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Abstract

Black hole binary systems can form and evolve in the inner region
of a galaxy, where usually a supermassive black hole is located. These
three objects naturally form a triple system, where the presence of the
tertiary companion affects the dynamics of the two black holes in the
binary system. In the literature, triple systems have been studied by
treating all three objects as point particles, using Newtonian physics to
describe the evolution of the binary system. Although this approximation
works quite well when the distances at play are large enough, it is not
suited for studying the scenario where a binary system is orbiting in the
proximity of a supermassive black hole where strong gravity effects can
alter significantly the dynamics of the two companions in the binary.
The aim of this thesis is firstly to provide the tools to analyse the latter
scenario, and secondly to show how strong gravity effects can drastically
affects the dynamics of a black hole binary system. In particular we study
how the von Zeipel-Lidov-Kozai (ZLK) mechanism works in a strong
gravity regime, when the binary system orbits on a circular geodesic close
to a supermassive black hole. We show how strong gravity effects can
reduce significantly the merger time of the two companions in the binary
system, affecting also the gravitational wave signal. We also analyse how
the orbits of an Extreme Mass Ratio Inspiral (EMRI) are deformed by
an external tidal field, arising from the presence of a supermassive black
hole. We carry out our analysis assuming the primary companion in the
EMRI system possesses a charge, focusing our attention on how the tidal
deformations induced by the external environment change as the charge
of the black hole increases.

Abstract

Binære systemer af sorte huller kan dannes og udvikle sig i den
indre region af en galakse, hvor der som regel findes et supermassivt
sort hul. S�adanne konfigurationer af tre sorte huller danner naturligt
et trelegemesystem, hvor tilstedeværelsen af det supermassive sorte hul
p�avirker dynamikken for de to sorte huller i det binære system. I lit-
teraturen er trelegemesystemer blevet studeret ved at behandle alle tre
legemer som punktpartikler og anvende Newtonsk fysik til at beskrive
deres dynamik. Selvom denne tilnærmelse fungerer ganske godt n�ar
de involverede afstande er tilstrækkeligt store, er den ikke egnet til at
studere scenarier, hvor et binært system er i omkreds tæt p�a et super-
massivt sort hul, hvor stærke gravitationseffekter kan ændre dynamikken
mellem de to sorte huller i det binære system markant. Form�alet med
denne afhandling er for det første at levere værktøjer til at analysere
det sidstnævnte scenarie og for det andet at vise, hvordan stærke grav-
itationseffekter drastisk kan p�avirke dynamikken for binære systemer af
sorte huller. Især undersøger vi, hvordan von Zeipel-Lidov-Kozai (ZLK)-
mekanismen fungerer i et regime med stærk gravitation, n�ar det binære
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system bevæger sig langs en cirkulær geodæt tæt p�a et supermassivt
sort hul. Vi viser, hvordan stærke gravitationseffekter betydeligt kan
reducere sammensmeltningstiden for de to ledsagere i det binære sys-
tem og samtidig p�avirke gravitationsbølgesignalet. Vi analyserer ogs�a,
hvordan banerne for et s�akaldt extreme-mass-ratio-inspiral binært sys-
tem (EMRI) deformeres af tidevandskræfterne, der opst�ar som følge af
tilstedeværelsen af et supermassivt sort hul. Vores analyse forudsætter,
at den primære ledsager i EMRI-systemet har en ladning, og vi fokuserer
p�a, hvordan tidevandskræfter for�arsaget af det eksterne miljø ændrer sig,
efterh�anden som ladningen p�a det sorte hul øges.
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Introduction

Since their �rst detection back in 2015 [1], gravitational waves have pro-
vided us invaluable information about the Universe [2�7], especially when

it comes to black holes and binary systems. In fact the �rst signal of gravita-
tional waves not only represents the �rst direct proof of the existence of binary
black hole (BBH) systems but also it gives us con�rmation that black holes do
merge out there in the Universe. Since then, we detected an increasing number
of binary black hole mergers [8], motivating the scienti�c community to analyse
in detail the dynamical evolution of BBH systems, with a particular attention
on possible formation channels for black hole - black hole binaries [9�11] and
moreover possible mechanisms that could lead to mergers happening on an a
timescale shorter than the age of the Universe [12�14]. The latter problem
arises from the fact that for a BBH system to merge by emission of gravita-
tional waves on a reasonable timescale1, it requires either the binary to have a
large eccentricity (close to 1) or the two companions to be very close to each
others. This can be seen by simply considering that the timescale needed for
a BBH system to merge by emission of gravitational waves is proportional to
a prefactor given by

�
1 � e2

� 7=2 [15, 16], wheree is the eccentricity of the bi-
nary system. It is clear that as the eccentricity approaches1, the emission of
gravitational waves becomes more e�cient leading to a faster merger. On the
other hand, if we assume that the BBH system is a circular one (e = 0 ), the
merger time due to emission of gravitational waves can be written as [17]

� GW =
5

256
c5

G3

a4

M 2�
= 1010 years

�
20M �

M

� 2 5M �

�

�
a

0:0888AU

� 4

; (1)

where a is the semi-major axis of the binary, M and � are respectivey the
total mass and the reduced mass of the system, namelyM = m1 + m2 and
� = m1m2=(m1 + m2), with m1;2 the masses of the two black holes. For
a BBH system similar to the one detected with the �rst gravitational wave
signal GW150914 [1], i.e.M = 65 M � and � = 16 M � , the merger time would
be smaller than the age of the Universe if its semi-major axis is smaller than
a � 0:23AU.

1Here with reasonable we mean a timescale shorter than the age of the Universe.
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One possible merging channel that could speed up the merger of a BBH
system consists in assuming that the binary system is not an isolated one
but instead it is interacting with an external third object, forming a triple
system [17�24]. The presence of a third body can lead to faster mergers,
compared to the case of an isolated binary, mostly because of the so-called von
Zeipel - Lidov - Kozai (ZLK) mechanism [25�29], i.e. a secular e�ect in triple
systems that can trigger oscillations in both the eccentricity and inclination of
the BBH system in a periodic fashion. During these oscillations the eccentricity
of the BBH system can reach values close to1, yielding to a more e�cient
emission of gravitational waves and thus to a faster merger [19,20,30].

This has motivated people in recent years to study black hole triple systems
in di�erent context: analysing possible formation channels [31�34], studying
secular e�ects in triple systems [20,35�40], including relativistic e�ects to the
evolution of the BBH system [41�45] and investigating non-secular e�ects such
as resonances [46�49]. In all these contexts triple systems have been studied
assuming that the distance between the binary system and the tertiary was
large enough to use Newtonian physics to describe the dynamical evolution of
the triple system, using a Post Newtonian (PN) expansion to include relativis-
tic e�ects. This approach works very well in astrophysical settings where the
distances at play are large enough compared to the characteristic scales of the
three objects in the triple system. However, motivated by the fact that the
upcoming interferometers LISA [50] and the Einstein Telescope [51] will be
able to detect gravitational waves emitted by binaries in triple systems evolv-
ing in a strong gravity regime, i.e. when the distances at play are of the same
order of the characteristic scale of the tertiary object, people have started to
focus their attention on possible mechanisms leading to the formation of BBH
systems close to an external supermassive black hole. These mechanisms are
usually referred to asmigration mechanisms[52�57] and can e�ciently lead to
binaries merging in regions close to the center of galaxies where strong gravita-
tional e�ects can signi�cantly a�ect the evolution of the system. Moreover in
this context, Extreme Mass Ratio Inspirals (EMRIs) play a key role in the fu-
ture of gravitational waves and in analysing the strong gravity regime [58�63].
EMRIs are binary systems where the primary companion is much larger than
the secondary one and, as a consequence of this huge di�erence in the masses,
the latter is expected to undergo several orbital cycles in the near-horizon
region of the former where its evolution is dominated by strong gravity ef-
fects [50, 64]. Recent works have shown how a fraction of EMRI systems are
expected to be b-EMRIs, i.e. binary Extreme Mass Ratio Inspirals, where the
lighter companion is not a single compact object but rather a binary system,
making b-EMRIs actually hierarchical triple systems [65�68]. Again, the large
di�erence in the masses between the binary system and the primary compan-
ion in the b-EMRI makes it so that the former will spend the last phase of
its evolution in the strong gravity region around the latter, where it will emit
gravitational waves detectable by the future interferometers.
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In these scenarios, where the binary system is close to the tertiary object,
the Newtonian approximation breaks down and we need to use General Rel-
ativity instead to describe properly the dynamics of the triple system. This
motivates us to analyse, in this thesis, black hole triple systems in the con-
text of a strong gravity regime, using General Relativity instead of Newtonian
Physics to describe the evolution and the dynamics of a BBH system orbit-
ing closely around a supermassive black hole. More in details, this thesis is
structured as it follows:

ˆ In Chapter 1 we analyse how the dynamics of a BBH system, with
two black holes of comparable masses, is a�ected by the presence of
an external supermassive Kerr black hole. We start by giving a brief
overview about triple systems in the Universe, mentioning possible for-
mation channels and introducing the stability condition needed for a
triple system to evolve without being disrupted. Next we introduce the
concept of secular timescaleand we focus our attention on the ZLK
mechanism, providing the key elements for understanding how it works
and presenting a brief review on how it has been described previously in
the literature. We then move to the original contribution in this research
�eld, i.e. the analysis of the ZLK mechanism in the context of strong
gravity regime. This is done by describing the BBH system using the
point particle approximation, i.e. assuming that the distance between the
two black holes is larger than their characteristic size, but the tidal inter-
action between the binary and the external body is treated in a full Gen-
eral Relativistic manner, describing the supermassive black hole through
the Kerr metric. This approach allows us to introduce strong gravity
e�ects, generated by the tertiary, in the dynamical evolution of the BBH
system. Practically speaking this is done by introducing the multipole
electric Ea1 ;a2 ;:::;a j and magnetic tidal momentsBa1 ;a2 ;:::;a j , which encode
all the information about the tidal interaction between the binary system
and the supermassive Kerr black hole. We carry out the analysis in two
di�erent reference frames, a local-inertial one moving together with the
BBH system and a non-inertial one associated with an asymptotic ob-
server. We �nd that strong gravity e�ects can signi�cantly enhance the
ZLK mechanism, leading to a higher frequency for the eccentricity and
inclination oscillations which results in a faster merger for the binary sys-
tem compared to the one predicted by the Newtonian description of the
triple system. Moreover with our approach we can provide a complete
expression for thegyroscope precession, i.e. the precession of the angular
momentum of the BBH system around the direction identi�ed by the
angular momentum of the external black hole, which expanded with a
PN expansion gives back the results already known in the literature plus
new higher order corrections. We also check that we included the e�ect
of the spin of the supermassive black hole consistently in the dynamics
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of the BBH system by using again a PN expansion and checking that
the lower orders agree with the already known results in previous works.
Finally we conclude our analysis by studying the peak frequency of the
gravitational waves emitted by the binary system in the strong gravity
regime, more precisely in the extreme case where the BBH system is
orbiting along the Innermost Stable Circular Orbit (ISCO) of the super-
massive Kerr black hole, including the e�ect of the gravitational redshift
and connecting our results with the future space-based interferometers.
We show how the Newtonian description cannot capture properly the
dynamics of the BBH system in the strong gravity regime and, as con-
sequence, how a General Relativistic description is needed to correctly
understand the merger of a binary system in this extremely important
scenario for the future of gravitational waves.

ˆ In Chapter 2 we analyse the scenario of an EMRI system, where the two
companions are a Schwarzschild black hole and a test particle, orbiting
around a supermassive Kerr black hole. Firstly we give a brief overview
on EMRIs, enlightening their properties, possible formation channels and
their relevance for the future interferometers such as LISA. We then move
to the original part of this Chapter, which consists in studying how a
tidal environment, sourced by a supermassive Kerr black hole, deforms
the orbits of the test particle around the Schwarzschild black hole in the
EMRI system, focusing our attention on the ISCO and the light ring.
To this end we start by constructing the electric and magnetic tidal mo-
ments, up to the �rst order in their multipole expansion, which encode
all the information about the source of the tidal environment and which
we use to describe the interaction between the external body and the
EMRI. Note that the electric tidal moments were already known in the
literature [69], while the magnetic ones have never been computed before
in a generic scenario and thus they represent a novel result. Following
Ref. [70], we use the electric and magnetic tidal moments to write the
metric for a tidally deformed Schwarzschild black hole which we then use,
together with the four-velocity of the test particle, to build the Hamil-
tonian describing the EMRI system in a tidal environment. Finally we
apply this formalism to study how the ISCO and the light ring of the
Schwarzschild black hole get deformed by the presence of an external
tidal �eld. In particular we are interested in tidal e�ects that stick to
the dynamics of the test particle for more than just one orbit around the
primary companion, thus for this reason we eliminate the fast motion in
the dynamics of the EMRI system by averaging over one orbital cycle of
the test particle around the Schwarzschild black hole. This allows us to
�nd the secular shifts induced by the external supermassive black hole on
the parameters characterizing the ISCO and the light ring of the EMRI.
The tidal corrections are written in terms of an e�ective perturbative pa-
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rameter, which contains all the information about the tidal environment
and the orientation of EMRI system with respect to its orbit around the
Kerr black hole. In our analysis we �nd that depending on the orienta-
tion, which is speci�ed thanks to a set of Euler angles, the presence of
a tidal �eld can either shrink or expand the radial position of both the
ISCO and the light ring. Moreover there is a speci�c con�guration for
the binary for which the two orbits do not feel the presence of the exter-
nal tidal �eld and thus they do not get deformed. Lastly we also show
how in the case of strong gravity regime, i.e. when the EMRI system is
orbiting closely to the supermassive black hole, the tidal deformations
are stronger than the ones in the scenario where the binary is far away
from the source of the tidal �eld. This last scenario has already been
analysed, in less general settings, in Refs. [71, 72] and we recover their
results by choosing a speci�c orientation for the binary system and by
taking the limit r̂ ! 1 , where r̂ represents the distance between the
EMRI system and the source of the tidal environment.

