurate frequency reproductions (red dots)
relative to the reference frequency (the center of the target). Fig. 1.5b) and
d) on the other hand are inaccurate reproductions relative to the reference
frequency.

Stability is a measure of the frequency variation in time. The term
precision is also covering the same property. It is necessary to repeat the
measurement of the transition frequency in the case of an atomic clock, as
atomic transitions have intrinsic fundamental uncertainties due to non-
zero transition linewidths. Fig. 1.5a) and b) illustrates stable frequency
reproductions (red dots) which reproduce the frequency to a great extent.
Fig. 1.5c) and d) on the other hand are instable measurements where the
frequency vary from measurement to measurement.

A measure for stability can be calculated based on repeated measure-
ments. A widely used measure for the stability is the Allan variance σ2,
which is the variance calculated for two subsequently measured values
ȳ1(τ) and ȳ2(τ) with the same averaging time τ [Riehle, 2004, p. 51]:

σ2(τ) =

〈 2∑
i=1

( Measurement i︷︸︸︷
ȳi(τ) −

1
2

2∑
j=1

ȳ j(τ)

︸      ︷︷      ︸
2-sample average

)2〉
. (1.1)

The Allan variance σ2 describes the stability of a frequency standard
in more detail than just a single value representing the uncertainty of a
frequency. The square root of the Allan variance, the Allan deviation σ, is
often preferred when evaluating the stability of a frequency standard.

The stability for different averaging timescales can be illustrated in a
Allan deviation plot. An example from [Takamoto et al., 2015] is shown in
Fig. 1.6 where the Allan deviation is shown for frequency comparisons of
three different optical atomic clocks (Sr/Sr, Yb/Sr and Hg/Sr) for averaging
times up to τ = 10000 s. It can be seen in Fig. 1.6 that the Allan deviation
declines for longer integration times τ for clocks with great long-term
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Figure 1.5: Accuracy and precision illustrated by bullet holes on a target. a)
Precise and accurate. b) Precise but inaccurate. c) Accurate but not precise. d)
inaccurate and not precise. e) Target with improved resolution allowing more
detailed determination of precision and accuracy.

stability. On the other hand, a slow drift of the measured quantity is
reflected as an increase of the Allan deviation for longer τ as seen in Fig. 1.7
[Kessler et al., 2012a]. The time characteristics of the disturbances of the
system can hence be derived from an Allan deviation plot.

The data shown in Fig. 1.6 and Fig. 1.7 are experimentally determined
Allan deviations. The dynamics of the Allan deviation for an atomic clock
is governed by a few key physical quantities:

σ ∝
1
Q

1
S/N

√
Tc

τ
∝

1
Q

1
√

N

√
Tc

τ
, (1.2)

where, Tc is the measurement cycle time representing the duration of one
measurement where data is acquired for the averaging time τi. Here, S/N
is the signal-to-noise ratio during the frequency measurement. The last

iThe maximum possible value for τ
Tc

is of course 1.
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Figure 1.6: From [Takamoto et al., 2015]:
Allan deviations illustrating the relative
frequency instabilities for comparison
of different optical lattice clocks. Sr/Sr,
Yb/Sr and Hg/Sr comparison are shown
here.

Figure 1.7: From [Kessler et al., 2012a]:
Allan deviation showing the average in-
stability of three reference cavities used
for laser stabilization. Ref.1 and Ref.2
are conventional cavities, while the third
cavity is made of mono-crystalic silicon.

rewriting in Eq. (1.2) exploits that this S/N ratio scales with the squareroot
of the number of measured atoms for quantum projection noise limited
measurements [Boyd, 2007, p.7]. The parameter Q = ν0/∆ν is the so-
called quality factor denoting the experimentally determinable ratio of the
atomic transition frequency ν0 and the transition linewidth ∆ν. The atomic
transitions used in atomic clocks can ideally yield very high Q-factors and
these transitions are often denoted clock transitions.

It can be seen from Eq. (1.2) that the Allan deviation is reduced for
longer averaging time τ. This is illustrated by the dashed prediction lines
in Fig. 1.6. It can also be seen that the Allan deviation can be reduced
further by choosing an atomic transition with very high Q-factor and
number of atoms N. The Q-factor is ∼ 2 × 1010 for the hyperfine ground
state transition of 133Cs. However, the clock transitions of the optical
atomic clock candidates yield Q-factors in the 1016

− 1017-level due to the
high optical frequencies in the ∼ 100 THz-level and sub-Hz transition
linewidths. Clearly, the optical atomic clocks have the potential to surpass
the stability of the clocks operating in the microwave frequencies.

In fact, the state-of-the-art optical atomic clocks have in the recent
years surpassed the precision level of the definition of the second [Chou
et al., 2010a, Hinkley et al., 2013, Nicholson et al., 2015, Ushijima et al.,
2015, Le Targat et al., 2013]. This makes the precision evaluation of such
state-of-the-art optical clocks difficult, since the accuracy and stability of a
frequency can only be evaluated relative to some reference frequency. All
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stability evaluations of optical atomic clocks are hence relative evaluations
performed by comparison of two systems with similar stability levels.
The data shown previously in Fig. 1.6 are also acquired by comparing
several optical atomic clock systems. Whereas stability measurements
surpassing the definition of the second can be performed by comparison
of two optical atomic clocks, nothing can per definition be more accurate
than the definition of the second. A redefinition of the second seems
to be inevitable in the future. Such a redefinition would correspond to
improving the resolution of the scale of the target as shown in Fig. 1.5e)
and allow even more detailed determination of the stability and accuracy
of frequency measurements.

1.2 Optical Atomic clocks

It is suggested from Eq. (1.2) that precision levels surpassing the microwave
clocks can be achieved by employing optical transitions with high Q-factor
values. Precise measurements of the atomic transitions need reduction of
the motional effects of the atomic transitions. Tight confinement of the
atoms are hence needed. In general, two different trap schemes have been
pursued for tight atom confinements in atomic clocks: ion clocks which
exploit the long trapping times of a single ion in time-varying electric
quadrupole potentials and optical lattice clocks which exploit the trapping
of a large number of neutral atoms in a dipole trap operating at a so-called
magic wavelength which cause equal AC Stark shifts on the both upper
and lower levels of the clock transition [Katori, 2001]. Both ion clocks and
optical lattice clocks have reached amazing precision and accuracy levels
by imposing rigorous control of the systematic errors and shifts caused by
the system environments.

The invention of the so-called frequency comb has allowed the com-
parisons of optical frequencies with other optical or microwave frequency
standards [Diddams et al., 2000] and both absolute (relative to the current
definition of the second, [Le Targat et al., 2013, Tyumenev et al., 2016]) and
relative measurements of the different optical atomic clocks have been
realized [Yamanaka et al., 2015, Tyumenev et al., 2016, Nemitz et al., 2016].
The frequency comb has had an essential impact on the research in the
field of precision physics and it was awarded with the Nobel prize in 2006
[Hänsch and Hall, 2006]. Fractional instabilities in the 10−18 levels have
been realized for both ion clocks ([Chou et al., 2010a, Huntemann et al.,
2016]) and optical lattice clocks [Nicholson et al., 2015, Ushijima et al.,
2015, Le Targat et al., 2013]. However, the optical lattice clocks have the
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possibility to realize this stability level for much shorter averaging time τ
as the large number of trapped atoms N in optical lattice clocks yield a
lower Allan deviation in Eq. (1.2).

A selection of the current research topics within optical atomic clocks
are mentioned in the following section. These topics are presented here to
give the reader a general idea of the broad range of research topics which
will benefit from improvements of the optical atomic clocks. Readers
familiar with the main research topics in the field of optical atomic clocks
can skip ahead to Sec. 1.3 where the current limitations of the optical
atomic clocks and the main scope of this work is presented.
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Gravitational sensing

Figure 1.8: From [Chou et al., 2010b]:
The fractional frequency differences for
two 27Al+-based optical ion clocks has
been demonstrated to change for different
relative heights.

One of the consequences of Ein-
steins General relativity is that time
runs differently for different grav-
itational potentials. Consequently,
the clock laser frequencies of two
optical atomic clocks will oscillate
differently if the two clocks are
separated in different gravitational
fields. This has been detected by
comparing two optical 27Al+-based
ion clocks based positioned with a
relative height difference of 33 cm
[Chou et al., 2010b]. See Fig. 1.8.
Similar effects have also been de-
tected by comparing two optical
lattice clocks [Yamaguchi et al., 2011].

This sensitivity to changes in gravitational potentials opens the prospects
for applying optical atomic clocks to relativistic geodesy [Baudouin et al.,
2013] or for contribute [Graham et al., 2013] to the future studies of the
newly discovered gravitational waves [Abbott et al., 2016].

Variation of fundamental constants

Figure 1.9: From [Abgrall et al., 2015]:
The fractional variation of the ratio of the
ground state hyperfine splitting for 87Rb
and 133Cs, νRb/νCs, has been measured
for 14 years. A drift might be indicated in
this figure, however no significant drift
has yet been confirmed.

The transition frequency of an
atomic transition depends on the
atomic number Z and the fine
structure constant αfine. Potential
time variations of the fine struc-
ture constant can thus be studied
by comparing two optical atomic
clocks based on two different el-
ements with different sensitivity
to variations of the fine struc-
ture constant. Such studies have
been performed both by compar-
ing microwave clocks [Guéna et al.,
2012] and by comparing optical ion
clocks [Rosenband et al., 2008, Go-
dun et al., 2014]. No clear drift of
αfine has yet been detected but an
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upper limit of the time variation α̇fine/αfine = −(0.7 ± 2.1) × 10−17year−1 has
been reported [Godun et al., 2014]. See Fig. 1.9.

Fiber links

Figure 1.10: From [Predehl et al., 2012]:
Map of a 920 km fiber link for frequency
comparison realized between Münich
and Braunschweig in Germany.

A redefinition of the second will
require a mature infrastructure of
optical atomic clocks for compar-
ing clocks around the world. Un-
fortunately, the most precise opti-
cal atomic clocks require advanced
laboratory environments and are
not yet transportable. While mi-
crowave clocks can compare fre-
quencies using global satellite sys-
tems such as the GPS, a satellite
based frequency comparison of two
optical atomic clocks would be lim-
ited by the uncertainties caused
by the atmospheric disturbances.
Hence, fiber optical links over sev-
eral hundred kilometers have been
realized across international board-
ers [Predehl et al., 2012, Lisdat et al.,
2015]. Figure 1.10 illustrates one of these fiber optical links. Recently,
frequency transfer with fractional instability in the 10−17 level has been
reported [Lisdat et al., 2015], which evokes the possibilities for distributing
the stabilities of the optical atomic clocks around the world.

Transportable optical clocks
An other strategy to distribute the supreme stabilities of the optical atomic
clocks is to develop compact and energy efficient clocks systems. See
Fig. 1.11. Staggering efforts have also been put into the development of
space atomic clocks as PHARAOii and the Space Optical Clocks (SOC)
project [Bongs et al., 2015], for improving the stability of satellite based fre-
quency comparisons. The development of compact optical clock systems
stabilized on narrow molecular transitions are also pursued [Castagna
et al., 2013]. It should be mentioned that the technology for microwave
clocks is in many ways more mature and several compact microwave clock

iiPHARAO is in fact a microwave clock, but it will improve both the stability and
accuracy level currently available in space.
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systems have shown impressive stability and accuracy levels [Prestage
et al., 2008, Schwindt et al., 2015].

Figure 1.11: From [Riehle, 2015]: A
picture of a transportable optical lattice
clock, which fits inside a truck.

Many of the above mentioned
applications of optical atomic
clocks are currently limited by the
stability of the ultra stable clock
lasers used for interrogation of
the clock transmissions. A signif-
icant improvement of the stability
of those clock laser would hence
lead to advances for all above men-
tioned applications. Motivated by
this demand, the main scope of this

work is improvements of the current state-of-the-art stabilized lasers.

1.3 Ultra stable lasers

Figure 1.12: Private photo: The 40 cm
ULE cavity inside a 3 layer vacuum sys-
tem. Described in details in [Bishof et al.,
2013, Bloom et al., 2014].

As mentioned previously, the state-
of-the-art optical lattice clocks have
achieved stabilities down to the
1 × 10−18 level. However, this re-
quires averaging times in the or-
der of τ = 10000 s (about 3 hours).
Ideally, the same stability level is
desired for much shorter averag-
ing time. It can be seen in Eq. (1.2)
that the integration time τ can be
reduced if the Q-factor or the num-
ber of atoms N could be increased.
Only limited improvement of sta-
bility can be expected from increas-
ing N as Eq. (1.2) scales as N−1/2.
On the other hand, a significant im-
provement of the Q-factor can be
expected, as the ultra high Q-factor
are not fully exploited for the clock
transitions of the optical lattice clock candidates. The current state-of-the-
art stabilized lasers reaches fractional instabilities in the low 10−16 level
corresponding to a linewidth in the order of 20 − 50 mHz [Bishof et al.,
2013, Kessler et al., 2012a, Häfner et al., 2015]. This linewidth level is
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still too large to resolve the natural linewidths ∆ν of the clock transitions
for the optical lattice clock systems where stability in the 10−18 level has
already been achieved (∆ν = 1 mHz for 87Sr and ∆ν = 10 mHz for 171Yb
(CITE Ludlow review)). The Q-factor is hence limited by the linewidths
of the lasers interrogating these clock transitions. These lasers are often
denoted as clock lasers.

Current state-of-the-art clock lasers achieve these stability levels by
locking the laser to an ultra stable passive optical cavity. These reference
cavities are very complex and expensive cavity systems with high Q-factors.
Figure 1.12 shows one of these ultra stable cavity systems consisting of
Ultra-Low Expansion (ULE) glass cavity spacers placed under noise isolated
environments. However, the stability of the current state-of-the-art clock
lasers are currently limited by the thermal Brownian motions of the cavity
mirrors [Kessler et al., 2012b, Cole et al., 2013]. This has already been
indicated in Fig. 1.7, where the Allan deviation of an ultra stable laser is
forced above a certain thermal noise floor for all integration times. New
strategies and technologies seems necessary if further improvements are
to be achieved and if the costs for these improvements are to be reduced.

1.3.1 Strategies for improvement

A variety of different strategies are investigated in order to surpass the
limitations forced by the thermal noise. One conceptually straight forward
strategy is to cool the optical cavity down to cryogenic temperatures. Ultra
stable reference cavities composed of mono-crystalic silicon cavity spacers
have been realized at 124 K temperatureiii and a linewidth of 40 mHz has
been reported [Kessler et al., 2012a]. Such elaborate systems technically
highly complex and expensive and not yet widely accessible.

Another conceptually simple strategy is to apply longer reference
cavities. As the fractional frequency instability δν/ν0 scales proportionally
with the stability of the cavity length δL/L0. This fractional instability may
potentially be reduced by increasing the cavity length L0. However, the
use of longer and heavier cavities complicates the vibration suppression
and uniform temperature control. Long term fractional instabilities in the
low 10−16 and even short term fractional instabilities in the high 10−17 level
has been reported [Häfner et al., 2015].

Another more complex strategy with great prospects is to apply
crystalline mirror coatings consisting of monocrystalline multi-layers

iii124 K is the zero crossing temperature of the thermal expansion coefficient of the
mono-crystalic silicon spacers.
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instead of the conventional dielectric multilayers for mirror coatings.
Optical cavities with such crystalline coatings has been realized and a
reduction of the thermal noise floor with an order of magnitude has been
reported [Cole et al., 2013]. This strategy can potentially be combined with
the conventional reference cavity technologies. Crystalline coatings can
hence potentially push the entire research field forward if the technology
matures and becomes widely accessible.

The last strategy to be mentioned here is to apply narrow line atomic
transitions as a quantum mechanical frequency discriminator for laser
stabilization. Recent proposals suggest to trap atoms with narrow transi-
tions inside an optical cavity and probe the combined atom-cavity system
[Martin et al., 2011, Chen, 2009]. The optical cavity serve primarily to
enhance the atom-light interactions. The atomic linewidth will then domi-
nate the linewidth of the combined system if the cavity linewidth is much
greater than the atomic linewidth. One variation of this strategy is to
realize so-called active frequency standards which directly emit radiation
with a given frequency determined by the properties of the atoms. It has
been proposed that active standards in the so-called bad cavity regime
has prospects of reaching linewidths in the mHz range [Meiser et al.,
2009, Chen, 2009]. The main topic of this work is to investigate the
prospects for experimental realization of such atom-cavity systems for
laser stabilization.

The above mentioned strategies are just a limited selection of the
many current efforts around the world for improving the forefront of laser
stabilization. The incredible development of the laser technology since its
invention can be felt by reading the following quote from 1988 by Peter
W. Milonni and Joseph H. Ebberly in [Milonni and Eberly, 1988, p.363]
regarding the realizable values for the finesseiv of an Fabry-Perot optical
cavity:

Practical difficulties, such as surface roughness of the Fabry-Perot plates, place a
normal upper limit of around 30 on the finesse, tough values in the range

F ≈ 100 can be achieved under special circumstances.

The finesse is a quantity, which reflects the quality of an cavity as a
frequency discriminator and despite this above mentioned claim from
1988, Finesses in the ×105 level are widely achievable today [Kessler et al.,
2012a, Häfner et al., 2015]. This improvement has only been possible
due to a generation of material scientists and optical physicists who has

ivDescribed in more details in Sec. 4.1.
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pursued a vast number of strategies for improvements. This work will
present just one more effort in the quest for ultimate precision.
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2
Active frequency standards

It was introduced in the previous chapter that the current state-of-the-art
optical atomic clocks are limited by the instability of the clock lasers used
in the atomic clocks. This work studies the prospect for exploiting narrow
atomic transitions in order to surpass the current stability limits of these
clock lasers.

Two main strategies are studied in this work: laser stabilization on atomic
systems, and active light sources. The main concepts of these two strategies
are presented briefly in the following sections before more detailed studies
are presented from Chapter 3 and onwards.

Good and bad cavity limits
Most conventional lasers operate in the so-called good cavity limit. In
this good cavity limit, lasing is realized for an atomic gain profile with
linewidth Γ and optical cavity linewidth κ which relate to each other as
κ� Γ, see Fig. 2.1. Shawlow and Townes originally predicted [Schawlow
and Townes, 1958] the ideal linewidth ∆νGood of a laser operating in the
good cavity limit and only limited by the phase noise due to spontaneous
emissioni:

∆νGood =
hν
4π

κ2

Pout
, (2.1)

i∆νGood is a linewidth in units of Hz while κ and Γ are in angular frequencies.

17
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Figure 2.1: Illustrations of the relation between the cavity linewidth κ and atomic
linewidth Γ for in the good cavity limit (left) and the bad cavity limit (right).

where Pout is the laser output power. It is assumed in Eq. (2.1), that the
center frequencies of the atomic and cavity gain profiles coincide and that
the laser is operating at steady state.

Equation (2.1) can yield remarkably narrow linewidths by realizing a
narrow cavity linewidth κ and by operating at a high output power Pout.
However, Eq. (2.1) do not take into account phase noise contributions such
as fluctuations of the cavity length. The linewidths of the current state of
the art laser systems are thus not limited by the Shawlow-Townes limit.
They are instead limited by thermal noise in the entire reference cavity
ensemble used for frequency stabilization [Kessler et al., 2012a, Cole et al.,
2013].

A great number of strategies are being pursued to push laser stabilities
beyond the thermal noise induced limitations as already discussed in
Sec. 1.3.1. One strategy is to apply atom-cavity systems in the bad cavity
limit where κ � Γ. Shawlow and Townes’ linewidth limit in the good
cavity limit described in Eq. (2.1) can be modified to an expression for a
generalized linewidth limit ∆νGeneral [Kuppens et al., 1994]:

∆νGeneral =
hν
4π

κ2

Pout

(
Γ

Γ + κ

)2

. (2.2)

Equation (2.2) reduces to Eq. (2.1) in the good cavity limit (κ� Γ). The
latter factor Γ

Γ+κ decreases in the bad cavity limit (κ� Γ) and the linewidth
limit ∆νBad is:

∆νBad =
hν
4π

Γ2

Pout
. (2.3)
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This linewidth limit is dominated by the width of the atomic gain
profile. ∆νBad can potentially surpass the good cavity limit (Eq. (2.1)) as
atomic linewidths can be much narrower (Γ ∼ mHz) than the practically
realizable linewidths for an optical cavity (κ ∼ 10 kHz).

An atom-cavity system in the bad cavity limit is also much less sensitive
to the fluctuations of the cavity length. An atom-cavity system will have
a combined average lasing frequency νavg = (Γνc + κνa)/(Γ + κ) when
the atomic and cavity resonance frequencies νa and νc are not identical.
Changes in the cavity length will cause the cavity resonance frequency
νc to change and result in modifications of the combined resonance
frequency νavg of the atom-cavity system. This effect is called cavity pulling.
Fluctuations in cavity length will hence be manifested in fluctuations in
the combined lasing frequency. The sensitivity P to this cavity pulling can
be expressed as:

P =
dνavg

dνc
=

Γ

Γ + κ
. (2.4)

Equation (2.4) shows, that the lasing frequency in the bad cavity limit
is much more insensitive to fluctuations in the cavity frequency, as P ≈ 1
in the good cavity limit, while P� 1 in the bad cavity limit.

Two strategies are studied in this work in order to improve laser
stabilization by using systems in the bad cavity limit: Laser stabilization
on atomic systems where a laser is stabilized in a feedback system with
an atomic transition as a frequency discriminator, and active light sources
where spectrally pure radiation is emitted directly and collectively from a
narrow atomic transition. The main concepts of these two strategies are
described below.

2.1 Laser stabilization on atomic systems
Recent studies have proposed to apply laser cooled atoms with ultra
narrow transitions inside an optical cavity for laser stabilization [Martin
et al., 2011]. Figure 2.2 illustrate the main concept, where the atom induced
phase dispersion is used as an error signal for laser stabilization. An ultra
narrow transition such as the 1S0 →

3P0 transition in neutral strontium can
provide a frequency discriminator with a linewidth in the order of mHz.
Such ultra narrow transitions are very insensitive to external perturbations
and the effect of the external perturbations are very well characterized in
optical clock experiments [Riehle, 2015].
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Figure 2.2: Schematics of stabilization of a probe laser on an atom-cavity system.
The atom induced phase shift on the cavity transmitted field is detected and
converted to a photocurrent ∆i. This photo current serves as an error signal for
an feedback loop that stabilized the probe laser frequency on the atomic resonance.
In this work, the cavity resonance frequency νc is required to be on resonance
with the probe laser. This requirement is described in details later in Sec. 3.

Ultra narrow transitions are easily strongly saturated and this causes the
system dynamics to become highly nonlinear and nontrivial. Furthermore,
narrow transitions interact only very weakly with light and sufficient
optical depths are not available in free space for current experimental
systems. The interrogation of the atoms are hence cavity enhanced by
placing the atoms inside an optical cavity. The first proposals have
studied the highly non-linear dynamics of such atom-cavity systems with
atomic temperatures equivalent to zero degree Kelvin [Martin et al., 2011].
In this work, these studies are extended by theoretical studies of the
dynamics of a similar system with finite atomic sample temperatures.
The ideal achievable linewidths are also predicted theoretically for laser
stabilization on such systems. These theoretical studies are published
in [Tieri et al., 2015] and discussed in details in Chap. 3. Two proof-of-
concept experimental setups were also constructed during this work and
the non-linear dynamics predicted in [Tieri et al., 2015] are investigated
experimentally. The details of the experimental setups are described in
Chap. 4–5, while the results of these experimental studies are published in
[Westergaard et al., 2015, Christensen et al., 2015a] and presented in Sec. 6.

Finally, it should be mentioned that laser stabilization on optical
transitions have been performed previously in several different systems
[Cook et al., 2015, Fox et al., 2012]. These stabilization systems typically
use stronger optical transitions, which are more sensitive to external
perturbations. These transitions are hence not suited for improving the
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current state-of-the-art laser stability.

2.2 Active light sources
Another approach is to let atom-cavity systems in the bad cavity limit to
directly emit radiation with a spectral purity determined by the atomic
transition linewidth Γ. This radiation is emitted collectively by the atoms
inside the cavity. This collective emission is described in more details
later in Sec. 7. The atomic transition will serve as a frequency filter and
determine both the precision and accuracy of the system. The impact of
the atomic transition can be seen in Eq. (2.3), where the lower limit of this
bad cavity laser linewidth is dominated by the spontaneous emission rate
Γ. ∆νBad in Eq. (2.3) can even be more narrow than the atomic transition Γ.

It has hence been proposed that extreme spectral purity can be achieved
by applying ultra narrow transitionsii in such atom-cavity systems [Chen,
2009, Meiser et al., 2009]. These proposed active light sources are immune
to thermal noise in the cavity frequency due to a vanishing pulling
coefficient P (See Eq. (2.4)) and may pave the way to achieve laser stability
levels below the thermal noise level. Excellent accuracy levels can also be
achieved for such active light sources as the emitted optical frequency is
determined by the atomic transition frequency.

Figure 2.3: Schematics of collective emission from a beam of atoms coupled to an
optical cavity. A beam of atoms are laser cooled in the directions relevant for the
cavity. The atoms are pumped to the excited state before entering the cavity and
emit radiatin into the cavity mode.

Collective emission from narrow line transitions has been realized
experimentally [Norcia and Thompson, 2016a, Norcia et al., 2016] and

iiSuch as the 1 mHz 1S0 →
3P0 transition in neutral strontium.



22 CHAPTER 2. ACTIVE STANDARDS

laser linewidths narrower than the atomic transition linewidths have been
observed for other systems [Bohnet et al., 2012, Zhi-Chao et al., 2015] with
broader transition linewidths. Most of the mentioned collective emission
experiments[Bohnet et al., 2012, Norcia and Thompson, 2016a, Norcia
et al., 2016] are performed cyclically and the collective emission is only
observed as pulses. Continuous operation is desired for clock purposes.
This, however, requires a continuous and incoherent pumping of the
upper excited state of the radiating transition. This may be achieved in
3- or 4-level systems [Zhi-Chao et al., 2015] or by coupling the cavity to
a beam of atoms cooled in the relevant dimensions [Chen, 2009] where
the intra cavity atoms are continuously replaced by new atoms in the
beam. See Fig. 2.3. Such an atomic beam system can also be adapted for
continuous laser stabilization described in Sec. 2.1.

Many experiments for studying collective emissions are performed
with atomic samples trapped in optical lattices. In this work, preliminary
studies are done for investigating the possibility of extracting spectrally
narrow collective emission from laser cooled thermal atoms. These studies
are presented in details in Sec. 7. The usage of thermal atoms simplifies
the system and the complexity of the system is held low by avoiding more
complex cooling techniques such as second stage cooling. The results
from this work might thus prove valuable for more compact systems in
the future.

Cooperativity
Both strategies presented in Sec. 2.1 and Sec. 2.2 depend greatly on a
common unitless system parameter called the cooperativity. The single
atom cooperativity is defined as C0 = 4g2/Γκ, where g is the single atom-
cavity coupling constant. The coefficient C0 is a measure of how strong the
coherent atom-cavity coupling is for a single atom inside the cavity mode.
The collective collectivity C = NcavC0 is then a measure of how strong all the
intra-cavity atoms are coupled to the cavity. Here, Ncav is the total number
of intra-cavity atoms. Both the single atom- and collective cooperativity
can conceptually be considered as a ratio between the rate of coherent
scattering into the cavity mode and the rate of dissipation processes out
of the cavity mode (shown for the collective cooperativity here):

C = NcavC0 =
4g2Ncav

Γκ
=

Coherent coupling
dissipation

. (2.5)

Coherent collective emission can hence be built up inside the cavity
when C > 1 (Coherent coupling>dissipation). A high value of the collective
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cooperativity C is also beneficial for laser stabilization on an atom-cavity
system, as the slope of the atom induced phase dispersion ∂ϕ

∂ν is later
shown to increase with C. C = NcavC0 can be increased by increasing the
intra-cavity atom number or the cavity finesse. A natural upper limit of
the collective cooperativity is however set as the number of atoms are often
limited by technical limitations and the cavity finesse can only be increased
in an extend where the bad cavity condition (κ� Γ) is maintained.

Outlook
This chapter has presented two promising strategies for pushing the
stability of laser systems beyond the limitations induced by thermal noise.
Both of these strategies operates in the bad cavity limit where strongly
non-linear dynamics can be expected due to the easily saturated ultra
narrow transitions used in these strategies.

The main focus in this work is laser stabilization on a system consisting
of thermal atoms coupled to an optical cavity as described in Sec. 2.1.
However, previous theoretical works have only described laser stabiliza-
tion on atoms with temperatures equivalent to zero degree Kelvin [Martin
et al., 2011]. A theoretical model for thermal atoms coupled to an optical
cavity was hence developed in order to study the expected non-linear
dynamics. The following chapter presents this theoretical model and
investigates the non-linear dynamics relevant for laser stabilization.
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3
Finite temperature systems for

laser stabilization

It has been presented previously in Sec. 2.1 that laser stabilization on intra-
cavity narrow line atomic systems show prospects for overcoming the
limitations of the conventional laser stabilization techniques. In this work,
theoretical and experimental studies have been done on laser stabilization
using a thermal sample of laser cooled atomic systems with narrow
line transitions. Laser cooled atoms exhibits larger temperatures than
atoms tightly trapped in optical lattices, and this high temperature yields
Doppler broadening of the transition, which might degrade the system’s
performance as a frequency discriminator. Nevertheless, a thermal sample
was chosen as subject for this work for investigating the prospects for
developing more simple and compact systems.

The structure of this chapter is organized as follows: The current state
of the art of laser stabilization on atomic systems are described briefly
below. Then, Sec. 3.1 describes the theoretical model developed in this
work for describing the proof-of-concept experimental systems presented
later in Sec. 4–6. The system dynamics and the implications for laser
stabilization are then discussed in Sec. 3.2–3.4 based on this theoretical
model.

Prior to this work, laser stabilization on atomic systems have been
realized for a number of experimental systems which exploits atomic
transitions in the ∼ 100 Hz level [Cook et al., 2015, Fox et al., 2012]. The
advantages by applying the ultra narrow forbidden transitions (∼ mHz)
in the alkali-earth metals are alluring. It has been predicted that laser

25
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linewidths in the ∼ µHz level can be achieved by applying ultra narrow
optical transitions of atoms coupled to an optical cavity as frequency
references for laser stabilization [Martin et al., 2011].

The theoretical work in [Martin et al., 2011] considers atoms trapped in
a magic wavelength optical lattice. These trapped atoms are then placed
inside an optical cavity, where the atomic transition is resonant with the
cavity resonance. The optical cavity considered here in [Martin et al., 2011]
has a relatively high finesse in the ∼ 104 level. In this system, the atomic
temperature corresponds essentially to T = 0 K, as the atoms are cooled
down to the vibrational ground state in the optical lattice such that Doppler
broadening and dissipation effects can be neglected. The design of such a
system is complicated by the requirements of preparing an optical lattice
inside a high finesse optical cavity resonant with the atomic transition.
Furthermore, some of the essential technologies required in [Martin et al.,
2011] are: magic wavelength optical lattice and pre-stabilized laser with
a precision in the current state-of-the-art level. Both of these mentioned
technologies are expensive technologies that are possessed primarily by
state-of-the-art optical frequency standards laboratories.

In this work, theoretical studies have been done on the laser stabiliza-
tion prospects of laser cooled thermal atoms (T > 0 K) coupled to an optical
cavity in order to develop an simple alternative to the T = 0 K-system.
The complexity of this finite temperature system is greatly reduced by
using laser cooled thermal atoms without an optical lattice and by choos-
ing broader transitions in the ∼ kHz level. This theoretical work was
developed by David Tieri, Murray Holland et al. from JILA, University
of Colorado, in collaboration with the author of this thesis and it was
published in Physical Review A 92, 053820 (2015) [Tieri et al., 2015].

3.1 Velocity dependent many-atom theory

The following section describes the theoretical model developed for this
work. The above mentioned sample of laser cooled thermal atoms coupled
to an optical cavity is treated as a cavity QED system, while a semi-classical
interpretation is also discussed later in Sec. 3.2.1. The main scope of this
section is to derive an expression for the cavity transmitted field, as this is
the most accessible observable, which can be exploited in a feedback loop
for laser stabilization as illustrated in Fig. 2.2.

The studied system was modeled as an ensemble of N two-level atoms
coupled to a single mode of an optical cavity. Laser cooled neutral alkali
atoms can be approximated as such a system. The following general
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Born-Markov master equation [Meystre et al., 2007, p. 428] was used to
model the open quantum system consisting of a statistical ensemble of
the two-level atoms described by the density matrix ρ̂:

dρ̂
dt

=
1
i~

[
Ĥ, ρ̂

]
+ L̂

[
ρ̂
]
, (3.1)

where the coherent evolution of the system is described by the commutator
term and the Liouvillian L̂ describes the dissipation of the system. The
Hamiltonian Ĥ of the coupled atom cavity system is:

Ĥ = ~Θâ†â +
~∆

2

N∑
j=1

σ̂z
j + ~η

(
â† + â

)
+ ~

N∑
j=1

g j

(
â†σ̂−j + σ̂+

j â
)
, (3.2)

where Θ = ωc − ωl is the detuning between the cavity and a probing laser,
â (â†) is the annihilation (creation) operator of the cavity mode, ∆ = ωa−ωl

is the atom-laser detuning, σ̂+
j ,σ̂−j and σ̂z

j are Pauli spin matrices for the
atoms and g j is the atom-cavity coupling rate for the j’th atom. The rate
at which photons from the probe laser couples into the cavity is described
by the so-called classical drive amplitude η, which is described as:

η =

√
2πκPin

~ωc
. (3.3)

Here, κ is the cavity decay rate, Pin is the input optical power and ωc is
the resonance frequency of the cavity mode.

The parameters in Eq. (3.2) need to be specified to match the system
studied in this work. The criterion Θ = ωc − ωl = 0 was chosen, corre-
sponding to a system where the empty cavity resonance is forced to be on
resonance with the probe laser. This criterion is similar to the criterion
also chosen in [Martin et al., 2011]. However, it turned out later, that
this criteria differs slightly from the experimental system described in
this work (described in Chap. 5), where the cavity mode modified by
the atomic induced phase shift is forced to be on-resonance with the
probing laser. This causes a standing wave to be present in the cavity at
all times. It is shown later in Chap. 6, that this experimental criteria in
this work modifies the experimental observables substantially compared
to the theoretical results presented in this chapter. All atoms were also a
attributed finite velocities from a Maxwell-Boltzmann velocity distribution
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and the spatial extent of the cavity field is also taken into account. The
atom-cavity coupling rates are described as g j(t) = g0

1
2πw2

0
e−r2

j /w
2
0cos(δ jt),

where g0 is the maximum coupling amplitude, r j is the radial position
of the j’th atom relative to the cavity axis, w0 is the cavity waist radius,
δ j = k · v j is the Doppler shift for the j’th atom with the velocity v j and k is
the wavenumber of the probe laser. The final Hamiltonian used in this
model is then:

Ĥ =
~∆

2

N∑
j=1

σ̂z
j︸     ︷︷     ︸

Atomic excitation

+

Cavity photons︷      ︸︸      ︷
~η

(
â† + â

)
+ ~g0

1
sπw2

0

N∑
j=1

e−r2
j /w

2
0cos(δ jt)

(
â†σ̂−j + σ̂+

j â
)

︸                                             ︷︷                                             ︸
Atom-cavity coupling

.

(3.4)
The incoherent evolution of the evolution is described by the Liouvil-

lian, L̂
[
ρ̂
]
, in the second term of Eq. 3.1. The Liouvillian describes the

decoherence contributions from the different dissipation channels in the
system:

L̂
[
ρ̂
]

=

Cavity dissipation︷                         ︸︸                         ︷
−
κ
2

(â†âρ̂ + ρ̂â†â − 2âρ̂â†)

−
Γ

2

N∑
j=1

(σ̂+
j σ̂
−

j ρ̂ + ρ̂σ̂+
j σ̂
−

j − 2σ̂−j ρ̂σ̂
+
j )

︸                                      ︷︷                                      ︸
Atomic decay

+
Γp

2

N∑
j=1

(σ̂z
j ρ̂σ̂

z
j − ρ̂)

︸                  ︷︷                  ︸
External decoherence

, (3.5)

where Γ is the spontaneous decay rate of the atomic transition and
Γp = Γ/2 + Γdec is the total decay rate of the atomic dipole including the
external decoherence rate Γdec.

The equations of motion for the expectation values of the field operator
〈â〉 = α and the atomic operators 〈σ̂±j 〉 = σ±j and 〈σ̂z

j〉 = σz
j can be derived

using Equation (Eq. 3.1–3.5):
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α̇ = −κα + η +

N∑
j=1

g j(r j, t)σ−j , (3.6)

σ̇−j = −

(
Γp + i∆

)
σ−j + g j(r j, t)ασz

j , (3.7)

σ̇z
j = −Γ

(
σz

j + 1
)
− 2g j(r j, t)

(
α∗σ−j + ασ+

j

)
. (3.8)

Here we have introduced a semi-classical approximation, where both
the atom number N and the cavity field drive is sufficiently large, and thus
making the atoms and the cavity field, uncorrelated, 〈â†σ̂−j 〉 ≈ 〈â

†
〉〈σ̂−j 〉.

The dynamics of the system is described by Eq. (3.6)-(3.8) and the cavity
transmission spectrum can be calculated through the intra cavity photon
number |α|2 = 〈â†â〉. Solutions for α are of particular interest as mentioned
previously, as the cavity transmitted field is the most accessible observable
in the experimental systems studied in this work.

Equation (3.6)–(3.8) can be approximated to take the Doppler shift
δ j = kv j into account:

α̇ = −κα + η + g̃0N
∫

P(δ)cos(δt)σ−dδ, (3.9)

σ̇− = −

(
Γp + i∆

)
σ− + g̃0cos(δt)ασz, (3.10)

σ̇z = −Γ (σz + 1) − 2g̃0cos(δt) (α∗σ− + ασ+) . (3.11)

Here, δ = kv is a continuous variable and P(δ) is the Maxwell-Boltzmann
velocity distribution with width δ0. This parameter δ0 is related to the
atomic sample temperature trough:

δ0 =

√
kBT
mk2 . (3.12)

The index j are gone in Eq. (3.9)-(3.11) as the atomic velocities are
taken into account through the Maxwell-Boltzmann distribution instead of
treating all N atoms individually. The spatial distribution of the cavity field
is taken into account similarly through the Gaussian distribution of the
intra-cavity field. The intra-cavity position of the atoms are independent of
their velocities, so this spatial distribution of the cavity field was averaged
and yields an effective atom-coupling rate g̃0 = g0

1
w2

0

∫
∞

0
re−r2/w2

0ρMOT(r)dr
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in Eq. (3.9)-(3.11). Here, ρMOT(r) is a uniformi and normalized density
distribution of the intra-cavity atoms.

A first approach would be to solve Eq. (3.9)-(3.11) by numerical
integration of the integral while dividing the integral into finite-sized
velocity bins. A second approach is however used for the theoretical
studies presented in the rest of this section, as this approach illustrates the
underlying physics more intuitively. The results of the two approaches
do, however, show excellent agreement as long as the resolution of the
velocity bins are high enough [Tieri et al., 2015].

In this second approach, σ± and σz are expanded in terms of their
Fourier components:

σ− =
∑

l

eilδtx(l)
1 , (3.13)

σ+ =
∑

l

eilδtx(l)
2 , (3.14)

σz =
∑

l

eilδtx(l)
3 , (3.15)

where x(l)
1 ,x(l)

2 and x(l)
3 are the complex amplitudes of the l’th Fourier

component. This expansion separates the slow evolution of the system
(contained in x(l)

1,2,3) and the fast evolution with frequencies l · δ.
The fast evolution with the frequencies l · δ (l , 0) govern so-called

doppleron resonances, which are multi-photon scatterings which can occur
for atomic systems exposed to counter-propagating radiation with two
different wavelengths [Tallet, 1994, Ficek and Freedhoff, 1993, Kyrölä and
Stenholm, 1977]. In the system considered here, the bi-chromatic radiation
is the Doppler shifted cavity light seen in the frame of the moving atoms.
The fundamental process of these doppleron resonances are described in
more details in the following Sec. 3.3.1. The contributions of the doppleron
resonances are represented by the higher order Fourier components (l , 0).
It is hence also possible to study the behavior of the system without
doppleron resonances by only inserting only the l = 0 components of
Eq (3.13)-(3.15) into Eq. (3.9)-(3.11).

Equation (3.13)-(3.15) are inserted in Eq. (3.9)-(3.11) and the following
equations of motion are found:

iThis assumption of uniform spatial distribution of the atoms is valid for a magneto-
optical trap (MOT) with high optical depth [Dinneen et al., 1999].
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ẋ(l)
1 = −

(
i(∆ + lδ) + Γp

)
x(l)

1 +
g̃0α

2

(
x(l+1)

3 + x(l−1)
3

)
, (3.16)

ẋ(l)
2 =

(
i(∆ + lδ) − Γp

)
x(l)

2 +
g̃0α∗

2

(
x(l+1)

3 + x(l−1)
3

)
, (3.17)

ẋ(l)
3 = −Γδ(l,0) − (ilδ + Γ) x(l)

2

−g̃0

(
αx(l+1)

2 + α∗x(l+1)
1 + αx(l−1)

2 + α∗x(l−1)
1

)
. (3.18)

Higher order time derivations of the complex amplitudes xl
1,2,3 were

neglected during the derivation of Eq.(3.16)–(3.18) by performing a slowly
varying amplitude approximation, as the evolution due to the Doppler
shift is far faster than the conventional evolution of the systemii.

The steady state situation is studied by setting the time derivatives to
zero in Eq.(3.16)-(3.18). Equation (3.16)-(3.17) are now substituted into
Eq. 3.18 and the following expression can be found:

0 = Γδ(l,0) + alx
(l)
3 + dlx

(l+2)
3 + blx

(l−2)
3 . (3.19)

Here, δ(l, 0) is the Kronecker delta and a number of definitions are
introduced for simplicity:

al ≡ ilδ + Γ +
g̃2

0|α|
2

2

(
1

Ql+1
+

1
Pl+1

+
1

Ql−1
+

1
Pl−1

)
,

bl = dl−2 ≡
g̃2

0|α|
2

2

(
1

Ql−1
+

1
Pl−1

)
,

Pl = i(lδ + ∆) + Γp,

Ql = i(lδ − ∆) + Γp.

We can now return to Eq. (3.9) in steady state and insert the Fourier
expansion Eq. (3.13):

α =
η

κ
+

g̃0N
2κ

∫
P(δ)cos(δt)

∑
l

eilδtx(l)
1 dδ. (3.20)

iiFor the parameters of the experimental systems described in Sec. 5, the l = 0 terms
in Eq. (3.13)-(3.15) develop with a frequency of the order of δ/2π = 〈v〉k/2π ∼ 1 MHz,
while the evolution of the complex amplitude xl

1,2,3 is in the order of the Rabi-frequency
ΩRabi ∼ 100 kHz.
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Only the components with l = ±1 in the integral of Eq. (3.20) contribute
with non-oscillating values, when the expression inside the integral is
calculated. Equation (3.20) can hence be simplified to the following
expression, if only the steady state solution is of interest:

α =
η

κ
+

g̃0N
2κ

∫
P(δ)

(
x(−1)

1 + x(1)
1

)
dδ. (3.21)

The steady expression for the main observable of interest, α, can now be
achieved by inserting steady state case of Eq. (3.16) (ẋ(l)

1 = 0) into Eq. (3.21):

α =
η

κ
+

g̃0N
2κ

∫
P(δ)

g̃0α

2

x(0)
3 + x(−2)

3

P−1
+

x(0)
3 + x(2)

3

P1

 dδ. (3.22)

Note that x(0)
3 and x(±2)

3 in Eq. (3.22) depend cumulatively on all even
orders of l according to Eq. (3.19). Equation (3.19) is hence a l

2 ×
l
2-

dimensional tridiagonal linear system of equations due to this cumulative
dependency:



...
0
−Γ
0
...


=



. . .
0 d2 a2 b2 0

0 d0 a0 b0 0
0 d−2 a−2 b−2 0

. . .





...
x(2)

3
x(0)

3
x(−2)

3
...


. (3.23)

Equation (3.22) can be solved for a given value of α and when finite
orders of l are included. We solved this efficiently by using the so-called
Thomas algorithm. The components with even values of l correspond
to the contributions from evolution with frequencies 2δ, 4δ . . ., which
represents the contributions from the p = l/2’th doppleron resonance
orderiii [Tallet, 1994]. We can now finally substitute the solutions of
Eq. (3.23) into Eq. (3.22) and numerically solve this equation for the field
amplitude α using Newton’s method for root finding. The solutions for
σ± and σz can also be derived from Eq. (3.10) and (3.11) with similar
procedures.

We have now established a velocity dependent cavity QED model
for thermal atoms coupled to an optical cavity, and we have derived

iiiThis is described in more details later in Sec. 3.3.1.
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Eq. (3.22), which allows us to calculate the steady state solutions for
the field amplitude α. As mentioned before, the solutions for the field
amplitude α are of particular interest, as the field amplitude relates to
the cavity transmitted field, which is an accessible observable in the
experimental systems studied throughout this work. The characteristics
and dynamics of this cavity transmitted field is hence studied in the
following section.

3.2 Cavity transmission
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Figure 3.1: Normalized optical cavity output power (|α|2) as function of optical
cavity input power when the probe laser frequency is on resonance with the atomic
transition (∆ = ωa − ωl = 0). Several solutions exist for an intermediate input
power regime (marked as B) when the atomic temperature is sufficiently low.

It was argued in the previous section, that Eq. (3.6)-(3.8) describe the
dynamics of the cavity QED systemsiv studied in this work. Furthermore,
the cavity transmission can be calculated numerically in the steady state
case through Eq. (3.22) as α represents the intra cavity photon number,
|α|2 = 〈â†â〉. The spectroscopic lineshapes and the dynamics of this cavity
transmission are investigated in details in the following sections.

The input power dependency of |α|2 is illustrated in Fig. 3.1 for three
different atomic temperatures. The system parameters chosen for the
theoretical calculations in Fig. 3.1 correspond to parameters from the

ivNote, that these systems will also be called atom-cavity systems, when they are
considered semi-classically throughout this work.
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experimental system described in Sec. 5.2.2 with the exception of the
temperature. Furthermore, the probe laser frequency is on resonance
with the atomic transition (∆ = ωa − ωl = 0). The solid blue line shows
the case for near zero temperatures (T = 0.5µK), which exhibits three
different behaviors in three regions separated with dashed lines: For low
input powers (< 200 nW> 600 nW, marked as A in Fig. 3.1) and high input
powers (> 600 nW, marked as C in Fig. 3.1), the output optical power
depends linearly on the input power. However, a different behavior
emerges for intermediate input powers. Three different solutions are
found for |α|2 in this intermediate regime (marked as B in Fig. 3.1). This
nonlinear behavior is called optical bistability which also appears for T = 0 K
systems [Martin et al., 2011]. Theoretical studies in [Martin et al., 2011]
predict, that optimal input power for laser stabilization on similar cavity
QED systems is within this bistable region. However, laser stabilization
in this region is not feasible as the system will be unstable. Consequently,
laser stabilization is constrained to be operated outside this region where
the laser stabilization performance is orders of magnitude worse than the
optimal input power region. Nevertheless, the predicted ideal shot-noise
limited linewidth is in the very promising ∼ mHz level, even when
operating above this bistability region [Martin et al., 2011].

Whereas bistability seems to limit the laser stabilization performance
of T = 0 K-systems, this bistability disappears for thermal systems with
much warmer temperatures. See red and green plots in Fig. 3.1. These
thermal systems can hence operate stably in this bistability region, which
was predicted to be the optimal region for laser stabilization. In addition,
such systems will not need complex cooling and trapping techniques such
as optical lattices operating at the magic wavelength. Consequently, laser
stabilization in a favorable parameter regime can be performed in a much
simpler experimental systems. This seems very promising but the laser
stabilization performance of such systems needs to be studied thoroughly
in order to evaluate, whether these thermal systems are competitive with
the T = 0 K-systems. Such studies are presented later in Sec. 3.4.

