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i

ABSTRACT

This thesis comprises five novel publications in the fields of scattering amplitudes and effective field

theories (EFTs) which focus on describing binary inspiralling systems in general relativity. These pub-

lications fall into two groups. The first group formulates and studies a new EFT: the Heavy Black hole

Effective Theory (HBET). Three publications fit into this category, and present novel results pertaining to

the post-Minkowskian scattering of spinning black holes, new on-shell variables tailored to computations

in the large mass limit, and a prescription for how to obtain HBET amplitudes by double copying those

of the Heavy Quark Effective Theory. Lessons learned from these studies are combined with other EFT

techniques in the remaining two publications. This second group approaches tidal effects from within a

quantum-field-theoretic framework, first without spin, then for spin-1/2 particles (which can be thought

of as slowly spinning celestial bodies).

Each publication is introduced by an initiation describing key tools and concepts pertinent to the

publication.
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SAMMENFATNING

Denne afhandling indeholder resultaterne beskrevet i fem publikationer indenfor emnet spredningsampli-

tuder og effektive feltteorier (EFTs) med specielt fokus på at beskrive par af tunge objekter, der spiralerer

mod hinanden som beskrevet af generel relativitetsteori. Disse fem publikationer falder i to grupper.

Den første gruppe formulerer og undersøger en ny EFT: Heavy Black Hole Effective Theory (HBET).

Tre publikationer falder indenfor denne kategori, og de præsenterer nye resultater der hører til såkaldt

post-Minkowskian spredning af sorte huller med spin, nye variabler der er skabt til perfekt at beskrive

grænsen hvor masserne af spredningsobjekterne er store, samt reglerne for hvorledes man kan beregne

amplituder i HBET ved at lave en dobbelt kopi af amplituder fra Heavy Quark Effective Theory. Ud

fra disse tre publikationer, og i kombination med andre EFT-teknikker, har jeg arbejdet mig frem til

yderligere to publikationer. Denne anden gruppe af publikationer beskriver gravitationelle ‘tidevands’-

effekter fra et kvantefeltteoretisk synspunkt, først uden spin, siden for spin-1/2 partikler (der kan opfattes

som langsomt spinnende astronomiske objekter).

Hver af de fem publikationer bliver introduceret med en indledende tekst, der beskriver de nøglebe-

greber, der er nødvendige for at forstå hver publikation.
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CHAPTER

INTRODUCTION

General relativity (GR) and quantum field theory (QFT) are two of the most extensively experi-

mentally verified physical theories currently known. The success of the latter is encapsulated by the

astounding accuracy of the Standard Model of particle physics, which, to the chagrin of many, has not

yet produced a result that is inconsistent with experiments. Similarly, the predictions of the former con-

tinue to be proven true, with two of the most recent confirmations of the theory being the detection of

gravitational waves (GWs) in 2015 [1] and the observation of a black hole in 2019 [2].

Over the past several decades, one of the most active fields of research in high-energy theoretical

physics has been concerned with the unification of GR and QFT, aiming to describe gravitational inter-

actions at all energies. An intuitive way to attempt such a unification is to quantize the Einstein-Hilbert

(EH) action while decomposing the metric into a small deviation away from flat space. One then treats

these small deviations as the quanta of the gravitational field – that is, gravitons – and computes scatter-

ing amplitudes perturbatively in the expansion parameter κ =
√

32πG = 1/Mpl, where G is Newton’s

constant and Mpl is the Planck mass. Following this procedure, one quickly runs into problems: the EH

action describing GR is non-renormalizable at two loops, requiring new couplings to absorb these diver-

gences [3–5]. The situation is even worse when one attempts to describe the high-energy behavior of

gravity coupled to a scalar particle, in which case the non-renormalizability already appears at the one-

loop level [6]. We will refer to this framework of quantized gravity with or without matter as quantized

GR (QGR).

While numerous alternative descriptions of gravity have been put forth to remedy this loss of pre-

dictive power at large energy scales, the "naïve" approach described above is far from obsolete; QGR is

ill-suited to high-energy processes, but it is applicable if the energies in the problem are small (compared

to the Planck mass). Indeed, a community has formed around taking advantage of the region of validity

of QGR to study macroscopic gravitational systems.

A central concept facilitating the description of macroscopic physics using scattering amplitudes is

the following: the amplitude describing the 2 → 2 scattering of massive particles through the exchange

of massless bosons contains terms non-analytic in the square of the transfer momentum to all loop orders

that dominate the amplitude in the long-range limit [7, 8]. Such terms are of the form S ≡ π2/
√
−q2 or

L ≡ log(−q2), and they tend to (plus or minus) infinity when the transfer momentum squared, q2, tends

to zero. We can see that the limit q2 → 0 is the correct limit to describe long-range dynamics in two

ways. The first is by noting that the transfer momentum is related to the inverse of the impact parameter,

q ∼ 1/b, so the limit q2 → 0 is conjugate to the limit b→∞. Another, more intuitive explanation is that

only on-shell modes can exist long enough to travel long distances. Since by assumption the processes

1



2 1 INTRODUCTION

we’re interested in are mediated by massless bosons, the on-shell limit is precisely q2 → 0.

Through a careful restoration of factors of ~ to the scattering amplitude [9, 10], these non-analytic

structures can be shown to produce an ~ scaling that leads to classical contributions to observables. Con-

cretely, "classical" means that these contributions are finite in the limit ~ → 0, and classical amplitudes

are the portions of scattering amplitudes that yield classical contributions.1 While there has been plenty

of work deriving long-range and classical corrections to the Newtonian potential (see the references in

subsequent chapters), the discovery of GWs has turbocharged studies into the link between amplitudes

and classical observables in recent years.

A significant portion of this work is explicitly motivated by the binary inspiral problem in GR. The

system under consideration comprises two very dense celestial bodies (either black holes, neutron stars,

or one of each) locked in orbit around one another. As these two objects revolve around each other,

they lose energy by the emission of GWs, consequently causing a shrinking of the orbital radius in

the so-called inspiral phase. Eventually, the objects will collide and combine into a new, unified body

during the merger phase, which continues to emit gravitational waves in the ringdown phase until it

reaches equilibrium [11, 12]. Earth-based detectors measure the GWs emitted in these three phases and

identify them through comparisons to templates derived from GR. Conventionally, the dynamics used

to compute GW predictions have been calculated using general-relativistic techniques, with the inspiral

and ringdown handled analytically while the merger is tackled numerically.

Scattering amplitudes present a complimentary approach to the inspiral phase of the problem. In

this phase the bodies are well separated, so the gravitational field between them is small enough to

decompose the metric as a perturbation around flat space. The actions of QGR can then be used to

calculate the amplitude for 2→ 2 scattering, expanded in powers of G. After isolating the classical por-

tions of the scattering amplitudes, several observable quantities can be derived using one of a variety of

techniques. Since amplitudes are naturally computed with fully-relativistic kinematics, the derived ob-

servables are obtained expanded in the so-call post-Minkowskian (PM) expansion, which is an expansion

only in Newton’s contant. This is to be contrasted with the post-Newtonian (PN) expansion more preva-

lent in general-relativistic approaches, in which calculations are done by expanding in both Newton’s

constant and the relative velocity of the objects in the binary.

The work presented in this thesis is situated in this context; it comprises five original publications

that applied scattering amplitude and effective field theory (EFT) techniques to develop insight into and

produce novel results about the binary inspiral problem in GR. Having taken an amplitudes approach,

the inspiral phase is the subject of these studies. We omit an overview of the current state of the field

here since the introductions of most of the publications already include such a summary.

The first three publications formulated (in Chapter 2) and analyzed (in Chapters 3 and 4) a new

EFT: the Heavy Black hole Effective Theory (HBET). This EFT is the gravitational analog to the well-

established Heavy Quark Effective Theory (HQET), and achieves an operator expansion where the small

expansion parameter is proportional to ~. The work in Chapter 3 expressed the external states of Heavy

Particle Effective Theories (HPETs) in terms of on-shell variables, while Chapter 4 investigated the

double-copy relationship between HQET and HBET for matter with various spin quantum numbers.

The next two chapters, Chapters 5 and 6, focus on the description of tidal effects using QFT methods.

1Which non-analytic structure produces classical effects depends on the order in perturbation theory one is considering. As
a rule of thumb, "non-analytic" can be thought of as qualitatively synonymous with "long-range," while "classical" is a subset
of these two.
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Both publications presented there employed the Hilbert series to determine all operators describing a

certain class of these effects, and presented results at one-loop order. The former considered the spinless

case while the latter incorporated spin.

A summary and discussion of potential future work is contained in Chapter 7.

With an eye to bridging the gap between the knowledge of a new researcher and the contents of the

publications presented herein, each chapter begins with an initiation that presents some key tools used

in, concepts addressed by, and motivations for the work in the publication. These initiations are not to be

confused with the subsequent introductions, the latter of which begin the published manuscripts.

Note that in most places in this thesis we work in natural units, setting ~ = c = 1. We will, however,

occasionally restore factors of ~. When we do so, the rules governing these restorations will be explicitly

stated.
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CHAPTER

HEAVY BLACK HOLE EFFECTIVE
THEORY

ABSTRACT: We formulate an effective field theory describing large mass scalars

and fermions minimally coupled to gravity. The operators of this effective field

theory are organized in powers of the transfer momentum divided by the mass

of the matter field, an expansion which lends itself to the efficient extraction

of classical contributions from loop amplitudes in both the post-Newtonian and

post-Minkowskian regimes. We use this effective field theory to calculate the

classical and leading quantum gravitational scattering amplitude of two heavy

spin-1/2 particles at the second post-Minkowskian order.

2.1 INITIATION

HBET was formulated with the goal of describing a classical system comprising two black holes interact-

ing gravitationally. We will thus begin this initiation by expanding on the encoding of classical physics

in scattering amplitudes at all loop orders. In particular, the scattering amplitude of interest describes the

2 → 2 scattering of massive and potentially spinning particles. Then we will highlight the concepts be-

hind HQET and HBET, motivating why HBET is appropriate for this system and what benefits it brings.

Finally, we summarize the results of the publication.

2.1.1 Classical physics from loop amplitudes

As mentioned in the introduction, the application of scattering amplitudes to classical systems is possible

because amplitudes at all loop orders contain long-range and classical effects. This is an unexpected fact;

it has long been understood that the loop expansion of scattering amplitudes is an expansion in ~. From

this perspective, higher loop orders scale with more powers of ~, therefore describing evermore quantum

effects. An ~ counting leading to this conclusion is detailed in ref. [13], which we recapitulate here.

First, the number of loops L in a diagram is given by the number of independent internal momenta in

the diagram. The total number of internal momenta is equal to the number of internal propagators, I , but

several of these are related through momentum conservation at vertices. Specifically, in a diagram with

V vertices there are as many constraints that conserve momentum, one of which can be discarded as it

imposes conservation of external momenta. All in all, the number of independent internal momenta in a

diagram is L = I − (V − 1).

Now, each propagator carries a factor of ~ from the commutator of a field and its conjugate momen-

tum, contributing I factors of ~ to the amplitude.1 Moreover, Green’s functions (in position space) are

1Ref. [13] counts ~ for non-truncated Green’s functions, so they include factors of ~ from propagator factors for external
lines. We ignore these as we work exclusively with truncated Green’s functions in this thesis. In any case, these factors are
common to all perturbative orders for fixed external states, so are irrelevant to relating the ~ scaling to the loop expansion.

5



6 2 HEAVY BLACK HOLE EFFECTIVE THEORY

described by correlations functions of the form

G(x1, . . . , xn) =
〈0|Tφ1(x1) . . . φn(xn) exp

[
i
~
∫
d4yLint(y)

]
|0〉

〈0| exp
[
i
~
∫
d4yLint(y)

]
|0〉 , (2.1)

where |0〉 is the vacuum state at t = ±∞, the φi are the external states of the scattering, T represents

time ordering, and Lint is the interaction Lagrangian. The denominator here cancels with vacuum contri-

butions to the numerator, so it will not affect the final ~ counting. V vertices are generated by expanding

the exponential in the numerator to the V th order. Therefore, a diagram with V vertices also acquires

a factor ~−V . In total, the ~ scaling of a diagram is ~I−V = ~L−1, suggesting higher loops scale with

more powers of ~.

There are, however, counterexamples to this counting. For one, we can consider the 2→ 2 scattering

of spinless electrically charged particles up to one-loop order. Keeping only the non-analytic terms

1/
√
−q2 at one loop, the amplitude for this process is (see Section 2.C)

A =
e2

q2
ω +

e4

16π2m1m2

π2√
−q2

(m1 +m2), (2.2)

where qµ is the transfer momentum, m1,2 are the masses of the two massive particles, and ω ≡ v1µv
µ
2

is the scalar product of the particles’ four-velocities. Also, e is the electric coupling constant. The first

term in eq. (2.2) comes from the tree-level diagram in fig. 2.4, while the second term comes from the sum

of the one-loop diagrams in figs. 2.5b and 2.5c. Then, restoring ~ using the counting of ref. [13] gives

that the first term should scale with ~−1 while the second with ~0. Noting that e has dimensions of ~1/2

through its relation to the fine-structure constant, this suggests that the two terms above have different

dimensions, which cannot be true. We conclude that the scaling ~L−1 cannot be correct for this process.

Clearly the ~ counting employed above has missed some factors. To find them, we look to the action

for a scalar field coupled to electromagnetism for ~ 6= 1 (but c = 1):2

S =

∫
d4x

[
(∂µ − ~c1ieAµ)φ∗ (∂µ + ~c1ieAµ)φ− ~c2m2φ∗φ− 1

4
FµνFµν

]
. (2.3)

We have introduced the electromagnetic field strength tensor Fµν ≡ ∂µAν − ∂νAµ for the electro-

magnetic field Aµ. Our task is to find the values c1,2 such that this has the correct dimensions of

an action, namely [S] = [~] = [E][L]. Here [·] denotes the dimension of some quantity, [E] repre-

sents dimensions of energy, and [L] dimensions of length. Noting that the dimensions of the fields are

[Aµ] = [φ] = [E]1/2[L]−1/2 and keeping in mind that [e] = [~]1/2 = [E]1/2[L]1/2, it’s not hard to find

c1 = −1 and c2 = −2. These restored factors of ~ in the action, as well as the fact that derivatives of

fields produce momenta divided by ~, give three additional rules for counting ~ in an amplitude:

1. factors of the mass come with ~−1,

2. factors of e come with ~−1,

3. momenta come with ~−1.

2We have not allowed for factors of ~ on the kinetic terms as any such factors can always be absorbed by a redefinition of
the fields φ and Aµ.
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Applying these three rules on top of the ~-scaling from loop counting gives a uniform dimension to both

terms:

A =
e2

~q2
ω +

e4

16π2~2m1m2

π2√
−q2

(m1 +m2). (2.4)

Despite all of these rules for restoring ~, we have still not accounted for all factors as some re-

main hidden in the momentum q of the massless boson. There is, however, a more efficient method for

restoring all factors of ~ to an amplitude in a way that yields well-defined classical observables. The

proceeding arguments follow those made in refs. [9, 14].

Maintaining a dimensionless coupling when restoring factors of ~ means rescaling e → e/
√
~.

Moreover, to expose all factors of ~ we must express the momenta of massless modes in terms of their

wavenumber. The transfer momentum in this context is carried by a photon, so this means we write

qµ = ~q̄µ where q̄µ is the wavenumber. With these adjustments, the amplitude is

A =
e2

~

[
ω

~2q̄2
+

e2

16π2~m1m2

π2

~
√
−q̄2

(m1 +m2)

]
. (2.5)

One can check that both terms carry the same dimensions (when c = 1), so there are no more relative

factors of ~ to be restored. Critically, we note that the ~ scaling is uniform amongst both terms! Thus

there are indeed contributions at one-loop order that do not carry an additional factor of ~ relative to tree

level. Exposing the factors of ~ hidden in q in eq. (2.4), we find the same scaling as in eq. (2.5). It is well

known that the tree-level 2 → 2 amplitude is all that’s needed to produce the Coulomb potential. This

means that, somewhat counter-intuitively, classical portions of scattering amplitudes in this counting

scheme scale as ~−3. A sanity check for this is given in Section 2.3.

This example makes clear that the non-analytic structure 1/
√
−q2 is paramount to producing effects

with a classical ~ scaling at one-loop order. Indeed, there is no other Lorentz invariant quantity that can

provide the requisite factor of ~−1.3 It is a general feature that non-analytic structures constitute classical

effects at all loop orders. One reason for this is that, as mentioned in Chapter 1, non-analytic pieces are

dominant in the long-range limit. Another essential point is that at odd loop orders one always needs an

odd power of ~ from the loop integrals to yield the classical ~ scaling, which can only result from some

odd power of
√
−q2.

The necessity of non-analytic structures for obtaining long-range portions of amplitudes restricts

which types of diagrams must be considered at a given loop order. Non-analytic structures arise from

loop integrals containing at least two massless propagators [9]. If we are to focus further on the classical,

conservative portion of an L-loop 2→ 2 amplitude – that is, the portion that contributes classically to the

interaction potential between the two bodies – only diagrams with at least two massless and at least one

massive propagator per loop are necessary [15–17]. The fact that such diagrams – and others contributing

non-conservatively – contain classical pieces can be confirmed by counting factors of ~, recalling that

the classical ~ scaling is ~−3.4,5 As an easy method for determining whether a diagram can contribute

3On-shell conditions relate contractions of the external momenta with qµ to q2.
4At two loops and above, diagrams with different loop structures – describing radiation reaction effects – give classical

corrections necessary for rendering observables finite in the ultra-relativistic limit [18–22]. In this thesis we focus only on the
conservative sector, and only up to one loop, so we do not consider such effects.

5A diagram scaling with more negative powers of ~ contains classical effects at subleading orders in ~. Note that diagrams
with internal matter loops are always ignored in a classical context, whether or not they have a classical ~ scaling.
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Figure 2.1: The triangle-ladder diagram with an aritrary number of loops. Every boson line that is not
shown ends at a two-matter-two-boson vertex. Such a diagram always scales as ~−3 regardless of the
loop order.

classically, it is useful to demonstrate how this counting proceeds for a general diagram with massless

modes propagating in each loop.

First, at L loops we pick up−(L+1) factors of ~ from coupling constants. This is because the 2→ 2

amplitude carries two powers of the coupling constant at tree level and acquires two additional powers

at each order in perturbation theory, while each power of the coupling constant brings with it a factor

of ~−1/2. From the loop integration measures we acquire 4L factors of ~, since a loop momentum can

always be associated to a massless propagator. Each massive propagator provides a factor of ~−1 (see

Section 2.3), while massless propagators contribute ~−2 – suppose we have nm of the former and n0 of

the latter. The final consideration we must make is the number of pure-graviton vertices. As can be seen

from the pure-gravitational action of ref. [23], which includes the EH action as well as gauge fixing and

ghost terms, such a vertex always brings with it two positive powers of ~. If we have ng pure-graviton

vertices a generic L-loop diagram scales as

L-loop diagram ~ scaling: ~3L−nm−2n0+2ng−1. (2.6)

This counting assumes that the graviton-matter vertices scale as ~0. While this is true at leading order in

~, subleading terms in the vertex can scale with more positive powers of ~ (see for example the Feynman

rules in Section 2.D). Certain portions of the vertex Feynman rule can be dropped in a classical context

if they carry too many factors of ~.

Applying eq. (2.6) to the diagrams used to compute classical conservative effects up to the three-loop

order in refs. [16, 17, 23, 24], one indeed finds that they all carry ~−(n≥3). The additional self-energy

and vertex-correction diagrams needed to account for classical radiation reaction effects at two loops in

ref. [22] scale as ~−5. There are diagrams with a classical ~ scaling at every loop order. For example,

the triangle-ladder diagram in fig. 2.1 scales as ~−3 for any number of loops.

To summarize the discussion in this section, we simply state that classical corrections to 2 → 2

scattering can be extracted from loop amplitudes at any loop order. In the conservative sector, the con-

tributing diagrams must have at least two massless and one massive propagator per loop. Any diagram

yielding classical terms must scale as ~−(n≥3).

2.1.2 Motivating HBET

HQET [25–28] is an effective theory formulated to describe the strong-force interactions between two

quarks, one of which has mass around or below the QCD scale, ΛQCD, and the other being much heavier

than this scale. A hierarchy of scales suggests itself in such a system. The majority of the system’s

momentum is carried by the heavy quark with mass M and four-velocity vµ. Interactions with the light
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Figure 2.2: A depiction of the system described by HQET. The heavy quark (red) carries a large momen-
tum Mvµ, while the remaining degrees of freedom (blue) carry the residual momentum |kµ| �M . The
momentum of the system is the sum of these two.

quark are on the order of the QCD scale, and modify the total momentum by a small residual momentum

|kµ| ∼ ΛQCD � M , where each component of the residual momentum satisfies this inequality; see

fig. 2.2. Expanding the action coupling the heavy quark to gluons in powers of ΛQCD/M � 1, one

obtains HQET.

Conceptually, the process of deriving HQET (see Section 2.4) involves shifting the reference energy

of the system from 0 to M . What this achieves is to make the particle modes massless while attributing a

mass of 2M to the antiparticle. Since the dynamic modes of HQET carry energies much smaller thanM ,

antiparticle modes cannot be created and particle modes cannot be annihilated in a scattering process.

This is expressed formally by integrating the antiparticle modes out of the action and keeping only

particles and gluons in the theory. The particle can be thought of as a source of gluons with approximately

constant momentum that is perturbed only by small residual momenta.

What about gravitational systems? Though we don’t have an analog to ΛQCD against which we can

compare masses and interaction energies for a general system, in macroscopic systems we can find such

a scale. Let us think of the transfer momentum kµ between two classical, gravitating objects as being

carried by gravitons (fig. 2.3). The typical wavelength of such gravitons will be proportional to the

separation between the bodies, R. In turn, the momenta of the gravitons satisfy |kµ| ∼ ~/R since the

momenta of waves scale as ~ times the inverse of their wavelengths. For macroscopic separations and

masses, it is then clear that |kµ|/M ∼ ~/RM � 1. The same hierarchy therefore exists for macroscopic

gravitational systems as for systems involving heavy quarks: the momentum carried by the messenger

boson is much smaller than the mass of the matter it interacts with.

Through this reasoning we realize that there are indeed real gravitational systems that can be sub-

jected to an HQET-like treatment. The next question one may ask is: why should we pursue this treat-

ment? For many, a satisfying answer is simply that we can. There is, however, a better answer. Recall

that we are ultimately interested in describing classical physics. As such, since we are beginning with a

quantum framework, it is beneficial to be able to identify classical and quantum portions of observables

as soon as possible. But we have just argued that in macroscopic gravitational systems there exists a

small parameter that is proportional to ~.6 Therefore, expanding a gravitational action involving matter

6The HQET expansion parameter is also proportional to ~; we elaborated on this in the publication.
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Figure 2.3: A depiction of the system described by HBET. The two black holes interact by exchanging a
graviton with momentum |kµ| �M1,2. The HBET Lagrangian describes a single black hole interacting
with gravitons; the interaction in this image requires a sum of two HBET Lagrangians, one for each black
hole. Note that the wavy line between the black holes recalls the Feynman diagrammatic representation
of gravitons, and is not meant to suggest a wavelength for the graviton.

in terms of the small parameter |kµ|/M can also be thought of as an expansion in ~! Being able to

assign an ~ scaling to operators in an action allows us to identify which operators contribute to a given

scattering amplitude with which powers of ~, meaning that classical effects can be targeted before even

beginning the calculation. Moreover, it is natural to work in a framework that excludes antiparticles as

this is in line with treating a classical system. As a bonus, HBET (and HQET as well) separate spinless

and spin effects at the level of the action, allowing one to also target terms in the amplitude at a specific

order in the spin-multipole expansion.

2.1.3 Overview of main results

In this publication we derived the action describing HBET for spins 0 and 1/2, starting from the actions

for scalar and spinor fields minimally coupled to gravity. The HBET actions are

√−gLs=0
HBET =

√−gχ∗
[
gµνivµ∂ν +

1

2
m(gµνvµvν − 1)− 1

2m
gµν∂µ∂ν

]
χ+O(1/m2), (2.7)

√−gLs=1/2
HBET =

√−gQ̄
[
(i /∇+ B) + (i /∇+ B)P−

1

2m− (i /∇+ B)P−
(i /∇+ B)

]
Q, (2.8)

where /∇ ≡ δµaγa∇µ and B ≡ (eµa − δµa )(iγa∇µ +mγavµ).

We explained how to assign factors of ~ to the operators of the action and to the loop integrals

that arise in the scattering of heavy particles. Using these insights, we derived the classical portion of

the amplitude for the scattering of two spin-1/2 particles up to one-loop (2PM) order. At the time of

publication, this was the first computation of the 2PM contribution to this amplitude (later corroborated

by ref. [29]). We found this contribution to be (with factors of ~ restored, hence expressing the result in

terms of the wavenumber q̄µ instead of the transfer momentum qµ)7

M2PM =
G2

~3

π2√
−q̄2

{
3

2
m1m2(m1 +m2)(5ω2 − 1)U1U2 +

(3m1 + 4m2)

2m2

ω(5ω2 − 3)

ω2 − 1
iU1E2

7In addition to the rules for restoring ~ mentioned above, each factor of the spin vector scales as ~−1 in the classical limit.
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+(m1 +m2)

[
(20ω4 − 21ω2 + 3)

2(ω2 − 1)
(q̄ · S1q̄ · S2 − q̄2S1 · S2) +

2q̄2ω3(5ω2 − 4)

m1m2(ω2 − 1)2
p2 · S1p1 · S2

]}
.

(2.9)

We went a step further, computing also the leading long-range quantum contributions to the amplitude.

In the appendices, we derived the relation between the heavy spinors and Dirac spinors, which was

necessary for the formulation of the variables in Chapter 3. We also performed the identical calculation

for electromagnetism using an abelian version of HQET.

2.2 INTRODUCTION

The direct detection of gravitational waves (GWs) from the merging of two black holes by LIGO and

Virgo in 2015 [1] has placed a spotlight on GW astronomy as a novel channel through which to test

general relativity (GR). As the detection rate of GWs becomes more frequent in the years ahead, it is

necessary to improve the analytical predictions on which the GW templates used in the observations are

based. To do so requires knowledge of the interaction Hamiltonian of a gravitationally bound binary

system to high accuracy. This necessarily entails the calculation of higher orders in the post-Newtonian

(PN) and post-Minkowskian (PM) expansions.

Much of the work related to GWs has been done from the relativistic approach to GR; some notable

developments are the effective-one-body approach [30–32], numerical relativity [33–35], and effective

field theoretic methods [36, 37] (see Refs. [38, 39] for comprehensive reviews summarizing most of

the analytical aspects of these methods). Also, there has been substantial work done using traditional

and modern scattering amplitude techniques to calculate classical gravitational quantities, including the

non-relativistic classical gravitational potential [7, 8, 16, 17, 23, 40–47]. Moreover, techniques were

recently presented in Refs. [48, 49] to convert fully relativistic amplitudes for scalar-scalar scattering to

the classical potential, and for obtaining the scattering angle directly from the scattering amplitude [50].

The prescription of Ref. [48] was combined there with modern methods in amplitude computations to

obtain the 2PM, and elsewhere the state-of-the-art 3PM Hamiltonian for classical scalar-scalar gravita-

tional scattering [16, 17].8 This large body of work, facilitated by classical effects arising at all loop

orders [7, 9] (see Section 2.3), suggests that quantum field theory methods can reliably be used instead

of direct computation from GR, particularly when the latter becomes intractable. Following in this vein,

we apply here the machinery of effective field theory (EFT) to compute classical gravitational scattering

amplitudes.

Computations of classical quantities from quantum scattering amplitudes are inherently inefficient.

Entire amplitudes must first be calculated — which are comprised almost entirely of quantum contri-

butions — and then classical terms must be isolated in a classical limit. One of the advantages of EFT

methods is that they allow the contributions of certain effects to be targeted in amplitude calculations,

thus excluding terms that are not of interest from the outset. From the point of view of classical gravity,

it is then natural to ask whether an EFT can be formulated that isolates classical from quantum contri-

butions already at the operator level. Indeed, we find that a reinterpretation of the operator expansion of

the well-established Heavy Quark Effective Theory (HQET) [25, 26] (for a review, see, e.g., Ref. [27])

leads us down the right path.

8Since the publication of this article, binary dynamics have been computed up to the 4PM level [24, 51].
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HQET has been used extensively to describe bound systems of one heavy quark — with mass M

large relative to the QCD scale ΛQCD — and one light quark — with mass m / ΛQCD. Interactions

between the light and heavy quarks are on the order of the QCD scale, q ∼ ΛQCD. Thus the heavy quark

can, to leading order, be treated as a point source of gluons, with corrections to the motion of the heavy

quark arising from higher-dimensional effective operators organized in powers of q/M ∼ ΛQCD/M .

A similar hierarchy of scales exists when considering the long-range (classical) gravitational scat-

tering of two heavy bodies; for long-range scattering of macroscopic objects the momentum of an ex-

changed graviton q is much smaller than the mass of each object. This can be seen by noting that, once

powers of ~ are restored, the transfer momentum is q = ~q̄, where q̄ is the wavenumber of the mediating

boson [10]. Consequently, the expansion parameter of HQET — and its gravitational analog, which we

refer to as the Heavy Black Hole Effective Theory (HBET) — can be recast as ~q̄/M . The magnitude

of the wavenumber is proportional to the inverse of the separation of the scattering bodies, hence for

macroscopic separations and masses, ~q̄/M � 1. The presence of this separation of scales in classical

gravitational scattering further motivates the development of HBET. The explicit ~ power counting of

its operators makes HBET a natural framework for the computation of classical gravitational scattering

amplitudes.

This work shares conceptual similarity with the Non-Relativistic General Relativity (NRGR) EFT

approach to the two-body problem introduced in Ref. [36] (extended to the case of spinning objects in

Ref. [37]). As in the case of NRGR, the interacting objects of HQET and HBET are sources for the

mediating bosons, and are not themselves dynamical; in HQET and HBET, this can be seen from the fact

that derivatives in the Lagrangians produce residual momenta (see Sec. 2.4) in the Feynman rules, not

the full momenta of the objects in the scattering. However the EFTs differ in what they describe. NRGR

is organized in powers of velocity, facilitating the computation of the Post-Newtonian expansion. In

contrast, the operator expansions of HQET and HBET are expansions in ~, allowing us to target terms in

the amplitudes with a desired ~ scaling. Being derived directly from a relativistic quantum field theory, a

Post-Minkowskian expansion is naturally produced by the amplitudes of HBET. Moreover, while NRGR

computes the non-relativistic interaction potential directly, HBET is intended for the computation of

the classical portions of scattering amplitudes, which must then be converted to classical observables

[48–50].

In this paper, we derive HBET in two forms, describing separately the interactions of large mass

scalars and fermions minimally coupled to gravity. By restoring ~ we demonstrate how to determine

which operators contribute classically to 2 → 2 scattering at n loops. Using the developed EFT we

compute the 2 → 2 classical scattering amplitude for both scalars and fermions up to 2PM order. We

include in our calculations the leading quantum contributions to the amplitudes that originate from the

non-analytic structure of the loop integrals.

The structure of this paper is as follows. In Section 2.3 we explain the procedure by which we restore

~ in the amplitudes. We give a brief review of HQET in Section 2.4, and outline the derivation of the

HQET Lagrangian. Our main results are presented in Sections 2.5 and 2.6. In the former we derive

the HBET Lagrangians for heavy scalars and heavy fermions, whereas the latter presents the 2 → 2

scattering amplitudes for each theory up to 2PM. We conclude in Section 2.7. Technical details of the

HQET spinors are discussed in Appendix 2.A. In Appendix 2.B we include the effective theory of a heavy

scalar coupled to electromagnetism, and in Appendix 2.C we use HQET to compute the classical and
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leading quantum contributions to the 2→ 2 electromagnetic amplitude up to one-loop. Appendices 2.D

and 2.E contain respectively the Feynman rules and a discussion on the one-loop integrals needed to

perform the 2PM calculations. We also discuss in Appendix 2.E the circumvention of the so-called pinch

singularity, which appears in some HQET loop integrals.

2.3 COUNTING ~

In quantum field theory we are accustomed to working with units where both the reduced Planck constant

~ and the speed of light c are set to unity, thus obscuring the classical limit ~ → 0. We must therefore

systematically restore the powers of ~ in scattering amplitudes so that a classical limit may be taken. We

follow Ref. [10] to do so.

The first place we must restore ~ is in the coupling constants such that their dimensions remain

unchanged: in both gravity and QED, the coupling constants are accompanied by a factor of ~−1/2.

Second, as mentioned above, we must distinguish between the momentum of a massless particle pµ and

its wavenumber p̄µ. They are related through

pµ = ~p̄µ. (2.10)

In the classical limit, the momenta and masses of the massive particles must be kept constant, whereas for

massless particles it is the wavenumber that must be kept constant. While this result is achieved formally

through the consideration of wavefunctions in Ref. [10], an intuitive way to see this is that massless

particles are classically treated as waves whose propagation can be described by a wavenumber, whereas

massive particles are treated as point particles whose motion is described by their momenta.

In this work, we are interested in the scattering of two massive particles, where the momentum q is

transferred via massless particles (photons or gravitons). Letting the incoming momenta be p1 and p2,

the amplitudes will thus take the form

iM(p1, p2 → p1 − ~q̄, p2 + ~q̄). (2.11)

As the momentum transfer is carried by massless particles, the wavenumber q̄ remains fixed in the clas-

sical limit, whereas the momentum q scales with ~, as indicated in Eq. (2.11). The classical limit of the

kinematics is therefore associated with the limit |q| → 0.

2.3.1 Counting at one-loop

With these rules for restoring powers of ~ in amplitudes, we can preemptively deduce which operators

from the EFT expansion can contribute classically at one-loop level. First we must determine the ~-

scaling that produces classical results.

The usual Newtonian potential can be obtained from the Fourier transform of the leading order

non-relativistic contribution to the tree-level graviton exchange amplitude (see Fig. 2.4). Using a non-

relativistic normalization of the external states,

〈p1|p2〉 = (2π)3δ3(~p1 − ~p2), (2.12)
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this contribution to the amplitude is

M(1) ≈ −κ
2m1m2

8q2
, (2.13)

where κ =
√

32πG/~ and G is Newton’s constant. Here q is the four-momentum of the mediating

graviton. Following the discussion above, we can thus make all factors of ~ explicit by writing q in terms

of the graviton wavenumber. We find

M(1) ≈ −4πGm1m2

~3q̄2
. (2.14)

We conclude that classical contributions to scattering amplitudes in momentum space with the current

conventions scale as ~−3. A quantum mechanical term is thus one that scales with a more positive power

of ~ than this, as such a term will be less significant in the ~→ 0 limit.

Indeed, this must be the ~-scaling of any term in the amplitude contributing classically to the poten-

tial. At tree-level, the relation between the amplitude and the potential is simply

V = −
∫

d3q

(2π)3
e−

i
~~q·~rM = −~3

∫
d3q̄

(2π)3
e−i

~̄q·~rM, (2.15)

where we have made factors of ~ explicit. The scaling of classical contributions from the amplitude must

be such that they cancel the overall ~3 in the Fourier transform.

Central to the applicability of the Feynman diagram expansion to the computation of classical correc-

tions to the interaction potential is the counterintuitive fact that loop diagrams can contribute classically

to scattering amplitudes [7, 9]. Which loop diagrams may give rise to classical terms can be determined

by requiring the same ~-scaling as in Eq. (2.14).

Diagrams at one-loop level have four powers of the coupling constant, which are accompanied by

a factor of ~−2. This implies that classical contributions from one-loop need to carry exactly one more

inverse power of ~, arising from the loop integral. The only kinematic parameter in the scattering that can

bring the needed ~ is the transfer momentum q, and even then only in the non-analytic form 1/
√
−q2.

Non-analytic terms at one-loop arise from one-loop integrals with two massless propagators [7, 9]. There

are three topologies at one-loop that have two massless propagators per loop, and hence three topologies

from which the requisite non-analytic form can arise: the bubble, triangle, and (crossed-)box topologies.

We will determine the superficial ~-scaling of these topologies.

First we note that the loop momentum l can always be assigned to a massless propagator, and hence

should scale with ~. The bubble integral is thus

iM(2)
bubble ∼

G2

~2
~4

∫
d4l

1

~2l
2

1

~2(l + q)2
+O(~−1)

= O(~−2). (2.16)

We conclude that the bubble contains no classical pieces.

Triangle integrals must have an extra HQET/HBET matter propagator, which, as will be seen below,
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is linear in the residual momentum. Therefore, triangle diagrams scale as

iM(2)
triangle ∼

G2

~2
~4

∫
d4l

1

~2l
2

1

~2(l + q)2

1

~v · (l + k)
+O(~−2)

= O(~−3). (2.17)

Here, v is the velocity of the heavy quark, and k is the residual HQET/HBET momentum. These quan-

tities and their ~-scaling are discussed in Section 2.4. The scaling of the triangle integral suggests that

triangles must contain classical pieces.

Finally, box and crossed-box integrals scale as

iM(2)
(crossed−)box ∼

G2

~2
~4

∫
d4l

1

~2l
2

1

~2(l + q)2

1

~v · (l + k1)

1

~v · (l + k2)
+O(~−3)

= O(~−4). (2.18)

There are potentially classical pieces in the subleading terms of the (crossed-)box – that is, in higher

rank (crossed-)box loop integrals. However, the leading terms in the box and crossed-box diagrams look

to be too classical, scaling as 1/~4. In order for the amplitude to have a sensible classical limit, such

contributions must cancel in physical classical quantities. Two types of cancellations occur at one-loop

level: cancellations between the box and crossed-box, and cancellations due to the Born iteration of

lower order terms when calculating the potential [15, 23, 49, 52].

In this paper we compute long-range effects arising from one-loop integrals, which are proportional

to the non-analytic factors S ≡ π2/
√
−q̄2 and L ≡ log(−q2).9 When considering only spinless terms

at one-loop order, those proportional to S are classical, and those proportional to L are quantum. With

the established ~ counting, classical terms at one-loop can arise from operators with at most one positive

power of ~, and quantum terms arise from operators with at most two positive powers of ~. In the

operator expansion of HQET/HBET, powers of ~ come from partial derivatives.

The inclusion of spin slightly complicates this counting. In order to identify spin multipoles with

those of the classical angular momentum, we must allow the spin to be arbitrarily large while simultane-

ously taking the classical limit. More precisely, for a spin Si the simultaneous limits Si → ∞, ~ → 0

must be taken while keeping ~Si constant [14, 53].10 When considering spin-inclusive parts of the am-

plitude we must therefore neglect one positive power of ~ for each power of spin when identifying the

classical and quantum contributions. To make the expansion in classical operators explicit, in this paper

we keep track only of the factors of ~ that count towards the determination of the classicality of terms

in the amplitudes. Practically, this amounts to rescaling the Dirac sigma matrices in the operators as

σµν → σµν/~, or the spins in the amplitudes as Si → Si/~. At linear order in spin, this leads again to

the interpretation at 2PM order of terms proportional to S as being classical, and those proportional to L

as being quantum. At quadratic order in spin, however, terms such as q3S and qL begin arising, which

respectively have quantum and classical ~ scaling.

Altogether, operators contributing classically contain either up to one deriative, or up to two deriva-

tives and a Dirac sigma matrix, which will be seen to be related to the spin vector.

9In contrast to Refs. [23, 52], we define S in terms of the wavenumber q̄ to make powers of ~ explicit in the amplitude.
10The universality of the multipole expansion in gravitational interactions ensures that the expansion remains unchanged in

this limit [23, 53].
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2.3.2 Counting at n-loops

We can extend this analysis to determine which operators can produce classical terms at arbitrary loop

order. First we consider two-loop diagrams, contributing 3PM corrections to the classical potential.

The highest order operator needed is determined by the most classical ~-scaling attainable at a given

loop order, i.e, by the ~-scaling of the diagram that scales with the most inverse powers of ~. In Appendix

2.D we show that the leading order ~-scaling of a graviton-matter vertex is always ~0. The Einstein-

Hilbert action governing pure graviton vertices involves two derivatives of the graviton field, so that pure

graviton vertices always scale as ~2. It follows that the most classical diagrams at 3PM are the box and

crossed-box with four massive and three massless propagators; we refer to these as ladder diagrams. The

overall coupling is G3/~3, and the two integrals over loop momenta contribute eight positive powers of

~. In total, the amplitude superficially scales as

M(3)
ladder ∼

1

~3
~8 1

~10
=

1

~5
. (2.19)

At nPM — corresponding to n − 1 loops — the dominant diagrams in the ~ → 0 limit are still the

ladder diagrams, with n massless propagators and 2(n− 1) massive propagators. The scaling is then

M(n)
ladder ∼

1

~n
~4(n−1) 1

~2n

1

~2(n−1)
=

1

~2+n
. (2.20)

From the HBET point of view, this means that we need to include operators that scale with one more

power of ~ whenever we go from nPM to (n + 1)PM order. Starting with the observation from the

previous section of classical operators at 2PM, we will need operators with at most n− 1 derivatives, or

n derivatives and one Dirac sigma matrix, to obtain the full classical correction at nPM. Furthermore, to

have a sensible classical limit, all superclassical contributions must cancel in physical quantities. We see

that the order of cancellation scales with the number of loops.

Note that, according to this counting, starting at 3PM, spinless terms proportional to L can contribute

classically. This is consistent with the classical 3PM scalar-scalar amplitude in Refs. [16, 17].

2.4 HEAVY QUARK EFFECTIVE THEORY

As the concepts and methods we will use to derive HBET are based on those of HQET, we give a brief

review of the latter here.

HQET is used in calculations involving a bound state of a heavy quark Q with mass mQ � ΛQCD,

and a light quark with mass smaller than ΛQCD. The energy scale of the interactions between the light

and heavy quark is on the order of the QCD scale, and is thus small compared to the mass of the heavy

quark. The momentum pµ of the system is decomposed into a large part, mQv
µ, and a small residual

momentum, kµ. Altogether,

pµ = mQv
µ + kµ, |kµ| ∼ O(ΛQCD) where ΛQCD � mQ. (2.21)

A hierarchy of scales is present, and we can organize an effective theory which expands in this hierarchy.

An interesting feature of HQET, as will be seen below, is that its propagating degrees of freedom are

massless. The propagating degrees of freedom carry the residual momentum kµ. Therefore, since we are
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interested in classical scattering, we can rewrite the residual momentum according to Eq. (2.10):

pµ = mQv
µ + ~k̄µ. (2.22)

The procedure we will use to derive the HBET Lagrangian for spinors in the next section is identical

to that used to derive the HQET Lagrangian. As such, we outline the derivation of the HQET Lagrangian

for one quark coupled to a U(1) gauge field.11 Our starting point is the QED Lagrangian,

LQED = ψ̄
(
i /D −m

)
ψ, where Dµψ ≡ (∂µ + ieAµ)ψ. (2.23)

Next, following the pedagogical derivation in Ref. [54], we introduce the projection operators

P± ≡
1± /v

2
, (2.24a)

and two eigenfunctions of these operators

Q ≡ eimv·xP+ψ, (2.24b)

Q̃ ≡ eimv·xP−ψ. (2.24c)

This allows us to decompose the spinor field as

ψ =
1 + /v

2
ψ +

1− /v
2

ψ = e−imv·x
(
Q+ Q̃

)
. (2.25)

The details pertaining to the external states of the fields Q and Q̃ are discussed in Appendix 2.A.

Substituting Eq. (2.25) into Eq. (2.23), using some simple gamma matrix and projection operator

identities, and integrating out Q̃ using its equation of motion, we arrive at the HQET Lagrangian,

LHQET = Q̄

(
iv ·D − D2

⊥
2m
− e

4m
σµνFµν

)
Q+

1

2m
Q̄i /D⊥

∞∑
n=1

(
− iv ·D

2m

)n
i /D⊥Q. (2.26)

Here, σµν ≡ i
2 [γµ, γν ] is the Dirac sigma matrix and Dµ

⊥ ≡ Dµ − vµ(v ·D) is the covariant derivative

orthogonal to vµ.

The redundant operators proportional to the leading order equation of motion can be removed by the

field redefinition [28]

Q→
(

1− D2
⊥

8m2
− e

16m2
σµνF

µν +
1

16m3
Dµ
⊥(iv ·D)D⊥µ −

e

16m3
vµD⊥νF

µν

− i

16m3
σµνD

µ
⊥(iv ·D)Dν

⊥ −
ie

16m3
vρσµνD

µ
⊥F

νρ

)
Q (2.27)

to order O(1/m4), leading to the Lagrangian

LHQET = Q̄

(
iv ·D − D2

⊥
2m

+
D4
⊥

8m3
− e

4m
σµνF

µν − e

8m2
vµ[Dν

⊥Fµν ] (2.28)

11The non-abelian case is discussed in e.g. Ref. [28].
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+
ie

8m2
vρσµν{Dµ

⊥, F
ρν}+

e

16m3
{D2
⊥, σµνF

µν}+
e2

16m3
FµνF

µν

)
Q+O(m−4).

Square brackets enclosing a derivative denote that the derivative acts only within the brackets.

Once Fourier transformed, partial derivatives produce the momentum of the differentiated field. In

the specific case of HQET, the partial derivatives produce either a residual momentum (when acting on

the spinor field) or a photon momentum (when acting on the vector field) in the Feynman rules. As both

types of momenta correspond to massless modes, they both scale with ~, and hence partial derivatives

always result in one positive power of ~.

2.5 HEAVY BLACK HOLE EFFECTIVE THEORY

We now turn to the case of a heavy particle minimally coupled to gravity. The derivation of the La-

grangian for a heavy scalar coupled to gravity differs from the derivation of the spinor theory, because

the scalar field whose heavy-mass limit we are interested in describing is real. The initial Lagrangian is

that of a minimally coupled scalar matter field:

√−gLsc-grav =
√−g

(
1

2
gµν∂µφ∂νφ−

1

2
m2φ2

)
. (2.29)

The metric is given by a small perturbation around flat space, gµν = ηµν + κhµν , where the perturbation

hµν is identified with the graviton.

The heavy-field limit of a real scalar field can be expressed in terms of a complex scalar field χ by

employing a suitable field-redefinition. Motivated by earlier analyses in Refs. [55–57], we decompose

φ→ 1√
2m

(
e−imv·xχ+ eimv·xχ∗

)
. (2.30)

Substituting this into Eq. (2.29) and dropping quickly oscillating terms (those proportional to e±2imv·x)

gives the HBET Lagrangian for scalars:

√−gLs=0
HBET =

√−gχ∗
[
gµνivµ∂ν +

1

2
m(gµνvµvν − 1)− 1

2m
gµν∂µ∂ν

]
χ+O(1/m2). (2.31)

Comparing the Feynman rules for this theory in Appendix 2.D with the Feynman rules for the full

theory in Ref. [23], we see that they are related by simply decomposing the momenta as in Eq. (2.21)

and dividing by 2m.

Next, we consider the case of a heavy spin-1/2 particle. We begin with the Lagrangian of a minimally

coupled Dirac field ψ

√−gLgrav =
√−gψ̄ (ieµaγ

aDµ −m)ψ, (2.32)

where eµa is a vierbein, connecting curved space (with Greek indices) and flat space (with Latin indices)

tensors. The expansion of the vierbein in terms of the metric perturbation is given in Ref. [23]. The
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covariant derivative is [58]

Dµψ ≡
(
∂µ +

i

2
ωµ

abσab

)
ψ, (2.33)

where the spin connection ωµab is given in terms of vierbeins in Eq. (41) of Ref. [58]. To quadratic order

in the graviton field, the spin-connection is [23]

ωµ
ab = −κ

4
∂bhµ

a − κ2

16
hρb∂µh

a
ρ +

κ2

8
hρb∂ρhµ

a − κ2

8
hρb∂ahµ

ρ − (a↔ b). (2.34)

Eq. (2.34) differs from that in Ref. [23] by a factor of −1/2. The spin connection of Ref. [58] differs

from that of Ref. [23] by this same factor, and we use the connection of Ref. [58].

We make the same decomposition of the fermion field ψ as in HQET, Eq. (2.25), and integrate out

the anti-field by substituting its equation of motion. As for HQET, the HBET Lagrangian has a non-local

form:

√−gLs=1/2
HBET =

√−gQ̄
[
(i /∇+ B) + (i /∇+ B)P−

1

2m− (i /∇+ B)P−
(i /∇+ B)

]
Q, (2.35)

where /∇ ≡ δµaγa∇µ and

B ≡ (eµa − δµa )(iγa∇µ +mγavµ). (2.36)

This is the main result of the paper.

We can recover a local form of this Lagrangian by expanding the denominator in both 1/m and κ.

We will only need vertices involving two spinors and at most two gravitons, so we expand up to O(κ2).

The resulting Feynman rules are given in Appendix 2.D for reference.

Although we started with massive matter fields, Eqs. (2.31) and (2.35) contain no mass terms for the

matter fields. The propagating modes of HBET are therefore massless, so their momenta scale with ~ in

the classical limit. As in the case of HQET, this allows us to interpret the operator expansion of HBET

as an expansion in ~.

The Feynman rules of both theories (Appendix 2.D) are suggestive of the universality of the multipole

expansion from Ref. [23]; all terms present in the scalar Feynman rules also appear in the spinor Feynman

rules. There are, of course, extra terms in the spinor Feynman rules which encode spin effects. Moreover,

we find additional spin-independent terms in the spinor Feynman rules that do not appear in the scalar

rules. This is not necessarily inconsistent with Ref. [23]: as will be discussed further below, we expect

these additional terms to not contribute to the properly defined potential at one-loop level.

2.6 LONG RANGE 2→ 2 GRAVITATIONAL SCATTERING AMPLITUDES

We will demonstrate the utility of the above EFTs for systems of two heavy particles. We do so by

calculating the amplitudes for the scattering of scalars and fermions mediated by gravitons up to the

leading quantum order at one-loop level. To maximize the efficiency of the computation of the following

amplitudes, one could obtain them as double copies of HQET amplitudes. Focusing on the validation of

HBET, however, we compute them using standard Feynman diagram techniques applied directly to the
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p1 − q

p1
q

p2 + q

p2

Figure 2.4: Classical scattering of two particles at tree-level.

HBET Lagrangians in Eqs. (2.31) and (2.35), with graviton dynamics described by the usual Einstein-

Hilbert action,

SGR =
1

16πG

∫
d4x
√−gR. (2.37)

To obtain the classical portions of the amplitudes, we use only the HBET operators described in Sec-

tion 2.3. The leading quantum terms arise by also including operators that scale with one more factor of

~.

In what follows we make use of the reparameterization invariance of HBET [59–61] to work in a

frame in which the initial momenta are pµi = miv
µ
i , where vµi is the initial four-velocity of particle i. We

then define ω ≡ v1µv
µ
2 , which, in such a frame, is related to the Mandelstam variable s = (p1 + p2)2 via

s− s0 = 2m1m2(ω − 1), (2.38)

where s0 ≡ (m1 +m2)2. From Eq. (2.38) it is evident that the non-relativistic limit of the kinematics of

both particles, s− s0 → 0, is equivalent to the limit ω → 1. As a check on the results, we reproduce the

amplitudes in Ref. [23] in the non-relativistic limit.

Amplitudes for scalar-scalar scattering arise as a portion of the fermion-fermion scattering amplitude

[23]. For this reason we present here the amplitudes for fermion-fermion scattering.

2.6.1 First Post-Minkowskian Order

At 1PM order, the relevant diagram is the tree-level graviton exchange diagram, shown in Fig. 2.4. Using

the ~-counting in Section 2.3, we see that the coupling constants provide one inverse power of ~, while

the graviton propagator scales as 1/~2. The leading tree-level amplitude becomes

M(1)
t = −4πm1m2G

~3q2

[
(2ω2 − 1)U1U2 +

2iω

m2
1m2
E1U2 +

2iω

m1m2
2

E2U1

− 1

m3
1m

3
2

E1E2 +
ω

m2
1m

2
2

Eµ1 E2µ

]
. (2.39)

This is in agreement with Ref. [23] at leading order in O(|q|). We use the shorthand notation

U1 ≡ ū(p1 − q)u(p1) ≡ ū2u1, (2.40a)

U2 ≡ ū(p2 + q)u(p2) ≡ ū4u3, (2.40b)

Ei ≡ εµναβp1µp2ν q̄αSiβ, (2.40c)

Eµi ≡ εµναβpiν q̄αSiβ, (2.40d)
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Figure 2.5: The one-loop Feynman diagrams containing non-analytic pieces that contribute to the classi-
cal scattering of two particles in GR. Solid lines represent fermions, wavy lines represent gravitons, and
dashed lines represent the ghost field arising from working in the harmonic gauge [23].

with the relativistic normalization of the spinors, ū(p)u(p) = 2m. The Levi-Civita tensor is defined by

ε0123 = 1. The spin vector is defined as

Sµi ≡
1

2
ū2iγ5γ

µu2i−1, (2.40e)

where γ5 ≡ −iγ0γ1γ2γ3. The definition of the HQET spinor in Eq. (2.24b) automatically imposes the

orthogonality of the spin vector and the momentum of the corresponding particle, since it implies the

relation /vu = u.

