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Abstract

This PhD thesis consists of two parts:

The topic of the first part is defect conformal field theories that arise as modifications of the
well-known AdSs/CFTy correspondence between type IIB superstring theory and N = 4 super-
symmetric Yang-Mills theory. We review the supersymmetric D3-D5 probe brane intersection
and then study two D3-D7 brane intersections in which supersymmetry is completely broken.
We obtain the mass spectrum of the field theories by diagonalizing the quadratic part of the
action and derive the propagators, thereby allowing for perturbative computations of correlation
functions. The procedure closely follows previous work in the field theory dual of a 1/2-BPS
D3-D5 brane intersection. We compute the one-point function of a scalar single-trace operator
and the expectation value of a straight Wilson line and compare the results to a computation on
the string theory side of the correspondence.

The second part deals with the special functions that arise as integrals over loop momenta
in Feynman diagrams in the perturbative computation of scattering amplitudes. Using direct
integration techniques we study both integrals that can be computed in terms of multiple
polylogarithms as well as others that require new classes of functions. To the latter class of
integrals we associate a Calabi-Yau geometry and study its properties. For a class of conformal
integrals we are able to obtain this geometry more directly as the leading singularity locus
in momentum twistor space. It is generally unknown whether different parameterizations of
a given integral lead to different geometries, but we are able to confirm this for the sunrise
integrals and the two-loop elliptic double box integral.



Resumé pa dansk

Denne doktorafhandling bestar af to dele:!

Emnet for den forste del er konforme defektfeltteorier der opstar som modifikationer af den
velkendte AdSs/CFT, korrespondance mellem type IIB superstrengteori og N = 4 supersymme-
trisk Yang-Mills teori. Vi gennemgér den supersymmetriske D3-D5 sonde/brane-skeering og
undersgger derefter to D3-D7 braneskeeringer med fuldsteendigt brudt supersymmetri. Vi udleder
massespektret af feltteorierne ved at diagonalisere den kvadratiske del af virkningen og udleder
ogsé propagatorerne, hvilket tillader perturbationsberegninger af korrelationsfunktioner. Frem-
gangsmaden folger neert tidligere veerker i feltteoridualen af en 1/2-BPS D3-D5 braneskeering.
Vi udregner et-punkts-funktionen af en skalar enkeltsporsoperator samt forventningsveerdien
af en lige Wilson-linje og sammenligner resultaterne med en beregning pé strengteori-siden af
korrespondancen.

Den anden del behandler specialfunktionerne der opstar som integraler over lekkeimpulser i
Feynman-diagrammer i perturbationsberegningen af spredningsamplituder. Ved brug af direkte
integrationsteknikker undersgger vi bade integraler som kan beregnes i form af multiple polylo-
garitmer samt andre der kreever nye funktionsklasser. Til den sidstnzevnte klasse af integraler
associerer vi en Calabi-Yau geometri og undersgger dens egenskaber. For en seerlig klasse af
konforme integraler kan vi udlede denne geometri mere direkte som det forende singularitetslo-
kus i impulstwistorrummet. Det er generelt ukendt om forskellige parametriseringer af et givent
integral forer til forskellige geometrier, men vi kan bekreefte dette for solopgangsintegraler og
det elliptiske to-lokke-dobbeltboksintegral.

T would like to thank Martin Ravn Christiansen for helping me translate the abstract into Danish.
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Chapter 1

Introduction and summary

Quantum field theories provide a powerful framework for the computation of physical observ-
ables that finds widespread application in many different areas of physics. In particle physics,
the Standard Model is formulated as a quantum field theory which has been successful at very
precise predictions about scattering amplitudes of elementary particles, as well as other observ-
ables such as the magnetic moment of the electron. Quantum field theory methods also find
application in many-body systems in condensed matter physics, for example to describe the
quantum hall effect. More recently, field-theoretic methods have found application in predicting
the wave forms of gravitational waves caused by black hole mergers as well as in cosmology.

This thesis consists of two parts that deal with two different aspects of the general framework
that quantum field theories provide: The subject of the first part in chapter 2 is defect conformal
field theories with holographic duals. The second part in chapter 3 deals with the special
functions that arise as integrals over loop momenta in the computation of Feynman integrals.
The two chapters provide the background and additional details for the publications that we
have contributed to during the time of this PhD. The publications are part of the thesis and we
therefore do not repeat the arguments and calculations given there in the main text. Each paper
is referenced and shortly summarized at the end of the chapter where it belongs thematically
and a copy is included after the references of the main text. We now give a short introduction
to each chapter.

1.1 Defect conformal field theories with holographic duals

Symmetry groups and their representations play a very important role in quantum field theories.
The most fundamental example is the notion of a particle, which as Wigner noted in [1] can be
described mathematically as an irreducible representation of the isometry group of spacetime.
Since symmetries constrain the form of physical observables, one can take it as a rule of
thumb that theories with a large amount of symmetries are easier to handle computationally.
The isometry group of spacetime is the Poincaré group and according to a famous theorem
by Coleman and Mandula (see [2]) this group can only be combined with further internal
symmetries in a trivial way, at least if the theory has a mass gap. There are however two
well-known ways that circumvent this no-go theorem: By relaxing the assumption on the mass
gap and considering a theory with only massless particles, the Poincaré group can be enlarged to
the conformal group. Another loophole is to replace the underlying Lie algebra of the Poincaré
group by a super Lie algebra which gives rise to supersymmetric theories.

On the one hand, considering theories with conformal symmetry or supersymmetry is very
convenient because the enlarged symmetry groups pose constraints on the form of physical



observables such as correlation functions or scattering amplitudes. On the other hand, physical
systems often do not possess these symmetries, at least not in an unbroken form. One approach
towards more realistic models is therefore to begin with a theory with enlarged symmetry group
and then try to break some of its symmetries in a systematic way. The hope is that the more
symmetric theory is mathematically and computationally easier to treat and that some of this
simplicity survives even when some of the symmetries are broken.

A widely studied quantum field theory that is both conformal and supersymmetric is
supersymmetric Yang-Mills (sYM) theory in four dimensions with the maximum number N = 4
of supersymmetries [3, 4]. The exceptional amount of symmetry has made it possible to study
this theory and its observables in great detail. Many results in this theory are moreover obtained
from the well-known dual description in terms of the low-energy limit of type IIB superstring
theory on AdSs xS° via the AdS/CFT correspondence. Following the approach mentioned above,
one can look for deformations that break some of the symmetries of A" = 4 sYM and study the
resulting theory. Keeping in mind that the original theory has a holographic dual, one can in
particular focus on deformations of N' = 4 sYM that also have a dual description in the string
theory picture. One particular way to achieve this is the subject of the first part of this thesis in
chapter 2.

Concretely, we consider the situation where additional Dirichlet branes are added to the
well-known picture of N coincident D3 branes in type IIB superstring theory from which the
duality between N = 4 sYM and the holographic theory can be motivated and which we
remind the reader of in appendix A. On the conformal field theory side, these models give
rise to modifications of N’ = 4 sYM in which conformal symmetry is partially broken by a
codimension-one defect and spacetime-dependent vacuum expectation values for some of the
fields. We specifically review the so-called D3-D5 and D3-D7 probe brane systems, in which D5
and D7 branes are added to the background of N coincident D3 branes respectively. The D3-D5
system preserves some of the supersymmetry of N = 4 sYM, while the D3-D7 system breaks
supersymmetry completely.

Our own contribution to this subject is a framework for perturbative computations in the
D3-D7 system on the field theory side beyond leading order in the coupling constant. There
are two variants of the D3-D7 system with different symmetry properties and for which the
perturbative setups are worked out in [5] and [6]. The perturbative setups are used to test
the proposed extension of the AdS/CFT dictionary to conformal field theories with defects.
In [5] and [6] this test consists of matching one-point functions of scalar field theory operators
between the field and the string theory side. In [7] we add the expectation value of a Wilson line
operator as another test. The articles are included at the end of this thesis and a short summary
will be given in section 2.5. In many ways, the approach follows the steps that were taken for
the D3-D5 system although the details are technically more involved. The one-point functions
in the defect versions of N = 4 sYM also have interesting connections to boundary integrability
which we comment on at the end.

1.2 Aspects of Feynman integrals

The perturbative expansion of a scattering amplitude in a quantum field theory can be organized
into Feynman diagrams. On the one hand, this expansion is very useful, because it provides



a systematic framework for constructing the scattering amplitude for a given process up to a
specified order in the expansion. On the other hand, computing higher orders in the expansion
with the diagrammatic method in practice quickly becomes impossible for several reasons:! The
number of diagrams that have to be evaluated scales very badly with the number of external
particles and the order of the expansion corresponding to the number of loops in a diagram.
This is a combinatorial issue, since the diagrammatic method dictates that for a fixed set of
external particles, all diagrams compatible with the external data must be drawn and evaluated.
Moreover, the evaluation of a diagram includes a four-dimensional integration over an internal
loop momentum for each loop in the diagram. These integrations are in general very difficult
to carry out, both numerically and analytically, and for most cases standard analytic functions
studied in the mathematics literature are insufficient to express the integrals in closed form.

To address some of these issues, more efficient methods for the construction of an amplitude
have been developed, for example (generalized) unitarity [8, 9], recursion relations (for exam-
ple [10, 11]) or on-shell methods for N' = 4 sYM (see for example [12]). While these methods
are successful at constructing integrands, they do not bypass the integrations over internal loop
momenta that are part of the prescription for going from a set of Feynman diagrams to the
scattering amplitude.

Ideally one would like to “solve” these integrations in some way by expressing the in-
tegrals over internal momenta in terms of some special functions that are mathematically
well-understood. This is the topic of the second part of this thesis in chapter 3. There is a
number of reasons for why a rewriting of the integrals in terms of special functions can be
useful, for example faster and more reliable numerical evaluations through series expansions,
a better understanding of the singularity structure of the amplitude or connections to other
fields in mathematics (e.g. number theory) as well as to neighboring areas in physics (e.g. string
theory). If one has some knowledge about the class of functions and the singularity structure,
then one can moreover combine these two and try to find the amplitude through bootstrap
methods which in recent years has successfully been applied to very complicated scattering
amplitudes.

It is not known which class of functions is generally best-suited to express Feynman integrals
in perturbation theory, but some guidance is provided by very general results due to Landau [13]
about the singularities that can occur in the perturbative expansion of scattering amplitudes. In
particular, Landau’s work not only predicts the location of the singularities of the amplitude, but
also its behavior in the neighborhood of such a singularity. This poses constraints on the classes
of functions that can be considered. For certain amplitudes the class of multiple polylogarithms
defined by Goncharov in [14] has found widespread application, but there are many examples of
relatively simple diagrams that cannot be expressed in terms of these functions. More generally,
iterated integrals as studied by Chen [15] are a promising candidate that have been shown to
work for more complicated integrals that involve elliptic curves.

During this PhD we have on the one hand studied integrals that can be computed algorith-
mically in terms of multiple polylogarithms using the method of direct integration (see [16]

"Besides the practical issues there are also “philosophical” issues with the expansion in terms of Feynman
diagrams, for example the fact that in a gauge theory individual diagrams are generally not gauge-invariant, while
the full amplitude is. Moreover, it has been observed many times that the result of a laborious computation in terms
of Feynman diagrams has a very simple result, suggesting that there should be a better way to obtain the answer.



and [17]). We therefore review the corresponding integration algorithm in some detail. On the
other hand, we have been involved in the exploration of the space of functions required beyond
multiple polylogarithms. This includes the papers [18, 19, 20] where the focus is in particular
on understanding the elliptic and more generally Calabi-Yau geometry that can be associated to
non-polylogarithmic Feynman integrals. The corresponding articles are included at the end of
this thesis and a short summary will be given in section 2.5.
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Chapter 2

Defect conformal field theories with ho-
lographic duals

As previously mentioned in the introduction, one of the best-studied quantum field theories
is N' = 4 sYM theory in four dimensions. Impressive results for physical observables such
as correlation functions and scattering amplitudes have been obtained in this theory, often
using the exceptional number of symmetries provided by the superconformal group PSU(2, 2| 4).
The theory also appears on one side of the best-understood example of a duality between a
conformal field theory and a gravitational theory on anti-de Sitter (AdS) space. For the case
of N = 4, the counterpart of the correspondence is type IIB supergravity on AdSs xS®> and the
correspondence can be motivated by considering a stack of N coincident D3 branes embedded
in ten-dimensional type IIB superstring theory. In this form, the correspondence was originally
presented by Maldacena in [21]. We assume some familiarity with the correspondence in this
chapter and refer to appendix A for additional details.

By adding additional Dirichlet branes into the background of N coincident D3 branes one
can obtain interesting variations of the correspondence. One key motivation for studying such
variations is that they allow for a controlled breaking of some of the symmetries that are present
in the original setup, in particular some of the conformal symmetry and some or all of the
supersymmetries. Another motivation is to introduce fields that transform not in the adjoint,
but in the fundamental representation of the gauge group, as well as to describe different flavors
of fields. In subsection 2.1 below we discuss some general aspects of embedding probe branes
into the background of N coincident D3 branes. Then we study two concrete examples in
detail, the supersymmetric D3-D5 and the non-supersymmetric D3-D7 probe brane systems,
in subsections 2.2 and 2.3 respectively. In subsection 2.4, we focus on observables such as
one-point functions and Wilson line expectation values that can be computed on both sides of
the correspondence and therefore constitute a check of the proposed extension of the AdS/CFT
correspondence to conformal field theories with defects. In subsection 2.5, we summarize our
own contributions to this topic which have published in [5, 6, 7].

2.1 Probe branes in type IIB supergravity

The starting point is the stack of N coincident D3 branes in type IIB superstring theory in
ten dimensional Minkowski space as in appendix A.1. Into this background we would like to
embed additional Dirichlet p-branes (Dp branes). In general, this means that we should add
to the action of type IIB string theory an action for a Dp brane which is of the form (see for



example [22, chapter 13.3])

SDP:_'UP/Dptr [e‘¢ -det(G+P)] +pp/Dptr [eFAZCq
q

Here the first term is the usual Dirac-Born-Infeld (DBI) action for a Dp brane with the induced
world volume metric G, the dilaton ¢ and the world volume field-strength F = 27a’F.! The
second term is a Chern-Simons-like term that couples F to the Ramond-Ramond background

. (2.1.1)

fields C,. The prefactor i, is the Dp brane charge and the integrations run over the (p + 1)-
dimensional world volume of the Dp brane. In the following we will always consider a constant
dilaton and write g; = e for the corresponding string coupling.

The Dp brane action changes the equations of motion of IIB supergravity such that AdSs xS°
is no longer a solution. It turns out, that this so-called backreaction of the Dp branes can be
neglected if the number of Dp branes is very small compared to the number N of D3 branes
(see [23, section 6.1]). In the following, we usually consider the case where only a single Dp
brane is added into this background. Neglecting the effects of this brane onto the AdSs xS°
geometry is called the probe-brane approximation.

The geometry of the Dp probe brane follows from the equations of motion derived from the
action (2.1.1). In [23, 24] a class of solutions was described that is dual to a defect conformal
field theory in four dimensions with a codimension-one interface. The geometry of the Dp
brane in this solution is AdSs xM?~3, where M is some manifold that will be specified later. The
AdS, part of the Dp brane is embedded in the AdSs part of the ten-dimensional background as a
submanifold; the MP~3 part wraps certain cycles of the S° part of the background solution. The
AdS; effectively cuts the four-dimensional boundary of AdSs in two halves with a different CFT
living on each half. The two halves are glued together by a three-dimensional interface that
corresponds to the three-dimensional intersection of the boundary of AdS, and the boundary of
AdSs. The embedded AdS, preserves a SO(2, 3) ¢ SO(2, 4) subgroup of the isometry group of
AdSs. This matches precisely conformal group in three dimensions which is the same as the
subgroup of the conformal group in four dimensions that leaves a flat codimension-one defect
invariant.

As usual, the Dirichlet branes may be seen as submanifolds on which the open strings of
ten-dimensional type IIB superstring theory can end. The setup with N coincident D3 branes
and a single Dp branes then gives rise to the following open string excitations:

« 3-3 strings: There are open strings stretching between the N coincident D3 branes.
These degrees of freedom are already present in the original AdS/CFT setup. On the CFT
side, they give rise to the degrees of freedom transforming in the adjoint representation
of the gauge group U(N) of N = 4 sYM theory.

« p—p strings: The open strings stretching between the probe Dp brane produce new
degrees of freedom that are not present in the original AdS/CFT correspondence. It turns
out that for p > 3 these degrees of freedom decouple. This can be seen by comparing the
coupling constants as follows: The Yang-Mills coupling for the 3-3 and the p—p strings is

We assume that there is no Kalb-Ramond B-field.



related to the string coupling g; by
ghs =2mg,  and  gh, = (@m0, (2.1.2)

respectively. Thus their ratio

2
8D3 - -
S5 — (2m)p~? o/ P32 (2.1.3)
gDp

goes to zero in the limit @’ — 0 if p > 3. The p-p string excitations may then be neglected.
For p < 3 on the other hand, the ratio diverges and the p—p excitations must be taken into
account.

+ 3—-p and p-3 strings: The open strings between a D3 and the probe Dp brane correspond
to new degrees of freedom transforming in the fundamental representation of the U(N)

gauge group.

The open strings are restricted by Dirichlet boundary conditions in the directions in which
the brane extends and by Neumann boundary conditions in the directions perpendicular to the
brane. In particular, the p—3 and 3-p strings have Dirichlet boundary conditions on both ends in
the directions that are shared by the D3 and the Dp brane and Neumann boundary conditions on
both ends in the directions perpendicular to both type of branes. In the directions perpendicular
to one but not to the other Neumann boundary conditions are imposed on one end of the
strings and Dirichlet on the other. These directions are called ND or DN directions. It turns out
(see [22, chapter 13.4]) that the number v of ND and DN directions determines the amount of
supersymmetry preserved by the probe brane. If v = 0, the full amount of supersymmetry is
preserved; if v = 4 or v = 8, half of the supersymmetry of the original setup is preserved.

With this general discussion in mind, we will now consider the following two probe-brane
systems and their field theory duals in more detail:

« D3-D5 system: Here a probe D5 brane is inserted into the background of N coincident
D3 branes. The D5 brane extends in the directions indicated in table 2.1. Note that this
setup preserves half of the original amount of supersymmetry, since v = 4. We review
this system in section 2.2.

+ D3-D7 system: In this system the probe brane is a D7 brane oriented according to
table 2.1. Note that here v = 6, so this setup is not supersymmetric. We review this system
in section 2.3.

2.2 The D3-D5 system

The D3-D5 probe-brane system was first described by Karch and Randall in [23, 24, 25] as a way
to realize conformal field theories with a boundary holographically. In the following we will
first review the string theory side of their construction (subsection 2.2.1) and then describe the
dual field theory side in subsection 2.2.2.



o 1 2 3 4 5 6 7 8 9
N coincidentD3 v v VvV V x x x x x X
Probe D5 SO/ /o x J / /S x o x %
Probe D7 J J vV x Vv vV v vV / x

Table 2.1: Orientation of the probe branes relative to the N coincident D3 branes in ten dimensions.
The symbol v in column i indicates that the world volume of the brane extends in the X' direction.

2.2.1 String theory side

According to the general discussion in section 2.1, a single D5 probe brane is inserted into the
background of N coincident D3 branes. The world volumes of the D3 branes and the D5 brane
span the directions marked in table 2.1. The solution discussed in the following first appeared
in [23, 24, 25] and can be described either from the point of view of the probe brane or from the
point of view of the world volume of the N coincident D3 branes. We begin with the D5 brane
point of view, which describes how the probe brane is embedded into the background and from
which we will see the geometry of the D5 brane arise.

D5 brane point of view In the near-horizon limit, the background metric of ten-dimensional
space time is the metric of AdSs xS®> which we can write in Poincaré coordinates as

2 2
P L
dsig = i (—dxg +dx? + dxd + dx32) + Edpz + L*dQ2. (2.2.1)
Here p is the radial coordinate of the AdSs part of the geometry and dQ? is the metric on the
S°. The AdSs radius of curvature is the same as the radius L of the S°. The Ramond-Ramond
four-form sourced by the D3 branes in this solution is given by

4

Cy = %4 dxp A dxy A dxg A das. (2.2.2)

Into this background we embed a single probe D5 brane for which the general action in
equation (2.1.1) takes the form

Sos = s | \detlG+ Py eps [ P (223)
D5 5

D

We make the following ansatz for the embedding into the background: The D5 brane world
volume extends along the directions (xp, x1, x2, p) inside AdSs and wraps an S? inside the S°. We
take the S? to have maximal radius L inside the S°.2 Moreover, we assume that the embedding is
such that the x3 direction is given by a function of p only, i.e. x3 = x3(p). Finally, we assume
that there are k units of flux through the S?, sourced by the abelian field-strength living on the
brane. This means that we can write the field-strength as

F =2nd'F = (na’k) vol(S?), k € N, (2.2.4)

2One can also allow for an angle ¥ so that the $? has radius L cos(i/) and check that i/ = 0 is a solution to the
equations of motion for . It also turns out that this is a stable configuration, see [23, section 5] or [26, section 2.1].
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where vol(S?) is the volume-form on the two-sphere S?. We will comment on the interpretation
of this flux momentarily.

With this ansatz, we can proceed to evaluate the action (2.2.3). The induced metric on the
world volume of the D5 brane becomes

dsis = Pj (‘dx2 +dx? + dxz) + P:x/( )+ L: dp® + 1203 (2.2.5)
D5 = 73 0 1 2 2P P2 P 2 o

The field-strength F was given in equation (2.2.4) and with this information the first term in
the action (2.2.3) can be computed. For the second term, we also need the R-R background field
C4 which was given in equation (2.2.2), pulled back to the world volume. After integrating out
the S? part, the action becomes

k2 4 K\ p'
Sps = —(47)pis /Ads4 <mp2 1+ %X§(p)2 + <7\rﬁ> /L)2x3(/3)>~ (2.2.6)

Varying Sps with respect to x3 one obtains the following equation of motion for the embedding

) f ”k AN <”k> L’p*| = 0. (2.2.7)
1+ 4 ’(p)2

This differential equation looks daunting but it turns out to have one particularly simple solution,

x(p) = (ir/;) I; (2.2.8)

Note that in the naive limit A — oo this solution becomes trivial. In subsection 2.4.1 below,

coordinate x3(p):

specifically eq. (2.4.9), we will see that a connection with the holographic CFT can be made
only in a certain double-scaling limit in which the parameter k? is also taken very large. In this
region, the solution for x3(p) is non-trivial.

In the x3-direction the D5 brane sits along the curve x3(p) determined by the solution (2.2.8).
Note that as p goes to infinity corresponding to the boundary of AdSs, x3(p) goes to zero.
The D5 brane thus separates the boundary into two halves, one with x; > 0 and one with
x3 < 0, as claimed in the general discussion in section 2.1. Inserting the solution (2.2.8) into the
induced metric (2.2.5), one indeed finds the metric of AdS, xS? with AdS, radius of curvature
I? (1 + ,[2/1;{2)

We now come to the interpretation of the flux due to the field strength F given in equa-
tion (2.2.4). The field-strength is excited only in the S directions. We can then consider the
second term in the D5 brane action (2.2.3) which becomes

Hs / F A C4 = U5 (ﬂa,k) /VOI(SZ) A C4 = k/l3 / C4, (229)

where in the last step we have integrated over the S? to produce a factor of 47 and used the

relation y, = (47r2 o ) [ip+2 between the Dp brane charges. By integrating out the S* we have
obtained the effective coupling constant of the D5 brane to the R-R form C;. Comparing to the
last term in the general Dp brane action (2.1.1) we see that the coupling is precisely the same as
the coupling of k D3 branes to Cy. The non-zero flux through the S? is therefore interpreted as
originating from k D3 branes that are “dissolved” in the D5 probe brane.
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D3 brane point of view We have now studied the D3-D5 system from the point of view of
the D5 brane and seen how it is embedded into the ten-dimensional background. Studying the
same system from the point of view of the D3 branes gives a complimentary perspective from
which it is easier to make the connection to the defect versions of N’ = 4 sYM that we will
encounter in the next subsection.

The starting point is the world volume theory of N coincident D3 branes, for which the action
is the non-abelian generalization of the action shown in (2.1.1) in the case p = 3. Expanding this
action in @’ one obtains®

1
27gs

1 1 1
Sps = - / d*xtr [ZFHVF’” + 50"+ (@, 0] [0, 9] + (9(0/)] , (2.2.10)
where ®; for i = 1,..., 6 are U(N) valued scalar fields and F},, is the (non-abelian) field-strength,
both living on the world volume of the D3 brane. The equations of motions for the scalar fields
are

O®(x) - [@,0), [&(x), 2:(x)]] =0, (2.2.11)

where [ = 9,0 is the d’Alembert operator. A particular solution that describes the situation in
which k out of the N coincident D3 branes “expand” into a D5 brane are the block matrices

1 i)kx x(N - .
Dy(x) = +— I for  i€{1,2,3}, (2.2.12)

T x5 [ON-k)xk O(N-k)x(N—K)
and ®; = 0 for i € {4,5,6}. The matrices t; in the upper left block of (2.2.12) form a k-dimensional
irreducible’ representation of the Lie algebra su(2), i.e. they satisfy the commutation relations

[ti. t;] = iegte. (2.2.13)

The solution (2.2.12) is called a fuzzy funnel; for each value of x5 # 0, the scalars ®;, i € {1, 2,3},
describe a non-commutative two-sphere with radius

2nel)” -1)(k +
(ﬂ:)ZU@#@MﬂﬁmwfwlxDzl

RE (x) = 2.2.14
funnel( ) - 4 X2 ( )

As x; goes to zero, Rpnnel diverges which is interpreted as an expansion of k out of the N
coincident D3 branes into a D5 brane with k units of flux. In the limit, the brane fills out the
space time directions (X*, X°, X¢) corresponding to the scalars (®;, ®,, ®3) and we recover the
situation shown in table 2.1.

The two signs in the solution (2.2.12) have the following meaning: If x; > 0, then choosing
the plus sign in ®; leads to a negative charge for the D5 brane and thus the D5 brane is in fact an
D5 anti-brane. On the other hand, choosing the minus leads to a positive charge and is thus the
correct choice for a D5 brane. The sign of the charge can be derived by evaluating the second
term in the action (2.1.1) on the solution; this is done in [27, section 3.1].

*We are dropping a term proportional to / d*x N here.
“One can in principle consider reducible representations of su(2). This would correspond to several D5 branes
emerging from the same k D3 branes [27]

12



X0

U(N - k)

X3

X1, X2
broken U(N)

D5 probe brane

Figure 2.1: Brane configuration in string theory (left) and the dual field theory picture (right) with
different gauge groups on each side of the defect at x3 = 0.

Summary The picture that emerges from this section is shown in the left of figure 2.1. Starting
with N coincident D3 branes and a single D5 probe brane oriented according to table 2.1, we
consider the solution (2.2.12) that corresponds to k out of the N branes dissolving into the probe
D5 brane. The D5 brane is embedded into the AdSs xS° solution to type IIB supergravity and in
the probe brane approximation we are neglecting the backreaction of the D5 brane onto the
geometry. The geometry of the D5 brane is AdS, xS? and the parameter k also appears as the
flux of a gauge field supported on the D5 world volume through the S2.

We now analyze the field theory dual to this setup. The 3-3 open strings give rise to the
degrees of freedom of a defect version of N' = 4 sYM in which some of the scalars acquire a
non-zero vacuum expectation value. The 3-5 and 5-3 open strings may correspond to extra
degrees of freedom localized on the hyperplane x3 = 0; however, it turns out that they are only
present in the case where k = 0. The 5-5 strings can be neglected in the near-horizon limit.

2.2.2 Field theory side

As suggested in [23, 24], the field theory dual to the probe-brane system described in the previous
subsection should be a four-dimensional defect conformal field theory with a flat codimension-
one interface at x3 = 0. A different field theory can live on each of the half-spaces x; > 0 and
x3 < 0 and the two theories may be coupled through a three-dimensional theory living on the
interface at x3 = 0. As we will describe in more detail below, this situation can be studied by
“folding” the theory for x3 < 0 to x3 > 0 studying a “product theory” on the half-space x3 > 0.
Since the string theory side preserves half the amount of supersymmetry, the same should
hold for the field theory dual. This is achieved by imposing certain supersymmetry-preserving
boundary conditions on the fields at the interface located at x3 = 0.

According to the AdS/CFT correspondence, the field theory dual to type IIB supergravity
on AdSs xS® is N = 4 sYM theory in four dimensions with gauge group U(N). Similarly, the
field theory dual to the probe D3-D5 probe-brane system is a defect version of N = 4 sYM in
which the rank of the gauge group is U(N - k) for x3 < 0 and U(N) for x3 > 0. By the folding
trick the possible supersymmetric boundary conditions for the fields follow from the boundary
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conditions for a version of N' = 4 sYM on a half-space with gauge group U(N - k) x U(N).
Supersymmetry-preserving boundary conditions for A" = 4 on a half-space were considered
by Gaiotto and Witten in [28]. Their main results will be reviewed in this section momentarily.
Another review of their work was recently given in [29, section 2.1].

The interface at x3 = 0 breaks some of the symmetries of N = 4 sYM theory. Most notably,
translations in the x3-direction (perpendicular to the interface) and rotations that change the
plane x; = 0 are no longer symmetries of the theory. In total, the four-dimensional conformal
group SO(2, 4) is reduced to the three-dimensional conformal group SO(2, 3). Note that SO(2, 3)
is also the group of isometries of the AdS, part of the D5 probe brane. The SO(6) R-symmetry
of N = 4 sYM is reduced to SO(3) x SO(3) by the interface. The first SO(3) factor corresponds
precisely to the isometries of the S? part of the D5 brane geometry.

Half-space with full gauge symmetry The boundary conditions for the four-dimensional
defect N' = 4 sYM theory are most easily derived by dimensional direction from ten-dimensional
N =1sYM theory. In ten dimensions, the action of N =1sYMis

1 1. & _
5= [ dxtr [EFUFU _¥ripy|, (2.2.15)
e
where F; 7 is the field strength of the gauge field Ap, ¥ is a Maj orana-Weyl fermion, and I'; are the
(16 x 16)-dimensional matrices satisfying the Clifford algebra {I';,T;} = 2g;; in ten dimensions.
The possible boundary conditions are derived from the requirement that there is no flux of the

supercurrent through the boundary. The expression for the supercurrent is
1 .
J [I‘JKF]KI“I‘I’] , (2.2.16)

and the condition that the flux vanishes means that the normal component J° has to vanish at
x3 = 0. This ensures supersymmetry:.

As usual in dimensional reduction, the components Ay of the gauge field in ten dimensions
turn into components A, of a four-dimensional gauge field and six real scalars ¢;,

A=Ay $i= A (2.2.17)

In the presence of the boundary the SO(6) R-symmetry of the scalars ¢; is broken to the subgroup
SO(3)x x SO(3)y where the subscripts X and Y refer to the action on the subsets of scalars

(X1, X2, X3) = (1, 2, 3)  and (Y1, Yz, Y3) = (¢4, f5, s) (2.2.18)

respectively. The full bosonic symmetry group of the theory with a boundary is SO(2, 3) x
SO(3)x x SO(3)y. As a representation of this group, the 16 of SO(1, 9) in which the fermion ¥
transforms is reducible and the representation space splits into a product Vg ® V, where the
subscript indicates the dimension.

It turns out that one can put Dirichlet boundary conditions on either the first group of
scalars (Xj, X3, X3) or on the second group (Y7, Y2, Y3), but not on both simultaneously. Putting
Dirichlet conditions on (Y7, Y5, Y3), one obtains the following for the bosons at x3 = 0:

Y, =0, (euwF*+yFE,)| =o. (2.2.19)

u
=0, <D3Xa + Eeabc[Xb’XC])
a ad

a
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Here and in the following we use the notation o } , to denote the value of the quantity & on the
boundary at x3 = 0. For the fermion ¥ the boundary condition is

V| =¥ v, (2.2.20)
d
where v, is a fixed vector in V,. The parameters y and u in equation (2.2.19) are related by a
single parameter a through

2a 2a

- =—-—. 2.2.21
1- a2 “ 1+ a? ( )

y =
Different choices of a yield different boundary conditions that are all compatible with super-
symmetry. Important for us are the choices a = +1 which gives u = +1 and y = +oco. These
conditions are called D5-like boundary conditions. The choicesa=0and a=ocogiveu =y =0
and are called NS5-like boundary conditions. The family of boundary conditions parameterized
by a in this way preserves full gauge symmetry on the boundary.

Reducing the gauge symmetry This procedure can be generalized to allow for boundary
conditions that break part of the gauge symmetry. Suppose that we are interested in conditions
that only preserve a subgroup H < G of the gauge group G. The Lie algebra g of G decomposes
into the Lie algebra b of H and an orthogonal complement,

g=heh. (2.2.22)

With this decomposition we can write every element ® € g as ® = ' + &, where @’ € h and
®* € ht. In order to retain supersymmetry on needs that b is a Lie algebra (this is trivial) and
that g has an action on b, i.e.

[b.b]<h, [h.b"] <h- (2.2.23)
One then imposes NS5-like boundary conditions on the fields @ at the boundary:
F,| =0, X;| =0, DsY;| =0. (2.2.24)
d P) P)

The remaining fields ®* are restricted by D5-like boundary conditions,

Fy, = 0. (2.2.25)

a

a

1
-0, (1)3)(al - €abe (X7, Xj]i) ‘ =0, Y+
I} 0

We note that the commutator term is not present in [28] and it vanishes if [f)l, hl] c h.> This
does not have to be the case however, see also [30, section 2.3] for a similar discussion.

The elements of the subgroup K ¢ G that commutes with H become global gauge trans-
formations of the boundary conditions. Away from the boundary the gauge group is G, so the
elements of K act as gauge transformations. At x3 = 0 however, the gauge group is H, so the
elements of K are not gauge transformations. Instead, they are considered global symmetries.

*In this case the quotient G/H is a symmetric space.
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Application to the D3-D5 system with an interface The general discussion so far has
dealt with A" = 4 sYM with a boundary at x3 = 0. The situation in the D3-D5 system is slightly
different and consists of an interface at x3 = 0 with a version of N' = 4 sYM on each side. The
difference between the two sides is the rank of the gauge group. This situation fits into the
present framework with the folding trick: Instead of discussing two theories, one with gauge
group G, for x3 > 0 and another one with gauge group G_ for x5 < 0, we flip the theory for
negative x3 by replacing x3 — -x3 and discuss N = 4 sYM on a half-space with gauge group
G. x G_. In order to keep the orientation of the ten-dimensional space, one also has to reverse the
sign of an odd number of the scalars ¢;. Here one has to reverse the sign of either (Xi, Xz, X3)c.
or (X1, X3, X3)c_, which are the scalars (Xi, X5, X3) with gauge group G, and G_ respectively.

For simplicity, we consider the case k = 1, i.e. the situation with gauge groups G_ = U(N)
for x3 < 0 and G, = U(N + 1) for x3 > 0. The gauge group of the folded theory to which we can
apply the general results is G = U(N + 1) x U(N). We are looking for boundary conditions that
preserve the diagonal subgroup H = U(N)giag < G.

Let us check what the decomposition of the Lie algebra as g = ) ® h* amounts to in this case.
An element @ of the Lie algebra u(N + 1) is an (N + 1) x (N + 1) matrix. We decompose this as

0 ‘ 0 - 0 [®]1,1 ‘ (@21 - [PN+11
R + [‘ﬂl’z , (2.2.26)
: [®]m.n : 0
0 [Plin+1
— —pL ’

where @’ contains the lower right N x N block of ® and @™ is simply the rest of the matrix. In
other words, h consists of (N + 1) x (N + 1) matrices in which the first row and first column is
zero, while h* consists of matrices in which the lower right N x N block is zero. We can check
that for any ® and ¥,

[/, 9] eh, [@,¥'] b, tr[0'¥] =0, (2.2.27)

so this is indeed the correct orthogonal decomposition of g. On the fields ®” in the N x N block
we now impose the NS5-like boundary condition (2.2.24); on the remaining fields we impose
the D5-like conditions (2.2.25). Note that [@L, ‘I’l] ¢ b so it we do indeed need the commutator
term in the D5-like conditions (2.2.25). Global symmetries are generated by the matrices with a
single non-vanishing entry in the (1, 1) component since they commute with the elements in b.

When k > 1, the gauge group of the folded theory is similarly G = U(N + k) x U(N). As
before, the boundary conditions are supposed to preserve the diagonal subgroup H = U(N)giag.
The decomposition ® = ®’ + & is as in equation (2.2.26) except that ®* is non-zero in the first
k rows and columns.

Concrete solutions to Nahm equations In equation (2.2.12) we already saw the fuzzy
funnel solution for the scalars living on the world volume of N coincident D3 branes that
corresponds to a situation where k of the D3 branes expand into a probe D5 brane. By the
general AdS/CFT dictionary, this solution carries over to a classical solution for the scalar fields
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¢; in four-dimensional N = 4 sYM. Thus, the classical solution in the half-space x; > 0 is

1 [(8)kx O (N-
¢~CI(X) _ ( l)k k kx(N-k)

; for i€{1,2,3} and x3>0. (2.2.28)
X3 |ON-k)xk  O(N-k)x(N-k)

All other fields, i.e. the scalars ¢; for i € {4,5,6}, the gauge field and the fermions, vanish
classically. For x5 < 0 all fields are U(N - k) valued and the classical solution is zero. Recall that
the matrices t; form a k-dimensional representation of the Lie algebra su(2), i.e. they satisfy the
commutation relations [#;, ;] = i€jjrtx. This is enough to check that the classical solution (2.2.28)
satisfies

i
Dy - 5 Cilk [ jd, lccl] =0, (2.2.29)

which is the only non-trivial boundary condition coming from equations (2.2.25) and (2.2.24).
The set of equations in (2.2.29) are also known as Nahm equations.

The classical solution (2.2.28) applies only for x; > 0, while for x3 < 0 the theory is simply
four-dimensional N = 4 sYM with certain boundary conditions on the fields. So far we have
not made any statements about the field theory living on the defect at x; = 0. Two cases can be
distinguished:

e Case k = 0: When k = 0, the number of D3 branes is the same on both sides of the D5
brane in figure 2.1. Equivalently, the rank of the gauge group in the defect CFT is the
same for x3 > 0 and x3 < 0 and the classical solution (2.2.28) is trivial. In this case, the
theory on the interface consists of two complex scalars g™, m € {1,2}, and two Dirac
fermions ¥, i € {1, 2}. Both the scalars and the fermions transform in the fundamental
representation of the gauge group and correspond to open string degrees of freedom
stretching between the D3 and D5 branes. The string as well as the field theory side of
this theory were described in detail in [31]. The new fields on the interface are coupled
to the “bulk” fields by restricting the fields of N' = 4 sYM to the boundary, taking into
account their boundary conditions.

« Case k > 1: It turns out that the new fields ¢™ and ¥’ are not independent degrees of
freedom when k > 1. Instead, they can be expressed in terms of “bulk” fields coming from
defect N' = 4 sYM restricted to x; = 0. The argument was originally given in [28, section
3.4.2]; slightly more details may be found in [30, section 3.2.1] and [32, appendix C].

Note that the case k = 1 is special: On the one hand, there are no new additional fields on the
interface, but on the other hand the classical solution (2.2.28) is still trivial, because the matrices
t; form the one-dimensional representation of su(2). This case was studied in detail in [32, 33].

Fluctuations around the classical solution One can now consider fluctuations of the defect
CFT fields around the classical solution (2.2.28). Since the classical solution is non-zero only for
some of the scalars, but not for any of the other fields, this amounts to expanding the scalars as

$i(x) = ¢5(x) + di(x), i€ {1,....6}, (2.2.30)

where ¢;(x) is the fluctuation.
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Inserting this expansion into the action of N' = 4 sYM given in equation (A.1.1) one can
observe that mass terms for the field fluctuations are generated. Schematically, some of those
terms coming from the scalar potential are

tr([g0 4] [0 8]) 20 1 ([0 4] [62 6] + [60.6] [bo ] + ). (223D

As can be seen from the second term on the right hand side, the mass terms are not diagonal and
mix q;,- and qgj for i # j. Moreover, for k > 1 the classical solution is a non-trivial N x N matrix
and the mass terms therefore also mix up the color structure of different fields. This mixing
problem was solved in [34] by expanding the fields in so-called fuzzy spherical harmonics which
are eigenfunctions of the Laplacian of a fuzzy two-sphere.® Each mode on the fuzzy-two sphere
corresponds to a scalar with a different mass.” Subsequently, position space Feynman rules were
obtained allowing for perturbative computations in the defect CFT.

The classical solution (2.2.28) contains a factor x;?, so that the mass terms in equation (2.2.31)
are proportional to x;%. Note that that this is required for scale invariance of the Lagrangian:
Under a scaling transformation x* — Ax*, the scalar fluctuations transform as ¢~,- — )L‘lggi.
Together with x;2 — A72x;? this implies that the mass terms (2.2.31) pick up a factor of 1™
which is the correct behavior for a scale-invariant Lagrangian in four dimensions. One can
similarly check all the other terms in the expanded Lagrangian given in [34, section 2.2].

The x3-dependence of the mass terms also means that even after the mixing problem has
been solved, the propagators are not simply the flat-space propagators in four dimensions. After
the diagonalization each massive mode ¢ has an action of the form

2 4 |1 " m2 9
Soy = ==~ [ d'x |2 (%) (@"9)+ 0", (2.2.32)
&Ym 3

where the “dimensionless mass” m? depends on the su(2) representation of the fuzzy spherical
harmonic corresponding to ¢. Applying the Weyl rescaling

v = v = %5 M, T — V8 =%" ¢—7=x0, (2.2.33)

this action becomes
2
Stoy — ‘gz/d‘lx\/ig (& (3.0) (9vp) + (m* - 2) %] . (2.2.34)
YM

This is the action for a massive scalar @ of mass m? — 2 on AdS,. Consequently, the propagators
for the original field ¢ with x3-dependent mass is given by (a rescaled version of) the propagator
for scalar with mass m? - 2 in AdS,. A similar statement holds for the fermions in the theory,
c.f. [34, section 4.2].

Fuzzy spherical harmonics first appear in Hoppe’s PhD thesis in [35] and were introduced more formally by
Madore in [36]. Explicit constructions for fuzzy spherical harmonics in various dimensions in terms of matrices can
be found in [37]. We also refer to [34, appendix B] for a review of the S? fuzzy spherical harmonics.

"This is very similar to an expansion in Kaluza-Klein modes.
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2.3 The D3-D7 system

In section 2.2 we reviewed the D3-D5 system and the fuzzy funnel solution (2.2.12) that corre-
sponds to k out of the N D3 branes opening up into a probe D5 brane. The cross-section of the
funnel for x; # 0 was a fuzzy two-sphere. A natural generalization is to look for other funnel
solutions in which the cross section is a different fuzzy space. The D3-D7 probe brane system
provides two such solutions:

« In the first solution, the cross-section of the funnel is a fuzzy four-sphere and the geometry
of the D7 brane(s) is AdS, xS*. We will describe the brane construction for this solution
in more detail in subsection 2.3.1. The original construction for this model can be found
in [26, section 2.2]; a similar D1-D5 brane intersection involving a fuzzy four-sphere was
previously treated in [38, sections 3, 4].

« Inthe second solution, the cross section is a product of two fuzzy spheres and the geometry
of the D7 brane is AdS, xS? x $%. We will not describe the brane construction for this
solution in detail, because it is very similar to the one for the AdS, xS* solution as well as
for the one for the D3-D5 system. The original reference for this model is [39] and we
will mention the most important features at the end of section 2.3.1.

In both cases the probe D7 brane(s) are oriented according to table 2.1. Note that both solutions
break supersymmetry completely as the total number of ND and DN directions is six.

2.3.1 String theory side

As in the case of a D5 probe brane there are two complimentary points of views and we begin
as before to study the system from the point of view of the probe brane.

D7 brane point of view It turns out that due to the lack of supersymmetry the naive embed-
ding of a single D7 brane with AdS, xS* geometry is unstable. One way to stabilize the system
is to tune the world volume gauge field such that there is a non-zero instanton number on the
S* part of the geometry. However, this comes at a cost: The world volume gauge field has to be
non-abelian and we are forced to consider a number N; > 1 of coincident D7 branes.

We again write the background metric of AdSs xS° into which the probe branes are embedded
as in (2.2.1). The non-abelian generalization of the action (2.1.1) for D7 branes takes the form

Sp7 = —,u7/ str [\/—det(G + T‘)] + ;127/ str[FAF ACy], (2.3.1)
D7 7

D

where str stands for the “symmetrized trace” prescription [40].

Analogously to the D3-D5 system, we make an ansatz for the embedding of the D7 branes into
the AdSs xS° background: The world volume of the D7 extends along the directions (xy, x1, X2, p)
inside AdSs and wraps an S* inside the S°. As before, we take the S* to have maximal radius L
and we assume that the embedding coordinate x; is a function only of p. The analogy of the flux
in the D5 brane case is the non-vanishing instanton number dg on the S* required for stability,

/ tr(FAF) = 8x% (21 )" do. (2.3.2)
54
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In the following we consider a self-dual field strength, so that dg is positive.
With this ansatz for the embedding, the induced metric on the world volume of the D7 brane
becomes

p2 p2 L2
dsi, = Iz (—dxg +dx? + dxzz) + (szg(p)z + /)2> dp? + L*dQ3. (2.3.3)

The action (2.3.1) can now be evaluated and after integrating over the S* part of the geometry it
becomes

2 4 4
%FHMM<%:)ﬁ/ﬁ%<u+@fju€ﬂmw-gggwo. (2.3.4)

Note that this is very similar in form to the action for the D5 brane shown in (2.2.6). Consequently
the equation of motion for x3(p) is essentially the same as in (2.2.7) and as a solution we find

Q9,74
J1+20 AN

As before one can verify that the induced metric (2.3.3) evaluated on the solution (2.3.5) becomes

x3(p) = é, A= (2.3.5)
p

the metric of an AdS, space with radius of curvature R (1 + Az).

The second term in the D7 brane action (2.3.1) includes a coupling between the instantons
on the S* and the R-R four-form C;. Integrating out the S* using (2.3.2) we find that the effective
coupling is

2 (87°) (2xd’) do = do (47°’)" py = dops, (23.6)
where we again used the relation y, = (4712 v ) Hp+2. This is precisely the right constant for
coupling dg D3 branes to the four-form. The S* instantons are therefore interpreted as dg D3
branes that are dissolved in the N; D7 branes.

The configuration where the D7 brane wraps a maximal S* inside the ambient S° is unstable.
A condition for stability was derived in [26, section 2.2] as follows: For a non-maximal $* we
have to replace its radius L by L cos(y/) where ¢ € [0, %] The angle 1 corresponds to a massive
field on the world volume of the D7 brane. It turns out that the mass of this field only satisfies
the Breitenlohner-Freedman bound for a massive field in AdS, if only if

Q>g. (237)

In particular this bound rules out dg = 0.

D3 brane point of view From the D3 brane point of view we are again looking for a solution
to the equations of motion for the scalars ®; that were given in (2.2.11). However, this time
the solution should describe a number dg of the D3 branes opening up into a D7 brane. The
solution corresponding to the D7 brane with AdS, xS* geometry is a fuzzy funnel in which the
cross-section is a non-commutative four-sphere,

Bi(x) = + 1 |(Gdgxds  Odox(N-dg)

., i€{1,2,3,4,5}, (2.3.8)
2V2x3 [O-de)ds  O(N-de)(N~do)
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and ®¢ = 0. The dg x dg matrices G; can be constructed as an n-fold symmetrized tensor
product of y-matrices and their commutators G;; = %[Gi, G;] are the generators of an irreducible
dg-dimensional representation of s0(5). The construction as well as many useful properties of
the matrices G; can be found in [41, appendix A]; here we only note that they satisfy

1 5
dc = g(n +3)(n+2)(n+1) and Z GiGi = n(n + 4)1 4 x4, (2.3.9)
i=1

The cross-section of the funnel solution (2.3.8) is a non-commutative four-sphere with radius

(27r0/)2 > 2 1
Reunnel(¥) = ~——— Dt [@(x)0i(x)] = (27a”)" n(n + 4)—;, (2.3.10)
G i X3
which again diverges at x; = 0. This is interpreted as the expansion of dg out of the N coincident
D3 branes into the D7 brane located at x3 = 0. As before we recover the brane arrangement
shown in table 2.1.

The two signs in the solution (2.3.8) again correspond to D7 branes and anti-branes. It turns
out that the sign correlation is reversed compared to the D3-D5 system and one has to choose
the plus sign in ®; for D7 branes and the minus sign for D7 anti-branes. This is discussed in [38,
section 3].

Relation between N; and n The number N; of probe D7 branes and the integer n are related.
Note that in (2.3.9) we have used n to express the dimension dg of the matrices G; which equals
the number of D3 branes dissolving into the D7 branes. On the other hand, dg is the instanton
number on the $?, see (2.3.2).

To construct a D7 world volume gauge field satisfying (2.3.2), we have to construct a
homogeneous instanton solution on the four-sphere for an SU(N;) gauge group. The explicit
construction may be found in [38, appendix B]. The idea is to start with the BPST instanton for
SU(2) gauge theory and replace the generators of the fundamental representation of the SU(2)
gauge group by an N;-dimensional representation of SU(2).

The largest possible S* instanton number can be obtained by choosing the irreducible
N;-dimensional representation of SU(2). In this case the instanton number is

1
dc = 8N7(N7 +1)(N; - 1). (2.3.11)
Comparing this expression for dg to the formula given in (2.3.9) we see that we have to identify
Ny =n+2. (2.3.12)

Note that even for n = 0, we still have N; > 1 D7 branes and therefore a non-abelian theory.

The solution with AdS, xS?x? geometry As mentioned in the beginning of section 2.3, there
exists another solution where the D7 probe brane has geometry AdSy xS? x S [39]. In this case
there are no instantons; instead the world volume gauge field is such that there are k; and k;
units of flux through the first and the second S? respectively. Apart from this difference, the
construction of the embedding is very similar to the two cases that were discussed in this thesis.
Further details may be found in the original paper [39, section 2] or [42, section 3.1].
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2.3.2 Field theory side

A lot of the discussion in section 2.2.2 for the field theory dual to the D3-D5 system carries over
the D3-D7 system. In particular, we again obtain a defect conformal field theory with gauge
groups of different ranks for x3 > 0 and x3 < 0.

The solution (2.3.8) for the scalar fields living on the world volume of the D3 brane translates
into a classical solution for five out of the six scalar fields of N' = 4 sYM,

gy - ] (Giddgds  Odox(N-do)
! 2\/§x3 O(N,dG)xdG O(N—dc)X(N*dG)

i€{1,2,3,4,5}, (2.3.13)

and ¢! = 0. As before the gauge field and the fermions vanish classically. The “size” dg of the
classical solution again translates into the difference of the rank of the gauge groups: for x5 > 0
the gauge group is U(N), while for x; < 0 the gauge group is U(N - d). Since the D3-D7 probe
brane system is not supersymmetric, the discussion about supersymmetric boundary conditions
does not apply. In particular, one can check that the Nahm equations (2.2.29) are not fulfilled for
this solution.

In the classical solution corresponding to a D7 probe brane with AdS, xS? x $? geometry all
six scalar fields acquire a non-zero classical solution,

1T [(5) e xr ® 11 0% feox(N- .
PRI (ks ® Liegxky Ok keyx(N—-k k) } ie{L23),
X3 | O(N—ky kp)xky ko O(N —ky kp)x(N ki k) (23.14)
1 |11k xk ® (), x 0% 1o x(N— .
iy = L | ok (kyxk, Ok keyx(N—ky ) } . ief{as.eh
X3 [ O(N-ky ko )k ON -k ko )x(N~-ki k)

Here the matrices t; are the same that appeared in the D3-D5 system, i.e. they satisfy the su(2)
commutation relations given in (2.2.13). As before, the remaining fields vanish classically. The
different gauge groups are U(N - k; k;) for x3 < 0 and U(N) for x3 > 0.

One important difference compared to the D3-D5 system is that the instanton number dg
and the fluxes k; and k; cannot be zero, otherwise the solution is unstable. Unlike before we
can therefore not consider the case of equal gauge groups on both sides of the interface.

Other than that the discussion about fluctuations around the classical solution on page 17
still applies to the present case. In particular, mass terms of the form shown in (2.2.31) are
generated by inserting the expansion ¢; = ¢¢ + ¢; into the action of N* = 4 sYM. The mixing
problem for the solution (2.3.13) was solved in [6] and for the solution (2.3.14) in [5]. In both
cases, the fields of the defect theory had to be expanded in modes on the respective fuzzy
geometry, i.e. in fuzzy spherical harmonics for S* and S? x S? respectively.

2.4 Observables

In the previous sections we have described the D3-D5 and D3-D7 probe brane systems and their
field theory duals in some detail. To check and make use of the proposed extension of the usual
AdS/CFT duality to these defect conformal field theories, one would like to compare physical
observables computed on both sides of the correspondence. It turns out that in particular
one-point functions of field theory operators as well as expectation values of field theory Wilson
loops can also be computed on the string theory side as we describe in this section.
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2.4.1 One-point functions

We focus on computations on the side x5 > 0 of the interface where we have a non-zero classical
solution given by either (2.2.28), (2.3.13) or (2.3.14). In this case we are dealing with a defect
conformal field theory with a boundary. The reduced conformal symmetry allows for non-trivial
one-point functions of conformal operators of the form

(O(%, x3)) = a—i (2.4.1)
X3
where we are using the notation x = (xo, x1, x2) to denote the coordinates on the boundary at
x3 = 0. The one-point functions can be computed both in string theory and in the defect CFT. In
a certain double-scaling limit they may even be compared allowing for tests of the proposed
duality between supergravity on AdSs xS®> with probe branes and defect versions of ' = 4 sYM.
We will return to this limit below.

The field theory operators that can be matched most easily in the AdS/CFT dictionary are
chiral primary operators of conformal dimension A. On the AdS side, these operators correspond
to supergravity Kaluza-Klein modes with mass m?L? = A(A - 4). A chiral primary operator in
N =4 sYM is of the form

A2
(87T2) o
o= <M> CE [y () - iy (0], (242)
where C'''s is a tensor that is totally symmetric and traceless in the indices (i, ..., ir). Each

index iy take values in {1,..., 6} and transforms under the action of the SO(6) R-symmetry. Thus
Chis describes a state labeled by a in the symmetric traceless irreducible representation of
SO(6) and a should run from 1 to 1—12(A +3) (A +2%A+1)8

By construction the chiral primary (2.4.2) has good quantum numbers with respect to the
original SO(6) R-symmetry. In the defect CFT however, the R-symmetry is broken to SO(3)xSO(3)
in the case of the classical solutions (2.2.28) and (2.3.14) and to SO(5) in the case of the classical
solution (2.3.13). It turns out that only those chiral primaries that are symmetric with respect to
the residual R-symmetry can have a non-zero one-point function. Moreover, for a given A, there
is a unique linear combination of chiral primaries O, , that satisfies this property, both in the case
of SO(3) x SO(3) (see [43, appendix A]) and SO(5) (see [42, section 4.1.1]) residual R-symmetry.
By abuse of notation we will simply call this linear combination @, in the following.