Detailed understanding of the spectral lineshapes of the cavity trans-
mitted light have to be established in order to understand why the cavity
QED system studied here is suited for laser stabilization. Many previous
works have described cavity QED systems with Hamiltonians similar to
Eq. (3.2) with frequency relations as ∆ = Θ which corresponds to an opti-
cal cavity resonance locked on the atomic transition frequency (ωc = ωa).
With such frequency relations, the cavity transmission spectrum reveals
a splitting of the cavity transmission as a function of laser frequency ωl.
See Fig. 3.2. This splitting is the so-called Vacuum Rabi splitting, which is
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often considered as a fingerprint of a strongly coupled cavity QED system
[Tanji-Suzuki et al., 2011]. However, keep in mind that the frequency
relations in the system studied here is Θ = ωc − ωl = 0. This frequency
relation yields a cavity transmission spectrum, which differ significantly
from the Rabi splitting spectrum shown in Fig. 3.2. This alternative cavity
transmission spectrum exhibits features, which can be most intuitively
understood by considering the system semi-classically. The following
section will hence present a semi-classical interpretation of this cavity
transmission spectrum.

Figure 3.2: From [Matin, 2013]: Normalized optical cavity output power (|α|2)
as function of probe laser detuning ∆ = ωa − ωl relative to the atomic resonance.
The cavity resonance and atomic resonance are kept equal in this case (ωc = ωa

and thus Θ = ∆). The splitting (in frequency) is to a good approximation
proportional with the collective coupling parameter g = g0

√
N [Tanji-Suzuki

et al., 2011].

3.2.1 Cavity transmission in terms of classical dispersion

A semi-classical picture proves to be useful when considering the transmis-
sion characteristics of the main system of this work studied theoretically
in Sec. 3.1 and 3.2. In this section, The vacuum Rabi splitting, which
was presented quantum mechanically in the most recent Section, will be
described semi-classically at first. This semi-classical description will then
be applied for interpreting the transmission features, which are predicted
by the theoretical model.

Vacuum Rabi Splitting can also be described classically. An electro-
magnetic field transmitted through an optical cavity is modified by the
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Figure 3.3: Blue line: Normalized optical cavity output power. Red line: Atom
induced phase shift of the cavity transmitted field. Both the transmission and
phase shift values are shown as function of probe laser detuning ∆ = ωa − ωl

whereωc = ωl and thus Θ = 0. The black dashed circle marks a narrow dispersion
feature, which is of particular interest as an error signal for laser stabilization.

cavity according to the following transmission coefficient [Riehle, 2004,
p.101],

Eout =
Teiϕ

1 − Rei2ϕEin, (3.24)

where T (R) is the power transmission (reflection) coefficient of the cavity
mirrors, ϕ is the single round-trip complex phase picked up by the intra-
cavity field and Ein (Eout) is the cavity input (output) electromagnetic field.
This single round-trip phase can be expressed in the presence of atoms
inside the cavity as:

ϕ = φcavity + βD + iβA, (3.25)

where βD and βA denotes the single pass dispersion (βD) and absorption
(βA) due to the atoms present in the cavity, and φcavity is the this single
round-trip phase contribution from the cavity itself (cavity length, cavity
servo etc.). Both βD and βA can be calculated by treating the atoms as
classical dipoles. A classical explanation of Vacuum Rabi splitting can be
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obtained from this picture. We assume in the following that the atomic
resonance ωa and the cavity resonance ωc are kept equal, corresponding
to the system requirements ∆ = Θ as in Fig. 3.2. For high atomic densities
(corresponding to strong coupling) and for weak driving the atomic
absorption βA eliminates the cavity transmission peak. However the phase
shift βD shifts the transmission peak to two transmission peaks located
symmetrically about the empty cavity resonance (as shown in Fig. 3.2)
and these new peaks are located where the atomic phase shift βD = 0. As
βD and βA can be expressed fully analytically in the semi-classic model, the
splitting Ωsplit of the two transmission peaks can be expressed as following
[Zhu et al., 1990]:

Ωsplit =

(
FβA0L0

π
Γκ −

(Γ − κ)2

4

)1/2

∝

√

N, (3.26)

where F is the cavity finesse and L0 is the length through the atomic
ensemble. The parameter βA0 =

2 f0BNe2

mecδa
is the single pass atomic absorption

at resonance, where f0 is the dipole oscillator strength and e (me) is the
electron charge (mass). The splitting Ωsplit is proportional with

√
N in

this classical description. This Ωsplit ∝
√

N dependency is also predicted
in the quantu mechanical description of the vacuum rabi splitting [Tanji-
Suzuki et al., 2011]. It should be noted that only linear absorption and
dispersion terms are included in this classical model. If non-linear terms
are included, which arise in strongly saturated systems, non-linear effects
such as bistability appears [Martin et al., 2011].

As mentioned before, this classical picture proves to be useful for
interpreting the transmission spectrum of the system studied theoretically
in Sec. 3.1 and 3.2. Figure 3.3 shows the transmission and phase dispersion
spectrum of this system. Remind that the empty cavity length of this
system is controlled such that the a standing wave would be present
at all times in the empty cavity mode. This criterion corresponds to
ωc = ωl and Θ = 0 in Eq. (3.2). The blue plot in Fig. 3.3 shows the
transmission spectrum for this criterion calculated through Eq. (3.22). This
criterion modifies the transmission spectrum, which does not resemble the
transmission shown in Fig. 3.2 and no apparent Rabi splitting is observed.
Whereas Fig. 3.2 shows zero transmission for most detuning values, the
Fig. 3.3 shows near total transmission for large detuning values. The
near total transmission occurs because the optical cavity is forced on
resonance with the probe laser for all detuning values. The atomic phase
dispersion is also shown in Fig. 3.3 (red line), because this dispersion
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can explain the origin of, three distinct features seen in the transmission
spectrum in Fig. 3.3: First, a sharp increase in the transmission is seen
in the most central region. This increase in transmission is due to the
Doppler-free saturated absorption caused by the bi-directional intra-cavity
field. A narrow phase dispersion feature corresponding to this saturated
absorption is also seen in the dispersion lineshape near resonance. It is
shown later in Sec. 3.3.1, that the strength of this saturated absorption is
reduced slightly by the doppleron resonances. Secondly, a small reduction
of the transmission, a dip, occurs for small detunings on both sides of
the central narrow saturation peak. This reductions of transmission is
caused by the atom-induced near resonant phase dispersion mentioned
above, which shifts the probe laser out of resonance with the cavity and
reduces the transmission. Finally, the transmission is greatly reduced for
larger detuning. This is caused by the broad phase dispersion (∼ 1.5 MHz
wide) due to the Doppler phase dispersion. This large phase shift also
shifts the probe laser out of resonance and the transmission is greatly
reduced. These transmission and dispersion lineshapes shown in Fig. 3.3
are investigated experimentally in this work by employing the so-called
Noise Immune Cavity Enhanced Optical Heterodyne Molecular Spectroscopy
[Ye et al., 1998, Ma et al., 1999] (NICE-OHMS, see Sec. 4.6 for details). The
results of these measurements are presented in Sec. 6, and it turns out
that the measured transmission and dispersion lineshapes are modified
further by the NICE-OHMS technique and the doppleron resonances.

So far the main focus has been on the transmission lineshape, however
the narrow phase dispersion feature at resonance may be used as an error
signal for laser stabilization. The slope of this dispersion feature is steep at
resonance making it sensitive to detuning fluctuation and the dispersion
has a zero-crossing at resonance allowing it discriminate the sign of the
detuning. Hence, this dispersion feature seems suited as an error signal.
The prospect for laser stabilization on this narrow phase dispersion are
investigated theoretically in Sec. 3.4 and experimentally in Chap. 6.

The bistability and the highly detailed transmission and dispersion
lineshapes illustrate, that the atom-cavity system studied here exhibits
non-linear and complex dynamics. It turns out that non-linear dynamics
are also present for the phase dispersion lineshape. Details of this non-
linear dynamics of the phase dispersion need to be understood in order
to identify the optimal parameters for laser stabilization. The following
section uses the theoretical model developed in Sec. 3.1 to investigate this
non-linear phase dynamics.
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3.3 What is all this nonlinearity about?

It was shown in the previous section, that the phase dispersion lineshape
shown in Fig. 3.3 (red line) is suited as an error signal for laser stabilization.
Understanding the non-linear dynamics of this lineshape is however
important to identify the optimal parameters for laser stabilization with
this system as a reference.

An example of the non-linear dynamics is shown in Fig. 3.4. Here,
the transmission and dispersion lineshape are shown for the total intra
cavity atom number Ncav = 2.5 × 107 and for Ncav = 0.5 × 107. The
absorption and dispersion is scaled 5 times up in the case for N = 1.0× 108

in order to simulate a linear scaling of the absorption and dispersion.
However, it is apparent from the disagreement of the blue and red
lineshapes, that the lineshapes do not follow a linear scaling as function of
N. This disagreement is most evident for large detunings and it is in fact
negligible for the dispersion feature near resonance. Hence, the nonlinear
atom number scaling for large detunings do not affect the dynamics of
laser stabilization with the central dispersion feature as an error signal.
However, the dynamics for both small and large detuning are studied
experimentally later in this work (see Chap. 6) in order to validate the
theoretical model derived in earlier in Sec. 3.1 for all relevant parameter
regions.

The dispersion slope at resonance is one of the most essential parame-
ters for laser stabilization. An atom-cavity system with a steep dispersion
slope at resonance provides a large phase shift on the cavity transmit-
ted light for very small frequency fluctuations (detunings). This large
phase shift represents a frequency detuning and can be measured and
implemented in a feedback loop to minimize the phase shift as illustrated
previously in Fig. 2.2. The lineshape dynamics shown in Fig. 3.4 implies
a linear atom number scaling of the dispersion slope at resonance. The
atom number dependency of the dispersion slope is shown in more details
in Fig. 3.5. The theoretical resonance slopes of the dispersion is shown
for two different cavity finessesv for different total atom numbers up to
N = 80 × 109. Note, that distinction is drawn between the total number of
atoms inside the cavity mode Ncav and the total number of laser cooled
atoms Nvi. Most of the total atom numbers shown in Fig. 3.5 are far above
atom number values reported for single stage MOT trapping of 88Sr [Yang

vCorresponding to the finesse of the optical cavities studied in Sec. 6
viThe total atom number N is the total number of trapped atoms of which only a

fraction constitutes the intra-cavity number of atoms, Ncav. Ncav/N is determined by the
geometry of the cavity mode and the trapped atomic sample.
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Figure 3.4: Theoretical predictions of transmission and dispersion lineshapes
for a sample of laser cooled 88Sr with temperature T = 4.0 mK probed with
Pin = 100 nW optical power. The solid blue lines show predicted values for
Ncav = 2.5×107 atoms inside the cavity. The dashed red lines show predicted values
for Ncav = 0.5 × 107 atoms inside the cavity. These values for Ncav = 0.5 × 107

intra cavity atoms are scaled 5 times up to match the values for Ncav = 2.5 × 107

in order to simulate a linear scaling.

et al., 2015]. Whereas Fig. 3.5 shows evident nonlinear dynamics, the rele-
vant experimentally achievable atom numbers are in the < 1 × 109 region
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(marked with a dashed line in Fig. 3.5), where the dynamics appears to be
linear. It follows from Fig. 3.5, that the highest possible atom numbers are
preferred for laser stabilization within this linear region. It is also evident,
that high cavity finesse is preferred as long as the system remains in the
bad-cavity regime as described previously in Chap. 2.
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Figure 3.5: The dispersion slope at resonance (∆ = 0) for different number of
trapped atoms. The optical probe input power is kept constant at Pin = 100 nW.
Values for unrealistically large numbers of trapped atoms are shown in order to
illustrate the nonlinear dynamics.

Increasing the number of intra cavity atoms experimentally within
the linear regime is straight forward and the highest possible value is
determined by technical limitations. However, the phase dispersion slope
depends nonlinearly on other experimental parameters, which makes
the optimal choice of parameters for laser stabilization nontrivial. One
of those parameters is the optical intracavity power. The dispersion
slope at resonance as function of the optical input power is shown in
Fig. 3.6. It is apparent from Fig. 3.6 that an input power exists where the
absolute value of the dispersion slope is maximal. A steep slope yields a
high sensitivity to frequency fluctuations and the optimal input power
is hence around this maximal phase dispersion. The dynamics of this
phase slope is hence essential to take into consideration, when optimizing
the laser stabilization performance of an atom-cavity system. This laser
stabilization performance studied in details later in Sec. 3.4.2.

Figure 3.6 shows three different parameter regimes: High optical input
power, intermediate optical input power and near zero input power. The
transmission lineshape in the high optical input regime (see inset A in
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Fig. 3.6) is similar to the spectrum shown in Fig. 3.4b). The absolute phase
dispersion slope is reduced for higher input powers, because the saturated
absorption peak is power broadened. The slope is increased when the
optical input power is reduced and the system enters the regime with
intermediate optical input power (see inset B in Fig. 3.6). Here, the power
broadening is reduced and the maximum phase dispersion slope is found.
Furthermore the transmission lineshape is no longer modified by the broad
thermal dispersion. Finally, the slope value is reduced again for even lower
optical input powers (see inset C in Fig. 3.6) despite further reduction of
the power broadening. This reduction of dispersion slope is caused by
reduction of the saturation parameter and the magnitude of the saturated
absorption peak is reduced. The saturation peak even disappears for very
low input powers. This is reflected in Fig. 3.6, as the slope changes sign
for very low input powers. A sign change might seem as a spectacular
nonlinear behavior, but there is in fact a simple explanation. The central
dispersion feature disappears when the saturation peak disappears and
only the broad thermal background dispersion is left. The slope sign of
this thermal dispersion is the reverse of the saturation dispersion and
hence the sign is changed for near zero input powers in Fig. 3.6.

The sample temperature is one final system parameter, which can
be varied experimentally to some extend. Small changes of sample
temperature can be achieved by changing the detuning of the cooling
lasers relative to the transition used for laser cooling [Xu et al., 2003b].
Large temperature changes require different cooling and trapping schemes,
which inevitably have an effect on the total number of trapped atoms.
Isolated control the sample temperature is hence hard to achieve. The
temperature dynamics of the parameters relevant for laser stabilization is
nevertheless investigated later in Sec. 3.4.2.

The phase dispersion slope has been shown in this section to depend
non-linearly on the experimentally controllable parameters. The conse-
quences of this non-linear dynamics on the laser stabilization performance
are investigated theoretically in Sec. 3.4. Multiphoton scatterings are
described briefly before Sec. 3.4, as these scattering processes can possibly
modify the phase dispersion lineshape.

3.3.1 Velocity dependent multiphoton scatterings

Multiphoton scattering processes also known as dopplerons can occur
when atoms with non-zero velocities are strongly driven by counter prop-
agating fields [Tallet, 1994, Kyrölä and Stenholm, 1977]. The following
section describes briefly the doppleron scattering process and investi-
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Figure 3.6: Dispersion slope 2π dφ
d∆

at resonance (Vertical axis, in units of
radians/Hz) as function of input power Pin of the probe laser (Horizontal axis,
in units of nW). Note that the slope values are mostly negative, while only the
absolute value of the slope 2π

∣∣∣∣ dφ
d∆

∣∣∣∣ is the main interest for laser stabilization. A

maximum absolute value of the slope 2π
∣∣∣∣ dφ

d∆

∣∣∣∣ is seen around Pin = 2 nW, while
a sign change is seen around Pin = 0.02 nW. The insets show the transmission
lineshapes for the corresponding input powers.

gates whether these doppleron scatterings modify the phase dispersion
lineshape relevant for laser stabilization.

The extent of the energy scale studied in this work is determined by the
sample temperature in the mK level. This temperature results in a Doppler
broadened spectrum with a width in the MHz level. See for example
Fig. 3.3. The probed atomic transition has a natural linewidth in the kHz
level. The Doppler broadened spectrum in this system is hence several
orders of magnitude broader than the natural linewidth of the narrow
atomic transition. Multiphoton resonances, called dopplerons [Tallet,
1994, Kyrölä and Stenholm, 1977], are present if such a system is probed
by counter-propagating beams. A moving atom coupled to the optical
cavity experiences the intra cavity standing wave field as a bichromatic
field in the rest frame of the atom. The frequencies of this bichromatic
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Figure 3.7: Illustration of doppleron multiphoton
scatterings. An atom with a velocity v parallel with
the cavity axis absorbs p + 1 (p + 1 = 3 in figure)
photons and emits p photons in the opposite direction.
Note, that doppleron scatterings can occur in both
directions of the cavity axis.

Figure 3.8: Illustration
of the level scheme for ex-
citation through the 1st
order doppleron scatter-
ing (p = 1 in Eq. (3.27)).

field are given by ω± = ωl ± kv. Here, ωl is the probe laser frequency, k is
the wave number of the probe light and v is the atomic velocity parallel
with the cavity mode. Hence, δ = kv corresponds to the Doppler shift due
to the no-zero velocity of the atom. Doppleron scattering is a Raman-like
multiphoton scattering event for a given detuning ∆ = ωl − ωa where
p + 1 detuned photons from one direction are absorbed and p photons
are emitted in the opposite direction, while the atom is left in the excited
state. This scattering process is illustrated in Fig. 3.7 and 3.8. Energy
conservation requires the following resonance condition [Tallet, 1994]:

kv =
±

√
∆2 + 2g2

0

2p + 1
, (3.27)

where p is the order of doppleron resonances and g0 is the single-atom-
cavity coupling (also presented in Sec. 3.1) and ∆ is the laser detuning
relative to the atomic transition. The doppleron resonances depend on
the Doppler shift δ = kv and are described by the Fourier components in
Eq. (3.13)–(3.15), where all even orders of l correspond to the contributions
from the l/2 = p’th order doppleron resonance.

The doppleron scatterings do not modify the transmission and dis-
persion lineshapes for most detuning values as the doppleron scatterings
occur in both directions due to the symmetrical atomic velocity distribu-
tion. However, the doppleron scatterings do reduce the central saturated
absorption peak and the amplitude of the corresponding phase dispersion
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Figure 3.9: Theoretical predictions of the near resonant transmission and
dispersion lineshapes. The solid blue lines are theoretical predictions were the
contributions from doppleron resonances are included. The dashed red lines show
the theoretical predictions without the doppleron resonances.

is also reduced. This can be seen by comparing the theoretical transmission
and dispersion lineshapes including higher order Fourier components
(0 < l) and without higher order Fourier components (only l = 0) in
Eq. (3.13)-(3.15). See Fig. 3.9. This reduction might possibly degrade the
prospects of applying this phase dispersion as a frequency discriminator,
as the slope at resonance is also reduced. The laser stabilization perfor-
mance of this reduced phase dispersion is investigated in details in the
following section in order to evaluate whether the doppleron resonances
degrades the laser stabilization performance significantly.
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3.4 Shot noise limited laser linewidth
With the understanding of the dynamics of an atom-cavity system de-
scribed in the previous sections (sec. 3.1-3.3), it is now possible to the-
oretically evaluate the ideally achievable quantum shot noise limited
spectral linewidth of a laser stabilized to such an atom-cavity system.
This will hence be the topic of this section. Much focus has been on
the slope of the phase dispersion so far, but the ideal shot noise limited
linewidth, ∆νSNL, do also depend on the signal-to-noise ratio governed
by the optical power of the probe carrier, Pc, and the sidebands, Ps. An
ideal linewidth only limited by shot noise can be calculated by assuming a
perfect feedback system with infinite control bandwidth for laser locking
and a unity quantum efficiency of the photo detector for measuring the
cavity transmission:

∆νSNL =
πhν

2
(
∂ϕ
∂ν

)2

( 1
Pc

+
1

2Ps

)
. (3.28)

Equation (3.28) is derived in the following Sec. 3.4.1. The procedure
followed in Sec. 3.4.1 is similar to [Riehle, 2004, Sec. 3.4] and [Martin et al.,
2011, Appendix A] but it is adjusted to suit a laser stabilizationsystem with
a NICE-OHMS detection scheme. Section 3.4.1 concludes with Eq. (3.43)
which corresponds to the above mentioned expression for the shot noise
limited linewidth, Eq. (3.28).

Sections 3.4.1-3.4.2 are arranged such as the reader can skip ahead to
Sec. 3.4.2 for a discussion of the laser stabilization performance with an
atom-cavity system, if the theoretical derivation is not of interest.

3.4.1 Calculation of the shot noise limited laser stabiliza-
tion

We consider a system consisting of laser cooled atoms with narrow line
transitions coupled to an optical cavity. The narrow line transition is
probed by a laser with carrier frequencyvii νl and two symmetrically
applied sidebands with frequencies ν− ± FSR, where FSR is the free spectral
range of the cavity. The two sidebands are off-resonant with the atomic
transition. The cavity transmitted probe carrier and sidebands are detected
by a photo detector. The atom-induced phase shift on the probe carrier
is measured by frequency mixing the photo detector signal with mixing

viiνl is in units of Hz.
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frequency νm = FSR. See Fig. (4.10). The photocurrent after the frequency
mixing is given as:

∆i(t) =
eηqe

hν

√
2PcPs(∆ϕ + φmix) + δi(t). (3.29)

Here, ηqe is the quantum efficiency of the photo detector, ∆ϕ is the
atom induced phase shift on the probe carrier with cavity transmission
optical power Pc, Ps is the cavity transmitted optical power for each of
the two sidebands, φmix is the mixing phase, which can be set to φmix = 0
in experiments and δi(t) is the stochastically fluctuating white noise
contribution to the photo current due to shot noiseviii. The detuning ∆ν of
the probe carrier from the atomic resonance is represented by the photo
current ∆i(t) as illustrated in Fig. 2.2. Equation (3.29) can be expanded as
function of the detuning ∆ν by approximating the phase dispersion to be
linear around resonance:

∆i(t) =
eηqe

hν

√
2PcPs

∂ϕ

∂ν
∆ν + δi(t). (3.30)

A servo system seeks to reduce ∆i(t) to zero by controlling the probe
carrier frequency, when the probe carrier is locked on the atom-cavity
resonance. The photo current is hence reduced to ∆i(t) = 0 when assuming
a perfect servo system. Equation 3.30 can then be rewritten to describe
the frequency error ∆νerr(t):

∆νerr(t) =
δi(t)

2eηqe

hν

√
2PcPs

∂ϕ
∂ν

. (3.31)

It can be seen in Eq. (3.31) that the shot noise contribution δi(t) causes
frequency noise even in this ideal case. It is possible to achieve the power
spectral density S∆νerr( f ) of the locked laser by applying the so-called
Wiener-Khinchin theorem [Riehle, 2004, p.56]:

S∆νerr( f ) =

∞∫
−∞

〈∆νerr(t)∆νerr(t + τ)〉e−i2π fτ dτ. (3.32)

viiiA similar noise component is already found on the signal from the photo detector
before mixing. However, the power spectral density of white noise is uniform for all
frequencies[Riehle, 2004, Table 3.1], and hence frequency mixing will also yield uniformly
distributed noise components for all frequencies.
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Here, the spectral density function S∆νerr( f ) for a frequency component
f is determined by Fourier transforming the time domain auto correlation
function 〈∆νerr(t)∆νerr(t +τ)〉, where τ is the time displacement of the corre-
lation. Equation (3.32) can be rewritten by considering the autocorrelation
function of δi(t) [Martin et al., 2011]:

〈δi(t)δi(t + τ)〉 =
e2ηqe

hν
(Pc + 2Ps)δ(t), (3.33)

where δ(t) is the Dirac delta function. Equation (3.33) shows that the
shot noise is a memoryless noise, which only correlate for τ = 0. The
autocorrelation function in Eq. 3.32, 〈∆νerr(t)∆νerr(t + τ)〉, can now be
rewritten by inserting Eq. 3.33:

〈∆νerr(t)∆νerr(t + τ)〉 =
〈δi(t)δi(t + τ)〉

4e2η2
qe

h2ν2 2PcPs

(
∂ϕ
∂ν

)2

=
δ(τ)hν

4ηqe

(
∂ϕ
∂ν

)2 ·

( 1
Pc

+
1

2Ps

)
. (3.34)

The power spectral density of the ideally stabilized laser can now be
found by inserting Eq. (3.34) in Eq. (3.32):

S∆νerr( f ) =
hν

4ηqe

(
∂ϕ
∂ν

)2 ·

( 1
Pc

+
1

2Ps

)
. (3.35)

This noise spectral density in Eq. (3.35) can be applied to determine the
stabilized laser spectral linewidth in the carrier frequency domain. This
linewidth is determined by starting by looking at the probe laser carrier
in the time-domain described as:

E(t) = E0ei2πν0t+iδφ(t),

where ν0 is the carrier frequency and δφ(t) is the phase error. The frequency
domain spectral lineshape of this carrier field can be achieved by using
the Wiener-Khinchin theorem (see Eq. (3.32)) once again. To do so, the
autocorrelation function of the carrier field is needed:

〈E(t)E∗(t + τ)〉 = |E|2ei2πν0τ〈ei(δφ(t)−δφ(t+τ))
〉. (3.36)
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The last term in Eq. (3.36) can be rewritten by assuming a Gaussian
probability distribution of the phase errorix:

〈ei(δφ(t)−δφ(t+τ))
〉 = e−〈(δφ(t)−δφ(t+τ))2

〉/2

= e−(2〈δφ(t)〉2−2〈δφ(t+τ))2
〉)/2. (3.37)

The Wiener-Khinchin theorem can then be applied to rewrite Eq. (3.37)
in terms of phase noise power spectral density, Sδφ:

〈(δφ(t) − δφ(t + τ))2
〉 = 2

∞∫
−∞

Sδφ( f )(1 − ei2π fτ) d f

= 2

∞∫
−∞

S∆νerr( f )
f 2 (1 − ei2π fτ) d f . (3.38)

The phase noise power spectral density Sδφ( f ) was rewritten in terms
of the frequency noise power spectral density S∆νerr in the last line of
Eq. (3.38). The simple relation between Sδφ( f ) and S∆νerr( f ) is described
in [Riehle, 2004, Table 3.1]. Equation (3.38) can be even further rewritten
by inserting the frequency noise spectral density from Eq. (3.35) and by
taking the real part:

〈(δφ(t) − δφ(t + τ))2
〉 = 2 · 2

∞∫
0

b0

4 f 2 · (1 − cos(2π fτ) d f

= b0π
2τ, (3.39)

where,

b0 =
hν

ηqe

(
∂ϕ
∂ν

)2 ·

( 1
Pc

+
1

2Ps

)
. (3.40)

With Eq. (3.39) in hand, the autocorrelation function of the electric field
(Eq. (3.36)) can be rewritten as:

ixThis assumption is valid for a large number of uncorrelated phase shifts due to the
central limit theorem. [Riehle, 2004, p.65][Martin et al., 2011, Appendix A]
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〈E(t)E∗(t + τ)〉 = |E|2ei2πν0τe−b0π2τ/2. (3.41)

The spectral lineshape of the electric field can now be expressed
analytically by applying the Wiener-Khinchin theorem one final time and
by keeping the real parts on Eq. (3.41):

SE(ν − ν0) = 2|E|2
∞∫

0

cos(2πν0τ)e−b0π2τ/2d f

= 2|E0|
2 b0π2/2
(b0π2/2)2 + 4π2(ν − ν0)2

= 2|E0|
2 γ/2
(γ/2)2 + 4π2(ν − ν0)2 . (3.42)

The spectral lineshape in Eq. (3.42) is a Lorentzian profile and the ideal
snot noise limited full width at half maximum (FWHM), ∆νSNL =

γ
2π , can

finally be described:

∆νSNL =
πhν

2ηqe

(
∂ϕ
∂ν

)2

( 1
Pc

+
1

2Ps

)
. (3.43)

3.4.2 Evaluation of the shot noise limited laser linewidth

Equation (3.43) (or Eq. (3.28)) describing the ideal shot noise limited
linewidth was developed in Sec. 3.4.1. This allows us to study the
dynamics of the ideal shot noise limited linewidth in this section.

It was assumed during the derivation of Eq. (3.43) that the detection is
only limited by the quantum shot noise. This is not an unrealistic assump-
tion, if the error detection is moved up to very high radio frequency levels
(> 300 MHz) as white frequency noise dominates these frequency regimes.
The NICE-OHMS detection scheme (described later in Sec. 4.6) is one
possible technique to move this detection up to these frequency regimes.
Furthermore, the feedback system for laser stabilization was assumed
to be a perfect feedback system with infinite bandwidth. A feedback
system with infinite bandwidth is of course unphysical and feedback
systems with finite bandwidths in the 200 kHz ∼ 1 MHz are usually used
in the current state of the art laser stabilization systems [Kessler et al.,
2012a, Häfner et al., 2015]. Whereas these reported bandwidths covers
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most of the technical noise spectrum, a more thorough study of the effects
of such a finite bandwidth on the derivation in Sec. 3.4.1 is needed. An
unity quantum efficiency ηqe = 1 was also assumed in Eq (3.28). This
assumption is to some extent unrealistic. However, photo detectors with
quantum efficiencies in the ηqe > 0.5 range are commercially available and
quantum efficiencies in this range will not degrade the calculated limited
linewidth crucially in Eq. (3.43).

The dynamics of an atom-cavity system described in the previous
sections (Sec. 3.1–3.3) showed strongly nonlinear behavior and nonlinear
dynamics can also be expected from the ideal stabilized laser linewidth.
Figure 3.10 shows the atom sample temperature dependencies of the
dispersion lineshape, dispersion slope at resonance and the ideal shot
noise limited linewidth calculated using Eq. (3.43).

Figure 3.10a) shows the atom induced phase dispersion of the cavity
transmitted for three different temperatures. All three dispersion line-
shapes are for input power of Pin = 100 nW. It appears that the Doppler
broadened background dispersion is narrowed for lower sample tempera-
tures. The inset in Fig. 3.10a) shows that the central narrow dispersion
have nearly the same slope for sample temperatures of 400µK and 40µK.
This is a less intuitive behavior and it could appear as if the gain from
further cooling of the atoms is small considering the additional technical
difficulties for further cooling. However, it was seen in Fig. 3.6 that
the dispersion slope depend strongly on the input power. Figure 3.10b)
shows that the maximum absolute slope occur for different optical input
powers, when the temperature is changed. This can explain the apparent
less intuitive temperature dependency shown in the inset of Fig. 3.10a).
Figure 3.10c) shows the ideal shot noise limited linewidths corresponding
to the slope values shown in Fig. 3.10b). All values in Fig. 3.10c) are
calculated with Eq. (3.28). The advantages of lower temperatures are
more clear here. The minimum shot noise linewidths are ∼ 600 mHz
for T = 4 mK, ∼ 100 mHz for T = 400µK and ∼ 50 mHz for T = 40µK.
However, note that the calculations presented in Fig. 3.10c) are performed
for the same total number of trapped atomsx, N = 4.4 × 108, in all cases.
This number of atoms is realistic for single stage laser cooling of alkali and
alikali earth metal atoms. Sub-mK cooling of atoms will often require sec-
ond stage cooling or other complex cooling schemes that would possibly
reduce the atom number in the process. The calculated shot noise limited
linewidths in Fig. 3.10c) are hence promising but possibly inaccessible

xNote, that this total number of trapped atoms is not identical with the number of
intra-cavity atoms, Ncav.
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for sample temperatures of T = 400µK and T = 40µK. However, this
sub-Hz linewidth for T = 4 mK atomic samples are already close to be
comparable with the linewidths of the clock lasers used in the current
state-of-the art atomic clocks [Nicholson et al., 2015, Ushijima et al., 2015, ?].
The prospects of reaching sub-Hz linewidths with relatively hot atomic
temperatures in the mK-level are hence very alluring. A proof-of-concept
experiment consisting of optical cavities coupled to laser cooled 88Sr atoms
with temperatures in the mK-level has been realized in this work. Detailed
studies of the dynamics of this proof-of-concept system are presented later
in Sec. 6.

The shot noise limited linewidths were estimated using Eq. (3.28) for
a number of different atomic isotopes. The minimum obtainable shot
noise limited linewidths and the input optical powers corresponding to
these linewidths are shown in Table 3.1 for each element. Each isotope
was assumed to be cooled down to temperatures near the Doppler limit
reported in [Westergaard et al., 2015, Riedmann et al., 2012, Kohno et al.,
2009, Dammalapati et al., 2009]. These temperatures are all in a high
temperature regime where the bistability does not occurxi. A realistic atom
number overlapping the cavity mode was estimated to be Ncav = 2.5 · 107

for all the elements. This estimate of the atom number is conservative
to some extend, as larger atom numbers have been reported in the
literature [Yang et al., 2015]. The cavity waist diameter is chosen to
1.0 mm, which corresponds to the experimental value described in Sec. 5
and in [Westergaard et al., 2015]. The empty cavity finesse was set to
F = 250 and F = 1000, corresponding to an empty cavity decay rate of
κ/2π = 2.0 · 106 Hz and κ/2π = 0.5 · 106 Hz. In each case the probe laser
decoherence has been assumed to be γlaser = 2π · 2.0 kHz throughout all
the calculations in order to specify an order of magnitude.

The atomic isotopes shown in Table 3.1 were isotopes with a suited
1S0 →

3P1 transition chosen among the isotopes often applied in optical
frequency standard experiments. Especially, the possibility of exploiting
laser cooled strontium isotopes for optical frequency standard experiments
have been studied extensively (ref, Bloom, LeTargat, Ushijima). The
stabilization of a probe laser on the 1S0 →

3P1 transition of 88Sr with cavity
finesse F = 250 and intra cavity atom number Ncav = 2.5 · 107 predicts an
ideal shot noise limited linewidth of 107 mHz. This linewidth is already
comparable with the linewidths of the current state-of-the-art frequency
stabilized lasers [Kessler et al., 2012a, Bishof et al., 2013, Häfner et al.,
2015]. The shot noise limited linewidth may be reduced even further

xiSee Sec. 3.3 for a description of bistability.
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by increasing the atom number or the cavity finesse, corresponding to
increasing the collective cooperativity C = NC0. This dependency can be
seen in Eq. (3.28), as the phase slope at resonance, ∂φ∂∆ , depends linearly on
the atom number N (see Fig. 3.5). A similar linear scaling of ∂φ∂∆ occurs when
increasing the finesse while keeping the drive amplitude η constant. The
laser linewidth may even be reduced to ∆ν = 6.8 mHz by only increasing
the cavity finesse to F = 1000 and increasing the intra cavity atom number
to Ncav = 5.0 · 107. These slightly increased cavity finesse and atom
numbers are experimentally achievable [Yang et al., 2015, Norcia and
Thompson, 2016c].

Outlook
A theoretical model was developed in this chapter for a thermal atomic
sample with an narrow line transition coupled to an optical cavity. The
cavity transmitted field of this modeled system was investigated in details
and strongly non-linear dynamics were identified. The studies of this
non-linear dynamics proved to be valuable, as optimal system parameters
(number of atoms, input power and temperature) were discussed. Finally,
the ideal shot-noise-limited linewidths of such systems were evaluated and
very promising sub 10 mHz linewidths were predicted for experimentally
accessible system parameters.

Of course, it is questionable whether such ideal shot-noise-limited
linewidths in the mHz-level are experimentally realizable. This is experi-
mentally studied by realization of a proof-of-concept experimental system,
which will be described in the following chapters.

Finally, it is worth mentioning, that the analysis which led to the
predicted ideal linewidths was performed following the same procedures
as in [Martin et al., 2011], which also predicts a shot-noise-limited linewidth
in the mHz-level for a sample of 87Sr trapped in an optical lattice and
probed with realistic decoherence rates on the ultra narrow 1S0 →

3P0

transition xii [Martin et al., 2011, Table I]. Hence, the system studied in
this work predicts a similar laser stabilization performance as the system
studied in [Martin et al., 2011] with a much more simple and robust system
consisting of thermal laser cooled atoms and a much broader transition.

xiiThe predicted ultimate shot-noise limited linewidth is 0.74µHz without any external
decoherence.
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Figure 3.10: Theoretical plots illustrating the dynamics of the dispersion lineshape, dispersion slope at resonance

and ideal shot-noise limited linewidth for different temperatures of the atoms. The temperature T = 4 mK corresponds to

a typical experimental situation in this work. a) The dispersion lineshapes for three different atomic temperatures. The

inset shows a zoom on the central part of the plot with the same units on the axes. b) The dispersion slope at resonance as

function of the probe laser input power. It is seen, that the maximum absolute slope value is not necessarily optimal for

the lowest temperature.c) The ideal shot-noise-limited linewidth values calculated by using Eq. (3.43) for the dispersion

slopes values shown in b). Bogstavet c) skal rykkes!.
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4
Experimental techniques

Two proof-of-concept experimental systems were realized in this work
in order to study the dynamics of strontium atoms coupled to an op-
tical cavity. These dynamics were predicted by the theoretical model
presented in Chap. 3. The following section describes in brief terms
the relevant experimental techniques used for realizing these proof-of-
concept experimental systems. The intension of the following sections is
to introduce basic experimental concepts for readers who are new to the
field of atomic and optical physics. Experienced readers can hence move
on to the descriptions of the realized experimental systems in Chap. 5.
However, it is recommended to get familiarized with the Noise Immune
Cavity Enhanced Optical Heterodyne Molecular Spectroscopy (NICE-OHMS)
technique described in Sec. 4.6, as the details of this technique are essential
for the main spectroscopic experiments described in Chap. 6.

4.1 Optical cavities

Optical cavities (or resonators) play several essential roles in this work,
and they are for example used for laser mode selection in laser systems and
for enhancement of non-linear frequency conversion processes. Optical
cavities are also used as frequency references for laser stabilization, and
for enhancing the interaction (optical depth) of an atomic sample and the
intra cavity field. The relevant properties of optical cavities are presented
below.

Optical cavities consist of at least two reflecting surfaces establishing
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Pin 

Pc 
R, T 

Figure 4.1: Illustration of a ring cavity. Note, that the light only propagates in
one direction. Pin (Pc) is the input (intra-cavity) optical power and R (T) is the
power reflection (transmission) coefficient of the input mirror. The enhancement
Pc is described in Eq. (4.3).

an optical path which is traversed repeatedly. Optical cavity designs exist
in a wide variety. Two types of optical cavities are used in this work: Fabry
Perot cavity and ring cavity. A Fabry Perot cavity (FP cavity) consists of
only two mirrors facing each other. The intra-cavity light propagates in
both directions in a FP cavity, while the light will only propagate in one
direction in a so-called ring cavity. See Fig. 4.1.

Monochromatic radiation inside an optical cavity can make standing
waves by being reflected at the mirrors and repeat the same optical path
inside the cavity. However, a condition for this standing wave is that
the intra cavity field undergo a round trip phase shift corresponding
to an integer number of 2π. This condition will only be fulfilled for
certain resonance frequencies and certain spatial mode dimensions of the
radiation. An optical cavity with fixed dimensions can hence be used as a
frequency reference and for filtering spatial radiation modes. Two cavity
parameters essential for this work are described in the following.

The first parameter is the so-called Free Spectral Range (FSR), which
describes the frequency spacing between two resonance frequencies of the
same transverse mode of an optical cavity. This FSR depends on the cavity
dimensions such as the length L of the cavity and can be described as:

FSR ≡
c

2nL
, (4.1)

where c is the speed of light in vacuum and n is the index of refraction
inside the cavity. Note, that this expression for FSR in Eq. (4.1) is only
valid for a FP cavity and differs from the FSR for a ring cavity (shown in
Fig. 4.1).

A second essential parameter is the so-called cavity finesse, F, which is
a measure of how many round-trips the intra cavity field completes before
leaving the cavity:
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F =
π

T +Ltot
. (4.2)

Here, T is the power transmission coefficient of the output cavity
mirror andLtot is the total power loss per round-trip. Eq. (4.2) is only valid
in the limit where Ltot is very small. The finesse can also be expressed
as the ratio of the FSR and the resonance linewidth of the cavity, δνcav:
F = FSR/δνcav. A high finesse will thus often yield a narrow resonance
linewidth, which can be exploited as a frequency reference for laser
stabilization. Furthermore, high finesse also implies long lifetime of the
intra cavity field. This leads to a significant enhancement of the optical
power Pc inside the cavity. This intra cavity power can be expressed as the
following for a ring cavity illustrated in Fig. 4.1 [Bergquist et al., 1982]:

Pc

Pin
=

(1 − R)

1 −
√

R(1 − Ltot)
· κ00, (4.3)

where Pin is the input power, R is the power reflection coefficient of the
input coupler, and κ00 is the fraction of the input light which is coupling
to the fundamental transversal electromagnetic mode (TEM00 mode) of
the cavity. This build up of optical power can be exploited for enhancing
the efficiency of Second Harmonic Genration as described in Sec. 4.3.

4.2 External Cavity Diode laser
The lasing frequency and spatial modes of a diode laser is typically
determined by the internal cavity constituted by the reflection from the
diode surfaces. The mode stability, tunability and spectral linewidth of
a diode laser is often insufficient for spectroscopy of narrow atomic and
molecular transitions. Hence, the diode laser is often developed into an
external cavity diode laser (ECDL) to meet the requirements of spectroscopy
experiments. Two different ECDL designs are used in this work and the
basic concepts of these two different ECDL systems are presented in this
section.

An ECDL is a diode laser which is extended by a wavelength selecting
external cavity. The output surface of the diode laser is typically anti-
reflection coated but internal cavity modes are still constituted by the diode
surfaces. Hence, the ECDL system is composed of several components
each with their own gain lineshape shown in Fig. 4.2. An ECDL tends to
lase at a frequency ν0 and spatial mode with greatest net gain, i.e. when
the maxima of the gain spectra overlap. The lasing frequency can be tuned
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Figure 4.2: Illustration of the gain lineshapes relevant for an ECDL. The diode
gain depends on the diode temperature Tdiode. The gain of the diode cavity depends
on Tdiode and the diode current Idiode. The gain of the external cavity depends on
the cavity length Lcavity and the angle θgrating of the diffraction grating used for
the external cavity.

by adjusting different parameters to modify the different gain spectra. The
diode temperature, diode current and the length of the external cavity are
adjustable parameters often used for controlling the lasing frequency. The
linewidths of ECDL systems are typically about few MHz if the external
cavity includes a wavelength selecting filter such as a diffraction grating.

LensGrating

Mirror Piezo

Laser Output

Diode

Lens
Grating

-1st 
ord

er

Piezo

Laser Output

Diodea) Littrow con guration: b) Littmanman-Metcalf 

con guration:

Figure 4.3: Illustration of two ECDL configurations: a) Littrow and b) Littman-
Metcalf.
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Two different ECDL configurations are used in this work: The Littrow
and Littman-Metcalf configuration.

An ECDL in the Littrow configuration consists of a laser diode and an
adjustable diffraction grating. Figure 4.3a) illustrates this configuration.
The diffraction grating reflects a fraction of the incident light convention-
ally (0th order in Fig. 4.3a)) while another fraction is diffracted with a
wavelength dependent diffraction angle (-1st order in Fig. 4.3a)). This -1st
order diffraction can be redirected towards the laser diode and constitute
an optical cavity with the back end surface of the laser diode as the second
mirror surface. The diffraction grating serves as a wavelength selecting
filter and the resonant frequencies of the external cavity can easily be
tuned by rotating the grating about an axis. This can be done manually by
fine-pitch screws or by implementing a piezo electric element. A minor
inconvenience occurs when the lasing wavelength is tuned by adjusting
the grating angle, as the output angle will change as well. This might
cause unwanted changes in the output beam alignment.

An ECDL in the Littman-Metcalf configuration consists similarly of
a laser diode, a fixed diffration grating and an adjustable mirror. This
configuration is illustrated in Fig. 4.3b). The diode laser beam is diffracted
on the diffraction grating. The -1st order diffraction is directed towards
the mirror and retro-reflected back to the grating. The new -1st diffraction
of this reflection is then redirected towards the laser diode. The resonant
frequencies of this external cavity is tuned by adjusting the mirror angle
by fine-pitch screws or by a piezo electric element. The advantage of this
configuration is that the output beam direction is unaffected by changes
in the mirror angle. However, a smaller fraction of the diode output is
diffracted back to the diode, as the light is diffracted twice. This can
be compensate by choosing a diffraction grating with higher diffraction
efficiency.

4.3 Second Harmonic Generation

Second Harmonic Generation (SHG) is a technique often used when a desired
wavelength is not accessible through direct laser radiation. In this work,
SHG is used for generating light at 461 nm for laser cooling of 88Sr. This
laser system for generating light at 461 nm is described later in Sec. 5.1.2.

SHG is a process where light with a frequency twice the input light
is generated during propagation in a nonlinear medium. This frequency
doubling is caused by a nonlinear susceptibility term of the nonlinear
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Nonlinear crystal

Cavity enhanced SHG:

Pin 

Pc 

R, T 

2

Figure 4.4: Illustration of cavity enhanced SHG. SHG is often performed in
a ring cavity such that the frequency doubled light will only propagate in one
direction. The first mirror after the nonlinear crystal is anti-reflex coated such
that the frequency doubled light is transmitted out of the cavity.

medium. This nonlinear susceptibility depends quadratically on the input
field amplitude [Milonni and Eberly, 1988, p.631].

Figure 4.4 illustrates a beam with fundamental frequency ω sent
through an optical ring cavity with an intra-cavity nonlinear crystal
and a frequency component with twice the fundamental frequency 2ω
is generated. The generated frequency doubled optical power P2ω can
be approximated as the following expression, when the fundamental
light with optical power Pω passes through the nonlinear crystal once
[Nagourney, 2014, p.400]:

P2ω =
1
2

(µ0

ε0

)3/2 ω2d2
eff

L2

n2
ωn2ω

sin2(∆kL)
(∆kL/2)2

1
A

P2
ω, (4.4)

P2ω = γP2
ω. (4.5)

where deff is the effective second-order susceptibility of the nonlinear
medium. µ0 is the vacuum magnetic permeability and ε0 is the vacuum
electrical permittivity. nω and n2ω are the respective index of refraction
for the fundamental frequency ω and the doubled frequency 2ω. L is
the length of the crystal, A is the area of the input beam profile and
∆k ≡ k2ω − 2kω is the phase mismatch between the frequency doubled light
and the fundamental input light.

A quadratic P2ω ∝ P2
ω dependency is evident in Eq. (4.4) and a single

pass conversion efficiencyi γ = P2ω/P2
ω is defined in the rewriting from

Eq. (4.4) to Eq. (4.5). This quadratic dependency is characteristic for

iNote that the unit of this conversion efficiency γ is the possibly non-intuitive [%/W].
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many SHG systems. However this approximation is only valid for low
conversion efficiencies as the energy conservation would otherwise be
violated for high values of Pω. The net conversion efficiency will be limited
for high Pω as the fundamental optical power will be decreased for high
conversion efficiency [Milonni and Eberly, 1988, p.637].

The conversion efficiency γ can be effectively enhanced by constructing
an optical cavity around the non-linear crystal as an intra-cavity optical
power Pω,cavity is built up inside the cavity. Equation (4.3) can be applied to
achieve an expression for the frequency doubled power P2ω,cavity enhanced
by a ring cavity:

P2ω,cavity = γP2
ω,cavity,

= γ

(
κ00(1 − R)

1 −
√

1 − LR

)
P2
ω. (4.6)

Note, that Eq. (4.6) corresponds to a cavity enhanced version of Eq. (4.5),
where the enhancement level depends on the cavity parameters.

The optical power of the frequency doubled component P2ω in Eq. (4.4)
yields the maximum value when the phase mismatch is ∆k = 0. This
phase matching condition does usually not occur naturally due to the
dispersive behavior of the non-linear crystals. However, the non-linear
crystals are often birefringent and phase matching can be optimized by
adjusting the angle between the beam propagation and the optical axis
of the non-linear crystal. The phase matching can also be optimized
by adjusting the temperature of the crystal and exploit the non-trivial
temperature dependency of the bifringence. Furthermore phase matching
can be optimized by periodically changing the optical axis of the non-linear
crystal during fabrication. All these above mentioned phase matching
strategies are used for optimizing SHG conversion efficiency later in this
work. This is described in Sec. 5.1.2.