ˆ In Chapter 3 we focus our attention on charged black hole binaries.
Given that it is widely believed that charged black holes do not ex-
ist in the Universe, we start this Chapter by presenting some motiva-
tions for which we should include the presence of charge in binary sys-
tems. Firstly we review some possible charging mechanisms that could
potentially lead black holes to have a small amount of electric charge
which might be preserved thanks to the presence of an electromagnetic
�eld [73]. Secondly we include the possibility of having magnetically
charged black holes, which are more stable than their electric counter-
parts [74] and have drawn a lot of attention in the scienti�c community
in recent years [74�77]. Thirdly we argue that the inclusion of an extra
parameter in the description of a BBH system allows us to study a more
general scenario than the one depicted by only neutral black holes, since
it can be used as a toy model to describe the more astrophysically rele-
vant (but often computationally harder to analyse) case of spinning black
holes. After giving some motivations for including the charge in BBH
systems, we introduce the original part of this Chapter, which consists
in analysing two di�erent aspects of charged binaries.

In the �rst one we study the evolution and the formation of the event
horizon during the merger of an EMRI system, where the lighter com-
panion is a charged black hole. Following Ref. [78], this can be done
analytically by implementing the EMR limit, which consists in taking
m=M ! 0, wherem and M are the masses of respectively the secondary
and the primary companions in the EMRI. To study the evolution of the
event horizon of the charged black hole during the merger we need to
be able to analyse its geometrical structure, thus the EMR limit must
be satis�ed by keeping the size of the smaller object �xed while sending
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the size of the larger one to in�nity, namely M ! 1 . Then, in this
approximation, the procedure to extract the evolution of the event hori-
zon during the merger proceeds as follows: we start by considering the
con�guration of the event horizon at future null in�nity and we trace
back in time the null geodesics generating the event horizon until they
meet each others in a caustic point [78]. We compute di�erent parame-
ters characterizing the merger of the EMRI system, such as the pinch-on
coordinate representing when the two black holes touch, the duration
of the merger and the increase in the area of the event horizon of the
charged black hole. What we �nd, comparing our results with the ones
obtained in the case of a neutral EMRI [78], is that as the charge of the
small black hole increases, the merger happens closer to its center and
becomes quicker. Lastly we extend our analysis to the case of a charged
BBH merger in higher dimensions than4, where after extracting numeri-
cally the evolution of the event horizon during the merger we �nd that in
D > 4 dimensions, as a consequence of the steeperr dependence in the
metric describing the charged black hole2, the merger happens faster
and closer to the center of the small black hole in the EMRI system
compared to the astrophysical scenario in4 dimensions.

In the second part of Chapter 3 instead, we analyse the dynamics of an
EMRI system moving in a tidal environment which we will keep com-
pletely general, without specifying its source. We will follow the same
steps introduced in Chapter 2 for the case of a neutral EMRI, but this
time the primary companion in the binary system will be a charged black
hole described by the Reissner�Nordström (RN) metric and moreover we
will consider the secondary companion to carry a small amount of charge.
Our goal in this analysis is to �rst write down the metric of a tidally de-
formed RN black hole, which we do by following Ref. [77], and second to
use this result to study how the dynamics of the test particle in the EMRI
system is a�ected by the presence of an external tidal environment, in
particular focusing our attention on the role of the charge of the primary
companion in the tidal deformations induced on the dynamics of the bi-
nary system. As a practical application of our formalism we compute the
tidal shifts induced on the parameters characterizing the ISCO and the
light ring of the RN black hole, showing how they change as the charge
increases until it reaches is maximum value at extremality. We �nd that
as the charge increases, the tidal corrections become smaller approaching
their minimum (but �nite) value for an extremal black hole. This is a
consequence of the fact that as the charge of the RN black hole reaches
its maximum value, its throat elongates, dragging both the ISCO and
the light ring closer to its center, resulting in a suppression of the tidal

2Here the charged black hole will be described using the Reissner�Nordström metric and
r represents the radial coordinate in the charged spacetime.
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e�ects. Moreover, since both the primary and the secondary companions
in the EMRI system possess a charge, the tidal deformations will have
both a gravitational and an electromagnetic contribution. In our analy-
sis we will consider only gravitational static tides, thus the gravitational
contribution in the tidal e�ects will be larger than its electromagnetic
counterpart.

ˆ In Chapter 4 we present our concluding remarks and possible future
directions for the analysis presented in this thesis.





Chapter 1

Triple Systems and Secular
E�ects

I t is widely known that almost every large galaxy has a supermassive black
hole at its center [79, 80]. Thus for two compact objects forming a binary

system in these environments it is very unlikely to evolve as an isolated binary
since they will feel the presence of the supermassive black hole in their dynam-
ical evolution. Moreover back in the late 1900s, it was already known that at
least 35%of stars binaries had a third companion moving on a wider orbit [81]
and today more analysis on triple stars systems have con�rmed that they are
quite common in the Universe [82�87]. A clear example of a triple system is
the 4U 1820-30 low-mass X-ray binary whose short binary period has been ex-
plained by including the presence of a third companion [88,89]. Triple systems
are also very relevant in the formation and evolution of giant gas planets, es-
pecially if these objects form in stellar environments where they form a binary
system star-Hot Jupiter. It has been shown how the presence of a third body
orbiting these binaries can induce a migration mechanism that would help us
understand how these systems form and evolve [90�94]. Even by looking at
our surroundings we can �nd a lot of examples of triple systems: the most
obvious one is the Sun-Earth-Moon system, which has been widely studied,
but also smaller objects, such as asteroids, can form binary systems [95�98]
and be a�ected by the presence of the Sun. Finally in recent years a lot of
binary black hole systems have been detected with LIGO-Virgo-Kagra thanks
to the emission of gravitational waves [99]. In this context the interaction of a
binary black hole system with a third body, thus forming a triple system, can
alter signi�cantly the signature of the gravitational wave detected [100�105],
giving us a better insight on what is really happening out there in the Uni-
verse. Moreover the presence of a third companion altering the evolution and
merger of a binary black hole system is a very common scenario, especially if
the binary is forming in dense stellar systems [106�110].

Even though there are di�erent mechanisms that can lead to the formation

11
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of stable triple systems, such as binary - binary encounters [31] or binary -
single - single interactions [32], there are also a lot of scenarios where strong
gravitational perturbations between the inner and outer orbit or mass loss
from stellar wind can contribute to the ejection of one of the three bodies,
leading to the disruption of the triple system [111, 112]. Thus to study the
stability of triple systems and to understand in which astrophysical scenarios
it is possible for them to evolve dynamically in a stable con�guration for a long
period of time is of paramount importance. On this context, in the literature
have been proposed di�erent stability criteria for triple systems that relate
the parameters of the inner binary with the ones of the outer binary. One of
the most used in astrophysical settings is the one proposed by Mardling and
Aarseth in 2001 [113] which states:

aout > 2:8ain

"

(1 + qout )
1 + eout

(1 � eout )
1=2

#2=5

; (1.1)

where aout (ain ) is the semi-major axis of the outer (inner) binary, eout is the
outer eccentricity and qout = m3=(m1 + m2) with m3 the mass of the tertiary
while m1 and m2 are the masses of the two bodies in the inner binary. A
simpli�ed version of this stability criteria is the one presented in [35, 114],
which relates the semi-major axes (aout , ain ) and the masses (m3, m1, m2) of
the inner and outer binaries, namely

aout � r tide � ain

�
3

m3

m1 + m2

� 1=3

: (1.2)

The two stability conditions de�ned in (1.1) and (1.2) imply that in order for a
triple system to be stable a hierarchical con�guration is required. This means
that the outer orbit needs to be much larger than the inner one (aout > a in ), in
other words the third body has to be su�ciently far away from the inner binary
in order to avoid tidal disruption phenomena. For the purpose of this thesis
we will focus our attention only on stable triple systems. The hierarchical
con�guration required means that the dynamics of the system will take place
on a timescale much longer than both the orbital period of the inner and
outer binary [115], usually calledsecular timescale. Thus in order to study the
evolution of the orbital parameters describing the two orbits, we need to apply
the secular approximation, which consists in averaging out the fast timescales
characterizing the triple system.

1.1 von Zeipel Lidov Kozai Mechanism

One of the most, if not the most, relevant secular e�ect is the von Zeipel -
Lidov - Kozai (ZLK) mechanism, which in this subsection we quickly review,
enlightening the most relevant results achieved in the literature in the past
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years. This part of the thesis, namely the review of the ZLK mechanism, is
heavily based on Ref. [20].

To �nd the �rst trace of the ZLK mechanism in literature we have to go
way back to 1910, when the astronomer and mathematician Edvard Hugo
von Zeipel published his paper on the periodic motion of comets [25], where
he already introduced all the key elements describing the ZLK mechanism.
Unfortunately his work on the subject went unnoticed until recent years and
the credits for this mechanism have been usually given for a long time only
to the Soviet scientist Michail L'vovich Lidov and the Japanese astronomer
Yoshihide Kozai, who independently established in the 1960s the theoretical
framework for this phenomenon. The former showed in his paper [26], focused
on the motion of satellites, that it is possible for the argument of pericenter of
a perturbed orbit to librate rather than circulate [116], while the latter reached
the same conclusion on his paper [27] where he analysed how the secular motion
of asteroids with a high inclination is a�ected by the presence of Jupiter.

Both Lidov and Kozai in their above mentioned works were interested in
a hierarchical three body system, consisting in aninner binary formed by two
objects with massesm1 and m2 and a third much more massive objectm3

orbiting around (m1; m2) on a much larger orbit than the inner one, which
is usually referred to as theouter orbit, forming with the center of mass of
the inner binary the so calledouter binary as depicted in Fig. 1.1. In this
setup it is possible to study the dynamics of the problem using the secular
approximation where, on a timescale much longer than the period of both the
inner and outer orbit, the interaction between the two makes them exchange
angular momentum in such a way that their mutual inclination and both the
eccentricities of the two orbits can oscillate in time, keeping �xed the semi-
major axes of both the inner (a1) and outer (a2) orbit [117]. Moreover in
the hierarchical approximation it is possible to treat the inner and outer orbit
separately as two Keplerian orbits, using Newtonian physics to describe their
motion. As a consequence the Hamiltonian of the triple system can be written
as the sum of contributions describing the motion of the inner binary, i.e.
the relative motion of the body with mass m1 around the body with mass
m2, the dynamics of the outer binary, i.e. the one describing the motion of
the third body with mass m3 around the center of mass of the inner binary,
plus a third term describing the gravitational interaction between the two
orbits [118]. Given that both the semi-major axes of the inner and outer
orbits remain constant during the secular evolution of the triple system, and
given the hierarchical nature of the problem which ensures thata1 � a2, it is
natural to use the ratio a1=a2 as a small perturbative parameter to expand the
gravitational potential describing the interaction between the inner and outer
binary [26, 27]. Thus the Hamiltonian of a hierarchical triple system can the
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i tot

�

m1

m2

m3

c.m.
r 1

r 2

Figure 1.1: Schematic representation of a three body system (not in scale).
The two bodies m1 and m2 form the inner binary, where r 1 is the relative
distance between them. C.m. represents the center of mass of the inner binary
and together with the tertiary body m3, placed at a distancer 2 from the c.m.,
form the outer binary. Finally i tot represents the total inclination between the
inner orbit and the outer one, while � de�nes the angle betweenr 1 and r 2.
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be written as [20,118]

H =
Gm1m2

2a1
+

Gm3(m1 + m2)
2a2

+
G
a2

1X

n=2

�
a1

a2

� n

M n

�
r1

a1

� n �
a2

r2

� n+1

Pn (cos �) ;
(1.3)

where we introducedr 1 and r 2 as the vectors identifying respectively the rel-
ative position from m1 to m2 and from m3 to the center of mass of the inner
binary, as depicted in Fig. 1.1. MoreoverG is the gravitational constant, Pn

the Legendre polynomials,� the angle betweenr 1 and r 2 and �nally M n is
de�ned as

M n = m1m2m3
mn� 1

1 � (� m2)n� 1

(m1 + m2)n : (1.4)

Given that both the inner and outer motions are periodic, as usually in
celestial mechanics, it is convenient to analyse the problem using the action-
angle formalism. After choosing thez axis along the direction of the total
angular momentum, i.e. working in the invariable plane reference frame, we
can use the Delaunay variables [119] to treat the dynamics of our hierarchical
triple system. This set of variables consist in three angles and three conjugate
momenta for both the inner and outer orbit. Firstly we introduce the angle
variables, using the subscript1 (2) for the inner (outer) elements:

ˆ mean anomalies: they tell us where the objects are in their orbits and
we denote them asl1 and l2;

ˆ arguments of periastron: they de�ne the position of the eccentricity vec-
tors, we indicate them with g1 and g2;

ˆ longitudes of ascending nodes: they represent the angle between the
reference direction and the direction of the ascending node, where this
last one is the point where the orbit crosses the plane of reference. We
denote them with h1 and h2.