String theory side The GKPW prescription shown in equation (A.2.3) in appendix A.2 gives a
general recipe for the computation of field theory correlators from the dual supergravity theory.
For a one-point function, the general formula reduces to
5Scl[3(0)]
o =-—— 243
To use this formula, one first has to identify the supergravity Kaluza-Klein modes on S° that are
dual to the chiral primaries in (2.4.2). The chiral primaries correspond to an SO(6) representation

8The dimension d(p;, p2, p3) of an irreducible SO(6) representation labeled by Dynkin labels [p;, p,, ps] is

d(py, pa, p3) = %(pl + 1)(p2 + 1)(ps + 1)(pr + p2 + 2)(p1 + p3 + 2)(p1 + p» + p3 + 3). The symmetric traceless repre-
sentation has Dynkin labels [A, 0, 0].
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Figure 2.2: Computation of the one-point function in string theory (figure adapted from [42])

with Dynkin labels [A, 0,0] and the corresponding supergravity modes should transform in the
same way. Matching all quantum numbers one finds a particular linear combination s , of the
fluctuation of the background metric on AdSs xS and the five-form field strength on S°, see [44,
section 3.3]. Each mode sp , is a Kaluza-Klein mode in the expansion of a supergravity field s on
AdSs xS°.

The next step is to compute the variation of the classical action S with respect to a small
change in s. The relevant action here is the action of the probe brane, i.e. the one given in (2.2.3)
for the D3-D5 or the one given in (2.3.1) for the AdSy xS* symmetric solution of the D3-D7
system. The results of this computation may be found in [43, appendix B.2] for the D3-D5 and
in [42, section 3.2, section 4.2] for the D3-D7 system.

Finally, one uses that the field theory operator is located at a single point x which corresponds
to a source that is simply a §-function on the AdSs boundary,

V() = 6D (x - y). (2.4.4)

Effectively, this replaces the supergravity field s with its bulk-to-boundary propagator and
the picture that results from this prescription is the following: On the boundary of AdSs, the
field theory operator (95 sources a supergravity field sy which propagates into the bulk and is
integrated over the world volume of the probe brane. This situation is depicted in figure 2.2.

Field theory side On the field theory side, the recipe for computing the one-point functions
is rather straightforward. To obtain the classical one-point function of a given scalar single
trace operator,

Oa(x) = O tr [, (x) -+ i, (%)], (2.4.5)

one simply inserts the classical solution of the scalar fields (c.f. equations (2.2.28), (2.3.14) and
(2.3.13)). We denote the classical one-point function as

(OAN? = O tr [¢h(x) - ¢l (x)] = . (2.4.6)
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In the diagram on the right hand side, the operator is represented as the blob in the middle
and the crosses symbolize the insertion of the classical solution. As mentioned earlier, only the
unique chiral primary that respects the residual R-symmetry has a non-vanishing one-point
function. If we consider a general single trace operator as in (2.4.5), we may get a non-zero
one-point function if it has a non-zero projection onto the unique chiral primary. Note that
the insertion of the classical solution leads to an expression that has an x3;-dependence of the
form shown in (2.4.1): The classical solutions ¢¢! are proportional to x;' so that (OA(x)>(0) is
proportional to x;2.

To go beyond the classical result (2.4.6), one has to take into account fluctuations of the
fields around their classical solution as in (2.2.30). Corrections to the classical one-point function
can then be computed by a perturbative expansion in the Yang-Mills coupling gym. This leads
to an expansion in position-space Feynman diagrams. To first order in the planar limit N — oo,
the fluctuations contribute two terms, see [34, section 6.1]. The first one is

A [ \
Op() P = 01 Y tr gl ]/d“ ZV3(<1>1,<1>2,c1>3)— @ Q!

m=1

(2.4.7)

where the sum runs over cubic interaction vertices between the fields and the lines above the
equation denote Wick contractions. Similarly to the mass terms that we saw in (2.2.31), such
vertices arise when expanding the action of N' = 4 sYM around the background classical solution.
The second term is

—
(Op(x)> l)B Z @ ime i g [ . Sgim Qgin chl] = @' . (2.4.8)

These expressions can be evaluated once a perturbative setup consisting of Feynman rules has
been found. For the D3-D5 system this was done in [34], for the two solutions of the D3-D7
system in [5] and [6]. Note that the diagrams in (2.4.7) and (2.4.8) are one-loop diagrams that
contain one extra power of A = NgZ,, compared to the classical result (2.4.6).

For general scalar operators there are further corrections to the one-point function due to
renormalization of the operator and corrections to its wave function (9%, This is also described
n [34, section 6.1]. However, for 1/2-BPS operators that are often considered in practice these
corrections are absent.

Comparing the string and field theory One would like to compare the one-point function
computed on the string theory side to the one computed by the perturbative expansion on
the field theory side. The supergravity approximation used on the string theory side can be
trusted when the radius of curvature L of AdSs is much bigger than «’. By the identification of
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coupling constants in the AdS/CFT dictionary, this is the case for A » 1. On the other hand, the
perturbative expansion on the field theory side is valid for A « 1.

The idea to connect the two regions is to make use of the additional parameters that appear
as the flux or instanton numbers in the defect CFTs setups. Concretely, in the D3-D5 system
with flux parameter k one considers a double-scaling limit first suggested in [45]:

A1, k»1, « 1L (2.4.9)

m?k?
Since A » 1, the supergravity approximation is valid. On the other hand, if upon taking
k > 1 the perturbative expansion on the field theory organizes itself in an expansion with
effective coupling # then perturbation theory is justified. Similarly, for the D3-D7 system
with AdS, xS* probe brane geometry one considers the double-scaling limit

A>1, n>1,

o < 1, (2.4.10)
where the integer n is related to the instanton number dg by the dimension formula (2.3.9).

In a perturbative computation on the field theory side it is easiest not to compute the
one-point function of the unique chiral primary with the relevant residual R-symmetry, but to
consider the operator

O(x) = tr [ Z(x) -~ Z(x) ]| = tr [Z(x)"], (2.4.11)
L

where Z is a complex combination of the scalars in N = 4 sYM, for example Z = ¢; + i¢h.” To
compare the one-point function of the operator tr [Z (x)L] to the one-point function of the chiral
primary @, the latter has to be projected onto the former. To this end, tr [Z (x)L] is written as a
linear combination of the form

tr[Z(x)"] = ) caOnalx) (2.4.12)

for some coeflicients c,. One of the terms in this sum is the unique conformal primary @, that is
symmetric with respect to the residual R-symmetry and, as remarked earlier, only this operator
has a non-vanishing one-point function. In particular this means that in order to compare the
first order in the double-scaling parameters, we should compare

(rlz@” O

_— . 2.4.13
rz? T 0@ (2419

This argument was first used in [34, section 7].

Results We briefly summarize the results about one-point functions that were obtained for the
D3-D5 and D3-D7 systems respectively. For the D3-D5 system the classical one-point function
of the unique chiral primary was computed both in string and field theory in [43] and agreement

°It is most convenient to choose Z = ¢, + i¢ for the D3-D5 system and Z = ¢ + i) for the D3-D7 system with
probe brane geometry AdS, xS*. With this choice only one scalar contributes to the classical solution for Z.
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between both sides was found in the double-scaling (2.4.9). Feynman rules and propagators
for the field theory side were derived in [34] and to first order in the double-scaling parameter
agreement was found between the ratios in (2.4.13).

For both classical solutions of the D3-D7 system, one point functions were computed and
matched between string and field theory in [42]. Perturbative setups for the two solutions
were derived by us in [5] and [6] respectively. In both cases agreement between the one-point
function ratios (2.4.13) was found to first order in the double-scaling parameter.

The idea to use a double-scaling limit to compare quantities computed at A » 1 and 1 « 1
is similar to the construction by Berenstein, Maldacena and Nastase (BMN) in [46]. It is well
known that the BMN expansion does not work to all orders in the double-scaling parameter due
to an order-of-limits problem (see [47, section 4]) and it is conceivable that similar problems
arise in the double-scaling limits (2.4.9) and (2.4.10) at higher order.

Connections to integrability As a closing remark, let us mention that the one-point functions
of field theory operators discussed in this section have interesting connections to integrability.
In particular, the classical one-point functions of certain non-protected scalar operators can be
expressed as overlaps between Bethe eigenstates describing the operator and a fixed “boundary
state”. The overlaps can be expressed in closed form in terms of determinants of Gaudin matrices.
For the D3-D5 system, these results are due to [48, 49, 50]; a generalization that takes into account
fluctuations and is conjectured by the authors to hold to high orders in A was found in [51]. For
the special case k = 1 results for operators involving not only scalars can be found in [33]. By
now, all-order in A results have been bootstrapped using supersymmetric localization [29] and
boundary integrability [52, 52]. On the string-theory side the integrability properties of this
setup are reflected in certain boundary conditions as recently discussed in [53].

For the D3-D7 system similar results are only known for the solution in which the probe
brane has AdS, xS* geometry that we described in more detail in section 2.3. Early results were
obtained in [54] and a closed overlap formula was presented in [55]. It is known that the D3-D7
system with probe brane geometry AdS, xS? x S? is not amenable to the methods used in these
references, see [56].

2.4.2 Wilson lines

Observables that can similarly be computed both in string theory and field theory are expectation
values of field theory Wilson line operators. We will only sketch the idea in this section and
refer to the references at the end of this subsection for more details. For simplicity we consider
only a straight Wilson line parallel to the interface at x3 = 0 in this subsection.

A Wilson line operator on the field theory side is given by the trace of a path-ordered

W(y) =tr [Pexp </ A)] , (2.4.14)
Y

where y is a straight path in the (x;, x;)-plane parameterized by t — (¢,0,0, x3), A is the

exponential,

one-form

A = [iAg — ¢35 sin(y) — ¢ cos(y)] dt (2.4.15)
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% is an angle. The expectation value (W (y)) can be computed classically by

inserting the classical solution for the scalar fields into (2.4.15). The first correction to the

and 0 = y =

classical expectation value again consists of two terms similar to the correction terms (2.4.7)
and (2.4.8) for the one-point functions. These corrections may be computed using the Feynman
rules of the defect CFTs.

The expectation value { W(y)) is related to the potential energy V(x3) between a particle
traveling along y and the interface at x3 = 0 by {W(y)) = exp(-TV(x3)). Here T is the time
interval for which the particle is traveling and one has to consider the limit T — oo. The
potential energy may also be computed in string theory by solving a minimal surface problem.
In the present setting, one computes the action for a classical string that extends from the
field theory Wilson line located on the boundary of AdSs into the interior. The world-sheet
of the string has to be such that it ends perpendicularly on the world volume of the probe
brane. As before, the comparison between the string and field theory result is only possible in a
double-scaling limit as shown in (2.4.9) and (2.4.10).

Results For the D3-D5 system, the classical expectation value of W(y) was first computed
in [45] in the two ways sketched in this section. In the double-scaling limit, agreement was
found between the two computations. In [57], this computation was taken to the next order in
the double-scaling parameter using the perturbative setup established in [34]. Again, agreement
was found between the string and field theory computation. For the D3-D5 system also other
Wilson line configurations have been considered, namely circular Wilson loops in [58, 59] and a
pair of antiparallel Wilson lines in [60].

For both solutions of the D3-D7 system, we computed { W(y)) to leading and next-to-leading
order in the double-scaling parameter in [7] using the Feynman rules and propagators found
in [5] and [6]. The string and field theory results matched perfectly.

2.5 Summary of own work and outlook

In the previous subsections we have reviewed probe-brane systems in type IIB superstring
theory that give rise to defect versions of N' = 4 sYM theory under a version of the AdS/CFT
correspondence. The different probe brane models considered are summarized in table 2.2. The
defect conformal field theories are versions of N = 4 sYM in which some of the scalar fields
acquire Lie algebra valued vacuum expectation values in the half space x; > 0. The symmetry of
the vacuum expectation values reflects the geometry of the probe brane on the string theory side.
The “size” of the classical solution constitutes a free parameter of the model and corresponds to
a flux or non-vanishing instanton number on part of the probe brane geometry. Importantly,
the D3-D5 system preserved some amount of supersymmetry, while in the D3-D7 system
supersymmetry was completely broken. We also explained how one-point functions of certain
scalar field theory operators as well as the expectation values of Wilson lines are observables
that can be computed both on the field and on the string theory side of the correspondence. The
comparison of quantities is made possible in a double-scaling limit in which the ratio of the
't Hooft coupling A to the square of the flux or instanton number is held small.

Our own work on this topic during the time of this PhD is related to the D3-D7 system.
In subsection 2.3 we have described the classical solutions on the field theory side in some
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D3-D5 D3-D7 D3-D7

Classical solution t; (eq. (2.2.28)) Gij(eq. (2.3.13)) ;e 1,1 ® t; (eq. (2.3.14))
Symmetry of the vevs  su(2) s0(5) su(2) x su(2)

Probe brane geometry =~ AdS, xS? AdS, xS* AdS, xS% x 52
Supersymmetry %—BPS None None

Parameter k n ki, ko

Table 2.2: Comparison of probe-brane systems described in sections 2.2 and 2.3

detail, but we have not explained how fluctuations around the classical solution are taken into
account. In particular, we have not described how the expansion of the N' = 4 sYM field in
terms of fuzzy spherical harmonics works concretely. This and subsequent calculations that
check the proposed extension of the AdS/CFT correspondence to defect CFTs are the subject of
the following publications:'’

1. A. Gimenez Grau, C. Kristjansen, M. Volk, and M. Wilhelm, “A Quantum Check of
Non-Supersymmetric AdS/dCFT,” JHEP 01 (2019) 007, arXiv:1810.11463 [hep-th].

In this paper, we set up the perturbative framework for the defect version of N = 4 sYM
theory that is dual to the D3-D7 system in which the D7 brane has geometry AdS, xS? x S2.
The classical solution for this case is given in equation (2.3.14). We derive the mass
spectrum, the mass eigenstates and the propagators of the theory. We then use those to
compute the first correction to the classical solution and to the one-point function of a
1/2-BPS operator due to quantum fluctuations. The result is compared against a string
theory computation in a double-scaling limit similar to (2.4.9) and agreement is found.

2. A. Gimenez-Grau, C. Kristjansen, M. Volk, and M. Wilhelm, “A quantum frame-
work for AdS/dCFT through fuzzy spherical harmonics on S*” JHEP 04 (2020) 132,
arXiv:1912.02468 [hep-th].

This paper deals with the field theory dual of the D3-D7 system in which the D7 brane
has geometry AdS, xS* and for which the classical solution on the field theory side was
given in equation (2.3.13). We proceed in analogy to the previous paper in setting up
the perturbative framework and expand the fields of the defect CFT in fuzzy spherical
harmonics of S$*. The most complicated part of the paper is the diagonalization of the
mass matrix and the derivation of the propagators which requires the coupling of various
representations of s0(5). This step is significantly more involved than in the previous
paper due to the representation theory of s0(5). Once the perturbative setup is found, we
compute the first corrections to the classical solution and to the one-point function of a
1/2-BPS operator. As before we find agreement with string theory in the double-scaling
limit (2.4.10).

'Note that the first two papers include results that were obtained in a MSc thesis written together with A. Gimenez
Grau. We include them in the list, because the results were expanded and the papers were published during the time
of the PhD.
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3. S. Bonansea, K. Idiab, C. Kristjansen, and M. Volk, “Wilson lines in AdS/dCFT,” Phys.
Lett. B 806 (2020) 135520, arXiv:2004.01693 [hep-th].

In this paper, we compute the expectation value of a Wilson line operator inserted in
either of the two field theory duals of the D3-D7 system. The computation is made feasible
by the propagators and corrections to the classical solutions obtained in the previous
two papers. When comparing to a string theory computation as briefly explained in
section 2.4.2, we find agreement between the two sides for both defect CFTs.

The propagators for the defect versions of N' = 4 sYM theory obtained in these papers
have opened the door for further perturbative computations. Such perturbative computations
are an important check and input for predictions about physical observables coming from
integrability, supersymmetric localization (in the case of the supersymmetric D3-D5 setup,
see for example [29]) or as input for the boundary conformal bootstrap program (see for
example [61]). Due to the holographic nature of the defect CFTs one may also expect interesting
connections to string theory. Naturally, the starting point for further studies is the D3-D5 system
which is technically much simpler due to the structure of the classical solution and the additional
supersymmetry.

In this setup, we have recently started to compute two-point correlation functions of the
stress-energy-momentum tensor. An interesting feature of these correlators is that the operators
may either be inserted on the same side of the interface at x3 = 0 or on different sides. While
the space-time dependence of the correlators may be fixed using symmetry arguments, the
coefficients of the various tensor structures that arise are interesting data that describes the
interaction of the bulk theory with the defect. The presence of the interface implies for example
that the conservation of the stress-energy-momentum tensor is modified by an operator called
the displacement operator that is localized to x3 = 0. Computing correlation functions involving
this new operator will allow for tests of various general results about defect CFTs (see for
example [62, 63]). With the perturbative framework at hand we can even expect to be able to
compute these correlators beyond leading order.

Another exciting application of the perturbative computations of one-point functions in
the D3-D7 system is higher-loop integrability. It was first found in the D3-D5 system that
the one-point functions of scalar operators may be expressed as overlaps of Bethe eigenstates
and a boundary state [48, 49, 50]. Starting from the one-loop correction to the one-point
functions computed in [34], the authors of [51] then conjectured and checked a higher-order
generalization of these overlap formulas and all-loop versions were subsequently bootstrapped
in [29, 52, 64]. Except for the one-loop corrections to the one-point functions, a key input was a
closed expression for the overlaps in terms of determinants of Gaudin matrices. Due to [55]
such a formula is now available for the so(5)-symmetric version of the D3-D7 setup. One might
hope that it can similarly be generalized beyond the leading order.

Another possible application of the explicitly computed one-point functions is as input for
bootstrap methods. In [61] boundary conformal bootstrap as applied for two-point functions in
the D3-D5 system and would could imagine a similar program for the D3-D7 setup.
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Chapter 3

Aspects of Feynman integrals

The expansion of a scattering amplitude in quantum field theory in terms of a coupling constant
can be organized diagrammatically by drawing graphs with a fixed set of external points. In this
expansion, the order of the coupling corresponds to the number of closed loops in the graph.
Following a set of rules due to Feynman, one can associate a value to each diagram. The value
of a diagram is a function on the space of external kinematic data that describes the scattering
process, for example the momenta and masses of the particles that are involved.

To obtain the full scattering amplitude for a given process, one is instructed to draw all
possible diagrams compatible with the given external data, i.e. the number and species of the
involved particles, and compute the value of each diagram. If one is interested in the result up
to a fixed order in the coupling constant, all diagrams up to a fixed number of loops have to be
considered. It is well known that this leads to an explosion in the number of graphs for processes
with a large number of external particles or when going to higher order in the expansion in
the coupling. A lot of research has been devoted to bypassing this issue and nowadays there
are many methods that construct the scattering amplitude in a more direct or more economical
way, for example unitarity methods [8, 9], recursion relations [10] or on-shell methods [12].

However, one problem that remains challenging is the integration over the internal four-
momentum that is associated to each loop in a Feynman diagram. These integrations are difficult
even numerically and in most cases the usual analytic functions known from the mathematics
literature are not enough to express the function that a Feynman diagram defines on the space
of external kinematic data.

The integrals and the functions that arise from them are the topic of this chapter. We begin
in section 3.1 with a reminder about integration parameters that are often used to transform
the momentum-space integrals into a simpler form. We then review the work by Landau on
the singularities of integrals in section 3.2. In section 3.3, we review the algorithm that may be
used to express certain Feynman integrals in terms of a class of functions known as multiple
polylogarithms. There we also encounter obstructions to the integration algorithm and describe
how they can sometimes be overcome. In section 3.4, we discuss Feynman integrals that cannot
be expressed in terms of multiple polylogarithms due a non-trivial complex geometry that can
be associated to them. In section 3.5 we summarize our own work on this topic.

3.1 Reminder about integration parameters

We consider a scalar Feynman diagram G in momentum space with ¢ loops, n internal edges and
m external momenta in d dimensions of spacetime. To each loop in the diagram we associate a

d-dimensional momentum k; and to each internal edge a propagator of the form (qlz - mlz) -
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Here, each momentum g; is a linear combination of the loop and the external momenta p;,
j € {1,..., m}, with coefficients drawn from the set {-1,0,1}. The value of a diagram is a
function of the m external momenta p; and the internal masses m?, i € {1, ..., n} defined by the
integral

t n
Ig = / <H ddkj> 11 % (3.1.1)
=1 =1 4 — ™M

Note that due to overall momentum conservation only m - 1 of the external momenta are inde-
pendent. We assume that the integral (3.1.1) is finite, possibly after applying some regularization
procedure.

To integrate over the internal momenta one introduces an integration parameter x; for each
edge in the graph and writes

n 1 ) 00 n n (n-1)!
H F-m: /o Q_l[ dxj> 5 <1 - JZ‘ x]> ST () (3.1.2)

according to the well-known identity attributed to Feynman [65].! The integral (3.1.1) can then

be brought into the following form (see for example [67, chapter 1.5]):

¢d o0 n n Un—(€+1)d/2
_ . td)2

Here U and F are polynomials2 in xi, ..., x, with coefficients that are Lorentz-invariant com-
binations of the external momenta as well as the masses. This expression can also easily be
generalized to the case where the propagators in the momentum space integral (3.1.1) are raised
to some power. One method to compute the polynomials V" and F is due to Chisholm [68]: One
expresses the sum in on the right-hand side of (3.1.2) as

-1

3

Soxilgi-mi) =Y Ay (ki-ky) -2

i=1 ij=1 i

Bia (ki - pa) + C. (3.1.4)

n [4 3
=1

ISY
Il
—_

Here A;; are the components of an ¢ x £ matrix A and similarly B;, are the components of
an ¢ x (m - 1) matrix. The quantities A, B and C are linear combinations of the integration
parameters x; and the polynomials U" and F can be computed from them by

m-1
U =det(d), F =det(4)|C- ) (BTA'B)_, (pa-ps)|- (3.1.5)

a,b=1

It follows that U and F are homogeneous in the integration parameters of degrees deg(V") = ¢
and deg(F) = ¢ + 1. There exists also a more graph-theoretic way to compute U and F from
spanning trees and spanning two-forests of a graph. This method may be found in [69, chapter
6.2.3] and is reviewed in [70].

'In the paper [65] Feynman writes that the identity was suggested by some work of Schwinger, maybe in [66].
*The polynomials U and F have various names, for example first and second graph polynomial or first and
second Symanzik polynomial.
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The main point is that in the form (3.1.3) any Feynman integral is expressed as an integral of
a rational function over a relatively simple domain. This makes various tasks such as analyzing
its singularities or expressing the integral in terms of known functions easier.> The question of
singularities is addressed in subsection 3.2 below. With regard to the second point, the integrals
in (3.1.3) are amenable to direct integration in terms of a class of functions known as multiple
polylogarithms which we will review in subsection 3.3. Subsection 3.4 deals with Feynman
integrals that cannot be expressed in terms of multiple polylogarithms.

3.2 Singularities of Feynman integrals

The Feynman integral I is a function of Lorentz-invariant combinations of the external momenta
and the internal masses. We refer to this data collectively as the kinematic data and from now
on denote it simply by z. For special kinematic values z, the function I has singularities and
branch cuts. In this section we review the conditions given by Landau in [13] that determine
the locations of the singular points as well as the nature of the singularity. We will not follow
the original paper by Landau, but instead use the approach by Polkinghorne and Screaton found
in [73, 74].

Landau equations It is convenient to consider the complexification of I and to think of the
Feynman integral as an integral along some contour in the (higher-dimensional) complex plane.
Considering one integration at a time, the integral over one of the Feynman parameters, say
xj, is a contour integral along some contour C;. The integrand for the integration over x; can
have singularities u at various locations in the complex x;-plane. The external data z for the
xj-integration consists of the external kinematic data and possibly further integration variables
x; with i # j. We assume that there is a region Z such that for every z € Z, the poles uy(z)
do not lie on the contour C;. As the external data z varies, each singularity u;(z) moves along
a path in the xj-plane. When z leaves the region Z, a singularity u(z) can cross the contour
C; and the contour has to be deformed in order avoid a singularity. In this way we obtain the
analytic continuation of the integral to values z that are outside the region Z. The value of the
integral I; may depend on the way the contour was deformed which is reflected in the fact that
Feynman integrals are in general multi-valued functions.

It is crucial to be able to deform the integration contour, otherwise the integral is divergent.
It turns out that there are two situations in which the contour deformation fails:

1. For some value z, a singularity uy passes through an end-point of C;. Since the end points
of C; are held fixed, the contour cannot be deformed to avoid the singularity. This situation
is called an end-point singularity.

2. Two singularities uj and u; approach C from different sides and coincide for some value
zo. In this case the contour is trapped between uy and ; and cannot be deformed to avoid
the singularity. This is called a pinch singularity.

%1t also allows one to make contact with the math literature; for example it has been shown in [71] that Feynman
integrals are “periods” as defined by Kontsevich and Zagier in [72].
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Note that the second case includes the situation where a singularity moves to infinity. The
points z, where one of those two cases occurs are points where the function I5(z) has a singular
behavior.

This procedure can be iterated to be applicable to the full Feynman integral I; (see for
example [73, section 4]) and it turns out that for a singular behavior one needs that in each
integration there is either a pinch or an end-point singularity. From this one can derive a set
of equations that (in principle) determine the locations of the points zy where I has such a
behavior. These equations are called Landau equations and were first stated by Landau in [13].
Formulated in terms of the polynomial F, the conditions are

F=0 (3.2.1)

as well as
. oF .
either x;=0 or ox =0 foreach i€ ({1,..,n}. (3.2.2)
If for some external data z, the equations (3.2.1) and (3.2.2) admit a non-trivial solution for the
integration parameters x;, then the integral I has a singular behavior at z,.* Note that since F
is homogeneous in the x;, the second equation (3.2.2) implies the first equation (3.2.1) by Euler’s

homogeneous function theorem.

Nature of the singularities Landau’s paper [13] also derives the asymptotic behavior of the
Feynman integral I near a singular point zy. For the derivation, one considers the integral I
and eliminates one of the integration parameters using the §-function, say x,. We denote by F’
the polynomial obtained by F in this way;, i.e.

T‘/(xl, cons xn,l) = T‘(xl, ooy Xn-1, 1- X, — o — xn,l). (323)

We consider the situation with v end-point and n - v - 1 pinch singularities occurring among
the remaining n — 1 integrations. After relabeling the integration parameters x; if necessary, the
Landau equations (3.2.2) then take the form

oF’
=0 for i€{l,...,n-v-1},
ox; (324)
xi=0 for ie{n-v,n-v+1,..,n-1}.

We denote by z, some point in the space of external kinematic data, such that the equa-
tions (3.2.4) have a solution and denote the solution by ¥;. To compute an approximation to the
integral I; in the neighborhood of zy, one can use the method of steepest descent. To this end,
one expands the polynomial 7’ in a Taylor series in x; — X; to lowest order, which gives

n-1 OF’ 1 n-v-1 827::/
F' =F)+ Xi—Xi) — + = xXi—Xi) (% - Xj) ——— +0O ((x - %))
0 i;‘/( i 1) axi B 2 Z_ ( i 1) ( j ]) axiax_ - (( i 1) )
- Xi=Xi i,j=1 T1% e
X=Xk
(3.2.5)
*To be precise, the condition Z—; = 0 is a necessary, but not a sufficient condition for a pinch singularity to appear

on the physical sheet of the function I. It tells us however, that on some sheet of I; that we may access by analytic
continuation, a singularity can occur. Note also that in the discussion of the singularities only the denominator of
the integral (3.1.3) enters. It is also possible that a singularity does not occur because it is canceled by the numerator
in the integral.
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Here F{ is F/ evaluated at the solution X; and zy. Roughly speaking the idea is that the biggest
contribution to the integral I comes from the region where x; - X; is small, i.e. where the
expansion (3.2.5) is a good approximation. Using the method of steepest descend one obtains

-1
) , (3.2.6)
x,-=?l-

up to numerical factors. In the asymptotic expression (3.2.6), D is the Hessian determinant of

that near zy, the integral I behaves as

1 ey [ 17 OF
IG”@(FO)Y(IH .

i=n-v 9x;

the polynomial 7/,
6273/
D = det ( ) , (3.2.7)
9%i0%j ) |x=%;,
X=Xk
and the exponent y is given by
1
y=5(n—v—d{’+1). (3.2.8)

Importantly, the asymptotic expansion (3.2.6) is only valid if y > 0 or if y is half-integer. If
Y is an integer and y < 0, one can replace 7/ by F’ + t and differentiate the integral I with
respect to t. This increases the exponent of the denominator of the Feynman integral so that
the asymptotic expansion (3.2.6) becomes valid. Since the exponent must be at least one, one
has to take |y| + 1 derivatives and the asymptotic expansion contains a factor (7-‘6 + t)_l. The
result is then integrated |y| + 1 times with respect to ¢. Thus, for integer y < 0, the Feynman
integral I behaves as

F log (Fo) (3.2.9)
near a Landau singularity z,. For y > 0 and half-integer y the behavior according to (3.2.6) is
Fy, (3.2.10)

as the derivatives and the Hessian occurring in (3.2.6) are assumed to be non-singular.

The integral (3.1.3) can be a very complicated function of z, yet the behavior near a Landau
singularity is remarkably simple. Note in particular that the behavior (3.2.9) only includes a
single power of the logarithm and no terms of the form log?(Fy) for some a > 1.” If we express
a Feynman integral as a combination special functions, the location of the Landau singularities
should become manifest and the behaviour should be as dictated by equations (3.2.9) and (3.2.10).
This poses constraints on the classes of functions that may be considered to express a Feynman
integral in closed form.

3.3 Direct integration

In some cases, a Feynman integral I5 can be expressed in terms of special functions. In this
section, we review the class of functions known as multiple polylogarithms and in particular

*I would like to thank Cristian Vergu for pointing this out to me.
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the algorithm that expresses a Feynman integral I; in terms of these functions. The strategy
of starting with a parameterization of the integral such as the one in equation (3.1.3) and
transforming the integrand until it matches the definition of some special function is called
direct integration. This is not the only strategy that one can employ to express Feynman integrals
in closed form and another popular method is to find a differential equation that is satisfied by
the integral.

3.3.1 Direct integration in terms of multiple polylogarithms

In [14] Goncharov defined multiple polylogarithms (MPLs) by a power series as a generalization
of the classical polylogarithms Li,(x). The MPLs can also be expressed as an iterated integral,
which is more common in the physics literature as it connects more directly to Feynman
integrals such as the one shown in equation (3.1.3). As an iterated the integral, MPLs are defined
recursively by

* o dt
G(ay, ..., an; x) = / G(ay,...,an;t), G(x)=1, (3.3.1)
o t—-m
where ay,...,a, € C. In the following we use the notation a = (ai,..., ap), i.e. G(a;x) =
G(ay, ..., ap; x) and write |a] = n for the weight of G(a; x) which is equal to the number of

entries in a. In this section we assume some familiarity with multiple polylogarithms and
iterated integrals. Additional details and background may be found in appendix B.
We wish to compute the definite integral

I =/ doxy - dx, fi(xn, e, X)), (3.3.2)
0

where fi(x1, ..., x,) is a rational function of the integration parameters xi, ..., x,. The integral
will generally again be a function of the external kinematic data z such as Lorentz-invariant
combinations of the momenta or masses. In this section we are mostly interested in the inte-
gration algorithm that allows us to express the integral in terms of MPLs defined in (3.3.1). We
therefore consider the physical parameters z to be fixed and generic and hide the dependence of
all quantities on them in this section.

Not every rational function f; allows the integral (3.3.2) to be computed in terms of MPLs.
We will now briefly review an algorithm that can be used for the computation assuming that this
is possible and afterwards state a sufficient (but not necessary) criterion for it known as linear
reducibility. The algorithm is due to Brown and was presented in [75] building on top of earlier
work on period integrals on the moduli space of curves of genus zero [76]. The algorithm was
improved and implemented by Panzer in [77] in the MAPLE package HyperInt. A description
from a slightly different point of view may also be found in [78, appendix D].

Integration algorithm As we will see below, the algorithm depends crucially on being able
to find an order of the integration parameters in which the integrand is linearly reducible. We
assume that such an order has been found and that after relabeling if necessary the parameters
are to be integrated in the order (xi, ..., x,). The idea is to integrate one variable at a time starting
with x;. This produces a sequence of partial integrals given by

fie1(Xje1s oo, X5) =/0 dx; fi(xj,...,xs), Jj€{1,...,n}. (3.3.3)
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After n integrations we obtain I = f;,; as the final result. We assume that each step of the
integration, the integrand is of the form®

Ji(Xjs oo Xn) = Rij(x5, ..., Xn) G(aj; %) G(@j15 Xj1) -+ G(@n; xn), (3.3.4)
where each a; depends only on those integration parameters with index greater than j,
aj = aj(xj+1, ceey x,,). (335)

The function R;(xj, ..., x,) in (3.3.4) is a rational function in the remaining integration parameters.
The integration over a single parameter x; consists of three steps:

1. Construction of a primitive. As a function of x;, the rational function R; has poles
at locations that depend on the integration variables xj,1, ..., x, with higher index. We
denote the set of poles of R; by ¥;. By decomposing R; into partial fractions, it may be
written as

Ri(%j, s Xn) = 3. Y m + ) Onx], (3.3.6)

a€s; n=0 n=0

where Q,n, On and a are independent of x;. It is important to realize that in order to
apply the recursive definition (3.3.1) of the MPLs, the integration variable x; has to appear
linearly in the denominators of this decomposition. Once the decomposition (3.3.6) has
been computed, a primitive F; for the integrand (3.3.4) with respect to x; is found using

d .
/ al G(aj; ) = G(a, aj; x;), (3.3.7)

Xj—a

together with the integration by parts identities

dx; Glaj; %)) 1 / dg o
7G s Xj) = — 7G PV >1
/ (x; - a)" (@: ) (n-1)(xj — a)™! R (x; - a)"! ax; (ajx), n>1,

n+l

X 1 7}
. _ J . 1 .
/dxj %' G(aj; x;) = — 1G(aj,xj) ai— /dxj X" —G(aj;x;), n=0.

9x;

(3.3.8)

Note that the derivative of G(a;; x;) appearing on the right-hand side is an MPL of lower
weight, so these identities can be applied recursively.

2. Evaluate the definite integral. Take the limit of the primitive F; as x; — oo and x; — 0.
In this way we obtain a function fj,1(xj.1, ..., x») of the remaining integration parameters,

ﬁ+1(ag+1,...,xn) = Reg F(xj,...,x,) - Reg F(xj, ..., xp). (3.3.9)

Xj—>00 xj—0

The limits are computed using the regularized limits introduced in appendix B in equa-
tion (B.1.16).

®Note that the integrand in the starting point (3.3.2) is of this form, because the MPLs on the right-hand side can
be identically one since G(x) = 1.
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3. Ensure the form (3.3.4). Whenever an MPL of higher weight is created in (3.3.7), the
new argument a will generally depend on x;.;. Therefore the function f;ﬂ is not of the
form (3.3.4) and cannot serve as the starting point for the next iteration of the integration
algorithm.

Concretely, the problem is that the primitive F; contains MPLs of the form G(a; x;), where
a depends on xj.1. It turns out (see [77, lemma 2.7]) that if the dependence on x;,; is
rational, one can find a set of other MPLs with arguments a that are independent of x;.;
such that

Reg G(3;x)) = Y G(a; x5.1) Reg Reg G(ba;x;). (3.3.10)
a

Xj—>00 Xj+1—0 x;—00

Here the arguments IN)al depend on xj,1, but since xj,, is taken to zero on the right-hand side,
the end result is a linear combination of MPLs G(a; xj,;) with arguments a independent
of xj.1. We review this procedure in appendix B; here we only note that crucially the
transformation requires a factorization of the xj,;-dependent entries of a into linear
factors,

am — ap = H (xj+1 - a)n”, l=sn<mz=la, ny€Z. (3.3.11)

This procedure almost brings the function ﬁ+1 into the form in (3.3.4), but recall that the
original integrand (3.3.4) had and additional factor G(a;.1, xj,1) that is also an MPL in xj.4.
The products of the form G(a; xj.1)G(aj.1; xj.1) may be expanded into a linear combination
of G-functions evaluated at xj,; using the shuffle relation (B.1.13). In this way we obtain
a function fj,1(xj.1, ..., x,) that is of the form (3.3.4) and can serve as the starting point for
the integration in the next variable x;.;.

Note that at two steps in the algorithm it is necessary to decompose a polynomial into linear
factors: in the partial fraction decomposition (3.3.6) and in the factorization of the integration
parameter dependent arguments (3.3.11). This factorization is always possible in an appropriate
domain, for example the algebraic closure of the field of rational functions in the remaining
variables. However, it may not be possible rationally: The roots a in the decomposition (3.3.6)
may contain square or higher algebraic roots of the subsequent integration variables. In this case
the third step fails. Similarly, the roots « in the factorization (3.3.11) may depend algebraically
on the remaining variables. In both cases the integral f;+1 can not be brought back into the
form (3.3.4) required for the next iteration of the algorithm. We will discuss the obstructions
due to algebraic roots in more detail in subsection 3.3.2 below.

Linear reducibility If there exists an order of the integration parameters xi, ..., x, such that
at every iteration of the integration algorithm the linear factors can be computed without intro-
ducing an algebraic dependence on the remaining integration parameters, then the integrand
fi(x1, ..., xp) in (3.3.2) is called linearly reducible. There are polynomial reduction algorithms
that can decide in advance if a given integrand is linearly reducible without having to try all
permutations of xi, ..., x;,.
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The idea of these reduction algorithms is to keep track of the singularities of the integrands
in each iteration of the algorithm, i.e. of the poles of any rational parts as well as arguments
of the polylogarithms. To demonstrate the idea, we consider the integration of a single MPL
multiplied with a simple rational function,

! : = ; fl _ &1 )
/dx (fo + fix)(go + 81%) Glasx) = (flgo —fog1> /dx (fo +fix g+ g1x> Glas x).
(3.3.12)

Here we have decomposed the rational part of the integrand into partial fractions as in (3.3.6).
The original integrand has poles at x = —L‘l) and x = —%. These ratios end up as arguments to a
new MPL after integrating over x. If we want to be able to continue with another integration,
we must get rid of the dependence on the next integration variable as explained in step three
above. The factorization (3.3.11) certainly succeeds rationally if fy, fi, go and g; are linear in the
next variable. Moreover, in the next step we also need the prefactor (f1go - fog1)™! on the right
hand side of (3.3.12) to factor linearly.

The simple reduction algorithm presented in [75, section 4.1] formalizes this observation:
We begin by defining a set S = irred(f;) as all the irreducible factors contained in the integrand
fi. If all polynomials in S are linear in some integration variable x;, then we write each of them

as f = fo + fix;. We then define the reduction of S with respect to x; to be the set

Sw = irred({fo. fr : f € S}u{figo - fog1 : f.g €S}). (3.3.13)

The elements of S;) are polynomials in the variables that remain, i.e. x; for j # i. If there is a
variable x; in which all the polynomials in S; are linear, we can iterate this procedure and
define S(; 1) as the reduction of S; with respect to x;. If we can continue in this way until we
have eliminated all variables and found the set Sy, ; ), then S and the integrand f; are called
simply linearly reducible.

An improvement of this algorithm is presented in [75, section 4.2] as Fubini reduction based
on the following observation: If both S ;) and S; ;) exist, then the integration orders (x;, x;)
and (x;, x;) both lead to an expression in terms of multiple polylogarithms and are therefore
admissible. In this case, Fubini’s theorem implies that the result of both integrations also has to
be the same and an improved upper bound for the set of singularities after integrating over x;
and x; is the intersection §; ;) n §; ;). This procedure may again be iterated and if one manages
to produce a sequence of polynomial sets such that all variables are eliminated, then the set S is
Fubini linearly reducible.

In practice many of the possible singularities computed by either Fubini or simple reduction
do not show up. One can give a criterion for when for two polynomials f, g € one has to to add
the resultant f; gy — fog1 during the reduction step shown in (3.3.13). This was first done in [79,
section 6.6] and is elaborated on in [80, section 3.6.4]. A pair (f, g) of polynomials that has to be
considered by this criterion is called compatible. The compatibility can be modeled as a graph
whose vertices are polynomials and in which two polynomials are connected by an edge if they
are compatible. From these considerations one obtains a significantly more powerful reduction
algorithm known as compatibility graph reduction that computes a much better approximation
to the singularities of the integral.

39



Linear reducibility is a sufficient criterion for the integration of f to succeed in terms of
multiple polylogarithms, but it is not necessary. In particular, even if no order of the integration
parameters x, ..., X, is found in which the integrand f; is linearly reducible, a change of variables
might bring f; into a form in which such an order can be found. For a review of the different
reduction algorithms mentioned briefly here we also refer to the thesis [80, sections 3.6.3, 3.6.4]
in addition to the original papers [75, 79].

Fibration bases Multiple polylogarithms satisfy many identities, for example shuffle relations
which are reviewed in appendix B. In order to simplify or even just compare expressions it is
useful to be able to write a combination of polylogarithms in a chosen basis of functions. It
turns out that the solution to this problem is essentially again to bring a given polylogarithm
into the form (3.3.4), see [75, section 5].

More concretely, let us assume that the integration of the integral I in (3.3.2) succeeded in
terms of polylogarithms. If we denote the kinematic variables on which the integral depends by
z = (21, ..., 2), then after using the shuffle relations if necessary the integral is of the form

I(z1,.... z) = lim > G(E; x). (3.3.14)
a

Here the arguments a as well as the coefficients c; depend on zi, ..., z; and we assume that this
dependence is rational in both cases. We can then follow the same procedure as in step three of
the algorithm above (see also appendix B for more details) and try to rewrite this function in a
form as in equation (3.3.4),

(21, 2K) = ). Gy Gl 21)Glaz 3 22) -+ Glagss 2), (3.3.15)
(i150051k)

where all the a, ; are independent of z;, the a; ;, are independent of z; and z; and so on as in (3.3.5).
The coefficients ¢(;, ;) may be rational functions of zi, ..., zx. The decomposition (3.3.15) is
unique and depends on the order of the variables (zi, ..., zx). The basis of MPLs associated with
a given order (zi, ..., z¢) is called a fibration basis. The concept was introduced in [75, section
5]; more details may also be found in [80, section 4.3].

3.3.2 Obstructions to direct integration

As we have seen in subsection 3.3.1, the factorizations into linear factors can introduce an
algebraic dependence on subsequent integration parameters. For example, the roots a in the
partial fraction decomposition (3.3.6) may be of the form /P(xj,1, ..., x,) for some polynomial
P that is not a perfect square. In some cases, the algebraic dependence can be removed by a
change of variables. In this case we call the root a rationalizable.

Rationalizable roots Note that a root a arising from partial fractioning is algebraic, which
means that a and the remaining integration parameters always satisfy a relation of the form
h(a, xj.1, ..., xn) = 0 for some polynomial h. The problem of finding a suitable change of variables
amounts to finding a rational parameterization of an affine hypersurface defined by the equation
h(a, xj1, ..., xp) = 0.
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In the following we will abuse language slightly and speak of the hypersurface associated to
a root a. However one should keep in mind that the Feynman integral depends on kinematic
data such as momenta and masses that enter as coefficients in the polynomial A. More correctly,
we should therefore speak of a family of hypersurfaces for which the kinematic variables play
the role of the moduli. This is important, because for special values of the kinematic variables a
root can simplify. An easy example is a = \/x? + kxy + y* which for k = 2 becomes the square
root of a perfect square. When we speak of the hypersurface we have in mind generic values of
the kinematic values for which no such simplification happens.

It is convenient to deal with the parameterization problem projectively by introducing a
new variable that makes the polynomial A~ homogeneous, so that h defines a hypersurface V(h)
in an m-dimensional projective space P™,

V(R) = {[20 : ¢ Zm] €P™ : h(z0, ..., 2m) = 0} € P™. (3.3.16)

Here we using the notation [z : -+ : z,,] for the homogeneous coordinates of a point in P™. A
rational parameterization of the (m - 1)-dimensional hypersurface V(h) is given by a rational
map

¢ P V(h), t>[go(t) ot P(t)] (3.3.17)
such that
h(o(t), ..., dm(t)) = 0 forall teP™? (3.3.18)

This map is onto, so a rational parameterization writes the hypersurface V(h) as the image of a
projective space with the same dimension as V(h). For most hypersurfaces such a parameteri-
zation does not exist. Loosely classifying the hypersurfaces by their dimension, there are the
following results about rational parameterizations:

« Curves. In the case m = 2, the hypersurface V(h) is a plane curve. Clebsch showed in [81]
that a plane curve has a rational parameterization if and only if its genus is zero. By the
genus-degree formula (see for example [82, chapter 8.3]) a curve of degree d with only
ordinary multiple points’ has genus

(d-1)d-2) Y rp(rp - 1)' (3.3.19)

2 PEV(h) 2
Here rp is the multiplicity of the point P. If the curve is smooth, all points have multiplicity
rp = 1 and the formula reduces to the first term.

The simplest case is d = 2, i.e. a smooth curve of degree two (a smooth conic). A conic
may be rationalized by picking a point P, € V(h) and projecting V' (h) onto a line that does
not contain Py. For the commonly encountered case where h is of the form

h(x,y,2) = y* - ax* - bxz - c2* (3.3.20)

A point P € V(h) is an ordinary point of multiplicity rp if there are rp tangents to V(h) at P. For example, the
shape “x” has an ordinary double point, but the shape “<” does not.
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for some coefficients a, b and c, the rationalization map that sends ¢t = [t : ;] € P! to a
point on V(h) is well known:

$1(t) = ~to (bto - 2\/Et1) , ¢o(t) = aeti - ty (bl‘o - \Etl) . $a(t) = aty — 1. (3.3.21)

One can check that this is a parameterization of the curve, i.e. h(¢;(t), ¢2(t), #3(t)) = 0.
The corresponding change of variables to rationalize square roots in an otherwise rational
integral is known as Euler substitution.

A smooth curve of degree d = 3 has genus g = 1 and is therefore not rational. From the
genus-degree formula (3.3.19) it follows that a curve of degree d is rational precisely if it
has multiple points such that

re(rp = 1) (d-1)(d - 2)
> - Z . (3.3.22)

Pev(h)

Examples are a curve with W ordinary double points (rp = 2) or a curve with

one point of multiplicity rp = d - 1. For the second case there is an easy algorithm
to construct the rationalization map (see for example [83, chapter ILF]). The first case
is more complicated, but an algorithm exists and may be found in [84, chapter 4]. An
implementation of these algorithms is available for example in the SINGULAR library
paraplanecurves.lib [85].

Surfaces. For m = 3 the hypersurface V(h) is a two-dimensional surface. An old theorem
by Castelnuovo states that a surface is rational if and only if certain numerical invariants
of the surface that are generalizations of the genus to higher dimensions vanish [86]. An
algorithm to compute these invariants and (if possible) a rational parameterization of
a general algebraic surface is presented in [87]. If a surface of degree d has a point of
multiplicity d - 1, then the computation is again significantly simpler and can be handled
with the method presented in [88].

Higher-dimensional hypersurfaces. For hypersurfaces of higher dimensions, no
general algorithm appears to be known to compute a rational parameterization if possible.
As before however, the case where a hypersurface of degree d has a point of multiplicity
d - 1 is particularly simple. An algorithm for this case was presented in [88] and an
implementation is available in [89].

It is important to note that the rationalization procedures usually require that the field in

which the coefficients live is extended. Already for the case of a conic this is evident from the

appearance of \/c in the map (3.3.21). If the coefficients contain further integration parameters,
then this may block subsequent integrations; otherwise it may introduce an algebraic dependence
on the physical parameters that the integral depends on.

An algebraic dependence on physical parameters may arise even if no rationalization proce-

dure is required to express the integral (3.3.2) in terms of multiple polylogarithms. In particular,

this can happen if the integration over the last variable x, makes it necessary to introduce

algebraic roots in order to factor the rational part of the integrand linearly. In either case, an

algebraic dependence on physical parameters means that additional work must be done to
express the end result in a fibration basis (see page 40): The algebraic roots first have to be
expressed rationally by a suitable change of the kinematic variables.
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Non-rationalizable roots If a hypersurface V(h) associated to a root encountered during the
integration process is not rational,® there is no hope to express the integral in terms of multiple
polylogarithms, at least for generic values of the kinematic parameters. Instead, one can study
the hypersurface V(h) itself and attempt to develop a theory of functions and integrals defined
on it.

The simplest case of this type is a smooth plane curve of degree three, which by the genus-
degree formula (3.3.19) has genus g = 1. It is well known that a genus-one curve C together
with a choice of a rational point @ € C determines an elliptic curve.” The points on a genus-one
curve C cannot be parameterized by a rational map from P! to C. Instead Clebsch found in [91]
that a new class of functions called elliptic functions are required. The theory of functions on
elliptic curves is a classical subject and there are many references for it, for example the books
by Lang [92], Silverman [93] or Weil [94]. There also exist generalizations of polylogarithms and
multiple polylogarithms to elliptic curves which we will comment more on in subsection 3.4.2
below.

Beyond a hypersurface V(h) that is a curve of genus one, there are curves of higher genus
as well as higher-dimensional non-rational hypersurfaces. Examples for curves of genus g > 1
associated to Feynman integrals were presented in [95]. In the higher-dimensional cases, it
was found that often the d-dimensional hypersurface V(h) is of Calabi-Yau type which means
that it has a unique holomorphic d-form that vanishes nowhere on V(h). It is generally hoped
that integrals along (relative) homology cycles of differential forms on V(h) will provide a basis
of integrals for a given Feynman integral or that the differential equations satisfied by period
integrals on such manifolds provide (part of) the differential equation satisfied by the Feynman
integral. The Calabi-Yau geometries associated to Feynman integrals will be treated in more
detail in subsections 3.4.1 and 3.4.2 below.

3.3.3 Applications of direct integration to Feynman integrals

We now give references to the literature where the method of direct integration in terms of
multiple polylogarithms has been applied to Feynman integrals. Note that many of the references
given here do not start the integration from a representation of the integral as in (3.1.3) with
Mandelstam invariants as their physical parameters. In particular, it is desirable to reduce both
the number of physical variables as well as the number of integration parameters before applying
the integration algorithm. Regarding the former, one should attempt to express the integral
in terms of variables that respect all of its symmetries, for example conformal cross-ratios in
the case of conformal integrals. Regarding the latter, one can introduce integration parameters
loop-by-loop in a Feynman diagram rather than for all loops at the same time as in (3.1.2). This
technique was recently reviewed in [96, section 2.1].

In the context of scattering amplitudes for N = 4 sYM, the authors of [97] demonstrated for
planar diagrams that in many cases algebraic roots of physical parameters can be avoided during
the integration, if the kinematics are parameterized by momentum twistor variables. This insight

8To show that a hypersurface is not rational, one studies so-called birational invariants. Such invariants are
numbers (like the genus), groups or rings associated to a given hypersurface. By comparing to data for a projective
space of the same dimension one may be able to decide that a hypersurface is not rational, see for example [90,
chapter 4].

°The rational point @ € C serves as the origin for the group law on the elliptic curve.
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was also used in [98] to compute the two-loop ratio and remainder function for six particles
which was previously well known in the literature due to [99, 100, 101]. Crucially however, the
authors of [98] computed their result from local, dual-conformally invariant loop integrands
using a regulator that preserves dual-conformal symmetry.'® In [16] we followed a very similar
strategy for the two-loop remainder function for seven particles which was previously known
due to [103].

In [17] we used direct integration to compute a particular component of the eight-point
NMHYV amplitude in planar N = 4 sYM theory and analyzed its symbol. A major complication
at eight points is the appearance of algebraic letters in the symbol that are not rationalized
by the use of momentum twistor variables. For the particular component it turned out that
all algebraic letters dropped out of the final result, but their appearance and form has been
confirmed using different methods in [104].

Direct integration has also been used to associate a geometry to a given Feynman integral via
the occurrence of non-rationalizable roots. In [105], the elliptic curve associated to a two-loop
double-box integral was found using direct integration.'! In [107] and [108] higher-dimensional
Calabi-Yau geometries were found by the same method and in [18] we have taken a step towards
a more detailed analysis of these geometries. We discuss the idea of associating a geometry with
a non-polylogarithmic Feynman integral in more detail in the following section 3.4.

3.4 Non-polylogarithmic Feynman integrals

It is well known that sufficiently complicated Feynman integrals cannot be computed in terms
of multiple polylogarithms and that new and more general classes of functions are required.
Ideally, one would like to find classes of functions that suffice to express all Feynman integrals
occurring in perturbation theory, possibly up to some loop order or number of external legs.
At the same time these functions should not be too general, so that an understanding of their
analytic properties is still possible. Moreover, the form of their singularities is constraint due to
the behavior (3.2.9) and (3.2.10) near a Landau singularity. As a first step towards defining and
understanding such functions, one can study a geometry associated to a given integral in more
detail.

3.4.1 Associating a geometry to a Feynman integral

We discussed one way to associate a geometry to a Feynman integral in section 3.3.2. In this
approach, the geometry is given as the hypersurface associated to a non-rationalizable root
encountered in the process of direct integration. We point out again that speaking of “the”
hypersurface is imprecise if the Feynman integral depends on kinematic data and that one
should instead speak of a family of hypersurfaces whose moduli are (certain combinations of)
the kinematic variables. As before, we consider the case of generic kinematic data.

An approach that is similar but not equivalent to direct integration is to analyze the multi-
dimensional residues of the integrand: The integrand of a Feynman integral is a rational
differential form with poles. In the loop momentum representation (3.1.1) for example there is a

0The dual-conformal invariance preserving regulator was first described in [102].
""Note that it was previously known due to [106] that the integral in question would involve an elliptic curve.
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pole whenever ¢? = m?, i.e. when an internal particle is on-shell. Similarly, in the representa-

tion (3.1.3) there is a pole at F = 0.

The idea of multi-dimensional residues goes back to work by Poincaré in [109] and a standard
reference for these so-called Poincaré residues is [90, chapter 5]. Informally, the idea is the
following: The Poincaré residue is a map that takes a differential n-form « with singularities
along a hypersurface V and assigns to it a differential (n - 1)-form denoted Res(w) and called
the residue of w that is well-defined on V. To compute Res(w) one finds local coordinates in
which V is given by the vanishing of one coordinate, say z = 0, and expresses w in terms of
these coordinates. Then the residue is computed as

dz
Res(w) = Res (a A ) =a
z

v (3.4.1)
where « is an (n - 1)-form that is non-singular on V so that the restriction to V on the right-hand
side makes sense. If Res(w) itself has simple poles along a hypersurface, then the residue map can
be applied again. At some point this process stops, either because one has reached a differential
zero-form or because the form does not have a pole. A classical example for the latter case is the
holomorphic differential 4 of an elliptic curve defined by an equation of the form y? = P;(x)
for some polynomial P5(x) of degree three in x with no repeated roots.

The residue of the highest codimension is known as the leading singularity of an integral;
in this form it was introduced in [110] (see also [111, section 2.3]) although a similar notion
already exists much earlier, see for example [67, section 2.2]. In the more recent version, the
idea is exactly what we just described: Starting with the integrand of a Feynman integral, one
takes as many residues around the poles in the integrand as possible. From the loop momentum
representation (3.1.1) it may seem that the maximum number of residues possible coincides
with the number of propagators, but this is false: Jacobian factors can arise when bringing
the integrand into a form to which (3.4.1) can be applied and those Jacobians may themselves
develop singularities so that further residues can be taken.!?