Equation (4.4) suggests that the conversion efficiency γ can be increased
unrestrictedly by simply extending the crystal length L and reduce the
area of the fundamental beam. Equation (4.4) is, however, only an
approximation for a beam with constant beam profile. The beam area will
inevitably diverge due to the nature of Gaussian beams and the conversion
efficiency will be limited. The optimal conversion efficiency is achieved
when the ratio ζ of the crystal length L and the confocal length b of the
fundamental Gaussian beam is ζ = L/b = 2.84 [Boyd and Kleinman, 1968].
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Figure 4.5: From [Schäffer, 2015]: 1D
schematic of a MOT. The gray arrows il-
lustrate the magnetic field strength which
determines the Zeeman spliting.

Figure 4.6: Picture of a MOT with
trapped 88Sr atoms. The bright blue
spot is the fluorescence from the trapped
atoms.

4.4 Magneto-Optical Trap

A Magneto-Optical Trap (MOT) is a technique for cooling and trapping
neutral atoms down to temperatures in the mK range. The MOT is a
workhorse for a wide range of cold atom experiments and was rewarded
with a Nobel prize in 1997 [Cohen-Tannoudji, 1998]. A MOT was also
used in this work for trapping and cooling 88Sr atoms for performing
spectroscopy experiments. The MOT realized for this purpose is presented
later in Sec. 5.2.1.

The principle of a MOT can be described by considering atoms with a
ground state with a total angular momentum J = 0ii. The J = 1 excited
state has magnetic sub-levels with MJ = 0,±1. The atoms are located in
the center of a linearly increasing magnetic field in all three dimensions.
This magnetic field is produced by two coaxial coils in the anti-Helmholz
configuration, which to first order produces a linear field gradient in the
center between the two coils. The MJ = ±1 states are shifted as illustrated
in Fig. 4.5 by this magnetic field due to the Zeeman shift. The atoms are
irradiated in all three dimensions by counter-propagating beams with
circular polarization of opposite helicity. The frequency of these beams
are red-detuned with respect to the unperturbed ∆mJ = 0 transition. We
recall that the magnetic field modifies the resonance conditions for the
MJ = ±1 states such that this red-detuned light is resonant for atoms in
positions away from the center of the magnetic field (z = 0 in Fig. 4.5).

iiNote, that the J = 0 → J = 1 transition is used for a strontium MOT, while many
other J→ J + 1 transitions are used for laser cooling of other elements.
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The two different circular polarizations σ± ensure furthermore that the
transition is only excited to the lower Zeeman shifted level by the beam
pointing towards the center of the system. A scattering force is thus
yielded towards the center and the atoms are trapped. Figure 4.6 shows
the MOT realized in this work. This realized MOT is described later in
Sec. 5.2.1.

The mean velocity of the trapped atoms is also damped by the scattering
force and the atoms are effectively cooled. The MOT temperatures are
typically in the mK level (Some examples are shown in Table 3.1). This
atomic temperature and the number of trapped atoms can be controlled
to some extend by controlling the detuning and power of the trapping
beams [Xu et al., 2003b]. The lower limit of the achievable temperature TD

is set by the natural linewidth of the transition ΓMOT used for laser cooling:

TD =
~ΓMOT

2kB
. (4.7)

Here, ~ is the Planck constant and kB is the Boltzmann constant. Sub-
Doppler temperatures below TD have been widely realized with cooling
techniques exploiting the degeneracy of the atomic states involved in the
laser cooling process [Xu et al., 2003a]. However, Sub-Doppler cooling
was not employed in this work.

Zeeman slower
Another spatially varying magnetic field configuration is used in a Zeeman
slower. A Zeeman slower is often used for 1 dimensional slowing of a
beam of atoms from a source before trapping in a MOT. The beam of
atoms is slowed by counter propagating resonant radiation. The resonance
frequency of a moving atom in the laboratory frame of reference is shifted
due to the Doppler effect. This means that the frequency shift of an
atomic resonance depends on the velocity of the atom which will change
during a cooling process. This change of resonance is counter-acted
by a position dependent Zeeman shift imposed by a likewise position
dependent magnetic field. The appropriate magnetic field B(z) for a
desired deceleration from an initial velocity vi to a final velocity v f along
a z axis can be described as [Metcalf and van der Straten, 2001, p.77]:

B(z) = B0

√
1 − z/z0. (4.8)

B0 is the appropriate overall magnetic field strength, which depends on
the cooling transition properties and the initial velocity of the decelerated
atoms. z0 is the appropriate length of the Zeeman slower, which is
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determined by the magnitude of the desired deceleration and the initial
velocity. The optimal slowing of the atoms is hence not achieved by
just designing the Zeeman slower as long as possible and with as strong
magnetic field as possible. A wide variety of different Zeeman slower
designs have been developed in other works in order to achieve some
desired uniform deceleration of atoms.

4.5 Laser stabilization

Optical cavities can be used as local frequency references for laser sta-
bilization. Both the transmission and reflection spectrum of an optical
cavity are however symmetrical (even) and the sign of a laser detuning
relative to the cavity resonance is not revealed. It is hence necessary to
generate an anti-symmetric (odd) signal for a stabilization loop. Such an
anti-symmetric signal is often referred to as an error signal (previously
illustrated as the green line in Fig. 2.2). The following sections describe
the two different techniques used for generating error signals in this work.

4.5.1 Hänch-Couillaud

One simple technique for generating a sign sensitive error signal is the
Hänch-Couillaud (HC) laser stabilization scheme [Hansch and Couillaud,
1980]. The HC scheme utilizes birefringence in an optical cavity. This bire-
fringence can be introduced by inserting a polarization selecting element
such as a Brewster plate in the optical cavity as shown in Fig. 4.7. The bire-
fringence results in different single-round-trip propagation phase shifts for
intracavity light parallel E‖ or perpendicular E⊥ to the birefringence axis.
The two polarization components are thus resonant with the optical cavity
for different resonance frequencies. Consider the case where the parallel
component E‖ is resonant with the optical cavity and standing waves of
the E‖ component is present inside the cavity. Then, the perpendicular
component E⊥ is not resonant with the cavity and standing waves of E⊥
is not present inside the cavity and the entire component is reflected by
the in-coupling mirror of the cavity. The reflected E⊥ is linearly polarized,
but it is converted to circular polarization by a λ/4-plate and divided
equally between the two output ports of a polarisation beam splitter (PBS).
These two equally divided outputs are detected by their respective photo
detector (PD) resulting in a signal proportional to the photo currents
i1 and i2 shown in Fig. 4.7. The difference of these two photo detector
signals i2 − i1 is generated with a differential amplifier. This signal will
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Figure 4.7: Block diagram illustrating the general concepts of a HC setup. Red
lines are optical paths while black lines are electronic signal paths. Note, that
the generated error signal is used for stabilizing a laser frequency in this figure,
while the error signal can also be used to stabilize the length of the cavity. The
HC scheme was mostly used for stabilizing cavity lengths in this work.

yield a zero value when only the E⊥ component is reflected and when
the polarization of this reflected component is controlled such that the
optical power of the reflected component is equally divided to the two
photo detectors. However, a fraction of the parallel E‖ component is also
reflected by the in-coupling cavity mirror. The phase of this reflected E‖
component depends sign sensitively on the cavity detuning [Riehle, 2004,
p.105]. This causes ellipticity for the polarization of the total reflected field
which results in non-zero values for the differential signal i2 − i1 [Riehle,
2004, p.270]:

i2 − i1 ∝ 2cos(θ)sin(θ)
TRsin(2∆ωL/c)

(1 − R2)2 + 4Rsin2(∆ωL/c)
, (4.9)

where θ is the angle between the input polarization and the birefringence
axis and ∆ω is the laser detuning with respect to the cavity resonance.
Here, L is the cavity length and c is the speed of light. Equation (4.9) is
valid for a symmetrical FP cavity with power reflection (transmission)
coefficient of R (T).
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The signal expressed in Eq. (4.9) can be used as an error signal, as it
is sign sensitive around the cavity resonance (∆ω = 0). This error signal
can be used for stabilizing a laser to a stable reference cavity or to lock an
adjustable cavity length to an input laser such that standing waves are
kept inside the cavity at all times.

The HC scheme is particularly suited for cavity systems with intrinsic
birefringent cavity components such as non-linear crystals for generation
of higher order harmonics (see Sec. 4.3). The technique is simple and often
relatively inexpensive. The error signal offset is however sensitive to drifts
of the involved optical components and the error signal is affected by low
frequent technical noise.

The HC locking scheme is used in this work for stabilizing an enhance-
ment cavity for SHG and for stabilization of the atom-cavity system in the
main experiment. An experimentally realized HC error signal is shown
later in Fig. 5.13.

4.5.2 Pound-Drever-Hall

Another widely used technique for generating a sign sensitive error signal
for laser stabilization is the Pound-Drever-Hall (PDH) scheme. The PDH
technique applies a set of sidebands on the spectrum of a laser by applying
a periodic phase modulation with modulation frequencyωm on the electric
field of the laser. This modulation frequency is typically in the range
of ωm/2π = 10 ∼ 50 MHz. The phase modulation is done by using an
Electro Optical Modulator (EOM) as shown in Fig 4.8. The fundamental
component of the laser before phase modulation is henceforth called the
carrier. The laser with the sidebands is coupled into the reference cavity
and a photodetector measures the reflected light consisting of both the
reflection from the first and second mirror in the reference cavity. The basic
principle of the PDH technique is to compare the phase of the reflected
sideband components and the ontra-cavity collected phase of the carrier.

The total single cavity round-trip phase shift of the carrier field will
be q · 2π if the carrier frequency is resonant with the cavity resonance, q
is any integer. The sum of all round trip components inside the cavity
will result in standing waves in this resonant case, while the reflected
beam outside the cavity is canceled out by destructive interference. The
carrier will on the other hand be reflected, if the carrier is not resonant
with the cavity. This reflection acts hence as a frequency discriminator
dependent on the laser detuning with respect to the cavity resonance. The
detuning dependency of the reflected component is symmetric and does
not depend on the sign of the detuning.
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Figure 4.8: From [Christensen, 2012]: Block diagram illustrating the general
concepts of a PDH setup. Red lines are optical paths while black lines are electronic
signal paths.

The total reflected components can be detected by a photo detector and
be sent into a Double Balanced Mixer (DBM or mixer) as illustrated in Fig. 4.8.
The signal detected by the photo detector can be mixed together with the
phase modulation frequency ωm. This mixed signal VPD(∆ f ) corresponds
to the product of the photo detector signal and the sinusoidal modulation
signal. This VPD(∆ f ) signal forms the PDH error signal and it can be
described as [Riehle, 2004, p.273]:

VPDH(∆ f ) ∝ −
ω2

m(∆ωc/2)∆ω[(∆ωc/2)2
− ∆ω2 + ω2

m]
[(∆ωc/2)2 + ∆ω2][(∆ω − ωm)2 + (∆ωc/2)2][(∆ω + ωm)2 + (∆ωc/2)2]

,

(4.10)
where ∆ωc/2π is the cavity linewidth and ∆ω/2π is the frequency difference
of the laser frequencyω and the cavity resonance frequencyωc, ∆ω = ω−ωc.
This unitless coefficient in the right hand side of Eq. (4.10) forms the
characteristic lineshape of the PDH error signal as a function of the
detuning of the laser and the cavity resonance. An experientally realized
PDH error signal is shown later in Fig. 5.4. The magnitude of this error
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signal can be increased by introducing a λ/4-plate before the reference
cavity and by using a PBS for redirecting most of the reflected light to
the photo detector as shown in Fig. 4.8. The total power of the reflected
light reaching the photo detector is then optimized and the magnitude
of the error signal will also be increased. The PDH technique can also be
carried out with a non-polarisation dependent beam splitter (BS) and without
a λ/4-plate. This setup may be advantageous if the circular polarization
caused by the λ/4-plate is of some reason unwanted for the intra cavity
light. However, the total reflected power detected by the photo detector
will be lower in this case.

Equation (4.10) expresses the error signal for an optimized relative
mixing phase ϕ. This phase is shown as a phase shift between the photo
detector and the DBM mixer in Fig. 4.8. This phase can be optimized by
adjusting cable lengths or by implementing voltage controllable RF phase
shifter modules. Another quadrature with a different lineshape ([Riehle,
2004, p.273)]) will be included and degrade the error signal if the relative
mixing phase is not optimized.

The PDH technique is in this work for both locking a laser to a reference
cavity (described in Sec. 5.1.1) and for stabilizing an adjustable cavity
length on resonance with an input laser (described in Sec. 5.2.3). Figure 5.4
shows both a plot of an experimentally realized PDH error signal and
a theoretical fit based on Eq. (4.10). The characteristic lineshape of the
PDH error signal is clearly seen in Fig. 5.4. It is also evident, that the error
signal is anti-symmetric, i.e it has different sign on both sides of the cavity
resonance, which makes this signal suited as a frequency discriminator.

The PDH technique requires a slightly more complex setup than the
HC technique (described in Sec. 4.5.1) and it requires potentially expensive
components such as an EOM and high frequency radio frequency (RF)
components. However, the technique has the advantage that the error
detection can be shifted up to high RF frequencies by choosing a high
modulation frequency ωm. The error detection will then not be disturbed
by low frequent technical noise. In such a case, laser stabilization with the
PDH technique can be performed only limited by the photo detector shot-
noise and by residual amplitude modulation (RAM) caused by disturbances
in the EOM or other optical elements which can cause phase fluctuations
[Zhang et al., 2014].
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4.6 NICE-OHMS

The atomic absorption of resonant light can be measured conceptually
simple by comparing the field power before and after the atomic interaction.
On the other hand, measurements of the phase shift induced by the
atoms requires slightly more complex techniques. One technique is to
employ heterodyne detection [Riehle, 2004, p.71] by studying the relative
phase between an electro magnetic field interacting with the atoms and
a local field with no atomic interaction [Martin et al., 2011]. Heterodyne
detection has proven to be effective in a large number of experiments,
but requirements of relative phase stabilization of all involved oscillators
increases the complexity of the system. One approach to reduce the
complexity of the system and at the same time increase the noise immunity
of the system is to apply the so-called Noise Immune Cavity Enhanced
Optical Heterodyne Molecular Spectroscopy (NICE-OHMS) technique [Ye
et al., 1998, Ma et al., 1999].

This NICE-OHMS technique constitutes a central part of the main
experiments presented in this work and a description of the basic concepts
are presented below. This description will be similar to the description
for conventional free-space frequency modulation (FM) spectroscopy.
However, the NICE-OHMS technique involves feedback control of a
cavity to be on resonance with an input probe laser such that a standing
wave of light will be present inside the cavity for all times. This turns out to
result in significant changes in the observables of the system, and a direct
comparison with the theoretical results derived in Chap. 3 is hampered.
A more detailed description of the consequences of this feedback control
is presented later in Chap. 6.

The experimental setup for the NICE-OHMS technique is presented in
Fig. 4.9. An ensemble of two-level atoms or molecules is placed inside
an optical cavity and the system is interrogated by a probe laser with
laser frequency ωl. Sidebands are applied to this probe laser spectrum by
applying a periodic phase modulation [Riehle, 2004, p.25]. An EOM is
employed to apply this phase modulation with a modulation frequency
Ω, which is chosen such that it matches the FSR of the optical cavity,
Ω/2π = FSR. The frequencies of the sideband components are thus
ω ± 2πFSR. In the following, the applied components will be called
sidebands while the component with the original probe laser frequency
ωl will be called the carrier. Both the probe carrier and both sideband
components will be on resonance with the optical cavity. The probe laser
carrier can be assumed to be tunable and near resonant with the atomic
transition and the cavity transmitted electromagnetic field Eout can be
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Figure 4.9: General concept of the NICE-OHMS technique. Sidebands are
applied on a probe laser by periodic phase modulation with frequency Ω/2π. All
components of the probe laser are transmitted through the cavity, as they are all
resonant. The phase shift induced by atoms inside the cavity can be measured by
demodulating the transmission signal.

described as:

Eout = E0

(
J0(x)e−αei(ωlt+ϕa+ϕc)

+J1(x)ei(ωl+Ω)t+iϕc − J1(x)ei(ωl−Ω)t+iϕc
)
. (4.11)

Here J j(x) is the j’th order regular Bessel function describing the amount
of power transferred from the carrier to the j’th order sideband when
modulated by an EOM with modulation index x. This modulation index x
depends on the phase modulation amplitude and governs the magnitude
of the sideband components. The first component in Eq. (4.11) corresponds
to the probe carrier, and this component is affected by an atomic absorption
e−α and a phase shift ϕa induced by the atomic dispersion. All components
experience a common phase ϕc corresponding to the phase shift from
propagation in the empty optical cavity. The relation of the different
involved spectra are illustrated in Fig. 4.10. The optical power of the cavity
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transmitted light can be detected by a photo detector and the measured
signal current SPD will have the following form:

SPD ∝ E2
0

(
e−2αJ0(x)2 + 2J1(x)2)

+J0(x)J1(x)e−α
(
eiϕa − e−iϕa

) (
ei(Ωt)

− e−i(Ωt)
)

−J1(x)2
(
ei(2Ωt) + e−i(2Ωt)

)
. (4.12)

Figure 4.10: Relation between the spectral components relevant for the NICE-
OHMS technique. J j is the j’th order regular Bessel function which illustrate the
power ratio of the carrier and sideband components of the probe laser.

Equation (4.12) consists of three different frequency components: static
(DC) components (first line in Eq. (4.12)), components oscillating at Ω
(second line) and components oscillating at 2Ω (third line). Note that the
empty cavity phaseϕc has been canceled for all terms. The DC components
and the 2Ω components can be filtered away with a bandpass filter. The
Ω part of the signal can hence be isolated and mixed with a sinusoidal
signal sin(Ωt) = 1

2

(
eiΩt
− eiΩt

)
and demodulated down to a DC signal, SΩ:

SΩ ∝ 4J0(x)J1(x)e−αsin(ϕa). (4.13)

This demodulation can be done experimentally by using a DBM. The
demodulated signal in Eq. (4.13) can be approximated to scale linearly
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with the atom induced phase shift SΩ ∝ sin(ϕa) ≈ ϕa for very small phase
shifts ϕa � 1. Hence, this demodulation technique provides a static
DC signal which is proportional with ϕa and the probe laser frequency
(ωl) dependency of the phase dispersion can be mapped out if e−α is
approximated to be constant. This approximation is definitely not valid
when performing a frequency scan over a frequency range comparable
with the absorption width, but it is a reasonable approximation for small
scan regions near the center of the atomic resonance.

Equation (4.13) is an expression also seen in the litterature of FM
spectroscopy without an optical cavity[Ye and Lynn, 2003]. The optical
cavity enhances the achieved signal by increasing the effective interaction
between the atoms and the intra-cavity photons. This optical cavity does
not introduce additional mechanical noise as all probe laser components
experience the same cavity phase ϕc, which was canceled out during
detection (see Eq. (4.12)). In addition, the demodulation technique allows
shifting the detection up to radio frequencies by designing an optical
cavity with an FSR in the RF frequencies. This results in very noise
immune detection as most of the mechanical and electric noise frequency
components are found below the RF frequencies and only the white
frequency noise is detected. The signal to noise ratio of this detection
can be improved even further by applying very narrow banded bandpass
filters for selecting out the Ω components in Eq. (4.12).

The signal achieved from the NICE-OHMS technique is described as
in Eq. (4.13) in most of the litterature [Ye et al., 1998, Ma et al., 1999, Ye
and Lynn, 2003]. However the requirement of having a standing wave
inside the cavity for all times is significantly modifying the demodulated
signal (described in Eq. (4.13)) in the experimental systems studied in this
work. An extended description of the NICE-OHMS technique is presented
in the following Sec. 4.6.1 by including the standing wave requirement.
Two variations of the NICE-OHMS technique, sideband probing and the
overtone demodulation, were also developed during this work. These two
techniques are described in details later in Sec. 6.1.2 and Sec. 6.2.1 when
presenting the results obtained with these techniques.

4.6.1 Modifications of the transmission coefficient

The following section presents a detailed and slightly cumbersome de-
scription of the modifications of the NICE-OHMS signal caused by the
requirement of having a standing wave inside the cavity at all times. These
modifications apply mainly for large atomic induced phase shifts and will
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mostly affect the NICE-OHMS signal for large detuning, when the phase
shiftiii is measured for the main spectroscopic experiments in this work.

A general expression for describing the total input probe field is as
follows, when sidebands are applied with a periodic phase modulation
[Riehle, 2004, p.27]:

Ein = E0

∞∑
j=−∞

J j(x)ei(ωc+ jΩt). (4.14)

Note that Eq. (4.14) includes all sideband orders, while the probe laser
spectrum (described in Eq. (4.11)) treated in the previous section only
included the first order sidebands. Each of the components described in
Eq. (4.14) is modified by a transmission coefficient χ j when transmitted
through an optical cavity. Here, χ j is the transmission coefficient for the
j’th sideband component. This transmission coefficient can be expressed
analytically for each component in a semi-classical description [Riehle,
2004, p.101]:

Eout =
Teiϕ

1 − Rei2ϕEin = χEin. (4.15)

Ein/out is the input/output field, T and R are the power transmission and
reflection coefficient of the cavity mirrors, and ϕ is the single round-trip
complex phase shift experienced by the intra-cavity field. The transmission
coefficient χ j is however not identical for all probe laser components, when
the NICE-OHMS technique is applied. Very different behavior are found
for the transmission coefficient χ0 for the probe laser carrier ( j = 0)
component and χ j for the j’th order sideband.

The carrier component is resonant with the atomic transition. The single
round-trip phase shift ϕ0 experienced by the carrier includes contributions
from the single pass atomic dispersion βD, the atomic absorption βA and
the phase shift due to propagation in the empty cavity φcavity:

ϕ0 = φcavity + βD + iβA, (4.16)

The j’th order sideband component on the other hand experiences only
the phase shift due to the empty cavity propagation, as it is off-resonant

iiiThis phase shift is predicted in Fig. 3.3.
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with the atomic transition and the single round-trip complex phase shift
ϕ± j is:

ϕ± j = φcavity ± jπ. (4.17)

Here, ± jπ is added as the single round-trip phase shifts of neighboring
longitudinal cavity modes differ with ±Ω. As mentioned earlier, the
NICE-OHMS technique imposes a requirement that the combined cavity-
atom system is forced to be on resonance with the probe laser such that
a standing wave field is present during the whole experiment. This
requirement is usually fullfilled by implementing a feedback loop (details
regarding feedback systems are presented in Sec. 4.5) to control the cavity
length by using a piezo element on the cavity mirror as an actuator [Ye
et al., 1998, Westergaard et al., 2015, Christensen et al., 2015a, Dinesan
et al., 2015]. This requirement modifies the single round-trip complex
phase shifts described in Eq. (4.16) and (4.17). The real part of the complex
single round-trip phase shift is modified as:

Re(ϕ0) = φcavity + βD = mπ, (4.18)

where m is an integer. The complex single round-trip phase shift of the
j’th order sideband is modified according to Eq. (4.18), as all probe laser
components experience the same single round-trip cavity phase shift ϕc:

ϕ± j = φcavity ± jπ = −βD ± jπ. (4.19)

These modified phase shifts have direct implications for the transmis-
sion coefficients for the different probe laser components. The transmission
coefficient χ0 for the carrier becomes purely real and it reflects only the
absorptive part (βA) of the atomic interaction:

χ0 =
Te−βA

1 − Re−2βA
. (4.20)

The transmission coefficients χ± j for the sideband components are
complex and reflect only the dispersive part (βD) of the atomic interaction:

χ± j =
Tei(± jπ−βD)

1 − Re2i(±pπ−βD)
. (4.21)

These modifications of the transmission coefficients modifies the ex-
perimental observables substantially when performing spectroscopic
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experiments with the NICE-OHMS technique. More intuitive interpre-
tations of the observables are discussed later in Sec. 6.1.2 in comparison
with experimentally observed quantities. The focus here will be the
consequences for the NICE-OHMS signal.

The cavity transmitted field is no longer as described in Eq. (4.11) and
the standing wave restrictions modifies the field as (here for sidebands up
to second order):

Eout = E0

(
J0(x)χ0eiωlt

+J1(x)χ1ei(ωl+Ω)t
− J1(x)χ−1ei(ωl−Ω)t

+J2(x)χ2ei(ωl+2Ω)t + J2(x)χ−2ei(ωl−2Ω)t
)
. (4.22)

Following the procedures followed from Eq. (4.11) to Eq. (4.13), the
cavity transmitted field can be demodulated with demodulation frequency
Ω and the resulting NICE-OHMS signal is:

SΩ ∝ J0(x)J1(x)χ0 · Im(χ1) (4.23)(
+J1(x)J2(x)(χ2χ

∗

1 − χ1χ
∗

2) + J2(x)J3(x)(χ∗2χ3 − χ2χ
∗

3)
)
.

The last terms inside the parenthesis in Eq. (4.23) are only small
corrections. HOwever, these corrections are important to establish a
complete connection between the experimental data and the theoretically
predicted values. The essential part here is the first term in Eq. (4.23).
This first term J0(x)J1(x)χ0 · Im(χ1) corresponds to the conventional NICE-
OHMS expression in Eq. (4.13). χ0 describes as mentioned above the effect
of the atomic absorption and corresponds to e−α in Eq. (4.13). χ1 describes
the effect of the atomic dispersion and corresponds to sin(ϕa) in Eq. (4.13).
This first term of Eq. (4.23) is in fact reduced to an expression similar to the
expression for the conventional FM demodulation e−βAsin(βD) (described
in Eq. (4.13)) in the limit of R→ 0. The exact expression for Im(χ1) is as
follows:

Im(χ1) =
T · e−βA

(
1 + R · e−2βA

)
1 + R2 · e−4βA − 2e−2R·βAcos(2βD)︸                                   ︷︷                                   ︸

cavity enhancement

· sin(βD)︸  ︷︷  ︸
phase shift

. (4.24)

This rather extensive expression in Eq. (4.24) can be approximated
to Im(χ1) ∝ βD if βD � 1 and e−βA is constant. These approximations
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corresponds to the same approximations applied in order to let Eq. (4.13)
scale linearly with the total atomic induced phase shift ϕa. Whereas
sin(βD) ≈ βD represents the single round-trip phase shift of the atoms,
the rest of Eq. 4.24 represents the cavity enhancement of the dispersion
yielding the total atomic induced phase shift ϕa. The NICE-OHMS signal
described in Eq. (4.23) is hence effectively reduced to Eq. (4.13) for small
atomic dispersion βD and low modulation index xiv.

The restrictions of forcing the combined cavity-atom system to be
resonant with the probe carrier laser is different from the system considered
in the theoretical model presented in Chap. 3. This theoretical model
assumes the probe laser frequency ωl to be resonant with the empty cavity
resonance frequency ωc at all times, ωl − ωc = 0. Furthermore, the main
focus of the theoretical studies in Chap. 3 has been on the total cavity
transmitted field calculated through the quantum mechanical creation
and annihilation operators for the intra cavity photonsv

|α|2 = 〈â†â〉. The
cavity transmitted field is calculated numerically for a steady-state system
through α (described in Eq. (3.22)). This do not take sidebands and the
cavity servo system into account and the total atom induced absorption
and dispersion is considered instead of the single round-trip absorption
and dispersion. Hence, this cavity transmitted field calculated through
α needs to be described in terms of single round-trip absorption and
dispersion and to take the sidebands into account. This is done by
expressing the cavity transmission coefficient χ in terms of α:

Eout

Ein
= χ =

κ
η
α, (4.25)

where κ is the cavity decay rate which is a measure of the rate the
intra cavity photons decay in the empty cavity and η is the classical drive
amplitude, which describes the rate at which photons from the probe laser
couples into the cavity. A single round-trip atomic absorption βA and
dispersion βD can now be evaluated by approximating the transmission
coefficient described by α in Eq. (4.25) as a semi-classical transmission
coefficient (see Eq. (4.15)):

ivCorresponding to small higher order sidebands J2(x) ≈ 0 and J3(x) ≈ 0.
vHere α represents the intra cavity field and α is not the same as the α representing

the total atomic absorption in Eq. (4.11).
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κ
η

Re (α) = Re
(

Tei(βD+iβA)

1 − Rei2(βD+iβA)

)
. (4.26)

κ
η

Im (α) = Im
(

Tei(βD+iβA)

1 − Rei2(βD+iβA)

)
. (4.27)

The single round-trip atomic absorption βA and phase shift βD can
now be evaluated by solving the equation system Eq. (4.26)–(4.27). These
values for βA and βD can then be inserted in the expressions for the
transmission coefficients χ j (shown in Eq. (4.20) and Eq. (4.21)) and the
modified NICE-OHMS signal SΩ can be calculated through Eq. (4.23).

Note that Eq. (4.26)–(4.27) are approximations. These approximations
proves valuable for describing the NICE-OHMS signals for low-finesse
cavity systems described later in Sec. 6.1, while some inconsistence are
observed for high-finesse cavity systems described in Sec. 6.3. Thorough
studies of the limitations of these approximations are hence still needed.

One other correction imposed by the cavity feedback system is the
contributions on the error signal by the sidebands. The feedback systems
are designed to provide a sign sensitive error system scaling with the cavity
detuning of an input laser frequency. The atomic induced phase shift will
shift the resonance frequency of the cavity mode by ωm. This frequency
shift depends on the total atom induced phase shift ϕa, ωm =

κ·tan(ϕa)
2

[Ye and Lynn, 2003, p.22]. The feedback system will mainly control the
cavity length such that the standing-wave criteria for the probe carrier is
maintained as the optical power from the carrier will dominate the error
signal for the feedback system. This brings all the sideband components
out of resonance with their respective cavity resonances. The off-resonant
sidebands will now contribute to the error signal and shift the cavity
resonance frequency back in the opposite direction as the initial atomic
induced cavity shift ωm. The cavity and the carrier will hence be detuned
with xD. The atom induced shift of the cavity resonance ωm and the
detuning due to the error signal contributions of the sidebands xD are
illustrated in Fig. 4.11. The value of xD correspond to the case where the
error signal contribution from the carrier and all orders of sidebands are
equal:

xD · J0(x)2 = 2(ωm − xD) ·

 ∞∑
j=1

J j(x)2

 . (4.28)
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Figure 4.11: Illustration of the corrections imposed by the cavity servo system
and the atom induced phase shift on the spectral components relevant for the
NICE-OHMS technique. ωm is the frequency shift of the cavity resonance induced
by the atomic phase shift. Note, that only the cavity mode resonant with the
atomic resonance is shifted by ωm. xD is the shift of all cavity modes due to
contributions to the error signal caused by the off-resonant sidebands. Note, that
xD shifts in the opposite direction as ωm.

It can be derived from Eq. (4.28) that the carrier-cavity detuning xD

due to the contributions from the sidebands is:

xD = κ · tan(ϕa)
∞∑
j=1

J j(x)2. (4.29)

Note that the relation J0(x)2 + 2
∑
∞

j=1 J j(x)2 = 1 was used to derive
Eq. (4.29). The value of xD is only of significance for very large modulation
index x and for very large total atomic phase shifts ϕa. The total atomic
phase shift is very small for the near resonance dispersion and this
correction is hence not of importance in this near resonance detuning
region which is the main focus of this work. The correction due to xD is
also very small for large detuning but the corrections are included for
completeness in the analysis presented in Chap. 6.
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Finally, it should be mentioned that different variations of the NICE-
OHMS technique were developed during this work. These variations are
presented later in Sec. 6.1.2 and Sec. 6.2.1.

Outlook
The most basic concepts of the experimental techniques used in this
work have been presented in this chapter. A substantial emphasis has
been put on a detailed description of the NICE-OHMS technique, as
this technique constitutes an essential part of the main spectroscopic
experiments described in Chap. 6.

These experimental techniques presented in this chapter will prove
valuable in the following chapter, which presents the experimental systems
developed for this work.
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5
Experimental systems

This section presents the main experimental systems developed and used
in this work in order to perform the non-linear spectroscopy experiments
described in Chap. 6. Section 5.1 describes the developed laser systems,
while Sec. 5.2 describes the trapping of 88Sr atoms and the two cavity
systems developed for cavity enhanced spectroscopy. Most of the basic
experimental concepts presented in this chapter have been described in
the previous Chap. 4. It is recommended to read this chapter if the reader
is not familiar with some of the experimental concepts during the reading.

The majority of the systems described in Sec. 5.1–5.2.2 were developed
or initiated by Philip G. Westergaardi, while the finalization and operation
were carried out in this work.

5.1 Laser systems

The main focus of this work is to study the dynamics of laser cooled 88Sr
atoms placed inside an optical cavity. All laser wavelengths required for
these studies are in the visible range and direct lasing at these wavelengths
are to some extend achievable with diode lasers. However, complete laser
systems were either not commercially available or not available within the
financial framework for this work and all laser systems were homemade.
This following section presents these laser systems developed in this work.

iCurrent affiliation: Danish Fundamental Metrology, Matematiktorvet 307, 1. sal,
2800 Kgs. Lyngby, Denmark

83
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Figure 5.1: Electronic level scheme for 88Sr showing the relevant transitions for
this work. All arrows are transitions driven by lasers in the main experiment,
while the dashed lines are decay channels.

Figure 5.1 shows the transitions of 88Sr relevant for this work. The
strong dipole-allowed 1S0 →

1P0 transition at 461 nm is used for laser
cooling of the atoms in a MOT. However, this transition do not constitute
a perfect two-level system as a minor decay channel to the 1D2 state is
present. The atoms may decay further from the 1D2 state to the 3P1 and
3P2 states. The decay to the 3P1 is not a problem, as this state decays
further down to the ground state (1S1) with a relatively short life time of
approximately 21µs. Atoms decayed into the 3P2 state on the other hand,
will stay in this state for all relevant time scales, as the lifetime of the
3P2 state is about 520 s [Yasuda and Katori, 2004]. This process is called
shelving of atoms in the 3P2 state as atoms are left in this state and lost
from the MOT. Two repumping transitions can be exploited in order to
reduce this shelving loss. The 3P2 →

3S1 transition at 707 nm can be used
to excite the atoms in 3P2 up to 3S1. The atoms decay from here to the 3P1

or 3P0 state. The 3P1 decays once again to the ground state, while the 3P0

state is long lived. A second repumping transition, 3P0 →
3S1 at 679 nm

can be applied to return the atom to the 3S1 from where it can decay to the
ground state. Note, that a repumping laser at 679 nm will only reduce the
shelving loss, if another repumping laser at 707 nm is present.

The narrow (Γ/2π = 7.5 kHz) 1S0 →
3P1 transition is the transition



5.1. LASER SYSTEMS 85

of main interest in this work. This transition is coupled strongly to
the fundamental mode of optical cavity systems and interrogated by a
resonant intra-cavity field in the bad-cavity regimeii. The laser system
for interrogating this transition is henceforth denoted the clock laser or the
the probe laser. Note, that the ultranarrow 1S0 →

3P0 transition (transition
linewidth: ∼ 1 mHz, see Fig. 5.1) is used as the reference transition for
conventional optical lattice clocks based on strontium atoms and the term
clock laser is very often used for the 698 nm laser for interrogating this
transition.

In conclusion, four laser systems were used for this work: a cooling
laser at 461 nm, a laser system at 689 nm for interrogating the narrow
1S0 →

3P1 transition and two repumping lasers at 707 nm and 679 nm. The
cooling laser and the clock laser are described in details in the following
sections. After this, the repumping lasers are also described briefly.

It might be appropriate to consider Fig. 5.1 once more before venturing
to the details of the laser systems. The unique feature of the level
structure of strontiumiii is that the required wavelengths are to some
extend commercially available. The other candidate elements for optical
atomic clocks such as Hg [Yamanaka et al., 2015, ?], Yb [Hinkley et al.,
2013, Nemitz et al., 2016] and Mg [Kulosa et al., 2015] all require less
accessible wavelengths, which heighten the technological requirements.
A great amount of strontium related knowhow and techniques have been
developed [Norcia and Thompson, 2016b, Targat et al., 2005, Shimada
et al., 2013]iv around the world since the strontium based optical lattice
clocks was proposed [Katori, 2001]. This availability and the maturing of
the technology might be some of the arguments for a redefinition of the
second based on strontium atoms in the future.

5.1.1 The 689 nm probe laser

A frequency stabilized Littman-Metcalf configuration external cavity diode
laser (ECDL, described in Sec. 4.2) laser system was developed in order to
probe the 1S0 →

3P1 transition shown in Fig. 5.2. The main task of the clock
laser in our system is to perform cavity enhanced spectroscopy on the
doppler broadened 1S0 →

3P1 transition and to resolve the central doppler
free saturated absorption feature (marked with a dashed circle in Fig. 3.3).

iiThis bad-cavity regime is described in details in Chap. 2.
iiiThe level structure of the fermionic 87Sr is slightly more complicated due to the

nuclear spin.
ivThese cited works are only a small selection of technical papers relevant for

experiments with ultracold strontium.
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The spectral width of this saturation absorption feature can ultimately be
in the same order as the natural linewidth of the interrogated transition.
A clock laser linewidth narrower than this natural transition linewidth
is hence desired. In addition, It was previously predicted in Sec. 3.4.2
that the probing powers in the 10–1000 nW range was optimal for laser
stabilization. Based on this, it was evaluated that about ∼ 2µW probing
power was required with the coupling efficiency of the cavity taken into
account. The requirements for this laser system are hence:

• A spectral linewidth narrower than the natural linewidth of the
1S0 →

3P1 transition, Γ/2π = 7.5 kHz.

• Lasing wavelength of 689 nm with tuning range of ± ∼ 10 MHz
around the transition resonance.

• 2µW optical power coupled to the atom-cavity system.

Figure 5.2 shows the ECDL based laser system developed in order
to fulfill the above mentioned requirements. The narrow linewidth is
achieved by stabilizing the frequency of this laser system to an Ultra Low
Expansion (ULE) cavity and the wavelength is controlled by a number
of Acousto Optical Modulators (AOM) in order to achieve the resonance
frequency of the investigated transition. In addition, the available optical
power is amplified by injeciton locking a slave diode. These components
of the total probe laser system are described in details in the following
sections.

Frequency stabilization
The probe laser frequency was stabilized by using an ULE cavity as a
stable frequency reference. This was done in order to achieve a laser
linewdith, which was narrower than the natural linewidth of the probed
transition (Γ/2π = 7.5 kHz) such that the spectroscopic features studied in
this work could be resolved. A typical temperature- and current stabilized
ECDL system has an spectral linewidth in the order of few MHz. This
linewidth was too broad for the spectroscopy experiments and the probe
laser was frequency stabilized relative to the ULE cavity in order to reduce
the linewidth down to < 7.5 kHz.

The frequency stabilization was performed using the previously de-
scribed Pound-Drever-Hall (PDH) laser stabilization technique (described
in Sec. 4.5.2). The specific setup for this PDH stabilization is shown
in Fig. 5.3. Two sidebands were applied to the probe laser spectrum
by applying a periodic phase modulation with modulation frequency
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Figure 5.2: Overview of the probe laser system. All free space optical paths are
red, while electrical signal paths are black. The probe laser system is distributed
over two optical breadboards illustrated by the black boxes (marked as Probe laser
and Main experiment). AOM2 (AA Optoelectronic, MT330-B20A0,2-800)
is an AOM with anti-reflect coating for 689 nm, while AOM0 and AOM1
are similar AOM models but with coatings not optimized for 689 nm. The
AOM configuration on the Main experiment table is modified in some of the
experiments described in Sec. 6 and 7.

ωmod/2π = 10 MHz. The initial frequency component of the clock laser is
henceforth called the carrier. Figure 5.4b) shows the clock laser spectrum
with the sidebands and the carrier. This light was coupled into an ULE
cavity and the reflected light was detected by a photo detector. The carrier
was only reflected and detected by the photo detector, when the probe
laser was off-resonant with the ULE cavity. A λ/4-plate was placed before
the cavity, such that most of the reflected light was redirected to the photo
detector through a polarisation beam splitter (PBS). This photo detector
signal was mixed with the phase modulation frequency ωmod through a
Double Balanced Mixer (DBM or mixer). This mixed signal acted as an error
signal for the laser stabilization of the probe laser. Figure 5.4a) shows a
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Figure 5.3: Detailed overview of the probe laser breadboard in Fig. 5.2. The
background picture is a picture of the actual system. An ECDL based 689 nm
master laser is frequency stabilized on a 75 mm long ULE cavity by using the
PDH scheme (described in Sec. 4.5.2). About 2.7 mW stabilized light is sent
through an optical fiber and about 1.3 mW light is received on the main experiment
bread board.

frequency scan of this optimized error signal measured by scanning the
probe laser frequency. The red solid line in Fig. 5.4a) is a theoretical fit
based on Eq. (4.10) and it is clear that the characteristics of the error signal
is as expected from the description in Sec. 4.5.2.

The ULE cavity was placed inside a temperature stabilized vacuum
chamber and the entire clock laser system was placed on a separate
vibration isolating air-supported bread board. This bread board is shown
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in Fig. 5.3. These efforts are done as vibrations and mechanical drifts of
the ULE cavity would be manifested as frequency errors in the error signal.
The length of the ULE cavity is 75 mm yielding a Free Spectral Range (FSR)
of FSR=2.0 GHz. The finesse of the cavity is F = 7500 corresponding to
a cavity linewidth of about 270 kHz. A fraction of this linewidth can be
expected for the linewith of a laser stabilized to this cavity.
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Figure 5.4: PDH error signal and cavity transmission during scan of laser
frequency. Blue solid lines are experimental data while the red solid line is an
experimental fit. Sidebands are applied by periodic phase modulation at 10 MHz,
which yield sidebands placed 10 MHz from the carrier frequency. The horizontal
axis is calibrated by using this well known sideband spacing.

Figure 5.5a) shows the PDH error signal during laser stabilization. Such
an error signal is a measure of the frequency detuning of the clock laser
relative to the ULE cavity resonance. This error signal is hence converting
the frequency noise of the clock laser to a voltage signal. This frequency-to-
voltage conversion factor was evaluated by determining the linear slope
around resonance of the error signal in Fig. 5.4a). The horizontal axis in
Fig. 5.4a) was needed to be calibrated to Hz for determining this slope. This
was done by using the well known sideband spacings ωmod/2π = 10 MHz.
This conversion factor was then applied to convert the vertical axis of
Fig. 5.5a) to Hz, such that Fig. 5.5a) shows the probe laser frequency noise
in time domain. This can be used to calculate the Allan deviation σ through
Eq. (1.1). Figure 5.5b) shows this Allan deviation calculated for different
integration times τ. This Allan deviation in Fig. 5.5b) shows, that a sub
10 Hz linewidth can be achieved for integration times below 1 s. The probe
laser interrogates the atom-cavity system for about 100µs in the main
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spectroscopy experiments of this work described later in Sec. 6. Figure 5.5b)
shows a probe laser linewidth of about 800 Hz for timescales relevant
for the spectroscopy experiments. This linewidth is hence sufficient for
resolving the spectroscopic details of the studied system as this linewidth
is significantly narrower than the natural linewidth of the interrogated
transition, Γ/2π = 7.5 kHz.
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Figure 5.5: Same data also presented in [Henriksen, 2014]. a) Error signal
during lock of probe laser on the ULE reference cavity. The vertical axis is
calibrated to frequency error by assuming a linear slope around resonance for the
error signal shown in Fig. 5.4a). b) Allan deviation for the probe laser based on
the in-loop error signal during lock.

Frequency control
The frequency of the probe laser is stabilized as described in the above
section by using an ULE cavity as a frequency reference. However, the
ULE cavity is man-made and the resonance frequency is unlike the atomic
transition frequencies not absolutely defined. The resonance frequency of
an optical cavity with a fixed length is thus most likely not identical with
the relevant atomic transition. In addition, the resonance frequency of the
ULE cavity will drift in time due to aging effects. A system for controlling
the clock laser frequency was hence needed.

The ULE cavity resonance frequencyωULE waas detuned about−680.4 MHz
from the 1S0 →

3P1 transition frequencyω0,ωULE = ω0−2π·680.4 MHz. The
emission frequency ωprobe of the clock master laser is detuned 2×358 MHz
from this cavity resonance by a double pass AOM setup as illustrated in
the Probe laser part in Fig. 5.2. This laser frequency of the probe laser is
hence ωprobe = ω0 + 2π · (680.4 MHz − 2 × 358 MHz) = ω0 + 2π · 35.6 MHz,
and this frequency is transfered over to the main experiment table though
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an polarization maintaining (PM) optical fiber. Here, the transferred probe
laser frequency is modulated further by two double pass AOM setups
(AOM1 and AOM2 shown in Fig. 5.2) resulting in the final probe laser
frequency ωl = ω0 + 2π · (35.6 MHz− 2× 345.6 MHz + 2× 327.8 MHz) = ω0.
This probe laser frequency is now resonant with the 1S0 →

3P1 transition
and the light is transferred to the main experiment through another PM
fiber.

While the modulation frequencies and RF powers are held constant for
AOM0 and AOM1 shown in Fig. 5.2, AOM2 is controlled by a computer
and it is used for controlling the relative detuning of the probe laser
frequency and the atomic resonance frequency. The RF modulation power
of AOM2 is also controlled in order to keep the optical power constant
in the main experiment as strain and temperature variations in the PM
fiber before the main experiment can cause intensity fluctuations on the
probing light.

Slave injection
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Figure 5.6: Output characteristics of the 689 nm probe laser ECDL.

The output characteristics of the clock master laser is shown in Fig. 5.6.
The typical operation output power of the probe laser ECDL was about
11.8 mW. A fraction of this optical power was redirected for the PDH
frequency stabilization. The rest of the optical power was coupled twice
to optical fibers and frequency shifted twice in double pass AOM setups
(AOM1 and AOM2 in Fig. 5.2). All these processes caused losses in optical
power and the direct output of the probe laser ECDL was not sufficient
for the power requirements of the main experiment.
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This need for more optical power was overcome by injection locking of a
slave laser with the stabilized clock master laser. A relatively weak master
laser can be sent into an already lasing slave laser. The master laser will
then be amplified by the gain medium of the slave laser if the master laser
frequency is within the gain bandwidth of the slave laser and if the spatial
beam mode of the injected master laser matches the lasing mode of the
slave laser. The master laser frequency will then dominate the slave laser
emission if the amplified master laser intensity exceeds the slave laser
intensity [Nagourney, 2014, p.209]. The spectral properties of the master
laser is for all relevant purposes copied exactly by the slave laser. A slave
laser injection locked by the probe laser described in this section will hence
keep the frequency stability of the probe laser as shown in Fig. 5.5b). Note
that the achievable output power level for injection locking is limited by
the maximum output power of the slave diode and it can not provide high
power outputs (∼ 1 W) as tapered amplifiers described later in Sec. 5.1.2.

About 1.3 mW of the stabilized probe laser is injected into a slave
diode trough one of the polarization beam splitters of a Faraday isolator.
This setup is shown in Fig. 5.7. The intrinsic spatial beam mode of the
slave laser is elliptical, however circular Gaussian beam modes with
long Rayleigh lengths are desired for the AOM configuration described
previously in this section. The beam mode of the slave laser is hence
corrected by a pair of cylindrical lenses. The spatial mode of the master
laser beam is then matched to the corrected slave laser mode. It is assured
that only the master laser frequency is directed to the main experiment
by filtering the injected slave laser beam with an interference filter (IF
filter), which transmits the master laser frequency and blocks the slave
laser frequencyv. The gain spectrum of the slave laser diode, which
depends on the diode current, needs to match the injected laser spectrum
in order to achieve injection locking. Hence, the amplification of the
injected probe laser dominated the entire slave laser emission for a span
of the slave diode current. Figure 5.8 shows the IF filter transmitted slave
laser output when the slave laser current is modulated periodically. A
significant increase in the output power is observed when the master laser
is injected and a flat plateau indicates that the gain medium of the slave
laser is entirely dominated by the injected probe laser for slave diode
current span within this plateau. A wide plateau will hence lead to stable
operation of the injected slave laser. The width of this plateau was hence
optimized by optimizing the mode overlap of the master- and slave laser

vThis IF filter is in principle not necessary if the slave injection is conducted properly,
but it is a great tool when constructing and optimizing the injection setup.
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Figure 5.7: Detailed overview of the slave laser system (also shown in Fig. 5.2).
The background picture is a picture of the actual system. About 1.3 mW of the
frequency stabilized light from the master laser was injected into a slave diode
through one of the PBS cubes of an Fararay optical isolator. The slave diode output
was sent through an interference filter (IF filter) in order to filter out unwanted
frequency components from the slave diode. The IF filter was convenient during
optimization of a slave injection but it was in principle unnecessary if the injection
is done properly.

and by optimizing system parameters such as slave diode current and
temperature. Finally, a total injection locked slave laser output of 7.8 mW
was obtained for the main experiment.

