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Introduction

Since the invention of the transistor in 1947 and the development of integrated circuits in the late
1950’s, there was a rapid progress in the development and miniaturization of the solid state devices
and electronic circuit components. This miniaturization raises a question “How small do we have
to make a device in order to get fundamentally new properties?” [1], or more concretely, when do
the quantum effects become important. During the last 30 years, the innovations in fabrication
and cooling techniques allowed to produce nanometer scale solid-state or single molecule-based
devices and to perform electrical transport experiments at temperatures below one Kelvin (1 K),
and thus to address such question. In this thesis we are concerned with the theoretical description
of one kind of such devices called quantum dots.

As the name suggest a quantum dot is a system where particles are confined in all three
directions, which makes it effectively zero dimensional and corresponds to discrete electronic
orbitals (levels) and excitation spectrum. This is analogous to the situation in atoms, where
confinement potential replaces the potential of the nucleus, thus quantum dots are often referred
to as artificial atoms [2, 3]. Additionally, in order for the system to be truly quantum, the size of
the dot has to be comparable to the de Broglie wavelength of the electrons in it. What we have
mentioned so far is rather abstract conditions, which practically can be realized in various systems,
such as, electrically confined electrons in semiconductor nanowires, two dimensional electron
gases, carbon nanotubes, or just small metallic particles, nanoscale pieces of semiconductor.

One of the usual ways to make an electronic device with quantum dots is the transistor setup,
where the dot is coupled by electron tunneling to the source and drain leads, which can maintain a
voltage bias across it. This kind of setup can be referred to as transport junction. If the temperature
and the tunnel couplings to the leads are low compared to the energy scale associated with charging
of the dot, the electrons from the leads are either transferred one-by-one through the junction
or the transport is blocked, which is known as the Coulomb blockade regime [4]. This depends
on the positions of the levels and electrostatic environment of the dot, which can be tuned with
an additional gate electrode. As a practical application, it was proposed that operating in such a
regime the junction can be used as charge sensor [5], for sensitive temperature measurements [6],
or as high efficiency thermoelectric device [7]. Also the current signal acts as a spectroscopic tool,
and gives the information about quantum properties of the quantum dot, which is interesting for
the studies of fundamental physics. For instance, if a quantum dot has an odd number of electrons,
because of the one unpaired electron spin, it acts as a magnetic impurity, which can be screened
by conduction electrons, which is known as the Kondo effect. This is an interesting phenomenon,
which was first observed in 1930’s experimentally in metals containing magnetic impurities [8],
and only 30 years later the first theoretical explanation was given by Jun Kondo in 1964 [9]. The
observation of the Kondo effect in quantum dots in late 1990’s [10, 11], where it manifests itself
through zero bias differential conductance due to so-called Abrikosov-Suhl resonance [12, 13], has
revived the interest in this problem. Additionally, during the last decade it became possible to
fabricate hybrid systems where quantum dots are contacted to superconducting leads [14]. These
kind of systems allow to study the interplay between superconductivity and Coulomb blockade
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with Kondo effect.

In this thesis we are investigating three problems, which deal with quantum dots in transistor
type setup. Even though the setup is similar for all examined problems, the theoretical tools used
to solve them are rather distinct. That is why the thesis is divided in three parts. In the following
paragraphs we give a short technical description of the individual parts.

The first part is dedicated to the examination of the so-called cotunneling spectroscopy of the
quantum dots, where in the Coulomb blockade regime simultaneous electron transport happens
through the junction by virtual occupation of the excited states of the dot. More specifically, we
address the renormalization effects of such spectroscopy due to higher order tunneling processes
by considering energy level shifts using leading order quasi-degenerate perturbation theory. Then
the renormalization of the cotunneling spectrum for particular carbon nanotube quantum dots
connected either to normal metal or ferromagnetic leads is examined using the presented theory.

The second part is devoted to the study of the emergence of sub-gap states in a junction
consisting of two superconducting leads coupled to a spinful quantum dot. The system is modelled
by an effective Kondo model, where conduction electron spins are interacting with an impurity
spin. If the impurity spin is treated as a classical quantity the problem can be solved exactly,
which yields the so-called Yu-Shiba-Rusinov states inside the gap. For a quantum spin the bound
states and their energy are found using the Yosida’s wavefunction ansatz approach. Additionally, the
relation between the supercurrent and the sub-gap states is studied.

In the last part we address the question “How the heat transport due to center of mass vibrational
modes can be reduced in a molecular junction, while maintaining electrical conductivity?”. As
one of the possible suggestions we consider a molecular design consisting of two large masses
coupled to each other and to the leads. By having a small spring constant between the masses, it is
possible to reduce the heat transport due to vibrations. As one of the possible realization of this
idea we examine 7t-stacked molecular structures. The resulting heat transport is compared with the
situation when the molecule is modelled as a single mass.
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Chapter 1

Sequential tunneling and cotunneling spectroscopy
of quantum dots

0

V)

Figure 1.1: Quantum dot coupled to the source, drain, and gate electrodes. Here V denotes source-
drain bias, V, is the gate voltage, I is the current flowing through the device, and t;  are tunnel
couplings from the quantum dot to the source and drain.

Solid-state quantum dot devices are made of nanostructure tunnel coupled to source and drain
electrodes. If the temperature is very low and the Coulomb interaction is sufficiently strong, the
device is said to be in the Coulomb blockade regime [4]. The characteristic feature of such a system
is the suppression of the single electron transport processes and the appearance of simultaneous
few electron transport, called the cotunneling effect, in which energetically unfavorable states are
populated by virtual transitions from the lead having higher chemical potential for the electrons,
and then this population is relaxed to the lead having smaller chemical potential. The chemical
potential difference across the junction can be obtained by voltage biasing it. The cotunneling
processes are classified either as elastic, if the quantum dot energy state is unchanged, or inelastic,
if the quantum dot is left in the excited state after charge transport [15]. Whether the device will be
left in the excited state depends on the applied bias across the device. In such a way, by performing
bias spectroscopy [16-18], one can obtain the energy level structure of the quantum dot, which is
important for understanding and predicting the behavior of the device.

It is known that the coupling to the leads produces quantum dot energy level shifts [19, 20]

5
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Figure 1.2: Different charge states N of a simple case of a quantum dot containing two single
particle states &1 = —% and ¢, = %. Black dots denote occupied single particle states and A is energy

. ENNZ .
difference between them. Here constant energy for all charge states —* is neglected.

and broadening due to hybridization of the lead states with the quantum dot states. These kind
of effects were already experimentally observed for carbon nanotube quantum dots with normal
leads [21], where asymmetry between coupling to different orbitals causes a gate dependent
cotunneling threshold, and with ferromagnetic leads [22-28], where spin-dependent tunneling
creates an exchange field, which may depend on the gate voltage. A large number of theoretical
works dealing with the case of ferromagnetic leads and exploiting different methods was already
presented [29-44].

In this part of the thesis linvestigate the carbon nanotube quantum dot cotunneling thresholds
and the effects of their renormalization due to the tunneling to the leads. Two different cases
of normal (Chapter 4) and ferromagnetic (Chapter 5) leads are examined. Throughout this part,
except in Chapter 3, we employ units in which the Planck constant, the Boltzmann constant, the
elementary charge, and the Bohr magneton are equal to one,i.e. h=kg=e=pup=1.

The device under consideration is a quantum dot coupled to the source and drain electrodes,
which have an applied bias V and maintain a current I through the device (Figure 1.1). There is
also another gate electrode, capacitively coupled to the quantum dot, which is used to change the
electrostatic environment on the dot by applying a voltage V, to it. By sweeping the source-drain
voltage V and the gate voltage V, it is possible to acquire spectroscopic information about the
quantum dot region. If the device is in the Coulomb blockade regime one gets diamond like
differential conductance (dI/dV) dependence on the source-drain V and the gate V, voltages,
which is shown in schematic contour plot, called a stability diagram, in Figure 1.4.

1.1 Constant interaction model

The interpretation of the experimental data of transport through quantum dots operating in the
Coulomb blockade regime can be based on a constant interaction model [4, 15]. In this model it is
assumed that the Coulomb interactions on the dot can be parameterized by a charging energy E,
required when adding an additional electron to the quantum dot. It is also assumed that the single
particle energy level spectrum ¢,, of the quantum dot is independent of these interactions. So the
total energy of the system having N electrons, and occupying particular single particle states ¢, is
given by

E
EN,Z:?C(N—Ng)2+ > € (1.1)
n corresponding to [
where the label I denotes a particular occupation of single particle orbitals for a given number of
electrons, and we will simply call it the orbital quantum number. Here V, = E.N, corresponds to
the gate voltage.
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(a) Sequential tunneling (b) Cotunneling

Figure 1.3: Illustration of first order sequential tunneling and second order cotunneling processes.
For sequential tunneling (a) the solid lines denote the transitions through the ground states and the
dashed lines through the excited states. The yellow regions schematically denote filled continuum
states of the leads. Here D denotes the bandwidth of the leads, V' is symmetrically applied bias,
with yp = —pg = % being chemical potentials of the source (y;) and the drain (pug).

Let us consider some empirical rules used to determine the position of the differential con-
ductance peaks in the stability diagram. A differential conductance peak appears, whenever the
energy difference between two different charge states matches the chemical potential of the source
(pp) or drain (pug) lead. For simplicity, we assume the bias to be applied symmetrically to the leads,
i.e. ur = —pur = V/2. Such peaks result from first order processes called sequential tunneling, and
are illustrated in Figure 1.3a, for a simple case of a quantum dot containing two single particle
orbitals. So the bias threshold value for sequential tunneling is

=ENji—ENn-1, = BN, (1.2)

Sequential tunneling processes determine the Coulomb diamond structure of the stability diagram.
There can also appear differential conductance peaks inside the diamonds, called “inelastic co-
tunneling lines”, and they result from second order tunneling processes (Figure 1.3b). The bias
threshold value for inelastic cotunneling is given by the energy difference between different orbitals
l and I’ in a given charge state:

|Vc0t| :EN,I_EN,I" (1-3)

More precisely this condition corresponds to a inflection point position of dI/ddV. Note that
if the single particle level spacing does not contain any kind of gate voltage dependence, then
the cotunneling threshold always corresponds to a horizontal line in the stability diagram. For a
quantum dot containing two single particle orbitals the schematic stability diagram is shown in
Figure 1.4.
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Figure 1.4: Schematic stability diagram for a quantum dot containing two single particle orbitals.
In this case there is one Coulomb diamond and (black solid) cotunneling line due to transition from
the single particle state ¢; to the state ¢, in a charge state N = 1. Gray dashed-dotted lines depict
the threshold for the sequential tunneling through the ground state, and gray dotted lines depict
the threshold for the sequential tunneling through the excited state. Black dashed line shows the

position of the zero bias V = 0.

Figure 1.5: Bias spectroscopy performed for a carbon nanotube quantum dot attached to ferromag-
netic leads with an applied perpendicular to the tube axis magnetic field of size B= -1 T. The
gate dependent cotunneling thresholds are observed, which are accentuated by the green dotted
curves. For a particular gate voltage the external magnetic field is compensated by an exchange
field appearing due to tunneling renormalization. The white arrows denote the ground state of the
quantum dot, i.e. either spin-up or spin-down depending on the gate voltage. The yellow dashed
lines depict differential conductance peaks corresponding to the sequential tunneling threshold,
and the numbers 0, 1, 2 mark the charge state of the quantum dot. The differential conductance
dI/dV, is measured in terms of the conductance quanta G, = e2/h.
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Figure 1.6: Bias spectroscopy performed for a carbon nanotube quantum dot attached to normal
leads. The gate dependent cotunneling thresholds are observed for different Coulomb diamonds
in b) and c). The green arrows denote the slopes of the positive bias cotunneling thresholds. The
differential conductance G = dI/dV,, is measured in terms of the conductance quanta G, = e*/h.

O Ao 2w
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Figure 1.7: Bias spectroscopy performed for a carbon nanotube quantum dot attached to normal
leads, with an applied magnetic field parallel to the tube axis. Here also the gate dependent
cotunneling thresholds are observed. When the magnetic field is increased the gate dependence
becomes diminished. The green arrows show the slopes of the positive bias cotunneling thresholds,
and the green curves correspond to zero bias differential conductance. The differential conductance
dI/dV,q is measured in terms of the conductance quanta G, = e%/h.
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1.2 Experiments regarding the tunneling renormalization of cotunnel-
ing spectroscopy

From the analysis method presented in Section 1.1 we saw that when the single particle level
spacing does not depend on the gate voltage, the cotunneling threshold is also independent of it.
However, in several experiments the gate dependence of cotunneling thresholds was observed,
which shows that the above analysis is oversimplified [21, 26, 45]. The reason is that a basic
cotunneling process itself corresponds to a virtual charge fluctuation of the dot, and as such
it also renormalizes the very spectrum which is being observed. Of course the strength of the
renormalization effects depends on the relative size of the tunneling coupling and the single
particle level spacing.

In this section we shortly review experimental data of Hauptmann et al. [26], Holm et al. [21],
and Grove-Rasmussen et al. [45]. In the Hauptmann experiment a carbon nanotube quantum
dot was attached to ferromagnetic leads and a magnetic field perpendicular to the tube axis was
applied. They observed that tunneling renormalization exerts a gate dependent exchange field,
which can compensate the external magnetic field for a particular gate voltage (Figure 1.5). In the
Holm experiment the bias spectroscopy of a carbon nanotube quantum dot attached to normal
leads was performed, and for some Coulomb diamonds a gate dependent cotunneling thresholds
were observed, as it is shown in Figure 1.6. In the Grove-Rasmussen experiment again a the carbon
nanotube quantum dot with normal leads was examined, but now a magnetic field parallel to
the tube axis was applied. The observation was that for zero magnetic field a gate dependent
cotunneling thresholds appeared. However, when the parallel magnetic field was increased this
gate dependence was diminished (Figure 1.7).



Chapter 2

Tunneling induced level shifts

2.1 The model

A quantum dot connected to the source and drain electrodes and capacitively coupled to a gate
electrode (Figure 1.1) can be modeled by the following constant interaction Hamiltonian

H:HLR+HD+HT, (21)

where
Hig = Zgavsczvscavs’ (2.2)

avs

describes the source and drain electrodes as two reservoirs of noninteracting electrons. Operator
szs creates an electron with quantum number v and spin s € {1,]} in a lead a € {L,R}, which has
energy €,,. Here L or R stands for the left or right lead, and py g = £V/2 is the chemical potential
of the leads, which depends on the applied bias voltage V.

The quantum dot region is described by Hp and it is modeled as N; localized single particle

states with the interaction between electrons assumed to be constant:

N,
Hp =) eqdid, + U(N —Ng)*. (2.3)

n=1

Here d creates an electron in the dot level n with energy ¢, N, corresponds to the gate voltage
(Vg =2UN,), N = Zln\’:l dld, is the total number of electrons on the dot and U denotes the total
capacitive charging energy of the dot. The single particle spectrum ¢, for a carbon nanotube
quantum dot single “shell”, which we are interested in, will be defined in Section 3.3.

The coupling between the leads and the dot is described by the following tunneling Hamiltonian

Hr = Z (tgcvsCszsdn + (tgvs)*d;drcavs)r (2.4)

avs
n
where t}},; is the tunneling amplitude from the dot state n to the lead state avs. For a carbon
nanotube quantum dot these tunneling amplitudes will be defined in Section 3.4. We will treat
the tunneling Hamiltonian Hy as a perturbation to Hy g + Hp, when examining its influence on the
spectrum of the dot.
We will denote the many body eigenstates of the lead Hamiltonian Hy by

Hir|LR) = E{r|LR), (2.5)

11
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where E| is the energy of the state [LR), and of the quantum dot Hamiltonian Hp, by
Hp|NI) = EniINT), (2.6)

with Ey; being the energy of the state [NI), where N denotes the number of electrons in the state
(which we will call a charge state N) and [ is an orbital quantum number of the state. Note that
when there are N; single particle states, the number N; of different orbitals / for a given charge

state N is N; = (11\\];) = % From Hamiltonian (2.3) we can read-off the energy of the state [NI)
as
Eni=UN =N+ > & (2.7)
nelNT)

where by 3,y -- we mean sum over all occupied single particle states in a many body state [N1).
We will also denote the many body eigenstates of the dot by |D), where D is labeled by integers, i.e.

D) € {|1),..., 127}, (2.8)

and all the states first are sorted by the number of charges in the state, and for the same charge by
increasing energy.

2.2 Application of quasi-degenerate perturbation theory

< "t

Uis

J

Figure 2.1: Examples of processes (which have the ground state of the leads |[LR) as an intermediate
state) responsible for appearance of the terms proportional to % in fourth order expansion of usual
Rayleigh-Schrodinger perturbation theory. The numbers denote the order of processes.

We want to determine how the tunneling renormalizes the energy of the many-body states
of Hamiltonian Hyy + Hp. For this purpose, we will use quasi-degenerate perturbation theory
(“Lowdin partitioning”) described in [46, 47] to determine this energy renormalization. More
precisely, we want to derive an effective Hamiltonian and calculate the energy shifts of the states
|DY|LR), where |D) is any many body state of the dot Hamiltonian (2.3), and ILR) is one particular
many body state of the leads (for example, zero temperature ground state of the leads). We are
also interested in the regime, where gate voltage V, is around the middle of a particular charge
state diamond (see Figure 1.4), i.e. far from charge degeneracy points, and the tunneling rates I
are comparable or larger than a single particle level spacing A.

The idea of quasi-degenerate perturbation theory is to divide the eigenstates of Hy = Hy g +
Hp into two subsets |m) € A and |I) € B, and perform a unitary transformation e'® to the full
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Hamiltonian (2.1) in such a way that for the transformed Hamiltonian
H=eSHel%, (2.9)

the matrix elements H,,; = (m|H|l) between the states in different sets A and B vanish to desired
order in the tunneling Hamiltonian Hy (2.4). The matrix elements of the effective Hamiltonian
(2.9) for |m) states in a set A takes the following form

~ 0 1 2 3 4
Hy =HO +HY w1 w1 g o (2.10)
and up to second order we have the following expressions [47]
0 .
Hz(nr)n’ = (HrIrJlIrsd + Hn?m) Omms (2.11a)
HY =HT (2.11b)
HY :lZHT pro (L 1! (2.11¢)
mm’ o l ml* " lm’ E,-E  E,—E ’ .

where E are energies of the states. Here the sum ) ;... runs over all the states |I) in the set B. We
also have changed the subscripts D, LR, T into superscripts for convenience. The expression of
the fourth order effective Hamiltonian, to which we will perform our calculations, is specified in
Appendix B.

Now we need to specify the states in the set A, which we will call the model space. Because
we are interested in the energy shift of the many body state |D)|LR), we could make our model
space consisting only of this state, and then we would recover the usual Rayleigh-Schrodinger
perturbation theory. However, we are interested in a particular regime, when tunneling rates I’
are comparable or larger than the single particle level spacing A (note that the tunneling rates
are defined in the beginning of the Chapter 4). In such a case the usual Rayleigh-Schrodinger
perturbative expansion with only a single state in the model space breaks down due to the fourth
order terms, which are proportional to %. This situation occurs because it is possible to have
intermediate states |I), containing the particular state of the leads |LR), as depicted in Figure 2.1.
But, if it is projected to an extended model space, containing all many body states having |LR)
particular state of the leads, this situation is resolved. The calculation of fourth order terms is more
thoroughly discussed in Appendix B. So we choose our model space |m) € A to consist of all the
states containing any quantum dot state |D) and the particular state of the leads [LR):

A={|DLR),...,[2Y)[LR)}. (2.12a)
The space of intermediate states |/) € B contains
B ={[1)|LR’),...,|2N)|LR")}, (2.12b)

where [LR’) # |LR). As can be seen from (2.11) such procedure introduces off-diagonal elements
between different quantum dot states.
After having defined our model space A, we start calculating more explicit expressions for the
effective Hamiltonian (2.10). Expression (2.11a) simply gives the energy of the state |m) if m = m”:
0)

(
HDD,’L—: (Bﬁ+ Ep)éppr, (213)
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We see that the energy of a particular state of the leads Ef is a common constant term for all the
dot states, so we neglect it. The first order contribution is equal to zero as is the case with all odd
order contributions

1 T D NIT D /T D NIT D
Hy) o= 3 (# (ERIDIch o, [D)LR) + (£, (LRI(DId} ¢ D')LR))

OKVS

Z(tlévs DNo(RIc, [LRY(DIM,ID') (2.14)
avs
n

Hthye) (<1 (TRlcq, o LRYDIA}ID") = 0

(2n+1)
Hpo' =0, neN, (2.15)
because we have chosen our model space to contain only one lead state [LR) and the odd powers of
tunneling Hamiltonian does not conserve the number of particles in the leads. Here Np denotes
the number of electrons in the state |D). Now we will work out the second order expression (2.11c):

1 1 1
H(D; ®=3 2 (E +E--E ., —E~, E_+E-—E . —E ]
) |'D”>|LR,>EA ﬁ D LR’ D" ﬁ D’ LR’ D

x (LR(D|HT|D”)[LR"LR'KD”|Hr|D’)LR)

1
3 2 ZZ[+E "E_,—E +Eﬁ+ED,—E

2RI e 7 LRT D
Sa

v's’

LRI - ED// ]

X <LR|<D|( avscavsdn + (tgvs)*d.rcavs) ID”)ILR")
x (LR’ |(D"|(t”, € od o+ (t!

a’v's’ a’v’s’

)df e ) IDDILR)

a’v’s’ n-a'v's

1
oy ZZ[E+E “E o ED,,+ELR+ED,—ELR,—ED,,]

AN ’
|LR ) |D >0(VS ,71[/,5’

(2.16)

a’v's a'v’'s

{<LR|<D|tmcmd ID”)LR'YLR'KD"|t) o et od, [D))LR)
H(CRDIE,schysd, [DHILR LR (D2, ) d,‘;,ca,v,s,m YLR)
HLRUDI(Hy5) dhcaysIDHLR LR (DI, et od, [D)ILR)

a’v's’ta’v’s’

a’v's n-av's

+(LR|(D|(t ) d,’;cavs|D”>|LR’><LR’|<D”|(t", oydie D )|LR)}

1 1
= (112 KIRICh sy LRYP (DI, D)D" |d}, 1D >( + )
;;{ OH/S avs avstavs DtVS + E ED” ED(VS + ED’ _ ED”
D)
7 — — 1 1
1 VT (LR tIRWX(DdE D"/ D”\d D’ .
+(tays) tavsI(LRICqysCaysILR)(Dldy|D"XD|d, ,|D") eavs +Ep—Ep, + “eavs+Ep —Ep,

After the second equality we extended the sum over all lead and dot states, because the matrix
element (LR|H7|LR) is always equal to zero. After the third equality the first and fourth terms in
curly brackets vanish, because we always have (LR|c,,[LR’}LR|c,. ,.,[LR) = 0, for any state [LR).
For the second and the third term we get that the terms with avs = a’v’s” give contribution, and
the energy of the intermediate state [LR’) for the second term is Ey g’ = Efg — €45 and for the third
is ELR/ = Eﬁ-l- Eqvse
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g
Now we make a thermal average over the particular lead state [LR) for H POIR @ and HDD, =

assuming grand-canonical ensemble with chemical potentials y g and inverse temperatures f; g =
1/Ty g for the leads. This yields:

DD’ Z iR DD’ IR = 6DD’ [ED + Z(Eavs - ]"a)fa]i (2'17a)
|LR> avs
2 ~Bu(EL—pNp) o—Pr (Er—prNr) gy (?)
DD’ Z ﬁ DD, LR Ze L L—HLAYL R RTHR4YR HDD/,ﬁ
[LR) ILR>
= S st (DI, D WD D) et ——— f
m;s avs\tavs n n Eays + ED _ ED” Eqvs + ED’ — ED" @ (2.17b)
D)
+(thyo) te,(DId} D)D" |d, |D’) . + 1 (1= fa) -
avs avs n n _80(1/5 + ED - ED// _ECYVS + ED, - ED//
Here 1
WiR E —BL(EL—pLNL) —ﬁR(ER—P‘RNR), (2.18)
Z L(Ev—piNu) o=Pr(Er—HrNR) (2.19)
ILR)
is probability to be in particular lead state [LR) and partition function, respectively, and
1
fa = f(€avs — Ha) = (2.20)

eﬁa(eavs_yn) + 1

is Fermi-Dirac distribution. Also E, Er denote the energy, and N, Ny denote the number of
particles in the left and the right lead, respectively, for the state [LR). We see that in (2.17a) only
the constant term (which we neglect) is affected when averaging. We note that in the calculations
we will take the temperatures of the left and the right lead to be equal, i.e. f; = fr = B.

To derive the final expression for the effective Hamiltonian to second order in tunneling we
need to perform the v-sums. To do that we make a flat band approximation for the lead electrons,
i.e. we assume constant density of states, which is of the form

pavs(é) = pasa (Da,as + Eavs) 0 (Db,as - éavs); (2-21)

where
Eavs = €avs — Has (2.22)

and pys, Dy a5, Dp os > 0 denotes different constants for the lead index a and spin s, which are all
positive. Also 6(x) denotes Heaviside step function. In a case of normal leads we set the following
values of constants

Da,as = D, Db,as = D; pas = p; (223)

and for ferromagnetic leads we use

sAg
2 ’

sAst

Daas—D+ Db,as:D_ 5

(2.24)
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with arbitrary p,s, and s = +1(—1) for spin up (down). Here 2D denotes the bandwidth of the leads,
and Ay, is the Stoner splitting of the bands with different spins s [48]. Lastly, to be able to perform
the v-sums we also assume that tunneling amplitudes do not depend on quantum number v

- (2.25)

n
tavs

and then we replace the v-sums by an integral in the following way

Dh,as
Dty o pastgsj dé.... (2.26)
. _

Using the above mentioned approximations the second order effective Hamiltonian becomes

(2) . 1 Db,as
Hpp =~ lim — Z pasReJ

as,nn’,|D”) Daas

dé{f(é)tzésuz;>*<D|dn|D”><D”|dif|D’>

1 1
X(£+ua+ED—ED~+in ’ 5+ﬂa+Ep'—Ep~+i17)
{1 f(ENE,) I (DIdD” XD\, D"y

1 1

+(t1 ) (DYDY D"\d,, D)
x(ln ]}

After the first equality we have included infinitesimal imaginary part iy to regularize the integral,
and then took only the real part of the integral. After the second equality we took the zero temper-
ature limit in which Fermi-Dirac distribution becomes f(x) = 1 —6(x). For the finite temperature
the logarithms should be replaced by digamma function, as it is discussed in Appendix A. Here we
also used the following integrals

(2.27)

T—0 \% ” ” ’
S pas{tzsuzs) (Dld,[D"X(D"|d},D)

as,nn’,|D”)

x(ln

N =

Ep —Epr+pq
Ep —Epr+ pg —Dg as

Ep—Epr+p,

+In

ED - ED” t+HUo — Da,as

ED/ — EDN — I/la
ED’ - ED” —Ha— Db,as

Ep—Epr—pqa
ED - ED” —Ha— Db,ocs

+1n‘

. b dx . 0 dx
lim ——— = lim ——=1In
1—+0 ) a—x+1 n—-+0 J_pa+x+1y

a
a-D

‘—i;{sgn(a)—sgn(a—D)}. (2.28)

There is one additional approximation, which we make — we assume that the bandwidth of the
leads is much larger than the charging energy 2U, the single particle level spacing A, and the
applied bias V, and using expressions (2.24) for ferromagnetic leads we obtain the final result for
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the second order effective Hamiltonian (D, 4, Dy s >> |Epl, |[Ep/|, [pal):

2) T—0 1 F\% 7 ” ’
Hpp '3'5 3 pas{tzsugs) (Dld,|D")(D"|d} D'y

as,nn’,|D”)

Ep—Ep» + En —Epy +
x(ln DD Y Ha +In D D" T Ha

D +5Ay/2 D +5Ay/2 (2.29)
+ ()t (Dld} DY D", D)

E —E ) = El—E ) =
x(ln D~ Lpr— Ha +lIn D D’ ~ Ha }

D —sAg/2 D —sAg/2

We see that the effective Hamiltonian H ~ H®) + H(?) has a block structure to second order in
Hr, i.e. only the matrix elements between the same charge dot states |D) = [NI) and |D’) = [NI")
are non-zero, i.e. Hy; /1 = Hyin1Onn- After diagonalizing the effective Hamiltonian H, we find
the new eigenspectrum E to second order in Hy, which will be used to determine the tunneling
renormalized cotunneling thresholds in Chapters 4 and 5.






Chapter 3

Carbon nanotube quantum dots

In this Chapterwe shortly review the long wavelength limit, which constitutes the low energy
spectrum of carbon nanotubes. We start by reviewing the geometry, the lattice, and the reciprocal
lattice of carbon nanotubes (for explanation of these properties one can also see Figure 1 of
Ref. [49-51] or Chapter 3 in [52]). Then we introduce an effective low energy Hamiltonian derived
by Izumida et al. [53]. This Hamiltonian is used to obtain the single particle energy spectrum of
the carbon nanotube quantum dot.

3.1 The geometry, the lattice, and the reciprocal lattice of carbon nan-
otubes

Carbon nanotubes can be thought of as folded two dimensional graphene sheet into a tube (see
Figure 3.1a). The lattice of graphene can be described by such a choice of primitive lattice vectors

a; =a{l1,0,0}, azza{%,?,O}, a3 = h{0,0,1}, (3.1)
where a is the lattice constant, and a3 is an additional lattice vector, which is not necessary for
describing the graphene lattice, but we will need it, when we calculate the reciprocal lattice. We
note that graphene has two sublattices commonly denoted by A and B. The nearest neighbors of a
particular carbon atom, denoted by empty circle in sublattice B, belong to different sublattice A,
as shown in Figure 3.1a. Vectors connecting nearest neighbor carbon atoms from sublattice B to
sublattice A are given by

1 1 1 1 1
71 =a40,—,0}, T™H=ad—=,—,0%, T3=al—-—,——,0%. (3.2)
: { V3 } ’ {2 2V3 } ’ {2 2v3 }

The folding of graphene into a cylinder shape carbon nanotube is described by a chiral vector C
and a chiral angle 0,

C=na;+ma,=(nm), nmeZ, (3.3)
(OF 2

cos O = A nrm , (3.4)
IClla1l  2Vi2 + m2 + nm

where n and m are integers, and it is enough to consider the following values of n and m

0<|m|<n, (3.5)

because of the hexagonal symmetry of the lattice. The chiral angle 6 shows how much the hexagons
of a graphene sheet are tilted with respect to the tube axis direction T, defined by

C-T=0. (3.6)

19
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T1

Cross sections

zig-zag /\/\/\/\

(b)

armchair m

K M K

The first Brillouin zone

—_ K Kl

Figure 3.1: The geometry, lattice, and reciprocal lattice of carbon nanotubes.

Also because of the hexagonal symmetry of the graphene sheet it is enough to consider such angles
0<0< % (3.7)

Tubes with chiral angle 6 = 0 are called zig-zag and are given by integers (#n,0), and tubes with
chiral angle 6 = 7/6 are called armchair and are given by integers (n,n). The names zig-zag and
arm-chair come from the appearance of the cross section of the tubes shown in Figure 3.1b. The
length of a chiral vector C gives the circumference of the nanotube, which is

|C|=VC-C=mnD =2nR =aVn2 +m? + nm. (3.8)
Here D is the diameter of the tube and R is the radius of the tube. We also note that the lattice

vectors are not orthogonal to each other, i.e.

2
a
aj-ap = 7 (39)
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Now we will construct the reciprocal lattice and the first Brillouin zone of the graphene sheet.
The reciprocal lattice translation vectors are defined to satisfy the following orthogonality condition

al--b]- :27'(51']'. (310)

We choose the following form of primitive translation vectors of the reciprocal lattice [54] (these
relations can also be used as definitions of the reciprocal lattice)

2 1
b, :2nﬂ:—n{1,——,o}, (3.11a)
a;-(ayxaz) a V3

azxa; 271 2 }
b,=2n——=—1:0,—,0¢, (3.11b)
2 a;-(apxaz) a4 { V3

a; Xap 27
by=2n——2 _ =2-10,0,1}. 3.11
3= 2 A, xay) o } (3.11¢)
Here
3
V,=ay-(ayxas)=S,h= gazh (3.12)

correspond to the volume of the unit cell (also called the Wigner-Seitz primitive cell) with

3
(G

> a® (3.13)

being the area of the unit cell of graphene.
The first Brillouin zone is defined as a primitive unit cell in the reciprocal lattice. We consider

the two dimensional Brillouin zone of graphene. The zone boundary, which is defined by vectors
kg, can be constructed by satisfying the condition

K (1G)—‘1G ’ (3.14)
BZ 2 0] — 2 0 ’ .
where G is any smallest reciprocal lattice vector satisfying
4
Gol =luby +vbsl = —=, w,veZ. (3.15)

av3’

The geometrical construction of the first Brillouin zone is shown in Figure 3.1c. We see that it has
hexagonal shape. The volume of the reciprocal lattice unit cell is defined as

2 (2n)?
_ 3 _ _
Vqu = (271) - Vb = 27(Sbh = % azh y (316)
with 5
2 (27
S, — _(_) 3.17
b V3\ a (3.17)

being the area of the two dimensional first Brillouin zone. The corners of the hexagon are called K
and K’ points, and are given by the vectors

¢ 2m|T 1
K _7{5,%}, (3.18)

where 7 = +1 for K and v = -1 for K’ point. These points corresponds to the Fermi energy of the
undoped graphene sheet. We are interested in the low energy excitations in the carbon nanotubes
around these points.
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3.2 Low energy single particle spectrum of carbon nanotubes

The effective low energy Hamiltonian for 7 electrons derived using k - p perturbation theory near
the K and K’ points in the first Brillouin zone of carbon nanotube is given by [53]

H :H0+HSO+HCUIVI (319)

where H is the effective Hamiltonian without spin-orbit coupling and curvature induced o — 1
band hybridization, and is given by

HO = h'l}F(O‘lT(]S()kC-FUzT?,S()kt), (320)

where k, is the electron momentum along the circumference, and k; is the momentum along the
tube axis. Also s; denote Pauli matrices in spin subspace, o; in A — B sublattices subspace, 7;
corresponds to K and K’ point subspace, and vg is the Fermi velocity of graphene given by

_\/gaHn
2h

Vp = (321)
Here a is the lattice constant of graphene and H,, is the overlap (hopping) integral between 7
orbitals. We note that spin quantization axis is chosen along the tube axis T. The hybridization of
o — 1 bands induced by spin-orbit coupling is described by the effective Hamiltonian

HSO = hVF (—0'1 T053kso + O'0T3S3k0), (322)
where
Ac
= q;—C_ 2
kso aq 2thR (3 3a)
Ac
ko =a, 2m0:R cos(30), (3.23b)

with A being the spin-orbit coupling energy in carbon atom, a4, @, are parameters, which were
calculated using tight binding approach in Ref. [53], 0 is the chiral angle of the nanotube defined
in the interval {0,7t/6}, and R is the radius of the nanotube.