If in an application to a Feynman integral the process of taking residues stops with a zero-
form, then usually the integral can be computed in terms of multiple polylogarithms. If it is not
possible to take enough residues to reach a zero-form, then one is left with a differential form
defined on some space whose geometry one can analyze. The latter case was first discussed
in [106] where the authors found an elliptic curve in a two-loop integral with ten external
particles. This integral is sometimes called the elliptic double box integral.

It is unknown if the direct integration and the leading singularity approach will always
associate the same geometry to a given Feynman integral. At least in the case of the elliptic
double box agreement was found: In [105] the authors analyzed this integral from the point of
view of direct integration and their elliptic curve was found to be the same as the one that we
detected by an analysis of its leading singularity in momentum twistor space in [19].

!2This notion of the leading singularity it closely related to the maximal cut of a Feynman diagram, but not exactly
the same. The maximal cut is is related to a discontinuity of the integral due to the work of Cutkosky [112]. The
notion of leading singularity as the residue of the highest codimension does not directly have the interpretation as a
discontinuity, essentially because the residue procedure requires integration over a contour that is different from the
contour of the original Feynman integral. This point is elaborated in [111, section 2.3] and also in [113, section 7.5].
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3.4.2 Elliptic and Calabi-Yau geometries

We already mentioned in subsection 3.3.2 that the simplest non-polylogarithmic Feynman
integrals involve smooth curves of genus one which can be made into an elliptic curve by
choosing an origin for the group law on the curve. Beyond that, both curves of higher genus as
well as higher-dimensional geometries occur in Feynman integrals.

The elliptic case The theory of functions on elliptic curves is a well-developed classical
subject with a vast literature (see for example the books [92, 93, 94]). It has been known for
some time that classical polylogarithms can be generalized to elliptic polylogarithms which
are functions on a punctured elliptic curve, see [114, 115, 116]. Recently in [117], Brown and
Levin introduced also elliptic multiple polylogarithms as iterated integrals of one-forms that
are well-defined on an elliptic curve, analogous to the definition of multiple polylogarithms in
equation (3.3.1).

The idea is to iteratively integrate functions that are well-defined on an elliptic curve in the
following sense: A complex elliptic curve is isomorphic to a complex torus C/A, where A is a
lattice defined by two periods w; and w; (see for example [118, chapter VI])."* A well-defined
function f from C/A to C should be doubly periodic with respect to the periods w; and w, i.e.
(&) = f(£ + w1) = f(£ + wy). Since the domain C/A of f is compact, the function is bounded'*;
then Liouville’s theorem implies that if f is holomorphic everywhere on C/A it has to be a
constant. Thus, in order to get more interesting functions, one either has to allow for poles,
non-holomorphic functions or relax the periodicity constraint to quasi-periodicity. Allowing for
poles one obtains meromorphic functions on C/A whose simple poles are further constrained
by a residue theorem that states that the sum of the residues on C/A is equal to zero.

To obtain a function that is well-defined on the torus, one can take any function and sum over
the images of translation by the periods. This is how the Weierstrass g-function is constructed
which is a standard example of an elliptic function. It is periodic with respect to shifts by «; and
@2 and has a double pole at each point in the lattice C/A. Similarly, the key idea to constructing
an elliptic logarithm is to sum over all shifts of the argument of the logarithm according to the
double periodicity property. Concretely, one first applies an exponential map so that instead of
as C/A the elliptic curve is represented as C*/q%, where q = ¢¥*'* and 7 = 2 and C* = C\{0}.
The translation by a vector in the lattice A then amounts to multiplication by an integer power
of g.

As a first step towards elliptic multiple polylogarithms one can then consider the function
Li;(z) (see [117, section 6]). The naive attempt to sum over all multiplications with g would be a
sum of the form )., Li;(q"z) which does not work, because the series is not convergent. This
may be fixed by introducing a damping factor u which leads to the series

E(zu)= ) u"Li(q"2). (3.4.2)
nez

BIf the elliptic curve C is embedded into P?, then the isomorphism that maps C/A to C is given by ¢
[0(€) : ©'(€) : 1], where g is Weierstrass’ elliptic g-function. The inverse map from C to C/A involves elliptic
integrals.

“We are only interested in continuous functions.
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This series converges for 1 < u < |g|™*. It turns out that the differential of E,(z; u) with respect to
z is related to the Kronecker-Eisenstein series F;(&; &) by dE.(z; u) = F.(&; &) d€ with z = e?"¢
and u = ™% (see [117, lemma 47]). The Kronecker-Eisenstein series is a quasiperiodic function
of £ and may be defined in terms of the Jacobi J-function J;; by

1(0; 7)1 (€ + a3 7)
911(&; 1) (a; 1)
A reference for this series that appears frequently in the study of elliptic functions is [94].

This “averaging” procedure can be repeated for multiple polylogarithms and one obtains a
version of them that is well-defined on the torus. Eventually these functions may be reformulated

F(§;a) =

(3.4.3)

as integrals of certain one-forms that appear in an expansion of the differential dE;(z, u) in u.
Explicit expressions of these forms can therefore be computed from a slight modification of the
Kronecker-Eisenstein series (3.4.3) that makes F(¢; @) periodic,

Q(E: @) = 70 F (5 ) dE. (3.4.4)

The coeflicients of « in the expansion of Q. (¢; &) around « = 0 gives the desired one forms,

Q. (& a) = i " fIN(E) dE. (3.4.5)
n=0

In analogy to the multiple polylogarithms G(ay, ..., a; x) defined recursively in (3.3.1), a
class of elliptic multiple polylogarithms may thus be defined as

¢
T (oo €) = / 47 0 = m)Te (3, t) (3.46)

where we are using the notation and definition given in [119, section 2.2]. In this iterated integral
the one-forms are expressed in terms of integration kernels T(")(s‘f), n € {0,1,2,...} that appear
in the expansion (3.4.5). Some explicit examples are given in [119, section 3.3.1]. Crucially, the
integration kernels are doubly periodic with respect to the periods 1 and r,

fOUE+1),= @), fOE + 1) = fOE), (3.4.7)

which makes them well-defined functions on a torus. With respect to a modular transformation
y € SL(2, Z), the functions f transform as

n § _ n p(n)
1 () - o ar e (3.49)
where
a b ar+b
Y= <c d> €SL(2,Z) and y-7= T (3.4.9)
The functions f™ are not meromorphic, but they satisfy the differential equation
0 T
— fOE) = - (). 3.4.10
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It turns out that ff(l)(gf) has a pole at each lattice point ¢ = m + nt with m, n € Z. The other
functions ff(n) for n = 2 are free of poles.

Multiple zeta values are special values of multiple polylogarithms (see (B.1.7) in appendix B)
and similarly elliptic multiple zeta values are special values of the functions defined in (3.4.6)
when all n; = 0 and ¢ = 1. The functions I' as well as their special values also appear naturally
in scattering amplitudes in string theory, see [120, 121].

For applications to field theory Feynman integrals the elliptic polylogarithms defined in (3.4.6)
are not a very natural choice. In particular, recall from section 3.4.1 that the geometry associated
to a Feynman integral typically arises as the zero locus of some polynomial which is obtained
from the original integrand through algebraic manipulations such as taking residues. Specifically,
an elliptic curve would not naturally be given as a complex torus C/A but for example as the zero
locus of a polynomial of degree three. While it is always possible to describe a complex elliptic
curve as a complex torus, passing from the algebraic picture to the complex torus involves
non-canonical choices that one might want to avoid. Moreover, if one decides to pass to the
torus picture anyways, an explicit dependence on & will never arise. The integration kernels

T(")(Sf) on the other hand do have a dependence on & as can be seen from eq. (3.4.10).

A recursive definition that is more natural from the point of view of a genus-one curve given
as the zero-locus of a polynomial of degree three is given in [122, section 3.2]. In [122, section
4.3] the authors moreover define elliptic multiple polylogarithms I' that are very similar to the
ones in equation (3.4.6) but using kernels that do not satisfy the periodicity condition (3.4.7). On
the other hand, their kernels are meromorphic unlike the kernels fr(")(g* ) used above. It turns out
to be impossible to have kernels that are both meromorphic and doubly periodic if one insists
on single simple poles, see [122, section 4.3]. As explained in [122, section 5] all these different
definitions lead to essentially the same class of functions.

A lot of progress has been made on elliptic multiple polylogarithms recently and they have
been used to express various non-polylogarithmic Feynman integrals (see for example [123, 124]
or [125]). Various tools such as the coaction and the symbol have also been generalized to the
elliptic setting [126] and algorithms for numerical evaluation have been released [127].

Calabi-Yau geometries Higher-dimensional geometries associated to Feynman integrals
have often been observed to be of Calabi-Yau type. The Calabi-Yau geometry is one direction to
consider when looking for generalizations of elliptic curves: A Calabi-Yau manifold of complex
dimension n admits a single holomorphic n-form and in the case n = 1 one recovers the
holomorphic one-form of an elliptic curve.

It is not known what a generalization of (multiple) polylogarithms to a Calabi-Yau manifold
with dimension greater than one should be. On the other hand, higher-dimensional analogues of
elliptic integrals have indeed been studied and are known as the period integrals of a Calabi-Yau
manifold. The period integrals satisfy a system of differential equations known as Picard-Fuchs
equations which provides at least part of the system of differential equations that the original
Feynman integral satisfies.

There are various ways to derive Picard-Fuchs differential equations, for example the method
by Griffiths (see [128]) or the approach by Gel’fand, Kapranov and Zelevinsky (GKZ, see [129]).
Both methods have been applied to Feynman integrals, see for example [130, 131, 132] for the
former and [133, 134] for the latter approach. The reference [132] also makes connections to
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Calabi-Yau mirror symmetry which has been studied extensively in the math and string theory
physics literature.

By now there is a long list of Feynman integrals that are known to involve Calabi-Yau
geometries in addition to the references already mentioned. The earliest examples can be
found in the work by Brown [79, section 12.7]; a K3 surface occurring at high loop order in
#* theory was diagnosed in [135]. K3 surfaces with relation to virtual QED processes were
investigated [136, 137]. Using a residue analysis as explained in subsection 3.4.1 as well as
direct integration Calabi-Yau manifolds were identified in large classes of Feynman integrals
in [107, 108, 18, 19].

Currently there is no general framework of functions applicable to Feynman integrals that
involve Calabi-Yau or potentially even more complicated geometries. It is even an open question
whether different parameterizations of a Feynman integral always give rise to the same geometry.
Regarding this latter point, we took some steps to answer the question for the elliptic sunrise
and double box integrals in [20]; there we made use of the fact that complex elliptic curves can
be characterized by a single invariant, the so-called j-invariant. For other Calabi-Yau geometries
this is an open problem.

3.5 Summary of own work and outlook

In this chapter we have discussed the integration of Feynman integrals in terms of special
functions that depend on the external kinematic data. We have seen that Landau’s work
determines both where these functions are allowed to have singularities as well as their behavior
close to a singularity. In particular, near a singularity a Feynman integral behaves like a logarithm
as in equation (3.2.9). We then reviewed the algorithm that expresses a Feynman integral in
terms of the class of multiple polylogarithms if possible. We also identified algebraic roots arising
from partial fractioning as an obstruction to direct integration that may sometimes be overcome
by a rationalizing change of variables. When the obstruction cannot be overcome, we explained
how one can associate a geometry to a Feynman integral. This geometry was an elliptic curve
in the simplest cases beyond polylogarithms and of Calabi-Yau type in more complicated cases.
An important comment was that there are different ways to define such a geometry, for example
as a hypersurface associated to a non-rationalizable root encountered during direct integration
or as the space on which one cannot take further residues. Sometimes one may even construct
the geometry directly in momentum twistor space. Whether the different approaches always
lead to the same geometry is a topic for further investigation.

During the time of this PhD we have contributed to the following publications related to
the integration and analytic structure of Feynman integrals described in this chapter:

1. J. L. Bourjaily, M. Volk, and M. Von Hippel, “Conformally Regulated Direct Integration
of the Two-Loop Heptagon Remainder,” 7HEP 02 (2020) 095, arXiv:1912.05690 [hep-th].

In this paper, we recomputed the two-loop seven-particle remainder function in planar
N = 4 sYM theory. The remainder function appears as the logarithm of the two-loop MHV
amplitude which can be expressed in terms of dual-conformally invariant double-pentagon
integrals (see [111]). These integrals are infrared-divergent and we regulated them using
the dual-conformal regulator introduced in [102]. Applying the direct integration method
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described in section 3.3.1 together with the rationalization tricks in section 3.3.2, we
obtained the same result for the seven-particle remainder function as [103].

. J. L. Bourjaily, A. J. McLeod, C. Vergu, M. Volk, M. Von Hippel, and M. Wilhelm,
“Rooting Out Letters: Octagonal Symbol Alphabets and Algebraic Number Theory,” JHEP
02 (2020) 025, arXiv:1910.14224 [hep-th].

It had been conjectured for a while that the eight-particle two-loop NMHV amplitudes in
N = 4 sYM theory would not be be expressible rationally in terms of momentum-twistor
variables. The goal of this paper was to test the conjecture for a simple such amplitude.
One particular component of the superamplitude requires only the computation of two
eight-point two-loop integrals. We computed these integrals using the methods described
in section 3.3.1 at a particular numeric point and analyzed the symbol of the resulting
expression. To clean up and simplify the symbol, we had to find identities between
algebraic letters for which we used techniques from algebraic number theory. It turned
out that in the particular component that we considered all algebraic letters canceled,
but their appearance in the eight-particle two-loop NMHV amplitudes has since been
confirmed using a different approach (see [104]).

. J. L. Bourjaily, A. J. McLeod, C. Vergu, M. Volk, M. Von Hippel, and M. Wilhelm,
“Embedding Feynman Integral (Calabi-Yau) Geometries in Weighted Projective Space,”
JHEP 01 (2020) 078, arXiv:1910.01534 [hep-th].

This paper shows that many of the Calabi-Yau geometries encountered in Feynman
integrals can be realized as a hypersurface in a particular weighted projective space. The
hypersurfaces are detected using a residue analysis as described in section 3.4.1. We
compute the Hodge numbers of such hypersurfaces using a combinatorial approach due
to Batyrev [138]. The main examples of the paper are the three-loop traintrack and three-
loop wheel integrals which correspond to a Calabi-Yau two- and three-fold respectively.
The analysis is done entirely in Feynman parameters space.

. C. Vergu and M. Volk, “Traintrack Calabi-Yaus from Twistor Geometry,” JHEP 07 (2020)
160, arXiv:2005.08771 [hep-th].

It had been conjectured in [107] based on direct integration methods that a certain class
of Feynman integrals now known as traintrack integrals contains a Calabi-Yau (¢ - 1)-
fold at ¢ loops. In this paper, we come to the same conclusion analyzing the leading
singularity of these integrals directly in momentum twistor space without the need to
introduce integration parameters. For two loops we find the same elliptic curve as [107]
as the intersection of two quadrics in P°. For three loops we construct a K3 surface as a
four-fold covering of P! x P! branched over two genus-one curves and describe some of
its characteristics such as the dimension of the moduli space and certain automorphisms.
We also show how the geometric construction generalizes to higher loops and take some
steps towards a supersymmetrization.

. H. Frellesvig, C. Vergu, M. Volk, and M. von Hippel, “Cuts and Isogenies,” JHEP 05
(2021) 064, arXiv:2102.02769 [hep-th].
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In this paper, we address the question of whether different parameterizations of a Feynman
integral give rise to the same geometry. We consider first the elliptic sunrise integral in two
dimensions for which two different elliptic curves had previously been found in [139, 125]
using either Feynman parameterization or a maximal cut in the Baikov representation.
The curves were found to be isogenous, but not isomorphic. We explain that this is due to
a change of coordinates that is not one-to-one and that when computed more carefully
the maximal cut and the Feynman parameter integral give rise to the same elliptic curve.
We then perform a similar analysis for the elliptic double box integral in four dimensions
and again find that the elliptic curve is the same in different representations.

6. J. L. Bourjaily, Y.-H. He, A. J. McLeod, M. Spradlin, C. Vergu, M. Volk, M. von
Hippel, and M. Wilhelm, “Direct Integration for Multi-leg Amplitudes: Tips, Tricks,
and When They Fail,” in Antidifferentiation and the Calculation of Feynman Amplitudes. 3,
2021. arXiv:2103.15423 [hep-th].

This article is a review of the direct integration method, its limits and results obtained in
applications to Feynman integrals.

There are many open research question in particular pertaining to Feynman integrals that
cannot be expressed in terms of multiple polylogarithms. In particular, the geometries that were
described in the articles above must be studied in more details.

An important question to address are the moduli spaces of the Calabi-Yau varieties that
have been detected. Just from counting the kinematic parameters that enter in the Feynman
integral it is clear that those varieties are not generic, but instead live on some subspace of a
generic Calabi-Yau variety of the same dimension. Moreover one can expect that the varieties
arising in some Feynman integrals will have special properties such as marked points or a
fibration structures that are not present in a generic variety of the same type. For the purpose
of expressing a Feynman integral in terms of an iterated integral on some kinematic space, it is
necessary to understand the homology and cohomology of the space. An understanding of the
moduli spaces and special features associated to the detected varieties will thus be a crucial step
towards analytic control over functions associated to non-polylogarithmic (and also non-elliptic)
Feynman integrals.

From a detailed study of the varieties and their moduli spaces one can also expect progress
on the differential equations that the Feynman integral satisfies. As mentioned previously,
there are well-known ways to derive Picard-Fuchs equations for the varieties associated to such
integrals, for example the Griffiths-Dwork or the GKZ method. While these methods work for
some Feynman integrals as has been demonstrated in the literature, they are very general and
do not take into account the special features that can be found in Feynman integral. It is to be
expected that a more tailored approach will allow for an extension of these methods to Feynman
integrals with a larger number of moduli and larger number of loops.

Eventually one would like to understand the analytic structure of the most complicated
Feynman integrals and express them in terms of functions that make analytic properties such
as singularities and monodromies manifest. Even in the elliptic case, where elliptic multiple
polylogarithms are now available as a tool, these properties are often not very transparent. One
might be discouraged by the fact that already the elliptic case is somewhat complicated and that
integrals involving more complicated varieties should be expected to be even more involved. On
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the other hand, Feynman integrals have many special and striking properties, for example the
very simple behavior near Landau singularities that was discussed above and that constrains
the analytic structure. Taking into account as many of these properties as possible one can hope
to understand even the non-elliptic Feynman integrals reasonably well at some point.
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Appendix A

The AdS/CFT correspondence and N = 4
sYM theory

The best-studied instance of the correspondence between a gravitational theory on anti-de Sitter
space and a conformal field theory living on its boundary is the duality between type IIB
supergravity on AdSs xS®> and N = 4 sYM in four dimensions. This correspondence was
established by Maldacena in [21] by considering a stack of N D3 branes in type IIB superstring
theory.

A.1 Heuristic derivation of the correspondence

The correspondence between the two theories can be motivated by studying the stack of D3
branes from two different points of view. In the open string perspective, the D3 branes are viewed
as the end point for open strings in ten-dimensional Minkowski space. In the closed string
perspective, the D3 branes are viewed as a particular solution to the supergravity equations of
motion. The equivalence of these two perspectives leads to the AdS/CFT correspondence as we
briefly review now.

Open string perspective For the open string perspective, one considers type IIB superstring
theory on ten-dimensional Minkowski space R with a background of N coincident D3 branes.
The degrees of freedom in this background are the open strings stretching between the D3
branes as well as closed strings propagating in ten dimensions. In order to stay in the realm of
perturbative string theory, the string coupling constant g; has to be small. In fact, the effective
open string coupling in the case of N coincident D3 branes is g;N; for the perturbative picture
to be valid one therefore requires g;N « 1.

Massive string excitations have a mass of order a’ 12, for energies E much lower than that,
i.e. for E « "2, these may be neglected and one only considers massless excitations. From
the point of view of the world volume theory of the D3 branes, the open string excitations along
the world volume directions correspond to a gauge field A, and the excitations in the transverse
directions to scalars. Together with their fermionic companions, these organize themselves into
a four-dimensional N’ = 4 supermultiplet. Similarly, the massless closed string modes fall into a
ten-dimensional N = 1 supermultiplet.

In the limit @’ — 0, the open and closed string modes decouple. The action for the open
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strings becomes the well-known action for N = 4 sYM in four dimensions, which we write as

2
S=—— [ dxtr|- fFWF”V - (D i) (D) + *¢YﬂD ¥
8ym

3

Z ¢l’ ¢b

i=1

. (A.1.1)

Z ¢l3 ¢b

i=4

N\r—k
l\)\r—a

o1 (0] [401] +

Here A, is the four-dimensional non-abelian gauge field, each ¢; for i € {1,...,6} is a real scalar
field and each ¢, for a € {1, ...,4} is a four Majorana-Weyl fermion. All fields transform in the
adjoint representation of the U(N) gauge group and the string coupling g; has been identified
with the coupling of sYM theory by

o = 27gs. (A.1.2)

Moreover, in the limit @’ — 0, the action of the closed string modes simply becomes the action
of ten-dimensional supergravity.

Closed string perspective The D3 branes may also be viewed as a special solution to the
equations of motion of ten-dimensional type IIB supergravity.! These massive, charged branes
constitute the background for closed string excitations of type IIB superstring theory. The
solution is characterized by a length scale L which can be determined by the requirement that
the total charge of N coincident D3 branes should be given by p3N. One finds that L is related
to the string theory parameters by

14

— =4ngN. (A.1.3)

The background supergravity solution is made up of two regions: If the radial distance r
from the D3 branes is very large compared to L, the closed strings essentially do not feel the
presence of the branes and the theory reduces to type IIB supergravity on flat, ten-dimensional
Minkowski space. On the other hand, in the region r « L, the background metric becomes the
metric of AdSs xS° in which both the radius of the sphere and the AdSs are given by L. In the
low-energy limit @’ — 0, the two regions decouple from each other.

For the supergravity approximations to be valid, one has to require that the radius of
curvature is large compared to «’, i.e. L* » o/, which due to the identification (A.1.3) means
that gcN > 1. Note that this is opposite from the open string perspective where we had gsN « 1.

Identification of theories Both points of view give rise to two decoupled low-energy systems
and in both pictures one of those systems is type IIB supergravity on ten-dimensional Minkowski
space R, The two points of view have the same starting point and should describe the same
physics which lead Maldacena to conjecture in [21] that the remaining two low-energy systems,
namely N = 4 sYM in four dimensions and type IIB supergravity on AdSs xS° should also be
identified.

We speak of N’ = 4 sYM as the field theory side of this correspondence and by abuse of
language of the AdSs xS° side as the string theory side. On the field theory side the parameters

This point of view was established by Polchinski in [140].
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are the Yang-Mills coupling gyym and the rank of the gauge group N. On the string theory side,
the parameters are the string coupling g, and the ratio 0% As written in (A.1.2) and (A.1.3) they
are related by

4
g§2{M = 27 gs and Zg%MN = ﬁ (A.1.4)

Note that in the limit N — oo which we usually consider, the 't Hooft coupling A = g%(N is the
only parameter and the relation becomes 21 = L*a’~2.

A.2 Dictionaries

To check and make use of the proposed duality, one has to be able to translate objects and
physical quantities from one side to the other. This section is a reminder of the most important
entries in the dictionary that achieves this translation.

Field-operator map On the field theory side, we are dealing with ' = 4 sYM theory
which is a superconformal field theory. One class of observables thus consists of correlation
functions of gauge invariant operators. These operators are organized in representations of
the superconformal algebra psu(2, 2|/4) which has the bosonic subalgebra su(2, 2) x su(4). The
s5u(2,2) = s0(2,4) factor corresponds to the conformal algebra, while the su(4) = so(6) factor
represents the R-symmetry. An operator is thus labeled by a conformal dimension A, two
Lorentz spins (sy, sp) for s0(1, 3) = s51(2) x su(2) and three quantum numbers corresponding to
the R-symmetry.

On the string theory side, the s0(2, 4) and so0(6) symmetries correspond to the isometries of
the AdSs and S° factors of the geometry respectively. Under the duality, a field theory operator
with a given set of quantum numbers should correspond to a supergravity field with the same
quantum numbers. To this end, the supergravity fields are decomposed into Kaluza-Klein modes
on the sphere by expanding them in spherical harmonics on S° that constitute irreducible
representations of s0(6).

From the AdSs point of the view, the Kaluza-Klein modes are massive modes with a certain
mass m? that is determined by the R-symmetry quantum numbers. Near the boundary of AdSs,
such a massive mode ¢ has an expansion

o(z,x) = [(p(o)(x) +0O (zz)] P [(p(+)(x) +0O (zz)] P (A.2.1)

Here z denotes the radial coordinate of AdSs in Poincaré coordinates and the four-dimensional
boundary with coordinates x = (x°, x!, x?, x®) is located at z = 0. The exponents A, are given
by A, = 2 + \Vm? + 4. Under the correspondence, the boundary value ¢ is identified with the
source for a field theory operator Op with conformal dimension A = A,. The other boundary
value ¢™*) is associated with a vacuum expectation value of 5.’

2The association of ¢ with a source and ¢ with a vacuum expectation value can be interchanged if the AdS

mass m? satisfies —4 < m? < -3. For m? in this range one can choose to associate ¢© with the vacuum expectation

value and ¢ with the source on the field theory side. This leads to two inequivalent theories that differ by a

non-zero boundary term in the action. For -3 < m?, the association presented in the main text is the only option.

Nozte that the negative masses are not a stability problem as they lie above the Breitenlohner-Freedman bound
d

- =—4=mh
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Figure A.1: Witten diagrams for three- and four-point field theory correlators. The circle depicts
the boundary of AdSs where the operators O; are inserted. The solid lines in the interior are AdSs
bulk-to-boundary and bulk-to-bulk propagators.

Correlation functions of field theory operators are computed by taking functional derivatives
of a generating function with respect to sources and subsequently setting the sources to zero.
Under the dictionary, the field theory partition function and the supergravity action Ssg are

identified as
<exp (/ d*x (9(x)(p(0)(x)>> = ¢~ Ssalel, (A.2.2)
CFT

©

Taking functional derivatives with respect to the source ¢;

for each operator O;, one can
therefore compute field theory correlation functions from the supergravity action by

554 [ o ...,qsﬁ?)]
50 (x1) -+ 5P (x)

This prescription is due to Gubser, Klebanov and Polyakov [141] as well as Witten [142] and is
called GKPW prescription for short. The right-hand side leads to a diagrammatic expansion of
field theory correlators in terms of so-called (tree-level) Witten diagrams (see figure A.1).

O1(x1) - Op(xn)) = -

(A.2.3)

9=

Other entries in the dictionary The GKPW prescription provides a way to compute the
correlation functions of local field theory operators from the dual string theory side. Of course,
there are other interesting observables on the field theory side that one would like to compute
in this way.

A famous example is the expectation value of a field theory Wilson loop, i.e. the expectation
value of a non-local operator of the form

W(y) = tr [Pexp (/A)} , (A.2.4)
Y

where y : t — (x(t), x}(2), x*(t), x*(t)) is a closed path in four dimensions and A is a combina-
tion of the gauge field A, and the scalars ¢; of N' = 4 sYM,

. o oxH
A= (1A + |5 ¢in) dt  with Synini =1 and i = %. (A.2.5)
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The dual description of such a Wilson loop proposed in [143] and [144] is given by a string in
AdS;5 xS°> whose world-sheet ends on the loop y on the boundary of AdSs. This string has to
minimize the action and the world-sheet then is essentially a surface of minimal area in AdSs xS°
with the prescribed boundary y.

Another well-known entry is the relation between gluon scattering amplitudes at strong
coupling and the minimal area of the worldsheet of a fundamental string on the gravity side. This
relation was found in [145]. Since the string has to end on a light-like curve, this establishes a
relation between strong coupling gluon amplitudes and light-like Wilson loops. The IR-divergent
part of these amplitudes can moreover be compared to an all-loop field-theory conjecture known
as the BDS ansatz [146]. One of the relevant quantities that can be compared is the cusp
anomalous dimension which was also computed from integrability in [147].

Finally, a connection between the two sides of the correspondence is also established through
integrability. On the field theory side, this was first found in [148] by mapping the one-loop
dilatation operator of the theory to the Hamiltonian of an integrable spin chain. Generalizations
to higher loops and more results are found in [149]. Integrable structures have similarly been
found on the string-theory side, in the form of o-models (see for example [150]).

57



Appendix B

Multiple polylogarithms and the symbol

B.1 Multiple polylogarithms

Classical polylogarithms and iterated integrals Classical polylogarithms can be defined
by the series expansion

Lisx)= Y *, |xl=LneN. (B.1.1)

To analytically continue this function outside the unit disk one expresses Li,(x) as an iterated
integral. Iterated integrals were studied by Chen in [15] and are defined as follows: Let M be a
smooth, complex manifold. Let y : [0,1] — M be a path defined by ¢ — (x(2), ..., x,(¢)) and
@1(x), ..., w,(x) be differential one-forms on M. Then the iterated integral along y is defined as

1 t ty tr-1
/601 00 = / y*a)l(tl)/ )/*(A)g(tz)/ / }/*Q)r(tr), (BIZ)
v 0 0 0 0

where y* w;(1;) is the pull-back of w; to [0, 1]. If the one-forms w; satisfy a certain integrability
criterion, the iterated integral is independent of the path and only depends on the end point
y(0) and y(1). In this sense the polylogarithm (B.1.1) can be expressed as an iterated integral as

Li, (x) * dt dt dt . (B.13)
1,(X) = 0+t 0 — O s n=1. A,
" ot t 1-t
[ —
n-1

The notation fox denotes an integral along a path in the complex plane that begins at zero and
ends at x. The iterated integral can also be written recursively as
*dt

Li,(x) = - Li,1(t), n=2 (B.1.4)
0

with Li;(x) = -log(1 - x).

Multiple polylogarithms Multiple polylogarithms were defined by Goncharov as a gener-
alization of the series (B.1.1) to d > 1 variables (see [14]): Let ny,...,ng € N and xq,...,x4 € C
such that |xj| < 1forall m=1,...,d. Then the multiple polylogarithm of depth d is defined as

ki ke
. 1 d
Llnl,...,nd(x1:~~~axd) = W (B.1.5)
0<k1<"'<kd 1 d
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The sum n = ny + -+ + ny is called the weight. As the classical polylogarithms these functions
can be expressed in terms of an iterated integral as

Ldt dt dt dt dt  dt d
Li X1, ..., xg) = (-1)¢ — o0 —o 0owro—owio—o—— D= x; .
nl,...,nd( 1 d) ( ) A ; PR bd t PR bl j ]{:[ i
N —/ N —/
nd—l ni-1

(B.1.6)

Note that when the argument(s) are equal to one, the sums in (B.1.1) and (B.1.5) reduce to
(multiple) zeta values,

G =Lin(1),  uoomy = Ling, (1.0, 1). (B.1.7)

From the recursive expression (B.1.4), it is also natural to consider the generalization

*odt
Glay, ..., an; x) = / Gla,...,an;t), G(x)=1, (B.1.8)
o t-a
for ay,...,a, € C. If all g; are zero, one sets G(0,...,0;x) = % log"(x). Such integrals were

already studied a long time ago, for example by Kummer in [151], Poincaré in [152] or Lappo-
Danilevski [153], but as a function of a single variable x. In [154] Goncharov considered them
as multivalued analytic functions of n + 1 variables and this is the perspective that we follow
from now on. The functions G are the multiple polylogarithms that are most commonly used
in the physics literature nowadays. We sometimes also use the notation a = (ay, ..., ap), i.e.
G(a; x) = G(ay, ..., an; x), and write [a| = n for the number of entries in a. The relation to the
functions Lip, _,, defined in (B.1.5) is

d
Ling,...ny (%1, > Xa) = (-1)?G(0, .., 0, b4, ..., 0,...,0,b3;1), b= [ [ " (B.1.9)
— ——— i=j
ng-1 n;-1
In particular this means that in the recursive definition (B.1.8) the weight n = n; + --- + ng = [a]
simply corresponds to the number of integrations.
The total differential of the functions G is

dG(ay, ..., ap; x) = G(ay, a, ..., a; x) dlog < X~ @ > + G(ay, ..., ap-1, an; x) dlog (anl_a”>

a — a1 an
ne

1 . p— .
+ N Glay, .., &y .., ap; x) dlog <‘““> (B.1.10)

i=2 aj+1 — 4

A hat on an argument g; means that it should omitted, e.g. G(ay, az, ..., a; x) = G(ay, ..., an; x).
Chen iterated integrals satisfy shuffle relations [155] which means that the product of two
iterated integrals along the same path y can be expressed as a combination of single integrals

/wl°’”°wn'/wn+1°”'°a)n+m:
4 4
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Here 3(n, m) is the set of shuffles of {1,...,n} and {n+1, ..., n+ m} which are permutations that
preserve the order within each of the two sets,

(n, m) = {cr €E3mm 0 (1) <<0ol(n) and o ln+1)<- <o (n+ m)}. (B.1.12)

In the concrete case this means that the product of two MPLs with weights n and m evaluated at
the same point z can be written as a linear combination of MPLs of weight n + m evaluated at z,

Glay, ..., an; 2)G(ans1s vv s Apam; 2) = Z G(ag(1ys -+ » Ao(nem)s 2) (B.1.13)

o€X(n,m)

From the series definition (B.1.5) for the functions Li,, ,, one can derive a similar set of
combinatorial relations called stuffle or quasi-shuffle relations. We will not comment further on
those and refer to the original paper [156] instead.

Singularities and regularization The integral (B.1.8) diverges for x — a; and x — oo, and
has to be regularized. The limit x — 0 is generally finite as long as at least one of the arguments
(ay, ..., ay) is non-zero and after applying the regularization procedure that we will describe
momentarily,

0 n=1,
lim G(ay, ..., ap; x) = if a; # 0 for some i € {1, ..., n}. (B.1.14)
x—0 1 n-= O,

In all cases, the singularities of MPLs are at worst logarithmic, which means that as z
approaches a singular point z, they have an expansion in powers of logarithms,

Gaz) = ) g\ (B.1.15)

prd log(z), 2o = 0.

® () [logk(z - 2), zy € C,
0

The functions gf,{‘z)o(z) are analytic at z = zj and the regularized limit of a G-function is defined

as the lowest term in the expansion (B.1.15),

Reg G(a, z) = g°) (z0) (B.1.16)
z—2) ’
The limit lim,—,,, G(a; z) coincides with the regularized limit Reg, ,, G(a;z) whenever the
former exists. Thus, the limit of a linear combination,

lim > al(2)Gla; z) (B.1.17)

can be computed term by term with (B.1.16). The function g;(l]fz)o on the right-hand side of (B.1.16)

can be obtained explicitly by using the shuffle algebra of the MPLs. This is explained in detail
in [80, section 3.3.1]. Importantly, the regularization procedure preserves the shuffle algebra
structure.
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Removing parameter-dependent arguments In the definition (B.1.8) it is important that
the arguments of G(as, ..., ap; t) in the integrand are independent of the integration parameter .
In the recursive algorithm described in section 3.3.1, this not fulfilled automatically. We briefly
review how this dependence can be removed which is the statement of [77, lemma 2.7].

We assume that we have an MPL of weight n of the form G(ay(¢),..., a,(t); x) in which the
arguments a; depend on a parameter t. From the total differential (B.1.10) we find that the
derivative with respect to t is

2:G(ay, ..., an; x) = G(ay, ay, ..., an; x) 9 log(x — a1) — G(ay, ..., an-1, au; x) 3¢ log(ay,)

n

-1
+ Z [G(al,..., &i+1,--- y an;x) - G(al, vees &i,..., an;x)] at log(aM - ai),
i=1

1

(B.1.18)

where we have hidden the dependence of (ay, ..., a,) on t in order not to clutter the notation too
much. The dependence of the g; on t is removed recursively in the weight n, i.e. we assume the
MPLs occurring in (B.1.18) have already been expressed in the form

> by Gt buos 8), (B.1.19)
(bl,m,bn—l)
where the b; are independent of t.
Now one would like to integrate (B.1.18) over t using the definition (B.1.8). In order to do
so, one has to factor the rational prefactors of the MPLs linearly in t. Concretely one factors
air1(t) — ai(t) = H(t -a)", l<isn-1, n4€Z, (B.1.20)
[24
after which
Ng
t-a

ot log(ais1 — a;) = Z (B.1.21)
[¢4

Similarly one factors x - a; and a,, in the first line of (B.1.18) linearly in ¢. Note that the roots o

may be complicated algebraic expressions, but importantly they are independent of ¢.

This allows one to apply (B.1.8) and integrate the differential equation (B.1.18). The end
result should be a new expression for the original function G(a;(t), ..., an(t); x), which fixes the
integration constant. This constant may be found symbolically as shown in [77, section 2.5];
alternatively one it may be determined numerically as in [78, appendix D].

B.2 The symbol

A very useful quantity to study multiple polylogarithms is the symbol, which was introduced
into the physics literature in [157], but appeared already earlier in work by Goncharov [158,
section 3]. The idea is to take an iterated integral (B.1.2), where all the one-forms are of the
form w; = dlog(R;) for some algebraic function R;, forget the information about the integrations
and only keep the information about the forms. Concretely, the symbol S of an iterated integral
of this type is a formal tensor product of all the R;,

S (/dlog (Ry) o - o dlog (Rn)) =R ®-®R,. (B.2.1)
Y
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This is extended to linear combinations of iterated integrals by linearity, i.e. a general symbol
tensor looks like

Z Cliy,..in)Riy ® - ® R, (B.2.2)
(i1 in)

for some coefficients ¢ ;). In practice, the symbol of a function can often be obtained
recursively from its total differential, see [159, section 3.2]. If the total differential of a function
f(x1, ..., xp) of m variables can be written as

df(xq, ..., Xpm) = Z fi(x1, o, Xm) dlog (RO(xi, ..., X)) (B.2.3)

then its symbol S may be defined recursively by

S(f(x1, ..., Xm)) = Z S(fixr, .., xm)) ® RO (xy, ..., ). (B.2.4)

From the total differential in (B.1.10) we can see that this is applicable to the multiple polyloga-
rithms G(ay, ..., an; z). Explicitly, the recursive formula then reads

S(G(ay, ..., an; x)) = S (Gar, az, ..., an; X)) ® ( X-a )

a; —a
+ S (Glar o, ner, i X)) @ () (B.25)
an
n-1 | o
+ Z S (Glay, ..., Gj ..., ap; X)) ® (611-161;) ‘
" Ai+1 — 4

The identities between symbol tensors are relatively simple, since they are inherited from
the functional equations of the logarithm,

Se(ab)e T=S®ae®T+SebeT and Se(x1)® T =0. (B.2.6)

It is often stated (for example in [157]) that the symbol of a constant vanishes which fits with
the recursive definition in terms of the total differential of a function. The symbol can however
also be obtained as the maximum iteration of a coproduct defined on multiple polylogarithms
that turns the algebra of multiple polylogarithms into a Hopf algebra. The coproduct and Hopf
algebra were described in [160, section 2] and we will not go into further detail about these
structures here. A recent review can be found in [161, section 6]. With this framework, the
rule that the symbol of a function vanishes can be refined which is useful for working with
symbols over a number field. In this case one can choose the symbol of each element of a sets of
multiplicatively independent constants independently. This is discussed in [159, section 3.2]
and also in [17, section 2.2], where it was used in practice.

The symbol of the multiple polylogarithms G(ay, ..., an; x) is compatible with the shuffle
algebra,

S(fg) = S(f) L S(g), (B.2.7)
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where f and g are multiple polylogarithms. Here III denotes the shuffle of symbol tensors,

(Ry®-®Ry) Il (Rys1 ® -+ ® Ryum) = Y. Roi(1) ® @ Ryt (. (B.2.8)
o€X(n,m)

This is extended to linear combinations of symbol tensors by linearity.

Not every arbitrary symbol tensor comes from an iterated integral. It was pointed out in [76,
section 3.2] that a necessary and sufficient condition for this to be the case is the so-called
integrability criterion,

> ChipRi® @Ry, ®R,, ® &R, dlog(R;,)rdlog(R,,)=0, 1=p<n, (B.29)
(ily---)in)

which has to hold to all p € {1,...,n - 1}.
A very general definition of the symbol and an explanation for the connections to and issues
with the one given here in terms of the total differential is given in the notes [162, section 9].
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Appendix C

Momentum twistors

Xa+1

pa+1

xa—2 pa_3

Figure C.1: Dual coordinates

For a planar Feynman diagram (see figure C.1) it is convenient to encode the m external
momenta p; in terms of so-called dual momentum variables x;,

Pi = Xi — Xi+1. (COI)

In terms of these variables, momentum conservation Y." p; = 0 simply becomes the condition
that the x; are labeled cyclically, i.e. x;,+1 = x1. Poincaré-invariant Mandelstam variables are
constructed from the dual variables as

(xi-2)" = (pi+ -+ pa)” (C.0.2)

In case the Poincaré symmetry is enhanced to conformal symmetry, only cross-ratios of the
Mandelstam variables are invariant under the full symmetry. These cross-ratios are defined as

(x; - xj)z(xk - xt’)z
(% = x)2(x; = x¢)*

(i,j; k, ) = (C.0.3)

It is well known that the four-dimensional conformal group SO(2, 4) acts non-linearly on the
dual variables x;. It is known due to Dirac (see [163]) that the action can be linearized: In this
so-called embedding formalism, conformally compactified (and complexified) four-dimensional
Minkowski space R is represented as a quadric inside a five-dimensional projective space
P°. If we denote the homogeneous coordinates on P° by [Yj : - : Y5], then the hypersurface
corresponding to R' is given by the equation

YE=Ye-YE4YP-YE-YE-YZ=0. (C.0.4)
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The homogeneous coordinates can be packaged into a 4 x 4 antisymmetric matrix X,5 = — X3, by

1 1 1
Xo1=—=(Yy-Y), Xopp = —= (iY3+Yy), Xoz3 = —= (Y2 - Y5), C.05
01 \/5( 0 1) 02 \E( 3 4) 03 \/E( 2 5) ( )

i 1 1
Xo=—"7=Y+Ys5), Xi3=—(-iYs+Yy, Xo3=—7(Yy+Y). C.0.6
12 \/5( 2 5) 13 \E( 13 4) 23 \E( 0 1) ( )

The condition for a point to lie on the quadric in equation (C.0.4) and thus belong to Minkowski
space then becomes

€PY0X,5X, 5 = 0. (€.0.7)

It turns out that this equation is satisfied if and only if the rank of the matrix X, is two which
means that it can be written in the form

Xup = AlaBg) = AuBs — ApBy, @, B €{0,1,2,3}, (C.0.8)

for some twistors A and B which are points in three-dimensional projective space P3. The two
points A and B span a line in P> which we denote by (AB). Conversely, given a line (AB) c P3
determined by two points A, B € P?, we can construct a matrix X, satisfying (C.0.7) and a point
[Yo : -+ : Y5] that lies on the quadric in equation (C.0.4).

Every dual point x; in four-dimensional Minkowski space may be represented by such a
line (A;B;) « P*. The distance (x; - x;)* of two points can be written in terms of the twistors
variables as

1 (AB;AB;)

2
—(x;—x;)° = , C.0.9
2 = A B A AuBaAB) (C09)

where the four-bracket between the twistors is defined as
(ABCD) = €*PY° A,ByC, Ds, (C.0.10)

The twistors A and B, represent a line through the point at infinity that breaks conformal to the
usual Poincaré symmetry of Minkowski space. One can take for example Ao, =[1: 0 : 0 : 0]
and B, =[0 : 1 : 0 : 0]. Note that if two dual points are light-like separated, i.e. (x; - x;)* = 0,
then the four bracket of the twistors vanishes. Geometrically this means that the corresponding
lines (A;B;) and (A;B;) intersect in a point. Note also that the conformal group SO(2, 4) acting non-
linearly on the dual points x; simply becomes the group PGL(4) of coordinate transformations
in P3. A translation between the most important notions in dual space and twistor space may
be found in table C.1.

Twistors are originally due to Penrose (see [164]); in the context of scattering amplitudes
they were introduced by Hodges in [165] (see also [166]). They have since found a large number
of applications in scattering amplitudes, in particular in the context of N' = 4 sYM.
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Dual momentum space Momentum twistor space P*

Point x Line L, = (AxBy)
Distance (x - y)? Four bracket <AxBxAyBy>
Null separation (x - y)? = 0 Lines Ly and L, intersect

Conformal transformations SO(2,4) PGL(4) transformations

Table C.1: Momentum twistor dictionary
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1 Introduction and summary

Introducing defects such as boundaries or interfaces in conformal field theories (CFTs)
does not only make these theories more adapt to experimental situations in condensed
matter systems but also constitutes a natural step in exploring the limits of applicability of
modern approaches to quantum field theory such as duality, integrability and the conformal
bootstrap program, see e.g. [1]. From the latter perspective, various defect versions of the
four-dimensional maximally supersymmetric Yang-Mills (N =4 SYM) theory constitute
particularly interesting arenas for investigation.

An example of such a defect CFT is the field theory dual to the D3-D5 probe-brane
setup with & units of background gauge-field flux [2, 3], see [4] for a review. The presence
of the flux translates into the rank of the gauge group of the defect field theory being
different on the two sides of a codimension-one defect placed at 3 = 0 and three of the
scalar fields of N/ =4 SYM theory carrying vacuum expectation values (vevs) given by the
generators of a k-dimensional irreducible representation of su(2) for 3 > 0. This setup
partly breaks conformal symmetry as well as supersymmetry. Conformal symmetry is
reduced from SO(4,2) to SO(3,2) and the supersymmetry is reduced to three-dimensional
N =4[5, 6]. The presence of the defect implies that operators can acquire non-vanishing
one-point functions of the form [7]

(Oa)(z) = —%, (1.1)
T3

with A denoting the conformal dimension, and due to the vevs this can happen already at
tree level for certain scalar operators. Using the language of integrability, it was possible to
express in one compact formula the tree-level one-point functions of all bulk single-trace
scalar operators of the defect CFT [8-11]. Furthermore, by a rather demanding field-theory
calculation involving the diagonalization of the highly non-trivial mass matrix using fuzzy
spherical harmonics, it was possible to extend the compact formula for one-point functions
to one-loop order in the SU(2) sector of the theory [12-14]. What is more, the one-loop
computation allowed for a comparison with a prediction originating from supergravity [15]
and despite the partial breaking of both conformal and supersymmetry a perfect match
was found [12, 13]. More precisely, the supergravity computation involved taking the
double-scaling limit [16]!

A
A— 00, k— o0, 72 fixed, (1.2)
where ) is the 't Hooft coupling, and performing a perturbative expansion in A\/k?. From
the result of this computation, a prediction for the ratio of the one-loop and the tree-level
value of the one-point function of the chiral primary tr Z* in the double-scaling limit could
be inferred [12].

!This double-scaling limit is reminiscent of the Berenstein-Maldacena-Nastase limit [17], which breaks
down at four-loop order [18-20]. While the present double-scaling limit breaks down for non-protected
operators already at one-loop order, it holds for protected operators such as tr Z¥ to at least (L — 1)-loop
order [14].



T4, T5,T6, L7, T8

Zo
L3

U(N — kiks)

T3

L1, L2
broken U(N)

D7 probe brane

Figure 1. Brane configuration in string theory (left) and the dual field-theory picture (right) with
different gauge groups on each side of the defect at x3 = 0.

A similar prediction can be extracted from a supergravity computation performed
in a closely related but completely non-supersymmetric setup, namely that of a D3-D7
probe-brane system [21]. The D3-D7 probe-brane system has two configurations which are
of relevance for us, namely one where the geometry of the D7 brane is AdS; x S? x §?
and one where the geometry is AdS; x S*. In both cases, the configuration has to be
stabilized by adding either fluxes k; and k2 on the two S?’s [22] or a non-trivial instanton
bundle on the S* [23]. These flux-stabilized configurations have interesting applications
from the condensed matter perspective giving rise to strongly coupled Dirac fermions in
241 dimensions, see e.g. [22-29]. The former configuration has a dual defect CF'T where
all six scalar fields of ' = 4 SYM theory are assigned vevs in the form of generators of
the (k1 X ko)-dimensional irreducible representation of su(2) x su(2) on one side of the
defect; see figure 1. In the latter case, only five out of the scalar fields are assigned vevs
and these transform in an irreducible SO(5) representation. For both cases, it is possible to
introduce a double-scaling parameter and to evaluate the one-point function as an expansion
in this parameter [21]. Furthermore, in both cases the system is stable if the double-scaling
parameter is sufficiently small. Reference [21] gives the leading order result of this evaluation
and the higher orders can be extracted by a straightforward extension of this work. For
the AdS,; x S? x S? symmetric configuration, the double-scaling limit is introduced as

follows [21]:
A
A= k1, ko — ———  fixed. 1.3
0, 1,2 00, (k% n k%) Xe ( )
Keeping also the ratio k;/ks finite and assuming (k; — k2) to be of the same order as ky
and ko, the supergravity prediction for the one-point function of the unique SO(3) x SO(3)-

symmetric chiral primary of (even) length L reads

<OL> A 1
B T
<OL>tree 47[-2(1{:% + k%) (L - 1)(]{;% + k%)

)\2
+2(L — 1)(L + 2)k1 ko (k3 — k3) cot[(L + 2)%]) +0 (W)

Q(Mhbf+(ﬁ+ﬁL_2x%+k®
(1.4)



where 19 = arctan(ki/k2). Notice that the prediction carries over to any other chiral
primary with a non-trivial projection on an SO(3) x SO(3)-symmetric one, such as e.g.
tr ZL. For the AdSy x S* configuration, supergravity also gives a prediction for the one-
point function, however, with less structure as only one parameter is involved. In the
remainder of this paper, we shall demonstrate how the rather intricate prediction (1.4) can
be reproduced via a solid field-theory calculation. The major challenge of the computation
is the diagonalization of the mass matrix of the theory, which requires a significant further
development of the technique based on fuzzy spherical harmonics introduced in [12, 13].
The challenge is even bigger in the case of the SO(5)-symmetric vevs. Our refined method
works for that case as well but with considerably more effort. We plan to return to this
case in a future publication [30]. With the present work, we do not only provide a detailed
positive test of AdS/dCFT in a situation where supersymmetry is completely broken; we
also set up a perturbative framework which makes possible the evaluation of numerous
other quantities in the defect CFT in question.

Our paper is structured as follows. In section 2, we diagonalize the highly non-trivial
mass matrix that arises due to the vevs. In section 3, we determine the resulting propagators
of the mass eigenstates, which take the form of AdS, propagators, and subsequently the
propagators of the fields occurring in the action. Having thus set up the framework for
calculating quantum corrections in this defect CF'T, we calculate the first quantum correction
to the classical solution in section 4, which we find to be non-vanishing. We proceed to
calculate the one-loop correction to the one-point function of general single-trace operators,
and in particular to tr Z, in section 5. In section 6, we conclude with an outlook on possible
future directions and interesting problems our perturbative framework can be applied to.
Several appendices contain our conventions (appendix A) as well as details on technical
parts of the calculations (appendices B-D).

2 Mass matrix

In this section, we diagonalize the mass matrix that arises due to the scalar vevs. Following
the strategy of [12, 13], we begin by expanding the action around the classical solution in
section 2.1. We then proceed to diagonalize the mass matrices for the bosons and fermions
in sections 2.2 and 2.3, respectively. We summarize the result in section 2.4.

2.1 Expansion of the action

The defect CFT we study contains two types of fields: the ones of N' =4 SYM theory
transforming in the adjoint of the gauge group and the fundamental fields living on the
three-dimensional defect. However, the fields living on the defect will not contribute to the
one-loop one-point functions of bulk? operators as explained in [13], and we accordingly
neglect the corresponding part of the action. The action for the bulk fields is the one of

2Note that ‘bulk’ refers to four-dimensional Minkowski space without the defect; it should not be confused
with the bulk of the dual AdSs.



standard A/ = 4 SYM theory in four dimensions,

2 1 1 7 -
Syei = —— [ diztr <— (Ew " = SDudiD i+ S0y Dy (2.1)
Iym

1 6
19003][60,05] + ZW% 2; qmw)

We describe in appendix A our field-theory conventions, which follow the ones of [13]. In
particular, we explicitly give the matrices G* (i = 1,...,6), which arise in the reduction
from ten- to four-dimensional SYM theory. The v; for i = 1,...,4 are four-dimensional
Majorana fermions, and all these fields transform in the adjoint of U(N),

D,¢i = 0u¢; —i[Au, ¢i],  Dupi = Ouths — i[Ay, il (2.2)

The classical equations of motion of (2.1) are

V2gd = [¢ [¢§1,¢§1H, i=1,...,6, (2.3)

where we are setting the fermions and gauge fields to zero classically, and are looking for
time-independent solutions for the scalars. A solution to the equations of motion for the six
scalar fields with SO(3) x SO(3) symmetry is [21]?

#a) = ——

T3

1 .
¢ (x) = e (Ml ® tfig) ®ON_pky for i=4,5,6.

(tfl@]le)@oN_klk2 for i=1,23,
(2.4)

Here the matrices t,’f“ constitute the k,-dimensional irreducible representation of su(2);
thus, the solution has su(2) x su(2) symmetry. In the case k1 =1 or ky = 1, the vevs (2.4)
reduce to the ones in the supersymmetric D3-D5 setup [13]; hence, we will always assume
k1, ko > 2. The classical solution (2.4) applies for 3 > 0 and is responsible for breaking
the gauge group from U(N) to U(N — kyksz) for x3 > 0. All other fields vanish classically
in this region. For z3 < 0, all fields have gauge group U(N — k1k2) and the vevs for these
fields vanish.
We expand the action around the classical solution as

di(x) = ¢f (x) + di(). (2.5)

The gauge fixing is implemented by introducing fermionic ghost fields ¢ and ¢ transforming
as Lorentz scalars, following [13, 32]. The terms in the expanded action that are linear in

3The prefactor é ensures scale invariance of the defect field theory and is important for the dual
probe-brane interpretation. A set-up where the classical fields were similar but not carrying the i prefactor
was studied in [31], where in order to stabilize the system extra mass and interaction terms were added to
the N'=4 SYM action.



(ﬁi vanish by the classical equations of motion. All fields have a canonically normalized
(quadratic) kinetic term,

2 1 1~ ~ ;o
Sin = —— | d'z tr <AM8V8“A” + =$:i0,0" ;i + by, + c@,ﬁ“c). (2.6)
Pt 2 2 2

The mass term for the bosons becomes

sm,bzgf d'e tr( 5816 165, 351 - dullos 51,8
M (2.7)

- *A ulof [, A%)) +2i[A“a<5i]3u¢§l>,

while the mass term for the four Majorana fermions ¢; and the ghosts ¢ and ¢ is

9 1 3 1 6 6
Smt=—— [ dz tr (QZM;Z[ el + 3 > DG ] = > el [0 ¢ > (2.8)
=1 1=4 i=1

Iym

The expanded action also contains cubic and quartic interaction vertices between the
different fields. The cubic interactions are given by

2 -~ o~ ~ ~
Scubic = 2/d4$ tr (7'[AM7 Ay]auAl/ + [(bgl’ ¢j”¢l7 (bj] + i[Aua ¢z}a,u¢z + [ wy Vi H a(bz]
Iym

3 6

0 A U]+ 5 S UGB + 5 GG st + (0,0 A, ] — el [, n>.
i=1 =4

(2.9)

The quartic interaction vertices are identical to the quartic vertices present in the action (2.1).
They do not play a role for the one-loop correction to the one-point functions of bulk
operators, starting to contribute only at two-loop order [13].