2.6.2 Second Post-Minkowskian Order

At 2PM order, eleven one-loop diagrams can contribute, shown in Fig. 2.5. Only triangles or box dia-

grams contribute to the classical amplitude, but as we also compute the leading quantum contributions,

all eleven diagrams are needed.
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For clarity, we split the 2PM amplitude into three parts: the spinless, spin-orbit, and spin-spin con-
tributions. These are, respectively,

M(2)
spinless =

G2

~3
m1m2U1U2S

3

2
(5ω2 − 1)(m1 +m2)

+
G2U1U2L

30~2(ω2 − 1)2
[
2m1m2(18ω6 − 67ω4 + 50ω2 − 1)

−60m1m2ω(12ω4 − 20ω2 + 7)L×(ω)
√
ω2 − 1 −15iπ(m2

1 +m2
2)(24ω4 − 37ω2 + 13)

√
ω2 − 1

− 120

~2q2
iπm2

1m
2
2(4ω6 − 8ω4 + 5ω2 − 1)

√
ω2 − 1

]
, (2.41a)

M(2)
spin-orbit =

G2m1m2ω(5ω2 − 3)S

2~3(ω2 − 1)

[
(3m1 + 4m2)

iU1E2
m1m2

2

]
+

G2L

10~2(ω2 − 1)2

{
2m1m2ω(ω2 − 1)(46ω2 − 31)− 20m2

2iπω(ω2 − 2)
√
ω2 − 1

− 80

~2q2
iπm2

1m
2
2ω(ω2 − 1)(2ω2 − 1)

√
ω2 − 1− 5m2

1iπω(12ω4 − 10ω2 − 5)
√
ω2 − 1

−5m1m2[(40ω4 − 48ω2 + 7)L×(ω)− (8ω4 − 1)(L�(ω) + iπ)]
√
ω2 − 1

} iU1E2
m1m2

2

+ (1↔ 2), (2.41b)

M(2)
spin-spin =

G2(m1 +m2)
S

~3

[
(20ω4 − 21ω2 + 3)

2(ω2 − 1)
(q̄ · S1q̄ · S2 − q̄2S1 · S2) +

2q̄2ω3(5ω2 − 4)

m1m2(ω2 − 1)2
p2 · S1p1 · S2

]
+

G2L

~3m1m2
[m1C1(m1,m2)p2 · S1q̄ · S2 −m2C1(m2,m1)q̄ · S1p1 · S2]

+
G2L

60m1m2~2(ω2 − 1)2
(2C2q̄ · S1q̄ · S2 + C3q̄

2S1 · S2) +
G2q̄2L

20~4m2
1m

2
2(ω2 − 1)5/2

C4p2 · S1p1 · S2,

(2.41c)

where

L�(ω) ≡ log

∣∣∣∣∣ω − 1−
√
ω2 − 1

ω − 1 +
√
ω2 − 1

∣∣∣∣∣ , (2.41d)

L×(ω) ≡ log

∣∣∣∣∣ω + 1 +
√
ω2 − 1

ω + 1−
√
ω2 − 1

∣∣∣∣∣ , (2.41e)

C1(mi,mj) ≡
(8ω4 − 8ω2 + 1)

(ω2 − 1)3/2
iπ(mi + ωmj), (2.41f)

C2 ≡ 60m1m2ω
(
(L�(ω) + iπ)(4ω4 − 2ω2 − 1) + L×(ω)(−8ω4 + 14ω2 − 5)

)√
ω2 − 1

− 120

~2q2
iπm2

1m
2
2(ω2 − 1)(1− 2ω2)2

√
ω2 − 1

− 30iπ(m2
1 +m2

2)(2ω6 − 4ω4 − ω2 + 2)
√
ω2 − 1

+ 2m1m2(ω2 − 1)
(
258ω4 − 287ω2 + 29

)
, (2.41g)

C3 ≡ 60m1m2ω
(
(L�(ω) + iπ)(3− 4ω2) + 12L×(ω)(2ω4 − 3ω2 + 1)

)√
ω2 − 1

+
120

~2q2
iπm2

1m
2
2(ω2 − 1)(8ω4 − 8ω2 + 1)

√
ω2 − 1

+ 15iπ(m2
1 +m2

2)(8ω6 − 12ω4 − 3ω2 + 5)
√
ω2 − 1

+ 4m1m2(ω2 − 1)
(
−258ω4 + 287ω2 − 44

)
, (2.41h)
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C4 ≡ −
40

q̄2
iπm2

1m
2
2ω
(
ω2 − 1

) (
8ω4 − 8ω2 + 1

)
. (2.41i)

The classical contributions are in the first lines of each of Eqs. (2.41a)-(2.41b), and in the first and

second lines of Eq. (2.41c). The classical spinless contribution is in agreement with Ref. [48]. The

classical spin-orbit contribution is consistent with the spin holonomy map of Ref. [62]. The classical

spin-spin contribution compliments the results in Ref. [46]. In particular, we find that the coefficient of

(−q · S1q · S2) in Eq. (2.41c) agrees with A2 PM
1,1 in Eq. (7.18) in Ref. [46], which is the corresponding

coefficient in the Leading Singularity approach [42, 43], whereas the remainder of the terms are not

presented therein. To the best of our knowledge, this is the first presentation of the leading quantum

contributions to the spinless, spin-orbit and spin-spin amplitudes at 2PM order. There are additional

spin-spin terms at the quantum level proportional to pi · Sj for i 6= j that we have not included in our

calculation. We note that additional spin quadrupole terms are also present at the second order in spin,

which can be calculated from vector-scalar scattering.

To obtain the results in this section we have made use of the identity

ū2iσ
µνu2i−1 = −2εµναβviαSiβ, (2.42)

which is valid for HQET spinors. This identity merits some discussion. Replacing the HQET spinors by

Dirac spinors (denoted with a subscript D), the identity becomes

ū2i,Dσ
µνu2i−1,D = −2ip

[ν
2i−1ū2i,Dγ

µ]u2i−1,D −
2

m
εµναβp2i−1,αSi,Dβ. (2.43)

The second term above is the same as in Eq. (2.42). The first, by contrast, arises only with Dirac spinors,

and through the Gordon decomposition contains both a spinless term involving only the spinor product

Ui, and a term like that on the left hand side of the equation. Eq. (2.43) thereby mixes spinless and spin-

inclusive effects. This is an advantage of this EFT approach, at least at one-loop level. Eq. (2.42) allows

one to target spinless or spin-inclusive terms in the amplitude simply by ignoring or including operators

involving the Dirac sigma matrix. It is also consistent with the universality of the spin-multipole expan-

sion observed in Refs. [23, 52], where spin effects were found to not mix with, and to be corrections to

the universal spin-independent amplitude.

At face value, there is one complication to this interpretation of Eq. (2.42). Due to the heavy prop-

agators, terms such as uσµν(1 + /v)σαβu begin to arise at one-loop level. Through some gamma matrix

manipulations, it can be shown that these terms contain spinless (containing no sigma matrices) and

spin-inclusive (containing one sigma matrix) components. At one-loop level the spinless components

contribute to the classical and leading quantum portions of the spinless part of the amplitude only through

the term proportional to (m2
1 +m2

2)L. As this term is purely imaginary, we expect it to be subtracted by

the Born iteration when extracting the potential. Thus, if one is interested only in non-imaginary terms

at one-loop, spinless or spin-inclusive terms can be independently targeted by exploiting the separation

of spin effects at the level of the Lagrangian.

While spinless and spin-inclusive effects are cleanly separated in spinor HBET, the presence of addi-

tional spin-independent operators in spinor HBET compared to scalar HBET makes it ostensibly possible

that the spinless parts of its amplitudes differ from the amplitudes of scalar HBET. In fact, calculating
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scalar-scalar scattering explicitly with scalar HBET, we find that the term proportional to (m2
1 + m2

2)L

in Eq. (2.41a) does not arise. In addition to receiving contributions from the uσµν(1 + /v)σαβu tensor

structure in the loop amplitudes — a structure that certainly does not arise in scalar HBET — it is also the

only term that is affected by the spin-independent operators in spinor HBET that are not present in scalar

HBET. We therefore find that we preserve the universality of the multipole expansion from Ref. [23] in

the one-loop relativistic regime as well, up to terms which are subtracted by the Born iteration.

As a check on the validity of our results, we compare their non-relativistic limits with what exists in

the literature, simply by taking the limit ω−1→ 0 in the PM amplitudes. At 1PM order we find that our

results agree with those in Ref. [23]. At 2PM the amplitudes above contain those in Ref. [23], but there

are two discrepancies:

1. We find an additional spinless term that we expect to be subtracted by Born iteration, arising from

the imaginary term proportional to (m2
1 +m2

2)L.

2. The contraction pi · Sj for i 6= j vanishes in the non-relativistic limit. However, these terms

in Eq. (2.41c) also have denominators that vanish in this limit. Without knowing explicitly how

pi · Sj → 0, we therefore cannot say that these terms will not remain in the limit.

We note that this limit only represents the non-relativistic limit of the kinematics; the non-relativistic

limit of the spinors must also be taken in order to obtain the fully non-relativistic amplitude.

2.7 CONCLUSION

While significant progress has been made in understanding the relationship between gravitational scat-

tering amplitudes and classical gravitational quantities, it remains uneconomical to extract the few clas-

sically contributing terms from the multitude of other terms that constitute the full amplitude. With an

eye to addressing this inefficiency, we have introduced HBET, an EFT which describes the interactions

of heavy scalars and heavy fermions with gravity. By restoring ~ at the level of the Feynman rules, we

have been able to infer the ~-scaling of HBET operators, and exploit it to determine which operators

can contribute to the classical amplitude at arbitrary loop order. One may see the present construction as

a step towards isolating just those terms of the scattering amplitude that will contribute to the classical

scattering of two massive objects, order by order in the loop expansion. Crucially, a method does not yet

exist to convert fully relativistic amplitudes including spin to interaction potentials.12

We used HBET to directly calculate the 2PM classical gravitational scattering amplitude for the

scattering of two fermions, and checked that the spinless part of the amplitude matches the amplitude for

scalar-scalar scattering, up to terms that we expect to be subtracted from the potential. To validate the

EFT, we compared the fully relativistic amplitudes and their non-relativistic limits with what has been

previously calculated, and found agreement. We presented the classical and leading quantum spinless,

spin-orbit and spin-spin contributions at 2PM order, up to terms proportional to pi · Sj where i 6= j for

the spin-spin contribution, complementing and extending the results in the literature.

While we derived HBET only for heavy particles of spin s ≤ 1/2, we believe it is possible to also

derive an HBET for heavy higher-spin particles: as long as a Lagrangian can be written for a massive

particle of spin s, we can apply similar techniques to those herein to derive the HBET applicable for spin
12Since the publication of this article, ref. [29] presented a method for doing exactly this using an EFT matching procedure.
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s. This would allow the computation of the classical amplitude for higher order terms in the multipole

expansion.

For full efficiency, the HBET formalism should be used in combination with modern scattering am-

plitude techniques. First, the Feynman rules of scalar and spinor HBET, and the property in Eq. (2.42),

are suggestive of the universality of the multipole expansion presented in Ref. [23]. An interesting next

step is to express the degrees of freedom of HBET in terms of massive on-shell variables [63]. It would

be interesting to study whether this universality can be made manifest in such variables, and how the ob-

served separation of spinless and spin-inclusive effects arises. An on-shell formulation of HBET should

also include an explicit ~ expansion, further elucidating the classical limit for amplitudes computed using

on-shell variables. Moreover, the work in Refs. [46, 53, 63] suggests that massive on-shell variables may

facilitate the extension of HBET to higher spins. Second, as HQET is derived from QCD, and HBET

is derived from GR, we expect the double copy structure of the scattering amplitudes to still hold as a

relation between the effective theories. While certainly not the only way to study such a relation, we

expect it to be more readily apparent in on-shell versions of HQET and HBET. We leave the on-shell

formulation of HBET for future work.

By combining the power counting (which includes the ~ counting) and multipole expansion of the

effective field theories with the on-shell formalism, unitarity methods, and the double copy, we believe

that higher order calculations are within reach.
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APPENDIX

2.A HQET SPINORS

In this section, we make precise the external states of the HQET spinor field by expressing them in terms

of the external states of the original Dirac spinor field ψ. To do so, we begin with the mode expansion of

ψ:

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s

(
aspu

s
D(p)e−ip·x + bs†p w

s
D(p)eip·x

)
, (2.44)

where p represents the three-momentum, Ep =
√

p2 +m2, s is a spin index, and asp and bs†p are anni-

hilation and creation operators for the particle and antiparticle respectively. We use the unconventional

notation wD for the antiparticle spinor to differentiate it from the four-velocity. The spinors usD(p) and

wsD(p) satisfy the Dirac equation,

(/p−m)usD(p) = 0, (2.45a)

(/p+m)wsD(p) = 0. (2.45b)

Recall the definition of the HQET spinor field Qv,

Qv = eimv·x
1 + /v

2
ψ, (2.46)

where vµ is defined by the HQET momentum decomposition in Eq. (2.21). The mode expansion for Qv
is then

Qv(x) =

∫
d3k

(2π)3

1√
2Ep

∑
s

(
asp

1 + /v

2
usD(p)e−ik·x + bs†p

1 + /v

2
wsD(p)ei(2mv+k)·x

)
. (2.47)

After the decomposition in Eq. (2.21), the Dirac equation can be rewritten as

/vusD(p) =

(
1− /k

m

)
usD(p), (2.48a)

/vwsD(p) = −
(

1− /k

m

)
wsD(p). (2.48b)

Using this in the mode expansion for Qv we find

Qv(x) =

∫
d3k

(2π)3

1√
2Ep

∑
s

(
aspu

s
v(p)e

−ik·x + bs†p w
s
v(p)e

i(2mv+k)·x
)
. (2.49a)

where

usv(p) ≡
(

1− /k

2m

)
usD(p), (2.49b)

wsv(p) ≡
/k

2m
wsD(p). (2.49c)
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Similarly, the mode expansion of Q̃v is

Q̃v =

∫
d3k

(2π)3

1√
2Ep

∑
s

(
asp

/k

2m
usD(p)e−ik·x + bs†p

(
1− /k

2m

)
wsD(p)ei(2mv+k)·x

)
. (2.50)

The mode expansion in Eq. (2.49a) makes it apparent that, when considering only particles and not

antiparticles, the derivative of Qv translates to a factor of the residual momentum kµ in the Feynman

rules.

2.B HEAVY SCALAR EFFECTIVE THEORY

For completeness we include the derivation of an effective theory for Scalar Quantum Electrodynamics

(SQED). That is, we want the effective theory that arises when φ in

LSQED = (Dµφ)∗Dµφ−m2φ2, Dµφ = (∂µ + ieAµ)φ, (2.51)

is very massive. To do so, we simply make the field redefinition [54]

φ→ e−imv·x√
2m

(χ+ χ̃) . (2.52)

The anti-field χ̃ is to be integrated out. At leading order, we can drop this term. Inserting Eq. (2.52) into

Eq. (2.51), and performing a field redefinition to eliminate redundant operators, we obtain Heavy Scalar

Effective Theory (HSET):

LHSET = χ∗
(
iv ·D − D2

2m

)
χ+O(1/m3). (2.53)

Higher order terms can be restored by keeping contributions coming from integrating out the anti-field.

2.C LONG RANGE 2 → 2 ELECTROMAGNETIC SCATTERING AMPLI-
TUDES

In this section we demonstrate that HSET and HQET can be used to calculate the classical and leading

quantum contributions to the 2 → 2 scattering amplitudes. We present here the results up to one-

loop order. As in the gravity case, electromagnetic interactions also possess a universal spin-multipole

expansion [52], so we present this calculation using HQET.

At tree level, the diagram in Fig. 2.4 is once again the only one that contributes. The amplitude is,

up to leading order in |q|,

A(0) =
4πα

~3q2

[
ωU1U2 +

iU1E2

m1m2
2

+
iE1U2

m2
1m2

+
ω

m1m2
Eµ1 E2µ

]
. (2.54)

This amplitude is in agreement with Ref. [52] in the relativistic and non-relativistic regimes.
At one-loop level, the abelian nature of QED reduces the number of relevant diagrams compared to

the gravity case. There are only five relevant diagrams in the electromagnetic case: they are diagrams (a)
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to (e) in Fig. 2.5. Of course, the wavy lines are reinterpreted as photons. We find the amplitude

A(1)
spinless =

α2

~3m1m2

[
S(m1 +m2)− ~L

2m1m2(ω2 − 1)2
(
2m1m2(ω4 − 1)

+4m1m2ω(ω2 − 2)L×(ω)
√
ω2 − 1

+(m2
1 +m2

2)iπ(ω2 − 1)2
√
ω2 − 1

+
8iπ

~2q2
m2

1m
2
2ω

2(ω2 − 1)
√
ω2 − 1

)]
U1U2, (2.55a)

A(1)
spin-orbit =

α2

~3m1m2(ω2 − 1)
Sω(m1 + 2m2)

iU1E2
m1m2

2

+
α2L

2~2m2
1m

2
2(ω2 − 1)2

[
−m2

2ω(ω2 − 3)
√
ω2 − 1(iπ)

+m1m2

√
ω2 − 1((2ω2 + 1)(L�(ω) + iπ) + (3− 2ω2)L×(ω) +

√
ω2 − 1(ω2 + 2ω − 1))

−m2
1ω(2ω2 − 3)

√
ω2 − 1(2ω2 − 3)(iπ)

] iU1E2
m1m2

2

− 4iπα2Lω

~4q2
√
ω2 − 1

iU1E2
m1m2

2

+ (1↔ 2), (2.55b)

A(1)
spin-spin =

α2S(m1 +m2)

~3m2
1m

2
2(ω2 − 1)

[
(2ω2 − 1)(q · S1q · S2 − q2S1 · S2) +

2q2ω3

m1m2(ω2 − 1)
p2 · S1p1 · S2

]
+

α2

~2m1m2
[m1C

′
1(m1,m2)p2 · S1q · S2 −m2C

′
1(m2,m1)q · S2p1 · S2]

+
α2L

2~2m3
1m

3
2(ω2 − 1)2

(C ′2q · S1q · S2 + 2C ′3q
2S1 · S2)

+
α2L

2m3
1m

3
2(ω2 − 1)5/2

C ′4p2 · S1p1 · S2, (2.55c)

where

C ′1(mi,mj) ≡ −
q2S

m3
im

3
j (ω2 − 1)2

[m2
i (3ω4 + 8ω2 − 3) + 4mimj(ω + 1)2(2ω − 1) + 2m2

jω(5ω2 − 1)]

+
L(2ω2 − 1)

~m2
im

2
j

iπ(mi + ωmj), (2.55d)

C ′2 ≡ 4m1m2ω
(
L×(ω) + L�(ω)ω2 + iπω2

)√
ω2 − 1

− iπ(m2
1 +m2

2)
(
2ω4 − 5ω2 + 1

)√
ω2 − 1

+ 6m1m2

(
ω2 − 1

)2 − 8

~2q̄2
iπm2

1m
2
2ω

2
(
ω2 − 1

)√
ω2 − 1, (2.55e)

C ′3 ≡ 2m1m2ω
(
−L�(ω) + 2L×(ω)

(
ω2 − 1

)
− iπ

)√
ω2 − 1

+ iπ(m2
1 +m2

2)
(
2ω4 − 4ω2 + 1

)√
ω2 − 1

+ 2m1m2

(
ω2 − 1

) (
2− 3ω2

)
+

4

~2q̄2
iπm2

1m
2
2

(
ω2 − 1

) (
2ω2 − 1

)√
ω2 − 1, (2.55f)

C ′4 ≡ −
4

~2q̄2
iπm2

1m
2
2ω
(
ω2 − 1

) (
2ω2 − 1

)
+ 6m1m2ω

3
√
ω2 − 1

+m1m2

(
(L�(ω) + iπ)

(
2ω4 + 5ω2 − 1

)
+ L×(ω)

(
−2ω4 + 3ω2 − 1

))
− iπω

(
2ω4 − 6ω2 + 1

) (
m2

1 +m2
2

)
. (2.55g)

The non-relativistic limit of this amplitude is in agreement with Ref. [52], with discrepancy number 2

from the gravitational case applying here as well.

Calculating explicitly the amplitude for scalar-scalar scattering using HSET, we find the same ampli-
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tude as in Eq. (2.55a), but without the imaginary term proportional to (m2
1 +m2

2)L. This term vanishes

in the non-relativistic limit, thus preserving the non-relativistic universality of the multipole expansion in

Ref. [52]. Furthermore, we expect it to be subtracted by the Born iteration when calculating the potential,

thus extending the multipole univerality to the relativistic potential.

2.D FEYNMAN RULES

We list here the Feynman rules used to perform the calculations in this paper. Below we denote the

matter wave vector entering the vertex by k1 and the matter wave vector leaving by k2. q1 and q2 are

incoming photon (graviton) wave vectors with indices µ, ν (µν, αβ), respectively.

We use the photon propagator in the Feynman gauge. The graviton propagator, three graviton vertex,

as well as the ghost propagator and two-ghost-one-graviton vertex are given in the harmonic gauge in

Ref. [23].

2.D.1 Abelian HSET

Starting with HSET, the one- and two-photon vertex Feynman rules are

τµχχ∗γ(m, v, k1, k2) = − ie√
~

[
vµ +

~
2m

(kµ1 + kµ2 ) +O
(

~3

m3

)]
, (2.56a)

τµνχχ∗γγ(m, v, k1, k2) =
ie2

m~

[
ηµν +O

(
~2

m2

)]
. (2.56b)

2.D.2 Scalar HBET

For HSBET the one- and two-graviton vertex Feynman rules are

τµνχχ∗h(m, v, k1, k2) = − iκ

2
√
~

{
mvµvν − ~

2
[ηµνvρ(k

ρ
1 + kρ2)− vµ(kν1 + kν2 )− vν(kµ1 + kµ2 )]

+
~2

2m
[(kµ1k

ν
2 + kµ2k

ν
1 )− ηµνk1αk

α
2 ] +O

(
~3

m2

)}
, (2.57a)

τµν,αβχχ∗hh(m, v, k1, k2) =
iκ2

~

{
mvτvλ

[
Iµν,τγIγ

λ,αβ − 1

4
(ηµνIαβ,τλ + ηαβIµν,τλ)

]
+
~
4
{−Pµν,αβvρ(kρ1 + kρ2)− (ηµνIαβ,τλ + ηαβIαβ,τλ)vτ (k1λ + k2λ)

+2Iµα,τγIγ
λ,νβ [vτ (k1λ + k2λ) + vλ(k1τ + k2τ )]}

+
~2

4m
[−Pµν,ασk1ρk

ρ
2 − (ηµνIαβ,τλ + ηαβIµν,τλ)k1τk2λ

+2Iµα,τγIγ
λ,νβ(k1τk2λ + k2τk1λ)] +O

(
~3

m2

)}
, (2.57b)

where

Pµν,αβ =
1

2
(ηµαηνβ + ηµβηνα − ηµνηαβ). (2.57c)
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The propagator in both scalar theories is

Ds=0
v (k) =

i

~v · k . (2.58)

2.D.3 Abelian HQET

The one- and two-photon Feynman rules in HQET are

τµ
Q̄Qγ

(m, v, k1, k2) = − ie√
~

{
vµ +

i

2m
σµν(k2ν − k1ν) +

~
2m

(kµ1 + kµ2 )⊥

+
i~

8m2
vρσαβ(kα1 + kα2 )⊥

[
(kρ2 − kρ1)ηµβ − (kβ2 − kβ1 )ηµρ

]
+

~2

8m2
[vµ(k2 − k1)2 − vρ(kρ2 − kρ1)(kµ2 − kµ1 )]

+
i~2

8m3
(k2

1⊥ + k2
2⊥)σµρ(k2ρ − k1ρ) +O

(
~3

m3

)}
, (2.59a)

τµν
Q̄Qγγ

(m, v, k1, k2) =
ie2

m~

{
ηµν⊥ +

i

4m
[σµνvρ(q

ρ
2 − qρ1) + vµvνσλρvλ(q1ρ + q2ρ)

−vµvλσλν(v · q2)− vνσµλq2λ − vνvλσλµ(v · q1)− vµσνλq1λ]

− i~
4m2

(k2ρ + k1ρ)σαβ(ηρµ⊥ η
βνqα1 + ηρν⊥ η

βµqα2 ) +O
(

~2

m2

)}
, (2.59b)

where kµ⊥ = kµ − vµ(v · k) and ηµν⊥ = ηµν − vµvν .

2.D.4 Spinor HBET

Finally, the one- and two-graviton Feynman rules in HBET are

τµν
Q̄Qh

(m, v, k1, k2) =
iκ

2
√
~

{
−mvµvν +

i

4
(vµσρν + vνσρµ)(k2ρ − k1ρ)

+
~
2

[vα(kα1 + kα2 )ηµν − vµ(kν1 + kν2 )− vν(kµ1 + kµ2 )

+3vµ(kν2 − kν1 ) + 3vν(kµ2 − kµ1 )− 6ηµνvρ(k
ρ
2 − kρ1)]

+
i~
4m

[(k2ρ − k1ρ)(k
µ
1σ

ρν + kν1σ
ρµ)− vµvνσρτk2ρk1τ

−1

2
vρ(k

ρ
2k2τ − kρ1k1τ )(vµστν + vνστµ)

+(k2ρ − k1ρ)(k
µ
2 − kµ1 )σρν + (k2ρ − k1ρ)(k

ν
2 − kν1 )σρµ]

+
~2

2m

[
−(kµ1k

ν
2 + kν1k

µ
2 ) + ηµνkρ1k2ρ +

1

2
vµvνk1ρk

ρ
2

+
1

2
ηµν(k2ρ − k1ρ)(k

ρ
2 − kρ1)− 1

2
(kµ2 − kµ1 )(kν2 − kν1 )

+
1

4
vρv

µ(kν2k
ρ
2 + kν1k

ρ
1) +

1

4
vρv

ν(kµ2k
ρ
2 + kµ1k

ρ
1)

]
+O

(
~2

m2

)}
, (2.60a)

τµν,αβ
Q̄Qhh

(m, v, k1, k2) =
iκ2

~

{
mvκvλ

[
Iµν,κγIγ

λ,αβ − 1

4
(ηαβIµν,κλ + ηµνIαβ,κλ)

]
− i

16
ελρτδγδγ5(Iµν,κλI

αβ,
τκq2ρ + Iαβ,κλI

µν,
τκq1ρ)
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+
i

16
vκvσvρσλτ [Iµν,κλIαβ,στ (q2ρ + k1ρ) + Iαβ,κλIµν,στ (q1ρ + k1ρ)]

− i
8
vκσλτ (k1σ − k2σ)(Iµν,κλIαβ,στ + Iαβ,κλIµν,στ )

− 3i

16
vκσσρ(k

ρ
1 − kρ2)(Iµν,κτIαβ,στ + Iαβ,κτIµν,στ )

+
i

8
vκσλρ(k

ρ
1 − kρ2)(ηµνIαβ,κλ + ηαβIµν,κλ)

+
i

16
vκσλρ(k

ρ
1 − kρ2)(vµvνIαβ,κλ + vαvβIµν,κλ)

+
i

8
vκσλρ(η

µνIαβ,κλqρ1 + ηαβIµν,κλqρ2)

+
i

8
vρσλτ (Iµν,κλIαβ,ρτq1κ + Iαβ,κλIµν,ρτq2κ) +O(~)

}
, (2.60b)

where

Iµν,αβ =
1

2
(ηµαηνβ + ηµβηνα). (2.60c)

Based on the ~ counting, there are additional terms that could contribute to the amplitude, but we find

that they contribute only at subleading quantum levels, and thus don’t include them.

The propagator in both spinor theories is

D
s= 1

2
v (k) =

i

~v · k
1 + /v

2
. (2.61)

2.E ONE-LOOP INTEGRAL BASIS

In this section, we point out some subtleties that arise from the linear matter propagators characteristic

of HQET/HBET. We first address the appearance of non-analytical contributions to loop integrals when

using linear matter propagators instead of quadratic ones. Then we discuss how we circumvent the

infamous pinch singularity of HQET.

2.E.1 Non-analytic portions of loop integrals

Consider, for example, the box integral with quadratic massive propagators:

Iquad =

∫
d4l

(2π)4

1

l2(l + q)2
[
(p1 − l − q)2 −m2

1 + iε
] [

(p2 + l + q)2 −m2
2 + iε

] . (2.62)

Letting the incoming momenta be pµ1 = m1v
µ
1 and pµ2 = m2v

µ
2 , and making explicit the factors of ~

from the massless momenta,

Iquad = (2.63)∫
d4l

(2π)4

1

l
2
(l + q)2

[
−2m1~v1 · (l + q) + ~2(l + q)2 + iε

] [
2m2~v2 · (l + q) + ~2(l + q)2 + iε

] .
Note that the massive propagators remain quadratic in the loop momentum.
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The box integral with the linear massive propagators of HQET/HBET takes the form

IHQET =

∫
d4l

(2π)4

1

l2(l + q2) [−v1 · (l + q) + iε] [v2 · (l + q) + iε]
. (2.64)

We are concerned with addressing how the non-analytic pieces of the integrals in Eqs. (2.62) and (2.64)

are related.

We see from Eq. (2.64) that the HQET integral is, up to a factor of 1/4m1m2, the leading term of the

integral in Eq. (2.62) when it has been expanded in ~ or 1/m — the equivalence of the two expansions

is once again manifest. However, when including subleading terms in the expansion of Eq. (2.62),

additional factors of (l + q)2 appear in the numerator, cancelling one of the massless propagators. We

conclude that all non-analytic contributions to Eq. (2.62) must be produced by the leading term of its

expansion in ~ (1/m). The same argument holds in the cases of triangle and crossed-box integrals, so

the non-analytic pieces of integrals with quadratic massive propagators are reproduced (up to a factor of

2m for each propagator of mass m) by the HQET integrals. Another way of seeing why this should be

the case is to invoke generalized unitarity. Upon cutting two massless propagators l2 and (l + q)2, there

is no distinction between Iquad and IHQET. Consequently, the one-loop integrals needed to perform the

calculations in this paper are those in Ref. [52] with pµ → mvµ + kµ and multiplied by 2m for each

massive propagator of mass m.13

2.E.2 Pinch singularity

HQET box integrals suffer from the so-called pinch singularity, which causes it to be ill-defined and

means that HQET cannot be used to describe a bound state of two heavy particles beyond tree level.

The cause of this issue is that, in such a scenario, the two heavy particles would have the same velocity,

vµ1 = vµ2 = vµ. The HQET box integral in Eq. (2.62) then becomes

IHQET = −
∫

d4l

(2π)4

1

l2(l + q2) [v · (l + q)− iε] [v · (l + q) + iε]
. (2.65)

Any contour one tries to use to evaluate this integral is then "pinched" in the ε→ 0 limit by the singular-

ities above and below the real axis at v · (l + q) = 0 [64].

For bound systems, the resolution is to reorganize the power counting expansion in terms of v/c

instead of q/m. The resulting effective theory is non-relativistic QCD (NRQCD), which restores the

quadratic pieces of the propagators. In the case at hand, however, we are considering the scattering of

two unbound heavy particles, the crucial difference being that the velocities of the heavy particles are in

general distinct, (vµ1 6= vµ2 ). Thus, the HQET integral remains well defined.14 Note that the limit where

the HQET box integral becomes ill-defined (vµ1 → vµ2 ) is precisely the limit in which the box integral

with quadratic massive propagators obtains the singularity which is removed by the Born iteration [52].

13The integrals in Ref. [52] contain only IR and UV finite terms. It was shown in Ref. [17] that the interference of such terms
does not contribute to the classical potential, so we have omitted them from our calculations.

14We thank Aneesh Manohar for discussions on this point.
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CHAPTER

ON-SHELL HEAVY PARTICLE
EFFECTIVE THEORIES

ABSTRACT: We introduce on-shell variables for Heavy Particle Effective The-

ories (HPETs) with the goal of extending Heavy Black Hole Effective Theory

to higher spins and of facilitating its application to higher post-Minkowskian or-

ders. These variables inherit the separation of spinless and spin-inclusive effects

from the HPET fields, resulting in an explicit spin-multipole expansion of the

three-point amplitude for any spin. By matching amplitudes expressed using the

on-shell HPET variables to those derived from the one-particle effective action,

we find that the spin-multipole expansion of a heavy spin-s particle corresponds

exactly to the multipole expansion (up to order 2s) of a Kerr black hole, that is,

without needing to take the infinite spin limit. Finally, we show that tree-level ra-

diative processes with same-helicity bosons emitted from a heavy spin-s particle

exhibit a spin-multipole universality.

3.1 INITIATION

Despite the ~ counting and isolation of spin effects in the HBET action, computing amplitudes at higher

loop orders using Feynman diagrammatic methods remains laborious. On top of this, if one is aiming

to describe classical, spinning black holes, one must be able to capture all orders in the spin of each

black hole. Using a QFT approach, this requires scattering particles with arbitrary spins. Though actions

for such particles have been constructed – see refs. [65, 66] – they are themselves quite cumbersome,

containing towers of auxiliary fields.

Both of these difficulties are assuaged in an on-shell approach. Unitarity cuts and recursion relations

eliminate the need for Feynman diagrams, and knowledge of the Lorentz transformation properties of a

spin-s particle facilitate its description using an on-shell language. With an eye to combining the perks

of HBET with the computational advantages of on-shell methods, this publication presented on-shell

variables specifically describing large-mass particles.

The key technology employed in this work was the massive spinor-helicity formalism of ref. [63] (see

also refs. [67, 68]). We review the massless and massive spinor-helicity formalisms in this section and

show how little group constraints fix the form of the three-point amplitude in both cases. The three-point

amplitude is special because for certain theories – dubbed cut-constructable theories – it is sufficient for

building all higher-point amplitudes through recursive techniques. We then summarize the main results

of the publication.

33
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3.1.1 The spinor-helicity formalism

The use of spinor-helicity variables greatly simplifies calculations and compactifies the forms of am-

plitudes. A famous example of this is the remarkable closed form of the maximally helicity violating

n-gluon color-ordered amplitude1 at tree level, given by the Parke-Taylor formula [69, 70]:

A(1+ . . . i− . . . j− . . . n+) =
i〈ij〉4

〈12〉〈23〉 . . . 〈(n− 1)n〉〈n1〉 , (3.1)

where the superscripts on the left-hand side represent the gluon helicities and the dots on the left-hand

side contain labels for only positive helicity particles. Since gluons are massless, this amplitude is ex-

pressed in terms of spinor-helicity variables for massless particles, contractions of which form the 〈·〉
brackets.

Both massless [71, 72] (see e.g. ref. [73] and the references therein for more details about the mass-

less case) and massive [63, 67, 68] spinor-helicity variables are related to four-momenta by contracting

with the Pauli matrix four-vector:

qαα̇ = qµ(σµ)αα̇, qα̇α = qµ(σ̄µ)α̇α. (3.2)

Our conventions are stated in Section 3.A. The indices α, α̇ represent the rows and columns of the

Pauli matrices. Each index takes the values 1 or 2, and transforms under SL(2,C).2 Contracting the

momentum with the Pauli matrix four-vector therefore re-expresses the SO(1, 3) Lorentz index structure

of qµ in terms of the double covering SL(2,C) × SL(2,C). The dot – or lack thereof – on top of the

indices indicates that the index belongs to one or the other of the SL(2,C). Belonging to separate groups,

the undotted indices do not interact with the dotted ones. Lorentz invariant objects are now formed by

contracting (un)dotted indices with one another.

Writing these momentum matrices explicitly,

qαα̇ =

(
q0 − q3 −q1 + iq2

−q1 − iq2 q0 + q3

)
, qα̇α =

(
q0 + q3 q1 − iq2

q1 + iq2 q0 − q3

)
, (3.3)

it’s clear that qµqµ = det qαα̇ = det qα̇α. At this point, the treatment of massless and massive momenta

diverges. We consider each case separately.

Massless momenta

When the momentum qµ is massless, these matrices will have vanishing determinant, and therefore

cannot have full rank. On the other hand, a physical four-momentum can never be identically 0: a massive

four-momentum will always have non-zero temporal component, while a massless four-momentum can

additionally never have vanishing three-momentum. Combining these two facts means that the matrices

qαα̇ and qα̇α must have rank 1 if qµqµ = 0. This allows us to decompose each matrix as an outer product

1See Section 4.1.1 for a definition of color-ordered amplitudes.
2Transforming the indices under GL(2,C) could change the invariant mass of the momentum qµ, so such a transformation

would not represent a physical Lorentz transformation.
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of two two-dimensional vectors:

qαα̇ = λαλ̃α̇ ≡ |q〉α[q|α̇, qα̇α = λ̃α̇λα ≡ |q]α̇〈q|α, (3.4)

with indices raised and lowered using the two-dimensional Levi-Civita symbol.3 These λα and λ̃α̇ are

the massless spinor-helicity variables, or helicity variables for short.

Helicity variables satisfy the on-shell conditions

qαα̇|q]α̇ = 〈q|αqαα̇ = [q|α̇qα̇α = qα̇α|q〉α = 0. (3.5)

Each condition can be easily verified by writing qαα̇, qα̇α in terms of the helicity variables and noting

that contractions are antisymmetric since indices are raised and lowered using the Levi-Civita symbol.

As a result of manifesting these conditions, the helicity variables are sometimes referred to as on-shell

variables. The on-shell conditions are an expression of the massless Dirac equation, as can be seen by

writing the helicity spinors in terms of left- and right-handed projections of Dirac spinors [74]:

|q〉α =
1

2
(I− γ5)u(q), |q]α̇ =

1

2
(I + γ5)u(q). (3.6)

These relations imply that the λα spinors carry helicity −1/2 and the λ̃α̇ carry +1/2.

Equation (3.4) does not uniquely define the helicity variables. The reason for this is the little group of

the momentum qµ, the subgroup of Lorentz transformations under which qµ is invariant. A massless four-

momentum is unchanged by rotations in the plane perpendicular to the direction of its three-momentum,

so its little group is SO(2) = U(1). This means that the helicity variables are defined up to some overall

phase, transforming as

λ→ tλ, λ̃→ t−1λ̃, (3.7)

for t = e−iθ/2 ∈ U(1). Combining the transformation properties, the rescaling of a spinor with helicity

h is given by t−2h.

We embark now on a brief but essential aside. The little group tells us something about the compo-

sition of an amplitude containing particles with any mass. Particle states (as opposed quantum fields)

transform in irreducible representations of the little groups corresponding to their momenta [75–77]. This

means that the external states entering an amplitude are covariant under little group transformations; for

example, consider the polarization vector for a massless spin-1 particle [74]:

ε+αα̇(q, ξ) =
√

2
|ξ〉α[q|α̇
〈ξq〉 , ε−αα̇(q, ξ) =

√
2
|q〉α[ξ|α̇

[qξ]
. (3.8)

Here ξµ is a reference momentum encoding gauge transformations. These polarization vectors describe

particles with helicities ±1 and rescale as t∓2 respectively under a transformation in the little group of

qµ. Since vertices and propagators are comprised of four-momenta and their contractions, little group

weights can only be carried by external states. Moreover, a particle can only carry its own little group

weight. Putting everything together, we conclude that an amplitude must be separately covariant under

3A factor of the Levi-Civita symbol exists in one of the two SL(2,C). This means that both indices on a Levi-Civita symbol
must either be dotted or undotted.
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the little groups of all particles involved in the scattering. Heuristically, little group covariance can be

thought of as the amplitude depending on the polarizations of the initial and final state particles.

Specializing again to the massless case, the irreducible representations of the little group are all one-

dimensional and are labelled by integers and half-integers. The (half-)integer labelling a representation

corresponds to the spin of the massless particle. Then, by the above, a massless particle state with spin

s transforms as ε±s → t∓2sε±s depending on its helicity h = ±s. Connecting this to amplitudes, if a

massless spin-s particle is involved in a scattering process, the amplitude describing the scattering must

rescale as t−2h when the helicity variables are rescaled under the particle’s little group.

The little-group scaling of the amplitude, combined with some physical considerations, is sufficient

to fix the massless three-point amplitude, up to an overall constant. Let us outline the argument for this

following refs. [67, 73]. First, momentum conservation at three points is restrictive enough to set either

all angle- or all square-bracket contractions to 0. Taking all momenta incoming, momentum conservation

is qµ1 + qµ2 = −qµ3 . Squaring both sides of this – keeping in mind that the momenta are massless – yields

〈12〉[21] = 0. Supposing we choose to keep the angle bracket non-zero, the square bracket [12] must

therefore be the vanishing factor. It is easy to show that the remaining two square brackets [23] and [31]

also vanish by considering the quantities 〈12〉[23] and [31]〈12〉.
In our chosen setup, where all square brackets vanish, a three-point amplitude is forced to take the

form

A(1h12h23h3) ∝ 〈12〉h3−h1−h2〈13〉h2−h1−h3〈23〉h1−h2−h3 . (3.9)

Choosing instead to keep square brackets and allow angle brackets to vanish, we would have been lead

to conclude that

A(1h12h23h3) ∝ [12]−h3+h1+h2 [13]−h2+h1+h3 [23]−h1+h2+h3 , (3.10)

where the exponents switched signs because the square brackets transform in the opposite manner to the

angle brackets under the little group.

Now, by looking at the explicit kinematics for the helicity variables (e.g. in ref. [74]), it is clear

that for real momenta the angle and square spinors are conjugates to one another. This means that in

real three-point kinematics we cannot choose one type of bracket to vanish while keeping the other type

non-zero. For real momenta, the order of the pole/root in eq. (3.9) is −h1 − h2 − h3, while that of

eq. (3.10) is h1 + h2 + h3. In the interest of keeping the amplitude finite in all cases, we are motivated

to choose eq. (3.9) when h1 + h2 + h3 < 0, and eq. (3.10) otherwise. If all helicities have the same sign,

the three-point amplitude vanishes whether or not the momenta are real.

Allowing for complex kinematics, the complex-conjugation relation between the square and angle

brackets no longer holds. In this case, one can have one of eqs. (3.9) and (3.10) be non-vanishing.

Though unphysical on their own, three-point amplitudes with complex kinematics appear ubiquitously

in the recursive computation of physical, higher-point amplitudes.

When one or more of the particles in the three-point amplitude are massive the amplitude will no

longer be unique, but it can still be written in a general form. The three-point amplitude involving two

equal-mass legs and one massless leg played a central role in the results of this publication. Let us then

shift our focus to the treatment of massive momenta using on-shell variables.
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Massive momenta

If the momentum qµ is massive the matrices qαα̇ and qα̇α have rank 2 and we can no longer perform

the decomposition in eq. (3.4). However, using the fact that a rank-n matrix can be written as a sum

of n rank-1 matrices, we can still decompose the momentum matrices in a very similar way to eq. (3.4)

[63, 67, 68]:

qαα̇ = λ1
αλ̃1α̇ + λ2

αλ̃2α̇ ≡ λIαλ̃Iα̇, qα̇α = λ̃α̇I λ
Iα, (3.11)

where I = 1, 2. An angle- and square-bracket notation analogous to the massless case is also employed

with the massive on-shell variables λI and λ̃I .

Thinking of the two-indexed objects λIα and λ̃Iα̇ as being 2× 2 matrices, the mass m of the momen-

tum qµ can be written in terms of the determinants of these matrices:

m2 = detλIα det λ̃Iα̇ = detλIα det λ̃α̇I . (3.12)

There is a freedom in the values of the determinants in the second two expressions above. However, we

do not need to make a distinction between these two determinants, so we simply fix detλ = det λ̃ = m.

With this choice, these variables obey the on-shell conditions in eq. (3.133).

The I indices of λ and λ̃ transform oppositely and therefore leave the momentum qµ unchanged.

For physical applications, then, the on-shell variables transform under the little group of the massive

momentum. By going to the rest frame of the massive particle, it can be seen that the subset of Lorentz

transformations leaving the three-momentum invariant are the rotations in three dimensions. This means

the little group for a massive particle is SO(3) ' SU(2)/Z2. The I are therefore SU(2) little group

indices.4 They can be raised or lowered with the two-dimensional Levi-Civita symbol of SU(2).

Now, as discussed above, amplitudes transform covariantly under the little groups of the external

states. Since a particle can only carry its own little group indices, contractions cannot occur between

little group indices of different particles. This means that the little group index structure of an amplitude

is determined solely by the identities of the external particles, and is unaffected by the specifics of the

scattering. What remains is thus for us to understand the little group indices carried by an arbitrary

massive particle.

Recall that a massive particle with spin s transforms in an irreducible representation of its little group,

SU(2) [68, 75–77]. The irreducible representations of SU(2) are furnished by tensors with definite

symmetry properties. But we can say more about the transformation properties of a spin-s particle.

Consider the space of totally symmetric SU(2) tensors with rank 2s. We argue that this is the correct

representation for a spin-s particle. The first way to see this is on the grounds of the dimension of the

representation. This dimension is the number of independent components of a totally symmetric, rank-

2s tensor, equal to the number of ways of choosing 2s items from a set of 2 where order is ignored and

repetition is allowed. The sought-after dimension is thus(
2 + 2s− 1

2s

)
= 2s+ 1, (3.13)

4Ref. [63] points out that the I indices can generally transform under GL(2,C). This transformation group is restricted to
SL(2,C) if detλ and det λ̃ are held fixed, and further to SU(2) ⊂ SL(2,C) to leave the momentum unchanged.
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precisely as expected for the representation of a spin-s particle.

Second, we can confirm that such a tensor carries the correct (non-relativistic) spin by acting on the

tensor with the square of the generator of rotations, as done in ref. [63].5 Filling in the details of this

computation, the generator of rotations in the 2s+ 1 dimensional representation takes the form

~J =
1

2
~σ ⊗ I⊗ · · · ⊗ I︸ ︷︷ ︸

2s−1

+ . . .︸︷︷︸
2s−2

+ I⊗ · · · ⊗ I︸ ︷︷ ︸
2s−1

⊗1

2
~σ, (3.14)

since a rank-2s tensor can be thought of as the direct product of 2s rank-1 tensors. Here, ~σ is the vector

of Pauli matrices. Its action on the tensor Ti1...i2s is(
~JT
)
i1...i2s

=
1

2
~σj1i1 Tj1i2...i2s + · · ·+ 1

2
~σj2si2s Ti1...i2s−1j2s . (3.15)

Acting a second time,

(
~J2T

)
i1...i2s

=

(
1

4
~σk1i1 · ~σ

j1
k1
Tj1i2...i2s + · · ·+ 1

4
~σk2si2s

· ~σj1i1 Tj1...i2s−1k2s

)
+ . . .

+

(
1

4
~σk1i1 · ~σ

j2s
i2s
Tk1...i2s−1j2s + · · ·+ 1

4
~σk2si2s

· ~σj2sk2sTi1...i2s−1j2s

)
. (3.16)

Now, there are 2s parentheses here, each of which contains 2s terms. Each parenthesis contains exactly

one term where the Pauli matrices are contracted with one another, and 2s− 1 where they are not. Using

the identity ~σij ·~σkl = 2δilδ
k
j −δijδkl , the terms with contracted Pauli matrices will sum up to 3· 14 ·2sTi1...i2s ,

while those with no such contraction give 1· 14 ·2s·(2s−1)Ti1...i2s . Adding the two types of contributions,

we find (
~J2T

)
i1...i2s

= s(s+ 1)Ti1...i2s , (3.17)

corroborating that such a tensor transforms in the spin-s representation of SU(2).

Concluding this point, the external state for a massive spin-s particle carries 2s totally-symmetrized

little group indices. As such, an amplitude inherits these 2s indices, and is totally symmetric in the

little group indices of each massive particle separately. When writing an amplitude explicitly in terms of

these massive on-shell variables, the symmetrization over all the little group indices can be cumbersome.

Addressing this inconvenience, a bold notation – i.e. 〈pq〉 – was introduced in ref. [63] as a stand-in for

explicit symmetrization. See Section 3.A for an example.

We wrap up this section with a discussion of the three-point amplitude with two equal-mass legs

and one massless one. Let us begin in this case by again considering the three-particle kinematics. If

all momenta are incoming, momentum conservation is pµ1 + qµ = −pµ2 , where qµ is massless and the

others have mass m. Squaring both sides gives that pµ1 and qµ must be orthogonal. Re-expressing this

orthogonality in on-shell variables,

〈q|αp1αα̇|q]α̇ = 0. (3.18)

5Note that the relativistic spin appearing in computations is defined in terms of the generator of the whole Lorentz group, not
the generators of SU(2). Acting with the ~J generators of SU(2) can be thought of as measuring the total spin of the particle
in its rest frame. The covariant spin vector is reached by boosting the rest-frame spin vector; see refs. [29, 78].
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This means that the massless angle bracket |q〉α is proprotional to p1αα̇|q]α̇. Through this proportionality,

we can define the constant x [63]:

x|q〉α =
1

m
p1αα̇|q]α̇. (3.19)

Inverting this definition by noting that pβ̇α1 p1αα̇ = m2Iβ̇ α̇ yields an analogous expression for x−1:

x−1|q]α̇ =
1

m
pα̇α1 |q〉α. (3.20)

When the constant x and its inverse appear in computations they stand for non-local forms of eqs. (3.19)

and (3.20), obtained by contracting these equations with a reference spinor and isolating the constant.

Suppose now, as is relevant for our purposes, that the two massive legs have spin s, and the massless

leg carries helicity h. We outline the derivation of the most general three-point amplitude for such a

configuration given in refs. [46, 63] (an alternative derivation of this amplitude can be found in ref. [67]).

The on-shell conditions allow us to convert all spinors in the amplitude to one type, say λIα. Each massive

leg carries 2s such spinors and, as explained above, the spinors appear in the amplitude with their little

group indices symmetrized. We can therefore factor out the spinors for each leg to leave behind a spinor-

stripped amplitude with 2s symmetrized SL(2,C) indices for each leg:

M{I1,...,I2s},{J1,...,J2s},h = λI11α1
. . . λI2s1α2s

λJ12β1
. . . λJ2s2β2s

M{α1,...,α2s},{β1,...,β2s},h. (3.21)

Curly brackets represent symmetrization. We have explicitly included a label for the helicity of the

massless particle.

Our task is thus to determine the most general form of the spinor-stripped amplitude. This can

be done given two independent SL(2,C) objects to span the space of each index. In this setup, the

only relevant (i.e. related to the quantities in the problem) objects we have, on account of the on-shell

condition, are 〈q|α and εαβ . Moreover, since the spinor-stripped amplitude is symmetric in each set of

the spinor-indices, any contribution where the Levi-Civita carries two indices from the same set vanishes.

Finally, we have a quantity that carries the helicity weight of the massless particle: x±1 carries helicity

weight ±1. All things considered, the spinor-stripped amplitude takes the most general form

M{α1,...,α2s},{β1,...,β2s},h = xh

[
c0ε

2s + c1ε
2s−1x〈q|〈q|

m
+ · · ·+ c2s

(
x〈q|〈q|
m

)2s
]{α1,...,α2s},{β1,...,β2s}

.

(3.22)

Returning the massive spinors, accounting for the little group symmetrization by bolding, and absorbing

negative signs into the coefficients,

M{I1,...,I2s},{J1,...,J2s},h = xh

[
c0〈21〉2s + c1〈21〉2s−1x〈2q〉〈q1〉

m
+ · · ·+ c2s

(
x〈2q〉〈q1〉

m

)2s
]
.

(3.23)

This is the most general form of the three-point amplitude involving two equal-mass and equal-spin

massive legs and a massless leg with helicity h.
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As in the massless case, this three-point amplitude is unphysical for real kinematics. To see this,

consider an annihilation of two massive particles in the center-of-momentum frame that results in one

massless particle. The total momentum in this frame is zero before the annihilation. However, since the

final state is massless it cannot be created at rest, violating momentum conservation. Despite the non-

physicality of this amplitude, it can still be used to build physical higher-point amplitudes recursively.

3.1.2 Overview of main results

The primary purpose of this publication was to introduce on-shell variables to describe heavy on-shell

states. Such a definition was achieved in terms of the traditional massive on-shell variables presented

above: (
|pv〉
|pv]

)
=

(
I− /k

2m

)(|p〉
|p]

)
. (3.24)

Here, kµ is the residual momentum of the heavy particle and m is its mass.

In terms of these variables, the most general three-point amplitude for the emission of a boson of

helicity h from a massive particle of spin s cleanly separates spin and spinless effects:

M+|h|,s
3 = (−1)2s+h x

|h|

m2s

2s∑
k=0

gH
s,k〈2v1v〉︸ ︷︷ ︸

spinless

2s−k
( x

2m
〈2vq〉〈q1v〉

)
︸ ︷︷ ︸

spin

k
, (3.25a)

M−|h|,s3 = (−1)h
x−|h|

m2s−1

2s∑
k=0

g̃H
s,k[2v1v]︸ ︷︷ ︸

spinless

2s−k
(
x−1

2m
[2vq][q1v]

)
︸ ︷︷ ︸

spin

k

. (3.25b)

This is in contrast to the traditional massive on-shell variables, where spin and spinless effects are mixed

by the on-shell conditions. By matching the minimally coupled6 version of the heavy three-point ampli-

tude to the one derived from the worldline action for a spinning object, we showed that we were able to

exactly reproduce the spin-multipole expansion of a Kerr black hole. This is a direct consequence of the

separation of spin and spinless effects.