This injected slave laser output delivers ultimately 1 − 10µW to the
atom-cavity system, which is sufficient for the main experiment. The exact
amount of optical power delivered to the cavity-atom system depends
on the two different EOM configurations presented later in Sec. 5.2.2. A
significant fraction of the optical power was however lost in the AOM
setups shown in Fig. 5.2 due to insufficient correction of the slave laser
beam shape. This has resulted in astigmatism which has limited the de-
flection efficiencies of the AOMs. Improvements of these AOM deflection
efficiencies can be expected if the slave laser beam shape correction can be
improved possibly by implementing a pair of anamorphic prisms for beam
shaping instead of the pair of cylindrical lenses. Such interventions would
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however require significant modifications of the entire AOM configuration
for the main experiment.

It should also be noted that only AOM2 (shown in Fig. 5.2) is anti-reflect
coated for 689 nm and some of the optical power loss might be attributed
to the wrong coating on AOM0 and AOM1. However, this do most likely
not change the fact, that the main reason for the low AOM efficiencies is
attributed to the astigmatism.
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Figure 5.8: Output power of the slave diode injected by the frequency stabilized
probe master laser. The slave diode current was modulated by an external
modulation signal. The horizontal axis show this modulation signal. Hysteresis
is observed during scan, however the slave laser output was stable roughly over the
entire flat plateau, when the laser current was kept constant. Typical operation
parameters are: Islave = 77 mA and Tslave = 22.7 ◦C.

In conclusion, an ECDL based probe laser system was developed.
The lasing frequency of this probe laser system was controlled by a
configuration of several AOMs leading to a tunable lasing frequency
resonant with the 1S0 →

3P1 transition of 88Sr. The probe laser system
consists of an ECDL system and a spectral linewidth narrower than the
natural linewidth of the 1S0 →

3P1 transition was achieved by frequency
stabilization with respect to an ULE reference cavity. Finally, the optical
power of this clock laser system was increased to the required level by
injection locking a slave laser.

5.1.2 The 461 nm cooling laser
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The cooling and trapping of 88Sr is performed in this work by realizing a
magneto-optical trap (MOT) as described in Sec. 4.4. The strong 1S0 →

1P1

transition at 461 nm was used for this MOT. This following section de-
scribes the 461 nm cooling laser system developed for this purpose.

Figure 5.9: Pictures of optical systems for generating light at 461 nm for laser
cooling. a): Ring cavity for cavity enhanced SHG of light at 922 nm to 461 nm.
b): NICHIA NDB4216E laser diode at 461 nm for injection locking. This system
is under preparation.

The linewidth of this transition is ΓMOT = 32 MHz and the linewidth
of the cooling laser is required to be narrower than ΓMOT. This transition
linewidth do also limit the lower temperature TD achievable with a MOT
to TD = 0.8 mK following Eq. (4.7). Cooling and trapping with solely the
1S0 →

1P1 transition is often referred as single stage cooling, as temperatures
below TD can be achieved by performing a second stage cooling by extending
the cooling scheme using the much narrower 1S0 →

3P1. Only the single
stage cooling will be addressed in this work.

The transition wavelength of the single stage cooling on the 1S0 →
1P1

transition is 461 nm. Frequency doubling by SHG (described in Sec. 4.3)
of a near infrared 922 nm laser has been a widely used technique in many
previous works [Targat et al., 2005] for obtaining sufficient light at this
wavelength. This technique was also used for generating the cooling light
in this work. Figure 5.9a) shows a picture of the light at 461 nm generated
by SHG.

Single mode blue laser diodes at 461 nm have nevertheless become
commercially available the recent years. Injection locking of such diodes
seems as a simple and promising alternative to the frequency doubling
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[Shimada et al., 2013]. Injection locking of a blue laser diode is also under
preparation for future experiments related to this work. Figure 5.9b)
shows a picture of injection locking setup under preparation.

The requirements for the cooling laser linewidth are not as severe as
for the clock laser (described in Sec. 5.1.1). However, the cooling laser
frequency is required to be stable within the 1S0 →

1P1 cooling transition
linewidth in order to keep the shot-to-shot number of trapped atoms
stable. Furthermore at least about ∼ 30 mW of the 461 nm cooling light has
to reach the atoms in order to trap enough atoms for the main experiment.
It is hence evaluated that generation of around 100 mW optical power of
the 461 nm light will be convenient for the experiment. The requirements
for this cooling laser system are hence:

• Lasing wavelength of 461 nm.

• A long term stability and accuracy of the laser frequency within the
natural linewidth of the 1S0 →

1P1 transition, ΓMOT/2π = 32 MHz.

• Generation of about 100 mW optical power at 461 nm.

Figure 5.10 shows the overview of the laser system for generating
the cooling light at 461 nm and for fulfilling the above mentioned re-
quirements. The 461 nm wavelength is achieved by frequency doubling
and the optical power of the fundamental 922 nm light is amplified in a
Master Oscillator Power Amplifier (MOPA). The long term stability is finally
achieved by stabilizing the laser to a thermal strontium beam as reference.
All mentioned components of this cooling laser system are described in
details in the following sections.

The 922 nm light source
An Littrow configuration ECDL (described in Sec. 4.2) laser system was
developed for lasing at 922 nm. The output characteristics of this 922 nm
ECDL is shown in Fig. 5.11. The typical operation power output of this
ECDL is about 17.5 mW. This output power is far below the required
optical power for the MOT as the SHG efficiency is limited. This output
power of the ECDL is limited by the damage threshold intensity of the
small area active gain medium of the single mode diode (Eagleyard,
EYR-RWE-980) used in the ECDL. The light emitted from the ECDL can
however be amplified by sending the light through a tapered diode with a
large gain area. This large area diode is anti-reflection coated at each end
such that no unwanted lasing will occur, when no light is sent through the
diode. The gain region of this diode is tapered such that the area of the
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461 nm light for MOTError signal for HC scheme

Figure 5.10: Detailed overview of the laser system for generating light at 461 nm
for laser cooling. The background picture is a picture of the actual system.
The output power of an ECDL system at 922 nm is amplified in a MOPA. The
amplified light is frequency doubled to 461 nm by cavity enhanced SHG with a
PPKTP crystal (delivered by Raicol Crystals) with anti reflect coated surfaces
placed inside a ring cavity. The doubling cavity is kept on resonance with the
input light by employing the HC locking scheme (described in Sec. 4.5.1) and by
controlling the position of one of the cavity mirrors with an piezo electric element.
About 78 mW light at 461 nm is typically generated. Typical operation parameters
are: I922 nm, diode = 112.5 mA, T922 nm, diode = 16.63 ◦C, TECDL mount = 22.55 ◦C,
IMOPA = 2600 mA, Tslave = 21.38 ◦C and TPPLN = 52.71 ◦C.

gain region is adiabatically increased as the beam diverges and the optical
power is amplified by the gain. The total optical power is increased but



98 CHAPTER 5. EXPERIMENTAL SYSTEMS

0 2 0 4 0 6 0 8 0 1 0 0 1 2 0
0

5

1 0

1 5
92

2 n
m 

EC
DL

 ou
tpu

t ( 
mW

 )

D i o d e  c u r r e n t  (  m A  )

Figure 5.11: Output characteristics of the 922 nm ECDL.

the area of the beam profile is increased ensuring that the intensity will
be below the damage threshold. A careful mode matching of the input
beam mode and the shape of the tapered gain medium is essential for
achieving optimal amplification. The output of this tapered diode will not
be limited by the saturation of the active medium. The above mentioned
properties allow the tapered diode to reach a higher output power than a
small-area single mode laser diode [Nagourney, 2014, p.205].

The output of the realized 922 nm ECDL was focused down and mode
matched to a tapered diodevi as shown in Fig. 5.10. The output power
characteristics of the tapered diode for 17.5 mW input power at 922 nm
is shown in Fig. 5.12. The conversion efficiency from electrical to optical
power is often limited for a MOPA system and heat will be dissipated in
the tapered diode. The temperature TMOPA of the tapered diode is hence
cooled down to TMOPA = 21.38 ◦C by a peltier element. The heat from
the hot side of the peltier element is conducted to a copper block and
then guided away by a water based chiller systemvii. A stable power
output of 930 mW was achieved for a tapered amplifier operation current
of IMOPA = 2600 mA. See Fig. 5.12.

SHG Enhancement cavity
The 922 nm light amplified in the MOPA system was frequency doubled
by SHG in a Periodically Poled Potassium Titanyl Phosphate (PPKTP) crystal.

viEagleyard, EYP-TPA925
viiCoherent, water chiller T251P
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Figure 5.12: Output characteristics of the MOPA system as function of the
tapered diode current. The input power at 922 nm was 17.5 mW for all data
points.

The phase matching condition for the SHG was optimized in the PPKTP
by periodical changes in the optical polarization axis of the PPKTP crystal.
The single-pass SHG efficiency of this PPKTP is limited but the conversion
efficiency was enhanced by placing the PPKTP crystal inside a ring cavity
system as described in Eq. (4.6).

Figure 5.9a) shows a bow-tie ring cavity constructed for enhancing the
SHG. This bow-tie cavity build up the intensity of the fundamental 922 nm
light and increased the total frequency doubled optical power. The first
cavity mirror after the PPKTP crystal was anti-reflect coated for 461 nm
and the frequency doubled light was transmitted to the main experiment.

The dimensions of the bow-tie cavity were designed such that a
mode waist was present inside the PPKTP crystal. The SHG efficiency was
optimized by careful cavity mode matching of the in-coupled fundamental
beam mode and optimization of the cavity finesse, such that the interaction
of the fundamental light and the PPKTP crystal was enhanced. The phase
matching was optimized by careful optimization of the relative angle
between the optical axis of the PPKTP crystal and the polarization of the
intra cavity fundamental light.

The phase matching condition was furthermore optimized by heating
the PPKTP temperature to TPPKTP = 52.72 ◦C. The PPKTP crystal was
clamped on a heated aluminum mount, which was shielded by a teflon
cover while keeping the cavity mode unblocked. This heating was carried
out by a two-part temperature control system. Firstly, the PPKTP crystal
mount was heated by a DC loaded heater. Secondly, the temperature
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of the heated crystal mount was finely tuned and stabilized by a peltier
element.

The cavity length needed to be stabilized in order to maintain the
intensity build-up of the fundamental light and achieve a stable output
from the cavity-enhanced SHG. The cavity length was controlled by a
piezo-electric element mounted on one of the cavity mirrors and the HC
stabilization scheme (described in Sec. 4.5.1) was used for this purpose.
The PPKTP crystal is intrinsically birefringent and the cavity reflected light
was hence suited for generating the polarization sensitive error signal in
the HC scheme. Figure 5.13a) shows a clearly sign-sensitive HC error
signal measured when the cavity length was scanned. A small fraction of
the cavity transmitted frequency doubled light was monitored during the
same scan and Fig. 5.13b) shows that this transmission power increases
when the cavity resonance matches the input fundamental frequency.

External influences such as acoustic noise and air draft can disturb the
stability of the cavity lock or ruin the phase matching condition by causing
temperature instabilities. The bow-tie cavity was hence isolated from
such external disturbances by being placed inside a plexiglass box. Efforts
were furthermore put in the mirror mounting to increase the stability
of the cavity lock by fixing the cavity mirrors on heavy copper mounts.
These mounts are implemented as counter-weights to shift the mechanical
resonance frequencies to higher frequencies, as mechanical resonances
are ultimately limiting the bandwidth of the feedback system for cavity
locking.

Figure 5.14 shows the output characteristics of the frequency doubled
light at 461 nm. A quadratic conversion efficiency is observed as described
in Sec. 4.3. An output power up to 78.4 mW of 461 nm light was achieved.
This output power corresponds to a net conversion efficiency of about
10.5 %. Much higher conversion efficiencies have been reported [Targat
et al., 2005] and improvements of the conversion efficiencies might possibly
be expected by optimizations of the ratio ζ between the crystal length and
the confocal length of the Gaussian cavity mode [Boyd and Kleinman,
1968]. Such an optimization procedure will, however, change the already
established optical setup of the entire main experiment (described in
Sec. 5.2) and must be conducted with care. The achieved output power
is close to the desired power of ∼ 100 mW, although room is left for
improvement. It is described later in Sec. 5.2 that this amount of light
at 461 nm is sufficient for performing spectroscopy experiments on the
cavity-atom systems described theoretically in Chap. 3.
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Figure 5.13: Relevant spectra for the 461 nm cooling laser during scan of the
SHG cavity. The horizontal axis is calibrated by using the known FSR of the
SHG cavity. a): error signal for the SHG cavity generated by using the HC
stabilization scheme (described in Sec. 4.5.1). b): Output power of the SHG cavity
detected by a photo detector. The small transmission peaks are due to imperfect
mode matching of the input beam mode. c): Fluorescence signal from the reference
oven (shown in Fig. 5.15). The 922 nm ECDL frequency was kept such that the
light for probing the reference oven was near resonance of the 1S0 →

1P1 transition
during the cavity scan.

Atomic reference
The final requirement for the cooling laser is a long term stability and
accuracy of the laser frequency within the natural linewidth of the 1S0 →

1P1

transition, ΓMOT/2π = 32 MHz. This requirement was fulfilled by locking
the cooling laser frequency to an atomic reference. A thermal beam
of Sr was prepared to T = 520 ◦C in an oven separated from the main
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Figure 5.14: Blue: Output power at 461 nm as function of the input power
at 922 nm. The dashed line is a quadratic fit, which confirms the quadratic
behavior predicted in Eq (4.6). Red: Conversion efficiency as function of the input
power. Note, that the conversion efficiency is shown in the units of %/W, which
correspond to the units of the conversion efficiency γ in Eq (4.6).

experiment. The released thermal strontium gas was guided into a beam
of Sr gas through Ø 1 ∼ 2 mm pinholes. The schematic of this reference
oven is shown in Fig. 5.15.

A fraction of the light at 461 nm (described previously in Sec. 5.1.2)
was sent into this beam of strontium gas. This 461 nm light was aligned
perpendicularly with the beam propagation axis and retro-reflected in
order to enhance the interaction of the light and the atomic beam. The
strontium atoms will spontaneously emit fluorescence at 461 nm if the
input light is resonant with the 1S0 →

1P1 transition. This fluorescence
was detected by focusing a fraction of the emitted fluorescence onto a
photo multiplier. Figure 5.16a) shows the fluorescence signal measured
for different detunings of the 461 nm light. Two distinguished peaks are
visible in this fluorescence spectrum shown in Fig. 5.15a). The largest
peak is due to the fluorescence of 88Sr, while the minor peak is caused by
86Sr. The emission lines of 87Sr are located in between the two peaks. The
fluorescence from these lines are however smaller due to the lower natural
abundance and they are not straightforwardly visible in Fig.5.16a). The
frequency differences of the fluorescence from 88Sr and 86Sr is 124.8 MHz
[Courtillot, 2003] and this value was used to calibrate the horizontal axes
in Fig. 5.16.

The divergence of the strontium gas is kept down by the Ø 1 ∼ 2 mm
pinholes. The atomic velocity components are hence slowed down in the
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Figure 5.15: Top: Picture of the atomic reference oven. Bottom: Overview of the
atomic reference oven construction. The individual parts of this setup is placed
side by side the corresponding part on the picture above. View ports were also
prepared for stabilization of the clock laser on the 689 nm 1S0 →

1P3 transition.
This was used occasionally to confirm the clock laser frequency but it was not
applied for frequency stabilization.

direction parallel with the 461 nm light. This results in a Doppler broad-
ened fluorescence spectrum with a Half Width Half maximum (HWHM)
below 50 MHz. This fluorescence spectrum can potentially serve as a
reference for stabilizing the 461 nm laser within the natural linewidth
(ΓMOT/2π = 32 MHz) of the 1S0 →

1P1 transition.
A sign sensitive error signal was generated by using a lock-in amplifier.

The lock-in amplifier applied a periodic modulation on the detuning of
the 461 nm. The fluorescence was hence modulated too and detected by
the photo multiplier. This fluorescence signal was then demodulated by
the same modulation frequency and the resulting DC signal yielded a
derivative-like lineshape shown in Fig. 5.16b). This signal can be used
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Figure 5.16: a): The fluorescence signal from the reference oven during frequency
scan of the 461 nm cooling laser. Multiple fluorescence peaks are observed due
to isotope shifts of the resonance frequencies for different isotopes of strontium.
Frequency difference for the emission line of 88Sr and 86Sr has been used to
calibrate the horizontal axes [Courtillot, 2003]. b): Error signal generated by the
lock-in amplifier for locking the cooling laser on the 1S0 →

1P1 transition. The
signal-to-noise ratio of this signal is better than the fluorescence signal and some
of the emission lines of 87Sr is might be weakly visible.

as an error signal. Note that the signal-to-noise ratio is clearly higher in
Fig. 5.16b) compared to Fig. 5.16a). This is due to the bandpass filter in the
lock-in amplifier which only allowed detection of noise components within
a narrow bandwidth around the modulation frequency. Furthermore,
the noise in this detection bandwidth was reduced by choosing a high
modulation frequency as most technical noise spectrums decrease in
amplitude for higher frequencies [Riehle, 2004, p.59]. The modulation
frequency in this setup was 9.179 kHz.

A feedback loop was established to stabilize the cooling laser frequency
by sending this error signal to the 922 nm master laser (described in
Sec. 5.1.2). The diode current of the 922 nm ECDL was used as an actuator
for frequency control in this case. Figure 5.17 shows the overview of this
feedback system.

The cooling laser frequency was successfully locked uninterrupted
for up to several hours by the above described feedback system. The
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stabilized cooling laser was automatically near resonant with the cooling
transition, as both the laser cooling and the frequency stabilization was
performed on the 1S0 →

1P1 transition.

Figure 5.17: Overview of the setup for frequency stabilization of the 461 nm
cooling laser on the atomic reference oven. A lock-in amplifier is employed to
generate an error signal. The output frequency of the cooling laser system is
red-detuned 360 MHz with respect to the 1S0 →

1P1 transition when the cooling
laser is locked on the reference oven.

The frequency shift of the AOM shown in Fig. 5.17 can be controlled
by adjusting the DC signal to the Voltage Controlled Oscillator (VCO).
The cooling laser detuning in the main experiment can be controlled
by adjusting this AOM frequency for temperature control of the laser
cooled atoms. This 461 nm beam and its retro-reflection was aligned
perpendicular with the atomic beam. The fluorescence spectrum would
be Doppler shiftet if the angle between the 461 nm beam and the atomic
beam is not perpendicular. This Doppler shift is caused by the velocity
components in the direction of the beam propagation and this could result
in uncontrolled detuning of the cooling laser. Great care was hence put
into aligning the 461 nm light beam interrogating the reference atomic
beam.

The direct output frequency from the SHG cavity was shifted by
+365.3 MHz by AOM1 (shown in Fig. 5.17 and 5.18) before it is locked to
the 1S0 →

1P1 transition fo the atomic reference. This setup is illustrated
in Fig. 5.17. The non-deflected 0th order beam of this AOM1 is sent
towards the main experiment. The frequency of this 0th order beam was
hence detuned −365.3 MHz from the 1S0 →

1P1 transition. This detuning
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Figure 5.18: Overview of the detunings of the 461 nm cooling laser. AOM2 was
used as a shutter for switching the MOT on and off in the experimental sequences.
See Fig. 6.1c).

was partly corrected by a +328.3 MHz shift imposed by AOM2 (shown
in Fig. 5.18) before the cooling light is sent to the three MOT axes. The
frequency of the MOT beams were thus red detuned around −37 MHz
from the 1S0 →

1P1 transition. The temperature of the cooled atoms was
expected to be about 4 mK for this detuning [Xu et al., 2003b, Fig.7].
This temperature was verified by time-og-flight measurements and by
measureing the width of the doppler broadened absorption spectrum
(shown later in Fig. 6.2). The 0th order of this second AOM2 is shifted
+140 MHz and sent towards the Zeeman slower. The detuning of the
MOT beams and the Zeeman beam can be controlled by adjusting the
modulation frequency of AOM1. This method was used for controlling
the MOT temperature without changing the deflection angles of AOM2
and AOM3.

5.1.3 The 707 nm & 679 nm repumping lasers

Decays from the 1P0 state to the long lived 3P2 state can cause shelving
loss of the atoms trapped in the MOT. The relevant states are shown
in Fig. 5.1. This shelving loss can however be eliminated by applying
two repumping lasers at 707 nm and 679 nm. Two very similar ECDL
systems in the Littman-Metcalf configuration (described in Sec. 4.2) were
developed for this repumping purpose.

The ECDL componentsviii were all fixed on a monolithic mount shown
in Fig. 5.19. The lasing frequencies were adjusted to match the two

viiiDiode for 707 nm ECDL: Thorlabs, HL7001MG. Diode for 679 nm ECDL: Toptica,
LD-0675-0035-AR-1.
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Figure 5.19: Picture of one of the Littman-Metcalf type ECDL developed for
the repumping lasers. Left: All main components of the ECDL is mounted on a
monolitic mount. The mount is temperature stabilized and the entire system is
placed inside a sealed metal box. The ECDL output beam was transmitted out of
the box through slightly angled windows with anti-reflect coating. Right: Zoom
of the main components of the ECDL. Each component is indicated by figures for
comparison with Fig. 4.4.

repumping transitionsix. This was done by controlling the current and
the temperature of the diode and the angle of the retro-reflection mirror.
Lasing at the desired repumping wavelengths were thereby achieved and
the output power characteristics of these repumping lasers are shown in
Fig. 5.20. Both output power characteristics in Fig. 5.20 show characteristic
threshold currents which confirm that lasing is achieved.

The lasing frequency of an ECDL is sensitive to temperature fluctu-
ations as the laser diode gain spectrum and the internal cavity of the
laser diode are temperature dependent. This is illustrated in Fig. 4.2. A
two-stage active temperature control was hence implemented. Firstly, the
laser diode temperature was stabilized by a peltier-element placed right
below the laser diode. Secondly, the monolithic laser mount structure was
temperature stabilized slightly above room temperature by employing a
heating element. This second temperature stabilization was necessary as
temperature drifts of this mount cause instabilities of the external cavity

ix2P0 →
3S1 transition at 707 nm and 3P0 →

3S1 transition at 679 nm.
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Figure 5.20: Output characteristics of the two repumping lasers. Typical opera-
tion diode current I707 nm and thermistor resistance R707 nm for the temperature
control system for the 707 nm ECDL: I707 nm ≈ 50 mA, R707 nm ≈ 9.0 kΩ. Typical
operation diode current I679 nm and thermistor resistance R679 nm for the temper-
ature control system for the 679 nm ECDL: I679 nm ≈ 81 mA, R679 nm ≈ 9.1 kΩ.
These mentioned operation parameters are only approximate values, as these were
optimized daily.

dimensions due to thermal expansion of the mount. Passive temperature
control were also imposed by placing both repumping ECDL systems
inside sealed boxes. The output beams were transmitted out of the sealed
boxes through slightly angled windows with anti-reflection coating. In
conclusion, the lasing frequencies of the two repumping lasers were kept
stable on time scales sufficient to perform the main experiments of this
work.

5.2 Main Experiment

The laser systems described in Sec. 5.1 are developed with the main purpose
of performing cavity enhanced non-linear spectroscopy on laser cooled
strontium atoms for laser stabilization purposes. This was theoretically
discussed in Chap. 3, but an experimental realization of a sample of laser
cooled strontium atoms coupled to an optical cavity system is of course
necessary. The overall overview of this main experimental system is
presented in the following sections.

Firstly, laser cooling of 88Sr in a MOT (described briefly in Sec. 4.4) was
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realized inside a vacuum chamber and the performance of this system is
presented in Sec. 5.2.1. Subsequently, two different cavity systems were
developed. A low finesse cavity system was developed for performing
proof-of-principle experiments presented later in Sec. 6. The cavity mirrors
of this system were placed outside the vacuum chamber, which limited
the coupling strength of the atoms and the intra-cavity field. A new cavity
system was hence developed and placed inside the vacuum chamber. The
coupling of the atoms to the cavity mode was improved with more than an
order of magnitude, which allows non-linear spectroscopy experiments
in an interesting regime for laser stabilization. Preliminary studies with
this vacuum chamber is presented in Sec. 6.3. This improved vacuum
cavity did also allow early studies of cavity enhanced collective emission
processes with laser cooled 88Sr. This is presented later in Sec. 7.

5.2.1 Trapping of strontium 88

Figure 5.21 gives a general overview of the main experimental system
of this work. Solid strontium with natural isotopic composition was
warmed up in an oven to a temperature T = 520 ◦C and a beam of thermal
strontium atoms diffused out of a 1.2 mm hole in the oven. This beam was
sent through a Zeeman slower (described briefly in Sec. 4.4), where the
beam of atoms was exposed to a 1 dimensional deceleration in the beam
propagation direction due to radiative forces from counter propagating
resonant radiation at 461 nm. The atomic resonance frequencies is however
modified during the deceleration in a Zeeman slower, as the Doppler shift
changes when the atomic velocity changes. A structure of electrically
conductive coils provided a magnetic field with an appropriate gradient
that exploits the Zeeman splitting to shift the atomic transition frequencies
and keep the atoms resonant with the counter propagating light.

The Zeeman slower decelerated the atoms down to velocities around
30 cm/s [Matin, 2013], which was around the trapping velocity of the
MOT. The slowed down atoms were then trapped in the MOT when
entering the main vacuum chamber (marked with dashed blue lines in
Fig. 5.21). The upper main part of the vacuum chamber consisted of a
commercially available chamber structure (Kimball Physics Inc., MCF800-
ExtOct-G2C8A16). The vacuum level was hence kept down by two ion
pumpsx as the background pressure inside this main chamber would
potentially limit the performance of the MOT. These two ion pumps

xOne ion pump connected to the lower part of the main chamber and an other ion
pump connected to the oven part of vacuum system.
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Figure 5.21: Overview of the main setup for trapping neutral 88Sr in a MOT. A
sample of strontium is warmed up to T = 520 ◦C in an oven and a thermal beam
of strontium with velocity vthermal is sent out through a Ø1.2 mm pinhole in the
oven. This beam is sent through a Zeeman slower (described in Sec. 4.4) and the
velocity is slowed down to vthermal in the propagation direction. The slowed atoms
are now sent into the main chamber. Two MOT coils are placed above and below
the main chamber creates a magnetic field in the anti-Helmholz required for a
MOT (described in Fig. 4.5). The MOT coils current were around ITop = 58.2 A
and IBottom = 54.4 A but were adjusted every time the alignment of the MOT
beams were optimized.

provided a pressure level of 5× 10−10 mBar in the main chamber when the
strontium oven is at room temperature and 6 × 10−8 mBar when the oven
temperature is T = 520 ◦C.

Two coils were placed above and below the main vacuum chamber
and constituted the anti-Helmholz coils in a MOT. Counter-propagating
cooling beams at 461 nm were sent into the center of the MOT in all three
orthogonal directions and a sample of 88Sr was trapped in the center of
the main vacuum chamber. A picture of the trapped atoms was shown
previously in Fig. 4.6. The time dynamics of the trapped number of atoms
N(t) can be approximately described as:

N(t) = NMax

(
1 − e−αt

)
. (5.1)

Here, α is the rate at which atoms are lost from the MOT. This can
be caused by collisions with atoms from the background pressure and
by so-called shelving losses where atoms are left in dark states due to the
1P1 →

1D2 →
3P2 decay. Two-body losses due to collision processes are
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neglected in Eq. (5.1). The number of trapped atoms will reach a steady
state at NMax according to Eq. (5.1). The MOT is in an equilibrium at
this steady state where the loading rate L and the loss rate are equal and
consequently, NMax = L/α.
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Figure 5.22: a): Typical evolutions of the MOT fluorescence during loading
of atoms with and without repumping lasers. The MOT fluorescence with
repumping lasers reaches a steady state after about 700 ms. It is assumed that
the MOT fluorescence scakes wth the number of trapped atoms in the MOT. b):
The steady state MOT fluorescence as function of currents through the Zeeman
slower coil. The Zeeman slower was mostly operated with currents around 11 A.

Figure 5.22a) shows the time dynamics while loading of the MOT used
for the main experiments in this work. The vertical axis of Fig. 5.22a)
shows the fluorescence from the MOT detected by a photo multiplier.
This fluorescence was assumed to scale linear with the number of trapped
atoms and it is evaluated that a fluorescence signal of 600 mV corresponds
to 5 · 108 trapped atoms. This number of atoms was evaluated based on
the power of the detected MOT fluorescence and the light collection angle
of the photo multiplier. This evaluation of the number of atoms was also
verified by time-of-flight measurements. The above mentioned shelving
losses can be eliminated by applying the two repumping lasers at 707 nm
and 679 nm (see Sec. 5.1.3) so the atoms in the 3P2 state can decay to the
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shorter lived 3P1 via the upper 3S1. These atomic levels are shown in
Fig. 5.1. The loading dynamics are hence shown in Fig. 5.22a) with and
without repumping lasers. The measured fluorescence (atom number)
evolves as predicted by Eq. (5.1) and a steady state is reached after about
700 ms when repumping lasers are applied. The total data acquisition
duration is about 80 msxi in the spectroscopy experiments presented later
in Chap. 6. Hence, the MOT loading time set a lower limit on the total
experimental cycling time of about 800 ms. Note, that the maximum
number of trapped atoms NMax = L/α is increased when the repumping
lasers are applied, as the shelving loss contribution to the total loss rate
α is eliminated. The loading rate L does not depend on the repumping
beams and the steady state is hence reached after a much shorter loading
time if repumping lasers are not used.

Figure 5.22b) shows the effect of the Zeeman slower on the number
of atoms trapped in the MOT. The deceleration applied by the Zeeman
slower was evidently not sufficient for Zeeman coil currents of < 4 A and
no significant effects are seen. The optimal effect of the Zeeman slower
is described in Eq. (4.8) and Fig. 5.22b) shows this optimal Zeeman coil
current was around 11 A. The effect of the Zeeman slower is degraded
for currents > 11 A as the deceleration becomes too strong and some of
the slowed atoms are sent back in the direction opposite of the beam
propagation.

5.2.2 Low finesse cavity

An optical cavity system was constructed, such that the laser cooled
strontium atoms were placed inside the cavity mode. This was realized
in order to measure the spectroscopic lineshapes predicted in Chap. 3
(these lineshapes are shown in Fig 3.3). It was proposed in Chap. 3
that the phase dispersion lineshape may prove promising as an error
signal for laser stabilization. The ideal shot-noise limited linewidths were
predicted theoretically for this laser stabilization scheme. Table 3.1 show
these predicted linewidths for different system configurations. These
predictions were calculated for systems with low (F = 250) and higher
(F = 1000) finesse. Two cavity systems were constructed: A low finesse
cavity system outside the main vacuum chamber and an intra-vacuum
high finesse cavity. This section describes the low finesse system, while the
high finesse cavity is described later in Sec. 5.2.3. The resonance linewidths

xiThe data acquisition last for only 100µs but an other reference acquisition is
performed after a 80 ms delay.
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of both cavity systems are significantly broader than the linewidth of the
relevant transition and both cavity systems are hence in the bad-cavity
regime.
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Figure 5.23: Overview of the low finesse cavity system. The cavity mirrors are
fixed outside the main vacuum chamber. The probe laser is directed to the cavity
through a PM fiber. The cavity length is controlled by a piezo element and the
HC locking scheme (described in Sec. 4.5.1) is implemented to keep the cavity
on resonance with the probe laser. The cavity transmission is detected by a slow
avalanche photo detector (APD) (Thorlabs APD110A) for low frequency detection
of the atomic induced absorption and a fast APD (MenloSystems APD210) for
detection of higher frequency components for the NICE-OHMS scheme (described
in Sec. 4.6).

Figure 5.23 illustrates the low finesse cavity system. Two spherical
mirrors with radius of curvature RC = 9 m and reflection coefficient
R = 98.3 % are placed on both sides of the main vacuum chamber and
constitute a Fabry-Perot cavity. The mirrors were mounted on adjustable
mirror holders. The cavity length is L = 30 cm yielding a free spectral range
of FSR = c/2L = 500 MHz. Light at 689 nm is transferred to the cavity
system through a polarization maintaining optical fiber from the probe
laser system described previously in Sec. 5.1.1. The MOT was aligned such
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that the atoms were trapped spatially slightly above the center of the anti-
Helmholz coils. The atoms were hence exposed to non-zero magnetic field,
which split up the magnetic sub-levels M = 0,±1 of the 3P1 level. Only the
M = 0 level was probed as the linear polarization of the probe laser was
adjusted before the light was coupled to the optical cavity, such that the
probe polarization matched the magnetic field within the volume og the
trapped atomic sample. The relative mechanical vibrations were greatly
reduced for the cavity mirrors and the optical components for the probe
laser in-coupling by fixing these components on custom made mounts
which were fastened tightly on the view-port flanges of the vacuum
chamber. These mounts ensured to a great extent that the mechanical
vibrations of the cavity were common mode. Technical drawings of these
custom made mounts are shown in Fig. A.1 and A.2 in the appendix.

The cavity length was adjustable by using a ring shaped piezo electric
element glued between one of the mirrors and the corresponding mirror
mount. This piezo element was used to scan the cavity length and a
photo detector (Slow APD in Fig. 5.23) was set up to monitor the cavity
transmitted optical power. Figure 5.24 shows this photo detector signal
during a cavity scan. Three transmission peaks are seen in Fig. 5.24: The
highest peak is the fundamental transverse TEM00 mode of the cavity
[Milonni and Eberly, 1988, p.506] with polarization parallel with the
magnetic axis of the MOT. The view-port windows placed inside the
cavity were anti-reflection coated for 689 nm so reflection and loss in the
view ports would not degrade the cavity finesse. However, an unevenly
distributed strain was applied to the intra cavity windows during the
mounting of the windows on the chamber flanges. This strain induced
birefringence in the windows which caused different shifts of the cavity
resonances for the two polarizations relative to the MOT axis. The middle
peak in Fig. 5.24 is hence the shifted cavity mode for the polarization
perpendicular with the MOT axis. The leftmost transmission peak in
Fig. 5.24 is a higher transverse order of the cavity due to imperfect mode
matching of the input probe laser mode and the fundamental cavity mode.

The intra-cavity windows limit the highest achievable finesse value
for the cavity. The cavity finesse was evaluated to be F = 85 based on the
theoretical fit illustrated with a solid red line in Fig. 5.24. The horizontal
axis of Fig. 5.24 was calibrated by scanning over two longitudinal modes
and using the FSR= 500 MHz as a scale. This calibration assumes a linear
behavior of the piezo element, which does not necessarily apply for all
conditions. This calibration was confirmed by applying sidebands on the
input probe light with a known phase modulation frequency. The cavity
finesse was stable during the measurement series presented in Chap. 6.
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However, the cavity finesse depended on the cavity alignment and this
alignment needed optimization every few days. The optimized cavity
finesse was typically within the range of F = 78–85. The overall dynamics
of the system were expected to be unchanged within this finesse range.
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Figure 5.24: Transmission spectrum of the low finesse cavity during scan of
cavity length. Three transmission peaks are seen: The fundamental TEM00

modes for the two polarizations (E‖ and E⊥) and a high order cavity mode due to
imperfect modematching of the input probe laser. The horizontal axis is calibrated
by scanning over two longitudinal modes and using the FSR= 500 MHz as a
scale.

The piezo element was also used for stabilization of the cavity length.
The theoretical model developed in Chap. 3 required that the cavity and
the probe laser is forced to be on resonance at all times. This requirement
was fulfilled by using the light reflected from the cavity to generate an error
signal through the HC stabilization scheme (described in Sec. 4.5.1). The
above mentioned birefringence of the chamber windows were exploited
as the birefringent intra-cavity element required in the HC stabilization
scheme. The control bandwidth of the cavity was limited to about 900 Hz
due to a mechanical resonance of the piezo electric element and the movable
mirror. The phase response of the piezo system was delayed by 180◦ for
frequencies above this mechanical resonance. This phase delay might
amplify the noise components around unity-gain, if this unity gain is near
the mechanical resonance frequency. An integrating servo circuit [Riehle,
2004, p.42] was developed to amplify the low frequency components of
the error signal. This ensured that only frequency components below
this piezo bandwidth were used for error suppression, and that noise
components outside the piezo bandwidth were not amplified. Figure 5.25
shows a Bode plot measured for this servo circuit. An integrating servo
circuit has an intrinsic phase delay which might add up to the phase
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delay of the piezo resonance and limit the bandwidth of the cavity
stabilization even more. This phase delay was corrected by extending the
integrator characteristics with a proportional amplifier characteristics for
higher frequencies. The transition from the integrator characteristic to the
proportional characteristic was determined by a corner frequency of a few
hundred Hz.
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Figure 5.25: Bode plot of the serve circuit used for locking the cavity on resonance
with the input probe laser. Low frequency gain was optimized by setting a
corner frequency just below the combined mechanical resonance of the piezo and
the moveable mirror. The operational amplifiers used in the servo circuit was
saturated for sub 10 Hz components.

The radius of curvature of the cavity mirrors RC = 9 m and the cavity
length L = 30 cm yielded a cavity beam waist of w0 = 500µm. The finite
mean velocity of laser cooled atoms imposes a transit time broadening,
when spectroscopy is performed with a finite probe beam waist. However,
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the relatively large beam waist of this cavity ensured that the majority
of the atoms stayed within the cavity mode during the interrogation
procedure. This transit time broadening was hence estimated to be about
1–2 kHz, which is significantly smaller than the natural atomic linewidth
of the interrogated transition, Γ/2π = 7.5 kHz.

An EOM was used before the optical cavity in order to apply side
bands on the probe laser. This EOM is illustrated as a free space EOM in
Fig. 5.23. The sidebands are applied primarily for detecting atom-induced
phase shifts by using the NICE-OHMS technique. The ratio of the carrier
and sideband power can be adjusted in order to optimize the NICE-OHMS
signal, which is optimized when the so-called phase modulation index is
x = 1.08. This modulation index determines the ratio of the carrier and
sideband field amplitudes J1(1.08)/J0(1.08) in Eq. (4.13). A modulation
index of x = 1.08 requires high voltage modulation amplitudes for a
free space EOM. A fiber based EOM (JenOptik,PM705) was implemented
during this work as shown later in Fig. 5.27 in order to optimize the
modulation index without high voltage electronics. The majority of the
spectroscopic results shown later in Chap. 6 were measured with this fiber
based EOM.

Detailed understanding of this modulation index x is required for
detailed predictions of the lineshapes measured by the NICE-OHMS
technique as correction terms will emerge for high values of x (correction
terms are shown in Eq. (4.13)). The modulation index of the fiber EOM
used in this work was hence been mapped out for different modulation
powers and it is shown in Appendix A.2.

Finally, the different coupling and dissipation rates for this low finesse
cavity system are needed to be outlined before an improved vacuum
cavity system is presented in the following section. These rates are
essential for the predictions calculated by the theoretical model presented
in Chap. 3 (see for example Eq. (3.4)–(3.5)). The cavity decay rate for
this cavity system was κ/2π = 5.8 MHz. This system was hence within
the bad-cavity regime (κ � Γ) as the natural linewidth of the relevant
transition is Γ/2π = 7.5 kHz. The cavity dimensions and the properties
of the relevant transition yielded a single-atom-cavity coupling constant
of g/2π = 590 Hz. The so-called single-atom cooperativity of this system
was hence C0 = 4g2/Γκ = 3.2 × 10−5 [Tanji-Suzuki et al., 2011, p. 31]. This
single-atom cooperativity C0 yielded a collective cooperativity C = NcavC0

(described in Sec. 2.2)) of around C = 630. Here, Ncav is the number of
intra-cavity atoms, which was typically in the Ncav = 1.0 × 107–2.5 × 107

range (described later in Sec. 6.1.3).
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5.2.3 Vacuum cavity

The cavity system described above in Sec. 5.2.2 was improved to an
intra-vacuum cavity system during this work. The motivation for this
was twofold: Firstly, it was predicted in Chap. 3 that an ideal shot
noise limited linewidth down to < 10 mHz can be achieved by using the
phase dispersion lineshape as an error signal for laser stabilization. This
prediction is shown in Table 3.1. This < 10 mHz linewidth was predicted
for a Finesse of F = 1000, which was significantly higher than the finesse of
the cavity system described in Sec. 5.2.2. Secondly, the collective emission
processes discussed in Chap. 2 scales with the collective cooperativity
C0N and this will also be enhanced for atom-cavity systems with higher
finesse. Absorption and scattering losses in the vacuum chamber windows
however limits the finesse of the cavity described previously in Sec. 5.2.2.
A finesse of F = 1000 is difficult to achieve with mirrors fixed outside the
vacuum chamber. Hence a vacuum cavity was developed.

Figure 5.26a) shows a technical sketch of this vacuum cavity. The
cavity consisted of two spherical mirrors glued on a monolitic zerodur
spacer structure. A ring shaped vacuum compatible piezo electric element
(Noliac, NAC2125) was glued (Thorlabs TS10) in between the cavity
spacer and one of the mirrors. The electrodes are guided out of the
spacer through two holes (See Fig. 5.26a)) and high voltages are applied
through an electrical feedthrough. The mirrors were glued while the
probe laser transmission was monitored and while the mirror alignment
was optimized with a 3D translatable mirror mount developed for this
purpose. This alignment process is illustrated in Fig. 5.26b).

The two cavity mirrors have a radius of curvature of RC = 9 m and
reflection coefficient of R = 99.8 %. The cavity length is L = 19.2 cm
yielding a free spectral range of FSR = c/2L = 781.14 MHz. The cavity
beam waist is w0 = 450µm. Whereas this waist is slightly smaller than the
cavity waist of the low finesse cavity (described in Sec. 5.2.2), the transit
time broadening will be of the same order of magnitude. The transit time
broadening will hence not limit the experiment.

The cavity spacer was resting on the inner side of two opposite
camber view ports and supported by four vibration isolating Viton strips.
Outgassing of the Viton strips can potentially degrade the vacuum level
of the main chamber and reduce the number of atoms trapped in the
MOT. The viton strips were baked in a separate vacuum chamber at
temperatures up to 80 ◦C for a month in order to outgas all the vacuum
degrading components before the strips were used for supporting the
vacuum cavity [Peacock, 1980]. This outgassing process is described in
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Figure 5.26: Illustrations of the vacuum cavity spacer made of Zerodur glass.
a): Technical sketch of the cavity spacer. A more detailed technical drawing is
shown in Fig. A.5 in Appendix A.4. b) Picture of the vacuum cavity during
preparation. The electrodes can bee seen on the left end from the piezo element
glued on the movable cavity mirror. A custom mirror holder was developed for
keeping the cavity alignment while the cavity mirrors were glued. c): Illustration
of the MOT beam passages.

Appendix A.3.
Figure 5.27 illustrates the overall vacuum cavity system. All cavity

components were placed within the vacuum chamber and the optical
components for cavity in-coupling and transmission detection were fixed
on custom made mounts fastened on the vacuum chamber flanges. These
mounts were the same mounts as those used for the low finesse cavity
system illustrated in Fig 5.23. Detailed drawings of these mounts are
also shown in Fig. A.1 and A.2 in appendix A.1. The alignment of the
vacuum cavity mirrors are not adjustable and an extra degree of freedom
was desired for optimizing the mode matching of the input probe light. A
degree of freedom was added by modifying the mount for in-coupling of
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Figure 5.27: Overview of the vacuum finesse cavity system. The cavity structure
is placed inside the main vacuum chamber. The probe laser is directed to the cavity
through a PM fiber with an integrated waveguide EOM. The cavity length is
controlled by a piezo element and the PDH locking scheme (described in Sec. 4.5.2)
is implemented to keep the cavity on resonance with the probe laser. The cavity
transmission is detected by a slow avalanche photo detector (APD) (Thorlabs
APD110A) for low frequency detection of the atomic induced absorption and a
fast APD (MenloSystems APD210) for detection of higher frequency components
for the NICE-OHMS scheme (described in Sec. 4.6).

the probe light. An adjustable fiber collimator mount was screwed onto the
side of the mount and the probe beam was redirected towards the cavity
by an adjustable mirror. This added fiber collimator mount is illustrated
in the upper left corner in Fig. 5.27. The degrees of freedom were thus
sufficient for mode matching the probe laser mode to the vacuum cavity
mode.

The probe laser light at 689 nm was transferred to the cavity system
through a fiber based EOM (JenOptik, PM705). The output beam profile
of the fiber EOM was less symmetrical and Gaussian than the PM fiber
used for transferring the probe light to the low finesse cavity setup (See
Fig. 5.23). The collimation of the fiber EOM output was optimized by
implementing a 3 lens collimator (Thorlabs, TC06FC-633).

The extended degrees of freedom and optimized mode matching
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Figure 5.28: Transmission and reflection spectra of the vacuum cavity. The
horizontal axes are calibrated by scanning over two longitudinal modes and using
the FSR= 781.15 MHz as a scale. a): The blue line is experimental data while
the red line is a theoretical fit used for determining the cavity finesse. b) The
reduction of the reflected light around cavity resonance indicates that around
75 % of the input light is coupled to the cavity.

allowed coupling of the probe light to intra vacuum cavity. The cavity
length was scanned using the piezo electric element glued on one of the
cavity mirrors and the cavity transmission and reflection were monitored
by photo detectors. Figure 5.28 shows the transmission and reflection
signals during this cavity scan. Figure 5.28a) shows a transmission peak
corresponding to the fundamental TEM00 mode of the cavity. The finesse
of the cavity was evaluated to be F = 1452 ± 95 based on theoretical fits
(shown as the red solid line in Figure 5.28a)) for five cavity scans. Both
horizontal axes in Fig. 5.28 were calibrated to cavity detuning by scanning
over two longitudinal modes and using the FSR= 781.14 MHz as a scale
and by examining the transmission of sidebands during cavity scans with
a known phase modulation frequency. Interestingly, the cavity finesse
was measured to be about 1200, when the cavity was tested outside the
vacuum chamber where the atmospheric air had possibly reduced the
cavity finesse. Figure 5.28b) shows the cavity reflection during a scan
of the cavity length. It is evaluated that about 75 % of the input light is
coupled into the cavity at resonance. Figure 5.28 only shows narrow scans
and high order transverse cavity modes are not shown, but the higher
modes were greatly reduced compared to the transmission spectrum of
the low finesse cavity shown in Fig. 5.24.

Whereas the low finesse cavity described in Sec. 5.2.2 had birefringent
windows inside the cavity, the vacuum cavity does not have this. The
HC stabilization technique (described in Sec. 4.5.1) was hence not suited
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Figure 5.29: a): The PDH error signal during scan of cavity length used for
locking the vacuum cavity on resonance with the probe laser. The horizontal axis
is calibrated using the known spacing between the probe carrier and the sidebands
applied for the PDH scheme. The signal-to-noise ratio of this error signal is
suboptimal due to a very limited optical power from the cavity reflection. b):
The cavity transmission signal during lock. The fluctuation of this transmission
signal is in the order of 25 % relative to the maximum transmission signal. This
fluctuation can most likely be reduced by improving the signal-to-noise ratio of
the error signal and the servo circuit used in the locking scheme (described in
Fig. 5.30).

for stabilizing the length of the vacuum cavity. The PDH stabilization
technique (described in Sec. 4.5.2) was implemented instead. A set of
sidebands were applied on the probe laser before coupling into the vacuum
cavity. The sidebands were generated by periodic phase modulation with
modulation frequency of 15 MHz. The PDH error signal was generated
by detecting the reflected light from the cavity and demodulating the
reflection signal at the same frequency as the modulation frequency.
Figure 5.29a) shows this error signal for when the cavity length was
scanned. The horizontal axis was calibrated to cavity detuning by using
the known frequency spacing between the carrier and the sidebands as a
scale.