The mass terms (2.7) and (2.8) are not diagonal, neither in flavor nor in color, and
have to be diagonalized in order to obtain the mass spectrum of the theory and thus
the propagators. Moreover, note that unlike actual mass terms, the terms (2.7) and (2.8)
depend on the inverse distance to the defect via the vevs (2.4). This dependence can be
understood in terms of an effective AdS, space, as was found in [13, 16] and is discussed in
detail in section 3.

In the remainder of the paper, we will use Euclidean signature.

2.2 Boson mass matrix

In this section, we will treat the mass term for the bosons, while the mass term for the
fermions will be treated in section 2.3.



Inserting the classical solution (2.4) into the mass term (2.7) for the bosons, the latter
can be written as

6
2 1 1 ~ ~ 1
b = d4x—2tr -3 Z¢j [(L(l))Q " (L(Z))Q} & — §Au [(L(I)V i (L(Q))ﬂ AP
gYM :E3 j=1
3 - 3 i .-
+i Y Gijkéf)iLg oy +i > 5z’jk¢i+3L§‘ )P
ig k=1 i gk=1
3 i 3 i
+iYy [cﬁiLEl)A:‘s - A3L§1)¢z} +iy [¢i+3L§2)A3 - A3L£2)¢i+3} > (2.10)
i=1 =1

The operators Lgl) and ng) for i = 1,2, 3 are defined as the adjoint of the classical solution,
Lgl) =ad (tif“ ® ]lk2> o ON_klkJ ) LZ@) =ad [(]lkl ® tfz) P ON_kle] , (2.11)
where as usual (adA) B = [A, B]. They satisfy the commutation relations of su(2) x su(2),
0 L0 —ierl, (B2, LP] —ienr?, 20, LP] <o, (2.12)

Furthermore, we write (L(®)? = Zi(Lga) )2 for the quadratic Casimirs corresponding to
the two sectors with a = 1,2. We will use their eigenvalues ¢;(¢1 + 1) and ¢5(¢2 + 1) to
label irreducible representations of su(2) x su(2) by (¢1,¢2). As in [13], we find that we
can distinguish two types of bosons: if their mass term is already diagonal in flavor the
fields are called “easy” bosons, while the ones for which flavor and color mix are called
“complicated”.

We rewrite (2.10) as

2 —1
Sy = —— | d*z (2) tr [ B [(LU))2 + (L@))Q] E (2.13)
Y 23

where we have grouped the fields into vectors of easy and complicated fields F and C

respectively,
4 é1
0 .
Ay b6
As

The seven-dimensional matrices S’i(l) and 5’1-(2) act on the flavor index while the operators
LM and L? act on the color part of the quantum fields. We see from (2.13) that for the

i i

easy fields we only need to diagonalize the operator (L(M1)2 4 (L(®))?2 in color space. The



mass term for the complicated fields mixes different flavors by means of the matrices 5’1-(1)
and 5'1-(2) and we will have to diagonalize the color and flavor part simultaneously. Note that
compared to the solution where only three scalar fields get non-trivial SO(3)-symmetric vevs
studied in [13], all scalars (51 are now complicated bosons and only the three components of
the gauge fields Ag, A1, A2 and the ghost field remain easy. We will denote the eigenvalues
of the matrices inside the trace in (2.13) by m2.

2.2.1 Decomposition of the color matrices and easy fields
In order to proceed with the diagonalization, we decompose the color part of a generic field
® in blocks:

= [‘I)]n,n’Enn’ + [‘I’]n,aEna + [‘I)]a,nEan + [q)}a,a/EaaU (2.15)

with n,n’ =1,...,kike and a,a’ = kiks +1,...,N. Here E™,, are N x N matrices with a
single non-vanishing entry, namely a 1 at position (n,n’). The fields [®], , and [®],, will
often be referred to as fields in the off-diagonal block.

The fields [®], o in the (N — k1k2) X (N — k1k2) block are massless since

LEI) Eaa/ - [(tfl & ]1k2> ©® ON*k‘lk’27 Eaa’ = 07 (216)

@)

a’ are singlets under su(2) x su(2).

and similarly for L;”’. One can think of this result as the statement that the indices a and

The matrices E™, and E%, transform in the (k1 X k2)-dimensional irreducible represen-
tation of su(2) x su(2),
/ 1
Lgl) E"y=E" a[tfl ® 1142]71’,717 Lz(‘ ) Bty = _[tfl ® ]lk2]n,n’Ean’a
LO B = EY [y, @ %), ., L B = —[1y, @52, 0 By

7

(2.17)

Equivalently, each index n transforms in the same representation as t;, namely the one
with spins ¢; = % and ¥y = k22_ L Tt follows that the matrices E™, and E%, already

diagonalize the quadratic Casimir operators,

k¥ —1
4

E",, (LMY B, = E%,, (2.18)

and analogously for (L(®)2. The matrices E™, and E%, transform into each other under
Hermitian conjugation, and this behavior carries over to the fields [®], , and [®],,, in the
off-diagonal block:

t
(E) =B (@], = (10),4) = [l (2.19)
Moreover, they are orthogonal and normalized in the sense that

tr [(E"a)T E”;,} = 0" S, tr [(Ean)TE”;,] — 0,
(2.20)
tr [(E“n)T E“,’l,} = 59§, tr [(E”a)TE“;L/] = 0.



For easy fields [®],, 4 and [®], ., for which (L1))2 4 (L(?))? is the complete mass term, we
thus find the masses
9 k2 -1 k2-1

Measy =~ + T (2.21)

which have multiplicity 2ki k(N — kikso).

Finally, the matrices E™, contain two n indices, and therefore they transform as the
product of two (k1 X kg2)-dimensional irreducible representations of su(2) x su(2). This
product is reducible and decomposes as

k1—1ko—1
ki —1 ks —1 ki —1 ko —1
< > 2 >®< 2 2 >:@@(51752)7 (2:22)

£1=0 ¢2=0

where (£1,02) is the su(2) x su(2) representation with spins ¢; and ¢; and dimension

(261 +1) x (205 + 1). Note that the fields [®], , and [®],, in the off-diagonal block have

spins {1 = k12_ Land ¢y = k22_ L which appears as one of the terms in the decomposition (2.22).

Thus, any results for the masses in the off-diagonal blocks can be obtained from the result
in the k1ko X k1ko block by the simple replacement rule

k1 —1 ko — 1
! and fy — 22 .

51 — (2.23)
This justifies that in the following we will mostly focus on the kiko X kiko block.

In the case of the field theory where only three scalar fields get non-trivial SO(3)-
symmetric vevs, dual to the D3-D5 probe-brane setup, the mass term for the easy bosons is
L?. In [13], it was found that the diagonalization in the corresponding & x k block could be
solved by expressing the fields in a basis of fuzzy spherical harmonics Y[" constituting an
irreducible spin-¢ representation of su(2). In the present case, the mass term for the easy
bosons contains the operator (L™M)? + (L(?)?2, and since (L™M)? and (L®)? commute with
each other, we can diagonalize them simultaneously. The eigenstates of (L(1)% 4+ (L(2))2
are therefore the tensor products Yg“ ® }A/é;m of two fuzzy spherical harmonics. We use this

basis to express the fields in the k1ko X k1ko block as

k1ko k1—1ko—1 /1 12
n o __ Crmy O-mo
Z [cb]n,n’E n' = Z Z Z Z q)fl,ml;fmmzyzl ® YZ2 : (2‘24)
n,n'=1 £1=0 4o=0 mi1=—F1 mo=—F2

The properties of the basis states Yg” ® }A/g;” follow from the properties of the fuzzy
spherical harmonics }A/m, which are reviewed in appendix A.2. An important property
is the behavior under Hermitian conjugation, which carries over to the field components

Doy mysla,mo:
R R t ~_ N
(Ve ve) = (- (=me ™ e v

T — (_ mi1(__ mo
17 ; b 7— ; 7— .
((I)f m1;f2 mz) - ( 1) ( 1) (I)Zl miilo,—msa

(2.25)



m? Multiplicity
00+ 1)+ (b +1) (201 +1)(205 4+ 1)
(k3 —1)/4+ (k3 —1)/4 2k1ko(N — kiks)
0 (N — k1ko)(N — kiks)

Table 1. Masses for the easy bosons Aj, A; and A; (as well as the ghosts ¢), including the
klkg X k1k27 the k‘lk’g X (N— klk’g) and the (N — klkz) X (N — k’lkz) blocks. Here él = 0, .. .,kl -1
and lo =0,...,ky — 1.

(1)

The operators L; ’ and Ll@) act on the basis states as

(LD V™M @ V"2 = 016 +1) V™ @ Y72,
L& Y™ @ V2 = /0 (6 + 1)(6r,ma; 1,006, my) Y™ @ V)2, (2.26)
Ly VM @Y = /20 (0 + 1) (0, my; 1, £1)6,my £1) Y @ V)72,

with the ladder operators L = Lgl) + iLgl) and analogous expressions for (L(?))?2 L:(f)
and Lf). Here and in the following, (¢,m; s, ms|j,m;) denotes the su(2) Clebsch-Gordan
coefficient for coupling the two angular momenta ¢ and s to the total angular momentum j.

For the case s =1 and j = ¢ in (2.26), they are

V1) —m(m =+ 1), m; 1,006,m) = — 2 (2.27)

(¢,m; 1L, £1[6,m+1) = F
2000+ 1) L(L+1)

Furthermore, the basis states are orthogonal and normalized such that
~m! ~m! ‘|' N A
tr |:<Y'€/1 ! &® Y,2 2> Y’Zlnl &® YZLQ = (Sgll’gl (55/2’32 5m1,m’1 5m2,m’2- (228)
Using this basis, we see that the mass eigenvalues of the fields ®¢, ;.05 m, are

mgasy = 61(61 + 1) + 62(62 + 1)7 (229)

where we must take all combinationsof 1 = 0,...,kj—1land ¢ = 0,..., ko—1. The multiplic-
ity is the dimension of the corresponding su(2) x su(2) representation, i.e. (2¢; + 1)(2¢3 + 1).
As discussed before, the masses of the fields in the (N — k1k2) X (N — k1k2) block are zero.
Finally, the masses (2.21) in the k1ky x (N — k1k2) and the (N — kjks) X k1ks blocks are
indeed obtained from (2.29) by the replacement rule (2.23). We summarize the masses of
the easy fields in table 1.

2.2.2 Complicated fields

For the complicated fields the decomposition in terms of su(2) x su(2) representations is not
sufficient, because we also need to solve the problem of flavor mixing. Since (L(M)? 4+ (L(2))?
commutes with S - L = Si(l)LZ(-l) + S*i(Q)LZ(.Q) we can diagonalize the two terms in (2.13)
simultaneously. Thus the masses will have the form ¢1(¢; + 1) + ¢3(f2 + 1) — 2\, where A
are the eigenvalues of the mixing matrix S - L.

~10 -



Rewriting the matrices S;. The seven-dimensional matrices S; are given in block

form by
T; 0 R 00 0
S=8M=(o000|, Su=P=|0T R|, i=123 (2.30)
R0 0 0RO

In the previous equation, Rj is a 3 x 1 matrix that has an ¢ in the j-th component and zeros

everywhere else, namely (R;), = i ;5. On the other hand, the three-dimensional matrices
T; are given by

00 0 003 0—i0
Tv=|00-i|, m=|0o00]|, T3=|i00]. (2.31)
04 0 00 000

These matrices form an irreducible representation of the su(2) Lie algebra, so they can be
brought into the usual form for the spin-one representation

L foro L [0-i0 10 0
Tv=—1101], m=—|io0 —i|, Ts3=]00 0 |, (2.32)
V21510 V2o i o 00 -1

using the unitary transformation

1 -1 0 1
U=—|-i 0 —i]. (2.33)
V2 0 V20
Hence, the matrices S; can be rewritten as
T, 0 R;
s s v (S s v= |0 1 Ry | (2.34)
Rl R! 0
with
U0O0
T, =U'TU, Ri=UR;, V=]|0UO0]|. (2.35)
001

The vector of complicated fields has to be transformed accordingly:

cm
c=vic=|c® |, (2.36)
As
where the three-dimensional vectors C1) and C'®) are defined by
N (o1 +id) O\ [(Js(-datids)
cW = C(()l) = [N c? = C(()z) = [ (2.37)
c® %(ﬂbl + ig2) c? %(4‘% +i¢s)

- 11 -



The subscripts +, —, 0 denote the eigenvalues with respect to 73. One can also check that

(1) (1) (2) 2
L L L L
v ! V2 3 V2 v ' V2 ’ V2 (239

After the flavor transformation (2.33), the seven-dimensional matrix that mixes the
flavors in the mass term for the complicated bosons is

nrY o RLW
S L=5LM+sPP = o 1r?® rL?|. (2.39)
RILY RIL®

In the diagonalization of (2.39), we have to distinguish the cases where one ¢, is 0 and
where both ¢, are bigger than 0.* For simplicity, we begin with the easier case where one £,
is 0. Note that this formally reduces the diagonalization problem to the one where only three
of the scalar fields get non-trivial SO(3)-symmetric vevs that was solved in [12, 13]. We will
now present a different solution to this diagonalization problem that has a straightforward
generalization to the classical solution with SO(3) x SO(3) symmetry considered in this
paper. In the following, we also drop all references to a.

Diagonalization of T;L;. After the flavor transformation in the previous section, the
four-dimensional matrix S - L = S;L; has the form

T;L; R;L;
RiL; 0

It is important to realize that if we find an eigenvector of T;L; that is annihilated by RILi
we can obtain an eigenvector of S - L by padding it with a zero to make it four-dimensional.
We will thus first look for states ® such that

TiLi®=Xp ® and RIL; ®=0. (2.41)

This does not yield all eigenstates of .S - L, but we will see that the remaining ones are
obtained by diagonalizing a simple 2 X 2 matrix.
If we define a total “angular momentum” operator J; = L; + T;, then

T 2 _ 72 _ g2 _1 2 _r2_
TiLi=< (JP—L T)_Q(J L?—2). (2.42)

| =

Hence, the diagonalization of the term T;L; reduces to the problem of finding a set of
common eigenstates for J2, J3 and L?. This is the well-known problem of addition of angular
momentum, which can be solved using Clebsch-Gordan coefficients. The matrices T; form
the three-dimensional (spin-one) representation of su(2) and the matrices L; form the spin-¢
representation. Thus, the fields (C,,
and mg for L?, L3 and T3 respectively. The fields with total angular momentum 5, magnetic

)em in (2.37) have well-defined quantum numbers ¢, m

s

4The case where ¢1 = £5 = 0 is trivial as the corresponding fields are massless.

- 12 —



quantum number m; and angular momentum /¢ are found in terms of Clebsch-Gordan
coefficients (¢, m; s, ms|j, m;) by

+1 l
Bj,mj;f = Z Z 6m+ms,mj <‘€a m; 1a m8|j7 m]> (Cms)fm‘ (243)

ms=—1m=—/

Here the total angular momentum can in general take the three values j = ¢, ¢ + 1. For the
case £ = 0, however, there is only one total angular momentum j = 1; this necessitates the
aforementioned distinction between ¢, = 0 and ¢, # 0. The dependence on ¢ will generally
be dropped, and we will use the notation (Ba)jm; = Bjm;t=j—a- For example, the state
B, has total angular momentum j = ¢+ 1 and mj; = —¢ —1,...,£+ 1. Using this notation
and summing explicitly over m, (2.43) becomes

+1
(Boz>j,m]- = Z (- a, mj —ms; 1, ms|j, mj> (Cms)éfa,mjfms- (2.44)

Mmsg=——

We can write out the basis states corresponding to (2.43) in vector form. Since the 3 x 3
matrices T; are the standard spin-one representation of su(2), cf. (2.32), we have

1

0
T3 éms = Mg éms with é+1 = 0 5 €y — 1 5 €_1 = 0]. (245)
0 1

The basis states that are eigenstates of J2, J3 and L? can thus be written as

+1
", . S —Mm ~
}/j:mj;zz Z <£7m]7m8717m8|.]7mj>}/g / s®€ms
ms=—1

<€a m; — 17 17 +1‘.]> mj> ?'emj_l (246)

= <€7mj;110‘j>mj> }A/gmj
(€, m; + 11, =15, m;) v,

The Clebsch-Gordan coefficients for the case j = ¢ were given in (2.27). For j = ¢ £+ 1,
we have

\/(€+1im)(€+2im)
V200 +1)(20+ 1)
VIl+1T—m)(l+1+m)

(L+1)(20+41)
V{—1Fm)(Fm)
20(20 + 1)
(L —m)(£+m)
(20+1)

(Cm; L, £10+1,m+1) =

I

(¢,m; 1,0/ +1,m) =

I

(2.47)

(,m; 1L, £10—1,m+1) =

bl

(¢,m; 1,0/ —1,m) =

~13 -



We find three sets of eigenstates for j = £+ 1 and j = £ with eigenvalues
T;L; Yj:e+1,m]-;e =/ Yj:eﬂ,mj;e,
TiL; ij:@,mj;ﬁ = _ijzé,mj;f, (248)
TiLi Yieptmye = (=0 — 1) Yjmpo 1m0

We will show below that the first and the last states satisfy the second condition in (2.41),
namely

RIL; Vi a1 = 0. (2.49)

The fields By can thus be made into eigenstates of S - L by padding with zeros. The
multiplicity of the corresponding eigenvalue is the dimension of the su(2) representation, i.e.
2j+1=2(0+1)+1.

Diagonalization of the remaining 2 X 2 matrix. We can expand the complicated
scalars in the basis of total angular momentum eigenstates and Ag in the basis of fuzzy
spherical harmonics Y7 ,,, so that the four-dimensional vector of complicated fields is

e (A8)em¥E"

C = (2.50)

We know how T;L; acts on the basis states i/j,mj;g obtained from the Clebsch-Gordan
procedure from (2.48). Now we will calculate how RZTLi, i.e. the last row in S - L as given
in (2.40), acts on Yj;.¢. Using that the ladder operators act as given in (2.26) together
with (2.38) and the completeness relation of the Clebsch-Gordan coefficients, one obtains

RILZ' 1A/J}mj;f =iVl +1) Z(ﬁa m; — ms; 1,mg|j, m;) (€, m; — ms; 1, msll, mj) ?gmj

ms

= —id; Ol +1) Y™, 2.51
75 V4

This vanishes unless j = £. The states ijﬁg with j = ¢ & 1 are thus annihilated by R}LLZ-
and can simply be padded with a zero block to give eigenstates of S - L as we have claimed
before. Using (2.48) and (2.51), we can find the matrix elements of both T;L; and R;L;:

tr (th7m/;g/ T;L; ijz> = 1,0 Opmr 00,0105 1
tr ((YZ;”I)T R;[Li }A/j7m;g> = —i 0 m’ Op0 0j 00 L+1), (2.52)

tr (}A/j?m,;é, R;L; l?em> =+ 5m,m’ (54’4/ (Sg’j/ VI +1).

The matrix elements j;, in the first line are ppy1 0 = ¢, e = —1 and py_1 0 = —£ — 1,
cf. (2.48). The third line follows naturally from complex conjugation of the second line and
L =1L,
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Mass eigenstate Mass m? Multiplicity
B, 06— 1) 201+ 3
B_ (61 +1)(0 +2) 201 — 1
D, 66— 1) 200 +1
D_ (61 +1)(0 +2) 201 +1

Table 2. Masses and eigenstates of the complicated bosons in the k1ks X k1ko block for the case
lo=0and ¢y =1,...,k1 — 1. Thecase /1 =0and ¢ =1,...,k; — 1 is obtained by relabeling. In
the case ¢; = {5 = 0, the masses vanish, while the case ¢; # 0 and /5 # 0 is shown in table 3.

We now insert the vector of complicated fields C' given in (2.50) into the flavor mixing
term in the action, obtaining

k—1 {41 /—1
tr [CTSiLz’ C] = [e > Bl Beam = (C+1) D> (B (B )e1m
=1 L m=—1-1 m=—L+1

1 i ITED) ((Bo)em
+ﬂ;£< n (43); ><+z W+t o )((AZ)W)]'
(2.53)

The fields B diagonalize the full 4 x 4 matrix as we discussed before. What remains to be
diagonalized is the 2 x 2 matrix in the last line of the previous equation. Note in particular
that this matrix does not depend on the magnetic quantum number. The fields that achieve
the diagonalization are

1
Dy——— (—z\/ZB VT IA )
+ ,72 7 0 3
(2.54)
D_ = ( VI+ 1B + VIA )
,72 7 0 3
with eigenvalues Ay = £ and A_ = —¢—1. Notice from this result that the masses are integer

numbers, even though from (2.53) we could have expected square roots in the spectrum.
This is actually an indication that the spectrum can be obtained in a simpler way, namely
only using Clebsch-Gordan coefficients as in [13].

This concludes the diagonalization of the 4 x 4 sub-block of the seven-dimensional flavor
mixing matrix, which is relevant for the case where one ¢, is 0. We summarize the result in
table 2. We have effectively rederived the spectrum of the bosons for the classical solution
considered in [13] where only three of the scalar fields get non-trivial SO(3)-symmetric vevs.
Our method is however different and can be extended to the present classical solution with
SO(3) x SO(3) symmetry. In particular, we will find a natural generalization of the 2 x 2
matrix in (2.53).

Full mixing matrix. Let us now diagonalize the full seven-dimensional matrix (2.39)
in the case where ¢; # 0 and {5 # 0. Following the steps discussed for the 4 x 4 sub-
block relevant for the case where one ¢, = 0, we define fields BV and B® with total
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Mass eigenstate Mass m? Multiplicity
B m2y = (1) + bl +1) (201 4 3)(265 + 1)
pY m?y = (A1) +2) (1) (26— 1)(26+1)
BY miy = Ol +1)+ bl —1) (201 + 1)(205 + 3)

@ mby = LD+ (e+)(B+2) 26 +1)(26-1)
Dy mi= 0101 +1)+lo(la+1)+2 (201 +1)(205 + 1)
Dy mi = li(l+ 1)+ Lol +1) =20y (26 +1) (20 + 1)
D_ m? = L0+ 1)+ Lo(be +1) —2X_ (201 +1)(202 + 1)

Table 3. Masses and eigenstates of the complicated bosons in the kiks X kiks block in the
SO(3) x SO(3)-symmetric case. One must consider all combinations of ¢ = 1,...,k; — 1 and
ly = 1,...,ko — 1. The masses for the fields in the off-diagonal blocks are obtained by the
replacements £1 — k12— L

same replacement followed by a multiplication with 2(N — k1k2).

angular momentum in each sector. As before, they are given in terms of Clebsch-Gordan
coefficients by

+1
(B(l))jl,mhfl;b,mg = Z <€17 mip — ms; 17 ms|j17 m1> (Cgs))éhml;ég,mga (255)
ms=—1
+1
(B(Q))€17m1§j27m27£2 = Z (b2, ma — mg; 1, mslj2, m2) (Cr(r%z)éhml;fz,mz' (2.56)
ms=—1

We can also write out the corresponding basis states explicitly:

(YW) =Y,

Ormeo O (2 _ vmi O
j1,mil1a,me = Limyl ® YEQ ) (Y( ))gl,ml;jmmmb = Y€1 ® Y}%m??b' (2'57)

Now using the natural generalization of the matrix elements in (2.52), one can see that the

four fields Bg ) and Bf ) diagonalize the full 7 x 7 matrix (2.39). It remains to diagonalize
a 3 X 3 matrix, which is a simple generalization of (2.53):

-1 0 —i\/li(f +1) B(()l)
(B (B (49)") 0 0 ieGay |82 ] @)
—i—i\/fl(gl—i-l) —i—’i\/gz(gg—i-l) 0 Asg

Here we have dropped the quantum numbers from the fields to unclutter the notation. This
matrix has eigenvalues

1
A= —1, )\i:—ii\/fl(fl—i—l)—l-fg(EQ—l—l)—l—i, (2.59)

and the corresponding diagonal fields are

1
- (—\/52(52 +1)BY + /a(h + 1)352)) ,
1
Di = (i\/ﬁl(ﬁl +1)BY + i/ 66+ 1B + A¢A3) ,

Dy
(2.60)
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with

Ni=2Az(05 = Az)

1
=2 (1 A0+ 1)+ Ao(y + 1) £ /1 + 41 (0y + 1) + 4ba(ls + 1)) . (2.61)
Ny = —)ur)\f = fl(fl + 1) + 52(42 + 1).

Since A1 contains a square root, it is clear that it is impossible to obtain the spectrum of
masses using only a Clebsch-Gordan decomposition, but a more general procedure like the
one we have presented is required.

2.3 Fermion mass matrix

Inserting the classical solution (2.4) into the mass term for the Majorana fermions (2.8),
we find

3 3

2 —1 _ _

Smf = P d'z (2;53) tr (2 :%(Ggl))jkLgl)wk + :%(GEQ))ML?)(%W)), (2.62)
YM i=1 =1

where Ggl) = G, and G§2) = G,43 for i = 1,2,3. Since [G(l), Gf)] =0 and [Lgl),ng)] =0,

7
we can diagonalize both terms in (2.62) simultaneously. We give the form of the matrices

GEI) and GEQ) in appendix A using the same conventions as [13]. From [13], we also know

that the matrices Ggl) can be transformed into block-diagonal form with

0 —i—-10
U= \2 _01 (1) é (3 = Ul¢Wu=— (‘B (S) =1, ®o0; (2.63)

t 0 0 —1
Here o; are the usual Pauli matrices. Acting with U on the remaining matrices GZ@) gives
U'GPU =io; 1. (2.64)

(2)

The extra factor of 7 is consistent with the fact that the matrices GZ.2 are anti-Hermitian
and it is also required to make the term with 75 in (2.62) Hermitian. On the fermions, the

transformation U yields

Y1 —3 — 14 Ciy
plv2| _ 1 [t | _[Cyn| _
v s | V2 |~ — it Cie | cr (2.65)
Y4 —ith3 — Y4 C__

Here the subscripts on Cmsl7m52 indicate that the field has spin % and magnetic quantum
number mg, with respect to %]lg ® o3, and spin % and magnetic quantum number mg,
with respect to %03 ® 19. The fields also have orbital angular momentum ¢, and magnetic

quantum number m, with respect to L(® for a = 1, 2. This problem is closely related to
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the one studied in [13], with the difference that here we have two copies of the spin-orbit
coupling problem.

To diagonalize the mass matrix, we define the total angular momentum operators

JV =1 4 %12 o, JPD=L®4 %ai ® 1, (2.66)
so the terms inside the trace in (2.62) take the form
_ 1/1 -~ 1/1
—Cp |(JW)? = (LW)? - 3 <2 + 1>] Cr+Cp [(J(Q))Z — (L®))? - B (2 + 1>] (i75) Cp.

(2.67)

The notation Cr means the following: transpose the four-dimensional vector of fermions
Cr as given in (2.65) and take the Dirac conjugate ¢ = 1)+ of each fermion inside of it.
The explicit formula for the diagonal fields in terms of the Clebsch-Gordan coefficients is

given by
Jij2 _ § : .1 ; ) .1 ; .
Behmjl;zQ,ij - <€17 mi;3,Ms ’]17 m]1><£27 ma; 5, Ms, |.72> mJ2><Cms1,m32 )517m1§52,m2’
Msq,M1
Msq,1M2

(2.68)

where the total angular momentum is j, = ¢, + % In total, there are four combinations
from combining j; = ¢ + % with jo = o £ % in all possible ways, each with a multiplicity
of (2j1 + 1)(2j2 + 1). The eigenvalues of each term in (2.62) are

1/1 ¢ for j=40+31,
JG+1) =0l +1 —<+1>: 2 2.69
( )~ 4 ) 2\2 ——1 for jzé—%. (2.69)

After the diagonalization, the quadratic part of the action for the fermions takes the
schematic form

2 [, i 1 ,
S=——[d x;tr [ §Ba7“8HBa — %Ba (ca +idays) By | - (2.70)

Here the index « is running over all the diagonal fields B. We will now use a chiral rotation
to rewrite this action in a form where the mass term is positive and does not contain the i+
part. Following the procedure described in [33], one finds that the required transformation is

By = cos (%) B, —isin (§) v B, 0 = arg(c + id). (2.71)

Notice that this transformation preserves the Majorana property, namely the fields By, are
also Majorana fermions. Using this transformation, one can check that the resulting action
has the form

_ 2 4 i R AN ! Ma 5z
S = e d :U%:tr [ 5B 0uB;, — 92, BoBa | (2.72)

with mq = |cq + ida| = /2 + d2. We list the values of ¢, d, and m, along with their
multiplicities in table 4.
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Mass eigenstate c d Mass m = |c + id| Multiplicity

1,1

Bhtalty gy b myy= B+ (61 +1)(la + 1)
1, 1

Bhitata—3 -l —lr—1 my_ = f% + (0o + 1)2 (61 4+ 1)l
1, .1

Bh—2bty g1 05 m_y = VL +1)2+2 01(ls + 1)
1, 1

36175’8275 51 +1 —62 -1 m__ = \/(61 + 1)2 + (fg + 1)2 6152

Table 4. Eigenvalues and eigenstates of the fermions in the SO(3) x SO(3)-symmetric case in the
k1ko X k1ks block. One must consider all combinations of ;1 =0,...,ki—1and ¢, =0,...,ks—1. For
the definition of ¢ and d, see (2.70). The values for ¢, d and m for the fields in the off-diagonal blocks
are obtained by the replacements ¢; — ]“; L and ¢y — kQQ L while the corresponding multiplicities

are obtained by the same replacement followed by a multiplication with 2(N — ki k).

2.4 Summary of the spectrum

We have now derived the spectrum for the defect CFT with SO(3) x SO(3)-symmetric vevs.
For the easy bosons (and the ghosts), we had to diagonalize the operator (L(1))? + (L(2))2
which was achieved by expanding the fields in the kiko X k1ko block in fuzzy spherical
harmonics. The fields in the off-diagonal blocks were already eigenstates of this operator.
We list the masses and multiplicities of the easy bosons in table 1.

For the complicated bosons, the mass term reads
(L2 4 (L®)2 —25 . L, (2.73)

where the term S - L is responsible for mixing fields of different flavor. Knowing that
(LM)2 4+ (L@)? is diagonalized by an expansion in fuzzy spherical harmonics, we have
subsequently obtained the eigenstates of S - L in two steps. Since we were coupling the
spin-¢ with the spin-one representation of su(2), we had to distinguish between the case
where either ¢; or 9 were zero and the case where both ¢, were non-zero. The case £, = 0
formally reduced the diagonalization problem to the one solved in [13], which we solved
using a slightly different approach that was also applicable to the second case where both
£1 # 0 and ¢9 # 0. For this case, we first diagonalized the 3 x 3 blocks TiLgl) and TiLZ@
using angular momentum coupling. The eigenstates with j; = ¢1 =1 and jo = 2 £ 1 could
trivially be padded with zeros to give eigenstates of the full matrix and their eigenvalues
are given in (2.48). For the remaining eigenstates, we had to diagonalize the 3 x 3 matrix
in (2.58) and found D4 and Dy in (2.60) with eigenvalues Ay and Ag in (2.59). Adding
the contribution from (L)% 4 (L(?))2, we obtain the masses shown in table 2 for the case
where one of the /¢, is zero and in table 3 for the general case where ¢1 # 0 and ¢ # 0. Note
that we are only listing the masses and multiplicities for the fields [q)]n,n’ in the k1ko X k1ko
block here. To obtain the masses and multiplicities of the fields in the off-diagonal block, we
use the replacement rule (2.23). The multiplicity also receives an extra factor of 2(N — k1 ks)
from the size of the two blocks. Additionally there are (N — k1ka) X (N — k1ks) massless
fields [®@], 4.
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Finally, we found that the spectrum of the fermions could be obtained by simply
employing the angular momentum techniques from [13] for each sector. The only additional
step was the chiral rotation which allowed us to trade the term with 45 in the action for a
standard mass term. The fermion spectrum is shown in table 4.

Let us compare the spectrum for the defect CFT with SO(3) x SO(3)-symmetric vevs
dual to the D3-D7 brane system derived here to the one for the defect CFT dual to the
D3-D5 probe-brane system, where only three scalar fields get non-trivial SO(3)-symmetric
vevs, derived in [13]. In the D3-D5 system, the spectrum can be derived using Clebsch-
Gordan coefficients only, i.e. it is not necessary to employ the two-step process that we
used to rederive it here. In the D3-D7 system however, Clebsch-Gordan coefficients are
not sufficient as can be seen from the appearance of square roots in the mass eigenvalues.
Furthermore, in the D3-D5 system, supersymmetry was visible in the spectrum. Defining
v=4/m2+ i for the bosons and comparing it with the mass |m | of the fermions, one could
see that the steps between these parameters were half-integers. This could be attributed
to supersymmetry in AdSy, where the conformal dimensions are given by A = % + v for
the bosons and A = % + |my| for the fermions. The conformal dimensions within one
supermultiplet however differ by % which implies the observed relation between v and |my|.
In the present case, we can only relate three of the masses that appear in the spectrum of
the bosons; namely, we find the relation

vo=\/mZ +§ =Veasy T 1, vp=1/m2 + 1= Veasy — L. (2.74)

This is consistent with the fact that supersymmetry is broken in the D3-D7 system.

3 Propagators

In this section, we take into account the effect that the z3-dependence of the ‘masses’
has on the propagators of the scalars (subsection 3.1) and the fermions (subsection 3.2),
following [13]. We then derive the propagators of the flavor eigenstates that occur in the
action in terms of the propagators of the mass eigenstates. Thus, this section provides the
framework for doing perturbative calculations in this defect CFT.

3.1 Scalar propagators

The propagator for a generic scalar field with mass term ’;‘—22 is the solution to

3

2 2
(-a“a“ + 7;’;) K™ (z,y) = 9Y2M 5(z —y). (3.1)
3

As noted in [16], the propagator of a scalar with mass %,2 in (d+ 1)-dimensional Minkowski
3

space is related to the propagator of a scalar with constant mass m? in AdSgz, ;. The
relation is explicitly given by
2

2 d—1
2 g _oal oo 5
K™ (2,y) = %(%’3?13) 2 Kjys(,y), m*=m?— 1

(3.2)
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In our case, d is the dimension of the defect, i.e. d = 3. Using that m? = A(A — d) in
AdSgy1, we find that the scaling dimension A is

d
A=—-+v, v=y/m?+

5 1. (3.3)

A closed expression for the scalar propagator in AdSgy1 using Euclidean signature can be
found e.g. in [34]:

I'(A)&(z,y)~
(2A — d)md/2T(A — &)

Kius(z,y) = oA oF1 (2,855 A = § +1;8%(x,y)) (3.4)

with

2x3y3
234+ Y3+ (w0 —yo)? + (w1 —y1)? + (w2 — y2)?

(z,y) = (3.5)
For the Feynman-diagram calculation, we will require the propagator evaluated at x = y.
In this case, the propagator diverges (in the UV) and needs to be regularized. Our
regularization of choice is dimensional regularization (or rather dimensional reduction, as
we discuss below). Moreover, we want to keep the codimension of the defect at 1, such
that its dimension becomes d = 3 — 2¢. The expression (3.4) cannot be used in this case.
Instead,

2
1
K" (z,x) = M

1
2 Ton7a {m2 ( - log(4m) + vg — 2log(z3) + 2V (v + 3) — 1> - 1} ,

(3.6)

which is derived from an integral representation of (3.4), see [13]. Above, vg denotes the
Euler-Mascheroni constant and ¥ denotes the digamma function.
3.2 Fermionic propagators
After the chiral rotation, the action for the Majorana fermions takes the form
2 7 - m -
S=—— [ d*ztr [ — PO — — Y| 3.7
P 2 a 213 (3.7)

where the mass m > 0, cf. (2.72). The fermionic propagator is the solution to

- W m m 932(1\/[
—1y"0,, + ;3 K7 (x,y) = Té(x —9). (3.8)

These propagators were derived in [13, 35],
m ; m v=m—1 v=m-+1
Ki(ey) = |i"0, + | [K =" @, )P+ K" 3@ y)Pe] . (39)
3
with Py = $(1 +i73) and K¥(z,y) being the bosonic propagator.

The fermionic propagator will later be required in the calculation of the one-loop
correction to the classical solution (section 4), where fermions can circulate in a loop. As
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all spinor indices have to be contracted in this case, we will be interested in the spinor trace
of the propagator. Using (3.6), one can show that the trace of the fermionic propagator,
regularized for x =y, is [13]

2
tr Kt (x,z) = 8121\32[3 [m?’ +m?—3m—1 (3.10)
3

1
+m(m? —1) <— —log(4m) + vg — 2log(x3) + 2¥(m) — 2> ]
€

It will later be convenient to have an expression for the propagators between the fermion
fields before the chiral rotation. Before the chiral rotation, the action takes the form (2.70),

2 . 1 -
S=—— [d%tr| —Yy*o — — id . 3.11
o x tr [ 597" v 29{/,3¢(C+Z 75)14 (3.11)
Here 9 could be any of the fields By, either in the kjko X kika, the (N — k1ka) X k1ko or
the ki1ke X (N — k1ky) block. Since the mass m is related to the parameters ¢ and d by
m = |¢ + id|, the propagators between the original fields 1) and chirally rotated fields v’ are

_ - _ letid
($@)d) = Ki'wy), (W@ ) =Kp @ y). (3.12)

Using the transformation (2.71), one can see that the relation between them is
IN(IC,’d = cos? (g) K}CHd' — sin? (g) 75K1‘§+id|'y5 — sin (g) Ccos (g) {7s, Kl‘chrid'}, (3.13)

where 6 = arg(c + id). We will always be interested in the trace of this propagator,
possibly multiplied by iv5. Using the explicit form of the fermionic propagator (3.9) and
trigonometric identities, we find

- s - d — ot
tr K67 = |7:1] tr K}nilcﬂdl, tr <i’y5K;’d> = Tl tr K}nilcﬂdl. (3.14)

3.3 Color and flavor part of the propagators

In sections 2.2 and 2.3 we have found the mass eigenstates of the theory, and the propagators
between them can be obtained as described in sections 3.1 and 3.2. However, it will prove
convenient to also derive the propagators between the fields that originally appeared in
the action of N' =4 SYM theory, namely the six scalars, the gauge field, the Majorana
fermions and the ghosts. The reason is that it would be extremely cumbersome to rewrite
the interaction vertices (2.9) in terms of the diagonal fields. Note that we are still giving
the propagators for the color components [®],, and [®],, defined in (2.15) as well as
Dy, myils,m, defined in (2.24), which partially diagonalize the color part of the mixing
problem.?

5Recall that the massless fields [(I)Lz,a’ have ordinary propagators. The massless fields from the ki k2 X k1 k2
block can only propagate for x3 > 0 and appropriate boundary conditions have to be imposed at the defect
for these fields. In the D3-D5 case, supersymmetry puts constraints on the possible choices of boundary
conditions, cf. [36, 37], but in the present case we have no such guidelines. The choice of boundary conditions
for these fields, however, will not affect the results in the large-N limit.
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To find these propagators, we express the original fields in terms of the diagonal fields.
For example, for the bosons we have to undo the three steps of the diagonalization: the
flavor transformation (2.36), the Clebsch-Gordan procedure (2.55) and the diagonalization
of the final 3 x 3 matrix (2.60). The details of this calculation are shown in appendix B.

The mass term of the complicated bosons is diagonalized in terms of the fields B(il ), Bf ),
Dy and D4. Thus the propagators between these fields are simply the scalar propagators
K™ (z,y) from section 3.1 with the corresponding mass eigenvalue from table 3. The
eigenvalues A+ and normalization constants Ny and Ny were given in (2.59) and (2.61),

but we repeat them here for convenience:

1
Ay = ~5 + \/fl(ﬁl + 1)+ 0+ 1)+ %, Ni=X:(A\x—As), No=-A A (3.15)

For the matrix elements of the su(2) generators t;, we use the shorthand notation

Y4 201+1 V4 20541
st = 2 i o1s 1 Ty, = 22ty i1ty 1. (3.16)

Explicit expressions for the generators ¢; are given in appendix A.2. The propagators
involving easy fields are diagonal in flavor, and we find
2=f1 (b141)+L2(L2+1
<(A0)€1m1;€2m2 <A0);gm’1,e’2m’2> = 5218’16822’25m1,m’15m2,m’2 K" HatDHa (bt )7 (317)

= easy

where one could replace Ay with any of the other easy fields Ay, As or ¢. For the propagators
involving Az and scalars of different sectors, we find

2 2 2
(1) 7(2)\t _ (€1) (t2) K™ K™ KT
<(¢i )Eﬂnl;ézmz((bj )Zimi;lémé> = 5Z11?'15€zé’2 [ti ' ]ml,m’l [tj ’ ]mmm; ( N_ + N, - No |’

EKgbpp
(3.18)
<((/31('1)>E1m1;62mz (Ag);,lm,l;%mQ = _<(A3)£1m1:,€2m2 (égl))zama;%m;) (3.19)
. V4 A_;'_ m?2 /\_ m?2
= —i0p,0 00,0, ! 1)]m1m’15m2m’2 <NK -+ N7+K +>,
=K®A
T )\3‘ m2 )\2— m2
<(A3)€1m1;€2m2 (A3)Z’1m/1;l’2m/2> = 6Z1Z'15€2€’25m1m’15m2m; KK -+ N7+K ], (3-20)
=KAA

with qu(l) = &Z and &EQ) = (51-4_3. For the propagator between scalars from the same sector,

we find
71 ()N
<(¢£ ))e1m1;£2m2 ((Z5§ ))}ﬁmi;%m/2> = 5515115g25125m2m/2 (3.21)
850 1 pemt 4 B pemto ) Jieat™)] Krtoe K-
1gYmaimi 2£1 ) ) 2[1 1 ) €ijk|lg mi,mj 241 +1 2£1 1
=K =K1
m? m2 2 m2 m2
_ [t(fl)t(fl)] ( K™m+ i K"o- ly(le + 1) K™o K™ K +>}
om0 41)(0+1) T 26+ 10 LG +1) No N- Ny )|

=&

sym

~ 93 -



From (3.19) and (3.21), the propagators for the other sector are obtained by a simple
relabeling, e.g.

(B ermustama (B s grms) = (B tamastims BVl s rme)s (3:22)

where the (implicit) dependence of the masses on ¢; and ¢ must be taken into account as
well. In the following, we will often use the combination of spacetime propagators K,
Koop, K4, K44, KSO | K2 and K4 defined in (3.17)-(3.21).°

Before the chiral rotation, the quadratic part of the action for the fermions is diagonalized

by the fields Beﬁ%’gﬁ%, BZﬁ%’ZT%, Bgl_%7£2+% and Bel_%’ér%. Written in terms of
these fields, the action still contains 5. Therefore, the propagators between them are of the
form f(;id in (3.13), where the eigenvalues ¢ and d are given in table 4. In the calculations
in this paper, the propagators always appear inside a spinor trace, possibly multiplied by ~s,
and they can be transformed to the propagators K} by means of (3.14) which relates them
to the propagators after the chiral rotation. Undoing the diagonalization of the fermion
mass matrix, we find

— Or,0, 00,0,
<(¢i)€1m1;€2m2(l/)j)@’lm’l;Z’QmQ = (201 + 1)(20, + 1)

(3.23)

{ o OByt Oy | 102 KT by (0 1) KT

(O + 1)l K727 (0 + 1) (6 + 1) f(;el,eg}
— (GG I oy S | (02 1) (B2 = R
N el

] (R P N—y -, [(61 +1) (K;flv@ _ f(;fh—@—l)

s (K?Jrl,fz _ f(?ﬂ,—ez—l)]

1 n2

. Sl 1, —ly— S0y +1,0 S ly,—ly— 0,0
+ Z[G%I)G%)]ij[t%l)]mlm’l [t(&)]mzmg [KFl+1 =l KFlJrl P - Kp vt + Kp ' 2] }

The propagators given so far are valid for fields in the k1ko x k1ko block, not the fields
in the (VN — k1ke) X k1kg and k1ky x (N — k1k2) blocks. As we argued in section 2.2.1, we
can simply replace

k1 —1 ko — 1

61 — and 52 — 5

(3.24)

everywhere to obtain the masses for the fields in the off-diagonal blocks. For the fields
themselves, we replace (®)7,m,:69ms — [®P]n,q. To obtain the corresponding mass eigenstates,

5The cases where either ¢ =0 or £5 =0 required special treatment in the diagonalization of the boson
mass matrix, see the discussion in section 2.2.2. In these cases, the spectrum reduces to the one in table 2,
which was originally found in [13]. While the boson masses in table 3 do not have the correct limit for 1 =0
or {2 = 0, the propagators presented in this section indeed reduce to the ones found in [13].
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we have to replace the matrices Yglnl ® 174?2 by E™,, resulting in a replacements of the
orthonormality condition (2.28) with (2.20) and similar changes in the non-diagonal matrix
part. We find for the propagators between the easy fields,

<[A0]N7G[AO]L/7Q/> = 5a,a’6n,n’Keasya (325)

where as above Ag could be any of the easy fields Ay, A1, A and c¢. For the remaining
propagators, we find

(0 nal 1, ) = aw [tF @ £52], 0 KS,, (3.26)
(0l A3]]y o) = —([Aslaldl 1]y ) = 00,005 @ Ty KO, (3.27)
<[A3]n,a[A3]L/,a/> = 5a,a’5n,n’KA’A (328)

and
<[¢;§1)]n,a[¢;§1)]21’a/> == 5a,a/ |:57,j5n,n/K§;;l(g1) — Zﬁmk[tzl ® ]le]n7n/K;i’lﬁ)

- [tflt;:l ® ]lkz]n,n’K¢’(1):| .

sym

(3.29)

As above, we can simply obtain the expressions for the scalars from the other sectors
from (3.27) and (3.29), e.g.

(6P nalAslly o) = 000 (L, @ 82 KO, (3.30)

Note that it is understood that the replacement rule (3.24) is applied everywhere, in particu-
lar also in K, Kg)pp, K®A K44, Kji);l(gl), Kfﬁg)v and Kg;r(&) defined in (3.17)-(3.21). No
new complications arise for the fermions in the off-diagonal block and it is straightforward

to obtain the propagators between them from (3.23).

4 One-loop corrections to the classical solution

With the propagators at hand, we are now able to study many different quantities perturba-
tively. In this section, we start by calculating the first quantum correction to the classical
solution, i.e. to the vevs of the scalars. While it is not observable itself, it occurs as a
part of the calculation of many observables, including the one-loop corrections to one-point
functions of scalar single-trace operators considered in the subsequent section. We find
that the first quantum correction to the scalar vevs is non-vanishing, unlike in the D3-D5
system, where the vevs of the scalars were not corrected at one-loop order [13].
The one-loop vacuum expectation value of the scalars is [13]

<¢i>1—loop(x) = &Z(x> /d4y Z ‘/3((1)1(3/), CI)Q(y)a @3(3/)) (41)

$1,92,93

Here, the sum of all the contractions of cubic interactions occurs where one of the fields,
which we call ®1, remains uncontracted. The field ®; is then contracted with ¢; and the
position of the interaction is integrated over to obtain <<z5i>1_100p.7

"The only conceivable contribution of the defect fields at one-loop order is through a cubic defect vertex
V3. However, the defect fields ®2 and ®3 are massless in this case, resulting in a massless tadpole integral
that vanishes due to conformal symmetry.
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The calculation of (4.1) requires the evaluation of propagators at the same spacetime
points, i.e. K”(y,y) and tr K7 (y,y). This introduces divergences which we regularize
using dimensional regularization, cf. (3.6) and (3.10). Dimensional regularization in 4 — 2¢
dimensions changes the number of components of the gauge field to ng = 4 — 2¢ while
keeping the number of scalars and fermions fixed. This breaks supersymmetry and is
therefore not a convenient regularization scheme for standard N' = 4 theory; for instance,
non-renormalization theorems due to supersymmetry are only applicable if supersymmetry is
preserved by the regulator. Usually, supersymmetry can be restored in dimensional reduction
by introducing additional 2¢ scalars in the action [38, 39], which has been successfully
applied in V' = 4 theory (see e.g. [40, 41] and references therein).® In the defect theory,
the regularization procedure must be chosen in a way that is compatible with the theory
without the defect, i.e. with A/ =4 SYM theory. The reason is that the entire UV behavior
of the theory with defect is governed by the theory without the defect. One can see this
by considering the scalar propagator (3.2) in the limit © — y, where it reduces to the
propagator for a scalar in A/ = 4 SYM theory in four dimensions. In the following, we will
therefore work in a version of dimensional reduction where we introduce 2¢ scalars behaving
as the easy components of the gauge fields. We also note that dimensional reduction has
been applied successfully in [13] for the D3-D5 system, where it was crucial for the one-loop
correction to the vevs to vanish.

We will work in the planar limit, where N — oo and gyy — 0, such that the 't Hooft
coupling A = Ng%,; remains fixed. The computation of (¢;)1.100p is technically involved, so
we present it in detail in appendix C, while here we will focus on the results. We find that
the one-loop correction to the scalar vevs is

(A)(@) = (67 ) - (B17), () + O0N?)

A a
_ (1 WOk k) + 0<A2>) (35 e @)

(4.2)

for @ = 1,2. This result is valid for arbitrary ki, ks > 2, and the functions W(l)(kl, k2) and
W (ky, ky) are

1 16
W k) == <3m —t k:+k:—2> U (Veasy + 3)
1 2
(k1 —2) (k1 +3) (ks —2)
_ 2k (lﬁ _ 1) m%l)ﬁ\ll(l/(l),f + %) — Wmé%_\y@@)ﬁ i %)

(k1 +2) (k1 —3) ,
T ) MYt s) -

k2 -1
_(1 4 (2 )>m(2)\1’(1/0+5)+1 8

3T R 2R 1) 2 Bt -2
k14 1)(ke —1
L (k1) (ke —1)

| (T

8For sufficiently high loop orders, dimensional reduction is known to become inconsistent though [42-45].

ko + 2
(Q,Q)W%z),#l’(”@)# +3)
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(k1 +1) (k2 + 1)

) (m?, — 1) (‘P (m—) + 2ml_+>
o)

U“l‘fo* Y (m2++_1)(\p(m++)+ ! ) (4.3)

and
W (ky, ko) = WO ko, ky). (4.4)

The masses and v = /m? +i are functions of k1 and ko that are explicitly given in

tables 1, 3 and 4, where in the latter two the replacement ¢, — ka; L is understood. While
we have suppressed this dependence in (4.3), it is understood to be taken into account
in (4.4). Note that we have used (2.74) to write ¥ (v_ + 3) and ¥ (v4 + 3) in terms of
¥ (v + ).

On top of the planar limit, we can employ the double-scaling limit introduced in (1.3).
We find

) ) 2k3 )
(O oo ® = ~ g G A e s
A 2k} '

(2) -~ (2)
<¢z >1—100p(m) - 47T2(k‘% + k%) (k% —i—k%)Q <¢z >tree’

where ~ signifies that we are only keeping the leading powers in k1 and ko. Notice that the

expansion yields a result that has the desired expansion in the double-scaling parameter
A
(k¥+k3)"

Finally, let us note that the one-loop corrections to the vevs of all other fields are
vanishing.

5 Omne-loop corrections to single-trace operators

In this section, we consider planar one-point functions of gauge-invariant bulk operators of
the defect CFT. We start with general single-trace operators (subsection 5.1) following [13]
and then specialize to the 1/2-BPS operator tr A (subsection 5.2). In particular, we
consider operators with well-defined scaling dimensions A, normalized such that in the

theory without the defect the two-point functions are”
5ab
(Oa(2)0p(y)) = o=y (5.1)

9The latter requirement is necessary for the one-point functions to be observable. In general, only
(0)/]10]] is observable, where the norm ||O|| is given by the two-point function far away from the defect.
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.

(a) Tree level (b) Tadpole (c) Lollipop

Figure 2. Diagrams that contribute at tree level (a) and one-loop order (b)-(c¢) to a single-trace
operator such as (tr ZF)p_g (in the planar limit). The black dot denotes the operator and the
crosses signify the insertion of the classical solution.

On the grounds of conformal symmetry, we know that the one-loop one-point function of
these operator in the defect CFT will be of the form
c c
T3 x3

where Ag is the bare and + the anomalous conformal dimension of the operator.

5.1 General single-trace operators

We will consider a general single-trace operator built out of the scalars,

O(l‘) = Qnizi tr(¢i1¢i2 s ¢1L)(x)7 (53)

which is required to have a well-defined scaling dimension. At leading order, this requires
the operator O to be an eigenstate of the one-loop dilatation operator and hence the wave
function 0% to be a solution of the one-loop Bethe ansatz [46].

We can evaluate the one-point function of this operator at tree level by inserting the
classical solution (2.4) for the fields ¢;:

(Ohtree(w) = O"2L tr(¢5 65, . .. 5 ) (). (5-4)

At one-loop level, there are two diagrams that contribute to the one-point function, see
figure 2. Following [12, 13|, we will call them lollipop and tadpole diagram.

The lollipop diagram is one-particle reducible and describes the one-loop correction
to the classical solution. Its contribution is obtained by considering all fields ¢; at their
classical value qbfl, except for the one at position ¢;, which is replaced by its one-loop
correction. We then sum for all possible values of j =1,... L,

L
(ONoi() = 0213 " (] . (i) 1100p - - - 5 ) (). (5.5)
s
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For a particular O, this diagram can be evaluated using the correction to the vevs (4.2)
which we have calculated in the previous section.

The tadpole diagram is obtained by expanding the fields around the classical solution
as ¢; = qb;?l + QEZ-, and keeping only the quadratic terms in the quantum part (;31 The two
quantum fields in a particular term of this sum must be Wick contracted, and one obtains

L . - . . ~ ~
(O)taa(x) = Y OFtinin b gr(gf G iy, ... 65 )(x)
J1,j2=1

; (5.6)
= Z Oil“.ijiﬂ—l“.n tI‘( ﬁ cee EnaEan/ tee gi)([qgij]nya[éij+1]a,n/>'
j=1

In the second line, we have used that in the large- N limit only contractions from neighboring
fields contribute. Moreover, propagators between fields in the off-diagonal block scale like
N — k1ky >~ N, whereas propagators from the k1ko X k1ks block would scale like k1ko < N,
so we are only keeping the former. One can a priori calculate this diagram for any particular
operator O by using the propagators in (3.26) and (3.29).

The one-point function of a general operator O can receive two additional corrections
at one-loop order. If the contribution from the tadpole diagram in (5.6) is UV-divergent,
the divergence has to be canceled by the renormalization constant Z = 1+ Zy_joop + O(\?).
At one-loop order, the corresponding correction to (O) is

<O>1-loop,2<x) = <Zl-100p0>tree($)- (57)

The second additional correction to (O) arises from the first quantum correction to the
wave function O"1%2L of the operator. Since we are considering operators with well-defined
conformal dimension at one-loop level, O"1%2-L is already a one-loop eigenstate found by
diagonalizing the one-loop dilatation operator. The first quantum correction therefore

comes from the two-loop eigenstate (’);{fg(-)-bu’
(O)1:100p,0(2) = Oél_llgopu tr(¢5 o5k - - o1 ) (). (5.8)

Thus, the one-loop one-point function of a generic single-trace operator is

<O> 1—loop(x) = <O>lol(x) + <O>tad(33) + <O>1-loop,2(m) + <O>1—loop,(9(x)- (5'9)

Finally, we note that the planar one-point function of a multi-trace operator is given by the
product of the one-point functions of its single-trace factors.