Finally, we computed amplitudes at tree level. In these variables, it was straightforward to show that

the emission of n same-helicity photons or gravitons from a massive spin-s particle is described by an

amplitude that exhibits a spin universality:

M s
n+2 =

(−1)nh

m2s
M s=0
n+2〈2v|2sexp

[
1

mq

h

|h|
n∑
i=1

qi · S
]
|1v〉2s (3.26)

=
(−1)nh

m2s
M s=0
n+2[2v|2sexp

[
1

mq

h

|h|
n∑
i=1

qi · S
]
|1v]2s.

Along the same lines, we demonstrated that the leading-in-~ portion of the opposite-helicity Compton

6Note that, as explained in the publication, minimal coupling in this case has a different meaning than in Chapter 2.
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amplitude is

Mcl.(−1s,2s, q−2
3 , q+2

4 ) =
(−1)2s

m2s
M(−10,20, q−2

3 , q+2
4 )〈2v|2sexp

[
(q4 − q3 + w) · S

m

]
|1v〉2s,

(3.27)

for gravity. The definition of the unphysical four-momentum wµ, eq. (3.106d), shows that the spurious

singularity of the opposite-helicity Compton amplitude (see refs. [46, 63]) is not avoided by taking the

~→ 0 limit.

3.2 INTRODUCTION

The relationship between quantum scattering amplitudes and classical physics has enjoyed a surge of

attention in recent years, in large part due to the observation of gravitational waves by the LIGO and

Virgo collaborations as of 2015 [1]. Motivating studies in this direction has been the realization that

perturbative techniques from quantum field theory are well suited to the computation of the comple-

mentary post-Newtonian (PN) and post-Minkowskian (PM) expansions of the binary inspiral problem in

General Relativity (GR). Indeed, the effective field theory (EFT) of GR [7, 8] has been used extensively

to compute classical corrections to the gravitational potential [8, 15, 23, 40–43, 46, 79]. Furthermore,

effective-field-theoretic methods have been used to develop EFTs for gravitationally interacting objects

whose operator expansions are tailored to computing terms in the PN approximation [36–39, 80]. In fact,

using EFT methods, the entire 4PN spinless conservative dynamics were derived in refs. [81, 82], and

the computation of the 5PN spinless conservative dynamics was approached in refs. [83, 84]. Including

spin, the current state-of-the-art computations from the PN approach were performed in refs. [85, 86]

using the EFT of ref. [80].

On the PM side, it has also recently been shown that quantum scattering amplitudes can be used to

extract fully relativistic information about the classical scattering process [10, 14, 16, 17, 45, 47–49, 87–

90]. Moreover, a direct relationship between the scattering amplitude and the scattering angle has been

uncovered in refs. [31, 32, 50, 91].7 All of these developments suggest that the 2 → 2 gravitational

scattering amplitude encodes information that is crucial for the understanding of classical gravitational

binary systems, to all loop orders [7, 9].

Various methods exist for identifying the classical component of a scattering amplitude [10, 14, 42,

43]. Towards this same end, Heavy Black Hole Effective Theory (HBET) was recently formulated by

Damgaard and two of the present authors in ref. [92] with the aim of streamlining the extraction of

classical terms from gravitational scattering amplitudes. It was shown there that the operator expansion

of HBET is equivalent to an expansion in ~. Exploiting this fact, the authors were able to identify

which HBET operators can induce classical effects at arbitrary loop order, and the classical portion of

the 2→ 2 amplitude was computed up to one-loop order for spins s ≤ 1/2. These results were obtained

using Lagrangians and Feynman diagram techniques which, while tractable at the perturbative orders

and spins considered, become non-trivial and computationally unwieldy to extend to higher spins or

loop orders. Nevertheless, the separation of classical and quantum effects and the observed separation

of spinless and spin-inclusive effects are desirable features of the EFT that will prove quite convenient

7We thank Andrea Cristofoli for bringing earlier work on this relationship to our attention.
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when cast as part of a more user-friendly formalism.

We aim in this paper to present such a formalism that will allow the extension of HBET to higher

spins and to facilitate its application to higher loop orders. A means to do so comes in the formalism pre-

sented in ref. [63]. Spinor-helicity variables were presented there that describe the scattering of massive

matter with arbitrary spin. Based solely on kinematic considerations, these variables were used to con-

struct the most general three-point amplitude for a massive spin-s particle emitting a massless boson with

a given helicity.8 In this most general amplitude, the term that is best behaved in the UV limit is termed

the minimal coupling amplitude. When s ≤ 1/2 it reduces to the three-point amplitude arising from the

relevant Lagrangian that is minimally coupled in the sense of covariantized derivatives. This terminol-

ogy is preserved for higher spins; the minimal coupling amplitude for a general spin-s particle is a tensor

product of 2s factors of spin-1/2 minimal coupling amplitudes. Note that this definition of minimal cou-

pling generally differs from the typical definition from the Lagrangian perspective. Phenomenologically,

these minimal coupling amplitudes are those that produce a gyromagnetic ratio of g = 2 for all spins

[46, 93, 94].

This minimal coupling amplitude has proven to be quite useful in the study of classical Kerr black

holes, which have been shown to couple minimally to gravity [43, 45–47, 53, 95]. Such a description of

Kerr black holes is in fact not immediately exact when using the variables of ref. [63] due to the difference

between the momenta of the initial and final states, leading to an ill-defined matrix element of the spin-

operator. This gap has been overcome using various methods in the above references. However we will

show that expressing the degrees of freedom of HBET in on-shell variables reduces the discrepancy to a

mere choice of the kinematics. The appropriate kinematics can sometimes be imposed (when a process

is described by diagrams with no internal matter lines), but are always recovered in the classical limit;

~→ 0.

In this paper, we express the asymptotic states of Heavy Particle Effective Theories (HPETs) — the

collection of effective field theories treating large mass particles — using the massive on-shell spinor-

helicity variables of ref. [63]. An explicit ~ expansion will arise from these variables, which makes

simple the task of taking classical limits of amplitudes. Such an expression of the asymptotic states of

HPET will also lead to an explicit separation of spinning and spinless effects in the three-point minimal

coupling amplitude. From the lens of the classical gravitational scattering of two spinning black holes,

this results in the finding that the asymptotic states of HPET are naturally identified with a Kerr black

hole with truncated spin-multipole expansion.

Our construction will also allow us to gain insight into this class of effective field theories. We

will derive a conjecture for the three-point amplitude arising from an arbitrary HPET, and posit a form

for this same amplitude for heavy matter of any spin. Then, in the appendices, we comment on the

link between reparameterization invariance of a momentum and its little group, and finally compute the

operator projecting onto a heavy particle of spin s ≤ 2, the derivation of which can be extended to

general spin.

The layout of this paper is as follows. We begin with a very brief review of HPETs in Section 3.3.

Also, we introduce on-shell variables that describe the heavy field. The three-point amplitudes of HPETs

are analyzed in Section 3.4. In particular, we construct the three-point amplitude of HPET resummed to

all orders in the expansion parameter. Furthermore, the construction of ref. [63] provides a method of

8For alternative approaches to the application of spinor-helicity variables to massive spinning particles see e.g. refs. [67, 68].
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extending HPET amplitudes to arbitrary spin. In Section 3.5, we interpret the on-shell HPET variables as

Kerr black holes with truncated spin-multipole expansions, and show that heavy spin-s particles possess

the same spin-multipole expansion as a Kerr black hole, up to the 2sth multipole. This is in contrast to

previous work [46, 53], which found that minimally coupled particles possess the same spin multipoles

as Kerr black holes only in the infinite spin limit. Section 3.6 is dedicated to the computation of on-shell

amplitudes, and we show the simplicity of taking the classical limit of an amplitude when it is expressed

in on-shell HPET variables. The main body of the paper is concluded in Section 3.7. Our conventions are

summarized in Appendix 3.A. The question of the uniqueness of the constructed variables is addressed

in Appendix 3.B. We then relate the little group of a momentum p to its invariance under the HPET

reparameterization (see Section 3.3) in Section 3.C. In Appendix 3.D we use spin-s polarization tensors

for heavy particles to explicitly construct propagators and projection operators for heavy particles with

spins s ≤ 2. We then use these results to conjecture the forms of the projection operators for arbitrary

spin. Finally, we describe in Appendix 3.E the forms of the spin-1/2 HPET Lagrangians that must be

used to match to the on-shell minimal coupling amplitudes. We also show there that the three-point

amplitude derived from a Lagrangian for a heavy spin-1 particle is reproduced by the extension of the

variables to arbitrary spin in Section 3.4.

3.3 EFFECTIVE THEORIES WITH HEAVY PARTICLES

When describing a scattering process in which the transfer momentum, qµ, is small compared to the

mass of one of the scattered particles, m, we can exploit the separation of scales by expanding in the

small parameter |q|/m. Heavy Quark Effective Theory (HQET) [25–27] is the effective field theory that

employs this expansion in the context of QCD, with HBET being its gravitational analog. Central to the

separation of scales is the decomposition of the momentum of the heavy particle as

pµ = mvµ + kµ, (3.28)

where vµ is the (approximately constant) four-velocity (v2 = 1) of the heavy particle, and kµ is a residual

momentum that parameterizes the energy of the interaction; it is therefore comparable in magnitude to

the momentum transfer, |kµ| ∼ |qµ|. When decomposed in this way, the on-shell condition, p2 = m2, is

equivalent to

v · k = − k2

2m
. (3.29)

As was argued in ref. [92], using results from ref. [10], the residual momentum scales with ~ in the limit

~→ 0. We discuss the counting of ~ in Section 3.6.1.

With some background about the construction and motivation behind HPETs, we introduce in this

section on-shell variables that describe spin-1/2 HPET states. Then, the transformation of these variables

under a reparameterization of the momentum eq. (3.28) is given. We end the section by defining the spin

operator for heavy particles.
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3.3.1 On-shell HPET variables

The spinors uIv(p) that describe the particle states of HPET are related to the Dirac spinors uI(p) via [92]

uIv(p) =

(
I + /v

2

)
uI(p) =

(
I− /k

2m

)
uI(p), (3.30)

where I is an SU(2) little group index, and vµ and kµ are defined in eq. (3.28). The operator P+ ≡ 1+/v
2

is the projection operator that projects on to the heavy particle states. Writing the Dirac spinor in terms

of massive on-shell spinors |p〉α and |p]α̇, we define on-shell variables for the HPET spinor field:(
|pv〉
|pv]

)
=

(
I− /k

2m

)(|p〉
|p]

)
. (3.31)

The bold notation for the massive on-shell spinors was introduced in ref. [63], and represents sym-

metrization over the little group indices. We refer to the on-shell variables of ref. [63] as the traditional

on-shell variables, and those introduced here as the on-shell HPET variables. The on-shell HPET vari-

ables are labelled by their four-velocity v. We emphasize that the relation between the traditional and

HPET on-shell variables is exact in k/m. See Section 3.A for conventions.

When working with heavy particles, the Dirac equation is replaced by the relation /vuIv = uIv, which

can be seen by multiplying the first equation in eq. (3.30) by /v. This relates the on-shell HPET variables

in different bases through

vαβ̇|pv]β̇ = |pv〉α, vα̇β|pv〉β = |pv]α̇, (3.32a)

[pv|α̇vα̇β = −〈pv|β, 〈pv|αvαβ̇ = −[pv|β̇. (3.32b)

We associate the momentum pµv with the on-shell HPET spinors, where

/pv =

(
0 |pv〉I I [pv|

|pv]I I〈pv| 0

)
= mk/v, (3.33)

and

mk ≡
(

1− k2

4m2

)
m. (3.34)

We see that the momentum pµv is proportional to vµ, regardless of the residual momentum. The momen-

tum pµv is related to the momentum pµ through

P+/pv = P+/pP+. (3.35)

The on-shell HPET variables naturally describe heavy particles in a context with no anti-particles. To

see this, note that the relation between the HPET spinor and the Dirac spinor in eq. (3.31) can be inverted

[61]

uI(p) =

(
I− /k

2m

)−1

uIv(p)
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=

[
1 +

1

2m

(
1 +

k · v
2m

)−1

(/k − k · v)

]
uIv(p). (3.36)

In the free theory, this corresponds to the relation between the fields in the full and effective theories

once the heavy anti-field has been integrated out by means of its equation of motion. Thus, eq. (3.30) is

equivalent to integrating out heavy anti-particle states.

3.3.2 Reparameterization

There is an ambiguity in the choice of v and k in the decompositon of the momentum in eq. (3.28). The

momentum is invariant under reparameterizations of v and k of the forms

(v, k)→ (w, k′) ≡
(
v +

δk

m
, k − δk

)
, (3.37)

where |δk|/m� 1 and (v + δk/m)2 = 1. Given that observables can only depend on the total momen-

tum, observables computed in heavy particle effective theories must be invariant under this reparameter-

ization [59–61]. In particular, the S-matrix is reparameterization invariant.

The on-shell HPET variables transform under the reparameterization of the momentum in eq. (3.37).

The HPET spinors uIv(p) and uIw(p) are related through

uIv(p) =
1 + /v

2
uI(p)

=
1 + /v

2

[
1 +

1

2m

(
1 +

k′ · w
2m

)−1

(/k
′ − k′ · w)

]
uIw(p), (3.38)

where the second line is simply eq. (3.36) with (v, k)→ (w, k′). Rewriting this in terms of the on-shell

HPET variables, we find

|pv〉 =

(
1− k′2

4m2

)−1 [(
1− k2

4m2
+
/kδ/k

4m2

)
|pw〉 −

δ/k

2m
|pw]

]
, (3.39a)

|pv] =

(
1− k′2

4m2

)−1 [(
1− k2

4m2
+
/kδ/k

4m2

)
|pw]− δ/k

2m
|pw〉

]
. (3.39b)

Similarly,

〈pv| =
(

1− k′2

4m2

)−1 [
〈pw|

(
1− k2

4m2
+
δ/k/k

4m2

)
+ [pw|

δ/k

2m

]
, (3.39c)

[pv| =
(

1− k′2

4m2

)−1 [
[pw|

(
1− k2

4m2
+
δ/k/k

4m2

)
+ 〈pw|

δ/k

2m

]
. (3.39d)

The transformed spinors |pw〉 and |pw] are related to the traditional on-shell variables via eq. (3.31), with

the replacement k → k′. This transformation is singular at the point where the new residual momentum

has magnitude squared k′2 = 4m2. This pole is ubiquitous when using these variables, and signals the

point where fluctuations of the matter field are energetic enough to allow for pair-creation. As we have

integrated out the anti-particle through eq. (3.30), such energies are outside the region of validity of this

formalism. In fact, the working assumption of the formalism is that the residual momentum is small
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compared to the mass, so one would expect the formalism to lose predictive power well before this point.

3.3.3 Spin operator

We identify the spin operator with the Pauli-Lubanski pseudovector,

Sµ = − 1

2m
εµναβpνJαβ, (3.40)

where Jµν is the generator of rotations, pµ is the momentum with respect to which the operator is defined,

and m2 = p2. For our purposes, it will be convenient to choose pµ = pµv : this ensures that, irrespective

of the value of the residual momentum, the momentum pµv = mkv
µ will always be orthogonal to the spin

operator. Thus, Sµ is the spin vector of a particle with velocity vµ and any value of residual momentum.

With this choice for the reference momentum, the spin-operator is

Sµ = −1

2
εµναβvνJαβ. (3.41)

Its action on irreducible representations of SL(2,C) is

(Sµ)α
β =

1

4

[
(σµ)αα̇v

α̇β − vαα̇(σ̄µ)α̇β
]
, (3.42a)

(Sµ)α̇β̇ = −1

4

[
(σ̄µ)α̇αvαβ̇ − vα̇α(σµ)αβ̇

]
. (3.42b)

These two representations of the spin-vector are related via

(Sµ)α
β = vαα̇(Sµ)α̇β̇v

β̇β , (Sµ)α̇β̇ = vα̇α(Sµ)α
βvββ̇. (3.43)

On three-particle kinematics, the spin-vector can be written more compactly by introducing the x factor

for a massless momentum q [63],

mx〈q| ≡ [q|p1, (3.44a)

⇒ mx−1[q| = 〈q|p1. (3.44b)

Using this, when the initial residual momentum is k = 0, we can re-express the contraction q · S as

(q · S)α
β =

x

2
|q〉〈q|, (3.45a)

(q · S)α̇β̇ = −x
−1

2
|q][q|. (3.45b)

For general initial residual momentum, we find an additional term:

(q · S)α
β =

1

4

(
2x|q〉〈q|+ 1

m
[k, q]α

β

)
, (3.46a)

(q · S)α̇β̇ = −1

4

(
2x−1|q][q|+ 1

m
[k, q]α̇β̇

)
. (3.46b)

Note that eq. (3.46) reduces to eq. (3.45) when k = 0.

When choosing the reference momentum to be pµv , we can identify the spin-vector with the classical
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spin-vector of a Kerr black-hole with classical momentum pµKerr = m
mk
pµv . This is because the Lorentz

generator in eq. (3.40) can be replaced with the black hole spin-tensor Sµν = Jµν⊥ which satisfies the

condition [80, 96]

pµKerrSµν = 0, (3.47)

known as the spin supplementary condition.

In ref. [92], the spin vector was defined as

Sµv ≡
1

2
ūv(p2)γ5γ

µuv(p1), (3.48)

and it was found that this spin vector satisfied the relation

ūv(p2)σµνuv(p1) = −2εµναβvαSvβ. (3.49)

We can therefore relate these two definitions of the spin vector:

Sµv = ūv(p2)Sµuv(p1) = −2〈2v|Sµ|1v〉 = 2[2v|Sµ|1v]. (3.50)

Thus the two definitions are consistent, with one being the one-particle matrix element of the other.

3.4 THREE-POINT AMPLITUDE

We study in this section the on-shell three-point amplitudes of HPET. The main goal here will be to

express the most general three-point on-shell amplitude for two massive particles (mass m, spin s) and

one massless boson (helicity h) in terms of on-shell HPET variables. Focusing on the minimal coupling

portion of such an expression, we will be left with a resummed form of the HPET three-point amplitude,

valid for any spin. Moreover, we will find that a certain choice of the residual momentum results in the

exponentiation of the minimally coupled three-point amplitude.

In the traditional on-shell variables, the most general three-point amplitude for two massive particles

of mass m and spin s, and one massless particle with momentum q and helicity h is [63]

M+|h|,s = (−1)2s+h x
|h|

m2s

[
g0〈21〉2s + g1〈21〉2s−1x〈2q〉〈q1〉

m
+ · · ·+ g2s

(x〈2q〉〈q1〉)2s

m2s

]
, (3.51)

M−|h|,s = (−1)h
x−|h|

m2s

[
g̃0[21]2s + g̃1[21]2s−1x

−1[2q][q1]

m
+ · · ·+ g̃2s

(
x−1[2q][q1]

)2s
m2s

]
. (3.52)

The overall sign differs from the expression in ref. [63], due to our convention that p1 is incoming. The

positive helicity amplitude is expressed in the chiral basis, and the negative helicity amplitude in the

anti-chiral basis. The minimal coupling portion of this is the amplitude with all couplings except g0 and

g̃0 set to zero:

M+|h|,s
min = (−1)2s+h g0x

+|h|

m2s
〈21〉2s, (3.53)
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M−|h|,smin = (−1)h
g̃0x
−|h|

m2s
[21]2s. (3.54)

Thus we see that expressing this in terms of on-shell HPET variables requires that we convert the spinor

products 〈21〉, x〈2q〉〈q1〉 (and their anti-chiral basis counterparts) to the on-shell HQET variables.

In the remainder of this section we take pµ1 = mvµ + kµ1 incoming, and qµ and pµ2 = mvµ + kµ2
outgoing. With this choice of kinematics, the initial and final residual momenta are related by kµ2 =

kµ1 − qµ. We can relate a spinor with incoming momentum to the spinor with outgoing momentum using

analytical continuation, eq. (3.137). Also, the x factor picks up a negative sign when the directions of p1

or q are flipped, x→ −x.

3.4.1 General residual momentum

We start by converting the s = 1/2 amplitude to on-shell HPET variables. Inverting eq. (3.31) and

simply taking the appropriate spinor products, we can relate the traditional and HPET spinor products:

〈21〉 =
m2

mk2mk1

[
mk1

m
〈2v1v〉+

1

4m
[2vq]〈q1v〉+

x−1

4m
[2vq][q1v]

]
, (3.55a)

〈2q〉〈q1〉 =
m2

4mk2mk1

(
〈2vq〉〈q1v〉+ x−1〈2vq〉[q1v] + x−1[2vq]〈q1v〉+ x−2[2vq][q1v]

)
. (3.55b)

Similarly, the spinor products in the anti-chiral basis become

[21] =
m2

mk2mk1

[
mk1

m
[2v1v] +

1

4m
〈2vq〉[q1v] +

x

4m
〈2vq〉〈q1v〉

]
, (3.56a)

[2q][q1] =
m2

4mk2mk1

(
[2vq][q1v] + x[2vq]〈q1v〉+ x〈2vq〉[q1v] + x2〈2vq〉〈q1v〉

)
. (3.56b)

By substituting eqs. (3.55) and (3.56) in eqs. (3.53) and (3.54) for s = 1/2, the minimally coupled

amplitudes for positive and negative helicity become

M+|h|,s= 1
2

HPET,min = (−1)1+hg0x
|h| m

mk2mk1

[
mk1

m
〈2v1v〉+

1

4m
[2vq]〈q1v〉+

x−1

4m
[2vq][q1v]

]
, (3.57a)

M−|h|,s=
1
2

HPET,min = (−1)hg̃0x
−|h| m

mk2mk1

[
mk1

m
[2v1v] +

1

4m
〈2vq〉[q1v] +

x

4m
〈2vq〉〈q1v〉

]
, (3.57b)

One can expand the mki in powers of |k|/m, which is the characteristic expansion of HPETs. These

three-point amplitudes therefore provide a conjecture for the resummed spin-1/2 HPET amplitude. Com-

paring the expansions of eq. (3.57) with that computed directly from the spin-1/2 HPET Lagrangians,

we have confirmed that they agree at least up to O(m−2) for HQET, and O(m−1) for HBET.9 Some

subtleties of the matching to the Lagrangian calculation are discussed in Section 3.E.

The spin-dependence of these amplitudes can be made explicit by using the on-shell form of q · S in

eq. (3.46):

M+|h|,s= 1
2

HPET,min = (−1)1+hg0x
|h| m

mk2mk1

〈2v|
[
1− /v/k1/k2/v

4m2
+
q · S
m

]
|1v〉, (3.58a)

9Note that the power counting of the HBET operators starts one power of m higher than HQET, at O(m). Thus both of
these checks account for the operators up to and including NNLO.
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M−|h|,s=
1
2

HPET,min = (−1)hg̃0x
−|h| m

mk2mk1

[2v|
[
1− /v/k1/k2/v

4m2
− q · S

m

]
|1v]. (3.58b)

Written in this way, it is immediately apparent how the k1 = 0 parameterization can be obtained from

the general case. We turn now to this scenario.

3.4.2 Zero initial residual momentum

We now consider the parameterization where kµ1 = 0 and kµ2 = −qµ With zero initial residual momen-

tum, we can switch between the chiral and anti-chiral bases using eq. (3.32):

〈2v1v〉 = −[2v1v], (3.59a)

〈2vq〉〈q1v〉 = x−2[2vq][q1v]. (3.59b)

Recognizing eqs. (3.59a) and (3.59b) as directly relating spinless effects and the spin-vector respectively

in different bases, we see that, for this parameterization, spin effects are never obscured by working in any

particular basis. This is in contrast to the traditional on-shell variables, where the analog to eq. (3.59a)

includes a spin term, thus hiding or exposing spin dependence when working in a certain basis. Thus we

have gained a basis-independent interpretation of spinless and spin-inclusive terms.

Either setting k1 = 0 in eq. (3.58), or applying eqs. (3.59a) and (3.59b) to eqs. (3.55) and (3.56), the

minimally coupled three-point amplitude with zero residual momentum is obtained:

M+|h|,s= 1
2

HPET,min = (−1)1+h g0x
|h|

m

[
〈2v1v〉+

x

2m
〈2vq〉〈q1v〉

]
, (3.60a)

M−|h|,s=
1
2

HPET,min = (−1)h
g̃0x
−|h|

m

[
[2v1v] +

x−1

2m
[2vq][q1v]

]
. (3.60b)

Note the negative signs which come from treating p1 as incoming.

Three-point kinematics are restrictive enough when k1 = 0 that we can derive the three-point am-

plitude in eq. (3.60) in an entirely different fashion. The full three-point amplitude for a heavy spin-1/2

particle coupled to a photon can be written as10

A(−1
1
2 ,2

1
2 , qh) = f(m, v, q)evµε

h,µ
q ūv(p2)uv(p1) + g(m, v, q)eqµεh,νq ūv(p2)σµνuv(p1). (3.61)

The negative in the argument of the amplitude signifies an incoming momentum. The three-point op-

erators in the HQET Lagrangian, as well as any non-minimal couplings, modify the functions f and

g, but there are no other spinor structures that can arise. We therefore have two spinor contractions in

terms of which we would like to express the spinor brackets of interest. We proceed by writing the two

contractions in terms of the traditional on-shell variables, and equating this to the contractions expressed

in terms of the on-shell HPET variables. Working with, say, a positive helicity photon, this yields

vµε
+,µ
q ūv(p2)uv(p1) = −

√
2x〈2v1v〉 = − x√

2

(
− x
m
〈2q〉〈q1〉+ 2〈21〉

)
, (3.62a)

ūv(p2)σµνuv(p1)qµε+,νq =
√

2ix2〈2vq〉〈q1v〉 =
√

2ix2〈2q〉〈q1〉. (3.62b)

10We use A to denote a Yang-Mills amplitude.
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Solving for the traditional spinor products, we find

〈21〉 = 〈2v1v〉+
x

2m
〈2vq〉〈q1v〉, (3.63a)

〈2q〉〈q1〉 = 〈2vq〉〈q1v〉. (3.63b)

Similarly,

[21] = [2v1v] +
x−1

2m
[2vq][q1v], (3.64a)

[2q][q1] = [2vq][q1v]. (3.64b)

Note that eqs. (3.63) and (3.64) decompose the spinor brackets into spinless and spin-inclusive terms.

Applying eq. (3.59), it is easy to check that this separation of different spin multipoles is independent of

the basis used to express the traditional spinor brackets.

With eqs. (3.62a) and (3.62b), we can rewrite eq. (3.61) as

A(−1
1
2 ,2

1
2 , q+) =

√
2xe (−f(m, v, q)〈2v1v〉+ g(m, v, q)ix〈2vq〉〈q1v〉) . (3.65)

The three-point amplitude in QED — with interaction term Lint = eψ̄ /Aψ — for a positive helicity

photon is

AQED(−1
1
2 ,2

1
2 , q+) = eū(p2)γµu(p1)ε+,µq

=
√

2ex〈21〉, (3.66)

where in the first line we use Dirac spinors instead of HQET spinors. Substituting eq. (3.63a) into the

above equation gives

AQED(−1
1
2 ,2

1
2 , q+) =

√
2ex

(
〈2v1v〉+

x

2m
〈2vq〉〈q1v〉

)
. (3.67)

As abelian HQET is an effective theory derived from QED, it must reproduce the on-shell QED ampli-

tudes when all operators are accounted for. This means that eqs. (3.65) and (3.67) are equal, so we can

solve for the functions f and g:

f(m, v, q) = −1, (3.68a)

g(m, v, q) =
i

2m
. (3.68b)

As a consequence of eqs. (3.68a) and (3.68b), we conclude that only the leading spin and leading spinless

three-point operators of HQET are non-vanishing on-shell when k1 = 0. Indeed, in this case the transfer

momentum qµ is the only parameter that can appear in the HQET operator expansion. In the three-

point amplitude, it can only appear in the scalar combinations q2 = 0 by on-shellness of the photon,

v · q ∼ q2 = 0 by on-shellness of the quarks, or q · ε(q) = 0 by transversality of the polarization.

To sum up, we list the three-point amplitude for two equal mass spin-1/2 particles and an outgoing
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photon for both helicities, and in both the chiral and anti-chiral bases:11

A+1,s= 1
2 =
√

2ex
(
〈2v1v〉+

x

2m
〈2vq〉〈q1v〉

)
= −
√

2ex

(
[2v1v]−

x−1

2m
[2vq][q1v]

)
, (3.69a)

A−1,s= 1
2 =
√

2ex−1
(
〈2v1v〉 −

x

2m
〈2vq〉〈q1v〉

)
= −
√

2ex−1

(
[2v1v] +

x−1

2m
[2vq][q1v]

)
, (3.69b)

so g0 = g̃0 =
√

2em. When a graviton is emitted instead of a photon, we simply make the replacement

e→ − κm
2
√

2
and square the overall factors of x.

We can obtain the amplitude with general initial residual momentum by reparameterizing the states

by means of eq. (3.39).

3.4.3 Most general three-point amplitude

Recall the most general three-point amplitude for two massive particles of spin s and mass m and a

massless boson with helicity h in the chiral basis, eq. (3.51):

M+|h|,s = (−1)2s+h x
|h|

m2s

[
g0〈21〉2s + g1〈21〉2s−1x〈2q〉〈q1〉

m
+ · · ·+ g2s

(x〈2q〉〈q1〉)2s

m2s

]
. (3.70)

When expressing eq. (3.51) in terms of the on-shell HPET variables, setting the initial residual momen-

tum to zero, and applying the binomial expansion, we find that

M+|h|,s
3 = (−1)2s+h x

|h|

m2s

2s∑
k=0

gH
s,k〈2v1v〉2s−k

( x

2m
〈2vq〉〈q1v〉

)k
, gH

s,k =

k∑
i=0

gi

(
2s− i
2s− k

)
.

(3.71a)

We can express this in the anti-chiral basis using eq. (3.59):

M+|h|,s
3 =

x|h|

m2s

2s∑
k=0

gH
s,k(−1)k+h[2v1v]

2s−k
(
x−1

2m
[2vq][q1v]

)k
. (3.71b)

The kth spin-multipole can be isolated by choosing the kth term in the sum. There are 2s+1 combinations

of the spinor brackets in this sum, consistent with the fact that a spin s particle can only probe up to the

2sth spin order term of the spin-multipole expansion. Note also that the coefficient of the spin monopole

term is always equal to its value for minimal coupling, making the monopole term universal in any

theory.12

The minimal coupling amplitudes are those in eqs. (3.53) and (3.54), which correspond to setting

gi>0 = 0. Translating to the on-shell HPET variables, minimal coupling in eqs. (3.71a) and (3.71b)

corresponds to gH
s,k = g0

(
2s
k

)
.

We can write the analogous expressions to eqs. (3.71a) and (3.71b) for a negative helicity massless

11We abbreviate the arguments of the amplitude here, but still use p1 incoming.
12This is consistent with the reparameterization invariance of HQET, which fixes the Wilson coefficients of the spinless

operators in the HQET Lagrangian up to order 1/m [59]. As argued above, when the initial residual momentum is set to 0,
these are the only operators contributing to the spin monopole.
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particle. Expressing eq. (3.52) using eqs. (3.64a) and (3.64b),

M−|h|,s3 = (−1)h
x−|h|

m2s−1

2s∑
k=0

g̃H
s,k[2v1v]

2s−k
(
x−1

2m
[2vq][q1v]

)k
, g̃H

s,k =
k∑
i=0

g̃i

(
2s− i
2s− k

)
. (3.72a)

Converting to the chiral basis,

M−|h|,s3 =
x−|h|

m2s

2s∑
k=0

g̃H
s,k(−1)2s+h+k〈2v1v〉2s−k

( x

2m
〈2vq〉〈q1v〉

)k
. (3.72b)

Minimal coupling in this case corresponds to g̃i>0 = 0, and thus g̃H
s,k = g̃0

(
2s
k

)
.

3.4.4 Infinite spin limit

Various methods have been used to show that the minimal coupling three-point amplitude in traditional

on-shell variables exponentiates in the infinite spin limit [45, 47, 95]. All of them require a slight ma-

nipulation of the minimal coupling to do so, with refs. [45, 47] employing a change of basis between

the chiral and anti-chiral bases, ref. [45] applying a generalized expectation value, and refs. [47, 95]

using a Lorentz boost – analogous to the gauge-fixing of the spin operator in ref. [80] – to rewrite the

minimal coupling amplitude. As the on-shell HPET variables inherently make the spin-dependence of

the minimal coupling manifest, the exponentiation of the three-point amplitude is immediate.

Consider the minimal coupling three-point amplitude for two massive spin s particles and one mass-

less particle:

M+|h|,s = (−1)2s+h g0x
|h|

m2s
〈2v|2s

2s∑
k=0

(2s)!

(2s− k)!

(
x

2m |q〉〈q|
)k

k!
|1v〉2s. (3.73)

The quantity in the sum is the rescaled spin-operator q · S/m for a spin s particle, raised to the power of

k and divided by k! [46], (
q · S
m

)n
=

(2s)!

(2s− n)!

( x

2m
|q〉〈q|

)n
, (3.74)

where we have suppressed the spinor indices. The amplitude is therefore

M+|h|,s = (−1)2s+h g0x
|h|

m2s
〈2v|2s

2s∑
k=0

(
q·S
m

)k
k!

|1v〉2s. (3.75)

We identify the sum with an exponential, with the understanding that the series truncates at the 2sth term

for a spin 2s particle:

M+|h|,s = (−1)2s+h g0x
|h|

m2s
〈2v|2seq·S/m|1v〉2s. (3.76)

Taking the infinite spin limit, the exponential is exact as its Taylor series does not truncate. We treat the
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exponential as a number in this limit and remove it from between the spinors [47]:

lim
s→∞

M+|h|,s = lim
s→∞

(−1)2s+h g0x
|h|

m2s
eq·S/m〈2v1v〉2s. (3.77)

Note that since the initial residual momentum is 0, both spinors are associated with the same momentum.

Then, using the on-shell conditions for these variables,13

lim
s→∞

M+|h|,s = (−1)hg0x
|h|eq·S/m. (3.78)

This amplitude immediately agrees with the three-point amplitude in refs. [45, 47]: it is the scalar three-

point amplitude multiplied by an exponential containing the classical spin-multipole moments. Also

notable is that the generalized expectation value (GEV) of ref. [45] or the Lorentz boosts of refs. [47, 95]

are not necessary here to interpret the spin dependence classically.

For the emission of a negative helicity boson, the nth power of the spin-operator projected along the

direction of the boson’s momentum is(
q · S
m

)n
=

(2s)!

(2s− n)!

(
−x
−1

2m
|q][q|

)n
. (3.79)

Starting with eq. (3.72a), the three-point amplitude exponentiates as

M−|h|,s = (−1)h
g̃0x
−|h|

m2s
[2v|2se−q·S/m|1v]2s, (3.80)

with the exponential being truncated at the 2sth term. Taking the infinite spin limit, we find

lim
s→∞

M−|h|,s = lim
s→∞

(−1)h
g̃0x
−|h|

m2s
e−q·S/m[2v1v]

2s. (3.81)

Applying the on-shell conditions for these variables, we get

lim
s→∞

M−|h|,s = (−1)hg̃0x
−|h|e−q·S/m. (3.82)

Once again we find the scalar three-point amplitude multiplied by an exponential containing the classical

spin dependence.

That the exponentials in this section are functions of q · S instead of 2q · S, as is the case when the

traditional on-shell variables are naïvely exponentiated — that is, without normalizing by the GEV, or

Lorentz boosting one of the spinors — is significant. We discuss the implications of this in the next

section.

3.5 KERR BLACK HOLES AS HEAVY PARTICLES

In this section, we apply the on-shell HPET variables to the classical gravitational scattering of two

spinning black holes. We show that, with the correct momentum parameterization, a heavy spin-s particle

minimally coupled to gravity possesses precisely the same spin-multipole expansion as a Kerr black hole,

13The validity of using the on-shell conditions can be checked explicitly by rewriting the bracket in terms of traditional
on-shell variables, then boosting one of the momenta into the other as in ref. [95].
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up to the order 2s multipole. The reason for this is that on-shell HPET variables for a given velocity vµ,

residual momentum kµ, and mass m always correspond to momenta mkv
µ, where mk is defined in

eq. (3.34).

We begin with a brief review of the effective field theory for spinning gravitating bodies. The action

of a particle interacting with gravitational radiation of wavelength much larger than its spatial extent

(approximately a point particle) was formulated in ref. [36]. The generalization to the case of spinning

particles was first approached in ref. [37]. The effective action formulated in ref. [80] takes the form

S =

∫
dσ

{
−m
√
u2 − 1

2
SµνΩµν + LSI[u

µ, Sµν , gµν(xµ)]

}
, (3.83)

where σ parameterizes the wordline of the particle, uµ = dxµ

dσ is the coordinate velocity, Sµν is the spin

operator, Ωµν is the angular velocity, and LSI contains higher spin-multipoles that are dependent on the

inner structure of the particle through non-minimal couplings.

The first two terms in eq. (3.83) are the spin monopole and dipole terms, and are universal for

spinning bodies with any internal configuration. We assign to them respectively the coefficients CS0 =

CS1 = 1. From an amplitudes perspective, the universality of the spin-monopole coefficient can be

seen from the on-shell HPET variables since the coefficient of the spin-monopole term in eqs. (3.71a)

and (3.72a) is always equal to its minimal coupling value. The universality of the spin-dipole coefficient

was argued in refs. [46, 53] from general covariance, and by requiring the correct factorization of the

Compton scattering amplitude. Explicitly, the higher spin-multipole terms LSI are

LSI =
∞∑
n=1

(−1)n

(2n)!

CS2n

m2n−1
Dµ2n . . . Dµ3

Eµ1µ2√
u2

Sµ1Sµ2 . . . Sµ2n

+

∞∑
n=1

(−1)n

(2n+ 1)!

CS2n+1

m2n
Dµ2n+1 . . . Dµ3

Bµ1µ2√
u2

Sµ1Sµ2 . . . Sµ2n+1 . (3.84)

See ref. [80] for the derivation and formulation of this action. The Wilson coefficients CSk contain the

information about the internal structure of the object, with a Kerr black hole being described byCKerr
Sk

= 1

for all k.

The three-point amplitude derived from this action was expressed in traditional spinor-helicity vari-

ables in refs. [46, 53], where it was shown that the spin-multipole expansion is necessarily truncated at

order 2s when the polarization tensors of spin s particles are used. By matching this three-point ampli-

tude with the most general form of a three-point amplitude, it was found there that in the case of minimal

coupling one obtains the Wilson coefficients of a Kerr black hole in the infinite spin limit. Following

their derivation, but using on-shell HPET variables instead, we find (with all momenta incoming)

M+2,s =
∑
a+b≤s

κmx2

2m2s
CSa+bn

s
a,b〈2−v1v〉s−a

(
−x〈2−vq〉〈q1v〉

2m

)a
[2−v1v]

s−b
(
x−1 [2−vq][q1v]

2m

)b
,

nsa,b ≡
(
s

a

)(
s

b

)
. (3.85)

As in refs. [46, 53], we refer to this representation of the amplitude in a form symmetric in the chiral

and anti-chiral bases as the polarization basis. Flipping the directions of p2 and q (to allow us to directly



3.5 KERR BLACK HOLES AS HEAVY PARTICLES 55

compare with eq. (3.71a)), then converting the polarization basis to the chiral basis:

M+2,s =
x2

m2s
(−1)2s

∑
a+b≤2s

κm

2
CSa+bn

s
a,b〈2v1v〉2s−a−b

( x

2m
〈2vq〉〈q1v〉

)a+b
. (3.86)

Comparing with eq. (3.71a), we obtain a one-to-one relation between the coupling constants of both

expansions:

gH
s,k =

κm

2
CSk

k∑
j=0

nsk−j,j . (3.87)

Such a one-to-one relation is consistent with the interpretation of eq. (3.71a) as being a spin-multipole

expansion. Focusing on the minimal coupling case, we set gi>0 = 0, which means gH
s,k = g0

(
2s
k

)
.

Normalizing g0 = κm/2, the coefficients of the one-particle effective action for finite spin take the form

Cmin
Sk =

(
2s

k

) k∑
j=0

(
s

k − j

)(
s

j

)−1

= 1. (3.88)

The final equality is the Chu-Vandermonde identity, valid for all k. This suggests that the minimal

coupling expressed in the on-shell HPET variables produces precisely the multipole moments of a Kerr

black hole, even before taking the infinite spin limit.

Using the same matching technique, refs. [46, 53] showed that, when using traditional on-shell vari-

ables, the minimal coupling three-point amplitude for finite spin s corresponded to Wilson coefficients

that deviated from those of a Kerr black hole by terms of order O(1/s). Why is it then that the po-

larization tensors of finite spin HPET possess the same spin-multipole expansion as a Kerr black hole?

Analyzing the matching performed in refs. [46, 53], the s dependence there arises from the conversion

of the polarization basis to the chiral basis. The reason for this is that new spin contributions arise from

this conversion since the chiral and anti-chiral bases are mixed by two times the spin-operator:

〈12〉 = −[12] +
1

xm
[1q][q2], (3.89a)

[12] = −〈12〉+
x

m
〈1q〉〈q2〉. (3.89b)

The second terms on the right hand sides of these equations encode spin effects, while the first terms

were interpreted to be purely spinless. However, the left hand sides of these equations contradict the

latter interpretation; the spinor brackets 〈12〉 and [12] themselves contain spin effects. This is the origin

of the observed deviation fromCKerr
Sk

: eq. (3.89), while exposing some spin-dependence, does not entirely

separate the spinless and spin-inclusive effects encoded in the traditional minimal coupling amplitude.

The result is the matching of an exact spin-multipole expansion on the one-particle effective action side,

to a rough separation of different spin-multipoles on the amplitude side.

A similar mismatch to Kerr black holes was seen in ref. [47], where the minimal coupling amplitude
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was shown to produce the spin dependence14

〈21〉 = −[2|e2q·S/m|1], (3.90)

where Sµ is the Pauli-Lubanski pseudovector defined with respect to p1. Expanding the exponential and

noting that the series terminates after the spin-dipole term in this case, it’s easy to see the equivalence

between this and eq. (3.89). The spin-dependence here differs from that of a Kerr black hole by a factor

of two in the exponential [45, 97]. Motivated by arguments in ref. [80], an exact match to the Kerr black

hole spin multipole expansion was obtained in ref. [47] by noting that additional spin contributions are

hidden in the fact that the polarization vectors [2| and |1] represent different momenta. Writing [2| as a

Lorentz boost of [1|, the true spin-dependence of the minimal coupling bracket was manifested:

〈21〉 ∼ −[1|eq·S/m|1], (3.91)

up to an operator acting on the little group index of [1|. The spin-dependence here matches that of a

Kerr black hole, and also matches what has been made explicit in Section 3.4.4. Using a similar Lorentz

boost, the authors of ref. [95] also showed that the minimal coupling bracket indeed contains the spin-

dependence of a Kerr black hole. We see that in the absence of a momentum mismatch between the

polarization states used, the full spin-dependence is manifest, and the multipole expansion of a finite

spin s particle corresponds exactly to that of a Kerr black hole up to 2sth order.

This mismatch of momenta is avoided entirely when using on-shell HPET variables. Recall that in

general the momentum pv represented by on-shell HPET variables is

pµv = mkv
µ. (3.92)

Working in the case where the initial residual momentum is zero, as in the rest of this section, this reduces

to simply mvαα̇ for the case of pv,1. For pv,2, where p2 = p1 − q and q is the null transfer momentum,

pv,2 =

(
1− q2

4m2

)
mvµ = mvµ. (3.93)

Consequently, although the initial and final momenta of the massive particle differ by q, the degrees of

freedom are arranged in such a way that the external states |1v〉 and |2v〉 are associated with the same

momentum. This explains why we have recovered precisely the Wilson coefficients of a Kerr black

hole. We identify this common momentum with that of the Kerr black hole pµKerr = mvµ. From the

point of view of spinor products, eq. (3.59) shows that on-shell HPET variables provide an unambiguous

and basis-independent interpretation of spinless and spin-inclusive spinor brackets. Thus, the entire

spin dependence of the minimal coupling amplitude is automatically made explicit, and is isolated from

spinless terms.

In the case of k1 6= 0, the three-term structure of the minimal coupling amplitude spoils its expo-

nentiation. The matching to the Kerr black hole spin-multipole moments is therefore obscured, but is

recovered in the reparameterization where k1 is set to 0. This mismatching of the spin-multipole mo-

ments can be attributed to the fact that the polarization tensors for the initial and final states no longer

14Ref. [47] worked exclusively with integer spin. However the only adaptation that must be made to the results therein when
working with half integer spins is the inclusion of a factor of (−1)2s = −1.
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correspond to the same momentum, since generally mk1−q 6= mk1 .

A similar matching analysis has recently been performed in ref. [98] for the case of Kerr-Newman

black holes. It was also found there that minimal coupling to electromagnetism reproduces the classical

spin multipoles of a Kerr-Newman black hole in the infinite spin limit, when the matching is performed

using traditional on-shell variables. Repeating their analysis, but using on-shell HPET variables instead,

we find again that the classical multipoles are reproduced exaclty, even for finite spin.

3.6 ON-SHELL AMPLITUDES

In this section, we compute electromagnetic and gravitational amplitudes for the scattering of minimally

coupled spin-s particles in on-shell HPET variables using eqs. (3.55), (3.56), (3.63) and (3.64). Our goal

in this section is two-fold: first, we will show how spin effects remain separated from spinless effects,

at the order considered in this work, when using on-shell HPET variables. Second, we will exploit

the explicit ~ dependence of eqs. (3.55) and (3.56) to isolate the classical portions of the computed

amplitudes. Given that the momenta of the on-shell HPET variables always reduce to the momentum

of a Kerr black hole in the classical limit, we expect to recover the spin-multipoles of a Kerr black hole

in this limit. We show that, at tree-level, the spin dependence of the leading ~ portions factorize into a

product of the classical spin-dependence at three-points. This is simply a consequence of factorization

for boson exchange amplitudes (a result that has already been noted in ref. [47]). For same-helicity tree-

level radiation processes this results from a spin-multipole universality that we will uncover, and for the

opposite helicity Compton amplitude there will be an additional factor accounting for its non-uniqueness

at higher spins.15

3.6.1 Counting ~

Given that we will be interested in isolating classical effects, we summarize here the rules for restoring

the ~ dependence in the amplitude [10], and adapt these rules to the on-shell variables.

Powers of ~ are restored in such a way so as to preserve the dimensionality of amplitudes and

coupling constants. To do so, the coupling constants of electromagnetism and gravity are rescaled as

e → e/
√
~ and κ → κ/

√
~. Furthermore, when taking the classical limit ~ → 0 of momenta, massive

momenta and masses are to be kept constant, whereas massless momenta vanish in this limit — for a

massless momentum q, it is the associated wave number q̄ = q/~ that is kept constant in the classical

limit. Thus each massless momentum in amplitudes is associated with one power of ~. Translating this

to on-shell variables, we assign a power of ~α to each |q〉, and a power of ~1−α to each |q].16 Momenta

that are treated with the massless ~ scaling are

• photon and graviton momenta, whether they correspond to external or virtual particles;

• loop momenta, which can always be assigned to an internal massless boson;

• residual momenta [92].

15We contrast the factorization for radiation processes here with that in ref. [45] by noting that the entire quantum amplitude
was factorized there, whereas we show that the factorization holds also for the leading ~ contribution.

16The value of α can be determined by fixing the ~ scaling of massless polarization tensors for each helicity. Requiring that
the dimensions of polarization vectors remain unchanged when ~ is restored results in the democratic choice α = 1/2.
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Finally, we come to the case of spin-inclusive terms. When taking the classical limit ~→ 0, we simulta-

neously take the limit s→∞ where s is the magnitude of the spin. These limits are to be taken in such a

way so as to keep the combination ~s constant. This means that for every power of spin in a term, there

is one factor of ~ that we can neglect when taking the classical limit. Effectively, we can simply scale all

powers of spin with one inverse power of ~, and understand that ~ is to be taken to 0 wherever it appears

in the amplitude.

As in ref. [92], we identify the components of an amplitude contributing classically to the interaction

potential as those with the ~ scaling

M∼ ~−3. (3.94)

Terms with more positive powers of ~ contribute quantum mechanically to the interaction potential. Also,

we useMcl. to denote the leading ~ portion of an amplitude.

3.6.2 Boson exchange

We begin with the tree-level amplitudes for photon/graviton17 exchange between two massive spinning

particles. We consider first spin-1/2 – spin-1/2 scattering, to show that the spin-multipole expansion

remains explicit in these variables at four points. The classical part of the amplitude can be computed

by factorizing it into two three-point amplitudes. To simplify the calculation, we are free to set the

initial residual momentum of each massive leg to 0, so we will need only eqs. (3.63) and (3.64). Let-

ting particle a have mass ma and incoming/outgoing momenta p1/p2, and particle b have mass mb and

incoming/outgoing momenta p3/p4, we find for an exchanged photon

iAtree(−1
1
2
a ,2

1
2
a ,−3

1
2
b ,4

1
2
b ) =

∑
h

Atree(−1
1
2 ,2

1
2 ,−qh)

i

q2
Atree(q

−h,−3
1
2 ,4

1
2 )

= − ie
2

q2
[4ω〈2va1va〉〈4vb3vb〉

− 2

mb

√
ω2 − 1 〈2va1va〉xb〈4vbq〉〈q3vb〉

+
2

ma

√
ω2 − 1 xa〈2vaq〉〈q1va〉〈4vb3vb〉

− ω

mamb
xa〈2vaq〉〈q1va〉xb〈4vbq〉〈q3vb〉

]
, (3.95)

where ω ≡ p1 · p3/mamb = (xax
−1
b + x−1

a xb)/2, va = p1/ma, vb = p3/mb, and negative momenta are

incoming. The x variables are defined as

xa = − [q|p1|ξ〉
ma〈qξ〉

, x−1
a = −〈q|p1|ξ]

ma[qξ]
, (3.96a)

xb =
[q|p3|ξ〉
mb〈qξ〉

, x−1
b =

〈q|p3|ξ]
mb[qξ]

. (3.96b)

The negative sign in the definitions of xa and x−1
a account for the fact that the massless boson is incoming

to particle a.

17We will denote an amplitude involving photons by A, and one involving gravitons byM.
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The gravitational amplitude is computed analogously:

iMtree(−1
1
2
a ,2

1
2
a ,−3

1
2
b ,4

1
2
b ) = − imambκ

2

8q2

[
4
(
2ω2 − 1

)
〈2va1va〉〈4vb3vb〉

− 4ω

ma

√
ω2 − 1 xa〈2vaq〉〈q1va〉〈4vb3vb〉

+
4ω

mb

√
ω2 − 1 〈2va1va〉xb〈4vbq〉〈q3vb〉

−(2ω2 − 1)

mamb
xa〈2vaq〉〈q1va〉xb〈4vbq〉〈q3vb〉

]
. (3.97)

Both amplitudes agree with known results [23, 52, 92]. Furthermore, the amplitudes as written are

composed of terms which each individually correspond to a single order in the spin-multipole expansion.

All terms in these amplitudes scale as ~−3, so these amplitudes are classical in the sense mentioned in

the previous section.

Using the exponential forms of the three-point amplitudes in Section 3.4.4, we can write down the

boson-exchange amplitudes in the infinite spin case. We find the same result in the gravitational case

as ref. [47]. However we have obtained this result immediately simply by gluing together the three-

point amplitudes; we had no need to boost the external states such they represent the same momentum.

Omitting the momentum arguments, the amplitudes are

lim
sa,sb→∞

Asa,sbtree = −2e2

q2

∑
±

(ω ±
√
ω2 − 1) exp

[
±q ·

(
Sa
ma

+
Sb
mb

)]
, (3.98a)

lim
sa,sb→∞

Msa,sb
tree = −κ

2mamb

4q2

∑
±

(ω ±
√
ω2 − 1)2 exp

[
±q ·

(
Sa
ma

+
Sb
mb

)]
. (3.98b)

The gravitational result corresponds to the first post-Minkowskian (1PM) order amplitude.

3.6.3 Compton scattering

Our focus shifts now to the electromagnetic and gravitational Compton amplitudes. These computations

will enable the exploitation of the explicit ~ and spin-multipole expansions to relate the classical limit

~ → 0 and the classical spin-multipole expansion. Concretely, we will show that the spin-multipole

expansion of the leading-in-~ terms factorizes into a product of factors of the classical spin-dependence

at three-points.

First, consider the spin-s electromagnetic Compton amplitude with two opposite helicity photons,

A(−1s,2s, q−1
3 , q+1

4 ). To simplify calculations, we can set the initial residual momentum to 0, so that

pµ1 = mvµ. Note that it is impossible to set both initial and final residual momenta to 0 simultaneously,

so we will need eqs. (3.55) and (3.56). We perform the computation by means of Britto-Cachazo-Feng-

Witten (BCFW) recursion [99, 100], using the [3, 4〉-shift

|4̂〉 = |4〉 − z|3〉, |3̂] = |3] + z|4]. (3.99a)
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Under this shift, two factorization channels contribute to this amplitude:

A(−1s,2s, q−1
3 , q+1

4 ) =
A(−1s, q̂−1

3 , P̂ s13)A(2s, q̂+1
4 ,−P̂ s13)

〈3|p1|3]

∣∣∣∣∣
P̂ 2
13=m2

+
A(−1s, q̂+1

4 , P̂ s14)A(2s, q̂−1
3 ,−P̂ s14)

〈4|p1|4]

∣∣∣∣∣
P̂ 2
14=m2

. (3.100)

This shift avoids boundary terms for s ≤ 1 as z → ∞. When expressing the factorization channels in

terms of on-shell HPET variables, there is a question about whether new boundary terms arise relative

to the traditional on-shell variables for z → ∞, as would generally be expected because of higher-

dimensional operators present in EFTs. This is not the case here, since eq. (3.36) shows that the definition

of the on-shell HPET variables accounts for the contributions from all higher order HPET operators.