Ideally, a λ/4-plate should be placed before the cavity, in order to
redirect the reflected light towards a photo detector through a PBS (This is
described in more details in Sec. 4.5.2). The spectroscopy experiments
described later in Chap. 6 require however linearly polarized light with
polarization parallel with the MOT axis. A λ/4-plate would modify
the probe laser polarization and result in circular polarized intra cavity
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light. A conventional non-polarization BSxii was used instead of a PBS
and only about 20 % of the input probe laser power was redirected to
the photodetector. This limited optical power of the detected reflection
resulted in the relatively small error signal amplitude of ∼ 4 mV shown in
Fig. 5.29a).

The error signal shown in Fig. 5.29a) was sent to the cavity piezo
through a servo circuit and a high voltage amplifier. The cavity length
is thereby locked on the probe light frequency such that standing waves
are maintained in the cavity. Figure 5.29b) shows the cavity transmission
during this lock. The intensity noise of the transmitted light is about
25 % of the total transmitted intensity. This transmission noise is possibly
due to the poor signal-to-noise ratio of the error signal (see Fig5.29)b))
or inadequate frequency response of the servo circuit. Fortunately, this
cavity stabilization is found to be sufficient for performing the experiments
described later in Sec. 6 and 7.

Figure 5.30 shows the Bode plots of the servo circuit developed for
stabilizing the vacuum cavity. A more detailed description of the servo
circuit is presented in Appendix A.6. This servo circuit had integrating fre-
quency characteristics for low frequencies and proportional characteristics
for higher frequencies. A corner frequency of about 360 Hz was separating
the integrating and proportional frequency ranges. The control bandwidth
of this servo circuit was hence limited to about 360 Hz. The mechanical
resonance of the cavity piezo limits typically the control bandwidth of a
piezo controlled cavity length. This mechanical resonance was determined
to be about 1.4 kHz for the vacuum cavity. The control bandwidth of
the servo circuit should hence ideally be increased to a frequency just
below 1.4 kHz. Improvements of this cavity lock can hence be expected
by optimizing this control bandwidth. This optimization was, however,
not completed during this work due to unidentified phase delays in the
feedback loop and leaves such optimization to future works.

Finally, the different coupling and dissipation rates for this vacuum
system are needed to be outlined in order to describe collective emission
processes presented later in Chap. 7. The cavity decay rate for the vacuum
cavity was κ/2π = 520 kHz. The dimensions of this vacuum cavity yielded
a single-atom-cavity coupling constant of g/2π = 825 Hz, when probing
the 1S0 →

3P1 transition (with natural linewidth Γ/2π = 7.5 kHz). The
single-atom cooperativity of this system was hence C0 = 4g2/Γκ = 6.3×10−4.
This C0 is one order of magnitude larger than the single-atom cooperativity
of the low finesse cavity (described in Sec. 5.2.2). Collective emission

xiiA 70/30 BS was used in order to increase the optical probe power reaching the cavity.
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Figure 5.30: Bode plot of the servo circuit used for locking the vacuum cavity on
resonance with the input probe laser. The combined mechanical resonance of the
piezo element and the movable mirror is identified around 1.4 kHz and a corner
frequency should be set near this frequency in order to optimize the servo circuit.
A design error increases the phase shift around this mechanical resonance, which
most likely limits the bandwidth of the combined feedback system. A detailed
description of the servo circuit is presented in Fig A.6 in Appendix A.5.

processes can be expected when the collective cooperativity C = NcavC0 is
higher than 1, C > 1 (this is described in Sec. 2.2). Here, Ncav is the number
of intra-cavity atoms, which typically yielded values in the Ncav = 1.0×107–
2.5×107 range (described later in Sec. 6.1.3). The collective cooperativity of
this vacuum cavity system was hence expected to be in the C = NcavC0 � 1
range, where collective emission processes were expected.

Outlook



5.2. MAIN EXPERIMENT 125

The most essential components of the main experimental system in this
work were presented in this chapter. 88Sr atoms were cooled down to
temperatures around mK and trapped in a standard MOT as described in
Sec. 5.2.1. These trapped atoms were placed inside a low finesse cavity
(F = 85, described in Sec. 5.2.2) and later inside a vacuum cavity with
higher finesse (F = 1450, described in Sec. 5.2.3). The vacuum cavity
system was an upgrade of the low finesse cavity and the two systems
were not realized in parallel.

These trapped neutral strontium atoms with temperatures in the mK
level coupled to optical cavities with finesse of F = 85 and F = 1450 are
very suited for performing proof-of-principle experiments to study the
non-linear spectroscopic lineshapes theoretically predicted in Chap. 3. The
results of such studies are presented in the next chapter where detailed
studies of the system dynamics relevant for laser stabilization are also
presented.
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Nonlinear spectroscopy for

laser stabilization

The theoretical model established in Chap. 3 predicted that atom-cavity
systems with laser cooled atoms could potentially reach sub-10 mHz
linewidths when applied as a frequency reference for laser stabilization.
The dynamics of the system observables were however predicted to be
highly non-linear and the identification of the optimal parameter regime
for laser stabilization was non-trivial.

Chapter 5 described two cavity-atom systems prepared in order to
verify the predicted dynamics and characteristic features. The first system
consisted of laser cooled 88Sr atoms placed inside a low finesse optical
cavity. This cavity was mounted outside a vacuum chamber and the cavity
finesse was limited to F = 85 by the chamber windows. This system was
later upgraded to the second system, where the cavity was placed inside
the vacuum chamber. The finesse of this cavity was F = 1450, which
allowed studies of the prospects for sub-10 mHz linewidths predicted in
Sec. 3.4.2 and studies of collective spontaneous emission phenomenas
presented later in Sec. 7.

The two atom-cavity systems were not designed for continuous laser
stabilization operation. However, a verification of the dynamics and
features of these systems will strongly support the validity of the theoreti-
cally predicted sub-Hz linewidths. This will provide great motivation for
designing future systems for continuous laser stabilization.

The following sections present the results of the studies of these two
cavity-atom systems. The system dynamics were studied most extensively

127
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for the low finesse (F = 85) system. Different spectroscopy schemes,
such as overtone demodulation (presented in Sec. 6.1.2) and sideband probing
(presented in Sec. 6.2.1) were developed during this work in order to
confirm the spectroscopic features of the system. The dynamics of the
system was also studied in detail and the optimal system parameters for
laser stabilization were identified (presented in Sec. 6.1.3 and 6.1.4). The
spectroscopic lineshape of the low finesse cavity system exhibits minor
modifications due to multiphoton scattering processes. It was considered
based on this, whether observations of recoil shifts from these multiphoton
scatterings could be expected. It was attempted to measure these recoils
shifts but no conclusive results were achieved (see Sec. 6.2.2).

Finally, the spectroscopic lineshapes of the high finesse system were
studied briefly in order to confirm, that the system behavior scales with
the cavity finesse as predicted by the theoretical model.

The majority of the results presented in the following sections are
published in [Westergaard et al., 2015] and [Christensen et al., 2015a].

6.1 Spectroscopy with low finesse
The spectroscopic dynamics were studied for laser cooled 88Sr coupled to
the low finesse optical cavity system described in Sec. 5.2.2. These studies
were carried out by studying the cavity transmitted light as illustrated
in Fig. 6.1a). The system parameters of the different components of this
experimental atom-cavity system are briefly described in the first part of
the following section before the spectroscopy experiments are presented
in the rest of the section.

Experimental setup
About 5× 108 laser-cooled 88Sr atoms were trapped in a standard magneto-
optical trap (MOT) (described in Sec. 4.4) by using the 1S0 →

1P1 transition
at 461 nm and by applying repumping lasers at 707 nm and 679 nm. The
two main atomic transitions of interest are shown in Fig. 6.1b)i. The atomic
temperature was in the range of 2 ∼ 6 mK. This temperature depends
on experimental conditions such as MOT laser detunings and MOT laser
intensities [Xu et al., 2003b] and the temperature was determined from
the Doppler broadened absorption width. These temperatures were also
verified by time-of-flight measurements.

The laser-cooled atoms were coupled to a single mode of an optical
cavity with a finesse of F = 85. The radius of curvature of the cavity mirrors

iAll involved transitions are illustrated in more details in Fig. 5.1.
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Figure 6.1: a): Experimental setup. A sample of laser cooled 88Sr atoms trapped in a standard MOT was

located inside a low finesse optical cavity (F = 85). The absorption and phase dispersion lineshapes were measured by

performing cavity-enhanced FM spectroscopy (NICE- OHMS, described in Sec. 4.6) where the input light is modulated

at Ω/2π = FSR and the cavity output is demodulated at Ω/2π = FSR or 2Ω/2π = FSR. b): Illustration of the energy

levels of 88Sr relevant for the spectroscopy experiments described in this section. c): Experimental sequence. the MOT

was loaded for about 750 ms after which the system was probed for 100µs. A reference measurement with no atoms was

also performed after 80 ms.
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are 9 m and the mirrors were displaced 30 cm from each other. These
dimensions yielded a cavity waistii of 500µm and a free spectral range
of FSR = 500 MHz. The maximum number of atoms inside the cavity
mode, Ncav, was evaluated to be Ncav = 2.5 × 107 based on the dimensions
of the cavity mode and the volume of the MOT. The narrow 1S0 →

3P1

intercombination transition was probed by a pre-stabilized probe laser
at 689 nm (described in Sec. 5.1.1), while a servo system forced the cavity
to be on resonance with the probe laser at all times through the Hänsch-
Couillaud (HC) stabilization scheme [Hansch and Couillaud, 1980]. It
is described later in this section and in Sec. 6.1.2, that this at first glance
harmless resonance requirement implemented by the cavity feedback
system turned out to modify the spectroscopy lineshapes significantly.

The time evolution of this atom-cavity system was governed by a
number of decay- and dissipation rates, which were essential for predicting
the steady-state spectroscopic lineshapes by using the theoretical model
presented in Chap. 3. The cavity decay rate κ, which relates to the cavity
linewidth, was measured to be κ/2π = 5.8 MHz. The spontaneous decay
rate Γ of the 1S0 →

3P1 transition is Γ/2π = 7.5 kHz. The relation κ � Γ
brought this system into the socalled bad-cavity regime (described in
Chap. 2), where the atomic spectral properties could potentially dominate
the combined system. The transit time broadening was estimated to
be 1 ∼ 2 kHz based on the realized MOT temperature and the cavity
waist size. This transit time broadening was not limiting our system,
as this was much narrower than the natural atomic linewidth of the
1S0 →

3P1 transition, Γ/2π. The system was probed for 100µs during all the
experiments presented in this chapter. The linewidth of the pre-stabilized
probe laser was evaluated to be 800 Hz during the probing timescale
(described in Sec. 5.5b). The transit time broadening and the probe laser
linewidth did not affect the system behavior significantly but they were
included in the theoretical model as a decoherence term (Γp in Eq. (3.5)).
The single-atom-cavity coupling rate was found to be g0/2π = 590 Hz
based on the cavity dimensions and the atomic transition dipole. This

yields a single atom cooperativity C0 =
4g2

0
κΓ

[Tanji-Suzuki et al., 2011, p. 31]
of C0 = 3.2 × 10−5. This single atom cooperativity represents the ratio of
the rate at which a photon is emitted by an atomic decay into the cavity
mode and the rate of the dissipation processes in the system. The atomic
decay rate into the cavity mode is hence higher than the dissipation rates
when C0 > 1 and this parameter regime is often called the strong coupling
regime. The atom-cavity systems studied in this work are not in this

iiRadius of cavity mode waist.
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regime. However, one other essential parameter is the so-called collective
cooperativity C = NcavC0, which describes the ratio of the dissipation rates
and the total photon decay rate into the cavity mode by all the intra-cavity
atoms. This collective cooperative parameter was around C = 630� 1 for
the low finesse cavity. This brought our system into a regime with high
collective cooperativity within the bad-cavity regime.

The experimental sequence shown in Fig. 6.1c) was performed for all
spectroscopy experiments presented in this chapter. The MOT was fully
loaded within 750 ms. The MOT was then turned off and the trapped
atoms were released by using an AOM as a shutter for the cooling laser.
The system was probed with the pre-stabilized probe laser at 689 nm
during the entire sequence. Multiple orders of sideband components
were applied on the probe laser by exposing a periodic phase modulation
on the probe light using an electro optical modulator (EOM). This phase
modulation frequency was Ω/2π = 500 MHz resulting in a probe laser
spectrum with 500 MHz frequency spacings between the components.
Note that all probe laser components were simultaneously resonant with
the empty cavity modes as the sideband frequency spacing was equal
to the cavity mode spacing, Ω/2π = FSR. The cavity transmission was
detected by two avalanche photo detectors (APD). These transmission signals
were acquired as data from 20µs after the MOT was turned off and the
acquisition lasted for 100µs. The 20µs delay was implemented to prevent
the cooling laser to affect the atoms during the data acquisition because the
AOM, used to turn off the MOT, had a small after glow diffraction for up
to 3µs after the RF signal to the AOM was turned offiii. It was evaluated
that the released atoms stayed within the cavity mode during the data
acquisitioniv. A final data acquisition was done 80 ms after the first data
acquisition in order to have a reference measurement of the empty cavity.

6.1.1 Absorption spectroscopy

The two main observables of interest in this work are the atom induced
absorption and phase shift of the probe laser. The atom induced absorption
will be examined first in this section but it will soon be clear, that these
two observables are closely interlinked.

iiiThis afterglow was most likely due to imperfect damping of the phonons in the
AOM crystal after the RF signal is turned off.

ivThe average atomic velocity in the radial direction of the cavity mode is 〈v〉 ∼ 0.5m/s.
The average displacement of the atoms is 0.5m/s× 100µs = 50µm, which is considerably
less than the cavity waist radius w0 = 500µm.
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Figure 6.2: The cavity transmission power for different probe laser detunings.
The red dots are experimental data, while the dashed blue line is a Gaussian fit
yielding a doppler broadened linewidth corresponding to an atomic temperature of
T = 6 mK. The modulation index was (x < 1). The transmitted power is clearly
reduced due to atomic absorption, when the probe laser is near resonance with
the atomic transition. The lineshape details predicted in Fig. 3.3 are however not
present as the cavity servo system counteracts the atomic induced phase shift. See
Sec. 4.6.1 for details.

The atomic absorption was studied by measuring the optical power
transmitted by the atom-cavity system as function of the probe laser
detuning, and a single scan is shown in Fig. 6.2. This transmission signal
was normalized with respect to the transmission signal for an empty cavity.
The FWHM width δνD of the Doppler broadened absorption profile can be
calculated from the Maxwell-Boltzmann distribution [Milonni and Eberly,
1988, p.103]:

δωD =
ω0

c

√
2kBT

m
ln2, (6.1)

where ω0 is the transition frequency, c is the speed of light, kB is the
Bolzmann constant and T and m are the temperature and the mass of the
laser cooled 88Sr. The transmission spectrum in Fig. 6.2 shows a clear
absorption with a width of δωD/2π = 2.7 MHz, which according to Eq. (6.1)
corresponds to an sample temperature of T = 6 mK for 88Sr.



6.1. SPECTROSCOPY WITH LOW FINESSE 133

The transmission lineshape shown in Fig. 6.2 is however strikingly
different when compared with the theoretically predicted transmission
spectrum shown in Fig. 3.3. This difference is due to the requirement
that the atom modified optical cavity was forced to be on resonance
with the probe laser at all time during the experiments. The theoretical
model described in Chap. 3 required that the empty cavity frequency ωc

was on resonance with the probe laser frequency ωl, ωl = ωc. In the
theoretical model, the atom induced phase shifts brought the probe light
out of resonance of the combined atom-cavity system and reduced the
transmission, which resulted in the lineshape shown in Fig. 3.3. In the
experimental system, the cavity servo system counter-acted the atomic
induced phase shift such that the ωl = ωc requirement was no longer valid.
Hence, the slightly different requirement inflicted by the cavity servo
system was modifying the transmission lineshape shown in Fig. 6.2.

The main purpose of this work is to study the prospects of using the
atomic induced phase dispersion as an error signal for high performance
laser stabilization. With this in mind, a modification of the absorption line-
shape might seem harmless for the laser stabilization prospects. However,
it turns out, that the measurements of the phase dispersion is also com-
plicated by the requirement inflicted by the cavity servo system. Hence,
the modifications caused by the cavity servo system are described in the
following. Note, that whereas the following description is formulated
coherently, such that the reader does not need to jump back to previous sec-
tions, a part of the following description is repetition from Sec. 4.6.1. The
full connection between the measured observables and the theoretically
predicted values has been described in more details in Sec. 4.6.1.

Modifications due to the cavity servo system
Any electromagnetic field Eout transmitted through an optical cavity is
modified according to a complex transmission coefficient described as
[Riehle, 2004, p.101]:

Eout =
Teiϕ

1 − Rei2ϕEin = χEin, (6.2)

where ϕ is the single cavity round-trip phase shift of the electromagnetic
field, Ein is the input field and T (R) is the power transmission (reflection)
coefficient of the cavity mirrors.

This complex single round-trip phase for the probe laser in this work,
ϕ0, can be expressed as:
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ϕ0 = φcavity + βD + iβA, (6.3)

where βD and βA describe the single pass dispersion and absorption due
to the atoms present in the cavity, and φcavity is the phase shift due to
propagation in the empty cavity. The j’th order sideband component
experiences a different single round-trip phase ϕ± j:

ϕ± j = φcavity ± jπ, (6.4)

where ± jπ is added by the sideband detuning of ± jΩ. Equation (6.4) is
not affected by the atomic absorption and phase shift, as the sideband
frequencies were separated from the carrier frequency by Ω/2π = 500 MHz,
which was far off resonant with the natural linewidth of the 1S0 →

3P1

transition, Γ/2π = 7.5 kHz. The cavity servo system controlled φcavity by
controlling the cavity length using the piezo electric element attached on
one of the mirrors such that a standing wave was present inside the atom
modified cavity at all time. This servo system adjusted φcavity such that
the following standing wave condition was maintained:

Re(ϕ0) = φcavity + βD = mπ, (6.5)

where m is an integer. The transmission coefficient χ0 becomes purely real
for this condition:

χ0 =
Te−βA

1 − Re−2βA
. (6.6)

The theoretical transmission lineshape predicted in Chap. 3 was con-
vertedv to the carrier transmission coefficient χ0 and shown as the blue
dashed line in Fig. 6.3. The reduction in transmission due to the atom
induced phase shift, which was seen for large detunings (∼ 1MHz) in
Fig. 3.3, is not present in the theoretical plot of χ0 in Fig. 6.3. This is because
χ0 only describes the atomic absorption, while the transmission lineshape
shown in Fig. 3.3 is also modified by the atomic phase shift. The power
transmission coefficient for the probe laser is |χ0|

2. It is however already
apparent by considering the lineshape of |χ0| in Fig. 6.3 that this line-
shape is more consistent with the experimentally observed transmission
lineshape shown in Fig. 6.2.

The modifications of the transmission coefficients imposed by the
cavity servo system will not only affect the cavity transmitted power.

vThis conversion was done by following the procedures described in Sec. 4.6.1.



6.1. SPECTROSCOPY WITH LOW FINESSE 135

The results from demodulation techniques such as the NICE-OHMS
technique (described in Sec. 4.6) will also be modified by the cavity servo
system. These modifications are not included in the conventional literature
concerning the NICE-OHMS technique [Ye et al., 1998, Ye and Lynn, 2003].
However, tt was found during this work, that these modifications are of
importance, when the atomic induced phase shifts are large, and when the
amplitude of the sideband components are comparable with the carrier.

The following section describes the phase shift and absorption of the
atom-cavity system measured by employing the NICE-OHMS technique
with great emphasis on the modifications caused by the cavity servo
system.

6.1.2 Demodulation spectroscopy

The NICE-OHMS technique (described in Sec. 4.6) was used for measuring
the phase dispersion and absorption lineshapes of the atom-cavity system
studied in this work. The NICE-OHMS technique involves demodulation
of the total cavity transmitted field intensity. It was found in this work,
that the modifications of the transmission coefficients described in the
previous section also affect the demodulated signals. The first part of this
section describes these modifications of the NICE-OHMS signals, while
experimental measurements of the NICE-OHMS signals are interpreted
in the latter part.

Sideband components were added to the probe laser spectrum as
illustrated in Fig. 6.4 in order to employ the NICE-OHMS technique. The
transmission coefficient χ± j ( j , 0) for the sidebands is also modified by
the cavity servo system. This transmission coefficient turns out to be
complex when inserting Eq. (6.5) in Eq. (6.4):

χ± j =
Tei(± jπ−βD)

1 − Re2i(±pπ−βD)
. (6.7)

The cavity servo system has transferred the atom induced phase shift
βD onto the sideband transmission coefficient! Hence, χ± j ( j , 0) contains
information about the attenuation of the cavity transmission caused by the
atomic phase shift bringing the cavity out of resonance. The final cavity
transmitted field up to the second order sidebands can now be described
as:
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Figure 6.3: From [Christensen et al., 2015a, Appendix]. Theoretical values of the
transmission coefficient of the carrier (dashed blue), χ0, the combined line shape
of the atomic absorption and the attenuation due to atomic dispersion (green),
χ0Re(χ2), and the total cavity transmitted phase shift (red). The black vertical
dashed lines highlight the fact that transmission minima occur at dispersion
maxima.

Eout = E0

(
J0(x)χ0eiωlt

+J1(x)χ1ei(ωl+Ω)t
− J1(x)χ−1ei(ωl−Ω)t

+J2(x)χ2ei(ωl+2Ω)t + J2(x)χ−2ei(ωl−2Ω)t
)
, (6.8)

where ωl is the frequency of the probe carrier and J j(x) is the j’th order
regular Bessel function describing the amount of power transferred from
the carrier to the j’th order sideband when modulated by an EOM with
modulation index x. The spectrum of the probe laser components and
the relation to the atomic and cavity spectrum are illustrated in Fig. 6.4.
The transmitted field power can be detected by a fast photo diode and
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Figure 6.4: Relation between the spectral components relevant for the NICE-
OHMS technique. The probe laser spectrum is shown for up to the second order
sidebands. J j is the j’th order regular Bessel function which illustrate the power
ratio of the carrier and sideband components of the probe laser according to
Eq. (6.8).

demodulated by Ω/2π = FSR and 2Ω/2π = 2FSR as shown in Fig. 6.1. The
demodulation with Ω/2π = FSR yield a signal S1Ω which is proportional
to:

S1Ω ∝ J0(x)J1(x)χ0 · Im(χ1) (6.9)(
+J1(x)J2(x)(χ2χ

∗

1 − χ1χ
∗

2) + J2(x)J3(x)(χ∗2χ3 − χ2χ
∗

3)
)
.

The first term of Eq. (6.9) is proportional with the atomic induced phase,
S1Ω ∝ sin(βD)vi, and this signal corresponds to the conventional expression
(shown in Eq. (4.13)) for the NICE-OHMS technique without modifications
from the cavity servo system. Furthermore, S1Ω ∝ βD is valid in the limit
of small atomic phase shifts, and this allows a linear relation between the
measured S1Ω signal and the theoretically predicted near resonance phase
shifts. The last terms inside the parenthesis in Eq. (6.9) are only small
corrections for large phase shifts but they are included for completeness.
These corrections do not modify the dispersion signal near resonance and
the laser stability performance of the system is not affected.

viThis is shown explicitly in Eq. (4.24).
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Information related to the transmission lineshape of the transmitted
field can be achieved by demodulating the transmitted field with twice
the FSR, 2Ω/2π = 2FSR (here for sidebands up to third order):

S2Ω ∝ 2J0(x)J2(x)χ0 · Re(χ2) − J2
1(x)|χ1|

2 (6.10)(
+J1(x)J3(x)(χ∗1χ3 − χ1χ

∗

3)
)
.

The green line in Fig. 6.3 corresponds to the first term of Eq. (6.10),
χ0 · Re(χ2). Whereas χ0 (blue line in Fig. 6.3) only contains information
about the atomic absorption (see Eq. (6.6)), the attenuation due to the
atomic phase shift is described by Re(χ2). Hence, this χ0 · Re(χ2)-term
describes a combination of both the atomic absorption (χ0) and dispersion
(Re(χ2)). This variation of the NICE-OHMS technique with demodulation
at 2Ω/2π = 2FSR is called overtone demodulation henceforth. It is shown
in Fig. 6.3 that χ0 · Re(χ2) reproduces features similar to the characteristic
features already seen in the theoretical transmission lineshape in Fig. 3.3
such as the small dips for small detunings and the large reduction of
the transmission for larger detuning. These transmission features were
theoretically predicted for a system without the restriction imposed by
the cavity servo system as previously described in details in Sec. 3.2.1.
The total atomic dispersion is also shown in Fig. 6.3, and it is evident that
the minima of χ0 · Re(χ2) occurs at the dispersion maxima (highlighted
with dashed vertical lines). Note however, that χ0 · Re(χ2) is not exactly
equal to the theoretically predicted transmission and Eq. (6.10) has in
addition two other corrections terms. These correction terms do modify
the line shape but htey do not erase the structures. The signal described
in Eq. (6.10) is hence only related to the transmission lineshape of the
transmitted field. Nevertheless, this extended description of the NICE-
OHMS technique enables a complete connectionvii between the complex
transmission coefficients χ j and the theoretical predictions for the cavity
transmission derived in Chap. 3.

Figure 6.5 shows the NICE-OHMS signals for demodulation at Ω/2π =
1 × FSR and 2Ω/2π = 2 × FSR, which were obtained experimentally. The
solid and dashed lines are predictions based on the theoretical model pre-
sented in Chap. 3, where the modifications due to the cavity servo system
are included. These theoretical predictions were calculated by inserting
the experimentally verified number of atoms, probe laser linewidth, laser
input power, cavity dimensions and cavity linewidth in the theoretical

viiThis connection is outlined in Eq. (4.26)–(4.27).
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model and only a scaling factor was left as a free parameter to scale the
measured data to match the theoretical values. The temperature was
allowed to vary in the range of T = 2 − 5 mK as changes in the reference
oven setup for stabilization of the cooling laser frequency had changed
the temperature of the trapped atoms during the years these experiments
were performed. Both the scaling factor and the temperature were only
changed if a relevant experimental configuration had been changed. The
Ω/2π = 1 × FSR and 2Ω/2π = 2 × FSR signals shown in Fig. 6.5 are mea-
sured separately. However, simultaneous measurements were possible
and one example is shown in Fig. A.7 in Appendix A.6.

Figure 6.5a) shows the NICE-OHMS signals obtained by the conven-
tional NICE-OHMS technique with demodulation at Ω/2π = 1 × FSR,
which represents the atomic induced phase shift through Eq. (6.9). The
values on the vertical axis are the measured signal values in volts and the
theoretical values are scaled to match the measured signals. The measured
values and the theoretical predictions agree remarkably well for most
detuning values. A sharp dispersion signal with a steep slope is observed
around resonance as expected from Fig. 3.3.

This sharp dispersion feature is the saturated absorption feature, which
was predicted in Sec. 3.4.2 to be a promising frequency discriminator for
laser stabilization. This dispersion feature is examined in details in the
inset in Fig. 6.5a) which shows a zoom of the central dispersion curve close
to resonance. The vertical axis of this inset corresponds to the atomic phase
shift in radians, as it was described earlier in this section. This central part
of the NICE-OHMS signal scales linearly with the atom induced phase
shift of the cavity transmitted field.

Two theoretical plots are also shown in the inset of 6.5a). The blue
solid line displays the full theory including all Fourier components in
Eq.(3.13)–(3.15), which corresponds to including multi-photon doppleron
resonances to all orders. The black dashed line on the other hand is based
on a theoretical prediction where only the l = 0 Fourier component is
included in Eq.(3.13)–(3.15). Hence, this dashed line corresponds to a
situation where the velocity dependent doppleron resonances are not
taken into account. The best agreement is observed for the full theoretical
model including all doppleron orders. Note that the doppleron resonances
tend to decrease the phase dispersion slope around resonance slightly
as expected from Fig. 3.9. The two theory lines (solid and dashed) are
also included in the broad frequency scan shown in Fig. 6.5(a) but the
doppleron resonances seem to only affect the central dispersion.

It seems reasonable to conclude based on the agreement between data
and the full theory, that the doppleron resonances affect and degrade the
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Figure 6.5: From [Christensen et al., 2015a, Fig. 2]. The solid and dashed lines are predictions based on the

theoretical model presented in [Westergaard et al., 2015, Tieri et al., 2015]. The dots are data measured by cavity-

enhanced FM spectroscopy. All data are averaged values, where approximately five times as many measurements have

been performed for data in b) due to the weaker signal compared to data in a). a): Frequency scan of the cavity transmitted

phase shift close to resonance for an carrier input power of 240 nW, total number of atoms of N = 5.0 · 108 and atom

temperature of T = 5.0 mK. The data points are averages of 9 measurements. Theoretical values from Eq. (6.9) are scaled

to data. Inset: High resolution scan of the central region. The vertical axis in this central region corresponds to the

total atomic phase shift of the transmitted sideband and data is scaled to theory. b): Frequency scans of the absorption

lineshape of the cavity transmitted field measured by the NICE-OHMS technique obtained with a demodulation Ω/2π =

2FSR. The total number of atoms is N = 4.5 · 108, atom temperature of T = 5.0 mK and total input power of 310 nW

(blue line) and 155 nW (green line). Theoretical values from Eq. (6.10) are scaled to data. Inset: High resolution scans

around the central region. The units on the inset axes are the same as in b).
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central dispersion feature to some extend. One remaining concern could
be, if the dashed theory line excluding doppleron resonances could also
agree with the experimental data, if other parameter values (scaling factor,
number of atoms etc.) were chosen for the theoretical calculations. This
agreement can possibly be achieved, but it will most likely not be possible
within the margins of the experimentally verified parameters. More
importantly, the non-linear dynamics studied in the following sections
would most probably not be reproduced, if the wrong parameters values
were used for the theoretical calculations.

The magnitude of the slope of the central dispersion feature and the
signal-to-noise-ratio of the measured dispersion signal are ultimately
determining the obtainable laser linewidth when this system is used as
a frequency discriminator. The dynamics of the dispersion slope was
studied experimentally and the results of these studies are presented later
in Sec.6.1.4 and Sec. 6.1.3.

It was shown in Eq. (6.10) that information related to the absorption
of the cavity transmitted light could also be obtained by using the NICE-
OHMS technique with overtone demodulation at 2Ω/2π = 2 × FSR. The
remaining part of this section will address this alternative demodulation
signal in details.

This signal was obtained experimentally by demodulating the cavity
transmitted field at 2×FSR (described in Eq. (6.10)) and Fig. 6.5b) shows
this signal for different probe laser detunings. This signal is related to
the absorption line shape of the cavity transmitted field. Background
transmission signals acquired for an empty cavity were subtracted from
the experimental values shown in Fig. 6.5b)viii. A similar background
value for an empty cavity has been subtracted from the theoretical values.
Finally, the theoretical value has been scaled to match the experimental
values. The absolute value of this background corrected signal represents
the degree of absorption experienced by the cavity transmitted light. A
great agreement is once again observed between the theoretical predictions
and the values measured by demodulation at 2Ω/2π = 2 × FSR. A slight
asymmetry is, however, present for the experimental data in both Fig. 6.5a)
and Fig. 6.5b). This asymmetry is expected to be due to a drift of some
relative phase between the light wavefront and the demodulation phase
during scan. Measurements from the vacuum cavity system hints that
this asymmetry might be linked to the position of the piezo element for
controlling the cavity length (described in Sec. 6.3).

viiiThis background signal was measured in the last data acquisition part of the
measurement sequence (after the 80 ms delay) shown in Fig. 6.1c).
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Figure 6.6: Example of cavity trans-
mission while scanning the cavity
length. The modulation frequency
for sideband generation was set to
slightly deviate from the cavity FSR
such that the sidebands were visi-
ble. The modulation index was deter-
mined by comparing the carrier (|J0|

2)
and sideband (|J1|

2) heights. The left
sideband component seems higher
than the right sideband, as this left
sideband coincide with a higher order
spatial mode of the cavity.

The expression for the NICE-
OHMS signal for demodulation at
Ω/2π = 2 × FSR includes some cor-
rection terms (shown in parenthesis
in Eq. (6.10)). Whereas the correc-
tion termsix for the conventional NICE-
OHMS signal with demodulation at
Ω/2π = 1 × FSR were small, all cor-
rection terms were needed to be in-
cluded in Eq. (6.10) in order to achieve
full agreement between the theoreti-
cal predictions and the experimental
data in Fig. 6.5b). The significance of
these higher order corrections are gov-
erned by the modulation index x for
the Bessel functions J± j(x) in Eq. (6.9)
and Eq. (6.10). This modulation index
x was determined experimentally by
measuring the transmission of the cav-
ity while scanning the length of the
cavity. The modulation frequency for
applying the sidebands was detuned
a few MHz from the cavity FSR, such
that the sideband components were
observed as new transmission compo-
nents as shown in Fig. 6.6. The Bessel
functions J± j(x) were then determined
by comparing the peak heights of the carrier and sideband transmission
components.

The importance of an accurate determination of the modulation index
x is expressed in Fig. 6.5b) as the results shown here were measured for
two different modulation indices: x = 0.65 for the blue theory line and of
x = 0.57 for the green theory line. The two different modulation values
are shown to illustrate that the signal described in Eq. (6.10) takes the
optical power ratio of the carrier and the sidebands into account in good
agreement with the experimental data.

One final correction included in the theoretical predictions is caused
by the presence of several sideband orders, which contributes to the
servo error signal when the atomic phase shift is large. This error signal

ixShown in parenthesis in Eq. (6.9).
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contribution will slightly offset the cavity resonance relative to the carrier
frequency [Ye and Lynn, 2003]. These corrections were described in details
in Sec. 4.6.1. Fortunately, these corrections turned out to be small but they
are included in the calculated values in Fig. 6.5 for completeness.

The carrier input power dependency of the absorption lineshape is
also expressed in Fig. 6.5b) as the two absorption line shapes shown
here were measured for two different carrier input powers, 310 nW (red
dots) and 155 nW (green dots). It is not shown in Eq. (6.10), but the
2FSR demodulation signal is proportional to the total optical input power
S2Ω ∝ |Ein|

2. A carrier input power of 155 nW should thus in general yield
about half of the signal measured for twice as much carrier input power
(310 nW). This is indeed confirmed experimentally, however, the data
points for carrier input power of 155 nW are normalized to the signal for a
carrier input power of 310 nW in Fig. 6.5b). This scaling has been done in
order to illustrate the line shape dynamics on the same figure.

The detailed near resonant transmission lineshape structures predicted
by the theoretical model (shown in Fig. 3.3) were also observed by using
the NICE-OHMS technique with demodulation at Ω/2π = 2 × FSR. The
inset in Fig. 6.5b) shows a zoom of the central region and represents the
transmission structures near resonance. This transmission signal was
slightly reduced for small detunings and dips were formed on both sides of
the central saturation peak at around 100 kHz. This transmission reduction
was due to the atom induced phase shift, which reduced the sideband
transmission coefficient Re(χ2) in Eq. (6.10). The phase shift induced by
the atoms decreased eventually for larger detuning and the transmission
was increased resulting in two shoulders located next to the dips, when the
atomic phase shift was zero again. This dip structure is outlined in Fig. 6.3.
This detailed transmission structure was hence successfully observed by
using the NICE-OHMS technique with demodulation at Ω/2π = 2 × FSR,
even though this structure was not observed initially when the total cavity
transmitted power was measured, while the cavity was kept on resonance
with the probe carrier (This transmission is shown in Fig. 6.2).

One final comment regarding the inset of Fig. 6.5b) should be added:
The structures in the inset of Fig. 6.5b) seem more pronounced in the
measured data, than predicted by theory. This might be due to the
limited bandwidth of the cavity locking scheme. The data acquisition was
started 20µs after the cooling lasers were turned off. The near resonant
atomic phase shift builds up after this and reaches steady state with a rate
comparable to the Rabi frequencyx while the cavity bandwidth is only

xIn the order of ∼ 100 kHz.
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about 1 kHz (described in Sec. 5.2.2), which in fact is far from fast enough
to react on the atomic phase shift before the data acquisition starts.

In conclusion, great agreement has been observed between the theo-
retically calculated complex transmission coefficients and the quantities
measured experimentally by demodulating the cavity transmitted field at
Ω/2π = 1×FSR and 2Ω/2π = 2×FSR. It was observed that both the atomic
induced phase shift and absorption were modified due to the cavity servo
system. It as shown in Fig. 6.5a) that a narrow doppler free dispersion fea-
ture was observed around the resonance of the broad thermal dispersion.
It was predicted earlier in Sec. 3.4.2, that this narrow dispersion has a great
potential as an error signal for laser stabilization, even though velocity
dependent multiphoton scattering processes seemed to slightly degrade
the error signal slope. The two plots in Fig. 6.5b) gave strong indications,
that the measurements agreed with the dynamics of thetheoretical model.
The observation of the central doppler free dispersion allowed detailed
studies of the dynamics of this dispersion feature with the purpose of
identifying the optimal parameters for laser stabilization. The results of
such studies are presented in the following sections, Sec. 6.1.3–6.1.4.

6.1.3 Atom number dependency

The previous section presented, that a sharp dispersion feature was
observed for the atom-cavity system studied in this work. In addition,
it was predicted in Chap. 3, that this dispersion feature might prove
promising as an error signal for laser stabilization. The slope of this
narrow dispersion feature is one of the defining system parameters for
laser stabilization, as the slope determines the frequency sensitivity of this
feature. The dynamics of this dispersion slope was predicted in Chap. 3 to
exhibit nonlinear behavior and the determination of the optimal system
parameters was not trivial. The following sections present experimental
studies of the dynamics of the dispersion slope.

The narrow doppler free phase dispersion was measured for a fixed
input probe power and different number of atoms inside the cavity mode,
Ncav. Ncav was changed from Ncav = 1.2×107 to Ncav = 2.5×107 by varying
the MOT loading time. The measured central dispersion feature are shown
in Fig. 6.7a)–6.7d). The dispersion slopes at resonance were determined as
the resonance slope of theoretical fits performed on the entire dispersion
feature.xi. The resonance slope can in principle be determined by restricting

xiNote that it was described in the previous Sec. 6.1.2 that these measured slopes at
resonances were not modified by the restrictions imposed by the cavity servo system.



6.1. SPECTROSCOPY WITH LOW FINESSE 145

0 . 0 5 . 0 x 1 0 6 1 . 0 x 1 0 7 1 . 5 x 1 0 7 2 . 0 x 1 0 7 2 . 5 x 1 0 7
0 . 0

1 . 0 x 1 0 - 6

2 . 0 x 1 0 - 6

3 . 0 x 1 0 - 6 e )

 T h e o r y
 E x p e r i m e n t a l  d a t a

 

 

Ab
so

lut
e s

lop
e (

 Ra
dia

ns
 / H

z )

N u m b e r  o f  i n t r a  c a v i t y  a t o m s ,  N c a v

- 4 0 0 - 2 0 0 0 2 0 0 4 0 0

- 0 . 2

0 . 0

0 . 2

  

 

N c a v  =  1 . 2  x  1 0 7

D e t u n i n g ,  D / 2 p  (  k H z  )

d )

- 4 0 0 - 2 0 0 0 2 0 0 4 0 0

- 0 . 2

0 . 0

0 . 2 c )

 

 

N c a v  =  1 . 7  x  1 0 7Ph
as

e (
rad

ian
s)

D e t u n i n g ,  D / 2 p  (  k H z  )

- 4 0 0 - 2 0 0 0 2 0 0 4 0 0

- 0 . 2

0 . 0

0 . 2

 

 

b )

 

 

N c a v  =  2 . 0  x  1 0 7

- 4 0 0 - 2 0 0 0 2 0 0 4 0 0

- 0 . 2

0 . 0

0 . 2

 

a )

 

 

N c a v  =  2 . 5  x  1 0 7Ph
as

e (
rad

ian
s)

Figure 6.7: a)–d): Near resonant phase dispersion lineshapes. The number
of intra-cavity atoms Ncav was changed from 2.5 × 107 to 1.2 × 107, while all
other parameters were kept constant (Pin = 650 nW,T = 4 mK). The solid lines
are theoretical fits based on our theoretical model described in Sec. 3 and the
points are experimentally obtained values. Each point is an average of about 10
separate measurement sequences. e): The dispersion slope at resonance (∆ = 0) is
evaluated based on the theoretical fits and shown as a function of the number of
atoms. The theoretical slope (blue solid line) scales linearly with the number os
atoms in this parameter regime and the experimental slope values (red dots) seem
to follow this trend.

such a fit to only the central linear part of the dispersion feature, but the
dynamics of the entire dispersion lineshapes were studied by performing
the fit to the entire dispersion feature. Figure 6.7a)–6.7d) show great
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agreement between the measured dispersion feature and the theoretical
fits. This agreement is not just a validation of the theoretical model, but
it also allows studies of the experimental dynamics relevant for laser
stabilization.

It was predicted in Sec. 3.3 that the slope of the central phase dispersion
would depend linearly on the total number of atoms inside the cavity
(this is illustrated in Fig. 3.5). The dispersion slopes at resonance were
determined from the fits shown in Fig. 6.7a)–6.7d) and these slope values
are shown in Fig. 6.7e) as function of the number of intra cavity atoms. A
linear trend is seen in Fig. 6.7(e) as expected from the theoretical model.
The slope dependency of the number of intra cavity atoms shown in
Fig. 3.5 predicted that the slope value will be reduced for very large
number of atoms. However, this will only occur for unrealistically large
number of atoms. The slope can hence be improved for laser stabilization
by straight forwardly increasing the number of atoms. Note, that the
number of atoms presented in Fig. 3.5 is the total number of trapped atoms
N, while Ncav is the number of the trapped atoms which are inside the
optical cavity. It is evaluated based on the cavity mode volume and the
MOT volume that N = 5.0 × 108 corresponds to Ncav = 2.5 × 107.

Whereas the atom number dependency of the dispersion slope is linear
and simple, the input power dependency is strongly non-linear and the
optimal parameters are not trivially determined. Hence, the input power
dependency is studied experimentally in the following section.

6.1.4 Input power dependency

The theoretical model described in Chap. 3 predicted that the slope of
the doppler free dispersion observed in the previous Sec. 6.1.2 depends
strongly non-linearly on the input probe power Pin. The theoretical
prediction of the optical input power dependency of this dispersion slope
was illustrated previously in Fig. 3.10b). It was observed here, that this
dependency exhibits an optimal input power, where the absolute slope is
maximized.

The narrow dispersion feature was measured experimentally for differ-
ent input powers and the dispersion slope at resonance was determined by
performing theoretical fits following the same procedures as in Sec. 6.1.3.
Representative dispersion scans are shown in Fig. 6.8a)–f) in order to
illustrate the dynamics. It is clear that the dispersion width is power
broadened for large input powers, but an optimal input power cannot be
identified by examining only the dispersion slopes.
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Figure 6.8: a)–f): Near resonant phase dispersion line-

shapes. The cavity input power Pin was changed from 17 nW

to 360 nW, while all other parameters were kept constant

(Ncav = 2.0 × 107,T = 5 mK). The solid lines are theoretical

fits based on our theoretical model described in Sec. 3 and

the points are experimentally obtained values. Each point is

an average of about 20–30 separate measurement sequences.

The experimentally determined
dispersion slopes are shown in
Fig. 6.9a) for input powers in the
range from Pin = 17 nW to Pin =
360 nW. The measurements (dots)
and theoretical values (solid lines)
are in good agreement and the non-
linear input power dependency
predicted in Fig. 3.10b) is evident.
It is at first glance disappointing
that the maximum absolute val-
ues of the slope for lower input
powers were not measured. How-
ever, the prospects for laser stabi-
lization with this system do not
depend only on the phase disper-
sion slope. It was described ear-
lier in Sec. 3.4 that the ideal shot
noise limited linewidth is also gov-
erned by the input power in accor-
dance with Eq. (3.28). The ideal
shot noise limited linewidth for
each measured parameter was cal-
culated and shown in Fig. 6.9b).
The data sets in Fig. 6.9a) and b) are
identical.

It should be stressed that the
linewidths shown in Fig. 6.9b) are
ideal linewidths theoretically eval-
uated based on the experimentally
measured phase dispersion. Hence,
these linewidths have not been re-
alized. Nevertheless, the input
powers corresponding to the pre-
dicted minimum shot-noise limited
linewidth has been realized and
measured for a fixed ratio of the
optical powers of the probe car-
rier and sidebands. Interestingly,
Fig. 6.9b) shows that the minimum
shot-noise limited linewidth occurs
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Figure 6.9: From [Christensen et al., 2015a, Fig. 3 (a)–(b)]. a): The near resonant
slope of the phase dispersion measured for different input powers. The solid lines
are theoretical predictions and the dots are experimental values based on the fits
in Fig. 6.8. The data and theory are in excellent accordance and the nonlinear
dependence is evident. Notice that the horizontal axes are logarithmic. b): The
ideal shot-noise limited linewidth calculated from Eq. (3.43) for the measured
parameters in a). The blue theory line corresponds to a ratio of carrier and
sideband input powers of Pc

2Ps
= 1.65 and the green theory line corresponds to

Pc
2Ps

= 0.75 in Eq. (3.43).

for higher input power than the input power for which the maximum
absolute slope value occurs.

The carrier-sideband power ratio is governed by the modulation
index x of the EOM (described in Eq. (6.8)). The shot-noise linewidth
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in Eq. (3.28) is optimized for a carrier-sideband ratio of
Psig

2Psideband
= 1.

This ratio corresponds to a modulation index of x ≈ 1.16. However, this
optimal carrier-sideband ratio was not optimized for the results shown
in Fig. 6.9b). The carrier-sideband ratios for the measurements shown in

Fig. 6.9 were determined to be
Psig

2Psideband
= 1.65 for the blue theory line and

Psig
2Psideband

= 0.75 for the green theory line. These ratios were determined by
following the procedure described in Fig. 6.6. The minimum achievable
shot-noise limited linewidth for this system was estimated to be as low as
500 mHz, even though the carrier-sideband ratio was not optimized. A line
width of 500 mHz is already promising, but it was predicted in Sec. 3.4.2,
that this shot-noise limited linewidth can be reduced even further by
increasing the collective cooperative C = C0N. C can be increased by
increasing the total number of trapped atoms or by increasing the cavity
finesse. It is technically difficult to increase the number of atoms by a
factor of 10, but it is possible to increase the cavity finesse with several
orders of magnitude. An upgraded vacuum cavity system with increased
cavity finesse (F = 1450) was hence constructed (described in Sec. 5.2.3)
during this work. This vacuum system is studied later in Sec. 6.3.

It is worth noting that the horizontal axis in Fig. 6.9b) is logarithmic.
This allows a change in input power of one order of magnitude without
degrading the shot noise limited linewidth significantly. It is hence not
necessary to probe the system with technically challenging low input
powers down to < 100 nW. Optimal laser stabilization can be achieved for
more convenient higher input powers and the system can operate within
a very wide range of input powers.

The measurements presented so far in this section were all performed
in a cyclic manner as illustrated in Fig. 6.1c). Continuous laser stabilization
on the presented system is hence not currently feasible, as the doppler free
dispersion is smeared out when the cooling lasers are turned on. However,
it seems within reach of the current technology to implement the techniques
presented in this section into beam-line experiments [Chen, 2009, Schaffer
et al., 2015], where a beam of cold atoms with high loading rates [Yang
et al., 2015] is interrogated in a cavity. This opens the possibilities for a
continuous laser stabilization on an atom-cavity system with a narrow
optical transition. Another promising approach is to implement the
same techniques to interrogate molecular systems with narrow optical
transitions placed inside an optical cavity [Schaffer et al., 2015]. The
proof-of-concept investigations of the non-linear spectroscopic dynamics
of an atom-cavity system presented in this chapter sparked the initiatives
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to realize the above mentioned promising systems. These new systems
and the prospects for future studies are discussed in Sec. 8.

6.2 Other spectroscopic techniques
A number of different spectroscopic setups were developed during this
work. Two of these setups are presented in the following sections: The
first setup is the, Sideband probing which was a technique developed in
an attempt to study the doppler free dispersion feature for probe input
powers down to around 1 nW, such that the maximum slope could be
measured (see Fig. 6.9). The second setup was developed in an attempt
to measure multi-photon recoils from velocity dependent multi-photon
scatterings.