5.2 One-loop one-point function of tr Z%

We will now particularize the results from the previous subsection for the 1/2-BPS operator
O =tr Z*, where Z = ¢3 + i¢s. The tree-level one-point function of tr Z% is obtained by
replacing all fields by their classical value:

(—i)"(kF + k3) >+ sin [(L + 2)]

(tr Z" )ppee = tr [(ZCI)L} = 2baf (L +1)(L +2)

(5.10)
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This and other color traces have been collected in appendix D. In the above equation, we
have defined the angle 1)y = arctan(k/k2). Moreover, the symbol ~ is used here and in
what follows to indicate that we are only keeping the leading-order term in the limit where
k1 and ko are large. The result vanishes unless L is even, so this will be implicitly assumed
in the following discussion.

Now we proceed to study the one-point function of tr Z beyond tree level. Since
the operator tr Z* is 1/2-BPS, in the theory without the defect it is protected from
quantum corrections; therefore, (O)1100p.z(x) = 0 and (O)1.100p,0(x) = 0. However, for
the latter statement to be true, we must use a renormalization scheme that preserves the
supersymmetry of the theory without the defect, and therefore it is required that we use
dimensional reduction in our calculation. We conclude that if we use dimensional reduction,
only the lollipop and tadpole diagrams contribute at one-loop order,

(tr ZF Yoy = L tr [(Zd)L’l(Z)l_loop] (2= L [(Z)P222). (5.1

In the remainder of this section, we will evaluate these two diagrams.
To calculate the lollipop diagram, we use (5.11) and the one-loop correction to the
vevs (4.5):

AL
27['21'3(]{% + ]{2%)
L AR R

T 2L Hn2(L + 1)(L + 2)ak
N kg)Lcos(szo)). (5.12)

(tr 2% )11 . (kg tr [(Zd)L—lt’gl ® n,m] ikt tr [(Zd)L—1 1y, ®t’§2} )

(063 = k) (ki + K3 + Unka)(L + 2)) sin( L)

In the second line, we have used (D.7) in appendix D to compute the color traces.
Finally, the contribution from the tadpole diagram (5.11) is

2 2
(tr Z" )iaa = NI (tr [(ZCI)L_Q]lkl ® (157) ] KS@ — tr [(Zd)L—2 (4) e nkg] KM

(22 (KGY) — KG) + 20 [(2) 24 @ 7] Kfpp>,
(5.13)

where we have used the propagators (3.18) and (3.21). We can expand this expression in the
limit where k; and kg are large, which combined with the color traces in appendix D gives

AL(=i) (k3 + k3) %1
2L+272(L — 1) (L 4 2)z%

(tr Z5) o = [kalkg cos(Lapo) — (k2 — k2)sin(Lu)|.  (5.14)
Notice that the tadpole diagram does not depend on the regulator e from dimensional
regularization. In fact, even though (5.14) is applicable only in the double-scaling limit, the
regulator drops from the tadpole diagram even for finite k1 and k. This is an important
consistency check; since tr Z% is a 1 /2-BPS operator, it should not be renormalized, so we
should not find any UV-divergences and the terms proportional to % should cancel.
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We can combine the tree-level result (5.10), the lollipop diagram (5.12) and the tadpole
diagram (5.14) to obtain

Rt + ! A(kiko)? + (L2 +3L —2) (ki + k3)  (5.15)
(tr Z% ) tree 472(L — 1) (kf + k%)?’ 1 2

2
+2(L — 1)(L + 2)k1ks (K — k3) cot[(L + 2)1/10]) +0 (W) :

Note that the result has indeed an expansion in the parameter m as suggested by the
1 2
string-theory dual of the defect CFT. Moreover, the result (5.15) precisely agrees with the

supergravity prediction (1.4) quoted in the introduction!'’

6 Outlook

While the main result of the present paper is a highly non-trivial positive test of AdS/dCFT
for a configuration where supersymmetry is completely broken, an important accompanying
achievement is the establishment of a perturbative framework for the SO(3) x SO(3)-
symmetric defect CFT involved. A crucial step of this achievement was of course the
determination of the exact mass spectrum of the theory using fuzzy spherical harmonics,
but an equally essential step was the rewriting of the resulting propagators of the theory in
terms of generators of su(2) x su(2). Worth stressing is also the recognition that dimensional
reduction constitutes an appropriate regularization scheme being compatible with the
supersymmetry of the underlying bulk CFT which governs the UV behavior of the defect
CFT. We have used our perturbative framework to calculate the one-loop correction to
the classical solution in the planar limit and obtained an explicit result for the one-point
function of tr Z in the double-scaling limit; in the future, it would be interesting to go to
finite N (following [13, 47]), to obtain explicit results at finite k; and ko for tr Z* and to
go to higher loop orders. With the perturbative framework in place, the scene is also set
for the calculation of quantum corrections to other quantities of interest in the defect CFT,
such as other types of correlation functions or Wilson loops. In the case of the simpler
D3-D5 probe-brane setup, the calculation of a simple Wilson line to one-loop order [48]
confirmed the prediction of a classical string-theory calculation [16] consisting of evaluating
the area of a minimal surface in the double-scaling limit (1.2). The circular Wilson loop of
the D3-D5 defect CFT was analyzed in [49] and the case of two anti-parallel Wilson lines
was considered in a search for a Gross-Ooguri transition in [50]. Finally, the calculation of
two-point functions of the defect CFT allowed for data mining in N/ =4 SYM theory by
means of the boundary conformal bootstrap equations [37]. A special class of two-point
functions was considered in [51].

In the case of the defect CFT based on the D3-D5 probe-brane setup, where only three
scalar fields get non-trivial SO(3) symmetric vevs, the one-point function problem showed

10To be precise, the supergravity prediction is for the unique SO(3) x SO(3)-symmetric chiral primary
operator built from L scalar fields [21]; while this operator is not equal to tr Z~, tr ZL has a non-vanishing
projection on it (induced by the norm from the two-point function far away from the defect), such that the
ratio of the one-point function and the tree-level one-point function of both operators coincide.
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very strong signs of integrability. Hence, it was possible to express the tree-level one-point
function of any scalar operator in a closed formula valid for any value of the representation
label k [11]. The formula could be extended to one-loop order in the SU(2) sub-sector and a
conjecture for an all-loop asymptotic formula for this sub-sector was put forward as well [14],
which extends the match with the supergravity prediction [15] for (tr ZX) in the double-
scaling limit to all loop-orders smaller than L. The calculation of a tree-level one-point
function can be formulated as the evaluation of the overlap between a Bethe state describing
the operator in question and a so-called matrix product state [8], and the apparent integra-
bility of the one-point function problem in the D3-D5 probe-brane set-up was suggested to
be a consequence of the matrix product state being annihilated by all the odd charges of the
integrable spin chain underlying the spectrum of N' =4 SYM theory [52]. One can explicitly
check that the matrix product state of relevance for the computation of one-point functions of
the SO(3) x SO(3)-symmetric defect CFT is not annihilated by the odd charges of the N = 4
SYM spin chain [53]. In accordance with this, it has only been possible to derive results
for tree-level one-point functions of non-protected operators on a case by case basis [53].

On the other hand, one can prove that the matrix product state of relevance for the
computation of the one-point functions of the earlier mentioned SO(5)-symmetric defect
CFT based on the non-supersymmetric D3-D7 probe-brane system with probe geometry
AdS, x S* is indeed annihilated by the odd charges of the N' = 4 SYM spin chain [11].
Although only a few exact tree-level results and in particular no closed formula exist
so far [54], this observation indicates that setting up the perturbative program for the
SO(5)-symmetric defect CFT could potentially be very rewarding. We have already taken
the first step in this direction by explicitly determining the mass spectrum of the theory
via a further generalization of the method of fuzzy spherical harmonics [30], and we hope
to be able to report on the completion of the program in the near future.
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A Conventions

In this appendix, we summarize our conventions for field-theory calculations (appendix A.1)
and fuzzy spherical harmonics (appendix A.2).
A.1 Field-theory conventions

Throughout the paper, we choose the metric of Minkowski space to have mostly positive
signature, i.e. n* = diag(—1,+1,...,+1). We will work in (341) dimensions, and we will
denote by d = 3 the dimension of the codimension-one defect. For the fermionic fields, we
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take the four-dimensional y-matrices to be

0 ot , ~1, 0
P = (w 0) , P =iyl = ( 0 112) : (A1)

with o# = (1,0%), 7" = (12, —0c*) and {y#,7*} = —2nH*.
For the four-dimensional matrices G* that appear in the reduction of the spinors in ten
dimensions to four dimensions, we use the same conventions as in [13]:

cl=cV=i(" "), a=cP =i " ") @=cP=(""),
o3 0 —o01 0 0 o9

ct=cP =i " ") =c?= (0] ez =i V)
—o9 0 1, 0 0 —o2

The matrices in the first line are Hermitian, (Gz(»l))T = Ggl), while those in the second line

are anti-Hermitian, (Gz@))Jr = —Gl@). Their (anti-)commutation relations are
{660} =20, |G, 6] = —2iec), s
{Gz@)? G§2)} = _25ij7 [G§2)7 G§2):| = _QEijka )

A.2 Lie algebra su(2) and fuzzy spherical harmonics

For the vevs with SO(3) x SO(3) symmetry, we will need explicit expressions for the
generators t; of the corresponding Lie algebra as well as for the fuzzy spherical harmonics
ng that serve as a basis for the fields in color space. Those are given here using the same
conventions as [13].

The basis matrices Eij are defined to have a 1 at position (i, j), i.e. [Eij]m’n = 0imdjn-
We use the same form of the k-dimensional matrices t; of su(2) that was used in [8], namely

k—1 k—1 k
ty = chynEnn+1, t_ = ch’nEnJrln, t3 = Z dk’nEnn, (A4)
n=1 n=1 n=1
with the coefficients

1
Ckn = V n(k —n), dk,n = 5(1{: —2n+1). (A.5)

Defining also ¢; = 3(t; +¢_) and t5 = - (¢4 — t_), these matrices satisfy the commutation
relations of su(2),

[ti, tj] = i€k lk. (A.G)
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The k-dimensional matrices ¢; can be used to construct su(2) representations Y}Zm of
spin ¢, for £ =0,1,...,k — 1, cf. [55, 56]. The k x k matrices ng are essentially given by a
symmetric and traceless polynomial of degree ¢ in the generators ¢;,

S [
R T TR G

/2
) SO s dy, £=1,. k=1, (A7)
1,00

where the su(2) generators have been rescaled to

R | 4 s

and the coefficients fﬁm implement the symmetry and tracelessness conditions. Note

1
that the last equation d;ﬁnes the fuzzy two-sphere with coordinates Z; and that the
construction (A.7) stems from the observation that on a normal two-sphere a basis of
functions can be constructed as a homogeneous polynomial in the Cartesian coordinates z;,
i = 1,2,3. These functions are the well-known spherical harmonics Y;™.

We now give some properties of ng that are important for our purposes. With the

normalization as above, they satisfy

(f@m)T = (-1)™Y;™ and tr [(YZ’”)T an] S I - (A.9)
We also make use of the relation between the generators ¢; and ng for £ = 1, namely
ti=c <Y1_1 - Yf) , ty=ic (Yfl + Yf) oty = V2P (A.10)
with
c= (-1 k(R — D) (A.11)

B Color and flavor part of the propagators

In this appendix, we derive the propagators between the fields that originally appeared in the
action of A" =4 SYM theory. We focus on the propagators involving the six scalars and the
gauge field; the propagators involving the Majorana fermions can be obtained in a similar
way. To obtain the propagators, we will express the original fields in terms of the fields
in which the mass term of the action becomes diagonal. For example, for the complicated
bosons with £1, 5 # 0, we have to undo the three steps of the diagonalization: the flavor
transformation (2.36), the Clebsch-Gordan procedure (2.55) and the diagonalization of the
final 3 x 3 matrix (2.60).

After the flavor transformation, S - L is in the form (2.39) and the transformed vector
of complicated fields is

o
vic=|c® |, (B.1)
Az
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where C( and C® were given in (2.37). In the 3 x 3 blocks TZ-LZO) and TiLz(?), we
diagonalize using Clebsch-Gordan coefficients and obtain the eigenstates (B™M);, 1 1:05.mo
and (B®)y, i .j».ma.to- The relation to the fields C(ia) and C’(()a) with a = 1,2 is

(Yo = D (6mi1, £1j,m £ V(B mattr (CS)om = > (m;1, 017, m) (B mse.
J J
(B.2)
For j; = ¢1 £ 1 and jo = 5 + 1, these fields diagonalize S - L and it only remains to
diagonalize the 3 x 3 matrix in (2.58). The fields Dy and Dg in which the mass term is
diagonal were given in (2.60). Inverting this relation, we find

Bél):—m;%_im<;%+\/’%>,

B = A D —iEG AT (e ). ()

VN N_
Ao At
A3 =—=D1 +
VN VIN_
We begin with the propagators between scalars from different sectors and those involving
Az using the notation described in section 3.3. They contain at most one su(2) Clebsch-
Gordan coefficient from each sector, which we can express as the matrix element of an su(2)

D_.

generator t;. In particular, we do not yet encounter products of su(2) generators unlike in
the propagators for scalars from the same sector. For convenience, we define

[rﬁ]mm/ =L+ 1)C,m;1,s/0,m + 8)0p! mets, (B.4)
for s = —1,0,1. One can check that r+ = :thF/\/Q, ro = t3, rl = r_, and finally
[(rﬁ)T]m,m/ =L+ 1), m — 551,80, m)0p1 —s- (B.5)

Using this notation, it will be easier to keep track of factors +1/ V2. The propagators
involving As are

A 2 A 2

. V4 +

<(C§1))51m1;52m2 (A3)z/1m’17£’2m’2> = _15513’16324'267712771'2 [rsl]mhm'l (]V_Km + MKm+> 9
. )\+ 2 )\_ 2

<(A3)f1m1;f2m2 (C‘gl));[/lm’lyggmy = 25Z1€’15£2€’25m2m’2[(rﬁl)”mhm’l (N_ K™= + MKm+> s

A2 2 A2 2
T — + 2 -
((A3)f1m1;€2m2 (A3)g/1m/1;g/2m/2> = 5Z12’1552£’25m1m’15m2m’2 <N_Km + N—&—Ker> .

(B.6)
)

To obtain the same propagators for C§2 , we simply relabel as in (3.22). For the propagators

that mix the two blocks, we need

1 2
((B(() ))€1m1;€2m2 (B(() ))Z’lm’l;éém’2> = 5£1£35£26’25m1m35m2m’2

K™ K™ K™
No TNy N )7

X\/£1(€1+1)\/€2(€2—|—1)< + —

— 35 —



and we obtain

2 ¢
(Ctrmastams (CEVY vt 1 s = B8ty [T iyt () Ty
X + — .
N_ N, Ny

Converting to the fields ¢; is a matter of undoing the flavor transformation,

2 2 2
(1 ~(2 ¢ ¢ K" K™ K™
(A ermastams (B Vb ) = 00065005, T8 oy s 8] 2>]m2,m/2( - ) :

NoTND TN

11
<(¢z('1))€1m1;€2m2 (A3)Z’1m/1;12’2m/2> - _<(A3)51m1;f2m2(¢z(' ))Zﬁmi;€§m§>

) ¢ A m2 Al o2
= — 80,0, 00, [t Vg g Somams <N+K et +> ’
(B.10)

with qu(l) = d;z and 9?%(2) = q§i+3. We obtain the analogue of the last equation for the second
sector by relabeling as in (3.22).

As anticipated, the propagators between scalars from the same sector contain products
of Clebsch-Gordan coefficients and are therefore more involved. For simplicity let us focus

on one sector, say the first one for concreteness. We define the combination K ?1) as

1 1
<(B(() ))hml;fzmz (B((J ))Z’lm’l;K’QmQ = 5Z1€’15€2€'26m1m’15m2m’2

52(62—}-1) m2 Km2— Km?&-
X[iNo K™ +/01(41+1) <N_ + N, }

— RO
=K{,,

(B.11)

The propagators with C’(()l) are

(£1)
1 1 [ F ]m ,m/
<(C:(t))f1m1;f2m2 (C(g )lem,1§€l2m/2> = 5515'1 5525'2 \/51 : 5m2m’2

bhFmy —1 2 0y £my +2 m2 Fmi—1 _
=T K™ 4 Ht+ 4+ = " K ,
(201 + 1)6 (201 + 1)(€1 + 1) G +1)7 W

1 1
<(C(() ))€1m1;€2m2 (Cé ))Zimi;fém') = 5@15/15528’25m1m/15m2m’2

(L —mr+ 1)l +my +1) 2 (b —my)(lr +m1) m2 m3 0
X K .+ 4+ K"o-4+ 1 K
( (201 + 1)(61 + 1) (201 + 1)y G +1)" W

(B.12)
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The propagators between C’S_Ll ) are

(1) (1) 1 (]
(Cx ) evmastoms (O )eymtsemy ) = 50,6 9t Omsmy [

(61 + ml)(fl Fmyp — 1) m2 (fl + my + 1)(61 +mq + 2) m2
1) / KW, K+
- m1m1< 6+ )i LY T ’

1 1 1 0),(
(C) evmsstama (CL) et tgms) = 5906,000, (A R -,

K’”?lw Km?l),o N Km?1>,+
(2@1 + 1)51 51@1 + 1) (261 + 1)(@1 + 1) '

(B.13)

Undoing the flavor transformation and inserting K ?1) from (B.11), we find that the propa-
gator between two scalars from the same sector is

7(1 7(1
(A ermastams (85 ms) = 00060036, Oism

2 2
0 +1 l K™+ KM
[5z‘j5m1m’1 < L+ K™ 4 Km{é%) - Z'Gijk[tl(fl)]ml,m’l < )

2041 26 +1 2 +1 20 +1
EACINCH ( K0 N K. b+ KT K™ Kmiﬂ
i Y5 Imim] (2£1 + 1)(51 + 1) (251 + 1)51 Zl(ﬁl + 1) Ny N_ N, )
(B.14)

with an analogous expression for the other sector obtained by relabeling as in (3.22). We
note that the terms with d;; and €;;, are the same as in [13] and that the last one would
vanish in the setup of that reference.

C One-loop correction to the scalar vacuum expectation values

In this appendix, we present in detail the calculation of the correction to the scalar vevs
summarized in section 4. We split the calculation in three parts: we obtain the effective
vertex Vyg in section C.1, the contraction of the vertex with the external field is computed
in section C.2 and finally the remaining spacetime integral is performed in section C.3.

C.1 Calculation of the effective vertex

To compute the one-loop correction to the vevs of the scalars, we will need to know the
effective one-particle vertex defined by

Ver(y) = Y Va(®1(y), Pa(y), 23(v)), (C.1)

$1,92,P3

where the sum is carried over all inequivalent contractions of cubic vertices in (2.9). We
will start by calculating all the contractions assuming the limit N — oo, but keeping k;
and ko finite. We will continue to use equal signs in equations where the large- N limit has
been used. Then we will collect all contributions, and show that the regulator € drops out.
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The calculation of the contractions proceeds identically to [13], but the propagators are
different in the two setups. In this section, capital Latin indices I, J, K will run from 1 to 6,
whereas lowercase Latin indices 4, j, k will run from 1 to 3. We will perform dimensional
reduction at the end of the calculation, so in the intermediate results we will explicitly keep
the dependence on the number of fields of each species. All contractions come with a factor
ﬁ, which we will include at the end when we add all the contributions.

Since we are working in the large-N limit, all propagators will involve only fields in the
off-diagonal block. When we write a general propagator K, it will be the one defined in

section 3.3, but with the replacement ¢; — (k; — 1)/2 implicitly understood.

Simple contractions. All the contractions in this paragraph can be immediately obtained
from [13] by adapting the notation. The ghost contractions are

Vo= —tr (aw, 61, c]]) - —nf;:Keasy tr (gsm) , (C.2)
tr (i(0,c)[AH, c]]) = 0. (C.3)

All the contributions from the vertex that couples three gauge fields vanish due to the
symmetry of the propagator,

1 1 1
tr (i[A*, A")0,A,) = tr (i[ A, A]9,A,) = tr (i[A*, AY)9,A,) = 0. (C.4)

Finally, we consider the vertex tr (z [AF] dh]@qu[). The first two contractions give

I
tr (i[A*, ¢7]0,01) =0, (C.5)
and
Vi=tr (Z'[Am[]aungj) = +2N (63KA"7’> tr <¢~)[ t[) . (C.6)

Note that in the last equation we have carried out an integration by parts to move the
derivative from the field to the propagator. This is allowed because the effective vertex
will always be contracted with a scalar ¢; and then integrated, as in (4.1). For the last

contraction, note that we can use (D.21) from [13], because as in that case, we have
K4 oc K¥~1 — K¥*1. Thus, we find

Vo = tr (i[A*, $1]0,01) = +N (63K¢»A) tr (gﬁm) . (C.7)

Interaction of three scalars. We can rewrite the interaction vertex involving three
scalars as

tr ([05, ¢4][¢1, 04]) = tr (d1[ds, (65, 0.4]])- (C.8)
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There are three inequivalent contractions:

T - o.1) ki z
=t (@afon o ,1) = 2 (o K98~ L RGD Y e (Gt) + 1 60 2)
(C.9)
-~ ~ 2N n
‘/4 =tr (¢][¢J7 [¢(}17 ¢JH) Vs [ Ks(zin(g) - % (K:fngzl) + K:i/r(r})> (Cl())
k2 k ~
+ - Mo Lgom Kfpp] r(60) + (10 2),
and
1
I - N -
Vs =t ($1ds, 67, 6511) = =m0y = 1) (2G5 + K40 v (971) + (1 052)
(C.11)

Interaction of one scalar with two gauge fields. Next we rewrite the interaction
between one scalar and two gauge fields as

tr ([A", ¢51][Ay, o1]) = tr ($1[A%, [¢5, AL]). (C.12)

For 4 =0,1,2 = ¢, there is only one possible contraction:

2

= tr ($1[A", [¢5, A,])) = nA,easy;:KeaSy tr (&m) . (C.13)

In this contraction the chosen regularization procedure becomes relevant, because in
d = 3 — 2¢ space dimensions 14 casy = 3 — 2¢. We are working in dimensional reduction [38,
39] and should therefore add 2e scalars to the action that behave exactly as the easy
components of the gauge field. Thus, we should also consider the contraction

1
Ve = tr ($1[A%, [65, Asd]) = QGQyN K tr (i) (C.14)

Adding the previous two equations, we find n easy + 2€ = 3 as a prefactor. Since na easy
only appears in this vertex, we can effectively say that in dimensional reduction 14 casy = 3
exactly.

For u = 3, there are three possible contractions. The first one gives

1
= tr (¢1[A43, [¢, As))) = QyJZKAvA fr (gspff), (C.15)

while the other two do not contribute to the effective vertex:

1

tr (pr[A%, (65, As]]) = tr (o1[A®, [8F, As]]) = 0. (C.16)
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Fermions in the loop. The action contains three cubic vertices including fermions. The

first one is
3 —
1 T i i 17 ~(1
Via = 3 Dt (G0 vil) = Ny tr (10600) er K30, (C.17)
i=1
the second vertex gives a similar result,
6 —
]. - z ~ ~ . g
Vio = 3 Z tr (ijjk[gbi, 751%]) = —Nny tr (th)qbZ@)) tr <175K§;2)> , (C.18)
i=4
and the last contraction vanishes,
1 i
3t (07" [Au, ¥]) = 0. (C.19)

It is important to remember that when the fermion propagators are being regulated one
has to use (3.14) and (3.10). The combinations of propagators (C.17) and (C.18) are

~(1) _ 1 r-—401,02 7, l1+1,42 -—01,—4a—1 o 41 +1,—4o—1
Kp'= (201 +1)(205+1) [(62 + 1)<KF Kr ) b (KF Kr H
y (2) o 1 I 7@1,@2 _ I 751,7@271 ~£1+1,52 _ ~£1+1,7€271
Kp'= (20, +1)(205+1) Wl * 1)<KF Kr ) +h (KF Kr )}
(C.20)

and the replacement (2.23) is understood.

Summing up all vertices. The full effective vertex is the sum of all the contractions
calculated in the previous subsection. We also have to remember to restore the overall

prefactor of QQL of the action, i.e.
YM

2
Ve = 25— (Ve Vit Vot Va b Vit Va o+ Vo - Ve 4 Voo Ve + Vi) (C.21)
YM
Inserting the expressions from the previous paragraphs, we see that the vertex contains a
part that depends on the regulator terms f.(y) = —% —log(4m) +vg — 2log(ys) — 1 and a
part that is finite as € — 0,

Vet = Vet,e + Vet fin- (C.22)
The e-dependent part is
Vett,e (Y3 k1, k2) = ?)Q:T]jygfe(y) (KT + K3) (ne + 21y — 11,(1) = Mg, (2) — N casy)
— 2 + 20y + 5y (1) — g2 — P casy — 18)| tr (V) + (15 2).
(C.23)

This is zero for na easy = 3,nc = 1,nyp = 4 and ny (1) = ny (2) = 3. Note that here we are
using that we can keep na casy = 3 in dimensional reduction, cf. the discussion after (C.13).
The finite part is

_N . .
Vett,fin (Y3 k1, k2) = 228 (W(l)(lﬁ,]@)tr (52551)151(1)) + W (ky, ko) tr (@(2)1&52))) ; (C.24)
3

where the functions W (ky, ko) and W) (ky, k) are given in (4.3) and (4.4) in the main
text. This result is exact, i.e. we have not expanded for large k; and ko.
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C.2 Contraction of the stick

Now we proceed to contract the external field with the effective vertex. The traces tr(g?)g.b)tg.b))

with b = 1,2 coming from the effective vertex will be contracted with an external field (;;l(a).
For simplicity, let us consider the case where we are contracting fields from the first sector,
i.e. the case a = b = 1. Notice that t§1) is a matrix in the ki1ko X k1ks block padded with
zeros. Thus, when we multiply it with qgg-l) only the kiko X k1ko block survives when taking
the trace. Expanding <Z>§1) and <Z~>§-1) in this block in terms of fuzzy spherical harmonics and

their Hermitian conjugates, we obtain
—

QBZ(-I) tr(&gl)tgl)) = <(¢~5§1))€1,m1;£2,m2 (ngl))zll,mfl;z/27m/2>

T (C.25)
Yzlnl ® Y'Z’;"Q tr |:(YZL1 ®Y7,2n2> (t;?l ® ]1k2>:| .

In the previous expression, the trace can be simplified further. We start by expanding the
matrices t; and 1 in terms of the fuzzy spherical harmonics ng as

= (@)m Y Lk = ()P Y200 (C.26)
mi=+1,0
The explicit coefficients (¢;)m, can be obtained from (A.10) and (A.11) in appendix A.2.

Using that the ng are traceless for ¢ > 0 and proportional to the identity for ¢/ = 0, we
obtain

] A\ T A\ T A\ T
ml m2 kl _ ml kl m2
tr[(YK,l 27, ) (¢ ®11k2)} — tr [(Ye,1 ) t! ]tr[(Y% )] com
= (_1)k2+1 \Y ) 5@’1,1 5(’270 6m’2,0 (Cj)m’l'

Inserting this into (C.25), we find that the propagator between the scalars has to be evaluated
for 5 = 0, = my =mf, =0 and ¢, = ¢{ = 1. The explicit form of the propagator is

~ ~ m2— m2=
(B3 (3] ) = Gy g (B0 + LE0)

i k1=3 m?=0 m2=6 (C.28)
—3€ik[ty' " J2—my 2-m] (K KT T )

Combining this propagator with the explicit form of ¢j" and the 3 x 3 matrices t;“:s,
we obtain
r— —

o (@) = (1 @ 1) K0, 6 (@) = (1, @)K (C.29)
The contractions where the external field and the one inside the trace are from different
sectors vanish,

P 1

oM tr(3P1D) = 6P r(3VD) = 0. (C.30)
The contraction of the easy components Ag, A; and As of the gauge field with the vertex
vanishes because the propagator between them and the scalars is zero. Furthermore, we find

7(1),(1) 1(2),(2)
Az tr(@ V1)) = A3 tr(6P4) = 0. (C.31)

This shows that only the vevs of the scalars receive one-loop corrections.
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C.3 Spacetime integral

In order to evaluate the correction to the scalar vevs (4.1), we are only missing the calculation
of the integral over y. The propagator in the integral has mass m? = 6, or equivalently

v = 2, and it can be expressed in terms of elementary functions,

27

2
K”Z%(m,y) _ g Syt 21 (2,35 5:6(2,9)°)

2 10772x3y3 2 (C 32)
_ @y 1 262 -3 ~ 3arctanh(¢) .
2 dm?rzys \ €2 -1 3 '

In the second equality, we have dropped the explicit dependence of £ on x and y to simplify
the notation. In the integral, this propagator will be multiplied by a factor of 1/(y3)? that
comes from the effective vertex. Thus, the integral is

v=3 gYM ! / / / r? (262 -3  3arctanh(¢)

d4 K 2 d d a0 _

/ Y3 (z,y) 2 4An2 Y3 r zayd \ €2 -1 ¢

gYM 1 / dys (z3)72 for 0 < y3 < x3 gYM 1
2 5 (23)3(y3) > for 0 < a3 < y3 2 das’

(C.33)

where we have used spherical coordinates defined by 72 = (20 —y0)? + (21 —y1)? + (22 — 12)?
and we are working in Euclidean signature as anticipated when we discussed the spacetime
part of the scalar propagator.

One can combine the effective vertex (C.24), the contractions (C.29) and the spacetime
integral (C.33) to obtain the correction to the vevs given in (4.2) of the main text.

D Color traces

For the calculation of (tr Z¥) to one-loop order in section 5.2, we need expressions for the
color traces. More precisely, we need to calculate traces where (Z)” is multiplied with a
number of su(2) generators ¢; from each sector.

It was shown in [13] that

2 kL+1

[0)"] = VM g B (5 = grp gy H O, (D.1)

for L even while tr [(t’g)L] =0 for L odd. Here Br11(k) denotes the Bernoulli polynomial
of degree L + 1. In this paper, the most general trace that we will evaluate is

e [(Z0E ()" @ (8)"] = (;1L)L ni) (i) L g [(téfl)nm} tr {(t?)ﬁn%n] .

3
(D.2)

A particular term in this sum will not vanish if n + n; is even and L + ng — n is even. In
order for the entire sum not to vanish we need that n; and L + no have the same parity, or
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equivalently, we need that n; and L + no are both even or both odd. In either case, only
half of the terms in the sum will contribute to the result.

When n, is even and L + no is even, only the terms with n even contribute. Thus, we
must sum over a new variable m such that n =2m and m =0,..., L%J If we expand for

large k1 and ko, we obtain
L
CVa-

Ltni+ng+1
m

2m—+ni1+1 L+4+no—2m+1
< L )Z'L—Qm kl k2

2m 2m+n1+1) (L +ny —2m+1)

=0

Here O(k?) stands for terms where the combined powers of k; and ks are less than or equal
to £.

When n; is odd and L + n9 is odd, only the terms with n odd contribute. Thus, we
must sum over a new variable m such that n =2m+1and m =0,..., L%J If we expand
for large k1 and ko, we obtain
L L%J 2m+ni+2 L+4no—2m
(_1) Z < L >Z~L2m1 kl ! k2 § + O(kL+n1+n2+2)
2L+n1+n2x§f — 2m+1 (2m +ny +2) (L 4 ng —2m) .

(D.4)

The above sums can be carried out explicitly for particular values of n; and ne. In all
cases of interest for us, the traces will vanish for L odd, so we will assume that L is even in
the rest of this section. It will also be convenient to express the results in terms of the angle

1y = arctan (;?) : (D.5)

2

In the following results, the symbol ~ means that the right-hand side only contains the
leading-order term in k; and ky. The trace for ny =0 and no =0 is

o\ L (i) H (k3 + K3) 5 L sin [(L + 2)¢]
o [(Z ) } = 21Lx§(2L T +2) ‘ (D-6)
When (n1,n2) = (1,0) or (n1,n2) = (0,1), we find
A\ Ltk o (=)M(K + K
+ [k + K3(L + 1)) sin (Lao) } ,

L
2

[— k1ko L cos (L)

L—1 ( ')Lfl(k2+k2>£ (D.7)
tr| (2 1y, @ th2| ~ ! 1 2)* + k1koL cos (L
[( ) k1 3] 2LZE§1L(L+1)(L+2)|: 1~h2 ( %)
+ [B3 + K2(L + 1)) sin (L) } .
For the case n; = ng = 1, the trace gives
L—2 (—i)L+1(k2 —|—k2)%
tr| (29 th @ h2| ~ 1 2 + kikoL cos (L
[( > 3 3 } 2l L+ 2)(L—1) [ 1k2 (Lpo) 08)

+ (k‘l — kQ)(k‘l + /62) sin (Lwo) i| .
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Finally, for the cases (n1,n2) = (2,0) and (n1,n2) = (0,2) the traces evaluate to

t

tr

()7 () o] =i L

L
2

(L —1)L(L+1)(L +2) {‘F 2k1 koL cos (Labg)

+ (—2k2 + K2L(L + 1)) sin (L) } ,
o\ L2 )2 . (—i)E (k3 + K3)%
[(Z) e (i) ] = T 1)2(Lj DT [+ 2k1ks L cos (L)
+ (2k2 — K3L(L + 1)) sin (Ltbo) } .

(D.9)
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1 Introduction and summary

Recent years have seen the development of a rich interplay between number theory, al-
gebraic geometry, and the study of perturbative scattering amplitudes in quantum field
theory. Even for what is arguably the simplest class of amplitudes — those that can
be expressed in terms of multiple polylogarithms [1-6] — a great deal of conceptual and
computational progress has been made [7-29] by harnessing the geometric (or motivic)
structures with which these functions are endowed when viewed as iterated integrals on
the moduli space of the Riemann sphere with marked points [2, 3, 30-38].

Slightly more complicated amplitudes can be described in terms of elliptic multiple
polylogarithms, which can be understood as iterated integrals over the (moduli space of
the) torus. This class of functions has been the focus of a great deal of recent work and is
now also under reasonably good theoretical control (in part based on an understanding of
modular forms) [39-61].

In general, one expects increasingly complicated classes of integrals to appear in scat-
tering amplitudes at higher perturbative orders, corresponding to integrals over manifolds



with higher dimension and/or genus. Even for amplitudes known or expected to be poly-
logarithmic, this feature may be impossible to realize while preserving locality (see for
example ref. [62] and the examples discussed in ref. [63]). A general understanding of the
types of integrals that can show up is currently lacking. However, in a surprisingly large
number of cases, it has been observed that these manifolds are Calabi-Yau [61, 64-70].
Even at dimensions as low as three or four, large numbers of Calabi-Yau manifolds are
known to exist — having been constructed and studied, in part, because of their role in
string compactifications (see e.g. refs. [71-74]). One may wonder if a similarly vast number
of geometries are relevant to Feynman integrals in perturbative quantum field theories.
The answer seems to be no. Indeed, all the examples identified in ref. [64] and the entire
class of ‘maximally rigid, marginal’ integrals described in ref. [66] are members of a special
family: they are given as codimension-one (degree-2k) hypersurfaces in the k-dimensional

Lk This motivates us to better understand this family of

weighted projective space WP!
Calabi-Yau manifolds and explore the consequences of their geometry for physics.

The coefficients of the polynomials that define these hypersurfaces are functions of
kinematic data. Virtually all known examples involve (highly) singular Calabi-Yau hyper-
surfaces, and there is little doubt that these singularities will play a significant role in our
understanding of these Feynman integrals. But in this work we mostly set these bigger
questions aside and discuss the geometry of the smooth case — obtainable, in general,
by sufficiently ‘regularizing’ complex structure deformations. This regularization makes it
possible for us to compute various topological quantities, such as Hodge numbers. The
reader may wonder what is the significance of these quantities. While a complete answer
is not available at this point, we believe it is likely that the Hodge numbers will account
for part of the contribution to the dimension of integral bases in terms of which integrals
sharing a given topology decompose.

This work is organized as follows. In section 2, we review some basic algebraic and
differential-geometric aspects of these particular Calabi-Yau geometries. In particular, we
discuss their Dolbeault cohomology groups H?'? and how to compute the associated Hodge
numbers hP4, and discuss the Euler characteristics of (smooth) Calabi-Yau hypersurfaces
of WP 1F We also review the construction of canonical holomorphic forms (unique up to
an overall scaling), and discuss how the integral of this form over various cycles defines the
independent periods of the hypersurface (which in some sense characterize its geometry).

We study these aspects of Calabi-Yau hypersurfaces in WpL--bk

with the general
expectation that the integral geometries appearing in Feynman diagrams can be found to
encode some of the physics of these diagrams. Characterizing these geometries is a first
and necessary step for identifying such connections. We also expect these geometries to be
relevant to the development of technology for representing these Feynman integrals in terms
of iterated integrals. For instance, periods play an important role in the definition of elliptic
multiple polylogarithms [51, 52, 54, 56] and are required to bring differential equations
into e-canonical form [53]. However, for general Calabi-Yau (k—1)-folds beyond the elliptic
case (k = 2), the calculation of these periods still poses a challenging problem. (But see
ref. [75] for an example where it has been done for the quintic Calabi-Yau hypersurface in
P*.) Additionally, a connection between the dimension of certain cohomology groups and

numbers of master integrals has recently been established using intersection theory [76-78].



(a) (b)

Figure 1. The three-loop traintrack (a) and wheel (b) integrals.

After this geometric primer, we go on in section 3 to describe in detail two examples
of Calabi-Yau geometries relevant to massless, four-dimensional planar theories at three
loops. Unlike the analysis in refs. [64, 66], which identified these geometries using direct
integration, we here identify such hypersurfaces by taking sequences of residues (as done
in ref. [67]). We do this by first deriving manifestly dual-conformal-invariant six-fold rep-
resentations of these integrals using loop-by-loop Feynman parametrization [67, 79-81].
As both integrals contribute to planar maximally supersymmetric Yang-Mills theory, we
expect all six remaining integrations to be transcendental; therefore, each residue mimics
a polylogarithmic integration.! In both integrals, Calabi-Yau hypersurfaces appear in the
denominator when no more residues can be taken.

The first integral we study in this way is the three-loop traintrack (or triple-box)
integral shown in figure la, which has already been identified as a K3 surface by several
of the authors [67). We show here how to realize it as a hypersurface in WPLH13, The
second integral is the three-loop wheel shown in figure 1b, which involves a hypersurface
in WPLLL14  While the general three-loop wheel depends on nine kinematic variables, we
also study several of its interesting kinematic limits, some of which we evaluate in terms of
polylogarithms. Moreover, we show that the three-loop wheel permits a toy model similar
to that of the elliptic double-box [80], which has only three parameters while still involving
a Calabi-Yau threefold.

The three-loop traintrack and wheel integrals are the minimal representatives (in terms
of loop order and particle multiplicity) of massless planar topologies that contain these
Calabi-Yau geometries. They occur in massless ¢* theory (in the case of the wheel, as a dual
graph), the planar limit of maximally supersymmetric Yang-Mills theory, and integrable
conformal fishnet models [82-84], as well as in more general four-dimensional massless
theories via generalized unitarity [85-91]. For this reason, they merit focused investigation.
While the present work inaugurates this study, it offers only a coarse analysis of the involved
Calabi-Yau geometries. A more refined analysis, including e.g. Picard ranks, has been
possible for some integrals containing K3 surfaces [65, 68-70, 92, 93], for instance, using
differential equations. It would be important to analyze the Calabi-Yau surfaces identified
here and in refs. [64, 66, 67] in a similar way, although these cases will be more difficult
due to the larger number of kinematic variables.

!This follows from the expectation that three-loop integrals will evaluate to functions with uniform
transcendental weight six. Even though the notion of transcendental weight is not established beyond the
case of polylogarithms, both integrals degenerate to weight-six polylogarithms in known limits.



We conclude in section 4 by highlighting open problems at four loops and beyond. In
addition to discussing some of the broader questions that remain to be answered regarding
the appearance of higher-dimensional varieties in Feynman integrals (and the technology
required to cope with them), we consider the four-loop traintrack and wheel integrals.
Intriguingly, we are not able to identify either of these example as a Calabi-Yau hypersurface
in WPL- Lk,

In appendices A and B, we provide more background on the desingularization of hy-
persurfaces in weighted projective space and the computation of Hodge numbers and Euler
characteristics. In appendix C we review loop-by-loop Feynman parametrization [67, 79—
81] and derive a manifestly dual-conformal six-fold representation of the three-loop wheel
integral, and in appendix D we derive a dual-conformal nine-fold representation of the
four-loop wheel. In the latter case, we also describe several interesting kinematic limits
and toy models. In the supplementary material, we include the details of these examples,
as well as the equations defining the hypersurfaces obtained.

2 Calabi-Yau hypersurfaces in Wp!!-*

In this section, we characterize the k-dimensional weighted projective space WPk

which involves k coordinates of weight 1 and a single coordinate of weight k. This space
can be defined as the quotient of C**1\ {0} by the equivalence relation

(.’L'l,...,.%'k,y)N()\fl?l,...,)\[]}k,)\ky). (21)

Here, A\ € C* denotes a non-zero complex number and (z1,...,x,y) are referred to as
homogeneous coordinates on WP1F,

We will be interested in defining an algebraic hypersurface embedded into WPL-1+
as the zero-locus of a polynomial @) in the homogeneous coordinates. Of course, such a
polynomial relation has to be consistent with the equivalence relation (2.1). In unweighted
projective space, this would correspond to the requirement that the polynomial be homo-
geneous. Analogously, in weighted projective space, the total weight of each monomial
must be the same; this number is called the (overall) degree of the polynomial.

One can show (see for example ref. [94]) that the zero-locus of any single polynomial
in the coordinates of a weighted projective space defines a codimension-one Calabi-Yau
hypersurface if the overall degree of the polynomial equals the sum of the weights of the
weighted projective space. In the case of WP 1F a Calabi-Yau hypersurface can thus be
defined by a polynomial ) of degree (Zle 1) + k = 2k, which has the most general form

k
Q(xb vy Ty y) = Z Ca,B szllyﬁ ) (22)
i=1

(@B)eNgt
|&|+kB=2k

where «; denotes the i'' component of @ and |d@|:= Y, ;. The coefficients cz 5 € C are
complex numbers, and can in general depend on additional parameters (which for us will
be kinematics). However, these coefficients are only defined up to WPL LR coordinate



transformations. In particular, we can rescale all coordinates using the equivalence rela-
tion (2.1) to set c5, — 1, and additionally shift y by a degree-k polynomial in the x; to
eliminate the terms linear in y (thereby setting cgz; — 0). This brings @ into the form

Q(x1,...,Tp,y) =y° — Px1,...,21). (2.3)

Finally, we can act with a GL(k) transformation on the x;. This can be used to eliminate
k? of the (3kk:11) possible monomials in P. The remaining (3::11)
distinct hypersurfaces, which are usually parametrized by (3;__11)

— k? coefficients yield
— k% complex structure
moduli. We should emphasize that hypersurfaces taking the form (2.2) may be singular
for some values of the coefficients. For generic coefficients, they are however smooth (see
the discussion in appendix A).

We now consider a Calabi-Yau manifold X embedded as a codimension-one hypersur-
face in WPL 1% and study the forms on X. Since X is a complex manifold, any m-form
on X can be decomposed into a sum of forms with p holomorphic and ¢ antiholomorphic
pieces such that p 4+ g = m. Moreover, the exterior derivative decomposes as d = 9 + 0. In
analogy with de Rham cohomology, one can then define the Dolbeault cohomology groups
HP4(X) as the cohomology groups of 3. The dimensions of the Dolbeault cohomology
groups are known as Hodge numbers, h??(X):= dim(HP4(X)). Moreover, the dimensions
of the de Rham cohomology groups h™ are given by h™ = Zp tq=m P9 Recall that via
Poincaré duality and de Rham’s theorem, h™ are exactly the Betti numbers, which count
the numbers of independent m-cycles on X.

In an n-dimensional complex manifold in which p and ¢ run from 0 to n, one might
naively expect (n+1)? different Hodge numbers. However, due to various symmetries many
of these numbers are not independent. For example, in the case of a Calabi-Yau threefold
(k =4), h*! and h?! fix the values of all other Hodge numbers.

In general, the computation of the Hodge numbers of a complex manifold poses a
difficult problem.? In the case of Calabi-Yau hypersurfaces embedded in toric varieties —
of which weighted projective space is an example — the mirror-symmetry construction due
to Batyrev [95] provides a framework to compute (some of the) Hodge numbers from purely
combinatorial data. (For more pedagogical introductions on this topic see, for instance,
refs. [96, 97].) In short, one associates to a defining polynomial (such as @ in eq. (2.2))
a pair of dual polytopes (A, A*). The polytope A is called the Newton polytope and its
vertices are given by the (shifted) vectors of exponents of the polynomial. (Note that the
vertices of A therefore lie in an integer lattice.) One can show that in terms of (A, A*) the
Calabi-Yau condition becomes the statement that the dual polytope A* only has integer
vertices and that both polytopes contain only the origin as an interior lattice point. Some

2For smooth varieties, this can be achieved in general by Grébner bases computations. We thank the
referee for pointing this out to us.



of the Hodge numbers can then be computed from the polytopes as
him = 6, [e(A (d+1) = line(0 ] +0q_ M[ﬁ(A (d+1) = line(0) }

codim 6*= 1 codimf =1 (2 4)
+ Z elnt 1nt
codimf*=n + 1

Here ¢ and /i,y count the total and interior lattice points of a polytope, respectively, and
the sums run over faces of A and A*, denoted by 6 and 6*, with the given codimension.
Note that Batyrev’s framework explicitly excludes the case of K3 surfaces (k = 3).

This construction can be generalized to so-called complete intersection Calabi-Yaus
(CICYs) embedded into a toric variety and one can obtain more Hodge numbers as the
expansion coefficients of a two-variable generating function known as stringy E-function [98,
99],

E(u,v) = Y (=1)PTInPayPre, (2.5)
X
The construction of the function E relies on a generalization of the reflexive polytope
criterion outlined above by so-called nef-partitions. The function has been implemented in
PALP [100], which is available from SageMath [101].

For the case of a Calabi-Yau hypersurface in WP

k¥ the Newton polytope and its
dual take a relatively simple form and allow us to compute h'/ from eq. (2.4): for any
k >4, we find

(Skfl) i » j=k—2,

A k-1
b =<1 j=1, (2.6)
0 otherwise.
The non-trivial Hodge number h'"*=2 counts the complex structure moduli discussed above,

while ALl counts the single Kihler structure modulus. We have moreover verified this
formula by comparing to the stringy E-function implemented in PALP [100], which also
computes the remaining Hodge numbers.

For the elliptic curve (k = 2), the Hodge numbers are well-known to be

ho0 1
RO ROt =1 1 . (2.7)
hl’l 1

As already mentioned, the case of the K3 surface, &k = 3, is excluded in the general frame-

6+2
2

structure modulus contributes to !, allowing us to obtain the well-known result

work above. Here, in addition to the ( ) —9 =19 complex structure moduli, the Kahler

hO’O 1
R0 pO1 0 0
p20 pbl p02 = 1 20 1 . (2.8)
h2,1 hl,? 0 0
B2:2 1



For higher k, we find the following patterns of Hodge numbers:

e Calabi-Yau threefold, k = 4:

hO’O 1
Lo p0.1 0 0
B20  pLl o 0.2 0 1 0
R3O p2l pl2 p03 = 1 149 149 1 . (2.9)
3t p22 p23 0 1 0
B32  p23 0 0
B33 1

e Calabi-Yau fourfold, & = 5:

K00 1
0 pOl 0 0
h20  pLl p0:2 0 1 0
R3O p2t o pl2 o p03 0 0 0 0
pt0  p3lo p22 pl3 p04 =1 976 3952 976 1 . (2.10)
ptt  p32 pl3 pld 0 0 0 0
%2 p33 p24 0 1 0
h3  p3d 0 0
h%4 1

e Calabi-Yau fivefold, k = 6:

1 6152 67662 67662 6152 1 . (2.11)



k 2 3 4 ) 6 7 8 9
X(X) |0 24 —296 5910 —147624 4482044 —160180656 6588215370

Table 1. Euler characteristic y(X) of (k—1)-dimensional Calabi-Yau hypersurfaces X in Wp*1k
for low values of k.

e Calabi-Yau sixfold, k = 7:

1 38711 965644 2473326 965644 38711 1 . (2.12)

The structure of these Hodge diamonds is very simple; a nontrivial cohomology only exists
for degrees (p,p) and (p,k — p — 1), corresponding to their middle column and row. Inter-
estingly, the form of these Hodge diamonds is compatible with hypersurfaces embedded in
ordinary (unweighted) projective space (see appendix B.3 for a short discussion). It would
be interesting to understand why this occurs, as we currently do not know how to embed
our hypersurfaces in unweighted projective space.

To further characterize the Calabi-Yau manifold X in WP "* we compute its Euler
characteristic x(X). The Euler characteristic is equal to the alternating sum of the di-
mensions of the de Rham cohomology groups, x(X) = >, (=1)" Zp +q=m NP1, Following
ref. [94], we can obtain a closed expression for it using an index theorem, see appendix B.1
for details. We find
_1—(1—2k)* +2k?
B 2k '

X(X) (2.13)

The Euler characteristic of X for low values of k is given in table 1.

We have seen above that a codimension-one Calabi-Yau hypersurface X in WP 1*

is defined by a polynomial Q(x1,...,xk,y) of the form given in eq. (2.2). In the exam-
ples considered in the following sections, we will find polynomials of precisely this form
with different coefficients cg g, i.e. with different complex structure moduli. The complex
structure moduli of X are in principle determined by integrating the holomorphic form of
maximal degree along a basis of cycles on the manifold. While in practice this is a difficult
problem, we still give an account of how this form is constructed.



On WPk the canonical k-form €, is given by

k k
Q=ky (/\ dxn> + > (—1)"zp dy A /\ dzm | - (2.14)
n=1

n=1 m#n

The Calabi-Yau hypersurface X is defined as the =zero-locus of the polynomial
Q(z1,...,2k,y) in eq. (2.2). The holomorphic form wy_; of (maximal) degree k — 1 on X
is then given by

Q
wr_1 = Res ak . (2.15)
The residue above is determined® by the property that
Q. < Qk) dqQ
o (Res 2 ) A =2 4.0 2.16
Q Q Q (2.16)

where the omitted terms are regular on the surface @) = 0.

The hypersurfaces we encounter in the following sections turn out not to be smooth —
i.e. there are non-trivial solutions to the system of polynomial equations Q(z1,..., Tk, y) =
dQ(z1, ...,z y) = 0. Heuristically, the reason for this is that some of the monomials that
would in principle be allowed for homogeneous polynomials in the coordinates of WPl Lk
are missing in ). Moreover, the coefficients depend on a limited number of kinematic vari-
ables, which is usually much smaller than the number of complex structure moduli. In order
to regularize the polynomials arising during integration, we can however consider a defor-
mation of the complex structure, i.e. of the coefficients of the cg g in eq. (2.2). Equivalently,
we may say that we are considering the polynomials that we encounter in the following
examples as special cases of a generic (smooth) polynomial @ as defined in eq. (2.2). We

provide more details on desingularization by complex structure deformation in appendix A.

3 Three-loop integrals involving Calabi-Yaus in WP1*

Among the growing list of examples of Feynman integrals involving Calabi-Yau geometries
are those with surprisingly few propagators — such as the so-called ‘banana’ integrals or
‘tardigrades’,

@‘ and x . (3.1)

These integrals are sub-topologies* of almost all Feynman integrands at sufficiently high
multiplicity, and it seems that any integral with a sub-topology involving a Calabi-Yau itself

30utside of the hypersurface X, this residue is not uniquely defined since we could add to Res % terms
proportional to Q). However, when pulled back to X, these terms vanish.
4We consider one Feynman integrand a sub-topology of another if the graph of the former’s propagators

is a quotient of the latter’s by an (internal) edge contraction.



involves a Calabi-Yau. Thus, even for the special classes of scattering amplitudes that are
expected to be polylogarithmic to all orders (see e.g. ref. [102]), it seems impossible that
any local, Feynman-integrand-level representation can have this property term-by-term.
Thus, it is essential that we learn to better understand these examples.

This sense of the ubiquity of Calabi-Yau geometries can be made more precise in the
context of generalized unitarity, where it is possible to describe bases of Feynman integrands
subject to certain constraints. A basis large enough to represent all-multiplicity amplitudes
in planar, maximally (N = 4) supersymmetric Yang-Mills (SYM) theory through three
loops was described in ref. [90]. Although N' = 4 SYM theory in the planar limit is an
unquestionably simple theory, this basis represents a necessary part of any larger basis
needed to represent amplitudes in theories with ultraviolet behavior worse than N = 4
SYM theory (including the Standard Model). Thus, it is a natural place to start our
understanding of the Calabi-Yau geometries relevant to general amplitudes.

At three loops, the basis of integrands needed for planar A/ = 4 SYM theory consists
of the traintrack and wheel integrands shown in figure 1, and all irreducible integrands
that contain one (or both) as sub-topologies and scale like either integrand (or better)
in the ultraviolet. Thus, these two examples arise nearly ubiquitously (at large enough
multiplicity) in three-loop amplitudes, motivating us in this section to study the Calabi-
Yau geometry that arises in each. But first, let us describe the methods by which we may
uncover these geometries.

3.1 Identifying Calabi-Yau geometries via residues

Several infinite classes of Feynman diagrams have been shown to involve Calabi-Yau hyper-

surfaces in WPL-1+k

using direct integration [64, 66]. For instance, the two-dimensional
banana graphs and four-dimensional tardigrades shown in eq. (3.1) both fall into this
category. In fact, these integral families both achieve the maximum possible degree of non-
polylogarithmicity for marginal integrals. More precisely, the L-loop representative of each
family saturates a bound on the possible ‘rigidity’ of marginal integrals, where the rigidity
of an integral is defined to be the dimension of the algebraic variety one must integrate over
after a maximal number of polylogarithmic integrations have been carried out [66]. The
banana graphs have rigidity L—1, while the tardigrades have rigidity 2(L—1).°> The two-
dimensional massive banana graphs are required, for example, in the calculation of the elec-
tron self-energy in QED [103], while the massless two-loop tardigrades enter the integrand
basis for massless two-loop amplitudes using prescriptive unitarity [63, 90, 91, 104, 105].
In this work, we instead use sequences of residues to identify Calabi-Yau hypersurfaces
in Feynman integrals, as done in ref. [67]. In particular, we begin with representations of
(here non-marginal) Feynman integrals at L loops in terms of rational integrands involving
only 2L integration variables (motivated by the conjectured bound of transcendental weight

®In the case of equal masses, the three-loop banana integral was recently expressed in terms of elliptic
multiple polylogarithms [61]. While it involves a K3 surface, this K3 surface is related to the elliptic curve
describing the two-loop sunrise graph in a way that drastically simplifies the problem [92]. For general
Calabi-Yau hypersurfaces, we would not expect this procedure to work, but it would be interesting to see
to what extent it is possible. (See ref. [69] for some work in this direction.)
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Figure 2. The L-loop traintrack integral and its dual graph.