Another way to see this is that, since the relation between the traditional and on-shell HPET variables is

exact, an amplitude must always have the same large z scaling for any shift when expressed using the

on-shell HPET variables as when expressed with the traditional on-shell variables. Consider for example

the spinor contraction part of the P13 factorization channel. In the traditional variables, this is

〈2P13〉I I [P̂131], (3.101)

which scales as z when z →∞. In the on-shell HPET variables:

m

mq3+q4

(
〈2vP13v〉I +

1

4m
[2v4]〈4̂P13v〉I +

1

4mx̂4
[2v4][4P̂13v]I

)
〈P13v|I

(
I− 1

2mx̂−1
3

|3〉〈3|
)
|1v〉.

(3.102)

Choosing appropriate reference vectors for x̂−1
3 and x̂4 (|4] and |3〉 respectively), we recover the unshifted

x−1
3 and x4. Thus this also scales as z when z → ∞. All other factors involved in the factorization

channel are common to both sets of variables.

Adding the P13 and P14 factorization channels, we find the spin-s Compton amplitude

A(−1s,2s, q−1
3 , q+1

4 ) = (−1)2sA(−10,20, q−1
3 , q+1

4 )[4|p1|3〉−2s
(

1− q3 · q4

2m2

)−2s

×
(
〈31v〉[42v]− 〈32v〉[41v] +

[43]

2m
〈2v3〉〈31v〉 −

〈34〉
2m

[2v4][41v]

)2s

,

A(−10,20, q−1
3 , q+1

4 ) = − e2[4|p1|3〉2
〈4|p1|4]〈3|p1|3]

, (3.103)

which is in agreement with the result in ref. [46] for QED when the massive spinors are replaced with

on-shell HPET spinors. In the gravitational case, we find

M(−1s,2s, q−2
3 , q+2

4 ) = (−1)2sM(−10,20, q−2
3 , q+2

4 )[4|p1|3〉−2s
(

1− q3 · q4

2m2

)−2s

×
(
〈31v〉[42v]− 〈32v〉[41v] +

[43]

2m
〈2v3〉〈31v〉 −

〈34〉
2m

[2v4][41v]

)2s

,

M(−10,20, q−2
3 , q+2

4 ) = − κ2[4|p1|3〉4
8q3 · q4〈4|p1|4]〈3|p1|3]

. (3.104)
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Note the appearance of spurious poles for s > 1 in the electromagnetic case, and for s > 2 in the

gravitational case, consistent with the necessarily composite nature of higher spin particles [63].

Spin effects are isolated in the last two terms in parentheses. This can be seen in two ways. The first

is to rewrite these last two terms in the language of ref. [45]:

M(−1s,2s, q−2
3 , q+2

4 ) =
(−1)2s

m2s
M(−10,20, q−2

3 , q+2
4 )

(
1− q3 · q4

2m2

)−2s

× 〈2v|2s
(
I +

1

2
i
q3,µε

−
3,νJ

µν

p1 · ε−3
+

1

2
i/v
q4,µε

+
4,νJ

µν

p1 · ε+
4

/v

)2s

|1v〉2s. (3.105)

Alternatively, as is more convenient for our purposes, the factorization into classical three-point ampli-

tudes can be made more visible by application of the Schouten identity to these terms:

M(−1s,2s, q−2
3 , q+2

4 ) =
(−1)2s

m2s
M(−10,20, q−2

3 , q+2
4 )(N1 +N2)2s, (3.106a)

where

N1 ≡ 〈2v|
[
I +

(q4 − q3) · S
mq3+q4

]
|1v〉, (3.106b)

N2 ≡ 〈2v|
[
v|4]〈3| p1 · q4

mq3+q4 [4|p1|3〉
+ |3〉[4|v p1 · q3

mq3+q4 [4|p1|3〉

]
|1v〉

= 〈2v|
[
v|4]〈3| q3 · q4

mq3+q4 [4|p1|3〉
+

w · S
mq3+q4

]
|1v〉, (3.106c)

and

wαα̇ ≡ 2p1 · q3
|3〉α[4|α̇
[4|p1|3〉

, wα̇α = 2p1 · q3
|4]α̇〈3|α
[4|p1|3〉

. (3.106d)

N2 is the term that contributes spurious poles for high enough spins. The contraction w · S has been

defined through eq. (3.42a). The momentum wµ scales linearly with ~, so the contraction w · S does not

scale with ~. Compared to this term, the first term in N2 is subleading in ~. Ignoring it in the classical

limit, and noting that binomial combinatoric factors must be absorbed into the spin-vector when it is

raised to some power, the remaining terms imply an exponential spin structure:

Mcl.(−1s,2s, q−2
3 , q+2

4 ) =
(−1)2s

m2s
M(−10,20, q−2

3 , q+2
4 )〈2v|2sexp

[
(q4 − q3 + w) · S

m

]
|1v〉2s.

(3.107)

The same exponentiation holds in the electromagnetic case, with the spinless amplitude above replaced

by the corresponding spinless amplitude for QED.

The leading ~ scaling for these amplitudes is ~−1 whereas naïve counting of the vertices and prop-

agators says that the scaling should be ~−2. The source of this discrepancy is interference between the

two factorization channels, yielding a factor in the numerator of p1 · (~q̄3 + ~q̄4) = ~2q̄3 · q̄4. It is thus

possible for the naïve ~ counting to over-count inverse powers of ~, and hence overestimate the classical-

ity of an amplitude. This has consequences for the extension of these results to the emission of n bosons:

factorization channels with a cut graviton line are naïvely suppressed by one factor of ~ relative to those
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with cut matter lines. The interference described here means that both factorizations may actually have

the same leading ~ behavior.

Consider now the same-helicity amplitudes. The two-negative-helicity amplitude for spin-1 has been

computed by one of the present authors in ref. [101] by shifting one massive and one massless leg.

Extending the amplitude found there to spin s,

A(−1s,2s, q−1
3 , q−1

4 ) =
1

m2s
A(−10,20, q−1

3 , q−1
4 )[21]2s, (3.108a)

A(−10,20, q−1
3 , q−1

4 ) =
e2m2〈34〉2
〈3|p1|3]〈4|p1|4]

(3.108b)

We have replaced the coupling in ref. [101] with e2, as is appropriate for QED. Expressing this in terms

of on-shell HPET variables, we find

A(−1s,2s, q−1
3 , q−1

4 ) =
1

m2s
A(−10,20, q−1

3 , q−1
4 )[2v|2s

(
I− (q3 + q4) · S

mq3+q4

)2s

|1v]2s. (3.109)

The spin-dependence immediately becomes explicit after the change of variables. The exponential spin

structure is obvious:

A(−1s,2s, q−1
3 , q−1

4 ) =
1

m2s
A(−10,20, q−1

3 , q−1
4 )[2v|2sexp

[
−(q3 + q4) · S

mq3+q4

]
|1v]2s. (3.110)

When the gyromagnetic ratio g = 2, the arbitrary spin s = s1 + s2 gravitational Compton amplitude

is proportional to the product between the spin s1 and s2 electromagnetic amplitudes [102–104]. As

we have constructed the electromagnetic Compton amplitude using the minimal coupling three-point

amplitude, this condition is satisfied. The same-helicity gravitational Compton amplitude is thus

M(−1s,2s, q−2
3 , q−2

4 ) =
1

m2s
M(−10,20, q−2

3 , q−2
4 )[2v|2sexp

[
−(q3 + q4) · S

mq3+q4

]
|1v]2s, (3.111a)

M(−10,20, q−2
3 , q−2

4 ) =
κ2

8e4

〈3|p1|3]〈4|p1|4]

q3 · q4
A(−10,20, q−1

3 , q−1
4 )2. (3.111b)

Analogous results hold for the emission of two positive helicity bosons:

A(−1s,2s, q+1
3 , q+1

4 ) =
1

m2s
A(−10,20, q+1

3 , q+1
4 )〈2v|2sexp

[
(q3 + q4) · S
mq3+q4

]
|1v〉2s, (3.112a)

A(−10,20, q+1
3 , q+1

4 ) =
e2[34]2

〈3|p1|3]〈4|p1|4]
, (3.112b)

M(−1s,2s, q+2
3 , q+2

4 ) =
1

m2s
M(−10,20, q+2

3 , q+2
4 )〈2v|2sexp

[
(q3 + q4) · S
mq3+q4

]
|1v〉2s, (3.112c)

M(−10,20, q+2
3 , q+2

4 ) =
κ2

8e4

〈3|p1|3]〈4|p1|4]

q3 · q4
A(−10,20, q+1

3 , q+1
4 )2. (3.112d)

Taking the classical limit, we can simply replace mq3+q4 → m to obtain the leading ~ behavior of these

amplitudes.

To see that the spin-dependence of the leading ~ portions of the amplitudes in this section factorize
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into a product of the three-point amplitudes, note that

[qi · S, qj · S]α
β = −

(
v · q[iqj] · S − iqµi qνj Jµν

)
α

β
= O(~), (3.113)

where square brackets around indices represent normalized anti-symmeterization of the indices. We can

thus combine exponentials and split exponentials of sums only at the cost of subleading-in-~ corrections.

The on-shell HPET variables have made it immediate that the spin exponentiates in the same-helicity

Compton amplitudes, and this exponentiation is preserved in the ~ → 0 limit. In the opposite helicity

case, the composite nature of higher spin particles can be seen to influence dynamics already at the

leading ~ level. It does so through the contraction w · S for the unphysical momentum wµ, which

appears in a spin exponential in the leading ~ term. The focus in this section has been on the emission

of two bosons, but we will now show that the exponentiation in the same-helicity case extends to the n

bosons scenario.

3.6.4 Emission of n bosons

We can generalize the exponentiation of the spin observed in the same-helicity Compton amplitudes. In

particular, focusing on integer spins for simplicity, we show that for the tree-level emission of n same-

helicity bosons with a common helicity h from a heavy spin-s particle, the amplitude satisfies

M s
n+2 =

(−1)nh

m2s
M s=0
n+2〈2v|2sexp

[
1

mq

h

|h|
n∑
i=1

qi · S
]
|1v〉2s (3.114)

=
(−1)nh

m2s
M s=0
n+2[2v|2sexp

[
1

mq

h

|h|
n∑
i=1

qi · S
]
|1v]2s.

We use q ≡ ∑n
i=1 qi throughout this section. Once we have proven the first line, the second follows

from the fact that the velocity commutes with the spin-vector. The easiest way to proceed is inductively,

constructing the n + 2 point amplitude using BCFW recursion. The cases n = 1, 2 were the focus of

previous sections.

First, note that when expressed in terms of traditional on-shell variables, the spin dependence in

eq. (3.114) is simply

〈21〉2s = 〈2v|2sexp
(
q · S
mq

)
|1v〉2s = [2v|2sexp

(
q · S
mq

)
|1v]2s, for h > 0, (3.115a)

[21]2s = [2v|2sexp
(
−q · S
mq

)
|1v]2s = 〈2v|2sexp

(
−q · S
mq

)
|1v〉2s, for h < 0. (3.115b)

Thus the problem becomes to prove that the spin dependence is isolated in these spinor contractions.

Having already proven this for the base cases, let us now assume it holds up to the emission of n − 1

bosons and show that this implies the relations for the emission of n bosons. Constructing the n+2-point

amplitude using BCFW, the amplitude takes the general form (see fig. 3.1)

M s
n+2 =

n−1∑
k=1

∑
σ(k)

[
M̂ s,I
σ(k),k+2

iεIJ
P 2

1,σ(k)

M̂ s,J
σ(n−k),n−k+2 +

∑
h=±

M̂ s,h
σ(k),k+3

i

P 2
0,σ(k)

M̂−hσ(n−k),n−k+1

]
,

(3.116)
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Figure 3.1: The two types of BCFW cuts contributing to the n + 2-point amplitude. The cut on the left
represents the first term in eq. (3.116) while the second term in that equation is represented by the cut on
the right.

where P1,σ(k) ≡ p1 +
∑k

i=1 qρ(i,σ(k)) ≡ p1 + P0,σ(k). The permutations σ(k) and σ(n − k) account

for all the ways of organizing the boson legs into k + 2 and n − k + 2 point amplitudes, in which

shifted legs are never in the same sub-amplitude. ρ(i, σ(k)) denotes the ith index in the permutation

σ(k). The notation M̂ reminds us that the sub-amplitudes are functions of shifted momenta. The first

term in eq. (3.116) represents factorizations where a massive propagator is on-shell, whereas the second

accounts for a massless propagator going on-shell — h in this second term is the helicity of the cut boson.

We will treat each term in eq. (3.116) separately. We begin with the first term, which is the only

contribution for QED. For the case of n positive-helicity bosons, we shift |1] and, say, |q1〉 as in ref. [101].

Then, applying the induction hypothesis, this term is

(−1)nh

m4s

n−1∑
k=1

∑
σ(k)

M̂ s=0,I
σ(k),k+2

i

P 2
1,σ(k)

M̂ s=0,J
σ(n−k),n−k+2〈2P̂

I
1,σ(k)〉2s〈P̂1,σ(k)I1〉2s

=
(−1)nh

m2s
〈21〉2s

n−1∑
k=1

∑
σ(k)

M̂ s=0,I
σ(k),k+2

i

P 2
1,σ(k)

M̂ s=0,J
σ(n−k),n−k+2 (3.117)

The case of n negative-helicity bosons can be shown similarly by shifting |1〉 and, say, |q1]. In particular,

choosing an appropriate shift of one massive and one massless leg results in no massive shift appearing

in the sub-amplitudes. Applying eq. (3.115) to this, the form of the first term in eq. (3.116) is therefore

(−1)nh

m2s
〈2v|2sexp

[
1

mq

h

|h|
n∑
i=1

qi · S
]
|1v〉2s

n−1∑
k=1

∑
σ(k)

M̂ s=0
σ(k),k+2

i

P 2
1,σ(k)

M̂ s=0
σ(n−k),n−k+2 (3.118)

The remaining sum here is the BCFW form of the amplitude for n-photon emission from a massive

scalar. Thus we have proven eq. (3.114) for the photon case.

The non-linear nature of gravity allows contributions from the second term in eq. (3.116). The

contribution of this term to the amplitude is predictable for unique-helicity configurations. The only

non-vanishing factorization channels will involve the product of (n− 1) + 2 point amplitudes with n− 1

same-helicity gravitons, and a three-graviton amplitude with one distinct helicity graviton, which is the

cut graviton. For example, consider the all-plus helicity amplitude. Applying the induction hypothesis,

n−1∑
k=1

∑
σ(k)

∑
h=±
M̂s,h

σ(k),k+3

i

P 2
0,σ(k)

M̂−hσ(n−k),n−k+1 =
∑

σ(n−2)

M̂s,+
σ(n−2),n+1

i

P 2
0,σ(n−2)

M̂−σ(2),3
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=
1

m2s
〈2v|2sexp

[
1

mq

n∑
i=1

qi · S
]
|1v〉2s

∑
σ(n−2)

M̂s=0,+
σ(n−2),n+1

i

P 2
0,σ(n−2)

M̂−σ(2),3. (3.119)

We have used momentum conservation to write the cut momentum in terms of the sum of the momenta of

the gravitons in the all-graviton subamplitude. The argument is identical in the all-negative case. Adding

eqs. (3.118) and (3.119) and identifying the remaining sums of sub-amplitudes as the scalar amplitude

for the emission of n+ 2 gravitons, we find

Ms
n+2 =

1

m2s
Ms=0

n+2〈2v|2sexp

[
1

mq

h

|h|
n∑
i=1

qi · S
]
|1v〉2s (3.120)

=
1

m2s
Ms=0

n+2[2v|2sexp

[
1

mq

h

|h|
n∑
i=1

qi · S
]
|1v]2s.

In amplitudes where this spin universality is manifest, we can eliminate the dependence on the spe-

cific states used by taking the infinite spin and classical limits of the result,

lim
s→∞
~→0

M s
n+2 = M s=0

n+2 exp

[
1

m

h

|h|
n∑
i=1

qi · S
]
, (3.121)

where we have used that lim~→0 p
µ
v,2 = lim~→0 p

µ
v,1 = mvµ to apply on-shell conditions. This makes

contact between the classical limit of the kinematics, and the classical spin limit: for tree-level same-

helicity boson emission processes, the spin dependence of the leading-in-~ term factorizes into factors

of the classical three-point spin-dependence.

3.7 SUMMARY AND OUTLOOK

We have presented an on-shell formulation of HPETs by expressing their asymptotic states as a linear

combination of the chiral and anti-chiral massive on-shell helicity variables of ref. [63]. This expression

automatically takes into account the infinite tower of higher-dimensional operators present in HPETs,

which result from the integrating out of the anti-field. The variables defined in this manner possess

manifest spin multipole and ~ expansions. Consequently, using the most general three-point amplitude

of ref. [63], we have been able to derive a closed form for the amplitude arising from the sum of all three-

point operators in an arbitrary spin HPET. This form of the amplitude has been checked explicitly up to

NNLO in the operator expansion of spin-1/2 HQET and HBET. We will also show in Section 3.E that

the extension to higher spins is suitable for describing the three-point amplitude for zero initial residual

momentum for a heavy spin-1 particle coupled to electromagnetism.

We have shown that the spin-multipole expansion of minimally coupled heavy particles corresponds

exactly to a truncated Kerr black hole expansion when the initial residual momentum is set to zero.

This has been done in two ways. First, we exponentiated the spin dependence of the minimally coupled

three-point amplitude in Section 3.4.4. Doing so directly produced the same spin exponential as that

in refs. [45, 97] for a Kerr black hole coupled to a graviton. Unlike previous approaches, no further

manipulation of the three-point amplitude was needed to match to refs. [45, 97]. An exact match to

all spin orders was achieved in the infinite spin limit. An alternative approach to matching the Kerr

black hole multipole moments was carried out in refs. [46, 53], by matching to the EFT of ref. [80].
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Following this matching procedure but using on-shell HPET variables, an exact match to the Kerr black

hole Wilson coefficients was achieved without the need to take an infinite spin limit. The reason that the

three-point amplitude in on-shell HPET variables immediately matches the Kerr black hole multipole

expansion is that the heavy spinors representing the initial and final states are both associated with the

same momentum, which is identified with that of the black hole.

We set out to provide a framework that would enable the extension of HPETs to higher spins, and to

enable the application of HPETs to the computation of higher order classical amplitudes. As a step in this

direction, we applied recursion relations to the minimal coupling amplitude for heavy particles to build

arbitrary-spin higher-point tree amplitudes. Doing so, we showed that the explicit ~ and spin multipole

expansions at three points remained manifest in all amplitudes considered. We also easily constructed

the tree-level boson exchange amplitude to all orders in spin for QED and GR, without having to further

manipulate the states to produce the correct classical black hole spin multipole expansion.

Moving on to radiative processes, we showed that the same-helicity electromagnetic and gravitational

Compton amplitudes exhibit a spin universality: they can be written as

M s
4 = M s=0

4 〈2v|2sexp

[
1

mq1+q2

h

|h|
2∑
i=1

qi · S
]
|1v〉2s. (3.122)

This universality extends to the emission of n same-helicity bosons (eq. (3.114)). In the four-point

opposite-helicity case, a similar exponential was obtained only in the classical limit. However the sum

in the exponential also included an unphysical momentum contracted with the spin, representing the

non-uniqueness of the amplitude for large enough spins. It would be interesting to examine whether the

opposite-helicity amplitude possesses an n-boson extension analogous to eq. (3.114). Another natural

extension is to study how the leading ~ behaviour changes when a second matter line is included in ra-

diation processes; this is relevant to the understanding of non-conservative effects in spinning binaries.

The understanding of radiative processes is paramount to the PM amplitude program, as the construction

of higher PM amplitudes using unitarity methods requires knowledge of tree-level radiative amplitudes.

Combining radiative amplitudes with the ~ counting of the on-shell HPET variables in a unitarity-based

approach, the classical limits of amplitudes can be easily identified and taken before integration to sim-

plify computations of classical loop amplitudes including spin.

Because of the topicality of the subject, we have focused in the main body of this paper on the appli-

cation of these variables to their interpretation as spinning black holes and the construction of classical

tree-level amplitudes. Nevertheless, they are equally applicable to the QCD systems which HQET was

formulated to describe. Moreover an on-shell perspective is useful for the understanding of HPETs as a

whole. Indeed, we take an on-shell approach in the appendices to make further statements about HPETs.
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APPENDIX

3.A CONVENTIONS

We list here our conventions for reference. In the Weyl basis, the Dirac gamma matrices take the explicit

form

γµ =

(
0 (σµ)αα̇

(σ̄µ)α̇α 0

)
, (3.123)

where σµ = (1, σi), σ̄µ = (1,−σi), and σi are the Pauli matrices. The gamma matrices obey the Clifford

algebra {γµ, γν} = 2ηµν . We use the mostly minus metric convention, ηµν = diag{+,−,−,−}. The

fifth gamma matrix is defined as

γ5 ≡ iγ0γ1γ2γ3 =

(
−I 0

0 I

)
. (3.124)

The generator of Lorentz transforms is

Jµν =
i

4
[γµ, γν ]. (3.125)

We express massless momenta in terms of on-shell variables:

qαα̇ ≡ qµ(σµ)αα̇ = λαλ̃α̇ ≡ |q〉α[q|α̇, (3.126a)

qα̇α ≡ qµ(σ̄µ)α̇α = λ̃α̇λα ≡ |q]α̇〈q|α. (3.126b)

Here α, α̇ are SL(2,C) spinor indices. Spinor brackets are formed by contracting the spinor indices,

〈λ1λ2〉 ≡ 〈λ1|α|λ2〉α, (3.127)

[λ1λ2] ≡ [λ1|α̇|λ2]α̇. (3.128)

For massive momenta, we have that

pαα̇ = λα
I λ̃α̇I ≡ |λ〉Iα[λ|α̇I , (3.129a)

pα̇α = λ̃α̇I λ
αI ≡ |λ]α̇I 〈λ|αI , (3.129b)

where I is an SU(2) little group index. Spinor brackets for massive momenta are also formed by con-

tracting spinor indices, identically to the massless case. We also use the bold notation introduced in

ref. [63] to suppress the symmetrization over SU(2) indices in amplitudes:

〈2q1〉〈2q2〉 ≡

〈2Iq1〉〈2Jq2〉 I = J,

〈2Iq1〉〈2Jq2〉+ 〈2Jq1〉〈2Iq2〉 I 6= J.
(3.130)
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The Levi-Civita symbol, used to raise and lower spinor and SU(2) little group indices, is defined by

ε12 = −ε12 = 1. (3.131)

Spinor and SU(2) indices are raised and lowered by contracting with the second index on the Levi-Civita

symbol. For example,

λI = εIJλJ , λI = εIJλ
J . (3.132)

The on-shell conditions for the massive helicity variables are

λαIλαJ = mδIJ , λαIλα
J = −mεIJ , λαIλαJ = mεIJ , (3.133a)

λ̃Iα̇λ̃
α̇
J = −mδIJ , λ̃Iα̇λ̃

α̇J = mεIJ , λ̃α̇I λ̃
α̇
J = −mεIJ . (3.133b)

Given eq. (3.31), we can derive the on-shell conditions of the HPET variables, analogous to eq. (3.133).

We find

λαIv λvαJ = mkδ
I
J , λαIv λvα

J = −mkε
IJ , λαvIλvαJ = mkεIJ , (3.134a)

λ̃Ivα̇λ̃
α̇
vJ = −mkδ

I
J , λ̃Ivα̇λ̃

α̇J
v = mkε

IJ , λ̃vα̇I λ̃
α̇
vJ = −mkεIJ , (3.134b)

where

mk ≡
(

1− k2

4m2

)
m. (3.134c)

In Section 3.C we will decompose massive momenta into two massless momenta, as in eq. (3.145).

When identifying

λα
1 = |a〉α, λα

2 = |b〉α, (3.135a)

λ̃α̇1 = [a|α̇, λ̃α̇2 = [b|α̇, (3.135b)

we use 〈ba〉 = [ab] = m.

On-shell variables can be assigned to the upper and lower Weyl components of a Dirac spinor so that

the spinors satisfy the Dirac equation [46],

uI(p) =

(
λα

I

λ̃α̇I

)
, ūI(p) =

(
−λαI λ̃α̇I

)
, (3.136)

where p is expressed in terms of λ and λ̃ as in eq. (3.129).

Using analytic continuation, under a sign flip of the momentum, the on-shell variables transform as

| − p〉 = −|p〉, | − p] = |p], (3.137a)

which means

| − pv〉 = |p−v〉 = −|pv〉, | − pv] = |p−v] = |pv]. (3.137b)
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3.B UNIQUENESS OF ON-SHELL HPET VARIABLES

In this section, we address the question of uniqueness of the on-shell HPET variables as defined in

eq. (3.31). In particular, we relate the on-shell HPET variables |pv〉 and |pv] to the traditional on-shell

variables under two conditions:

1. The new variables describe a very massive spin-1/2 state that acts as a source for mediating bosons,

meaning that the velocity of the state is approximately constant. Since the motion of the particle

is always very closely approximated by its velocity, we demand that the new variables satisfy the

Dirac equation for a velocity vµ and mass v2 = 1:

/v|pv〉 = |pv], /v|pv] = |pv〉. (3.138)

Clearly these relations can be scaled to give the state an arbitrary mass.

2. When describing a heavy particle with mass m and velocity vµ, the new variables must reduce to

the traditional on-shell variables with pµ = mvµ when k = 0.

We express the on-shell HPET variables in the basis of traditional on-shell variables:

|pv〉 = a(k)|p〉+ /Γ1(k)|p], (3.139a)

|pv] = b(k)|p] + /Γ2(k)|p〉. (3.139b)

The fact that the functions a, b, Γ1, Γ2 can, without loss of generality, be assumed to be functions of

only kµ (and m) follows from on-shellness and the Dirac equation. Any dependence on vµ must be

either in a scalar form, v · v = 1 or v · k = −k2/2m, or in matrix form /v, which can be eliminated for
/k/m using the Dirac equation for /p. This also means that we can rewrite Γµ1,2 = c1,2(k)kµ, where the

ci(k) are scalars and potentially functions of k2. Moreover, given that a and b are functions only of k,

they must also be scalars; the only possible matrix combinations they can contain to preserve the correct

spinor indices are even powers of /k, which would reduce to some power of k2. Condition 2 provides a

final constraint on these four functions:

a(0) = b(0) = 1, (3.140a)

Γ1(0) = Γ2(0) = 0. (3.140b)

Since Γµi = ci(k)kµ, the second line imposes that the ci(k) are regular at k = 0. From now on we drop

the arguments of these functions for brevity.

Applying condition 1 to eqs. (3.139), we derive relations among the four functions a, b, c1, c2:

b = a, (3.141a)

c2 = − a
m
− c1. (3.141b)

The most general on-shell HPET variables are thus

|pv〉 = a|p〉+ c1/k|p], (3.142a)
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|pv] = a|p]−
( a
m

+ c1

)
/k|p〉. (3.142b)

The momentum associated with these states is

/pv =

(
0 |pv〉I I [pv|

|pv]I I〈pv| 0

)
= m

[
a2 + c1

( a
m

+ c1

)
k2
]
/v. (3.143)

The functions a and c1 cannot be constrained further by conditions 1 and 2. However we can choose

c1 = −a/2m to describe non-chiral interactions. Then, from an off-shell point of view, the function

a simply corresponds to the (potentially non-local) field redefinition Q → Q/a in the spin-1/2 HPET

Lagrangian. We are free to redefine our fields such that a = 1. The final result is

|pv〉 = |p〉 − /k

2m
|p], (3.144a)

|pv] = |p]− /k

2m
|p〉. (3.144b)

Thus we recover the on-shell HPET variables in eq. (3.31). We conclude that, up to scaling by an overall

function of k2, eq. (3.31) is the unique decomposition in terms of traditional variables of non-chiral heavy

particle states. The overall scalings correspond to field redefinitions in the Lagrangian formulation.

3.C REPARAMETERIZATION AND THE LITTLE GROUP

As is apparent from eq. (3.28), reparameterization transformations leave pµ unchanged. It is therefore

reasonable to expect that there exists a relation between reparameterizations and the little group of pµ.

There is indeed a relationship between infinitesimal little group transformations of λαI and λ̃α̇I and repa-

rameterizations of the total momentum. The focus of this section is the derivation of such a connection,

which is easy to explore by employing the so-called Light Cone Decomposition (LCD) [105, 106] of

massive momenta.

The LCD allows any massive momentum to be written as a sum of two massless momenta. That is,

for a momentum pµ of mass m, there exist two massless momenta aµ and bµ such that

pµ = aµ + bµ. (3.145)

When pµ is real, we can assume wihtout loss of generality that aµ and bµ are real as well, since any imag-

inary components must cancel anyway. The condition p2 = m2 then implies a · b = m2/2. Expressing

this in on-shell variables,

pαα̇ = λα
I λ̃α̇I = |a〉α[a|α̇ + |b〉α[b|α̇, (3.146a)

pα̇α = λ̃α̇I λ
αI = |a]α̇〈a|α + |b]α̇〈b|α. (3.146b)

This allows us to make the identifications

λα
1 = |a〉α, λα

2 = |b〉α, λ̃α̇1 = [a|α̇, λ̃α̇2 = [b|α̇. (3.146c)

In the spirit of the momentum decomposition in eq. (3.28) we can break this up into a large and a
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small part

pµ = αaµ + βbµ + (1− α)aµ + (1− β)bµ, (3.147)

where |α|, |β| ∼ 1. We identify

mvµ ≡ αaµ + βbµ, kµ ≡ (1− α)aµ + (1− β)bµ. (3.148)

Since vµ is a four-velocity, it must satify v2 = 1, which constrains α and β to obey αβ = 1. Once we

require this, the on-shell condition that 2mv · k = −k2 is automatically imposed.

Now, consider a reparameterization of the momentum as in eq. (3.37). We can use the LCD to rewrite

the shift momentum as

δkµ = cµ + dµ, (3.149)

where |c + d|/m � 1. For this to be a reparameterization, the new velocity vµ + δkµ/m must have

magnitude 1, which means cµ and dµ must be such that

(αa+ βb) · (c+ d) = −c · d. (3.150)

Contracting the shift momentum with the gamma matrices and using the Schouten identity,

δkαα̇ =
2

m2
b · (c+ d)|a〉α[a|α̇ +

2

m2
a · (c+ d)|b〉α[b|α̇

− [a|(/c + /d)|b〉
m2

|a〉α[b|α̇ −
[b|(/c + /d)|a〉

m2
|b〉α[a|α̇. (3.151)

Note that setting k = 0 is always allowed for an on-shell momentum by reparameterization: indeed,

choosing cµ = (1− α)aµ and dµ = (1− β)bµ trivially satisfies eq. (3.150).

Consider an infinitesimal little group transformation of the on-shell variables W I
J where W ∈

SU(2). Then we can write

W I
J = IIJ + iεjU jIJ , (3.152)

where εj are real and infinitesimal parameters, and U jIJ is traceless and Hermitian. We suppress the

color index j below. Under this transformation, the on-shell variables transform as [63]

λα
I →W I

Jλα
J , (3.153a)

λ̃α̇I → (W−1)J I λ̃α̇J . (3.153b)

Up to linear order in the infinitesimal parameter, the momentum transforms as

pαα̇ = λα
I λ̃α̇I → (1 + iεU1

1)λα
1λ̃α̇1 + (1 + iεU2

2)λα
2λ̃α̇2 + iεU2

1λ
1
αλ̃α̇2 + iεU1

2λ
2
αλ̃α̇1

− iεU2
1λ

1
αλ̃α̇2 − iεU1

2λ
2
αλ̃α̇1 − iεU1

1λα
1λ̃α̇1 − iεU2

2λα
2λ̃α̇2. (3.154)

Comparing with eq. (3.151), we would like to identitfy the following map to the reparameterization in
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eq. (3.37):

iεU IJ → RIJ ≡
1

m

(
2b · δkm −[b| δkm |a〉
−[a| δkm |b〉 2a · δkm

)
. (3.155)

The reparameterization matrix RIJ is infintesimal because of the appearance of δkµ/m in each entry.

Moreover, RIJ is traceless up to corrections of order O(δk2/m2) because of eq. (3.150). However, we

cannot equate it to iεU IJ because the latter is always anti-Hermitian, whereas RIJ need not be. Indeed,

when δkµ is real RIJ is Hermitian, and when δkµ is imaginary it is anti-Hermitian. It can thus be seen

that the condition for equality is that δkµ is imaginary:

δkµ ∈ iR⇒ IIJ +RIJ ∈ SU(2), (3.156)

where IIJ + RIJ induces the reparameterization in eq. (3.37). It is straightforward to check that this

quantity also has determinant 1, up to infinitesimal corrections of order O(δk2/m2).

3.D PROPAGATORS

In ref. [107], massive on-shell variables were used to construct propagators for massive spin-1/2 and

spin-1 states. In this section, we use the on-shell HPET variables to do the same for a spin s ≤ 2 state.

We find that the propagator for a heavy particle with spin s ≤ 2 is

Ds
v(pv) = P s

N s(pv)

p2 −m2
P s, (3.157)

where P s is the spin-s projection operator whose eigenstate is the HPET state, and N s(pv) is the nu-

merator of the propagator for a massive particle of that spin. By recognizing the form of the numerator,

this will allow us to extract the higher spin projection operators. The methods used in this section can be

applied to arbitrary spin, but become quite cumbersome as the number of little group invariant objects

that must be computed grows as s+ 1/2 for half-integer spins, and as s for integer spins. Nevertheless,

we are able to use our results to conjecture projection operators for any spin.

Spin-1/2

We begin with the spin-1/2 propagator, which can be constructed as

1

p2 −m2

[(
|pIv〉
|pIv]

)
εIJ

(
〈−pJv | [−pJv |

)]
= P+

2mk

p2 −m2
P+ = P+

1

/p−m
P+. (3.158)

We do indeed recover the projection operator for a heavy spin-1/2 field.
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Spin-1

We can do the same for a massive spin-1 field. In this case, we posit that the polarization vector is

obtained by replacing p→ pv and m→ mk in the usual polarization vector:

εIJv,µ(p) =
1

2
√

2mk

(〈pIv|γµ|pJv ] + 〈pJv |γµ|pIv]). (3.159)

It is straightforward to see that the polarization vector satisfies the requisite condition on the heavy spin-1

particle, v · εIJv = 0 for pµ = mvµ + kµ, as well as the orthonormality condition

εIJv · εLKv = −1

2
(εILεJK + εIKεJL). (3.160)

The heavy spin-1 propagator is

1

p2 −m2

[
εIJv,µ(p)εIKεJLε

LK
v,ν (−p)

]
= (gµ

λ − vµvλ)
−gλσ + vλvσ
p2 −m2

(gσν − vσvν) . (3.161)

From this we can read off that the operator projecting onto the heavy spin-1 particle is Pµν− in Section 3.E.

Spin-3/2

The spin-3/2 polarization tensor is

εIJKv,µ (p) = ε(IJ
v,µu

K)
v =

1√
2mk

〈p(I
v |γµ|pJv ]

(
|pK)
v 〉
|pK)
v ]

)
, (3.162)

where the round brackets around sets of indices denote normalized symmetrization over the indices.

Using the symmetry of the spin-1 polarization vector in its little group indices, we have that

εIJKv,µ (p) =
1

3

(
εIJv,µu

K
v + εJKv,µu

I
v + εIKv,µu

J
v

)
. (3.163)

The propagator is

1

p2 −m2

[
εIJKv,µ (p)εIAεJBεKCε

ABC
v,ν (−p)

]
=

1

p2 −m2

1

3

(
εIJv,µεv,νIJu

K
v ūv,K + 2εIJv,µεv,νIKu

K
v ūv,J

)
= −P+P−,µα

2mk

p2 −m2

[
gαβ − 1

3
γαγβ − 1

3
(/vγαvβ + vαγβ/v)

]
P−,βνP+. (3.164)

We recognize the quantity between the projection operators as the propagator for a massive spin-3/2

particle with momentum mkv
µ [108, 109]. The heavy spin-3/2 projection operator can thus be identified

as

Pµν1
2
,− ≡ P+P

µν
− . (3.165)
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Spin-2

The spin-2 polarization tensor is

εI1J1I2J2v,µ1µ2 (p) = ε(I1J1
v,µ1 ε

I2J2)
v,µ2 =

1

2m2
k

〈p(I1
v |γµ1 |pJ1v ]〈pI2v |γµ2 |pJ2)

v ]. (3.166)

Using the symmetry of each spin-1 polarization vector in its little group indices, we find that

εI1J1I2J2v,µ1µ2 (p) =
1

3

(
εI1J1v,(µ1

εI2J2v,µ2) + εI1I2v,(µ1
εJ1J2v,µ2) + εI1J2v,(µ1

εI2J1v,µ2)

)
. (3.167)

The propagator is

1

p2 −m2

[
εI1J1I2J2v,µν (p)εI1K1εJ1L1εI2K2εJ2L2ε

K1L1K2L2
v,αβ (−p)

]
=

1

p2 −m2

1

3

(
εI1J1v,(µ ε

I2J2
v,ν) εv,αI1J1εv,βI2J2 + 2εI1J1v,(µ ε

I2J2
v,ν) εv,αI1J2εv,βI2J1

)
=

1

p2 −m2
P−,µµ′P−,νν′

[
−1

2
(Pµ

′α′

− P ν
′β′

− + Pµ
′β′

− P ν
′α′
− ) +

1

3
Pµ
′ν′

− Pα
′β′

−

]
P−,α′αP−,β′β.

(3.168)

The quantity in square brackets is the numerator of the massive spin-2 propagator with momentummkv
µ

[110]. We therefore identify the heavy spin-2 projection operator:

Pµν,αβ− ≡ Pµν− Pαβ− . (3.169)

3.D.1 Spin-s Projection Operator

Based on the above discussion, as well as the properties of a general spin heavy field, we conjecture the

projection operator for a spin-s field. An integer spin-s field Zµ1...µs must be symmetric and traceless

[65]. When the mass of the particle is very large, the particle component Z must satisfy [111]

vµ1Zµ1...µs = 0. (3.170)

By symmetry, this condition holds regardless of the index with which the velocity is contracted. The

general spin-s projection operator for a field satisfying eq. (3.170), and which reduces to the above cases

for s = 1 and s = 2 is

Pµ1ν1,...,µsνs− =
s∏
i=1

Pµiνi− . (3.171)

The integer spin projection operator is simply a product of spin-1 projection operators.

A half-integer spin-(s+ 1/2) field Ψµ1...µs must be symmetric and γ-traceless [66],

γµ1Ψµ1...µs = 0. (3.172)

Symmetry ensures that the condition holds for any index the γ matrix is contracted with. When the mass
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of the field becomes very large, its particle component Q must satisfy [111]

/vQµ1...µs = Qµ1...µs . (3.173)

These constraints also imply, among other things, the v-tracelessness of the heavy field. The general

spin-(s + 1/2) projection operator that results in a field satisfying these conditions, and that reduces to

the above cases for spin-1/2 and spin-3/2, is

Pµ1ν1,...,µsνs1
2
,− ≡ P+P

µ1ν1,...,µsνs
− . (3.174)

From this we see that knowledge of the spin-1/2 heavy particle states is enough to construct the polar-

ization tensors and projection operators for higher spin states. In this sense, HPETs are unified in terms

of the basic building blocks in eq. (3.31).

3.E MATCHING TO HPET LAGRANGIANS

In this section, we address the matching of on-shell amplitudes to those derived from HPET Lagrangians.

First, there is a subtlety that must be accounted for when matching the minimal coupling in eqs. (3.55)

and (3.56) to an HPET Lagrangian. We focus the discussion of this to the case of spin-1/2 HPET. Next,

we confirm explicitly that the general spin three-point amplitude derived from the Zeeman coupling in

ref. [46] reproduces the amplitude derived from spin-1 abelian HQET when expressed using on-shell

HPET variables.

3.E.1 Matching spin-1/2 minimal coupling

For any quantum field theory, the form of the Lagrangian that produces a given S-matrix is not unique:

indeed the S-matrix is invariant under appropriate redefinitions of the fields composing the Lagrangian

[112]. Generally, a field redefinition will alter the Green’s function for a given process. To relate the

Green’s functions of two forms of a Lagrangian, the relation between both sets of external states must be

specified. The same holds for HQET, which has been presented in various forms in the literature.

Fortunately, the definition of the heavy spinors in eq. (3.30) specifies for us the form of the spin-1/2

HPET Lagrangian whose external spinors are expressible as such. By inverting eq. (3.30), we see that

the field redefinition converting the full theory to its HPET form must reduce to

ψ(x) = e−imv·x
[

1 + /v

2
+

1− /v
2

1

iv · ∂ + 2m
i/∂

]
Qv(x), (3.175)

in the free-field limit. For spin-1/2 HQET, this means we must match the minimal coupling to the

Lagrangian in the form

Ls=
1
2

HQET = Q̄iv ·DQ+ Q̄i /DP−
1

2m+ iv ·Di
/DQ. (3.176)

This form of the Lagrangian appears in e.g. ref. [60], and differs from the forms in refs. [92, 113] by the

presence of a projection operator in the non-local term. The Lagrangian of HBET presented in ref. [92]

must similarly be modified to compare to the minimal coupling amplitude. The suitable form for spin-1/2
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HBET is

Ls=
1
2

HBET =
√−gQ̄iDQ+

√−g
2m

Q̄iDP−
∞∑
n=0

Gn[h]
F [h]n

mn
iDQ, (3.177a)

where

iD ≡ ieµaγaDµ +mvµγ
a(eµa − δµa ), (3.177b)

and all other notation is described in ref. [92].

3.E.2 Matching spin-1 Zeeman coupling

We demonstrate explicitly the applicability of the on-shell HPET variables to spin-1 heavy particle sys-

tems. To do so, we will show that the same variables are suitable for describing the three-point amplitude

arising from the Proca action. First, we note that a massive spin-1 particle described by the Proca ac-

tion has a gyromagnetic ratio g = 1 [93]. As such, it should not be expected that the corresponding

three-point amplitude matches with the minimal coupling amplitude for s = 1. To understand which

three-point amplitude we should match with, we recast the three-point amplitude derived from the Zee-

man coupling in ref. [46] into on-shell HPET variables (with k1 = 0):

A+,s =
g0x

m2s

[
〈2v1v〉2s + x

sg

2m
〈2v1v〉2s−1〈2v3〉〈31v〉+ . . .

]
, (3.178)

where the dots represent higher spin multipoles. When g = 2 we recover the spin-dipole term from 2s

factors of the spin-1/2 minimal coupling amplitude. Setting s = g = 1 for the Proca action,

A+,1 =
g0x

m2

[
〈2v1v〉2 +

x

2m
〈2v1v〉〈2v3〉〈31v〉+ . . .

]
. (3.179)

This is the three-point amplitude that we expect from a very heavy spin-1 Proca particle.

Consider now the Proca Lagrangian for a massive vector field Bµ coupled to electromagnetism:

L = −1

4
F ∗µνF

µν +
1

2
m2B∗µB

µ, (3.180a)

where

Fµν = DµBν −DνBµ, DµBν = (∂µ + ieAµ)Bν , (3.180b)

and Aµ is the U(1) gauge field. We now need a condition that splits the light component Bµ from the

heavy (anti-field) component B̃µ. Furthermore, the light component has to satisfy vµBµ = 0 [111]. The

appropriate decomposition of the massive vector field is

Bµ = eimv·xPµν− Bν , (3.181a)

B̃µ = eimv·xPµν+ Bν , (3.181b)

where Pµν− ≡ gµν − vµvν — this is the projection operator that has been derived explicitly in Ap-

pendix 3.D — and Pµν+ ≡ vµvν . Next, we substitute eq. (3.181) into the Proca Lagrangian, and integrate
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out B̃µ using its equation of motion to find

Ls=1
HQET = −mB∗µ(iv ·D)Bµ − 1

4
B∗µνBµν +

1

2
B∗νDνDµBµ +O(m−1), (3.182)

where Bµν = DµBν−DνBµ. Computing the three-point amplitude with this Lagrangian for k1 = 0 and

expressing it using on-shell HPET variables, we find agreement with eq. (3.179) for g0 = −em/
√

2. This

supports the hypothesis that the on-shell information of spin-1/2 HPET is sufficient to extend HPETs to

higher spins.
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CHAPTER

THE DOUBLE COPY FOR HEAVY
PARTICLES

ABSTRACT: We show how to double-copy Heavy Quark Effective Theory (HQET)

to Heavy Black Hole Effective Theory (HBET) for spin s ≤ 1. In particular, the

double copy of spin-s HQET with scalar QCD produces spin-s HBET, while the

double copy of spin-1/2 HQET with itself gives spin-1 HBET. Finally, we present

novel all-order-in-mass Lagrangians for spin-1 heavy particles.

4.1 INITIATION

HQET is derived from QCD (or QED in the abelian case) and HBET is derived from QGR. Since QCD

double copies to QGR, invariance of the S-matrix under field redefinitions (see e.g. ref. [114]) implies

that HQET and HBET must also be related to each other through the double copy. As in the case of QCD

and QGR, amplitudes are much easier to compute in HQET than in HBET. Knowing how to exploit the

double copy to obtain HBET amplitudes is therefore preferable to direct computation using HBET. The

difficulty with realizing this double copy is that the external states are not cleanly separated from the

scattering dynamics in these EFTs, since the heavy matter states are not canonical. The double-copy

procedure must account for this in one form or another, and doing so was the focus of this publication.

The central concept in this publication is the double copy, so we begin this initiation with an in-

troduction to this powerful computational tool. We then discuss the non-canonical nature of the heavy

matter states and how it affects the double copy. This is understood through the lens of what is termed

the wavefunction normalization factor (WNF) in ref. [114] (though, as we’ll explain, our usage of the

term WNF differs from the usage in ref. [114]). We illustrate the non-canonicality of heavy particles

by deriving the WNF for a heavy scalar particle in two ways: by reference to the WNF for a canonical

scalar particle and by considering the propagator for heavy scalars. Next, we elaborate on the subtleties

in the double copy introduced by the WNFs and different methods for handling them, before finally

summarizing the results of the publication.

4.1.1 The double copy

Very schematically, the double copy states that gravitational amplitudes are squares of the analogous

gauge theory amplitudes. Despite its susceptibility to being summarized in one sentence, the double

copy relationship between gauge and gravity theories is an intricate one with deep implications and

applications to classical as well as quantum systems. We will explore in this section some of its features

that are most pertinent to scattering amplitude computations.

It should go without saying that gravitational amplitudes are not literally the squares of gauge theory

ones. For one, unlike gauge theories, gravity is a colorless theory. A second issue is that squaring a

tree-level gauge theory amplitude produces double poles because of the squares of propagators. Thirdly,

79
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there is a discrepancy in the number of degrees of freedom (DoFs) of a graviton’s polarization tensor

compared to the product of two gluon polarizations. Double-copy prescriptions must account for all of

these issues if they are to produce sensible gravitational amplitudes. There are two methods for double-

copying gauge theories that are used in amplitudes computations, both of which we have employed in

this publication. The first are the KLT relations [115], and the second is the BCJ double copy [116, 117].

The double copy was first realized in the form of the KLT relations – relations between closed string

amplitudes and products of open string ones. The KLT relations link pure Yang-Mills (YM) (i.e. contain-

ing only massless, adjoint particles) and gravity amplitudes at tree-level in the field-theory limit, when the

string length vanishes. Explicitly, the field-theory limit of the relations takes the form [115, 118–122]1

M(1, . . . , n) = −i
∑
σ,ρ

An(1, σ(2, . . . , n− 2), n− 1, n)S[σ|ρ]Ãn(1, ρ(2, . . . , n− 2), n, n− 1),

(4.1)

where σ(2, . . . , n− 2) and ρ(2, . . . , n− 2) are permutations of the particle labels 2, . . . , n− 2. The sum

is over Sn−3, the group of permutations of the n − 3 elements. S[σ|ρ] is the KLT momentum kernel

[118–122],

S[σ|ρ] ≡
n−2∏
i=2

2q1 · qσi +
i∑

j=2

2qσi · qσjθ(σj , σi)ρ

 . (4.2)

The function θ(σj , σi)ρ picks out the terms in the sum where σj precedes σi in the permutation ρ, in

which case θ(σj , σi)ρ = 1. This kernel is in fact the inverse of the matrix of double color-ordered

massless biadjoint scalar amplitudes [123].

Let us describe now how the three issues raised above are addressed when using this double-copy

prescription. The KLT relations produce a gravitational amplitude without any color generators because

the gauge theory amplitudes have been expressed in terms of color-ordered amplitudes. Concretely, the

amplitude for the tree-level scattering of n gluons decomposes into color-ordered amplitudes as

A(1, . . . , n) =
∑

σ∈Sn−1

Tr(T σ(1) . . . T σ(n−1)Tn)A(σ(1), . . . , σ(n− 1), n). (4.3)

It is thus clear that the color-ordered amplitudes do not contain any color generators. When represent-

ing color-ordered amplitudes diagrammatically, the ordering of the labels in the amplitude dictates the

clockwise ordering of the external legs in the diagram.

Next, the presence of the KLT kernel ensures that the correct propagator structure emerges from the

double copy. This is perhaps easiest to see with an example: consider the KLT relation for n = 4 external

states. The sum is over the group Sn−3 = S1 so there is only one term, and the KLT kernel also only

contains one factor: S[2|2] = 2q1 · q2 = (q1 + q2)2 ≡ s12, where sij ≡ (qi + qj)
2. Therefore,

M(1, 2, 3, 4) = −is12A(1, 2, 3, 4)Ã(1, 2, 4, 3). (4.4)

1In this section, amplitudes written without a calligraphic font do not include coupling constants, with M representing
gravitational amplitudes and A gauge theory ones. Moreover, the amplitudes A are color-ordered amplitudes, which we will
define shortly.
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The gravitational amplitude contains three propagators, s12, s13, and s14, from the s, t, and u channel

Feynman diagrams. On the other hand, the propagators of a color ordered amplitude can only be formed

by sums of the momenta of adjacent legs. In this example, A contributes poles s12 and s14, whereas Ã

contributes s12 and s13. Clearly, then, the KLT kernel has provided the correct Mandelstam invariant to

cancel the additional factor of s12 and ensure agreement between the poles on both sides of the equation.

Finally, there is the mismatch in the number of DoFs of gravitons compared to proucts of gluons. A

massless spinning particle in four spacetime dimensions has two DoFs corresponding to the positive and

negative helicity polarizations. This gives gravitons two DoFs and products of two gluon polarization

vectors four DoFs. To reconcile this, let us decompose the product of two gluon polarization vectors with

polarizations λ1,2 and momentum qµ in the following way [124]:

ελ1µ ε
λ2
ν =

1

2

[
ελ1µ ε

λ2
ν + ελ2µ ε

λ1
ν − δλ1λ2

(
ηµν −

qµξν + qνξµ
q · ξ

)]
+

1

2

(
ελ1µ ε

λ2
ν − ελ2µ ελ1ν

)
+ δλ1λ2

1

2

(
ηµν −

qµξν + qνξµ
q · ξ

)
, (4.5)

where ξµ is a gauge-fixing reference vector. The quantity in the first set of brackets is symmetric and

traceless in the polarization indices, and therefore has the correct number of DoFs (two) to be identified

with the graviton. The second set of brackets is antisymmetric in the polarization labels, carries one DoF,

and is dubbed the axion. The last term carries one DoF and is a dilaton. As we might have expected, the

graviton states are a subset of all states contained in the product of two gluon polarizations. When only

adjoint particles are involved in the double copy, or when adjoint particles are only present in the external

states, it is sufficient to project onto the symmetric, traceless part of the products of gluon polarization

vectors [122, 124].2

The relations eq. (4.1) are valid for double copying amplitudes involving only massless particles

transforming in the adjoint representations of their gauge groups. Extensions of eq. (4.1) to amplitudes

involving massive, fundamental particles are possible [125, 126]. Ref. [125] showed that QCD ampli-

tudes involving a single massive line for a spin-1/2 particle emitting n− 2 gluons can be double copied

through the KLT-like formula

M
1
2
⊗ 1

2
n =

1

2bd/2c−1

∑
α,β

K[α|β]Tr[AQCD
n,α ( /p1 −m)/ε∗1Ā

QCD
n,β (/p2

−m)/ε∗2], (4.6)

for all momenta outgoing. Here, the KLT kernel S has been replaced by its massive counterpart K.

Much like the massless kernel, K is related to inverses of amplitude matrices from massive biadjoint

scalar theories [125, 126]. The massive kernel was given up to 5-points in ref. [126]. We specialized

eq. (4.6) to the large-mass case (and to our choice of kinematics) in eq. (4.59).

The BCJ double copy provides an alternative method for double copying gauge theory amplitudes to

gravitational ones. Unlike the KLT relations, the BCJ double copy is valid at all orders in the perturbative

expansion [122]. This version of the double copy relies on the color-kinematics duality. An overview of

this duality and the consequent double-copy is provided in Section 4.3, so we don’t reproduce it here. It

is much more transparent how the BCJ double copy avoids the issues highlighted above. Since the color

generators are replaced only with the kinematic numerators, the resulting amplitude will have no color

2Put plainly, we identify εµεν → εµν .
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dependence, nor any double poles. Moreover, this double copy prescription was originally formulated

for adjoint matter, in which case the graviton modes can simply be selected from the product of gluon

polarizations.