The hybridization of o — 7 bands induced by curvature effects is described by the effective
Hamiltonian

Heury = —hvp(01 1350k, cv + 02T0S0kt cv)s (3.24)
where
cos(36)
= pSY) 3.25
c 4hVFR2 ( a)
sin(36)
ki oy = C————, 3.25b
t,cv C 4R2 ( )

with f and C being parameters again calculated using a tight binding approach. We again rewrite
the effective Hamiltonian, but now explicitly specify the A — B sublattices subspace:

A B
Tsko (ke = Tke,ey — skso) —i(Tk — Ky cv) (3.26)

H = th . .
(kc - ch,cv - SkSO) + I(Tkt - kt,cv) TSkO
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Here 7 = +1 for K and © = -1 for K’ point, and s = +1 for spin up T and s = —1 for spin down |.
We can write the above Hamiltonian in a different gauge used in Ref. [51, 55] by performing the
following unitary transformation H - UHU !,

U:(g (1)) (3.27)
Then the Hamiltonian (3.26) becomes
A B
H = g tsky (The = ke,ev — Tskso) —ilk; = Thycy) ] (3.28)
(ch - kc,cv - TSkSO) + i(kt - Tkt,cv) TSkO

After performing the k - p perturbative expansion near the K and K’ points the wavefunction in
a real space representation happens to be [49]

KT KT i z
\Pr,s,kc,k,(czt) — olK r#’r,s,kc,kt(cit) — oK rel(kcc+k,t)( T,s,lkc,k,)’ (3.29)

where ¥ s i, is the eigenfunction of Hamiltonian (3.26) expressed in either real space or momen-
tum representations, with

T )
B Re=ke—theey—skso, K=k —kicy,

Zesk k= T
Jk2+ k2 (3.30)

or k,=rtk, — ke oy — Tskso, k, =k, — Tki oy, for Hamiltonian (3.28),
Here a minus sign in z, 4 x, corresponds to the valence band, a plus sign corresponds to the

. z o . .
conduction band, and the vector ( T’S'lkf'kf) is written in A — B sublattices subspace. Here

r={ccosO@ —tsinB,csin O + tcos O}, (3.31)

is radius vector in coordinate system xy before folding the graphene sheet into a nanotube and (c, t)
denote the coordinates along the circumference and tube axis, respectively. We also note that the
wavefunctions are not normalized, but are orthogonal, because they have the forms

Z+1,+1 0 0 0
1 0 0 0
Z1,41 0 0
1 0 0

1o Peaal| o | (3.32)
0 0
0 1
0 1

0 y4 1

[N eNeloNeNe]

and for the valence and conduction bands we have the following orthogonality condition:

S k. ik,
(— bl 1).[\/123+123] = 0. (3.33)
ké+k 1

The states can also be described by “backward going” waves in (3.29), i.e. (k. k;) — (=k., —k;).
Using these “backward going” waves we can form pairs of wavefunctions, which are time-reversal

partners, i.e.
ke, ki, t=+1,s=+1 with -k, —k;, t=-1,s=-1, (3.34)
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and
ke, ki, t=+1,s=-1 with -k, —k;, T=-1, s=+1, (3.35)

are time-reversal pairs. Here ¢ and v stands for conduction and valence bands respectively. Such
pairs have the same energy, when there is no magnetic field, as can be seen from (3.54a). Also when
the Hamiltonian is in (3.26) gauge the pairs are related to each other in the following way:

\P+1,+1,kc,kt = _0-3\1',_*1’_1,_](0_](” \P+1,—1,k£,k, = _03\11—*1"*'1,—](0—’({ (3~36)
When the Hamiltonian is in (3.28) gauge they are related as
\I’+1,+1,kc,k, = \P—l,—l,—kc,—kt’ \P+1,—1,kc,k, = \y—l,+1,—kc,—k,‘ (3.37)

We note that when performing complex conjugation we need to pay attention to the symmetry of
the first Brillouin zone (Figure 3.1c), for instance, these are two equivalent points

-K =K. (3.38)
We will denote states in (3.37) as
Wik, — KT, (3.39a)
Wy g k,k — IK'L), (3.39b)
Wik k — K L), (3.39¢)
Wik, —  IK'T), (3.39d)

and will refer to it as the KK’-basis, which can be either for the conduction band or the valence
band. Note that in the case when there is no spin-orbit coupling all of the KK’-basis states have
the same energy, i.e. there is a fourfold degeneracy.

The wavefunction (3.29) also has to be periodic in the circumferential direction

\Ilr,s,kc,kt (r) = \Pr,s,kc,k, (1’ + C): (3~40)

which requires that

k+K')C _ 1

ell — (k+K%)-C=2mm, meZ, (3.41)

where k = (k., k;) is in ct coordinates. This condition quantizes values of circumferential momentum
k.. Firstly, we need to know the product

27 3
KT~C:?{Tn+(%+§)m}, (3.42)
and when exponentiated it can be written as
eiKT.C _ e%(n—m)r — e%VT’ (3.43)
where
v=0,=I1, (3.44)

depending on #n and m values. For v = 0 the nanotube is called metallic, and for v = +1 it is called
semiconducting. So the periodic boundary condition (3.41) can be written as
VT

ch + ? =m, (3.45)
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which quantizes k, as
kcekm:(m—V—T)l. (3.46)
3 /R

When a magnetic field B is applied, it couples to the angular momentum and the spin of the
electron. Now we examine the coupling to the angular momentum of the electron. If we choose

Coulomb gauge for the vector potential
1
A= E[er]’ (3.47)

because of the cylindrical geometry of the nanotube, only the component of the field B parallel
with the tube axis T, couples to the electrons, through so-called minimal coupling

. Dyp 1
Pc= —lh% —  Pct (DO_B E; (3'48)
where
Pyp = 7R (3.49)
is the Aharonov-Bohm flux through the cross section of the tube, and
h
Dy =— (3.50)
e
is a flux quantum. We denote the momentum associated with the Aharonov-Bohm flux as
DQupl  me
ko = =———= = —RB;. 3.51
©= "y R~ 1 DI (3.51)

The magnetic field coupling to the orbital degrees of freedom gives a shift in the k. — k. + kg. Also
note that the parallel and perpendicular components of the B field with respect to the tube axis are
given by

By=BcosC, B, = Bsin(, (3.52)

with C being the angle between tube axis direction T and B.
The coupling of the magnetic field to the spin is described by the Zeeman term

1
Hz =-00toB - ps = g pipB -5, (3.53)

where pg = —g;ups is the spin magnetic moment, g; = 2 is the electron’s Landé factor, and s =
{s1,52,53} is a vector of the Pauli matrices in spin space. After the first equality we also specified
that this term is diagonal in sublattice (0y) and K and K’ point (7;) subspaces.

Comment: Here I replaced (k. k;) — (k. k;) in Zgsk, k,» Decause this diagonalizes the Hamil-
tonian (3.26), and left the plane wave factor elk<¢*ki) with bare (k. k;), because in real space
representation of the Hamiltonian (3.26) we replace hk, — p. = —ih% and ik, - p; = —ih%, and all
other terms are kept as they are. Also when the magnetic field is applied, the Aharonov-Bohm flux
® = R?B through the tube circumference affects only k. — k. + k.

After diagonalizing the (3.26) (or 3.28) Hamiltonian we find the eigenspectrum, when the
coupling of the magnetic field to orbital motion of electron is included:

Eq sk k, = hvr (i\/ECZ + k2 + Tsko)

with IEC =k, - ch,cv —skso + ko,
and I’%t - Tkt - kt,CV‘

(3.54a)
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Here again plus is for the conduction band and minus for the valence band. By assuming that
|k — Tk¢ oy| >> |ksol, ke | we can expand the square root in the (3.54a) eigenenergies

E . k, -tk ko — Tk, oy
Sk ~ (ke = Theo)? + K2+ | Tsky T sgnke - hee) g o [ 80k Thea) |
VE | ]Er 2 | ]Et 2
+ kc_ch,cv + kc_ch,cv (354b)
NS
A B
ET,Srkc,kt =~ E,([) +ST% F T—gorbZB ”,
where
EQ = shop \J(the — ko) + (2hy — K )2, (3.540)

sgn(kc,cv - ch)

Aso = 2hvp | ko = kso |, (3.54d)
Thi—k; oy \2
1 + ( Tki_kZ:cv )
k. oy — Tk R
Sorb = 2 senlfeer — ke e; —. (3.54e)
1 Tktfkt,cv 2 ’/lB
+ ( ch_kc,cv )

We also note that sgn(k. ., — 7k.) returns a dimensionless number +1. The above result coincides
with the result (13) in Ref. [55], when we have the zeroth circumferential mode m = 0, and a
metallic nanotube v = 0, noting that fivpkg = Ao, ivpkso = —Ay, hvpke oy = Ay, and R = D/2.

3.3 Single particle spectrum of a carbon nanotube quantum dot

If a carbon nanotube has a finite length L and is confined by a very sharp rectangular potential near
the ends, which defines the quantum dot region, the wavevector k; along the tube axis becomes
discrete, and may be assumed to have values [51, 55]

N1
In such a case we can write the normalized wavefunction as
1 ST
Wy g (0F) = = KT gilkecki ) (ZT,s,lkc,k, ) (3.56)

and we use this result to define the tunneling amplitudes.

In Section 3.2 we saw that carbon nanotubes have a nearly fourfold degenerate energy level
structure, which is due to the intrinsic spin (T, |), and the so-called isospin or valley index (K,
K’) [18, 53, 55, 56]. In a lot of experimental cases such every four states described by particular
k; and k., “a shell”, are separated by a large energy AE comparable or bigger than the charging
energy 2U [55]. The fourfold degeneracy is broken by spin-orbit coupling and disorder. However,
if there is no magnetic field, the system still has time-reversal symmetry and we are left with a
pair of twofold degenerate states, called Kramers doublets. The time-reversal partners (Kramers
doublets) in the KK’-basis (3.39) are the states

K T)=TIK" ), (3.57a)
IK1)=TIK"T), (3.57b)
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where T is the time-reversal operator.

Now we turn our interest to the single “shell” eigenspectrum. If a carbon nanotube contains
disorder, i.e. defects in the lattice structure, tube is placed on the substrate and etc., this can induce
mixing in KK’-basis states. However, such mixing should not break time-reversal symmetry. The
single particle Hamiltonian with B field and KK’ mixing for a single “shell” of a carbon nanotube
quantum dot becomes:

KT K’y [Kl) [K'T)
Ei141 0 0 3Akk:

0 Ej 4 3A%y O

H= )
0 3Akk Ei1,1 0
1 A
PIAYS S 0 0 E_11 (3.58)
KT [K'Ll) [IKl) [K'T)
cosC 0 sinC 0
1 0 —cosC 0 sinC
+ _gSI’lBB . »
2 sinC 0 —cosC 0

0 sin C 0 cosC

remembering, that the spin quantization axis is chosen along the tube axis T, and B field lies in zx
plane of spin-quantization coordinate system. We also note that in this KK’-basis for 7 = -1 we
have (k. k;) — —(k., k;). Here Agg is the KK’-mixing due to disorder, g ~ 2 is the electron’s Landé
g-factor, C is the angle between the magnetic B field and the tube axis, and energies in the diagonal
are given by

BcosC
2 J

Er,s = TSA% F T8orb 1B (3-59)
where T = +1(-1) for K(K’), s = +1(—1) for spin up (down), go.1, is the effective orbital Landé g-factor,
and the upper (lower) sign corresponds to the conduction (valence) band. Note that a constant
factor for particular “shell” E in (3.54b) was neglected. After diagonalizing the Hamiltonian
(3.58), we find the eigenspectrum ¢,, which defines the single particle orbitals of the quantum
dot. In our discussion of tunneling induced energy shifts, we will use the energy spectrum for the
conduction band and assume Agp > 0.

3.4 Tunneling amplitudes

To define the tunneling amplitudes in KK’-basis, we need to specify the lead states. We assume
that the lead states constitute Kramers doublets, when there is no magnetic field, which we will
denote:

lav 1) = Tlav ), (3.60)

where @ = L,R is a lead index. In general if there is spin-orbit coupling in the leads, the lead states
in real space have the form

(rlav 1) = (Z“Er;) (rlav |) = (‘va(r)), (3.61)

aviY Ay (1)
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where a,,(r), b,,(r) are complex functions of the coordinate. Now using KK’-basis states (3.39)
and lead states (3.61), which are written in spin s space, we get the following tunneling amplitudes

t% = (@&|Hoelts) = (12 e“””>fd“‘gs<r>Hmt(r)eiK're”‘kf”k”% (3.62a)

Prs = TAI'g [kc - kc,cv - i(kt - kt,cv) - TSkSO + TkCD] ’ (3'62b)
A A 1 (a, b

Agg =M VN):—( av ”). 3.62¢

& (Am As1t) V2L \=bay oy ( )

Here & denotes either v T or v |, and Hy, is the total single particle Hamiltonian representing leads,
dot region, and tunneling barriers. In general, the lead states can also depend on magnetic field B,
however, we do not consider a such situation. If |k, — k. o, —i(k; — ks )| >> |skso — ko |, which covers
most cases for carbon nanotubes, we can safely neglect the dependence of tunneling amplitudes on
spin-orbit coupling (ksp) and parallel magnetic field (kg) to the tube axis.

We can simplify the above tunneling amplitudes (3.62a) by assuming that the Hamiltonian
describing electrons in the leads is real and that we can choose arbitrary spin-quantization direction
(for example, there is no spin-orbit coupling in the leads). In the case of no spin-orbit interaction
the states (3.60) can be represented in real space as

Ay (1) _ 0
rlav 1 v, Ar|lav ] :( ), 3.63
(e >( ) tav )=(, (3.63)
where a,,(r) is a real function of coordinates. Here the spin-quantization direction is chosen along
the tube axis. When there is no magnetic field, we can define the following tunneling amplitudes

KTT =(av MHotlK T) = tay,1,
avl ={av “Htot|K l) = tav 1’ (3.64)
avl =(av ||[Hit|K 1) = tav,2s

a T - <aV TlHt0t|K T) = tav 2

where we also used the time-reversal symmetry of the states. As we can see from (3.62) the
difference between tunneling amplitudes t,, ; and t,, , appears due to spin-orbit coupling and
that it can be neglected, when spin-orbit coupling is small compared to the curvature induced
splitting in the carbon nanotube, i.e.

tav,l = tav,2 - tav' (3.65)

In general the tunneling amplitudes (3.64) also depend on the parallel magnetic field, however this
effect is small, when magnetic field is small compared to the curvature induced splitting, and we
do not consider it in our calculations. We also neglect v dependence of the tunneling amplitudes

tav,1/2 = ta,1/2-
Note that if spin-orbit coupling in the leads is present, as can be seen from (3.62a), this may
additionally introduce the following non—vanishing tunneling amplitudes

'l =(aV ||[Hiot|K T) = t4y 3, ty T = (av TH|K" ) = tov,3s
avT =(av THin|K 1) = tav,a, avl =(av l|Ht0t|K == toy,a

(3.66)

The inclusion of such terms does not change the qualitative picture of the results presented in
Chapters 4 and 5, so for simplicity we will neglect them.



Chapter 4

Tunneling renormalized cotunneling spectroscopy
of carbon nanotube quantum dots with normal leads

The objective of this chapter is to examine how the tunneling renormalization affects the cotun-
neling spectroscopy of carbon nanotube quantum dots attached to normal leads. The quantum
dot is assumed to have four single particle orbitals of single “shell” defined in Section 3.3. We
are interested in how the cotunneling threshold is modified by the tunneling in the middle of the
single charge N = 1 diamond. The following equation is solved for the cotunneling threshold Vi,:
|Vth|:AE(BJVg1 Vin) = En1— Envs (4.1)
where E is the tunneling renormalized eigenspectrum, which is determined by the method specified
in Chapter 2.
We will be interested in the parameter regime where the charging energy 2U is much larger
than the single particle spectrum energies ¢, the bias V and the tunneling rates

r;s = npas|t25|21 (42)

in order for our expansion in Hy to be valid. Also we need to be far away from the charge degeneracy
points, so the gate voltage has to be not too far from the middle of the diamond, and because of
this we can linearize the logarithms in (2.29) and be able to get some simple analytical results.
However, in order not to overwhelm the physical interpretation presented in upcoming sections by
cumbersome expressions, the derivation of analytical results is presented in Appendix C.

We note that cotunneling thresholds V4, will be measured in units of

T=) Tj=mp> ltajl’ (4.3)
aj aj
for normal leads, where t,; are the tunneling amplitudes defined by (3.64), and in units of
Iy = T(Zrasj = T(Zpasltajlz (4.4)
asj asj
for ferromagnetic leads.

4.1 Zero magnetic field B = 0 cotunneling thresholds

First we study the case when B = 0, all single particle orbitals are coupled symmetrically to the
leads I}, = I'/4, and the tunneling rate I' is much larger than the disorder splitting Agg: = 0
and spin-orbit coupling Agp = 0, with the resulting tunneling renormalized threshold shown in

29
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Renormalized cotunneling threshold
= = = = Bare cotunneling threshold

___ ___ Slope of contunneling lines

2r in the middle of the diamond

Bare sequential tunneling threhold

V,=2U + =<

0.5 1.0 1.5 0.5 1.0 1.5

&l

(a) As() =0, AKK’ =0 (b) Ago = 0.16I', AKK' =0

0.5 1.0 1.5 0.5 1.0 1.5
(C) Ago =0, A = 0.16T (d) Ago = 0.1T < Ay g = 0.13T

Figure 4.1: Tunneling renormalized cotunneling thresholds shown as solid curves (blue) for differ-
ent KK’-mixing and spin-orbit coupling values. The dashed lines (black) depict bare cotunneling
thresholds and dashed-dotted lines (gray) show bare sequential tunneling thresholds. The long
dashed lines (red) in (a) show linearized cotunneling threshold, when there is no KK’-mixing and
spin-orbit coupling, and the dotted lines (red) in (c) and (d) depict, respectively, the position of zero
bias crossing and minimum separation of the cotunneling threshold from zero bias. The values
of the other parameters are B =0, U = 32T, D = 10°T, with all tunneling amplitudes f;/ 1/, being
equal and Arg(t;/r1/2] = 0.

Figure 4.1a. We see that the fourfold degenerate “shell” spectrum is split in a gate dependent way,
and we get the 15! cotunneling line at zero bias (for B = 0 it is visible at finite bias, and for T < Ty it
evolves into a Kondo peak, which is not included in our approach, with T being the temperature
and Ty the so-called Kondo temperature), and one twofold degenerate gate dependent line, which
splits into 274 and 3" cotunneling line for B # 0. The slope of the 24, 34 cotunneling lines is
given by (dashed (red) line in Figure 4.1a)

AV,

S:J_rr o

= (4.5)

There is also a crossing of cotunneling lines exactly in the middle of the diamond, i.e. the tunneling
renormalization effects vanish.
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Figure 4.2: Qualitative picture of tunneling induced KK’-mixing for a carbon nanotube coupled
to normal leads in zero magnetic B = 0 field. (a) Example of tunneling process, which introduces
KK’-mixing with a single electron in a carbon nanotube “shell”. Here y r denotes chemical
potentials of the leads. (b) Schematic of cotunneling threshold (solid and dashed blue lines) for
a single charge Coulomb diamond, in the absence of spin-orbit coupling and disorder induced
KK’-mixing, and with real tunneling amplitudes t, tg.. The effective tunneling renormalized
ground state of the quantum dot is |K+) with larger tunneling rate Ix, ~ |tx,|* (dashed blue line)
at the left side of the diamond and |[K—) with smaller tunneling rate Ix_ ~ |tx_|? (solid blue line) at
the right side.

Even though formally it is possible to speak only about tunneling renormalization of the
many-body eigenstates, however, effectively this splitting appears due to the mixing of single
particle K and K’ states because of the tunneling to the leads (Figure 4.2). This KK’-mixing
appears because in the leads K and K’ are no longer good quantum numbers. The resulting
schematic cotunneling threshold without spin-orbit coupling and intrinsic KK’-mixing is depicted
in Figure 4.2b, where the spin quantum number s and lead index a are disregarded for simplicity.
Also the tunneling amplitudes to the states K and K’ are taken to be real. In such a case the
tunneling renormalization determines that the effective ground state of the quantum dot has a
larger tunneling rate I, ~ |t |* on the left side of the diamond and a smaller one Ix_ ~ |tx_|> on
the right side. Also if tunnel couplings are complex and different for the left and right lead, then this
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conclusion holds for tunneling rate summed over the lead index a. This situation occurs, because
the charge fluctuations on the left side tends to empty the quantum dot and it is energetically
favorable to have ground state with larger tunneling rate. On the right side of the diamond the
situation is different, because charge fluctuations to doubly occupied dot states are preferable and
it is energetically more favorable to have an excited state with the larger tunneling rate.

If the tunneling couplings are different for the left and the right lead, the positive and the
negative slopes get corrections and instead of the above expression (4.5), we obtain for the slope

(4.6)

where I, =T,; +I,,. We see that asymmetry between positive and negative bias appears, however,
this corresponds only to a second order effect in I'/U.

When spin-orbit coupling is included, instead of cotunneling lines crossing in the middle of
the diamond, we get an anticrossing of size (Figure 4.1b)

T
A =211 - —1|Ac¢ol. 4.7
1 ( nU)l 5ol (4.7)

It is not possible to restore a crossing if both Kramers doublets defined in Section 3.3 (Eq. 3.57)
have the same tunneling couplings to the leads (t,; ~ t,,), even if mixing of K and K’ due to
disorder Agg is included (Figure 4.1d). In this case, for symmetric couplings to the left and right
leads we can find the eigenspectrum around the middle of the diamond, which yields the following
energy difference between ground and excited states

2

E = 1-— -
A {[( T(U)A):+ nUCOS(¢) Ay AVg]
2}1/2

Ay = A2+ A2, (4.9)

and the phase ¢ is the sum of the KK’-mixing phase (Agg: = |Agg:|e!?xx’) and the tunneling
amplitudes’ phase (t;/r 1/ = |tle!?):

r

= (AA_SEO cos(¢) +iSin(¢))AVg

where

¢ = Prx +2¢;. (4.10)
From the above expression (4.8) we find that an anticrossing appears near the point
U
Ang(l -”T)AKK,cos(qb), (4.11)
and its size is
r .
A, = 2(1 - E)\/Ago +sin?(P)AZ .. (4.12)

We note that in this case the middle of the bare diamond is given by AV, = —Ay. If spin-orbit
coupling is neglected Agp = 0, but there is KK’-mixing Axg-, and the total phase ¢ is equal to zero,
a crossing instead of anticrossing appears near the point (4.11), as shown in Figure 4.1c.
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Figure 4.3: (a) Illustration of tunneling renormalization reduction, when there is a phase difference
between the left and right leads tunneling couplings, and the relations (4.13) are satisfied. The
values of the parameters are B=0, U = 32T, D = 10°T, ?L{—IZ =el™2, Arg[t;1/,] = 0. (b) Illustration
of a zero bias crossing, when there is only spin-orbit coupling, and the Kramers doublets have
different tunneling couplings to the leads (only relation (4.13a) is satisfied). The values of the
parameters are B=0, U = 32T, D = 10°T, % =7, Arg(t1/2] = Arg[tri] = 0, Arg[tg,] = . The
legend is the same as in Figure 4.1. '

By changing the relative phases between the left and right couplings, we can reduce the
tunneling renormalization, as shown in Figure 4.3(a). The condition for complete reduction of the
tunneling renormalization around the middle of the diamond is

tritro +tritr2 =0, (4.13a)
2 2 2 2
ltal” + tR1l” = [tr2l” + |tRal% (4.13b)
which can be rewritten as
tri = e Pty tro=—e Pty (4.14)

where t7/r 1/, are complex numbers, and ¢ is some arbitrary phase.

It is possible to get a crossing if the Kramers doublets are coupled differently, i.e. t,q # t,;, as
shown in Figure 4.3(b), where we for simplicity consider the case with only spin-orbit coupling,
but the statement is also true when KK’-mixing is included. In this case, the condition for crossing
is given by relation (4.13a), when relation (4.13b) is not satisfied. Then the position of the crossing
is given by

U
AV, =~
£ L-N

Aso, (4.15)

where I; = I +Tg;, and the middle of the diamond is in this case given by AV, = —|Agp|. To be able
to observe it experimentally, the value of Eq. (4.15) has to be between —2U and 2U.
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4.2 Finite magnetic field B # 0 cotunneling thresholds. Gate depen-
dence of g-factors

Now we investigate how the tunneling induced level shifts effect the magnetic field dependence of
the cotunneling threshold, i.e. we examine the gate dependence of the g-factors. As in the previous
section, we restrict our examination to the single charge N = 1 diamond. We start by examining
the case when the spin-orbit coupling and KK’-mixing are neglected, the magnetic field is parallel
to the tube axis, and the couplings to the left and right leads are equal. When the gate voltage is
exactly in the middle of the diamond the bare g-factors are almost unaffected and they are reduced

only by a factor (1 -I'/tU)
r

gs,orb = (1 - K)gs,orbl K= ﬁ (4~16)

For very small I'/U ratio, the renormalized threshold matches the bare one (dashed (black) curves
in Figure 4.4a). For perpendicular magnetic field B, the renormalization of g-factors is also small
and for 18, 2nd and 3t cotunneling lines, respectively, are given by

ks (1-%)8s &- (4.17)

Going away from the middle of the diamond, we find that g-factors acquire gate dependence (solid
(blue) curves in Figure 4.4a), which for the kAV, >> B > 0 case is written in Table 4.1, for different
transitions. The situation when spin-orbit coupling is included is depicted in Figure 4.4b. We see
that the tunneling renormalization again acts as a gate dependent Ay splitting. The effective
g-factors for small magnetic B fields (kAV,, Aso >> B > 0) are written in Table 4.1, where the
following notation is introduced:

L—x A 21-1/2
ﬁzk[1+( - ﬁ) , (4.18a)
g
21-1/2
- 1-x A
gszgs(l—K)[H( - —Aif) , (4.18b)
g
« AV 21-1/2
5o~ 1-x)|1 —£ 4.18
8orb gorb( K) +(1_KASO) ( c)

When there is only KK’-mixing, the magnetic field dependence of the cotunneling threshold
does not change qualitatively, and the only difference at finite AV, is an effective enhancement of
the KK’-mixing due to tunneling-renormalization, as can be seen from Figure 4.4c. The situation
when both spin-orbit coupling and KK’-mixing are included is depicted in Figure 4.4d.

In an experiment, the cotunneling threshold dependence on the magnetic field angle C (with
respect to the tube axis) also could be measured. The angle dependence of the bare cotunneling
threshold is shown in Figure 4.5a. Again, in the middle of the diamond there is almost no
renormalization due to tunneling and it matches Figure 4.5a. The situation at finite AV, is shown
in Figure 4.5b. If the quantum dot is coupled to the leads asymmetrically, then the asymmetry
between positive and negative bias thresholds acquires angle dependence, which can be seen by
adding positive and negative bias thresholds in Figure 4.5b, and the result is shown in Figure 4.5c.
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Cotunneling KkAVe>>B>0, Asp =0 kAVe>As0>>B>0
line Bare g-factor Renormalized g Bare g Renormalized g
Parallel field By
1 8 (1-1)g &+8rb (1=K —R)g+ Zorb
2nd 8orb Kgs + 2%23\@ 8&s (1 - K)gs
rd g(frbB = 5
3 &s + orb &+ 2kAV, &orb —KZgs *+ Sorb
Perpendicular field B |
18t 0 g 0 Kgs + s
B
ond s Kgs 2gA%0 Kgs
3rd &8s (1 - K)gs ngSSO gs

Table 4.1: Bare and renormalized g-factors for carbon nanotube quantum dot, when g,,;, > g; and
AKK’ = 0

=<

T 0.1

0‘.1 011 0‘.1 0‘.1
(¢) Aso =0, Ag s = 0.16T (d) Aso = 0.1T, Aggr = 0.13T

Figure 4.4: Comparison of the dependence on parallel B and perpendicular B, magnetic field of
the bare (dashed curves (black)) and the tunneling renormalized (solid curves (blue)) cotunneling
threshold for different values of KK’-mixing and spin-orbit coupling at a gate voltage V, = 1.2x2U
away from the middle of the diamond. The values of the other parameters are U = 32I', D = 10°T,
with all tunneling amplitudes t /z 1/, being equal and Arg[t;/r1/,] = 0.
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Figure 4.5: Angle dependence of cotunneling threshold. The values of the parameters are B = 0.13T,
Aso = 0.16T, Agxr =0, U = 32T, D = 10°T, ﬁg—yé =7, Arg[t;/r1/2] = 0.
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4.3 Comparison of second and fourth order corrections

0.5 1.0 1.5 2U 0.5 1.0 1.5

(a) Ago =0, Aggr =0 (b) Ago =0.16T", Aggr =0

0.5 1.0 1.5 0.5 1.0 1.5

(c) Ago =0, A = 0.16T (d) Ago = 0.1T < Ak g = 0.13T

Figure 4.6: The comparison of energy differences corresponding to cotunneling thresholds in
Figure 4.1, where solid curves (blue) correspond to energy differences with corrections up to second
order in Hr, and dotted (green) curves up to fourth order in Hy. The values of the other parameters
for calculation are B =0, U = 32T, D = 10°T, with all tunneling amplitudes f;/ 1/, being equal and

Arg[tr/r1/2] = 0.

To show the region of validity of the perturbative expansion, we consider the energy shifts with
fourth order corrections included, which are examined in Appendix B, for the cases discussed in
Section 4.1. The comparison of the energy differences corresponding to cotunneling thresholds in
Figure 4.1 is shown in Figure 4.6, where solid curves (blue) correspond to energy differences with
corrections up to second order in Hr, and dotted (green) curves - up to fourth order in Hr. From
this figure we see that for chosen parameters in our calculation we have wide range of gate voltage
Vg for which second order perturbation theory in Hr is valid.






Chapter 5

Tunneling renormalized cotunneling spectroscopy
of quantum dots with ferromagnetic leads

In this chapter we discuss the cotunneling thresholds in the presence of ferromagnetic leads, the
effect of the exchange field, and its compensation by external magnetic field.

5.1 Tunneling amplitudes

e 2 LA
YA ES

Left lead (L) Right lead (R)

(a)

——>» —» —>» parallel collinear

—>» ——3» <«—— parallel anticollinear

T T T perpendicular collinear

T T l perpendicular anticollinear

Figure 5.1: Orientation of the lead polarizations and magnetic field with respect to quantum dot
spin quantization axis (or the carbon nanotube axis). (a) Arbitrary orientation of lead polarization
when ¢, = 0. (b) Orientations of polarizations discussed in the thesis.

If spin quantization axes of the leads are rotated with respect to the quantum dot spin quantiza-
tion axis by angles 6, and ¢, (Figure 5.1), then the new eigenstates of the leads, expressed in terms
of the old ones (which have spin quantization axis the same as the quantum dot), are eigenstates of

cos B, sin@, cos @, —isin O, sin @,
(aq-7)=

~\sin8, cos @, +isinB, sin @, —cos B, ’ (5.1)

39
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where a, denotes the spin quantization directions in the leads (o = L,R)
a, ={sinf, cos @,,sin O, sin @,,cos O}, (5.2)

and 7 is vector consisting of Pauli matrices. The eigenvectors of the above matrix written as
columns of P, are

cos(0,/2)  —sin(0,/2)e P«

@ = \sin(6,/2)e! cos(6,/2) (5:3)
So the new eigenstates in the leads are expressed as
|a&T) = cos(0,/2)lav 1) +sin(0,/2)eP=|av |), (5.4a)
la&l) = cos(6,/2)|av |)—sin(6,/2)e  P«|av 1). (5.4b)
and the tunneling amplitudes in the new basis become
th 5 =cos(0a/2)t] 1 + sin(0,/2)e Pt (5.5a)
tZél =co8(04/2)ty ;) —sin(0,/2)e' ety o (5.5b)

The new spins T and | have corresponding new constant tunneling density of states p; and pg,
because we are considering ferromagnetic leads.

5.2 Two orbital quantum dot

In this section we will look at the simple quantum dot containing only two single particle orbitals
spin-up |T) and spin-down ||) (Figure 1.2, E. = 2U). Uncoupled from the leads quantum dot has
the following bare many-body eigenstates

lpa) € {10), [1T), [11), 12)}, (5.6)

with corresponding bare eigenenergies

EVY =0, (5.7a)
EV=2+U-v, (5.7b)
EV=-2+U-v, (5.7¢)
EY =4U -2V, (5.7d)

Here A = g;B corresponds to applied external magnetic field, with g; being the electron Landé
factor. We assume that the tunneling amplitudes have the following form

the = tadst, (5.8a)
t(%cs =t 0|, (5.8b)

i.e., that spin quantization-axes in the leads and in the quantum dot are in the same direction,
which will be the case for large enough external magnetic field B, which polarizes the leads in
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its direction. Having the above eigenenergies and tunneling amplitudes we can find tunneling
induced level shifts, by using expression (2.29)

AV, AV,
L |U-4+2% 1. |[U+5+52
EEJZ)__TIH 2 A : +_i1n 2 A 2 ’ (598.)
Tt D+t T D-5¢
AV, AV,
T U—é——g U_é_{__g
By = —tln|—2 52|+ TIn|—2 2|, (5.9b)
mo| p-% D%
AV, AV,
L |[U+5-=5¢ U+ 2
By = ~tn|—2 52|+ In|—2 2|, (5.9¢)
” D+t D+5
AV, AV,
I |[U+5-5¢ U_Aa_2%
B = |+ | 22|, (5.9d)
TC D 2st D+ 2st
where the following notations were introduced
Loy = TPayltal®, (5.10a)
L= Ty =Ty +Try ne(ll) (5.10b)
o
AV,
Ve =2UNg =2U+—=. (5.10¢)

2

Note that when calculating the energy corrections (5.9) we have set the voltage bias to zero V =0
for simplicity.
With the above energy corrections (5.9) we find that the cotunneling threshold becomes

AV, AV,
T 1l+422_A| 1 1-22_ A
Vv, = (EO EN(EO L E@PN A+ 2U 20 |, 24y 20— 20
11T En 1 T - AV, Al & AV, A
=57 +30 l+57 +30 (5.11)
A,
I +1 1+ 53
il Ln iD ,
T _ Dst
2D

and if the gate voltage is around the middle of the diamond (AV, << 2U), then the above threshold
can be linearized to give

FT+11
U

FT—Q FT+11
ch(l— )A+ - AVq + D Ag:. (5.12)

We see that the gate dependent splitting appears if the leads are ferromagnetic, i.e. It #I. That

kind of splitting in the literature is called gate dependent exchange field [26]. Also there is a
correction %Ast if the spin-up and spin-down bands of the leads are shifted with respect to one

another by the Stoner splitting. And lastly there is a correction (1 - FI:UQ )A, which renormalizes the

magnetic field by diminishing it. In a way it corresponds to the Lamb shift from atomic physics [57,
58], or the Knight shift from nuclear magnetic resonance physics [59].

Now let us examine zero-bias sequential tunneling thresholds and the possible motion of the
middle of the diamond due to tunneling renormalization. The bare threshold for ground state
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transitions between zero-to-single and single-to-two charge states is determined respectively by
the conditions (here we assume that A <0, i.e. spin-up is the ground state):

Al AVIC0 LA
Ey-Ey=u-vioo By 2 PHEL_ 1
17 0 g 5 7 0 (5 3a)
Al AV2<—>1 _ |A|
E,-Eny=3u-veel By 2l T, 13b
2= Eip =30 - Vi + 2 5 0 (5.13b)
From the above equations we get
AV =—2U - |A], (5.14a)
AV =2U +]A| (5.14b)
We see that in this case the middle of the diamond is always given by
AV =, (5.15)
but the width varies depending on |A|
AVIIM = 47 4 2|A|. (5.16)

If the second order corrections (5.9) are included then the zero-bias sequential tunneling thresholds
qualitatively would be determined from:

AV 4 |A]

1TFEp) 0T B 2 STravieooapezu| '
AVZel A 1 - (AVZ2l 4 |A)2U
(2) (2) g g
E,+E )= (E;r+E)=U-—-———+T;In =0. 5.17b
(Ex+Ey )= (Eap v Eyp) 2 f 1+(AV32“’1+|A|)/2U‘ (5:17b)

Of course the second order perturbation theory near the charge degeneracy points is not valid,
but here we included it to see how the zero-bias sequential tunneling points might move due to
tunneling renormalization. We see that we can get equation (5.17b) from (5.17a) by replacing
AVngO - —AngHl and I'| — I;. In the case when I'| = I we get AVg2H1 = —AVgIHO, and this implies
that the middle of the diamond still is given by Angid = 0. However, when I} # I}, the middle of
the diamond will move as a function of |A| (i.e. magnetic field), and even for A = 0, will not be
AVgnid = 0.