2L at L loops in four dimensions). We then examine the singular locus of these integrands
by taking as many residues as we can.® This leads us to an expression of the form

dz

P(Z)

, (3.2)

where P(Z) is a polynomial which is cubic or higher degree in the remaining variables
without repeated roots. After projectivization, this polynomial defines a codimension-one

hypersurface in W1k

via eq. (2.3).

It is important to note that the above procedure mimics but is not equivalent to the pro-
cedure of direct hyperlogarithmic integration. They are superficially similar in that direct
integration partial-fractions rational integrands to isolate poles in the integration variable,
while taking sequential residues also isolates poles. However, the partial-fractioning step of
direct integration generates a term for each pole of the integrand, and preserves information
about that pole in the form of the polylogarithmic function it constructs. If any of these
poles introduce a square root in the remaining variables, then this dependence will appear
in the polylogarithmic integrand and direct integration may be obstructed. In contrast, by
taking residues we may avoid this type of obstruction. As a result, the hypersurfaces we dis-
cuss in this section will not necessarily correspond to the degree of rigidity of the integrals
involved; the integrals may be more ‘rigid’ than the geometry we describe would suggest.

While our residue procedure does not necessarily uncover the maximally rigid geometry,
it does uncover a geometry that is important and necessary to the understanding of these
Feynman integrals. In particular, it is a geometry that should characterize the periods
obtained by analytic continuation in the kinematics. To motivate this, recall that we can
isolate any particular residue of the integrand with an integration contour tailored to that
purpose. These closed integration contours represent potential ambiguities in the original
Feynman integration contour, corresponding to the possibility to encircle additional branch
cuts. Much as analytically continuing polylogarithmic functions around branch cuts results
in factors of 27, analytically continuing one of the integrals discussed in this work should
give rise to integrals over the maximal residues we can perform — that is, integrals over
the holomorphic forms of the Calabi-Yau manifolds we describe.

3.2 Revisiting the three-loop traintrack integral

In ref. [67], some of the authors provided evidence that the L-loop traintrack integral,
depicted in figure 2, involves an integral over a Calabi-Yau (L—1)-fold. There, a manifestly

STf necessary, we perform changes of variables to rationalize square roots of quadratic polynomials along
the lines of ref. [106].
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dual-conformally invariant 2/L-fold representation was given for this integral:

[e.e]

) — [[qla dL_’; )
0/[ a 6(f1"‘fL)gL7 (8:3)

where”

fri= (aoar—1;a1bg—1)(@k—1bx;0k—10a0)(arbr;bp—10k—1) fo—1+ o (ou+ Br )+ g B,

k—1
+Z [ajak(bjao;ajak)Jrajﬁk(bjao;ajbk)+akﬂj (aoaj;akbj)+6j6k(aoaj;bkbj)], (3 4)
i=1 '
L
gr= Qg +Z [Ozj(bjao;ajbo)-FBj(aoaj;bobj) s
j=1
and (zy;zw) denotes the cross-ratio
(zy;2w) = (2]y) (2] w) (3.5)

(]2) (ylw) -

The notation (a|b):= (z,—x3)? is intended to be suggestive of the embedding (or momentum-
twistor) formalism.

We now specialize to three loops. Since each f is linear in every integration variable,
we can take residues in 1, 82, and 3 on the locus of fi = fo = f3 = 0. This leaves a single
factor in the denominator, which is a rational function of «g, a1, ao, and as. Performing
one final residue in a3, we obtain a square root of a polynomial with no repeated roots,
Pz (ap, a1, a2). This polynomial is degree six in ag and «; and degree four in ag (the latter
fact motivated the authors of ref. [67] to put this polynomial into Weierstrass form with
respect to aig, which will here prove unnecessary). Importantly, it can be checked that Px
is a homogeneous polynomial in g, o, and «ay of (overall) degree six. Therefore, writing
this hypersurface as

Q(z1, 12, 73,y) = y* — Px(1,72,23) = 0, (3.6)

we identify it as a degree-six hypersurface in WPH113 Generic surfaces of this type are
well known to be K3 manifolds, which have Hodge diamond (2.8) and Euler characteristic
24. We include the original three-loop integrand (from eq. (3.3)) in MATHEMATICA format
in the supplementary material integrands_and varieties.m.

3.3 The three-loop wheel integral

The three-loop scalar wheel integral is drawn in momentum space and dual-momentum
space in figure 3. Using the notation presented in the previous subsection, it is given by

w® / d'wad'rpd'zc (ar]az)(bi[ba)(ci]es)
(AIC) (A]ar)(Alas)(A] B)(Blb1)(Blb2) (BIC)(Cler)(Clea)

(3.7)

"Note that we have fixed a typo in f from the published version of ref. [67].
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Figure 3. The three-loop wheel integral and its dual graph.

where we have included a numerator that renders it dual-conformally invariant. In ap-
pendix C, we derive an equivalent six-fold integral representation of this integral, following
the strategy of refs. [67, 79, 81]. We quote the result here for convenience:

o0
- 23 19— o
%) = O/an d*8 d> AR (3.8)
where

ng = v1(U1U2U3V1V2V3) ,
fi= a1 +az + a1z,
for=a1(1+ ag + 1+ B2 +92) + az(l + wawa(wsBr + B2) +2)

+B1v1(1 + uruzvowsz B2 + y2) + ugvi(u1v3y1 + B2(1 +92)) (3.9)

f3= (1+ag+B1+B2+7) [011(71+/32(1+a2 Fuzv1v2f1+92) + ws P11+ +’72)>
+(1472) (w3az B+ (2 +u31}1@251)52)} +m [042(1 +u1(ws B+ B2)+2)
+ugvr (ugwi B2(1+72) + 1 (1+urv2 B2 +’Y2))} ;
and where we have used the following basis of dual-conformal invariant cross-ratios:

ur=(c1ai;a2b2) , ug=(a1bi;baca), usz=(bici;c2az),
vi=(a1a;bic2), va=(biba;craz), vs=(cic;a1b2), (3.10)

wi=(baciseaby) . wo=(caarzazcy), wz=(agbi;baay).

—

Note that the dihedral symmetry of 20(3)

ically, under the dihedral group that leaves the graph in figure 3 invariant, the u;’s, v;’s

acts quite naturally on these variables. Specif-

and w;’s each form a three-orbit. We include this integrand in MATHEMATICA format in
the supplementary material integrands_and varieties.m.
To analyze the geometry of () (3.8), we first take three residues on the locus f; = 0
by eliminating the variables a1, B2, and ;. We thereby obtain a three-form
dagdBidys
Py (02, B1,72)

where Py is a non-homogeneous polynomial. However, assigning as, 1, and 5 all weight

(3.11)

one, we can homogenize Py (g, 81,72) by adding a fourth (auxiliary) weight-one coordinate
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x4. The resulting homogeneous polynomial can be chosen to have overall degree eight, and
we denote it P%(ag, B1,72,24). As it is rather long, we do not present this polynomial in
the text, but we provide it in the supplementary material integrands_and_varieties.m.
Finally, introducing a weight-four variable y with y* = Py (x1,72,73,74), we obtain a
three-form which can be expressed as
r4dxidrodr
Wy = —AATT2T8 (3.12)
(Y

in the patch where x4 is a non-vanishing constant.

Up to a numerical factor, the three-form ws can be obtained from eq. (2.15) by taking

the residue of
Qy

3.13
y? — Phi(z1, 22, 23, 24) (8.13)

at the locus defined by the vanishing of the denominator, where €24 is the canonical four-
form on WPLLLL4 given in eq. (2.14),

Q4 = 4ydxrdrodrsday + dy< — x1dwodxsdry + rodxidrsdr, (3.14)

— x3dxidxadry + x4dx1dx2dx3).

It follows that Q(z1,2,23,24,y) = y* — Py(z1,22,23,24) = 0 defines a Calabi-Yau
threefold in WPYHL14  The polynomial ngn has (8'53) = 165 coeflicients, which can be
parametrized by (8J§3) — 16 = 149 complex structure moduli, but in our case they depend
only on the nine cross-ratios in eq. (3.10). Hence, by varying these cross-ratios, we only

explore a small part of the complex structure moduli space of our Calabi-Yau threefold.

Interesting kinematic limits. We start by considering the limit in which the legs at
the rungs of the wheel become massless. This corresponds to the condition that the dual
coordinates on either side of these legs become light-like separated, namely (a2|b;) — 0,
(b2|c1) — 0, and (c2|a;) — 0. In the variables (3.10), this sets all three parameters w; = 0:

{(a2|b1) — 0, (b2|61) — 0, (Cglal) — 0} Rt {w1 — 0, we — 0, w3 — O} (3.15)

(3.16)
(3.15)

(Notice that we denote light-like separated points in the dual graph by dashed green lines.)
It can be checked that the resulting integral is still a Calabi-Yau hypersurface in WP1114,
To see this Calabi-Yau threefold factorize into simpler geometries, we now consider

the limit in which one of these massless legs becomes soft. It can easily be checked that
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identifying as = by sets uz = vy = vy = 1:

{us =1, v1 =1, va =1, w; —» 0} (3.17)

(3.18)
(3.17)

In this limit, P(aq, 51, 72) factorizes, and one of its factors is a perfect square. This allows
us to take an additional residue. Continuing on in this fashion, we find we can take residues
in all six integration variables; so from the residue analysis, there is no irreducible geometry.
However, direct integration is obstructed after just a single integration; as we emphasized
in section 3.1, these functions may appear to be more rigid under direct integration than
their residue analysis would suggest.

It turns out this obstruction can be avoided by additionally setting v3 = 1 (in this
case our choice is purely pragmatic, and not particularly motivated by physics). On this
kinematic slice, the integral evaluates to

ui“_u;{ 0.1,1,01,0 T Go.1,0,1,00 T G0.0,1,0,00 T Go.0.0.1,1,0 — Got,1,0,00 — Go1,0,1,1.,0
-G ,0,1,0,1,0 Goué,o,l,o,o + Gy <G1 1,000 T + G 1,0,1,1,0 T Gozfll,o,l ot Goué,l,o,o

Gl ,1,0,1,0 lu(],l,O 0 GO?LO 0,0 C;0 0,1,1,0) + (Gl 5 B GOUS) (Gl 0,1,0
GIOOO G0111,0+G0100) (GIIO GIO())(GOIO G000>

+C2[ 10,00 T Got01 + Goo.10 — Gilo10 — Got00 — Goo0,1 (3.19)
+ G ( 010~ Goo o) Gy ( 101 — Gloo + Goto — 0?5,1)
+Gi's (Gﬂ,ll - ) Gy Go' } + 2C3[ 00— Gi'lo — Go't1 + Gooa
+G (G - Gy ) + Gy (Gfﬁ - G&ff)] ~ 13 (am - G+ Gmam)

+4¢ C3G1u1} + (u1 > u2),

using the shorthand G := G({w}, z). We also include this expression in the supplementary
material integrands_and varieties.m.

Further simplifications may be achieved by taking a second of the massless legs to be
soft. Identifying a; = ¢y after taking the limit (3.17) additionally sets ug = v3 = 1, making
this integral the up — 1 limit of expression (3.19):

(3.20)
us—1
v3—1
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where

U1

ul ui
- 1— U [ GO,I,LO,O 0 GO 1,0,1,1,0 GO ,0,1,0,1,0 + 0,0,0,1,0,0

ul 1 1 u1
—Gy1 1010~ Go101.00 ~ G00.1.000 ~ Go0.01.10
w1 U1 w1
+CQ< 01,10 — Goi01— Gooaot Go,o,o,1>
(751 Ul ul ul ul
+2CB( 01,11 Goio— Goo1 — Go,o,o) — 64 (GO,I - Go,o)

2565 + Ga) Gy + 4G — ) +36) -

(3.21)

We also include this expression in the supplementary material
integrands_and_varieties.m.

The last massless leg is removed by setting the final cross-ratio uq = 1:

: 12 (3.22)
1—)1 c 1
‘1 b2

In this limit, the integral evaluates to
= 20¢5. (3.23)

This might naively be surprising, as one expects the three-loop wheel to have transcendental
weight six. However, one can observe that the rational prefactor diverges in the u; — 1 limit
of expression (3.20); in order to take this limit one should therefore expand the polyloga-
rithmic part of this function in a power series, which leads to a drop in weight [15, 107-114].

A three-parameter toy model. The three-loop wheel integral allows for a three-
parameter toy model similar to that of the elliptic double-box [80]. This toy model is
defined by taking all six dual-momentum points defining the three-loop wheel integral to
be light-like separated in sequence. That is, we take

(a1]b2) = (b2|c1) = (c1laz) = (azlb1) = (bilc2) = (c2la1) = 0. (3.24)
41
&)
(3.25)
‘G
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In this limit, some of the rescalings of the Feynman parameters in our derivation become
singular.® The cross-ratios chosen in eq. (3.10) also become problematic; individually we
have v;, w; — 0, u; — oo, while the ratios

1 1 1

t1= = (blcl;bgcz), to = = ((1101§a202)7 3=
U1v2v3 U2V3V1 U3v1v2

= (a1b1;a2b2) (3.27)

remain finite. Accounting for both of these issues, we find the six-fold integral representa-
tion becomes

T 1
B s gty /d207 P25 d% , (3.28)
(3.26) 9192 93
(3.24) 0
where
g1= «aitoagtajoag,
g2i= aq(l+ag+Br1+7y2)+ (agt B2) (1+72)+71 (3.29)

g3i= o1 fBa(l+ag+B1+72) (Bit+ts(1+ag+72))+71 [t1 1 (1+72)+ta(tsan+ B1) B
+Ba(1+ag+Br+92) (taae+ B1)(1+72)

in terms of the cross-ratios (3.27).

As before, we can take residues in a1, B2, and 1, obtaining a non-homogeneous curve
Pgtgy(ag, B1,72) = Pgtgy(azl, x9,x3) that we can then homogenize with an auxiliary variable
x4. The resulting degree-eight polynomial is

P;ﬁtoy = |:.%'2(£L'%$3 — 1‘1.%'21‘4)t2 + .CL‘% (1‘1.%'3(152 — 1) — (.1‘2 + .%'3)1‘3 — (x'QtQ + .1‘3).%'4)t3

2
— xo(z1 + 22 + 23 + 24) (123 + (T3 + m4)x4)} — 2t1mo (21 + 24) (23 + 24)*

X [(xl + 2o + a3 + 24) (23 T3 3 + V17273 + Towa(T3 + T4)) (3.30)
+ towy (213 + x2) (2123 — I2x4)] + 10521 + 24) (23 + 24)*

We include both the toy model integrand and the above hypersurface in MATHEMATICA
format in the supplementary material integrands_and varieties.m.

We pause here to highlight that it is possible to see this polynomial factorize into
simpler polynomials in simple kinematic limits. Despite its presentation, the toy model’s
geometry must be invariant under permutations of ¢1, to, and t3; thus, we may consider
taking limits in any variable. However, these limits can naively look different; for instance,

8Concretely, the rescalings of the Feynman parameters (2 taken in eq. (C.19) and those for v; in eq. (C.24)
are singular in the limit (3.24). However, this observation clearly signals how these problems can be
remedied: to access this limit smoothly from our previous expression (C.25), we merely need to rescale

52H62M, W1»—>W1M,

(@1]az)(b2]c2) (az]b2)(c1c2) (3.26)
) (wleble)

(a1b2)(az|c2) (@1|b2)(azle2) ’

take into account the relevant Jacobians, and collect terms. After this has been done, the limit (3.24) can
be taken smoothly.
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if we set t; — 0 or t3 — 0, the polynomial becomes a perfect square of a polynomial with
overall degree four, while in the limit t3 — 0 it factorizes into z3 times a polynomial of
overall degree six. By symmetry, the irreducible geometry in each of these limits must
be the same. In the first case (taking the limit in either ¢; or t3), the resulting (squared)
polynomial has degree three in x1 and x4, and degree two in x9 and x3. This lets us perform
an additional residue in either xo or x3, by which we obtain a square root of a polynomial
of overall degree six. In the second case (taking the limit in ¢3) we instead take a residue at
29 = 0, after which the remaining polynomial has overall degree six. Both of the resulting
polynomials define a K3, although it is not easy to see that they describe the same geometry
(i.e. that they correspond to different parametrizations of the same hypersurface).

If we take an additional cross-ratio to zero, the curve degenerates again. It becomes
a square of a polynomial that is cubic in one variable and quadratic in the remaining two.
This allows an additional residue in one of the quadratic variables, giving rise to a square
root of a quadratic polynomial in the remaining two variables. Such square roots are ratio-
nalizable under a change of variables, so the integral should be polylogarithmic in this limit.

4 Open problems at four loops and beyond

Having shown that the three-loop traintrack and wheel both involve Calabi-Yau hyper-
surfaces that can be embedded in WPL ¥ it is natural to ask whether their four-loop
counterparts also involve such hypersurfaces.

The four-loop traintrack. Equations (3.3) and (3.4) provide an eight-fold integral rep-
resentation of the four-loop traintrack integral (which we again provide in MATHEMATICA
format in the supplementary material integrands_and varieties.m). We can analyze the
residues of this integral in the same way as was done for the three-loop integrals in the last

»-LE  Here we can take four

section, to see if it contains a Calabi-Yau hypersurface in WP*
residues, in S, 89, B3, and B4, on the locus fi = fo = f3 = f4 = 0, then one final residue in
a4 on g4 = 0 to obtain a square root of a polynomial Pgl)(ao, a1, (g, a3) with no repeated
roots. This polynomial is homogeneous, but has overall degree ten. It is degree ten in ag
and «7, degree six in a9, and degree four in ag. Taking other sequences of residues also

result in degree ten, twelve, or sixteen polynomials.

As PT(4)(a0, a1, g, az) has degree ten, y2—Pé4) (o, a1, a2, a3) = 0 cannot be embedded
in WPLLLL4 Tt can be embedded in weighted projective space WPHHL12 but this does
not satisfy the Calabi-Yau condition. We currently know of no way to embed this variety
in a weighted projective space so that it satisfies the Calabi-Yau condition.
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The four-loop wheel. The four-loop scalar wheel (or ‘window’) integral, 04, may be
drawn in momentum space and dual-momentum space as

doy 1 dor
Sm(4) _ dl' ° ° 0(112<:>d1 ) A oy (41)
ool oo by IS (o] o by
& 1oy 1 b
_/ d4xAd4de4wcd4acD (al‘ag)(b1|b2)(61‘CQ)(dﬂdg) (4 2)
(D[A)(Alar)(Alaz)(A|B)(Bb1)(B[b2)(B|C)(Cler)(Clez)(C|D)(D|dr)(Dldz) ’ '

where in the last line we have written the integral explicitly in dual-momentum space.
We derive a manifestly dual-conformally invariant integral representation of the four-loop
wheel integral in general kinematics in appendix D, finding

?ZB(‘*):/dz*dfd%d:‘g 1o (”1+"2) 43
o dpay fifafs \fo f3 (4:3)

The expressions for ng,ni,ne, f1, fo, and f3 are lengthy, but are given in MATHEMATICA
format in the supplementary material integrands_and varieties.m.

Unfortunately, this expression is a nine-fold integral, while considerations of transcen-
dental weight suggest that it should be possible to write down an eight-fold representation.
This has direct consequences for the validity of our residue analysis. In particular, it means
that we cannot directly associate the number of remaining integration parameters after tak-
ing a maximum number of residues with the dimension of an irreducible geometry. With
this proviso in mind, we can take residues in a1, d1, 51, and ae, leaving a quartic with no
repeated roots in five (non-projective) variables. This means that the geometry is at most
a fivefold hypersurface, but could be of lower dimension. Without an eight-fold integral
representation, we cannot distinguish these possibilities.

This integral has several limits with applications to integrable theories, which would
make it particularly interesting to compute. We discuss these limits (some of which are
polylogarithmic), as well as a nine-parameter toy model similar to the three-loop toy
model (3.24), in appendix D.1.

Further directions. There are many open questions regarding the types of varieties that
appear in Feynman integrals. While an increasingly large number of examples have now
been identified to be Calabi-Yau, it remains unclear whether all such varieties have this
property (and what this tells us about Feynman integrals in general).” In this paper, we
have identified two further examples of Calabi-Yaus that can be realized as hypersurfaces

oLk

in the weighted projective space WP and have characterized hypersurfaces of this

type in a number of ways. However, it again remains unclear how universal this property

9The Calabi-Yau condition in the embedding we are considering restricts the degree of the defining
polynomial; since we can deprojectivize and reprojectivize to increase the degree, it is effectively an upper
bound. Thus, Calabi-Yaus are the first class one naturally encounters.
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might be, and what it encodes about these specific Feynman graphs. To better connect
the properties of these varieties to the physics encoded in Feynman diagrams, it may prove
necessary to move to a differential equation approach [53, 70, 92, 93, 115].

There remains a great deal of technology to be developed before the integrals that
we consider might be ‘computed’. It should be possible, for instance, to develop special
functions analogous to the elliptic multiple polylogarithms [41, 48, 51, 52, 54, 56], in terms
of which these integrals could be evaluated. In particular, a coaction of the type that has
proven useful in the polylogarithmic [9, 31, 33, 34] and elliptic cases [54] should also exist for
such functions [116]. It should also be possible to develop iterated integral representations
involving the relevant Calabi-Yau geometries, akin to what has been done for instance in
refs. [41, 59]. Developing a better understanding of these spaces of functions is sure to lead
to new surprises and simplifications, as has happened in the case of polylogarithmic and
elliptic Feynman integrals over the last few years.
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A Desingularization by complex structure deformation

The varieties we encounter when doing Feynman integrals are typically singular; they
may have singularities at fixed points in the Feynman parameters or at points which vary
with the external kinematics. To define a smooth variety, we deform the polynomial(s)
that define the variety. In practice, this amounts to adding new monomials and changing
the values of the coeflicients already present. Such deformations turn out to be complex
structure deformations.

One may worry that, even after performing such deformations, we do not obtain a
smooth variety. At this point, we may invoke the Bertini theorem (see for example ref. [94]
for a textbook presentation).
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Theorem 1 (Bertini) Given a compact complex manifold X and a holomorphic line bun-
dle L over X such that at every point x € X the line bundle L has at least one non-zero
section, then the points where a generic section f of L vanishes define a smooth hypersur-

face M = f=1(0).

One way we can apply this theorem is to take the embedding space to be P”, and L
to be a holomorphic line bundle whose sections are homogeneous polynomials of degree
d. Then the Bertini theorem assures us that for a generic section f of L i.e. for almost
every choice of values for the coefficients of a homogeneous degree d polynomial, the variety
defined by {z € P" | f(z) = 0} is smooth.

In the following, we will apply reasoning analogous to the Bertini theorem to embed-

»LE - Strictly speaking, the conditions

dings in a weighted projective space of type WP!
of the Bertini theorem are not satisfied since the embedding space itself has a singularity.
If the singularity were to have dimension one or larger, then it would generically intersect
any hypersurface, and the hypersurface would inherit the singularity.

»~bLE the singularity arises at just the point with homo-

However, in the case of WP!
geneous coordinates (0,...,0,1). As a result, in the neighborhood of this point we need to

make the identifications

($17---7xk71) = (£$1>~"a£$k71)7 (Al)

where £ is a k-th root of unity. Since the singularity arises at only a single point, a
codimension-one hypersurface will not generically contain it. (Moreover, we can explicitly
check to see if this happens). In fact, even if our variety contains this singularity, we may
define a resolution and compute its Euler characteristic using for example eq. (5.1.14) of
ref. [94].

B Hodge numbers and Euler characteristic

B.1 Euler characteristic

One way to compute the Euler characteristic is to integrate the top Chern class over the
manifold. We may obtain the Chern classes of an embedded hypersurface from the Chern
classes of the embedding manifold and some data about the embedding. There are several
good presentations of this material in the literature (see for example refs. [94, 117]), so we
will be brief.

Given a bundle FE, the total Chern class ¢(F) is the sum of all Chern classes of all
degrees. Given an exact sequence of bundles 0 - A — B — C — 0, we have ¢(B) =
c(A) A ¢(C). Using this fact, we conclude that the Chern class of a weighted projective
space with weights (wo, ..., w,) is

n
c(WPvorn) = T + wid), (B.1)

i=0
where J = ¢1(O(1)) is the first Chern class of the bundle O(1) whose sections are poly-
nomials of homogeneity one. Depending on the weights w;, this bundle may not exist as
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a holomorphic bundle on WP¥0»-%»_hut can nevertheless be used as a building block for
other bundles.

We can define a codimension-m variety Y as the vanishing locus of m homogeneous
polynomials of degrees d;, for ¢ = 1,...,m. Then, the Chern class of Y is

T (D +wid)
Y= )

In this case, the Calabi-Yau condition reads

d wi=) d,. (B.3)
=0 r=1

Then the Euler characteristic is

where we have extended the integral from Y to the full WP“0»*» by wedging with a form

that encodes the contribution of the normal.

k

For our explicit examples of a codimension-one variety X in WPY ¥ we have the

Chern class
(1+F(1+ kJ)
1+2kJ ’

o(X) = (B.5)

while the Euler characteristic is
X(kal) = / Ckfl(kal) = / 2kJ A Ckfl(kal). (BG)
X Wl ,,,,, 1,k

The final piece of information we need is prl e JE = % because it corresponds to the

intersection of k hyperplanes at the singular point (0, ..., 0, 1), which has a cyclic singularity
of order k.
Using this normalization, and the expression for ¢;_; obtained by expanding the ratio

of polynomials in J,

_ i k 2 k—1

er1(Ximt) = o (1 (1 — 2k)* + 2k ) Jh1 (B.7)

we eventually find

1— (1 —2k)F 4 2k?
2k '

X(Xk-1) = (B.8)

We have tabulated the Euler characteristic for the first few values of k in table 1.
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B.2 Index theorems

We can also compute further combinations of Hodge numbers as a cross-check using various
index theorems. In particular, we have

X(Ximt) = Y (-1 dim () = [ ena(X), (B.9)

- X

Xn(Xg—1) = Z(—l)q dim Hg’q(Xk_l) = /X tdg—1(Xk—1), (B.10)

TH(X,H):Z(—nqdimﬂgq(xk_l):/}(Lk_l(xk_l), (B.11)
p,q

where x;, is the arithmetic genus and 7g is the Hirzebruch signature. Also, td is the Todd
class and L is the Hirzebruch polynomial. We present just the final answers for these

computations:
k=3: Xhn = 2, TH = —16, (B.12)
k=4: xn =0, T =0, (B.13)
k=5: Xhn = 2, T = 2002. (B.14)

The reader can easily check that these values are consistent with the Hodge diamonds
presented in section 2.

B.3 Lefschetz hyperplane theorem

The cohomology of a hypersurface is strongly constrained by the cohomology of the em-
bedding space. The Lefschetz-Bott theorem characterizes the connections between these
cohomology groups. We follow the presentations in ref. [94] (see theorem 1.4 on page 44).

In the Lefschetz-Bott theorem, we are given a complex compact manifold X of dimen-
sion n 4+ 1 and a positive line bundle £ over X. Then, given a holomorphic section A, we
denote by A71(0) the points of X where \ vanishes. We then have!’

H,(\10),2) ~ H(X,Z), q#n, (B.15)
H,(\"Y0),Z) — H,(X,Z), (B.16)

where the last map is surjective. Dualizing to cohomology and using the Hodge decom-
position (and the fact that (p, ¢)-forms pull back to (p, ¢)-forms), we obtain the result for
cohomology. We can also use the Lefschetz-Bott theorem to constrain the cohomology of
complete intersections in projective spaces, by repeated application of the theorem.
Stated concretely, equations (B.15) and (B.16) tell us that the upper and lower rows
of the Hodge diamonds that describe our Calabi-Yau hypersurfaces are inherited directly
from WP~k while its middle row can involve numbers greater than or equal to those
describing WPL+1* Interestingly, this means the Hodge numbers of these hypersurfaces

10T fact, the result is more general and holds for homotopy groups. The version for homology is listed
as a corollary, presumably by an application of the Hurewicz theorem.

~ 93 -



could also arise from a codimension-one embedding in unweighted projective space, which
has Hodge numbers h?4(P¥) = §, ,. (We do not, however, know how to realize our Calabi-
Yau hypersurfaces as embeddings in unweighted projective space.)

C Feynman parametrization of the three-loop wheel

In this appendix, we describe the concrete steps by which the three-loop wheel

@
A : (C.1)
o B, b,
b5

defined in eq. (3.7) and discussed at length in section 3.3, can be expressed as a rational
and manifestly conformal integral. This form was quoted in eq. (3.8).

Provided only a mild degree of cleverness, it is not hard to Feynman-parametrize and
integrate each of the loop variables. This is especially true for (any choice of) the first two
integrations, which are easily seen to be conformal box integrals. Let us briefly review the
mechanics of how those integrals may be performed before applying these techniques to
the integral in question.

Review: conformal box integrals in the embedding formalism. For the sake of
reference and for those readers less familiar with the embedding formalism, let us recall
that the box integral

1
d's C.2
J T (€2
can be Feynman-parametrized by introducing
V)= ai1]z1) + aslze) + aslrs) + aglzy) (C.3)
so that the second Symanzik polynomial .# may be written as
. 1
7 =) aajlaile;) = ;00 =01Y), (C4)
i<j
upon which the Feynman integral (C.2) becomes
1 yi 1
d*z x /d362 . C.5
J G [ o

Above, we have used the notation [dk&] to denote the volume form on P* as expressed in
terms of homogeneous coordinates («y, ag,...,axy1). Specifically,

[d*a] = day -+ dagi1 5(; — 1) (C.6)
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for any «;. The attentive reader will notice that Feynman’s own de-projectivization pre-
scription, dog - - - dagy1 5( >oiai— 1), is related to that in eq. (C.6) by a change of variables
with unit Jacobian and which preserves the domain of integration, «; € [0, 00].

Provided that there is at least one point |a;) such that (a;]a;) = 0, then (V1)) will be
linear in its Feynman parameter «;. When this happens, this Feynman parameter can be
trivially integrated rationally. If the reader will forgive us for being somewhat pedantic,
suppose that |))) may be written of the form

V) =1Q) +nlg) (C.7)

for any |g) such that (g|¢g) = 0 and for any n € {aq,...}; then

019) = (@1Q) + Q). (€3)

and
3 20—2 2 )
O/[d I O/[d O/d” 9 +nQ\q O/[d croom €

The Feynman parametrization of the three-loop wheel integral follows directly from itera-
tion of the above steps (with only mild cleverness at the end).

The Feynman parametrization of the wheel integral 253). Let us begin with the
(dual-momentum-)space-time definition of the wheel:

QB(?’) — / d4wAd4$Bd4wc (al\az)(bﬂbg)(cl]@)
(A|C) (Ala1)(Alaz)(A| B)(Bb1)(B[b2)(BIC)(Cler)(Clez)

(C.10)

We have used embedding-formalism-motivated notation to denote the squared-differences
of points in dual-momentum space — i.e., (aj|as):= (@1 — @2)%. Notice that all the points
in dual-momentum space appearing in eq. (C.10) — both those being integrated and those
defining the external kinematics — satisfy (z|x) = 0.

Let us begin with the integration over the loop momentum z 4. It is not hard to see
that this part of the integral is trivially identical to the box integral just discussed. Thus,
we may introduce

(Va)= arlar) + azlag) + a3|C) +1a]B) =|Qa) + 14| B) (C.11)

and perform the integral over x4 and 14 to arrive at

25 :ﬁdZ@] [t @bl e
0

Qa1Q4)(B|Q4)(Blb1)(Blb2) (BIC)(Cler) (Cle2)

Now, as with x4, the integral over xp in eq. (C.12) is just an ordinary conformal box
integral. The only minor novelty is that one of the ‘propagators’ of this integral, (B|Q.4),
involves a ‘non-simple’ point in embedding space — one for which (Q4|Q4) # 0. This
does not actually cause any trouble, however, because the Symanzik formalism defining
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the inner product (-|-) in eq. (C.4) did not require the points to be simple. (The simplicity
of the external points only played a role in making it trivial to integrate out one Feynman
parameter rationally.) Thus, we may introduce

|V5) = B1|b1) + Ba[b2) + B3|Qa) + n5|C) =(Q5) + n5|C) (C.13)

and integrate over zp and np to arrive at

i b [ do (aras)Bib)(er]en)
0/ ) [ rones et cmer  ©W

The careful reader should now be mildly worried as the integral over z¢ in eq. (C.14)
is not at all a recognizable (box) integral. Even worse: it is not even manifestly conformal
in z¢! To appreciate the magnitude of this problem, notice that the factor (Q4]Q4) in the
denominator of eq. (C.14) involves a sum of terms with different conformal weights:

(QAJ(QA) = alag(a1|a2) + 041043(0‘(11) + a2a3(0|a2) . (C.15)

Restoring conformality of this term turns out to be relatively easy. Consider rescaling
the Feynman parameters o; according to'!

ag — a1(Clag), ag— aa(Clar), ag— (ailas). (C.16)

Notice that we are actually eliminating the projective redundancy of [dzo?’] by fixing ag +—
(a1]az). (This is just done for notational compactness going forward.)
Under this rescaling,

(QATQA) (}C—lg) (a1|a2)(C|a1)(C|a2) (Oél + (65 + 0410[2) . (017)

The prefactor of eq. (C.17) cancels precisely against the Jacobian from eq. (C.16), resulting

”24 ’ d'ze (arfaz)(balbo)(ci]eo)
/d“ ﬁj/ (o1 0z + 0102)(Q5105) (125 Cle) Tl © (1Y)

in

0
We have certainly improved the situation with respect to the xz¢ integration, but
not entirely. Notice, for example, that under the rescaling (C.16), (Qp|Qp) becomes an
irreducible (and inhomogeneous!) degree-two polynomial in |C). (This is trivial to see,
considering eq. (C.17), and (Qp|Qp) = (Qa|Qa) +....)
In fact, this problem can be remedied Wlthout too much hassle. Upon rescaling the
Bi’s according to

(Clay)(a1]az) (Claz)(a1laz)
(a1]b1) (a1]b2) 7

1YWe hope the reader can forgive the abuse of notation in using the same variables a; to label the

B+ B Ba = B2 B3 1, (C.19)

integration parameters before and after the rescaling.
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and taking into account the corresponding Jacobian, the reader may verify that eq. (C.18)
takes the form

(3) o pz [drc (a1laz)*(bi]b2)(ci]e2)/(a1]b1)
B /d ap / (01 + a2 + 0102) (CIR)(CIS) (Clen) Clea) (C.20)

where we have defined the ‘propagators’ (C|R), (C|S) according to

R)= fan)n +az) + b (2 + ) 2
[8):="IR)(a1]b2) + |a1) |:a251(a1|b2)(a?|bl) + s Ba(as|be) + 5152M (C.21)
(a1or) (a1]b1)

Hao) [ (@2 + B + B2) (@lba)|

Although these new propagators are not especially simple, we may now observe that
q. (C.20) is a standard conformal box integral with respect to x¢(!). As such, our discus-
sion above can be immediately applied. We merely introduce

1Ve) = y1ler) +72IR) +43lS) + nele2) =1Qc) + nelea) (C.22)
and integrate over z¢ and n¢ to find
[ o7 2(b1[bo)(c1]c2) /(arb1)
B3 — /dza 23 a% (a1]az)*(by _ .23
) & 4Bl (a1 + a2 + a102)(Qcle2) (et Q) ( )

We are essentially done. However, the representation (C.23) is still not manifestly
conformal in the external points. This can be quickly remedied. All we need to do is
rescale the 7; Feynman parameters so that |Q¢) in eq. (C.22) becomes uniform in weight.
This can be achieved by rescaling them according to

(a1az)(az|bs)
(azlc1)

Upon including the Jacobian, gathering terms, and some minor simplifications, we obtain

05 B diell , Y2 72(@1‘()2) , Y3 1. (C.24)

the formula quoted in eq. (3.8) — namely, eq. (C.23) becomes

00
25 27 2o 1o
w (a)g/dadﬁdv fifafs’ (6.25)
where
no=v1(ujuguzvivavs),
fi= a1 +a+ajaz,
far= aa(l+ a2+ B+ B2+ 72) + co(l + wawa(wsfr + f2) +72)
+ 611 (1 4+ urugvowa fo + ¥2) + ugvi (urvsyr + fo(l 4+ 72)) , (C.26)

f3= (1+ag+B1+Ba+72) {a1(71+62(1+a2+u301v2ﬂ1 +92) + w3 Br(1+a2 +72))
+(14+72) wsazBr+ (a2 +USUIU2/81)IBQ)} +m [012 (14+u1 (w3 B+ B2)+y2)

Fugvi (ugwi B2 (1472) +F1(1+uivaBe +’Y2))} :
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expressed in terms of the basis of dual-conformal invariant cross-ratios
uy=(crar;azbs), wuo=(a1bi;baca), wuz=(bici;czaz),
vii=(ara2;bica), wva=(bibe;cras), wv3=(cico;a1b2), (C.27)
wy= (baci;cabr) ,  wai=(c2a1;a2c1), ws=(azbi;baai) .

Recall that these are defined according to

(@]y) (z[w)
(]2) (ylw) -

Although there appeared to be some magic in the Feynman-parametric rescaling in

(ry;2w) = (C.28)

eq. (C.19) — which restored not only conformality in the z¢ integration, but also its man-
ifest linearity in each factor of the denominator of eq. (C.20) — this magic in some sense
‘had to work’. Indeed, Miguel Paulos has shown [118] that all dual-conformal Feynman
integrals whose dual-graphs involve internal loop momenta connected via trees are always
possible to compute conformally by integrating one loop at a time (as described in ref. [79])
and rescaling Feynman parameters accordingly. His proof extends also to integrals whose
dual graphs are free of four-cycles — and hence, his argument also applies to 20(). Never-
theless, the existence of four-cycles in the dual graph (as will be the case for 0™ discussed
below) prevent this line of reasoning from being applied. As such, it is natural to wonder
if there is any obstruction to the magic found in the rescaling (C.19) when considered in
the context of a four (or higher-)loop wheel.

D Feynman parametrization of the four-loop wheel

Similarly to three loops, the four-loop wheel (also known as the ‘window’ integral) can be
defined in dual-momentum space as

@ / dwadvpdiredep  (ai]az)(bi[bo)(cr|cz) (d]da)
(DI A) (A]ar)(Alas)(A] B)(BIbx) (Blb2) (BIC)(Cler)(Cles)(CID)(Dldr)(Dlds)

(D.1)

As before, sequentially introducing Feynman parameters will proceed semi-trivially until
the last step as each integral is a standard, conformal box integral. Thus, we may save
ourselves some of the pedantry of the previous discussion and cut to the chase — to the
non-trivial steps at the end.

To integrate over the first three loop momenta, =4, 25, zc in eq. (D.1), we introduce
Feynman parameters according to

|Va) = ailar) + aglaz) + as|D) +nalB) =|Qa) +n4|B)
V)= B1lb1) + Balb2) + B3|Qa) + 15|C) =|Q8) +15]C) (D.2)
Vo) =mler) + ralez) +731Q) +nclD) =1Qc) +nclD),

and integrate over the Feynman parameters na,ng,nc to arrive at

[e.e]

4) _ 25] [ 23] [ 27 d'zp  (a1]ag)(br|be)(c1lea)(da]do)
w ‘/ | #a] 5] [a 7}/ (©119.4)(@5195) Q1 0c) DI Dy D) P

0
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As was the case with three loops, we now find an obstruction in the last loop integration
of eq. (D.3), as it is far from manifestly conformal.

(To reiterate a point made above, we should be clear that mere conformality is not suf-
ficient for us to Feynman parametrize and do the loop integrations. For example, consider
an integral of the form

4. 1
/d ‘ (Cla)(0b) [(C]e) (e\d) + (Cle)(e].f)] (D.4)

We know of no method by which such integrals can be systematically integrated.'? In this
work, we take a much more conservative approach, and demand that integrands be brought
to the form such that their (loop-dependent) denominators are built directly as products
of propagators.)

Somewhat surprisingly, it turns out to be fairly straightforward to bring eq. (D.3) into
a recognizable form by a sequence of rescalings as done for three loops. In particular, if we
rescale (and eliminate the projective redundancy of) the Feynman parameters according
tol3

o 041<D‘CL2), a9 > Ckg(D‘al), a3 — 1x (a1’a2>,
(D]ay)(a1]az) (D]ay)(a1]az)
= B b By 1
(D]ay)(a1]az)(b1]b2) (D]ay)(a1]az)(b1]b2)
— , — , — 1,
T @)l T P @l bole)
then the integral (D.3) becomes
T e d % (D]ay)
wW s [i% d%F d% / D : D.6
09 )T [+ a+ e OROIS OO O PP
where the prefactor in the numerator is
_ (a1]az)’ (b [b2)(e1]e2) (da |da) (D.7)
(a1]b1)?(a1[b2)? (b1 |c1) (bole2) '
which arises from the various Jacobians. Moreover, the new ‘propagators’ are
(a2]b1) (az]b2) (a1]az) (b1[b2)
R)= |a1) | + o + e
= ) [axsi (it + and I + B
Haz) (a1 (1 + g + b1 + B2) + 2] + U), (D)

S):=lag)(as +a2) + U) + V),
(a1]c1)(b1]b2) oy (a1]c2) (b1]b2)
(a1lb2) (brler) 7 (@afbr)(bafe) ]

2Integrands such as (D.4) arise in the context of all-loop recursion relations [119], and it would be

T)= 18) + lan) fr + las)on {0@ Bt Bt

incredibly interesting to develop methods for these integrations.

13 A more symmetrical choice of rescalings — one which treats the «;’s more similarly to the 8;’s — would
have worked. We have chosen the somewhat unbalanced set of rescalings in order to maximize the number
of smoothly accessible toy-model-like limits.
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in terms of

_ (a1]az) (a1laz)
U) = |b1) 51 @b + |b2) B2 @ilbs) o)
V= fey (a]az)(bafb) ey (a1|az) (b1[b2) '
T @b iler) T (@b (bofea)
and where we have defined the scalar function
_ (a1]a2)(b1]b2) N (a1]b2) (az|b1)
Jr= (ar[b0) (e ba) B1B2 + Biy1 + Baya + a2 <ﬁ1 (ax]a2) (b1[52)
(a1]b1)(azb2) (a1]b1)(azler) (a1]b2)(azlco)
a0 e+ i) ©10

+ Bom

B (a1]b2) (b1]e2) (a1]b1) (b2|c1) (b1]b2) (1 |02)]

(a1 [br) (balea) (@b2)Orler) P Grlen) (Balea)

The integral (D.6) is a conformal integral (with respect to xp) which can be done almost
as trivially as the box integral. In particular, its Feynman parametrization follows more-
or-less trivially from differentiation (with respect to /) of the (Feynman parametrized) box
integral. (The interested reader should consult, e.g., ref. [79].)

Feynman parametrization of the integral (D.6) may be done by introducing

\Vp) = d1|d1) + 62[R) + 83|S) + 64|T) + npld2) =(Qp) + npld2), (D.11)
and integrating over zp in the ordinary way. This results in a representation of 254 of
the form

[on o7 olad [ Ypla)
) — /d2a 423 d%7|d%| |d d

) b ’y[ j ) " (o1 4+ a2 + a102)(Vp|Vp)3
o . o d

_ /d%z a2 &% |d%] fdnp = ((Qplar) + 1o drfor) 3 (D.12)
s s (o1 + oo + a1a2)[(Qp|Qp) + 1o (Qplda)]
[ 05 o dzlas) (Qplay)

= [d% %6 d%|d% ~ [ G + .
0/ P 7[ j 2(a1+aotaraz) [(Qpld2)?(2p|Qp)  (2pld2)(2p|2p)?

As before, the only thing we must do to render the expression (D.12) manifestly con-
formal with respect to the external momenta is to rescale the ¢;’s such that |Qp) becomes
uniform in weight. This is in fact easy, as the reader can easily observe that all of the fac-
tors defined in eq. (D.8) scale like |ag); as such, the only term in eq. (D.11) which has the
wrong scaling weights is the first one. Rescaling as required and eliminating the projective
redundancy (now just for consistency with the previous analysis) according to

(51 — 51 (al\ag)(alldl) s (54 — 1, (D13)

the four-loop wheel takes the form

[e.e]

W /d%?dfd?*d%? 10 <”1+”2> D.14
(D.13) B ay fifefa \fa f3 ( )

0
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where n;’s and the f;’s are all directly expressible in terms of dual-conformally invariant
cross-ratios.

We might ask if we could have done better, and found a representation as an eight-
fold integral. The difficulty here is in dealing with the final pentagon integral, which we
here represent as a three-fold. These integrals can be expanded into boxes, and this would
indeed give rise to a two-fold representation. However, writing out this box expansion shows
that it contains dilogs which have square-root arguments — and these square roots would
involve the other Feynman parameters. As such, while one can indeed write down some
two-fold representation, it would not help us to understand its transcendental properties.
At present, we know of no way to write the four-loop wheel as a rational eight-fold integral.

D.1 Interesting kinematic limits of the wheel integral 25(4)

The four-loop wheel integral has several interesting kinematic limits. We discuss them
below, and provide expressions for the integral in each of these limits in MATHEMATICA
format in the supplementary material integrands_and varieties.m.

The ‘fishnet’ limit of the wheel integral 25(4). The first limit we consider is the
one in which all middle legs are light-like:

(azb1) = (bo|c1) = (co|dr) = (dzlar) = 0. (D.15)
dai. gy
d, A 0o
e P (D.16)
(D.15) - b,
° D,

Notice that a particular case of this limit — where the ‘massive’ momenta flowing into the
corners of the wheel are pairs of massless particles — is itself a particular planar amplitude
in the integrable conformal fishnet theory [82-84],

12 12 12
94 13
A(p12, P12, P12, 13, P13, P13, P34, P34, P34, P24, P24, P24) = 24 13, (D.17)
24 13
34 34 34

which is also a particular component amplitude of the 12-point N*MHYV scattering ampli-
tude in planar N/ = 4 supersymmetric Yang-Mills theory, A%). This component of the
supersymmetric amplitude corresponds to

/(dﬁ}dﬁ% ) (i - i) (i3S - di) (bt - i) A . (D.18)

We also note that in this limit (and hence all those below it), n; of eq. (D.14) vanishes.
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A nine-dimensional toy model of the wheel integral 23(%). This limit is analogous
to the toy models discussed in section 3.3 and ref. [80]. In this case, there are several
ways to ‘route’ 8 light-like points among the external points. The only one which will be
dihedrally invariant is the one defined by the conditions (D.15) and

(ale2) = (azler) = (bi|dz) = (baldy) - (D.19)
dai.n dy:.ay
dy ) A —ea s 02
< B = T (D.20)
7 b1 (D.19) Coem—gp—rp—=eb;

c1 by c1 by

In this limit, the integral will depend on the space of kinematics associated with 8 pairwise
light-like separated points — a nine-dimensional parameter space. We do not expect this
limit to lead to any drop in rigidity.

The Basso-Dixon fishnet integral I> > as a limit of 254, Another special case
of interest is the Basso-Dixon fishnet integral Is2, which contributes to the four-point
correlation function in planar p? theory. This corresponds to taking the limit where the
eight dual points defining the wheel integral 20%) are pairwise identified according to

d2 = ai, as = bl, b2 =C1, Cy = d1 . (D.Ql)

Graphically, this corresponds to

dyr aq dy
dy A ay D, A
& - = % 2 o . (D.22)

This limit is known explicitly [120], and in particular is polylogarithmic.

A two-dimensional toy model of the wheel integral 23(%). One final limit of inter-
est is one that appeared in ref. [121] — also in the context of the conformal fishnet theory.
This limit corresponds to a different pairwise identification of the eight dual points which
define the integral, namely,

a; = Cg, as = Cq, b1 == dQ, b2 == dl . (D23)

This limit can perhaps be best understood as a ‘non-planar’ gluing of the original dual
integral — obtained via the sequence

dy a d, b
p . b, 1 a A B b,
o ~ y A (:>) ~ . (D.24)
Conl(C 1 1 D.23 ay
dl b % C D b2
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In this limit, the integral can be seen to contribute to the ‘2-magnon’ 4-point function as
drawn on the right-hand part of figure 1 of ref. [121]. At leading order, this four-point
function is given by a single Feynman integral: that drawn in eq. (D.24). This function
is known to be non-polylogarithmic. Fourier-transformed, it corresponds to the five-loop
amoeba integral of ref. [66], which is maximally rigid.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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ABSTRACT: It is widely expected that NMHV amplitudes in planar, maximally supersym-
metric Yang-Mills theory require symbol letters that are not rationally expressible in terms
of momentum-twistor (or cluster) variables starting at two loops for eight particles. Re-
cent advances in loop integration technology have made this an ‘experimentally testable’
hypothesis: compute the amplitude at some kinematic point, and see if algebraic symbol
letters arise. We demonstrate the feasibility of such a test by directly integrating the most
difficult of the two-loop topologies required. This integral, together with its rotated image,
suffices to determine the simplest NMHV component amplitude: the unique component
finite at this order. Although each of these integrals involve algebraic symbol alphabets,
the combination contributing to this amplitude is — surprisingly — rational. We describe
the steps involved in this analysis, which requires several novel tricks of loop integration
and also a considerable degree of algebraic number theory. We find dramatic and unusual
simplifications, in which the two symbols initially expressed as almost ten million terms in
over two thousand letters combine in a form that can be written in five thousand terms
and twenty-five letters.
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1 Introduction

The analytic structure and functional form of scattering amplitudes computed in (pertur-
bative) quantum field theory continues to hold interesting surprises. Beyond leading order,
amplitudes are typically transcendental functions — the simplest of which are known as
generalized ‘polylogarithms’: iterated integrals over differential forms with exclusively sim-
ple (logarithmic) poles in each integration variable. Although wider classes of functions are
known to be needed for most amplitudes (see e.g. [1-12]), polylogarithms are often suffi-
cient at low loop order and particle multiplicity, and are by far the best understood. Much
of this understanding has emerged in the context of ‘symbology’ [13, 14], which exploits
the coproduct and Hopf algebra structure of these functions [15-19]. (See e.g. [20] for an
introduction to these ideas.)

One of the key aspects of symbols is that they encode complete information about the
(iterated) branch cut structure of polylogarithms in terms of an alphabet of primitive log-
arithmic branch-points called letters. Knowledge about the alphabets relevant for certain
polylogarithmic amplitudes has allowed incredible reaches into perturbation theory, well
beyond what would be possible through any known (e.g. Feynman) diagrammatic expan-
sion. Examples of such triumphs include the recent determination of certain six-particle
amplitudes in planar maximally supersymmetric (N =4) Yang-Mills theory (sYM) through
seven loops [21-29], and through four loops for seven particles [30-32].

A microcosm of progress in scattering amplitudes more broadly, these calculations
have fueled and been fueled by concrete examples. One still mysterious aspect of most
known examples in this theory is that their symbol alphabets are found to be generated by



cluster mutations [33] — rational transformations that define cluster algebras [34]. Such
algebras naturally appear in the context of the positive Grassmannian geometry of on-shell
scattering amplitudes [35], and seem to encode physical aspects of amplitudes such as the
Steinmann relations [36-39]; they also encode further types of structure whose physical
interpretation remains less clear [40-42].

Despite the intriguing role played by cluster algebras, it has long been known that even
in planar sYM this story cannot be complete. Not only are non-polylogarithmic functions
needed for most scattering amplitudes (at sufficiently high multiplicity or loop order), but
even most polylogarithmic (N*22MHV) amplitudes at one loop require symbol letters that
are not rationally related to any known cluster algebra. These algebraic roots arise, for
example, as Gram determinants in the analysis of Landau singularities (see e.g. [43-46]).

It is therefore natural to wonder what kinds of letters arise in this theory’s MHV and
NMHV amplitudes, which have been argued to be polylogarithmic to all orders [47]. The
symbol of all two-loop MHV amplitudes — computed in [48] — involve only letters drawn
from the coordinates of Grassmannian cluster algebras (which are related to canonical co-
ordinates on the space of positive momentum-twistor variables) [33, 40]. Similarly, the
symbol of the two-loop seven-point NMHV amplitude (computed in [49]) is entirely com-
posed of cluster coordinates. Whether or not this continues to hold beyond seven particles
constitutes an important open question. In particular, in [45] it was suggested that square
roots could appear in NMHV amplitudes at two loops (and in MHV amplitudes at three
loops) starting for eight particles.

In this work, we probe the existence of these algebraic roots by directly computing
a particular component of the eight-point two-loop NMHV amplitude. While we are not
currently able to compute this component in full kinematics, it is sufficient to compute
it analytically at a single (sufficiently generic) kinematic point. Note that it is, however,
necessary to consider an entire amplitude, as it is well known that local integral represen-
tations can involve ‘spurious’ symbol letters (or even ‘spurious’ non-polylogarithmic parts
— see e.g. [50, 51]) that cancel between terms. Surprisingly, in the component under study,
this is precisely what happens: the local integrals that contribute to the amplitude indi-
vidually involve quadratic roots, but these roots cancel. This of course has no implications
for whether square roots will appear in other NMHV component amplitudes.

We begin in section 2 by defining the particular component we will examine. In sec-
tion 2.1, we describe a direct integration strategy that can be used to compute it at a
kinematic point; while it is not linearly reducible in the conventional sense, we find the
integral can be divided up into parts that can be integrated after respective rationalizing
changes of the integration variables. The resulting functional form involves many spurious
algebraic letters in addition to the expected ones, so algebraic identities are required to
eliminate them at symbol level, as we describe in section 2.2. While the individual inte-
grals contributing to this component contain quadratic roots, we show in section 2.3 that
the component as a whole does not. We then conclude, discussing further questions and
potential applications.

We also present two appendices. Appendix A discusses a nice basis of R-invariants for
this amplitude, while appendix B reviews pertinent notions in algebraic number theory.



We additionally include several pieces of supplementary material: the integrand of the
integral we compute as Omegal357Integrand.m, expressions in multiple polylogarithms
in Omegal357MPLs.m and Omega3571MPLs.m, and the simplified symbols we obtain
as Omegal357Symbol.m and Omega3571Symbol.m. We also include a table of prime
factorizations of the symbol letters conjectured in [45] for comparison with our results as
PrimeFactorLetters.pdf.

2 The simplest NMHYV octagon component amplitude

Explicit, prescriptive formulae for all two-loop n-point N MHV amplitude integrands for
planar sYM, which we denote by A;’“)’Q, were given in [52] (see also [53]); these amplitudes
are expressed in terms of a basis of dual-conformal Feynman integrands involving only local
propagators. Each integral in this basis can be Feynman parameterized and conformally
regulated as described in [54, 55]. These integrals are not all yet known analytically.
Consider for example the local integrand representation of MHV amplitudes at two

loops [56, 57]:

0,2 _
"4%) - 21§a<b<c B
c<d<n+a

1" ::Zl§a<b<c(2[a,b,c,d]. (2.1)
c<d<n+a

Here, the ‘Np’s indicate specific choices of loop-dependent numerators for these sets of
(otherwise ordinary) Feynman propagators as defined in [52]. Among these terms is the
integral

which was referred to as ‘octagon K’ in [46], where the particular challenges to its direct
integration were described at some length (see also [58]). This integral is in fact the
most difficult integral topology required for any eight-point amplitude at two loops for the
simple reason that it is the only topology that depends on eight dual-momentum points.
(Equivalently, it is the only topology which depends on 9 conformal degrees of freedom.) In
general, the ratio function will involve all of the terms in (2.1) — including €[1,3,5,7] —
because the 2-loop MHV amplitude is required to compute the ratio function. No analytic
expression for Q[1, 3,5, 7] is currently known, making the analysis of any octagon amplitude
a considerable challenge.