The conjugate momenta associated with these angle variables are respectively:

ˆ the conjugate momenta to the mean anomalies,L 1 and L 2, which are
de�ned as

L 1 = � 1

p
Gma1; L 2 = � 2

p
GMa2; (1.5)

ˆ the conjugate momenta to the arguments of periastron,G1 and G2, which
can be written as

J1 = L 1

q
1 � e2

1; J2 = L 2

q
1 � e2

2; (1.6)
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ˆ the conjugate momenta to the longitudes of ascending nodes, J1;z and
J2;z , which can be written as

J1;z = J1 cosi 1; J2;z = J2 cosi 2; (1.7)

where we introduced the eccentricitye1 for the inner orbit and e2 for the outer
one, the reduced mass� 1 (� 2) and the total massm (M ) for the inner (outer)
binary de�ned as

� 1 =
m1m2

m1 + m2
; � 2 =

m3(m1 + m2)
m1 + m2 + m3

;

m = m1 + m2; M = m1 + m2 + m3;
(1.8)

and �nally i 1 (i 2) which represents the inclination of the inner (outer) orbit
with respect to the direction of the total angular momentum J tot , as can be
seen from Fig. 1.2. The conjugate momenta to the arguments of periastron,
J1 and J2, can be interpreted as the absolute values for the angular momen-
tum vectors (J1 and J2) respectively of the inner and outer orbit while the
action variables associated to the longitudes of ascending nodes,J1;z and J2;z ,
represent the z-component of J1 and J2. Given the choice we made for our
reference system, i.e. thez axis aligned with the direction of the total angular
momentum, it is straightforward to check that the magnitude of J tot is given
by

Jtot = J1;z + J2;z : (1.9)

Moreover we can write some geometrical relations between the angular mo-
menta of the system which will be useful later in this section, namely

cosi tot =
J 2

tot � J 2
1 � J 2

2

2J1J2
; (1.10)

J1;z =
J 2

tot + J 2
1 � J 2

2

2Jtot
; (1.11)

J2;z =
J 2

tot + J 2
2 � J 2

1

2Jtot
; (1.12)

whereJ tot = J1 + J2 and we introduced the total inclination i tot = i 1 + i 2, see
Fig. 1.2.

With the introduction of the mean anomalies l1 and l2 for both the inner
and outer orbit it is immediate to isolate the short timescales in the Hamilto-
nian (1.3) that has to be averaged out in order to study thesecular dynamicsof
the triple system and thus the ZLK mechanism. This can be done since, as we
already mention above, the two orbits can be treated as Keplerian ones with
conserved energies, and this allow us to use the secular approximation. There
are di�erent ways to get rid of the short timescales in the Hamiltonian, one of
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i tot

i 1

i 2

J1

J2

J tot

invariable plane

Figure 1.2: Schematic representation of the angular momentum vectors.J1

and J2 represent respectively the angular momentum of the inner and outer
binary, while J tot = J1 + J2 is the total angular momentum, aligned along the
z-axis and perpendicular to the invariable plane. Meanwhilei 1 and i 2 depict
the inclination of the inner and outer angular momenta with respect toJ tot .
Finally i tot denotes the total mutual inclination, i.e. i tot = i 1 + i 2.

them is to average out the mean anomaliesl1 and l2 by simply integrating the
Hamiltonian (1.3) as [120]

hH i =
1

(2� )2

Z 2�

0
dl1

Z 2�

0
dl2 H: (1.13)

Another method to study the secular dynamics is to use a canonical trans-
formation, usually called the von Zeipel transformation [121], where a time
independent generating function periodic inl1 and l2 is introduced to get rid
of the mean anomalies in the Hamiltonian [37].

As the analytical mechanics teaches us, every time the Hamiltonian does
not depend on an angle variable, its conjugate momentum is conserved. In
our case this means that after averaging outl1 and l2, the conjugate momenta
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L 1 and L 2 are conserved. This can be seen explicitly by writing down the
equations of motions [122]:

dLk

dt
=

@H
@lk

;
dlk
dt

= �
@H
@Lk

;

dJk

dt
=

@H
@gk

;
dgk

dt
= �

@H
@Jk

;

dJk;z

dt
=

@H
@hk

;
dhk

dt
= �

@H
@Jk;z

;

(1.14)

where k = 1 ; 2. By using the explicit expressions (1.5), (1.6) and (1.7) for
the conjugate momenta it is possible to use the equations of motion de�ned in
(1.14) to study the evolution of the orbital parameters such as the eccentricity
and the inclination angle between the inner and outer orbit, namely

dek

dt
=

@ek
@Jk

@H
@gk

;

dcosi k

dt
=

_Jk;z

Jk
�

_Jk

Jk
cosi k :

(1.15)

The conservation ofL 1 and L 2 yields to the fact that both the semi-major
axesa1 and a2 of the inner and outer orbit remain constant during the evolution
of the triple system. Thus, as already pointed out previously, the ratioa1=a2 is
a good small perturbative parameter that we can use to expand the interaction
part of the Hamiltonian (1.3).

1.1.1 Quadrupole Approximation

The expansion of the Hamiltonian (1.3) is a multipole expansion where the �rst
order is called quadrupole approximationand it is proportional to

�
a1=a2

� 2.
This level of approximation was already reached by the pioneers von Zeipel,
Kozai and Lidov in their works mentioned above and they found that not only
the total angular momentum of the triple system J tot is conserved but also the
angular momentum J2 of the outer orbit remains constant during the secular
evolution [123]. This means that the quadrupole approximation can be used
only to describe scenarios where the outer orbit is symmetric under rotation,
i.e. when we have an outer axisymmetric potential.

For the scope of this thesis we will restrict ourselves to analyse the most
simple case that satis�es the quadrupole approximation, i.e. the scenario where
the outer orbit is circular. To study the evolution of the orbital parameters
it is convenient to rewrite explicitly the Hamiltonian (1.3) in terms of the
Delaunays variables we introduced above. Up to the quadrupole order this
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yields to

H =
Gm1m2

2a1
+

Gm3(m1 + m2)
2a2

+ 4
G2(m1 + m2)7m7

3

16(m1m2)3(m1 + m2 + m3)3

L 4
1

L 6
2

�
r1

a1

� 2 �
a2

r2

� 3

(3 cos 2� + 1)

(1.16)

The next step in studying the secular dynamics of the triple system is to
eliminate the short timescales associated with the inner and outer orbits. This
can be achieved by integrating out the mean anomaliesl1 and l2 from the
Hamiltonian (1.16), leading to the secular quadrupolar Hamiltonian [37]:

Hquad =
C2

8

�
(1 + 3 cos(2i 2))

�
(2 + 3e2

1)(1 + 3 cos(2i 1)) + 30 e2
1 cos(2g1) sin2 i 1

�

+3 cos(2� h)
�

10e2
1 cos(2g1)(3 + cos(2i 1)) + 4(2 + 3 e2

1) sin2 i 1

�
sin2 i 2

+12(2 + 3 e2
1 � 5e2

1 cos(2g1)) cos(� h) sin(2i 1) sin(2i 2) (1.17)

+120e2
1 sin(2g1)

�
sin i 1 sin(2i 2) sin(� h) � cosi 1 sin2 i 2 sin(2� h)

� �
;

where C2 can be written as

C2 =
G2

16

�
(m1 + m2)m3

� 7

�
(m1 + m2 + m3)m1m2

� 3
L 4

1

L 3
2J 3

2
; (1.18)

and we de�ned � h = h1 � h2. To further simplify the expression (1.17) we
can use a well known procedure calledelimination of nodes [27, 124], which
consists in setting

h1 � h2 = �: (1.19)

It is important to mention that this relation can only be used when the total
angular momentum of the system is conserved, as it is in our case. A common
mistake when applying the elimination of nodes is to naively conclude that,
since the Hamiltonian no longer depends on the anglesh1 and h2, the associ-
ated conjugate momentaJ1;z and J2;z are conserved. As shown by previous
works in the literature [37, 124] this is not always the case and can lead to
signi�cantly di�erent equations of motion. To avoid this mistake one should
apply the condition (1.19) only after deriving the equations of motion for the
triple system, or alternately the elimination of nodes can be directly used on
the Hamiltonian (1.17) as long as the evolution equations for the inclination
i 1 and i 2 are derived from the conservation of the total angular momentum
Jtot and not from the canonical relations de�ned in (1.14). For a more de-
tailed analysis on the elimination see [37, 124]. Note that it is also possible
to study the evolution of the triple system avoiding the elimination of nodes,
see [125�128].
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Since in our analysis the total angular momentum is conserved, we can
safely apply the relation (1.19) to the quadrupolar Hamiltonian de�ned in
(1.17), which simpli�es to

Hquad = C2

h
(2 + 3e2

1)(3 cos2 i tot � 1) + 15e2
1 sin2 i tot cos(2g1)

i
; (1.20)

where C2 is de�ned in (1.18) and i tot = i 1 + i 2 is the total inclination, see
Fig. 1.2.

With this Hamiltonian we can explicitly write the evolution equation for
the eccentricity of the inner binary, from the �rst equation in (1.15) follows
that

de1

dt
= C2

1 � e2
1

J1
30e1 sin2 i tot sin(2g1): (1.21)

Note that from the de�nition itself of J1 in (1.6), setting _e1 = 0 also means
_J1 = 0 and, by looking at eq. (1.21), it is immediate to see that this condition

is satis�ed when g1 = n�= 2, with n = 0 ; 1; 2; :::, more speci�cally n = 0
corresponds to the minimum value for the eccentricity whilen = 1 to the
maximum one. Moreover from the de�nition of Jk;z in (1.7) we also �nd that
_J1 = 0 implies _J1;z = 0 which yields to _i 1 = 0 . This tells us that to an

extremum in the eccentricity corresponds an extremum for the inclination of
the inner binary. We can use the conservation of the total angular momentum
J tot to derive a relation between the eccentricity of the inner binarye1 and
the total inclination i tot . We start by writing the relation (1.10) in terms of
the eccentricitiese1 and e2 and the conjugate momentaL 1 and L 2

L 2
1(1 � e2

1) + 2 L 1L 2

q
(1 � e2

1) cosi tot = J 2
tot � J 2

2 ; (1.22)

where we sete2 = 0 since we are interested in an outer circular orbit. Note how
the right-hand side is �xed by the initial condition since both the total angular
momentum and the one of the outer orbit are constant at the quadrupole level
of approximation1. To study how the eccentricity e1 and the total inclination
of the triple system evolve in time, the relation (1.22) must be supplemented
with the two relations obtained by imposing the conservation of energy for
both the minimum ( g1 = 0 ) and maximum (g1 = �= 2) eccentricity case in
(1.20), which respectively yield to

Hquad

2C2
= 3 cos2 i tot (1 � e2

1) � 1 + 6e2
1;

Hquad

2C2
= 3 cos2 i tot (1 + 4e2

1) � 1 � 9e2
1:

(1.23)

1Note how the conservation of J2 holds only up to the quadrupole approximation, and
it is a consequence of the fact that the Hamiltonian (1.20) does not depend on g2 . The
conservation of the angular momentum for the outer orbit at this level of approximation is
usually known as �happy coincidence" [123].
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After �xing the initial conditions for the eccentricity e1 and the argument of
periastron g1 to zero for simplicity, we can re-write eq. (1.22) and eq. (1.23)
respectively as:

q
1 � e2

1 cosi tot = cos i 0 +
L 1

2L 2
e2

1;

(1 � e2
1) cos2 i tot = cos2 i 0 � 2e2

1;

(1 + 4e2
1) cos2 i tot = cos2 i 0 + 3e2

1;

(1.24)

where i 0 is the initial value for the total inclination of the system. After
combining these equations we end up with a relation that give us the maximum
eccentricity that the inner binary can reach during its secular evolution as a
function of the initial mutual inclination, namely

�
L 1

L 2

� 2

e4
1 +

 

3 + 4
L 1

L 2
cosi 0 +

�
L 1

2L 2

� 2
!

e2
1 +

L 1

L 2
cosi 0 � 3 + 5 cos2 i 0 = 0 :

(1.25)
To get a better understanding of how the maximum eccentricity is related

to the initial mutual inclination of the triple system, we can analyse eq. (1.25)
in the test particle approximation (also known as the TPQ limit [30]), where
we assume thatL 2 � L 1. This condition holds in the scenario we are analysing
since we assume a hierarchical con�guration for the triple system, i.e.m3 is
much larger than both m1 and m2. In the TPQ limit eq. (1.25) takes a more
simple expression, namely

e2
1 = 1 �

5
3

cos2 i 0: (1.26)

This equation can also be obtained by computing the Hamiltonian of the triple
system directly in the TPQ approximation [129�131], where usually one of the
two objects in the inner binary is assumed to be a test particle, i.e.m2 ! 0 or
equivalently m1 ! 0. The main di�erence with the case where all three masses
are non-negligible is that in the test particle approximation the Hamiltonian
does not depend on the angle variableh1, and can be written as2 [30,132]

H TPQ
quad =

3
8

Gm1m3

a2

�
a1

a2

� 2
"

�
e2

1

2
+

�
1 +

3
2

e2
1

�
cos2 i tot +

5
2

e2
1 sin2 i tot cos(2g1)

#

;

(1.27)
where we already sete2 = 0 . Thus the conjugate momentum associated to
h1, i.e. the z component of the angular momentum of the inner binaryJ1;z , is
conserved

J1;z =
q

1 � e2
1 cosi tot = const. (1.28)

2Here we choosem2 ! 0 but we could have choose alsom1 ! 0 without loss of generality.
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From this relation follows that

J1;z =
q

1 � e2
1;max cosi tot ;min =

q
1 � e2

1;0 cosi tot ;0; (1.29)

where the subscript0 denotes the initial values. As we did before this equa-
tion must be supplemented with the conservation of energy for the minimum
(maximum) eccentricity case, which is obtained by settingg1 = 0 ( g1 = �= 2)
in (1.27), respectively yielding to

E0 (g1 = 0) = 2 e2
1;min + (1 � e2

1;min ) cos2 i tot ;max ;

E0 (g1 = �= 2) = � 3e1;max + (1 + 4 e2
1;max ) cos2 i tot ;min :

(1.30)