5.3 Carbon nanotube quantum dot

In the following discussion for a quantum dot with four single particle orbitals we neglect Stoner
splitting of the spin-up and spin-down bands, i.e. we assume that the bandwidth D is much larger
than this splitting. We also assume that the tunneling density of states for the left and right leads
is equal, i.e. prs = prs = ps, and only the spin quantization direction of the two leads with respect
to one another can change. Lastly, we consider asymmetric couplings to the left and right leads
t; # tg, and in general also having a phase difference with respect to one another.

5.3.1 Zero magnetic field

The possible qualitative gate dependencies of the cotunneling threshold for a carbon nanotube
coupled to ferromagnetic leads is depicted in Figure 5.2. For particular parameter values, which are
discussed in the thesis, corresponding qualitative figure from Figure 5.2 is indicated in Table 5.1.
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Figure 5.2: The possible qualitative gate dependencies of tunneling renormalized cotunneling
threshold for a quantum dot coupled to ferromagnetic leads for different KK’-mixing, spin-orbit
coupling values, and orientations of the leads 6,. The insets show enlarged plots of crossings. The
values of the other parameters are B=0, U = 47Ty, D = 10°I3,, % =2, Z‘—ll//; = %ei”/e‘, Arg[t; 1/2]=0.
The legend is the same as in Figure 4.1. '

We start by considering the gate dependence of the cotunneling threshold for collinear configu-
ration of the left and the right lead polarizations 6; = 6. In the case when there is no spin-orbit
coupling and KK’-mixing, we can find the eigenspectrum around the middle of the diamond by
linearizing the logarithms in Eq. (2.29) and solving the eigenvalue problem:

g- Y% CENGSETR (5.18a)

i 2 VI VYT A '
g 2% (KT+ (Kr)2+|1<9|2) (5.18b)

l 2 \"T T ! )y '

where
k=3 Bt £1taal?) (5.19)
o
K? = 2Z%ta1ta2r (5'19b)
(24

withs=1,1. (5.19¢)
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Collinear ‘ ‘ Anticollinear

Ar% AF—EK' 0  Figure 5.2 H Ar% AF—EK' 0  Figure 5.2

0 0 * (a) 0 0 * (a)

0 0.23¢™2 & (b) 0 0.23¢™2 & (d)

023 0 0 (b) 0 0.14 % (c)

0.23 0 /2 (d) 0.23 0 0 (d)

0.19 0.14e'2 0 (b) 0.23 0 /2 (b)

0.19 0.14e'™2 7/2 (b) 0.19 0.14e'™2 0 (d)
0.19 0.14 0 (c)
0.19 0.14e'™2 7/2 (b)

Table 5.1: Indication of the corresponding qualitative figure for particular Agp and Agg- parameters.
In the case of collinear configuration we have 6 = 6 = Oy and anticollinear 6 = ) = Oy + 7t. Values
of angle denoted with asterisk (*) mean that the actual plot does not depend on the angle 6.

The energies (5.18a) correspond to states with T and (5.18b) to states with ]. If p; > py, the left
side of the diamond (AV, < 0) has a ground state with spin T and the right side (AVg > 0) with

spin l. When ty1 = tgr = t, (k5 = 0), which is the case for carbon nanotubes, we see that in
order for the exchange field to split all cotunneling thresholds, we have to have a phase difference
between the left t; and the right tgz couplings. When only the Ag g’ mixing is included, there is no
dependence on the direction of the polarization of the collinear leads, as shown in Figure 5.2b.
This is because there is no particular spin-quantization direction in the carbon nanotube. However,
when only spin-orbit coupling is included there is qualitative difference for parallel (6, = 0) and
perpendicular (6, = 7/2) direction of the collinear leads polarization (Figure 5.2b,d). We see
that for the perpendicular direction an additional crossing away from the middle of the diamond
appears (Figure 5.2d). However, it can be lifted by Agg- splitting (Figure 5.2b). We also note that
the position of the crossing is always on the right side of the diamond independent of Agp sign,
tunneling amplitudes t, ;,,, and densities of states p.

For anticollinear configuration (6g = 6; + m), similarly, as for collinear configuration, the
eigenspectrum around the middle of the diamond, when there is no spin-orbit coupling and
KK’-mixing, can be expressed as Eq. (5.18) by replacing xF and «? by

1
wt = 3 sl £12P) + pslltra P £ ltgal?)], (5.20a)
2
K¢ = T lostatio + pstritral, (5.20b)
withs=7T,land5=[,1. (5.20c)

Again we set t,; = t, = t,. In this case, we notice that all cotunneling lines are split only when
there is a phase and modulus difference between the left ¢; and the right tz couplings. We also note
that exchange fields from the left and right leads cancel each other if we have symmetric couplings
t; = tg (there is no splitting of cotunneling lines having different spins). This is also true when both
spin-orbit coupling and KK’-mixing are included. As in the case of collinear configuration, when
only KK’-mixing is included, there is no dependence on the direction of the polarization of the
leads in anticollinear configuration. We also see that in this case a crossing appears (Figure 5.2d),
which is lifted for the perpendicular case (0 = 7t/2 Og = —7/2, Figure 5.2b) and left intact for the
parallel case (6 = 0, O = 7, Figure 5.2d) when spin-orbit coupling is included. This crossing can
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Figure 5.3: Tunneling renormalized cotunneling threshold dependence on parallel magnetic field
B for a quantum dot coupled to ferromagnetic leads, away from the middle of the diamond at gate
voltage V, =1.2x 2U. a), b), and c) cases depict situation for the collinear lead configuration, and
d) for the anticollinear lead configuration. When only KK’-mixing is included, the cotunneling
thresholds qualitatively look as in case a). The values of the parameters are Agg, =0, U = 39I,

_ 9 Pt _ tR, _ 4 _in/3 _
D =10"Ty, =2, ¢4 = £e™, Arg[ty,1/] = 0.

also appear on the left side of the diamond, depending on the KK’-mixing phase ¢ gk, as shown in
Figure 5.2c.

5.3.2 Parallel magnetic B field

The parallel magnetic field B dependence of the cotunneling thresholds for the collinear config-
uration (6, = 0) is shown in Figure 5.3a,b,c. The B <0 (B > 0) side of the plots corresponds to
majority (minority) spins having the larger tunneling density of states. When only KK’-mixing
is included, the cotunneling thresholds qualitatively look as in Figure 5.3a. We note that in the
case of Figure 5.3a inclusion of a small Agp << Agg- does not split the crossings, and in the cases of
Figure 5.3b,c including a small Agg << Agp also leaves the crossings intact. However, large enough
KK’-mixing can lift the crossings denoted 1 and 2 in Figure b,c. So we see that for majority spins
tunneling, the parallel magnetic field B can always compensate the exchange field between ground
and first excited states (ground doublet), or the second and third excited states (excited doublet),
even when both Agg and Ak’ are included. However, the compensation between the states, which
would correspond to a bare Kramers doublets at zero magnetic field, appears near different values
of By-field, as shown by dotted (red) lines in Figure 5.3a. For minority spins tunneling, the compen-
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Figure 5.4: Tunneling renormalized cotunneling threshold dependence on perpendicular magnetic
field B, for a quantum dot coupled to ferromagnetic leads in the collinear configuration (6, = C =
7t/2), away from the middle of the diamond at gate voltage V, = 1.2x 2U. The values of the other

parameters are U = 47Ty, D = 10°Ty,, % =2, Z’:—;g = %ei"B, Arglt; 1/2]=0.

sation of exchange field is complex and depends on particular values of parameters, i.e. Ago and
the sign of it, Agg- and its phase, and also tunneling coupling t,. The situation for anticollinear
configuration (6; = 0, O = 11) with no Agp, Agk’ is depicted in Figure 5.3d. If we assume that the
leads majority spins have largest density of states, then the B < 0 side of the plot corresponds to the
anticollinear lead with respect to the Bj-field direction less coupled to the dot than the collinear
lead, and for B > 0 case vice versa. This means that cotunneling renormalization for antiparallel
ferromagnetic leads is invariant under exchange (pT, ) < (pl, tr). From Figure 5.3d, when there is
no spin-orbit coupling and KK’-mixing, we see that the exchange field can be compensated only
for either the ground doublet or for the excited doublet, depending on the couplings ¢, to the
leads. If only KK’-mixing is included, the compensation also depends on t, phases and the phase
¢k of this KK’-mixing, and one can get cotunneling threshold looking qualitatively like the one
in Figure 5.3d or its mirror image. When only spin-orbit coupling is included, the cotunneling
thresholds qualitatively look exactly as in the case of collinear leads Figure 5.3b,c. Including both
spin-orbit coupling and KK’-mixing again produces the situations depicted in Figure 5.3b,c, (with
the possibility to lift the crossings 1 and 2 for large enough Agg- and crossing 1 to appear in B <0
region) or Figure 5.3d and its mirror image, depending on actual values of Agp, Axg, and t,.
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Figure 5.5: Tunneling renormalized cotunneling threshold dependence on perpendicular magnetic
field B, for a quantum dot coupled to ferromagnetic leads in the anticollinear configuration
(0L =C =m/2, Or = -1/2), away from the middle of the diamond at gate voltage V, = 1.2 x 2U.

The values of the other parameters are U = 471y, D = 10°Ty,, Fp% =2, Arg[tr1/2] = 0, except for ¢)
U = 321"2

5.3.3 Perpendicular magnetic B field

For perpendicular magnetic field B, and polarization of the leads (|0,| = 7t/2), we will focus on
exchange field compensation for the ground doublet. With a parallel configuration of the leads
(64 = 11/2), the cotunneling thresholds are depicted in Figure 5.4. We see that for majority spin
tunneling, the exchange field for the ground doublet can only be compensated if there is no spin-
orbit coupling (Figure 5.4a,b), and this holds for any sign of Ago. When only KK’-mixing is included
then whether the three cotunneling thresholds qualitatively look like Figure 5.4a or Figure 5.4b
depends on the phase of Agg . For minority spin tunneling the exchange field for the ground
doublet will be compensated if there is only spin-orbit coupling (Figure 5.4c). If both Agg  and Agg
are present the exchange field is never compensated for both doublets, as shown in Figure 5.4d,
and it is so even for symmetric coupling to the leads f; = tz. Lastly, the case of anticollinear
configuration of the leads (6; = 1t/2, Og = —7/2) and perpendicular magnetic field B, is depicted
in Figure 5.5. If the anticollinear lead is more coupled to the dot than the collinear one and if
there is no spin-orbit coupling and KK’-mixing then the exchange field is always compensated for
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the ground doublet and vice versa. In the case when there is only KK’-mixing the compensation
depends on Agg- and t, phases, and the qualitative picture of the cotunneling thresholds can look
as in Figure 5.5a or Figure 5.5b. If spin-orbit coupling is included, the compensation depends
on the values of tunneling couplings t,, while the sign of Agg is irrelevant. When the tunneling
couplings have a phase difference, the exchange field is never compensated and all crossings
become anticrossings (Figure 5.5¢). In the case of symmetric tunneling couplings there is effectively
no exchange field and of course the compensation is at zero magnetic field B, = 0. Now, when there
is only spin-orbit coupling and the tunneling couplings differ only in modulus, the qualitatively
situation depicted in Figure 5.4c for collinear leads configuration appears, i.e. the exchange field
can be compensated. However, if in this case KK’-mixing is included, there is no compensation
possible (Figure 5.5d).

Conclusions for Part I

In this first part we have examined the tunneling renormalization of quantum dot cotunneling spec-
trum by considering energy shifts of many-body eigenstates using quasi-degenerate perturbation
theory [46, 47] in tunneling Hamiltonian Hy. The second order result Eq. (2.29) is applicable to
any quantum dot with arbitrary number of single particle orbitals, coupled either to normal or fer-
romagnetic leads, when the tunneling rates I' are much smaller than charging energy (I' << U), and
gate-voltage is far from charge degeneracy points. Using this second order result we determined
energy shifts for carbon nanotube quantum dot, where fourfold “shell” structure (Section 3.3) of
the single particle spectrum was assumed. It was shown that tunneling renormalization introduces
gate-dependent KK’-mixing of carbon nanotube orbitals, and this in turn renormalizes g-factors for
some cotunneling lines in a gate dependent way. From the energy shifts the cotunneling spectrum
was obtained and we found that for asymmetric tunneling couplings to the right and left leads
bias asymmetry appears, which is a second order effect in the small parameter I'/U. By measuring
the cotunneling threshold asymmetry (if the coupling to the left and to the right lead is different)
between positive and negative bias and its dependence on the magnetic field angle with respect
to the tube axis, it would be possible to indicate that the gate dependence of cotunneling lines
appear due to tunneling renormalization and not some other effects, like the change of the local
electrostatic potential. It was also found that the tunneling renormalization can be reduced by
changing the relative phases between the left and right couplings to the leads. For coupling to
ferromagnetic leads we showed that the exchange field can completely lift all degeneracies in a
fourfold spectrum, however, at particular gate voltages the crossings of cotunneling lines may
appear. Then the compensation of this exchange field by external magnetic field was examined.
The most important finding was that if both spin-orbit coupling and KK’-mixing are present the
exchange field can never be compensated by a perpendicular magnetic field for leads in collinear
configuration, and if couplings to the left and right lead are different then it is also the case for
leads in anticollinear configuration.



Part 11

Sub-gap states in superconductors due to
spinful quantum dots
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Chapter 6

Superconductor/quantum dot/superconductor
junctions

Quantum dots coupled to superconducting leads are examined in this part of the thesis. Such a
setup presents an interesting research area, where the interplay between superconductivity and
the Coulomb blockade physics can be examined. The state of the leads made out of conventional
superconductors is described by the condensation of the so-called Cooper pairs in the ground state
of the system [60]. This result in a broken symmetry state, which has the following non-vanishing
expectation value

Ag =IAgleP oy (chiach 1), (6.1)
k

Here A, = |A,|el? is the superconducting order parameter, which has the modulus |A,|, known as
the superconducting gap, and the phase ¢,. Also CZka denotes electron creation operator in the
lead @ with the momentum k and the spin o.

More concretely, the system we are interested in is depicted in Figure 6.1a, where we have a
quantum dot, which is in the Coulomb blockade regime, coupled to two superconducting leads,
which have a phase difference ¢ = ¢ — ¢ between them. There is also a third normal lead, with
which bias spectroscopy of the joint superconductor/quantum dot/superconductor (SDS) system is
performed. So in order for the normal lead not to affect the joint SDS system, we want the coupling
to the normal lead Iy < I , to be much smaller than the coupling to the superconducting leads!.
This kind of setup is motivated by the recent experiment of Chang et al. [62, 63], and similar
experiments on superconductor/quantum dot/normal metal (SDN) systems [64-67]. Now if a
single orbital quantum dot is deep in the Coulomb blockade regime and has an odd number of
electrons it effectively acts as a spin-1/2 impurity, which interacts with conduction electrons of
the leads through exchange interaction [68, 69]. In the case when the leads are a normal metal, a
magnetic impurity induces a localized Kondo resonance at the Fermi level, if the temperature is
below the so-called Kondo temperature Tx [70]. When the metal is superconducting, it has a gap
|A| of density of states above and below the Fermi level [60] as schematically shown in Figure 6.1b,
and the magnetic impurity instead gives rise to excited sub-gap states [71-78] (see Figure 6.1c).

The nature of the ground state and the excited sub-gap state depends on the ratio Tx/|A|. If
Tx < |A|, which corresponds to a weak coupling, the excited state is a singlet |S), which is formed
between the spin on the quantum dot and Bogoliubov quasiparticles in the leads, and the ground
state is a doublet |D;), s = T,|. The Bogoliubov quasiparticles correspond to superconductor’s
single particle excitations, which are a superposition of a particle and a hole. We also note

1 As it was shown by Zitko et al. [61], that at zero temperature T = 0 the coupling to the normal lead is non-
perturbative and it always induces Kondo screening. Nevertheless, we will neglect this effect by assuming that the
temperature is larger than the corresponding Kondo temperature due to this normal lead.
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that the presented picture of the singlet is valid when the charging energy is larger than the
superconducting gap U > |A|, because in the other limit U < |A| the singlet is the mixture of zero
|0) and two |2) charge states on the quantum dot [79] as shown in Figure 6.2. For Ty < |A| the spin
is screened resulting in a singlet ground state |S) and excited doublet |D;). So the increasing ratio
Tx/|A|], induces a change from a doublet to a singlet ground state, as the sub-gap state crosses zero
energy [80-83]. This behavior appears to be confirmed by superconducting scanning tunneling
microscope (STM) measurements on an array of magnetic molecules [84] and sharp sub-gap
states have also been observed in normal lead bias spectroscopy of a Coulomb blockaded carbon
nanotube and InAs quantum dots [62, 64-67, 85]. The schematic of the possible sub-gap state
and corresponding ground state dependence on a gate voltage for oddly occupied quantum dot is
shown in Figure 6.3.2 Our main interest in this part of the thesis is to understand the sub-gap state
dependence on the phase difference ¢ between two superconductors and an external magnetic
field B.3

6.1 The model

To describe a quantum dot in a magnetic field connected to two superconducting leads and
capacitively coupled to a gate electrode, we assume that its highest partially occupied orbital is
represented by a single orbital Anderson model. Then the Hamiltonian for the system is

H=H0+HT :HLR+HD+HT' (62&)

The superconducting leads are described by the effective Bardeen-Cooper-Schrieffer (BCS) Hamil-
tonian [60]

= t t ot *
Hig = Z EkoCokoCako — Z(Aacachaﬁkl + Aaca,—klcakT)' (6.2b)
ako ak
B
ko :5k+o-gC§ s &k = Eak — Ha. (6.2¢)

Here a = L, R stands for the left or right lead; y, is the chemical potential of the leads; o =T,|
denotes the spin of the conduction electron and o = +1(-1) for T (|); k is the momentum quantum
number; ¢, is the dispersion; g.. is the Landé g-factor for the conduction electrons; B denotes the
applied magnetic field; and A, = |A,le!?« is the superconducting gap, which has the amplitude
|A,| and the phase ¢,. The quantum dot Hamiltonian is

.B
Hp = Z edgdgda +Umn;, &g, =¢€4+ agl—, (6.2d)

2
o=",1

The plots in Figure 6.3 were obtained by using sub-gap state energies of Eq. (7.18) with g — 3¢ replacement
and Eq. (6.26¢) parametrization of the coupling. In Figure 6.3a and Figure 6.3b we have setI'/U = 0.1 and I'/U = 0.2,
respectively. We note that this reproduces only qualitative behavior of the sub-gap states and such a calculation does not
correspond to a formally correct result.

3In a transport experiment, if the SDS junction is biased it exhibits AC-Josephson effect, which manifests itself
in a characteristic series of sub-gap peaks at V = 2A/ne, (n =1,2,...) due to multiple Andreev reflections [86-88]. If,
additionally, spin induced sub-gap states are present, the two effects overlap and experimental signatures of both
sub-gap states and multiple Andreev reflections is not so clear. Transport experiments have shown markedly different
sub-gap conductance [89-91], depending on the relative strength of tunnel couplings from the quantum dot to the
source and drain leads, respectively, which can be understood as a competition between multiple Andreev reflections
dominating in the nearly symmetric, and spin induced sub-gap states dominating in the strongly asymmetric coupling
limit [92]. In this thesis Iwill not address such phenomena.
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Figure 6.1: (a) Spinful quantum dot coupled to two superconducting leads, which have a phase
difference ¢ = ¢ — P between them, and a third normal lead, which acts as a spectroscopic tool
for joint SDS system. (b) A schematic diagram of the local density of states (LDOS), which has the
characteristic ~ 1/4/1 — (w/|Al)? behavior, for a superconductor when it is not coupled to a quantum
dot. (c) In the presence of a spinful quantum dot the sub-gap states with energy +w, appear, which
take the spectral weight from the superconducting gap edge and LDOS behavior is modified to
~|wlw? =AY/ [w? - wf,] [93]. Here w denotes the energy at which the system is probed and |A|
denotes the superconducting gap.

where ¢ is the position of the level, g is the Landé g-factor, and U is the charging energy of the
quantum dot. The coupling between the leads and the quantum dot is given as

Hy =Y (taChiods + tadic ) (6.2¢)
ako

where ¢, is the tunneling amplitude to the lead @. We note that it is possible to get rid of the phase
in tunneling amplitudes ¢, = |t,|e'?« by making the following gauge transformation for conduction
electron operators ¢, = ¢, e'?«. Then the above phase ¢, goes to the order parameter phase

HPairing == Z (lAleei¢a CZkTCZc,—kl + |A0‘|e_i¢a Ca,—klcakT)
ak

6.3
_ i((Pa_Z(Pa) ~t =t _i((Pa_Z(Pa) ; ( )
== (1Adle &+ Al ¢

ak

a,—kléakT )

So we use the tunneling Hamiltonian which has real tunneling amplitudes ¢,, and redefine the
order parameter A, phase as ¢, —2¢, — ¢,.

We will express the Hamiltonians (6.2b) and (6.2e) in terms of Bogoliubov quasiparticle opera-
tors Y,xs- The conduction electron operators are expressed as

i t
Cako = HakVako T Gvakel¢a Ya,~ké’ (643)
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Figure 6.2: A simplified empirical distinction between two different singlets. (a) In the case when
charging energy U is smaller than the superconducting gap |A| the singlet is a superposition of
zero |0) and |2) charge states on the quantum dot, because the pairing energy gain is larger than the
charging penalty. (b) In the other limit U > |A| a single electron on the quantum dot is preferred
and the singlet is formed between Bogoliubov quasiparticles in the superconductor and the spin of
the quantum dot. Of course, for intermediate values of U ~ |A| the sub-gap state has the character
of both singlets.
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Figure 6.3: The schematic of the possible sub-gap state and corresponding ground state dependence
on a gate voltage for oddly occupied quantum dot. Here x denotes dimensionless gate voltage and
x = 0 corresponds to the middle of the diamond. (a) Situation when at the middle of the diamond
the ground state is a doublet |D,) and going away from x = 0 the increasing ratio Tx/|A| induces a
change from a doublet |D;) to a singlet |S) ground state, as the sub-gap state crosses zero energy.
(b) The case when Ty , > Tk , and we always have the singlet ground state.
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where & denotes the inverse spin and

1 3 1
L Lt SRR 1 (B BN RN (6.40)

Then the leads and tunneling Hamiltonians (6.2b ) and (6.2e) become

HLR = Z E“kay;kayakg’ Eaka = Eak + ch; (6.53)
ako

Hr=)_ (fa[uakyzka + Gvake‘@a)/a,_k&]dg + t;dj;[ua Yake T OVaxe' e 7,;’_1(6]). (6.5b)
ako

6.2 Effective cotunneling model

We want to examine the cotunneling regime well inside a Coulomb diamond, where charge
fluctuations happen only virtually. This corresponds to a quantum dot level position being
around ¢; = —U/2. To obtain the effective cotunneling model we will perform the Schrieffer-Wolff
transformation [68, 69]. For the dot Hamiltonian Hp, we have the following eigenstates

[pa) €{10), 1T), ), 12)}, (6.6)
with the following eigenenergies
Ey, €{0, €41, €ay, £a7+ay+ U} ={Eo, Ey, Ey, Ea. (6.7)

The purpose of the Schrieffer-Wolff transformation is to project out the states |0) and |2), which
are assumed to be well separated in energy from the states [T) and ||). To do so we will use
quasi-degenerate perturbation theory as in Chapter 2. For convenience we rewrite the effective
Hamiltonian to second order in Ht

Hmm’ - <m|HO|m >
H‘”, = HT = (m|Hy|l),

mm
1 1
§ H H + ,
El Em/ —_ El

and for the states |T) and ||) we have
[m), [m’) € (|, IV,
1) € {IA)10),14)[2)},

with |1) being arbitrary eigenfunction of the Hamiltonian Hyg. We see that the first order term

(6.9)

vanishes Hy(m),Z = 0, because the tunneling Hamiltonian Ht has non-vanishing matrix elements only
between different charge states. The zeroth order term has the matrix elements
g9

ss’ T

Oso (Hir +€45), 5,8 €T, (6.10)

At second order we get the following matrix elements

HS(S, = Z { [uauu, (A% + A% )+ vvge (Pad)(gd 4 o2 )] VsV

aa’

" 10200007 (AL 4 A% ) = g P (BE + B

s’+a’s’ ]yusya’s" (6.11)

s’+a’s’
i aa aa’ i aa aa’ t
+s [ua’vae Pa (As+as As —a’s’ ) Ugvype o (Bs+us Bs —a’s’ ] YasVa's

, i(p,—P, aa aa’ aa aa’ 1
+ss [vava’e Pa ¢ )(A5+a§ + As '+a’s’ ) T U Uy (Bs+as + Bs '+a’s’ ]Vas'ya’s" }’
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where we have used this notation

a=a,k, -a=a,-k,

w _ 1o tale
stbo 2 E,—Ey+Ep,’ (6.12)
1 taty

aa’  _
B =3 ETE, 265,
Note that when writing down the matrix elements in (6.11) we used the assumption &, = &_,,
E,o =E_45, ug =u_y, v, = v_,. To see the structure of the Hamiltonian (6.11) we neglect the k
dependence of the quasiparticle energy E;, in coefficients (6.12), i.e., Ey; — |A|+ 09 B/2 and set
egs = (x—1)U/2 +5g;B/2, where x denotes the dimensionless level position around the particle-hole
symmetric point ¢; = -U/2:

2€d
=1+ ——. 6.13
x=1+ (6.13)
Then after expanding the coefficients (6.12) in B/U and |A|/U to lowest order we obtain
Aaa’ ~ taty 1 + (Sgi + Ugce)B + 2|A|
S0 U 1—x U(l _ X)2 ’
(6.14)
B~ tity | 1 N (sgi £ 0gce)B£2|A|
FOT U | 1+x U(1+x)? ‘

We want to write Hamiltonians (6.10) and (6.11) in terms of spin operators S’, which satisfy
the commutation relation [S?,S7] = iei]-kSk, with €;;; being the Levi-Civita symbol. The quantum
dot creation and annihilation operators can be expressed as

1
t _
deT—E+SZ,
1
t _ - _Q=z
dd =5-5% (6.15)

az;azl =§*¥+iS¥ = §*,
dIdT =S§¥_is¥=§".

Then the effective Hamiltonian (6.10), (6.11) to second order becomes

HO = Hig + Hy , (6.16a)
H®?) ~ Hj+ Hy N (6.16b)
+Hja+Hwa+Hjp+Hyp+ HLB.
where
H;p = gBS?, (6.17a)
Hj = Z]a’u{sz [Ku’a (V;rrTVaT - VZW@) +(Lara = Laa) VZ’TVZL +(Lye — L;’a)yu’lyaT]
. (6.17b)

+ t ot *
+S* [Ka’a YoriVar TLaaVp Vo + Laa ya’TygT]
- + t ot *
+S [Ka’ﬂya'TVai + Lﬂu’ya'TVaT + Lﬂﬂ'ya’lyal] }

t t + ot * *
Hy = Z Wy [Ma’a (Vﬂ'TyﬂT + ya,lyai) +(Lag + Laa’) YarVay T (Lo + La’a)ya'iyaT]’ (6.17¢)

a'a
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Hja = Z [ Vo Var = Vo V) + STVE Y ar + SV Var | (6.18a)
Hy,a = Z KaaVirVar + Vo Val ) (6.18b)
H]B—foa [ VoV + Vi) + (L M+Laa/)y;r,TyL+(L2a,+LZ,a)ya,lyaT], (6.18¢)
H W -L + t Lx— _L* 6 18d

W.B = Z Kaq ya,TVﬂT yﬂ'lyﬂl) ( aa ”“’)ya’Tyai +( aa’ a’u)’yu’i'ybﬁ ’ ( . )

The functions K, L,,, M, are given as
(-
Kyo=upu,+vyvze (¢ 4’“),
Lyg = ua’vueupa: (6.19)
— i(Ppo—
My, = ugit, — vyv el Pe=da),

and the couplings are

tet, 4 tpty 2x
]a'a - U 1 _x21 Wa’a — U 1 _x2; (6.20)
A - toty Al 16x WA _ tu,ta@4(1+x2)
YaT U U (1-x2)27 YT U U (1-x2)%
- - (6.21)
B - tyt, B 16x B _ tots B4(1+x 2)
a'a —

U U@1-x2)2" "% U U(@1-x2)?

where B = (g — g..)B/2. Additionally, the term Héz) represents gate-dependent renormalization of
the magnetic field

2
H? - —Z{[uauaA‘T"faT 0B ] (14 257)
a

+[u u Ai ol T VaVaB] l] (1-28*% )} (6.22)
8vr|t 1 =
~ —SZZ vF{'J“' 1_x2B+const.

Here we have kept the k dependence of the coefficients (6.12) and have evaluated the k-sums
using the following assumptions and simplifications: symmetric conduction band & € [-D,D];
leq = B| > |Al; |U + ¢4 + B| > |A; the result was expanded to lowest order in B/U and |A]/U. When
considering the effective cotunneling model this gate-dependent renormalization of the magnetic
field (6.22) will not be taken into account.

In the calculations we will keep only the terms of Eq. (6.17), i.e

‘HzHLR+Hi,B+H]+HW, (6.23)

because the additional terms, when superconductivity in the leads [69] and magnetic field are
present, are smaller by A/U or B/U. The Hamiltonian H; (6.17b) describes the interaction between
the spin on the quantum dot and conduction electrons, and if expressed in terms of operators CZk -
takes the usual Kondo Hamiltonian form

it
Y JwaSch e T (6.24)
i=x,9,2
a’k’s’,aks
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where 7 are the Pauli matrices. Similarly, the term Hy, (6.17c) is rewritten as

Hy = Z Wa'aczﬂk’scaks’ (6.25)

a’k’,ak,s

and corresponds to the potential scattering for the conduction electrons. Lastly, H; g (6.17a) simply
gives the Zeeman splitting of the quantum dot spin.

When the effective Hamiltonian (6.23) is derived from the Anderson type model (6.2a), then the
exchange coupling J,,- and the potential scattering term W,,- have the following matrix structure
in the left/right lead space

cosBcos@ cosOsinf cosBcos@ cosOsinf
Jaar =] sin O cos 0 sinesine)' Waar = (sin@cos@ sin@sin@)' (6.262)
where ; ;
cosO = —L, sin@ = —R, (6.26Db)
1R i +tR
[ 4 tr+th . 2 t+th 626
T 1-x2 U’ T 1-x2 U (6.26¢)

We note that the exchange coupling J > 0 is always anti-ferromagnetic inside the oddly occupied
diamond x € [-1..1], and also ] > |W|.



Chapter 7

Sub-gap states

7.1 Review of an experiment

Before we start discussing the theoretical description of the sub-gap states, we review an experiment
by Chang et al. [62], to see how they are observed in practice. The scanning electron microscope
image of the device is shown in Figure 7.1, where ~ 100 nm diameter InAs nanowire (green) is
contacted to two ends of the superconducting loop (gray) made out of aluminium (Al). Everything
is deposited on the Si substrate, which has an applied gate voltage Vpg. The superconducting loop
has an area of A ~ 25um? and the magnetic field B is threaded through it. The magnetic field
controls the phase difference ¢ ~ BA/® (here @ is the flux quantum) between two ends of the loop,
introduces the Zeeman splitting of the spin in the quantum dot, and closes the superconducting
gap. The quantum dot forms in the Al-InAs-Al junction, which is of the length 0.5 ym. To perform
the bias spectroscopy of the system a normal metal lead (yellow), which is made out of gold (Au)
and has an applied bias V7, is contacted to the nanowire in the middle of the junction.

The resulting differential conductance dI/dVy dependence on the gate voltage Vg and on the
phase difference ¢ for the odd occupations of the quantum dot is depicted in Figure 7.2, in order
of increasing charging energy U. The vertical red line represents the particle-hole symmetric point.
The superconducting gap is observed at Vp ~ 0.2 mV. The sub-gap states (which actually become
broadened resonances, when the normal lead is contacted) can be seen through enhanced values of
dI/dVy. We see that for smaller charging energy (see Figure 7.2a) the sub-gap states do not cross
the zero bias and has “anti-crossing” like behavior as a function of the gate voltage Vpg. Also as a
function of phase for Vp < 0 it has a minimum at ¢ = 0 and a maximum at ¢ = rt. For large charging
energy (see Figure 7.2c) the sub-gap states cross the zero bias and has an “eye” like behavior as a

Figure 7.1: (a) Scanning electron microscope image of the device. (b) Zoom of the region where the
normal lead (Au) is contacted to the SDS junction.

59
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dI/dVxy [e?/h]

Figure 7.2: (a)-(c) Experimentally observed sub-gap state dependence on the gate voltage Vgg. The
diamond in (a) has the smallest charging energy U and (c) has the largest one. The corresponding
to (a)-(c) sub-gap state phase dependence is shown in (d)-(f) away from the particle-hole symmetric
point (gate voltage at the blue vertical line), and (g)-(i) at the particle-hole symmetric point (gate

voltage at the red vertical line).
— B (0.5
0.4
0.3
¢ =0

[y/ 2] LAP/IP

0 10 Bt 20 25 200

Figure 7.3: Magnetic field dependence of the sub-gap states in Figure 7.2c at the particle-hole
symmetric point.
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function of Vpg. If the gate voltage is in the region between the crossings the sub-gap states acquire
reversed phase dependence, i.e., it has a minimum at ¢ = 7 and a maximum at ¢ = 0 for V; <0.
Additionally, when the sub-gap states are close to the zero bias and are outside the “eye” they can
cross the zero bias as a function of phase ¢.

Theoretically we will be able to address magnetic field dependence for the situation correspond-
ing to Figure 7.1c at the particle-hole symmetric point. Such dependence is shown in Figure 7.3.
We see that the gap closes as a function of B and the sub-gap state follows the gap without crossing
it. Also for higher magnetic fields (10 to 20 mT, small gap) a zero bias peak appears, which could
be attributed to the Kondo peak due to normal lead [61]. For even higher magnetic fields (from
20 mT), the superconductivity is destroyed in the aluminium electrodes and also the resulting
Kondo peak is being Zeeman split. In our calculations we will not address effects concerning the
Kondo effect due to the normal lead, and we will not include the magnetic field dependence of the
superconducting gap.

7.2 Classical spin

1 11
fren wp
|A Al
0.5
l T
0 X 0.5
1/: 2 3 g 4
05
T 1
V14 w?
1 : " 1‘ ; T 5
(a)w=05¢=0 B=0 (b) '

Figure 7.4: (a) Sub-gap state energy dependence on the coupling. The blue curve denotes spin T
state and the red curve denotes spin |. When the exchange coupling is anti-ferromagnetic g > 0 and

small ¢ < V1 + w? then the ground-state contains quasiparticle with spin 1 and for larger couplings

¢ > V1 +w? it switches to spin |. (b) The corresponding sub-gap excitation spectrum. The potential
scattering value is w = 0.5.