Since its introduction, the BCJ double copy has been shown to hold also when spinning, massive

matter in an arbitrary representation of the gauge group is included in the scattering [127–129]. In these

situations, one must be more careful in isolating the portions of the double-copied amplitudes induced

by internal gravitons. One method for doing so was applied in ref. [124] to the 2 → 2(3) scattering of

massive scalar particles (emitting a graviton). Dilaton contamination was subtracted in these cases by

explicitly computing the analogous amplitudes with gravitons replaced by dilatons, then subtracting the

result from the double copied amplitude. Yet another method was employed in the computation of the

3PM 2→ 2 gravitational amplitude in ref. [16]. There, the two-loop integrands were built using unitarity

cuts. The building-block gravitational amplitudes were then written as double copies of gauge theory

amplitudes, and contaminating states were eliminated by projecting products of gluons onto graviton

states.

The double-copied amplitudes in this chapter’s publication did not require the subtraction of contam-

inating states from the amplitude. At three points, the reason is clear: there are no internal gluons in the

relevant diagram. For the Compton amplitude, however, one would expect the double-copied amplitude

to contain graviton and dilaton effects, since one of the diagrams for this process possesses a gluon prop-

agator. This is not the case, though, because the spin-s gravitational Compton amplitude can be obtained

simply by double copying appropriate-spin Compton amplitudes from QED [93],3 where there are no

diagrams with internal photons.

While the double copy involving massive amplitudes has been demonstrated to produce physical am-

plitudes, this outcome is not always guaranteed, as was shown through examples in ref. [126]. Having a

set of kinematic numerators that are dual to the color factors is sufficient to obtain physical double-copied

amplitudes in the massless case, but ref. [126] argued that this condition is insufficient in the massive

case. Indeed, they demonstrated that it is always possible to take any set of kinematic numerators to

a color-dual form using only generalized gauge transformations, which are shifts of the kinematic nu-

merators that leave the amplitude unchanged. In some cases, the result of the double copy may contain

spurious poles, despite the color-kinematics duality being satisfied. In order to have meaningful quanti-

ties resulting from the double copy, ref. [126] conjectured the necessary condition that the massive KLT

kernel for the process must have minimal rank. This imposes spectral conditions on the masses of the

internal particles. For the Compton amplitude, the spectral condition is

m2
s +m2

t +m2
u = m2

1 +m2
2 +m2

3 +m2
4, (4.7)

where the masses on the left-hand side are the masses of the propagators in the s-, t-, and u-channels,

and on the right-hand side are the external masses. In this case, both sides are equal to 2m2. The QCD

Compton amplitude therefore satisfies the necessary spectral condition to give a meaningful double copy.

3This is visible from eqs. (3.103) and (3.104).
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4.1.2 Wavefunction normalization factors

WNFs do not always arise in the computations of scattering amplitudes, but they are crucial for matching

amplitudes before and after a field redefinition. We begin our discussion of WNFs by demonstrating their

identification through the propagator, which will provide a method for finding the WNF given an action.

We will then illustrate how they enter in matching calculations, and finally derive the WNF for a heavy

scalar.

Before we begin, let us distinguish our usage of the term WNF from its traditional usage. Generically,

a scalar field satisfies [13, 130]

〈Ω|φ(x)|λp〉 =
√
Ze−ip·x, (4.8)

where |Ω〉 is the vacuum state in an interacting theory and λp is some state with momentum pµ. The

quantityZ is what is typically referred to as the WNF, and quantifies the mismatch between an interacting

field and its free counterpart [13, 114, 130, 131]. This is not the usage we employ, but we found it

necessary to apply a similar concept to redefinitions of fields in order to match amplitudes after said

redefinitions. A crucial point in this regard is that amplitudes with the same external states are matched

to one another. In turn, conceptually, the WNFs we discuss in this chapter define the asymptotic states

of the theory — we say two asymptotic states are equal if they have the same WNF — and as such are

described in the free-field limit. As is usual in the computation of amplitudes, we do not explicitly handle

the portion of the WNF arising from interactions; this portion is dealt with by the LSZ reduction [131].

The time-ordered two-point function for a free (scalar) field φ gives the Fourier transform of its

momentum-space propagator, D(p) [13, 130],

〈0|Tφ(x)φ(y)|0〉 =

∫
d4p

(2π)4
D(p) e−ip·(x−y). (4.9)

Here |0〉 is the vacuum state of the free theory. A free scalar field is said to be canonically normalized if

it satisfies 〈0|φ(x)|p〉 = e−ip·x [13, 130]. In this case, we write φ = φc, and the field’s momentum-space

propagator is given by

Dc(p) ≡
i

p2 −m2 + iε
, (4.10)

where +iε represents the Feynman prescription. More practically, the momentum-space propagator can

be immediately read off from the free-field Lagrangian as the Fourier transform of the Green’s function

of the differential operator in the Lagrangian. In equations, the Lagrangian for a real canonical scalar

field is

L =
1

2
φc
(
−�−m2

)
φc, (4.11)

where � ≡ ∂µ∂
µ is the d’Alembertian. The Green’s function for the differential operator, D̃c(x − y),

satisfies [130]

(
�+m2

)
D̃c(x− y) = −iδ(4)(x− y). (4.12)
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Note that the overall 1/2 in the Lagrangian does not appear here as it is just a symmetry factor. This

Green’s function is simply the propagator in position space, that is, the time-ordered two-point function.

Fourier transforming gives the propagator in momentum space.

Let us consider what happens to the momentum-space propagator under a field redefinition. Suppose

we rescale the canonical scalar field as φc = A−1φ for A some non-zero quantity that is potentially an

operator.4 The Lagrangian describing this field after such a redefinition is

L =
1

2
A−1

freeφ
(
−�−m2

)
A−1

freeφ+ interactions, (4.13)

where Afree is the field-independent part of A and the interactions are generated by the parts of A that

contain fields. If A−1
free is an operator it can only comprise terms with an even number of partial deriva-

tives, so we can commute the leftmost factor with φ by integrating by parts. Partial derivatives also

commute with the d’Alembertian, so there is no ambiguity in writing the Lagrangian as

L =
1

2
φ

(
−�−m2

)
A2

free
φ+ interactions. (4.14)

Reading off the propagator,

D(p) =
iÃ2

free
p2 −m2 + iε

, (4.15)

where Ãfree is the Fourier transform of Afree and we’ve explicitly included the Feynman prescription.

From this example we see that the form of a propagator is not fixed under field redefinitions. In

general, the propagator is5

D(p) =
iR

p2 −m2 + iε
, (4.16)

where R is the square of the WNF. For our purposes, we have defined the square of the WNF as the

on-shell residue of the propagator in the free theory. The denominator of the propagator need not be of

the form p2 −m2 for us to define the WNF in this way. We will see an example of this soon.

For the sake of clarity, we point out two distinctions between this usage of the term "WNF" and

that of refs. [114, 130]. First, we stress again that we define the WNF only with reference to the free

theory, whereas refs. [114, 130] use WNF to refer to the on-shell residue of the two-point function in an

interacting theory. Second, what we refer to as the WNF is the square-root of the analogous quantity in

refs. [114, 130].

The above provides a method for determining the WNF given a general action. Additionally, as is

visible from that example, the WNF is related to the field redefinition from a canonical field φc to φ. This

gives us a hint of a subtle way that the WNF enters an amplitude calculation. Consider φ3
c theory with

interaction term λφ3
c . The 2→ 2 amplitude for canonical fields at tree-level is

iAc = −λ2 i

q2 −m2
, (4.17)

4If A is an operator its inverse is understood as a Taylor expansion.
5In interacting theories the propagator has corrections from terms that do not possess poles [114, 130]. In such cases, the

WNF is identified as the residue of the propagator when its momentum goes on shell.
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where q is the momentum transferred in the scattering. We now employ the field redefinition φc = φ/a,

and consider that a is just a constant for simplicity. The amplitude in these new variables is

iA = −λ
2

a6

ia2

q2 −m2
φ̃(p1)φ̃(p1 − q)φ̃(p2)φ̃(p2 + q), (4.18)

where φ̃ is the external state of the field φ in momentum space. We have kept these factors explicit in the

amplitude because, unlike their canonical counterparts, they are not equal to 1. In fact, converting both

sides of the relation φc = A−1φ to their momentum-space external states, we find that φ̃(p) = Ãfree since

the external states are determined at times t = ±∞, when there are no interactions. Apart from affecting

the propagator and the vertices, the field redefinition also affected the Feynman rule for the external

states! This point is crucial to matching the amplitudes from both actions; plugging in φ̃ = Ãfree = a we

reach Ac = A, as we must.

Let us state explicitly the relation between the WNF and a field redefinition from a canonical state.

Given a relation between a field and its canonical counterpart such as φc = A−1φ, the WNF for the field

φ is given byR1/2 = Ãfree.

To close the section, we will illustrate how we derived the WNFs identified in the publication by

showing the scalar case explicitly. Beginning with the Lagrangian for a canonical, free, complex scalar,

L = ∂µφ
∗
c∂

µφc −m2φ∗cφc, (4.19)

we employ the redefinition [54]

φc =
e−imv·x√

2m
(φv + Φv) , (4.20a)

where

φv =
eimv·x√

2m
(iv · ∂ +m)φ, (4.20b)

Φv =
eimv·x√

2m
(−iv · ∂ +m)φ. (4.20c)

The WNF is not clear from this redefinition because there are two fields on the right-hand side. However,

in the heavy limit we must integrate out the Φv field. In the process we will be able to express Φv in

terms of φv, making the WNF apparent.

Plugging in the field redefinition, the resulting form of the Lagrangian is

L = iφ∗v(v · ∂)φv − Φ∗v(2m+ iv · ∂)Φv −
1

2m
(φ∗v + Φ∗v)∂

2
⊥(φv + Φv). (4.21)

The perpendicular derivative is defined below eq. (2.26). Now, the massive mode Φv is eliminated by

substituting its equation of motion in its place. Its equation of motion is

Φv = − 1

2m+ iv · ∂ +
∂2⊥
2m

∂2
⊥

2m
φv. (4.22)

Performing the substitution gives the Lagrangian for a free heavy scalar field — see eq. (4.66).
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However, at this stage, we’re more interested in the field redefinition in eq. (4.20). Substituting the

equation of motion for Φv into eq. (4.20), we find that the entire process of integrating out this field is

equivalent to the redefinition

φc =
e−imv·x√

2m

(
1− 1

2m+ iv · ∂ +
∂2⊥
2m

∂2
⊥

2m

)
φv. (4.23)

We can now read off the WNF for the field φv:

R−1/2 =
1√
2m

(
1 +

k2
⊥

4m2 + 2mv · k − k2
⊥

)
. (4.24)

We’ve dropped the overall phase since any operator will contain one factor of φv and one of φ∗v.

Alternatively, let us read the WNF off of the Lagrangian after having applied eq. (4.23):

L = φ∗v
1√
2m

(
1− 1

2m+ iv · ∂ +
∂2⊥
2m

∂2
⊥

2m

)
(2mivµ∂

µ −�)

× 1√
2m

(
1− 1

2m+ iv · ∂ + ∂2
⊥

∂2
⊥

2m

)
φv. (4.25)

Note that the middle parentheses in momentum space give 2mv · k + k2, which is precisely p2 − m2

after the heavy momentum decomposition pµ = mvµ + kµ. We thus identify the middle parentheses as

the denominator of the two-point function, and hence

R =

[
1√
2m

(
1 +

k2
⊥

4m2 + 2mv · k − k2
⊥

)]−2

, (4.26)

in agreement with eq. (4.24).

A final remark: we did not compute with the propagator in the form iR/(2mv · k + k2). We simply

used i/v · k and treated the rest of the contributions as momentum insertions.

4.1.3 WNFs and the double copy

When double copying, we must separate the color from the kinematic information; a straightforward

task. When using non-canonically normalized states, though, one must also be aware that the kinematic

portion of the amplitude is contaminated by the WNF. The appearance of the WNF is not an obstacle to

satisfying the color-kinematics duality. This is because the form taken by the WNF depends solely on

the external kinematics (since it must be cancelled by the external states in a matching calculation), and

so is the same for all diagrams of a given process. However, it does present two ways of double copying

an amplitude, both of which result in different external states in the double-copied amplitude.

Let us consider a simple example of an amplitude where the matter state is not canonically normal-

ized: the three point amplitude for the emission of a gluon from a heavy scalar particle. In the publication,

we found this amplitude to be

AH,s=0
3 =−Ta

ijε
∗µ
q φ
∗
v

(
1 +

k2
1 + k2

2

4m2

)
φv

[
vµ +

(k1 + k2)µ
2m

]
+O

(
m−4

)
. (4.27)
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The WNF contribution is the factor in large round brackets. One way to double copy this amplitude is to

simply replace the SU(3) generator with the remainder of the amplitude:

MH,s=0
3 = ε∗µνq φ′∗v

(
1 +

k2
1 + k2

2

4m2

)2

φ′v

[
vµvν + vν

(k1 + k2)µ
m

+
(k1 + k2)µ (k1 + k2)ν

4m2

]
+O(m−4).

(4.28)

We’ve identified the product of gluon polarizations with a graviton polarization, ε∗µνq = ε∗µq ε∗νq , and the

external scalar states after the double copy are φ′v = φ2
v. The latter identification makes clear what the

non-canonical WNF has caused here: this is a gravitational amplitude not for the scalar field φv, but

rather for the field φ′v. Therefore, if we wanted to derive this amplitude directly from a gravitational

action, we should compute it from QGR coupled to a canonical scalar that has been redefined twice

according to the gravitationally coupled version of eq. (4.23).

While the above comparison is certainly doable, it is rather cumbersome. Moreover, double-copying

in this way requires special care to properly combine matter polarizations if the field is not a scalar.

Fortunately, there is an alternative to this version of the double copy. It is much easier to derive and

compute from HBET if the matter field has only been redefined once, so we would like the matter states

before and after the double copy to be identical. This can be achieved if the color generator is replaced

by the kinematics from a canonically normalized scalar amplitude. We have chosen this path in most

of the publication, and this is why we double copied the spin-s HQET amplitudes with those of scalar

QED.

There was one instance in the publication where we used the first of these two approaches: double

copying spin-1/2 HQET to get spin-1 HBET. In this case, through reference to the on-shell HPET vari-

ables, we identified the heavy spin-1 state that corresponded to the "square" of the heavy spinors. This

allowed us to compute the WNF of the heavy spin-1 state by combining the spin-1/2 WNFs. Covari-

antizing the spin-1 WNF lead to the identification of the appropriate field redefinitions of the canonical

Lagrangians that would describe this state. In this way, we identified the matter state that would re-

sult from double copying with two sets of non-canonical states, and used this knowledge to match to

amplitudes from an appropriately defined HBET Lagrangian.

4.1.4 Overview of main results

We presented a prescription for double copying HQET amplitudes to HBET ones for matter with spins

≤ 1. At spin 1, this required the derivation of new Lagrangians for these two theories. These Lagrangians

are

Ls=1
gluon =−B∗µ(iv ·D)Bµ − 1

4m
B∗µνB

µν +
ig

2m
FµνB∗µBν −

(
Eλ−B∗λ

) 2

m+ 1
mD

2
⊥

(
Eµ+Bµ

)
, (4.29a)

where

Eµ± =

(
± i

2
Dµ − 1

2m
Dµ(v ·D)± igvνF

νµ

2m

)
, (4.29b)
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for HQET, and

√−gLs=1
graviton =

√−g
[
−m

2
(vµB

∗
ν)(vρBσ) ((gµρ − ηµρ)gνσ − (gµσ − ηµσ)(gνρ − ηνρ))

+
i

2
[(∇µB∗ν) (vρBσ)− (vµB

∗
ν) (∇ρBσ)] (gµρgνσ − gµσgνρ)

− 1

4m
B∗µνBρσg

µρgνσ −
(
Cα−B∗α

) 1

D
(
Cβ+Bβ

)]
, (4.30a)

where

Cα± =− m

2
(gαν − ηαν)vν ±

i

2
vν [gµρgαν − gαµgνρ]∇µ

(
vρ ±

i

m
∇ρ
)
, (4.30b)

D =
m

2
(vνvσg

νσ) +
1

2m
vν [gµρgνσ − gµσgρν ]∇µ∇ρvσ, (4.30c)

for HBET.

Accounting for the fact that the matter states of HQET and HBET are not canonically normalized, we

showed by direct computation at three points and for the Compton amplitude that HQET can be double

copied to HBET through the schematic formulae

(QCDs=0)× (HQETs) = HBETs, (4.31a)

(HQETs=1/2)× (HQETs=1/2) = HBETs=1, (4.31b)

for matter with spin s ≤ 1.

4.2 INTRODUCTION

An expanding family of field theories has been observed to obey double-copy6 relations [115–117, 127,

132–159]. In particular, scattering amplitudes of gravitational theories with massive matter can be calcu-

lated from the double copy of gauge theories with massive matter [16, 17, 104, 124, 125, 128, 129, 160–

163].

As Heavy Quark Effective Theory (HQET) [25] is derived from QCD and Heavy Black Hole Effec-

tive Theory (HBET) [92] is derived from gravity coupled to massive particles, the amplitudes of HBET

should be obtainable as double-copies of HQET amplitudes. Indeed, this is the main result of this paper.

We show through direct computation that the three-point and Compton amplitudes of HQET and HBET

satisfy the schematic relations

(QCDs=0)× (HQETs) = HBETs, (4.32a)

(HQETs=1/2)× (HQETs=1/2) = HBETs=1, (4.32b)

for s ≤ 1, where the spin-s HQET and HBET matter states are equal in the free-field limit, and the spin-

1 heavy polarization vectors are related to the heavy spinors through eq. (4.60). While we only show

here the double copy for three-point and Compton amplitudes, invariance of the S-matrix under field

redefinitions implies that eq. (4.32) holds more generally whenever QCD double-copies to gravitationally

6For a review of the double-copy program, see ref. [122].
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interacting matter. Equation (4.32) expands the double copy in powers of ~ since the operator expansion

for heavy particles can be interpreted as an expansion in ~ [92]. The ~ → 0 limit of the double copy is

currently of particular relevance [16, 17, 124].

We will begin in Section 4.3 with a brief review of the color-kinematics duality, and we will also

discuss double-copying with effective matter fields. In Sections 4.4 to 4.6 we demonstrate the double

copy at tree level for three-point and Compton amplitudes for spins 0, 1/2, and 1, respectively. We

conclude in Section 4.7. The Lagrangians used to produce the amplitudes in this paper are presented in

Section 4.A. Among them are novel all-order-in-mass Lagrangians for spin-1 HQET and HBET given in

eqs. (4.68) and (4.73).

4.3 COLOR-KINEMATICS DUALITY AND HEAVY FIELDS

An n-point gauge-theory amplitude, potentially with external matter, can be written as7

An =
∑
i∈Γ

cini
di

, (4.33)

where Γ is the set of all diagrams with only cubic vertices. Also, ci are color factors, ni encode the

kinematic information, and di are propagator denominators. A subset of the color factors satisfies the

identity

ci + cj + ck = 0. (4.34)

If the corresponding kinematic factors satisfy the analogous identity,

ni + nj + nk = 0, (4.35)

and have the same anti-symmetry properties as the color factors, then the color and kinematic factors

are dual. In this case, the color factors in eq. (4.33) can be replaced by kinematic factors to form the

amplitude

Mn =
∑
i∈Γ

n′ini
di

, (4.36)

which is a gravity amplitude with anti-symmetric tensor and dilaton contamination.8 In general, n′i and

ni need not come from the same gauge theory, and only one of the sets must satisfy the color-kinematics

duality.

In this paper we are interested in applying the double-copy procedure to HQET. A complicating

factor to double-copying effective field theories (EFTs) is that Lagrangian descriptions of EFTs are not

unique, as the Lagrangian can be altered by redefining one or more of the fields. The LSZ procedure

[131] guarantees the invariance of the S-matrix, and in particular eqs. (4.33) and (4.36), under such field

7We omit coupling constants for the sake of clarity. Reinstating them is straight-forward: after double-copying the gauge
theory coupling undergoes the replacement g →

√
κ/2.

8For an amplitude of arbitrary multiplicity containing massive external states with an arbitrary spectrum, eq. (4.36) may not
represent a physical amplitude [126]. However, for the cases under consideration in this paper, the application of the double
copy will yield a well-defined gravitational amplitude.
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redefinitions by accounting for wavefunction normalization factors (WNFs) R−1/2, which contribute to

the on-shell residues of two-point functions.9 Under the double copy the WNFs from each matter copy

combine in a spin-dependent manner, which complicates the matching of the double-copied amplitude

to one derived from a gravitational Lagrangian.

In order to ease the double-copying of HQET to HBET, we would like to avoid having to compensate

for the WNFs. This can be achieved by ensuring that HQET and HBET have the same WNFs – i.e. that

the asymptotic states for the spin-s particles in HQET and HBET are equal – and double-copying HQET

with QCD, which has a trivial WNF.

The asymptotic states – that is, the states in the free-field limit – of the canonically normalized

theories (given by complex Klein-Gordon, Dirac, and symmetry-broken Proca actions) are related to

their respective asymptotic heavy states (labelled by a velocity v) in position-space through

ϕ(x) =
e−imv·x√

2m

[
1− 1

2m+ iv · ∂ +
∂2⊥
2m

∂2
⊥

2m

]
φv(x), (4.38a)

ψ(x) = e−imv·x
[
1 +

i

2m+ iv · ∂ (/∂ − v · ∂)

]
Qv(x), (4.38b)

Aµ(x) =
e−imv·x√

2m

[
δµν −

ivµ∂ν − ∂µ∂ν/2m
m+ iv · ∂/2

]
Bν
v (x), (4.38c)

where aµ⊥ = aµ−vµ(v ·a) for a vector aµ. Here, the momentum is decomposed as pµ = mvµ+kµ in the

usual heavy-particle fashion. The Lagrangians for the heavy fields in eq. (4.38) are given in Section 4.A.

Converting to momentum space, eq. (4.38) gives the WNFs

R−1/2
s=0 (p) =

1√
2m

[
1 +

k2
⊥

4m2 + 2mv · k − k2
⊥

]
, (4.39a)

R−1/2
s=1/2(p) = 1 +

1

2m+ v · k (/k − v · k), (4.39b)(
R−1/2
s=1 (p)

)ν
µ

=
1√
2m

[
δνµ −

vµk
ν + kµk

ν/2m

m+ v · k/2

]
. (4.39c)

We will demonstrate that spin-sHBET amplitudes can directly be obtained by double-copying spin-s

HQET amplitudes with scalar QCD for spins s ≤ 1. At s = 1 there is also the possibility to double-copy

using two spin-1/2 amplitudes. We will discuss this point further below.

4.4 SPIN-0 GRAVITATIONAL AMPLITUDES

We begin with the simplest case of spinless amplitudes. Consider first the three-point amplitude. For

scalar HQET we have that

AH,s=0
3 =−Ta

ijε
∗µ
q φ
∗
v

(
1 +

k2
1 + k2

2

4m2

)
φv

[
vµ +

(k1 + k2)µ
2m

]
+O

(
m−4

)
, (4.40)

9Note that R−1/2 = 1 for canonically normalized fields. The WNF for an effective state ε̃ can thus be determined by
relating it to a canonically normalized state ε through

ε = R−1/2 · ε̃. (4.37)
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where k2 = k1 − q. For scalar QCD the amplitude is

As=0
3 =−Ta

ijε
∗µ
q

[
2mvµ + (k1 + k2)µ

]
. (4.41)

Note that we have left the external heavy scalar factor φv explicit in the HQET amplitude. This is

because, in contrast to the canonically normalized scalar fields, the heavy scalar factors are not equal to

1 in momentum space. Indeed, for the HQET amplitude to be equal to the QCD amplitude, the heavy

scalar factor in momentum space must be equal to the inverse of eq. (4.39a). This will cancel the extra

factor in round brackets in eq. (4.40).

The double copy at three-points is simply given by a product of amplitudes:

As=0
3 AH,s=0

3 = ε∗µq ε
∗ν
q φ
∗
v

(
1 +

k2
1 + k2

2

4m2

)
φv

× 2m

[
vµvν + vµ

k1ν + k2ν

m
+

(k1 + k2)µ(k1 + k2)ν
4m2

]
+O(m−3). (4.42)

As the only massless particle in this process is external, we can easily eliminate the massless non-graviton

degrees of freedom by identifying the outer product of gluon polarization vectors with the graviton po-

larization tensor. After doing so, eq. (4.42) agrees with the three-point amplitude derived from eq. (4.71).

As another example, consider the Compton amplitude. The color decomposition for Compton scat-

tering10 is

As4 =
csns
ds

+
ctnt
dt

+
cunu
du

, (4.43a)

where

cs = Ta
ikT

b
kj , ct = ifabcTc

ij , cu = Tb
ikT

a
kj , (4.43b)

and

ds = −2mv · q1, dt = (q1 + q2)2, du = −2mv · q2. (4.43c)

The kinematic numerators for scalar HQET are

nH,s=0
s = −2mφ∗vε

∗µ
q1 ε
∗ν
q2 vµvν

(
1 +

k2
1 + k2

2

4m2

)
φv, (4.44a)

nH,s=0
t = 0, (4.44b)

nH,s=0
u = nH,s=0

s |q1↔q2 , (4.44c)

where k2 = k1 − q1 − q2. Those for scalar QCD are

ns=0
s = −4m2ε∗µq1 ε

∗ν
q2 vµvν , (4.45a)

10We have computed all Compton amplitudes using NRQCD propagators. It is also possible to perform the computations
using HQET propagators: in that case, a comparison to the Compton amplitude for the emission of bi-adjoint scalars from
heavy particles (described by the Lagrangians in eqs. (4.63) to (4.65)) – analogous to the treatment in ref. [164] – is necessary
to identify kinematic numerators. Both methods produce the same results.
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ns=0
t = 0, (4.45b)

ns=0
u = ns=0

s |q1↔q2 . (4.45c)

For brevity we have written the numerators under the conditions k1 = qi · εj = εi · εj = 0; the initial

residual momentum can always be set to 0 by reparameterizing v, and such a gauge exists for opposite

helicity gluons. We have checked explicitly up to and including O(m−2) that the following results hold

when relaxing all of these conditions.

Both the HQET and QCD numerators satisfy the color-kinematics duality in the form

cs − cu = ct ⇔ ns − nu = nt. (4.46)

We can therefore replace the color factors in the HQET amplitude with the QCD kinematic numerators,

MH,s=0
4 =

ns=0
s nH,s=0

s

ds
+
ns=0
t nH,s=0

t

dt
+
ns=0
u nH,s=0

u

du
. (4.47)

Identifying once again the outer products of gluon polarization vectors with graviton polarization tensors,

we find that the Compton amplitude derived from eq. (4.71) agrees with eq. (4.47).

To summarize, we have explicitly verified that

(QCDs=0)× (HQETs=0) = HBETs=0 (4.48)

for three-point and Compton amplitudes.

4.5 SPIN-1/2 GRAVITATIONAL AMPLITUDES

We now move on to the double copy of spin-1/2 HQET with scalar QCD to obtain spin-1/2 HBET. The

three-point spin-1/2 HQET amplitude is

AH,s= 1
2

3 = −Ta
ij ūvuvε

∗µ
q

(
vµ +

k1µ

m
+
k2

1 − k1 · q
4m2

vµ

)
−
iTa

ij

2m
ūvσ

αβuvε
∗µ
q

[
qαηβµ −

1

2m
qαk1βvµ

]
+O(m−3) (4.49)

Double-copying with scalar QCD, we find

MH,s= 1
2

3 = As=0
3 AH,s= 1

2
3 , (4.50)

whereMH,s= 1
2

3 is the amplitude derived from eq. (4.72).

We turn now to Compton scattering. For brevity we write here the amplitudes in the case k1 =

qi · εj = εi · εj = 0. We have checked explicitly that the results hold when these conditions are relaxed.

Also, we have performed the calculation up to O(m−2) but only present the kinematic numerators up to

O(m−1). They are

n
H,s= 1

2
s = −2mūv

[
v · ε∗q1v · ε∗q2 −

ivρ
2m

σµν(ε∗µq1 q
ν
1 ε
∗ρ
q2 + ε∗µq2 q

ν
2 ε
∗ρ
q1 − q

ρ
2ε
∗µ
q2 ε
∗ν
q1 )

]
uv, (4.51a)
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n
H,s= 1

2
t = 0, (4.51b)

n
H,s= 1

2
u = n

H,s= 1
2

s |q1↔q2 . (4.51c)

In this case, the color-kinematic duality eq. (4.46) is violated at O(m−2). Nevertheless, since the scalar

QCD kinematic numerators satisfy the duality we can use them to double copy the spin-1/2 Compton

amplitude. Doing so we find

MH,s= 1
2

4 =
ns=0
s n

H,s= 1
2

s

ds
+
ns=0
t n

H,s= 1
2

t

dt
+
ns=0
u n

H,s= 1
2

u

du
, (4.52)

whereMH,s= 1
2

4 is the spin-1/2 HBET Compton amplitude derived from eq. (4.72).

We have seen that

(QCDs=0)× (HQETs=1/2) = HBETs=1/2 (4.53)

for the three-point and Compton amplitudes.

4.6 SPIN-1 GRAVITATIONAL AMPLITUDES

Gravitational amplitudes with spin-1 matter can be obtained by double-copying two gauge theories with

matter in two ways: spin-0 × spin-1 or spin-1/2 × spin-1/2 [104, 125, 129]. This fact also holds for

heavy particles. We now show this in two examples by deriving the spin-1 gravitational three-point and

Compton amplitudes using both double-copy procedures.

4.6.1 0× 1 Double Copy

The three-point spin-1 HQET amplitude is

AH,s=1
3 = Ta

ijε
∗β
v ε

α
v ε
∗µ
q

[
ηαβvµ +

1

2m
(ηαβ(k1 + k2)µ − 2qβηαµ + 2qαηβµ)

+
1

2m2
vµ(−k1βqα + qαqβ + qβk1α)

]
, (4.54)

where kµ2 = kµ1 − qµ. Double-copying with scalar QCD we find

MH,s=1
3 = As=0

3 AH,s=1
3 , (4.55)

whereMH,s=1
3 is the amplitude derived from eq. (4.73) after applying the field redefinition in eq. (4.74).

Compton scattering for spin-1 HQET is given by the kinematic numerators

nH,s=1
s = 2mε∗βv ε

α
v

[
v · ε∗q1v · ε∗q2ηαβ +

vρ
m

(ηανηβµ − ηαµηβν)(ε∗µq1 q
ν
1 ε
∗ρ
q2 + ε∗µ2 qν2 ε

∗ρ
q1 )

−v · q2

2m
(ε∗q1αε

∗
q2β − ε∗q2αε∗q1β)

]
, (4.56a)

nH,s=1
t = 0, (4.56b)

nH,s=1
u = nH,s=1

s |q1↔q2 , (4.56c)
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where, for brevity, we again write the numerators up to O(m−1) and in the case where k1 = εi · εj =

qi · εj = 0. We have performed the calculation up to O(m−2) and checked the general case explicitly.

The double copy becomes

MH,s=1
4 =

ns=0
s nH,s=1

s

ds
+
ns=0
t nH,s=1

t

dt
+
ns=0
u nH,s=1

u

du
, (4.57)

whereMH,s=1
4 is derived from eq. (4.73) after applying the field redefinition in eq. (4.74).

Thus, we find that

(QCDs=0)× (HQETs=1) = HBETs=1 (4.58)

for three-point and Compton amplitudes.

4.6.2 1
2
× 1

2
Double Copy

The spin-1 gravitational amplitudes can also be obtained by double-copying the spin-1/2 HQET ampli-

tudes. To do so, we use the on-shell heavy particle effective theory (HPET) variables of ref. [165] to

modify eq. (2.11) of ref. [125] for the case of heavy particles. Using the fact that the on-shell HPET vari-

ables correspond to momenta pµv = mkv
µ with mass mk = m(1− k2/4m2), following the derivation of

ref. [125] leads to

MH, 1
2
× 1

2
n =

mk1mk2

m

∑
α,β

K[α|β]Tr[AH, 1
2

n,αP+/εvĀ
H, 1

2
n,β P−/ε

∗
v], (4.59)

where P± = (1± /v)/2, K[α|β] is the massive KLT kernel, and α, β represent color orderings. Here AH

and ĀH are amplitudes with the external states stripped, and ĀH = −γ5(AH)†γ5. We have also adopted

the convention that only the initial matter momentum is incoming. Converting to the on-shell HPET

variables, it can be easily seen that

εIJvµ(p) =
1

2
√

2mk

ūIv(p)γ5γµu
J
v (p), (4.60)

with I, J being massive little group indices. Given the WNF for the heavy spinors, the WNF for the

polarization vector can easily be computed by comparing eq. (4.60) to its canonical polarization vector

analog. We find that it is indeed given by eq. (4.39c).

Applying eq. (4.59) to eq. (4.49) with the three-point KLT kernel K3 = 1, we immediately recover

the left-hand side of eq. (4.55). For Compton scattering the KLT kernel is

K[2|2] =
(−2mv · q1)(−2mv · q2)

2q1 · q2
. (4.61)

Then, applying eq. (4.59) to the spin-1/2 HQET Compton amplitude with k1, qi · εj , εi · εj 6= 0 up to and

including terms of order O(m−2), we find eq. (4.57) up to O(m−1). When imposing k1 = qi · εj =

εi · εj = 0, cancellations make the double copy valid up to O(m−2). The extension to higher inverse

powers of the mass amounts to simply including the contributions of higher-order operators in the HQET

and HBET amplitudes.
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Therefore, by using eq. (4.59) to convert heavy spinors in amplitudes to heavy polarization vectors,

we have shown that

(HQETs=1/2)× (HQETs=1/2) = HBETs=1 (4.62)

for three-point and Compton amplitudes.

4.7 CONCLUSION

We have shown that the three-point and Compton amplitudes derived from HQET can be double-copied

to those of HBET for spins s ≤ 1. As long as the matter states of HQET and HBET are related through

the double copy, in the sense described in Section 4.3, and as long as higher-point amplitudes obey

the spectral condition of ref. [126], we see no obstacles to extending the double copy to higher-point

amplitudes.

As mentioned in the introduction, due to the operator expansion of HPETs, the double-copy relation

between HQET and HBET can be studied at each order in the ~ expansion, with the classical limit being

of special interest. Studying the double copy of HPETs through this lens may provide some insight into

the connection between the double copy with matter at the quantum and classical levels. We leave this

study for future work.
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APPENDIX

4.A LAGRANGIANS FOR HEAVY PARTICLES

We present Lagrangians for heavy particles coupled to bi-adjoint scalars, gluons, and gravitons. The

heavy-particle Lagrangians were used to derive the scattering amplitudes in the paper. For clarity, we

omit the subscript v for the heavy spin-1 fields.

Bi-adjoint scalars and heavy particles

We couple the bi-adjoint scalars Φ to heavy particles with spins s ≤ 1. The spin-0 Lagrangian is

Ls=0
bi−adjoint = φ∗v

[
iv · ∂ − ∂2

⊥ − ysΦ
2m

+

(
∂2
⊥ − ysΦ

2m

)
1

2m+ iv · ∂ +
∂2⊥−ysΦ

2m

(
∂2
⊥ − ysΦ

2m

)]
φv.

(4.63)

The spin-1/2 Lagrangian is

Ls=1/2
bi−adjoint = Qv

[
iv · ∂ + yfΦ +

(
i/∂⊥
) 1

2m+ iv · ∂ − yfΦ
(
i/∂⊥
)]
Qv. (4.64)

The spin-1 Lagrangian is

Ls=1
bi−adjoint = −B∗µ(iv · ∂)Bµ − 1

4m
B∗µνB

µν +
yv
2m

B∗µΦB
µ −

(
Fλ−B∗λ

) 2

m+ 1
m∂

2
⊥

(
Fλ+B∗λ

)
(4.65a)

where

Fµ± =

(
± i

2
∂µ − 1

2m
∂µ(v · ∂) +

yvΦ

2m

)
. (4.65b)

The coupling constants between the bi-adjoint scalars and the heavy scalars, fermions, and vectors are

ys, yf , and yv, respectively.

Gluons and heavy particles

We couple gluons to heavy particles. The covariant derivative in this case is given by Dµ = ∂µ +

igsT
aAaµ. The scalar Lagrangian is

Ls=0
gluon = φ∗v

[
iv ·D − D2

⊥
2m

+

(
D2
⊥

2m

)
1

2m+ iv ·D +
D2
⊥

2m

(
D2
⊥

2m

)]
φv. (4.66)

The spin-1/2 Lagrangian is

Ls=1/2
gluon = Qv

[
iv ·D +

(
i /D⊥

) 1

2m+ iv ·D
(
i /D⊥

)]
Qv. (4.67)
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The spin-1 Lagrangian [166] with gyromagnetic ratio g = 2 can be written as

Ls=1
gluon =−B∗µ(iv ·D)Bµ − 1

4m
B∗µνB

µν +
ig

2m
FµνB∗µBν −

(
Eλ−B∗λ

) 2

m+ 1
mD

2
⊥

(
Eµ+Bµ

)
(4.68a)

where

Eµ± =

(
± i

2
Dµ − 1

2m
Dµ(v ·D)± igvνF

νµ

2m

)
. (4.68b)

The heavy spin-1 states described by this Lagrangian are related to the canonical massive spin-1 states

through

Aµ(x) =
e−imv·x√

2m

[
δµν −

1

1 + iv · ∂/m
ivµ∂ν
m

]
Bν(x). (4.69)

To obtain the desired heavy spin-1 states we apply the field redefinition

Bµ →
[
δνµ +

1

2m2
(−vµv ·D +Dµ)Dν

]
Bν +O(m−3). (4.70)

Gravitons and heavy particles

We couple gravitons to heavy particles. The spin-0 Lagrangian is

√−gLs=0
graviton =

√−gφ∗v
[
A1 + (A2−)

1

2m+ i(vµ∇µ +∇µvµ)−A1
(A2+)

]
φv, (4.71a)

where

A1 =
1

2
igµν(vµ∇ν +∇µvν) +

1

2
m(gµν − ηµν)vµvν −

1

2m
∇µ ((gµν − ηµν)∇ν + ηµν∇⊥ν) ,

(4.71b)

A2± =
1

2m
(imvµ −∇µ) ((gµν − ηµν)(−imvν +∇ν))− 1

2m
∇µ(ηµν∇⊥µ)± 1

2
i [∇µvµ] , (4.71c)

with vµ ≡ ηµνvν and ∇⊥µ ≡ ∇µ − vµ(vν∇ν). The spin-1/2 Lagrangian is

√−gLs=1/2
graviton =

√−g Qv
[
i /∇+ B +

(
i /∇+ B

)
P−

1

2m− (i /∇+ B)P−

(
i /∇+ B

)]
Qv, (4.72a)

where /∇ ≡ δµaγa∇µ and

B = (eµa − δµa )(iγa∇µ +mγavµ). (4.72b)

The spin-1 Lagrangian can be written as

√−gLs=1
graviton =

√−g
[
−m

2
(vµB

∗
ν)(vρBσ) ((gµρ − ηµρ)gνσ − (gµσ − ηµσ)(gνρ − ηνρ))

+
i

2
[(∇µB∗ν) (vρBσ)− (vµB

∗
ν) (∇ρBσ)] (gµρgνσ − gµσgνρ)

− 1

4m
B∗µνBρσg

µρgνσ −
(
Cα−B∗α

) 1

D
(
Cβ+Bβ

)]
, (4.73a)
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where

Cα± =− m

2
(gαν − ηαν)vν ±

i

2
vν [gµρgαν − gαµgνρ]∇µ

(
vρ ±

i

m
∇ρ
)
, (4.73b)

D =
m

2
(vνvσg

νσ) +
1

2m
vν [gµρgνσ − gµσgρν ]∇µ∇ρvσ. (4.73c)

Note that though the velocity four-vector is constant its covariant derivative does not vanish because of

the metric connection. The heavy spin-1 states described by this Lagrangian are related to the canonical

massive spin-1 states through eq. (4.69). To obtain the desired heavy spin-1 states we apply the field

redefinition

Bµ →
[
δνµ +

1

2m2

(
−gαβvαDβvµ +Dµ

)
gνλDλ

]
Bν +O(m−3). (4.74)

Extending this redefinition to higher orders in 1/m is straight-forward.
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CHAPTER

TIDAL EFFECTS IN QUANTUM FIELD
THEORY

ABSTRACT: We apply the Hilbert series to extend the gravitational action for a

scalar field to a complete, non-redundant basis of higher-dimensional operators

that is quadratic in the scalars and the Weyl tensor. Such an extension of the

action fully describes tidal effects arising from operators involving two powers

of the curvature. As an application of this new action, we compute all spinless

tidal effects at the leading post-Minkowskian order. This computation is greatly

simplified by appealing to the heavy limit, where only a severely constrained

set of operators can contribute classically at the one-loop level. Finally, we use

this amplitude to derive the O(G2) tidal corrections to the Hamiltonian and the

scattering angle.

5.1 INITIATION

So far, all of the amplitudes methods we have employed treat the particle – and hence the macroscopic

object we would like to describe – as point-like. While this is a good approximation, it is not an accurate

description of classical bodies. In reality, celestial bodies such as neutron stars have a finite size, and

variations in gravitational fields along their spatial extent cause them to deform.1 These deformations

and their effects on dynamics are what we refer to as tidal effects. This publication and the next focused

on describing tidal effects in a binary system using EFT and amplitudes methods.

Before jumping in to the publication, we elaborate on how tidal effects are described analytically,

then introduce the main tool we have used in this publication: the Hilbert series. We close this section

with an overview of the main results in the publication.

5.1.1 Modelling tidal effects

In a classical EFT formulation, the dynamics of a non-rotating point particle in a gravitational field are

described by the action [36]

S0 =
1

16πG

∫
d4x
√−gR−m

∫
dτ, (5.1)

where g is the determinant of the metric, R is the Ricci scalar, m is the mass of the particle, and τ is

the proper time along the particle’s trajectory. The finite size of an object is accounted for by adding

operators to this action that involve higher curvature terms [36]. In principle, one can add operators with

any power of the curvature, but we restrict ourselves to two powers in this thesis. The tidal corrections

1In four dimensions, Schwarzchild black holes do not deform [167]. The results in this publication should therefore be
thought of as applying to non-spinning neutron stars.
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to eq. (5.1) involving two powers of the curvature are expressed in terms of the mass and current tidal

multipole moments, Gµ1...µl and Hµ1...µl respectively [168–170]:

∆S =

∫
dτ

∞∑
l=2

1

2l!

[
µ(l)Gµ1...µlG

µ1...µl +
l

l + 1
σ(l)Hµ1...µlH

µ1...µl

]
, (5.2)

where the multipole moments in terms of the curvature are

Gµ1...µl = −
[
∇⊥〈µ1 . . .∇

⊥
µl−2

Cµl−1ρµl〉σ

]
vρvσ, (5.3)

Hµ1...µl = 2
[
∇⊥〈µ1 . . .∇

⊥
µl−2

C̃µl−1ρµl〉σ

]
vρvσ. (5.4)

Angle brackets represent traceless symmetrization exempting underlined indices. Cµνρσ is the Weyl

tensor – the traceless component of the Riemann curvature tensor Rµνρτ , see eq. (5.90) – and C̃µνρσ is

the dual to the Weyl tensor, defined in Section 5.3.1. The four-velocity of the particle is denoted vµ,

and the covariant derivative in the direction orthogonal to the velocity is ∇⊥µ = ∇µ − vµv · ∇. Details

regarding the derivation of eqs. (5.2) and (5.3) can be found in refs. [168, 171, 172]. Though we don’t

derive these tidal operators here, let us use EFT arguments to motivate their forms.

There are several plausible choices for operators quadratic in the curvature – expressed in terms of

the Riemann tensor and its traces – that could describe tidal effects. However, one restriction on the

allowed structures is already imposed by the equation of motion (EOM) for the metric. In a vacuum,

Einstein’s equations dictate the vanishing of the Ricci tensor (Rµν = Rµρνρ = 0), and consequently the

Ricci scalar (R = Rµµ = 0). A field redefinition of the metric can therefore be employed to remove any

higher-curvature operators involving either of these two objects. An explicit redefinition was constructed

in a purely classical setting involving matter in ref. [168]. An identical argument holds in the quantum

context, as well as in the presence of matter, where contact interactions between the matter fields are

generated by the redefinition of the metric [90]. These contact terms are themselves related to the EOM

for the matter field, and can similarly be redefined away.

In all circumstances – quantum or classical, with or without matter – the only remaining object that

can be used to construct these higher-derivative operators is the Riemann tensor – or, equivalently (up to

field redefinitions), its traceless portion, the Weyl tensor. It is advantageous to us to work with the Weyl

tensor and its dual. As we will see below, the fields described by the Hilbert series must transform in

irreducible representations of SU(2)× SU(2). Being traceless, the Weyl tensor lends itself more easily

than the Riemann tensor to being expressed in terms of such irreducible representations.

So far, we have reached that the new operators must contain two powers of the Weyl tensor or its

dual. The question remains of how to contract the indices on the two tensors. First, the second Bianchi

identity implies

∇µCµνρτ = F [Rαβ, R]νρτ , (5.5)

where the right-hand side is some function of the Ricci tensor and scalar, which can be redefined away.

Therefore, none of the indices on the Weyl tensors can be contracted with covariant derivatives that act

on them. The two Weyl tensors can have all indices contracted amongst one another, CµνρτCµνρτ , but

this will be redundant with another operator that more transparently couples to the deformed object’s
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worldline. To couple to the worldline, since we are considering a spinless particle the only available

four-vector is the four-velocity of the object. We must contract two indices of each Weyl tensor with

four-velocities; otherwise we arrive at a redundant operator through the identity

CµναβCρναβ =
1

4
gµρCτναβCτναβ. (5.6)

Contracting more than two velocities with a Weyl tensor results in 0 by the symmetry properties of the

Weyl tensor.

Therefore, when no derivatives are involved, the only operators that can be written involving two

powers of the curvature are CµνρτvνvτCµαρβvαvβ or the analog involving dual Weyl tensors; the op-

erator CµνρτCµνρτ emerges from C̃µνρτv
νvτ C̃µαρβvαvβ upon applying Levi-Civita identities.2 Higher

multipole moments can be derived from these by differentiating each Weyl tensor. Derivatives must come

symmetrized – antisymmetric combinations are related to the Riemann tensor and we are only interested

in quadratic-in-curvature operators – and in traceless combinations because of eqs. (5.5) and (5.92).

When derivatives are involved a derivative can be contracted to the Weyl tensor that it is not differentiat-

ing.

We have come a long way towards understanding eqs. (5.2) and (5.3) using strictly effective-field-

theoretic intuition. Unfortunately, we cannot go all the way using only this sort of thinking; for example,

from an EFT perspective, every independent operator should appear in an action with its own coefficient.

This doesn’t happen in eq. (5.2). Illustrating with the l = 3 mass multipole:

Gµ1µ2µ3 = −
[
∇⊥〈µ1Cµ2ρµ3〉σ

]
vρvσ = −

[
∇〈µ1Cµ2ρµ3〉σ

]
vρvσ +

[
v〈µ1v · ∇Cµ2ρµ3〉σ

]
vρvσ. (5.7)

Both terms on the right-hand side come with the same coefficient in the action, which a priori need not

be the case. More information derived from GR has been used to fix the relative proportions of these two

terms in the classical setting.

So much for the classical action. Let us now motivate the quantum mechanical description of tidal

effects. We stress that this is by no means a derivation of the quantum tidal action, but simply a schematic

guide for understanding what operators to expect. The first thing to do is promote the tidal moments

above to quantum mechanical operators. Moreover, if they are to describe the deformation of an object,

they must interact with the field describing that object. We’re ignoring spin here, so the appropriate

field to couple to will be a scalar field φv, which we have labelled suggestively with its corresponding

four-velocity. Focusing on the l = 2 multipoles, the quantum Lagrangian is schematically

∆L ∼ φ∗v

[
µ(2)

4
Cµνρσv

νvσCµαρβvαvβ +
2

3
σ(2)C̃µνρσv

νvσC̃µαρβvαvβ

]
φv + . . . , (5.8)

where the dots represent higher multipole moments. This can be rewritten without the dual of the Weyl

2One could also consider operators involving one Weyl tensor and one dual Weyl tensor. Such operators encode parity-odd
effects, and we ignore them here. See ref. [170] for calculation of parity-odd tidal effects.



102 5 TIDAL EFFECTS IN QUANTUM FIELD THEORY

tensor using Levi-Civita identities:3

∆L ∼ φ∗v√
m

[
1

4

(
µ(2) +

8

3
σ(2)

)
Cµνρσv

νvσCµαρβvαvβ −
1

12
σ(2)CµνρσC

µνρσ

]
φv√
m

+ . . . . (5.9)

Now, the four-velocity is not typically a parameter in a quantum action, unless we are dealing with

actions for heavy particles. In this case, velocities arise from the heavy limit of derivatives of the matter

field. Going backwards, then, if we identify φv as the heavy limit of a (canonical) scalar field φ,

∆L ∼
[

1

4m4

(
µ(2) +

8

3
σ(2)

)
CµνρσC

µαρβ∇ν∇σφ∇α∇βφ−
1

12
σ(2)CµνρσC

µνρσφ2

]
+ . . . . (5.10)

Up to a redefinition of the Wilson coefficients and summing over particle identities, this is the Lagrangian

of ref. [173]. Higher multipole operators are then related to these two structures through arrangements

of additional derivatives among the factors of each operator. There are several possible ways to do this,

but we give a prescription for the preferred distribution of derivatives in Section 5.3.2.

5.1.2 The Hilbert series

We now understand that if we wish describe tidal effects from a QFT perspective, we must build the

most general action comprising operators with two factors of the scalar field and two factors of the Weyl

tensor. The Hilbert series is an indispensable tool for this purpose. We move now to introducing the

Hilbert series.

Given one or more compact Lie groups, the Hilbert series counts the number of group invariants that

can be built out of a given set of objects that transform under potentially different irreducible represen-

tations of those groups. To do so, the Hilbert series relies on the orthonormality of the characters of

compact groups [174, 175], ∫
dµ(~z)χi(~z)χ

∗
j (~z) = δij . (5.11)

Here, µ is the Haar measure of the group, i, j label irreducible representations, and ~z is a vector of

complex numbers parametrizing the irreducible representations.

The possibility of knowing the number of group invariants is enticing to effective field theorists. In

the construction of EFTs – such as the Standard Model EFT (SMEFT) [174, 176–178] or GR + Standard

Model EFT (GRSMEFT) [179], for example – the output of the Hilbert series is the number of opera-

tors with a given field (and derivative) content that are invariant under the Lorentz group and whatever

gauge groups are relevant to the problem. This guides the effective field theorist in the construction of

a Lagrangian at a certain mass dimension; once they find a number of independent operators consistent

with the output of the Hilbert series, they know they have a basis for all operators with that field con-

tent.4 We were interested in using the Hilbert series in precisely this manner: with the aim of describing

tidal effects involving two powers of the Weyl tensor and two of the matter field, we used the Hilbert

series to count the number of such operators with an arbitrary number of covariant derivatives. Given

3The dual to the Weyl tensor is defined using the Levi-Civita tensor, but we are only interested in two-graviton-two-matter
vertices. Dropping higher-point interactions, we can use identities for the Levi-Civita symbol instead.

4On a semantic note, by "operator basis" we mean the minimal set of operators needed to generate all possible on-shell
structures involving certain fields and their derivatives, potentially with a restricted mass dimension.
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this counting as a guide, we could then construct an operator basis at each mass dimension.

For our applications, the relevant part of the Hilbert series takes the form [175]

H0 =

∫
dµ(SU(2)×SU(2))×G

1

P (D;α, β)

∏
i

PE[ψi], (5.12)

which is obtained after integrating over the dilations of the four-dimensional conformal group SO(6,C).5

The role of the conformal group will be elucidated shortly. P (D;α, β) is the momentum generating

function (MGF), D represents (covariant) derivatives, and α, β parametrize representations of SU(2)×
SU(2). PE[ψi] is the plethystic exponential (PE) for the field ψi.6 The PEs construct all combinations

of the fields ψi, including those that are not invariant under (SU(2)× SU(2))×G – these are projected

out upon integration. The MGF also appears in the PEs, and has the effect of producing operators

containing derivatives with EOM redundancies – which relate operators of different mass dimensions

[112] – taken into account. Its explicit appearance in eq. (5.12) is a consequence of a prior integration

over the conformal group that removes total-derivative redundancies. All together, when integrated over

the Haar measure, the Hilbert series gives the number of (SU(2)× SU(2))×G invariant objects with a

specific field content, minus EOM and total-derivative relations.

It will be instructive to elaborate slightly on the EOM and total-derivative redundancies that must be

accounted for by the Hilbert series. This will lead us to a better understanding of the PE and the MGF,

as well as the role of the conformal group in this construction. Once we have done this, we will briefly

discuss the final element in eq. (5.12): the Haar measure. A detailed formulation of the Hilbert series and

its application to operator bases can be found in ref. [175], and we summarize only some key concepts

to their derivation here. For more introductory-level discussions of the Hilbert series, see [174, 176].