Solving together eq. (1.29) and the second equation in (1.30) allow us to �nd
the maximum value reachable by the eccentricity of the inner binarye1 and
the minimum value for the total mutual inclination i tot . After �xing the initial
conditions to e1;0 = g1;0 = 0 we �nd

e1;max =

r

1 �
5
3

cos2 i tot ;0;

cosi tot ;min = �

r
3
5

:

(1.31)

These angles are known as theKozai angles and they represent the interval
where the initial value for the mutual inclination should lie in order to trigger
the exchange of angular momentum between the inner and outer orbit and
thus to induce the ZLK mechanism. In formula

39:9� < i tot ;0 < 140:77� : (1.32)

To fully appreciate the oscillations induced on the eccentricity of the inner
orbit and the mutual inclination of the triple system by the ZLK mechanism,
it is useful to plot how e1 and i tot evolve as a function of time. To achieve
this we �rst need to derive the full set of equations of motion for the orbital
parameters of the triple system and then to integrate them. For the ease of
notation we do this in Appendix A and we show the result in Fig. 1.3. 3

One �nal remark on the TPQ approximation is that it is possible to de�ne
a new constant of motion [133]

CZLK =
1
2

"

�
e2

1

2
+

�
1 +

3
2

e2
1

�
cos2 i tot +

5
2

e2
1 sin2 i tot cos(2g1)

#

�
1
2

J 2
1;z

= e2
1

�
1 �

5
2

sin2 i tot sin2 g1

�
;

(1.33)

3 In Appendix A we write the equations of motion up to the octupole order in the
expansion for the Hamiltonian (1.3). However to reproduce Fig. 1.3 we are only interested
in the quadropole contributions to those equations, i.e. the terms proportional to C2 .
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Figure 1.3: Time evolution of the eccentricity of the inner binary e1 (top
panel) and the total inclination of the triple system i tot (bottom panel) as a
function of time (years) in the quadrupole approximation. Here we choose the
following parameters: m1 = m2 = 10M � , m3 = 2 � 109M � , a2 = 150 AU,
a1 = 0 :1AU, e2 = 0 and, as initial conditions we �xed e0

1 = 0 :1, g0
1 = 0 � and

i 0
tot = 70 � . Notice how when the eccentricity reaches its maximum value, the

total inclination reaches its minimum and vice versa.
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which plays a relevant role in the test particle approximation when expanding
the Hamiltonian (1.3) to higher orders than the quadrupole one, see [20, 128]
for a more detailed analysis.

1.1.2 Octupole Approximation

The next order in the expansion of the Hamiltonian (1.3) beyond the quadrupole
one is calledoctupole approximationand can introduce some signi�cant di�er-
ences in the dynamics of the triple system compared to the previous case we
analysed. The tidal part of the Hamiltonian (1.3) (i.e. the third term in the
expression forH ) expanded up to the octupole order can be written as

H tidal = Hquad + � H oct ; (1.34)

where Hquad is the quadrupole contribution to the Hamiltonian and it is the
same ad the one de�ned in (1.20) whileHoct is the octupole contribution which
can be written as

Hoct = C2

h
(2 + 3e2

1)(3 cos2 i tot � 1) + 15e2
1 sin2 i tot cos(2g1)

i

+ C3e1e2

h
� + 10 cosi tot sin2 i tot (1 � e2

1) sin g1 sing2

i
;

(1.35)

where

C3 = �
15
16

G2

4

�
(m1 + m2)m3

� 9

�
(m1 + m2 + m3)m1m2

� 4
m1 � m2

m1m2

L 6
1

L 3
2J 5

2
; (1.36)

and
� =

m1 � m2

m1 + m2

a1

a2

e2

1 � e2
2
; (1.37)

and �nally

� = �
�
4 + 3e2

1 �
5
2

�
1 + 5e2

1 � 7e2
1 cos(2g1)

�
sin2 i tot

�

� [cosg1 cosg2 + cos i tot sing1 sing2] :
(1.38)

Here we already applied to the Hamiltonian the elimination of nodes, i.e.
h1 � h2 = � , to simplify the expression but this does not mean that thez
components of the angular momenta for the inner and outer orbits are con-
served. From the de�nition of � in (1.37) we can see immediately that if the
outer orbit is circular, i.e. e2 = 0 , then the octupole part of the Hamiltonian
goes to zero and does not contribute to the dynamics of the triple system.
This tells us also that the quadrupole approximation we studied above is more
than enough to describe a triple system when the inner binary is moving along
a circular outer orbit.
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To further simplify the analysis of the octupole approximation we also take
the test particle limit on the Hamiltonian (1.34), assuming that one of the two
masses in the inner binary goes to zero. At the test particle octupole (TPO)
level the Hamiltonian can be written as [20,30]

H TPO
tidal =

3
8

Gm1m3

a2(1 � e2
2)3=2

�
a1

a2

� 2 �
Fquad + � TPO Foct

�
; (1.39)

where
� TPO =

a1

a2

e2

1 � e2
2
; (1.40)

moreover Fquad is the quadrupole contribution to the Hamiltonian which is
de�ned between brackets in (1.20):

Fquad = �
e2

1

2
+

�
1 +

3
2

e2
1

�
cos2 i tot +

5
2

e2
1 sin2 i tot cos(2g1); (1.41)

and �nally Foct represents the octupole contribution to the tidal part of the
Hamiltonian, which can be written as

Foct =
5
16

�
e1 +

3
4

e3
1

� � �
1 � 11 cosi tot � 5 cos2 i tot + 15 cos3 i tot

�
cos(g1 � h1)

+
�

1 + 11 cosi tot � 5 cos2 i tot � 15 cos3 i tot

�
cos(g1 + h1)

�
(1.42)

�
175
64

e3
1

� �
1 � cosi tot � cos2 i tot + cos3 i tot

�
cos(3g1 � h1)

+
�

1 + cosi tot � cos2 i tot � cos3 i tot

�
cos(3g1 + h1)

�
:

Compared to the quadrupole approximation, at the octupole level the dynam-
ics of the triple system changes signi�cantly. First of all, the z component of
the outer angular momentumJ2;z is no longer conserved even in the test parti-
cle limit. Moreover the eccentricity of the inner binary e1 can reach very high
values that can lead to theorbital �ip of the system, i.e. the total inclination
i tot can go fromi tot < 90� to i tot > 90� [20,30, 134, 135]. In Fig. 1.4 we show
the time evolution for the eccentricity e1, the inclination i 1 and the z compo-
nent of the angular momentum of the inner binary up to the octupole level
of approximation. From the inclination plot, i.e. the mid panel, we can see
clearly how periodically the inclination of the inner binary goes fromi 1 > 90�

to i 1 < 90� , thus describing the �ip of the orbit. As already mention above
the orbital �ip is a new e�ect that does not occur at the quadrupole level of
approximation. To make this even more clear in the bottom panel of Fig. 1.4
we plot the z component of the inner angular momentumJ1;z (normalized to
the total angular momentum) for both the octupole approximation (blue line)
and the quadrupole one (cyan line). The quadrupole result describes an orbit
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that remains always prograde during the secular evolution of the triple system
while the octupole result represents an orbits that periodically oscilates from
a prograde orbit to a retrograde one, as expected. It is also possible to �nd an
analytical condition for the orbital �ip in terms of the initial conditions for the
triple system. This is done in [20,128] where after averaging over a quadrupole
cycle, they de�ne a new constant of motion as

C = F (CZLK ) � � cos 
 ; (1.43)

whereCZLK is de�ned in (1.33)4, � is the octupole pre-factor de�ned in (1.37),
cos 
 can be written as

cos 
 =
cosi tot sinh1 sing1 � cosg1 cosh1p

1 � sin2 i tot sin2 g1
; (1.44)

and lastly F (CZLK ) is de�ned as

F (CZLK ) =
32

p
3

�

Z 1

3� 3C ZLK
3+2 C ZLK

K (x) � 2E(X )
(41x � 21)

p
2x + 3

dx; (1.45)

whereK (x) and E(x) are the complete elliptic function of the �rst and second
kind, de�ned as

K (m) =
Z �= 2

0

1
p

1 � m sin2 �
d�;

E (m) =
Z �= 2

0

q
(1 � m sin2 � )d�:

(1.46)

To �nd a criterion for the orbital �ip, i.e. when Jtot ;z changes sign, we recall
that during a �ip Jtot ;z = 0 . We can use this together with the constants
de�ned in (1.33) and (1.43) to write a required condition for the octupole
pre-factor � for the orbital �ip to occur, namely

� > � c; (1.47)

where � c is de�ned as

� c =
1
2

max
�
j� F (x)j

�
; (1.48)

with � F (x) = F (x)� F (CZLK ;0) and CZLK ;0 < x < C ZLK ;0+ 1
2(1� e2

1;0) cosi tot ;0,
where the0 subscript denotes the initial values for the parameters. The condi-
tion (1.47) takes a simple expression whene1;0 � 1, which implies CZLK ;0 � 1,
Jtot ;z = cos i tot ;0 and thus i tot ;0 � 61:7� :

� >
1
2

F
�

1
2

cos2 i tot ;0

�
: (1.49)

4Note that at the octupole level of approximation this is no longer a constant as it was
in the quadrupole one.
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Figure 1.4: Time evolution of the eccentricity e1 (top panel), inclination (mid panel)
and z component of the angular momentumJ1;z (bottom panel) of the inner binary
system. Here we solve the evolution equations for the orbital parameters up to the
octupole approximation. Following refs. [37,136], in this plot we choose the following
parameters: m1 = 1M � , m2 = 0 :65M � , m3 = 0 :6M � , a1 = 60 AU and a2 = 800 AU.
As initial conditions instead we have e0

1 = 0 :01, e0
2 = 0 :6, i 0

1 = 90:02� , i 0
2 = 7 :98� ,

g0
1 = g0

2 = 0 � .By looking at the mid and bottom panels we can see how the inclination
of the inner binary system goes fromi 1 > 90� to i 1 < 90� , i.e. at the octupole level of
approximation the orbit of the inner binary oscillates periodically between a prograde
orbit and a retrograde orbit (in relation with the total angular momentum). Note
how the orbital �ip is a completely new e�ect that is not present at the quadrupole
level of approximation. This is clear by looking at the bottom panel where we plot
the ratio between the z component of the angular momentum of the inner binary and
the total angular momentum both in the octupole approximation (blue line) and in
the quadrupole one (cyan line).
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It is worth mentioning that to study the orbital �ip here we restricted ourselves
to an initial inclination which satis�es the condition (1.32). This is also known
as the �high initial inclination regime" [20], where the orbital �ip is usually
accompanied by a chaotic behaviour for the triple system which is not present
at the quadrupole level of approximation [20, 30, 134, 135]. It is also possible
to see the orbital �ip e�ect even when the condition (1.32) is not satis�ed
and the total inclination i tot is well below the threshold, namelyi tot < 39:9� .
We usually refer to this scenario as �low initial inclination regime" [20] and in
this context the orbital �ip does not present a chaotic behaviour and it is well
regular, happening on a timescale which is much shorter compared to the one
of the high inclination �ip. See ref. [20,137] for a more detailed analysis.

1.1.3 General Relativity contribution

Even if the ZLK mechanism was already known in the early 1910s, it started to
get a lot of attention in the scienti�c community only in recent times, probably
after two important astrophysical achievements: the discover of the eccentric
planet 6 Cyg B [138] and the hierarchical triple stellar system Algon [139].
In recent years people started to explore the ZLK mechanism more in detail,
adding Post Newtonian corrections to the dynamics of the triple system [40,42]
and including e�ects from general relativity [45,140,141] that can signi�cantly
a�ect the time evolution of the orbital parameters of the triple system. In this
context one of the e�ects that we must take into account to get a more realistic
picture for the evolution of a triple system is the precession of the periapsis,
which can suppress signi�cantly the oscillations on the eccentricity (and incli-
nation) induced by the ZLK mechanism. The precession of the periapsis for
the inner binary can be written as [142]

�
dg1

dt

�

PN
=

3(G(m1 + m2))3=2

a5=2
1 c2(1 � e2

1)
: (1.50)

In principle we should also take into account the PN precession of the outer
orbit but its contribution is not really relevant to the evolution of the triple
system and thus in this analysis we neglect it. The timescale associated with
the precession in (1.50) can be written as [20,43]

T inner
PN � 2�

a5=2
1 c2(1 � e2

1)

3
�
G(m1 + m2)

� 3=2
: (1.51)

To understand when the PN precession becomes relevant in the dynamics of
the triple system, it is also useful to introduce the timescale associated with
the ZLK oscillations at the quadrupole level of approximation, which can be
written as [143]

Tquad �
16
15

a3
2(1 � e2

2)3=2(m1 + m2)1=2

a3=2
1 m3G1=2

: (1.52)
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Figure 1.5: Time evolution of the eccentricity of the inner binary e1. The
black line represents the result obtained by solving the evolution equations
including only the ZKL quadrupole contributions while for the red line we
also included the PN precession contribution for the inner binary de�ned in
(1.50). We used the same parameters in both case, i.e.m1 = m2 = 10M � ,
m3 = 4 � 106M � , a1 = 0 :1AU, e2 = 0 , a2 = 380 AU, and the same initial
conditions, namely e0

1 = 0 :1, g0
1 = g0

2 = 0 � and i 0
tot = 89:4� . We can see that

with just the inclusion of the PN precession for the inner binary, the ZKL
oscillations are suppressed and the maximum value that the eccentricity can
reach during its time evolution is much smaller compared to one in the case
where the precession is not included.

When the timescale in (1.51) of the PN precession shorter than the one in (1.52)
of the ZLK mechanism then the oscillations of the inner orbit eccentricitye1

induced by the exchange of the angular momentum between the inner and outer
orbit are suppressed, see for example [141,144] and Fig. 1.5. Interesting when
the PN precession and the quadrupole ZKL timescales become comparable,
i.e. Tquad � T inner

PN , the eccentricity of the inner binary can grow close to
unity [20,43,141,144]. The maximum value thate1 can reach in this scenario
is simply given by the following relation, as pointed out in Refs. [20,141]

� GR

 
1

j 1;min
� 1

!