We start by discussing the case of a classical spin, which corresponds to simplifying the exchange
Hamiltonian (6.24) to a spin-dependent potential scattering term for conduction electrons:

1 _ t t
H]C - Z JaraS (Ca’k’TcakT - Ca’k’lcaki)' (7‘1)
a’k’,ak

In this case the problem can be diagonalized exactly by using the Bogoliubov-de Gennes transfor-
mation

Vo = Z (Ana,ﬁqcﬁqa + aBna,ﬁqCE,_q5)~ (7.2)
Pa

Here we denoted the lead index by the label f and the momentum by the label q. The equations for
the expansion coefficients A,; gq and B,,; gq are generated by requiring the following commutator

[H, yna] = _Enaynoi (7‘3)
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where E,; is the quasiparticle energy with included H]Cl and Hy terms. The equations for coeffi-
cients A and B are generated by taking the commutators

[H,cp, ] = —¢€pocy, + UAabCibg‘ - Z(Wba +0JpaS)Cosr  €po =Ep+ 0B, (7.4a)
a

[H, cza] = €boCZg —0N C st Z(Wub + o]abS)c;rU, (7.4b)

a
which after using transformation (7.2) and commutator (7.3) give

[H, 7/11(7] =-Euqy (Ancr,bcbg + O-Bna,bcibg)
b

= zb: [(_Ebacba + GAabCfbé )Ana,b ~Cpo ZAna,a(Wab + G]abs)] (7.5)

a
+ Z I:(g—bo‘ctb@ - 6A;bcbg)aBnU,b + Ctbg Z(W—b,—a + 6]—b,—aS)GBnU,a]'
b a

Here we used the shorthand notation b = ,q, —b = ,—q. After equating the coefficients in front of
different operators Cpqo OF c;gqg we get

Cpo * EHO‘AHO,b = EbGAHO,b - A:;ancr,b + ZAna,a(Wub + U]abs)' (7-6a)
a

Cjbé : EnaBna,b = _g—bﬁBna,b - AobAna,b - Z(W—b,—a + O_']—b,—aS)Bna,a- (7-6b)

a

We see that we get two independent sets of equations, i.e., one set for coefficients Ay, By and one set
for coefficients A}, B|:

Encf — Epo A;b )(Abc,n) — ( Za(Wab + UJabS)AaU,n (7'7)
Aab Ena t & ps Bbo,n - Za(w—b,—a - G]—b,—uS)Baa,n ’

Solving the above equations for A and B we obtain the following integral equations

- Y o ) * —_— ,
(Ena"'é qa)z k(waﬁ+6]aﬁS)Ana ak+Alg Zak(wﬁa G]ﬁaS)Bna ak

Ayo pg=— , (7.8a)
"o éqaé—qc‘r + |A/S|2 + (éqa - 5—q6)EmT - E%O’
_ (Ena - ‘Sqa) Zak(wﬁa - U]ﬁaS)Bna,ak + Aﬁ Zak(waﬁ + G]aﬁS)Ana,ak (7 Sb)
no, - . .
Fa ‘Sqo ‘S—qé + |Aﬁ|2 + ('Sqa - ‘S—qa‘)Eno - E7210
By integrating the above Egs. (7.8) over q we get
1+ fnUEZ]:GQnU fnUCEILiQnU fnoe_.iquCL:]La fnoe_.i(PLCL:I’QG AnU,L
fnaCLkGQna 1 +fn0CR}{GQn0 fnoe_1¢R CR'LU fnoe_ld)k CR}ET Apo R -0 (7.9)

_fnae.i(m Céig _fnae.i(m CE_ILU 1 _fna(:l},ngT _fnUCIjiZGQ”U BHU,L
,0 ,0 -0 -0
_fnael(PR CLR _fnael(PRCRR _fnaCRL Qno 1- an’CRR Qna BHU,R

Here the assumption &g = &_q was used and the q sums were performed using a flat density of

states approximation, i.e., Zq... — Vg J_DD dé..., where the bands in the left and right leads are
assumed to be symmetric & € [-D, D]. Also we have set the amplitudes of the gaps in the left and
the right lead to be equal |Ar| = |Ag| = |A|. Lastly, the following notation was introduced:

B
Qm:Em—agC; , (7.10)
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0
Waa' = TVEWqas Saa’ = TCVF]aa’SJ Caa’ =Waa' 0800 (7~11)

Ana,ﬁ = ZAna,ﬁq: Bna,ﬁ = ZBno',ﬁqx (7.12)
q q

t __D
. l fD ds ) 3a1rc an( '—|A|Z—Qﬁ5)

T

D EXHIAR-QZ, T \JAR-Q2, (7.13)
1
~———o-\, for D>|A| |Q,.]<|Al

ViaE=aQ2,’

By taking the determinant of the matrix in (7.9) we obtain the secular equation, that can be
solved to yield sub-gap states, i.e., solutions |Q,,;| <|A|. When the couplings have the structure
described by Eq. (6.26), the resulting secular equation is

1+2g0f,Qp0 + u(l - f5 Sin2(29)sin2% =0, (7.14)
u=w’-g%> ¢=¢.—Pp

which can be solved analytically to give the following sub-gap states

T+u)(1+xu)+2g2+2g9g%2+u(l—x)(1+xu
QM:GC%\/( )1+ 20)-+ 22 2 2g? + u(1 = 2)(1 + x1)

, 7.15

(1+u)?+4g? (7.15)
where

x =1-sin?(26)sin? % (7.16a)

c, =sgn(u), c_=-sgn(l+yxu), (7.16b)

and g > 0 was assumed. For g < 0 the above result holds with interchanged spins. From Eqgs. (7.21)
and (7.15) we see that there can be up to four sub-gap solutions.

In the rest of this section we will examine the sub-gap excitation spectrum dependence on
the coupling strengths and phase difference for B = 0 case (Q,,, = E,,;). We define the excitation
spectrum w,, of the system as the energy differences between the ground-state |GS), which has all
quasiparticle states filled with negative energy E,, < 0, and the excited state |[ES), which has an
additional quasiparticle at positive energy E,,; > 0:

wp = Egs—Egs, [ES)=71,IGS), E,y>0. (7.17)

Of course there are also sub-gap excitations corresponding to removed quasiparticles from the
ground state |[ES) = y,,,|GS), however, we will specify the excitation spectrum only for added
quasiparticles. When there is no phase difference ¢ = 0 from Eq. (7.15) we obtain the following
energies for two sub-gap states when considering anti-ferromagnetic coupling:

1+w? - g2
Y +twl-g?)2+4g7

EYSR,O‘ =—0o|A| g>0. (7.18)

This is the result obtained by Yu-Shiba-Rusinov [71-73]. The energy dependence of the two states
on the coupling is shown in Figure 7.4a and the corresponding excitation spectrum is shown in
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Figure 7.5: (a) When there is no exchange coupling g = 0, the sub-gap excitation is spin degenerate
Andreev bound state. If potential scattering is increased the excitation approaches zero energy at
¢ = 7 (w — +o0 corresponds to transmission 7 = 1). (b) The presence of exchange coupling g < |w|
splits the Andreev bound state. In the plot anti-ferromagnetic g > 0 coupling is considered and
w = 2.0.

Figure 7.4b. For values g < V1 + w? of the exchange coupling the sub-gap excitation is an added
quasiparticle with spin | and for g > V1 + w? the excited quasiparticle changes to spin 7.

In the case when there is no exchange coupling ¢ = 0 we obtain the usual expression for the
Andreev bound state [94-98]:

[ 2 ain2
26
Ex i =20|Aly/1- Tsin? %, T= %’ (7.19)

where 7 is the normal state transmission of the junction. The dependence of the Andreev bound
state on phase difference is shown in Figure 7.5a. We see that the sub-gap states are spin-degenerate,
and if a small exchange coupling ¢ < |w| is introduced they are split by

glwl 1-x

. 7.20
1+w?2 YV 1+w? ( )

E: s~ Exso+0lAl

which is shown in Figure 7.5b. When g > |w| the phase difference dependence of the excitation
spectrum from Eq. (7.15) is shown in Figure 7.6. We see that for finite phase difference two added
quasiparticle sub-gap excitations are present. The crossing of two excited states at ¢ = 7 is lifted
by potential scattering w or coupling asymmetry.

For arbitrary couplings g,,- and w,, it is not possible to write down a simple closed form
solution, so we find sub-gap states perturbatively in the couplings:

Q.o roclAl(1-12 ) (7.21)

where ¢, = —sgn(1, ; +) with
1
Nelo,x = % (811 + 8RR * &ela]

e = [(s12 ~ grr)? + gl cos” & + dhwyl?sin? 2 (722)
1

. . 2
—4olgirllwirlsin(Pg = py)sing |,



QuaNTUM TRANSPORT 65

Increasing g
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Figure 7.6: The excitation spectrum dependence on the phase difference for B =0 and g > |w|. The
dashed lines represent excitation spectrum when potential scattering w = 0.5 is included and the
dotted lines show the situation when coupling asymmetry 6 = 7t/3 is present.

and gigr = gp; = |gLR|ei¢g, WIR = Wpp = lwirle!®v. From Eq. (7.22) we see that there are four
sub-gap states (two added quasiparticle excitations) if the couplings have arbitrary form even at
phase difference ¢ = 0. This corresponds to two channels, which contribute to the sub-gap state
formation, i.e., the matrix g,,  has two non-zero eigenvalues. Reverting to an Anderson model, one
has ng = g11.9rRr, Which implies that

Tel,x = %E(gi\/gzwwz(l—x))- (7.23)

7.3 Quantum spin

In this section we obtain the sub-gap state energies perturbatively in the couplings for the case of
the quantum spin. We start by presenting a simplified calculation for the case with no potential
scattering term Hy = 0 (6.17c) and magnetic field B = 0. The exchange Hamiltonian (6.17b) for
low energies gets simplified to

Hy~ 2 S (1€t
2 a’k’ak

(7.24)
t + t -t _ +
X [Sz(ya’k’TyakT - Va’k’lyaki) + S+7/a’k’l7/akT +5 ya’k’Tyakl] - Z llbk’MlPk’
k’k

where the pairing-like terms y;r,T)/;ri and y .y, were neglected and we have set uy ~ v = %,
because the energy dependence of the uy, v factors is necessary only for higher order corrections
for the sub-gap state energies. Also the following spinor 1y and matrix M were introduced

Py = (VZkT'V;;kT' VZki’ Vlgkl)’ (7.25)
§* S§* Jio Jrie?
M= S~ S§* 2 I 2 =M ®@M,. (7.26)
- ]LR 5 JRR

We note that the matrix M, represents the spin space of conduction electrons and M, represents the
lead space. The above effective Hamiltonian (7.24) corresponds to Yosida’s wavefunction ansatz [99,
100] with one included quasiparticle, which is described in Appendix D.1. First the Yosida’s method
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was applied by Soda-Matsuura-Nagaoka [74] for a quantum magnetic impurity problem in the
superconductor. Because the Hamiltonian (7.24) is written in the excitation basis (y,, ,0)=0, with
|0) being the BCS vacuum state) it can be diagonalized exactly. After diagonalizing the lead space

matrix M; we obtain two decoupled channels 6 = 1,2

i +1 Fi
Vike = V1ko +be ¢ Y Rko”

Yoko = VRko ~ befi%hka'

where ¢g = P/2+ Pg, J1r = rle'%s, and

Yy Ji=JrrY\ o (1, Ji—Jrr
S TN TP

The corresponding eigenvalues for two channels are

1

Jij2= E(ILL +Jrr £ J4),

Ja = \/(]LL ~Jrr)” + 4l r|? cos? %
The eigenstates of the spin matrix

ol T Moo 1) Neoo Ty Nowo )
1

! 0 0 0
_ 0 -1 1 0
Ms = 0 1 -1 0
0 0 0 3
are the singlet
1 3
|S = —= |T I\L _lxl/ ;T )I /\ = -
5k) \/E( o4~ Nsio T) s=-5
and triplet like solutions
0 1
I Tsi) = —=(Ts1 L) + s T),

V2
_ 1
T30 =1Tsi Ty 1T =Hewo L) Ar = >
Here Ag,r denotes corresponding eigenvalue and

|05k ) = Vi1, 10)s), with SZ[s) = s/2s).

Using the above basis |Sgi) and |T6jk) (7.29) we obtain

Hig+ Hy = 3 B (IS0l + S TANTL)

ok

3 1 ' '
=5 D JelSsre XSl + 5 D JolTh X Tl

sk’k jok’k

(7.27a)

(7.27b)

(7.27¢)

(7.28)

(7.29a)

(7.29b)

(7.30)

(7.31)
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To get the sub-gap state from the above Hamiltonian (7.31) we make the linear superposition

|Sé> = ZA6q|Séq>r (7.32)
q

and solve the stationary Schrodinger equation
(HLR+H]_ES(5)|56>:0' (733)
For the triplet components

T =) AslThy =02 (7.34)
q

the procedure is completely analogous. After projecting Eq. (7.33) to (Ss,| (or (Téjl) we obtain

3]' Z Aéq
sk = 70# - 1=3glg,, (7.35a)
. J Z A
Aéx = 2OE _ES - 1= _gO'IESO,I (735b)

where after the arrow we have integrated over x and defined g5 = mvp/s/2. The necessary integral
I in (7.35) for sub-gap states |E| < |A| and large bandwidth D > |A| becomes

(7.36)

1 + L arcsin i)
Ip=——

E TWVE ‘ A|2
Similar integrals are performed more explicitly in Appendix D.1. By parameterizing the energy as

~|Al(1-17?), (7.37)

we expand the integral (7.36) to lowest order in

S

IE =~ y (7.38)

Il

and obtain a perturbative solution to lowest order in g

1~3V2 3 for singlet,
175, g g (7.39)

17, ~ ~V2gs, for triplet.

We see that there exists a singlet like solution if the effective channel exchange coupling is anti-
ferromagnetic g5 > 0 and the triplet like solution if the coupling is ferromagnetic gs < 0. For the
triplet the above result (7.39) matches the excitation energy obtained from perturbative classical
spin expression (7.21) when § = 5, and for the singlet it matches (7.21) if in the classical expression
the coupling is replaced by gm, — 32,4 - If the potential scattering term Hyy (6.17c¢) is included
the previous statement is not affected (see Appendix D.1), however, such a term mixes the 0 =1, 2
channels.
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In the presence of a magnetic field the Zeeman term is expressed in the singlet/triplet basis as

=—BZ(|sak><T£k|+| SO(Saxl)
+BZ(| Do = I T (Tl ) (7.40)

+ &2 Iy D11 1D D),

where
- B _ B
B= E(gi _gce)f B= E(gi +gce)- (7-41)

Here the last term represents Zeeman splitting of the ground-state doublet |D,) = |0)|s). The
sub-gap states |Tb-i) are the eigenstates of Hg, and for g; # g.. the singlet |Ss) and the triplet |T60> get
mixed, so the new eigenstate is

ls) = > (a5q1S5q) + bsql Tsy))» (7.42)
q

which after projecting the stationary Schrodinger equation
(HLR+HB+H]_E)|¢6>: 0 (743)

to sub-space spanned by (Ss,| and (Téokl we obtain the equations

(E"_EE EfE)( ) 152(321;), (7.44)

which yield .
3(E,—E)a—Bb

" (E.~EP-B

—(E,—E)b+3Ba
(EK - E)Z - BZ .

Here we introduced the notation a =), ay, b = >} bx. We rewrite the coefficients in Eq. (7.45) as

K

(7.45)

bK:]5

SPle 5) (5 )
a,==2|3 — + — |a— — — b|,
2|°\E.—(E+B) E.—(E-B) E.—(E+B) E.—(E-B)

(7.46)
Js ( 1 1 1 1 )
«==- — + —|b+3 — — — la|,
2| \E,—-(E+B) E,.-(E-B) E.—(E+B) E,.-(E-B)
and by integrating Eqgs. (7.46) over k we obtain the following secular equation
3 c s
1 —3&%[1&3 +Ip gl 3 [IE+B Iegl |_y (7.47)
~B g —-Ipp] 1+%5pp+1 gl
We start by examining Eq. (7.47) in the small magnetic field limit, i.e., |B| < |gé |.
parameterize the energy as before
E; = |Al(1 - 2 — 2, E 7.48
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and from Eq. (7.47) to lowest order in 1, we get
a1~ V2gs(1, +11-) - 687 =0, (7.49)

which after expanding 7. to lowest order in E/(iﬁIAl) yields

= o\ 2
B
i~ 2V2gn? - o6 - 555 ) =0 (7.50)

Finally, from the above Eq. (7.50) we obtain the perturbative solutions

3 B?

|775,l| =~ 3\680(1 + E4—2), singlet like,
’753|A|

v (7.51)

70,1l ~ —\/§g5(1 , triplet like.

16 117 1A]2 )

We see that the energy of the sub-gap state decreases quadratically in B for small magnetic field. In
the high magnetic field limit, i.e., |B| > |g§A|, from Eq. (7.47) to lowest order in g5 we obtain the
solution

Ey=IAl(1-42)-B, |l = V2gs. (7.52)

The above result (7.52) corresponds to neglected off-diagonal terms in the spin matrix (7.28). For
arbitrary magnetic field the perturbative solution in gs is obtained by solving Eq. (7.49) numerically.

Now we examine the sub-gap excitation spectrum when it is assumed that the magnetic field
in the superconducting leads is screened, i.e., g.. ~ 0 and B = B = g;B/2. Note that we also do not
consider closing of the superconducting gap. For positive magnetic field B > 0 the ground-state is a
doublet E| = —B and the resulting sub-gap excitations for a particular channel § are depicted in
Figure 7.7. For anti-ferromagnetic coupling g5 > 0 (Figure 7.7a) there is a singlet like excitation,
which for high magnetic fields approaches an energy consistent with the classical spin (7.21). In this
case the eigenstate is |Ts, 1) = ZqA(TSqHéq, 1), where Agk is determined by projecting the Schodinger
equation to |Ts, |) with neglected spin-flip terms S* and S~ in the exchange Hamiltonian (7.24).
For ferromagnetic coupling gs < 0 (Figure 7.7b) the excitation is a triplet, which gets split by
the magnetic field. The |T,") and |T50> components approaches the gap and crosses it, and [T} )
component does not move with B. Changing the sign of the magnetic field simply reverses all spins
in the previous discussion.

So far we have examined the excitation spectrum when a single quasi-particle is included,
i.e., the system is effectively described by the Hamiltonian (7.24). Now the question is, whether
the pairing-like terms y:,Ty;rl in (6.17b) and (6.17c) modify the perturbative result for the energy
difference between the ground-state |D;) and the sub-gap states. There is a second order energy
correction for the ground-state

2) _ ~— [I[H’IDy)I?
g -y KIRIRIE

0
A=2D, EV-E,
— Z ( _ l]a’a]aa’lLa’a - Laa’|2 _ l ]a’a]aa’lLa’a - Laa’|2 (7.53)
—~ 4 E,+E, 2E,+E;—s(g—gc.)B

_ Wa’a Waa’|La’a + Laa’|2 +2i
Ea + Ea/ Ea + Eu’

is ]a’u Wuu’ Im[Lu’aL:m'] )
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Figure 7.7: Sub-gap excitation spectrum from the ground-state doublet |[D|) when it is assumed that
the magnetic field in the superconductor is screened g.. ~ 0. (a) For anti-ferromagnetic coupling
gs > 0 the sub-gap state is singlet like state, which for high magnetic fields becomes classical spin
like state |Ts,1). (b) For ferromagnetic coupling g5 < 0 the sub-gap state is a triplet. The |T") and
|T50> components approaches the gap and crosses it, and |T; ) component does not move with B.

where |I) are all possible intermediate states and H’ = H; + Hy. However, such a term gets
canceled for the energy difference, because the sub-gap states get the same second-order shift when
three quasiparticles are included in the wavefunction ansatz (see Appendix D.2). The Yosida’s
wavefunction ansatz generates a well defined perturbative expansion in the couplings g, w for the
energy differences. Also with the included three quasiparticles a higher order correction Eq. (D.30)
for the energy difference is found, which contains leading-logarithmic contribution In %. These
logarithms can be resummed using the usual poor man’s scaling approach [see Eq. (D.31)-(D.33)],

which yields the running coupling ¢g* = , with T = De s being the Kondo temperature,

T
4In(D/Tx)
and D* > |A|. The expression of ¢* shows that the perturbative expansion is valid only when the

Kondo temperature is much smaller than the superconducting gap Tx < |A|.



Chapter 8

Supercurrent

The supercurrent js is a dissipationless current flowing in the superconductor if there is an
order parameter phase ¢(r) gradient, i.e., j¢ ~ V¢(r). In this chapter we examine a type of the
supercurrent due to the Josephson effect [101], which arises in two superconductors, which have a
phase difference between them ¢ = ¢; — ¢y, coupled by a weak link. This phenomenon appears in
the SDS junctions (see Figure 6.1). Various measurements of the supercurrent through Coulomb
blockaded quantum dots [102-105] have shown that odd-occupied spin degenerate quantum dots
may lead to a negative (m-phase) supercurrent. Also a supercurrent sign-reversal, i.e. a ©—0
transition, has been shown to take place, when moving the gate voltage from odd occupancy
(moving away particle-hole symmetric point), or when increasing the ratio Tx/|A|. This observation
is consistent with a number of theoretical predictions [106-115]. Here we examine the relation
between the sub-gap states and the supercurrent, and present the phase diagram for SDS junction.

At zero temperature T = 0 the supercurrent is generally given as the ground-state energy
Egs derivative with respect to the phase difference ¢ = ¢; — ¢pr between two superconducting

3
w 0.
I
w = 2 —sec?(20 i
5 ! g — sec?(20) i
w=+/g%2—-1 0.
w=g
.
0 0.2
s m 0 0
0 O '
0 1 2 g 3

Figure 8.1: (a) Phase diagram as a function of couplings ¢ and w for a junction with a classical
spin. The coupling asymmetry is 6 = 77/3. The transition from 7’ to 0’ for w = 0 is denoted by a

circle and is given by g = f(60), where f(0) = [1/2{sin2(29) +4/4+ sin4(26)]]1/2. When there is no
coupling asymmetry 0 = 1t/4 for ¢ > w the junction never goes to 0-junction for increasing g. (b)
Phase diagram when the couplings are parameterized by Eq. (6.26¢), where I = vg(t7 + tf{), and the
dimensionless level position (gate voltage) x is given by Eq. (6.13).
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Figure 8.2: Examples of supercurrent for different junctions with a classical spin. Potential
scattering is set to w = 0. The values of other parameters are g =2.5, 0 =1.15 for 0, g =2.5, 0 = /4
for 0’, g =1.25, 0 = 7t/4 for i/, and g = 0.6, 6 = 7t/4 for m-junction.

leads [116], i.e.,

op -
The above relation Eq. (8.1) for the considered model can be obtained by performing gauge
transformation for the conduction electrons,,

Is(p)=2 (8.1)

— e (8.2)

Cako o

which transfers the phase difference from the Hamiltonian Hyg into Hy + Hj, i.e.,

Joww  — ]aafei(¢“_¢“’)/2

. 8.3
Waa/ —> Waa,el((i)a_(i)a’)/z. ( )
Then the current operator can be expressed as
A . 1 a(HW +H )
Is(¢) =i[Hw + Hj, N1 | = E—aq[) L (8.4)

where N; ="y c{kUchG is the particle number operator in the left lead. By using the relation
(8.4) and the Hellmann-Feynman theorem

JEGs
2 I

we obtain the supercurrent expression (8.1). For the case of a junction with a classical spin the
supercurrent can also be found by using the sub-gap excitation spectrum as [98]

(GSl |Gs> (8.5)

dw _dIE,| dIE_|
1 p T—0
s = Zta‘nh(zT) = & dg’ (8.6)



QuaNTUM TRANSPORT 73

where after the second equality in Eq. (8.6) we have used the zero temperature limit, and E, is
given by Eq. (7.15) for B =0. To lowest order in g and w the expression (8.6) yields

1§ ~ (|A)/2) sin?(20) (w? - g)sin ¢. (8.7)

From Egs. (8.1) and (8.6) we see that the phase ¢ dependent part of the ground state is
1
Egs :—E(|E+|+|E_|)+const. (8.8)

If the ground state energy has one global minimum at ¢ = 0, then the junction is classified as
0-junction, and the supercurrent is a continuous function of ¢, has a positive slope at ¢ = 0,
and negative slope at ¢ = 7. When the global minimum is at @ we have a -junction. Then the
supercurrent is a continuous function of ¢, has a negative slope at 0, and a positive slope at 7. The
situation when there are minima at both phases 0 and 7 can also arise. If 0 corresponds to a global
minimum and 7t to a local minimum, then the junction is called 0’-junction. For 7t being a global
minimum and 0 being a local minimum the junction is called 7t’-junction. In both previous cases
the supercurrent is a discontinuous function [with one discontinuity in the interval ¢ € (0, 7t) and
one in the interval ¢ € (7, 27r)] and it has positive slopes at 0 and 7t. This discontinuous behavior of
the supercurrent is directly related to the sub-gap states crossing the zero energy and changing
their spin as can be seen from Figure 7.6b,c. The resulting phase diagram as a function of couplings
w and g is depicted in Figure 8.1, and examples of the supercurrent for different junctions is shown
in Figure 8.2.

For a junction with a quantum spin we can calculate the supercurrent perturbatively from Eq.
(7.53). For B> 0 the ground state is [D|) and we have

~ 2|Alsin®(26) [(w? - g?) F(0) - 2g*F(B)]sin ¢, (8.9)
where a1
UK Vk Uk’ VK’ D>|A
—, F(0) = -, 8.10
|A|T[ V%%;Ek+Ekr+B ( ) 4 ( )

and we also used Eq. (6.26) form of the coupling. When there is no magnetic field the supercurrent
becomes
Is ~ (|Al/2)sin?(26) (w” - 3¢ )sin ¢. (8.11)

We see that this result is not given by the dispersion of the sub-gap states, i.e.,

dIE | %sm (29)(w2 - 9g2)sinq{>, g>0,

Z Al (8.12)

7811’1 (29)(14/2 —gz)sin ¢, g<Oo.

as in the case of a classical spin Eq. (8.6). For the coupling derived from the Anderson model we
have g > |w| and in this case the junction is always 7 for perturbative values of g and w. When the
magnetic field is present and |B| < |A| we have
F(B)-F(0) =~ 5 (8.13)
T 2m2IAf '
From Eq. (8.9) we see that when B > 0 the supercurrent |I5| decreases for a 7t-junction and increases
for a 0-junction, and vice versa for B < 0. We note that B can become negative for positive B when

8ce > &i-
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Conclusions for Part 11

The second part of the thesis is dedicated to the examination of the sub-gap states and corresponding
excitation spectrum for spin coupled to two superconducting leads, which have a phase difference
¢. The interaction between spin and conduction electrons is described by a Kondo model. Because
of the two leads, there can be up to two interaction channels between conduction electrons and spin,
which result in four sub-gap excitations (two quasiparticle like ¥, and two quasihole like ¥,,,). If
the Kondo model is derived from Anderson’s model, at zero phase difference ¢ = 0 there is only one
channel, and thus two sub-gap states. However, at finite phase difference the problem effectively
becomes two channel, and four sub-gap states appear. If the spin is assumed to be classical the
Kondo interaction effectively becomes spin dependent potential scattering for conduction electrons
and the problem can be solved exactly [Eq. (7.15)]. For the quantum spin case a perturbative result
in couplings ¢ and w can be obtained using Yosida’s wavefunction ansatz. The analysis is valid
when the ground-state is one of the doublet |D;) components and when the Kondo temperature is
much larger then the superconducting gap Ty < |A|. If the potential scattering w and the magnetic
field B are neglected, then for effective channel exchange coupling gs > 0 the sub-gap states are
singlets |Ss) and for g5 < 0 the states are triplets |Tb—0’i>. Perturbatively, the energy of the triplet

state |TO-O’i> matches the classical result (7.21) and for the singlet state it matches if the exchange
coupling in the classical expression is replaced by g,, — 3844’ The inclusion of the magnetic
field mixes the singlet |S;) and the triplet |T)) if the g-factors of the spin and conduction electrons
are different, i.e., g # g.. Assuming that the magnetic field is screened in the superconducting
leads g . ~ 0, this mixing results in the transition energy from the ground-state doublet |D|) (B > 0)
to the singlet |Ss) approaching classical value for high magnetic field B > gglAl. For the triplet
|Tbo) the transition energy approaches the gap value |A|. Because of the phase difference ¢ there
is a supercurrent running through the junction. In the case of a classical spin it can be directly
related to the sub-gap excitation spectrum, which can be calculated exactly. The phase diagram
as a function of exchange g and potential scattering w is shown in Figure 8.1. For the quantum
spin case the supercurrent is obtained perturbatively and it is found that there is no direct relation
between supercurrent and the sub-gap excitation spectrum. Also, if the Kondo model is derived
from Anderson’s model (g > |w|), the perturbative expression (8.9) always will yield a t-junction
behavior.



Part 111

Designing 7t-stacked molecules as
phonon insulators
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Chapter 9

Molecular junctions as thermoelectric devices

Z
(331, Y1, Zl) K y

@b iy
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Figure 9.1: a) An effective description of the center of mass vibrational degrees of freedom in the
system as two large masses M; and M;, which have coordinates (x;,v;,x1) and (x,,v,,2,), coupled
to each other by a spring K; and to the leads by springs K;; and K. The substrate is modelled as an
elastic continuum described by the displacement vector u(r, t). T; and Ti denote the temperatures
of the left and the right lead, respectively. b) A schematic diagram of a junction consisting of two
nt-stacked 2-phenylethyne-1-thiol molecules, which are coupled to the gold (Au) electrodes.

Au

In this third part of the thesis we are concerned with the performance of molecular junctions
(see Figure 9.1) used as thermoelectric devices, in which a temperature gradient is used to produce
an electrical current or voltage. Recent studies showed that such devices give a large thermoelectric
effect because of sharp electronic resonances appearing due to molecular orbitals [117, 118] or due
to interference effects [119, 120]. At the same time, it has been argued that molecular junctions
should have a very small phonon contribution to the heat conductance because, in small molecules,
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the quantized molecular vibrational modes have frequencies above the Debye frequency of the
electrodes, preventing phonons from being transported from the hot to the cold electrode via the
molecule. However, this argument does not take into account that when a molecule is bonded
between two electrodes, additional vibrational modes appear which are associated with center
of mass motion of the entire molecule [121]. Since the mass of the entire molecule is very large
compared to that of individual atoms, these modes have a low frequency, well inside the band of
acoustic phonons in the electrodes, and might be detrimental for the thermoelectric performance.

So we propose a simple mechanism to reduce thermal conductance of the molecular junction due
to center of mass vibrational modes. We call such a thermal conductance the phonon conductance.
The idea is to have a system effectively consisting of two large masses M; and M, coupled by the
spring K to each other and by springs K;, Ky to the leads as shown in Figure 9.1a. When the spring
constant between the masses is weak the phonon conductance is reduced compared to the situation
with a single mass in the junction M = M; + M,. For thermoelectric purposes the molecule should
also maintain the electrical conductivity. As a possible realization of such a system having such
properties we consider 7t-stacked molecules in the junction as depicted in Figure 9.1b. Here by
nt-stacking we mean attractive, noncovalent interactions between aromatic rings, which in the case
of Figure 9.1b are two sandwiched benzene rings [122].

9.1 The model

We describe the vibrational degrees of freedom in a molecule and the coupling to the leads using
the harmonic approximation and it is assumed that the molecule couples to a particular lead
only at a single point (x,,v,,2,), with @ = L,R. So the system under consideration is a junction
consisting of two leads described by vibrational modes of a continuum and a molecule (middle
region) described by harmonic oscillators. The Hamiltonian for the vibrational degrees of the
system is

H:HO+V, (91&)
p?
HO:Zﬁ+HL+HR, i=x,92 m=1,2, (9.1b)
i,m
Hy =Y hwayah,as, a=LR, (9.1¢)
v
1 2 1 2
V=2 D K (i = 1)+ 2> Kiira (01 = e (1), (9.1d)
it’mm’ ii’mar

where r,,, = (X, Vi, 2,) are the coordinates of the mass M,,;; p,, is the corresponding momentum;
Ujra(r) = ujy(r,0) is the displacement vector in the lead a at time t = 0; Kj,, j,y are the spring
constants between masses and Kj,, ;o (r) are the couplings to the leads. The operator al, creates
a vibrational mode v in the lead a with energy hw,,, and it satisfies the canonical commutation
relation [aav,a:(,v,] = 0440y, The description of elastic continuum modes and quantization of
displacement vector u,(r, t) is given in Chapter 10. For the system depicted in Figure 9.1a we have
the following non-zero couplings

Ki1i2 =Kini1 =K;,  Kjip(r) = Kjpd(r—rp), Kipir(r) = Kigd(r —1p), (9.2)

where r, = (x,,v,,2,) denotes points of attachment of the molecules to the leads. The validity of the
approximation that the molecule couples to a single point of the lead is discussed in Appendix F.2.
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We transform the coordinates into mass weighted coordinates, i.e.,
T
rn - \/]\714—’ pTZ - pn VMH’
! (9.3)

Upg
ug  — Mﬁ' g o T [Mp,

where we have introduced the following shorthand notation n =i,m, g =i’,a,r for the labels and
Mp denotes the mass of the lead atoms. Then the Hamiltonian (9.1d) is rewritten in mass weighted

coordinates as 1 1
V=32 Vawratw + 52 Vg + > Vagrutgl),
nn’ B np

’

1 K ’
% :—( K, +5S K ) A g
"M, %: nn +Zﬁ: np nn M, M, n*n

Kug

1
Vi=— Kpp Vg = e,
p Mﬁ; wh TR ML M

which is more convenient for the current calculation described in Section 11.1.

(9.4)

(9.5)






Chapter 10

Eigenmodes of the leads described as elastic con-
tinuum

In this chapter we describe the eigenmodes of the leads, when there is no coupling to the molecule,
where we closely follow Ezawa [123]. The same method to describe the semiconducting leads with
a weak link between them was also applied extensively by Patton and Gellar [124-126].