Both setups did not lead to any conclusive results and the reader can
skip forward to Sec. 6.3 if the reader is more interested in spectroscopic
studies with the upgraded vacuum cavity system.

6.2.1 Sideband probing

While the input power corresponding to the minimal shot-noise limited
linewidth was identified in Fig. 6.9b) the maximum absolute slope was
however not realized in Fig. 6.9(a). This maximum absolute slope was
not measured as the input carrier power Pin was too low for the cavity
servo system to keep the cavity-atom system on resonance with the probe
laser when Pin < 10 nW. A variation of the NICE-OHMS technique was
developed in order to probe the system with lower optical power. The
probe laser frequency was shifted 1 × FSR such as the atomic transition
was probed by one of the sidebands. This technique was able to measure
the same dispersion features as the conventional NICE-OHMS technique.
This sideband probing technique and the experimental data are described
in the following section.

The frequency relations of the involved spectra are as shown in Fig. 6.10
when the probe laser frequency is shifted Ω/2π = 1 × FSR. Only one of
the first order sidebands are resonant with the atomic transition and the
output electromagnetic field can be described as:

Eout = E0

(
J0(x)eiωlt

+J1(x)χ1,sidebandei(ωl+Ω)t
− J1(x)ei(ωl−Ω)t

+J2(x)ei(ωl+2Ω)t + J2(x)ei(ωl−2Ω)t
)
. (6.11)
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Figure 6.10: Relation between the spectral components relevant for the sideband
probing configuration of the NICE-OHMS technique.

Here, χ1,sideband = Tei(βD+iβA)

1−Rei2(i(βD+iβA) is the complex transmission coefficient
of the sideband resonant with the atoms. It is assumed, that the optical
power of this resonant sideband is significantly smaller than the total
power of the carrier and other sideband orders. The atom induced
phase shift βD in χ1,sideband is hence not transferred to other probe carrier
components as it was the case for the conventional NICE-OHMS technique
(described in Eq. (6.6) and (6.7)). The power of this cavity transmitted
light can be detected and demodulated with a demodulation signal
sin(Ω · t) = 1

2

(
eiΩ·t
− e−iΩ·t

)
. This demodulation yields a DC signal Ssideband

by neglecting all oscillating terms (here with sidebands up to second
order):

Ssideband ∝ −(J0(x)J1(x) − J1(x)J2(x)) · Im(χ1,sideband) (6.12)

It can be shown by straight forward algebraxii, that Im(χ1,sideband) ∝ βD

for β → 0. The phase dispersion can hence potentially be measured
through Ssideband.

One essential issue arises for this sideband probing technique. The
relative phase between the cavity transmitted field and the demodulation
signal, φdemodul, turns out to govern the spectroscopic behavior of Ssideband.
A significantly different signal Ssideband,π compared to Eq. (6.12) appears
when the cavity transmitted light is demodulated with a demodulation
signal sin(Ω · t + π) = 1

2

(
eiΩ·t + e−iΩ·t

)
(corresponds to φdemodul = π/2):

xiiThe exact expression for Im is: Im(χ1,sideband) =
Te−βA(1+R·e2βA )sin(βD)

1+R2e−4βA−2e−2βA R·cos(2βD) .
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Ssideband,π/2 ∝ (J0(x)J1(x) + J1(x)J2(x)) · Re(χ1,sideband)
−2(J0(x)J1(x) + J1(x)J2(x)) (6.13)

Re(χ1,sideband,π/2) does in fact depend on the atomic phase shift (βD) but
the βD dependency is not very intuitive:

Re(χ1,sideband,π/2) =
Te−βA(1+R·e2βA)cos(βD)

1 − R2e−4βA − 2e−2βAR · cos(2βD)

Furthermore, two constant correction terms 2(J0(x)J1(x) + J1(x)J2(x))
are added and Ssideband,π/2 do not reflect the phase shift as clearly as
Ssideband (described in Eq. (6.12)). The demodulation signal will in fact
yield a superposition of Eq. (6.12) and Eq. (6.13) if the relative phase is
any other value than φdemodul = 0 or φdemodul = π/2. This requires the
demodulation phase to be adjusted to φdemodul = 0±m ·π (m is any integer)
and this imposes strict requirements on the stability of the relative phase.
These requirements for the demodulation phase are less strict for the
conventional NICE-OHMS technique as a change in φdemodul does only
results in a change of scaling.

A series of experiments were performed in order to measure Ssideband

and thereby determine the dispersion slope for very low input power. The
probe carrier frequency was shifted by 500 MHz = FSR by implementing
the AOM setup shown in Fig. 6.11. The cavity transmitted light is
detected by a fast APD following the main experimental setup and cyclic
sequence illustrated in Fig. 6.1. This detected signal is demodulated
by mixing the signal with demodulation frequency of 500 MHz. The
demodulation phase φdemodul was controlled by changing cable lengths
and by employing a voltage controlled phase shifter (Mini-circuits, JSPHS-
661+). A broad frequency scan of this demodulated signal is shown
in Fig. 6.12. The signal after the demodulation was in general smaller
than the signals detected by the conventional NICE-OHMS technique
and additional RF amplifiers were added. This high amplification level
caused the amplifiers to saturate for broad frequency scans as can be seen
on the left side of Fig. 6.12. The broad and narrow dispersion features
(also seen in Fig. 6.5a)) are visible in Fig. 6.12 if the amplifier saturation
is disregarded. The central dispersion feature is shown with a higher
resolution in the inset in Fig. 6.12. It has hence been proven that this
sideband probing technique can map out this central dispersion feature.
However, difficulties of optimizing the demodulation phase φdemodul and
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Figure 6.11: Overview of the AOM configuration for sideband probing. The
poor AOM efficiencies are due to wrong coatings on the AOMs and astigmatism
in the beam modes.

an unidentified drift of this demodulation phase hampered high signal
to noise ratio measurements of the dispersion feature. This unoptimized
demodulation phase is also evident in both scans shown in Fig. 6.12, as the
central dispersion feature is not placed around zero. This indicates that
the two correction terms from Eq. (6.13) were most likely included in the
signal. A convincing measurement of the maximum absolute dispersion
slope was despite numerous attempts not measured with this technique.

One of the suspected causes for the unidentified phase drift was the
temperature drifts of the atmospheric air between the cavity mirrors and
the vacuum chamber windows. This drift is suspected to be eliminated for
the intra-vacuum cavity described later in Sec. 6.3. Implementation of this
sideband probing technique on this vacuum cavity may prove promising
for future works.

6.2.2 Multi photon recoils

It was shown in the inset of Fig. 6.5b) that the contributions from velocity
dependent multiphoton scatterings (Doppleron resonances described in
Sec. 3.3.1) reduced the central narrow saturated absorption feature slightly.
This modification of the spectroscopic features indicates that multiphoton
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Figure 6.12: Phase dispersion measurements of the main atom-cavity system
by sideband probing. The data points for the broad scan are averages of 2
measurement cycles. Inset: The data points are averages of 6 measurement cycles.

scatterings occurred to some extent in our system. Such scattering events
would potentially cause a non-zero recoil shift of the scattered light.

This recoil shift δ1 can be calculated straight forwardly through energy-
and momentum conservation for the conventional single photon absorp-
tion for the 1S0 →

3P1 transition and δ1 = 4.78 kHz. However, it is shown
in the following that the recoil shifts yields different values for the velocity
dependent multi photon scatterings.

Figure 6.13: Illustration of the recoil shift δp. p photons with frequency ωl are
absorbed and (p − 1) photons with a shifted frequency ωl + δp is emitted in the
opposite direction. The atom is moving with a velocity v in the positive direction.

The velocity dependent multi photon resonances were previously in
Sec. 3.3.1 described in the rest frame of the atom. Figure 6.13 illustrates a
situation, where the multi-photon scattering is considered in the reference
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frame of the cavity system. In this case, p photons with frequency ωl are
absorbed and (p − 1) photons with a shifted frequency ωl + δp is emitted
in the opposite direction. The atom is left excited, but a frequency shift
δp is applied on the back scattered photons due to recoil and the atomic
momentum will also be increased to m · v′, where m is the single atom
mass. Conservation of energy and momentum leads to the following
relations:

p~ωl +
(m · v)2

2m
= ~ω0 +

(m · v′)2

2m
+ (p − 1)~(ωl − δp) (E. conserv.), (6.14)

m · v + p~
ωl

c
= m · v′ − (p − 1)

~

c
(ωl − δp) (M. conserv.). (6.15)

Equation (6.14) and (6.15) can be solved for δp by substituting the
Doppleron resonance condition (shown in Eq. (3.27)) into Eq. (6.14) and
(6.15). Table 6.2.2 shows the calculated recoil shifts δp for the first two
higher orders of Doppleron resonances. These values differ clearly from
the conventional single photon recoil shift δ1. A series of experiments
were hence performed in order to verify these recoil shifts.

Incoming photons Shift, δp

p = 1 4.78 kHz
p = 2 14.34 kHz
p = 3 29.88 kHz

Table 6.1: Recoil shift δp for different scattering orders p.

The quest for recoil shifts
The setup shown in Fig. 6.14 was set up in order to investigate the possible
recoil shifts from multi photon recoils. The recoil shifts described in
Sec. 6.2.2 would apply sidebands on the intra cavity photons if sufficient
velocity dependent multiphoton recoils occurred in this system. It was
attempted to measure these sidebands by detecting the cavity transmitted
light and demodulate this signal with δ/2π. The demodulation signal
frequency δ/2πwas generated by mixing two frequency synthesizers with
frequencies Ω/2π and (Ω + δ)/2π as no low frequency synthesizers were
available. This mixer output signal contains frequency components with
frequencies δ/2π and (2Ω+δ)/2π, corresponding to the sum and difference
of the two mixer input frequencies, and the δ/2π component was selected
by implementing a low-pass filter. The power of the cavity transmitted
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Figure 6.14: Illustration of the setup for measuring recoil shifts. The cavity
transmitted light was detected and demodulate at δ/2π in an attempt to measure
the recoil shifts.

light would contain frequency components oscillating with the recoil
frequency δp/2πxiii. It was attempted to demodulate this oscillation due to
the recoil by mixing the cavity transmitted power with δ/2π . Figure 6.15
shows the measured demodulation signal as function of the demodulation
signal δ/2π.

The characteristics of this demodulation signal can be theoretically
simulated by considering a probe laser with two small recoil induced
sidebands (illustrated in Fig. 6.14). The demodulation signal can be
described theoretically by considering the power of the cavity transmitted
electromagnetic field components. The power of this transmitted fields
consists of static DC components and components oscillating at δp/2π and
2δp/2π. The demodulation signal was simulated by multiplying (mix)
these components with sin(δt). This theoretically predicted demodulation
signal is shown in Fig. 6.16. It was assume din this theoretical lineshape,
that the signal was averaged by a computer with integration time constant
T = 500µs. The sinc funktion-like shape of the lineshape in Fig. 6.16 arises
mainly due to the fact that a large DC component was multiplied by sin(δt)
and averaged with a finite integration time.

Figure 6.16 shows the frequency scan of two theoretically calculated
demodulation signals: with (red line) and without (blue line) recoil induced

xiiiCorresponding to the difference between the probe laser frequency and the recoil
sidebands.
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Figure 6.15: Measured signal from demodulation of the cavity transmitted light.
Red line is with atoms inside the cavity while the black line is without atoms. The
effect of the atoms are clearly seen, however no clear indication of recoil shifts are
seen.

sidebands for δp/2π = 14.34 kHz corresponding to the recoil shift for the
2nd order doppleron resonance (p = 2 in table 6.2.2). The theoretically
calculated lineshape with multi-photon recoils shows that these recoils
have a minor effect on the lineshape. The relative magnitude of the recoil
induced sidebands used in these calculations were evaluated based on
the ratio of the photon rates of the probe laser Iprobe and the rate of the
coherent scattering Icoh for the 1S0 →

3P1 transition for an given intra-cavity
saturation parameter [Cohen-Tannoudji et al., 1992, p.383]. This ratio was
evaluated to be Icoh/Iprobe ≈ 5 × 10−5 for a probe input power of around
300 nWxiv.

Comparison of Fig. 6.15 and Fig. 6.16 reveals an agreement of the overall
lineshapes of the measured data and the theoretical prediction. The signal-
to-noise ratio in Fig. 6.15 is however too poor to show the oscillations
predicted in Fig. 6.16. The signal-to-noise ratio in Fig. 6.15 are also far too
poor for enabling verification of the recoil induced modifications of the
linesapes predicted in Fig. 6.16. An improvement of this signal-to-noise
ratio is most likely needed for further investigations of the possible recoil
shifts.

xivcorresponding to a saturation parameter of s = 750
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Figure 6.16: Theoretically predicted lineshape of the signal acquired by demodu-
lating the cavity transmitted light. An integration time of 500µs was assumed
for the data acquisition. The blue line shows that the signal is expected to be
modified slightly if recoil shifts are present. The magnitude of this modification
is however most likely too small to be resolved with the signal-to-noise ratio in
Fig. 6.15

There are also indications that the above description does not provide
a sufficient description of the performed experiment. Fig. 6.15 shows
the demodulation signal with and without atoms coupled to the cavity.
Whereas it is reassuring that the atoms do affect the signal, the atoms affect
the signal in an unexpected manner. It was expected that the presence of
the atoms would reduce the demodulation signal in general as the atomic
absorption would reduce the total cavity transmitted optical power. The
demodulation signal is however larger when the atoms are present. The
underlying explanation has not yet been fully identified for this behavior.

While the recoil shifts were not verified experimentally, it is theoretically
indicated that the velocity dependent multi photon scatterings are only a
minor effect in this system. This is based on the very small contribution
of the recoil shift predicted in Fig. 6.16 and the theoretically evaluated
very small coherent scattering rate Icoh. It was also indicated previously in
Fig. 6.5 that the higher order multi photon scatterings do not significantly
affect the spectroscopic characteristics. The higher order multi photon
scatterings only slightly attenuate the saturation degree of the central
saturated absorption peak in Fig. 6.5. This is most likely caused as the multi
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photon scatterings scatter photons that would otherwise have contributed
to the saturation.

6.3 Spectroscopy with high finesse
A detailed understanding was obtained in Sec. 6.1 for the characteristics
and the dynamics of cavity enhanced spectroscopy with a low finesse cavity.
Whereas this low finesse system served as a proof of principle experiment, a
higher finesse is required in order to achieve laser stabilization performance
in line with the current state-of-the-art laser stabilization [Kessler et al.,
2012a, Häfner et al., 2015, Bishof et al., 2013]. It was predicted in Sec. 3.4.2
that a cavity finesse of the order of F = 1000 is needed for an ideal shot
noise limited feedback system to achieve a linewidth competitive with the
current state-of-the-art.

Figure 6.17: Picture of a MOT inside the cavity structure inside the main
vacuum chamber. The fluorescence from the trapped atoms is seen as the central
blue dot.

It was described i details in Sec. 5.2.3 that a monolithic cavity system
was developed and placed inside the main vacuum chamber of this
experiment. The cavity spacer design allowed passage of all the MOT
beams and a sample of laser cooled 88Sr atoms was trapped inside the
cavity structure and in between the cavity mirrors. Figure 6.17 shows
a picture of the trapped atoms inside the cavity structure. This section
presents preliminary results of cavity enhanced spectroscopy performed
with this vacuum cavity system.

The atom induced absorption and phase shift of the cavity transmitted
light were detected experimentally. This detection was performed in a
setup very similar to the setup used for the spectroscopy experiments
with the low finesse cavity described previously in Sec. 6.1 and illustrated
in Fig. 6.1a). The primary change of the system is that the original optical
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cavity fixed outside the main vacuum chamber is replaced by a new
intra-vacuum cavity.

The DC transmission power and a NICE-OHMS signal were detected
for different probe laser detunings and representative data are shown in
Fig. 6.18 as red dots. The DC transmission was normalized relative to
the transmitted power when no atoms were trapped inside the cavity.
The NICE-OHMS signal was demodulated by a demodulation frequency
Ω/2π = FSR. This corresponds to the conventional NICE-OHMS technique
described in Sec. 4.6 and represents the lineshape of the atom induced
dispersion. The solid blue lines show the theoretically predicted lineshapes
corresponding to the experimental parameters during the data acquisition:
The total number of atoms N = 4.5 × 108 (corresponding to around
Ncav = 2.25 × 107 intra-cavity atoms), cavity input power Pin = 70 nW
and temperature of the trapped atoms is T = 9.4 mK. This relatively
high temperature was due to an improper detuning of the cooling light
for the MOT. These experimental parameters are rough estimates and a
more thorough determination of these parameters is required for future
detailed studies of these lineshapes. The cavity length was controlled
during this experiment such that the combined cavity-atom system was
kept on resonance with the probe laser in the same manner as for the low
finesse cavity. The lineshape modifications imposed by this resonance
condition are included in the theoretical predictions in Fig. 6.18 in the
same manner as described in Sec. 4.6.1.

At first glance, the experimental data reproduces roughly the same
features as the theoretical predictions. This indicates that the theoretical
model described in Chap. 3 can be scaled to cavity systems with finesse in
the order of F = 1450. The degree of agreement between the experimental
and theoretical values are however not as significant as for the similar
results for the low finesse cavity (shown in Fig. 6.5). The deviation
between the experimental data and the theoretical values are particularly
pronounced for large probe laser detuning. Part of this is most likely due
to insufficient measurement statistics and less thorough determination of
the experimental parameters.

Most likely, the dispersion lineshape of this system presented here is
not optimized for laser stabilization purposes. For example the central
dispersion slope can be improved by increasing the number of intra cavity
atoms and by reducing the input probe power. A lower input probe
power can narrow the entire spectroscopic lineshapes, which were most
likely power broadened due to the increased intra cavity power build
up in this vacuum cavity. Hence, detailed studies of the experimental
parameters and the system dynamics similar to the studies presented in
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Figure 6.18: Frequency scan of the atom induced phase dispersion and the cavity transmitted optical power.

The dots are measured data, while the solid and dashed lines are predictions based on the theoretical model presented in

Chap. 3. All data are averaged values of 6 separate measurement cycles. The total number of atoms is N = 4.5 · 108, the

cavity input power is Pin = 70 nW and the temperature of the trapped atoms is T = 9.4 mK. a): Frequency scan of the

cavity transmitted phase shift. Theoretical values from Eq. (6.9) are scaled to data. b): Frequency scans of the cavity

transmission. The horizontal axis is normalized to the transmission power without intra-cavity atoms.

Sec. 6.1.3–6.1.4, are needed for future works in order to evaluate the laser
stabilization prospects of this system.

Two interesting and surprising new features are observed in Fig. 6.18.
The first feature is the kinks of the NICE-OHMS lineshapes seen around
detuning values of ±0.5 MHz in Fig. 6.18b). These kinks are observed both
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in the theoretical and experimental values (marked as Kink 1 in Fig. 6.18b)).
An additional kink is also observed in the theoretical lineshape (marked
as Kink 2 in Fig. 6.18b)), while this was not observed in the experimental
values. All kinks occurred around the same value of the NICE-OHMS
signal (marked with dashed lines). It is hence suspected, that these kinks
happen when the atom induced phase shift βD (presented in Eq. (4.24))
reaches a value where the NICE-OHMS signal is maximized after which
the signal is reduced for further increase of the phase shiftxv.

The second surprising feature is, that both the experimental and
theoretical transmission lineshapes in Fig. 6.18a) show the characteristic
detailed shape caused by the atom induced phase shift on the intra cavity
light (shown in Fig. 3.3). This is surprising as the similar DC transmission
for the low finesse cavity shown in Fig. 6.2 yielded a more simple Gaussian
lineshape without these detailed structures. The interpretationxvi for this
simple lineshape was that the cavity servo system canceled out the atom
induced phase shift and effectively transfered the atom induced phase shift
to the sideband components of the probe laser. The transmission lineshape
is, however, clearly reduced in both the experimental and theoretical
results for large detunings in Fig. 6.18a) and the detailed structures
(dips described in Sec. 6.1.2) near resonance are also seen clearly. These
unexpected details in the transmission lineshape might be an indication
of the limitations of the semi-classical description of this system where
the atom induced absorption and dispersion are extracted from the values
calculated by the theoretical model described in Chap. 3 (see also for
details Eq. (4.26)–(4.27)). Further studies of the connection between the
theoretically modeled system and the influence of the cavity servo system
are most likely needed in order to establish a detailed description of
the above mentioned two new features. The asymmetry seen in the
transmission lineshape (shown in Fig. 6.18a)) can possibly be due to
technical conditions such as an unidentified drift of the relative phase of
the cavity transmitted light and the demodulation phase or due to more
intrinsic properties of the physical system such as a detuning dependent
dipole forces caused by the intra-cavity field. Further studies are needed
in order to identify the cause of this asymmetry.

xvSimilar to when the slope of sin(ϕ) changes around ϕ = π/2.
xviThis interpretation was presented in details in Sec. 6.1.2) and illustrated in Fig. 6.3
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6.4 Outlook

This chapter presented results from cavity enhanced non-linear spec-
troscopy of laser cooled 88Sr placed inside optical cavity systems. The first
and most comprehensively studied system was a low finesse cavity with
mirrors fixed outside the main vacuum chamber of the experiment. It was
discovered in Fig. 6.2 that the transmission lineshape was significantly
modified by the cavity servo system which adjusted the cavity length such
that the atomic induced phase shifts were counter-acted and standing
waves were present inside the cavity at all times. The modifications
imposed by this standing-wave requirement on the NICE-OHMS signal
were studied in details in Sec. 6.1.2. These modifications were included
in the theoretical predictions such that the theoretically predicted values
were in great accordance with the experimentally acquired experimen-
tally measured NICE-OHMS signal values. The detailed spectroscopic
features of the transmission lineshape predicted previously in Sec. 3.2
were also observed by developing an overtone demodulation technique
also presented in Sec. 6.1.2.

The system dynamics were studied in details and the optimal input
power of the probe laser was identified. Based on the system parameters,
the ideal shot-noise limited linewidth achievable with this system was
evaluated to be as low as 500 mHz which already makes this system
interesting for laser stabilization. However, it was predicted previously
in Sec. 3.4.2, that shot-noise-limited linewidths in the sub 10 mHz level
could be achieved for a similar system with cavity finesse in the order of
F = 1000. A vacuum cavity system with a finesse of F = 1450 was hence
realized (described in Sec. 5.2.3).

Preliminary spectroscopic experiments performed with this vacuum
cavity system confirmed roughly the theoretically predicted dispersion
and absorption lineshape characteristics for an atom-cavity system with
cavity finesse of this order of magnitude (F = 1450). Detailed studies of the
system parameters are however needed to evaluate the laser stabilization
performance of this system. It should however be mentioned that both the
low finesse cavity system and the vacuum cavity system were designed
for cyclic operation where the atoms are only interrogated by the probe
laser in a minor fraction of the cycle time. Continuous laser stabilization
is hence not feasible with the current system. The results presented in
this chapter have however established motivation for realizing different
cavity-atom systems for continuous laser stabilization. Experimental
setups for continuous laser stabilization on a beam of strontium atoms or
molecular cells have been initiated during this work and these systems
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are presented briefly in the final Chap. 8.
In addition, the vacuum cavity system brings the system into a pa-

rameter regime with high collective cooperativity C� 1, where collective
emission phenomena can be expected and the system will act as a so-called
active light source. Collective spontaneous emission was presented in
Sec. 2.2 as a promising strategy to achieve highly stable light sources. Ob-
servations of collective emission phenomenas in simple systems with laser
cooled narrow line atoms would prove very valuable for the development
of compact active light source systems. Hence, the following chapter
investigates the prospects for achieving collective spontaneous emission
with the vacuum cavity system.
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The main purpose of the experimental systems developed in this work is
to exploit narrow line atomic transitions for achieving ultra stable lasers.
These experimental systems are described in Chap. 5. It was presented in
Chap. 2 that ultra stable lasers could be achieved by using an atom-cavity
system in two different mays: By performing laser stabilization on passive
atomic systems and by using active light sources.

So far, this work has studied the prospects for performing laser stabi-
lization using a passive atomic systems as frequency reference. This was
studied in details in Chap. 6 and a system of laser cooled 88Sr atoms cou-
pled to an optical cavity was found to be promising for laser stabilization.
This following chapter investigates the possibilities for using the same
experimental system for achieving an active light source.

Active light sources are an alternative approach to achieve ultra stable
light sources by exploiting collective emission phenomenas in atom-cavity
systems. One collective emission phenomena of particular interest is
superradiance. Theoretical studies predict, that spectral linewidths in
the sub mHz-level can be achieved for super radiant light emitted from
systems based on strontium atoms trapped in optical lattices and coupled
to an optical cavity in the so-called bad-cavity regime [Chen, 2009, Meiser
et al., 2009]. Pioneering experiments have shown linewidth narrowing
effects in similar cavity-atom systems with alkali elements other than
strontium [Bohnet et al., 2012, Zhi-Chao et al., 2015]. Most recently,
atom-cavity systems with strontium atoms trapped in optical lattices have
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also been realized [Norcia and Thompson, 2016a, Norcia and Thompson,
2016c, Norcia et al., 2016] and the studies of collection emission from such
systems are ongoing.

An ensemble of excited atoms can emit light collectively in a variety of
ways and different collective emission phenomenas have been observed in
a number of very different atomic systems [Kwong et al., 2015a, Baudouin
et al., 2013, Noe II et al., 2012], showing the diversity of collective emission
phenomenas. Hence, the variety of collective emission phenomenas are
described in the following Sec. 7.1.

The experimental system realized in this work does not include complex
experimental systems such as optical lattices, which makes this system
much more simple than the systems investigated in other works [Norcia
and Thompson, 2016a, Norcia and Thompson, 2016c, Norcia et al., 2016].
It would prove promising for future compact out-of-lab laser systems
if linewidth narrowing effects could be studied in such simple systems.
Hence, preliminary experimental studies has been conducted in order to
investigate the possibility of observing collective emission for the vacuum
cavity system developed in this work (described in Sec. 5.2.3). A variant
of collective emission is observed in this system and the results of these
studies are presented in Sec. 7.2, where the origin and dynamics of this
collective emission phenomena is discussed.

7.1 Super radiance, Super Fluorescence and Am-
plified Spontaneous Emission

A collection of coherently prepared two-level atoms can decay collectively
in a flash with enhanced decay rate. This is know as Dicke Superradiance
(SR) [Dicke, 1954], which is illustrated in Fig. 7.1a). The atomic transition
linewidth will dominate the spectral linewidth of this super radiant light
as previously described in Chap. 2. Hence, SR based on ultra narrow
atomic transitions is an interesting candidate for surpassing the precision
of the current state-of-the-art clock lasers [Kessler et al., 2012a, Bishof
et al., 2013, Häfner et al., 2015], which are currently limited by thermal
noise of the passive reference cavities. An other enhanced decay process
can also occur from uncorrelated incoherently excited atoms. This is
called Super Fluorescence (SF), which is illustrated in Fig. 7.1b). SF is
initiated quantum mechanically by spontaneous emission after which
the system gets correlated giving rise to a coherent light pulse with a
characteristic delay time τD[Bonifacio and Lugiato, 1975]. Both SR and SF
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Figure 7.1: Illustration of superradiance (SR), superfluorescence (SF) and
amplified spontaneous emission (ASE) in a two-level system.

exhibit interference effects such as ringing (shown in Fig. 7.1a)–b)), which
are characteristic for emission from coherent states. Finally, collective
emission from a incoherent system can also occur without developing
coherence in the system and without a delay. This is called Amplified
Spontaneous Emission (ASE), which is illustrated in Fig. 7.1c). All possible
spontaneous emission modes are amplified by stimulated emission in ASE
and the atomic excitation is in general incoherent, yet the emission mode
with maximum gain can outmatch the other modes and result in some
degree of coherent output [Dai, 2011].

While SR can be identified by its requirements for an external source
to establish the coherence, the difference between SF and ASE can be
challenging to distinguish and the transition between these two regimes
has been studied in previous works [Malcuit et al., 1987, Kumarakrishnan
and Han, 1998]. The intensity of the collectively emitted light for SR and
SF scales in general with the number of excited atoms N as ∝ N2, while
the intensity of ASE scales as ∝ N. However, SF is a robust phenomena
and it has been reported, that the super fluorescent light can be emitted
collectively even under unfavorable conditions with high decoherence,
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resulting in SF intensity scaling as ∝ N [Kumarakrishnan and Han, 1998].
In addition to the atom number dependencies, SF and ASE are sep-

arated by the coherent ringing of the emission and the characteristic
emission delay time τD. The parameter regimes of SF and ASE are, in fact,
determined by a number of characteristic time scales, which are presented
in the following section.

7.1.1 Characteristic time scales

A number of characteristic time scales determine the collective emission
behaviors [Kumarakrishnan and Han, 1998]. The radiative coupling time,
τR, is the time in which spontaneously emitted photons are coupled into
the cavity mode.

τR =
1

C0NcavΓ
, (7.1)

where C0 is the single atom-cavity cooperativity described in Sec. 2.2, Ncav

is the number of intra-cavity atoms and Γ12 is the spontaneous emission
rate for the radiating transition. This coupling time τR is the time scale
in which coherence builds up in the system. This coherence is, however,
destroyed by decoherence mechanisms such as the Doppler broadening
with the characteristic time scale T2. Thus, the threshold for SF generally
occurs when τR = T2 which yields a threshold number of intra-cavity
atoms NT (derived from Eq. (7.1)):

NT =
1

C0T2Γ
. (7.2)

This threshold atom number NT can be calculated for the parameters
of the vacuum cavity system realized in this work (described in Sec. 5.2.3).
The parameters for this system are C0 = 6.3 × 10−4 and Γ/2π = 7.5 kHz for
the 1S0 →

3P1 transition. According to Eq. (7.2), the threshold intra-cavity
atom number for this system is NT = 6.3 × 105 for a decoherence time
T2 = 1

ΓDop
caused by a Doppler broadening of ΓDop/2π = 1.5 MHz. This

Doppler broadening corresponds to an atomic sample temperature of
around T = 9.8 mK, which was evaluated based on the spectroscopic
lineshape shown in Fig. 6.18.

Furthermore, atomic systems interacting with light are characterized
by the propagation time τE = l/c for the light propagating though the
atomic system with a length l. All emitted photons can stimulate all atoms
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in the sample volume when τE < τR, and pure SF can occur. Geometric
effects become important when τE > τR as emitted photons can only
stimulate closely adjacent atoms and this modifies the dynamics of the SF.
One example of this modification is, that the atom number dependency of
SF intensity might become∝ N instead of∝ N2 [Kumarakrishnan and Han,
1998]. The ∝ N and ∝ N2 dependencies were one of the characteristics
which distinguished SF and ASE. This complicates the separation of SF and
ASE. It should also be added that the systems described in the previous
works [Kumarakrishnan and Han, 1998, Bonifacio and Lugiato, 1975]
mentioned here are atomic systems without cavities. However, the main
system studied in this work had an optical cavity, where the intra-cavity
photons have a round-trip time. Thorough considerations of τE for an
atom-cavity system are most likely needed for future works.

Finally, the most significant quantity for SF is the delay time τD for
which the intensity maximum occurs for the collective emission flash. This
delay depends as τD ∝

1
N for pure SF [Kumarakrishnan and Han, 1998].

This dynamics of the delay is once again expected for free space systems
without an optical cavity and further development of the theoretical
description is most likely needed.

The emitted light from uncorrelated incoherently excited atoms is SF if
most of the excitation energy is radiated coherently. It has been shown,
that coherent emission dominates wheni [Schuurmans, 1980]:

T2 >
√
τRτD. (7.3)

On the other hand, incoherent emission through ASE dominates when:

T2 <
√
τRτD. (7.4)

The characteristic times in the experiment studied later in this chapter
(and described in Sec. 5.2.3) are τR = 1

C0NcavΓ12
≈ 3.3 ns, τD ≈ 500 nsii, which

yields
√
τRτD ≈ 40 ns and T2 = 1

ΓDop
≈ 160 ns. These characteristic time

scales just brings the system into the SF regime T2 >
√
τRτD while leaning

close against the transition regime T2 ≈
√
τRτD.

iEq. (7.3) is presented as T2 >
√
τRTD in [Schuurmans, 1980], where TD is the delay

time τD in the abscence of decoherence. Here, the experimentally more accessible τD is
written in Eq. (7.3)-(7.4), as τD > TD and T2 >

√
τRτD >

√
τRTD.

iiThis delay time τD is determined experimentally later in Sec. 7.2.



170 CHAPTER 7. COLLECTIVE SPONTANEOUS EMISSION

7.2 Experimental investigations

Piezo

EOM

Slow

APD
Cavity Feedback PZT

Pound-Drever-Hall Lock
Vacuum chamber

(a) Overview of pulse experiments for studies of collective emission.

(b) Overview of AOM configuration for pulse experiments.

Figure 7.2: a): Experimental overview for pulse experiments. A fraction of a sample of laser cooled 88Sr
atoms were placed inside an optical cavity and prepared in an excited state by sending a pulse resonant with
the 1S0 →

3P1 transition into the atomic sample. A likewise resonant probe laser was coupled to the cavity
and the cavity was kept on resonance with this probe laser by using the PDH locking scheme (described in
Sec. 4.5.2). An increase in cavity transmission in the form of a flash was observed by direct measurement
of the transmitted intensity (Slow APD) and by using the NICE-OHMS technique (Fast APD) (described in
Sec. 4.6). Two sets of sidebands were applied on the probe laser by periodic phase modulation at 15 MHz for
the PDH scheme and at 781.14 MHz for the NICE-OHMS technique. b): Overview of the AOM configuration
used for preparing light resonant with the 1S0 →

3P1 transition for the probe laser and for the pulse.

The possibility to observe collective emission processes was investi-
gated for thermal 88Sr atoms coupled to an optical cavity.

About 5×108 88Sr atoms were trapped in a single stage MOT (described
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in Section 4.4 and 5.2.1) and coupled to the vacuum cavity described in
Sec. 5.2.3. Figure 7.2(a) illustrates the overall experimental setup. The total
number of intra-cavity atoms was evaluated to be about 1 × 107, which
was lower than the number of intra-cavity atoms in the low finesse cavity
experiments presented previously in Sec. 6.1. This difference in the number
of intra-cavity atoms was due to improper alignment of the MOT relative
to the vacuum cavity mode. The finesse of the cavity was F = 1450. A
pulse of light with frequency ω0 resonant with the 1S0 →

3P1 transition was
sent in parallel with one of the MOT beams. The angle between the pulse
direction and the cavity axis was around 45◦. The polarizations of the pulse
and the intracavity probe were linear and parallel with the magnetic field
within the volume og the trapped atomic sampleiii. This system was in the
bad-cavity regime as the 1S0 →

3P1 transition linewidth (Γ/2π = 7.5 kHz)
was much narrower than the cavity linewidth (κ/2π = 520 kHz). It can
hence be studied whether the spectral linewidth of a potential collective
emission from this system can potentially be dominated by the narrow
atomic transition linwidth in accordance with the description of the bad
cavity regime presented in Chap. 2.

Figure 7.2(b) shows the AOM configuration for preparing the probe
laser and resonant pulse. This AOM configuration was modified compared
to the setup already shown in Fig. 5.2. Two new AOMs were added: Firstly,
AOMP was added to prepare light for the pulse mentioned above. The
slave laser frequency ωl and was shifted and up to 3.8 mW light was
prepared with frequency ωl − 2π × 35.6 MHz = ω0. Here, ω0 is the
resonance frequency of the 1S0 →

3P1 transition. Secondly, AOM3 (shown
in Fig. 7.2(b)) was added to prepare light with frequency ωl − 2π × (2 ×
345.6 + 126.6) MHz = ω0 − 2π × FSR, which was one free spectral range
(FSR = 781.14 MHz) off-resonant with the atomic resonance. This off-
resonant light was used to stabilize the cavity without probing the atomic
transition continuously. The main focus in this chapter will be results
obtained with a probe laser resonant with the atomic transition, while the
setup with the one FSR off-resonant probe laser is described in the end of
this chapter.

An ensemble of excited atoms had to be prepared in order to study
collective emission. This is done by applying a so-called π-pulse to the
atoms. The population of the excited level Pe of a stationary two-level
atom exposed to monochromatic radiation evolves in the most simple
case as:

iiiThe atomes were trapped slightly above the center of the MOT yielding a non-zero
magnetic field. This is also described in Sec. 5.2.2.
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Pe = sin2
(
ΩRabit

2

)
, (7.5)

when probed by resonant radiation [Foot, 2005, p. 128]. Here, ΩRabi is
the Rabi-frequency and the monochromatic radiation is resonant with the
atomic transition.

The generalized Rabi frequency
√

Ω2
Rabi + ∆2 will be modified if the

atoms have finite velocities v causing the pulse to be detuned by a Doppler
shift ∆ = kv. In this case, the excitation level can be described as the
following if the atomic velocities follow a Maxwell-Boltzmann distribution
f (v):

Pe,Doppler =

∫
∞

−∞

(
Ω2

Rabi

Ω2
Rabi + (kv)2

)
sin2


√

Ω2
Rabi + (kv)2t

2

 f (v)dv. (7.6)

This modification from the atomic velocities will affect the effective
excitation level Pe,Doppler and reduce the maximum achievable excitation
level.

It can be seen from Eq. (7.5), that the population of stationary atoms
can in principle be completely transfered from one state to an other with a
so-called π-pulse of radiation with duration tπ = π/ΩRabi. The duration

tπ depends on the Rabi frequency ΩRabi = Γ
√

I
2I0

. Here Γ is the transition
linewidth, I0 is the saturation intensity of the transition, and I is the probing
intensity. The relation of pulse duration tπ and probing power P for a
π-pulse is hence:

P =
2I0π2A
Γ2 · t2

π

. (7.7)

Here, A is the pulse beam cross-section which was shaped as an oval
to optimize the overlap between the pulse beam and the cavity mode.
This area was thus optimized to A = 1.25 mm2. The relevant transitions
parameters are Γ = 7.5 kHz and I0 = 3µW/cm2. The maximum optical
power realized for the pulse was 3.8 mW which yielded an ideal π-pulse
durations of tπ = 1.8µs. The π-pulse duration tπ is however influenced
by decoherence from homogeneous and inhomogeneous couplings such
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Figure 7.3: a): Illustration of the MOT fluorescence before and after a fraction of
the laser cooled 88Sr atoms were excited by a resonant pulse. The blue line is the
experimental data, while the red line is a theoretical fit. The fluorescence reduction
was only around 15 %. However, a larger fraction of the atoms exposed to the
pulse were expected to be excited as a large background fluorescence (marked with
horizontal dashed line) was caused by the part of the cooled atoms, which were
not exposed to the pulse. Inset: Zoom of the reduced fluorescence. The vertical
axis is calibrated to show the ground state population. This calibration is based
on the geometry of the pulse beam volume and the MOT volume. b): Maximum
fluorescence reduction as function of the duration of the resonant pulse.

as the Doppler broadening as indicated in Eq. (7.6) and the optimal tπ is
investigated later in this section.

Figure 7.3 shows the fluorescence from the MOT measured with a
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Figure 7.4: Illustration of the experimental sequences presented in Chap. 7. a):
Sequence for testing the amount of excited atoms investigated in Fig. 7.3. b):
Sequence used for investigations of collective emission flash in this work. This
sequence was used for acquiring the majority of the results shown in Sec. 7.2.1.
c): Sequence used for investigation of collective emission without continuous
seeding by the intra-cavity probe laser.

photo multiplier during the following experimental sequence: Firstly,
the 461 nm cooling light (described in Sec. 5.1.2) was tuned off and the
fluorescence dropped to near zero. Then, the resonant pulse with variable
duration was sent in such that this pulse was turned off 2µs before the
cooling light was turned on again 40µs after the cooling light was tuned
off. This sequence is illustrated in details in Fig. 7.4a). The the repumping
lasers were tuned on during the whole sequence but the resonant cavity
probe was not present (The probe and repumping lasers are described
in Chap. 5). It is shown in Fig. 7.3, that the fluorescence signal was
lower after the pulse, as a fraction of the atoms were excited by the pulse
and the ground state population was reduced. The photo multiplier
detected fluorescence from the entire MOT, while only a fraction of the
MOT was exposed by the pulse. This introduces a large and constant
background signal in Fig. 7.3a) and the total reduction of fluorescence
after the pulse is only around ∼ 10 %. This reduction in fluorescence
is evaluated to correspond to an total excitation level of Pc ∼ 43 %iv for
the intra-cavity atoms. This was evaluated by taking into account the
ratio between the MOT volume, the volume of the pulse mode and the
overlapping cavity volume. The relation of these volumes is illustrated in

ivAround 60 % of the atoms interacting with the pulse was excited and around
72 % of the cavity mode was exposed to the pulse yielding a total excitation level of
0.60 · 0.72 = 43 %
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Fig.7.5. Furthermore, the interpretation of this fluorescence reduction as
excitation of the 1S0 →

3P1 transition is supported by the rate at which the
fluorescence level returns exponentially to its initial level. The solid red
line in Fig. 7.3 is a theoretical fit yielding a time constant corresponding to
a decay rate of 7.73 ± 0.04 kHz which agrees well with the natural decay
rate of the 1S0 →

3P1 transition (Γ/2π = 7.5 kHz).

Figure 7.5: Illustration of the spa-
tial overlap of the pulse mode, cavity
mode and the MOT volume. The di-
mensions are exaggerated for clarity.

Equation (7.5) indicates that one
might expect oscillation of the excita-
tion probability Pe as function of pulse
duration time. Figure 7.3b) shows the
pulse duration time dependency of the
measured MOT fluorescence reduction,
which scales with the excitation proba-
bility Pe. An oscillation of the MOT flu-
orescence reduction was not observed.
Instead, the fluorescence reduction was
rapidly increasing for short pulse du-
rations (< 0.5µs) and steadily increas-
ing for longer pulse durations. This
behavior is most likely due to the mod-
ification from averaging the effects of the atomic velocities described in
Eq. (7.6).

Some level of population inversion is now expected to be established
and observations of enhanced cavity transmission due to collective emis-
sion was attempted with this setup.

7.2.1 Dynamics of the collectively enhanced transmission

A fraction of a sample of laser cooled 88Sr atoms were excited as described
in the section above. These excited atoms were coupled to the vacuum
cavity realized in this work (described in Sec. 5.2.3) and studies of collective
emission phenomenas transmitted through this cavity are presented in
this section.

The cooled atoms were released from the MOT by turning the MOT
beams off and a resonant pulse with adjustable duration was sent in
20µs later alongside one of the MOT beams in order to study possible
collective emissions transmitted out of the vacuum cavity. This sequence
is illustrated in Fig.7.4b). The cavity length was locked on resonance with
a continuous 689 nm probe laser using the PDH locking scheme (described
in Sec. 4.5.2). This probe laser was resonant with the narrow 1S0 →

3P1

transition and a standing wave field resonant with the atomic transition
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was hence present inside the optical cavity during the experiments. This
resonant intra cavity field is henceforth referred to as a continuous seed.
The overall experimental setup is described in Fig. 7.4. The transmission
of the vacuum cavity was monitored during this sequence and an example
of the transmission dynamics is shown in Fig. 7.6.
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Figure 7.6: Transmission signal of the vacuum cavity during the pulse sequence
illustrated in Fig. 7.4b). A series of processes were identified: Firstly, the cooling
lasers were turned off and a new steady state was reached for the transmission
signal within 20µs. Secondly, a resonant pulse was sent into the atomic sample
and a flash is observed. The inset shows a zoom of this flash for a pulse duration
of 2µs. The units on the inset axes are the same as in the main figure. This flash
exhibits a coherent ringing in the form of a decrease of the transmission below
the steady state level or subsequent peaks after the first flash as shown in the
inset. Thirdly, a quasi-continuous increase of the cavity transmission is observed
for longer pulse lengths. Finally, the cooling lasers are turned on again and the
cavity transmission is returned to the original steady state level. This final steady
state is reached much more rapid than when the cooling lasers were tuned off.

Different physical processes can be identified when considering the
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transmission shown in Fig. 7.6: First, the cooling lasers were turned off.
The AC Stark shift caused by the cooling lasers was now canceled and
the absorption spectrum of the resonant probe light inside the cavity
was changed. This caused the transmission level to reach a new steady
state during the first 10µs. This time scale corresponds to the order of
magnitude of the Rabi frequency, which is expected to be in the order of
∼ 100 kHz when the narrow 1S0 →

3P1 transition is interrogated by the
resonant intra-cavity seed. Secondly, the pulse with a duration of tpulse

(tpulse = 60µs in Fig. 7.6 and tpulse = 2µs in inset) is turned on when the
new steady state was established after the cooling lasers were turned off.
A sudden increase in the cavity transmission (henceforth called the flash)
occurs with a ∼ 500 ns delay after the onset of the pulse. The duration of
this flash is in the order of ∼ 1µs, which is far faster than the decay time of
the 1S0 →

3P1 transition. This fast flash duration indicates that some sort of
collective decay process was observed. A continuous increase of the cavity
transmission was also seen after the flash, when the pulse duration was
long (> 5µs). Thirdly, the pulse is switched off and the cavity transmission
returns to the steady state with no cooling. Finally, the cooling lasers were
turned on and the cavity transmission returned to the original steady state
far more rapidly than when the cooling lasers were tuned off. This is
suspected to be due to a higher Rabi-frequency when the strong cooling
transition is interrogated. The mean velocity of the laser cooled atoms is
around 〈v〉 = 0.6 m/s and the majority of the atoms will stay within the
cavity mode during this sequence. Figure 7.7 shows that the flash reached
an intensity maximum corresponding to up to a 15 mV signal on the photo
detector, which was used for measuring the cavity transmission (see CH1
in Fig. 7.2(a)). The optical power at this intensity maximum corresponds
to around ∼ 23 nW which also corresponds to a total intra-cavity photon
number of ∼ 2.0 × 107. This indicate that every atom inside the cavity
roughly contribute with 1–2 photons per flash, as the intra cavity number
of atoms here is evaluated to be around Ncav = 1 × 107.

Figure 7.7b) shows simulated values for the intra cavity photon number
for a system with similar parameters as the experimental system realized in
this work. These theoretical values were achieved by solving the so-called
optical Bloch equations (OBE) which are equations of motions describing
the time evolution of the population and the coherence of a two-level
atom-cavity systemv. This theoretical procedure followed the procedure
presented in [Bohnet et al., 2014] and the values shown in Fig. 7.7b) are

vThese ODE are very similar to Eq. (3.6)-(3.8)).
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Figure 7.7: a): Example of the observed cavity transmitted flash shape. b):
Theoretically predicted flash shape for a system with system parameters similar to
the experimental parameters for the flash shown in a). This theoretical model did,
however, not take a continuous intra cavity seed laser into account and a direct
comparison is not feasible.

provided with the courtesy of Matthew Norciavi from JILA at University of
Colorado, Boulder. The Doppler broadening due to the finite temperature
of the atoms are taken into account by modifying the atom-cavity coupling
rate g(t) = g0cos(vkt) (also seen in Eq. (3.6)-(3.8)) according to an atomic
velocity v from the Maxwell-Boltmann distribution corresponding to the
sample temperature. Here, g0 is the maximum atom-cavity coupling rate
and k is the wave number for the radiation resonant with the atomic
transition.

vie-mail: matthew.norcia@colorado.edu



7.2. EXPERIMENTAL INVESTIGATIONS 179

The theoretical results shown in Fig. 7.7b) are preliminary and the
continuous resonant seed needs to be implemented in the theoretical
model before direct comparison with the experimental results shown in
Fig. 7.7a). However, the overall shape and timescales of the theoretically
predicted flash seems to resemble the experimentally observed flash and
further development of this theoretical model might result in a convincing
description of the flash shown in Fig. 7.7a).
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Figure 7.8: a): Atom number dependency of the flash shape. The flash shapes are
shown for different MOT fluorescence representing different atom numbers. b):
Atom number dependency of the flash peak height. The red dots are experimental
data, while the dashed line is a linear fit. The background fluorescence signal is
subtracted such that zero MOT fluorescence coresponds to zero atoms.