=
9
8

e2
1;max

j 2
1;min

�
j 2

1;min �
5
3

cos2 i tot ;0

�
; (1.53)

where j 1;min =
q

1 � e2
1;max and � GR is a dimensionless parameter de�ned as

� GR =
3G(m1 + m2)2a3

2(1 � e2)3=2

a4
1c2m3

=
Tquad

T inner
PN

(1 � e2
1): (1.54)

Note that in the absence of PN precession, i.e.� GR = 0 , the relation (1.53)
yields to the usual condition for the maximum eccentricity, i.e. the one pre-
sented in (1.31).
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The inclusion of the PN precession becomes relevant to get a more accurate
simulation for the merger of two compact objects in a binary perturbed by a
third body since it can alter the dynamical evolution of the system, see for
example Refs. [19,145�149].

1.2 Binary mergers in strong gravity background of
Kerr black hole

So far we provided a brief review on how the ZLK mechanism works and how it
has been analysed in the literature in the past years. The stability conditions
(1.2) and (1.1) require the triple system to be hierarchical, namelya2 � a1.
This condition, together with fact that during the secular evolution of the
triple systems the semi-major axes of both the inner and outer orbit remain
constant, has led to a natural perturbative approach to study the dynamics of
the system, expanding the Hamiltonian in terms of the small parametera1=a2

as showed in (1.3). In this approximation the masses of the three bodies in the
triple system are left unconstrained, meaning that the three objects can have
comparable masses as long as the binary system is orbiting far away from the
third companion with an orbital velocity v �

p
(m1 + m2 + m3)=a2 � 1 [70].

This is usually referred as theweak �eld approximation, where the three objects
in the triple system can be treated as point-particles and Newtonian physics
can be used to e�ciently describe the dynamics of the system, adding Post-
Newtonian (PN) corrections to include e�ects due to General Relativity. Even
though this approximation has been extensively used in the literature and
has yield a lot of interesting and fundamental results, it can only be applied
when strong General Relativity e�ects are not dominant in the dynamics of
the triple system, namely when the binary system is far away from the third
body. However binary black hole mergers can also take place close to the
center of galaxies, where usually a supermassive black hole is located. In
this scenario General Relativity e�ects can alter signi�cantly the evolution
of the triple system and must be included to have a better estimate for the
parameters describing the inner binary system. For example the Doppler and
gravitational redshift induced by the presence of a supermassive black hole
could lead to an higher (and thus incorrect) estimate for the masses of the two
merging objects [150,151]. There are two main mechanisms for the formation
of triple systems where the binary system is close to a supermassive black
hole. The �rst one is by tidal capture, which can lead to binaries that can
either merger before completing one orbit around the supermassive black hole
or binaries orbiting for several times around the third body before merging.
Even though this is a viable mechanism for a binary system to orbit close to a
supermassive black hole, its even rate is very low [152,153]. The other one is a
well known mechanism for planetesimals in protoplanetary discs which can also
be applied to black hole binary systems. In particular planetesimals move with
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a Keplerian velocity while the protoplanetary disc, because of the gas pressure,
is moving with a smaller velocity compared to the Keplerian one. A headwind
arises from the di�erence between these two velocities which e�ectively pushes
the planetesimals towards the inner regions of the disc [154�157]. Recently
the same mechanism has been used by [52,158] to explain how black holes can
be driven towards the supermassive black hole at the center of a galaxy and
get trapped on a region close to the Innermost Stable Circular Orbit (ISCO),
which is usually called last migration trap. This trapping mechanism is due
to relativistic e�ects taking place close to the ISCO of a supermassive black
hole which lead to a super-Keplerian motion for the gas [159�161]. On the
other hand, compact objects driven into this region will move with a Keplerian
velocity and, from the di�erence between the motion of the gas and the objects,
it will arise a tailwind which can counter (in some cases) the negative torque
generated by the gravitational wave emitted by the object-supermassive black
hole binary, trapping compact objects in a region very close to the ISCO of a
supermassive black hole [162�164]. These objects will eventually interact with
themselves and form binary systems that can evolve in this region until they
merge under the in�uence of the third body.

In this scenario it is no longer possible to treat the supermassive black
hole as a point particle since this approximation only holds when the distance
between the binary system and the supermassive black hole is much larger than
the Schwarzschild radius of the latter. Moreover we can no longer apply the
weak �eld approximation since binaries in this region of space-time can have a
relative velocity comparable to the speed of light and strong gravity can induce
e�ects of the gravitational potential that can be considered non-perturbative
in comparison with the PN expansion. Thus in order to understand properly
the dynamics of a binary system in a strong gravity regime, it is necessary
to describe the supermassive black hole generating the tidal environment in
which the two objects are moving using a metric, which encodes all possible
General Relativity e�ects.

It is still possible to treat the interaction between the inner and outer orbit
perturbatively by using a more general approximation than the weak �eld
one, calledsmall-tide approximation [70]. To introduce this approximation we
need �rst to de�ne two di�erent length scales in our triple system: the �rst
one is associated with the inner binary, and it is related to its total massm =
m1+ m2, while the second one is related to the outer orbit, more speci�cally it is
the radius of the curvature R induced by the external supermassive black hole
on the position of the binary system. The small-tide approximation assures
us that we can always distinguish between the binary system and the external
background, treating the last one as a small perturbation to the dynamics of



32 CHAPTER 1. TRIPLE SYSTEMS AND SECULAR EFFECTS

the binary, when the following condition is satis�ed [70]:

m � R =)
m
R

� 1:5 (1.55)

Recalling that for a binary system with total mass m orbiting around a super-
massive black hole of massm3 at a distance r its orbital velocity v and the
radius of the curvature induced by the external body can be written as

v �

r
m + m3

r
; and R �

s
r 3

m + m3
; (1.56)

we can rewrite the condition (1.55) as

m
R

�
m

m + m3
v3 � 1: (1.57)

There are two di�erent ways of satisfying this condition, the �rst one is the al-
ready mentioned weak-�eld approximation, placing the binary system far away
from the supermassive black hole so that its orbital velocityv � 1, and we can
analyse the system leaving the masses of the three objects unconstrained. The
second one instead is the so calledsmall-hole approximation, where the total
mass of the binary system is assumed to be much smaller than the one of the
external supermassive black hole, i.e.m=(m + m3) � 1, leaving the mutual
distance (and thus the orbital velocity of the binary) unconstrained. Both of
these approximations satisfy the most general small-tide condition (1.55), but
while the �rst one breaks down as the binary system gets closer to the super-
massive black hole, the second one is still valid even when the binary is at a
distance from the third body comparable to the size of the latter oner � m3.
Note that in this last scenario, as we get closer to supermassive black hole,
we need to be careful to still satisfy the stability condition presented in (1.2)
to avoid tidal disrupting events and to let the binary system evolve until the
merger. In our analysis this is achieved by shrinking the binary system as we
place it on an orbit closer to the supermassive black hole, in this way not only
the radius of the curvature induced by the external body will always be much
larger than the typical scale of the binary itself, allowing us to analyse the
problem perturbatively, but also the stability condition will be always satis-
�ed, allowing us to evolve the system for a long time (even up until the merger
of the two compact objects in the binary) to study its secular dynamics. It
is also worth noticing that the stability condition is satis�ed in astrophysical
context, in fact for an enough massive black hole the radius of the last sta-
ble orbit6 is of order 10 � 103 AU depending on its mass and spin, while for

5Here we setG = c = 1 .
6Here we are referring to the last stable circular orbit since for the purpose of this thesis

we will restrict ourselves to circular orbits.
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a binary system typical values for the semi-major axis (especially in the last
orbits before they start merging) can be10� 1 � 10 AU [19,147,165].

In what follow we will use the small-hole approximation to study how the
ZKL mechanism is modi�ed in the presence of a strong gravitational �eld, i.e.
when the inner binary is placed very close, even on the ISCO, of a supermassive
black hole.

1.2.1 Binary system in a tidal force background

In this section, we review the basic concepts regarding the dynamics of a
black hole binary system in the context of a general tidal force background up
to the quadrupole approximation. The tidal forces arise from the curvature
of the spacetime in which the binary system is moving. We will treat the
two black holes in the binary system as point particles, using the Newtonian
approximation for a simpler analysis. The quadrupole tidal force background
on the other hand is kept completely general and it is described using General
Relativity. We assume the binary system to be freely falling, hence to leading
order its center of mass moves on a geodesic of the background space-time.
See [166] for a similar analysis.

The metric in the neighborhood of a geodesic of a background spacetime
can be described, in general, using the Thorne-Hartle version of the Fermi-
normal coordinates [167], namely

g00 = � 1 � E ij x i x j + O((x=R)3) ;

g0i = �
2
3

� ijk Bj
l xkx l + O((x=R)3) ;

gij = � ij (1 � E kl xkx l ) + O((x=R)3) ;

(1.58)

where i; j = 1 ; 2; 3, the square of the geodesic distance to the geodesic is
x2 = x i x i and R is the curvature length scale. In Appendix B we provide a
brief review on Fermi normal coordinates.

As already anticipated, to speak meaningfully about the dynamics of the
binary system in a tidal �eld background, we need to require that the curvature
length scale R of the background is signi�cantly larger than the size x of
the binary system, hencex � R [70], i.e. we need to satisfy the small-tide
approximation (1.55).

The fact that we keep terms up to orderx2=R 2 in (1.58) encaptures the
quadrupole approximation of the tidal forces, for which the electric and mag-
netic tidal moments Eij and Bij are related to the Riemann curvature tensor
as

Eij = R0i 0j jx=0 ; Bij =
1
2

� pq(i R
pqj j )0 jx=0 ; (1.59)

with i; j; p; q = 1 ; 2; 3. In general, the tidal moments depend on the proper
time � of the geodesic. We assume that the background spacetime hasR�� = 0
which is indeed true for the Kerr spacetime. Below in Section 1.2.2 we will
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restrict ourselves to tidal momentsEij and Bij for geodesics around a Kerr black
hole, as computed in [69,168], but for the moment we keep our considerations
general.

We now assume that the center of mass of the binary is located at the
geodesic and we model the two black holes in the binary system as two point
particles moving in the spacetime described by the metric (1.58). The La-
grangian for particle 1 is

L (1) = � m1c2

s

� G00 � 2G0i

vi
(1)

c
� Gij

vi
(1) v

j
(1)

c2 : (1.60)

Here vi
(1) is the velocity of particle 1. The metric G�� is evaluated at the

position ~x1 of particle 1 and it is given by the background metric g�� with
tidal forces (1.58) plus the gravitational potentials generated by particle 2.
For the latter, we use the PN expansion of Sections 5.1.4 and 5.1.5 in the
book [16]. Explicitly, we have up to 1PN

G00 = g00 � 2� (2) � 2(� 2
(2) +  (2) ) + � � �

G0i = g0i + � (2)
i + � � �

Gij = gij � 2� ij � (2) + � � �

(1.61)

where the standard PN gravitational potentials � (2) ,  (2) and � (2)
i arise solely

from the gravitational interaction with particle 2, see [16] for details. Notice
that here we are neglecting possible terms corresponding to mixed couplings
between the tidal forces and the PN expansion. These contributions would
appear for the �rst time as terms of the type � (2) times the tidal moments.

We can now perform a PN expansion of the Lagrangian (1.60) for particle
1, where we have to keep in mind that the tidal moments are treated as a
small perturbation and thus they should only be included up to the �rst order.
Schematically, this gives

L (1) = L (1) jE= B=0 �
1
2

m1c2x i
(1) x

j
(1) Eij

�
2c
3

m1vi
(1) x

k
(1) x

l
(1) � ijk Bj

l + � � �
(1.62)

Here the �rst term L (1) jE= B=0 is the Lagrangian that arises solely from the
gravitational interaction with particle 2, as well as the kinetic energy of particle
1. The second term in (1.62), coupling toEij , is the leading coupling to the
quadrupole tidal moments of the background spacetime. The third term in
(1.62), coupling to Bij , is subleading as it is suppressed byvi

(1) =c. Note that
the coupling between the gravitational potentials and the tidal moments would
be of orderv2

(1) =c2 or higher, thus not a�ecting this term.
Considering the Newtonian limit, with respect to the two particles in the

binary, of all the terms in the Lagrangian (1.62), and adding the analogous
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contributions for the second particle, we get the Lagrangian for the Newtonian
limit of the binary system, which can be written as

L Newton = � (m1 + m2)c2 +
1
2

m1v2
(1) +

1
2

m2v2
(2)

+
Gm1m2

r
�

c2

2

h
m1x i

(1) x
j
(1) + m2x i

(2) x
j
(2)

i
Eij : (1.63)

Introducing now the center of mass quantities

M = m1 + m2; � =
m1m2

M
;

~X =
m1~x(1) + m2~x(2)

M
; ~x = ~x(2) � ~x(1) ; r = j~xj ;

~V =
m1~v(1) + m2~v(2)

M
; ~v = ~v(2) � ~v(1) ;

(1.64)

the Lagrangian (1.63) becomes

L Newton = � Mc2 +
1
2

MV 2 +
1
2

�v 2

+
GM�

r
�

c2

2

h
MX i X j + �x i x j

i
Eij : (1.65)

Since the center of mass motion of the binary is decoupled from the relative
motion of the binary system we can consistently set

~X = 0 ; ~V = 0 : (1.66)

This means that the center of mass of the binary system is placed on the
geodesic, which agrees with the fact that at large distance scales the binary
system should be seen as one particle of massM moving along the geodesic.
Using moreover the general formula ( [70])

x i x j Eij = r 2Eq ; (1.67)

where Eq is the quadrupole tidal potential, we get the binary system La-
grangian

L Newton =
1
2

�v 2 +
GM�

r
�

c2

2
� r 2Eq : (1.68)

One can now easily Legendre transform this to the Hamiltonian

HNewton =
1

2�
p2 �

GM�
r

+
c2

2
� r 2Eq ; (1.69)

with pi = �v i . This Hamiltonian describes the dynamics of a binary system
of two particles moving along a geodesic in a background spacetime deformed
by the presence of quadrupole tidal forces, arising from the curvature of the
spacetime itself. This is valid in a local inertial system as set by the Fermi-
normal coordinates (1.58).
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1.2.2 Binary system in the background of large Kerr black
hole

In this section we analyse the scenario of a black hole triple system. We
consider two black holes of massesm1 and m2 in a bound motion, forming the
BBH system. We will refer to it as the inner binary, and their motion as the
inner orbit. We will assume the BBH system to be orbiting around a third
supermassive black hole (SMBH), with massm3. Moreover the masses of the
two companions in the binary system are much smaller than the mass of the
external black hole, namelym1; m2 � m3.