10.1 General equations
The equation of motion for an elastic medium is given by
d*u;  dojj

P a2 an,

(10.1)

where p is the mass density of the medium, u; = u;(r, t) is a displacement vector component in the i
direction, x; € {x,y, 2z} denotes Cartesian coordinate, and o;; is a stress tensor given by

i - du;
%:(C’Z_Zcfz)g_z,téif”tz(%Jra_xj) (10.2)
for an isotropic medium. Note that the Einstein summation convention over all repeated indices is
implied. Here c; is the velocity of a longitudinal wave in an infinite isotropic medium (displacement
is in the direction of propagation), and c; is the velocity of a transverse wave in an infinite isotropic
medium (displacement is perpendicular to the direction of propagation). The velocities ¢; and ¢;
are given in terms of Young modulus E and Poisson ratio o as [127]

3 E(1-0)

C"\/p(1+a)(1—2a)’ (10.3)
E

Ct = m (104:)

Note that the allowed values for the coefficients are

1 4
E>0, —1<o~<5, cl>\/;ct, (10.5)

and that E, o correspond to an adiabatic measurement (constant entropy) values [127]. More
generally the stress tensor is expressed through the strain tensor u;; as

1
aij:Kukkéij+2//t(uij—§6ijukk), (1()_6)
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where the strain tensor to second order in the displacement derivatives is given as

8u1 auj 8uk8uk

9x; "% T ox; oy (10.7)

Lli]'

We consider only the harmonic approximation, i.e. no second order term in the strain tensor.
Equation (10.1) with stress tensor (10.2) can be conveniently rewritten as

82

=7 = cfViu+(cf - cf)V(V-u). (10.8)

Using Helmholtz decomposition we can represent the vector u as a sum of two components

u=u;+uy, (10.9)

which satisfy the conditions
Vxu =0, (10.10a)
V-u, =0, (10.10b)

i.e. u; is an irrotational vector field and u; is a solenoidal vector field. Taking the divergence of
both sides of the expression (10.8) and using (10.10b) we obtain the equation

V. (——cfvzul):o, (10.11a)
and using relation (10.10a) we also have to satisfy

2
V (aa—‘;—c V2u ) . (10.11b)

If the curl and the divergence of a vector vanish in all space, then the vector has to be zero identically.
So from equations (10.11) the wave equation for the longitudinal part u; is obtained:

(w—cfvz)ul:o. (10.12)

For the transversal part u; we get the equation

d%u
w(at; c?V?u ): ) (10.13a)

when taking the curl of both sides of the equation (10.8) and satisfying the relation (10.10a), and
the equation

ot?

by using the relation (10.10b). From equations (10.13) the wave equation for transversal part u; is
obtained:

2
v-(a “t—c;’-vzut):o, (10.13b)

82
(w—cfvz)ut = 0. (10.14)
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The displacement vector also can be written in terms of the scalar potential ¢ and the vector
potential 1:

u =V, (10.15a)
u, =Vxvy, with V-¢=0. (10.15b)
The potentials also satisfy the wave equations
> o2
(ﬁ_ctv )4):0, (10.16a)
32
(ﬁ—cfvz)zp:o, with V-1 =0, (10.16b)

10.2 Eigenmodes of a half space filled with an isotropic elastic medium

We want to find the eigenmodes of a half space y < 0 filled with an isotropic elastic medium, which
has a stress-free surface. For every point of a stress-free surface we have to satisfy the boundary
condition

O'ijl”l]‘ZO, (10.17)
where n is the outward normal at each point of the surface. For a half space y < 0 we have
n={0,0,1}. (10.18)

So we need to solve equation (10.8) with the boundary condition (10.17). We start by choosing
the following ansatz for the displacement vector

1 .
u(r t) = S_f(p)e LT f =L £ ) [umn)]=fE)]=L, (10.19)
where [A] denotes the dimension of the quantity A, and dimensions L, T, and M stand for length,
time, and mass dimension, respectively. For definiteness we assume w > 0. Inserting (10.19) into

equation (10.8) and the boundary condition (10.17) we obtain

. d d\ 5
[M°+M1(_la_y)+M2(_la_y) lf(y)—a) f(y), (10.20)
0
[NO +M (_18_y)]f(y) =0, fory=0, (10.21)
where
clzkz2 +c2k2 (% =)k, k, 0
(22 5 2, 212
Mo =|(c; —ci)kzky  cikg +cik; 0 , (10.22a)
0 0 (k2 +k2)
0 0 k,
Mi=(ct-c)[0 0 k| (10.22b)
k, ke 0
2 0 0
My=N=|0 ¢ 0], (10.22¢)
0 0 ¢
0 0 c?k,
No = 0 0 2k, |- (10.22d)

(C12 —2c?)k, (cl2 - 2ct2)kx 0
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We anticipate that the eigenmodes, which we label as v, will be classified using the following
quantities (“quantum numbers”)

v=(kkym), k= ik, k). (10.23)

where k is the wavevector in zx plane, k, wavevector perpendicular to the surface, and m €
{H,+,0,R} labels type of the mode, where there will be four types as discussed in forthcoming
sections.

The solutions will be normalized in the following way:

@), u) =, ] J dru® ) () = 6, [1,) [, u)] =1, (10.24)

where 0, denotes Dirac delta function for continuous variables and Kroenecker delta for discrete
variables. The quantity [x, ] denotes particular dimension depending on whether v contains
discrete or continuous labels. Note that

[u(r, )] = [u®)(r)]. (10.25)
The normalization condition (10.24) can be written more explicitly as
) 0 0
() ek, m)y [Xm]%f dzei(k;—kz)z%J- dxei(k;c—kx)xf dy K)ok )
_‘x(’) e e (10.26)
=Lt | dpt S ) = s i)

and we get
0
(£, gl f dyf" 5 ()R () = St kS, (10.27)
Here 1
u”(r) = u®km(r) = Zf(k’k}"m)(z)ei(kZ“kxx), k = {k, k), (10.28)

and (A, B) denotes the inner product in the whole space, and (A, B) in y direction. We have the

following dimensions of ulokym) gloky,m) onq (Xm]:
[ulkkom] = [k 21, [, ]=L2 for m=H,z,0, 09
[u(k,kR,R)] — [f(k;leR)] = s [xr] = L3, for m=R, .

where the first line is the dimensions for the modes with continuous k, and the second line for the
modes with discrete k,. For some of the derivations we will use the potentials ¢ and . In analogy
with (10.19) we use the following ansatz

1

P(r 1) = ——fy(p)eltshomet), (10.30a)
P(r,t) = %flp(y)ei‘kzz*k""‘“’”, (10.30b)
and we find that f is expressed in terms of f; and £, as
fz =ik, ¢+ikxf¢y—;—yf¢x' (10.31a)
fx =ikefy + dd—yf% —ik;fy,, (10.31b)

d . .
f}? = @f(l) + lszlPx — lkxflljz' (103]‘C)
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Inserting the potentials into the wave equations (10.16) we obtain

(92
c? [k§+k§-a—yz]f¢ =@’ fy, (10.32a)
2
c? k§+k§—;—y2]f¢ = w’fy, (10.32b)
ik, fy, +ikyfy, + a% fy, =0, (10.32c¢)

and from the boundary condition (10.21) we get

. A% .
[’C0+K1 (_18_y)+}c2 (— 8_3/) }F:O, fory=0, with F:{f¢,f¢z,f¢x,f%}, (10.33)
where
0 —?k,k, k20
Ko = 0 —c2k2  c*kk, O], (10.34a)
(c —2cf) (k2 +k2) 0 0 0
2¢¢k, 0 0  c’k,
K1 =|2c2k, 0 0 —c’k,|, (10.34b)
0 —2c’ky 2c%k, 0
0 0 -2 0
K,=[{0o ¢ 0 ol (10.34c)
¢ 0 0 0

We will perform calculations and will find the modes, where z and x axes are rotated such that
the vector k gets transformed into

k={k, k) — ({0}, withx=+kZ+k2 (10.35)

10.2.1 SH-mode, m=H

For this mode we set f, = f, = 0, and then the wave is polarized both to the direction of k = {, 0}
and the y-axis, i.e. we get shear wave with horizontal polarization (SH-mode), which we label as

m=H. (10.36)

For this polarization the equation of motion (10.20) and the boundary condition (10.21) reads as

2
cf;—yz+w2—cf1<2)fx:0, (10.37a)
01— (10.37b)
dy =0

As always for linear differential equation with constant coefficients we guess solution of the form
e*s¥, which yields the following characteristic equation for (10.37a)

—ct2k§+cu2—c,521<2 =0 - w :ct1/k§+1<2. (10.38)
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Then we construct the following general solution
2f, = Aef¥ + Be MY f, = Acos(kgy), kg >0, (10.39)

where after the arrow we have satisfied the boundary condition (10.37b), which requires A = B. We
see that kg has to be real, because if kg is imaginary then the above solution grows exponentially in
y direction, which is not physical.

Now we normalize the solution (10.39) using condition (10.27)

2
|A|2f dycos(kﬁy)cos(kﬂy) |2|J- dycos(kﬁy)cos(kﬁy)

2 , . .
_ %J‘ dy (e ik kg | ilki—kp)y  omilky—ky)y +e—l(kﬁ+kﬁ)y) (10.40)
_ AP 2
5 ——olkg—kg) — A= o
We note that terms with e**4*¥)¥ vanish, because ké and kz always have the same sign. So we get

the final expression for the SH-mode

ks, ke, (ic,kg,H) 2
fz =fy =0, fo ’ :\/;cos(kﬁy), m=H. (10.41)

10.2.2 Mixed P-SV mode, m =+

We proceed with the calculation using the potentials ¢ and 1, and the corresponding equations of
motion (10.32). In the coordinate system where k = {x, 0} we get that f;, with f,, gets decoupled
from f, with fll)y' i.e. equation of motion (10.32) and the boundary condition (10.33) simplifies to

dZ
cf [KZ - d_yZ] fo., =@ fy., (10.42a)
. d
1Kfll)z + @f% = O, (104:2]3)
od d?
IK@fl,by — d—yzfll,z = 0, at y =0. (1042C)
and
c? 1<2—d—2 fp = w*f, (10.43a)
! dy? ¢~ ¢ :
d2
i [ - d_yz]f% =@y (10.43b)
.od d?
K2 %—2m@f¢+d—y2f% =0, aty=0, (10.43c)
2 2\,.2 2. d 2 d?
(¢ = 2c)x f¢ —2c; 1K@f¢x - _dyzfd) =0, aty=0. (10.43d)

Solution of equations (10.42) corresponds to the SH-mode, when f, = f, =0 — f, = f, =0. For
mixed P — SV mode (as also for modes in next sections) we set f, =0 — f, = f;, =0, and use the
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following ansatz for f, and f,,

fo = Aelfe? 1 Be7ikay, (10.44a)
fip, = Ce*#¥ + De K52, (10.44b)

Inserting these solutions in the equations (10.43a,b) we get

wy = i\ k2 + K2, (10.45a)
Wp = Cy /k;,?— +x2, (10.45b)

and the boundary condition (10.43c,d) gives

—2icky[A = B]+ (kj —x%)[C + D] =0, (10.46a)
(ki —x%)[A + B] + 2xkg[C - D] = 0. (10.46b)

After requiring that w, = wg we obtain

CZ
- —l]. (10.47)

There are two independent solutions for the above system of equations. We note that in this case
the wave coming from ¢ is called a P-wave (pressure wave) and the one from v a SV-wave (shear
wave with vertical polarization). Also for a mixed P — SV wave we have

2
Cc

ke, k3 >0, ko kg>0, — kﬁ>x,/—’2—1. (10.48)
Ct

As a first solution we pick a P-wave incident upon the surface

A=1, C=0, (10.49)
and from (10.46) we find
B--a D= |l (10.50)
kg

where we introduced coefficients

(k2 — x2)2 — 4x 2k k 4ic [kokg(kf—1?)
p . p

a= , b= . (10.51)
(k; —x2)? + 4%k kg (ké —x2)? +dx2kokg
So for an incident P-wave we get
f(i()K’C'P) = elkay _ geikay, (10.52a)
floeP) - Kay iy (10.52b)
¥y k : :

p
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Using the relations (10.31) we find the corresponding displacement vector f(y) for P-wave

fz(K’C’P) = iAP) i [elka? _ geikay 4 \/—kalgﬁ be_ikﬁy}, (10.53a)
K

FeeP ~ o, (10.53b)

[ . /k .
fy(K’C'P) =iAleP)y ?a (e‘k“y + ae_lkay) + k—abelkﬁy]. (10.53c¢)
B

Here we introduced the normalization constant A, which we determine from condition (10.27).
When calculating normalization constant we will need the integral

0 .
iP
1= | dpetia¥iny Loy , 10.54
J:oo ye* +q+ii7 +q +110(q) (10.54)

where 11 = +0 is positive infinitesimal, and P denotes principal part. The normalization condition
(10.27) for the P-wave (10.53) gives:

) k ,
JACEPIPr | (1% + k2) (1 +a®)5 (k) — kq) + (k kﬁ+x2k‘;)b25(kﬁ—kﬁ)]
cr\ kq ke
= AP 2| (1% + K2)(1 + a? )(Ci) k/s (k kﬁ+;<2kﬁ)b2}5(kl’g—kﬁ) (10.55)
= |A(K'C'P)|227zk—“(k2+1<2)c5(k’ ~kg) — AleP) = _k
kg P PP 21k (K3 + 1)
Here we used the identity
n o(x —x;) ) ,
o(f(x)) = o with f(x;) =0and f(x;) # 0, (10.56)
j=1 J
which yields
aka Ct 2klg N 6(k;5_k/3) €l k ’
_, —_— = —e. 75 _— . 1 .
akﬁ (cl) kg Oke = ka) |oka/dkgl  \c; kﬁ o(ks = Kg) (10.57)

We note that all the terms with a principal value cancel each other, and there were many o-functions,
which cannot be satisfied, so we have not specified them. Using the above normalization constant
the normalized displacement vector f(y) for a P-wave becomes:

fz(K’C,P) — 1 kﬁ eika}) _ ae—ika}} + kakﬁ be—ikﬁy i
27k, (1 + ké/Kz) V 2

f(K,C,P) -0, (10.58)

k K, . .
fy(K’C’P) =i P > ko (elk“y + ae_lk“y) + k—abe_lkﬁy , m=P.
27k, (1 + kﬁ/KZ) K kg

When a SV-wave is the incident wave we have

A=0, C=1, (10.59)
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and equations (10.46) yields

so the incident S V-wave becomes

/ k .
(K,C,SV) P ﬁ flka})
f. 5 = _ka be ,

f(K'C:SV) eik,;y _ ae—ikﬂy.
The corresponding displacement vector f(y) for SV-wave is

fz(K’C'SV) _AKCSY) | kﬁ
ke

(x,c,SV)

LT =0,

. kg , . )
Fpeikey _ 7P (elkﬁy + ae_lkﬁy) ,
K

[ [koks . .
fy(K,c,SV) — iA(K,c,SV)K azﬁ be_lk“y + e1kﬂy _ ae—1kﬁy ,
K

and we find the normalization constant A®¢SV) from

|AteeS V|2 [ ( )b26 +(k? +kp)(1 +a%)o (k/;—kﬁ)]

2
_|A(KCSV| [klg(k +Z_)b2(c) ka (K +k2 1+a lbk —kﬁ)
t

ﬁ

ks

= |ACSSVIP o (k] + 1?0 (ky —kg)  —  ASSY)

which yields the final expression for the SV-wave

k . kg , . .

fZ(K,c,SV) —i 1 _ —ﬁbe_lkﬂ’y _ "B (e1kﬁy 4 ae—lkﬁy) )

27m(1 + ké/xz) ka K
fx(K,c,SV) —0,

ko k . . .
fy(K,C,SV) - 1 [ azﬁ be_lk“y " elk‘g}) _ aelkﬂy], m=SV.
2/,.2 K
27(1 + kﬁ/K )

Note that the P-wave and the SV-wave are orthogonal to each other:

12 K

Kok k
(0P glesV)) g | S0B (Ko K ) s gy L+ =)otk —kp)
ke k,; G

(A k_ﬁ+_
k2 |\ x ko \er) kg kg

o(k} ~kg) =

(10.60)

(10.61a)

(10.61b)

(10.62a)

(10.62b)

(10.62¢)

(10.63)

(10.64)

(10.65)
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Having the P-wave and the SV-wave we will construct a so-called mixed P — SV wave in the

following way
fo =T\ qu o Vi o (10.66)
(kex) _ —. [ K ( ik —ik,y
f4> - k_(e “C.e )’ (10.67a)
(04

fl/()K,c,i) _ ,kﬁ (eikﬁy _ Cie—ikﬁ}))’ (10.67Db)
* B

or more explicitly

where
Co=axib, |C)f=a*+b>=1. (10.68)

The displacement vector f* for mixed P — SV mode is
1
floe®) Fif(koP) 4 gk SV) , (10.69)
v |

or more explicitly

fz(K’C f lkazz . e_lkay) ( iy 1 T e lkﬁy) )
[47(1 + k2/1<
fx(K’C, — (1070)
[kokg | . . .
fy(K,C +) _ 1 [i azﬂ (elkay + Cieflkay) + i(elkﬁy _ Cie—lkﬁy)l’ m=+.
Jam(1 + k3/x?) K

10.2.3 Mode with total reflection, m =0

In this section we examine the modes which have

2
C
k3 <0,kj>0 — o<kﬁ<1<w/—’2—1, (10.71)
Ct
2 2
:  Ct €l 2 f Ct
k, =ik, =i—4|x?| = ks, 0<k,<x,|l--=. 10.72
a 14 ¢ [Ctz :| p V4 C12 ( )

From the solution of equation (10.44) we see that we need to set A = 0, because otherwise we would
get exponentially increasing solution as y — —oco, which is unphysical. So we start with incident
SV-wave, i.e.

and define

A=0, C=1, (10.73)
and from (10.46) we find
B=-b, D=-q, (10.74)
with 2 2\2 _gin2 2_ .2
. (kﬂ —k7)" —4ikky kg . 41<k/3(kﬁ - k%) . 10.75)

(kj —K2)2 + ik, kg’ (kj = k2)2 + 4ix2ky kg
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The following potentials are obtained

fd()KrC’O) — _beky})’ (1076a)
fl;)K,C,O) _ eikﬁy _ aeiikﬂy, (10.76Db)

and the displacement vector becomes

kg .
fz(K’C’O) = —jAe0)y [bekﬂ’ + f (elkﬁy + ae_‘kﬁy) , (10.77a)
AT} (10.77b)
k ‘ ]
£ = AloeO)ye [—% behr? 1 i(efhs? — e kv (10.77¢)

In this case the normalization constant is
ACOR 7 (14 ]al?) (1 + k), — Kp)

1
_ |A(K,c,0)|22n(K2 " k;)é(k/g ~kg) - AlKe0) — ) (10.78)
27 (x2 +k§)

and we get the following final expression for a mode with total reflection

kg, . A
Fleel — 4 ! [bekVy + L (el 4 ae_lkﬁy)],
2re(1 +k3/x?) K
Fee0 2, (10.79)
k . .
fy(K’C'O) = ! [——ybekﬂ) +i(elkﬁy —ae_lkﬁy)]; m=0.
2m(1 +k/x?) K
10.2.4 Rayleigh mode, m =R
In the case of this mode we have
k2 <0, k§ <0, (10.80)
and we define
c cf
kg =ik, ka:iky:ic—; K2[C—12—1]+k,3. (10.81)
t

We need to set A = C =0 in order not to have exponentially increasing terms in (10.44), and then
set of equations (10.46) become
2ixky,B—(x*+k;)D =0, (10.82a)
(c® + k;)B + 2ikk, D = 0, (10.82b)

In order to have non-trivial solutions the determinant of this set of equations has to be equal to

zero, i.e.
(k® +k;)? = 4ic’ky k= 0, (10.83)
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which requires the wavevector k;, to be a root kg of

k3 ¢\° 1-20
4 3 2 _ : _ _R —[Zt)] —
EF+4E°+2(3-8v)E“-4(3-4v)E+1 =0, with E—KZ,V—(CI) = 21=0) (10.84)

known as the Rayleigh condition. Note that £ has to be in the interval £ €[0,1].
We set the following coefficients for the Rayleigh mode

A=0, B=1, C=0, (10.85)
which from (10.82) yields
2ixk, (10.86)
K2+ k3 .
and we get the following potentials
fioet = ek, (10.87a)
2ixk
(K,C R) _ )4 k v
— 7 MY, 10.87b
o, k2 +k? ( )

The corresponding displacement vector f(y) for the Rayleigh mode is

2k, k
fz(K’C’R) =iAeeR) [ekﬂ’ e 1 qu ek”yl , (10.88a)
n
AR =, (10.88b)
k 2xk
fy(K’C’R) = AR [—yekﬁ - —2K 72 ekﬂy]. (10.88c)
K K+ ki

Because the velocity kg is discrete for given x, we choose the mode to be normalized to 1 instead of
a o-function:

0 k2 42 2k
|A(K,C,R)|2K2J d}) {[1 + _Z)EZkyy + V4 equ}) _ 14 (ky + kr])e(ky+k’1)y:|
K

o 2+ ki 12+ kj
2,12
CaeeR2 | K +k;, k_y_ 2xk,
=lA |“% + 2| —=
2Kk7, kq x2 + k'zl
2, 42 L 2, 42 (10.89)
_ |A(K,C,R)|2K[K X +(_7_2)K * rll
ZKkV k,1 21ck,1
_ 21 .2 2
— |A(1<,C,R)|2K(k7/ kﬂ)(K kV K2k77 T Zka"l) — |A(1<,C,R)|2KK(O_) N A(K,C,R) — 1 ,
2k, ki; kK (o)
with
(ky - k,7)(1<2ky - 1<2k,7 + Zkyk,zl)
K(o) = . (10.90)

2
21<k),k,1
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Here we also used relation (10.83). The final expression for the displacement vector of Rayleigh
mode is:

fz(x,c,R) —i [ K ek Zkykn ek |,
K(o) K2+ k2
FreeR — g, (10.91)
k 2xk
(K’C’R) — L _)/ kyy — —V k,,y =R
fy K(o) - K2+k%e , m .

10.3 The complete set of eigenfunctions

The completeness of eigenfunctions is proven in [123] and here we will only state the result. Firstly,
the following completeness in a subspace of y is satisfied with any constant «:

Kkm +(1,kg,m) _ ,
Zf PR W) =60 ), (10.92)

m k/g

or more explicitly

e +(1c,k g, H)

fi(K,kaR)(y)fj*(K’kR’R)(y’) +J(; dkﬁf (ko ( )f] (})’)

K (C]/Ct)2 k ,k 0
+Jo akef; ) (10.93)

+0oo
(1c,kg,+) +(1,kg,+) (x,kg,—) +(1c,kg,—) ) )
+f dkﬁ[ﬁ- T £ T @) = 86 - 9).

x\(ci/c;)*-1

If we sum over k we get completeness in subspace zy

+00

(k) o k) L in(z-z) = L5
>y . (r') = v 8ij6(v - y)Lo dxe = S—0ij0(y - v)6(z—2). (10.94)

Kmkﬁ

i : . . «,kg,m
To obtain completeness in full half-space xyz we need to construct eigenfunctions fi( ™ for an
arbitrary direction of the wavevector k = {k,, k,}. This we obtain by rotating the coordinate plane
z’x’, where we have the wavevector k” = {x, 0}, to zx, where the wavevector becomes k = {k,, k,}

with & = vkZ + k2. This is achieved by making the transformation

(k,kg,m) (1, kg, m) (k,kg,m) 1 (k,kg,m)

= Ryjf; ) = o, (p)eilheztion), (10.95)

fi

where the rotation matrix R;; is

cos@ 0 sin6
Rl-]- = 0 1 0 |, (10.96)
—sin@ 0 cosO

and 0 is the angle of rotation around the y axis with

k, =xcosO, k,=xsinb. (10.97)
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Because the Kroenecker ¢;; is a second rank tensor and is invariant under rotations the subspace
completeness (10.92) is carried over to the new coordinate system, and we have

1 ) +00 +00 ) ,
Z ! kkﬁm kkﬁ m)(r,): (2n)26ijb(y_y,)J dk e L (z— Z)J dkxe1kx(x7x)
lom kg —o0 —eo (10.98)

=0;j0(y =9')0(z~2")o(x — x') = 6;;6(r - 1').

10.4 Quantization of eigenmodes

The equation (10.8) with the boundary condition (10.17), which we rewrite again for convenience

2
aatz =iV (cf - )V(V-u), (10.99a)
d
aijnj =0, o= p(cf 2@)3 £51]+PC (g”l +%) (10.99b)

can be formulated as a variational problem with the following Lagrangian

p vt oJu
_P(_ 10.1
L[v,u] 5 ( Dlv,u]+ J;/ dr— FTT ) (10.100)
where the following sesquilinear form was used:
) 5 ) , OV} Ju;
(D[V,u]:f dr|(c; —2ct)(V~V)*(V'u)+ct(V><V)*(V><u)+2(:ta ax (10.101)
v i

To get the equations of motion we need to use the variational principle for L{u,u]. From the above
Lagrangian we get the following Hamiltonian

ov Ju

H[v,u]= P Tu =P

Bq)[v,u]"‘ijdrﬂ:‘ﬂu, with 7, = (10.102)
v

2 2p

where 7 is the canonical momentum. Note that the energy of the eigenmode is determined from
the general relation
H[u",u")] = pwiju®™,u™)) = pwls,, [x,] (10.103)

Having the complete set of eigenfunctions (10.98) we expand the phonon field t(r, t) as

# . .
= Z [u(”)(r)e_‘wvtav + u*(V)(r)e“"VtaT,], with Wy, = ¢4 /ké +|k|2>0, (10.104)
—~ \ 2pw, P

in terms of the operators a, and a’, which satisfy the following commutation relations

[av,a:r,,] =0y, la,,a,]=0, [ai,ai,] =0, (10.105)

or more concretely
+ _ -
[ak,kﬁ’m; ak’,ké,m’] — 6m’m’bkﬁ’k% 6k’k’. (10.106)

Note that the dimensions of the quantities entering the phonon field are

X _ a7 _ - _ el B s
[a(r,t)]=L, [p]=ML™>, [h]=ML’T!, [w,]=T7", [ 2pwv]_L , (10.107)
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and for modes v with continuous ¢ we have

[zvjl = U deJdeJdkﬁ] =L73, [uW@)]=1, [a,]=LY? (10.108)

and for modes v with discrete ¢ we have

[zv:l = U deJdkx] =172, [uWY®))=L"% |[a)]=L (10.109)

The canonical momentum for the phonon field (10.104) is

A h . .
#(r,t)=p auél;, f) = —iz A/ % [u(v)(r)e_“"vtav - u*(V)(r)eletaI], (10.110)
v

and the following commutation relation is satisfied

[ﬁi(l‘,f),ﬁ]’(l’,,f)] :ihéijé(l‘—l'/), (10111)

because of the completeness relation (10.98). We specify the Hamiltonian operator for phonons as
o 1
H[G(r, t),a(r, t)] = gCD[ﬁ(r, t),a(r, t)] + %J draf(r, )7 (r, 1), (10.112)
v

where : A : denotes a normal ordered (Wick ordered) operator. Using relation (10.103) we find that
the Hamiltonian operator becomes

H=> hw,da,. (10.113)
v






Chapter 11

Transport through the molecular junction

11.1 Heat current and phonon conductance

When there is a temperature difference AT = T; — Tz between the leads, the heat current is running
through the device. If the electron-phonon coupling is neglected we can define the heat current
due to phonons as the rate of change of the energy [as described by Hamiltonian (9.1a)] in one
particular lead a [128-131]:

Qs = ~(@uHo (1)) = 1 {[H, Hy ) (1), (11.1)

Here A(t) = el!"* Ae71H* denotes the Heisenberg evolution of an operator. The commutator in Eq.
(11.1) yields

1h
Qo = p_zvnza 1)(Tiq (L, t = Zana :ﬁ;r,tt' (11.2)
nir nir
where G;Z ft, = —i/h(mp(t’)r,(t)) is the lesser Green’s function. Note that the shorthand notation

n=1i,m, =i, a,r for the labels is used. The same time function G '}, can be expressed in terms

fG;léft, = 1/h(u/3(, Nr,(t)) as

nﬁ tt

0
Grrzg t<t }13 ot /pﬁG;TE?t' (11.3)

In the steady state the current becomes time independent and can be expressed in the following
way

+o00 da) +00 da)
Qq = Qa,t:O J- Z Vn ia ;7:;13“, = _hJ Z Vn ia ;ul;r,w: (11.4)

nir nir
where we have the Fourier transformation G;%Z = d( t)elw(t=t )G;l[l;’,?t’ We calculate the above
Green’s function entering the current using the Keldysh technique [132] and closely follow Wang
etal. [131].

So we need to consider such bosonic contour-ordered Green’s functions

i (1), 1>.7
G¢,(1,7') = ——(T.a(t)b(t')y =, & ) 11.5
(T T) = —3(Tea(r)b(T)) { <(0T), T< T (11.5)
with the following definition of the greater G~ and the lesser G* Green’s functions
7 i ’
Gyy(tt) = = (b(¢)al), (11.6a)
7 i 7
Ggy{t,) = = (a(t)b(t), (11.6b)

97
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_ 7! —00 C1 = ol +00
to g \ ¢ t ”
/ > 0 CK >
< time <
T -0 &2 T +00
(a) The “closed time path” contour (b) The Keldysh contour

Figure 11.1: Different contours for the computation of the contour-ordered Green’s function.

where a and b are bosonic operators, and c is the contour along the real time axis that starts and
ends at ty by passing through 7 and 7’ once (see Figure 11.1a). The contour-ordering operator T,
orders the operators according to the position on the contour of their time arguments, and the
relation 7 >, 7/ means that 7 is further along the contour than tv’. We are interested in the stationary
state of the system so the initial time is put to ty — —oco0, and we extend the largest time along the
contour to infinity to obtain the Keldysh contour depicted in Figure 11.1b. Now we consider the
following contour-ordered Green’s functions

i 7
Sgﬁ’,rr’ = _£<Tcuﬁ(’[)uﬁ’(1— ) (11.7a)
i ’
Gl = —3 (Tettp(T)ra(T'), (11.7b)
i 7
G;?TCT’ = _E<Tcrn(r)uﬁ(7 )); (11.7C)
i 7
Dy, o _£<Tcrn(T)rn’(T ) (11.74)
which satisfy the equations
E;CTT - Z Sﬁﬁl T V/31”2 o, Ty T’ + Z [)’/31 ’(Tl Elrnc 7T’ (11'83)
Biny,Ty BTy
, 0,
;Z/CTT - Z IDnn1 ™ n]/32 ﬁzﬁ' % + Z G::EIC;T'H Vﬁ] Slgl%' T (118b)
B2, Bt
O ’
Dy, T T Dnnc ot Z Dnm s annanzn no T Z Dnm aa nlﬁzGZ:an,Tﬂu (11.8¢)
M, B2

on the Keldysh contourand }, — L d7y ... denotes integration along this contour. The derivation
K

of Egs. (11.8) is presented in Appendix E. The Green’s functions D and S are calculated in
Appendix F and correspond to Hamiltonian consisting of (9.1b) and the terms V,,,, in (9.4). Using
the Larkin-Ovchinnikov representation for contour-ordered Green’s functions [133, 134]

(11.9)

GR GK
GC — G:( 0 GA)r
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we can Fourier transform Egs. (11.8) with respect to the time difference ¢t —t/, to give

ﬁ” w Zsﬂﬁl Vg, Dy a""zsﬁﬁl VﬁlG‘gln W’ (11.10a)
Bina p1
0
G’% w ZDnnl ”1/325/;’ B’ w+ZGn[3’ wvﬁls‘glﬁgw; (11.10Db)
n1pa B1
Duw,w = Dr(z)n w T Z Dnnl @ Viyny, Py + ZDT(I)VH w nlﬁng:n - (11.10c)
ny £, o

In Eq. (11.9) GR/GA/GX denote respectively retarded/advanced/Keldysh Green’s functions, which
for bosonic operators a and b are defined as

G (1) =~ 00~ ' [alt), (1), (11.11a)
G011 = O~ {at) b4, (11.11b)
Gy (1) = ——<{ (1), b(t')}). (11.11c¢)

By neglecting the subscripts in the equations (11.8) and (11.10), they can be written more abstractly

G =S'vD+SvGY, (11.12a)
G =DVS’+G™VS", (11.12b)
D=D°+D°VD+D°VGH", (11.12¢)
which can be expressed as
G'" =S%vD, (11.13a)
G =DVS", (11.13b)
D=D"+DvG", (11.13c)

where we have introduced frequency shifted lead Green’s function 5% = [1-S°V]71S? and molecule
Green’s function in the normal mode basis D? = [1 - D°V ]! DO, After inserting Eq. (11.13a) into
Eq. (11.13c) we obtain the Dyson equation for the molecule

D=D°+D%D, x»=vS%, (11.14)

with the self-energy X. In the calculation we will need separately the self-energy due to left and
right lead, which explicitly reads

Sawa = Y Viia®)S) ar iarso Viaw () @ =LR, (11.15)

i11ity

where we have suppressed the frequency subscript for the self-energy.

Now we will express the heat current in terms of the molecule Green’s function D. Using Eq.
(11.13b) and the following Langreth rule G"*X = DRV S®K . DKV §04 which can be seen from the
Larkin-Ovchinnikov representation (11.9), we obtain

+ood
Qa:—hf %%Tr[DRZ§+DKZ‘2]. (11.16)

—00
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We note that we have the relation 2G™*< = G"X for the same time lesser Green’s function. Because

np,tt np,tt
the heat current is real Q, = Q}, and conserved Q; = —Qg, Eq. (11.16) can be cast into a more

symmetric form

1
Q=—(Qr+Q; -Qr-Qx)

4
R 4o (11.17)
=7 L ﬁwTr[(DR -DYH(EK 2K +iDK (R -1y,
where we have introduced
L,=i(xR-x4), (11.18)

and used the following properties [Df,r = D4, [Z ] =3R . [Dfr =-DK, [):Iof’wr =-xX . Fora
quadratic model, like the one we consider in this paper Eq. (9.1), the heat current (11.17) can be
rewritten in terms of transmission Tp(a)), which is a temperature independent function, i.e., we get
a Landauer-Buttiker type expression [135-137]

B h +00 da)
Qp = . ﬁw%(w)(”L—”R), (11.19)
where n, = 1/{exp[B,hw] -1} is the Bose-Einstein distribution with B, = 1/(kgT,) denoting the in-
verse temperature. The phonon transmission function 7,(w) is given by a Caroli type formula [138]

7.

o(w) = Tr[I (@) DX ()R (w) DA (w)], (11.20)

When the temperature difference AT is small the Eq. (11.19) yields the following linear phonon
conductance

T (w

27— 57 Thw (e —12 T kgT (11.21)

J‘+°° dw on(w,T) In(T) kg x%e* hw
Kp =T =
0

We consider the operation of the device at room temperature T = 300 K. For molecules examined
in this paper the typical energies of the center of mass vibrational modes are smaller than room
temperature, so the phonon conductance corresponding to these modes saturates and becomes
temperature independent, i.e.,

+00
Kp“*""kgf 9o 7 (w), 24D, ks (11.22)
0

2t P oT hw

11.1.1 Single mass model

When there is a single mass M; (see Figure 11.2) in the junction we have only coupling to the leads
Kiy,ir(r) = Kjpo(r—rp),  Kjy,ir(r) = Kjgo(r —1g), (11.23)

which gives the following mass weighted coordinate couplings V' to a single point

Kii+Kir _ > Kiq Kia

——=w

Vie=— Viljig=——77—7—. (11.24)

Vi = = w7,
11,11 Ml i Ma ) MlMa

In such a case we obtain the following phonon transmission function

Tl

one

(11.25)

2 ~ ~
(@) = (KiLKiR 2b;i1bir
- =

M, ) K2 K2 2 K2 - K2 -
2 _ 42 _liLg. _ DR, D _R
[w W7 = 3, AL~ 3, azR] [M bip + 3f bir
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(561, Y1, 21)

T MANVCIDOMNAAM T
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Figure 11.2: Model for single mass in the junction.

where d;, and b;, describe real and imaginary parts of frequency shifted lead Green’s function

&50,R I
Siara,iara,a) = Ma(aia + lbia)l (1 1263)
~ Aig — Kia(a,za + biza) > bia
dig = 5 5r big = > 5 (11.26b)
(1 _Kiaaia) +(Kiabia) (1 _Kiaaia) +(Kiabia)
with a;, and b;, being real and imaginary parts of non-interacting lead Green’s function
0.R .
Siara,iara,w =My (aiq +1ibjg), (11.27)
where
A; _
Aig :_ﬂ(Za)D+wln wp —w ), bia:_Aian(lwl_wD)’ (1128)
TC wp t+w

and the coefficients A;, for gold (Au) substrate are obtained in Appendix F.1. We use the transmis-
sion (11.25) to get black dotted lines in Figure 11.3.