The parameter dynamics were investigated for the observed cavity
transmission flash. The lineshape of the flash is shown in Fig. 7.8a) for
different numbers of intra cavity atoms, Ncav. In addition, the transmission
signal values for the intensity maxima are presented for different N in
Fig. 7.8b). The total number of intra cavity atoms Ncav were varied by
varying the loading time of the MOT and the total number of atoms int he
MOT is evaluated to scale linearly with the MOT fluorescence. Whereas
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a ∝ N2
cav dependence of the intensity maximum was expected from a

pure SF flash according to theory [Kumarakrishnan and Han, 1998], a
clear ∝ Ncav is seen in Fig. 7.8b). The intensity maximum of SF flash can
however, show ∝ N dependency [Kumarakrishnan and Han, 1998] in
some specific parameter regimes as mentioned previously in Sec. 7.1. This
makes it difficult to determine whether the observed phenomena is SF or
something else.

Two other interesting characteristics which deviates from the behavior
expected for SF are observed: Firstly, a τD ∝ N−1 dependency is expected
for the pulse delay [Kumarakrishnan and Han, 1998]. However, this
pulse delay tD seems independent of N in Fig. 7.8. The second interesting
characteristic in Fig. 7.8b) is the threshold observed for a MOT fluorecence
corresponding to Ncav = 8.5 × 106 atoms (of which only around 36 % are
excited as discussed in the previous section). This observed threshold intra-
cavity atom numver is far above the threshold NT = 6.3 × 105 calculated
from Eq. (7.2). These characteristics suggest once again that an improved
theoretical model is needed in order to describe this observed flash.

Whereas the above mentioned observations from Fig 7.8 suggest that
the observed flash is something else than SF, the observation of a non-zero
flash delay tD is also not consistent with ASE even though the expected
∝ N−1 dependency of tD was not observed. It was on the other hand
observed, that this flash delay tD depends on the power of the pulse
power Ppulse. Figure 7.9a) shows that the flash delay tD have a ∝ P−1

pulse-like
dependency. The pulse power dependency of the flash delay tD was
measured and is presented in Fig. 7.9b) and tD is defined as the time
between the onset of the excitation pulse to the intensity maximum of the
flash. This behavior is not predicted by theory [Bonifacio and Lugiato,
1975, Bohnet et al., 2014], however this theory takes neither the optical
cavity or the continuous driving from the resonant intra-cavity seed into
account. Ideally, the π-pulse duration should also be infinitesimally small,
τp < τR, for pure SF [Kumarakrishnan and Han, 1998], while the pulse
durations in the order of few µs are far longer than the τR ≈ 20 ns in
the presented experiments. The physical situation in the experiments
presented in this section are altogether very different from the situations
studied in the previous theoretical works and a direct comparison with
the these theoretical models might not be allowed. Hence, a further
development of the theoretical model seems once again to be needed to
describe this flash in more details.

However, the most interesting characteristics for realizing active fre-
quency standards are in fact the coherence and the frequency stability of
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Figure 7.9: a): Pulse power dependency of the flash shape. b): The pulse power
dependency of the delay of the flash peak maximum after the pulse initiation. The
pulse duration was set to 2µs in all cases.

this flash. It would be of particular interest for continuous clock operations
to study the continuous enhanced transmission after the flash observed in
Fig. 7.7 (marked with an arrow). Figures 7.6–7.9 have all shown ringing
after the flash in the form of a subsequent smaller flash or a decrease of
the transmission around the steady state transmission level. This ringing
is possibly an indication of some degree of coherence in the system and
indicates a SF-like behavior. Figure 7.10 shows the flash lineshapes for
different pulse detunings and this ringing is seen very clearly in all cases.
It is also very apparent, that the shape of this ringing is very sensitive to
the pulse detuning.

The NICE-OHMS technique should also be able to measure this flash
and determine if the light has some level of coherence, as the NICE-
OHMS signal (described in Eq. (4.13)) will only yield non-zero values,
if the measured light has a well defined atom induced phase. The
flash was hence measured simultaneously by a slow and a fast APD
(Shown in Fig. 7.2(a)), where the signal from the fast a photo detector
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was demodulated in the same manner as in the NICE-OHMS technique.
Figure 7.11 shows the results of these two simultaneous measurements.
We see that the flash is measured convincingly for both detection tecniques
in Fig. 7.11, which indicates some level of coherence during the flash.
However, the NICE-OHMS signal is not mirroring the features of the
direct transmission as convincingly during the continuous enhancement
of the cavity transmission after the flash. This indicates that two different
physical processes might be occurring during the flash and during the
continuous cavity transmission enhancement. It should be mentioned,
that the frequency of the continuous seed beam was shifted one free
spectral range FSR = 781.14 MHz (by using the flip mirror in Fig. 7.2(b))
during the measurements shown in Fig. 7.11vii. This was done in order to
investigate the possibility to observe the flash without having a continuous
resonant seed inside the cavity. These investigations are presented in the
following.

The presence of the intra-cavity continuous resonant seed used for
stabilizing the optical cavity raises a number of concerns for the prospect
of using collectively emitted light as an active frequency standard: Firstly,
the observed flash might be light emitted primarily due to stimulation
by the seed. The spectral properties of the flash will then be dominated
by the seed and possible linewidth narrowing effects from the collective
spontaneous emission might be corrupted. Secondly, it is important to
be able to separate the collectively emitted light and the seed light used
for stabilizing the optical cavity in order to exploit a potential coherence
of the collectively emitted light. One approach among many to separate
the involved light components is by using a seed off-resonant with the
atomic transition for stabilizing the cavity and then apply narrow band
interference filters or applying heterodyne demodulation measurement
techniques such as the NICE OHMS technique (described in Sec. 4.6).

The frequency of the continuous probe laser was shifted one free
spectral range (FSR = 781.14 MHz) from the atomic resonance as described
previously in this section. By doing this, the probe laser could be used for
stabilizing the vacuum cavity and at the same time be far detuned from the
1S0 →

3P1 transition. The atomic transition could still be probed resonantly
by adding sidebands on the probe laser by applying phase modulation
on the probe light with modulation frequency ωm/2π = FSR. The intra
cavity sideband-seed power can be varied by varying the amplitude of
this phase modulation, and it is shown in Fig. 7.12 that the flash intensity
depends significantly on the seed power. The flash seemed to disappear,

viiThis setup is very similar to the setup described in Sec. 6.2.1
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Figure 7.10: a): Pulse detuning de-
pendency of the flash shape. b): The
delay of flash peak maximum as func-
tion of pulse detuning. The pulse du-
ration was set to 2µs in all cases. The
detuning is presented in terms of the
modulation frequency of AOMp shown
in Fig. 7.2(a).
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Figure 7.11: The cavity transmitted
flash measured by measuring the di-
rect transmission power (shown in a))
and by using the NICE-OHMS tech-
nique (shown in b)). The pulse length
was > 16µs and the quasi continuous
transmission increase was seen in a)
while this was not as pronounced in b).

when there was no resonant sideband-seed, and a seed power threshold
was also observed.

It appears that the observed flash only occurs when a strong resonant
seed is present. The probe carrier was hence prepared detuned one FSR
from the atomic resonance while a side band was resonant with the atomic
resonance. The pulse sequence shown in Fig. 7.4c) was performed. In this
sequence, the seed laser was turned off 2µs before the pulse. The vacuum
cavity was kept on resonance with the atomic transition under the entire
sequence because the carrier component of the probe was resonant with a
cavity mode, which was one FSR off resonant with the atomic transition.
No significant flash-like behavior was observed in the cavity transmission
in this setup and more thorough studies of the flash without a continuous
seed are left for future studies.
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Figure 7.12: Flash lineshapes for different intra cavity seed powers. The probe
laser frequency was shifted by one FSR and the atomic resonance was probed by a
sideband. The seed power was controlled by adjusting the modulation amplitudes
shown in the figure legend, which represents the amount of optical probe laser
power transferred to the resonant sideband.

Outlook
In this chapter, collective emission phenomenas were studied experi-
mentally for an atom-cavity system consisting of laser cooled 88Sr atoms
coupled to a vacuum cavity with a finesse of F = 1450. The collective
cooperativity of this system is expected to be around C = 6.3 × 103

� 1.
This value of C brings the system into the regime of strong collective
cooperativity, where collective emission phenomena can be expected as
described earlier in Sec. 2.2.

Collective emission was observed in the form of a flash of enhanced
cavity transmission shortly after a fraction of the atomic sample was
excited by a resonant pulse. Whereas signs of coherence was observed
for the flash, detailed studies of the spectral properties of the flash was
not yet performed. Studies of these spectral properties are ideal topics
for future works, as observations of linewidth narrowing processes with
thermal atoms would pave the way for many interesting applications for
compact clock systems.

The characteristic time scales of this system suggested that the observed
flash might be superfluorescence. The optical power of the observed flash
was consistent with the number of atoms inside the cavity mode, but
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the peak heights and the delay of this flash did not depend on the
system parameters as expected for pure superfluorescence described in
the literature [Kumarakrishnan and Han, 1998, Bonifacio and Lugiato,
1975]. The experimentally determined threshold number of intra-cavity
atoms was also far above the theoretically expected threshold number NT

described in Eq. (7.2).
A continuous resonant seed intra-cavity field was present in the

experimentally studied system and the flash was only observed when this
seed was present. This continuous seed makes this system significantly
different from the systems described in previous works [Kumarakrishnan
and Han, 1998, Bonifacio and Lugiato, 1975]. It is hence appropriate to
suspect the observed flash differs quite radically from the conventional
superfluorescence and a new theoretical description is most likely needed
to describe this phenomena. A new theoretical description is also necessary
for detailed studies of the prospects for applying this collective emission
for active frequency standards. A simple theoretical model following
the procedures presented in [Bohnet et al., 2014] predicted collective
emission processes qualitative similar to the experimentally observed
flash (presented in Fig. 7.7). Further development of this model might be
a promising topic for future theoretical works.
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Outlook

In this final chapter, the general content of this work is summerized.
The general motivations, which initiated this work, and the main results
of this work are presented. The novel results and understanding has
given rise to new questions and motivations, which will be discussed
in comparison with the works of other research groups within the topic
of this work. Finally, the theoretical understanding and experimental
techniques developed in this work has spawned a new generation of
experimental setups with great diversity, which will be presented as a
possible glimpse into the future works.

8.1 This work

This work was initiated based on the encouraging prospects of achieving
ultra stable lasers by exploiting systems, where a sample of atoms with
narrow atomic transitions are trapped inside an optical cavity. It was
predicted that the spectral properties of the narrow atomic transitions
could be exploited advantageously by operating in the so-called bad
cavity regime, where the atomic transition would dominate the spectral
properties of the combined atom-cavity system.

The main theoretical works, which initiated the motivation for this
work were produced by incredibly skilled physicists at JILA, University
of Colorado, Boulder [Martin et al., 2011, Meiser et al., 2009] and at Peking
University, Beijing [Chen, 2009]. In all these theoretical works, great
focus was put on using ultra cold neutral strontium atoms due to their

187
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the ultra narrow 1S0 →
3P0 transition. Neutral strontium was most likely

also considered as a promising candidate due to the availability of the
required laser wavelengths, the maturity of the current laser and trapping
techniques and due to the great number of research groups working with
ultra cold strontium atomsi. Hence, laser cooled 88Sr strontium isotope
was also chosen as the element of interest in this work.

The first theoretical works studied the prospects for using strontium
atoms tightly trapped in optical lattices, such that the atomic temperatures
corresponds essentially to T = 0 K. Whereas such conditions are realized
in a great number of atomic clock research groups around the world,
a much simpler system with atomic temperatures in the mK level was
studied in this work. This choice of atomic temperature was motivated
by a wish to realize simple and compact systems. The theoretical model
developed for atomic temperatures of T = 0 K [Martin et al., 2011] were
not directly compatible with atomic temperatures in the mK level. A new
theoretical model was hence developed in this work by taking the effects
of the finite atomic velocities into account. This new model was developed
in collaboration with theorists at JILA, University of Colorado, Boulder
and published in [Tieri et al., 2015]. This new model predicted that laser
linewidths in the sub 10 mHz level could potentially be achieved by using
atom-cavity systems with very realizable experimental parameters. This
predicted linewidth may compete with the current state-of-the-art ultra
stable lasers.

A proof-of-concept experimental setup was developed in parallel with
the development of the above mentioned theoretical model. A sample of
laser cooled 88Sr were prepared inside a low finesse cavity and the atomic
induced phase dispersion signal was mapped out as a potential error
signal, which could be used for laser stabilization. The temperature of the
laser cooled atoms were in the mK level and a convincing agreement was
observed between the experimental data and the values predicted by the
new theoretical model developed in this work. The preliminary results
from this proof-of-concept experiment was published in [Westergaard
et al., 2015].

The proof-of-concept atom-cavity system studied theoretically and
experimentally in this work was in a so-called strongly saturated regime
were highly non-linear dynamics were expected. This non-linear dynamics
regime made it non-trivial to determine the optimal system parameters

iSimilar experiments can most likely also be performed with a large number of
trapped ions. However, perturbations from different micro motion effects will most
likely be difficult to control.
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for laser stabilization. A detailed study of the non-linear system dynamics
were performed and a number of new experimental techniques were
developed in order to carry out this study. The results of these studies
and the technical details concerning the experimental techniques were
published in [Christensen et al., 2015a].

The proof-of-concept experiment showed that such a system can be
realized. However, the experimental and theoretical studies of the system
dynamics revealed that a higher finesse was needed for the optical cavity
of the atom-cavity system in order to achieve the predicted sub 10 mHz
linewidths. The optical cavity in the first proof-of-concept experiment
had a finesse of around F = 85. These cavity mirrors were placed outside
a vacuum chamber and the intra cavity vacuum windows limited the
value of the corresponding cavity finesse. However, the theoretical model
predicted that a finesse around F = 1000 was required in order to reach the
sub 10 mHz linewidths. A vacuum cavity was hence designed and realized
inside the vacuum chamber. The finesse of this cavity was evaluated to be
F = 1450, which brought the system into the parameter regime interesting
for laser stabilization.

An other approach for achieving ultra stable lasers is to exploit col-
lective emission processes in atom-cavity systems as active frequency
standards. Active frequency standards are atom-cavity systems which
directly emit radiation with low phase noise. Theoretical prediction had
estimated that the realized vacuum cavity and the laser cooled 88Sr atoms
could constitute an atom-cavity system in a parameter regime, where col-
lective emission can occur. A variant of collective emission was observed
in the form of a flash of light transmitted out of the cavity. Preliminary
studies of the characteristics of this flash were performed but further
studies are needed in order to describe the phenomena in details and in
order to evaluate the spectral purity of this flash.

8.1.1 Other similar works

The prospects for achieving ultra stable lasers by exploiting ultra narrow
atomic transitions are under study in many other research groups other
than at the Niels Bohr Institute, where this work was performed.

The developments in this field has accelerated rapidly and a great
number of pioneering works have been reported during the years, where
this work was carried out. This rapid development is for example
reflected in the fact that a new separate presentation session on Atomic
Laser Stabilization was introduced at the 2015 Joint Conference of IEEE
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IFCS&EFTF in Denver, where this work was also presented [Christensen
et al., 2015b].

The main focus for many groups have been to achieve collective emis-
sion processes such as superradiance or superfluorescence for ultra narrow
transitions in strontium based systems. Particularly, the group of James K.
Thomsen at JILA, University of Colorado, Boulder has achieved tremen-
dous progress the recent years. This group has reported observations
of collective emission for both the narrow 1S0 →

3P1 7.5 kHz transition
of 88Sr and the ultra narrow 1S0 →

3P0 1 mHz transition of 87Sr [Norcia
and Thompson, 2016a, Norcia et al., 2016]. Similar collective emission
phenomena has been observed for systems with high atomic density and
without an optical cavity in the group of David Wilkowski at Nanyang
Technological University, Singapore [Kwong et al., 2015b]. Collective
processes leading to linewidth narrowing of the collectively emitted light
have been reported for different other alkali elements [Zhi-Chao et al.,
2015, Bohnet et al., 2012]. This enhances the motivations for pursuing fur-
ther research in collective emission processes with ultra narrow transitions
for applications in frequency standards.

The application of narrow line transitions for continuous laser stabi-
lization have also been pursued with many atomic systems [Fox et al.,
2012, Cook et al., 2015]. Continuous laser stabilization on the narrow
transitions of strontium atoms has, to the best knowledge of the author of
this work, not yet been realized. This is thus a promising topic for future
studies.

8.1.2 Future studies

The studies carried out in this work has led to achievements towards
frequency stabilization with laser cooled strontium atoms. However, these
studies have also given rise to new topics for future studies.

First of all, actual laser stabilization on the 1S0 →
3P1 7.5 kHz transi-

tion of 88Sr should be realized in order to confirm the promising laser
stabilization performances predicted by the theoretical model developed
in this work. The experimental systems developed in this work operate
with cyclic sequences, which are not very suited for continuous laser
stabilization. Hence, the preparation of a beam-line setup for continuous
laser stabilization was initiated in parallel with this work and further
development of this system is a promising topic for future studies. A
beam of transversely cooled and longitudinally slowed strontium atoms
will be interrogated continuously in this beam-line setup, which allows
continuous laser stabilization. A number of technical challenges are most
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likely needed to be overcome for this beam-line setup. Fortunately, a
large part of the experimental techniques developed in this work can be
transferred to the beam-line setup and prove valuable for the realization
continuous laser stabilization.

Cavity enhanced laser stabilization on the 1S0 →
3P1 7.5 kHz transition

of 88Sr will require cavity finesses similar to or higher than the finesse
of the vacuum cavity developed in this work. The system dynamics
of this vacuum cavity system was not studied as detailed in this work
as the dynamics of the low finesse cavity. Some peculiar and not fully
understood features were observed in the spectroscopic transmission and
phase dispersion lineshapes. Detailed studies of these features and the
dynamics of the system are needed in future studies in order to optimize
the performance of future systems for continuous laser stabilization on
atom-cavity systems with similar finesse values.

Finally, a wide range of topics for studies are opened up by the
preliminary observations of collective emission phenomenas in an thermal
atom-cavity system with atomic temperatures in the relatively high mK
level. An improved theoretical model needs to be developed in order to
gain understanding of the observed phenomena. Detailed investigations
of the spectral properties of the collectively emitted light is also needed
in order to study the prospects for realizing a simple active frequency
standard system. It will also be very interesting to study continuous
collective emission in the above mentioned beam-line setup.

8.2 On the horizon

The understanding of the cavity enhanced spectroscopy of atoms with nar-
row line transitions achieved in this work has spawned a new generation
of experimental systems, which consists of three different systems.

The first system is the strontium beam-line experiment already pre-
sented in the section above. Figure 8.1a) shows the realized system where
a thermal beam of strontium atoms are released from an oven. The atoms
in this beam are slowed down in a Zeeman slower and the atoms are
cooled transversely in the dimensions perpendicular to the beam propa-
gation axis by using a 2D MOT. The beam of cold atoms is sent through
an optical cavity and cavity enhanced interrogation of the atoms can be
performed continuously. This setup allows studies of both continuous
laser stabilization and continuous collective emission phenomenas.

The development of two molecular setups were also initiated during
this work. Both of these systems consist of a gas cell placed inside
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an optical cavity. Here, narrow line molecular transitions are used as
the frequency references instead of an atomic transition. Figure 8.1b)–
c) shows two realized molecular systems based on narrow molecular
transitions of iodine (I2) and acetylene (ethyne). The target transitions
are the 127I2 P(13)43-0:a3 transition at λ = 514.6 nm for the iodine with
a transition width of ΓI = 2π × 284 kHz and the 13C2H2 P(16):ν1 + ν3

transition at λ = 1542.4 nm for acetylene with a transition linewidth in
the Hz level [Schaffer et al., 2015]. The transition wavelength of acetylene
is of particular interest, as this is in the telecommunication wavelength
band. A stable frequency standard in this wavelength band can hence be
easily implemented in telecommunication systems.

Iodine cell

Figure 8.1: Pictures of the new generation of laser stabilization systems inspired
by this work. a): Picture of strontium beam-line experiment setup for studies of
continuous laser stabilization and continuous collective emission. b): Picture of
setup for cavity enhanced spectroscopy of iodine. c): Picture of setup for cavity
enhanced spectroscopy of acetylene.

The ultimate linewidths predicted for atom-cavity systems with atoms
trapped in an optical lattice or in a MOT cannot be achieved for these
molecular systems. However, these systems do not require laser cooling
or trapping techniques and can operate near room temperatures. Hence,
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these molecular systems are promising for realizing simple and compact
molecular systems relevant for out-of-lab operation under more noisy
environments.

It is the hope of the author of this work, that the physical understanding
and experimental techniques developed in this work might push this next
generation of experiments up to new stabilization levels.
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Appendix

A.1 Vacuum chamber mounts
Figure A.1–A.2 show the two mounts used for fixing the optical compo-
nents used for coupling the probe laser to the two cavity systems described
in Sec. 5.2.2–5.2.3 and for detecting the light transmitted by these two
cavities. All components on these mounts were either fastened by screws
or glued.

The cavity mirrors of the low finesse cavity (described in Sec. 5.2.2)
were also fixed on these mounts. These mounts were fastened tightly
on the view port flanges of the main vacuum chamber, which ensured
to a great extent that the mechanical vibrations of the low finesse cavity
mirrors were common mode. Hence, the relative mechanical vibrations
were greatly reduced.

The mount on the input side was modified significantly for the vacuum
cavity system, as the mode matching of the input beam required an extra
degree of freedom. These modifications are unfortunately not shown in
Fig. A.2.
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A.2 Modulation index for fiber EOM
Figure A.3 shows the dependency of sideband generation for different
phase modulation powers. The sidebands are applied on the probe
laser used in this work (described in Sec. 5.1.1) by using an EOM to
apply a periodic phase modulation. The so-called modulation index x is
determined by coupling the probe laser to an optical cavity and detecting
the peak values of the transmission signal while scanning the cavity length.
an example of such a transmission scan is shown in Fig. 6.6.

The optical power ratio of the carrier component and one of the
sideband components are shown in Fig. A.3a). this ratio corresponds to
(J1(x)/J0(x))2, where J j(x) is the j’th order regular Bessel function describing
the amount of power transferred from the carrier to the j’th order sideband
when modulated by an EOM with modulation index x.
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Figure A.3: Dependency of sideband generation for different phase modulation
powers in terms of dBm. The blue line is for phase modulation frequency of
45 MHz, while the blue line is for phase modulation at 545 MHz. a): Ratio of
the optical power of the carrier component and the optical power transferred to
one of the first order sidebands. b): Modulation index x as function of the phase
modulation power. x is a measure of the amplitude of the phase modulation. All
values of x shown in b) are calculated from the results shown in a).
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A.3 Outgassing of viton
Viton strips were used for supporting the vacuum cavity structure de-
scribed in Sec. 5.2.3. Outgassing of the viton strips can potentially degrade
the vacuum level of the main chamber. This outgassing can increase
the background pressure in the main vacuum chamber and reduce the
number of atoms trapped in the MOT. Hence, the vacuum degrading
components in the viton strips were outgassed in a separate test vacuum
chamber at temperatures up to 80 ◦C for a month before the strips were
used for supporting the vacuum cavity [Peacock, 1980]. Figure A.4 shows
the pressure level inside the test vacuum chamber during this outgassing
processes. The viton strips were put into the main vacuum chamber when
pressure levels in the low 10−9 mBar were confirmed.
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Figure A.4: Pressure level and temperature of the test vacuum chamber during
the outgassing process of Viton strips. The horizontal axis shows the dates where
this outgassing process was carried out.

A.4 Vacuum cavity drawing
Figure A.5 shows the technical drawings of the cavity spacer for the
vacuum cavity system designed in this work (described in Sec. 5.2.3).
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A.5 Servo circuit for vacuum cavity

Figure A.5 shows the servo circuit developed for stabilizing the length
of the vacuum cavity (described in Sec. 5.2.3), such that the cavity is
resonant with the probe laser at all times. The Bode plot of this servo
circuit (shown in Fig. 5.30) reveals that the corner frequencies are all far
from the mechanical resonance of the cavity mirror. This servo circuit can
hence most probably be improved.

Figure A.6: Picture and circuit diagram of the servo circuit used for stabilizing
the length of the vacuum cavity described in Sec. 5.2.3. The circuit is placed
inside a metal box in order to shield it from electro magnetic radiation from the
surroundings.
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A.6 Simultaneous NICEOHMS
Figure 6.5 shows the NICE-OHMS signals obtained by demodulation
at Ω/2π = 1 × FSR (see Eq. (6.10)) and 2Ω/2π = 2 × FSR (see Eq. (6.9)).
These two signals are measured separately, as the signal-to-noise ratio was
greatly degraded, when the detected AC signal power was split into two
channels as shown in Fig. 6.1a). However, simultaneous measurements
are possible and one example is shown in Fig. A.7.
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Figure A.7: Simultaneous measurements of the NICE-OHMS signals for
demodulation at 1FSR or 2FSR. The signal-to-noise ratio is poor because the AC
signal power is split into two channels. (see Fig. 6.1a) for details.)
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Nonlinear spectroscopy of Sr atoms in an optical cavity for laser stabilization
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We study the nonlinear interaction of a cold sample of 88Sr atoms coupled to a single mode of a low
finesse optical cavity in the so-called bad cavity limit, and we investigate the implications for applications
to laser stabilization. The atoms are probed on the weak intercombination line |5s2 1S0〉 − |5s5p 3P1〉 at 689
nm in a strongly saturated regime. Our measured observables include the atomic induced phase shift and
absorption of the light field transmitted through the cavity represented by the complex cavity transmission
coefficient. We demonstrate high signal-to-noise-ratio measurements of both quadratures—the cavity transmitted
phase and absorption—by employing frequency modulation (FM) spectroscopy (noise-immune cavity-enhanced
optical-heterodyne molecular spectroscopy). We also show that when FM spectroscopy is employed in connection
with a cavity locked to the probe light, observables are substantially modified compared to the free-space situation
in which no cavity is present. Furthermore, the nonlinear dynamics of the phase dispersion slope is experimentally
investigated, and the optimal conditions for laser stabilization are established. Our experimental results are
compared to state-of-the-art cavity QED theoretical calculations.

DOI: 10.1103/PhysRevA.92.053820 PACS number(s): 37.30.+i, 32.80.Wr, 42.50.Ct, 42.62.Fi

I. INTRODUCTION

Lasers with exceedingly pure spectral features are a
key element in the interrogation of ultranarrow atomic
transitions applied in, for example, optical atomic clocks
[1–5], condensed-matter simulations with cold atoms [6], and
relativistic geodesy [7,8]. Such pure spectral instruments with
high-phase stability and long coherence times are essential to
investigations of physics beyond the standard model, e.g., the
drift of fundamental physical constants [9,10] or the detection
of gravitational waves [11] as predicted by the general theory
of relativity. The stability of the current state-of-the-art lasers
is limited by Brownian motions of the reference cavity mirror
substrates and coatings [12–14], and the emergence of new
technologies [15–17] seems necessary if further improvements
are to be made commonly available.

Recent studies have proposed a new scheme for laser
stabilization to a mK thermal sample of atoms placed in a low
finesse optical cavity [18–21]. By placing the atoms inside
the optical cavity, atom-light interactions are enhanced by
order of the finesse of the cavity, and nonlinear effects are
brought into play, which enhance the spectral sensitivity of the
detected photocurrent used for stabilization. Interestingly, the
first proposals considered atoms trapped in an optical lattice or
systems with a sample temperature equivalent to zero degrees
Kelvin [19]. Further studies have extended these results to
also include the finite temperature of the sample [20,21].
At finite temperatures, the bistability regime, present at the
optimal locking point for zero-Kelvin systems, turns out to
be effectively removed. Since there is no bistability at the
optimal locking point for finite-temperature systems, this
sparks renewed interest for stabilization to samples of atoms
with finite temperatures.

*bjarkesan@nbi.ku.dk

In this work, we investigate the nonlinear coupling of laser-
cooled 88Sr atoms to a single mode of an optical cavity. During
experiments, the atom-modified cavity mode is forced to be
on-resonance with the carrier of the probe laser and thus a
standing wave will be present at all times in the cavity. As
a result, significant changes appear in the observables of the
system due to reaction of the atoms on the cavity servo system.

This has major consequences: the phase and absorp-
tion information is altered compared to conventional free-
space frequency modulation (FM) spectroscopy, but may be
recovered under special conditions of laser detuning and
demodulation frequency. In the following, we also explore
the nonlinear cavity-atom dynamics and identify optimal
parameters relevant for laser stabilization to our cavity system.
The experiments are performed in a cyclic manner, but the
understanding of the nonlinear dynamics and the optimal
experimental parameters obtained here will prove valuable for
continuous laser stabilization to future noncyclic systems [22].

II. EXPERIMENTAL SETUP

Experimentally, our cavity system consists of a sample of
laser-cooled 88Sr atoms with a temperature of 5 mK coupled
to an optical cavity with finesse F = 85; see Fig. 1(a). We
operate a standard magneto-optical trap (MOT) and trap about
5 × 108 Sr atoms using the strong 1S0 →1P1 transition at
461 nm; see Fig. 1(b). The system is probed on the 1S0 →3P1

intercombination transition at 689 nm while the cavity is
forced to be on resonance with the probe laser at all times.
The cavity mirrors have a radius of curvature of 9 m yielding
a cavity waist diameter of about 1 mm, which is comparable
to the size of the MOT. At our current MOT temperature, we
estimate the transit time broadening to be 1–2 kHz, which
is significantly smaller than the natural atomic linewidth of
�/2π = 7.5 kHz. The 30 cm cavity, with a free spectral range
(FSR) of 500 MHz, is placed outside the vacuum chamber

1050-2947/2015/92(5)/053820(7) 053820-1 ©2015 American Physical Society
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FIG. 1. (Color online) (a) Experimental setup. A sample of cold
88Sr atoms trapped in a standard magneto-optical trap (MOT) is
located inside a low finesse optical cavity (F = 85). The cavity is
locked to resonance with the light using the Hänsch-Couillaud [25]
scheme. We perform cavity-enhanced FM spectroscopy (NICE-
OHMS) where the light is modulated at �/2π = FSR (free spectral
range of the cavity). The detected signal is split into two arms
where the � and 2� components are selected by band-pass filters
and separately demodulated using rf mixers. One part of the signal
is demodulated at � giving a phase signal, and the other part is
demodulated at 2� giving an attenuation signal. Both the phase
shift and the absorption line shape of the transmitted probe light
are recorded simultaneously with this scheme. (b) Energy levels
of the 88Sr atom important for this work. The singlet transition
|5s2 1S0〉 − |5s5p 1P1〉 at 461 nm is used to trap and cool the atoms.
The narrow intercombination line transition |5s2 1S0〉 − |5s5p 3P1〉
at 689 nm is used to probe the atoms.

thereby limiting the obtainable finesse. We measure a cavity
linewidth of κ/2π = 5.8 MHz placing our system in the
bad-cavity regime κ � �. We probe the atoms for 100 μs and
the 461 nm light is turned off during this probing period. At
the probing time scale, our prestabilized laser has an estimated
linewidth of 800 Hz.

We employ cavity-enhanced FM spectroscopy [noise-
immune cavity-enhanced optical-heterodyne molecular spec-
troscopy (NICE-OHMS)] [23,24]; see Fig. 1, where the probe
carrier is modulated at the FSR to create sidebands, in our
case separated from the carrier by multiples of 500 MHz.
The cavity-transmitted signal is detected by a high bandwidth
photodetector recording the beat note between the carrier

and the sidebands. This signal contains information about the
cavity-transmitted field amplitude and nonlinear phase shifts
due to the atoms present in the cavity. These contributions are
recovered with a high signal-to-noise ratio by demodulating at
FSR and multiple FSRs.

Our cavity system supports a single-atom cooperativity
C0 = 4g2/�κ of C0 = 3 × 10−5, where g is the single-atom-
cavity coupling constant. For our cavity setup, we find g/2π =
590 Hz. The C0 parameter is a measure of the rate at which an
atom emits a photon into the cavity mode compared to all other
dissipation rates in the system. For the collective cooperativity,
we find C = NcavC0 = 630, where Ncav is the total number of
atoms in the cavity mode volume. With a MOT atom number
of 5 × 108, we find Ncav = 2.5 × 107.

III. THEORY OF MEASUREMENT

In this section, we establish a connection between our
measured cavity-transmitted quantities and the complex trans-
mission coefficient of the input field χ . Our input probe
field can be written in terms of a carrier and multiple orders
of sidebands induced by phase modulation. By neglecting
residual amplitude modulation, the total input probe field, Ein,
with sidebands can be given as

Ein = E0

∞∑
p=−∞

Jp(x)ei(ωc+p�t), (1)

where Jp(x) is the pth-order regular Bessel function describing
the amount of power transferred from the carrier (p = 0)
to the sidebands (|p| > 0), x is the electro-optic modulator
(EOM) modulation index, ωc is the carrier frequency, which is
close to the atomic resonance, and � is the EOM modulation
frequency equal to the free spectral range of the cavity. Each
transmitted component of the cavity field is modified by the
cavity according to the well-known expression [26]

Eout = T eiϕ

1 − Rei2ϕ
Ein = χEin, (2)

where χ is the complex transmission coefficient describing
the phase change and the absorption of the field, T (R) is
the power transmission (reflection) coefficient of the cavity
mirrors, and ϕ is the single round-trip complex phase picked
up by the intracavity field.

The carrier frequency is used to probe the atomic transition
and is close to the atomic resonance, while the sidebands
at �/2π = 500 MHz are far off resonance compared to the
natural linewidth, �/2π = 7.5 kHz. Each of the field’s phase
components—carrier (ϕ0) and sidebands (ϕ±p for p = 1,2)—
experiences identical phase shifts due to the cavity assembly
φcavity, but only the carrier interacts with the atoms,

ϕ0 = φcavity + βD + iβA, ϕ±p = φcavity ± pπ, (3)

where βD and βA denote the single pass dispersion and
absorption due to the atoms present in the cavity, and the
sideband frequency detuning of ±p� introduces additional
phase factors of ±pπ if the cavity is on resonance with the
carrier and the sidebands. During experiments, the cavity is
forced to be on resonance with the probe laser, a requirement
that generally imposes restrictions on measured quantities

053820-2
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in cavity experiments. Enforcing the resonance condition by
locking the cavity to the probe carrier implies

Re(ϕ0) = θ0 = φcavity + βD = mπ, (4)

where θ0 is the real part of ϕ0 and m is an integer. This imposes
restrictions on the sideband phases, which become

ϕ±p = φcavity − θ0 ± pπ = −βD ± pπ. (5)

For the carrier, the complex transmission coefficient χ0

becomes purely real,

χ0 = T e−βA

1 − Re−2βA
, (6)

while the sideband complex transmission coefficients χ±p

become

χ±p = T ei(±pπ−βD )

1 − Re2i(±pπ−βD )
, (7)

and the atomic phase shift βD is transferred onto the sideband
transmission coefficients. As the cavity is kept on resonance
with the carrier at all times, we obtain the final output field to
second order, Eout:

Eout = E0(J0(x)χ0e
iωct

+ J1(x)χ1e
i(ωc+�)t − J1(x)χ−1e

i(ωc−�)t

+ J2(x)χ2e
i(ωc+2�)t + J2(x)χ−2e

i(ωc−2�)t ). (8)

Detecting this signal on a fast photodiode and demodulating
at �/2π = FSR gives a photocurrent signal S1� proportional
to

S1� ∝ J0(x)J1(x)χ0Im(χ1), (9)

where Im(χ1) is the imaginary part of the χ1 coefficient.
In the limit R → 0, corresponding to the free space case

in which no cavity is used, we recover from Eq. (9) the well-
known expression from FM spectroscopy S1� ∝ e−βA sin(βD).
On the other hand, in the limit where the complex phase shift
due to the atoms is very small, i.e., βD → 0 and a cavity is
present, we find S1� ∝ βD , which is also proportional to the
total atomic phase shift of the transmitted sideband field. In our
case, this approximation is satisfied very close to resonance.

Information related to the absorption of the transmitted light
may be obtained by demodulating the transmitted field at twice
the FSR, i.e., 2�, where one obtains (here with sidebands up
to second order)

S2� ∝ [
2J0(x)J2(x)χ0Re(χ2) − J 2

1 (x)|χ1|2
]
, (10)

where Re(χ2) is the real part of the χ2 coefficient. This signal
is related to the absorption line shape of the transmitted field
(see Appendix). The complete information about the complex
transmission coefficients, χj , can now be found by combining
the quantities obtained from demodulating at FSR and 2FSR
via Eqs. (9) and (10).

In conclusion, the demodulating of the cavity-transmitted
field by �/2π = FSR [Eq. (9)] provides a signal proportional
to the atomically induced phase shift for small detunings. The
high signal-to-noise-ratio of this signal makes it promising
for applications in laser stabilization. The absorption line
shape, on the other hand, can be obtained by demodulating the
cavity-transmitted field by 2FSR [Eq. (10)]. This technique can

also be applied to molecular systems at ambient temperatures
coupled to optical cavities, and it is not only limited to
laser-cooled neutral atoms.

IV. RESULTS AND DISCUSSION

In our system, the energy scale associated with the mK
Doppler temperature is several orders of magnitude larger
than the energy scale associated with the narrow linewidth
of the optical transition. In this limit, the nonzero velocities of
the atoms bring additional multiphoton resonance phenomena
into play, so-called doppleron resonances, which modify the
complex transmission coefficient of the cavity field close to
the atomic resonance [21].

Doppleron resonances are multiphoton processes in which
l + 1 photons from one direction are resonantly absorbed by
an atom with a velocity v, and l photons are emitted in the
reverse direction leaving the atom in the excited state [27,28].
Energy conservation demands the doppleron resonances to be
located approximately at [27]

kv = ±(�2 + 2g2)1/2

2l + 1
, (11)

where k is the wave vector of the laser light, v is the resonant
atom velocity, � is the detuning, l is the number of emitted
photons, i.e., the order of the doppleron resonance, and g is
the single-atom-cavity coupling constant.

NICE-OHMS signals obtained by demodulation at
�/2π = FSR, see Eq. (9), are shown in Fig. 2(a). Those values
represent the total phase dispersion induced by the atom-cavity
system. A sharp dispersion signal with a steep slope can
be seen around resonance. The magnitude of this slope, as
well as the signal-to-noise ratio, ultimately determines the
obtainable frequency stability of the system when used as
a frequency discriminator for laser stabilization. The inset
in Fig. 2(a) shows a zoom of the central dispersion curve
close to resonance. This NICE-OHMS signal is proportional
to the cavity-transmitted phase shift. Two theoretical plots
are also shown. The blue solid line displays the full theory,
i.e., including doppleron resonances to all orders, while the
black dashed line is based on a theoretical prediction where
the velocity-dependent doppleron resonances are not taken
into account. We observe very good agreement with the full
theoretical model including all doppleron orders, and we notice
that the doppleron resonances tend to decrease the phase
dispersion slope around resonance slightly. The two theory
lines are also included in the broad frequency scan shown
in Fig. 2(a). For the dashed theory line excluding doppleron
resonances, the agreement with the data is always worse than
that including the doppleron resonances.

Whereas the results presented in Fig. 2(a) have already
been understood in previous works [21], the corresponding
absorption line shape has not yet been fully understood. The
signal obtained by demodulating the cavity-transmitted field
at 2FSR [Eq. (10)] is shown in Fig. 2(b) and is related to
the absorption line shape of the cavity-transmitted field. A
background signal corresponding to the empty cavity signal
(no atoms) is subtracted. A similar background value has
been subtracted from the theoretical values. The absolute value
of this background-corrected signal represents the degree of
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FIG. 2. (Color online) The solid and dashed lines are predictions
based on the theoretical model presented in [20,21]. The dots are data
measured by cavity-enhanced FM spectroscopy. All data are averaged
values, where approximately five times as many measurements have
been performed for data in (b) due to the weaker signal compared
to data in (a). The slight asymmetry of the experimental data in
both plots is expected to be due to a drift of the relative phase
between the light wavefront and the demodulation phase during scan.
(a) Frequency scan of the cavity-transmitted phase shift close to
resonance for a carrier input power of 240 nW, a total number of
atoms of N = 5.0 × 108, and an atom temperature of T = 5.0 mK.
The data points are averages of nine measurements. Theoretical values
from Eq. (9) are scaled to data. Inset: high-resolution scan of the
central region. The vertical axis in this central region corresponds to
the total atomic phase shift of the transmitted sideband, and data are
scaled to theory. (b) Frequency scans of the absorption line shape of
the cavity-transmitted field measured by the NICE-OHMS technique
obtained with a demodulation �/2π = 2FSR. The total number
of atoms is N = 4.5 × 108, an atom temperature of T = 5.0 mK,
and a total input power of 310 nW (blue line) and 155 nW (green
line). Theoretical values from Eq. (10) are scaled to data. Inset:
high-resolution scans around the central region. The units on the
inset axes are the same as in (b).

field absorption experienced by light transmitted through the
cavity. To reproduce the detailed features of the absorption
line shape, we must include contributions from sidebands up
to the third order in the theoretical model. These higher-order
contributions modify the line shape. Different modulation
indices of x = 0.65 for the blue theory line and of x = 0.57

for the green theory line are chosen to show that the signal
described in Eq. (10) takes the optical power ratio of the carrier
and the sidebands into account, in good agreement with the
data.

The absorption line shapes in Fig. 2(b) are shown for two
different carrier input powers: 310 nW (red dots) and 155 nW
(green dots). The 2FSR demodulation signal is proportional
to the total optical input power. A carrier input power of
155 nW should thus yield about half of the signal measured
for a carrier input power of 310 nW. This is indeed observed
experimentally, however in the presented figure the signal for
a carrier input power of 155 nW has been normalized to the
signal for a carrier input power of 310 nW in order to illustrate
the line-shape dynamics on the same figure.

As mentioned earlier, the cavity is forced on resonance with
the probe carrier by the cavity lock feedback loop such that the
combined atom-cavity system is kept on resonance. However,
the presence of several sideband orders contributes to the servo
error signal for large atomic phase shifts and will slightly offset
the cavity resonance compared to the carrier frequency [29].
Corrections due to these shifts are small, but they are included
in the theoretical model for completeness.

The central region of Fig. 2(b) shows a small central
peak with reduced absorption (increased transmission) due
to saturation. Insets show a zoom of the phase and the
cavity-transmitted signal in Figs. 2(a) and 2(b), respectively.
A reduction in transmission occurs for small detunings and
forms dips on both sides of the central saturation peak at
around 100 kHz. This reduction is due to atom-induced cavity
response, where a nonzero atomic phase shifts the sidebands
out of cavity resonance and reduces the transmitted power.
As the detuning increases to larger values, the phase shift
induced by the atoms eventually decreases to zero again,
bringing the sidebands back into resonance with the cavity
mode and thus increasing the amount of transmitted light.
This corresponds to the two shoulders located next to the dips.
This structure is less pronounced when measuring the total
cavity transmitted power as a function of the detuning because
the carrier, which is kept on resonance, accounts for most of
the transmitted power for low modulation indices (x < 1). On
the other hand, this structure is significantly more pronounced
when the cavity-transmitted field is demodulated with 2FSR
[Eq. (10)]. A detailed account of this structure can be found in
Appendix. The atom-induced cavity response seems even more
pronounced in the data [see the inset in Fig. 2(b)] than predicted
by theory, which might be due to an imperfect cavity-locking
scheme.

The shot-noise limited linewidth of the system, �ν, can
be estimated by assuming a perfect locking scheme that
is of infinite bandwidth, and detectors with unity quantum
efficiencies as [19]

�ν = π�ν

2Psig
(

dφ

dν

)2

(
1 + Psig

2Psideband

)
, (12)

where Psig is the input carrier power, Psideband is the first-order
sideband power, and dφ

dν
is the dispersion slope at resonance.

The minimum achievable shot-noise limited linewidth of the
current system is estimated from Eq. (12) to be 500 mHz. The
minimum shot-noise limited linewidth will be further reduced
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for higher values of C = NC0. Hence, it can be optimized by
increasing the atom number or the cavity finesse.

A system with improved finesse (F = 1000) and intracavity
atom number (Ncav) increased by a factor 2 is estimated to
have a shot-noise limited linewidth of �ν < 10 mHz [20],
which is already comparable to state-of-the-art laser
stabilization [13,30,31], and even narrower linewidths can be
expected for a higher cavity finesse realized for intravacuum
cavities in similar works [15]. Furthermore, the theoretical
model shows that the gain, in terms of dispersion slope dφ

dν
,

by further cooling of the atomic sample is minimal [21].
Experimentally, the reduction of the sample temperature by
one or two orders of magnitude in temperature is usually
accompanied by a reduction in atom number by similar orders
of magnitude. In this regime with lower temperature, the
optimum input power is reduced to technically challenging
values (<nW). Therefore, the overall gain from reducing the
sample temperature and thereby increasing the complexity of
the system is comparatively small, and operating the system at
relatively high temperature is more desirable. This may pave
the way for implementations of thermal atoms in a simple and
compact transportable optical atomic clock with high phase
stability.

The phase dispersion slope depends nonlinearly on the
optical intracavity power, which makes the optimal choice
of parameters for laser stabilization nontrivial. The nonlinear
input power dependence of the phase dispersion slope is
measured and shown in Fig. 3(a). The slope values are
evaluated by performing theoretical fits on phase dispersion
scans, shown in Figs. 3(c)–3(e), for different input powers.
The measurements and theory are in good agreement, and the
nonlinear input power dependency predicted in [20] is evident.
The theoretical curve predicts a maximum absolute value of
the slope for lower input powers than measured. However,
the shot-noise limited linewidth does not depend solely on the
phase dispersion slope. It is also governed by the input power in
accordance with Eq. (12). The shot-noise limited linewidth for
each measured parameter is calculated and shown in Fig. 3(b),
where data sets in Figs. 3(a) and 3(b) are identical. Figure 3(b)
shows that a system with input powers corresponding to the
predicted minimum shot-noise limited linewidth has been
realized and measured for a fixed carrier-sideband ratio. Note
that the horizontal axis is logarithmic, allowing a change in
input power of one order of magnitude without degrading the
shot-noise limited linewidth significantly. This indicates that
probing with technically challenging low input powers down
to <100 nW is not necessary, and that the system is robust to
changes in the input power. The ratio of carrier and sideband
powers is governed by the modulation index x of the EOM,
and it optimizes the linewidth in Eq. (12) for a carrier-sideband
ratio of Psig

2Psideband
= 1. The measurements presented in this

work are performed in a cyclic manner, and continuous laser
stabilization on the presented system is not currently feasible.
However, the implementation of the techniques presented in
this work into beamline experiments [22], where a beam of
cold atoms with high loading rates [32] is interrogated in a
cavity, seems realizable. This paves the way for a continuous
laser stabilization on an atom-cavity system with a narrow
optical transition.
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FIG. 3. (Color online) The input power dependence of the slope
of the phase dispersion around resonance and the corresponding
shot-noise limited linewidth for a total number of atoms of N =
4.0 × 108 and MOT temperature of T = 5.0 mK. The solid lines
are theoretical predictions and the dots are experimental data. (a) The
slope of the phase dispersion around resonance measured for different
input powers. The data and theory are in excellent accordance and
the nonlinear dependence is evident. Notice that the power axis is
logarithmic. (b) The shot-noise limited linewidth from Eq. (12) for
different input powers corresponding to the measured parameters
in (a). The solid lines are theoretical predictions and the dots are
experimental values. The blue theory line corresponds to a ratio of
carrier and sideband input powers of Psig

2Psideband
= 1.65 and the green

theory line corresponds to Psig

2Psideband
= 0.75. (c)–(e) Frequency scans

of the phase dispersion for different input powers. All experimental
values in (a) and (b) are evaluated by fitting theoretical curves
to frequency scans of the phase dispersion around resonance. The
nonlinear dynamics of the overall dispersion shape is in very good
accordance with the theory.

V. CONCLUSION

We have experimentally investigated the velocity-
dependent spectroscopic features and nonlinear dynamics of
a cavity-atom system in the bad-cavity limit consisting of
laser-cooled 88Sr atoms coupled to a low finesse optical
cavity.