To study analytically the dynamics of the BBH system in a tidal envi-
ronment, we will assume two independent separations of scales. The �rst one
consists in taking the Schwarzschild radii of the two black holes in the binary to
be much smaller than their separationsr , which means that the BBH system
is in the particle/PN regime:

r �
2Gm1

c2 ;
2Gm2

c2 : (1.70)

In particular, their relative velocity is much smaller than the speed of light.

Secondly, we work in a regime where the small-tide approximation is sat-
is�ed, i.e. we are assuming that the characteristic size of the BBH systemr is
very small compared to the radius of the curvatureR induced by the SMBH on
the position of the binary. This enables us to treat the in�uence of the SMBH
on the BBH via a tidal force approximation, even when the BBH is close to
the SMBH. Under these assumptions the motion of the binary system can be
described, to leading order, as a geodesic one in the background sourced by
the supermassive Kerr black hole. We will refer to this motion as theouter
orbit. On the geodesic the small-tide approximationr � R can be written
explicitly as

r � r̂

s
c2r̂

Gm3
; (1.71)

with r̂ the radial coordinate of the Kerr metric that we introduce below.

We will restrict ourselves in this thesis to the leading quadrupole e�ect,
arising from the Riemann curvature tensor of the Kerr metric evaluated on
the geodesic. Below we shall include PN e�ects in the binary dynamics, in
the form of the periastron precession and the GW radiation-reaction, thus we
assume that the octupole tidal forces are smaller than these PN e�ects.
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Kerr black hole background

In our setup the SMBH is describe by the Kerr metric, whose line element,
represented in Boyer-Lindquist coordinateŝx � = ( t̂; r̂; �̂; �̂ ), reads

dŝ2 = �
�

1 �
2Gm3r̂

c2�

�
c2dt̂2 �

4Gm3r̂
c2�

s3 sin2 �̂ c d t̂ d�̂

+
A
�

sin2 �̂ d �̂ 2 +
�
�

dr̂ 2 + � d�̂ 2 :
(1.72)

Where m3 is the black hole mass,s3 = J3=(c m3) is the speci�c angular mo-
mentum and we de�ned

� = ^ r 2+ s2
3 cos2 �̂ ; � = ^ r 2 �

2Gm3

c2 r̂ + s2
3 ;

A = ( r̂ 2 + s2
3)2 � � s2

3 sin2 �̂ :
(1.73)

For convenience we introduce the dimensionless spin parameter� , de�ned as

� =
s3c2

Gm3
: (1.74)

The position of the event horizon can be obtained by solving the equation
� = 0 , which in general gives two roots: the major one represents the event
horizon while the other describes a Cauchy horizon. Moreover the cosmic
censorship conjecture requires0 � s3 � (Gm3=c2), i:e: 0 � � � 1.

A generic geodesiĉx � (� ) in the Kerr spacetime is parametrized by three
constants of motion, respectively representing the energŷE , the angular mo-
mentum L̂ and the Carter constant K per unit of rest energy [169].

In our analysis we will restrict ourselves to circular (̂r constant) and equato-
rial ( �̂ = �= 2) geodesics in the Kerr background. In this case the tangent vector
u� , representing the four-velocity of a particle moving along the geodesic, can
be written as

u� �
dx̂ �

d�
= ut (� �

t + 
 � �
� ) ; (1.75)

where the redshift factor ut and the coordinate angular velocity
 are de�ned
as

ut �
dt̂
d�

=
1

p
� (gtt + 2
 gt� + 
 2g�� )

;


 �
d�̂

dt̂
=

� (Gm3)1=2

r̂ 3=2 + �s 3

�
Gm 3

c2

� 1=2
;

(1.76)

and where we use� = � 1 to respectively distinguish orbits that are co-rotating
and counter-rotating relatively to the angular momentum of the Kerr black
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hole. 7 We also introduce the orbital angular velocity de�ned with respect to
the proper time, which will be useful later in our analysis. This is given by

 �̂ = ut 
 , which explicitly reads


 �̂ �
d�̂
d�

=
� (Gm3)1=2

r̂ 1=2

r

r̂ 2 + 2 �s 3

�
Gm 3

c2 r̂
� 1=2

� 3Gm 3
c2 r̂

: (1.77)

In the case of circular and equatorial geodesics, it is possible to obtain explicit
expressions for the constants of motion in terms of the orbital radiuŝr , the
black hole massm3, and the speci�c spin values3. More speci�cally, one has
the energy, orbital angular momentum, and Carter constant per unit of rest
energy

Ê =
r̂ 3=2 � 2Gm 3

c2 r̂ 1=2 + �s 3

�
Gm 3

c2

� 1=2

r̂ 3=4

r

r̂ 3=2 � 3Gm 3
c2 r̂ 1=2 + 2 �s 3

�
Gm 3

c2

� 1=2
;

L̂ =
�

�
Gm 3

c2

� 1=2
�

r̂ 2 + s2
3 � 2�s 3

�
Gm 3

c2 r̂
� 1=2

�

r̂ 3=4

r

r̂ 3=2 � 3Gm 3
c2 r̂ 1=2 + 2 �s 3

�
Gm 3

c2

� 1=2
;

K =
�

s3Ê � L̂
� 2

=

0

@r̂ � �s 3

s
c2r̂

Gm3

1

A

2
r̂ 2
 2

�̂

c2 :

(1.78)

Finally, for later convenience, we also introduce the Innermost Stable Cir-
cular Orbit (ISCO). More in detail, in the equatorial plane of a Kerr black
holes it is possible to identify two ISCOs: the �rst one is co-rotating (� = +1 )
with the black hole while the second one is counter-rotating (� = � 1) with
it. The value of the radial coordinate at which the ISCOs are located in the
equatorial plane of the Kerr spacetime is given by [170]

r̂ �
ISCO =

Gm3

c2

h
3 + Z2 � �

p
(3 � Z1)(3 + Z1 + 2Z2)

i
; (1.79)

where

Z1 = 1 +
�

1 � � 2
� 1

3
h
(1 + � )

1
3 + (1 � � )

1
3

i
;

Z2 =
q

Z 2
1 + 3 � 2 :

(1.80)

One can see immediately that for� = 0 eq. (1.79) reduces tôr ISCO = 6Gm3=c2,
i.e. the usual ISCO position for a Schwarzschild black hole.

7 In the Schwarzschild limit � = 0 then � distinguishes anti-clockwise and clockwise
orbits, respectively.



1.2. BINARY MERGERS IN STRONG GRAVITY BACKGROUND OF
KERR BLACK HOLE 39

Binary system on a Kerr geodesic

As mentioned above, the two black holes in the BBH system are treated as
point particles in the Newtonian limit since we assume the condition (1.70) to
hold. We assume that the binary is moving along a circular, equatorial orbit
in the background of a supermassive Kerr black hole. As seen in Section 1.2.1,
if the binary system is small enough (1.71) we can treat the in�uence of the
SMBH as a small perturbation on the BBH system, and we can approximate its
presence through quadrupole tidal forces acting on the binary system, which
is moving approximately on a geodesic of the Kerr background. This means
we can employ the results of Section 1.2.1.

For the Kerr metric (1.72), we can use theMarck's tetrad [69] to describe
the local Fermi-normal coordinates (1.58) of Section 1.2.1. Marck's tetrad
is given by the four vectors � �

A which provide an orthonormal basis for the
vector space at each point of the Kerr-geodesic since� �

A � �
B g�� = � AB and

� �
A � �

B � AB = g�� , where in particular � �
0 = u� is the four-velocity. Note that

A = 0 ; 1; 2; 3 are the �at tetrad indices. One can equivalently represent Marck's
tetrad as the orthonormal one-forms� A

� = � AB g�� � �
B . One can now employ the

standard map of the Fermi-Normal coordinates between vectors on the Kerr
geodesic and events in the neighborhood of the geodesic. For Marck's tetrad,
we have in addition to the time coordinate x0 = � , which is the proper time
on the geodesic, also the spatial coordinatesx i parametrizing an orthogonal
vector

P 3
i =1 x i � �

i at the geodesic. In this way the coordinatesxA describe a
neighborhood of the geodesic. We will call this coordinate system theMarck's
frame of reference.

Since Marck's tetrad is parallel-transported along the geodesic, it provides
an inertial frame, meaning it is characterized by a vanishing acceleration and
vanishing angular velocity of rotation of spatial basis vectors [171]8

ai � � i
�

D� �
0

d�
= 0 ; ! i � �

1
2

� ij
k � �

j

D� k
�

d�
= 0 : (1.81)

For circular geodesics in the equatorial plane (̂� = �= 2), Marck's tetrad can
be conveniently written in the one-forms basis as

� 0
� =

�
Ê; 0; 0; L̂

�
;

� 1
� = cos 	 ~� 1

� � sin 	 ~� 2
� ;

� 2
� = sin 	 ~� 1

� + cos 	 ~� 2
� ;

� 3
� = (0 ; 0; � r̂; 0) ;

(1.82)

8Both formulas can be derived starting from the general transport law for an observer's
tetrad, D� �

a =d� = � 
 �
� � �

a , with the quantity 
 �� = a� u� � u� a� + u� ! � � ���� [171].
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with

~� 1
� =

 

0;

r
r̂ 2

K + r̂ 2

(
p

Ks 3 + Ê r̂ 2)
�

; 0; 0

!

;

~� 2
� =

 
(s3 � Ê

p
K )

p
K + r̂ 2

; 0; 0;
Ê

p
Ks 3 � s2

3 � r̂ 2 � K
p

K + r̂ 2

!

;

(1.83)

where r̂ is the constant radius of the circular equatorial geodesic and the angle
	 is introduced to ensure that the tetrad is parallel transported along the
geodesic [69, 168], as shown by Eqs. (1.81). The explicit expression for	 in
terms of the geodesic's proper time� is given by 	 = 
 	 � , with


 	 � �

r
Gm3

r̂ 3 : (1.84)

To use the results for the Lagrangian and Hamiltonian of Section 1.2.1,
given respectively in Eqs. (1.68) and (1.69), we report the explicit expressions
for the electric tidal moments in the equatorial plane of a Kerr black hole,
which are given by [69,168]9

E11 =

"

1 � 3
�

1 +
K
r̂ 2

�
cos2 	

#
Gm3

c2r̂ 3 ;

E22 =

"

1 � 3
�

1 +
K
r̂ 2

�
sin2 	

#
Gm3

c2r̂ 3 ;

E33 =
�

1 + 3
K
r̂ 2

�
Gm3

c2r̂ 3 ;

E12 = � 3
�

1 +
K
r̂ 2

�
Gm3

c2r̂ 3 cos 	 sin 	 :

(1.85)

These results can be used together with Eq. (1.67) to get an explicit expression
for the scalar quadrupole electric tidal moment induced by the Kerr black hole,
as measured by an observer using Fermi-normal coordinates, namely

r 2Eq =
Gm3

c2r̂ 3

�
r 2 + 3( x3)2 K

r̂ 2

� 3
�

1 +
K
r̂ 2

�
(x1 cos 	 + x2 sin 	) 2

#

:
(1.86)

With this, we can describe the dynamics of the binary system in the approx-
imations (1.70) and (1.71) via the Lagrangian (1.68) and Hamiltonian (1.69)
of the BBH system.

9See Chapter 2, Section 2.1.1, for a derivation of the quadrupole tidal moments.
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1.2.3 Gyroscope precession and the distant-star frame

In this section, we introduce thegyroscope precessionof Marck's parallel trans-
ported reference frame by introducing a non-inertial frame of reference that
we dub the distant-star frame. 10

This precession arises from the curvature of the background spacetime, like
it happens in the case of the Earth-Moon binary system orbiting around the
Sun [172]. More in detail, the BBH system has an angular momentum which
is precessing in its motion along an equatorial, circular geodesic in the Kerr
background, around the direction identi�ed by the angular momentum of the
SMBH. In the Schwarzschild space-time this gyroscope precession is known as
the Fokker-de Sitter precession[173], whereas in the equatorial plane of a Kerr
black hole, it takes the name ofSchi� 's precession [174].

The origin of this precession is the di�erence between the local and global
points of view for our binary system moving on a geodesic. The local point
of view is described by Marck's frame, where we have an approximate inertial
system close to the center of mass of the binary that moves on the geodesic.
However, we can also identify a global point of view, in which the global
properties of the Kerr spacetime are taken into account. In the case of an
equatorial, circular motion this is clear since the only spatial coordinate in the
BL coordinates of Kerr that changes is the anglê� as

�̂ = 
 �̂ � ; (1.87)

where 
 �̂ is given in (1.77). A period of motion is obviously when�̂ changes
with 2� . However, Marck's frame is not the same after one period, since the
	 angle has changed with�	 = 2 � (
 	 =
 �̂ � 1), which gives the gyroscope
precession.