11.1.2 Two masses model

When there are two masses M; and M, (see Figure 9.1a) in the junction we have the spring constants
(9.2) which give the following mass weighted coordinate couplings V to a single point

Vo= Rt oy KitKig oy, Kia
11,11 — Ml = Wiy, 12,12 — ]\/I2 = Wiy, i — M ’
“ (11.29)
Vo= i Vi = Kip, Vi o = Kir
iL,i2 = = T iLilL == i2,iR =~ :
MM, MMy M;Mp
Then we get such a phonon transmission function
2 ~ ~
Ti (@)= Ki KiKig \" 2birbir (11.30)
two M1M2 R2+IZ’ .
where all relevant functions entering the above transmission are expressed as
K% K?
= (0? - w? Yw?—w? )+ L iR g G ]
R =(w” - wi @ -wi )+ M; M, (@iLdiR = biLbiR) st
2, 2 2 2 2 2 :
2o it (K, Kk ) s (K, Kk,
] M il M, iR i M, il M, iR |»
2, 2 2 2 2 2 2 2
w?, + w: K: K: K: K: K5 K:
T =2 i+ Ti- || Zilp. . iR, o:| =L pr — ZiRp |- L IR G m 4 Bondir), 11.31b
[w 2 ][1\/11 1L+M2 iR |+ 0i M, il M, iR M, MZ( iL@iR + biRdiL) ( )

2 w? — w?
Wi =R EA, A= 87+ Vi, 6= (11.31c)
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1 0.151

0.15 M, M, K, Kp

Rp 10.0 10.0 1.0 1.0

0.101 —15.0 5.0 1.5 05
—18.0 2.0 1.7 03

---------------------------------------
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(c) (d)

Figure 11.3: Phonon conductance x, dependence on the middle spring constant in y direction.
The units of phonon conductance «, and spring constant K are xo = 49 pW/K and Ky = 12.7 N/m.
Also in a) the couplings to the leads are K; = K = 1.0 and in b) the masses are M; = M, = 10.0.
Figures c) and d) show zoom of phonon conductance for small values of K of e) and f), respectively.
We want to use particular molecules, which have spring constants below the black dotted lines,
corresponding to a model with a single mass in the junction.

2

The frequencies wj, correspond to normal vibrational modes and are derived in Appendix G.

Now we will discuss the saturated phonon conductance (11.22) dependence on the parameters of
the model. We note that in calculations we use elastic parameters for gold (Au), which has mass den-
sity p = 19.3 kg/cm?, Young modulus Ey = 77.5 GPa, and Poisson ratio o = 0.42 [139, 140]. These
elastic parameters yield the longitudinal velocity ¢; = \/Ey(l —-0)/p(1+0)(1-20)~3.20 km/s and
transverse velocity ¢; = \/Ey/p(1 +0) = 1.19 km/s. We use bulk Debye temperature Tp = 170 K
for frequency cut-off, which corresponds to wp ~ 22.2 THz [54]. The units of spring constant,
mass, and heat conductance respectively are: Kg = 1/A |, wp = 12.7 N/m, M, = 1/ALa)13) ~ 15.3my,
ko = kgwp/21 ~ 49 pW/K, where myy is the mass of a hydrogen atom and A, = 1.445/47pc).

Figure 11.3 shows the typical phonon conductance dependence on the middle spring constant
in the y direction. Figure 11.3a depicts this dependence for different masses asymmetry, fixed
total mass M = M; + M,, and symmetric coupling to the leads K; = K. In the case of symmetric
masses M; = M, the conductance overshoots the value of conductance compared to when there is a
single mass in the junction. However, if the masses are very asymmetric, this overshooting does
not happen. The situation when masses are symmetric M; = M,, but the coupling to the leads is
changed is shown in Figure 11.3b. In this case we see that the more asymmetric the couplings the
more the phonon conductance is reduced (the sum of the couplings to the left K; and the right Ky
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Figure 11.4: a) Conductance dependence on total mass M = M; + M,, when the masses are
symmetric M/2 = My = M,. b) Conductance dependence on masses asymmetry when total mass is
being fixed.

leads is being kept constant). We note that in the considered model the transmission separates for
different directions 7, = 75 + %y +75 and that for z and x directions the dependence is analogous.
As we can see from the typical behavior in Figure 11.3¢,d our aim is to have phonon conductance
below the dotted black line corresponding to conductance with single mass M = M; + M, in the
junction.

The dependence on the total mass when the masses are symmetric is depicted in Figure 11.4a,
11.5a, 11.6a for different middle spring constants K corresponding to values shown by gray vertical
lines in Figure 11.3a. The heat conductance decreases with increasing total mass, except for the
region of very small masses, which correspond to the case when the frequencies w;, are pushed out
of the interval [0, wp]. For symmetric coupling to the leads for fixed mass sum M = M; + M, the
conductance tends to go down with increased masses asymmetry as can be seen in Figure 11.4b,
11.5b, 11.6b. However, if the coupling to the leads is asymmetric the heat conductance maximum
is being shifted. For example, if K; > Ky, then the maximum will appear for M; > M, [the relevant
parameters to determine this are K;/M; and Kgr/M, as can be seen from expressions (11.31a) and
(11.31b)]. The effect of coupling strength to the leads is shown in Figure 11.7a, 11.8a, and on
coupling asymmetry in Figure 11.7b, 11.8b. It can have all sorts of behaviors depending on the
actual values of K and K; = K + K.
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Figure 11.5: The same as Figure 11.4 only with K = 1.0
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Figure 11.6: The same as Figure 11.4 only with K = 5.0
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Figure 11.7: a) Conductance dependence on total coupling to the leads K; = K; + K, when the

couplings are symmetric K;/2 = K; = Kg. b) Conductance dependence on coupling asymmetry
when total coupling is being fixed.
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Figure 11.8: The same as Figure 11.7 only with K = 1.0
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11.2 Figure of merit ZT

To describe the thermoelectric efficiency of the molecules in the junction, we will calculate the
dimensionless figure of merit ZT, which is given by [141]
S2%0.T

ZT = ) (11.32)
Ke +Kp

where S is the Seebeck coefficient, o, is the electronic conductance, «, is the electron contribution
to the thermal conductance, and T denotes temperature. The numerator in Eq. (11.32) gives the
power production of the device and the denominator is a measure of the heat current. Because
we neglect the electron-phonon coupling in our calculations, the quantities S, 0., and «, will be
expressed through the electron transmission 7.(E) [142-144]. Once the electron transmission
function 7.(E) is known the electric and heat currents due to electrons can be expressed using
Landauer-Biittiker type expressions

L=-2 (" ak(f - fome) (11.33)
2 +00
Qc=1 [ dEE- o~ fIT(E) (11.33b)

where f, = 1/{exp[B4(E — q)] + 1} is the Fermi-Dirac distribution, e denotes the absolute value of
the electron charge, and py, is the chemical potential of the hot lead. If the temperature difference
AT =T; — Ty and the applied bias AV = —Ap/e = —(uy — pr)/e are small compared to T = (Tp + Tg)/2
and p = (pup + pugr)/2,i.e., |[AT/T| < 1 and |Ap/p| < 1, then we can expand the distribution function
fo to lowest order around a point (y, T) as

If (1 T) If (1 T)
Fipar To) = f o)+ LD gy P8 D 7y
af(ay:r) 8f(aTT) T,-T (11.34)
- A e AVl Nt S
=f D) -~ (pa—pW) -~ (E-p)——
Using the above relation the difference between Fermi-Dirac distributions becomes
If(E,u,T) If(E,u,T) AT
—(fi-fR)= 9E Aﬂ"'—aE (E—]J)T, (11.35)
and the electrical with the heat currents given in Eq. (11.33) can be expressed as
I~ e’LyAV — eLlATT, (11.36a)
Qez—ELlAV+L2ATT, (1136b)
where . S (E )
2 (" m o
L,= ? J_oo dE(E - p) ( 3E )Te(E), (11.37)
Then the linear transport coefficients S, 0., and «, are determined in the following way
I. 2
=L, 11.
NG At e‘Ly (11.38a)
AV 1L
_ oAy L 11.
S AT L.=0 eT LO ( 38b)
Q| _1(, L
Ke= LT L, L) (11.38¢)
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11.3 7-stacked molecules

./\/ll MQ

2-phenylethyne-1-thiol

2-(anthracen-9-yl)ethyne-1-thiol

My

M3

HO

HS HS

OH 6}
2-(mercaptoethynyl)benzene-1,4-diol 2-(mercaptoethynyl)cyclohexa-

2,5-diene-1,4-dione

m-stacking Mz M j

Figure 11.9: The considered molecules for 7-stacking.

Having discussed in Section 11.1.2 how the molecules can be divided into two parts to reduce the
phonon conductance x, we try to come up with some molecular structures where these conditions
are realized (see Figure 11.3). In this section we propose that this could be achieved by 7-stacked
molecules, where we hope that 7-stacking yields soft mechanical connection (weak spring constant)
between two masses. The considered molecules for m-stacking are shown in Figure 11.9. We
examine the following four stackings M; M, M; M,, My;M,, and M3M,. We note that all spring
constants were obtained using density functional theory (DFT) by finding the energy landscape
for the molecules and then it is fitted to Hook’s law.! The obtained coupling to the leads for all

IThe DFT calculations were performed by Qian Li and Gemma C. Solomon and details of the calculations are
presented in Ref. [145].
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Figure 11.10: The dependence of the phonon conductance for arbitrary middle spring constants K;
in different directions for considered stackings. Solid circles denote the conductance calculated

with the middle spring constants obtained from DFT, which are summarized in Table 11.1. The
units of phonon conductance x, and spring constant K are ko = 49 pW/K and Ky = 12.7 N/m.

stackings is symmetric K;; = K = Kjs and the same: K5 =1.789K), K5 = 3.349K,, K5 = 0.945K.
The dependence of the phonon conductance for arbitrary middle spring constants K; for considered
stackings is shown in Figure 11.10, where solid circles denote the conductance calculated with the
middle spring constants obtained from DFT. The values of K;, the resulting phonon conductances
Kl o kLo in three different directions, and comparison of total phonon conductance i, between
two masses and a single mass M = M; + M, conductance «,, is summarized in Table 11.1.

We see that for all molecules, due to the small middle spring constant, the conductance is
significantly reduced in the y direction compared to the case if there would be a single mass in
the junction. Also the phonon density of states and the coupling to the leads is the largest in the
y direction. In all cases in the z direction and for stackings M, M,, M3Mj in the x direction the
conductance is larger than in the single mass case. However, due to the large reduction in the
y direction the overall phonon conductance becomes smaller for the stackings M; M;, M{M,,
M3My. Note that the largest reduction is for stacking M; M,, which has asymmetric masses.
So the suggested mechanism for reduction of phonon conductance is partially exploited with
nt-stacked molecules.

To describe the thermoelectric efficiency of m-stacked molecules in the junction, we calculate
the dimensionless figure of merit ZT, which is given by Eq. (11.32). The resulting ZT as a function
of chemical potential y at room temperature T = 300 K for all considered stackings is depicted
in Figure 11.11, when the electron transmission 7.(E) is calculated using DFT. For the stacking
M M,;, which had the largest reduction in phonon conductance, we see that the optimized values
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‘MlMl M1M2 M2M2 M3M4

K, 0.137 0.129 0.568 0.147
0.056 0.090 0.275 0.129
K, 1.161 2.414 3.586 2.041

ko | 0062 0.024 0129 0.065
Khwo | 0.007  0.010  0.092  0.033
k%, | 0.135 0.093 0.083 0.114

Kine | 0.126 0.093 0.073 0.103
Kome | 0.182 0.138 0.111 0.152
Kine | 0.066 0.047 0.037 0.053

Kewo | 0.204  0.127  0.304  0.212
Kome | 0.374  0.278  0.221  0.308

Table 11.1: The values of the middle spring constant K; obtained from DFT, the resulting phonon
conductances !, k! . in three different directions, and comparison of total phonon conduc-
tance «ky,, between two masses and a single mass phonon conductance x,,.. The blue values of
conductance denote situation when «y,, < kone and the red ones vice versa.

0.10

0.10
ZT
0.051 0.05-
0+ 0
-2 -2 -1
0.4
Mo Mo 0.101 MM,y
0.2 0.05/1 '
0 ‘ ‘ ‘ U \ 0} k ™\
2 -1 0 1 2 -2 -1 0 1 2

Figure 11.11: The figure of merit ZT dependence on the chemical potential y at room temperature
T =300 K for all considered stackings with electronic transmission 7.(E) obtained from DFT. The
solid black curves show ZT when system has a weak link in the middle (two masses model) and
dashed blue curves show ZT when the center of mass vibrational degrees of freedom are described
by single mass in the junction.
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0.4

Figure 11.12: a), b) Maximal figure of merit ZT,, dependence on the coupling strength I, for
the stacking M; M,, when spinful resonant level electronic transmission 7.(E) is used. The red
dashed-dotted line gives behavior of ZT,, when there is no phonon conductance x, = 0. c), d)
The position of the level ¢; with respect to the chemical potential of the leads y at which ZT is
maximized.

of ZT are considerably increased compared to the case of a single mass in the junction. For all
other stackings the main contribution to the thermal transport comes from electrons, and the effect
of a change in the phonon conductance is not substantial. We also see that the values of ZT for
the examined molecules are not large, which is, however, mainly due to the electronic properties.
One possibility of increasing ZT is to reduce the electronic coupling to the leads, which can be
done without significantly altering the mechanical coupling. It has been shown [7, 117, 146, 147]
that in the limit of a small electronic coupling, ZT in Eq. (11.32) becomes infinite if the molecular
resonances can be correctly positioned relative to the lead Fermi level and if «, is neglected. In this
case, the efficiency is limited only by the phonon heat current and our mechanism can lead to a
large improvement. To illustrate this we show in Figure 11.12 the maximal ZT,, value dependence
on the coupling strength, for the stacking M; M, when the electron transmission has the form of
resonant level, i.e.,

I‘Z

LB = ot

(11.39)

where ¢, is the position of the level and I' denotes coupling strength to the leads. Here the difference
between spinful and spinless cases is that for spinless case we use functions L,, Eq. (11.37) without
a factor of 2. We note that the Coulomb interactions do not alter the result very much, the only
thing is that the resonant level effectively becomes spinless, as was shown by Leijnse et al. [148].
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Conclusions for Part I11

In the third part of the thesis we have examined molecular junctions used as thermoelectric devices,
where we have addressed a question of reducing the phonon conductance due to center of mass
vibrational modes of the molecule. So we have proposed a simple mechanism, which is based
on the idea of vibrationally decoupling the left lead from the right lead (see Figure 9.1). This
is achieved by dividing the system into two sub-units, which have a soft mechanical connection
between them (small spring constant). Of course, in order to be a good thermoelectric device the
junction should maintain electrical conductivity. To describe and to analyze the possible reduction
of the phonon conductance as a function of different parameters (masses of the molecules and
spring constants) we have set up a simplified model for which the exact transmission for phonons
is obtained. As a possible realization of the mechanism we have examined 7-stacked molecules,
which partially exploit the suggested mechanism. The relevant spring constants needed to describe
the junction with nt-stacked molecules were obtained using density functional theory (DFT).
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Appendix A

Finite temperature integral appearing in second
order expansion

In this Appendix we describe the calculation of the integral

. JD fe)de _ JﬁD f/pydx jR dx A1)

_p&ta+in _pp X+ pa+ipy _r+1)(x+a+in)

for finite temperature. Here irj = +i0 is infinitesimal imaginary part so after the arrow we have
replaced ifn — iy, and denoted a = fa, R = pD. We are interested in asymptotic value of integral
I, when R — +o0 and R >> |a|. We go to complex plane and apply contour depicted in Figure A.1,
where we will let j — +o0, j € N. According to residue theorem the integral around this contour is
equal to 2mi times the sum of all residues enclosed by this contour, which yields

j-1

. 1 1n—+0 1 o | o
I+11+12+13:—2mz( = %(T%)—%(ﬁfz—m), (A.2)
n=0

2n+1)mi+a +in

where we used that all residues appear due to poles of Fermi function ﬁ, which are at z; =
(2n+1)mi, k € N, and
(e +1)7! 1

Res (zo+a+i11):_(2n+1)ni+a+i17' (A-3)

We also expressed the sum in (A.2) in terms of digamma function defined as

=( 1 1
Wy(z) = — - .
0(2) y+2(n+1 n+z) (A.4)
n=0
where y ~ 0.577 is Euler-Mascheroni constant.
joteo +00 : +00 —i -R
—+0 d ¥d
I J . 14y ~ ie_RJ £ Y R (R+a)~S— 0,  (A5a)
o (eY**R+1)(iy+R+a) o 1W+R+a R
R ‘
—+0 d —+0o0
L —J _ X 250, (A.5b)
_R (e2U*X 4 1)(2mij + x + a)

- +27j : +21j - £\ 2 .
I3 1 :+O—f _ 1d.y z—j .1dy =-In 1+(ﬂ) +iarctan(ﬂ),
o (P R+1)(iy-R+a) o ip-R R R

(A.5¢)
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FINITE TEMPERATURE INTEGRAL
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Figure A.1: Contour, which is used to calculate the integral (A.1).

where we used the following asymptotic expansion

sin e Lol

Now combining (A.2) with (A.5) and taking the j — +oo limit afterwards we get

Iz\l’o(

1
2

a

+5—
27

)—lni—iz:Re[\l’o(l+i)]—ln%—ircf(a)

21 2 2 2m

where the following asymptotic expansion was used

and the identity

Im [% (

1+,
—+1ix
2

Wy(x) “Z® In(x) + o(%),

)] = %tanh(nx) = n(% —f(2nx)), f(x)
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Appendix B

Fourth order corrections to energy shifts

In this Appendix we examine fourth order term

1 1
HY HYHEHE + ]
mm llz’l:” ml = [(Enl*El)(Em 7El/)(EWl —Ep) (Ew 7EI)(Em’ 7El’)(Em’ 7El”)
8 8

+ JEAI C E C L < +
Z ml L1 (Em —EINEm —Ep)Em» —Ep)  (Eyy —Ef)(Epy — Ep)Ep» — Ep)

LI,m"”

. 4 ( 1 N 1 )+ 4 ( 1 . 1 )
(Em—Ep)Ew» —ED\Ewm—-E  Euv—Ep (Eyy —EN)Ew» —Ep)\Ey —Ep  Eyr —Ej
3

1 1 1 1 1
- + - + .
(Ew» = EINEw» —Ep) (Em -E  Ey *El’) (Em — E1)(Eyy —Ep) (Em” -E En-Ep )]

of perturbation expansion in tunneling Hamiltonian Hr.

B.1 1st Expression
We start by considering term of the form

1 1

~ H H /H ’ //H ” + ’
Z ml L m [(Em_El)(Em_El’)(Em_El”) (Em’_El)(Em’_El’)(Em’_El”)

2t
where we will use following notation for tunneling Hamiltonian

Hr = Z(tabczdb + t;bd;rca),
ab

with short-hand notations:

n

a=avo, b=n, ty=ty,,.

The only non-vanishing terms are of the type

Fayby Lasb Py Py (ICT Ay (DK CS A 11X AT 311 | d eyl
£ b Fs b, Easbs Fagby (il e IS |1 | ds 17 ) cydylm”)
barby Fip, Easbs Ty, SIE I o) | ds 17 ) | d eyl
t b agby (il ey I3 1) NdG el )1 ey lm”)
b tagby (mlcidy AT el ) 1d 5|17 )1 Ieqd y|m”)
(mld{e, 1D, 1) I3 ds |17 )1 \djelm),

a bl tﬂZbZ tﬂg;

£

a1by tazbz ta3

£t

a by Faxb; 113b3 a4b4
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and they can be rewritten as

Fayby tasby by Fo (DI 1001, 1673813167 ) (6 AFID") > (LRI IANAIEIA (A le5 A" XA ey [LR) (B.6a)
£ byt tass tayby (DIAT10)(1A316")8 1316”7 ) (6" 1d41D") x (LRIe; [A)(Aley | A )X Ie§|A” XA e} ILR) (B.6b)
Layby Uy 1, Fasbs g oy (DI 10)(613107)(6'1d318” (6”4 1D") x (LRIETIAYAle, | A")(A €547 )(A 4| LR) (B.6c)
£ b taghy by tagb (DIATI0)(O1d,16')(8 13157 ) (5" 1d4D") x (LRIe; A)(AIFIA )X les A" YA e} ILR) (B.6d)
bayby By by, Fs by Ly (DI 1O)(OIA18" )8 13167 )(5” 14 D”) x (LRITIA)(Aley A (A les A" YA e} ILR) (B.6e)

£ by tasby asbs by, (DIATIONSId, 1678 1d316” (8 1d 1D’y x (LRIe; YA IA' YA [e5IA” YA ey [LR), (B.6f)

where |D), |0) correspond to the dot states and |[LR), |1) to the lead states. We also use short-hand
notation
CZ = Cal" dZ = db. (B.7)

1. Let’s evaluate (B.6a) term. We see that the matrix element with the lead states will not vanish
if either
ay=as, ay=4a4 Or ay;=aday dy)=ds, and a; #a,. (B.8)
so we end up with

> (LRIIANAITIA NN Iy |17 )(A e, |LR) = (LRc]| ¢; [LR) (LR|c] c}| c,¢; [LR) KLR|cfcle | ¢, [LR) (LR|c e, [LR),
/\’/\/’/\//

(B.9)

> (LRIIANAITIA WA 15|11 )(A ey ILR) = (LRc]| ¢; [LR) (LR|c] c}| c,¢; [LR) KLR]cf cley| ¢ [LR) (LR|c] ¢, [LR),
/\’/\/’/\//

(B.10)
which at finite temperature will give the following contribution
3 i - M)
2 (e1 +Ei —Es)(e1 + €2+ Ei —Es/)(e2 + Ei —Es») (B.11)
B.11
+ METER)
(e1+Ei—Es)(e1 +e2+ Ej—Eg)(e1 + Ej —Es) [
where
MR g g e (DI Y013 100 118" )0 1d D) (B.12)
51,52’ 53,54 albl azbz a3b3 (l4b4 1 2 3 4 ’ :

and s; € {1,1} corresponds to either performing Hermitian conjugate t or doing nothing 1. Also
summation over all possible indices is implied and

E; e {ED, ED/}' (B13)
2. As in previous case term (B.6b) will not vanish if either
ay=4as, dy=ag Or a;=day, a)=as, and aj#a,. (B.14)

so we end up with

> (LRIey AN A, IV YA [eF 147} (A ISILR) = (LRJey | ¢ [LR) (LRle, c,| chefILR) KLR|c; c,cf| HILR) (LRe,cHILR),
/\,/\,,/\N

(B.15)

> (LRley AN A, |4 WA e5 A7) (AT ILR) = (LRJey | ¢ ILR) (LRle, c,| chefILR) (LRI, cycd] ¢ ILR) (LRIe, cf[LR),
/\,/\,,/\N

(B.16)
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and the contribution of this term is

1 MEFET™)
N a-f)1-p)- oL
3 2.1 A f”{ (Cex B Eol—e1 —e2+ Ei~Ey)(-c2 + Ei ~ Ey) -
; MEFET) |
(—e1+Ei—Es)(—e1 €2+ Ej —Es)(—€1 + Ej — Es)
3. The term (B.6¢) will not vanish if
ay=4ay, ap =asz and aj #a,. (B.18)
We note that the other term
ay = dp, az = ay, (B.19)

would survive if we projected only to one particular state of the dot, and then would have only the
diagonal contributions. But we will see that this term is behaving badly, if single particle spacing is

becoming smaller than p|t|>. So we end up with

> (LRITIAN A, IV YA [e51A7)(A ey ILR) = (LR|ef| ¢; ILR) (LRIcT c,| e ILR) KLR|cTe,cd] ) [LR) (LRI ¢, [LR),
/\,/\,,/\N

(B.20)

> (LRI AN Aley | )A[IA" (A e, [LR) = (LRIc]| ¢; [LR) (LR|c] ¢;| [LR) (LR|c}| ¢, [LR) (LR|c ¢, [LR). (B.21)
/\'/\/7/\/;

We see that (B.21) would vanish if we project to particular lead state [LR) and all other possible dot
states, because then we are not allowed to have |[LR) as an intermediate state. The contribution of
(B.6¢) term is

lz A= f)MPLFES)
2 (e1 +Ej—Es)(e1 —e2+Ej —Eg)(e1 + Ei —Eg7)

ay,ay,as,a
ALMETHE?) }

(B.22)

+ .
(e1+Ei—Es)(Ej —Eg)(e2 + Ej —Eg»)

We see that the term in red has (E; — E5)~! factor, where E; and Eg in this case are in the same
charge state, and the difference between two corresponds to single particle level spacing, which
of course blows up if we have degenerate levels. This term is not included if we project to all dot
states and particular lead state |[LR).

4. As in (B.6¢) The term (B.6d) will not vanish if

ay =ay, a; =az and a; # a,. (B.23)

but we will also keep
a, = ap, az = day, (B.24)
and we end up with

> (LRIe AYAITIA WA e, |4 )A|eFILR) = (LRe; | ¢f [LR) (LRe; ¢} e, e} [LR) KLR]e; chey| cf [LR) (LR, T [LR),
/\’/\/,)lu

(B.25)
> (LRIe AT I NN 65|14 )A|SILR) = (LRe; | ¢f [LR) (LRe; cf| [LR) (LRc,| c}ILR) (LR|c,c}[LR). (B.26)
/\’/\/’/\u
The contribution of this term is
lz (1= ) M(PETEE™)
2 (-e1+Ej—Es)(—e1 + €2 +E; —Eg)(—€1 + E; = Egr)
(B.27)

. (1= f)(1 = ) M(EFE)
(=&1 +Ej —E§)(Ej —Es/)(—=e2 + E; = Esr)
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5. The term (B.6e) will not vanish if
a; =as, ay =a4 and aj # ay, (B.28)

but we will also keep
a, =4ap, a3 =ay, and a, #as, (B.29)

and we end up with

Z <LR|C-{|/\></\|C2|/\,></\/|C1|/\”></\”|C;|LR) = <LR|C-{ ¢ [LR) <LR|CIC2 c;c1|LR) <LR|C.{L‘2C1 chLR) (LRIczc;|LR),
AN

(B.30)
S (LRI AL, V)V Iey]A /) A IS ILR) = (LRIeE| ¢ ILR) <LR|c{cl<LR|c2 cHILR) (LRe,chILR), (B.31)
AN,
The contribution of this term is
ay,a,at,a
IS ha-p) - MR
2 (e1+Ei—Es)(e1 —e2+E;—Ey)(—e2 + Ej —E5») (B.32)
B.32
ay,ai,a,,a
) M)
(e1+Ei —Es)(Ei —Ey)(—e2 + Ei —Eg») |
6. As in (B.6e) the term (B.6f) will not vanish if
ay=as, ay=a4 and ay #a,, (B.33)
but we will also keep
a; =ap, az=a4, and a,#as, (B.34)

and we end up with

> (LRI [AYAITIA WA [eTIA")(A e, |LR) = (LRe; | ¢ [LR) (LRe, c}| ¢, e} [LR) (LR|e; ciel| ¢, [LR) (LR|c ¢, [LR),
ALAA

(B.35)
S (LRI YA 1317} 16, |LR) = (LRley | ¢} ILR) [(LRle, CT<LR|c§ ¢,|LRY (LR|c}c, [LR), (B.36)
/\,/\/,/\//
The contribution of this term is
ay,a,,a1,a
1Z:(l -f)f2y - MO
2 (-€1+E;j—Es)(~€1+e2+Ej —Eg)(e2 + Ej — Es) (B.37)
.37
; MOFETF)
(&1 +E; —Es)(E; —Eg/)(e2 + Ei —Esr) [
B.2 2nd Expression
In this section we will consider term of the form
T T T T 1 1
Z CmiHmlHlm”Hm”l’Hl’m’ (B.38)

(Euty = E1)Enty — ED)(Enry — 1) (Engy — ED)(Emng = E1)(Emeg — Ep) |

LI,m”

where
m; € {m,m’,m"}. (B.39)
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and C,,, is some prefactor smaller than 1. Again the only non-vanishing terms are of the type
bayby by, Fabs £ (Al dy (UG ol (m” |5 1) 1 g4 (B.40a)
£y Laybs b, Eagby (il ey 1SSy lm”Yom” | d5 e |1 ) lchd g m) (B.40b)

T+ 7 m gt T
bayb, Eo, b, Eagby (MICT Ay IS colm ")\ AT 5| )(U | chdylm) (B.40¢)
£y tayby tagbs Ly (il ey ISy Y (m” 5 d 1)1 |d eyl m), (B.40d)
and they can be rewritten as

tayby £, tasbs by, (DI 16)IA3 D)D" |d3 18"} |dFID") x (LRIeTIAN(Aley [LRYLRICEIA YA ey [LR) (B.41a)
£ by agha s tayby (DldT16)(8ld,| D)D" |d316")(8'|d 4D’y x (LRle; [A)AISILR)(LRe5] A"}V |cSILR) (B.41b)
tayby by, b Fagby (DI 1O)(OIATID” XD |d318")(8'1d 4| D' x (LRIef1A)(Ale, LR)(LRles | A")(A |4 LR) (B.41c)
£ b sy tashs b4<D|d{f|o’><5|d2|D”><D”|d3|5’><a’|d1|p’> % (LRc; [A)AICSILRYLRICE A"}V [, |LR). (B.41d)

7. Let’s evaluate (B.41a) term. We see that the matrix element with the lead states will not

vanish if (and that is also the case for all other terms in (B.41))
ayp =dp, az = dy,

so we end up with

> (LRJef[A)(Ale; [LRYLR|cHA’)(A |e,[LR) = (LR|ef| ¢; [LR) KLR]ef ¢ [ILR)(LR|c}| ¢, [LR) (LR|c5c,[LR),

AN

which at finite temperature will give the following contribution

a1,a1,4a2,42 1
E Cm. f1 2M( )
mlff 1,1,1,t (&1 +Em1 —Eé)(el+Em2—E5)(€2+Em3—E5')

1
+ .
(€1 +Ep, —Es)(€2+Epyg —Es')(€2 + Epy —Eg) }

8. The lead sums in term (B.41Db)

> (LRje; WAl LR)Y(LRe,[A")(A'|c}ILR) = (LR]ey| ¢} [LR) KLR]e; ¢} ILR)(LRc,| c3[LR) (LR|c,c}[LR),

LA
and its contribution

ai,ay,an,ap 1
Cop (1= f1)(1— M( )
> Cu(1-f1)(1~ 1) L1 {(—51+Em1—E(g)(—el+EmZ—E5)(—£2+Em3—E5f)

1
+ .
(=€1+Emy —Es)(=€2+ Eps — Es’)(—€2 + Epyg — Eg7) }

9. The lead sums in term (B.41c)

> (LRIcFIA)(Ale; [LR)(LR]c,|A’)(A'c5[LR) = (LR|c]| ¢; [LR) KLR|c]¢; [LR)LRc,| c}LR) KLR|c,c5[LR),

LA
and its contribution

611,611,&2,&12 1
Cu f1(1= 2)M( )
Z m; f f. 1,t,1,1 (¢1+Em, —Es)(€1 +Ep, —Es)(—€2+ Epyy —Es)

1
+ .
(81 + Eﬂl4 - Ea)(_52 + Em5 - Eb’)(_52 + Em6 - Eb’) }

(B.42)

(B.43)

(B.44)

(B.45)

(B.46)

(B.47)

(B.48)
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10. The lead sums in term (B.41d)

> (LRley YAl ILRYLRICHA")(A[e,[LR) = (LR|ey| ¢} [LR) (LR|c; cf[LR)(LR|c}| c,|LR) (LR|c5c,[LR),  (B.49)
AN

and its contribution

ai,Aa1,a,a) 1
Con (1 M( )
> ot +1,1,+ {(—61 +Ep, —Eg)(—€1 + Em, — Es)(€2 + Emy — Eg)

(B.50)
1

+ .
(=€1+Em, —Es)(€2 + Eyy —Eg')(€2 + Eyyg — Eg7) }

B.3 Evaluation of the integrals

B.3.1 1st Expression
From above analysis for 1st expression we see that we need to evaluate integrals of the type
rD+in,  ~D+in, dxd
Ii(a,b,c)= lim Re f(x)f (y)dxdy
Motly=+0 ) Diin, J-Dei, (x+a)(x+b)(x+v+c)
T=0 O+in,  O0+in, dXdy

e lim Re ’
Moiy=+0 J_prin, J-Daiy, X+ @) (x +b)(x +y+0)

rD+in, D+iy
I(a,b,c)= lim Re v f)f(y)dxdy
Nty —>+0 J=D+in, J=D+in, (X + a)(y + b)(x +V+ C)
T=0 0+ir, r~0+ir]y dxdy

— lim Re .
Moty=+0" J_prin, J-D+in, (x+a)(y+b)(x+v+c)

(B.51)

(B.52)

Here 7 = +0 gives infinitesimally small imaginary part. From now on we will skip the indication of
the limit and of the real part of the integral. Let’s calculate integral I for zero temperature. Firstly,
we integrate with respect to v, which yields

- 0+ dyln(x+y+c) P70 O+ dxln(x+y+c)( 1 1 )'V=°
b ~D+in, (x+a)(x+Db) x+a x+b

(B.53)

y=-D-ir, ~D+iny a-b y=-D

Here in the last step we have taken limit of 77, — +0, which also corresponds to taking the following
branch of logarithm:

In(-x) =In(x) +ir, x>0. (B.54)
We see that we need to perform integral of the type (we neglect subscript x in 7)
0+ dxln(“y“) 0+ir] In X44 ) ln(axj” “y“
rwer= [ B[ ) nl) (e
—-D+ip X+a -D+in (a_c_y)(l_a—c—ay) x+y+c X+a
0

:Ji?ny- dtlnt+fo+i’7 dxi{l ( x+a x+y+c

Pren 1=t Jopyiy  dx a-c- y (B.55)

x=0+in

a+in
[J\ac}/ jury ]dtlnt {ln( x+a ln x+y+c}
1-t a-c-vy D
=dilo g(a—-:rl—y) dilo (m)

-y

+1n( a+in )ln(u)_ln(—D+a+1q)ln(—D+y+c).
a-c-y D a-c-vy D

x=-D+in
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where

X
dilog(x):J dtint (B.56)
R

In the last step of (B.55) we again took the limit # — +0 where possible. The limit of 7 — +0 in the

dilog(x) functions (and also in some of log’s) depends on the sign of a —c —y, because we have the
following branches of the dilog(x) and In(x) functions

limo dilog(—x +ie) = %7‘(2 —dilog(1 —x) — {In(-x) +ir}In(1 —x), x>0, (B.57)
€E—+
limO In(—x +i€) =1In(x) £irr, x>0. (B.58)
P~

However, by choosing the incorrect branch we will only affect the imaginary part of the expression,
so we can make the calculation with any branch, and then take the real part of the expression,
which is the desired result. So we will choose the upper branch (i.e. € = +0)

_ . a -D+a a y+ey -D+a —D+y+c)
I(y,a,c)—Re{dllog(a_C_y) dllog( — —y)+1n(a—c—y)ln(7D ) ln(a—c—y)ln( D . (B.59)

Integral I; can be expressed through 7 as

I, = ———{Z(0,a) = Z(~D, a) - Z(0,b) + Z(-D, b)}. (B.60)

a->b

Integral I, can be performed in a similar manner, and here we write only its final expression

1 b\~ )
_ v+ ( x+a )
= a+b—cRe{ln( D )‘ In x+c-b
y:—D X=—

x=0
}—Il(a,c—b,c). (B.61)
D

Note that in particular cases (i.e. a = b, c = 0 and etc.) one has to take a limit to find an actual closed
form expression (or perform the integrals for those particular values) and the good thing is that

those limits exist.
Again we rewrite the full expressions of integrals for convenience without indication of real

part:
. a a -D+a -D+c
R R N N L RS
. b . b c -D+b -D+c
—dllog(ﬁ)+dllog( ) ln(ﬁ)ln Fo] +ln( - )ln( ) ) (B.62)
dil ( a )+di1 ( -D+a ) ln( a )ln( D+c) ( -D+a )ln(_2D+C) ’
8la_cr °8\a—ciD a—c+D D a—c+D D
. b . -D+b D+c -D+b -2D+c
+d110g(b_c+ )—dllog( +D)+1n(b c+D)1n D ln(b c+D)1n( D )},

I = _a+;1—c {ln(;)—ln(_DD+b)}{ln(CfZ])—ln(_;?LJcriﬂlg)}—Il(arc—b'f)» (B.63)

and in very large D limit, which we will be interested in, they become (also keeping the terms that
do not depend on D)

I Dpeo b{dllog( ) dllog(a?c)+ln(

—dllog(bb )+d1log(b DC)—ln(bfc)ln(;)},

D—+0c0 1 b a
L, = _a+b—cln(5)ln( )—Il(a,c—b,c). (B.65)
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B.3.2 2nd Expression

For 2nd expression we need to evaluate integral of the type

D+in, D+in
I3(a, b, c) lim Rej J ' f(y)dxdy

 ety—+0 Ding, J-Diin, (x+a)(x+b)(y+c)
0+in 0+in, (B'66)
= * v dxdy
= lim Re ,
Nty —+0 =D+in, J=D+in, (x+a)(x+ b)(}} +0)
which is straightforward to do for zero temperature
; J‘”i’?x dxIn(y +c) ( 1 1 )‘FO“%
3= B
_D4i a-b x+a x+bl| __p.
+11x . ] v D+117y (B.67)
1 y= xX+a x=0
- In(y+o) ln( ) ,
- b })_*D X + b X_*D
and explicitly it looks like
c a(D - b)
I3 =———Reql ( )1 . B.68
3 —b e{“ D+c nb(D—a)} (B.68)

B.4 Taylor expansion of the result for a single charge state

In this section we will expand the result for a single charge state and will examine it in the
middle of the first diamond, i.e. V, = 2U + AV,. We also assume that the bandwidth is extremely
large D — +o0 and charging energy U >> E; is much bigger than the single particle energies.