Luckily, the question regarding whether or not algebraic letters appear in an amplitude
can be answered for individual components. (We give a less component-oriented motivation
for this amplitude in appendix A.) Moreover, provided the kinematics are parameterized



appropriately, this question can be answered at a single kinematic point. For the eight-point
NMHYV amplitude, there is in fact a simplest component amplitude to consider:!

41 41 41 41
As <w1 0,0t 6 6, w&) (2.3)
- / (dikdi dih) (iR ARR A (i3 dmdiid) (didmhdiit) As(A X, 7)

— (s2)(20)(46)(68) [ (dn) (@8 (dn) () As(Zn..... 24).

where (ab):= det()\a, )\b) in terms of spinor variables with p,=: /\aXa, and where 7, is the
fermionic component of the super momentum-twistor Z,:=(z4,74) [59-61]. This compo-
nent amplitude is singled out by the fact that it happens to vanish exactly at tree level
and one loop (see e.g. [54, 62, 63]), rendering this two-loop amplitude infrared finite and
equal to the ratio function.

Using the results of [52], it is easy to confirm that the two-loop component (2.3) in
momentum-twistor variables is simply:

1
(1357)

‘/Qnidngdngdn3v4§2==

where (abed):= det (za, Zby Zc, zd). Notice that the sum of these integrals contributes to the
MHYV amplitude (2.1), while their difference is relevant to us here. The good news is that
this component amplitude only requires one integral; the bad news is that it requires what
is arguably the hardest eight-point integral at two loops.

Following [55], it is reasonably straightforward to Feynman parameterize (2.4) without
breaking conformal invariance. We give this Feynman-parametric representation in the
supplementary material, in Omegal357Integrand.m, expressed in terms of a particular
momentum-twistor (cluster) coordinate chart (see [35, 46] for context):

So3 1 s9s3 0 —s9s3 0 S9s3 O
7. -5384 0 S3qu 1 s3s4 0 —s3s4 O
’ s184 0 —-s154u 0 Sggu 1 sys4 O

—-5189 0 s1sou 0 —-5S1s9u 0 Spou 1

!Component fields of external supermultiplets are specified by their helicity and SU(4) g-charges, written
in superscript and subscript, respectively.



where 5= (1+5;+s,+sj5,+1;) and Si=(1+s;), introduced entirely for the sake of nota-
tional compression. Here, these coordinates correspond to the charts

_ (2346)(4568) b (1246)(2345)(3468) ~  (1248)(2346)(2678)(4568) 06
1T 19468)(3456) T 1T (1234)(2468)(3456) T (1246)(2478)(2568)(3468) (26)

with sg:=r2(s1), ta:= r2(t1), etc. defined by sequential two-fold rotations 72:z; > 2;o.
As described in [46], any rational parameterization of momentum twistors will be
free of square roots associated with six-dimensional Gramians, and any rational point in
momentum-twistor space can be accessed rationally in any cluster coordinate chart. And so
the question of whether or not algebraic letters arise can be answered at any rational point
in momentum-twistor space. For the analysis described below, we chose to consider the
(nearly symmetrical) point in kinematic space specified by the momentum-twistor matrix

Z— 7= (21,...,2) = (2.7)

>—\)—'l‘\DCJ1
S O O =
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obtained from (2.5) by setting to = 2 and all other coordinates (s;,t;,u) to 1. Landau
analysis (see [45]) suggests that (2.2) may involve the roots associated with the four-
dimensional Gramians:

Alabed] = v/ (1-u-v)?~4duv  with w= (abied), v:= (bc;da), (2.8)

where
(a —lab—1b){c — lcd — 1d)
(a —lac—1c)(b—1bd — 1d)

For the kinematic point defined by (2.7), these are

(ab;ed) = (2.9)

A[1357] = %\/644801, A[2468] = %\/ﬁ : (2.10)

Our question, therefore, is whether or not the roots (2.10) — or any others — arise as part
of the symbol alphabet for the component (2.4). Answering this question turned out to
require more cleverness and subtlety than expected. We shall now describe the concrete
steps involved.

2.1 Direct, (Feynman-)parametric integration of Q[1,3,5, 7]

The loop-momentum integral over Q[1, 3,5, 7] corresponds to a five-fold parametric integral
of Feynman (or Schwinger) parameters:

e}

Q[1,3,5,7] = /[d3&]d2§ I(ay, ..., a4, B1, ) . (2.11)
0
Here, the integrals over {a1,...,a4} are projective, and those over 31,32 are not. (This

distinction is irrelevant from the viewpoint of the Cheng-Wu theorem, but reflects how the
parameterization was derived.)



-,

The principle obstruction to parametric integration is that Z(d&, 8) is not linearly re-
ducible in the sense of [64]. In particular, using compatibility-graph reduction [65] (as
implemented for example in the package HyperInt [66]?), one can readily find that at most
two integrations can be carried out without introducing algebraic roots. For instance, upon
integrating out 81 and (3 (in that order), further integration seems to be obstructed along
every path. For example, the pathway in which «; is integrated next is obstructed by the
existence of a quadratic polynomial Q1(c) in the denominator, as this leads to a result
that involves the square root of the discriminant of (J1; this square root involves the remain-
ing integration parameters, naively taking us out of the space of multiple polylogarithms.
There is a similar obstruction with respect to a4, due to a quadratic denominator factor
Q4(cy). (The obstructions in ag and ag are given by three quadratic polynomials each.)

Luckily, after integrating over 31 and (32, there are no terms that simultaneously depend
on both quadratic factors Q1(a1) and Q4(ay). Thus, we may divide them according to
whether or not Q1(«;) appears. Specifically, we define

o0

/dQE I<a17"'7a47517/82) :I(&) = IA +IB7 (212)
0

with Zp consisting of all terms that involve Q1(«1), and Z4 being all terms that do not
depend on Q1 (aq). To be clear, Z4 consists of both those terms involving Q4(c4), and also
those depending on neither quadratic factor. Note that 74 and Zp are separately finite.

Before we describe further integrations, it is worth mentioning one potential subtlety.
We will ultimately be interested in fixing the projective redundancy of different parts of
the original integral in different ways. To do so, we must first reprojectivize these integrals
by making the replacement a; — o; /(3" a;).> This is done before we set any parameter to
unity.

Let us first consider the integration of Z4. Free of the quadratic obstruction Qi(a1),
we can integrate over «; and subsequently as, leaving us with a one-fold projective integral.
The «ay integration, however, result in terms that involve square roots of two more irre-
ducible quadratics ¢ (a3, ay) and go(as, ). While the appearance of such factors would
generally obstruct further integration, it turns out that no single term contains both roots.
Thus, we can further divide Z4 into three parts: Z,, which is free of any square roots, Z4,,
which involves only +/q1(as, a4), and Z4,, which involves only \/g2(as, ay). After setting
the projective variable a4 = 1, we can then use a standard change of variables known as
Euler substitution (see also [67]) to rationalize \/q1(as3,1) and /g2(as, 1), respectively, in
the latter two groups.

We can integrate each of the terms in Zp following a very similar strategy. Specifically,
we first integrate out a4 and then ag, which results in terms that individually involve one
(or neither) of a pair of square roots of different quadratic polynomials, ¢j(aq,a2) and

“Hyperlnt is obtainable at https://bitbucket.org/PanzerErik /hyperint /wiki/Home.
3This is due to the arguments of the logarithms (and polylogarithms) introduced by previous integrations,
which are not homogeneous.
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Figure 1. Integration strategy for Q[1,3,5,7]. Here, the final integrations are written in quotes
to clarify that this step should be understood as integration after the changes of variables made to
rationalize the quadratic roots; these changes depend on which roots exist, and so are different for
different groups Z4, and Zp,.

g2(a, ). Splitting these pieces in the same way as for Z4, fixing ag = 1 and changing
variables to rationalize each root, we can do the final integration.

The steps involved in this divide-and-conquer strategy are summarized in figure 1. The
result is a sum of terms, each expressed in terms of multiple polylogarithms depending
on algebraic arguments of high degree (up to 16 in some cases). These expressions can
be evaluated to arbitrarily high precision — for example, using GiNaC [68, 69] — and
have been checked to agree with the numerical (Monte Carlo) integration of the Feynman
parametric integral (in MATHEMATICA). We attach these results as Omegal357MPLs.m
and Omega3571MPLs.m.

Unfortunately, as mentioned, the multiple polylogarithms that arise in this process
depend on many algebraic roots. In addition to the expected roots from the Landau
analysis at this kinematic point, v/21 and v/644801, we find that [1, 3,5, 7] and €2 [3, 5,7, 1]
each involve 85 distinct square roots, with only 12 in common between the two integrals.
Each also involves irreducible roots of four distinct fourth-order polynomials, only one of
which appears in both integrals. The vast majority of these algebraic roots are certain
to be ‘spurious’: arising entirely through the change of variables introduced in the final
stages of the integration strategy (required to rationalize the final integrations). To assess
whether or not these roots (or any others) are truly spurious, we analyze the symbol of
each integral.

2.2 Eliminating identities among ‘spurious’ algebraic letters

As described above, we are able to evaluate 9[1,37577] and 9[3,5, 7, 1] as complicated
expressions in terms of multiple polylogarithms, which we expect to satisfy many nontrivial
relations. To investigate these relations, we take the symbol of each function.* Doing so,

41t is sometimes colloquially stated that the symbol of a constant is zero; while this is true for the
constants we most familiarly encounter (namely, the multiple zeta values), it is not true in general. One
letter that is dropped in the symbol is 1 (which correspond to log(1l) = 0). We have also dropped all
the roots of unity; if (" = 1, then log(¢) — X log(1) = 0. Allowing this type of transformation is called
“working modulo n-torsion” in the mathematics literature.



we obtain a pair of extremely complicated expressions, each involving a large number of
spurious letters. Factoring each letter naively (including factoring any integer primes),
Q [1, 3,9, 7] has a symbol composed of 8,367,616 terms that involve 2,024 letters, while the
symbol of {2 [3, 5,7, 1} contains 9,941,483 terms and 2,156 letters.

Clearly, these symbols must be simplified. To do so, we want to find a set of multi-
plicatively independent letters S in terms of which both of these symbols can be expressed.
Landau analysis suggests that the final alphabet S should be drawn from the union of
the two algebraic number fields Q(v/21)UQ(v/644801). However, our integration proce-
dure yields a symbol with a much larger initial alphabet, involving for instance algebraic
numbers up to degree 16. Finding algebraic relations between these complicated letters
in order to reduce them to elements of S can be extremely difficult. To give the reader a
sense of this complexity, we consider some examples.

Let P, € K[X] be some degree-four polynomials (indexed by i) with coefficients® in
K = Q(+/21,1/644801). Our initial alphabet includes various roots of P;, denoted o, for
r=1,...,4. An example of the kind of roots that arise for us are those of the fourth-degree
polynomial:

Py = (515426609 + 641880v/644801) + (2105546840 + 2622160v/644801) X
4 (3225674840 + 4015200v/644801) X2 + (2240256000 + 2676800+/644801) X3
+1120128000X* . (2.13)

Clearly, we expect the four roots of P that arise in our symbol alphabet to be spurious.
Therefore, we must find some way to demonstrate that they cancel.
Actually, an alphabet merely involving o7, would not be so difficult. It turns out in

*

our case that the most complicated letters we see are of the type p — Oy

where p can be
an integer or a linear combination of up to two square roots. When there are two roots,
one always belongs to K. Furthermore, when p = m + ny/c with m,n € K and ¢ € Z
appears, then its conjugate p = m — n+/c also appears.

There are two types of relations involving the roots o, that turn out to be useful for us.
The first type involves products Hle(p — O'ZT). These products are completely symmetric
in the roots of P;, so they belong to an extension of the field K by p — in particular,
they can be written as linear combinations of square roots and integers. Actually, it turns
out that products of certain pairs of roots of P; also yield simple answers. We believe it
should be possible to explain the existence of these latter mysterious identities using Galois
theory, but we have not performed this analysis.

The second type of identities involve products of type (p — o7,)(p — 07,), where p is
one of the conjugates of p. Expanding out this product we obtain a degree-two polynomial
in o, with coefficients in K. Next, we search for exponents e, corresponding to values of p
such that, in the product of these letters raised to power e, the az , cancels and the answer

is of degree two. It turns out to be sufficient to bound the search so that |e,| < 2. The

5To be more precise, two of these minimal polynomials are with coefficients in Z, one is with coefficients
in Z[v/21] while another has coefficients in Z[v/644801].



calculation of these products can be conveniently performed using SageMath [70], which
uses Pari [71].

Let us be more concrete with an example of this second type of identity. For the
polynomial P; given in (2.13), we find the letters

a1(o7},)= (1668888 + 2080v/644801) + (2560007 . + 4160v/644801)07 .,

az(o7 )= (1412136 + 1760v/644801) + (309760007 . + 3520v/644801)07} .,

as(o7,)= (10013328 + 12480v/644801) + (1730560007 . + 24960/644801 )07 ,.,  (2.14)
as(07 )= (11938968 + 14880+/644801) + (2460160007 . + 29760v/644801)07 .,

as (07 ,) = (2456474760 + 3061600v/644801) + (506944000007 . + 61232001/644801)07 ,

(among many others involving o7 ,.), where o7 ,. is any root of Pp. It is not hard to verify that

aia3 _ 121

_ K 9.1
dsaaqs 358670 - (2.15)

using SageMath (or even MATHEMATICA).

Fortunately, the method described above turns out to be sufficient to find all required
relations between the most complicated letters that appear in our initial symbols, allowing
us to get rid of all higher-degree roots. However, many other potentially-spurious letters
remain — in particular, there still exist linear combinations of up to two square roots, and
square roots beyond the two physical ones in (2.10).

For the letters containing square roots, we group them according to the algebraic
number fields to which they belong and compute the factorization of the principal ideal
they generate (see appendix B for more details). For this step we use again SageMath and
Pari. Using this factorization, we can find multiplicative relations between these letters.
Note that the integer prime factors we generated in the first step belong to each of these
number fields, so their decomposition in prime ideals has to be computed as well.

This factorization also contains a unit part, which is a term belonging to the group of
units of the various rings we consider. In some of the cases we encounter, the unit part
is +1, but in others it is non-trivial. We keep a list of all the units arising during the
calculations in a given ring, and if two of them are identical we obtain a new identity by
taking the ratio. In principle a more sophisticated approach is possible.

Using these methods, we decompose our letters into a multiplicatively independent
set §. Doing so, many of the spurious letters in our symbols combine cleanly into integer
letters. Others cancel entirely, removing terms and causing other spurious letters to drop
out. In the end, we find the symbol of each function simplifies dramatically. Expressing
9[1,3,5,7] and 9[3,5,7, 1] in terms of a shared, multiplicatively independent symbol
alphabet, we find only 35 letters are needed. These letters only involve the expected
square roots: five involve /644801, two involve v/21, and the rest are integer primes.
Expressed in these letters, Q[l, 3,9, 7] is 5316 terms long, while Q2 [3, 5,7, 1] contains 5245
terms. We attach the symbol of each in supplementary material Omegal357Symbol.m
and Omega3571Symbol.m, respectively.



Interestingly, some of the symbol letters that contain /21 and y/644801 can be con-
structed simply in dual twistor space. Namely, out of eight points z1,..., zg, we can form
four skew lines (21, 22), (23, 24), (25, 26), (27, 28). These four skew lines have two transver-
sals (lines that intersect all four of them). From the points of intersection on each of these
transversals we can form a cross ratio. A similar construction can be carried out starting
from the (z2,23), ..., (z8,21). Some of the cross ratios that can be formed in this way
appear directly in our symbol expression for 2 [1, 3,5, 7] and Q[S, 5,7, 1].

2.3 Cancellations in the component amplitude

Individually, 9[1,3,5,7] and 9[3, 5,7, 1] both contain square-root letters. Now that we
have expressed them in the same alphabet, we can examine their difference (2 [1, 3,9, 7] —
9[3,5,7, 1], the combination that appears in this component of the NMHV amplitude.
Remarkably, this difference is free of square-root letters! Recall that we are using a multi-
plicatively independent alphabet: as such, the vanishing of square roots in {2 [1, 3,5, 7] —
Q [3, 5,7, 1] requires that terms involving each of the six independent square-root-containing
letters cancel separately. We find that the difference €2 [1, 3,5, 7] —-Q [3, 5,7, 1] contains just
25 letters, all integer primes.

The sum 9[1,3,5,7] + 9[3,5,7, 1] contributes to the eight-point MHV amplitude.
This sum is not free of square roots, and depends on all of the letters present in the two
integrals. This observation is still consistent with the observed absence of square roots
in the alphabet of the two-loop eight-point MHV amplitude because several other root-
containing integrals contribute to this amplitude — including two other permutations of
the integral we computed here. Other cancellations, much like those we observed, must be
present in this combination.

We find that square-root letters are present in the second and third entry of Q2 [1, 3,5, 7]
and Q[3,5,7, 1], but not the first or fourth entry. This is as expected, as first entries
should correspond to Mandelstam invariants while last entries are constrained by the Q
equation [49]. More specifically, first entries should be composed of four-brackets of the
form (i,i+1,4,j + 1). Examining our symbol, we find first entries of 2, 3,5,11,13, and 31.
Computing the expected first entries at our kinematic point, we find

(1,2,3,4) =1, (1,2,4,5) = (1,2,5,6) = (1,2,6,7) =13,
(1,2,7,8) =1, (2,3,4,5) = (2,3,5, 6>_11 <,367>_31
(2,3,7,8) = 3, (1,2,3,8) = (3,4,5,6) = (3,4,6,7) =
(3,4,7,8) =5, (1,3,4, 8>_11 (4,5,6,7) = (4,5,7, >_11
(1,4,5,8) = 26, (5,6,7,8) = (1,5,6,8) = (1,6,7,8) =

(2.16)

which indeed cover all observed first entries.

We can also investigate whether the prime-number symbol entries we observe elsewhere
in the symbol can originate from the entries predicted in [45]. We have attached this
analysis as supplementary material, as PrimeFactorLetters.pdf, where we tabulate the
prime factors of each of the predicted letters at this kinematic point. We find these factors
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span all of the letters that we observe. There are additional prime factors occurring in
predicted letters in [45] that we do not observe; these are marked by an asterisk in our
table.

In addition to these observations, we find that the two square roots v/644801 and v/21
do not appear together in the same term of the symbol: the symbol can be separated
into terms depending on one root, terms depending on the other, and terms depending on
neither.

3 Conclusions and outlook

In this work, we have computed a component of the two-loop eight-point NMHYV amplitude
in planar sYM at a specific kinematic point. We find that, while the individual integrals con-
tributing to this amplitude do have letters depending on square roots of four-dimensional
Gramians, these square roots cancel in the combination present in this component. In order
to do this, we have employed an unusual direct integration strategy of breaking the integral
into multiple integration pathways, and simplified our result from millions to thousands of
terms using algebraic number theory.

This work shows that this particular component is free of square-root letters, but it
does not establish that other components of the NMHV amplitude will not depend on
such roots. In order to establish this, we would need to compute many more integrals,
potentially of similar complexity. Alternatively, other methods may be able to compute
these amplitudes much more efficiently, yielding a conclusive answer.

The use of symbol methods with square-root letters is still largely unexplored territory.
While previous forays have involved heuristic or numerical elements (e.g. [72, 73]), our use
of factorization in prime ideals should yield a more canonical and complete analysis of the
relations between algebraic letters, and we believe similar methods should be applicable
elsewhere.

It is interesting to ask if the cancellation of square roots we observed could have been
detected at a later stage. For the individual integrals, better integration methods may
exist that would make these cancellations manifest earlier, or even avoid the introduction
of spurious roots altogether. For the full component amplitude, one might hope that some
analog of Landau analysis might be possible.
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A A proposal for representing NMHYV octagon amplitudes

In this appendix we describe a particular representation of eight-point NMHV amplitudes,
analogous to the decomposition of hexagon and heptagon functions into specific bases. This
is a bit outside the line of the main result in this work, but it does provide an independent
logic behind why the particular component amplitude (2.4) plays a special role. In order
to do this, we must first introduce and motivate a small amount of new notation that we

promise will be worthwhile.

A.1 Notational preliminaries: NMHYV Yangian invariants

The reader should be aware that NMHV amplitudes can be expressed in terms of so-
called R-invariants that, when expressed in momentum-twistor space, are superfunctions

defined by

glx4 (<bcde) Na+ (cdea)ny+ (deab)n.+ (eabc)ng+ (abed) 77,3)

Rla,b,c,d, e]:= (abed) (bede) (cdea) (deab) (eabc)

(A1)

for any five (super-)momentum twistors labelled by {a,b,c,d,e}. An equivalent definition
of the R-invariant is that it is simply the five-particle NMHYV tree-level amplitude involving
the momentum twistors {a, b, ¢, d, e}. It will turn out to be useful to consider NMHV tree-
level amplitudes involving other sets of external particles including sets of more than five.
In particular, let us use the symbol

A= AL+ p)= AR=DL=0 2y (A.2)
to denote the n-point NMHYV tree-level amplitude involving momentum twistors {z1, ..., z, }.

(Recall that ‘2 is the Fraktur-script form of the letter ‘A’.) Thus, we may define the R-
invariant simply as
R[1,2,3,4,5]=2(1,2,3,4,5) = A5 . (A.3)

Especially at low multiplicity, we find it useful to denote tree amplitudes by which
among the ambient n twistors they do not depend. Because such notation, however conve-
nient, is liable to cause confusion when several multiplicities are discussed, we propose to
keep this information manifest in the way we write them. We denote these complements by

(@ b= An)\{a,....b}). (A.4)
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Notice that this would allow us to write
A, =A1---n) =(); (A.5)

— a notation that we cannot imagine ever actually using. More realistically, however, we
should notice that in this notation the symbol for a single R-invariant would be multiplicity
dependent. For example,

R[1,2,3,4,5] = A(12345) = (6)§ = (67) = (678)5 = --- = (6---n)°. (A.6)

n

One (BCFW) representation (among many) of the NMHV tree amplitude (A.2)
would be,

n—2 n—2 n
A=W 1+ Ala-lan-1n)=>" Y Ala-lab-1b); (A7)
a=3 a=3 b=a+2

but as already mentioned, we will have little recourse to decompose tree amplitudes into
smaller objects. This is in part because, while 2((1---n) is in fact dihedrally-invariant in
its indices, no formula of the form (A.7) will make this manifest.

Equivalence between various dihedrally-related BCFW formulae (A.7) generates all the
functional relations among R-invariants. In general, there are ("Zl) linearly independent
n-point NMHYV Yangian invariants.

At seven particles, for example, there are 15 linearly independent superfunctions into
which any amplitude may be decomposed. Although 7 does not divide 15, most authors
(see e.g. [31, 32, 74]) have chosen to write heptagon functions in terms of the cyclic seeds
{(12)%, (14)%, 27} which generate 2 cyclic classes of length 7 and one cyclic singlet, 7. That
is, these authors have chosen to decompose all other 7-point superfunctions according to
the ‘elimination rules’ generated cyclically by

(13)7 = =347 — (66)7 — (T1)7 — 36)7 — (G1)7 + A7, (A8)
D)7 = —B4)7 — (56)7 — (36)7 + A7 .
Having used such eliminations, the heptagon ratio function can be written as
C 77 L C 7, L 7, L .
RL = [((12)71/(1;)%&(14)7v(14§§>+m7v0 ( ))+cychc7} . (A.9)

(We believe that a better basis for heptagon amplitudes would have been generated by
{(1)%, (12)%,27}, but this is not presently our concern.) Let us now describe a similar basis
for eight-point NMHV Yangian invariants that is in a precise sense ‘optimal’.

A.2 An optimal basis for octagonal NMHV amplitudes

Unlike for seven particles (which is somewhat anomalously nice), there is no easy way
to choose among the 56 different R-invariants — 7 cyclic classes — into non-redundant
classes spanning 35 = (Z) independent superfunctions. The situation is not obviously
much improved if we include the cyclic singlet g, or other lower-point tree-level amplitudes.
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Including also superfunctions corresponding to tree-level amplitudes involving intermediate
subsets of the 8 legs, we have 13 cyclic classes of superfunctions, generated by

{(123)g,(124),(125)5, (126)5, (134)§,(135)5,(136)5,(12)5, (13)§, (14)§,(15)§, (Vg As } - (A.10)

From this list, how are we to choose a basis of length 357 Of the cyclic classes generated
by those in (A.10), all but two represent classes of length 8. The exceptions are 2(g and
(15)§ =2A(234678), which forms a class of length 4. We are virtually forced to consider the
inclusion of this length-4 class into our basis, as any other choice would lead to even greater
redundancy.

Including 2g, the four cyclic images of (15)§ = (234678), and some other choice of
four length-8 cyclic classes from among those generated by (A.10), we would have 37
superfunctions in all. In the best case, the two redundancies could be captured entirely by
the length-four class (as 2 divides 4 nicely), with the rest independent. It turns out that
there are 172 such choices available. The basis choice we describe presently is the one in
which the ‘elimination rules’ of all other superfunctions (in the sense of (A.8)) involve the
shortest expressions.

The basis we propose can be defined first in terms of the 37 functions generated by
the seeds

ari= A(12345) = (678)%, byi= A(12346) = (578)%, c1:= A(123456) = (78)S .
= 8

A1l
00:= RA(123567) = (48)§, e1:= A(1234567) = (8)§, f = A(12345678) =2A (A.11)

with other basis elements generated by cyclic rotations. Before we discuss the final, non-
redundant basis, it is worthwhile to enumerate the (cyclic generators of all) elimination
rules — by which non-basis superfunctions may be expanded:

(124)82 —(467)§+(12)%—0—(67)5-&-(4)5—9‘8 = —[)8+C3+C8+25—f;
(125)§= - (123)5 - (127)§ +(12)§ = —ay—bz+cs;
(126)%2 *(128)§+(467)§*(67)§*(4)§+Ql8 = *a3+58*C8*25+f;
x(135)5= (178)§+(567)5+(15)5 - (3)§ s = ag+ag+t0y+es—f;
(136)5= (567)5—(134)§+(356) — (18)5~ (56)5 + (1)§ = ag—bs+br—ca—cr+ea; (A.12)
(13)§ = (567)§+(1)§+(3)§*2l8 = a8+e2+e47f;
(14)§ = (134)5-(“67)5-(B5+ @) = bs-bg-c5+es;
09=(26)5 = - (678)§— (128)5 — (234)§ - (456)S — (48)§ +As = —ay —ag—as—ay -0 +§;
02:(37)5 —(178)§ - (123)§ - (345)5 - (567)§ — (15)§ +As = —ug—a4—a6—a8—ag+f.

There are a few things to note about these decompositions. As always, other superfunctions
are eliminated according to rotations of (A.12). In addition, there are two aspects of (A.12)
regarding 0Y that deserve comment. First, note that the only superfunction from (A.11)
whose decomposition involves 30 (except those of the 29’s) is (135)§ — indicated with a ‘x’
in (A.12).6

The second aspect to notice about the elimination rules (A.12) is that the last two are
for 09 and 99, which are generated by our initial seeds upon rotation. As evidenced by the

5Tt is worth mentioning that this particular superfunction, (135)g, does not appear as any leading sin-
gularity (hence integral coefficient) until at three loops — where it certainly appears.
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simple fact that they have elimination rules (and also that 35=37-2), these two will not
be basis elements. Moreover, it is easy to see that

940 =f-a;-az—as—a; and similarly, 05+0% =f-ay-as-ag—as. (A.13)

However, the differences between them are good basis elements. And up to the alternating
sign, they form a length-2 cyclic class of superfunctions. Let us define

0= D?—Og and 02:= 08—02. (A.14)

These, combined with the other basis elements in (A.11), non-redundantly span the space
of 35 independent superfunctions in terms of four cyclic classes of length 8, one of length
2, and one of length 1. This is our proposed basis for eight-point NMHV amplitudes.

In this basis, the eight-point NMHYV ratio function may be represented as

RéL) = KulVa(L)+b1Vh(L)+c1Vc(L)+01VD( )+e1V +fV >+cyclic8}. (A.15)

(As with seven points, please notice that we are adding all of these terms (8-fold-) cyclically.

This has the admittedly unfortunate effect of causing V( ) to be 1 /8; it will also require us
(L) )

For reference, at one loop, these are easy to write explicitly [54, 75]. They are

to account for the over-counting in V,

Va(l)——ng(l v9)— Lig(1-ujugvy) - log(usz) log(us)— log(uiugvy) log(va)+Ca,
Vh(l) Lig(1-usv1) - Lig(1-ugusvy ) — Lig(1-ugvs)+ Lig (1 -ugurvs)

log(uz) log(usvs)+ log(usvi) log(ur),
Vc(l)——ng(l 7)— Lig(1-ugsv1)+ Lig(1-ugusvy ) — Lia(1-ugve)+ Lig (1 -ugurve)

— log(uqvs) log(va)— log(usv1) log(ur) , (A.16)
Va(l) - 0,
Ve(l) = - Liz(l—UQUﬂ)z) - Liz(l—u8v4) - IOg(U2U77)2) log(u8v4)+(2 s

: 1. . 1 3
Vf(l): L12(17u1)+§L12(17v1)+L12(17u101)75log(vl)log(vgﬂilog(vl)log(vg)

+ log(uqvs4) log(ugugvs)—Co .

We have written these function in terms of the 12 multiplicatively independent dual-
conformally invariant cross-ratios,

uy= (13;48), wvy= (14;58) with w;=r0V(uy), vi=r(v)). (A.17)

Notice that V; is zero at one loop. At two loops, it is not hard to confirm that

(A.18)
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B Some notions of algebraic number theory

When working with symbols, it is valuable to be able to put them into a canonical form, for
instance to decide whether two symbols are equal. As an example, many of the amplitudes
that have been computed in planar sYM to date can be uniquely expressed in terms of
a known set of Pliicker coordinates. In more complicated amplitudes, a basis of symbol
letters is not generally known. In such cases, we can simply factorize each symbol letter,
as long as this factorization is unique.

It is easy to see that factorization will give rise to a unique expression when all symbol
letters are integers. However, this is not automatic once algebraic roots are introduced.
Consider, for instance, the situation where /=5 appears in some letters. The number 9
then has two ‘factorizations’:

9=3x3=(2+vV-5)(2—-V-5), (B.1)

where the second factorization of 9 is possible when viewed as an element of Z[y/—5]. By
Z[v/—5], we denote the set of numbers of type a + b\/=5 for a,b € Z, with the obvious
addition and multiplication properties.” This set of numbers, with these operations, defines
a ring.

From the example above it looks like 9 can be factorized in two different ways, but
perhaps unique factorization can still be salvaged if some of the factors can be further
factored. It turns out that this is not what is happening here.

Before clarifying what is happening, we need to make a distinction between irreducible
and prime elements of a ring R. First, we introduce the notion of unit. The elements of R
which have multiplicative inverses are the units of R (denoted by U(R)). For the integers,
the units are £1. An element x € R is irreducible if it can not be written as a product
of two elements of R neither of which is a unit. Finally, an element x € R is prime if for
any a,b € R such that x divides ab, then it divides a or b. For the integers there is no
distinction between primes and irreducibles, but in general rings there is.

We now return to the above example: is 3 a prime in Z[v/—5]? We can show that it
is not. If it were prime, it would follow from the fact that 3 divides (2 + v/=5)(2 — v/—5)
that it also divides either 2 + /=5 or 2 — v/=5. But 3 divides a + b\/—5 only if it divides
both a and b, which is not the case here.

Is 3 irreducible instead? One can show that the units of Z[/—5] are 41. It is then
a simple exercise to show that 3 is indeed irreducible (just use the definition and show
that there are no suitable solutions). So the hope that perhaps each of the terms in the
factorization can be factorized further to a prime decomposition which is the same in the
Lh.s. and r.h.s. is not fulfilled. We conclude that Z[v/—5] is not a UFD (unique factorization
domain).

For this reason, it may look like there is no way to achieve unique factorization. But
if we enlarge our perspective a little, we can recover this desired property. We will now

"We should not think of /=5 as being a complex number, but rather as an abstract symbol whose
property is that it squares to —5. In fact, Z[v/—5] can be embedded in the complex numbers in two ways,
by sending 1/—5 to each of the two roots of —5 in C.
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explain how to do this. The construction we will describe is possible for rings which are
Dedekind domains.

Let us start with the familiar case of integers. In this case, to a prime p we associate
the set of all its multiples. This set has two important properties. First, it is closed under
addition; second, multiplying it by any integer lands us back in the same set. This is just
the definition of an ideal of the ring of integers Z. For the case of a prime we obtain a
prime ideal, but the construction works in general. The set of multiples of p is denoted by
(p). This is also called the ideal generated by p.

The notion of divisibility can be translated to the language of ideals: we say that a
divides b if (b) C (a). It is easy to check that this corresponds to the usual notion of
divisibility for the integers. Now that we have expressed divisibility in terms of ideals, we
may consider ideals generated by more than one element. The ideals generated by one
element, such as (p), are called principal ideals. An ideal generated by two elements a and
b is denoted by (a,b); as a set, it contains the linear combinations ma + nb where m, n
belong to the ring and a, b belong to the ideal. This satisfies all the properties of an ideal.

Ideals can be multiplied; we have (p)(¢) = (pq) and (a,b)(c,d) = (ac,ad, bc,bd) and
the pattern continues in the obvious way, for ideals generated by more generators. These
ideals have some pretty obvious properties:

(a,b) = (a £ b,0), (a,b,a £b) = (a,b), (1,a) =(1). (B.2)
Using these rules we can compute the following products, which will be useful momentarily:

(3,1+v=5)(3,1 —vV=5) = (9,3 + 3v/=5,3 — 3v/=5,6) = (9,3 + 3v/—5,6) (B.3)
= (3)(3,14+v=5,2) = (3)(1,1 +vV=5,2) = (3)(1) = (3).

Similarly, we find

(3,1+v=5)? = (9,3+3v/—=5, -4+2v/=5) = (9, ~6+3v/—5, ~4+2/—5)
= ((2+v/=5)(2-vV=5), -3(2-V=5), -4(2-vV/—5)) (B.4)
= (2-vV=5)(2+V=5, -3, -4) = (2-V=5)(2+V=5,1, -4) = (2-/-5).

We also have (3,14 v/=5)? = (2 + v/=5).

Now that we have made the transition from elements of a ring to the principal ideal
they generate, we can explain the change of perspective mentioned above. Instead of
considering principal ideals, we consider ideals generated by any number of generators.
Indeed, now we can refine the factorization as follows:

9)=03)3)=2+V-5)(2-vV-5)=3,1+V-5723,1-v=5)% (B.5)

To finish, we should show that the ideals appearing in this factorization are prime. We will
not do this explicitly here.

This works in general. The factorization is unique in the following sense: any ideal
can be decomposed as a product of prime ideals, up to ordering. Finally, we have achieved
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unique factorization, but at the cost that the factors are some abstract, less familiar quan-
tities.

An algebraic number field is a finite extension of Q constructed as follows. Consider a
root p of a degree n polynomial with rational coefficients. Then, Q[p] is the ring generated
by rational linear combinations of powers 0 through n — 1 of p (higher powers can be
reduced). We also define K = Q(p) as the field generated by p (whose elements are ratios
of elements of Q[p]). Inside K we find the algebraic integers O which are the elements of
K whose minimal polynomial is monic® and with integer coefficients. It is a theorem that
the ring of algebraic integers O of an algebraic number field K is a Dedekind domain, so
it has a unique factorization.

Some of the letters we would like to factorize are not actually algebraic integers, so
we cannot construct an ideal they generate inside Og. Nevertheless, we can construct a
fractional ideal instead, which is a slight generalization of the notion of ideal. We will
not give a full definition here, but the reader who wants to have an intuition for what a
fractional ideal is can think of % -Z as a fractional ideal of Z. In other words, we also allow
denominators.

Now the strategy for computing relations between several elements of a number field
K should be clear. For each of these elements we compute the prime ideal decomposition
of the principal fractional ideal they generate. The exponents form a matrix with integer
coeflicients whose rows are labeled by the elements of K and whose columns are labeled
by the prime ideals. Every element of the left kernel of this matrix yields a multiplicative
relation between the given elements of K.

Historically, it was Kummer who started developing these ideas in connection with
Fermat’s conjecture. His ideas were refined and generalized by Dedekind, Hilbert, Noether
and many others. A good reference and resource for the material described in this appendix
is [76].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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1 Introduction and summary

There exists a number of domain-wall versions of N' = 4 SYM theory characterized by some
or possibly all of the scalar fields acquiring non-vanishing and spacetime-dependent vacuum
expectation values (vevs) on one side of a codimension-one wall. These theories constitute
defect conformal field theories and have well-defined holographic duals in the form of probe-
brane models with non-vanishing background gauge-field flux or instanton number [1-7].
They have been studied both from the perspective of supersymmetric boundary condi-
tions [8] and from the perspective of condensed matter physics, the probe-brane models
being capable of describing strongly coupled Dirac fermions in 241 dimensions [9-14].



More recently, these models have been analyzed from the point of view of integrability,
where the domain wall or defect is viewed as a boundary state of the integrable bulk N' = 4
SYM theory [15-21]; see also [22, 23]. Furthermore, the models have been studied with
the aim of testing AdS/dCFT in situations where supersymmetry is partially or completely
broken [24-26], the comparison between gauge theory and string theory being made possible
by the introduction of a certain double-scaling limit [6, 7]. Table 1 below summarizes the
status of these investigations.

In the present paper, we fill the last gap in the table. We will study the most compli-
cated of the above mentioned domain-wall versions of A" = 4 SYM theory where five out
of the six scalar fields have vevs whose commutators constitute an irreducible representa-
tion of the Lie algebra so(5). The string-theory dual of this dCFT is a D3-D7 probe-brane
system where the geometry of the probe brane is AdSy x S*, and where a non-Abelian back-
ground gauge field forms an instanton bundle with instanton number dg on the S* [2, 9].
The instanton number on the string-theory side translates into the dimension, dg, of the
50(5) representation on the gauge-theory side, where

dG:é(n+1)(n+2)(n+3), nen. (1.1)

Combining the large-N limit with the following double scaling [7],

A — 00, N — 00, fixed, (1.2)

n2n?
one can by means of a supergravity approximation derive results for simple observables
such as one-point functions or Wilson loops. Certain results allow an expansion in positive
powers of the double-scaling parameter # and open for the possibility of comparing to a
perturbative gauge-theory calculation. We notice that the perturbative regime in the gauge
theory lies within the parameter region where the probe-brane system is stable, which is

given by [9]
A 2

m2(n+1)(n+3) <7

One simple observable that can be studied using both supergravity and gauge theory

(1.3)

is the one-point function of the unique so(5)-symmetric chiral primary of even length L,
Opr. In [7], this one-point function was calculated in supergravity to the leading order
in the double-scaling parameter. The computation can straightforwardly be extended to
subleading order and results in the following prediction for the ratio between the full one-
point function and its tree-level value:

O A L(L+3 A\ 2

This prediction trivially carries over to the simple chiral primary tr ZL with Z = ¢5 + igs,

which has a non-vanishing projection on the so(5)-symmetric one.
In the present paper, we will confirm this supergravity prediction by a rather intri-
cate gauge-theory computation. The non-vanishing so(5)-symmetric vevs of the scalars



D3-Db5 D3-D7 D3-D7

Supersymmetry 1/2-BPS None None
Brane geometry AdSyx 8?2 AdS;x S? x S? AdS,x S*
Flux/Instanton number k k1, ko w
Double-scaling parameter WT)}CQ PR 5
Boundary state Integrable Non-integrable Integrable
AdS/dCFT match Yes Yes Yes (this work)

Table 1. The string theory configurations dual to the dCFT versions of N’ = 4 SYM theory with
non-vanishing vevs. The discussion of the integrability properties of the corresponding boundary
states can be found in [19, 20] and the test of the match between gauge theory and string theory
referred to in the first two columns can be found in [24-26].

introduce a complicated (spacetime-dependent) mass matrix mixing color and flavor com-
ponents of the standard fields of N'=4 SYM theory. Needless to say, the diagonalization
of this mass matrix requires the machinery of representation theory of orthogonal groups,
the key element being the introduction of fuzzy spherical harmonics on S.

Our motivation for setting up the perturbative program for this dCFT is not only a
wish to reproduce the formula (1.4) and thus provide a positive test of AdS/dCFT in a
situation where supersymmetry is completely broken. Having a perturbative program will
also make it possible to generate a wealth of new data which could provide input to the
boundary conformal bootstrap program as well as to the search for higher-loop integrability
in the one-point function problem in AdS/dCFT.

Our paper is organized as follows. We start by describing the diagonalization of the
mass matrix in section 2 and explicitly give the complete spectrum of quantum excitations
including their multiplicities. The propagators of the fields which diagonalize the mass
matrix are found following the procedure of [25], and due to the spacetime-dependence
of the vevs, become propagators in an auxiliary AdSy space. For concrete perturbative
calculations, it is convenient to have the contraction rules and propagators formulated
in terms of the original fields of A/ = 4 SYM theory and the complete set of these are
presented in section 3. In section 4, we calculate the one-loop correction to the classical
solution as well as to the one-point function of tr Z¥ and confirm the prediction (1.4) in
the double-scaling limit; explicit expression for both quantities at finite n are also attached
as Supplementary material to this paper. Finally, section 5 contains our conclusion and
outlook. A number of technical details are relegated to appendices.

2 Diagonalization of the mass matrix

2.1 Expansion of the action

We will be considering a domain-wall version of N' =4 SYM theory where five of the six
real scalar fields ¢; have non-vanishing vevs on one side of a codimension-one wall, say for
xg > 0, and we will be interested in calculating observables in this region of spacetime.



With AZI = 9! = 0, the classical equations of motion for the six scalars read’

V26 = [ ;l,[ §I,¢?H, i=1,...,6. (2.1)

A classical solution with so(5) symmetry was found in [2, 29];

c 1 Gig 0 ¢
i‘<w>=\/§$3<06 0>’ §(z)=0, 23>0 (2.2)

Here the matrices G;¢ together with G;; = —i[Gis, Gje] for 4,5 = 1,...,5 are generators
of the representation (%, %,%) of the Lie algebra s0(6).? From the commutation relations

of s0(6), one can check that (2.2) indeed solves the equations of motion. The matrices
Gis can be constructed as an n-fold symmetrized tensor product of v matrices and their
dimension is given in (1.1); see appendix A.3 for details.

To take into account quantum effects, we expand the scalar fields around the classical
solution (2.2) as

i(x) = ¢f (x) + di(). (2.3)

Inserting the expansion into the action of N/ = 4 SYM theory generates (spacetime-
dependent) mass terms for some of the fields, as well as novel cubic and quartic interaction
terms. This has been worked out in detail in [24-26].

Upon insertion of the expansion (2.3), the kinetic terms of the action remain canonical,
while the mass terms acquire a non-trivial mixing between different fields. We can rewrite
the mass matrices in a compact form in terms of the operators

L;; Ead(Gij@ON—dG) 1,7 =1,...,6. (2.4)
The mass terms split into three different pieces:
Smass = ©Pm,b,e + Sm,b,c + Sm,f- (25)

The first one involves only bosonic terms, and following [25] we call it easy because the
mixing only involves color degrees of freedom,

Ag
5
2 -1 1 A
S e:/d4a:<>tr —Ef Lg)> E|, E= 2.6
b, s 2.2 2 ;( 2 Ay (26)
b6

!See appendix A for a full set of our conventions. We refer to the reviews [27, 28] for an introduction to
the study of domain-wall versions of A" =4 SYM theory and their one-point functions.

2We are using the eigenvalues of the three generators of the Cartan subalgebra to label the 50(6) repre-
sentation, see appendix A.2.



We call the second term complicated, because it mixes color and flavor degrees of freedom,

5 5
1 1

9 1 52 (L) =5 > SiLiy V2E Rilig
Sm,b,c =5 d4:1: (22> tr CT i=1 ij=1 o ,

Sm " V230 RjLiG % 5 (Lig)?
- (2.7)
with the vector of complicated fields
o1
C= 7. (2.8)
As

In the above expression, S;; are 5 x 5 matrices that form the fundamental representation
of 50(5), whereas R; are five-dimensional column vectors with components (R;)y = id;p.
Finally, we have a mass term for the fermions. In this case, not only is there mixing
between color and flavor, but also the different chiralities are mixed. It is therefore useful
to separate the fermions into their chiral components using the projectors P;, = %(1 +7s)
and Pg = 1(1 —v5). We obtain

2
St = —=— [ dte (
9ym

2$3> tr (% Cap(Prios) + Ya Cl,g(PRwﬂ)) : (2.9)

The components of C,g involve the operators L;s and thus act non-trivially on the color
part of the fields. They are explicitly given in appendix B.2.

To set up the perturbative program, we first need to gauge fix introducing ghosts® as
in [25, 26] and subsequently to diagonalize the mass matrix, i.e. to expand the fields in
a basis on which all the operators and matrices in the quadratic part of the action act
diagonally. We postpone the somewhat technical construction of this basis to appendix B
and proceed to summarize the spectrum which can largely be understood from the repre-
sentation theory of s0(5) and s0(6).

2.2 Decomposition of the color matrices and easy bosons

From the color structure of the classical solution (2.2), it is natural to decompose the U(NV)
adjoint fields into blocks as*

_ m m a a [Q)}m’m/ [(I)]m#l
¢ = [(I)]m,m’F m! + [(I)]m,aF at [(I)]a,mF m T [(I)]a,a/F a = ([(I)}a,m [(I)]a,a’> ) (2‘10)

where m,m’ =1,...,dg and a,a’ = dg+1,..., N. Since we rewrote the mass terms using
L;;, it is natural to ask how it acts on the different blocks. Anticipating their transformation

3For the purpose of diagonalizing the mass matrix, the ghosts behave as easy bosons.
4The N x N basis matrices F™,,/ are zero everywhere except at position (m,m'), where they are one.



behavior, we will often refer to [®],,,, as the fields in the adjoint block, whereas [®]., q
and [®], », will simply be called fields in the off-diagonal block.

First, we note that L;; F, = 0, so all the fields in the (N — dg) x (N — dg) block are
massless. We will see in later sections that the fields in this block do not contribute to the
one-point functions we will calculate, and we will mostly ignore them. The fields in the
off-diagonal block transform as

LijF™ = F™ [Gijlmrms  LijF%, = Fu[=(Gij) ot - (2.11)

a m

n n n
21252
index m transforms in the dual representation (%, 5, 5). Finally, the fields in the dg x dg
dimensional adjoint block carry one index and its dual, so they transform as the product of

This means that an upper index m transforms in the ( ) of s0(6), while a lower

the two representations. This product can be decomposed into a direct sum of irreducible
representations

5390633 - @rmo e

The key observation (see also [30, 31]) to obtain the spectrum and diagonalize the easy
mass term is that it is given by the difference of Casimir operators for so(5) and s0(6),

5

Y el =g ¥ WPy ¥ (af-

=1 1<i<5<6 1<i<5<5

(Cs — C5). (2.13)

N

Any representation of s0(6) can be decomposed into a direct sum of irreducible represen-
tations of s0(5). Equation (2.13) implies that fields belonging to different so(5) represen-
tations will have different masses.

For example, we have seen that the fields in the off-diagonal block transform as the
(5,5, 5) of s0(6) and its dual. It turns out that they are irreducible representations of so(5):

[®lim.a : (ggg) - (g,o), (] : (ggg) = (g,o), (2.14)

where our notation and conventions are explained in appendix A.2. Thus, all fields in the
off-diagonal block have the same mass, which we can easily obtain from (2.13) and the
formulas for the eigenvalues of the Casimirs in (A.11).

For the adjoint block, we saw in (2.12) that the fields decompose into a sum of irre-
ducible representations of s0(6). Each of these representations of the form (m,m,0) can in
turn be decomposed into so(5) components using the branching rule (A.12)

nnn n nn
o /:(7,7,7) (7,7,7) Ly, Ly), 2.1
Pl : (3:503) ©(3503) 7 DU L2) (2.15)
where the sum runs over all half-integers (L1, L2) such that

0< Ly < Ly, L1+ Ly <n. (216)



Eigenstate Mass Multiplicity
[E]a,a’ 0 (N - dG)(N - dG’)
[Elm.a mgasy = %n(n +4) 2dg(N —dg)

[E]r mgasy =201Lo+ L1+ 2Ls ds(L1, La)

Table 2. Masses of the easy bosons E = Ao,Al,AQ,(ﬁg. The allowed ranges of L; and Ly are
0 <Ly <Ly, Li+Ls < n. The definitions of d5 and dg can be found in (1.1) and (A.8), respectively.

Therefore, fields with several different masses occur in the adjoint block, one for each
50(5) representation in the above sum. Once again, from the expression of the Casimir
operators (A.11) we obtain the easy masses summarized in table 2. It is important to note
that the s0(6) Casimir needs to be evaluated for (L + Lo, L1 + Lo, 0), which can be seen
from working out the decomposition (2.15) explicitly.

So far we have only focused on the spectrum, but we have not discussed how the
diagonalization can explicitly be carried out. We can find an explicit orthonormal basis
that diagonalizes the easy mass term, namely

[(I)]m7m/me/ = Z[(I)]LYL’ tr (i?:,fﬁ_,) = 5L’,L- (2.17)
L
The matrices Yy, are 50(5)-symmetric fuzzy spherical harmonics — the so0(5) analogue

of the basis used in [24, 25]. For our purposes, only the existence of this basis will be
important. An explicit construction of the matrices can be found in [32]. In general, we
use the notation L to collectively refer to the quantum numbers that uniquely specify an
50(5) state within a representation. This is described in more detail in appendix A.2. For
example, the sum over L includes a sum over all possible highest weights (L1, L) in (2.15),
and for each of them also the d5(L1, Ly) states that form the representation.

2.3 Complicated bosons

We now turn towards the complicated mass terms, for which color and flavor degrees of
freedom mix. The key observation of [26] is that if one can find an eigenvector of the 5 x 5
block of the mass matrix in (2.7) which is annihilated by the 1 x 5 block R,LTLi, then we
obtain an eigenvector of the full matrix.

In particular, to diagonalize the 5 x 5 block we define the total so(5) ‘angular momen-
tum’ operator J;;, such that

5
1 1
Ji]’ = Lz’j + Sz'j = 5 E SijLij = 5 E |:(J’LJ)2 — (Lij)Q — (51)2 . (218)
ij=1 1<i<j<5

On the right hand side, we have a combination of so(5) Casimir operators, which act triv-
ially on irreducible representations. As mentioned above, the matrices .S;; form the funda-
mental of s0(5) which is labeled by (3, 3). After decomposing the fields in so(5) fuzzy spher-
ical harmonics, they therefore transform in the product representation (L1, Ls) ® (3, 3).



This product decomposes into irreducible representations with well-defined total angular
momentum (Jq, J2) as

11 1 1 1 1
L. L — =) =1L —. L — L1 — =Ly — — Ly, L
(L1, 2)®<2,2> <1+2, 2+2>@<1 g0 12 2>@(17 2)

1 1 1 1
@<L1+2)L2_>@<L1_2,L2+2>, fOI‘O<L2<L1,

2
(2.19a)
11 1 1 1 1 1 1
Li,L o) =(Li+=, L1+ - Li— =L — - Li+-,L —
(L1, 1)®<272) <1+2, 1+2>69<1 5 1 2>@<1+2,1 2>,
(2.19b)

(L1,0) ® <;;) = <L1 + % ;) @ (L1,0) @ <L1 - ;;) : (2.19¢)

The masses of the fields that diagonalize the 5 x 5 block of the complicated action can now
again be obtained from the Casimir operators,

5 5
1 1 11
2<Z(Li6)2— Z Sl'jLi]) = 5 |:06(L1+L2,L1+L2,0)—C5(J1,J2)+C5 (2,2>:| .

i=1 ij=1
(2.20)

Generically, we obtain the five fields By 4+, B4+ and Bpy from the decomposi-
tion (2.19a) that diagonalize the 5 x 5 block. It turns out that By + and By are indeed
mass eigenstates of the full complicated mass term, as the corresponding basis states are
annihilated by E?:l RILZ-(;. As we describe in appendix B.1, the remaining complicated
fields B4 + and Ajs still mix through a 3 x 3 matrix. Diagonalizing this matrix we find
the six mass eigenstates B+ 4+, Bgg, D+ and Dy, where the last three are simple linear
combinations of B4 + and A3. We list their masses in table 3. There are two edge cases in
the decomposition of (L1, Ls) ® (4, 1) corresponding to (2.19b) and (2.19c). We find that
for (L1, L1) the Byy and Dy fields are missing, and for (L1,0) the B__ and Dy fields are
missing. This concludes the derivation of the spectrum for the complicated bosons in the

adjoint block.

The diagonalization for the complicated bosons in the off-diagonal block proceeds in a
similar manner. In this case, the relevant decomposition is

595 ()= Goe (51 e

In this case, Bgy and A3 mix in a 2 X 2 matrix which is diagonalized by Di. We list the
spectrum of the fields in the off-diagonal blocks in table 4. By abuse of notation, we reuse
some of the previous names for the diagonal fields.



Eigenstate Mass Multiplicity
Byy i, =(2L1+1)Ly ds(L1+73,La+3)
B._  w?_=(2L1+3)(La+1) ds(L1—35,Lo—3)
Boo m3y=L1+2Lo(L1+1)+2 ds(L1, L)
Dy =Ly +2Lo(Ly +1)+2 ds(L1, L2)
D, m3 =14 (L1+2Lo(L1+1))+/1+4(L1 +2Lo(L1 +1)) ds(Ly,La)
D_ m2 =1+ (L1+2Lo(L1+1)) — /1+4(L1 +2Lo(Ly +1)) ds(L1,L2)

Table 3. Masses and eigenstates of the complicated bosons in the adjoint block. The allowed
ranges of L1 and Ly are 0 < Lo < Ly, L1+ Ly <n. Note that in the case Ly = L1 the Bgy and Dy
fields are missing, and in the case Ly, =0 the B__ and Dy fields are missing. The definition of ds
can be found in (A.8).

Eigenstate Mass Multiplicity
B++ miJr = %"I’L2 2d (nJrl 1 )(N dG)
B_+ m%+ = %(n+4)2 2d5( )(N dG’)

)
Dy md =t (R a8+ 42 F 0+ D))  205(3,0)(N — dg)
D_ m? :g(n +4n—|—8—4\/2(n2+4n—|—2)> 2d5(5,0)(N — dg)

Table 4. Masses and eigenstates of the complicated bosons in the off-diagonal block. The definition
of d5 can be found in (A.8).

2.4 Fermions

The diagonalization of the fermionic mass matrix C,g is non-trivial, so we will consider first
a simplified version of the problem. The observation we make is that the eigenvalues of C'C
are actually the fermionic masses squared. Moreover, we will use the eigenvectors of C'C
to construct the eigenvectors of C. From the explicit form of C,g given in appendix B.2,

we obtain

; 1 5 ) 5 ~
cic = 2(; (Lie)” = > sijLij>. (2.22)

The 4 x 4 matrices (S'Z-j)ag constitute the four-dimensional representation of so(5) which is
labelled by (3,0).