Since the precession cannot be observed in Marck's reference frame itself, it
is convenient to introduce a non-inertial reference frame in which the gyroscope
precession is manifest. Such a frame, here called thedistant-star frame of
reference, is constructed in [175], by simply rotating the Marck's frame with
an angle �̂ � 	 such that the distant-star frame is periodic under rotations
with respect to the �̂ angle. Speci�cally, seeing it as a tetradei

� , it is de�ned

by the following rotation of Marck's tetrad ei
� = Ri

j � j
� with

Ri
j =

0

B
@

cos(
 g� ) � sin(
 g� ) 0
sin(
 g� ) cos(
 g� ) 0

0 0 1

1

C
A : (1.88)

10 The gyroscope precession was also considered for a BBH system in orbit around a
Schwarzschild black hole in [166].
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where we introduced the gyroscope angular velocity
 g as


 g = 
 �̂ � 
 	 = 
 	

0

B
@

1
q

1 + 2 s3
c 
 	 � 3 r̂ 2

c2 
 2
	

� 1

1

C
A ; (1.89)

such that �̂ � 	 = 
 g� . It is easy to check that 
 g = 0 at r̂ = 4=9 (Gm3=c2)� 2,
and that this location never corresponds to a stable orbital radius, sincêr? <
r̂ �

ISCO for 0 � � � 1. For completeness, we report that at the ISCO one
has 
 g = ( c=̂r ISCO )(

p
2 � 1)=

p
6 in the Schwarzschild case� = 0 , whereas

in the extreme Kerr case,� = 1 , the gyroscope precession diverges as
 g �
2c=

p
3(r̂ � r̂ +

ISCO ) � 1 for co-rotating orbits, and 
 g = ( c=̂r �
ISCO )(1=3 �

p
3=4)

for the counter-rotating ones. As we shall see below, the distant-star frame
provides a local coordinate system close to the circular equatorial geodesic
in which one can directly observe the precession as a �ctitious force in the
Lagrangian description.

In general, it is not possible to locally observe a precession angle, given
that one cannot compare angles between two events in spacetime in a path-
independent manner. On the other hand, the construction of the distant-star
tetrad is based on the global structure of the stationary and axisymmetric Kerr
background, which gives a natural de�nition of angular and radial directions in
the equatorial plane through Carter's tetrad [176]. Thus, we can meaningfully
claim the distant-star frame is �xed with respect to the asymptotic de�nition
of the rotating angle, justifying its name as an angle with respect to distant
stars. In other words, the distant-star frame provides a Cartesian frame that
keeps a �xed orientation with respect to distant stars [175]. Hence, the non-
inertial distant-star reference frame gives us a global point of view, contrary
to the local inertial Marck's frame of reference.

Given that the distant-star tetrad ei
� is anchored to the geodesic, it has

naturally a vanishing acceleration but it is characterized by a non-vanishing
angular velocity of rotation relative to the Marck's tetrad [171]

ai � ei
�

De�
0

d�
= 0 ; ! i � �

1
2

� ij
ke�

j

Dek
�

d�
= 
 g� i

3 ; (1.90)

where we used the vector tetrad basise�
i = � �

j (RT ) j
i and e�

0 = � �
0 = u� .

The spatial coordinatesr i associated with the distant-star tetrad are given
by 11

r i = Ri
j x j : (1.91)

In the following, we shall use the Cartesian vector notation

r = r 1x̂ + r 2ŷ + r 3ẑ ; (1.92)

11 This follows from the fact that for any vector V � its spatial components are r i =
V � ei

� = V � R i
j � j

� and x i = V � � i
� .
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where we de�ned the unit vectors

x̂ =

0

B
@

1
0
0

1

C
A ; ŷ =

0

B
@

0
1
0

1

C
A ; ẑ =

0

B
@

0
0
1

1

C
A : (1.93)

The consequence of going to this non-inertial frame for the binary system is
the introduction of �ctitious forces. Indeed, the local Lagrangian now becomes

L =
�
2

(v � 
 g � r )2 +
GM�

r
�

c2�
2

r 2Eq ; (1.94)

where we introduced the Cartesian vectorsv = dr =d� and 
 g = 
 gẑ in
agreement with Eq. (1.90). Now Eq. (1.67) reads

r 2Eq =
Gm3

c2r̂ 3

�
r 2 + 3( r 3)2 K

r̂ 2 +

� 3
�

1 +
K
r̂ 2

�
(r 1 cos�̂ + r 2 sin �̂ )2

#

:
(1.95)

To �nd the Hamiltonian we de�ne the canonical momentum as

� =
@L
@v

= �
�
v � 
 g � r

�
; (1.96)

and the canonical angular momentum as

L in = r �
@L
@v

= r � � ; (1.97)

where we adopt the subscript � in" for later convenience to distinguish the
angular momentum of the inner BBH system and the angular momentum
associated with the outer orbit. The Hamiltonian, thus, reads

H =
� 2

2�
�

G�M
r

+ 
 g � L in +
�c 2

2
r 2Eq ; (1.98)

with Eq given in Eq.(1.95). The extra term in (1.98) with respect to (1.69) is
responsible for the gyroscope precession ofL in .

1.2.4 Euler angles and action-angle variables

In Celestial mechanics is often useful to introduce the action-angle formalism
to describe the dynamics of the inner binary. To this end, here in this section
we review the standard de�nitions of angular coordinates and momenta which
we will use later to describe the evolution of the inner binary and to derive
the secular Hamiltonian in Section 1.2.5. We start by introducing all these
quantities in the distant-star reference frame, and we then present them in
Marck's frame of reference, providing a canonical transformation between the
distant-star and Marck's frame Hamiltonians.
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Euler angles

During the motion of the inner binary along a circular, equatorial geodesic
in the Kerr spacetime, the orientation of the inner orbital plane of the BBH
system can vary with respect to the outer orbital plane of the Kerr SMBH.

The vector (1.92) describing the relative position of a body in a Newtonian
elliptic orbit can be written as

r = r (cos û + sin  v̂ ) ; (1.99)

where

r =
a(1 � e2)

1 + ecos 
; (1.100)

wherea and e are respectively thesemi-major axis and the eccentricity of the
orbit, whereas is the angular coordinate that keeps track of the body motion
along the orbit, namely the true anomaly.

The two directions û and v̂ have a precise geometrical meaning, witĥu
( = 0 ) identifying the periapsis direction, and v̂ ( = �= 2) lying along
the direction of the ascending nodes. The space spanned by these two vectors
speci�es the inner orbital plane. These two vectors, together with the direction
of the angular momentum for the inner binary L̂ in = û � v̂ , form a triad of
orthonormal vectors.

Given that we consider the inner binary to be in a Newtonian regime, it
is possible to unambiguously introduce theeccentric anomaly � and the mean
anomaly � , de�ned by means of

cos =
cos� � e

1 � ecos�
; � = � � esin � : (1.101)

The �rst relation de�nes � in terms of the true anomaly  , whereas the second
is the Kepler equation. Kepler's equation is a transcendental equation and no
closed-form solution is known that allows to express the eccentric anomaly�
in terms of the mean anomaly� . The mean anomaly� represents the angle
that a �ctitious body moving in a circular orbit would span if it had the same
orbital frequency as the actual body moving along the elliptic orbit. In other
words its motion is uniform in time, � =

p
GM=a3� .

The orientation of the orbit can be obtained by introducing the Euler
angles, which are de�ned through the following rotation matrices

R� =

0

B
@

cos� � sin � 0
sin � cos� 0

0 0 1

1

C
A ; RI =

0

B
@

1 0 0
0 cosI � sin I
0 sinI cosI

1

C
A ;

R
 =

0

B
@

cos
 � sin 
 0
sin 
 cos
 0

0 0 1

1

C
A ;

(1.102)
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where the angle� is called thelongitude of ascending nodes, I is the orbital in-
clination, and 
 is the argument of the periapsis. See Fig. 1.6 for an illustration
of the orbital parameters.

In general to describe a Newtonian orbit with an arbitrary orientation we
need to introduce a reference plane. Given that we are working under the
assumption m3 � (m1 + m2), it is natural to take the equatorial plane of the
Kerr black hole as the reference plane. An arbitrary orientation of the inner
binary is therefore derived by performing the rotationr = R� RI R
 (r cos x̂ +
r sin  ŷ ), and by �xing  = 0 ; �= 2 one gets

û =(cos 
 cos� � cosI sin 
 sin � ) x̂

+ (cos 
 sin � + cos I sin 
 cos� ) ŷ (1.103)

+ sin I sin 
 ẑ ;

v̂ =( � sin 
 cos� � cosI cos
 sin � ) x̂

+ ( � sin 
 sin � + cos I cos
 cos� ) ŷ (1.104)

+ sin I cos
 ẑ :

For later use, we de�ne in addition the eccentricity vector as

e = e û ; (1.105)

which corresponds to the dimensionless version of theLaplace�Runge�Lenz
vector [177].

The direction of the angular momentum for the inner binary is readily
obtained asL̂ in = û � v̂ , yielding

L̂ in = sin I sin � x̂ � sin I cos� ŷ + cos I ẑ : (1.106)

The magnitude of the outer orbit angular momentum L̂ for a fully relativistic
equatorial, circular geodesic in the Kerr background, as the one along which
our BBH system is moving, is given in Eq. (1.78), whereas its direction in the
distant-star frame is

L̂ out = ẑ : (1.107)

Notice that, by de�nition, the inclination angle quanti�es the projection of the
inner orbit angular momentum on the outer orbit one, L̂ in � L̂ out = cos I .

Action-angle variables

In Celestial mechanics every time we are working with a periodic motion, it is
convenient to analyse the problem by introducing the action-angle formalism,
mostly because for any libration of periodic motion, we can introduce action-
angle variables to describe the momenta. This is advantageous since they
are constants of motion and allow us, in our description of the BBH-SMBH
system, to describe the non-tidal part of the Hamiltonian (1.69) purely in
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Figure 1.6: Illustration of orbital parameters. The green plane represents
the reference plane while the intersection between the red line and the orbit
constitutes the periapsis and the intersection between the blue line and the
orbital plane provides the ascending node.

terms of constants of motion. We shall use the action-angle variables known
as Delauney variableswhich we already introduced in Sec. 1.1 and here recall
for convenience, with the position given by the three angles

(�; 
; � ) ; (1.108)

each periodic with period 2� , as well as the corresponding action-angle vari-
ables

J� = �
p

GMa ; J 
 = �
p

GMa(1 � e2) ;

J� = �
p

GMa(1 � e2) cosI ;
(1.109)

with M and � de�ned in Eq. (1.64) as the total mass and the reduced mass of
the BBH system respectively.

We recall that the Delauney action variables are related to the magnitude
and the orientation of the angular momentum of the inner binary with respect
to the reference plane. In particular

J
 = jL in j ; J� = L in � L̂ out : (1.110)
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The total Hamiltonian of the inner binary (1.98) in the distant-star refer-
ence frame can be written, in terms of action-angle variables, as

H = �

 
GM
J�

! 2

+ 
 gJ� + H q : (1.111)

and the quadrupole tidal part is expressed in terms of Euler angles according
to

H q =
�
2

Gm3r 2

r̂ 3

�
1 + 3

K
r̂ 2 sin2(
 +  ) sin2 I

� 3
�

1 +
K
r̂ 2

�
�

cos(�̂ � � ) cos(
 +  )

+ sin( �̂ � � ) sin(
 +  ) cosI
� 2

�
:

(1.112)

Action-angle variables for Marck's frame

For later convenience, we also introduce the action-angle variables for the
Hamiltonian in Marck's frame of reference given by Eqs. (1.69) and (1.86).

It follows from Section 1.2.3 that the longitude of ascending nodes for
Marck's reference frame is

� 0 = � � 
 g� ; (1.113)

where � is the corresponding longitude of ascending nodes in the distant-star
frame. This can also be written as� 0 � 	 = � � �̂ . The other angles� and 

remain the same.

The Hamiltonian together with the action-angle variables conjugate to the
angles(�; 
; � 0) can be found directly by using a canonical transformation of the
second type [177]. More precisely, this implies that the momenta(J� ; J
 ; J� )
given in the distant-star frame (1.109) are the same for the Marck's frame, for
it to be a canonical transformation. In detail, we have the generating function

F2(q; P; � ) = � J � + 
 J 
 + ( � � 
 g� ) J� ; (1.114)

with (q; p) and (Q; P) being respectively the distant-star and the Marck phase
space variables, which can be identi�ed as

qi = ( �; 
; � ); Qi = ( �; 
; � 0) ;

pi = Pi = ( J� ; J
 ; J� ) :
(1.115)

This gives pi = @F2=qi and Qi = @F2=@Pi as needed. The transformed Hamil-
tonian therefore becomes

H = H + @� F2 = H � 
 gJ� : (1.116)
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From this we get the Hamiltonian in Marck's frame as

H = �

 
GM
J�

! 2

+ Hq : (1.117)

with quadrupole tidal part

Hq =
�
2

Gm3r 2

r̂ 3

�
1 + 3

K
r̂ 2 sin2(
 +  ) sin2 I

� 3
�

1 +
K
r̂ 2

�
�

cos(	 � � 0) cos(
 +  )

+ sin(	 � � 0) sin(
 +  ) cosI
� 2

�
:

(1.118)

It is straightforward to check that if one introduces the Delauney variables
directly for Marck's frame Hamiltonian given by Eqs. (1.69) and (1.86) one
would get the same result as above.

1.2.5 Secular Hamiltonian

In this section we obtain the Hamiltonian describing the secular dynamics of
the BBH-SMBH triple system. As already mentioned previously, the secular
dynamics describes the binary system at timescales much larger than both the
inner and outer orbit periods, namely the timescales respectively associated
with the inner motion of the two black holes in the BBH system and the
geodesic motion of the binary around the Kerr black hole.