1. We start by examining term (B.11). For a single charge state the energy differences in the
denominator takes the form

a=Ej—Es=-3U+V,+ A =—U+ AV, +AY), (B.69)
c=Ei—Ey =—8U +2V,+ A" = —4U + 2AV, + A", (B.70)
b=Ei—Eg=-3U+Ve+ A =—U+AV,+A), (B.71)

Here A" corresponds to sum of single particle energies

n
=) E, (B.72)
j=1

with special case
A =E; - E, (B.73)

being single particle energy difference. The expansion of results will be performed in small
parameter values

A" 1+ AV, B4
X = T. ( . )
The expansion of integrals I; and I, becomes
1 U\ 8In(2) 8In(2)
~51n(5)+ o o o (B.75)
2[dilog(4) — dilog(4/3)] - 1n%(3) (B.76)

4U
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Here for I; we have neglected term dependent on D, because for very large bandwidth the result
(tunneling renormalized energy differences) does not depend on it. Actually, the matrix elements
themselves for fourth order do not depend on D. This was checked numerically, because it is too
tedious to do that analytically.

2. For single charge states all (B.17) type terms vanish.

3. For term (B.22) the energy differences in the denominator takes the form

a=E;—Es=-U+AVy+AY, (B.77)
c=E;—Es =AY, (B.78)
b=E;—Esr=-U+AV,+ A, (B.79)

The expansion of integral I; becomes

oL (U AY 1 A9 aP+alMv2vy) U
] n(5)+ Uz U 202 n(e_D)’
(B.80)
1 1
A . AW (Al )+A§, )4 2V,)
H —
U2 U 2072
We again have neglected D dependent terms.
4. For term (B.27) the energy differences in the denominator take the form
a=E;—Es=-U-AV,—Al, (B.81)
c=E,—Eg =AY, (B.82)
b=E;—Eg=-U-AV,-Al. (B.83)
The expansion of integral I; becomes
Lol (U NG | A0 A A 1ovy) oy
T n(5)+ oz U | 207 n(@)’
(B.84)
1 1
A(CO) A(CO) (AE, i Aé i 2V,)
— |
U? U 20?2
5. For term (B.32) the energy differences in the denominator take the form
a=E;—Es=-U+AV,+ A}, (B.85)
c=E —Es =AY, (B.86)
b=E;—Eg=-U-AV, A", (B.87)
The expansion of integral I, becomes
2 A0 A0 20 A1) A0
PO SN L e s e 01 (B.88)
4U U? eU 8U?




126 B. FOURTH ORDER CORRECTIONS TO ENERGY SHIFTS

6. For term (B.37) the energy differences in the denominator take the form

a=E;—Es=—U—-AV,— A, (B.89)
c=E—E5 =AY, (B.90)
b=E;i—Egr=-U+AV,+Al. (B.91)

The expansion of integral I, becomes

70 A(CO)

ANE

0) 7_(2(A§71) _ Agzl) _A(CO)) (B 92)
- 8U2 . .

Al

1
r1eU

Izz

We can get this result from (B.88) by interchanging a with b.
2nd Expression. For second expression terms the energy differences in the denominator take
the form

a=-Uz(AV,+AY)), (B.93)
b=-Ux(AV,+Al), (B.94)
c=-U=+(AV,+AL), (B.95)

where all possible sign combinations can be taken. We will examine only the term with all pluses,
because result for other signs does not differ qualitatively. The expansion of integral I3 becomes

1 (U) AL”+A(;’+2AVg1 (U) AV + AV,
+ nf—=|-———=

2 2
2U u (B.96)



Appendix C

Analytical expressions for a single charge in a “shell”
eigenspectrum

If we consider quantum dot consisting of four single particle orbitals of single “shell”, the second
order effective Hamiltonian (2.29) acquires the following matrix-block structure, where different
blocks correspond to different charge states:

(2)
Hp,

We examine the first 4 x 4 block corresponding to a single charge many-body states. The elements
of this 4 x 4 matrix, which we will call H; ; can be expressed as
3U Vg + Ex — fa

kZ|tk0|21n 5 i=j,
#i

(C.2)
(U-Vg+Ej—pa(U—Vg+Ej—uq)

(BU ~ Vg +Ei — o) (3U ~ Vg + Ej — i) |

. U- V+E
|tévo| In

Hi,j =(U- Vg +Ei)6i,]’ +Zpao‘

ao

1 i
S(the) theln

5 i+#j.

Here V, = 2UN,. We will rewrite this expression by shifting diagonals by a constant

U
k
- U_Vg+zpa0|taalln5 (C.3)
aock
and by changing V, = 2U + 2% This yields
. Ei—AVy/2— g Ex—AVg/2— g
Ithol*In 1 —g +> Itk In|1+ —Lg] , i=],
k=i
Mij=Eidij+ me ' (1 B E,—Ang]/z-ya )(1 B Ej—Avé/z—ya ) (C.4)
o S(tho) tho In i#j.
2 (1 R Ei—AVlg]/Z—ya )(1 E;-AV, /2 ya)
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In the calculations we will also need expressions of the form

Hii-Hjj=Ei—-Ej+ Zpaa

ao

Hii+Hjj=Ei+Ej+ Zpag

ao

Now we will expand logarithms in

We see that we need to deal with expansion of the functions

In|(1 —x)(1 + x)|

So the expressions (C.5) to lowest order in x,; become

Hii—Hj;~E

Hii+H;;~E;

and off-diagonals

Hi,j ~

Note that we will also use the following notation

s 1_% i _EJ’AVS/Z*M
ltoo|“In|———75— |~ ltao|"In|—%—77——| ¢ (C.5a)
ao 1+E, Avé/z Ha @ 1+Ej Ang]/z Ha
‘ Ei—AVy/2—p E;i~AVy/2—p
{|t;w|21n (1— Lg] “)(1+ 5 “)
; Ei-AVy/2—p E;i—AVy/2-p
+the|?In (1— / [g] a)(1+ / lg] a) (C.5b)
AVe/2—p
+2 letﬁalzln 1 5 2 }
k#i,j
Ei~AVy/2~ g
i = . C.6
Xai U ( )
In|1 + x| =§:(—1)"+1ﬁ . - (C.7a)
n 2 ’ :
n=1
L 2n+1
X 1
-2 + X0+ ) C.7b
Z%2n+1 (x 3x ( )
27:—(x Xt ) (C.7¢)
n=
_Ej_2Zpaa{|tfxa|2xai_ltéalzxaj}: (C.8a)
ao
+Ei+2) ) paclthol xax (C.8b)
k#i,j ao
_Zpaa(tém)*tzjxa (xai+xaj); 1#]. (C.9)
ao
AV,
Vo = T"'P‘a (C.10)

C.1 Zero and parallel magnetic B field

Here we will do explicit calculations of the tunneling renormalized eigenspectrum, when magnetic
field is parallel to the tube axis (C = 0). In such a case the single particle Hamiltonian (3.58) is

K T)
E+1,+1 + %gsBH

%AKK,e—iq)KK;

K" 1) K1) K" T)
. %AKK/ei‘/’KK'
%AKK,e_l(PKK’

E 11— %8B

E_i_1-3&B

%AKKfei(PKK’ (Cll)

E_y .1 +38B
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where Aggs denotes modulus of KK’ mixing. After diagonalizing the above Hamiltonian we find
the eigenspectrum of the “shell” and the new eigenstates in terms of KK’-basis states, which are:

1 1 1 1
E;e {5 (Bs+Ay), > (=Bs+A,), > (=Bs—A,), > (Bs - Al)}; (C.12)
Pii 0 0 Py 1 0 0 —vyeiPrr’
o 0 P2,2 P2’3 0 . 0 Uy —Uze_id)KK, 0
Pin=| ¢ P32 P33 0 |~ 0 Vel Pxr’ Uy 0 ’ (C.13)
P4,1 0 0 P4,4 U1 e‘“PKK’ 0 0 u

where

/1 ’ Axk
§1+— 1—_ Vi = KK i:1121

(C.14)
&7 + AKK,, 01 =As0 = Borby 02 = Ago + Borp,
= gsBl Borb = gorbBl
In this case the Hamiltonian H; ; simplifies to
Hip O 0 Hia
| 0 Hyy Hpz O
H; = 0 My My O | (C.15)
and has the eigenvalues
1
> (Hl,l +Hya+ \/(Hl,l —Hy4)? + 4|H1,4|2); (C.16a)
1
5 (Hz,z +Hsz 3+ \/(Hz,z —Hs3)? + 4|H2,3|2): (C.16b)
and eigenvectors
1 —7e 1,4 0 0
0 0 M, — —vye?res
P u , = ArgH, C.17
V1€_1¢H1'4 Uy 0 0
with
iy, 7, = % 1+ M1~ Has i,y = % 1+ Moz M3 (C.18)
\/(Hl,l ~Ha,4)? +4lH1 4 \/(Hz,z ~H3,3)% +4[H) 507

The tunneling amplitudes to the “shell” single particle sates after the inclusions of KK’-mixing
take the following form
al ultal +v1e (PKK’t 2)

) +v2e¢“<t 2)

= a1

=0 ( C.19
5gi( vy 1¢KK't1+u2ta2) ( )
=501

al vlel‘PKK t al t “ltaz)
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where it is assumed that (3.64) are only non-zero tunneling amplitudes. In such a case the spin
sums become:

Zpaaltéalz =Pat {u12|ta1 |2 +v7 |ta2|2 +2u1ny Re[eld)KK taltaZ]] (C.20a)
Y Pacltiel” = pal u3ltar* +v3ltaal> + 2upvy Re[e kK" g2 17 ), (C.20b)
o
Zpa0|t3¢a|2 =Pal {V§|ta1|2 + u§|ta2|2 —2upvy Re[e_i(i)KK,thlt;Z]]’ (C.20c)
o
Zpaa|téa|2 =Pa? {Vlzltallz +ug |to(2|2 2ujvy Re[el(i)KK talta2]]r (C.20d)
o
Zpaa(téa)*t;}zo =Pa? {_ulvlei(PKK,“ 1| +u12ta1ta2 V1 2¢xx talta2+ulvlel Pxx ta 2|2}, (C.20e)
Zpag(tig)*tg Pal{ Upvpe” ¢KK'|ta1| +u2ta1ta2 v2 lz(PKK’ 1t +upve” i Itazlz}. (C.20f)
o
Using the above relations we evaluate (C.5) type expressions
p
Hi1-Haa =0 —aZ B Itaol? + 1o P) + (Bs = 2Va)ltao P ~1t61%))
Pat 5 A ' (C.21a)
= A1 =D S A (a1 +1ta2l?) + (Bs = 2Va) | 1 (Ita1 | — ltaal?) + 2= Re[el KKty ta5] |},
— U A A
p
Hap=Hs3= 4 —; S B2l1t0 P + 1830 P) = (Bs + 2Va(tzo P ~ I3 7))
oul " A (C.21b)
2 KK’ por—iggs o+ o+
=Ar— Z % {A2(|tal I +1ta2l®) = (Bs +2Vy) »E(ltal > = Itaal) + ZTZRe[e R taZ]]}r
Hi1 +Haa =By +Z C{M (1136 ? ~ 1136 17) = (Bs + 2Va) (1136 + 112517))
Pal A ) (C.21¢)
=B, +Z 5 { [ (ta1l = ltaal®) + ff Re[e“PKK’t’;lt;z]}—(Bs+2va><|ta1|2+|ta2|2>},
Moo+ M3z =B+ "“7" {A1thol? = 120 1?) + (Bs = 2Va)Itao® + ltao )}
“o ] (C.21d)
Pal 01 2 2y, ARK o ik 2 2
:_Bs“‘ZT A F(|ta1| —ltq2l )+2TRe[e KK tortan ]|+ (Bs = 2Vo)(Ita1l” +1ta2l") ¢
= 1 1
and off-diagonals
H14— Zpaa tl t4 B _zva)
P A (C.22a)
_Z DCT I(PKK/{ KK’ |t21|—|t [ _14)KK' t 2—7/1 lq)KKt 1ta2]} —ZVQ),
H23_Zpao o(Bs+2V,)
0 A (C.22b)
,_Z al 1¢1<1<'{ KK’ |ta1|_|ta2| [u2el¢KK tartan — ‘l/ze —ipkg p* it 2]} (Bs +2Vy).
Often we will be rewriting expression in square brackets in (C.22) using relation:
. i o o
u?el® —p2e7® —ising + ;<08 o,
(C.23)

1 o 1 0
2—_ — 2:— - —
when u _2(1+A),v 2(1 A)'

Now let’s see how these expressions change for different parameters. Here throughout we
assume normal leads p,, = p and applied symmetric bias pj = —pr = V/2:



QuaNTUM TRANSPORT 131

Case1:t = |t|ei4’f =1t1/R1/2s Agp = AKK’ =B=0:

Hi1-Haa=Hoo—Hzz= (C.24a)
‘lpltl2
Hii+Haa=Hoo+Hzz=- AVg, (C.24b)
4pt2 AVq
7‘[1 4=Ho3= T (C.24c¢)

The eigenvalues and eigenvectors in this case are

20lt? _ 20lt? _ 4pltf?

S AV FIAVl), = (A FIAVY) = 0= AV, (C.25)

1 - 0 0

110 0 1 —el®
P‘ﬁ 0 0 e 1 [ (C-26)

i¢ 1 0 0

where

¢ =2¢; +Arg(AVy). (C.27)

The order of eigenstates corresponds to eigenvalues written in the order of (C.25) before the arrow.
The modulus of the energy differences is

4plt|? I 2
AE = 2|H2’3| = T|AVg| = T(_UlAVgL I'= 47'(p|t| . (C28)

We see that cotunneling threshold acquires gate dependence due to the tunneling renormalization.
Also from (C.26) we get the new effective “single particle states”

1) = 5 (K D+ 1K 1), (C.29)

1) = 5 (- K DI D), (C.29)

o1y = (K )+ K L), (C.29¢)

b 1y= - (-eIK DK L), (€.29)

which have the following tunneling amplitudes and tunneling rates

tZTT = % (1 +eiArg(AV8))t, I‘ﬂ = p|t|2(1 + cos|[Arg( AV ]), (C.30a)

tZTT = %(1 —e‘iArg(AVg))t*, aT = p|t|2(1 —cos[Arg(AVy) ]), (C.30Db)

Zﬁ = \}5(1 +e’iArg(AVg))t*, al = p|t|2(1 +cos[Arg(AVy) ]), (C.30¢)

ti’i = %(1 —eiArg(Avg))t, ai = |t|2( —cos[Arg(AVy) ]) (C.30d)
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Case 2: tr = |tL|ei¢L = tL,l/ZI tr = |tR|ei¢R = tR,1/2! ASO = AKK’ =B=0:

Hi1-Haa=Hrr-H33=0, (C.31a)
2

M1+ =Hop +Ha = = {1t +ItRPIAVE + (It - It VY, (C.31b)

H 4 =Has = %{(tg+t§)Avg+(tg—t§)v}, (C.31¢)

and the modulus of energy difference is
AE =2[Hy 5| = 20 |(t7 + tR)AV, + (1] — 13) V| (C.32)
= A sl = (UL T IR)A Ve T UL = IRV :
Using this energy difference we find the threshold voltage
2 2
Vih = [AAV, + BVy|, A= Up(tﬁ +13), B= Up% ~12), B<<l, (C.33)
by solving quadratic equation (here D denotes discriminant)
(1-|BI*)V§ — 2Re[AB*|AV, Vin — [APAV] =0, D =[24AV,[,
Re[AB*]AV, £|A|AV,
th — 1— |B|2
| and for real tunneling amplitudes it can be written as

FL+FR TL—FR
(1i - AVy,  where Fa:27'cp|ta|2.

~ (Re[AB'] £|A)AV,,
(C.34)

From above expression we see that there is asymmetry between positive and negative bias threshold.
Case 3:t = |t|ei¢f =1t1/R1/2 ASO +=0,B=0, AKK’ =0:

sgn(01)(H1,1 —Haa) =01 (1 -x), (C.35a)
sgn(02)(Hz,2 —Hsz,3) =02 (1 -x), (C.35b)
Hi1+Hgs = —KAVg + Bs (1 -x), (C.35c¢)
Hyo+H3z3 = —KAVg -Bs;(1-x), (C.35d)
M 4= 5e?i (AV,-B), (C.35e)
M3 = geZi‘Pt(AVngBs), (C.35f)
where we have denoted 5
dplt| T
= - C.36
"TTU Twu (C.36)
The four eigenenergies are
AV, B 1 2
—KTg + 75 (1-%)+ E\/(l — %)% (Aso — Bor)” + K2 (AV, + Bs), (C.37a)
AV, B 1 2
—KTg - 75(1 —x)+ E\/(1 — )% (Aso + Borp)” + k2 (AVg = By) . (C.37b)

Thereinafter we will neglect constant shift —xAV,/2 of all energies. When there is no magnetic field
Bs, then 01 = 0, = Agp, and the energy splitting between two pairs of degenerate states becomes

AEp_q = \/(1 —k A2+ (kAV)'. (C.38)
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Table C.1: Bare and renormalized g-factors for carbon nanotube quantum dot, when Agp = 0,
Sorb > gs, and KAV, >> B, By, > 0

Cotunneling line Bare transition from K | to Bare g-factor Renormalized g-factor

1 K1 8s (1-x)gs
’ o B

2nd K l 8orb K& + (1 - K)2 ziAbvg
2 B

3rd K’ T &s T 8orb gs+(1 _K)2 2z57’grAng

We see that in this case there is no more crossing, when AV, = 0, and we get splitting 2AEp_ for
cotunneling threshold between negative and positive bias. When magnetic field is included and
we are exactly around the middle of the diamond AV, ~ 0, we get the following energies after
expanding square root when x <<'1

1
E(sBS+TsASO—TB0rb)(1 -x), (C.39)

with all possible sign combinations of s = +1, T = +1. This result is almost the same as for the bare
spectrum case without tunneling renormalization, except for the factor (1 — «).
Let’s look at the case when AV, > 0 and |kA V| >> |Asol, |B|, i.e. we expand

X2+ (1+y)2=1+y+ %xz with x=(1 —K)AS%‘ZM[’, Y= iAB_\;g' (C.40)
and then the energies become
4. % + Kszg( L a —21<)2 ASSA_\ZOIb]Z]’ (C.41a)
) %(1 20— Kszg (1 N (1 —21()2 [ASEA_\ZMb]z]’ (C.41b)
N _%(1 P Kszg [1 N (1 —21<)2 [Asggéorb]z]] (C.410)
1. —% - Kszg [1 4 _2’()2 ASSA“L‘Z‘”br]. (C.41d)

Here the number labels correspond to sorting from the lowest energy to the highest, when AV, >0

and Agp = 0. The comparison between bare g-factors and renormalized ones for different cotunnel-
ing lines, when g,, > g; and Agp = 0, is given in Table C.1. We see that g-factor corresponding to
Zorb Now depends on magnetic B field and vanishes for B = 0. For finite B field orbital factor g,
depends on the gate voltage AV,. We note that in this case bare energies are

B B B B
Ex| =—(%orb +gs)§f Exr = ~(Zorb _gs)zf Exs = (8orb _gs)af Egn = (8orb +gs)§- (C.42)

Now we will expand (C.37) energies in By and By, assuming that Ago, AV, >> |Bg|, [Bor| > 0.
We need the expansion of the function

b
\/a2(1+x)2+b2(1+y)2z\/a2+b2+ |alx + |bly ,
V1+b2/a2 V1 +a%/b?
with 2= (1-K)Aso, b= KAV, x = Db o _ B
7 ¢ Ao’ Y AVy'

(C.43)
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Table C.2: Bare and renormalized g-factors for carbon nanotube quantum dot, when g, > g5,
Sorb > &, and kAVy > Ago >> B, By, > 0

Cotunneling line Bare transition from K | to Bare g-factor Renormalized g-factor

15t K,T &8st &orb (1_K_7€)gs+g~0rb
ond KT s (1- K)gs
3rd K] Qorb —Kgs + Sorb

in x and y. Then the energies (C.37) become

B 1 (1-x K
f(l_K)iE AEB:O_ )) 2Borb+ ZBS ’ (C.44a)
AV, 1- A
te(ae) ()
1 1-
——5(1—K)i§ AEp—o + 1-x) 2Borb— £ 2Bs . (C.44b)
AV, e A
R R
We will rewrite the above energies as

AEgy .. _. B
3. =~ Bab &) (C.45a)

AEgy .. __B
2. -+ (G + & )5 (C.45b)

AEgy ..  _. B
4 =+ (o~ 85 (C.45¢)

AEg_o . _B
L=~ (Gorb + &) (C.45d)

where
21-1/2
~ 1-x ASO
Rkl — A—Vg) , (C.46a)
&~ g(l-x%R), (C.46b)
AV \2 -1/2

~ " _ K g

Zorb = orb(1 — k) 1+(1_K—ASO) (C.46¢)

The number labels in (C.45) correspond to sorted energies from low to high for kAV, > Ago >> B> 0,

and §,p, > §. We again see gate voltage renormalization of g, In this case the comparison
between bare g-factors and renormalized ones for different cotunneling lines, are given in Table C.2.
We note that in this case bare energies are

Aso B Aso B
Bri=-— ~Gob &)y, Frn == + (R ¥ 8)
Aso B

) ) (C.47)
SO S
EKTZT—(gorb_gs)Ef EK’J,:7+(g°rb_g5)E'
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Case4:A50¢O,AKK/:B:V:O:‘

sgn(61)(H1,1 — Ha,a) = sgn(02)(Ha,2 —H3,3) = (1 -k ")Ag0 + K~ AV, (C.48a)
Hi1+Haa=Hoyr+H33z=x Aso— K+AVg, (C.48b)
AV
H14—H23 =Kip——= 5 (C.48c)
where
=3 L (It P £1t0l?), m=22—"ta1taz. (C.49)
o U o U

We have set the chemical potentials to zero (i.e. bias V = 0), because we want to figure out whether
we can get a crossing in the cotunneling threshold. Also all tunneling amplitudes are arbitrary.
The modulus of the energy difference in this case is

2 2
AE = \/{(1 — 1) Ago + KfAvg} + (12l A V)", (C.50)
It is possible to get a crossing in cotunneling threshold if
Kip = 0 - tr1tro + tR1tR2 = 0, (C51a)

1—xt
AVg:—

Aso. (C.51b)
One possible solution is

ty =t =try, ty =ty =eTtpy =—1py,

U (C.52)
AV, ~ Aso, where T;= 2np|t'|2.
g r2 _ rl 1 1
Case 5: t = |t|ei¢f = tL/R,l/Z) ASO =0, AKK’ =0,B=0:
_ _ Ak’
H1,1—Hasa=Hrr—H3z3=(1-x)Ay +xcos(P) A AV, (C.53a)
z
H1,1+Haa =Hoo+H33=x(Agk cos(P)— AVg), (C.53b)
. AV,
M, 4 = Hos = ke 1Kk (Aﬁ cos(¢) +isin(¢)) g (C.53¢)
’ ’ Ay 2

where

(P = (pKK/ + 2¢tl AE = V AZO + AKK’ (C54)

We note that one has to be careful when taking limit Agg, Agxxs — 0. In this case the energy
difference becomes

2
AE = \/[(1 —)Ax + KCOS(‘P)AAKK/AVg] '

)

2

(C.55)

K (AAﬂ cos(¢) + isin(cj)))AVg

by

The minimal value of splitting between positive and negative bias appears near gate voltage

. 1-«x
min
AVg =—

(¢), (C.56)

and the value of this splitting is

Emin=(1- K\/A +A2 %k Sin (qb) (C.57)
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If Aggr >>|Ago| = 0 it is possible to get an approximate crossing, when ¢ = 0 (or ¢ = 1) near the
point
1-x%x

AV;rOSS =~ F AKK" (C58)

Upper sign corresponds to ¢ = 0, lower corresponds to ¢ = 7.
‘CaSC6ZA50¢O,AKK/¢O,B:VZOZ‘

My —Haa = Hop—Has = (1-x)Ax + (k- 550 4 BKK ) Ay (C.59)
’ ’ ’ ’ Ay Ay
Hi,1+Haa=Hoo+Hs3=x"Aso+kAgk’ —kAVy, (C.59b)
* —i ) ,A ’ A . AV
Hy =Hoz=e Prx (—K f; + KC% +1Ks)Tg, (C.59¢)
where
2
=Y E(tal £ltal) — (P xlP), (C.60a)
o
2 4p
Ke=15 (cos(Pp)ltpitral +cos(Pp)ltritral) — ﬁlﬁ tolcos(¢), (C.60Db)
20 . . 4p .
Ks =77 (sin(¢p)ltpitrol +sin(Pr)ltritral) — ﬁ|t1 to|sin(¢p), (C.60¢)
¢Lr=Pxk +Pr1,R1 + PL2,R2 (C.60d)

We have set chemical potentials to zero (i.e. bias V = 0), because we want to figure out whether we
can get a crossing in the cotunneling threshold. Relations after the arrow correspond to symmetric
coupling to the leads. By choosing all phases equal to zero, i.e. ¢; = ¢ =0, we have to satisfy the
condition

2050 _ |11* = 1t)?

- , C.61)
Axx |t1t5] (

kAso =« Ak

to get a crossing at

(1-x*)A2
AVES = — i (C.62)
KCAKK’ + K ASO

Also we can get rid of the tunneling renormalization by removing the gate voltage AV, depen-
dence from the eigenspectrum. This is achieved by requiring

k =0, x.=0, x,=0 —> x =0, x.+iks=0, (C.63a)
which can be rewritten into conditions (4.13).

C.2 Perpendicular magnetic B field

Here we will perform calculation using spectrum and eigenstates, when magnetic field is perpen-
dicular to the tube axis (C = 7t/2). In such a case the single particle Hamiltonian (3.58) is

IK T) K" 1) K 1) K" T)
Eq %gsB+ S AggoeiPre
o Ey S Aggore ix $8B, (C.64)
$8B, FAg gl Pre E, ’

1 iy 1
$Aggre 1 Pxx 38B.1 E,)
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where

Aso Aso
Ey=E, 1 =E 1 =E"+ — o B=Eaa=En= E°- — (C.65)

Neglecting a constant shift in the energies E° the eigenvalues of the above Hamiltonian are

1
22 (Bo Agg)? + A%, Bo=g.B, (C.66)

with all possible sign combinations.

In order to get simple analytical results we will consider only a particular case, when there is
no Aggs mixing, and orbitals are equally coupled to the leads, i.e. t;, =t;, =t,. When Agg, =0
the single particle eigenspectrum becomes

1 2 2
i51/B5 +ASO’ (C67)

which is doubly degenerate. The corresponding eigenstates are

IKT) = +ulK 1) +vIK ), (C.68a)
IK'T) = +ulK’ |y +v|K' 1), (C.68b)
K1)y =—v|K T)+ulK |), (C.68¢)
K’y =—=vIK L)+ ulK’ 1), (C.68d)
or written in a matrix form
7)1,1 0 7)1,3 0 u 0 -v 0
|0 Py 0 Pyl (00w 0 —w
Pin= P31 0 P53 0] |v 0 u 0/ (C.69)
0 Pyp 0 Pyy 0 v 0 wu

where

u= E(1+T), V:w’E(l—T sgn(Bs), A:"Bgﬁ‘AéO, ZM"I/ZKS. (C70)

The tunneling amplitudes take the following form

t;T =+t til =+t 4y,
2 * 2 *

1, =+vt 1, =+ut
al al’ al a2’
: : (C.71)

tor = —Via1, 1y = +iite),

4 _ * 4 _ *
taT — +1/lta1, tal — _VtaZ’
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and the spin sums become (taking p,, = p and t1, =ty, =t,):

Zpa0|t20|2 = p|ta|2;

Bs .
Zpaa tgca aa =p2uv(ty ) ZPKS ta
Zpaa ao)
o

* * A *
S Pao(the) e = p(u® —02)(E5)? = p =52 (£5,)2,
o

aa:()'

A
Aso
2 _Paollae) 1o = plu? —v)ia = =534
Zpaa tgzcr =0,
*\2 BS *\2
Y Pactio) tag = —p2uv(ty)? = ~p 5 (1),
o
In this case Hamiltonian H; ; simplifies to
Hii—H
Hl[l Hl’z 0 H174 % " HE'].Zt 0
W= H1,2 Hin Has 0 . H’i'2 % Has
i, 0 Hy3 M3z Hsa 0 H _M
H 0 M3, M3s . ' .
1,4 3,4 M, 0 H, ,
Here in the diagonal after the arrow we neglect constant factor —H“;H“

(C.8a) and (C.9) we get the diagonal term

(C.72a)
(C.72b)
(C.72¢)
(C.72d)
(C.72e)
(C.72f)
(C.72g)
Hia
0 (C.73)
Hs,4 .
_Hi1-Hss
2

. After using relations

2
Hii-Hsz=(1-x)A, x= ﬁp(hﬂ2 +|trI), (C.74)
and off-diagonals
p(tz)* B _ K% B k* B
Hi,= Z T S5(A=2V,) = fK(Avg—Ap?fv, (C.75a)
A T A
Hig=Hps= p 2S0A_2v,) = "2+ =SOAV, + %%V, (C.75b)
p( a) s K} B k- By
H3,4:+Z——(—A—zva):———(Avg+A - =28y, (C.75¢)
" U A 2 A ) 2 A
where 5 5
p p
Ky = U(tﬁ +13), K= F(tf —13). (C.76)

To get simple analytical relations for solution of characteristic equation of (C.73) we also assume
that tunneling amplitudes are real, i.e. t, = t,. In this case the Hamiltonian (C.73) can be written

as
Z x 0 w z="Hy1~Hsgs,
x 2 w 0 . x="Hi,,
Hi,]’ = 2 2 , with b2
0 w -3 yz v=Hs4,
w 0y -3 w="H, 4.

(C.77)
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Table C.3: Bare and renormalized g-factors for carbon nanotube with applied perpendicular field,
when Agp = 0 and kAV, >> B, >0

Cotunneling line Bare g-factor Renormalized g-factor

lst O gs
2nd & K
3 rd 8s ( I-x )gs

The eigenvalues of the above Hamiltonian are

%(Hy s -y 22+ (2w)2), —%(x+yi Ja-y-22+ (2w)2). (C.78)

Now we consider case when couplings to the left and right leads are equal ¢; = tg. In such a
case k_ = 0 and we get

B A
x+y=-kB;, x-p= KSKAVg, 2w = %KAVg, z=(1-x)A. (C.79)

If there is no spin-orbit coupling Aso = 0 and we are in the middle of the diamond AV, =0, we get
the following eigenspectrum, sorted from low to high energies (B, > 0):

B B B B
1. - =2, 2. —(1-2x)=, (1=21)=, 4.=, .
> ( x) > 3. ( K) > > (C.80)
The corresponding g-factors for the above eigenspectrum are

l.xg, 2.(1-x)g, 3.4 (C.81)
When there is still no spin-orbit coupling, but kA Vg >> B> 0 we get the following eigenspectrum
1. ~kAV, - By, (C.82a)
2. —KAVg + B,, (C.82b)
3. kAVy—(1-2x)B,, (C.82¢)
4, KAVg + (1 +2x)B,. (C.82d)

The comparison between bare and renormalized g-factors in this case is given in Table C.3.
When xAV,, Aso >> |Bs| > 0 we can expand square root in spectrum (C.78). We rewrite this
square root as

2 2
ax a ab
ibV1+x2) +( ) ~Va? +b?2+ ——x,
\/( V1 +x2 V1 + x2 Va2 + b2 (C.83)

B
where x=-—-,a= kAVy, b =(1-x)Aso,

Aso
and then the spectrum becomes

AEg_ N B

L === = (& + %805 (C.84)
AEg_ - B

2. ——f O 4 (g,+ Kg) 5 (C.85)
AEg_ - B

3. = = (& K85 (C.86)
AEg_ - B

4 =4 (g g (C.87)
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Table C.4: Bare and renormalized g-factors for carbon nanotube with applied perpendicular field,
when KAV, > Agg >> B >0

Cotunneling line Bare g-factor Renormalized g-factor

1% 0 s+ xgs
d gB
2" ZA%O K&s
d g ~
3 2Aso &8s
where
2
AEg_o = \/(1 —x)2A%, + (KAVg) , (C.88a)

-1/2

2
1 _
K ASO) (C.88b)

gs%gs(l—K)[lJr( = A_Vg

The comparison of g-factor in this case is given in Table C.4.

C.3 Ferromagnetic leads

If the leads are ferromagnetic, then the tunneling density of states is different for spin-up and
spin-down p,, which has an effect on spin sums:

pr( GV = (t aT)*tZ,T(paTCOS2(9a/2)+palsinz(Ga/Z))

o

+(t2¢)*t21(pafsin2(9 /2)+palcosz(9a/2)) (C.89)
+((t T) t”le 1(Pa+(tn )*taTe )(PaT pal)sm(Q /2)cos(6,/2).