EOM redundancies

The EOM for a field relates derivatives of that field to its mass. For example, a scalar field obeys the EOM

∂2φ = −m2φ. A consequence of this is that, through field redefinitions, operators containing factors

on, say, the left-hand side of this EOM can be swapped for operators with the right-hand side as a factor

instead. When enumerating operators starting with low mass dimensions and systematically increasing

the number of derivatives, higher-dimensional operators containing derivative structures related to the

EOM are thus redundant to lower-derivative operators. To avoid redundancy, higher-derivative operators

must only contain symmetric, traceless combinations of derivatives acting on a given field.7,8 This leads

to the concept of the single-particle module, representing all the ways a field and its derivatives can

5Despite the conformal group not being compact, character orthonormality can still be salvaged to a sufficient extent in the
present context [175]. There are corrections, ∆H, to eq. (5.12) due to this non-compactness, but they don’t affect our results.

6More accurately, the ψi and D in eq. (5.12) are complex numbers standing in for quantum fields and derivatives respec-
tively. In the literature they are referred to as "spurions", but we stick with calling the ψi "fields" and D "derivatives" in this
initiation.

7In the case of partial derivatives, antisymmetric combinations of derivatives vanish. For covariant derivatives, terms like
D2φ are still redundant by the EOM, while antisymmetric combinations are related to field strengths and therefore accounted
for elsewhere. The same holds for a Dirac spinor ψ: D2ψ = /D /Dψ + i

2
σµν [Dµ, Dν ]ψ, where the first term is related to the

EOM and the second to an operator with a field strength.
8 Effectively, this method sets ∂2φ = 0, even if the field is massive, with operators containing φ (without derivatives) instead

already accounted for at lower mass dimensions/derivative multiplicities. The Hilbert series therefore does not distinguish
between massive and massless fields.
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contribute to operators once the EOM redundancies have been removed:

Rφ =


φ

∂µφ

∂〈µ1∂µ2〉φ
...

 , (5.13)

where, again, angle brackets represent traceless symmetrization.

As we have worked exclusively in four dimensions, all single-particle modules relevant to the work in

this thesis form unitary conformal representations, with the exception of the Weyl tensor [175, 179]. The

reason for the exemption of the Weyl tensor is that the scaling dimensions (equal to the mass dimensions)

of its left and right handed components – which are the components transforming in irreducible repre-

sentations of SU(2)×SU(2) – violate the unitarity bound dictating whether a conformal representation

is unitary. This is not an obstacle to applying eq. (5.12) in the gravitational case. It is only consequential

if one wishes to compute the correction to the Hilbert series due to non-compactness of the conformal

group, in which case the work-around is simply to assign conformal scaling dimension ∆C = 3 to the

Weyl tensor [179]. Doing so has no bearing on the portion of the Hilbert series we are interested in;

as we will shortly elaborate, the only appearance of the scaling dimension in our calculation cancels in

the PE. In eq. (5.13), φ is the primary of the representation and all other elements are its descendants.

Having the fields and their derivatives organized into unitary conformal representations suggests to use

the conformal group to count derivative interactions through the Hilbert series.

To better understand how eqs. (5.12) and (5.13) and the conformal group account for EOM redun-

dancies, let us write the PE explicitly for a scalar field φ:

PE[φ] = exp

[ ∞∑
r=0

φr

rDr∆φ
χφ(~z r)

]
. (5.14)

If ~z = (z1, . . . , zn), we denote ~z r ≡ (zr1, . . . , z
r
n) in this context. ∆φ = 1 is the scaling dimension of

φ, which is equal to its mass dimension. EOM redundancies are accounted for by the group character

χφ(~z). The group character is a product of the characters for the gauge groups G and the conformal

group:

χφ(~z) = χG(~zG)χ[∆φ,(lφ,rφ)](D;α, β) = χG(~zG)χ[1,(0,0)](D;α, β), (5.15)

where ~z ≡ (~zG,D, α, β). The representation of the conformal group is labelled by the scaling dimension

∆ of the primary and the representation (l, r) of the Lorentz group SU(2) × SU(2) under which the

field transforms [175].

Using the character of the conformal group, the PE represents the entire single particle module in

eq. (5.13) as opposed to just the primary. In this way, derivative interactions are accounted for without

including EOM redundancies. Explicitly for a scalar field, the character of the conformal group is

χ[1,(0,0)](D;α, β) = DP (D;α, β)(χ(0,0) −D2χ(0,0)). (5.16)

The overall factor of D cancels in the argument of the exponential. What remains is the MGF, which
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generates all symmetric descendants of the primary (not just the traceless ones; this is easier to see

from its definition in eq. (3.6) of ref. [175]), and the factor of χ(0,0) − D2χ(0,0), which transparently

removes descendants involving contracted derivatives acting on the scalar field. Character orthonormality

therefore selects precisely those operators which involve φ or its descendants in eq. (5.13).

The conformal character of every field we consider in this thesis follows the same pattern as the scalar

case. Each one has an overall factor of D∆ which cancels in the PE, a factor of the MGF to generate all

symmetric derivatives of the field, and a factor which involves subtracting the EOM (and transversality

conditions for bosons) from the character for the field’s Lorentz representation. In this way, the result of

the Hilbert series includes derivative interactions while accounting for EOM redundancies.

Total-derivative redundancies

Operators – or combinations thereof – that can be expressed as total derivatives do not contribute to

scattering amplitudes. This has two implications for a complete operator basis. First, it cannot contain

any operators that are total derivatives. Consequently, no operator in the basis can be related to linear

combinations of other operators in the basis through a total derivative (see Section 5.B for an example of

this). Unitary conformal representations also play a role in accounting for these redundancies.

Operators O are formed through tensor products of fields. In terms of single particle modules,

⊗
i


ψi

∂µψi

∂〈µ1∂µ2〉ψi
...

 =
⊕
j


Oj
∂µOj

∂µ1∂µ2Oj
...

 , (5.17)

where on the right-hand side the tensor product forming the operators has been decomposed into irre-

ducible representations. Thus, operators and their descendants can be arranged into irreducible represen-

tations of the conformal group [175]:

R[∆;(l,r)] =


O(l,r)

∂µO(l,r)

∂µ1∂µ2O(l,r)
...

 , (5.18)

where the SU(2)× SU(2) representation of the operator is made explicit. We are seeking to enumerate

operators that are Lorentz scalars, so the Hilbert series must select those with (l, r) = (0, 0). Moreover,

descendants are total derivatives of operators, which cannot be part of a basis. We conclude that the

desired operators are scalar conformal primaries.9

Both the restriction to scalar operators and to primaries of the conformal representation can be tackled

in one go by noting that, even if (l, r) = (0, 0), descendants of O(0,0) are not Lorentz scalars. Character

orthonormality thus allows us to target the desired operators by inserting the character χ[∆;(0,0)] under

9One might worry that the conformal primary is itself a total derivative of some sub-operator. This cannot be the case. A
primary operator is the highest weight operator of its conformal representation, with the weight being lowered by differentiation
[175]. Thus, if some operator can be written as O = ∂O′ then O′ has higher weight than O, and hence the latter cannot be a
primary.
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the integration over the conformal group [175, 179]:10

H ∼
∫
dµSO(6,C)×G

∑
∆

χ[∆;(0,0)]

∏
i

PE[ψi]. (5.19)

The sum over the scaling dimension results from decomposing the tensor product of fields into irreducible

conformal representations. This integration over the conformal group produces the inverse MGF in

eq. (5.12); it comes from the Haar measure for the group [175].

An alternative understanding of the treatment of total-derivative redundancies is given in ref. [178]

through a consideration of differential forms in d dimensions. There it is argued that, through character

orthonormality, the inverse of the MGF in eq. (5.12) projects onto the operators that are not related by

total derivatives.

The Haar measure

Equation (5.12) accounts for the transformation of the fields ψi under the Lorentz group SU(2)×SU(2)

as well as a gauge group G, which may itself be a product group. The integration over the Haar measure

for a product group is simply the product of integrations over the Haar measures of each group,∫
dµG1×G2 =

∫
dµG1

∫
dµG2 . (5.20)

Therefore, eq. (5.12) contains as many integrations as there are groups in the product group (SU(2) ×
SU(2))×G.

The group SU(2)×SU(2) is what remains after integrating over the dilations of the conformal group.

Let us comment briefly on the necessity and viability of integrating over SU(2)× SU(2) instead of the

full Lorentz group SO(1, 3). As is clear by now, character orthonormality is essential to the functioning

of the Hilbert series. Orthonormality requires a compact group, which SO(1, 3) is not. Instead, we can

take advantage of the local isomorphism between SO(1, 3) and SU(2) × SU(2) to integrate over the

latter group instead, which is compact [174, 180]. This local isomorphism ensures that the Hilbert series

will count the correct number of Lorentz invariant structures.

All quantities involved in the computations of the Hilbert series in this publication and the next are

collected in Sections 5.A and 6.3.1.

5.1.3 Overview of main results

The first step towards detailing the class of tidal operators with two scalars and two Weyl tensors was to

compute the Hilbert series at each mass dimension. Due to the mass dimensions and Lorentz structures

of scalar fields and Weyl tensors, operators only carried even mass dimensions in this case. Computing

H =

∫
dµSU(2)×SU(2)

1

P (D;α, β)
PE[φ]PE[CL]PE[CR], (5.21)

10This integration also removes scalar total derivative operators of the form ∂µOµ because eq. (5.18) does not carry infor-
mation about how Lorentz indices are contracted. Such an object arises in eq. (5.18) in the form ∂µOν and is thus not treated
as a scalar [175].
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up to O(φ2CL/RCL/R), where CL/R are the left- and right-handed components of the Weyl tensor, we

found that the Hilbert series at mass dimension 6 + 2n could be written in closed form as

HC2

6+2n =

⌊
n+ 2

2

⌋ (
C2
Lφ

2 + C2
Rφ

2
)
D2n +

⌊n
2

⌋
CLCRφ

2D2n (5.22)

With this as a guide to the number of operators at each mass dimension, we were able to write down all

operators explicitly. We determined the tidal correction involving two Weyl tensors and two scalar fields

to the action of a minimally coupled scalar to be

∆Ltidal
GR = (5.23)

∞∑
n=0

N∑
k=0

{
c

(n)
k [∇µ1...µkφ] [∇ν1...νkφ]

[
∇µ1...µkα1...αn−2k

Cρσαβ
] [
∇ν1...νkα1...αn−2kCρσαβ

]
+ d

(n+2)
k [∇ρσµ1...µkφ] [∇αβν1...νkφ]

[
∇µ1...µkα1...αn−2k

Cλρτσ
] [
∇ν1...νkα1...αn−2kCλατβ

]}
.

This correction could then be used to derive all tidal corrections to the 2PM scalar-scalar scattering

amplitude. Noticing that the general even-rank triangle integral satisfies (see eq. (5.44) for the explicit

form of the left-hand side)

v1µ1...µ2kIµ1...µ2k/ =

(
1
2

)
k

4k (1)k
(ω2 − 1)kq2kI/ +O(~2k) (5.24)

when v1 is different from the velocity in the massive propagator of the integral, we evaluated the full

tidal corrections to the 2PM amplitude:

∆M2 = 4G2Sm3
2

∞∑
i=0

(
−q

2

2

)i+2

gi(ω), (5.25a)

where

gi(ω) ≡
i∑

k=0

(−1)k(1
2)k

2k(1)k
(ω2 − 1)k

[
16m2k

1 c
(i+k)
k (5.25b)

+
m2k+4

1 d
(i+k+2)
k

4(k + 2)(k + 1)

[
(2k + 5)(2k + 7)ω4 − 6(2k + 5)ω2 + (4k2 + 12k + 11)

]]
.

Finally, we used this amplitude to calculate the tidal corrections to the interaction potential and the

scattering angle at 2PM order.

We also computed some analogous results in the context of electromagnetism – where the two Weyl

tensors are replaced by two electromagnetic field strengths – up to the one-loop amplitude.

5.2 INTRODUCTION

There is a long history of relating scattering amplitudes to conservative two-body classical observables.

Traditionally, such approaches have made extensive use of the quantum action of gravity [181], and

have been used most commonly to compute non-relativistic classical and quantum corrections to the
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interaction Hamiltonian [7, 8, 23, 40, 182]. Other approaches still have utilized on-shell methods to

compute the amplitudes, before producing the interaction Hamiltonian [15, 41, 79]. Other than the

interaction Hamiltonian, refs. [15, 79, 183] also extracted information about the metric from the two-to-

two scattering amplitude.

Even compared to this illustrious record, tremendous progress on this topic in a relatively short time

has been inspired by the detection of gravitational waves (GWs) by the LIGO and Virgo collaborations

[1]. Developments in this time have by and large focused on the post-Minkowskian (PM) expansion of

amplitudes and observables [184, 185]. This has required new tools for the conversion of PM amplitudes

to classical quantities such as the interaction Hamiltonian [29, 48, 49], the linear and angular impulse

and radiated momentum [10, 14], the scattering angle [50, 91, 186, 187], and the metric [188]. On

the front of the amplitudes themselves, the current state-of-the-art is the third post-Minkowskian (3PM)

amplitude for scalar-scalar scattering [16, 17, 189] (extended to include tidal effects in ref. [173]). The

3PM amplitude for massless scattering was also computed in ref. [190]. Moreover, amplitudes techniques

have been used to compute observables in modified theories of gravity [88, 89].

There has also been significant progress made on the inclusion of spin effects. The spin-1/2 ×
spin-1/2 amplitude was computed up to the second post-Minkowskian order using heavy particle effec-

tive theory (HPET) techniques in ref. [92], and was converted to a spinning Hamiltonian as part of the

spin-inclusive formalism of ref. [29]. An alternative approach to this amplitude involving the leading

singularity was presented in ref. [43]. Making use of the massive on-shell variables of ref. [63], several

results including all orders in spin were achieved in refs. [45–47, 53, 95, 165, 191]. Some of the notable

results from these works include the interpretation of a Kerr black hole as a minimally-coupled infinite

spin particle, the scattering angle at the second post-Minkowskian (2PM) order up to fourth order in spin,

an amplitudes interpretation of the Newman-Janis complex deformation of Schwarzchild spacetime, and

the full 1PM spinning Hamiltonian. Finally, ref. [192] argued that the scattering of minimally coupled

spinning particles minimizes the generated entanglement entropy.

Though a plethora of novel results have been achieved using amplitudes-based approaches, the vast

majority of results directly applicable to GW templates have been derived using general relativistic meth-

ods. Of particular relevance to this paper are the computations of tidal effects on the binary inspiral prob-

lem. In this context, several tools have been applied to the computations of these effects. Two such tools

are the post-Newtonian (PN) and PM approximations. In the PN context, tidal moments were first intro-

duced in ref. [193]. Ref. [169] incorporated tidal effects into the effective one-body (EOB) formalism

[30], and ref. [194] presented tidal contributions to the binding energy within the EOB. Most recently,

tidal effects on the PM scattering angle have been computed in refs. [170, 195]

Up to this point, almost all amplitudes approaches to the binary inspiral problem have ignored finite

size and tidal effects. In fact, the recent work of ref. [173] is the first application of amplitudes methods

to the calculation of these effects. By focusing on operators quadratic in the Weyl tensor, they computed

tidal contributions to spinless amplitudes arising from the electric and magnetic quadrupoles, up to the

next-to-leading-PM order (O(G3)).11 Converting their amplitudes to classical observables, they found

agreement with results derived from conventional general relativistic methods [168–170, 194, 195].

In this paper, we expand on the work of ref. [173]. Through application of the Hilbert series (see

e.g. [174–179, 196–198]), we obtain a gravitational action comprising all operators quadratic in the

11Note that one-loop is the leading order where tidal effects can contribute to conservative dynamics.
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Weyl tensor and quadratic in a real scalar field. This action is sufficient to fully describe all spinless

tidal contributions to the amplitude at the leading-PM order (O(G2)). Since we are only interested in

the classical portion of the amplitude, we exploit the manifest ~ scaling of the heavy limit of the action

to isolate only classically contributing operators [92]. This simplifies the computation, and we are able

to straightforwardly produce the full classical tidal integrand at the leading-PM order. Integrating the

integrand in principle requires knowledge of the general even-rank triangle integral. However, we are

able circumvent this issue since we are simply interested in the leading-in-~ portion of the integral that is

proportional to S ≡ π2/
√
−q2. This allows us to find a form of the general even-rank triangle integral

that we have explicitly checked up to rank 10, and that was proven in ref. [199] while this paper was in

review. Applying this results in the complete leading-PM tidal amplitude. We indeed find the leading-

PM contribution of ref. [173] as the leading contribution to our amplitude. We then use our amplitude to

derive all leading-PM tidal corrections to the Hamiltonian and the scattering angle, comparing to existing

results along the way.

The layout of this paper is as follows: We begin in Section 5.3 by presenting the full tidal actions

for electromagnetism and gravity coupled to real scalars at quadratic order in the field strength or the

Weyl tensor respectively. We include a brief primer on the Hilbert series in this section, as it is the main

tool in our construction. With the tidal actions in hand, Section 5.4 focuses on the computation of tidal

contributions to the one-loop amplitudes. The heavy limits of the tidal actions are also presented here.

We conclude in Section 5.5.

5.3 TIDAL ACTIONS

This section is dedicated to the presentation of the tidal actions up to quadratic order in the field strengths

or Weyl tensors respectively for QED or gravity coupled to a real scalar. We achieve the complete forms

of these actions through application of the Hilbert series. As such, we begin with a brief introduction to

the Hilbert series before presenting the results of the series and corresponding tidal actions for QED and

then gravity. Technical details about the Hilbert series are postponed to Section 5.A.

5.3.1 Hilbert series for tidal effects

The Hilbert series uses character orthonormality to count group invariants. It is an important tool for

constructing a basis of higher-dimensional operators, and has been applied to the effective-field-theory

extension of the Standard Model in refs. [174, 176–178], while ref. [179] also included gravity.

The input for the Hilbert series is the field content and the fields’ representations under compact

symmetries. The output is the number of invariant operators with a given field content and covariant

derivatives. Redundancies coming from integration-by-parts relations and field redefinitions are taken

into account.

We first want to construct operators with real scalar fields φ coupled to photons. The Lorentz group

SO(1, 3) is not a compact group, but we can use the Euclidean group SO(4) ' SU(2)L × SU(2)R

to find the group invariants. We then work with fields transforming in irreducible representations of

SU(2)L and SU(2)R built from linear combinations of the field strength Fµν and the dual field strength
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F̃µν = 1
2εµνρσF

ρσ:

FµνL/R ≡
1

2

(
Fµν ± iF̃µν

)
. (5.26)

The characters for FµνL/R and φ are the input to the Hilbert series.

We restrict our attention to the operators with two real scalar fields, two field strengths, and an

arbitrary number of covariant derivatives. The output of the Hilbert series HF 2

d for mass dimension

d = 6 + 2n is

HF 2

6+2n =

⌊
n+ 2

2

⌋ (
F 2
Lφ

2 + F 2
Rφ

2
)
D2n +

⌊
n+ 1

2

⌋
FLFRφ

2D2n, (5.27)

where n ≥ 0 is an integer and bxc is the floor function.

Now consider the Hilbert series for two real scalars coupled to gravity. As explained in Section 5.B,

non-redundant operators quadratic in the curvature can be written in terms of the Weyl tensor Cµνρσ.

Thus we need only the group characters of

CµνρσL/R =
1

2

(
Cµνρσ ± iC̃µνρσ

)
, (5.28)

where C̃µνρσ = 1
2ε
µναβC ρσ

αβ is the dual to the Weyl tensor. The Hilbert series HC2

d for two real scalar

fields, two Weyl tensors, and an arbitrary number of covariant derivatives is

HC2

6+2n =

⌊
n+ 2

2

⌋ (
C2
Lφ

2 + C2
Rφ

2
)
D2n +

⌊n
2

⌋
CLCRφ

2D2n, (5.29)

for integer n ≥ 0.

We use the output of the Hilbert series as a guide for constructing a basis of higher-dimensional

operators which capture all leading-PM tidal effects in electromagnetism and gravity.

5.3.2 QED

The Lagrangian we are after couples a real scalar to photons through operators quadratic in the field

strength:

LQED =
1

2
(∂µφ) (∂µφ)− m2

2
φ2 + ∆LQED. (5.30)

Here ∆LQED describes the tidal interactions between two real scalars and two field strength tensors.

We are interested in using the Hilbert series in eq. (5.27) to construct this contribution at general mass

dimension.

Ultimately, there is a freedom in the operator basis we use (see Section 5.B). We choose a basis that

is optimized for the computation of classical amplitudes. Such a basis does not include any structures

of the form DµφDµφOF 2 . These can be seen to mix with φ2OF 2 in the heavy limit, hence one could

receive contributions to classically-contributing heavy operators from an infinite number of operators in

the full action. Furthermore, we will avoid derivative placements that produce any structure that can be

removed by a field redefinition; see Section 5.B for a list of such structures. Accounting for these criteria,
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we will build our basis out of operators of the following form:

O(n)
LL,k = [Dµ1...µkφ] [Dν1...νkφ]

[
Dµ1...µkα1...αn−2k

FL,ρσ
] [
Dν1...νkα1...αn−2kF ρσL

]
, (5.31a)

O(n)
RR,k = [Dµ1...µkφ] [Dν1...νkφ]

[
Dµ1...µkα1...αn−2k

FR,ρσ
] [
Dν1...νkα1...αn−2kF ρσR

]
, (5.31b)

O(n+1)
LR,k = [Dρµ1...µkφ] [Dσν1...νkφ]

[
Dµ1...µkα1...αn−2k

FL,ρτ
]

[Dν1...νkα1...αn−2kF στR ] , (5.31c)

where 0 ≤ k ≤ bn/2c. This range of k produces the number of operators dictated by the Hilbert series.

We have defined Dµ1...µn ≡ Dµ1 . . . Dµn .

We would like to construct our action out of the fields Fµν and F̃µν . To do so we simply replace

FµνL,R in terms of the field strength and its dual. After this replacement the operators above become

O(n)
LL,k = 2 [Dµ1...µkφ] [Dν1...νkφ]

[
Dµ1...µkα1...αn−2k

Fρσ
]

[Dν1...νkα1...αn−2kF ρσ]

+ 2i [Dµ1...µkφ] [Dν1...νkφ]
[
Dµ1...µkα1...αn−2k

Fρσ
] [
Dν1...νkα1...αn−2k F̃ ρσ

]
, (5.32a)

O(n)
RR,k = 2 [Dµ1...µkφ] [Dν1...νkφ]

[
Dµ1...µkα1...αn−2k

Fρσ
]

[Dν1...νkα1...αn−2kF ρσ]

− 2i [Dµ1...µkφ] [Dν1...νkφ]
[
Dµ1...µkα1...αn−2k

Fρσ
] [
Dν1...νkα1...αn−2k F̃ ρσ

]
, (5.32b)

O(n+1)
LR,k = 2 [Dρµ1...µkφ] [Dσν1...νkφ]

[
Dµ1...µkα1...αn−2k

Fρτ
]

[Dν1...νkα1...αn−2kF στ ]

− 1

2
ηρσ [Dρµ1...µkφ] [Dσν1...νkφ]

[
Dµ1...µkα1...αn−2k

Fρτ
]

[Dν1...νkα1...αn−2kF στ ] . (5.32c)

Both operators in eqs. (5.32a) and (5.32b) contain P-odd terms. We are not interested in such effects, so

we ignore these operators. Also note that, by integrating by parts twice, the second term in eq. (5.32c)

can be reexpressed in terms of other operators already present and terms that can be removed by field

redefinitions, up to contributions cubic in the field strength.

All-in-all, there are two generic structures out of which we build the tidal action. The tidal contribu-

tion to the action to all mass dimensions is thus

∆LQED =
∞∑
n=0

N∑
k=0

{
a

(n)
k [Dµ1...µkφ] [Dν1...νkφ]

[
Dµ1...µkα1...αn−2k

Fρσ
]

[Dν1...νkα1...αn−2kF ρσ]

+ b
(n+1)
k [Dρµ1...µkφ] [Dσν1...νkφ]

[
Dµ1...µkα1...αn−2k

Fρτ
]

[Dν1...νkα1...αn−2kF στ ]
}
, (5.33)

where N ≡ bn/2c and we have introduced the Wilson coefficients a(n)
k and b

(n+1)
k . Note that the

covariant derivatives acting on the real scalars or field strenghts reduce to partial derivatives. One can

easily incorporate P-odd operators into this tidal action by including the same operators as in the first

line in eq. (5.33) where one of the field strenghts is replaced by a dual field strength.

5.3.3 Gravity

We repeat the procedure from the previous section, only this time for a real scalar coupled to gravity.

The relevant action is

√−gLGR =
√−g

[
gµν

2
(∂µφ) (∂νφ)− m2

2
φ2 + ∆LGR

]
. (5.34)
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We will find the form of the tidal contribution at general mass dimension using the Hilbert series in

eq. (5.29).

The optimal basis for our purposes satisfies the same criteria as in the previous section. As such, our

basis comprises operators of the form

O(n)
LL,k = [∇µ1...µkφ] [∇ν1...νkφ]

[
∇µ1...µkα1...αn−2k

CL,ρσαβ
] [
∇ν1...νkα1...αn−2kCρσαβL

]
, (5.35)

O(n)
RR,k = [∇µ1...µkφ] [∇ν1...νkφ]

[
∇µ1...µkα1...αn−2k

CR,ρσαβ
] [
∇ν1...νkα1...αn−2kCρσαβR

]
, (5.36)

O(n+2)
LR,k = [∇ρσµ1...µkφ] [∇αβν1...νkφ]

[
∇µ1...µkα1...αn−2k

CL,λρτσ
] [
∇ν1...νkα1...αn−2kCλατβR

]
. (5.37)

We introduced the shorthand notation ∇µ1...µn = ∇µ1 . . .∇µn . In this case as well k is in the range

0 ≤ k ≤ N .

These operators can be expressed in terms of the Weyl tensor and its dual. The exact same procedure

as in the QED case, along with covariant conservation of the Levi-Civita tensor [200], results in only two

forms of operators comprising the basis, modulo P-odd operators. The tidal contribution to the action is

thus

∆LGR = (5.38)
∞∑
n=0

N∑
k=0

{
c

(n)
k [∇µ1...µkφ] [∇ν1...νkφ]

[
∇µ1...µkα1...αn−2k

Cρσαβ
] [
∇ν1...νkα1...αn−2kCρσαβ

]
+ d

(n+2)
k [∇ρσµ1...µkφ] [∇αβν1...νkφ]

[
∇µ1...µkα1...αn−2k

Cλρτσ
] [
∇ν1...νkα1...αn−2kCλατβ

]}
,

to all mass dimensions. The coefficients c(n)
k and d(n+2)

k are the Wilson coefficients for the action. Again,

the P-odd operators which could be added to the basis take the same form as the first line in eq. (5.38)

with one of the Weyl tensors replaced by a dual Weyl tensor.

5.4 TIDAL EFFECTS AT THE LEADING-PM ORDER

The actions in eqs. (5.33) and (5.38) describe all tidal effects that can arise from terms quadratic in

the electromagnetic field strength and the curvature, respectively. In fact, these actions are sufficient for

describing all tidal effects at the one-loop order, which corresponds to the leading-PM order in the case of

gravity. We present in this section the full classical one-loop tidal contributions to both electromagnetic

and gravitational amplitudes. Since we are exclusively interested in classical contributions, we can take

advantage of the heavy limits of these actions to identify the only operators which contribute classically

at this loop order [92]. This results in significant simplifications to the Feynman rules and the loop

integrals involved.

We follow the method in refs. [55, 56, 92, 201] to take the heavy limit of real scalars. Namely, we

apply the field redefinition

φ→ 1√
2m

(
e−imv·xχ+ eimv·xχ∗

)
, (5.39)

and drop quickly oscillating terms. Furthermore, by counting the powers of ~ associated with each

operator, and given that the triangle diagram in fig. 5.1 is the only topology of interest at the one-loop
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p2

p2 − l

p2 + q

l

l + q

p1

p1 − q

Figure 5.1: The only topology contributing classical tidal effects at one loop. The tidal effects of particle
1 are probed. The wavy lines represent either photons or gravitons.

level, we only need the operators at leading order in the 1/m expansion.

We present first the heavy limit of the electromagnetic tidal action, as well as the full classical one-

loop tidal contribution to the electromagnetic amplitude, before moving on to the case of gravity. We

have normalized all amplitudes by multiplying by 4m1m2. This compensates for the normalization in

eq. (5.39).12

5.4.1 QED

Beginning with the Lagrangian in eq. (5.30), we apply the field redefinition in eq. (5.39) to obtain

LHQET = χ∗iv · ∂χ+ ∆LHQET + . . . , (5.40a)

where

∆LHQET = (5.40b)
∞∑
n=0

N∑
k=0

{
a

(n)
k m2k−1[vµ1...µkχ∗][vν1...νkχ][Dµ1...µkα1...αn−2k

Fρσ][Dν1...νkα1...αn−2kF ρσ]

+b
(n+1)
k m2k+1[vρµ1...µkχ∗][vσν1...νkχ][Dµ1...µkα1...αn−2k

Fρτ ][Dν1...νkα1...αn−2kF στ ]
}

+ . . . .

We have defined vµ1...µn = vµ1 . . . vµn . In these equations, dots represent operators scaling with higher

powers of ~. We can ignore these operators as the computation of classical effects at the one-loop level

only requires contributions from the leading-in-~ operators.

At this point there is an apparent contradiction in the tidal operators we have claimed to be leading in

~. Increasing n or decreasing k at fixed n increases the number of derivatives acting on the photon field,

thereby increasing powers of ~ in the resulting contributions to amplitudes [10]. However, the derivative

structure of the subleading tidal terms in the worldline action [168, 170, 194] suggests that we are right

to keep these terms. Therefore, much like in the case of spin effects where the spin vector absorbs a

power of ~ [14], we propose that the tidal coefficients must scale with ~ to absorb the factors from the

operators. The scalings that cancel those of the operators in eq. (5.40) are

a
(n)
k ∼ ~−2n+2k−2, (5.41a)

12More precisely, this factor is the leading-in-~ portion of the heavy scalar external states in momentum space [202].
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b
(n+1)
k ∼ ~−2n+2k−2. (5.41b)

As in the case of spin, this scaling is necessary to make contact between portions of the amplitude and

classical quantities.

We proceed now to use the heavy action to compute the classical one-loop tidal amplitude. We let

particle i have momentum pi = mivi+ki, where we have applied the usual heavy-particle decomposition

of the momentum. Note that we cannot generate three-point vertices with a photon and two real scalars,

so we take particle 2 to be complex in this context, i.e. particle 2 obeys the action given by eq. (B.3) in

ref. [92]. The portion of the leading-PM amplitude involving only the k = 0 terms in eq. (5.40) is

∆Ak=0
2 = − e

2

π2
Sm2

∞∑
n=0

(−1)n
(
q2

2

)n+1 [
a

(n)
0 +

m2
1

8
b
(n+1)
0 (3ω2 + 1)

]
. (5.42)

We have defined S ≡ π2/
√
−q2 and ω ≡ v1 ·v2. The notation ∆A denotes an electromagnetic amplitude

linear in the tidal coefficients in eq. (5.40b).

Let’s now extend this result to general k. The unintegrated form of the amplitude is

∆A2 = −8ie2m2

∞∑
n=0

N∑
k=0

(−1)nm2k
1

(
q2

2

)n−2k [
2

(
q2

2

)
a

(n)
k v1µ1...µ2kIµ1...µ2k/ (5.43)

+m2
1b

(n+1)
k

(
ω2 q

2

2
vµ1...µ2kIµ1...µ2k/ − vµ1...µ2k+2

Iµ1...µ2k+2
/

)]
.

To integrate the general k amplitude, we need knowledge of integrals of the form

v1µ1...µ2kIµ1...µ2k/ =

∫
d4l

(2π)4

(v1 · l)2k

l2(l + q)2(−v2 · l)
. (5.44)

This task is simplified since we in fact only need the portion of this integral proportional to the non-

analytic structure S, and even then only the leading-in-~ contribution to this portion. We observe the

following pattern for the portion of the integral we are interested in:

v1µ1...µ2kIµ1...µ2k/ =

(
1
2

)
k

4k (1)k
(ω2 − 1)kq2kI/ +O(~2k), (5.45)

where (a)b is the Pochhammer symbol and

I/ =

∫
d4l

(2π)4

1

l2(l + q)2(−v2 · l)
. (5.46)

Note that, since the scalar triangle integral scales as ~−1, the leading term in eq. (5.45) scales as ~2k−1.

We have explicitly checked eq. (5.45) up to 2k = 10 using the Passarino-Veltman reduction [203].

Equation (5.45) was proven in ref. [199] while this paper was in review.

Armed with eq. (5.45), we compute a result for general n, k;

∆A2 = −e
2Sm2

π2

∞∑
n=0

N∑
k=0

(−1)n
(
q2

2

)n−k+1

m2k
1 (ω2 − 1)k (5.47)
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×
{
a

(n)
k

(
1
2

)
k

2k (1)k
+

1

2k+1
m2

1b
(n+1)
k

[(
1
2

)
k

(1)k
ω2 −

(
1
2

)
k+1

2 (1)k+1

(ω2 − 1)

]}
.

We can reorganize the sums to make the dependence on q2 more transparent:

∆A2 =

∞∑
i=0

e2

π2

(
−q

2

2

)i+1

Sm2fi(ω), (5.48)

where

fi(ω) ≡
i∑

k=0

(1
2)k

2k(1)k
(1− ω2)k

[
m2k

1 a
(i+k)
k +

1

8(k + 1)
m2k+2

1 b
(i+k+1)
k

[
(2k + 3)ω2 + (2k + 1)

]]
,

(5.49)

after some algebraic simplification of the Pochhammer symbols.

5.4.2 Gravity

We turn now to the leading-PM gravitational tidal amplitude. Once again the first step is to find the action

describing a heavy scalar. Beginning with the Lagrangian in eq. (5.34), we apply the field redefinition in

eq. (5.39) to obtain

√−gLHBET =
√−g

[
1

2
m(gµνvµvν − 1)χ∗χ+ χ∗iv · ∂χ+ ∆LHBET + . . .

]
, (5.50a)

where

∆LHBET = (5.50b)
∞∑
n=0

N∑
k=0

{
c

(n)
k m2k−1[vµ1...µkχ∗][vν1...νkχ][∇µ1...µkα1...αn−2k

Cρσαβ][∇ν1...νkα1...αn−2kCρσαβ]

+d
(n+2)
k m2k+3[vρσµ1...µkχ∗][vαβν1...νkχ][∇µ1...µkα1...αn−2k

Cλρτσ][∇ν1...ν2α1...αn−2kCλατβ]
}

+ . . . .

In these equations, dots represent operators scaling with higher powers of ~. Note that we must keep the

term χ∗iv · ∂χ in the action even though it is subleading in m since it is the kinetic term for the heavy

scalar. Following the arguments in section 5.4.1, we propose the following ~-scaling of the gravitational

tidal coefficients:

c
(n)
k ∼ ~−2n+2k−4, (5.51a)

d
(n+2)
k ∼ ~−2n+2k−4. (5.51b)

First we reproduce the leading-PM amplitude from ref. [173]. We need only the operators with

n = k = 0 for this task. Thus the amplitude for the leading tidal effect is

∆Mn=k=0
2 = G2q4Sm3

2

[
16c

(0)
0 +

m4
1

8
d

(2)
0 (35ω4 − 30ω2 + 11)

]
. (5.52)
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This agrees with ref. [173] with the identification c(0)
0 → λ/4 and d(2)

0 → η/(4m4
1). Here ∆M is a

gravitational amplitude linear in the tidal coefficients in eq. (5.50b).

We easily extend this result by including terms at all orders in n and with k = 0:

∆Mk=0
2 = 4G2Sm3

2

∞∑
n=0

(−1)n
(
q2

2

)n+2 [
16c

(n)
0 +

m4
1

8
d

(n+2)
0 (35ω4 − 30ω2 + 11)

]
. (5.53)

The result for general k depends on integrals of the form in eq. (5.44). Specifically, the amplitude in

terms of these integrals is

∆M2 = 512iπ2G2m3
2

∞∑
n=0

N∑
k=0

(−1)nm2k
1

(
q2

2

)n−2k+2 {
2c

(n)
k vµ1...µ2kIµ1...µ2k/ (5.54)

+m4
1d

(n)
k

[
q4(1− 2ω2)2vµ1...µ2kIµ1...µ2k/ + 4q2(1− 4ω2)vµ1...µ2k+2

Iµ1...µ2k+2
/

+8vµ1...µ2k+4
Iµ1...µ2k+4
/

]}
.

We can integrate this using eq. (5.45) to obtain the result for all n, k:

∆M2 = 4G2m3
2S

∞∑
n=0

N∑
k=0

(−1)nm2k
1 (ω2 − 1)k

(
q2

2

)n−k+2
{

16c
(n)
k

(
1
2

)
k

2k(1)k
(5.55)

+m4
1d

(n+2)
k

[
(1− 2ω2)2

(
1
2

)
k

2k−1(1)k
+ (1− 4ω2)(ω2 − 1)

(
1
2

)
k+1

2k−1(1)k+1
+ (ω2 − 1)2

(
1
2

)
k+2

2k(1)k+2

]}
.

A suggestive structure arises when k 6= 0: each contribution is proportional to the factor (ω2 − 1)k.

This factor is small in the PN limit, thus we can see already from the PM amplitude level that the

corresponding operators must be subleading in the PN limit, in agreement with the constructions in

refs. [168, 170, 194]. In fact, this squares perfectly with principles from classical gravitational effective

field theories (EFTs). Terms with k 6= 0 involve derivatives of the Weyl tensor of the form v · ∇. These

reduce to time derivatives in the PN limit, which are subleading compared to spatial derivatives [36].

Once again, we reorganize the sums in powers of the transfer momentum. The advantage of doing

so is that contributions are grouped by their significance to observables. We find

∆M2 = 4G2Sm3
2

∞∑
i=0

(
−q

2

2

)i+2

gi(ω), (5.56a)

where after some simplification

gi(ω) ≡
i∑

k=0

(−1)k(1
2)k

2k(1)k
(ω2 − 1)k

[
16m2k

1 c
(i+k)
k (5.56b)

+
m2k+4

1 d
(i+k+2)
k

4(k + 2)(k + 1)

[
(2k + 5)(2k + 7)ω4 − 6(2k + 5)ω2 + (4k2 + 12k + 11)

]]
.

The amplitude is now presented in an optimal form for conversion to the Hamiltonian or scattering angle.

We present these quantities in the next section, and defer comparison of this result with the literature until

then.
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In this section we have only computed the tidal contribution of particle 1 to the amplitude. If one is

interested in the tidal effects from both particles at this order, one must simply symmetrize the results

here in the particle labels.

5.4.3 Gravitational Hamiltonian and scattering angle

We use now our leading-PM amplitude in eq. (5.56) to compute the full leading-PM tidal corrections to

the Hamiltonian and the scattering angle. Beginning with the Hamiltonian, there are two ways we may

proceed. The first is to match to the EFT of ref. [48], and the second is through the Lippmann-Schwinger

equation [89]. As we are working to linear order in the tidal coefficients, there will be no contributions

from the Born iteration, so we work here with the latter formulation. The Hamiltonian as a function of

the center-of-mass momentum and the separation between the bodies is given by

H(p, r) =
∑
n=1,2

√
p2 +m2

i + V (p, r) + ∆V (p, r). (5.57)

Here V (p, r) is the point particle potential and can be found up to 3PM order in refs. [16, 17]. ∆V (p, r)

incorporates tidal corrections. At the order to which we have worked, these tidal corrections are simply

the Fourier transform of the leading-PM amplitude in the center-of-mass frame:

∆V (p, r) = −
∫

d3q

(2π)3
e−iq·r∆M2(p, q). (5.58)

In this frame the transfer momentum becomes qµ = (0,q), so q2 = −q2. Substituting now eq. (5.56)

into this after incorporating the non-relativistic normalization 1/4E1E2,

∆V (p, r) = −G
2m3

2

E2ξ

∞∑
i=0

(−1)i(2i+ 4)!

2i+3r2i+6
gi(ω), (5.59)

where E ≡ E1 + E2 is the total energy in the center-of-mass frame and ξ ≡ E1E2/E
2. The i = 0 term

is in exact agreement with eq. (10) of ref. [173].

With this in hand we can compute the scattering angle using the method of ref. [91]. Note that Veff

in ref. [91] is related to the potential in position space by Veff = 2Eξ∆V .13 Accounting for this, the

scattering angle is

∆χ =
G2m3

2

E

∞∑
i=0

(−1)i(2i+ 4)!(i+ 3)

2i+2p2
∞b

2(i+3)

√
πΓ
(
i+ 7

2

)
Γ(i+ 4)

gi(ω), (5.60)

where b is the impact parameter and p∞ = |p|, the magnitude of the center-of-mass three-momentum.

Evaluating this at i = 0 and noting that p∞b = J , the angular momentum, we find exact agreement with

the O(J−6) portion of eq. (13) in ref. [173]. This also agrees with ref. [170] upon converting to their

notation and matching Wilson coefficients:

p∞ →
m1m2

E
p∞, J → Gm1m2j, (5.61)

13We thank Andrea Cristofoli for pointing this out.
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c
(0)
0 → − 1

12
mσ(2), d

(2)
0 → 1

4m3

(
µ(2) +

8

3
σ(2)

)
. (5.62)

A similar notation conversion along with the Wilson coefficient map in eq. (5.62) also produces agree-

ment with the sum of eqs. (5.5) and (5.6) of ref. [195]. We remark that the Wilson coefficient matching

in eq. (5.62) is equivalent to the matching of ref. [173]. Moreover, this matching can be seen directly

from the level of the heavy action: it is the condition that equates the n = 0, k = 0 portion of the heavy

tidal action eq. (5.50b) with the l = 2 term of the classical worldline action in ref. [168], up to factors of

χ∗χ.

To check the i = 1 term we have repeated the calculation starting from the worldline action of

ref. [170], promoting each term to a quantum-field-theory operator, and multiplying by χ∗χ. Doing so

we find the following matching conditions on the Wilson coefficients of the two operator bases:

c
(1)
0 → − 1

32
m1σ

(3), (5.63a)

c
(2)
1 → 1

144m1

(
−µ(3) − 12σ′(2) +

9

2
σ(3)

)
, (5.63b)

d
(3)
0 → 1

12m3
1

(
µ(3) + 3σ(3)

)
, (5.63c)

d
(4)
1 → 1

36m5
1

(
9µ′(2) − µ(3) + 24σ′(2) − 3σ(3)

)
. (5.63d)

This mapping is also consistent with the form factors in eq. (4.39) of ref. [170], reproducing the same

ω structure in gi(ω) as in the form factors.14 Note, however, that this mapping is only appropriate up to

overall constants when comparing to the form factors, as we are comparing different quantities.

As a final check on the Wilson coefficient matching conditions, we computed the factorizable portion

of the tree-level 3 → 3 amplitude at linear order in the tidal coefficients. Matching the amplitudes

computed from both bases, we indeed find again the matching conditions in eqs. (5.62) and (5.63).

5.5 SUMMARY AND OUTLOOK

While the application of scattering amplitudes to the binary point-particle inspiral problem has seen

much progress in recent years, the description of finite size and tidal effects is a novel and exciting

development. We have demonstrated the applicability of powerful EFT tools to this problem. Namely,

through the Hilbert series we have been able to write down an action which includes all possible operators

involving two real scalars and two Weyl tensors. These operators represent the leading-PM tidal effects,

and the action they compose is sufficient to describe all tidal contributions to the 2PM amplitude for

scalar-scalar scattering.

The computation of this amplitude was easily performed by taking the heavy limit of the tidal ac-

tion and isolating only those operators with the correct ~ scaling to contribute classically. A subtlety

arose in this identification of classically contributing operators: operators with an increasing number of

derivatives acting on the Weyl tensors would have to be considered classical. This runs counter to the

wisdom that more derivatives produce more powers of ~. To resolve this tension, we proposed that the

Wilson coefficients of the action must themselves scale with compensating powers of ~, analogously to

14Note that ω in our notation is equivalent to γ in the notation of ref. [170].
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the absorption of ~ by the spin vector. We presented the unintegrated form of the leading-PM amplitude,

and integrated it using the form of the rank-2k triangle integral in eq. (5.45). We found agreement where

our amplitude has overlap with existing results. The amplitudes were then converted into a Hamiltonian

and scattering angle, and once again we found agreement with known results.

There are two obvious extensions to this work. The first is the inclusion of tidal effects from operators

with higher powers of the Weyl tensor. An operator involving n powers of the Weyl tensor contributes

to vertices with n or more gravitons and two matter lines, and thus contributes to conservative dynamics

starting at the nPM order. Second is the inclusion of spin effects. This point is perhaps the more pressing

of the two, since tidal effects for objects of large enough spin may also have implications for the Compton

amplitude. The gravitational Compton amplitude acquires a spurious pole for matter with spin s ≥ 2

[63], an occurrence which is believed to derive from the necessarily composite nature of particles with

large spin. If this is true then it is natural to expect that the inclusion of tidal effects may aid in remedying

this non-locality. Both of these avenues can be pursued using the same Hilbert series methods we have

employed here. We leave these ideas for future research.
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APPENDIX

5.A HILBERT SERIES

Below we list the mathematical details we used in the construction of the Hilbert series for tidal effects.

For a detailed account of the Hilbert series, see e.g. refs. [174–179, 198].

The Hilbert seriesH for a given field content φ is the contour integral of the plethystic exponential:15

H =

∫
dµ

1

P
PE[χφ], (5.64)

where the plethystic exponential (PE) generates all symmetric (antisymmetric) tensor products of the

representations of the bosonic (fermionic) field content. The factor 1/P removes a total derivative,

where the momentum generating function P is defined below in eq. (5.78). The plethystic exponential

takes the form

PEφ = exp

[ ∞∑
r=0

zr+1 φr

rDr∆φ
χφ(xr1, . . . , x

r
k)

]
, (5.65)

where ∆φ is the mass dimension of φ and z = ±1 when φ is a boson/fermion, respectively. Here χφ
is the character of the representation of φ. When we consider several fields, we simply multiply their

plethystic exponentials.

We are using the Hilbert series to generate operators with neutral scalars, photons, and gravitons.

Thus we need their respective conformal representations:

χφ = χ[1,(0,0)](D;α, β), (5.66)

χFL = χ[2,(1,0)](D;α, β), (5.67)

χFR = χ[2,(0,1)](D;α, β), (5.68)

χCL = χ[3,(2,0)](D;α, β), (5.69)

χCR = χ[3,(0,2)](D;α, β). (5.70)

We could have included the characters for the U(1) gauge group in electromagnetism, but, since both the

scalars and the photons are neutral, their characters would be trivial.

The characters for the unitary conformal representations of interest are [175, 178, 179, 204]

χ[1,(0,0)](D;α, β) = DP (D;α, β)(1−D2), (5.71)

χ[3/2,(1/2,0)](D;α, β) = D3/2P (D;α, β)
[
χ(1/2,0)(α, β)−Dχ(0,1/2)(α, β)

]
, (5.72)

χ[3/2,(0,1/2)](D;α, β) = D3/2P (D;α, β)
[
χ(0,1/2)(α, β)−Dχ(1/2,0)(α, β)

]
, (5.73)

χ[2,(1,0)](D;α, β) = D2P (D;α, β)
[
χ(1,0)(α, β)−Dχ(1/2,1/2)(α, β) +D2

]
, (5.74)

χ[2,(0,1)](D;α, β) = D2P (D;α, β)
[
χ(0,1)(α, β)−Dχ(1/2,1/2)(α, β) +D2

]
, (5.75)

χ[3,(2,0)](D;α, β) = D3P (D;α, β)
[
χ(2,0)(α, β)−Dχ(3/2,1/2)(α, β) +D2χ(1,0)(α, β)

]
, (5.76)

χ[3,(0,2)](D;α, β) = D3P (D;α, β)
[
χ(0,2)(α, β)−Dχ(1/2,3/2)(α, β) +D2χ(0,1)(α, β)

]
, (5.77)

15The modification term ∆H will not be relevant for us as we consider operators with mass dimension greater than 4.
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where

P (D;α, β) =
1

(1−Dαβ)(1−D/(αβ))(1−Dα/β)(1−Dβ/α)
(5.78)

is the momentum generating function [178]. The characters of the Euclidean Lorentz group are simply

products of SU(2) characters;

χ(l1,l2)(α, β) = χ
SU(2)
l1

(α)× χSU(2)
l2

(β). (5.79)

The SU(2) characters we need are

χ
SU(2)
0 (α) = 1, (5.80)

χ
SU(2)
1/2 (α) = α+

1

α
, (5.81)

χ
SU(2)
1 (α) = α2 + 1 +

1

α2
, (5.82)

χ
SU(2)
3/2 (α) = α3 + α+

1

α
+

1

α3
, (5.83)

χ
SU(2)
2 (α) = α4 + α2 + 1 +

1

α2
+

1

α4
. (5.84)

Finally, the Haar measure for the Euclidean Lorentz group SO(4) ' SU(2)L × SU(2)R is∫
dµLorentz =

(
1

2πi

)2 ∮
|α|=1

dα

2α
(1− α2)

(
1− 1

α2

)∮
|β|=1

dβ

2β
(1− β2)

(
1− 1

β2

)
. (5.85)

5.B REDUNDANT OPERATORS

The operator basis for leading-PM tidal effects in eq. (5.38) is a complete, non-redundant basis for all

operators involving two scalars and two Weyl tensors. However, the explicit form of the operator basis

involves some choices, originating from two types of redundancies: field redefinitions and integration-

by-parts relations.

First we consider redundancies from field redefinitions. The free equation of motion (EOM) for the

scalar field is

∂2φ+m2φ = 0. (5.86)

A composite operator which contains the factor ∂2φ can be removed from the operator basis by an

appropriate choice of field redefinition which exchanges it for the operator m2φ. When constructing

operators where partial derivatives are acting on the scalar fields, we need only consider symmetric,

traceless combinations of the derivatives.16

Similarly, the free EOM for the gauge field is

∂µF
µν = 0. (5.87)

16We could also replace the partial derivatives with covariant derivatives. Note that commutators of covariant derivatives are
related to field strengths or curvature; [Dµ, Dν ] ∼ Fµν or [∇µ,∇ν ] ∼ R.
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Also, we find that

∂2Fµν = 0 (5.88)

by using the Bianchi identity ∂[αFµν] = 0. Again, we only need symmetric, traceless combinations

of derivatives acting on the field strengths, where none of the derivatives are contracted with that field

strength.

For gravity, we have Einstein’s equation in vacuum:

Rµν = 0, (5.89)

where Rµν is the Ricci tensor. This means that we don’t include the Ricci tensor nor the Ricci scalar in

the operator basis as they can be removed by an appropriate redefinition of the metric tensor.17

Since the Weyl tensor is the traceless part of the Riemann tensor,

Cµνρσ = Rµνρσ −
(
gµ[ρRσ]ν − gν[ρRσ]µ

)
+

1

3
gµ[ρgσ]νR, (5.90)

whereA[µν] = 1
2(Aµν−Aνµ) for any tensorA, we can freely work with either the Riemann tensor or the

Weyl tensor. For our purposes, it is most convenient to work with the Weyl tensor because it transforms

in an irreducible representation of the Euclidean Lorentz group; see Section 5.A.

In vacuum, we find that

∇µCµνρσ = 0, (5.91)

∇2Cµνρσ = O(C2), (5.92)

up to terms with Ricci tensors or Ricci scalars. Thus we need only keep symmetric, traceless combina-

tions of covariant derivatives acting on the Weyl tensors.

Next we will illustrate the redundancies coming from integration-by-parts relations by looking at

some possible dimension-8 operators:

O1 = φφ [∇µCρσαβ]
[
∇µCρσαβ

]
, (5.93)

O2 = [∇µφ] [∇µφ]CρσαβC
ρσαβ, (5.94)

O3 = φ [∇µφ] [∇µCρσαβ]Cρσαβ. (5.95)

Here,O1 corresponds to the operator with coefficient c(1)
0 in eq. (5.38), whileO2 andO3 are absent from

eq. (5.38). The Hilbert series in eq. (5.29) informs us that there should be only one P-even operator at

this mass dimension, but it does not tell us which one we should choose.

In fact, these operators are related through integration-by-parts relations,

O1 = O2 + EOM +O(C3), (5.96)

O1 = −O3, (5.97)

17From an amplitude perspective, ref. [90] showed that the modification of the Einstein-Hilbert action by the addition of
R2 and RµνRµν terms does not affect the amplitude. Ref. [168] found an explicit field redefinition of the graviton field that
removes traces of the Riemann curvature from the tidal worldline action, including in the presence of matter.
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up to a total derivative, operators proportional to the leading-order EOM, and operators with more than

two Weyl tensors. We discard the total derivative due to momentum conservation, and the EOM operators

can be removed through a field redefinition. In fact, the Hilbert series have implicitly removed, whenever

possible, operators with more derivatives in place of operators with fewer derivatives, i.e. using the EOM.