The secular Hamiltonian is obtained by getting rid of the fast-dynamics
in the triple system, namely by taking the average over both the inner orbit
motion as well as the outer orbit motion. As explained above, these two
motions can be separated to leading order in the small-tide approximation
(1.71), in that the outer orbit motion corresponds to the center of mass of
the binary system moving on a circular geodesic in the equatorial plane of the
supermassive Kerr black hole.

The inner orbit, describing the motion of the two black holes in the inner
binary, is treated as a Newtonian elliptic orbit perturbed by tidal forces.12

To take the average, we need an angle that grows uniformly with time in the
elliptic motion. In the Newtonian regime this is provided by the mean anomaly
� de�ned in Eq. (1.101). However, since the tidal part of the Hamiltonian
(1.112) is a function of the true anomaly instead, we translate(2� ) � 1

R2�
0 d�

into
1

2�

Z 2�

0
d 

(1 � e2)3=2

(1 + ecos )2 ; (1.119)

12 In Section 1.2.7 we shall include the 1PN e�ect of the periastron precession as well as
the leading GW radiation-reaction e�ect.
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since this follows from Eq. (1.101).
The averaging procedure for the outer orbit is more subtle. This is due to

the fact that General Relativistic e�ects play a role. We derived the Hamil-
tonian describing the inner binary, in terms of the action angle variables in-
troduced in Section 1.2.4, in both the non-inertial distant-star frame with
Eqs. (1.111)-(1.112) as well as in the inertial Marck's frame with Eqs. (1.117)-
(1.118).

We start by discussing the averaging procedure for the outer orbit in the
distant-star frame, since this resemble the Newtonian case (see for exam-
ple [19]), and thus it is more intuitive. In fact, by considering the Hamil-
tonian (1.111)-(1.112), we notice that it is periodic in the angle�̂ with period
2� . This periodicity is precisely associated with one outer orbit cycle of mo-
tion. Moreover from Eq. (1.87), we notice that the angle grows linearly with
proper time, making it the relativistic analog of the outer orbit angle, that one
for instance uses in [19] for the averaging of the outer orbit. Therefore, the
outer orbit average in this frame is simply performed as(2� ) � 1

R2�
0 d�̂ .

The secular Hamiltonian is thus computed as the following double-average
of the Hamiltonian (1.111) in the distant-star frame

hHi = �

 
GM
J�

! 2

+ 
 gJ� + hHqi ; (1.120)

with

hHqi �
1

(2� )2

Z 2�

0
d�̂

Z 2�

0
d 

(1 � e2)3=2

(1 + ecos )2 H q ; (1.121)

which explicitly reads

hHqi = � 
 (GR)
ZLK J


�
W +

5
3

�
;

W = (1 � e2)(cos2 I � 2) � 5e2 sin2 I sin2 
 ;


 (GR)
ZLK = 
 (N)

ZLK

�
1 + 3

K
r̂ 2

�
;


 (N)
ZLK =

3
8J


�
Gm3�

r̂

� �
a
r̂

� 2

;

(1.122)

where the subscript ZLK refers to the ZLK e�ect which will be extensively
discussed in the remaining Sec. 1.2.6 and in Sec. 1.2.7.

From the expressions above we can see that the General Relativistic ef-
fects arising from the Kerr perturber are included in the dynamics of the BBH
system through the overall prefactor
 (GR)

ZLK in the averaged tidal Hamiltonian
(1.122). It is easy to check from (1.122) that in the weak �eld regimer̂ ! 1
one recovers the Newtonian secular Hamiltonian of Ref. [19]. These General
Relativistic e�ects are completely accounted for by the term in 
 (GR)

ZLK propor-
tional to the Carter constant K .
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However, not all the General Relativistic e�ects are explicitly manifest in
the prefactor 
 (GR)

ZLK , de�ned in Eq. (1.122). Some of them are not immediately
apparent from the above secular Hamiltonian of Eqs. (1.120) and (1.122). A
clear example is the gyroscope precession of the binary system introduced
in Section 1.2.3, which arises from the term
 gJ� in the total Hamiltonian
(1.120). Another less explicit e�ect is the time dilation of the proper time
used above, relative to the asymptotic timet̂. This we shall include later in
Section 1.2.7. These two e�ects are connected with the global point of view, in
the sense that they are related to how an asymptotic observer will see the inner
binary system. Furthermore, in Section 1.2.7 we shall add further relativistic
e�ects to the binary dynamics, to describe gravitational backreaction due to
gravitational waves.

Up until this point we have described the averaging procedure only in the
distant-star frame. We can check that it is also possible to take the secular
average in Marck's frame of reference. From Eqs. (1.117)-(1.118) we see imme-
diately that the Hamiltonian in the Marck's frame is periodic in 	 with period
2� . Moreover, the angle grows linearly with time	 = 
 	 � . Therefore, the 	
angle has the features we are seeking in order to take the secular average and
thus, we conclude that, in Marck's frame, one should compute the outer orbit
average as(2� ) � 1

R2�
0 d	 . Explicitly,

hH i = �

 
GM
J�

! 2

+ hHqi : (1.123)

with

hHqi �
1

(2� )2

Z 2�

0
d	

Z 2�

0
d 

(1 � e2)3=2

(1 + ecos )2 Hq ; (1.124)

It is now straightforward to see that double-average over the tidal part of the
Hamiltonian in the two di�erent frames agree

hHqi = hHqi : (1.125)

This means the only di�erence between the secular Hamiltonians in the two
frames is the constant term
 gJ� , accounting for the �ctitious forces.

As already mentioned in Section 1.2.3, the gyroscope precession measures
the di�erence between�̂ and 	 after one orbital cycle in the outer orbit motion.
One could ask why the averaging procedure over the tidal part of the Hamil-
tonian yields the same result in two di�erent frames, after averaging over two
di�erent angles. This can be explained by recalling the formula�̂ � � = 	 � � 0.
In the distant-star frame one should keep �xed� in taking the average, as this
angle is �xed during the motion. But, for Marck's frame, it is instead the angle
� 0 that one should keep �xed. Thus, the reason that the outer orbit averages
give the same result in the two frames is that the di�erence between� and � 0

precisely accounts for the di�erence�̂ � 	 , which is the gyroscope precession.
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It is also worth mentioning that it is possible to directly relate the secular
Hamiltonian in the distant-star frame with the one in the Marck's frame by
using the canonical transformation presented in Sec. 1.2.4. Since neither de-
pend on the respective longitude of ascending nodes angle (� and � 0), this
transformation simply relates the secular Hamiltonians ashH i = hHi � 
 gJ� .

1.2.6 ZLK mechanism in a strong GR background

In this Section, we use the secular Hamiltonian derived in the distant-star
reference frame to analyse the secular dynamics of the BBH system moving on
an equatorial circular geodesic of the external Kerr SMBH.

One of the main results of this Section is that we quantify to what ex-
tent the ZLK frequency departs from its Newtonian value when one takes into
account strong gravity e�ects associated to the general relativistic description
that we adopt for the outer orbit. Moreover, in this Section we derive the equa-
tions of motion describing the evolution of the inner orbital parameters, which
allow us to study the ZLK mechanism. We will use this later to compare the
weak-gravity limit of our results to the PN corrections found in the literature.
Finally in Section 1.2.7, we build on the results of this section by including
the periastron precession and GW emission in the equations of motion for the
inner orbital parameters, which are used to study the ZLK mechanism and its
in�uence on the binary merger time.

ZLK frequency in the vicinity of SMBH

By looking at the secular Hamiltonian in the distant-star frame, given by
Eqs. (1.120) and (1.122), we can immediately observe that the secular dynam-
ics of the BBH system is governed by two main e�ects: the ZLK mechanism,
arising from the interaction with the external SMBH, and the gyroscope pre-
cession, which is present in the distant-star reference frame whenever a general
relativistic description for the SMBH is adopted.

We start by analysing the ZLK mechanism, which in the distant-star frame
is modeled by the quadrupole tidal parthHqi of the secular Hamiltonian, given
in Eq. (1.122). A well-known result in the literature regarding the ZLK mech-
anism [20,27,123] is that the set of parameters characterizing the outer orbit
only enters in hHqi through the frequency of the eccentricity/inclination oscil-
lations. From the tidal contribution (1.122) we can notice that this remains
true also in our case, as all the information related to the outer orbit are
encoded in the frequency
 (GR)

ZLK . This means that all new tidal force e�ects
arising from an exact metric description of the SMBH as a Kerr black hole en-
ters through this frequency. This motivates us to analyse, in what follows, how
strong gravity e�ects can introduce substantial deviations in the frequency of
the ZLK oscillations, compared to the frequency one gets from employing a
Newtonian point particle approximation.
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We begin by comparing
 (GR)
ZLK to the Newtonian frequency 
 (N)

ZLK , i.e. the
frequency that would have resulted from Newtonian quadrupole tidal forces
induced by a particle of massm3. We �nd


 (GR)
ZLK


 (N)
ZLK

=
1 + 3� 2

d2 � 4��
d3=2

1 � 3
d + 2��

d3=2

; (1.126)

where we de�ned for convenience the dimensionless radiusd for the equatorial
circular orbit as

d = r̂
c2

Gm3
: (1.127)

Remarkably, at the ISCO r̂ = r̂ �
ISCO the ratio (1.126) takes the universal

value13


 (GR)
ZLK = 2
 (N)

ZLK : (1.128)

This result will be highly important in Section 1.2.7 where we consider the
evolution of the BBH-SMBH system in detail. One can check that (1.128)
gives the maximal value of the ratio (1.126) that the binary system can at-
tain. Instead, for large d the ratio goes to one. Both of these statements are
illustrated in Fig. 1.7. The result (1.128) shows that one has an order one
di�erence between the weak-�eld Newtonian result 
 (N)

ZLK and our novel strong
�eld result 
 (GR)

ZLK when close to the SMBH.
However, it is important to note here that the frequency 
 (GR)

ZLK is measured
with respect to the proper time of the BBH orbit. Thus, this is not the fre-
quency that an asymptotic observer would measure. To �nd the corresponding
asymptotic ZLK frequency we need to incorporate the redshift factor as follows


 (1 )
ZLK =

1
ut 
 (GR)

ZLK (1.129)

where the redshift factor can be written as

ut =

 �̂



=

1 + ��
d3=2q

1 � 3
d + 2��

d3=2

; (1.130)

which one can check is always greater than 1, and it is a decreasing function
of �� for �xed d. Using (1.130) we get the following ratio between the asymp-
totically measured ZLK frequency 
 (1 )

ZLK , which now takes into account all the
GR e�ects, and the corresponding Newtonian frequency
 (N)

ZLK


 (1 )
ZLK


 (N)
ZLK

=
1 + 3� 2

d2 � 4��
d3=2

�
1 + ��

d3=2

� q
1 � 3

d + 2��
d3=2

: (1.131)

13 One can derive this using K = 1
3 r̂ 2

ISCO at the ISCO, see Ref. [168].
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Figure 1.7: Diagram of the ratio 
 (GR)
ZLK =
 (N)

ZLK versus the distanced from the
SMBH. Di�erent colors label various values of the black hole spin� where the
solid and dashed lines represent co-rotating (� = +1 ) and counter-rotating
(� = � 1) orbits, respectively. Each curve terminates at the ISCO.

The inclusion of the redshift factor gives a more re�ned di�erence in the ratio
of the frequencies. One �nds that in the counter-rotating case� = � 1 the
maximal value of the ratio (1.131) is at the ISCO, as illustrated in Fig. 1.8.
For the co-rotating case� = 1 , the same is true for the range0 � � � 0:69.
However, as illustrated in Fig. 1.9, this behavior starts changing in the range
0:69 � � � 0:7, so that for � � 0:7 the maximal value of the ratio (1.131) is
no longer reached at the ISCO. We see from Fig. 1.10 that for� � 0:75 it is
instead the minimal value that one reaches at the ISCO.

For all three Figs. 1.8, 1.9, and 1.10 we note that the ratio (1.131) ap-
proaches 1 ford going to in�nity, as one would expect. Finally, we have also
plotted the value of the ratio (1.131) at the ISCO in Fig. 1.11.

The results we found above for
 (1 )
ZLK =
 (N)

ZLK show that GR e�ects arising
from being in close vicinity to the SMBH are highly signi�cant. This is partic-
ularly relevant in the case of bound systems of BBHs situated in the Galactic
Center. In fact, our results show how the inclusion of strong-gravity e�ects is
extremely important as they signi�cantly alter the frequency, and consequently
the timescale, of the ZLK oscillations. It is also possible to see that the spin of
the SMBH, described by the Kerr metric, can signi�cantly alter the dynamics.

Evolution equations for ZLK mechanism

Using the secular Hamiltonian (1.122) we can now derive the evolution equa-
tions for the orbital variables describing the inner BBH system. It is possible
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d
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ZLK


 (N)
ZLK

Figure 1.8: The ratio 
 (1 )
ZLK =
 (N)

ZLK is plotted in the counter-rotating case� = � 1
as a function of the dimensionless radiusd for several values of the spin. The
�gure shows that the maximum value for the ratio is always at the ISCO.
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Figure 1.9: The ratio 
 (1 )
ZLK =
 (N)

ZLK is plotted in the co-rotating case � = 1 as
function of the dimensionless radiusd for the range 0:61 � � � 0:79.
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Figure 1.10: The ratio 
 (1 )
ZLK =
 (N)

ZLK is plotted in the co-rotating case� = 1 as
a function of the dimensionless radiusd for several values of the spin.

�


 (1 )
ZLK
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Figure 1.11: Here the binary system is always placed at the ISCO. The blue
line describes the counter-rotating case while the red line describes the co-
rotating case.
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