When there is no magnetic field B = 0, then the above sums become

Zpaglt;op:{pafcosz(Ga/2)+palsm 0,/2) }{ 2|ta1|2+v2|ta2|2+2uvRe[ei¢KK’ta1ta2]}, (C.90a)
o
> pacltzol? = {p,75in>(00/2) + pocos?(Oa/ D lta1 P + v Itaal + 2uv Re[e 0K 17 17,1}, (C.90b)
o
Zpa6|t26|2—{p Tsm 0,/2)+p icos 0,/2) }{vzlta1|2+u2|ta2|2—2uvRe[e7i¢KK’tl’;1t;2]}, (C.90¢)
o
Zpaa|t30|2—{paTcos 0a/2)+p l51n 04/2) }{ 2|ta1|2+”2|ta2|2_ZuVRe[ei(PKK/taltaZ]}x (C.90d)
o
Zpag SNty = (paT pai)sme {uz(ta1)2+v e12¢KK’t2 ,tuv(e bk 4 elPk’ )t 1ta2}e_i(P“, (C.90e)
3 oltha o = (P = pa1) T (17 =02tz + v (12,0005 — (15267105 i, (C.501)
o

Zpag(t}w)*tgtg:(paTcosz(ea/z)+palsm2(9a/2)){u2t;1t —v2el20KK 1 1 t o + UVl PR (|t 0]? = |tan 2 )}, (C.90g)
o

> Pao(tie) tag = (paisin®(0a/2) + p,; c0s>(0a/2)) {uPta1 tag —v2e 2K £ % ) 4 uve KK (|to,]? ~ |t01 ),
o
(C.90h)

sin@, {(u2 —V2)ta1t;2 + uv((tzz)Zefid)KK/ _ tileifﬁxK' )}eiq)a’ (C.90i)

Zpaa ao) a(r (paT Pai)

Zpao‘ ao- >(- (paT pal)SIDG {uZ(ta2)2+v e12¢KK’t2 —uv(e 1¢KK/+814)KK/)t 1t } i(pa. (C90])
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Note that u and v are defined by (C.14). Now we will consider situation when there is no KK’-
mixing and spin-orbit coupling. In such a case for parallel collinear and anticollinear lead polar-
ization Hamiltonian H; ; simplifies into (C.15) form. As was mentioned previously in Section 5.3.1,
when there is no spin-orbit coupling it is possible to arbitrarily choose spin-quantization axis in
the quantum dot, so the upcoming result for parallel lead polarization is also valid for any angle.
‘Casel:@a:O,pa(,:pa,ASO:AKK,:B:V:O:‘

Using (C.21) and (C.22) relations and spin sums (C.90) we get:

Hiy—Haa=AVgr, Hao-Hsz=AVyr], (C.91a)
Hi1+Haa=—AVgr|, Hoo+Hss=—-AVer], (C.91b)
AVg AVg |
Hi,4 = T(KT) , Hyz= — Kl (C.91¢)
where
Ke=Y %(|ta1|2 tltaol), kG =2 %taltaZ' (C.92)
a [24
We can instantly write down the eigenvalues
AVg + -\2 02
—T(Kl + (KT) +|KT ), (C.93a)
IN7YEN -
- T(KT s Jo )2+ 1 2), (C.93b)

and get the following energy differences

AV, AV,
0N, p1BAVe (D, ~(pr=pi)a=B)—=E (), [~(pr—pi)a=p)+2p,p] =5 (L), (C.94)

where

kb1
a=—"2= —(|1‘L1|2 +[tpol® +1tpe* + |tR2|2)r (C.95a)
pe U
(k5)2+|x512 1 2
B= % =7 (ItLal? = Itral® + ltr1|? = [tR2l?)” + 4ltritrn + tritral® (C.95b)
o

We see that in the general case there are no degeneracies left, expect in the middle of the diamond
AVg =0, and that is the case even if t;r; = t;/g > = t;/r, but then a phase difference between t;
and tp is required. Note that the above a has nothing to do with lead quantum number, and that
relation

a>p — lt11 t;& - tzztRll >0, (C.96)

is always satisfied. If we consider case py > p| and AV, <0 (left side of the diamond) then the
energy differences can always be sorted as

AV AV
oBIAV (D), {0, [(or-pul@=p-20,8] 55 (W, (o1 -pila=-p—= (1), (C.97)

where energy differences inside the curly brackets can have any order, depending on the parameters.
We see that in this case the ground state is always a state corresponding to spin up. For the right
side of the diamond (AV, > 0) we get the following sorting of energy differences:

AVl AVl
~(p1-pDla=p—E (1 {=[er-pola-p-20,8] = (L), 0D prBIAV (D), (C.98)
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which corresponds to spin down ground state, for p; > p| case.
CasezzeL:o,eR:n,paa:pU,ASO:AKK,:B:V:o:\

Either using (C.21) and (C.22) relations and setting pr1 = pgry, pr| = Prt, What corresponds to
antiparallel leads by keeping the angle Oy = 0, or using spin sums (C.90) we get:

Hi1—Has= AVgK{, Hro-H3z3 = AVgKI, (C.99a)
Hig+Has= —AVgKI, Hyo+H3z3 = —AVgK%', (C.99Db)
AVg oo AVg R
H1’4 = ?(KT) , H2’3 = TKl/ (C99C)
where
Ky = L [pa(ltL1|2 +tro|?) + po (Itri* % |tR2|2)]: Ko = 2 [Potriti + pstritral,
U U (C.100)

with o =1,] and 6 =|, 7,

and eigenvalues are as in the previous case (C.93) with new x% and «J.



Appendix D

Yosida’s wavefunction ansatz

D.1 Single quasiparticle

The possible lowest order approximation for the wavefunctions including single quasiparticle
is [74]

|S/TO> = Z (Aaleak! ~L> + Bakllaka»! (Dl)
ak
T = Carllato T (D.2)
ak
IT) = Daxllaw 1), (D.3)
ak

where the notation (7.30) was used. We require the above states to satisfy the eigenvalue equation
H|p) = E[p), where Hamiltonian is given by (6.23). Then taking the projections (1., ||H|S/T?),
o THIS/TO)Y, (T HIT*, and (144, L)H|T ™), we obtain equations for expansion coefficients:

1 1 "
Aa’x = m ; [E]a’a (MKSO(MA + el¢a avKSavA)
_]a’a (uKSauB + eiqf»a/a vKSavB) (D'4a)
_Wa’a (”KSauA - ei¢a/a vKSavA) ]r
1 1 L
B = gy 2o (e 05
_]a’a (uKSauA + eid)a/a VKSCWA) (D'4b)
_Wa’a (“KSauB - ei¢a,a VKSavB)]r
1 1 i
Cox=o—"5: Z [__]a/a (uKS(XMC +er anSlXUC)
E.—(E-B) <=l 2 (D.4¢)
_Wa’a (uKSauC - ei(Pa’avKSavC):lr
1 1 o
Dy = m Z [_Eja’a (uKSauD te e avKSavD)
« a (D.4d)

~Wyra (MKSO(MD —elfaa Vi SavD ) ]:

143
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where the following notation is introduced

Saar = Zaqpaq) Paa=Pa—Pa (D.5)
q

After multiplying Egs. (D.4) by either u, or v, and summing over x we get linear set of equations
for sums S,,4. The resulting secular equation is
j j
1T+Myp Mg

=0, j=S/T°TH (D.6)
] ]
My, 1+ Mpr

where for the state (D.1) [the coefficient matrix is for (SMA SavA  Sarub Sa’vB)] we have

_SZu (ga’a - wa'a) _Sijv(ga’a + Woa )e.i(l)a,a ZSZuga’a 25;vga’ae'i¢a/a
MS/TO — —Syu (gg’a -~ Wa'a) _S;V(gcf’a TWya ),614)&/(), B 255u80'a ~ 25;—vga’ael¢a’”. |, o7
aa zsuuga’a 25uvga’ael¢a “ _Suu(ga’a - wa’a) _Suv(ga'a + wa’a)eupa “
25;uga’a ngvga’aeiqsa/“ —Syu (ga’a - wa'a) _s;v(ga’a +Woa )eitpara

and for the states (D.2) (D.3) we have

ME, = 5’1—“ (ga,“ +Woq) S_EV(ga’a - wa,a)e‘lf,ba'a (D.8)
“ S0, (g T Wy ) st (g ) =W )eld)a’a : .
vu\da’a a’a wi&aa o

Here 1 denotes a unit matrix and the following notation was introduced

S _ 1 aKbK
Ilb - T(VF - EK _ Er
st =sa(E+B), 5, =s,(E+B), (D.9)

1
Sa'a = ETZVF]a’ar Worq = TVEWyrq-

After performing x sums in s,;, for symmetric band &y € [-D, D] we obtain

A D+\/D2+|A|2+Es
= =—Inl—— M N ,
uu 4% ye |A| |A| uv

1_1
2 @

EA/D2+|A]2+|A)?
IVD2+|AP+EA|
S s B l \I\ VD2+|A|2 dx ~ (—1 —E2/|A|2 s
SR (N N (x —E)y/x2 +|AJ]2 11 D\/EZ—|A|2+E\/D2+|A|2+|A|2‘
T
(VD2+|AP+E)|A|

In the case when there is no magnetic field (B = 0, s* = s~ = s) we can simplify the above
equations by choosing (D.1) to be either singlet or triplet state, i.e.,

arcsin(

|E| <A, (D.10)

|E[> |A].

B,.=-A,.,  singlet|S/T% =1S),
axK axK g | 0) | Z (D].]_)
B = Anier triplet |S/T) =|T").

Then for the singlet we get

S (3g 1y — W ) S (3g S W )eiqba’a
MS — _|°uu a’a a’a uv a’a a’a)C ), D.12
o Svu(?)ga’a - wa/a) SVV(3ga’a —+ wa,a)el¢a a ( )
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and for all the triplets the matrix /\/lgi; has the form (D.8). When there is no potential scattering
W, =0 we can set S, ,r = S,yF, because s, = s, and then we obtain

S/ V=0 (~Baa(Stu +5100P) 2GSt + steie)
a’a - - - i‘Pa’a — - - ilpn'ﬂr ’
2ga’a(5uu +Syp€ ) ga’a(suu +5,€ )
o0 o (D.13)
Mﬁ’a = 8o (SLA + S;Uel(j)a “ ),
s w=0 i s
Ma’a = _3ga’a(5uu + suvel¢a a)

The perturbative solutions in g,, of the secular equations (D.6) matches the results presented in
Section 7.3. Additionally, when there is no magnetic field the inclusion of potential scattering term
W, yields solution E = [A[(1-172),

0,5l = §(3gi \/9g2)(+w2(1 —)()), for singlet, (D.14a)
o.r] = —g(gi \/gz)(—i—wz(l —X)), for triplet, (D.14b)

where the form (6.26) of the coupling was used and yx is defined in (7.15). For small magnetic field
|B| < |;702A| the above solutions get modified to

32 2gV2110 - 382 + (w? - 3g2)(1 - a2
Ins,il~|1+ 132 X gV210 =38+ (w g1 -a7) 1o, singletlike, (D.15a)
8gnglAI2 [(wz—12g2)(1—a2)+18g2]\/§r]0+g(w2—9g2)(1—az)(2+a2)
R2 202 2 (w2 4+ 02)(1— a2
o g1~ |1+ Bz x 8V2n0 +3g° ~ (w? +g%)(1 ~a?) no,  triplet T like, (D.15b)
' 8gnglA?  [w2(1-a?)+ 282 V2o - g(w? - g2)(1 - a?)(2 - a?)

and for high magnetic field |B| > |g§A| it becomes Ej;, ~ |A|(1 - né}h) — B, where |04 = —I10,7]-
Independent of the magnetic field size for the states |T*) we get Er=; = |A|(1 — W(%,T) +B.

D.2 Three quasiparticles

In this section we will check how does the energy of the state (D.1) is changed when in the ansatz
three quasiparticles are included. To make things simple we examine situation with no potential
scattering, no magnetic field, and no phase difference. In such a case we have a wavefunction

)= (Aqllg 1)+ Bqllg, T>) ) (“q1q2q3|Tq1 Tasbas D)+ ba,q,051a Loy Tayr 1) (D.16)
q

919293

and we get the following equations for the expansion coefficients

(oo UHI) = Exe~ L 3" Khic+ 13 Kachi
k k

J (D.17a)
) Z(Lf(k’ = Ligi) (@i = ki) + 1 Z Lo (b — boky) = EAy,
Kk’ Kk
J
<‘LK' T|H|¢b> =EB, - E ZKKkBk +]ZKKkAk
) * (D.17b)

] * * *
-3 D (Lige = Lin) (k= biok) + 7Y Lo (@ = @) = EBy,
Kk’ Kk’
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<TK1 Tkzlkg,!‘HHll)bb) = (EK1 + EK2 + EK3)(aK1K2K3 - aK2K1K3)

J
Y ZKKlk akK2K3 aszK3 ZKsz aK1kK3 akK] K3) 2 ZKK3k(aK1K2k - aKzKlk)

k
(D.18a)
+]ZKK11( Kok3k T ngng +]ZKK21( K1kxs — bK1K3k)
k k
J J
_E(LK2K3 - LK3K2 )AK1 + E(LK1K3 - LK3K1 )AKZ _](LK1K2 - LK2K1 )BK3 = E(aKl KoK3 aK2K1K3 )x
<l/1<1 ~L1<2TK3:T|H|1P17> = (EK1 + EKZ + EK3)(bK1K2K3 - bK2K1K3)
J J
- E ZKklk(ka2K3 szk3 ZKsz xK1kks bkkl K3) 2 ZKng(bklkzk - szK]k)
k k
(D.18b)
+]ZKK1k(aK3kK2 _akK3K2 +]ZKK2k ak;cyq _aK3k1c1)
k k
J J
_E(LK31<2 _LK2K3)BK1 + E(LK3K1 - LK1K3)BK2 _](Lqu - LK1K2)AK3 = E(bK1K2K3 - bK2K1K3)'

In Egs. (D.18) we keep only the braced terms, because the other terms correspond to higher order
corrections. Then we get the following coefficients

=~ ] (LK2K3 - LK3K2 )AK1 - (LK11<3 - LK3K1 )AKZ + 2(LK1K2 — LKZK] )BK3 , (D19a)

a7<17<27<3 - aKzKlKa

2 E.+E,+Ex3-E
b _b ~ l (LK3K2 - LK2K3)BK1 - (LK3K1 - LK1K3 )BKZ + Z(LKZKI - LK1K2)AK3 (D 19b)
rlks  Trakiks T o E.+E,+E3-E ’ '
which are inserted into (D.17) to give
2 ;) — ) —
(Ex + AE, —E) Ay — % S KAk - % (LK“E il}K)inf(k, = ELk K g =0, for singlet B, = —A,,
K Kk’ k™ Fk (D.20)
] 512 (L = L) (i — L) : _ .
(E, + AE, —E)A, + Ezk:K kALK + 7%(: E+ BB I Ax =0, for triplet B, = Ay,
where 5
3 Ly — Ly
AE, = — 3J% Ly — Lickd , (D.21)
4: & E.+Ex+Ey—E

is the quasiparticle energy shift. The integral equation (D.20) is solved iteratively by substituting
in the last term

. 3] Kk . J Kix
f le: A, ~ =) ——F A f let: A, ~—=) ——® A,
or singlet: A ~ — Ek E +AE. —E K or triplet: Ay ~ -5 Ek E.+AE.—E'X (D.22)

Then by having S, 4 = S, [see Eq. (D.5)] for symmetric band & € [-D..D], we obtained from Eq.
(D.20) with the above approximation (D.22) the following secular equations

uZ+uv (12 + vy ) (uf + wevie) (ud, — uvie)
177 U Uk Ve k k =0, for singlet,
E.+AE.—E 8 Z (Ex + Ex + Exs —E)(E + AEx —E)(Ex + AEx —E) or singie
(1 + 1t vie) (g + ugevie) (g ) 2
5 u UV u Urv Uy, — Uk’ vk’
1+= Z Uty —L T e T R e~ TPk =0, for triplet.

Ex+AEc—E 8 4= (Ex+Eic+ B —E)(Ex + AE — E)(Exc + AEx ~ E)
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Now we want to calculate the bound state energy from equations (D.23). We will write down more
detailed calculation for the singlet case, because in the triplet case it is analogous. First thing to
note is that AE, gives ground-state energy shift when we set E, — E = 0 in the expression (D.21).
We denote this shift as AE; and introduce new variables

3J2 < Lk — Lick|?
AEy = ——§ e D.24
"TTE S B Ee (D.24a)
E=E +AE,, AE,=AE,-AE,. (D.24b)

The new variable E’ corresponds to energy difference between ground-state doublet and excited
singlet/triplet. Using the new variables the equation (D.23) for the singlet becomes

1_22 M,%"I‘MKUK

2 E.+AE,—E’
(D.25)
973 u? +u v ) (ul + e
_L ( K~ KK)( k k~k) T(VFU_(E/+AEO—EK—E1():O,
4 " (Ex +AE,—E’)(Ex + AEx —E’) 2
where we introduced
U(E) =5, *5Syp- (D.26)

By assuming that 0 < |A| - E’ ~ g%|A| < |A| the main contribution to the integrals in the last term of
(D.25) comes when E, and Ey are close to |A|. Then we also have

U2+ U vy TIVE , )

— ~ U, (E)(1- ,

ZE +AE _F 7 +( )( gcl)

AE, z(E _E')g%, (D.27)
Zlka/ kal

and after leaving the relevant terms which will give contributions to third order in g = mvgJ/2 to
E’, Egs. (D.25) become

1-3gU,(E")-9¢°U>(E")U_(-|A) =0, for singlet,

- (D.28)
1+gU,(E')-5¢°U2(E")U_(-|A]) = 0, for triplet.
Once again we write the energy as E’ = |A|(1 —#2), which then gives
1 2D 2 m
U.(E)~ —[ln—+—(——17) ,
i |A2|D V2 (D.29)
U_(—JA]) ~ (IHW - 2), D> A,
and finally from Eqgs. (D.28) we obtain
1s ~ 3\/§g[1 + == ( A )]
(D.30)

fTo = \/_g[1+—g(lnm—2)]
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The above result (D.30) is consistent with poor man’s scaling for the coupling [70, 149], when
D > |A|, and it differs from the result obtained in [74]. There some small mistakes were made

2D

when obtaining the leading-logarithmic contribution In {37 for the energy difference. So we resum

leading-logarithms In % in (D.30) using poor man’s scaling

n(g,D)—n(g+06g,D—-90D)=0,
where 7 stands for #g,r0. From Eq. (D.31) we obtain the usual flow equation

ag 4¢° B _dD
ﬁ__Y’ d/\—dlnD—F,

which gives the following running coupling ¢g* when D is scaled down to D*

T
—F
41nT—K

*

g = TK :De_ﬁ.

Note that D* > |A| for the usual poor man’s scaling equation (D.32) to hold.

(D.31)

(D.32)

(D.33)



Appendix E

Equations for phonon Green’s functions

In this Appendix we calculate the following retarded correlation functions

i

G = =500t =gy (D1 ()], (E.1a)
i ’ 7
G::;”If/’,tt’ = —£9(t —t)[ru(t), ugry(t )] (E.1b)
i , )
Drllzn’,tt’ = _£9(t_t )ru(t), ()], (E.1¢)

using the equation of motion technique. Note that the variables are in mass weighted coordinates
(9.3) and we use the following shorthand notation n =i,m, f =i, a,r. Here

(e @nvta, + ) (r)el@ntah] (E.2)

Uigy(T,1) = 2P W ia
aWay

is mass weighted displacement vector for particular mode v. In the calculations we will need such
time derivatives [commutators wit Hamiltonian (9.1)] of .1, py,.s, gy,+ and 7tg,, 4

d i

5t = 3 [H 110 = puss (E.3a)

d i

mpn,t = E[H'p]t = _Vnnrn,t - Z Vnnlrnl,t - Z Vnﬁl uﬁl,tl (E3b)
ny#n B

d i M d 1

Eu/}v,t = E[H’ uﬁv]t = p_:nﬁv,tr Euﬁ,t = p_an/},t: (E.3¢)

J i Pp ) )

o T = P H ] = —ﬁﬁ“’év“ﬁw =D TtV paCp = D 1t Vi g (E-3d)

mh B

substrate frequency
shift term

where we used the shorthand notation A; = A(t) for the Heisenberg evolution of an operator, and
introduced the function c(ﬁvﬁ) = Ona Ciia,vrr = 50[0,Re[ul(;)(r)u:,(z)(r’)] with ug)(r) being given by Eq.

(10.28). After differentiating Eqs. (E.1a), (E.1c) with respect to time t and Eq. (E.1b) with respect to

149
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time t’ we obtain

ur,R _ IS nr,R
J Gﬁvn tt Gﬁvn tt”’ (E'4a)
Pﬂ
ru,R IS r7,R
af'Gnﬁ’v’,t‘t’ - Gnﬁ Lt (E.4b)
pp’
pr,R
J Dnn St Gnn St (E~4C)
and we see that we need the equations of motion for Ggwf 19 G;Z”Ij’,tt” and GZ;’ i
R Pp R ) R
3tGZ§n = ﬁvGE:n tt’ Zcﬁﬁl Vﬁﬂlz nyn’ tt’ Zcﬁﬁl Vﬁl Gvaln tt’? (E.5a)
/5 pinz Bivi
R P R R () R A
‘9t’G;§'v' 1= ﬁ’ G;% vt Z Dnnl,tt’ anﬁzcﬁQﬁ’ - Z G:zzlvl tt’ Vﬁl B ﬁ” (E.5b)
ﬁ n1 B2 v
pr,R 2R R ,R
091G = =aDR = Vi DR =Y Vi, Gy (E.5¢)
ny#n /31 Vi

where we denoted V,,, = w2. Combining the equations (E.4) and (E.5) we obtain

M M
2 ~ur,R 2 LR B TE W) R
a Z:/n L T T ﬁvGE:/n Lt Z Cp Vﬁlnz non’,tt’ Z Cpp, Vﬁl Gglrvln’,tt“ (E.6a)
ﬁan pﬁ ﬁlvl pﬁ
M ’ / M ’
2 ~ruR R B R B
at’G;;’v’,tt’ - ’G;rzl/é/v t Z Dnnl tt’Vn1ﬁ2 /52/3/ - Z G:Z-ilvl,tt’vﬁl , ﬁlﬁ” (E.6D)
nlﬁZ pﬁ B1v1 pﬁ
R
8 Dnn tl’ = nn St - Z nny nln’,tt’ - Z Vnﬁl Gglrvl Wt (E6C)
ny#n Bivi

Now we Fourier transform the above equations with respect to the time difference, i.e., we integrate
both sides with f d(t - t")el(@r(t=t) and then we get

M M
 \2unR 2 R B _(v) R B _(v) R
~(@+in)* Gyl = =5 G = 2 P > o 8 VB Gl (E.72)
piny P pin P
M ’ / M ’ /
. \2~ruR R B R B (V)
—(w+ 117) G::;’v’,m - ’ ’G:zify’ v, Z Dnnl ) ”1/52 , ﬁzﬁ’ - Z :17811/1 wVﬁl , ﬁ]ﬁ” (E.7b)
112 p B1vi Pp
. R R ,R
—(w+ 1’7) Dnn W _sznn ,w Z nmy nln’,m - Z Vﬂﬁl Gglrvln’,w’ (E.7¢)
ny#n pivi

which can be rewritten as

ur,R  _ 0,R ur,R
Gﬂvn’,w - Z S/iv B1v1, wVﬁlnz nyn’,w + Z Sﬁv Bivi, wVﬁl Gﬁlvln’,w’ (E'Sa)
ﬁlvan ﬁlvl
ru R 0 R ru,R
"ﬁ Vo Z D””l w ”1/32 Bava vt Z Gnﬁlvl oVB ﬁlvz BV, w’ (E.8b)
nfava Bivive
R 0,R R
Dnn " = Z Dnnl Q)annanzn w + Z Dnnl w nlﬁZ E;VZYI’,(U’ (E.SC)
ny#ny nyBavs

where D? and S? are non-interacting substrate and particle Green’s functions which are given in
Appendix F by equation (E.1). In the end we will need Green’s functions summed over the modes v
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and v/, and by summing the above equations (E.8) over v and v’ we obtain

R 0,R ur,R
GZZ w = Z Sﬁﬁl wV/31”2 nyt’,w + Zsﬁﬁl w 131 Gﬁln’,w’ (E'9a)
Biny
,R ,R 0,R
;l;;/ ZDH”I w Vi S ﬁzﬁ’ +ZG;1Z31,wV/31 5/3 B (E.9b)
182
R
Dllfn W = Z Dr?n]? a)annzDilfn ) ZDr(l)nlfa) nlﬁzGE:n w* (E9C)
M=, n1Ba

The equation of motion technique gives exactly the same equations for advanced Green’s functions
(with # — —77) and as we can see from Larkin-Ovchinnikov representation (11.9) it also carries to
Schwinger-Keldysh space (see Eq. 11.10) [131, 134, 150].






Appendix F

The non-interacting particle D' and lead S° Green’s
functions

In this section we present the non interacting particle Green’s function D corresponding to Hamil-
tonian Hy =) ;. ( plm + Vim, Zmr )/2 and lead Green’s functions S° corresponding to Hamiltonian
Hy=3",, hwayat,a,,. We note that we use mass weighted coordinates (9.3). By using equation of
motion we obtain for Fourier transformed retarded Green’s functions

;i Opmny K;
im,i’'m’,w (w+i77)2—a)i2m Wi Mm ( a)
0,R Ma Cii’,a,v,rr’éaa’évv’ . / 2 P
SllXI‘Vlarv w_p_a ((1)+i1/])2—a)§“/ ,y Wgy =Cqt kﬁ-l—K B (Flb)
where
*( LT« *(v) * )
Citr o = Re [u;:()(r)ui,:)(r’)] == [ui;)(r)u D)4 uig)(r)uﬁ,”a(r')], (F.2)
0,R
and S;/, ©ony , COTTESPONAS tO
0,R . , )
Siarv,i’a’r’v’,tt’ = _le(t —t )([uiav(rf t)’ ui’a’v'(r ’t )])0 (F3)
We are interested in the vv’ summed lead Green’s function %% when molecules are attached

iar,i’a’t’,w’
only to the surface of the leads r, = (x,v,,2), ¥, = (X, 94,2). So we need the coefficient

1 . L I
— )2 [f;((;/)(ya)fjfg/)(ya)elkZ(z Z)elkx(x x)+ wiv)(ya)f;(;)(ya)e ik,(z Z)e ik, (x—x") , (F4)

Ca,ii’,v,r,r), 2(27_(

and then the required vv’ summed lead Green’s function is

M, 5 S L
GOR/A ‘m J dKKf dk f d@
iar,,i’a’t),,w ];0 . K B (w= 11/] - (k2 +K )

x I:fl(a (ya)fl"(a (}’a)el (22 )elkx(x— ) ( )(Va)fl a)(ya) ik,(z—2’ )e—lkx(x—x'):l’

(E.5)

where different modes m = H, +,0, R and relevant integration intervals kl,kz for these modes are
0,kg,m)
p

described in Section 10. We have the following expressions for functions f , which enter

ia,y,
(E.5)
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2

H: fZ:—sian[;, k1 =0, kp = +0oo,
2
fx:cosewlg.

cos 6 kg kg — . ¢t |2, .9 C12
£ o= ¥\ (1-C) =i (1+Cy) |, Ca=azib, ke=_q[kz+i?|1-5]
4m(1 +k/§/x2) | VK | ¢l ¢
5 sin0 5 it )' R 4, [kakp (kG — )
= — (- i—(1+Cy)|, a= , b= ,
* 4n(1+k§/,<z)> ke o F - (k3 = 2)2 + 41k ok (k2 = 12)2 + 4k ok
1 [ [kak , 2
fy = L) +i1-C)|, k= b -1 k= oo
4m(1 +k§/x2) YK ci
k 1 2
0: cos0 b+—ﬁ 1+a)|, ky=Lq[k2|Lo1|-k2, ko =ik,
T ot A -
oo sin@ , ks ’ )' (kg—xz)2—4i;<2kykﬁ \ 4Kkﬁ(k[§_,<2)
F i S + — +a)l, a= - B = - .
2r(t+ki) L K ] (kf —x2)? + 4ik2ky kg (kg —k2)2 + dix2ky kg
k ] (:2
fyzl[_Kybﬂ(l—a), ki =0, ky=x 42_1,
2m(1 +k§/1<2) ] J cf
i K 2ky ki .
R: f,=icos6 m _K2+k,27 ) kﬁ:lkq’
fo—ising [ 2k ky X (ky — k) (12 ky, = 12 kyy + 2k k)
=1S1n - y o)= ’
* Ko)|" x2+k} 2icky k2
Y L here is no i 1 over ky, b k, = k
fy= o) |x “2ael there is no integral over k;, because k; = kg,
Ul
(E.6)

where we have suppressed the labels a, y,, and (x,0,kg, m) for simplicity. We can obtain the

advanced S%4 and Keldysh S”X Green’s function by noting that in equilibrium for bosonic Green’s

function G, we have the relations G4 = [GR]t and GK = [2n(w) + 1](GR - G4).

FE1 Coupling to a single point

If the molecule couples to a single point of the lead r, (xa,ya,za) then from Eq. (F.5) and Eq.

(11.27) we obtain such imaginary part for different modes m of Slma iar, 0"

pH _ w U xdx w

= 47‘(pcf 0 V1-—x2 - _4npc?’
. w J‘mf c,xV1 —x2dx
0 (1-2x2)

~-0.042—%

: 8mpc; 2 4 4x2V1 = x2\1 - (c,x)? 4mpc;
pO_ @ J'l c2xV1 —x2(1 - 2x2)%dx . 01687
I drtpc; Jise, c2[1-8x2(1 —x2)(1 - 2x2)] — 16x4(1 — x2) " 4mpc)

TEA (1= EN =1+ &), (1+E) = 24/E(2 —1+&)]?
A J P s @
4mpc; c,(l—éz)z(\/c3—1+5—c,\/_ [(1+2&)VeZ —1+&—c,VE] 4mpc;

(F.7a)

(E7b)

(E.7¢)

(E7d)
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Ve V1-(c,x)2d
i V1 - (6 x)7dx ~-0.021—2 (E7e)
(1-2x2)

dmpc} 2+ 4x2V1 - x2\/1 — (c,x)? 4mpc;

1 3V —x2 2
b0 = _ 2w3f 2 1 2x [(crx) : 1]dx4 _~osa0—Y (76
rpc? Jise, c2[1—8x2(1 —x2)(1 - 2x2)] — 16x4(1 — x2) 4npc;
_£\5/2 3/2
pR=—— ¢ me(1 - ~148) ~-0.863—.  (E7g)

21pc? ¢ (1 - E2)2(V2 =1+ & — e, VE)(1 + 282 =1+ & — ¢, VE] 4mpc?

For gold (Au) leads we have

C_Cl_ 2(]—0’)
r_Ct_ 1-20

~ 2.693, where o =0.42 is Poisson ratio, (E.8)
and 0 < £ <1 is determined from Eq. (10.84)
54+4g3+2(3——)52—4( ——2)5+1_o, &~0.107. (F.9)
Cr Cr

Then the total values of imaginary parts are

b~ 1404 —— =-Ajw, b, ~-145 =40 (E.10)

Pct 47{pct

Note that b corresponds to b, by, components and b, corresponds to by,,.

We can calculate the real part using the Kramers-Kronig relations (also known as Hilbert
transform). For function G(w), which is analytic in the upper complex half-plane (the retarded
one), and which decays as w™ with a > 0 we have

+o00 I G Vi
Re G(w) = PI dw T)—(w)
R G (F11)
Im G(w) = ——PJ- do' =2 ).
In our case the retarded function S*% satisfies all the above mentioned conditions if we

iar, zar ,

cutoff the frequency w in the imaginary parts of (F.10) by the Debye frequency wp. In such a case
after applying transformation Eq. (F.11) to Eq. (F.10) we obtain

A
a|/L = —% (ZQ)D +wln

“’D_“)‘). (E12)
wp t+w

E2 Coupling to an area

From Eq. (F.12) we see that the real part 4, depends on the cutoff wp even when wp — +oo,
and in such a case the result for the heat current depends on the actual value of wp. To see if the
assumption of coupling to a single point of the lead is valid we examine coupling to an area as
depicted in the inset of Figure F.1. We consider such a function

= dzdxdz dx’s?,

11m_ 11,1,1,,w’

(F.13)

N\Sh
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Figure F.1: The i 1mag1nary part of function R ., (F.15) for different modes m. Solid black curves

correspond to Rzz,w, Rgxlil, and dotted blue curves correspond to Ryy,w. Solid vertical gray lines

denote the values of dimensionless Debye frequencies @; = 2.80 corresponding to radius of a gold
atom a; = 1.5 A, and @, ~ 7.61 corresponding to a lattice constant a, = 4.08 A.

where we integrate the lead Green’s function over area a® for every of the variables r, = (x,,,2)
and r,, = (x,9,,2’). Note that we have neglected the label a for convenience. If the coupling area
is of the size of the lead atom the Debye wp frequency should cutoff the imaginary part of the
function (F.13) before it starts decaying do to coupling to a finite area. Using the following integrals

27
d6 .2 Ka .2 Ka .
IL,=1.= sin (—cos@)sm (—51n6),
o J; cos26 2 2

2n do Ka Ka (F.14)
I,, = —sinz(—cose)sinz(—sine),
4 jo cos20sin’ 6 2 2
we can rewrite the retarded function of (F.13) as
V _* - - ]
S + 16
RN = Z f dKKf dkg fi f f X Iii,(ﬁ)
iw = 2(2m)2p k (w+in)? —¢; (k2+1< ) atx? 2
m H,+,0,R 1 [
(F.15)
kb4 qy kz“ v f; +f f u
: af)
PCt H+0R‘J‘ J “)+”7 —(@2+u?)” M\2

where f represents functions in (F.6) without trigonometric factors dependent on the angle 6. Also
the new variables and the dimensionless frequency are

@ =wa/c;, u=xa, v=kga (E.16)
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Now in expression (F.15) we separate the real and imaginary part in the denominator, i.e.,

1 1 _im sgn(@) —
= — 25 s(v— Va2 —u?), F.17
(@+in)? = (v?+u?) 7>vz+uz—d)2 ) Vol -2 (v- V&% -u?) (F17)

where we used

[al
ﬂa~)2 _ u2
Note that for Rayleigh mode R we have fixed value of v2 = —u?&, where & satisfies Eq. (10.84), and
then we use the following form of the relation (F.17)

1 _ 1 _ in @l
(@xin)?~u?(1-¢) - Pu%l—é)—@ﬁz@im)mé(” m) (E19)

Using Egs. (F.17) and (F.19) we find the imaginary part of function R?i’,l’{w (E.15), which is plotted in
Figure E.1 for different modes m. Solid vertical gray lines denote Debye frequency wp = 22.2 THz for
a; = 1.5 A corresponding to radius of a gold atom, which gives dimensionless frequency @, ~ 2.80,
and a, = 4.08 A corresponding to a lattice constant, which gives dimensionless frequency @, ~ 7.61.
We see when the coupling area is shrunk to size of gold atom the Debye frequency cutoff is
consistent with cutoff, which appears due to coupling to a finite area.

S(Vv2+u?2F o) = S(v— Va2 -u?). (F.18)







Appendix G

Normal modes of the two masses model

We want to rewrite Hamiltonian (9.1) with the coupling (9.2) for two masses model in the normal
mode basis, which is useful when calculating the transmission (11.30). For simplicity, we suppress
the coordinate label i and then we need to diagonalize the following Hamiltonian

p? p5 K+K, , K+Kg, K

Hy=—=+—=+ i+ ry —
MU ' > VMM,

, G.1
oM, oM, nr; (G.1a)

K Kk (G.1b)
——— 1 U] — —————T) UR. )
VM M; VMRpM,

In order to find the normal modes of (G.1a) we need to diagonalize the following Hessian matrix

K ___ K 2 V
T VMM, M, 12 2
where
K1 :K+KL, K2 :K+KR. (G3)
The matrices D, P, P!
2
D:(“g+ 0?2) P:(_”v Z) P! ( u”), PPl=1, (G.4)

with

+
wiz‘”lz“’z LA, A=62+VE 5 , (G.5)

I %(1—— (G.6)

Then the normal mode coordinates are expressed as

)7 G0 ) 7
r_ ry v u ry ury) +vr;

and the inverse transformation is

r re\ _(u v\(re) _ [ure+or
(’;):P(r—)_(—v M)(r_)_(ur_—Vr+)' (G.8)
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In the normal mode basis the Hamiltonian (G.1) is expressed as

2 2
p p 1 5,5, 1 55,
Hy = 7++7+§a)+r++§w_r_, (G.9a)
V:T’+(V+LML+V+RMR)+7’_(V_LML+V_RMR), (G9b)
where K K
Lu RV
V=-—bt ) Vip=+—n,
MM, MiM,
(G.10)
KL‘V KRLl
V_L = — y V_R - - ’
M, M, MgM,

Note that u, corresponds to the displacement vector of the leads and u is just given by (G.6).
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