The NICE-OHMS technique has been applied to perform
FM spectroscopy, and a complete connection is established
between the measured quantities and the complex transmis-
sion coefficient of the input field. The cavity-transmitted
phase shift and the absorption of the cavity-transmitted
field are measured, and both quantities show significant
modifications due to velocity-dependent processes and atom-
induced cavity response in accordance with the theoretical
model.

The ideal shot-noise limited linewidth of a laser stabilized
to our system depends on the phase dispersion slope around
resonance. The nonlinear input power dependence of the phase
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dispersion slope is measured, and the optimal input power
for the minimum shot-noise limited linewidth is determined.
Parameters corresponding to a shot-noise limited linewidth
down to 500 mHz are measured.

The understanding of relevant velocity-dependent effects
presented here has direct relevance for atomic clocks and su-
perradiant laser sources [18] involving ultranarrow transitions.
Specifically, the understanding of the dynamics of a cavity-
atom system with single-stage MOT temperatures obtained
in this work will prove valuable for future transportable
stable lasers and atomic clocks employing thermal atoms for
out-of-lab operation under more noisy environments.
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APPENDIX: LINE SHAPE OF ABSORPTION

The absorption dips shown in the inset of Fig. 2(b) are
predicted from our theoretical model [20,21], where the empty
cavity frequency is kept on resonance with the probe field.
The standing-wave condition inside the cavity is, however,
unfulfilled when a strong atomic dispersion is introduced,
and the transmission will be reduced for all detunings with
nonzero atomic phase shifts. Hence the large enhancement of
the absorption for large detunings (∼MHz) is also due to the
broad thermal dispersion.

Experimentally, the cavity servo system ensures that the
combined resonance of the cavity and the atoms is kept on
resonance with the probe field. The standing-wave condition
is hence maintained and the atomic phase shift is canceled
out for the carrier, as shown in Eq. (4). A measurement of
the transmission power of the system will be dominated by
the complex transmission coefficient of the carrier, χ0 [see
Eq. (6)], and the change in the transmission power due to
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FIG. 4. (Color online) Theoretical values of the transmission
coefficient of the carrier (dashed blue), χ0, the combined line shape
of the atomic absorption and the attenuation due to atomic dispersion
(green), χ0Re(χ2), and the total cavity transmitted phase shift (red).
The black vertical dashed lines highlight the fact that transmission
minima occur at dispersion maxima.

the atomic phase shift is not evident. The signal demodulated
with 2FSR [Eq. (10)], on the other hand, contains information
about the atomic absorption (χ0) and the attenuation due to the
atomic phase shift [Re(χ2)]. Hence, the detailed absorption
structure is evident in this signal.

Theoretical values of some relevant transmission coeffi-
cients are shown in Fig. 4. χ0 (blue line) describes only the
atomic absorption of the carrier [see Eq. (6)], and χ0Re(χ2)
describes the combined line shape from the atomic absorption
(χ0) and the attenuation due to the atomic phase shift [Re(χ2)].
χ0Re(χ2) corresponds to the first term of Eq. (10) measured
using the NICE-OHMS technique with demodulation of 2FSR.
The second term in Eq. (10) and the additional contributions
from the higher-order sidebands included in the theoretical de-
scription modify the line shape without erasing the structures.
The corresponding total dispersion of the system is also shown
in Fig. 4, and it is evident that the transmission minima occur
at the dispersion maxima (highlighted with dashed vertical
lines).
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We consider the phase stability of a local oscillator (or laser) locked to a cavity-QED system composed of
atoms with an ultranarrow optical transition. The atoms are cooled to milli-Kelvin temperatures and then released
into the optical cavity. Although the atomic motion introduces Doppler broadening, the standing-wave nature
of the cavity causes saturated absorption features to appear, which are much narrower than the Doppler width.
These features can be used to achieve an extremely high degree of phase stabilization, competitive with the
current state of the art. Furthermore, the inhomogeneity introduced by finite atomic velocities can cause optical
bistability to disappear, resulting in no regions of dynamic instability and thus enabling a new regime accessible
to experiments where optimum stabilization may be achieved.

DOI: 10.1103/PhysRevA.92.013817 PACS number(s): 42.62.Fi, 32.80.Wr, 37.30.+i, 42.50.Ct

I. INTRODUCTION

Today’s ultraprecise and accurate atomic clocks continue to
make important contributions to fundamental physics as well
as applied technology. Atomic clocks have imposed significant
constraints on the drift of fundamental constants [1–3], may
have the potential to enhance the sensitivity of gravitational
wave detectors, and have provided ultimate tests of the general
theory of relativity [4]. With the current stability of optical
clocks at the 1 × 10−18 level, there are prospects for applying
atomic clocks for the detailed mapping of the Earth’s gravity
field [5,6].

A highly stabilized laser is an integral component of
high-precision measurements, such as optical atomic clocks
and precision spectroscopy. Current technology for achieving
highly phase stable laser sources relies on locking a laser to
a high-Q reference ultra-low expansion glass cavity [7–9].
The phase stability of this method is currently limited by the
thermal noise induced in the mirrors, spacers, and coatings of
the reference cavity [10], but has been significantly reduced
over the past few years with new engineered materials [11,12].

As an alternative approach to overcoming the thermal noise
problem, it was recently proposed [13] to lock the laser to the
saturated resonance feature exhibited by a collection of atoms
with an ultranarrow electronic transition trapped in an optical
cavity. Here, the atoms were assumed to be trapped in an
optical lattice inside the cavity. Due to the narrow atomic line,
such a system would typically operate in the parameter region
corresponding to the bad cavity limit of cavity QED. There,
the atomic linewidth is significantly narrower than the cavity
linewidth. In contrast to the reference cavity stabilization
method described above, the cavity-QED method offers a
distinct advantage since no drift compensation is needed.

The cavity-QED system exhibits optical bistability in the
intracavity intensity [14,15] where several solutions exist
for the steady-state intracavity field. Working at an input
intensity in the region where bistability is present would
in principle allow the greatest degree of stabilization [13].
However, it is not practical to work in the bistable region since
quantum and classical fluctuations between the semiclassical
eigenmodes cause the system to be dynamically unstable.

Therefore, one is restricted to working at input intensities
above the bistability, where the achievable stabilization is
orders of magnitude worse. Still, it was shown [13] that phase
stability corresponding to the sub-milli-hertz level should be
achievable.

Recently [16], an experimental effort to demonstrate the
cavity-QED system was made by probing the |1S0〉 − |3P1〉
intercombination line of 88Sr atoms (i.e., γa/2π = 7.6 kHz)
inside an optical cavity. There, however, the atoms were not
trapped in an optical lattice, but loaded into the center of
the cavity using a magneto-optical trap (MOT), which was
then turned off during probing. Typical MOT temperatures
correspond to a few milli-Kelvin, which is equivalent to a
Doppler width of several megahertz. Considering the narrow
7.6-kHz line of the optical transition, this implies that motional
effects will be important.

In this paper, we extend the many-atom cavity-QED theory
of [13] to include atomic motion, and study its effect on the
stabilization precision. In spite of the large Doppler effect, the
standing-wave nature of the cavity field induces sharp saturated
absorption and dispersion features to appear in the considered
observables. These features are nestled in the center of the
overall Doppler broadened features [17–20]. The stabilization
that is achievable by utilizing these sharp features is impeded
by multiphoton scattering processes that occur when an atom’s
velocity matches one of its Doppleron resonances [21,22].
The dependence of the stabilization on the number of atoms
and the temperature due to the Dopplerons is discussed. We
demonstrate that the motion of the atoms causes the bistability
region to disappear, so that no restrictions on input power are
necessary to avoid the dynamic instability that would otherwise
result.

II. MODEL

We model our system as a collection of N two-level atoms
inside a single mode optical cavity using the quantum Born-
Markov master equation to describe the open quantum system:

d

dt
ρ̂ = 1

i�
[Ĥ ,ρ̂] + L̂[ρ̂], (1)
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where

Ĥ = ��

2

N∑
j=1

σ̂ z
j + �η(â† + â) + �

N∑
j=1

gj (t)(â†σ̂−
j + σ̂+

j â),

(2)
and L̂[ρ̂] denotes the Liouvillian.

The Hamiltonian H describes the coherent evolution of the
coupled atom cavity system in an interaction picture which
rotates at the frequency of the cavity, and � is the atom-
cavity detuning. The Pauli spin matrices for the atoms are
σ̂+

j , σ̂−
j , and σ̂ z

j , and â is the annihilation operator of the
cavity mode. Furthermore, η = √

(κPin)/(�ω) is the classical
drive amplitude, where κ is the decay rate of the cavity, Pin is
the input power, and ω is the frequency of the cavity mode.
The atom-cavity coupling rate is gj (t) = g0 cos(δj t), where
g0 is the maximum coupling amplitude, and δj = kvj is the
Doppler shift in terms of the velocity vj of the j th atom and
wave number k of the light.

The incoherent evolution describes the various forms of
dissipation in this system and is described by the Liouvillian
L̂[ρ̂]:

L̂[ρ̂] = −κ

2
{â†âρ̂ + ρ̂â†â − 2âρ̂â†}

− γ

2

N∑
j=1

{σ̂+
j σ̂−

j ρ̂ + ρ̂σ̂+
j σ̂−

j − 2σ̂−
j ρ̂σ̂+

j }

+ γp

2

N∑
j=1

{
σ̂ z

j ρ̂σ̂ z
j − ρ̂

}
, (3)

where ρ̂ is the system’s density matrix, γ is the spontaneous
emission rate for the atoms, and γp is the total decay rate of
the atomic dipole.

We derive Langevin equations corresponding to Eq. (1).
Assuming that the classical drive η is sufficiently strong,
a mean-field description provides an accurate representa-
tion [23]. We define the mean values for the field α = −i〈â〉,
and for the atoms, σ−

j = 〈σ̂−
j 〉,σ+

j = 〈σ̂+
j 〉,σ z

j = 〈σ̂+
j 〉, which

evolve according to the semiclassical evolution:

α̇ = −κα + η +
N∑

j=1

gj (t)σ−
j , (4)

σ̇−
j = −(γp + i�)σ−

j + gj (t)ασ z
j , (5)

σ̇ z
j = −γ

(
σ z

j + 1
) − 2gj (t)(ασ+

j + α∗σ−
j ). (6)

In the moving frame of reference of the j th atom, the cavity
field appears as a traveling wave, containing two frequencies
shifted above and below the cavity frequency by the Doppler
shift δj (refer to Fig. 1).

It is convenient to approximate Eqs. (4)–(6) as a function
of the continuous variable δ = kv:

α̇ = −κα + η + g0

∫
dδP (δ) cos(δt)σ−, (7)

σ̇− = −(γp + i�)σ− + g0 cos(δt)ασ z, (8)

σ̇ z = −γ (σ z + 1) − 2g0 cos(δt)(ασ+ + α∗σ−), (9)

Atomic sample

ωc

FSR

Laser stabilization on atomic resonance, Δi = 0

Cavity resonance 
locked to probe laser

Probe

Detuning

Δi

FIG. 1. (Color online) Schematic of the cavity-QED experiment
with a thermal sample of atoms with Doppler width �d , each of which
have a narrow optical transition of width γa � �d . The atoms are
probed with a carrier with frequency ωc, and two sidebands located
at ωc ± FSR, where FSR is the free spectral range of the cavity.
The carrier frequency ωc, which is close to the atomic frequency
ωa , is locked on the cavity mode frequency ω, while the sidebands
are assumed far off resonance, typically ∼104 atomic linewidths. By
demodulating the light transmitted through the cavity at the FSR,
detection of the nonlinear phase response of the transmitted light is
achieved. This phase response results in a photocurrent that serves
as a frequency discriminating error signal that stabilizes the laser
frequency through the requirement �i = 0.

where P (δ) is the Maxwell velocity distribution of width
δ0, which is related to the temperature by the equipartition
theorem.

To solve this problem that intrinsically contains a bi-
chromatic drive, we proceed in two ways. Our first approach is
to numerically integrate Eqs. (7)–(9), partitioning the integral
into finite-size velocity bins. The velocity partition must
be chosen with care, since the system exhibits Doppleron
resonances, which have a strong dependence on the atomic
velocity. Specifically, at lower velocity, more resolution in the
partition is required.

Our second approach is semianalytic, and involves a
Floquet analysis [24,25], in which we expand σ−, σ+, and
σ z in terms of their Fourier components:

σ− =
∑

l

eilδt x
(l)
1 ,

σ+ =
∑

l

eilδt x
(l)
2 ,

σ z =
∑

l

eilδt x
(l)
3 , (10)

where x
(l)
1 , x

(l)
2 , and x

(l)
3 are the amplitudes of the lth Fourier

component. Upon substitution of Eqs. (10) into Eqs. (7)–(9),
equations for the amplitudes are found:

ẋ
(l)
1 = −(i(� + lδ) + γp)x(l)

1 + g0α

2

(
x

(l+1)
3 + x

(l−1)
3

)
, (11)

ẋ
(l)
2 = (i(� + lδ) − γp)x(l)

2 + g0α
∗

2

(
x

(l+1)
3 + x

(l−1)
3

)
, (12)
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ẋ
(l)
3 = −γ δl,0 − (ilδ + γ )x(l)

3

− g0
(
αx

(l+1)
2 + α∗x(l+1)

1 + αx
(l−1)
2 + α∗x(l−1)

1

)
. (13)

In order to find a steady-state solution, we set the time
derivatives in Eqs. (11)–(13) to zero, and substitute Eqs. (11)
and (12) into Eq. (13), yielding

0 = γ δl,0 + alx
(l)
3 + dlx

(l+2)
3 + blx

(l−2)
3 , (14)

where δl,0 is a Kronecker delta, and

al ≡ ilδ + γ + g2
0 |α|2
2

(
1

Ql+1
+ 1

Pl+1
+ 1

Ql−1
+ 1

Pl−1

)
,

(15)

bl = dl−2 ≡ g2
0 |α|2
2

(
1

Ql−1
+ 1

Pl−1

)
, (16)

where

Pl = i(lδ + �) + γp, (17)

Ql = i(lδ − �) + γp. (18)

For a given α, Eq. (14) defines a tridiagonal linear system
that can be solved by truncating l at some finite value, and
applying the Thomas algorithm for matrix inversion [26].

Since the atoms have motion, the condition for resonance
between an atom and photon is achieved when the atomic
frequency and photon frequency are offset by δ. However,
higher-order multiphoton processes, known as Doppleron
resonances, involving 2n + 1 photons where n is an integer, are
also possible. The nth-order Doppleron resonance corresponds
to the terms of order l/2 in the Floquet theory [21,22]. This
correspondence is why only even values of l can couple into
Eq. (14).

In steady state, Eq. (7) simplifies to

α = η

κ
+ g2

0N

2κ

∫
dδP (δ)

(
x

(−1)
1 + x

(1)
1

)
. (19)

Since x−1
1 and x1

1 depend on α, the self-consistent field
amplitude α that solves Eq. (19) is found numerically by
applying Newton’s method for root finding [26].

We have seen excellent agreement between the two previ-
ously described solution methods, and for the remainder of the
paper we focus our attention on the Floquet solution, which
most transparently illuminates the underlying physics.

III. DISCUSSION OF STEADY-STATE SOLUTIONS

We first consider the lowest-order solution to Eq. (19), by
truncating at l = 0, which means we have not included higher-
order Doppleron processes. We have verified that this solution
displays the correct physics qualitatively by comparing to
higher-order solutions that are truncated at increasing values
of l. We define scaled intracavity and input field amplitudes
x ≡ α/

√
n0, y ≡ η/(κ

√
n0), where n0 = (γ γp)/(4g2

0) is the

FIG. 2. (Color online) Development of the extra absorption and
dispersion features in the transmission (T) and phase shift (φ), as
the input intensity is increased. Blue (dark gray) solid curves are
for a standing wave cavity; red (light gray) dashed curves are for a
traveling wave cavity. For all plots, NC0 = 600 and δ0/γp = 260,
which in the case of 88Sr corresponds to a temperature of ∼15 mK.
(a) |y|2 = 5 × 10−1. (b) |y|2 = 6 × 101. (c) |y|2 = 9 × 102. The inset
is zoomed in to emphasize the central features. (d) Input vs intracavity
intensity at resonance. The black dots label the input and intracavity
intensities of (a)–(c), and the dashed line is |y|2 = |x|2 for reference.
Note that there is no bistability.

saturation photon number. Equation (19) then becomes

y = x

⎛
⎝1 + NC0

4

∫
dδP (δ)

⎧⎨
⎩

1 − i(� + δ)/γp

1 + (�+δ)2

γ 2
p

+ |x|2
4 (1 + ξ+)

+ 1 − i(� − δ)/γp

1 + (�−δ)2

γ 2
p

+ |x|2
4 (1 + ξ−)

⎫⎬
⎭

⎞
⎠, (20)

where C0 ≡ g2
0

κγp
, and ξ± = γ 2

p +(�±δ)2

γ 2
p +(�∓δ)2 .

It is interesting to consider the relation corresponding to
Eq. (20) for a ring cavity system that has a field traveling
in only one direction, assuming equal intracavity power. The
corresponding expression is given by

y = x

⎛
⎝1 + NC0

2

∫
dδP (δ)

1 − i(� + δ)/γp

1 + (�+δ)2

γ 2
p

+ |x|2
2

⎞
⎠. (21)

In the experiment described in [16], the measured ob-
servables are the cavity transmitted power T ≡ |x/y|2 and
transmitted phase shift φ ≡ arg(x/y) of the intracavity light

013817-3



TIERI, COOPER, CHRISTENSEN, THOMSEN, AND HOLLAND PHYSICAL REVIEW A 92, 013817 (2015)

relative to the input light. Figure 2 shows that the presence
of ξ± in Eq. (20) results in extra absorption and dispersive
features (blue solid line) around resonance in the transmission
and phase shift, as compared to a ring cavity field (red dashed
line) where ξ± = 0.

These extra absorption and dispersive features are caused
by the following: The distribution of atomic velocities results
in a different Doppler frequency shift of the light for each
atomic velocity class, so that each velocity class will be
resonant at a different detuning �. When |�| � γp|x|, the
resonant velocity class of the atoms is interrogated by both
components of the standing-wave field, whereas when |�| 

γp|x| the resonant velocity class of atoms is interrogated
by only one component of the standing-wave field. Thus,
there is an increased saturation in atomic absorption, with
a corresponding saturated dispersive feature, for |�| � γp|x|.
These sharp features are absent from the traveling-wave cavity
situation where there is only one propagating field.

As seen in Fig. 2(a), for low input intensities, there is no
atomic saturation at any detuning. In Fig. 2(b), the atoms
in the velocity class around resonance are saturated by both
components of the field, and the velocity classes away from
resonance are saturated by only a single component of the
standing-wave field. Therefore, the features caused by the two
component saturation and the features caused by the single
component saturation are clearly able to be distinguished.
It can be seen in Fig. 2(c) that as the amount of saturation
becomes large the central feature becomes power broadened,
but is still identifiable. Figure 2(d) shows the intracavity
intensity for a given input intensity with the values used in
Figs. 2(a)–2(c) labeled by black dots.

IV. SHOT-NOISE LIMITED LASER STABILIZATION

For laser stabilization, the central part of the phase response
close to the atomic resonance serves as an error signal, see
Fig. 2(c), and allows for the generation of a feedback signal to
the laser frequency. Through the photodetector, the error signal
is converted to a measurable photocurrent. Any photocurrent
measured by the photodetector should, in principle, be zeroed
by an ideal feedback loop of infinite bandwidth to the laser
frequency.

To determine the potential phase stability that could be
achievable using our system, we consider the shot-noise lim-
ited stabilization linewidth assuming a strong local oscillator,
as derived in [13]:

�ν = �ω

8πεPsig
(

∂φ

∂�

)2 = C0

4πεγ |x|2( ∂φ

∂�

)2 , (22)

where Psig is the signal power, ε is the photodetector efficiency,
and ( ∂φ

∂�
) is the dimensionless phase slope at resonance � = 0.

In the case that FM spectroscopy, such as NICEOHMS [16], is
used for the detection of the absorption or cavity transmitted
phase, Eq. (22) must be modified as follows. In general, in a
configuration where sidebands are applied at the free spectral
range of the cavity, Eq. (22) must be multiplied with (1 +
Psig/2Psideband), where Psideband is the sideband power.

Equation (22) is the smallest, and hence the phase is most
stable, when the product of the slope around resonance and the

0 2 4 8 12 16 24

1
2
3
4
5
6
7
8

l

opt l

opt 0

FIG. 3. (Color online) Linewidth at the optimum |y|2, which
gives the smallest linewidth, as a function of included orders of
l, normalized by the l = 0 linewidth. Blue circles: NC0 = 600,
δ0/γp = 260, |y|2 = 1270. Red squares: NC0 = 6000, δ0/γp = 260,
|y|2 = 7700. Black diamonds: NC0 = 600, δ0/γp = 80, |y|2 = 850.

intracavity intensity is as large as possible. The optimal input
intensity, which allows this product to be as large as possible,
is the value used in Fig. 2(c) and is labeled by the black dot at
|y|2 ≈ 103 in Fig. 2(d).

To achieve a quantitative agreement between theory and
experiment [16], higher orders in l in Eq. (19) must be
included. These higher-order terms correspond to Doppleron
resonances, i.e., multiphoton scattering processes between the
atoms and cavity mode.

To study the importance of these higher-order Dopplerons,
we calculate the linewidth from Eq. (22) at the optimum input
power while varying the order of l at which the truncation
occurs.

Figure 3 shows the dependence of the linewidth at the op-
timum input intensity on the order of l at which the truncation
occurs for three different sets of parameters. The first set,
shown in blue circles, converges by l = 12. The linewidth
calculated with up to l = 12 included before truncation is
around five times larger than the linewidth with only l = 0
included. This shows that Doppleron effects are crucial to
include for a correct quantitative analysis of this system.

Shown in red squares, we increase the number of atoms
by a factor of 10, and again calculate the linewidth as a
function of the order of l at which the truncation occurs. As
a result of N being increased, the optimum value of |y|2 is
also increased. Convergence occurs around l = 16. Now, the
difference between the converged linewidth and the linewidth
with only l = 0 included has increased by a factor of around
2. This demonstrates that as N is increased higher-order
Dopplerons play an increasing role.

We also decrease the temperature by a factor of 10, and
again calculate the linewidth at the new optimum value of |y|2,
as shown by the black diamonds. Even though the optimum
|y|2 occurs at a lower value, there is still an increase in the
difference between the converged linewidth and the l = 0
linewidth. Convergence occurs around l = 12. This shows that
as the temperature is decreased higher-order Dopplerons also
play an increasing role.
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FIG. 4. (Color online) (a) Scaled input (|x|2) vs intracavity (|y|2)
intensities for several temperatures with NC0 = 800. (b) Slope at
resonance for several temperatures with NC0 = 800. (c) Stabilization
linewidth as a function of NC0 for several temperatures. For δ0/γp =
0, the black dashed line is calculated at the fixed input intensity
|y|2 = 4NC0; the black solid line is calculated at the fixed input
intensity |y|2 = (NC0)2/4. For δ0/γp �= 0, the linewidth is calculated
with the input intensity fixed to the optimum value that gives the
smallest linewidth. In the case of 88Sr, δ0/γp = 150 corresponds to a
temperature of ∼5 mK.

We next study the effect of optical bistability, and its effects
on the optimum input intensity. As can be seen in Fig. 4(a),
when δ0/γp = 0 there is a bistability in input (|y|2) versus
intracavity (|x|2) intensities. As the temperature is increased,
the bistability becomes less pronounced, until eventually it
disappears entirely, which can be seen in the δ0/γp = 30 curve.

The slope at resonance, which can be seen in Fig. 4(b), has
a very different behavior for the zero and nonzero temperature
cases. For δ0/γp = 0, the slope is largest on the lower branch,

decreases slightly in the bistable region, and then drops
exponentially to zero as the intensity is increased on the upper
branch. When the temperature is increased, the bistability
disappears, and a dispersion feature with negative slope
appears. Then the slope goes to a maximally negative value
before power broadening eventually causes it to increase to
zero.

The disappearance of the bistability is important for
achieving the highest possible degree of stabilization. In the
zero-temperature case, the optimal combination of |x|2 and
∂φ

∂�
to give the smallest �ν occurs on the far left side of the

upper branch, when the input intensity has the fixed value
|y|2 = 4NC0, labeled with the black dot in Figs. 4(a) and 4(b).
However, this value of intensity is in the bistable region, so
the system is dynamically unstable when the full quantum
dynamics are accounted for. If the tunneling rate between the
different branches is not small, we are constrained to work
at input intensities that are above the bistable region where
the achievable frequency precision is much less. The gray dot
in Figs. 4(a) and 4(b) is at the far right side of the bistable
region, at the fixed input intensity value |y|2 = (NC0)2/4.
The stabilization linewidth is orders of magnitude worse here,
because the slope is so small. Nonetheless, working above
the bistability allows for shot-noise limited stabilization line
widths of ∼1 mHz [13].

Figure 4(c) shows the stabilization linewidth as a function
of NC0 for several temperatures. In the δ0/γp = 0 limit of
zero temperature, the black dashed curve corresponds to the
input intensity corresponding to the black dot, and the black
solid curve corresponds to the input intensity of the gray dot.
When the temperature is increased sufficiently, the bistability
disappears. Then, there are no longer any regions of dynamic
instability and therefore no restrictions on input intensity.
Each of the δ0/γp �= 0 cases in this plot is calculated at its
respective optimal input intensity and stops at a critical value
of NC0, where the bistability reappears. It follows as reciprocal
information that for a given value of NC0 there exists a critical
temperature at which the bistability disappears. Therefore, by
using Fig. 4(c) to note the values of temperature and NC0 at
which the bistability disappears for the different curves, it is
seen that the critical temperature increases as NC0 increases.

In general, a lower temperature will yield a smaller
linewidth. However, because one must avoid working in a
region of optical bistability, the optimal shot-noise limited
linewidth for certain values of NC0 and δ0/γp in which there
is no bistability can actually be smaller than the δ0/γp = 0
linewidth which is constrained above the bistability.

V. ATOMIC SYSTEMS

In order to evaluate the performance of the cavity-QED
stabilization method presented in this work, we have estimated
the shot-noise limited linewidth using Eq. (22) for a number
of different atomic systems. For each element we assume the
atomic sample laser to be cooled close to the Doppler limit
with reference to temperatures obtained experimentally in
[16,27–29] (see Table I). These temperatures are all above
the critical temperature where bistability disappears by at least
an order of magnitude.

013817-5



TIERI, COOPER, CHRISTENSEN, THOMSEN, AND HOLLAND PHYSICAL REVIEW A 92, 013817 (2015)

TABLE I. Shot-noise limited linewidths �ν estimated theoretically for a number of 1S0 → 3P1 intercombination lines at experimentally
realizable parameters: transition wavelength λ, natural linewidth γ , atomic sample temperature as reported in [27–29], and optimal cavity
input power Pin,opt. The critical temperature at which bistability disappears for NC0 = 4593, the largest value of NC0 here considered, is
60 μK, which is well below any temperatures considered. The ratio of the carrier and sideband power is chosen to Psig

2Psideband
= 1 in all cases.

Throughout the calculation we have assumed a prestabilized probe laser decoherence of γlaser/2π = 2.0 kHz. The shot-noise limited linewidths
are calculated for systems with empty cavity finesse of F = 250 and N = 2.5 × 107 atoms overlapping the cavity mode, and an improved
system with F = 1000 and N = 5.0 × 107.

Transition λ γ/2π F N NC0 Temperature Pin,opt �ν

171Yb 1S0 → 3P1 556 nm 182 kHz 250 2.5 × 107 374 6.5 mK 128 μW 3.3 Hz
1000 5.0 × 107 2991 312 μW 207 mHz

40Ca 1S0 → 3P1 657 nm 400 Hz 250 2.5 × 107 522 1.7 mK 5.5 nW 322 mHz
1000 5.0 × 107 4176 2.2 nW 20 mHz

24Mg 1S0 → 3P1 457 nm 34 Hz 250 2.5 × 107 253 3.0 mK 0.5 nW 8.1 Hz
1000 5.0 × 107 2021 0.2 nW 500 mHz

88Sr 1S0 → 3P1 689 nm 7.6 kHz 250 2.5 × 107 574 3.0 mK 47 nW 102 mHz
1000 5.0 × 107 4593 84 nW 6.8 mHz

A realistic atom number overlapping the cavity mode has
been estimated to be N = 2.5 × 107 and has been used for all
the elements. For several elements, larger atom numbers have
been reported in the literature, which makes our estimates
somewhat conservative [16,27–29]. Cavity dimensions are
based on the experimental values obtained in [16]. The cavity
waist diameter is chosen to be 1.0 mm and the empty cavity
finesse is chosen to be F = 250 and 1000, corresponding to
an empty cavity decay rate of κ/2π = 2.0 × 106 and 0.5 ×
106 Hz, respectively. In each case, the laser decoherence has
been assumed to be γlaser = 2π × 2.0 kHz. For each element
in Table I, we have used the laser power that corresponds to
the minimum shot-noise limited linewidth.

Whereas stabilizing a probe laser on the 1S0 → 3P1 transi-
tion of 24Mg may be slightly more experimentally challenging
compared to the other elements in Table I, the stabilization
of a probe laser on the 1S0 → 3P1 transition of 88Sr with
cavity finesse F = 250 and N = 2.5 × 107 promises a shot-
noise limited linewidth of 107 mHz. This linewidth is already
comparable with the linewidths of the current state-of-the-art
frequency stabilized lasers [12,16].

The shot-noise limited linewidth may be reduced further
by increasing the value of NC0. This can be achieved by
increasing the atom number or the cavity finesse. The shot-
noise limited linewidth, �ν, is inversely proportional to the
square of the atom number according to Eq. (22), as the phase
slope at resonance, ∂φ

∂�
, depends linearly on the atom number

N . A similar scaling can be achieved by increasing the finesse
while keeping the classical drive amplitude η constant. For
88Sr, the laser linewidth may be reduced to �ν = 6.8 mHz by
only increasing the cavity finesse to F = 1000 and increasing
the atom number by a factor of 2 to N = 5.0 × 107 (see
Table I).

A cavity imposes a delay on the error signal possibly
degrading the feedback to the laser. Generally, the optical
cavity effectively acts as a low pass filter with a cutoff
frequency given by fcut = c/(4LF ) [30], where c is the speed
of light, L is the cavity length, and F is the finesse of the cavity.
In the case studied in this paper we find the cavity belonging
to the so-called bad cavity limit, where the cavity linewidth
�c is significantly larger than the the atomic linewidth γa .

For a typical cavity of length 10 cm, operated in this domain,
the finesse ranges from 100 to 1000 and corresponds to cutoff
frequencies in the megahertz range. For practical purposes this
will not pose any significant delay in the servo loop.

The experimental proof of principle demonstrated in [16]
is operated in a cyclic fashion, on a time scale similar to
that of state-of-the-art optical lattice clocks. In these clocks,
the preparation of cold atoms takes of order 0.5–1 s, before
they are interrogated by the clock laser. This leaves the probe
(clock) laser uncorrected during the dead time period. All such
systems suffer from the so-called optical Dick effect [31,32]
where the frequency noise of the clock laser is aliased into the
sampled signal and ends up contaminating the clock stability.
Possible ways to decrease the Dick effect are to increase the
probe period by transferring the atoms to an optical lattice
or by reducing the initial clock laser instability. With a laser
noise level similar to that achieved by optical lattice clocks,
and a duty cycle of about 1 s, we would be limited to stability
at the 10−15 level [33]. Compared to the estimated shot-noise
limited linewidths presented in Table I, this corresponds to the
low-finesse cases. Pushing the limit, as shown by the slightly
higher finesse of 1000, would require the atoms to be loaded
into an optical lattice, or require a reduction of the duty cycle
by a factor 10 to 100 ms in the experiment presented in [16].
This may be achieved with an optimized experimental loading
rate as shown in [34].

Alternatively, one may use a cold bright atomic beam
as a source of atoms to be interrogated in the cavity,
rather than atoms prepared in a MOT and then released.
Using experimentally achieved numbers from [34], we have
estimated signals comparable to that achieved in [16], but now
allowing for a continuous interrogation. This seems to be a
very tantalizing and promising approach for these systems.

VI. CONCLUSION

We have seen that thermal atoms in a standing-wave cavity
field exhibit additional phenomena that were not observed
when considering a frozen arrangement of atoms. Specifically,
when the detuning of the laser and atoms is less than the
power broadened linewidth, the system interacts with both
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components of the standing-wave field. This causes new
absorptive and dispersive features in the observables, which
are the features that can be used as an error signal for
frequency stabilization. Multiphoton scattering processes due
to Doppleron resonances cause the stabilization linewidth to
increase. This effect becomes more dominant as the collective
cooperativity NC0 is increased, and as the temperature is
decreased. A system with sufficient NC0 and no atomic motion
will exhibit optical bistability. Atomic motion may cause this
bistability to disappear. When optical bistability occurs, one
is generally restricted to using an input intensity that lies
outside of the bistable region in order to prevent hopping
between semiclassical solutions. When there is no optical
bistability, there are no dynamically unstable regions, so that

no such restrictions on input intensity are necessary, allowing
the optimally smallest stabilization linewidth to be achieved.
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As an alternative to state-of-the-art laser frequency stabilization using ultrastable cavities, it has been
proposed to exploit the nonlinear effects from coupling of atoms with a narrow transition to an optical
cavity. Here, we have constructed such a system and observed nonlinear phase shifts of a narrow optical
line by a strong coupling of a sample of strontium-88 atoms to an optical cavity. The sample temperature of
a few mK provides a domain where the Doppler energy scale is several orders of magnitude larger than the
narrow linewidth of the optical transition. This makes the system sensitive to velocity dependent
multiphoton scattering events (Dopplerons) that affect the cavity field transmission and phase. By varying
the number of atoms and the intracavity power, we systematically study this nonlinear phase signature
which displays roughly the same features as for much lower temperature samples. This demonstration in a
relatively simple system opens new possibilities for alternative routes to laser stabilization at the sub–
100 mHz level and superradiant laser sources involving narrow-line atoms. The understanding of relevant
motional effects obtained here has direct implications for other atomic clocks when used in relation to
ultranarrow clock transitions.

DOI: 10.1103/PhysRevLett.114.093002 PACS numbers: 32.80.Wr, 37.30.+i, 42.50.Ct, 42.62.Fi

State-of-the-art atomic clocks rely on highly coherent
light sources to probe narrow optical transitions [1–5].
However, these clocks are limited by the frequency noise
of the interrogation oscillator through the Dick effect [6].
Only recently, multiatom optical clocks have surpassed
single ion clocks in stability owing to enhanced laser
stability [1,2,7]. Achieving a better stability has, so far,
been hampered by thermal noise in the reference cavity used
for laser stabilization [8–10]. Recent proposals suggest an
alternative approach to laser stabilization [11–13] where
atoms in an optical lattice are probed on the narrow clock
transition inside an optical cavity. This brings nonlinear
effects into the system dynamics that could considerably
enhance the spectral sensitivity and could potentially lead to
laser stability comparable to or better than the current state
of the art. However, for finite temperature samples of atoms,
the principal mechanisms that are relevant to this physical
domain have not been investigated in detail.
In such systems with highly nonlinear phase response,

a priori unpredictable effects such as bistability [13] and
the finite temperature of the atomic ensemble can change
the phase response in an undesirable way, which could
reduce the performance of the stabilization scheme for all
practical implementations. To achieve a better understand-
ing of cavity-mediated effects with a narrow optical
transition, we have constructed a system with 88Sr atoms
probed on the j1S0i − j3P1i transition at 689 nm inside an
optical cavity (see Fig. 1). To capture the basic physics of

the strong nonlinear phenomena, one can consider N
atomic dipoles strongly coupled to a single mode of the
cavity field. The dipole moment associated with this narrow
transition is around 5 orders of magnitude smaller than that
for a typical dipole-allowed transition in an alkaline
element. Also, at finite temperature only a small fraction
of the atomic sample is probed due to Doppler broadening.
Here, the role of the cavity is to enhance the weak
interaction by order of the finesse of the cavity.
Experimentally we operate in the so-called bad cavity

regime, where the atomic dipole decay rate is a factor of
1000 smaller than the cavity decay rate κ. In our experiment
we use the 88Srj5s21S0i − j5s5p1P1i transition at 461 nm
to cool and trap atoms in a magneto-optical trap (MOT).
We load about 5 × 108 atoms in the MOT at a temperature
of 2–4 mK inside an optical cavity prepared for light at
689 nm. The cavity waist of w0 ¼ 500 μm ensures a good
overlap with the MOT and negligible transit time broad-
ening (∼2 kHz) compared to the natural linewidth (Γ=2π ¼
7.6 kHz) of the probe transition. The dimensionless num-
ber C ¼ C0N, where C0 ¼ 4g2=Γκ depends on the single
atom–cavity coupling constant g, is known as the collective
cooperativity and is a measure of how strong the coherent
atom-cavity coupling is with respect to the dissipation
channels. In our configuration (g=2π ¼ 590 Hz, κ=2π ¼
5.8 MHz) we are able to generate a collective cooperativity
of about C ¼ 630, thus placing our system in the regime of
high collective cooperativity in the bad cavity limit, but
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outside the more restrictive cavity QED strongly coupled
regime [14,15].
Our experiment is operated in a cyclic fashion. We start

each cycle preparing the atomic sample by loading a MOT
inside the optical cavity. After loading we shut off the MOT
beams and probe the atoms at 689 nm while recording both
the intensity and the phase shift of the transmitted probe
light via two detectors (see Fig. 1). The total cycle time is
typically around 0.5–1 s. For the phase measurement we
employ cavity-enhanced FM spectroscopy by using the so-
called noise-immune cavity-enhanced optical-heterodyne
molecular spectroscopy (NICE-OHMS) technique [19,20]
(see the Supplemental Material [15]). This technique has a
clear advantage over heterodyne signals generated, for
example, from interferometric methods in terms of superior
noise reduction and simplicity. During experiments we lock
the cavity resonance to the 689 nm laser frequency using
a Hänsch-Couillaud scheme [21]. The standing wave
generated in the cavity will thus be present at all times
while the 689 nm laser frequency is scanned.
In the limit of T ¼ 0 and for very low cavity field

intensities several solutions exist for the steady-state intra-
cavity field [13]. This is known as optical bistability, which
would render the system unsuited for frequency stabiliza-
tion. However, at finite temperatures when motional effects
are included, this picture changes. In this case, there is a
critical temperature Tcrit above which only one solution for
the steady-state intracavity field exists. For our parameters,
Tcrit is of the order of a few hundred nK, while experiments
are typically performed at mK temperatures.

The nonzero velocity of the atoms brings additional
photon resonance phenomena into play, which changes the
complex amplitude of the cavity field around the atomic
resonance ω0. In the rest frame of an atom moving with
velocity vj the atom experiences a bichromatic light field
given by ωþ ¼ ωlð1þ vj=cÞ and ω− ¼ ωlð1 − vj=cÞ,
where ωl is the laser frequency and c is the speed of light.
Resonant scattering events will take place if the atom is
Doppler tuned into resonance at ω0, e.g., ω− ¼ ω0, such
that the atom may absorb a photon from a given direction of
the cavity field. Higher order resonances are also possible
where, e.g., the atom absorbs two photons from one
direction at ω− and emits one photon in the other direction
at ωþ. Generally, the resonance condition for pþ 1
absorbed and p emitted photons becomes ðpþ 1Þω− ¼
ω0 þ pωþ for p ¼ 0; 1; 2;… [22]. The process is illus-
trated in Fig. 2(a). These nonlinear multiphoton scattering
effects are known as Dopplerons and give rise to a series of
velocity dependent resonances [23] which change the
transmitted field amplitude around resonance.
In Figs. 2(b) and 2(c) we show typical results for a

frequency scan across the j1S0i − j3P1i line resonance
(red circles). The input power was 975 nW, corresponding
to an average saturation parameter of S0 ¼ 618. It is clear
that the phase signal in Fig. 2(c) has a significantly higher
signal-to-noise ratio (SNR ¼ 70) than the transmitted
power signal in Fig. 2(b) (SNR ∼ 4), demonstrating the
effectiveness of the NICE-OHMS technique. Currently,
the factor limiting the signal-to-noise ratio of the phase
signal is the shot-to-shot atom number fluctuations and
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FIG. 1 (color online). (a) Experimental setup. A sample of cold atoms (MOT) is prepared inside a low finesse cavity (F ¼ 85) which is
held at resonance with the probe laser. We probe the atoms on the intercombination line j5s21S0i − j5s5p3P1i at 689 nm
(Γ=2π ¼ 7.6 kHz). Both intensity and phase shift of the transmitted probe light are recorded. The phase is measured relative to
the input field by employing cavity-enhanced heterodyne spectroscopy (NICE-OHMS). (b) Energy levels of the 88Sr atom and
transitions relevant to this work. (c) Relation between the spectral components in the experiment. The probe laser frequency ωl
(and consequently the cavity resonance ωc) is detuned a variable amount Δ with respect to the atomic resonance ω0.
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residual amplitude modulation from the electro-optic
modulator (EOM).
We model the dynamics of the system by a Hamiltonian

describing the coherent time evolution of an ensemble of
atoms, where each atom with a given velocity is coupled
to a single mode of the optical cavity. Solving the
corresponding optical Bloch equations yields the cavity-
transmitted intensity and phase as a function of detuning,
number of atoms, and temperature. Our model is also
adapted to take into account the spatial extent of the cavity
field and the atomic density profile. The blue solid curves in
Figs. 2(b) and 2(c) represent the theoretical prediction
based on the Hamiltonian presented in Eq. 2 of the
Supplemental Material [15]. In our theoretical model we
fix the number of atoms, laser input power, laser linewidth,
cavity waist, and cavity finesse based on experimental
values, but allow a scaling factor for the absolute phase.
The temperature is allowed to vary in the range of 2–4 mK,
in accordance with the experimental condition.
Considering the transmission in Fig. 2(b), we can

identify three spectral features: (1) the broad (∼3 MHz
wide) Doppler absorption feature consistent with the
sample temperature of a few mK; (2) a central region
(∼1 MHz wide) with enhanced transmission due to satu-
ration, affected by the Doppleron resonances which lead to
enhanced backscattering (or reduced forward transmis-
sion), limiting the height of the saturated absorption peak;
(3) finally, in the central region around zero velocity (i.e.,
on resonance), the Doppleron mechanism breaks down and
the saturated absorption takes place again with increased
transmission as a result.
The Dopplerons also have an effect in the phase signal

[Fig. 2(c)], although the effect is negligible for large laser
detunings corresponding to larger atom velocities. In the
inset of Fig. 2(c), we zoom in on the phase of the central
saturated absorption feature where we have plotted exper-
imental data [with parameters corresponding to Fig. 4(a)]
and theoretical curves without Dopplerons (black, dashed
line) and with Dopplerons (blue line). Here, the effect of
Dopplerons becomes clear and there is an observable effect
on the phase signature which is a decrease in slope around
resonance, showing consistency between our theoretical
model and the experimental data. This decrease in slope is
important in the determination of the frequency stability
that is achievable using this system since the stability
depends inversely on the square of the slope around
resonance, and reducing the temperature further does not
significantly improve this slope [15].
To evaluate and characterize our physical system exper-

imentally and test it against the theoretical model, we have
mapped out the central phase feature as a function of probe
input power with a fixed atom number. In addition to a
validation of the theoretical model, this will provide an
understanding of the behavior and sensitivity of the phase
signal to typical experimental variables relevant to, e.g.,
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FIG. 2 (color online). (a) Illustration of the Doppleron multi-
photon processes that take place in our system. We consider a
given atomwith velocity component v in the direction of the cavity
axis. The first resonance condition (the top equation) involves only
one photon and corresponds to the usual Doppler effect. The next
resonance involves two photons absorbed and one photon emitted,
and so forth. (b),(c) Typical frequency scan without any averaging
across the atomic resonance for an input power of 975 nW and a
total number of atoms in the MOT of N ¼ 4.4 × 108. The data in
(b) display the transmission of the probe light through the cavity
normalized to a signal with no atoms in the cavity. The data in (c) is
the phase shift of the cavity-transmitted field obtained using the
NICE-OHMS method. The solid lines are theoretical predictions
based on our theoretical model, which includes the Doppler effect
and the spatial overlap of the thermal cloud (here with temperature
T ¼ 2.3 mK) with the cavity field. At maximum phase shift
(around detunings ofΔ≃�1 MHz), our detection system starts to
saturate, giving a slightly flatter appearance of the phase data.
(Inset) Zoom on central phase feature with similar experimental
parameters [data are identical to Fig. 4(a)]. Here, we have included
a theoretical plot that does not take the Dopplerons into account
(black, dashed curve). The effect of the Dopplerons is readily
apparent. Units on axes are the same as in (c).
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laser stabilization. In Fig. 3 we show the phase signal for a
fixed number of atoms as a function of laser detuning for
different input powers in the range 650–1950 nW. For high
input powers we strongly saturate the dipole and power
broaden the central saturated absorption peak. As we
gradually lower the input power, the power broadening
is reduced, leaving the central phase feature with a larger
slope without reducing the signal-to-noise ratio.
Figs. 4(a)–4(d) show the evolution of the phase signal

for fixed probe power as the number of atoms inside the
cavity mode is changed from Ncavity ¼ 2.5 × 107 in (a) to
Ncavity ¼ 1.2 × 107 in (d). We observe a strong dependence
on atom number with increasing phase response and
increasing slope on resonance for increasing atom numbers,
as expected, and the slope can straightforwardly be
improved by increasing the number of atoms. However,
our system is strongly nonlinear and other optimal param-
eters, such as input power, for a given number of atoms,
may not be trivially assigned to our experiment, but must be
found numerically or experimentally.
Using the central phase slope for laser frequency lock-

ing, we estimate a shot noise limited linewidth of
1000 mHz, based on our experimental parameters. This
number can be improved by at least a factor of 20 with
realistic improvements in the experimental parameters, e.g.,
by optimizing the EOM modulation index (a factor 15) and
increasing the atom number and the cavity finesse (both a
factor 10), which would render the system comparable to
state-of-the-art frequency stabilization Refs. [9,24–26] (see
the Supplemental Material [15] for details).

In conclusion,wehave constructed a systemdominated by
highly saturated multiphoton absorption with laser-cooled
strontium atoms coupled to a low finesse optical cavity. The
transmission through the cavity is altered by thermal effects
but, apart from a small decrease in slope, the central phase
response of the atoms remains relatively immune to these
effects while displaying a high SNR owing to the cavity and
detection technique. The atomic phase signature was
observed via cavity-enhanced FM spectroscopy (NICE-
OHMS) on the narrow optical j1S0i − j3P1i intercombina-
tion line of 88Sr, providing a SNR exceeding 7000 for one
second of integration. The understanding obtained here of
the “bad cavity” physics lends promise to further develop-
ment in this area, such as a new generation of frequency
stabilization [11,13] or superradiant laser sources [27,28].
Specifically, the physical understanding of a “warm” system
(MOT temperature) obtained in thisworkwill provevaluable
when future atomic clocks, stable lasers, or both will be
operated under more noisy and compact environments—
e.g., in vehicles and spacecrafts—where the size, rugged-
ness, and convenience of the setup might dictate higher
atomic temperatures than what is currently used for state-of-
the-art systems. In this situation, this work will serve as an
important piece of technical understanding for out-of-lab
clocks employing warm atoms.
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FIG. 3 (color online). Measured phase shift of the cavity-
transmitted field when scanned across the atomic resonance.
The input probe laser power Pin is progressively decreased from
1950 nW (a), 900 nW (b), 700 nW (c) to 650 nW (d). The number
of atoms is about Ncavity ¼ 2.5 × 107. Each point is an average of
three data points. The solid lines are theoretical predictions based
on our theoretical model.
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FIG. 4 (color online). Measured phase shift of the probe light
when scanned across the atomic resonance. The number of atoms
in the cavity is progressively decreased from 2.5 × 107 (a), 2.0 ×
107 (b), 1.7 × 107 (c) to 1.2 × 107 (d). The input power used for all
plots was 650 nW. Each point is an average of three data points.
The solid lines are theoretical predictions based on our theoretical
model. The central slope scales linearly with atom number.
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