When we have more than one operator at a given mass dimension, we must carefully include inde-

pendent operators which cannot be related through integration-by-parts relations or field redefinitions. A

systematic way of taking into account integration-by-parts relations is detailed in refs. [176, 205]. We

enumerate all the the ways of partitioning the derivatives (ignoring integration-by-parts relations), which

we call {xi}. Then we enumerate all gauge-invariant operators with one fewer covariant derivative which

transform as a Lorentz four-vector, {yi}. We can then apply a total derivative to the yi’s, which will gen-

erate a relation among the xi’s. The number of independent constraints coming from this procedure is

given by the rank of the matrix of constraint equations.

Let’s illustrate the procedure for the dimension-8 operators. We assign the xi = Oi for i = 1, 2, 3.

For the operators with one covariant derivative, we can have the covariant derivative act on a scalar or on

a Weyl tensor;

y1,µ = φ [∇µφ]CρσαβC
ρσαβ, (5.98)

y2,µ = φφ [∇µCρσαβ]Cρσαβ. (5.99)

Now we apply the total derivative on the yi’s:

∇µy1,µ = x1 + 2x2 = 0, (5.100)

∇µy2,µ = 2x2 + x3 = 0. (5.101)

Note that we have dropped operators with D2φ or D2C because they can either be removed by field

redefinitions or produce operators with more than two Weyl tensors. We can write the equations in

matrix form,

M · x ≡
(

1 2 0

0 2 1

)x1

x2

x3

 = 0. (5.102)

The number of independent operators is 3− rank(M) = 3− 2 = 1.

We have applied this method to ensure the operators in our basis are independent up to mass dimen-

sion 14. For the higher mass dimensions, we used the on-shell methods discussed in Section 5.C.

We have illustrated the freedom in choosing an operator basis coming from integration-by-parts

relations. However, certain operator bases are better suited for calculations in the heavy limit. For

example, the heavy limit ofO2 feeds down to the dimension-6 operator φφCρσαβCρσαβ , so this operator

doesn’t contribute new information with regards to the classical portion of the amplitude. In fact, we

would also need to include subleading-in-~ corrections from O2 to reproduce the correct subleading

tidal effects.

The operator basis in eq. (5.38) is chosen to optimally produce all leading-PM tidal effects in the

classical limit.
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5.C OPERATOR BASIS FROM AN ON-SHELL PERSPECTIVE

A different approach to constructing the operator basis is to first look at the corresponding on-shell

amplitudes. Following the discussion in ref. [206], we consider the non-factorizable part of the two-

scalar-two-photon amplitude A(φφ; γγ). We label the momenta for the photons by p1 and p2, and

the momenta of the massive scalars by p3 and p4. For the helicity assignments γ+(p1)γ+(p2) and

γ−(p1)γ+(p2), the structures carrying the correct little group weights are

[12]2 and 〈1|(p3 − p4)|2]2, (5.103)

respectively. The amplitudes for the other helicity assignments can be constructed from the same building

blocks after exchanging angle and square brackets. The non-factorizable part of the two amplitudes with

positive helicity for p2 are

A(φφ; γ+(p1), γ+(p2)) = [12]2a(s12, s13, s14), (5.104)

A(φφ; γ−(p1), γ+(p2)) = 〈1|(p3 − p4)|2]2b(s12, s13, s14), (5.105)

where a(s12, s13, s14) and b(s12, s13, s14) are polynomials of the Mandelstam variables sij = (pi +

pj)
2. Taking into account the relation s12 + s13 + s14 = 2m2, and keeping the symmetry 3 ↔ 4, the

polynomials take the form

a(s12, s13, s14) =
∞∑
i=0

∞∑
j=0

ai,j
Λ2i+4j+2

si12(s13s14)j , (5.106)

b(s12, s13, s14) =
∞∑
i=0

∞∑
j=0

bi,j
Λ2i+4j+4

si12(s13s14)j , (5.107)

where Λ is some unfixed dimensionful scale and ai,j and bi,j are dimensionless coefficients.

By comparing the non-factorizable part of the on-shell amplitudes with the output of the Hilbert

series in eq. (5.27), one can find a correspondence between the Wilson coefficients of the action and

the coefficients ai,j , bi,j . This helps us in inferring the higher-dimensional operators, since we can now

construct operators which have the field content given by the Hilbert series and which reduce to the

amplitudes when imposing on-shell conditions.

Similarly, we can compare the on-shell amplitudes for two scalars and two gravitons,

M(φφ; g2+(p1), g2+(p2)) = [12]4c(s12, s13, s14), (5.108)

M(φφ; g2−(p1), g2+(p2)) = 〈1|(p3 − p4)|2]4d(s12, s13, s14), (5.109)

with the output of the Hilbert series in eq. (5.29). The same arguments apply to the polynomials c and d

as a and b, so they become

c(s12, s13, s14) =

∞∑
i=0

∞∑
j=0

ci,j
Λ2i+4j+4

si12(s13s14)j , (5.110)

d(s12, s13, s14) =
∞∑
i=0

∞∑
j=0

di,j
Λ2i+4j+8

si12(s13s14)j , (5.111)
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with dimensionless coefficients ci,j and di,j . We see a similar correspondence between the on-shell

amplitudes and the effective operators as in the QED case.
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6

CHAPTER

TIDAL EFFECTS FOR SPINNING
PARTICLES

ABSTRACT: Expanding on the recent derivation of tidal actions for scalar parti-

cles, we present here the action for a tidally deformed spin-1/2 particle. Focusing

on operators containing two powers of the Weyl tensor, we combine the Hilbert

series with an on-shell amplitude basis to construct the tidal action. With the tidal

action in hand, we compute the leading-post-Minkowskian tidal contributions to

the spin-1/2 – spin-1/2 amplitude, arising at O(G2). Our amplitudes provide

evidence that the observed long range spin-universality for the scattering of two

point particles extends to the scattering of tidally deformed objects. From the

scattering amplitude we find the conservative two-body Hamiltonian, linear and

angular impulses, eikonal phase, spin kick, and aligned-spin scattering angle. We

present analogous results in the electromagnetic case along the way.

6.1 INITIATION

This publication extended the previous one by applying similar methods to derive tidal effects associ-

ated with spinning objects. When introducing spin there are many more operator structures that can be

written, and relations between these structures are not always obvious off shell. To get a handle on such

relations, we combined the Hilbert series with a basis of on-shell amplitudes for two spinors and two

gravitons. This on-shell basis is a new tool in our toolbox relative to the previous publication. Therefore,

in this initiation we address the construction and application of this on-shell basis to the enumeration of

operators at all mass dimensions. As always, we end this section with an overview of the main results of

the publication.

6.1.1 On-shell amplitude basis

As mentioned in Section 5.1.2, the Hilbert series counts the minimum number of operators needed to

reproduce all on-shell structures at a given mass dimension. In the previous publication, we followed

this correspondence unidirectionally: we determined the size of the operator basis through the Hilbert

series, constructed the basis with no further input, then computed amplitudes. This is more difficult

to do in the spin-1/2 case because of the presence of gamma matrices, the multiplicity of which is not

elucidated by the Hilbert series. Consequently, there are more plausible ways of creating Lorentz scalars,

and relations between off-shell operators can be obscure. As a specific example of the latter point, the

on-shell relation in eq. (6.14) suggests the proportionality

2Dλψ̄RD
ρψLDρFLµνD

λFµνL − ψ̄RψLDλDρFLµνD
λDρFµνL

on-shell∝ Dρψ̄Rσ
λτDσψLDαFLλρD

αFLτσ, (6.1)

127
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lowest operator dimension helicity configuration helicity structure
7 v+v+f+f+ [12]2[34], [12]([14][23] + [13][24])

v+v+f−f− [12]2〈34〉
8 v+v+f+f− [12]2[3|(1− 2)|4〉

v+v−f+f− [13]〈24〉[1|(3− 4)|2〉
9 v+v−f+f+ [34][1|(3− 4)|2〉2

Table 6.1: The helicity basis found in ref. [207] for four-point contact interactions between two vector
bosons and two spinors. All other helicity configurations can be obtained from these ones by conjugation.
We have taken the notation from ref. [207] where f represents a spinor and v a vector boson.

and its analogs at higher mass dimensions. The L and R subscripts denote respectively left- and right-

handed fields. This is why the operators labelled by the Wilson coefficient b(n) in eq. (6.16) and their

counterparts in eq. (6.19) only appear every other odd mass dimension. A bidirectional approach to

constructing the operator basis – where the Hilbert series and an on-shell amplitude basis are both used

to constrain the operator basis – was therefore well-motivated. This was especially true since the relevant

massless-amplitude basis had already been constructed in ref. [207].

Recall from Chapter 3 that amplitudes are independently covariant under the little group of each

scattering particle. Ref. [207] exploited this extensively to construct local, non-factorizable helicity

structures1 – that is, helicity structures that can emerge from local contact operators. However, little

group constraints alone are not sufficient to reduce the set of possible helicity structures to an independent

basis. Relations between the spinors arising from momentum conservation and Schouten identities must

be accounted for to remove redundancies. Doing so, ref. [207] produced the basis of all helicity structures

that can arise from a two-spinor-two-vector contact operator. This basis is reproduced in table 6.1, along

with the helicity configuration of each helicity structure and the lowest possible mass dimension of an

operator producing each one.2

It was verified by the authors of ref. [207] that no new helicity structures arise at higher mass di-

mensions. All higher-dimensional operators therefore produce the same helicity structures as in table 6.1

multiplied by combinations of Mandelstam variables. These combinations are such that the appropriate

spin statistics are obeyed by the helicity structures. In our case, since the vector bosons are both photons,

the appropriate on-shell amplitudes must be symmetric under the interchange of the photon momentum

labels when both photons carry the same helicity. Moreover, as can be seen by the Hilbert series in

Section 6.3.1, the left- and right- handed spinors are described by different fields. As such, no symmetry

conditions need to be imposed under an interchange of the fermions. These considerations led to the

combinations of Mandelstam variables in table 6.2.

For contact terms involving gravitons instead of vector bosons, ref. [207] listed helicity structures

arising from operators with dimension up to and including 8. They found that these structures are the

first three in table 6.1 multiplied by [12]2. We obtained the remaining structures by multiplying the last

two structures in the table by [1|(3− 4)|2〉2. Indeed, these two structures arise from operators with mass

1Since massless particles transform under irreducible representations of their little groups labelled by their helicities, we use
the term "helicity structures" to refer to on-shell strucutres describing the interactions of only massless particles.

2Note that the mass dimensions of the operators are not equal to those of the helicity structures they produce. This is because
of the discrepancy between the mass dimensions of the fields and the number of on-shell spinors they yield. A two-spinor-two-
field strength operator with mass dimension d yields an on-shell structure with mass dimension d − 4. Replacing the field
strengths with Weyl tensors gives an on-shell structure with mass dimension d − 2. This is consistent with the counting in
eq. (9) of ref. [207].
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dimensions of at least 10 and 12 respectively; see footnote 2. Spin-statistic considerations are identical

to the photon case, leading to the combinations of Mandelstam variables in table 6.3.

The helicity basis in table 6.1 and its gravitational analog describe all possible helicity structures that

can comprise a contact interaction between the particles in which we are interested. Crucially, however,

the particles involved in this basis are massless, while our interests lie in describing massive matter.

Recalling the significance of bolded particle labels for spinor-helicity variables – i.e. that they represent

covariantization under the massive little group – refs. [63, 208] showed that amplitudes and helicity

structures can be extended to the massive case by appropriately bolding particle labels.

There are caveats to this. First, when extending a massless, factorizable amplitude to a massive one,

poles must also be deformed [63]. This issue does not apply to us since we are only interested in local,

non-factorizable spinor structures (i.e. contact interactions). Second, the construction of massive contact

terms from massless ones also requires a treatment of mass corrections to the bolded spinor structures

[207]. Since we are only after an enumeration of spinor structures – as opposed to a construction of

amplitudes – any structures appearing in such mass corrections will have already been accounted for at

lower mass dimensions. For our purposes, bolding the helicity amplitudes of ref. [207] is thus sufficient.

One way to confirm that we have obtained all possible massive spinor structures by simply bolding

is that the number of spinor structures at each mass dimension is precisely equal to the counting of the

Hilbert series at the corresponding mass dimension. The sufficiency of bolding massless spinor structures

to obtain massive ones is also reflected in the Hilbert series’ agnosticism towards particle masses; see

Section 5.1.2.

6.1.2 Overview of main results

The layout of this publication is similar to the last one. We began by determining the Hilbert series

for operators with arbitrary mass dimensions involving two spinors and two Weyl tensors. In this case,

operators existed at both even and odd mass dimensions. The Hilbert series we computed was

H =

∫
dµSU(2)×SU(2)×U(1)

1

P (D;α, β)
PE[ψL]PE[ψR]PE[ψ†L]PE[ψ†R]PE[CL]PE[CR], (6.2)

where we assigned U(1) charges to the Weyl spinors to eliminate chiral effects. Once again we found a

closed form for the Hilbert series at all mass dimensions:

HC2

7+2n = bn/2 + 1c(C2
L + C2

R)(ψLψ
†
R + ψ†LψR)D2n + Θ(n− 1) (n− 1)CLCR(ψLψ

†
R + ψ†LψR)D2n

+
1

2
(1− (−1)n)(C2

LψLψ
†
R + C2

Rψ
†
LψR)D2n, (6.3)

HC2

6+2n = bn/2c(C2
L + C2

R)(ψLψ
†
L + ψRψ

†
R)D2n−1 + (n− 1)CLCR(ψLψ

†
L + ψRψ

†
R)D2n−1. (6.4)

In this case, we found it helpful to enumerate the possible on-shell structures that can arise from a two-

spinor-two-graviton interaction. Knowledge of these on-shell structures allowed us to identify relations

between operators that were not evident off shell.

The remainder of the main results are lengthy, so we don’t reproduce them here.

Combining the Hilbert series with this basis of on-shell structures, we constructed the tidal correc-

tions to the action of a minimally coupled spinor field consisting of two Weyl tensors. These contributions

are displayed respectively for odd and even mass dimensions in eqs. (6.19) and (6.20). These tidal oper-
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ators, along with results for contractions of the arbitrary-rank triangle integral, yielded the complete tidal

corrections to the classical portion of the one-loop amplitude – see eq. (6.36).

Various techniques were then applied to this amplitude to extract a number of observables: the inter-

action potential, the linear and angular impulses, and the aligned-spin scattering angle.

This publication represents the first time tidal distortions of a spinning body were described using

QFT methods.

6.2 INTRODUCTION

The surge of attention payed to the binary inspiral problem in general relativity (GR) by the scattering

amplitudes community – caused by the observation of gravitational waves by the LIGO/Virgo collab-

orations [1] – has produced a greater understanding of the description of classical properties of binary

systems using quantum-field-theoretic and amplitudes techniques. To date, most of the work has focused

on point particles. Some notable results in this direction include elucidating methods for converting scat-

tering amplitudes for relativistic point particles to classical observables [10, 14, 29, 43, 48–50, 91, 186,

209], the description of classical angular momentum from quantum mechanical spin [14, 29, 43, 45–

47, 53, 92, 95, 165, 191], and the state-of-the-art computation of the third post-Minkowskian (3PM)

dynamics of a spinless binary system [16, 17, 189, 210]. Despite tremendous progress, there remains

much to be understood about the connection between scattering amplitudes and classical binary systems.

The quantum description of tidal effects is a topic of particular interest of late. While Schwarzschild

black holes do not tidally deform in four spacetime dimensions [167, 211–213], there is still debate

whether the same is true for Kerr black holes in a general gravitational environment [214–217]. Nev-

ertheless, such effects impact the gravitational wave signal of a neutron star merger [218, 219], so

understanding them is necessary for the full description of these systems. The study of such effects

from a scattering amplitudes perspective was only recently initiated in ref. [173]. There, the authors

included higher-dimensional operators quadratic in the Weyl tensor in the action of a gravitating scalar

particle, and computed the corrections to the Hamiltonian and scattering angle up to next-to-leading

post-Minkowskian (PM) order (O(G3) for tidal effects). Not long after, two of the present authors ap-

plied the Hilbert series to extend the action of ref. [173] to include a complete, non-redundant set of

operators quadratic in the Weyl tensor [220]. They subsequently computed all O(G2) finite-size3 con-

tributions to scalar-scalar scattering, including all contributions from higher-derivative operators. Since

then, refs. [199, 221] extended the study of finite-size effects by calculating the leading-PM contributions

from an infinite set of operators with higher powers of the Weyl tensor, using the geodesic equation and

unitarity cuts, respectively.

There have also been efforts to derive fully relativistic information about tidally deformed systems

from purely classical frameworks. Refs. [170, 195] incorporated tidal effects into PM worldline actions,

and subsequently derived the leading-PM contributions to observables from a subset of tidal effects

arising from couplings quadratic in the Weyl tensor. Ref. [222] extended these results to a larger subset

of these tidal operators, as well as to the next-to-leading PM order. Incorporating spin, refs. [223, 224]

extended the operator basis of ref. [80] to include operators quadratic in the curvature containing up to

3We will use the terms "tidal" and "finite-size" interchangably for both gravity and electromagnetism, even though "elec-
tric/magnetic susceptibility" is normally used in the electromagnetic context.
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four powers of the spin vector. Most recently, ref. [225] presented a relativistic action describing tidally

deformed bodies up to linear order in spin.

To date, there has been no amplitudes approach adding spin to the tidally deformed object. In this pa-

per we fill this gap by expanding on the work of ref. [220] to include spin effects. Combining the Hilbert

series with on-shell methods, we construct the full action for spinors and two powers of the Weyl tensor.

This allows us to compute all classical tidal effects at O(G2) for spinor-spinor scattering. Adapting the

spinning effective field theory matching of ref. [29], we present the interaction Hamiltonian including

spin and tidal effects at O(G2) and to linear order in the angular momentum of each body. Then, ap-

plying the methods of refs. [10, 14], we use the amplitudes to find the linear and angular impulses. We

present the analogous results for quantum electrodynamics (QED). We then compute the eikonal phase

to extract additional observables in the gravitational case. First, the eikonal phase allows us to verify the

linear impulse through a separate method. Then, it provides a means for computing the spin kick and the

tidal corrections to the aligned-spin scattering angle.

This paper is organized as follows. We start by finding the tidal actions in both the electromagnetic

and gravitational cases for a massive spin-1/2 particle in section 6.3. This is accomplished by first using

the Hilbert series in section 6.3.1, which provides a guide for finding the amplitude bases in sections 6.3.2

and 6.3.3 and the operator bases in sections 6.3.4 and 6.3.5. We then calculate the leading-PM scattering

amplitudes in section 6.4. The scattering amplitudes are then used to calculate various classical quan-

tities: the conservative Hamiltonian in section 6.5, linear and angular impulses in section 6.6, and the

eikonal phase, spin kick, and aligned-spin scattering angle in section 6.7. We conclude in section 6.8.

Section 6.A contains a discussion on the relevant loop integrals, while in section 6.B we show details for

the calculation of classical observables.

6.3 TIDAL ACTIONS

Combining the Hilbert series with on-shell amplitudes methods, we construct in this section the full

action coupling two photon field strengths or two Weyl tensors to spinor fields.

6.3.1 Hilbert series

We begin with the Hilbert series. The Hilbert series produces the number of group invariants for a given

field content, and it is useful when constructing an operator basis in an effective field theory. Notable

achievements are the applications of the Hilbert series to the Standard Model effective field theory [174–

178], and the extension to include gravity [179]. Non-relativistic effective field theories [226, 227] and

effective field theories with non-linearly realized symmetries [228] can also be constructed using Hilbert

series techniques.

The Hilbert series was applied to characterize tidal effects for post-Minkowskian scattering in ref. [220].

In addition to the structures described in appendix A of ref. [220], we need the group characters for left-

and right-handed Weyl spinors (respectively ψL and ψR) [179],

χ[3/2,(1/2,0)](D;x, y) = D3/2P (D;x, y)
[
χ(1/2,0)(x, y)−Dχ(0,1/2)(x, y)

]
, (6.5)

χ[3/2,(0,1/2)](D;x, y) = D3/2P (D;x, y)
[
χ(0,1/2)(x, y)−Dχ(1/2,0)(x, y)

]
. (6.6)
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Moreover, in both the electromagnetic and gravitational cases, we assume the spinor fields are charged

under a U(1) gauge group. Thus we also need the gauge group characters χU(1)(α) = αQ for a particle

with charge Q and the corresponding Haar measure:∫
dµU(1) =

1

2πi

∮
|α|=1

dα

α
. (6.7)

We have assigned QψL = QψR = 1. All other information relevant to our application of the Hilbert

series is given in ref. [220] (Section 5.A).

We can now compute the Hilbert series in which we are interested. The Hilbert series for two field

strengths coupled to spinors for mass dimension d,HF 2

d , is

HF 2

7+2n = bn/2 + 1c(F 2
L + F 2

R)(ψLψ
†
R + ψ†LψR)D2n + nFLFR(ψLψ

†
R + ψ†LψR)D2n

+
1

2
(1− (−1)n)(F 2

LψLψ
†
R + F 2

Rψ
†
LψR)D2n, (6.8)

HF 2

6+2n = bn/2c(F 2
L + F 2

R)(ψLψ
†
L + ψRψ

†
R)D2n−1 + nFLFR(ψLψ

†
L + ψRψ

†
R)D2n−1. (6.9)

In eq. (6.8) we have n ≥ 0, whereas n ≥ 1 in eq. (6.9). Coupling two Weyl tensors to spinors, the Hilbert

series for mass dimension d,HC2

d , is

HC2

7+2n = bn/2 + 1c(C2
L + C2

R)(ψLψ
†
R + ψ†LψR)D2n + Θ(n− 1) (n− 1)CLCR(ψLψ

†
R + ψ†LψR)D2n

+
1

2
(1− (−1)n)(C2

LψLψ
†
R + C2

Rψ
†
LψR)D2n, (6.10)

HC2

6+2n = bn/2c(C2
L + C2

R)(ψLψ
†
L + ψRψ

†
R)D2n−1 + (n− 1)CLCR(ψLψ

†
L + ψRψ

†
R)D2n−1. (6.11)

Here, Θ(n− 1) is the Heaviside function and, once again, n ≥ 0 in eq. (6.10) and n ≥ 1 in eq. (6.11).

Equations (6.9) and (6.11) are the Hilbert series for even mass dimensions. These operators do not

have any analogs in the complex scalar case (which is a slight generalization of the real scalar case

discussed in ref. [220]), and we will see that they all contribute spin effects in the PM amplitudes.

The Hilbert series for odd mass dimensions in eqs. (6.8) and (6.10) are very similar to the correspond-

ing Hilbert series for complex scalars coupled to photons or gravitons, respectively (up to a doubling of

the number of terms coming from chiral fermions). The main difference is the appearance of the addi-

tional term

1

2
(1− (−1)n)(F 2

LψLψ
†
R + F 2

Rψ
†
LψR)D2n, (6.12)

or its analog for gravitons. These terms are present for d = 9, 13, 17, . . . – where they contribute spin

effects – but are absent for d = 11, 15, 19, . . . In the next section, we will see that this curious behavior

can be understood using on-shell spinor-helicity variables.

6.3.2 Amplitude basis for QED

A complementary approach to the characterization of tidal effects is the construction of on-shell am-

plitudes. It will be useful to us as it will elucidate relations among operators that are not obvious in

an off-shell language. The massive spinor-helicity formalism of ref. [63] is ideal for our purposes, and

we will make use of it to construct the on-shell amplitude basis. The massive spinors are indicated by
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a bolding of the momentum labels, which also represents a symmetrization over the massive particle’s

little group indices. See refs. [207, 208, 229, 230] for recent work constructing on-shell amplitudes.

Our approach makes use of the spinor structures presented in ref. [207]. To extend these results to

higher mass dimensions, the various spinor structures are multiplied by combinations of Mandelstam

variables, sij ≡ (pi + pj)
2, in a way that respects the Bose/Fermi statistics of the system. At four-

points there are two independent Mandelstam variables. Labeling the two bosons as 1 and 2 and the

two fermions as 3 and 4, we work with the two combinations of Mandelstam variables x = s12 and

y = s13 − s23 + s24 − s14.4 These combinations manifest symmetry/antisymmetry under the separate

exchanges 1↔ 2 and 3↔ 4.

We generate all higher-dimensional helicity amplitudes by multiplying the various spinor structures

by products of Mandelstam variables, e.g. xayb for a, b non-negative integers. As we are interested in

amplitudes for two bosons and two spinors, all amplitude structures must be symmetric (antisymmet-

ric) under the exchange 1 ↔ 2 (3 ↔ 4) for amplitudes with indistinguishable particles. While Bose

symmetry allows the power of x in a helicity amplitude to be arbitrary, it restricts the power of y in

certain amplitudes to be either even or odd, i.e. some spinor structures will be multiplied by xay2b(+1).

Finally, ref. [208] argued that spinor structures for massless particles can be generalized to the massive

case by simply bolding the momentum labels of the massive spin-1/2 particles. All things considered,

the amplitude basis for two massive spinors coupled to two photons is given in table 6.2.

helicity spinor structure
(+ + ++) [12]2[34]xay2b, [12]([14][23] + [13][24])y2b+1

(+ +−−) [12]2〈34〉xay2b

(+−++) [1|(3− 4)|2〉2[34]xayb

(+ + +−) [12]2[3|(1− 2)|4〉xay2b+1

(+ +−+) [12]2〈3|(1− 2)|4]xay2b+1

(+−+−) [13]〈24〉[1|(3− 4)|2〉xayb

Table 6.2: The spinor structure basis for electromagnetic finite-size effects. The helicity labels are or-
dered as (γ1γ2ψ3ψ4). The three first rows are the structures for odd mass dimensions, while the three
last rows are for even mass dimensions. Here a and b take integer values from 0 to∞. The structures for
opposite helicities can be obtained by exchanging angle and square brackets.

We are now in a position to discuss the curious operators counted in eq. (6.12). They correspond

to the second helicity amplitude in the first row of table 6.2. The reason why they are only present for

d = 9, 13, 17, . . . is a special relation between the helicity amplitudes. The helicity amplitude structures

(considering massless fermions for simplicity)

[12]2[34]xay2b and [12]([14][23] + [13][24])y2c+1 (6.13)

are independent for any a, b, c. However, if we multiply the second helicity amplitude in eq. (6.13) by x,

then we obtain the relation

2[12]([14][23] + [13][24])xy2c+1 = −[12]2[34]y2c+2. (6.14)

4In massive four-point amplitudes, we must include the mass of the fermions as a further independent structure. However,
the mass can always be absorbed into a Wilson coefficient, changing the dimensionality of the amplitude under consideration.
Therefore, at a fixed mass dimension, it is sufficient to construct the helicity amplitudes using only x and y.
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In the massive case this equivalence is modified by a lower-dimensional spinor structure. Thus, we can

choose an amplitude basis where the second term in eq. (6.13) is never multiplied by x. Note that the

analogous relation holds for gravitons, where each helicity amplitude is multiplied by [12]2. The relation

remains true when exchanging the square brackets for angle brackets.

6.3.3 Amplitude basis for gravity

The amplitude basis for gravity is almost identical to the photon case, with some additional powers of

[12], 〈1|(3 − 4)|2], or their conjugates, accounting for the additional little group weights of gravitons

relative to photons. The full amplitude basis for gravity is listed in table 6.3.

helicity spinor structure
(+ + ++) [12]4[34]xay2b, [12]3([14][23] + [13][24])y2b+1

(+ +−−) [12]4〈34〉xay2b

(+−++) [1|(3− 4)|2〉4[34]xayb

(+ + +−) [12]4[3|(1− 2)|4〉xay2b+1

(+ +−+) [12]4〈3|(1− 2)|4]xay2b+1

(+−+−) [13]〈24〉[1|(3− 4)|2〉3xayb

Table 6.3: The spinor structure basis for gravitational tidal effects. The helicity labels are ordered as
(g1g2ψ3ψ4). The three first rows are the structures for odd mass dimensions, while the three last rows
are for even mass dimensions. Here a and b take integer values from 0 to∞. The structures for opposite
helicities can be obtained by exchanging angle and square brackets.

6.3.4 Operator basis for QED

With the explicit amplitude basis at hand, we can turn to finding the corresponding operator basis. It

can be beneficial to have both an amplitude and an operator basis, since then both on-shell and off-shell

calculations can be performed directly starting from the appropriate basis. Either approach can be used

to calculate leading or subleading PM amplitudes.

In our case, the amplitude basis serves as a guide and as a cross-check. The products of Mandelstam

variables correspond to the distribution of covariant derivatives in the operators, and the spinor structure

can be simply found by putting various operators on-shell. Moreover, the relation in eq. (6.14) indicates

a relation between off-shell operators that we must take into account. As a cross-check, we have verified

that the operator basis below matches the amplitude basis in table 6.2 when put on-shell.

The full Lagrangian for fermions coupled to two field strengths is

LQED = ψ̄(i /D −m)ψ + ∆Lodd
QED + ∆Leven

QED, (6.15)

where ∆Lodd/even
QED are the contributions from higher-dimensional operators at odd or even mass dimen-

sions, respectively. Throughout this paper, we will use the prefix ∆ to denote tidal contributions, unless

otherwise stated. The contribution to the Lagrangian at odd mass dimensions is

∆Lodd
QED =

∞∑
n=0

bn/2c∑
k=0

a
(n,k)
1

(
ψ̄
↔
D α1...α2kψ

)(
Dβ1...βn−2k

Fµν
↔
Dα1...α2k

Dβ1...βn−2kFµν

)
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+
∞∑
n=0

bn/2c∑
k=0

a
(n,k)
2

(
ψ̄
↔
D µνα1...α2kψ

)(
Dβ1...βn−2k

F ρ
µ

↔
Dα1...α2k

Dβ1...βn−2kFνρ

)

+

∞∑
n=0

bn/2c∑
k=0

ia
(n,k)
3

(
ψ̄γ5

↔
D µνα1...α2k+1ψ

)(
Dβ1...βn−2k

F ρ
µ

↔
Dα1...α2k+1

Dβ1...βn−2k F̃νρ

)

+

∞∑
n=0

bn/2c∑
k=0

ia
(n,k)
4

(
ψ̄γ5

↔
D α1...α2kψ

)(
Dβ1...βn−2k

Fµν
↔
Dα1...α2k

Dβ1...βn−2k F̃µν

)

+

∞∑
n=0

ib(n)

(
ψ̄σµν

↔
D ρα1...α2nψ

)(
Fµρ

↔
Dσα1...α2nFν

σ

)
. (6.16)

We have only included parity-even operators. We have used the short-hand notationDµ1...µk = Dµ1 . . . Dµk

andA
↔
D µB = A(DµB)−(DµA)B. In particular,A

↔
D µ1...µkB = A

↔
D µ1...µk−1(DµkB)−(DµkA)

↔
D µ1...µk−1B+

O(F 3). For our purposes, we only need the part quadratic in the field strengths or Weyl tensors.

The operators labelled by the Wilson coefficient b(n) produce the on-shell structure on the right

of eq. (6.13). As a consequence of eq. (6.14), these operators only arise at every second odd mass

dimension.

The contribution at even mass dimensions is

∆Leven
QED =

∞∑
n=0

bn/2c∑
k=0

ic
(n,k)
1

(
ψ̄γµ

↔
D να1...α2kψ

)(
Dβ1...βn−2k

Fµρ
↔
Dα1...α2k

Dβ1...βn−2kFνρ

)

+

∞∑
n=0

bn/2c∑
k=0

ic
(n,k)
2

(
ψ̄γµ

↔
D νλα1...α2kψ

)(
Dβ1...βn−2k

Fµρ
↔
Dλα1...α2k

Dβ1...βn−2kFνρ

)

+
∞∑
n=0

bn/2c∑
k=0

c
(n,k)
3

(
ψ̄γ5γµ

↔
D νλα1...α2kψ

)(
Dβ1...βn−2k

Fµρ
↔
Dλα1...α2k

Dβ1...βn−2k F̃νρ

−Dβ1...βn−2k
F̃µρ

↔
Dλα1...α2k

Dβ1...βn−2kFνρ

)

+
∞∑
n=0

bn/2c∑
k=0

c
(n,k)
4

(
ψ̄γ5γµ

↔
D νλα1...α2kψ

)(
Dβ1...βn−2k

Fµρ
↔
Dλα1...α2k

Dβ1...βn−2k F̃νρ

+Dβ1...βn−2k
F̃µρ

↔
Dλα1...α2k

Dβ1...βn−2kFνρ

)
, (6.17)

where again we only list the parity-even operators.

6.3.5 Operator basis for gravity

We turn now to the tidal action for gravity. The operator basis for fermions coupled to gravitons is

very similar to the electromagnetic case. We have verified that our operator basis produces the helicity

amplitudes in table 6.3 when placed on-shell.

The full gravitational action includes the minimal coupling for fermions as well as the tidal pertur-

bations to be described:

√−gLGR =
√−g

[
ψ̄(ieµaγ

aDµ −m)ψ + ∆Lodd
GR + ∆Leven

GR

]
, (6.18)
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where the first part of the action is described in detail in e.g. ref. [92]. The tidal contribution at odd mass

dimensions is

∆Lodd
GR =

∞∑
n=0

bn/2c∑
k=0

d
(n,k)
1

(
ψ̄
↔
D α1...α2kψ

)(
Dβ1...βn−2k

Cµνρσ
↔
Dα1...α2k

Dβ1...βn−2kCµνρσ

)

+
∞∑
n=0

bn/2c∑
k=0

d
(n,k)
2

(
ψ̄
↔
D µνλτα1...α2kψ

)(
Dβ1...βn−2k

Cµρλσ
↔
Dα1...α2k

Dβ1...βn−2kCνρτσ

)

+

∞∑
n=0

bn/2c∑
k=0

id
(n,k)
3

(
ψ̄γ5

↔
D µνλτα1...α2k+1ψ

)(
Dβ1...βn−2k

Cµρλσ
↔
Dα1...α2k+1

Dβ1...βn−2kC̃νρτσ

)

+

∞∑
n=0

bn/2c∑
k=0

id
(n,k)
4

(
ψ̄γ5

↔
D α1...α2kψ

)(
Dβ1...βn−2k

Cµνρσ
↔
Dα1...α2k

Dβ1...βn−2kC̃µνρσ

)

+

∞∑
n=0

ie(n)

(
ψ̄σµν

↔
D ρα1...α2nψ

)(
Cµλρτ

↔
Dσα1...α2nCν

λστ

)
. (6.19)

The operators labelled by the Wilson coefficient e(n) produce the gravitational analog of the on-shell

structure on the right of eq. (6.13). Again, eq. (6.14) means that these operators only arise at every

second odd mass dimension.

The tidal contribution at even mass dimensions is

∆Leven
GR =

∞∑
n=0

bn/2c∑
k=0

if
(n,k)
1

(
ψ̄γµ

↔
D νγδα1...α2kψ

)(
Dβ1...βn−2k

Cµργτ
↔
Dα1...α2k

Dβ1...βn−2kCνρδτ

)

+
∞∑
n=0

bn/2c∑
k=0

if
(n,k)
2

(
ψ̄γµ

↔
D νγα1...α2kψ

)(
Dβ1...βn−2k

Cµργτ
↔
Dδα1...α2k

Dβ1...βn−2kCνρδτ

)

+
∞∑
n=0

bn/2c∑
k=0

f
(n,k)
3

(
ψ̄γ5γµ

↔
D νγδλα1...α2kψ

)(
Dβ1...βn−2k

Cµργτ
↔
Dλα1...α2k

Dβ1...βn−2kC̃νρδτ

−Dβ1...βn−2k
C̃µργτ

↔
Dλα1...α2k

Dβ1...βn−2kCνρδτ

)

+

∞∑
n=0

bn/2c∑
k=0

f
(n,k)
4

(
ψ̄γ5γµ

↔
D νλα1...α2kψ

)(
Dβ1...βn−2k

Cµργδ
↔
Dλα1...α2k

Dβ1...βn−2kC̃νργδ

+Dβ1...βn−2k
C̃µργδ

↔
Dλα1...α2k

Dβ1...βn−2kCνργδ

)
.

(6.20)

The form of the gravitational action is almost identical to the electromagnetic action. However, note that

various operators appear at different mass dimensions compared to the electromagnetic case, due to the

additional Lorentz index structure of the Weyl tensors.

6.4 LEADING-PM TIDAL EFFECTS

The tidal operators listed in eqs. (6.16), (6.17), (6.19) and (6.20) are all we need to compute the leading-

PM tidal contributions to spin-1/2 – spin-1/2 scattering. There are no contributions at tree-level to the
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p2

p2 − l

p2 + q

l

l + q

p1

p1 − q

Figure 6.1: The only topology contributing classical tidal effects at one loop. Here, the tidal effects of
particle 1 are probed. The wavy lines represent either photons or gravitons.

conservative 2 → 2 scattering amplitude, so we must consider the scattering at one loop. The only

diagram contributing classically is the triangle diagram, shown in fig. 6.1, where particle 1 is being

tidally deformed. Of course, the final result can be symmetrized in the particle labels to obtain the tidal

deformation on particle 2. We let the incoming momenta be pµi = miv
µ
i , where vµi are the particles’

four-velocities, which satisfy v2
i = 1. Also, we define ω ≡ v1 · v2. As we are interested in the classical

portion of the amplitude, we compute the leading-in-~ contribution only.

We write the spin effects in terms of the covariant spin vector for heavy particles, defined as

Sµi =
1

2
ūviγ5γ

µuvi , (6.21)

where γ5 ≡ −iγ0γ1γ2γ3 and uvi are spinors for a heavy particle with velocity vµi — see refs. [165, 202]

for their relation to Dirac spinors. To do so, we convert all Dirac spinors to heavy spinors at the level

of the on-shell amplitudes, and keep only the terms at leading order in ~. As argued in ref. [165], this

spin vector is identifiable with the one-particle matrix element of the spin vector of a classical spinning

object: it automatically satisfies the covariant spin supplementary condition (SSC) piµSµν = 0 for a

spinning object with momentum piµ = mviµ, where Sµν is the classical spin tensor [96].5

The computation of all tidal effects requires knowledge of certain projections of the general-rank

triangle integral. Details about these integrals are given in section 6.A.

6.4.1 QED

Since we are including spin effects for the tidally deformed particle, as well as for particle 2, the scatter-

ing amplitude will be decomposed in terms of spinless, spin-orbit, and spin-spin contributions. In total,

the finite-size contributions at one loop to the QED amplitude for spin-1/2 – spin-1/2 scattering are

∆As=1/2
2 =

e2S

π2

∞∑
j=0

(
−q

2

2

)j+1 [
U1U2F

(0)
j − iωE1U2F

(1,1)
j + iωU1E2F

(1,2)
j (6.22)

+ (q · S1) (q · S2)F
(2,1)
j − q2 (S1 · S2)F

(2,2)
j + ωq2 (v2 · S1) (v1 · S2)F

(2,3)
j

]
,

5The momentum of a spinning object actually deviates from mvµ by corrections of O(RS2), where R is a stand-in for the
Riemann tensor [86]. This modifies the SSC at orders cubic in the object’s angular momentum. We can safely ignore such
effects, as we are focused on contributions at most linear in the spin of either object.
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where e is the electromagnetic coupling, S ≡ π2/
√
−q2, and Sµi is the spin vector of particle i defined

in eq. (6.21). The subscript 2 indicates that this is the amplitude at quadratic order in the coupling. There

are further spin structures that can appear at quadratic order in spin, but they are subleading in the ~
expansion. The form factors are functions of ω, the dependence on which we leave implicit. We find the

form factors to be

F
(0)
j =

j∑
k=0

a
(j+k,k)
1 (4m1)2k(1− ω2)k

αk
4

+

j∑
k=0

(
a

(j+k,k)
2 − c

(j+k,k)
1

2m1

)
(4m1)2k+2(1− ω2)k

1

32

[
(ω2 − 1)αk+1 − ω2αk

]
, (6.23)

F
(1,1)
j = − b(j)

4m2
(4m1)2j(1− ω2)jαj

+

j∑
k=0

c
(j+k,k)
1

4m1m2
(4m1)2k (1− ω2)k [αk+1 − αk]

+

j∑
k=0

c
(j+k,k)
4 − c(j+k,k)

3

8m1m2
(4m1)2k+2 (1− ω2)kαk+1, (6.24)

F
(1,2)
j =

j∑
k=0

(
a

(j+k,k)
2 − c

(j+k,k)
1

2m1

)
(4m1)2k+2

32m1m2
2

(1− ω2)k [2αk+1 − αk] , (6.25)

F
(2,1)
j =

j∑
k=0

a
(j+k,k)
4

4m1m2
(4m1)2k

(
1− ω2

)k
αk

+
b(j)

16m2
(4m1)2j+1(1− ω2)j

[
(3ω2 − 2)(αj + αj+1) + (2ω2 − 1)

2

2j + 1
αj+1

]
+

j∑
k=0

c
(j+k,k)
1

8m2
(4m1)2k (1− ω2)k

[
(2ω2 − 1) (αk − 2αk+1)

]
−

j∑
k=0

c
(j+k,k)
3

16m2
(4m1)2k+2(1− ω2)k+1 1

k + 2
αk+1

+

j∑
k=0

c
(j+k,k)
4

8m2
(4m1)2k+2 (1− ω2)k+1αk+1, (6.26)

F
(2,2)
j =

b(j)

16m2
(4m1)2j+1(1− ω2)j

[
(2ω2 − 1)

1

2j + 1
αj+1

]
+

j∑
k=0

c
(j+k,k)
1

8m2
(4m1)2k (1− ω2)k

[
(2ω2 − 1) (αk − 2αk+1)

]
−

j∑
k=0

c
(j+k,k)
3

16m2
(4m1)2k+2(1− ω2)k+1 1

k + 2
αk+1, (6.27)

F
(2,3)
j =

b(j)

32m2
(4m1)2j+1(1− ω2)j

(
4αj+1 − (2ω2 − 1)αj+1

4j

2j + 1

1

ω2 − 1

)
+

j∑
k=0

c
(j+k,k)
1

8m2
(4m1)2k (1− ω2)k

[
αk −

4k

2k + 1

ω2

(ω2 − 1)
αk+1

]
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+

j∑
k=0

c
(j+k,k)
3

4m2
(4m1)2k+2(1− ω2)k

(
αk+1 −

2(k + 1)

2k + 3
αk+2

)
. (6.28)

We have introduced the notation

αk ≡
(

1
2

)
k

2k(1)k
, (6.29)

where (a)k is the Pochhammer symbol, and

uv1 ≡ u(m1v1), uv2 ≡ u(m2v2), ūv1 ≡ ū(m1v1 − q), ūv2 ≡ ū(m2v2 + q), (6.30)

ūv1uv1 ≡ U1, ūv2uv2 ≡ U2, (6.31)

v2µqν ūv1σ
µνuv1 = −2v2µqνε

µναβv1αS1β ≡ −2E1/(m1m2), (6.32)

v1µqν ūv2σ
µνuv2 = −2v1µqνε

µναβv2αS2β ≡ 2E2/(m1m2), (6.33)

to simplify the expressions, where the Levi-Civita tensor is defined by ε0123 = 1. We remark on the ab-

sence of contributions from the operators with Wilson coefficients a(j+k,k)
3 and c(j+k,k)

2 : the contributions

from these operators scale as (q2)j+2, so we treat them as subleading in the ~ expansion.

Up to a redefinition of Wilson coefficients, the form-factor for the spin-monopole F (0)
j agrees with

the amplitude in ref. [220]. The matching conditions, accounting for the normalization of the spinors,

are

42ka
(j+k,k)
1 → a

(j+k)
k

m1
, (6.34)

42k+2

(
a

(j+k,k)
2 − c

(j+k,k)
1

2m1

)
→ − 4

m1
b
(j+k+1)
k , (6.35)

where the Wilson coefficients on the right hand side are those in ref. [220]. This suggests that the spin-

multipole universality for long range electromagnetic scattering [52] extends to the case where tidal

deformations are accounted for. This means that, at least at the classical level, the tidally-modified spin-

monopole is the same regardless of the total spin of the object. The agreement with the scalar amplitude

also shows that the additional even-dimensional operators do not contribute unique spinless structures.

6.4.2 Gravity

Again, we split the gravitational scattering amplitude in terms of spinless, spin-orbit, and spin-spin con-

tributions. The leading-in-~ tidal contributions at 2PM order are

∆Ms=1/2
2 = G2m2

2S
∞∑
j=0

(
−q

2

2

)j+2 [
U1U2G

(0)
j − iωE1U2G

(1,1)
j + iωU1E2G

(1,2)
j (6.36)

+ (q · S1) (q · S2)G
(2,1)
j − q2 (S1 · S2)G

(2,2)
j + ωq2 (v2 · S1) (v1 · S2)G

(2,3)
j

]
,
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where the form factors are the following functions of ω:

G
(0)
j =

j∑
k=0

d
(j+k,k)
1 (4m1)2k (1− ω2)k16αk

+

j∑
k=0

(
d

(j+k,k)
2 − f

(j+k,k)
1

2m1

)
(4m1)2k+4 (1− ω2)k

× 1

8

[
(1− 2ω2)2αk + 2(1− 4ω2)(ω2 − 1)αk+1 + 2(ω2 − 1)2αk+2

]
, (6.37)

G
(1,1)
j = −e

(j)

m2
(4m1)2j(1− ω2)j16αj+1

+

j∑
k=0

f
(j+k,k)
1

m1m2
(4m1)2k+2 (1− ω2)k

×
[
2(ω2 − 1)(αk+2 − 2αk+1) + (2ω2 − 1)2αk + (1− 4ω2)αk+1

]
+

j∑
k=0

f
(j+k,k)
3

2m1m2
(4m1)2k+4(1− ω2)k

[
(4ω2 − 3)αk+1 − 6(ω2 − 1)αk+2

]
+

j∑
k=0

f
(j+k,k)
4

m1m2
(4m1)2k+2 (1− ω2)k8αk+1, (6.38)

G
(1,2)
j =

j∑
k=0

(
d

(j+k,k)
2 − f

(j+k,k)
1

2m2

)
(4m1)2k+4

2m1m2
2

(1− ω2)k

×
[
(ω2 − 1)(2αk+2 − αk+1)− 1

2
(2ω2 − 1)(2αk+1 − αk)

]
, (6.39)

G
(2,1)
j =

j∑
k=0

d
(j+k,k)
4

m1m2
(4m1)2k

(
1− ω2

)k
16αk

−e
(j)

m2
(4m1)2j+1(1− ω2)j+14αj+1

−
j∑

k=0

f
(j+k,k)
1

m2
(4m1)2k+2

(
1− ω2

)k 4(2k + 7)ω4 − 3(2k + 9)ω2 + 3

8(k + 1)(k + 2)
αk

+

j∑
k=0

f
(j+k,k)
3

m2
(4m1)2k+4

(
1− ω2

)k+1 3(2k + 7)ω2 − 3

8(k + 2)(k + 3)
αk+1

+

j∑
k=0

f
(j+k,k)
4

m2
(4m1)2k+2 (1− ω2)k+18αk+1, (6.40)

G
(2,2)
j = −

j∑
k=0

f
(j+k,k)
1

m2
(4m1)2k+2

(
1− ω2

)k 4(2k + 7)ω4 − 3(2k + 9)ω2 + 3

8(k + 1)(k + 2)
αk

+

j∑
k=0

f
(j+k,k)
3

m2
(4m1)2k+4

(
1− ω2

)k+1 3(2k + 7)ω2 − 3

8(k + 2)(k + 3)
αk+1, (6.41)

G
(2,3)
j =

j∑
k=0

f
(j+k,k)
1

m2
(4m1)2k+2 (1− ω2)k

×
[

αk
4(k + 1)(k + 2)(ω2 − 1)

(−2(2k + 7)ω4 + (k(2k + 11) + 17)ω2 − 3(k + 1))

]
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+

j∑
k=0

f
(j+k,k)
3

m2
(4m1)2k+4

(
1− ω2

)k 3(k + 4)− (k + 6)(2k + 7)ω2

4(k + 2)(k + 3)
αk+1. (6.42)

The contributions from the d(j+k,k)
3 and f (j+k,k)

2 operators scale as (q2)j+3, so we treat them as sublead-

ing in the ~ expansion.

Results for the amplitude describing the scattering of a tidally defomed, spinless object with a spin-

ning point particle were recently presented in ref. [199]. These are to be compared with the function

G
(1,2)
j . After some algebraic manipulations of eq. (6.39) we find agreement with eq. (3.68) in ref. [199]

when k = j.

As in the electromagnetic case, the form-factor for the spin-monopoleG(0)
j agrees with the amplitude

in ref. [220]; the two sets of Wilson coefficients can be matched through

42kd
(j+k,k)
1 → c

(j+k)
k

m1
, (6.43)

42k+4

(
d

(j+k,k)
2 − f

(j+k,k)
1

2m1

)
→ 16

m1
d

(j+k+2)
k , (6.44)

where the coefficients on the right hand side are those in ref. [220]. Under these replacements the form

factor here is related to that in ref. [220] through G(0)
j → gj/m1. The differing mass dimensions of the

Wilson coefficients in each action is because of the different mass dimensions of scalar versus spinor

fields. This matching extends the spin-multipole universality for long range gravitational scattering ob-

served in ref. [23] to the tidally deformed setting. More precisely, this provides evidence that the classical

tidally-modified spin-monopole is the same regardless of the total spin of the deformed object.

In both the electromagnetic and gravitational point-particle cases, it is well known that classical spin-

spin effects of the form q2 S1 ·S2 and q ·S1 q ·S2 arise in the proportion q ·S1 q ·S2− q2 S1 ·S2 through

one-loop order [23, 29, 52, 92]. We have shown here that this correlation between spin structures is

broken for general values of the Wilson coefficients when finite-size effects are included at the one-loop

level.

In the interest of deriving a conservative Hamiltonian in Section 6.5, we rewrite the amplitude in the

center-of-mass kinematics of refs. [29, 78]. These are, for all momenta outgoing

pµ1 = −(E1,p), pµ2 = −(E2,−p), qµ = (0, q), p · q =
q2

2
,

Sµ1 =

(
p · S1

m1
,S1 +

p · S1

(E1 +m1)m1
p

)
, Sµ2 =

(
−p · S2

m2
,S2 +

p · S2

(E2 +m2)m2
p

)
. (6.45)

Here, Si is the spin vector in the rest frame of particle i. It is also the spatial component of the canonical

spin vector, which is the spin vector appearing in the canonical Hamiltonian [97]. We express the spin

structures that arise using these kinematics:6

q · Si = −q · Si −
q2p · Si

2mi(Ei +mi)
, Ei = E (p× q) · Si,

6We use the mostly negative metric signature. Note that we find the opposite sign on the first term of q · Si relative to
ref. [29]. This difference is immaterial, however, since these structures only arise in the combination q · S1 q · S2, causing the
signs to cancel, and since the second term in this inner product is subleading in ~.



142 6 TIDAL EFFECTS FOR SPINNING PARTICLES

p2 · S1 = − E

m1
p · S1, p1 · S2 =

E

m2
p · S2,

S1 · S2 = −S1 · S2 −M12p · S1 p · S2, (6.46)

where

M12 ≡
(E +M)2

2(E1 +m1)(E2 +m2)m1m2
, (6.47)

E = E1+E2, andM = m1+m2. Substituting these into eq. (6.36) after non-relativistically normalizing

the amplitude, and keeping only the leading-in-~ terms, we find

∆Ms=1/2
2

4E1E2
= 2G2S

[
U1U2∆a

(0)
cov,2 + ∆a

(1,1)
cov,2 i(p× q) · S1 U2 + ∆a

(1,2)
cov,2 U1 i(p× q) · S2

+∆a
(2,1)
cov,2 (q · S1 q · S2) + ∆a

(2,2)
cov,2 (q2S1 · S2) + ∆a

(2,3)
cov,2 q

2p · S1 p · S2

]
, (6.48)

where

∆a
(0)
cov,2 = m2

2

∞∑
j=0

(
q2

2

)j+2
[
G

(0)
j

8E1E2

]
, (6.49)

∆a
(1,1)
cov,2 = m2

2

∞∑
j=0

(
q2

2

)j+2 [
− ωE

8E1E2
G

(1,1)
j

]
, (6.50)

∆a
(1,2)
cov,2 = m2

2

∞∑
j=0

(
q2

2

)j+2 [
ωE

8E1E2
G

(1,2)
j

]
, (6.51)

∆a
(2,1)
cov,2 = m2

2

∞∑
j=0

(
q2

2

)j+2 [
1

8E1E2
G

(2,1)
j

]
, (6.52)

∆a
(2,2)
cov,2 = m2

2

∞∑
j=0

(
q2

2

)j+2 [
− 1

8E1E2
G

(2,2)
j

]
, (6.53)

∆a
(2,3)
cov,2 = m2

2

∞∑
j=0

(
q2

2

)j+2 [
ωE2

8E1E2m2
1m

2
2

G
(2,3)
j − M12

8E1E2
G

(2,2)
j

]
. (6.54)

We have borrowed the notation from ref. [29], where the subscript cov denotes that these are the coef-

ficients to the spin structures when the amplitude is written in terms of the covariant spin vectors. We

define the notation

∆aAcov,2 ≡ m2
2

∞∑
j=0

(
q2

2

)j+2

∆aAcov,2,j(ω), (6.55)

for easy reference later on.

6.5 CONSERVATIVE TWO-BODY HAMILTONIAN

In this section, we use the effective field theory (EFT) matching approach of ref. [29] to derive the

two-body spin-dependent conservative Hamiltonian. Working with the spin-coherent states |n〉 defined
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therein, the two-body Hamiltonian is given by

H(q,p) =
√
p2 +m2

1 +
√

p2 +m2
2 + 〈n1n2|

[
V̂ (k′,k, Ŝa) + ∆V̂ (k′,k, Ŝa)

]
|n1n2〉, (6.56)

where ∆V̂ encodes the tidal contributions to the Hamiltonian for spinning particles. Here, k is the

incoming three-momentum, k′ is the outgoing three-momentum, q ≡ k − k′ is the transferred three-

momentum, and p ≡ (k′ + k)/2. Finally, Ŝa is the rest-frame spin operator of particle a, whose

expectation value in the spin-coherent state of particle a gives its rest-frame spin vector, Sa. The tidal

potential can be expanded in the basis of spin operators analogously to the expansion of V̂ (k′,k, Ŝa) in

ref. [29]:

∆V̂ (k′,k, Ŝa) =
∑
A

∆V̂ A(k′,k) ÔA. (6.57)

A labels the following classical spin structures:

Ô(0) = I, Ô(1,1) = Lq · Ŝ1, Ô(1,2) = Lq · Ŝ2,

Ô(2,1) = q · Ŝ1q · Ŝ2, Ô(2,2) = q2Ŝ1 · Ŝ2, Ô(2,3) = q2p · Ŝ1p · Ŝ2, (6.58)

where Lq ≡ i(p × q). The first index in the superscripts labels the number of spin vectors in the

operator, whereas the second labels the different structures with that many spin vectors. There are two

spin structures that are not included in this basis. They are

q · pq · Ŝ1p · Ŝ2, q · pp · Ŝ1q · Ŝ2. (6.59)

As discussed in ref. [29], these are omitted from the basis since the on-shell condition q · p ∼ q2 means

they are subleading in the ~ expansion.

To match the tidal amplitude to the tidal potential, the coefficients of these operators are also ex-

panded in powers of G:

∆V̂ A(k′,k) =
4πG

q2
∆dA1 (k′,k) +

2π2G2

|q| ∆dA2 (k′,k) +O(G3). (6.60)

Tidal effects arise first at O(G2), which imposes ∆dA1 (k′,k) = 0. Note also that the tidal effects allow

for higher powers of q2 to contribute classically to the potential at a given order in G. This potential is

computed from the EFT of ref. [29], whose action for spin-1/2 fermions is given by

S =

∫
k

∑
a=1,2

ψ†a(−k)
(
i∂t −

√
k2 +m2

a

)
ψa(k) (6.61)

−
∫
k,k′

ψ†1(k′)ψ†2(−k′)
(
V̂ (k′,k, Ŝa) + ∆V̂ (k′,k, Ŝa)

)
ψ1(k)ψ2(−k).

The coefficients ∆dAi (k′,k) are then found by matching the amplitudes from the above EFT with the

amplitudes derived from the tidal actions given in sections 6.3.4 and 6.3.5.

We move now to the computation of the tidal amplitude from this EFT. As noted above, ∆dA1 (k′,k) =

0, which means the leading tidal potential is an O(G2) quantity. As we wish to match to the O(G2) am-
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Figure 6.2: The diagram encoding the leading tidal effect in the EFT in eq. (6.61).

plitude from the full theory, this means that we will only need to compute the tidal contribution to the

EFT amplitude from the tree-level diagram in fig. 6.2. This amplitude is simply

∆MEFT
2 = −〈n1n2|∆V̂ (k′,k, Ŝi)|n1n2〉 ≡ −∆V (k′,k,Si). (6.62)

The subscript 2 on the left-hand side reminds us that this is an amplitude at O(G2). We can also expand

the EFT amplitude in the basis of eq. (6.58):

∆MEFT
2 =

2π2G2

|q|
[
∆a

(0)
2 + ∆a

(1,1)
2 Lq · S1 + ∆a

(1,2)
2 Lq · S2 (6.63)

+∆a
(2,1)
2 q · S1q · S2 + ∆a

(2,2)
2 q2S1 · S2 + ∆a

(2,3)
2 q2p · S1p · S2

]
.

Combining this with eqs. (6.57), (6.60) and (6.62) and matching the coefficients on the different spin

operators, we arrive at the simple relation to leading-PM order in tidal effects:

∆aA2 = −∆dA2 . (6.64)

Now, the EFT in eq. (6.61) is the effective theory where the graviton modes have been integrated

out of the full theory. As an effective version of the full theory, it must produce the same low-energy

amplitudes as the full theory:

∆MEFT
2 =

∆Ms=1/2
2

4E1E2
, (6.65)

where we have non-relativistically normalized the full theory amplitude. Note that since both of these

amplitudes are the leading order where tidal effects arise, there are no iteration terms to be matched.

Before we can match these two amplitudes, we must first express the spinor products in the amplitude in

eq. (6.48) in terms of the canonical spin vector. The result of this is the mixing of the ∆aAcov,2 coefficients,

which has been worked out in ref. [29].7 The mixing derived there is slightly modified in our case, as

our spinors are dimensionful. Accounting for this mixing, eq. (6.65) yields the matching conditions

∆a
(0)
2 = 4m1m2∆a

(0)
cov,2, (6.66)

7We thank Andrés Luna for discussion on this point.
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∆a
(1,1)
2 = 2m2∆a

(1,1)
cov,2 −

4m2∆a
(0)
cov,2

E(p1) +m1
, (6.67)

∆a
(1,2)
2 = 2m1∆a

(1,2)
cov,2 −

4m1∆a
(0)
cov,2

E(p2) +m2
, (6.68)

∆a
(2,1)
2 = ∆a

(2,1)
cov,2 −

2p2∆a
(1,1)
cov,2

E(p2) +m2
−

2p2∆a
(1,2)
cov,2

E(p1) +m1
+

4p2∆a
(0)
cov,2

[E(p1) +m1][E(p2) +m2]
, (6.69)

∆a
(2,2)
2 = ∆a

(2,2)
cov,2 +

2p2∆a
(1,1)
cov,2

E(p2) +m2
+

2p2∆a
(1,2)
cov,2

E(p1) +m1
−

4p2∆a
(0)
cov,2

[E(p1) +m1][E(p2) +m2]
, (6.70)

∆a
(2,3)
2 = ∆a

(2,3)
cov,2 −

2∆a
(1,1)
cov,2

E(p2) +m2
−

2∆a
(1,2)
cov,2

E(p1) +m1
+

4∆a
(0)
cov,2

[E(p1) +m1][E(p2) +m2]
. (6.71)

Combining this with eqs. (6.62) to (6.64), the momentum-space potential at O(G2) can be written as

∆V (k′,k,Sa) = −2π2m2
2G

2

|q|
∞∑
j=0

(
q2

2

)j+2∑
A

∆aA2,j(ω)OA, (6.72)

where the ∆aA2,j(ω) are defined through

∆aA2 (ω) ≡ m2
2

∞∑
j=0

(
q2

2

)j+2

∆aA2,j(ω). (6.73)

The potential can be expressed in position space by simply Fourier transforming, giving (see Section 6.B

for the relevant integrals)

∆V (r,p,Sa) = −
√
πm2

2G
2

2

∞∑
j=0

(
2

r2

)j+3

Γ(j + 3)

[
1

Γ(−j − 3/2)
∆a

(0)
2,j (ω) I

−
(

2

r2

)
j + 3

Γ(−j − 3/2)

(
∆a

(1,1)
2,j (ω)L · S1 + ∆a

(1,2)
2,j (ω)L · S2

)
− 2(j + 4)

(
2

r2

)
1

r2

j + 3

Γ(−j − 3/2)
∆a

(2,1)
2,j (ω)r · S1r · S2

+

(
2

r2

)
(j + 3)

(
1

Γ(−j − 3/2)
∆a

(2,1)
2,j (ω) +

2

Γ(−j − 5/2)
∆a

(2,2)
2,j (ω)

)
S1 · S2

+2

(
2

r2

)
j + 3

Γ(−j − 5/2)
∆a

(2,3)
2,j (ω)p · S1p · S2

]
, (6.74)

where L ≡ r × p is the angular momentum. The spin-monopole portion of this potential agrees with

that found in ref. [220] after performing the matching in eqs. (6.43) and (6.44)

6.6 CLASSICAL OBSERVABLES

The scattering amplitude can be related to various classical observables. For example, refs. [10, 14] de-

rived direct relations between the scattering amplitude and the linear and angular impulses. In this sec-

tion, we will use the tidally deformed scattering amplitudes for spin-1/2 particles, eqs. (6.22) and (6.36),

to find the tidal contributions to these quantities. We remark that the ∆ prefixes in the remainder of this
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section denote changes in the linear and angular momenta.

6.6.1 Linear impulse

Following ref. [10], the leading term for the classical linear impulse is8

∆pµ1 =

〈〈
i

∫
d̂4qδ̂(2p1 · q)δ̂(2p2 · q)e−ib·qqµA(p1, p2 → p1 + q, p2 − q)

〉〉
, (6.75)

where bµ is the impact parameter. Since we are dealing with the leading-PM tidal amplitudes, we do not

need to include the second contribution to the linear impulse, i.e. eq. (3.30) in ref. [10]. The effect of the

double angle brackets is to take the expectation values for the spins, as well as to impose the replacement

pi → mivi on the initial momenta. As we have already written the amplitudes by expressing the momenta

in this way, the task is reduced to the computation of integrals of the form in eq. (6.126). We present all

computational details in section 6.B and write here just the results.

Before computing the impulse, we highlight that we will work with the covariant spin vector in this

section. This changes the way the spinor products Ui are treated compared to Section 6.5. First, note

that the spinors in the amplitudes of eqs. (6.22) and (6.36) are normalized such that ū(p)u(p) = 2m.

Moreover, as the momenta of the final states differ from those of the initial states by momenta of order

~, we can expand the final state spinors in powers of ~:

ū(p± ~q̄) = ū(p) +O(q). (6.76)

In fact, when working with the covariant spin vector, this O(q) correction is an infinitesimal Lorentz

boost of the spinor [14]. This applies just as well to the heavy spinors, so, to leading order in q, the

spinor products are Ui = 2mi +O(q2).

We begin with the linear impulse in the gravitational case. Plugging the tidal contribution to the

amplitude, eq. (6.36), into the impulse formula we have that9

∆pµ1,GR = iG2m2
2

∞∑
j=0

[
4m1m2G

(0)
j Iµj+2(−b)

− 2iωm1m2ερναβv
ν
1v

α
2

(
m2〈Sβ1 〉G

(1,1)
j −m1〈Sβ2 〉G

(1,2)
j

)
Iµρj+2(−b)

+
(
〈S1ν〉〈S2ρ〉G(2,1)

j − ηνρ〈S1〉 · 〈S2〉G(2,2)
j + ωηνρ (v2 · 〈S1〉) (v1 · 〈S2〉)G(2,3)

j

)
Iµνρj+2(−b)

]
.

(6.77)

By using the results for the integrals in eqs. (6.129), (6.134) and (6.138), we end up with

∆pµ1,GR =
−πG2m2

8m1

√
ω2 − 1

∞∑
j=0

(
− 2

b2

)j+3 Γ[7/2 + j]

Γ[−3/2− j]

[
−4m1m2G

(0)
j

bµ

|b|

+2ωm1m
2
2ερναβv

ν
2v

α
1 〈Sβ1 〉G

(1,1)
j

1

|b|

(
(7 + 2j)

bµbρ

b2
−Πµρ

)
8We leave the factors of ~ implicit.
9Note that eq. (6.75) gives the impulse for the particle that absorbs the transfer momentum. In our case, particle 1 is the

emitting particle, so we must evaluate the integrals at −bµ.
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+ 2ωm2
1m2ερναβv

ν
1v

α
2 〈Sβ2 〉G

(1,2)
j

1

|b|

(
(7 + 2j)

bµbρ

b2
−Πµρ

)
−
[
〈S1ν〉〈S2ρ〉G(2,1)

j − ηνρ (〈S1〉 · 〈S2〉)G(2,2)
j + ωηνρ (v2 · 〈S1〉) (v1 · 〈S2〉)G(2,3)

j

]
×
(

(9/2 + j)
bµbνbρ

b2
− 3

2
b(µΠνρ)

)
2

|b|

(
− 2

b2

)
(7/2 + j)

]
, (6.78)

where Πµν is defined in eq. (6.131). In the electromagnetic case, the impulse is

∆pµ1,EM =
−e2

8πm1m2

√
ω2 − 1

∞∑
j=0

(
− 2

b2

)j+2 Γ[5/2 + j]

Γ[−1/2− j]

[
−4m1m2F

(0)
j

bµ

|b|

+2ωm1m
2
2ερναβv

ν
2v

α
1 〈Sβ1 〉F

(1,1)
j

1

|b|

(
(5 + 2j)

bµbρ

b2
−Πµρ

)
+ 2ωm2

1m2ερναβv
ν
1v

α
2 〈Sβ2 〉F

(1,2)
j

1

|b|

(
(5 + 2j)

bµbρ

b2
−Πµρ

)
−
[
〈S1ν〉〈S2ρ〉F (2,1)

j − ηνρ (〈S1〉 · 〈S2〉)F (2,2)
j + ωηνρ (v2 · 〈S1〉) (v1 · 〈S2〉)F (2,3)

j

]
×
(

(7/2 + j)
bµbνbρ

b2
− 3

2
b(µΠνρ)

)
2

|b|

(
− 2

b2

)
(5/2 + j)

]
. (6.79)

Note that the electromagnetic result can be obtained from the gravitational result using the following

replacements:

G2m2
2 → e2/π2, (6.80)

GAj → FAj , (6.81)

j → j − 1. (6.82)

The last of these replacements is not applied to the indices of the form factors.

6.6.2 Angular impulse

We turn now to the determination of the angular impulse. The angular impulse for the absorbing particle

is related to the amplitude through [14]10

∆Sµ1 =

〈〈
i

∫
d̂4qδ̂(2p1 · q)δ̂(2p2 · q)e−ib·q

(
− p

µ
1

m2
1

q · S1(p1)A(q) + [Sµ1 (p1),A(q)]

)〉〉
, (6.83)

where pµ1 is the initial momentum of the absorbing particle. We don’t need the second contribution to

the impulse, eq. (3.22) in ref. [14], because we are calculating the leading-PM tidal contribution. For

the spin-1/2 amplitudes we are considering, this formula will produce terms of O(S2
i ). We ignore such

contributions since one must consider spin-1 scattering to obtain all information at this spin order.

We compute each term individually for particle 1, which is the emitting particle in our setup. The

first term is 〈〈
i

∫
d̂4qδ̂(2p1 · q)δ̂(2p2 · q)eib·q

pµ1
m2

1

q · S1(p1)A2(q)

〉〉
= − v

µ
1

m1
∆p1 · 〈S1〉, (6.84)

10Again, we leave the factors of ~ implicit.
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which follows since, to the order we are working, there is only one contribution to the linear impulse.

This is true for both the electromagnetic and gravitational cases. Writing this explicitly for the case of

gravity,

− v
µ
1

m1
∆p1 · 〈S1〉 =

vµ1πG
2m2

2

4m1|b|
√
ω2 − 1

∞∑
j=0

(
− 2

b2

)j+3 Γ[7/2 + j]

Γ[−3/2− j] (6.85)

×
[
−2G

(0)
j bλ + ωm1ερναβv

ν
1v

α
2 〈Sβ2 〉G

(1,2)
j

(
(7 + 2j)

bλbρ

b2
−Πλρ

)]
〈S1λ〉+O(〈S1〉2).

To compute the commutator term, we need the following commutator [14]:

[Sµi , S
ν
j ] = −δij

i

mi
εµνρσSiρpiσ. (6.86)

With this in hand, the commutator term for gravity is〈〈
i

∫
d̂4qδ̂(2p1 · q)δ̂(2p2 · q)eib·q [Sµ1 (p1),M2(q)]

〉〉

= iG2m2
2

∞∑
j=0

[
−2ωm1m

2
2G

(1,1)
j

[
(vµ2 − vµ1ω)Iαj+2 − Iµj+2v

α
2

]
〈S1α〉

−iεµνλτvτ1
[
δναδ

η
βG

(2,1)
j − ηαβηνηG(2,2)

j + ηαβωv
ν
2v

η
1G

(2,3)
j

]
Iαβj+2〈Sλ1 〉〈S2η〉

]
+O(〈S1〉2).

(6.87)

We simply add eq. (6.84) and eq. (6.87) to get the full angular impulse of particle 1 in the gravitational

case. Again, the map in eq. (6.80) can be applied to the gravitational impulse to obtain the electromag-

netic result. The same calculation can be performed for particle 2, but we don’t give the result here as it

is almost identical to the calculation for particle 1.

6.7 EIKONAL PHASE

The eikonal phase provides an alternative means for extracting physical observables from the classical

portion of scattering amplitudes, and has been successfully applied to systems involving low spins up

to O(G2) [29, 45]. Relations between classical observables and the eikonal phase were proposed to all

perturbative orders in ref. [29]; however, as we are working with tidal effects at the leading-PM order,

we only need these relations to leading order. For the linear impulse and the spin kick, they are

∆p⊥ = ∇bχ and ∆Sia = −εijk ∂χ
∂Sja

Ska , (6.88)

where χ is the eikonal phase, ∆ indicates changes in momentum or spin, and a = 1, 2 labels the particles

and is not summed over. We use Latin letters from the middle of the alphabet to denote spatial indices,

which are raised and lowered with the Euclidean metric. The former relation yields the linear impulse

in the plane perpendicular to the momentum at negative infinity. Choosing kinematics such that this

momentum is oriented along the z-axis, the impulse in the parallel direction is obtained through energy

conservation: ∆pz = −(∆p)2/2|p|. Further to the results in Section 6.6, the eikonal phase will allow us
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to compute the spin kick and the scattering angle for aligned spins. First, we must compute the eikonal

phase.

The eikonal phase χ = χ1 + χ2 + . . . is defined as the Fourier transform of the (relativistically

normalized) amplitude in the perpendicular plane described above, with the subscripts denoting contri-

butions from the corresponding order in the coupling constant:

χi =
1

4m1m2

√
ω2 − 1

∫
d2−2εq

(2π)2−2ε
e−iq·bM′i(q), (6.89)

where the prime on the amplitude indicates that we ignore iteration pieces. We will use ∆χ to denote tidal

contributions to the eikonal phase. The leading-PM contributions from the tidal deformations originate

from a one-loop amplitude, so ∆χ1 = 0 and we will calculate the ∆χ2 part of the eikonal phase. This

involves integrals of the type

∫
d2q

(2π)2
e−iq·b

π2

|q|

(
q2

2

)j+2

ÔA(p, q,Sa) = ÔA(p,∇b,Sa)Ij+2(b)
N
4
, (6.90)

where we have shifted q → −q on the right-hand side to eliminate relative signs with the integrals in

section 6.B; N and Ij+2 are given there. The classical spin structures ÔA are listed in eq. (6.58). They

have been removed from the integral by re-expressing them as differential operators in impact-parameter

space acting on the integral, yielding

Ô(0) = I, Ô(1,1) = −(S1 × p) · ∇b, Ô(1,2) = −(S2 × p) · ∇b,

Ô(2,1) = −(S1 · ∇b)(S2 · ∇b), Ô(2,2) = −(S1 · S2)∇2
b, Ô(2,3) = −(p · S1)(p · S2)∇2

b. (6.91)

This allows us to write the eikonal phase ∆χ2 compactly as,

∆χ2 = 2G2m2
2

∞∑
j=0

K̂j(ω,p,∇b,Sa) Ij+2(b), K̂j(ω,p,∇b,Sa) ≡ 4E1E2

∑
A

∆bA2,j(ω)ÔA, (6.92)

where the dependence on each quantity has been written explicitly. The function ∆bA2,j(ω) is either equal

to mA∆aAcov,2,j(ω) (no sum over A) or ∆aA2,j(ω), depending on whether we work with the covariant or

the canonical spin. The constant mA accounts for the normalization of the Dirac spinors, and is given by

mA =



4m1m2, A = (0),

2m2, A = (1, 1),

2m1, A = (1, 2),

1, otherwise.

(6.93)

We refer to the operator K̂j as the eikonal operator.

We can now substitute this form of the eikonal phase into eq. (6.88) to obtain the impulse and spin

kick. For the impulse, the derivative with respect to the impact parameter commutes with the eikonal

operator and only acts on the integral. By contrast, for the spin kick, the derivative with respect to the
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spin vector only acts on the eikonal operator:11

∆p⊥ = −2G2m2
2

∞∑
j=0

K̂j(ω,p,∇b,Sa) (∇bIj+2(b)) , (6.94)

∆Sa = −2G2m2
2

∞∑
j=0

(
∂K̂j(ω,p,∇b,Sa)

∂Sa
× Sa

)
Ij+2(b). (6.95)

Setting ∆bA2,j(ω) = mA∆aAcov,2,j(ω), the linear impulse calculated from the eikonal phase agrees with

eq. (6.78). We find the spin kick for particle 1 to be

∆Sk1 = −8E1E2G
2m2

2

∞∑
j=0

{
−i∆b(1,1)

2,j [−pkSm1 + (p · S1) δkm]Imj+2

+
[
−∆b

(2,1)
2,j (εk`mS`1)Sn2 −∆b

(2,2)
2,j (S1 × S2)kδmn + ∆b

(2,3)
2,j (p× S1)k(p · S2)δmn

]
Imnj+2

}
.

(6.96)

This expression for the spin kick is valid in the center-of-mass frame. Computing the same quantity

in the rest frame of particle 1, we find agreement with the commutator portion of the angular impulse,

eq. (6.87).

From the eikonal phase it is also possible to obtain the scattering angle. In the case of two non-

rotating bodies, the dynamics are constrained to a plane, so a unique scattering angle can be defined.

Spinning particles, however, introduce precession effects, which are described by an additional angle.

This additional complication can be ignored in the special case of aligned spins, which again restricts

motion to a plane. We will calculate the unique scattering angle in this special case, where the spin

structures are

S1 · S2 = |S1||S2|, b · Si = 0, p · Si = 0. (6.97)

This scattering angle can be related to the eikonal phase using the stationary phase approximation [231]:

2 sin
θ

2
≈ θ = − 1

|p|
∂

∂|b|χ(ω, b). (6.98)

For the calculation of the scattering angle, we will use the eikonal phase in terms of the canonical

spin, as it is to be compared to the scattering angle derived from canonical equations of motion. Thus,

∆bA2,j(ω) = ∆aA2,j(ω).

As in the case of the linear impulse, the derivative with respect to |b| acts only on the integral. Using

the relation

∂

∂|b|Ij+2(b) =
2|b|

(5 + 2j)
Ij+3(b), (6.99)

we can write the scattering angle generally as

∆θ2 = −2G2m2
2

|p|
∞∑
j=0

2|b|
(5 + 2j)

K̂j(ω,p,∇b,Sa) Ij+3(b). (6.100)

11The sign for the linear impulse here is because we compute the impulse for the emitting particle.
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Using the action of each differential operator on the integral (eq. (6.144)), the tidal corrections to the

2PM aligned-spin scattering angle are

∆θ2 =
πG2m2E1E2

|p|m1

√
ω2 − 1

∞∑
j=0

Γ[9/2 + j]

Γ[−3/2− j]

(
2

b2

)j+4

×
[
∆a

(0)
2,j

b2

(7 + 2j)
+ ∆a

(1,1)
2,j (S1 × p) · b + ∆a

(1,2)
2,j (S2 × p) · b

+
(

∆a
(2,1)
2,j − (5 + 2j) ∆a

(2,2)
2,j

)
|S1||S2|

]
. (6.101)

The spin-monopole portion of this is in agreement with that in ref. [220], upon applying the matching

conditions in eqs. (6.43) and (6.44).

6.8 CONCLUSION

As the recent burst in activity suggests, quantum-field-theoretic techniques are well suited for studying

tidal deformations, where the tidal effects are characterized by higher-dimensional operators. A full

classification of tidal operators relevant for tidally-deformed spinless objects at the one-loop level was

presented in ref. [220], and in this paper we have extended this analysis to include effects at linear order

in the spin of the deformed object. As in ref. [220], the starting point was the Hilbert series, which

counts the number of independent operators – equivalently, the number of independent amplitudes –

for a given field content and number of covariant derivatives. Using this as a guide, we wrote down

both the amplitude basis and the operator basis for a spin-1/2 particle coupled to photons or gravitons

through at most two photon field strengths/Weyl tensors. These operator bases represent the full set of

operators coupling two spinors to two photon field strengths or Weyl tensors, describing the complete set

of finite-size contributions at one loop.

Employing traditional Feynman diagrammatic methods, we used these actions to calculate the one-

loop amplitudes – corresponding to the leading-PM order in the case of gravity – for these finite-

size effects. We find that the spin-multipole universality for long-range classical effects observed in

refs. [23, 52] extends to tidally deformed systems; the spin-monopole portions of the amplitudes calcu-

lated here are in agreement with those found in ref. [220]. For general Wilson coefficients, the finite-size

contributions to the amplitudes break the observed correspondence between the q ·S1 q ·S2 and q2S1 ·S2

terms in the point-particle case.

We then extracted various classical quantities from these amplitudes. First, we extended the EFT

matching formalism of ref. [29] to include tidal effects, and subsequently used this formalism to derive

the tidal corrections to the conservative gravitational Hamiltonian at leading-PM order. We then derived

the finite-size contributions to the electromagnetic and gravitational linear and angular impulse. The

linear impulse was computed in two ways for the gravitational case, producing the same result: it was

first calculated using the formalism of ref. [10], then through application of the eikonal phase [29]. The

angular impulse was computed using the method of ref. [14]. A portion of this result was corroborated by

the extraction of the spin kick from the eikonal phase; when computing this quantity in the rest frame of

particle 1, it agrees with the commutator contribution to the angular impulse. Finally, the eikonal phase

allowed us to derive the scattering angle in the case of aligned spins.

In the interest of describing real macroscopic systems, one must account for finite-size effects at
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arbitrary orders in the spin vector. We have demonstrated that EFT techniques such as the Hilbert series

and the construction of on-shell helicity amplitudes are suitable for combining spin and finite-size effects.

These techniques can yet be extended to higher spins, but this is outside the scope of this paper.

The description of finte-size effects for spinning particles also opens the door for the study of the

entanglement entropy generated in the scattering of tidally deformed objects. A similar analysis to that

performed in ref. [192] can be applied to the systems described here, potentially shedding some light on

the values of tidal Love numbers for Kerr black holes in a general (but weak) gravitational environment.

Finally, it would be helpful to understand links between the tidal action here and worldline actions

describing tidal effects at linear order in the angular momentum, perhaps by taking the heavy or non-

relativistic limits of the quantum action in eq. (6.18). The action in eq. (6.18) is the most general,

non-redundant action describing parity-even four-point contact terms, but not all operators necessarily

need to contribute classical effects; for example, we found that certain operators enter only at subleading

orders at the one-loop level. A matching to classical quantities is then essential for determining the subset

of operators that do indeed contribute classically.
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APPENDIX

6.A LOOP INTEGRALS

For the calculation of tidal effects at one loop, we only need to evaluate the triangle integral, but we need

to do so for arbitrary even rank,

Iµ1...µ2k/ ≡
∫

d4l

(2π)4

lµ1...µ2k

l2(l + q)2[−v2 · l + iε]
. (6.102)

The Passarino-Veltman reduction [203] allows one to solve this for any rank in terms of the scalar triangle

integral12

I/ ≡
∫

d4l

(2π)4

1

l2(l + q)2[−v2 · l + iε]
= − iS

16π2
, (6.103)

where S ≡ π2/
√
−q2, but this becomes cumbersome for high ranks.

Fortunately, the portions of the integrals needed for our purposes are only the leading-in-~ pieces.

When the tensor integral is dotted into v1µ1...µ2k , ref. [220] found by explicit calculation up to rank

2k = 10 that this leading term is

v1µ1...µ2kIµ1...µ2k/ ≡
∫

d4l

(2π)4

(v1 · l)2k

l2(l + q)2[−v2 · l + iε]
=

(
1
2

)
k

4k(1)k
(ω2 − 1)kq2kI/ +O(q2k). (6.104)

This formula was proven for general k in ref. [199] by finding the residue of the matter pole and then

calculating the remaining three-dimensional integral using a known expression [232].

When calculating the leading-PM amplitudes for spinning tidal effects, we also need five additional

integrals:

(ū2q
ασαµ1u1)v1µ2...µ2kIµ1...µ2k/ , (6.105)

(ū4q
ασαµ1u3)v1µ2...µ2kIµ1...µ2k/ , (6.106)

(ū2q
ασαµ1u1)(ū4q

βσβµ2u3)v1µ3...µ2kIµ1...µ2k/ , (6.107)

S1µ1S2µ2v1µ3...µ2kIµ1...µ2k/ , (6.108)

q · S1 S2µ1v1µ2...µ2k+1
Iµ1...µ2k+1
/ = S1µ1 q · S2v1µ2...µ2k+1

Iµ1...µ2k+1
/ . (6.109)

The leading terms for these integrals are

(ū2q
ασαµ1u1)v1µ2...µ2kIµ1...µ2k/ = (ū2q

αvβ2σαβu1)

(
1
2

)
k

4k(1)k
ω(ω2 − 1)k−1q2kI/, (6.110)

(ū4q
ασαµ1u3)v1µ2...µ2kIµ1...µ2k/ = −(ū4q

αvβ1σαβu3)

(
1
2

)
k

4k(1)k
(ω2 − 1)k−1q2kI/, (6.111)

(ū2q
ασαµ1u1)(ū4q

βσβµ2u3)v1µ3...µ2kIµ1...µ2k/ = (6.112)

12More precisely, the Passarino-Veltman reduction expresses the rank-2k integral in terms of scalar triangle, bubble, and
tadpole integrals, but neither of the latter two contributes classical information.
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(ū2q
ασαµu1)(ū4q

βσβνu3)

(
1
2

)
k

4k(1)k
q2kI/

×
[
− 1

2k − 1
ηµν(ω2 − 1)k−1 − 2(k − 1)

(2k − 1)
vν1v

µ
2ω(ω2 − 1)k−2

]
,

S1µ1S2µ2v1µ3...µ2kIµ1...µ2k/ = S1µ1S2ν

(
1
2

)
k

4k(1)k
q2kI/ (6.113)

×
[

2k + 1

2k − 1
qµqν(ω2 − 1)k−1 − 1

2k − 1
q2ηµν(ω2 − 1)k−1

−2(k − 1)

(2k − 1)
q2vν1v

µ
2ω(ω2 − 1)k−2

]
,

q · S1 S2µ1v1µ2...µ2k−1
Iµ1...µ2k−1
/ = −q · S1 q · S2

(
1
2

)
k−1

22k−1(1)k−1
(ω2 − 1)k−1q2k−2I/. (6.114)

where k ≥ 1. The first three of these contractions rely on the same portion of the rank-2k triangle integral

as that of eq. (6.104); namely, only the part of the integral whose tensor structure contains no transfer

momenta. As such, these integrals can be derived by a combinatoric analysis of eq. (6.104). We show

now this combinatoric analysis.

The leading-in-~ portion of the triangle integral proportional to tensor structures containing only

factors of the metric and the velocity can be inferred from eq. (6.104). To do this, we expand the

binomial (ω2 − 1)k and "uncontract" the integral by noting that ω = v1µv
µ
2 and v1µνη

µν = 1:

v1µ1...µ2kIµ1...µ2k/ =

(
1
2

)
k

4k(1)k
q2kI/

k∑
n=0

(
k

n

)
(−1)k−nv1µ1...µ2k−2n

ηµ1µ2,...,µ2k−2n−1µ2k−2nv1α1...α2nv
α1...α2n
2

= v1µ1...µ2k

[ (
1
2

)
k

4k(1)k
q2kI/

k∑
n=0

1

(2k)!

(
k

n

)
(−1)k−nη{µ1µ2,...,µ2k−2n−1µ2k−2nv

µ2k−2n+1...µ2k}
2

]
,

(6.115)

where ηµ1µ2,...,µ2k−1µ2k ≡ ηµ1µ2 . . . ηµ2k−1µ2k . We now identify the quantity in the square brackets with

the uncontracted triangle integral. Curly brackets denote symmetrization without normalization. Note

that this is not the actual value of the uncontracted triangle integral: even at the order of ~ at which we

are working, tensor structures with an even number of transfer-momentum four-vectors are present. For

our purposes, however, these contributions will always vanish or become subleading through the on-shell

condition v1 · q ∼ q2/m when contracted with the spin structures in eqs. (6.105) to (6.107).

We begin with the contraction in eq. (6.105). Equation (6.32) implies that the n = 0 term vanishes,

and that the only non-vanishing terms have a vµ2 contracted with the sigma matrix. The remaining indices

will all be contracted symmetrically with factors of v1µ, so for a term with 2n factors of vµ2 and 2k total

symmetrized Lorentz indices there will be 2n(2k − 1)! non-vanishing and identical distributions of the

Lorentz indices. Then,

(ū2q
ασαµ1u1)v1µ2...µ2kIµ1...µ2k/

= (ū2q
αvµ2k2 σαµ2ku2k)

(
1
2

)
k

4k(1)k
q2kI/

k∑
n=1

2n(2k − 1)!

(2k)!

(
k

n

)
(−1)k−nω2n−1
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= (ū2q
αvµ2k2 σαµ2ku2k)

(
1
2

)
k

4k(1)k
q2kI/ω

k−1∑
n=0

(
k − 1

n

)
(−1)k−1−nω2n−2

= (ū2q
αvµ2k2 σαµ2ku2k)

(
1
2

)
k

4k(1)k
ω(ω2 − 1)k−1q2kI/. (6.116)

This is what we wanted to prove.

The argument for the contraction in eq. (6.106) is similar. However, because of eq. (6.33), now only

terms with at least one metric survive. Thus the n = k term vanishes, and a term with k− n metrics and

2k total symmetrized Lorentz indices contributes 2(k−n)(2k−1)! identical Lorentz index distributions.

Therefore,

(ū4q
αvµ11 σαµ1u3)v1µ2...µ2kIµ1...µ2k/

= (ū4q
αvµ2k1 σαµ2ku3)

(
1
2

)
k

4k(1)k
q2kI/

k−1∑
n=0

2(k − n)(2k − 1)!

(2k)!

(
k

k − n

)
(−1)k−nω2n. (6.117)

We have used the identity
(
k
n

)
=
(
k

k−n
)
. Inverting the order of the sum,

(ū4q
αvµ11 σαµ1u3)v1µ2...µ2kIµ1...µ2k/

= (ū4q
αvµ2k1 σαµ2ku3)

(
1
2

)
k

4k(1)k
q2kI/

k∑
n=1

2n(2k − 1)!

(2k)!

(
k

n

)
(−1)n

(
ω2
)k−n

= (ū4q
αvµ2k1 σαµ2ku3)

(
1
2

)
k

4k(1)k
q2kI/

k−1∑
n=0

(
k − 1

n

)
(−1)n+1

(
ω2
)k−1−n

= −(ū4q
αvµ2k1 σαµ2ku3)

(
1
2

)
k

4k(1)k

(
ω2 − 1

)k−1
q2kI/, (6.118)

as claimed.

Finally, we move to the contraction of eq. (6.107). Equation (6.33) implies that the n = k term in

the sum vanishes, and that we must always have one metric contracted with the spin of particle 2. There

are then clearly two types of contributions: those where the second index of that metric contracts with

the spin of particle 1, and those where it contracts with a factor of vµ1 :

(ū2q
ασαµ1u1)(ū4q

βσβµ2u3)v1µ3...µ2kIµ1...µ2k/

= (ū2q
ασαµ1u1)(ū4q

βσβµ2u3)v1µ3...µ2k

(
1
2

)
k

4k(1)k
q2kI/

×
[
ηµ1µ2

k−1∑
n=0

Nn

(2k)!

(
k

n

)
(−1)k−nη{µ3µ4,...,µ2k−2n−1µ2k−2nv

µ2k−2n+1...µ2k}
2

+ηµ2µ3
k−1∑
n=0

Pn
(2k)!

(
k

n

)
(−1)k−nη{µ1µ4,...,µ2k−2n−1µ2k−2nv

µ2k−2n+1...µ2k}
2

]
. (6.119)

Our task is now to determine the integers Nn and Pn – which count the number of identical Lorentz

index distributions that do not vanish when contracted with the spin structure – and to resum the sums.

In the case of Nn, in a term with k − n metrics, there are k − n metrics that can be contracted with

the spin of particle 2, two identical ways to distribute the indices on this metric, and (2k − 2)! identical
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ways to distribute the remaining Lorentz indices for each of these metric permutations. Therefore, Nn =

2(k − n)(2k − 2)!.

Now, in the term corresponding to Pn, eq. (6.32) implies that the n = 0 term also vanishes, and that

one factor of vµ2 must be contracted with the spin of particle 1. For a term with 2n factors of vµ2 , there are

then 2n identical ways to contract a velocity with the spin. Moreover, such a term will have k−nmetrics

that can be contracted with the spin of particle 2, each of which has two indices that can be contracted in

this way. Finally, as eqs. (6.32) and (6.33) fix two indices, there are (2k − 2)! identical permutations of

the remaining Lorentz indices. Therefore, Pn = (2n)[2(k − n)](2k − 2)!.

Putting these together,

(ū2q
ασαµ1u1)(ū4q

βσβµ2u3)v1µ3...µ2kIµ1...µ2k/

= (ū2q
ασαµ1u1)(ū4q

βσβµ2u3)

(
1
2

)
k

4k(1)k
q2kI/

×
[
ηµ1µ2

k−1∑
n=0

(k − n)

k(2k − 1)

(
k

n

)
(−1)k−n(ω2)n

+ηµ2µ3v1µ3v
µ1
2 ω

k−2∑
n=0

2(n+ 1)(k − 1− n)

k(2k − 1)

(
k

n+ 1

)
(−1)k−1−n(ω2)n

]
. (6.120)

We recognize the first sum as the one in eq. (6.117) divided by 2k − 1. Focusing on the second sum, we

apply the recursive identity for the binomial coefficients, invert the sum, multiply by (k − 1)/(k − 1),

and apply the recursive identity again to find

(ū2q
ασαµ1u1)(ū4q

βσβµ2u3)v1µ3...µ2kIµ1...µ2k/

= (ū2q
ασαµu1)(ū4q

βσβνu3)

(
1
2

)
k

4k(1)k
q2kI/

×
[
− ηµν

(2k − 1)
(ω2 − 1)k−1 + vν1v

µ
2ω

k−2∑
n=0

2(k − 1)

(2k − 1)

(
k − 2

n

)
(−1)n+1(ω2)k−n−2

]

= (ū2q
ασαµu1)(ū4q

βσβνu3)

(
1
2

)
k

4k(1)k
q2kI/

×
[
− ηµν

(2k − 1)
(ω2 − 1)k−1 − 2(k − 1)

(2k − 1)
vν1v

µ
2ω(ω2 − 1)k−2

]
. (6.121)

This completes the proof.

All integrals in this section were checked explicitly up to rank 2k = 10.

6.B INTEGRALS FOR CLASSICAL IMPULSES AND THE POTENTIAL

We give here details about the integrals needed to Fourier transform the potential in section 6.5 to position

space, as well as the integrals used to derive the linear and angular impulses in sections 6.6 and 6.7.
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6.B.1 Fourier transforms

To convert the momentum space tidal potential in section 6.5 to position space, we need knowledge of

three-dimensional Fourier integrals up to rank 2:

J i1...ikj = − 1√
2

∫
d̂3q e−iq·r

(
q2

2

)j+3/2

qi1...ik , k ≤ 2. (6.122)

First, for k = 0,

Jj = 2

(
2

r2

)j+3 Γ (j + 3)

(4π)3/2Γ(−j − 3/2)
, (6.123)

where r ≡ |r|. In the rank 1 case,

J ij = i
∂

∂ri
Jj = −2iri

(
2

r2

)j+4 Γ (j + 4)

(4π)3/2Γ(−j − 3/2)
. (6.124)

Similarly, for rank 2,

J ikj = i
∂

∂rk
J ij = 2

(
2

r2

)j+4 [
δik − 2(j + 4)

rirk

r2

]
Γ (j + 4)

(4π)3/2Γ(−j − 3/2)
. (6.125)

6.B.2 Linear and angular impulse

The calculation of the classical impulses in sections 6.6 and 6.7 needed the evaluation of integrals of the

form

Iµ1...µkj+2 (b) =

∫
d̂4qδ̂(2p1 · q)δ̂(2p2 · q)e−ib·qqµ1...µkS

(
−q

2

2

)j+2

, (6.126)

where d̂nq = dnq/(2π)n and δ̂(x) = 2πδ(x). These integrals are similar to integrals evaluated in

refs. [10, 14], and we will use the same steps here. We go to the rest frame of particle 1, where v1 =

(1, 0, 0, 0) and v2 = (ω, 0, 0, ωβ), with β satisfying ω2(1−β2) = 1. After evaluating the delta functions,

we find that

Iµ1...µkj+2 (b) =
1

N

∫
d2qeib·qqµ1...µk

1

|q|

(
q2

2

)j+2

, where N ≡ 16m1m2

√
ω2 − 1. (6.127)

We will omit the argument of the integral from now on. We parametrize q to be in the 2-dimensional

plane perpendicular to v1 and v2, qµ = (0, χ cos θ, χ sin θ, 0), such that the rank-0 integral becomes

Ij+2 =
1

N

∫
d2qeib·q

1

|q|

(
q2

2

)j+2

=
1

N

∫ ∞
0

dχχ

∫ π

−π
dθei|b|χ cos θ 1

χ

(
χ2

2

)j+2

=
2π

N

∫ ∞
0

dχJ0(|b|χ)

(
χ2

2

)j+2
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=
π

8m1m2

√
ω2 − 1

1

|b|

(
− 2

b2

)j+2 Γ[5/2 + j]

Γ[−3/2− j] , (6.128)

where in the last step we restored Lorentz invariance. The rank-1 integral is also straight-forward to

evaluate;

Iµj+2 =
1

N

∫ ∞
0

dχχ

∫ π

−π
dθei|b|χ cos θqµ

1

χ

(
χ2

2

)j+2

=
2πi

N

∫ ∞
0

dχχJ1(|b|χ)b̂µ
(
χ2

2

)j+2

=
πi

8m1m2

√
ω2 − 1

bµ

|b|

(
− 2

b2

)j+3 Γ[7/2 + j]

Γ[−3/2− j] . (6.129)

Next, we have the rank-2 integral, which must take the form

Iµνj+2 = α2b
µbµ + β2Πµν , (6.130)

where

Πµ
ν = δµν +

1

ω2 − 1
(vµ1 (v1ν − ωv2ν) + vµ2 (v2ν − ωv1ν)) (6.131)

is the projector onto the 2-dimensional plane perpendicular to v1 and v2 [14]. By taking the trace of

eq. (6.130), we have that

α2b
2 + 2β2 = − 1

N

∫ ∞
0

dχχ

∫ π

−π
dθei|b|q cos θχ

(
χ2

2

)j+2

= −4π

N

∫ ∞
0

dχJ0(|b|χ)

(
χ2

2

)j+3

= −4π

N
1

|b|

(
− 2

b2

)j+3 Γ[7/2 + j]

Γ[−5/2− j] . (6.132)

If we contract with bµbν instead, we find that

α2b
4 + β2b

2 = − b
2

N

∫ ∞
0

dχχ2

∫ π

−π
dθei|b|χ cos θ(cos θ)2

(
χ2

2

)j+2

= −4πb2

N

∫ ∞
0

dχ

(
J1(|b|χ)

1

|b|χ − J2(|b|χ)

)(
χ2

2

)j+3

=
4πb2

N
1

|b|

(
− 2

b2

)j+3 (j + 3)Γ[7/2 + j]

Γ[−3/2− j] . (6.133)

Putting this together with eq. (6.132), we end up with

Iµνj+2 =

(
(7 + 2j)

bµbν

b2
−Πµν

)
π

8m1m2

√
ω2 − 1

1

|b|

(
− 2

b2

)j+3 Γ[7/2 + j]

Γ[−3/2− j] . (6.134)

Lastly, the rank-3 integral is

Iµνρj+2 = α3b
µbνbρ + β3b

(µΠνρ) (6.135)
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(with normalization 1/3! for the second term). Contracting with bµηνρ, we have that

α3b
4 + β3

4

3
b2 =

1

N

∫ ∞
0

dχχ

∫ π

−π
dθei|b|χ cos θ|b|χ2 cos θ

(
χ2

2

)j+2

=
4πi|b|
N

∫ ∞
0

dχJ1(|b|χ)χ

(
χ2

2

)j+3

=
8πi

N
1

|b|

(
2

b2

)j+3 Γ[9/2 + j]

Γ[−5/2− j] . (6.136)

When we contract with bµbνbρ, we find that

α3b
6 + βb4 = − 1

N

∫ ∞
0

dχχ

∫ π

−π
dθei|b|χ cos θ(|b|χ cos θ)3 1

χ

(
χ2

2

)j+2

= −2πi

N |b|
3

∫ ∞
0

dχ

(
J2(|b|χ)

3

|b|χ − J3(|bχ)

)
χ3

(
χ2

2

)j+2

= −8πib2

N
1

|b|

(
− 2

b2

)j+3 (j + 3)Γ[9/2 + j]

Γ[−3/2− j] . (6.137)

The integral becomes

Iµνρj+2 =

(
(9/2 + j)

bµbνbρ

b2
− 3

2
b(µΠνρ)

)
iπ

4m1m2

√
ω2 − 1

1

|b|

(
− 2

b2

)j+4 Γ[9/2 + j]

Γ[−3/2− j] . (6.138)

We also need these integrals restricted to spatial indices. We can write the spatial portions of the

integrals in as

Ii1...inj+2 = (−i)n ∂n

∂bi1 . . . ∂bin
Ij+2. (6.139)

Computing derivatives of the rank 0 integral gives

Imj+2 =
πi

8m1m2

√
ω2 − 1

bm

|b|

(
2

b2

)j+3 Γ[7/2 + j]

Γ[−3/2− j] , (6.140)

Imnj+2 =

(
Πmn − (7 + 2j)

bmbn

b2

)
π

8m1m2

√
ω2 − 1

1

|b|

(
2

b2

)j+3 Γ[7/2 + j]

Γ[−3/2− j] , (6.141)

Imnlj+2 =

(
3

2
b(mΠnl) − (9/2 + j)

bmbnbl

b2

)
iπ

4m1m2

√
ω2 − 1

1

|b|

(
2

b2

)j+4 Γ[9/2 + j]

Γ[−3/2− j] . (6.142)

Moreover, note that the projector to the plane perpendicular to the velocities must be modified when

restricted to purely spatial components:

Πmn = δmn − 1

ω2 − 1
[vm1 (vn1 − ωvn2 ) + vm2 (vn2 − ωvn1 )] . (6.143)
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6.B.3 Eikonal operator

The eikonal phase was written in section 6.7 as the action of the operator K̂j on the integral Ij+2. We

list here for reference the action of each term in this operator on this integral:

Ô(0)Ij+2 = Ij+2, (6.144)

Ô(1,a)Ij+2 = −i (Sa × p)mI
m
j+2, (6.145)

Ô(2,1)Ij+2 = S1mS2nI
mn
j+2, (6.146)

Ô(2,2)Ij+2 = (S1 · S2)δmnI
mn
j+2 = 2(S1 · S2)Ij+3, (6.147)

Ô(2,3)Ij+2 = (p · S1)(p · S2)δmnI
mn
j+2 = 2(p · S1)(p · S2)Ij+3, (6.148)

where m,n are spatial indices.
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CHAPTER

SUMMARY AND OUTLOOK

The work in this thesis has been primarily motivated by an interest in better understanding the binary

inspiral problem in GR. The approaches taken were grounded in scattering amplitude and effective field

theory methods, and have benefited from and contributed to the rapidly-expanding field of study relating

scattering amplitudes to classical physics.

The first three publications presented focused on HBET and some of its properties that make it

eminently applicable to the binary inspiral problem. The first two of these properties have to do with

the arrangement of operators in the HBET Lagrangian. The operators are organized in an expansion in

~, while also separating spin and spinless effects. Both of these points were exploited in the publication

presented in Chapter 2 to compute – for the first time – the 2PM amplitude describing the scattering of

two spin-1/2 objects. The observables derived from such an amplitude describe a black hole binary to

linear order in the angular momentum of each black hole.

Next, in Chapter 3, we formulated new on-shell variables that encode the properties of heavy spinors.

These variables allowed us to express HPETs in an on-shell language, bringing the above two desireable

features of HBET into a more wieldy framework. An immediate consequence of this re-expression of

HPETs was that this formulation could be easily extended to arbitrary spin. From the perspective of

classical black holes, these variables trivialized the matching to the Kerr black hole stress-energy tensor,

as well as to the three-point amplitude derived from the worldline action for a spinning point particle.

Moreover, we were easily able to show that an entire class of tree-level amplitudes exhibits a spin-

multipole universality, and that the spurious pole of the high-spin Compton amplitude is present even at

leading order in ~.

The third study of HBET, in Chapter 4, involved understanding how the double copy relates HQET

to HBET. Such a relation is obfuscated due to the fact that HQET and HBET do not describe canonically

normalized matter states: their propagators are not of the form i/(p2 − m2). Consequently, if one is

interested in comparing the double copy of HQET to HBET amplitudes, they must ensure that the matter

states after the double copy are equivalent to those from HBET, from the point of view of their WNFs.

Controlling for this, we presented a prescription for double copying between the two theories for matter

with spin ≤ 1. This also entailed presenting two novel Lagrangians for HQET and HBET with spin 1

matter.

The next two publications shifted focus away from HBET. While making use of some of the insights

gained from HBET, these latter works employed other powerful EFT techniques to address the descrip-

tion of tidal effects through a quantum-field-theoretic lens. The first of these two tackled tidal effects for

spinless particles, employing the Hilbert series to aid in writing a Lagrangian containing all possible op-
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erators with two real scalar fields and two Weyl tensors. Recognizing a pattern in the arbitrary-even-rank

triangle integrals at one loop, we were able to express the full tidal dynamics at the leading PM order.

Having understood the scalar case, we turned our attention to the tidal deformation of a spin-1/2 ob-

ject. Combining the Hilbert series with an on-shell amplitude basis, we constructed the action involving

all operators with two spinors and two Weyl tensors. Similar patterns in the contractions of arbitrary-rank

triangle integrals permitted the computation of the corresponding amplitude at one-loop order. Several

classical quantities were derived from this amplitude.

These five works have yielded various novel results and opened new avenues from which to approach

the binary inspiral problem, the relation between QFT and classical physics, and amplitudes in their own

right. As such, there are several possible directions of exploration that build upon these works.

First, the on-shell HPET variables were formulated to facilitate the application of HBET to higher-

spin scattering at higher orders in the loop expansion. While this can in principle already be done,

referencing the relation between the on-shell HPET variables and the traditional on-shell variables to

apply unitarity techniques, a more efficient and satisfying utilization of these variables would handle

them as distinct objects unto themselves. With this in mind, an interesting first step in the continued

study of the on-shell HPET variables is to better understand their behavior under application of recursion

relations and unitarity cuts.

Next, a striking facet of HPETs is the immediacy with which the relation to classical physics is sug-

gested. The loop integrals of HPET are precisely those that contain the non-analytic structures describing

long-range physics. The external states arrange the external momenta in such a way as to produce instant

agreement with a Kerr black hole’s spin multipole expansion at three points. The leading order opera-

tor in the HBET action for a scalar particle is nearly identical to the PM worldline action of ref. [195]

(not to mention the similarities between the analogous term in scalar HQET and the classical action in

ref. [233]). This third point also extends to tidal effects, where the heavy limit of the tidal operators

in ref. [173] takes the same form (up to a redefinition of Wilson coefficients) as the leading operators

in the worldline action of ref. [169]. All these coincidences suggest that the heavy actions might be

more intimately related to classical physics than expected. It would therefore be interesting to look more

closely at such a connection, perhaps by applying similar methods to those in ref. [209] and investigating

whether a wider class of classical actions can be obtained in a formulaic manner from HPET actions.

Building on such a derivation of classical actions, an understanding of the double copy between HQET

and HBET may then aid in connecting the classical and quantum double copies.

Extending the studies into tidal effects, the methodologies employed can be used to describe these

effects for even higher spin particles. Additionally, the connection between the derived spin-1/2 action

and the classical dynamics of tidally deformed objects deserves more attention. This action required the

introduction of nine (infinite) families of Wilson coefficients. It is not necessarily the case, however,

that all of these coefficients are needed to describe classical physics. Indeed, we already saw that two

of these families always yield contributions at the leading-PM level that carry additional factors of ~. In

the spinless case, this idea was addressed by matching the Wilson coefficients to a classical worldline

action. This sort of matching of the spin-1/2 action would validate which coefficients are needed if one

is only interested in classical physics. In a similar direction, the values of the Wilson coefficients for the

spin-1/2 tidal action could be constrained using consistency conditions for scattering amplitudes.

To sum up, there remain myriad open questions on the topic of the binary inspiral and its connection
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to scattering amplitudes. The work presented here has taken and highlighted novel approaches to tack-

ling some of these problems by introducing a new EFT and by applying powerful formalisms to these

problems for the first time. It is my hope that the mentioned topics extending the work herein will soon

be addressed, and that the perspectives in this thesis will help motivate further investigations both related

to and separate from classical binary systems.
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