Notice the similarity of this problem with that of the 5 x 5 block of the complicated
bosonic mass term. In particular, a variant of (2.20) still holds, with the difference that
now the total angular momentum (.J;, J2) takes values in the decomposition®

1 1 1 1 1
(Ll,L2)®<2,O> = <L1+27L2>@(L1_2,L2>@(L]_,LQ"‘2)€B<L1,L2—2> , (2.23a)

for 0 < Lo < Lo,

®We also have to change the last term in (2.20) to C5(3,0).



FEigenstate Mass Multiplicity
D+0 Mg = 2(L1 + 1)L2 d5(L1 + %, LQ)
D_g m_o=+/2(L1 +1)(Ly + 1) ds(L1 — 3, Lo)
Doy gy = \/5@L1+1)@La+1) ds(L1, Lo+ 3)
Do g =\/32L1+3)2La+1) ds(L1, Lo — )

Table 5. Mass eigenvalues of the fermions in the adjoint block. The allowed ranges of L and Lo
are 0 < Lo < Ly, L1 + Ly < n. Note that in the case Ly = L the fields D_g and Dy are missing,
and in the case Ly = 0 the Dy_ fields are missing. The definition of ds can be found in (A.8).

Eigenstate Mass Multiplicity
Do myg = %n 25"+, 0)(N — de)
D_g m_g = (n+4) 2ds5("30)(N - dg)
Doy mo+ = =(n+2)  2ds(5, 5)(N - dg)

Table 6. Mass eigenvalues of the fermions in the off-diagonal block. The definition of dg can be
found in (1.1).

1 1 1
L. L - 0)=|L{+=.L L1, L1——
(L1, 1)®<27 > ( 1+27 1)69( 1,11 2>7
1 1 1 1
L 20)=(Li4= Li—- L= ).
( 170)®<270> < 1+2)0>@< 1 2a0>@< 172>

It is now an easy exercise to extract the masses of the fermionic diagonal fields. Note that

(2.23b)

(2.23¢)

compared to the complicated bosons there is no further mixing of fields after coupling the
s0(5) representations (L1, L) and (%, 0) appropriately. In analogy to the previous section,
we will denote the diagonal fields by D, g. The fermionic masses are listed in table 5 for
the adjoint block and in table 6 for the off-diagonal block.

3 Propagators

In the previous section, we have presented the spectrum of ‘masses’ of all the fields in the
theory. In the action, these masses combine with a spacetime-dependent factor into Tg’;—g
for the bosons, and z—”; for the fermions. The propagators of fields in (d + 1)-dimensional
Minkowski space with such spacetime-dependent mass terms are related to the propagators
of fields in AdSg4y1, as observed in [24, 25, 33].

For the purpose of our computation in section 4, only the propagators of fields evalu-
ated at the same point in spacetime will be relevant. Since they are divergent, we need to
introduce a regulator to keep them finite, and we will accomplish this working in dimen-

sional reduction with d = 3 — 2¢, such that the codimension of the defect remains one. For

~10 -



the bosonic fields, the regulated propagator is [25]

1

2
m?2 9yM 2 1 1
K™ (z,x)= 2 167223 [m <—€—log(47r)-|—’m—2log(x3)—l—2\l' (1/—1—2) —1) —1] , (3.1)

where v = /m?2 + %. Similarly, the (spinor trace of the) regularized propagator for the
fermions is

e,
tr K (x, z) = XM

3 2
877%3% m”+m”—3m—1 (3.2)

+m(m? —1) (1 —log(4m) + vg — 2log(x3) + 2¥(m) — 2> ] :

In the above expressions, ¥(x) is the digamma function and g is the Euler-Mascheroni
constant.

As discussed in section 2, one can change basis from the fields ¢, A, and v, in
the action to the diagonal fields By 4, Bog, D+ and Dy, such that the mass terms become
diagonal. The propagators between these diagonal fields are then of the form (3.1) and (3.2)
we just presented. However, it is easier to perform field-theory computations if we know
the propagators between the original fields in the action. This can be achieved by inverting
the steps in the diagonalization procedure, as explained in more detail in [25, 26]. In the
resulting propagators there is mixing between color and flavor degrees of freedom, which

is introduced by the presence of matrix elements of so(6) generators.
2

i
being one of the masses listed in tables 3—6, and similarly for the fermions. We will merely

Throughout this section, we denote by K m{ the scalar propagator with the mass m

present the final results in the main text and refer the reader to appendix C for more details.

3.1 Off-diagonal block

We begin with the propagators between fields from the off-diagonal block, because they
are the most important ones for the purposes of later calculations in the large-N limit.
We remind the reader that these fields are of the form [®],, , where m = 1,...,dg and
a =dg+1,...,N. The propagators will be expressed in terms of the matrix elements
[Gij]m,m of the matrices G;; that appear in the classical solution; see appendix A.3 for
more details.

The simplest propagator is the one between two easy fields E = Ay, A1, As, ¢g, because
in this case there is no mixing between the flavor and the color structure,

m2
([Elm.al BNy o) = O O o Kooy (3.3)

Note that the propagator between two different easy fields vanishes.

- 11 -



The remaining scalars QNSZ with ¢ = 1,...,5 mix with each other in the following way:

<[¢i]m,a[¢~5j]:rn/,a/> - 5a,a’ 5ij5m,m’f8ing + [Gz‘j]m,m’fhn + 4[Gi6Gj6]m,m’ fpmd . (3.4)

The functions f above are linear combinations of bosonic propagators, with coefficients
which only depend on n:

sing _ n [(mz_+ n+4 Km3_+
/ 2(n+2) * 2(n+2) ’
: Z 2 2
fim = s (K K (3.5)
fprod _ KMy KMt N KM n K™

2n(n+2) 2n+2)(n+4) 4N, ' 4N_’

where the (normalization) factor Ny is given by

Ni=dml,, + 1+ /4m2, +1. (3.6)

As discussed in the diagonalization, the five scalars éz and the third component of the
gauge field also couple in a non-trivial way,

1

~' t — -
([Dilm.alAs]py o) .0 n(n+4)+2

(Gilm,m (K K mi) , (3.7)

while the third component of the gauge field with itself gives

T _ 6a,a’5m,m’ 1 mQ_ _ L _ m3
([Aslm.alAs], ) = 222 [<1+W>K +<1 m)K +} (3.8)

Note the similarity between these propagators, and the ones obtained for the defect theory
dual to a D3-D7 setup with s0(3) x s0(3) symmetry [26]. In that case, the propagators had
precisely the same structure if one makes the schematic replacement G;5 — t;, where t; are
generators of s0(3) x s0(3) (see (3.25)-(3.29) of [26] for further details).

Finally, in the diagonalization of the fermions 1, with o = 1,... 4, different chiralities
are mixed with the color and flavor degrees of freedom. As a result, the propagators will
contain 75. Moreover, matrix elements (C;),p will appear, where C; are the matrices that
couple scalars and fermions in the action of N’ = 4 SYM theory, see (A.2). The propagators
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have the following structure:%

([alma[Balarm) = daa lam,m/ (G0, (27 =525 +i(Co)as (F2 +3552 5 )|

5

3
~bas Galman (15" +75526) +1 3 Y (CCaslGaibmoms (1615 = 15

i=1 j=4
1 g _ -
5 0 n(CaslGirlmm +i(Co)aslGaslmm | (1™ =555 )
ij k=1
5
+Z 16 m,m/ <fF +’Y5 ) Z z 16 m,m’ ('75‘]0 +f}27'7+'75>
=4
3
+iZ(Cz‘Cﬁ)a,5[Gi6]m,m' (f% s fr 5>
=1
5
=i (CiCo)aplGitlmam (1617 = 1)
=4
;3.5
t5 Z ZEz'jk(Cicl)a,ﬂ[G[jGGk6G16}]m,m’ (vsf2+ f275)
i k=1 1=4
L
+3 > " €ijk(CiC)a 5l 16 CreGie)lman' (f7 +75f1??75)] : (3.9)
ijk=4 =1

As for the complicated bosons, the fr are functions that depend on n and the fermionic
propagators (3.2)

0+ _ (n+4) myo n(n+4) mo+ n

m—_o
Eo8n+1) " F 4(n+1)(n+3)KF +8(n—|—3)KF ’
1,4+ 1 m40 1 mo 1 m_g
F = 4(n+1)KF )13 F+:F4(n—|—3)KF ’ (3.10)
2,4+ _ 1 Mo (n—|—2) Mo | 1 om0 .
Eoam+1)"F T2+ D) (n43) T 4(n43)F 7
f%:_L ?‘FO_ 6 m0++¥K;n—o

(n+1)(n+2) (n+1)(n+2)(n+3) (n+2)(n+3)

The fermionic masses m,g can be found in table 6.

3.2 Adjoint block

Now we present the propagators in the adjoint block. In this case, the fields are [®],,, s With
m =1,...,dg, but it is convenient to express them in terms of irreducible so(5) representa-
tions. As explained in section 2, this is achieved by changing basis: [®],, y/ F™ = = [®|L V1.
In particular, the matrix elements of generators L;; = ad G;; will appear, and they can be

5The notation [7kl] denotes antisymmetrization of the three indices, normalized by %
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computed as
<L‘LU’L/> = tr (?ITLU}A/L/) =tr ()A/IT |:Gij7 ?}_/}) . (311)

However, using this expression is hard in general, because we do not have explicit formulas
for Y. What one can do instead is to compute the matrix elements thinking of L;; as
an operator acting on an abstract vector |L) in a certain so(5) representation. We give a
prescription on how to do this in appendix E.

The propagator between two easy fields E = Ay, A1, As, ¢g is simple because there is
no mixing of color and flavor

([EL[EN,) = opp KMo (3.12)

For the propagators between the five scalars ggz with ¢ = 1,...,5, the resulting structure is
more complicated than in the off-diagonal block:

(BilLBs1L) = 0iy0nar £ 4 (L|Lig L) ™ + (L{Lig, Ly} Laa L) f
+ (LI{ Lik, Lig L) £ (3.13)
+ (L|{Lis, Le; }|L") [5L17L’1 OLo,L form 4+ Ot LA +10L, LyF1 foerl,
and
([ffsz‘]L[A?)]JIr/) = i<L|Li6‘LI>(5L1,L’1+%5L27L’2—% + 6L1,L’1—%5L2,L/2+%)f¢14( 1, Ls). (3.14)
The third component of the gauge field has the following propagator:

<[A3]L[A3]£’> = 0L I/ ( o \/mfffmi + ( i \/ZW},4_1>2K7?12

2N_ 2N, ’

(3.15)

where N1 were introduced in (3.6).”

Finally, one can obtain the propagators between the fermions in the adjoint block in
a similar manner. Rewriting the propagators in terms of matrix elements is a complex
task, and in most applications only certain traces of them will appear. In particular, one
has that

3

tr ([alu[PplL) =Y (Ci)as(L|Lig|L') tr f3* (L1, Lo; L, L)
=1

6
+ ( > Y €r(CiC)as (LI LijsLis Lig L) (3.16)

3
g k=4 1=
3

[y

7 N
a § Z €iji(CiC)a (LI Lij6 Lie Lig | L/ >> tr fi*° (L1, Lo Ly, L),
7 7l 1

"Note that N+ needs to be evaluated using mgasy instead of mgasy.
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5

tr (3 ([alu@ali) ) = = D 2(Cdays (LI LigIL) tr FE*(Ly, Las L), L) (3.17)
1=4

3 6
+i Y Y €iin(CiC)a,s (LI L Lis Lig L) tr fi(Ly, Lo; L, L).
ijk=1 =4
The full propagators ([t)a]L[t)s]1/) would have a structure similar to that of (3.9), but
containing many more terms and matrix elements of products of generators L;; up to
cubic order.

As for the off-diagonal case, the functions f r are linear combinations of the propagators
between mass eigenstates (3.1) and (3.2). Again, these functions only depend on the labels
(L1, La) of the external fields. However, since their expressions are more involved than in
the off-diagonal case, we postpone their explicit formulas until appendix C.

4 One-loop corrections to the classical solution and one-point functions

Following previous work [25, 26], we will now use the propagators to compute the first
quantum correction to the vacuum expectation value of the five scalars ¢; fori =1,...5, as
well as the one-loop one-point function of the 1/2-BPS operator tr(Z%), where Z = ¢5+igg.
Throughout this section we will work in the large- NV limit, and we will specify which results

8

are applicable for finite n or in the large-n regime.® One-loop corrections to one-point

functions of more general, non-protected operators can similarly be obtained in analogy
with [25, 26].

4.1 One-loop correction to the classical solution

The first quantum correction to the classical solution is given by the contraction of an
external scalar with an effective three-vertex,

(6)1-100p(7) = Bi(2) / dly S V(@1(y) Baly), Ba(y)). (4.1)

®1,92,93

The sum on the right-hand side runs over all fields in the theory. We show in appendix D
that

42N <
_WW(H) tr (éiGi()‘) . (4.2)

D Va(@1(y), ®a(y), Pa(y)) =

$1,82,93

8Tt should also be possible to extend this to finite N following [25, 34].
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The function W (n) is positive for n > 0, and is given explicitly

W(n) 1 (2n=4)(n+8)  2v2(n+2)(n(n+4) —4) n(n® —8) ¥(imyo)
64 n(n+4) (n+1)(n+3) 2(n+1)
(24 2%(n(n + 4) ~ HU(moy) _ (n+ 4)(n(n +8) + 8)W(m_o)
(n+1)(n+3) 2(n+3) (4.3)
(n* + 8n3 — 32n + 8n2 + 64) U (Veasy + 3) '
a n(n +4)
B nd(n+5) (vpy + 1) _(n=1(n+ 43U (v_y +3)
2(n+2)(n+4) 2n(n +2) '

in terms of the masses of bosons and fermions in the off-diagonal blocks (see tables 4

and 6) and v; = \/m? + . We also attach a completely explicit expression for W (n) as
Supplementary material to this paper. In section 4.2 we will be interested in this function in
the double-scaling limit (1.2). Expanding for n — oo, this function simplifies dramatically:

W(n) = # +Om?). (4.4)
From the individual terms in (4.3), one would expect terms growing as fast as n?log(n)
in the large-n limit. However, from the supergravity calculation we know that all terms
growing faster than 1/n? should not be present. This “miraculous” cancellation provides
a very non-trivial check for our results.
Moreover, using the relation between the matrices Gis and the so(5) fuzzy spherical
harmonics given in appendix A.3, we can compute the contraction

(Z;i tr <(z~)jGj6> = Km2:6(a;, y) Gig. (45)

The remaining spacetime integral was already computed in [26]:

/ dly L K =0(g,y) = gy L (4.6)
y2 ’ 2 day’ '

Assembling the pieces, we see that the one-loop correction to the classical solution is
proportional to the classical solution such that we can write

osa) = (1= 25000 +0 (%) ) (6o (47)

We note that this correction is non-vanishing, fitting the picture observed so far that for
a domain-wall setup which conserves part of the supersymmetry there is no correction to
the classical field [25] whereas for setups which break the supersymmetry there can be a
correction [26]. The one-loop corrections to vanishing classical vevs are all vanishing.
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HK 0 KC

(a) Tree level (b) Tadpole (c) Lollipop

Figure 1. Diagrams (identical to the ones of [25]) that contribute at tree level (a) and one-loop
order (b)-(c) to a single-trace operator such as (tr ZL);_g (in the planar limit). The black dot
denotes the operator and the crosses signify the insertion of the classical solution.

4.2 One-loop correction to (tr(Z%))

Next, we consider the scalar single-trace operator tr(Z%) with Z = ¢5 + idpg and aim to
compute the first quantum correction to its one-point function.

At tree level, the one-point function (tr(Z)) was first computed in [35]; it is simply
obtained by inserting the classical solution Z¢ = gbgl into the trace:

1 0, L odd,

<tI‘ ZL>tree = oo NL tr Géﬁ = 1 2 n (n+2)? n
(V2x3) ara)k [mBL+3(_§) - mBLJrl(_j)} ; L even,
(4.8)

where B; denotes the [-th Bernoulli polynomial.

The general procedure for computing the one-loop one-point function of scalar single-
trace operators can be found in [24-26]. As was derived there, there are only two contri-
butions for the operator tr(Z%), which were called tadpole and lollipop, see figure 1:

(tr Z5)1 100p = (tr ZEYiaq + (tr Z5)1q1. (4.9)

In particular, since the operator is 1/2-BPS, there is no correction to its wave function as
well as no renormalization.

The tadpole diagram corresponds to inserting the classical solution for L — 2 scalars
and contracting the remaining two fields. This can be done in L inequivalent ways, so
we obtain

(tr 2% = Ltr {(ch)Hzﬁz} . (4.10)

The contraction of Z with itself is simply

—

Z Z = g5 ¢5 — b6 6 , (4.11)
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since ¢5 and ¢g are an easy and a complicated field respectively and there is no propagator
that mixes them. Using the propagators presented in the previous section and taking into
account that only the fields in the off-diagonal block contribute in the large- N limit, we find

(tr Z")gaa = LN

tr ((zcl)H) ( foins sz) +dtr ((zcl)L—2G56G56) fprod], (4.12)

using the combinations of propagators f given in (3.5). Note that this gives us the contri-
bution of the tadpole for any finite value of n, because the color trace is known in terms of
Bernoulli polynomials, see (4.8). As for the effective vertex W (n), we have a cancellation
of the regulator-dependent terms coming from the spacetime propagator for any finite n.

In order to compare our result to the supergravity prediction, we need to evaluate the
expression in the large-n limit. Inserting the expression for the traces (4.8) into (4.12) and
expanding for n — oo, we find that the leading order term is

nsoo A L(L+1)
m2n2 2(L —1)

(tr Z%)(aq (tr Z%) tree- (4.13)
Notice how once again, only terms which are at most of order n~2 contribute in the large-n
limit, even though from (4.12) one could expect a growth-rate faster than this.

The second type of diagram is the lollipop diagram, which is nothing but the one-loop
correction to the classical solution for one of the scalars in the operator. We find, using
our result (4.7),

AL
K

n—00 AL

W (n)(tr ZL>tree — ———(tr ZL>tree.

(tr ZL>101 = Ltr [(ZCI)L71<Z>1—IOOP  4r2p?
(4.14)

In the last step, we have used the expansion (4.4) of W(n) for n — oc.
Combining the tree-level result (4.8) with the values of the tadpole and lollipop dia-
grams (4.13) and (4.14) respectively, we find

(wzh) A L(L+3)+@<< A )2> (4.15)

(tr ZL Y400 m2n2 4(L —1) 72n?

Up to first order in the double-scaling parameter, this matches precisely the result from
the supergravity computation (1.4). Note that as in [25, 26] we are actually forced to
consider the above ratio in order to compare the supergravity to the field-theory result:
the supergravity result computes the one-point function of the unique so(5)-symmetric
chiral primary on which the operator tr(Z%) has a non-vanishing projection.

A completely explicit expression for (tr Z L>1_100p at finite n is attached as Supplemen-
tary material to this paper.

5 Conclusion and outlook

Making use of fuzzy spherical harmonics on S*, we have set up the framework required
to carry out perturbative calculations of observables in the domain-wall version of ' = 4
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SYM theory where five scalar fields have so(5)-symmetric vevs in a half-space. As an
application, we have computed the one-loop correction to the one-point function of a specific
chiral primary and found that it agrees in a double-scaling limit with the prediction from a
supergravity computation in the dual string-theory setup. We notice that a match between
gauge and string theory is obtained for all defect setups of the given type regardless of
whether supersymmetry is fully or only partially broken and regardless of whether the
relevant boundary state is characterized as integrable or non-integrable, cf. table 1.

With the perturbative framework fully developed, one can of course compute other
types of observables of the dCF'T, such as more general correlation functions or Wilson
loops. The study of Wilson loops in the closely related dCFT dual to the D3-D5 probe-
brane system listed in table 1 has revealed interesting novel examples of Gross-Ooguri
like phase transitions [33, 36—39]. Furthermore, the investigation of two-point functions in
the same setup has led to new insights concerning conformal data of dCFTs [40, 41] and
in general such data might prove useful as input for the boundary conformal bootstrap
program [42-44].

The one-loop contribution to the one-point function of general non-protected opera-
tors in the present s0(5)-symmetric setup could potentially provide important information
for the integrability program. The corresponding boundary state has been argued to be
integrable [19] and the derivation of a closed formula for all tree-level one-point functions
is in progress [45]. Explicit results at one-loop order might make it possible to package the
results for the two leading orders into one formula, put forward a proposal for an asymp-
totic formula for higher loop orders as was done for the D3-D5 case [18] and eventually
bootstrap an exact all-loop order formula for both cases.

From the string-theory perspective, the most burning open problem is to understand
the reason for the integrability or non-integrability of the boundary states associated with
the different probe-brane models considered here, cf. table 1.
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A Conventions

A.1 N =4 SYM action

Throughout our work, we consider a mostly-positive metric n** = diag(—1,+1,+1,+1).
The action of N'=4 SYM theory is given by

2 1 1 7 -
SN=4 = 5 d*z tr | — ZF;WFMV - §Du¢zDu¢z + §¢7“Du¢ (Al)
IYm

6
[¢,,¢] (60, 5] + ch (i ¥ %Z @,w)
1=4

where (C;)qp are 4 x 4 matrices of Clebsch-Gordan coefficients that couple the two spinors
with the scalars. We will use the same conventions as [25]:

ar=c) = (0 _U3>, CQECZE”ZZ'( ’ Ul), (ngcgl):("? 0>,
g3 0 —01 0 0 g9
_ A2 _ [ 0 —o2 _~2 [0 -1 @ _ 0
Cy =0 _1(02 . ) Cs=C} _<12 0 ) Ce=C4 (0 o)

The matrices in the first line are Hermitian, (CZ.(I))T = C’i(l), while those in the second are

(A.2)

anti-Hermitian, (Ci(z))T = —Ci(z). Furthermore, we note some useful properties:
1) ~M _ (2) ~2)1 _
{e,c} = +285, {cP,cP} = -2, (A.3)
1 1 . 1 2 2 2
[Ci( ) ¢ )} = —2ie;u OV, [Cf )¢ )} = 2,02, (A.4)

and the two sets commute [C’i(l), C’](-2)} =0.

A.2 s0(5) and s0(6)

Given an so(n) Lie Algebra, we normalize the generators L;; = —Lj; such that
[Lij7 Lkl] =1 (5iijl + 5leik — 5jkL1ll — 62’le]€) for 1,7, k,il=1,...,n. (A5)

We will label our representations in terms of the quantum numbers of the highest
weight. Our conventions follow [46] since we will make use of some of the Clebsch-Gordan
coefficients for coupling different s0(5) representations published there. For so(5), we need
two quantum numbers (L1, L) to specify a representation, which correspond to the eigen-
values of %(ng + L34) acting on the highest weight state. The most relevant examples for

so(5) : 4:@,0), 5:@;) 10 = (1,0). (A.6)

Our notation is related to the so(5) Dynkin labels (e.g. used in [47]) by (L1, La) =
[2L9,2(Ly — La)].

our work will be
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Similarly, for so(6) we need three quantum numbers (P;, Py, P3), which correspond
to the eigenvalues of Lis, L34 and Lsg acting on the highest weight state. Some simple

111 - 11 1
e 4=1|5,5.—5]- A
50(6) (333) 2=(33-3) (A7)
Our notation is related to the so(6) Dynkin labels by (P1, P2, P3) = [P1— Py, Po+P3, Po—P3].
With our conventions, the dimensions of the irreducible so(5) and s0(6) representations are

examples are

1

ds (L1, Ly) = £(2L1 + 2Ly +3)(2L1 — 2Ly + 1)(2Lp + 1)(2L1 +2), (A.8)
1
do(Pr, Py, P3) = 75 (1+ PL = Po)(3+ Pi + P2)(2+ Py — Py) A9)

><(1+P2—Pg)(2+P1+P3)(1+P2+P3).

The Casimir operator is defined as the sum over all independent generators squared:

Cn =) (Lij)*. (A.10)

1<j
With our normalizations, it has eigenvalues
Os(Ly, La) =2 [Ll(Ll +2) + Lo(Ly + 1)], (A.11a)
Cs(Py, Py, P3) = Pi(Py +4) + Po(Py +2) + P5. (A.11b)
Let us also write the branching rule of s0(6) representations into so(5),
(P, Py, Ps) - @P(L1,La), where Py<Li—Ly<P<Li+Ly<P. (Al2)

The most relevant cases for us are (Pi, P, P3) = (%, 5, 5) which implies (L1, L2) = (%,0)

for the fields in the off-diagonal block, and (Py, P2, P3) = (L1 + Lo, L1 + Lo, 0) for the fields
in the adjoint block.

To label the states in a given so(5) representation, we use the collective label L =
(L1, La) L1423 mymy. Here m; and mg are the eigenvalues of the two Cartan generators
%(ng + L34) and %(ng — Lsy) covering the ranges m; = —4;,...,+¥¢;. The spins ¢; are
subject to the constraints

—Ly+ Ly <ly —ly <Ly — Ly <ty + 403 < Ly + Lo, (A.13)
and ¢ + ly € Z [46].

A.3 G matrices

Consider a four-dimensional representation of the so(5) Clifford algebra

{775} = 20i14xa. (A.14)
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This can be used as a building block for some particular types of so(5) and s0(6) represen-
tations as follows. Take the n-fold tensor product and project to Sym(®"C*) as

1
Gie=5(3i®1® @1+ +10  @18%) ., (A.15)
n factors
and define
Gij =—1 [Giﬁ,Gjﬁ], i,j = 1,...,5. (A.lﬁ)
From the anticommutation relations (A.14), one can verify that G;; fori,j = 1,...,5 satisfy
the commutation relations of so(5) and G;; for i,5 = 1,...,6 satisfy the commutation

relations of s0(6). We also refer to the appendix of [29], where some useful identities for
the matrices G;; can be found. The matrices Gy are related to the so(5) fuzzy spherical
harmonics Yy by

1 > - i . )
G = —=Aan (Y + Y__> y G = ——=an (Y _ Y__) ,
16 \/i ++ 2 \/i g
L (Vg =¥ Loy 4y A1T)
Gag = ——=ay, (Y_ —Y_), G :_7(1”()/_ —I—Y_), (A.
36 /2 + + 46 NG + o\
Gs6 = —anY00,
where
11 " . o
tn =3 gn(n+4)d5 (570), and Y5 = Y1 111,45, Y00 = Y(1 1)9000- (A.18)

B Details on the diagonalization

In this appendix, we provide details of the diagonalization procedure outlined in section 2.

B.1 Complicated bosons

In (2.7) we have written the mass terms for the complicated bosons, i.e. those for which
color and flavor degrees of freedom mix. As stated in section 2.3, the key observation is
that we can diagonalize this mass term by starting with the 5 x 5 block for which we can
rewrite the mixing term as
Lo Ly =2 > (i) = (L) = (85)7) - (B.1)
o it = 5 ij i ij

1<i<j<5

We thus have to find the eigenstates of the total angular momentum operator J;; = L;;+5;;.
Concretely, this works as follows.
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The matrices S;; form the fundamental representation of so(5),” and we bring them
into canonical form by transforming the five complicated scalars as

b1 i 00-i 0\ (o Cht
bo 1 00-1 0 ¢2 i
1 . :
o3| = 5|0 =i 0 0| el =10y =3 Comburar (B2
b4 0110 0 ¢4 e
b5 0 000 iv2 b5 Coo

The fields Ca, o, are the five components of the (3, 1) representation of so(5). In particu-
lar, we use the notation Cy, o, = Cs, where S = (3, 1) |o1[|az| a1az, to make manifest that
Cay a0 has magnetic quantum numbers a; and ap with respect to the su(2) x su(2) subalge-
bra of 50(5).! These fields are now expanded in terms of so0(5) fuzzy spherical harmonics
and we denote the components by (Cg)y,. Finally, the éq, o, in (B.2) are five-dimensional
unit vectors, for example é, = (1,0,0,0,0), and so on.

33)
However, we are interested in fields that are diagonal with respect to the total angular

It is clear that the (Cg)y, transform as the product representation (L1, La) & (

momentum J;;, and so will belong to the representations (2.19). In particular, we will
denote by Bqy, «, the diagonal fields in the (Ji, J2) = (L1 + o1, L2 + a2) representation. All
the states in this total angular momentum representation are labelled by distinct values
of J = (Ji,J2) jijemimsy. As familiar from quantum mechanics, the explicit change of
basis is

(Boél,az)J = Z<L; S’J>(CS)L7 (B.S)
LS
where (L;S|J) are the Clebsch-Gordan coefficients for coupling the so(5) states labeled
by L and S to J. For the present case, i.e. the coupling of the fundamental of so(5)
with an arbitrary state in the irrep (L1, L2), the coefficients can be found in [46]; see also
appendix E for more details.

a2

The fields (Ba, a,)3 Will have some corresponding basis elements YJO”’ , which are

defined implicitly from

Z(CS)L Y/L ® eég = Z Z(BOZI:OQ)J }7‘]041,042‘ (B.4)

L,S a,az J

Having obtained eigenstates of the 5 x 5 block, it remains to see how they transform under
the action of 2?21 RILZ-G, the 1 x 5 block in (2.7). One can compute that

5
O s _ mP1,P,P 2
(Z RIL%) YJal V= TJll_CVQsz—Ozz;Jl,JQ YJ‘ (B'5)
i=1

The right-hand side of this equation is proportional to the so(5) state Yy with a constant of
proportionality 7" that only depends on the irrep (J1, J2) and (a, az2), not on all quantum

In our conventions, S;i contains a —i at position (jk) and an 4 at position (k7).
1ONote that the subscripts +, — and 0 on the fields C' denote half-integers, e.g. C_ has a; = % and
1
Qg = —3-

~ 93 -



numbers contained in J. In fact, the T’s are certain reduced matrix elements of s0(6)
generators; for more details, see appendix E. Their value also depends on which s0(6)
representation the fields transform as and we will have to distinguish between the adjoint
block with so(6) irrep (L1 + L2, L1 + L2,0) and the off-diagonal block with (5,5, 5).

Let us start with the adjoint block, in which case it turns out that the reduced matrix
elements 7' vanish if (J1,J2) € {(L1+3, La+13), (L1, L), (L1 — 3, Ly — 3)}. More explicitly,

we get

5 5 5
<Z RIL'L6> YA'J++ — (Z RILZ6> YJ__ = (Z RZL16> }A/JOO _ O7
=1 i=1

i=1

s (B.6)
(Z RILZ(;) YA:]i$ = T:t:FY‘],
i=1
where the coefficients T*F take the following values:
— 3 (2J1+1)(J1 — J2) (J2+ 1) 2 (2J1+3)(J1 —Ja+ 1) Js
2J1—2J2+1 ’ 2J1—2J2+1 )
(B.7)
We now write the vector of complicated fields as
C = [ Zerang Baaa)a V5 ) (B.5)
>on(A3)LYy
and insert into the mass term (2.7). The mass term then becomes
iy (B )§ (Bes)s + m%,<B__>}<B__>J + 1i5o(Boo) § (Boo)s
; ; ; easy +2 0 _fT+_ (B+-)3 (BQ)
+(Bf b (Al) | 0 g2 —verr | [ (B
—\/2T+~ \fT Ty (A3)

As pointed out above, the reduced Clebsch-Gordan coefficients only depend on the so(5)
and s0(6) irreps, not any other quantum numbers. We can therefore simply diagonalize
the remaining 3 x 3 matrix; the fields that achieve this diagonalization are given by

Do= 1 (IT-"Bi- —T* B_,), (B.10)

/ 2
2Tneasy

+1+ /A2, + 1 1 . .
D- = Az + T By _ +T1T "B_.). B.11
T N, 3 m( 4t +) ( )

The eigenvalues are listed in table 3.

The diagonalization for the off-diagonal block proceeds similarly. In this case the
reduced matrix elements are non-zero only if (Ji, J2) = (L1, L2), resulting in a 2 x 2 matrix
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that has to be diagonalized in the final step. The mass term becomes diagonal in terms of
the fields B4, B4 and

1 1 1 1
Dy==4 |-+ —F—=Byp+ |-F

20 2 fam2, +1 2 2 famz, +1

The eigenvalues are listed in table 4.

As. (B.12)

B.2 Fermions

The mass term for the fermions as written in (2.9) is

t1(PaCap(Pribg) + ol (Pribg)), (B.13)

where P, and Pg are the chiral projectors. The components of the matrix C,g are

5
1

Coap = — Ci)apLis, B.14

8 \@;1( JapLi (B.14)

where the (C;)ap were defined in (A.2). One can show that CTC # CC'; thus, we cannot
diagonalize C with a unitary transformation. We will now follow a standard procedure to
diagonalize a fermionic mass matrix used e.g. also in the standard model; see for exam-
ple [48].

We begin by finding the eigenvectors of CTC = %(Zle (Li6)2—22j:1 SiiLij). The 4x4
matrices gl-j form the four-dimensional representation of so(5); thus, C'C is diagonalized
by coupling a general so(5) representation (Lj, Ly) with ( %, 0). As it was the case for the

complicated bosons, we start by bringing the matrices S;; into canonical form with the

transformation
W 1—i—1 i\ [ Co
1= 1 i =1 3
el R e R S e (B.15)
3 21 -1—i-1— V3 Co+
Py 1 1 ¢ 1 o Co_

Here the fields Cy, o, = (Cs)s have well defined orbital and angular momentum. Now the
eigenvectors are found in terms of Clebsch-Gordan coeflicients:

vyt = ST S|I) Y @ és. (B.16)

L,S

This concludes the diagonalization of CC.

Now we will use the basis of eigenvectors of CTC to build a basis of eigenvectors of C.
For the fields in the adjoint block, after a long calculation one can find how C acts on the
four eigenvectors:

C(Ji+L (T dat )\ *

CYJ( 1£3,J2) :Xl(J)m:I:O(JhJQ) <YJ(Y1 2 2)) 7 (B17)
o (J1,Jat 1 NS A

c V) — () moe (1, ) (Y}rl 2 2)> , (B.18)
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with the ‘reversed’ total angular momentum J, = (Ji, J2) j2j1 mam; and some phase factors
x1(J) and x2(J). It turns out that myo and mos are the same when written in terms of
Ji and Jy so that we can obtain eigenvectors of C by essentially adding the two previous
equations and taking care of the phase factors. After the dust has settled, the eigenvectors
of C turn out to be

pos X(J\;/Ogﬁ) [yJ(JH%,JQ) T ppln D) (B.19)

for the four combinations of a, € {—1,+1} and the phase

(J:a,B) = (_1)—%(2J1+m1+m2+a+%)i%. (B.20)
The fermions in the action can now be expanded in this basis and the mass term becomes
diagonal in terms of component fields which we call (D,g)3, and which are related to

(Cs)s by

Z Z (Dagp)s Y5 = Z (Cs)L Vi, ® és. (B.21)

One can diagonalize the fields in the off-diagonal block in a similar fashion, the only
difference being that different orbital angular momentum representations are not mixed
with each other. There is still mixing between J and J,, which can be diagonalized easily
with an extra step similar to (B.19).

C Details on the propagators

In this appendix, we provide further details on the derivation of the propagators presented
in section 3. In particular, we give the explicit formulas for the coefficients f that do not
appear in the main text.

The fields in which the mass matrix for the bosons becomes diagonal are B4 +, By,
Dy and Dgy. The propagators between them are simply

([Biilu[Bii]]) = o K7, (C.1)

and similarly for B__, By, D+ and Dy. In order to invert the Clebsch-Gordan procedure,
we have to express the non-diagonal fields B+ + and As in terms of the diagonal fields.
This is achieved by

TH+ D D_
Biw=F———Dy—TH7F + o C.2
+,F + \/W 0 (\/K m) ) ( )
easy
=1+ /dmZ,, +1 L+ /4mZ,, + 1

D_.
V2N_ V2N,

From (C.3) it is immediate to obtain the propagator (As A§>, see (3.15) in the main text.
Similarly, for the propagator (¢; A§> the two fields couple through propagators (Bt + A;)
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It is therefore natural to introduce the following function

coi —1+,/4mgasy+1 - 1+,/4m§asy+1 L
F9(Ly, L) = K™ — K™=, (C4)
V2N_ V2N,

11

which captures such contributions.

The situations is more complicated for the propagators (¢; gb;), because there are sev-
eral possible contributions. The first one comes from the propagator (B _ BL +), and it
is captured by the function

; 1( K™ K™ K™
oPP(T. o)== | — . C.5
PP, Lo) 2( ngaSer N N+> (C5)

The other contributions come from propagators between identical B fields (B, g BL ﬂ>, and
we will encode them in the functions h, g. These functions are particularly simple for the
B fields that are diagonal after the Clebsch-Gordan decomposition

hit(Ly,Lo) = K™, hoo(Ly, Ly) = K™, (C.6)

For the fields B4 -, we can read off the corresponding contribution from (C.2), namely

52 52
(T¥i)2 o I K5 K2
Li,Ls) = K™ 4 (T*F —_— 4+ . C.
e (L1, L) 2mgasy ( ) N_ Ny (C.7)

Note that here the THF given in (B.7) are to be evaluated at (L1, Ls), i.e. one has to
replace (J1,J2) — (L1, L2).

The functions f and hg we just defined are the building blocks of the final propagators.
In order to obtain the full expressions, we start with a certain propagator, and expand it
using (B.3) and (B.2), and then evaluate the propagators of B fields and As in the way
we just described. The result will be a complicated combination of products of Clebsch-
Gordan coefficients and the functions f and h,g. These expressions can always be rewritten
in terms of matrix elements of s0(6) generators'? to obtain the form presented in section 3.2.

In (3.13) we have written the propagators between the scalars in terms of the functions
f sing f cub f lin_ f5sym, AGSym and f °PP that are linear combinations of propagators between
mass eigenstates. To write them in a more compact way, we define

1
Zaﬁ(Ll,Lz) = B <C5 <L1 + %,LQ + §> — C5(L1,L2)> , (CS)

and
iP2(Ly +1)(2La + 1) Z0 3(2Z0p — 1) (o, B) # (0,0),
(6200 %70 (a,8) = (0,0).

The prefactor TFT that would naively appear gets absorbed in the matrix element of L;s, as one can

Da’/g(Ll,Lg) = { (Cg)

see by doing the calculation of the propagators carefully. A similar prefactor will also get absorbed by the
matrix elements of the generators in (C.5).

12T practice, it is easiest to make an ansatz for the propagators and if the coefficients can be fixed for
all possible combination, then the ansatz is correct.
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The indices (a, §) run over the five values (£1,+1) and (0,0). After a complicated calcu-
lation, on can see that f are given by!?

£ sin. 1
FoE(Ly, L) = ) D [— 272 5 (14 Cs5 — 25 5) — C5 —2(Z4,-Z_ 1)
(@p) (C.10)
-2(1+ C5)Z+7_Z_7+:| ha.p <L1 + %, Ly + g) ;
and
#lin o i 2 « B
f (L17L2) - (ZB) 4Do¢,ﬁ (22a7ﬁ+]‘) (20572Za,ﬁ 73) hOﬁB <L1+2aL2+2) ) (Cll)
Fer (L, L) =3 07 s+ 1) by (L1 Lo+ (C.12)
) ( B) 4Da7ﬂ o, a, 2) 2 )
Asym _1 1 2 8] /B
S (Ly, La) =) A Zy 2o A Z25) hap | Lit s, Lot ), (C.13)
5 2Das \2 2 2
Asvm -1 «
M (L, Lo) = Z .. (2Z4 —+1)(2Z_ ++1) hap <L1+2,L2+§> . (C.14)
(@) "

As the reader can observe, the functions D, and Z,g allowed to compactly write the f ,
but we do not think they have any physical meaning beyond this.

In order to obtain the fermionic propagators, we follow an identical procedure as
described above. We start with a given propagator, expand it following the steps described
in the diagonalization, and then identify the result in terms of propagators of diagonal
fields and matrix elements of s0(6) generators. The result is given by (3.16) and (3.17),

~

where the explicit expressions for fr are

m=/2(L1+1) (L2 +1)

(L1 1 3) (2L + 1) (2L1 + 2Ly + 3)
(Ly + Ly +2) K=V 2ietath

2\/(L1 + 1) Ly (201 + 2Ly + 3)
:\/7
1, Loy Ly — =, Lo+ <= | =
’ 2 2 2¢/(L1 +1) (Lo + 1) (2Ly +2L2 + 3)
(Ly + Ly 4+ 2) K= V2D
VL1 +1) 2Ly + 1) (2L1 + 2Ly + 3)

. 1 1
fa (Ll,Lg;Ll + 50 L2 - 2) =7

(C.15)

13In the following equations Za, g, Da,g and Cs are always evaluated at (L1, L2) unless noted otherwise.
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and

m= 2(L1+1)(L2+1)
X 1 1 3K
fE™ (Ll,Lz;L1+,L2—) = F
2 2 V/(2L1 +3) (2Lo + 1) (2Ly + 2Ly + 3)

3K;1:\/2L2(L1+1)

(L1 + 1) Lo (2L1 + 2Ly + 3)7

(C.16)
1 m= 2(L1+1)(L2+1)

3K
Cub <L17L27L1 7L2+> = £
2 2y/(L1 + 1) (La + 1) (2L1 + 2L2 + 3)

m= 2L2(L1+1)
3K, Y
V@L1 +1) 2Ly + 1) (2L + 2Ly + 3)

D Effective vertex

In this appendix, we will give some extra details on how to compute the effective vertex.
We remind the reader that we started with the N' = 4 SYM action, and we expanded
around a classical solution ¢; = (bfl + ¢;. This gives rise to a number of cubic interaction

vertices:

2 ~ ~
S3 = e d*z tr (z’[A#,Av]auAu+¢i[¢j,[ Bl + A[A", 3]0, + BilA", 65, A)
YM

6
P[4yl + ch bir ;; 106,750 +i(9,0)[A u,c]—é[sb?[&i,cn).
(D.1)

These are the only vertices that can contribute to the computation of the effective vertex.

The following calculation proceeds in exactly the same manner as that of [25, 26]. We will

only write the contractions that contribute, all other possible Wick contractions being zero.
There is one contribution from the ghost fields, which behave simply as easy scalars

o (00 ) = V2V ke 1 (i) D2)

Only two contractions survive in the vertex that couples two scalars with the gauge field'4

tr (i[Ami]augEi) + tr (i[A", )0,di) = +6iNDsfA tr (¢ Gm) : (D.3)

Tn the second contraction, we can use (D.21) from [25], since we have

[}
N

= Veasy — 17 vy = m+ + - = Veasy + 17

e

v_ =4/m% 4+

for both the fields in the diagonal and in the off-diagonal blocks, and the propagator K% has the desired
form K*~' — KV,
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where

fA2 = - Kmi) . (D.4)

2y/n(n+4)+2 (Km

For the vertex that couples three scalars, all possible Wick contractions contribute

tr (di[ey, (¢, &5]]) = \[N [5]“'”[1g + n(n + 4) fProd 4 KmedﬁY] tr (Cbl z6> (D.5a)
tr (B3, 6. 87]) = *L (7% 20 4 n(n+4) - 8] 70 (5Ga) . (D.5b)
tr (G065, 68, 8,]) = MN i

flin _ o fprod} tr (&ZGZ-E;) . (D.5¢)
The regularization procedure becomes important when we consider the vertex that couples
two gauge fields and a scalar. We work in dimensional reduction [49, 50] with d = 3 — 2¢
space dimensions, hence na easy = 3 — 2¢ and we should add 2e scalars to the action that
behave exactly as the easy components of the gauge field. The choice of this regularization
procedure is motivated by the fact that it is supersymmetry preserving and hence compat-
ible with the symmetries of the bulk N/ = 4 SYM theory which we must recover far from
the domain wall, cf. the discussion in [25, 26]. In total, we get

tr (G A", [, Aul]) + tr (G[A%, 65, Azd]])

S S I

Y3
where
1 1 1
M= ——= K™ 41— ——— | K™ . (D.7)
4mgasy + 1 4Tn’ga‘sy + 1

Finally, we can also have fermions running in the loop, which contribute as

1 3 o 1 5 T ) _
=Y (Ci)aptr <¢a[¢>i, ¢ﬁ]> t3 > (Cilaptr (¢a[¢z‘, ’Ys¢ﬁ]> =8N tr f2" tr(¢iGis)-
i=1

1=4

\V)

(D.8)

One can sum all the contributions above, and simplify the resulting expression using
identities such as ¥(z + 1) = ¥(2) 4+ 1/2. The result that one obtains is (4.3), where one
notices that the dependence on the regulator € drops completely.

E Matrix elements and Clebsch-Gordan coefficients

In this appendix, we describe how to compute matrix elements of s0(6) generators acting
on general representations and where to obtain the Clebsch-Gordan coefficients relevant
for the calculations in this work.
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Labels S Tensor operator Tg
1,0),1,0,0,0) $(L1a + Lsa)
;0),1,0,=1,0) 2\/( F(L1a + L2s) + i(L13 — L2a))
,0),0,1,0,0) 7(L12 — L3y)
,0),1,0,+1,0) 2\[( F(L1ga — Los) —i(L13 + Log))
)
)

(
(1
(1
(1
(
(
(
(
(

o~ o~ o~ o~ o~ o~ o~ o~ o~

1,0), 3,3, +£3,+£3)  3(£Los —iLys)
1,0),4, 4 £, F3)  L(Lss FiLss)
1.4),0,0,0,0) —Lsg

1.5, 4,21, 4] %(Lwiﬂz%)
IR RE= ) %(iL36+iL46>

Table 7. Relation between the tensor operators of so(6) and the corresponding generators L;;.

In table 7 we map the generators L;; to the tensor operators Ts, as the latter have
much simpler matrix elements. Notice how these tensor operators are labeled by a set of
50(5) quantum numbers S = (S, S2), s1, s2, m1, m2. The tensor operators which transform

in the ten-dimensional representation (1,0) of so(5) only act on the so(5) labels L. The
matrix elements are

(L'|Ts|L) = 61, 1401, 15V L1 (L1 +2) + La(La + 1)(L; SL). (E.1)

The square root is sometimes called a reduced matrix element or isoscalar factor, and the
second term is an s0(5) Clebsch-Gordan coefficient from coupling L and S.

On the other hand, the tensor operators which transform in the five-dimensional
representation (1,1) of s0(5) will affect both the so(5) and s0(6) quantum numbers.
Therefore, we compute matrix elements of these operators with so(6) states with labels

P = (P, Py, P3)L, where L are the labels of the so(5) subgroup. Then, the matrix ele-
ments are

PP P
(P'T5|P) = 6p,,p0p,,py0py,py Ty i 1y (L SIT). (E.2)

As before, the matrix element is a product of a reduced matrix element 7', P1,Po, Py L and

an s50(5) Clebsch-Gordan coefficient. vhet

The reduced matrix elements Tf 1’5227’53 L that appear in (E.2) are more complicated
than those in (E.1) and we have derived them using the strategy described in [46]. The main
idea is the following. On the one hand, a construction by Gel’fand and Tsetlin [51] gives the
matrix elements of so(n) generators for any n. On the other hand, these matrix elements
factorize into so(n — 1) Clebsch-Gordan coefficients and the reduced matrix elements that
we are after. This factorization is the content of the Wigner-Eckart theorem. Since the

relevant s0(5) Clebsch-Gordan coefficients are known, e.g. from [46], one can construct the
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matrix elements for s0(6) and essentially compare the two expressions. The missing factors
are then the reduced matrix elements, which we present in table 8.

We have shown that with knowledge of certain so(5) Clebsch-Gordan coefficients one
can construct the matrix elements for any so(6) generator. The so(5) Clebsch-Gordan
coefficients factorize as

<(L17L2)7€17€27m517m42; (‘91752)7 81,82, Ms1, ms2’(<]17 J2)7j17j27mj17mj2>
= ((L1, L2), b1, €2; (51, S2), 51, 82| (J1, J2), j1, J2) (E.3)

X (01, mye1; 51, M1 |71, my1) (G2, Mupa; S2, M2 jo, mj2).

The double-barred coefficients are reduced so(5) Clebsch-Gordan coefficients, while the
other two terms are usual su(2) Clebsch-Gordan coefficients. The reduced coefficients were
computed in [46] for the cases (S1,52) = (3,0), (3,3),(1,0)." In order to make it easy for
the interested reader to reproduce our results, we attach a Mathematica file with all the
relevant s0(5) Clebsch-Gordan coefficients and the reduced matrix elements from table 8.

We are also happy to provide more details on request.

5Tn the notation from [46] one has J,, = L1, Am = Lo, f1 = J, and so on. Except for these minor
notation differences, our conventions are identical to theirs, and one can directly extract the double-barred
coefficients from the tables at the end of that paper.
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T P1,P2,Ps3
(L, Ly) TLhLQ;L/l,L/Q

(Li—3,La—3)

<(L1 +Lo—Py—1)(L1+ Lo+ P1+3)(L1+Lo—Po)(L1+ Lo+ Po+2)(L1+Lo— P3+1) (L4 +L2+P3+1)>1/2
-1

2(2L1+1)L2(L1 +L2+1)(2L1 +2L2+1)
- ((L1—Lg—Pl—Q)(Ll—L2+P1+2)(L1—Lg—Pg—l)(Ll—Lg—l—Pg—H)(Ll—Lg—Pg)(Ll—L2+P3)>1/2
2(2L141)(La+1)(Ly — La) (2L, —2Ly—1)

(Li—%,Lo+3)
. ( (P1+2)%(Po+1)2Py? )”2
(Ll —Lg)(Ll —L2+1)(L1 —|—L2+1)(L1 +L2+2)
(Ll—Lg—Pl—1)<L1—L2+P1+3)(L1—L2—P2>(L1—L2+P2+2)(L1—L2—P3+1>(L1—L2+P3+1)>1/2
2(2L1 —|—3)L2<L1 —L2+1)(2L1 —2L2—|—3)

B <(L1 +Lo—Pr)(L1+Lo+Pr1+4)(Li+Lo—Po+1) (L1 + Lo+ Po+3) (L1 + Ly — P3+2)(Ly +L2+P3+2))1/2
2(2L1 +3)(L2+1)(L1 +L2+2)(2L1—|—2L2—|—5)

(L17L2)

(Li+1,L,-3) (

(Li+3%,La+3)

Table 8. Reduced matrix elements appearing in (E.2).
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1 Introduction and overview

The study of scattering amplitudes in recent decades has led to tremendous advances in
both our understanding of quantum field theory and also our technical progress in com-
puting the predictions made for experiment. Much of this progress can be attributed to
the remarkable (and still surprising) simplicity of massless quantum field theories in four
dimensions. Any such theory turns out to possess a connection to Grassmannian geom-
etry [1-4] which has led to novel applications and greater understanding of perturbative
amplitudes for an expanding class of quantum theories. This is true despite the subtlety
involved in even defining the S-matrix for massless field theories! (But see [5, 6] for recent
progress on this problem.)

Many of the difficulties of working with massless quantum field theories can be post-
poned by focusing on loop integrands (‘the sum of Feynman diagrams’). At the integrand
level, there are several new and extremely powerful frameworks for expressing perturba-
tive scattering amplitudes of an increasingly general class of theories. These tools include
all-loop recursion relations [7, 8], bootstrap methods [9-11], Q-cuts [12], and the broad
reach of generalized [13-22] and prescriptive [23-29] unitarity. It remains to be seen, how-
ever, how much of the simplicity of integrands can survive loop integration. Considering
the extent to which the simplicity at the integrand-level arises specifically for theories of
massless particles in exactly four dimensions, and that it is precisely these features that
are responsible for infrared divergences whose regularization necessarily spoils them, it



would not be surprising if much of this extra structure was lost to the infrared. Indeed,
it would be reasonable to be skeptical that anything remarkable would be found for the
actual infrared-safe quantities in which we are ultimately interested.

To test whether or not any of the niceness of amplitudes at the integrand-level survives
the wrath and fury (the infrared regularization) of loop integration, it would be reasonable
to simply ‘shut up and calculate’ — by any means necessary — and see what emerges in
the ‘[theoretical] data’, so to speak. Of course, this will always be easier to accomplish for
especially simple quantum field theories such as maximally supersymmetric (N'=4) Yang-
Mills (‘sYM’) in the planar limit, for which the greatest computational leverage exists
(largely due to this theory’s special properties [30-35]).

There is a now-quite-famous example which illustrates what can be discovered through
such a ‘compute first, understand later’ strategy. It involves one of the simplest non-
constant and non-trivial infrared-safe quantities in planar sYM: the (BDS) remainder func-
tion for six particles at two-loop order. This quantity was determined through truly heroic
efforts, first numerically [20] and then analytically [36] — in both cases, starting from an
integrand-level expression obtained using unitarity-based methods; then regulating; then
integrating. Within months of the publication of the analytic result, however, breathtaking
simplicity was indeed found: the 18-page sum of hyperlogarithms in [36] could be written
in a single line [37]!

The ideas that led to the discovery of this simplicity would lead to a watershed of new
and powerful techniques developed hand-in-hand with even greater evidence of simplicity
surviving regularization and loop integration. Today, this particular quantity — the six-
particle remainder function in planar sYM — is known to seven(!) loops; and the seven-
particle remainder is known (at least at ‘symbol-level’) to four loops [38-49]. Interestingly,
after the two-loop result was found ‘the old fashioned way’ in [36] — namely, by integrating
Feynman integrands — all subsequent results were obtained using methods that made no
reference to loop integrands or loop integration whatsoever! While these ideas have more
recently been applied to non-planar amplitudes in supersymmetric theories [50, 51] and
more broadly [51-60], they suffer from several fundamental limitations in applicability
— in multiplicity, in the understanding (and simplicity) of the kinds of transcendental
functions that arise in perturbation theory (including those described in e.g. [61]) — that
prevent these ideas from rewriting the methods taught in textbooks, say.

One of the key motivations for our present work is the question of how much simplicity
of loop integrands can be preserved through loop integration and regularization. Specifi-
cally, how can this bridge be crossed by direct and general methods — without reference
to any ansatz about the kinds of functions that may arise in particular cases. A key source
of hope that a more direct (and therefore general) connection between the remarkable inte-
grands for amplitudes in planar sYM [24-26] and the simple expressions that we now expect
to find for infrared-safe quantities is the is the existence of the regulator introduced in [24],
which allows infrared divergences to be regulated without breaking (dual-)conformal invari-
ance. Another critical source of optimism is the recent renaissance in direct-integration
technology for Feynman-parametric integrands [62-64] (see also [65, 66]).



In this work, we test the robustness of this emerging bridge from integrands to inte-
grals in the highly non-trivial case of the seven-point remainder function at two loops. This
quantity was first determined at symbol-level in [67] (see also [68, 69]), and later upgraded
to a function-level result in [70]. Here, we start from the chiral integrand representa-
tion for the logarithm of the amplitude given in [23], use the conformal regulator of [24],
Feynman-parameterize these terms according to [71], and integrate each piece using the
technology of [62-64]. The result is a novel (if not superior) representation of the two-loop
remainder function, and a proof of concept that such a strategy can work. As a bonus,
by combining this result with that of [71] for six particles, we are able to determine all of
the scheme-dependent parts of the two-loop MHV-amplitude logarithm in the conformal
regularization scheme.

This work is organized as follows. We start in section 2 with a review of the local
integrands necessary for MHV amplitudes and their logarithms in planar sYM at two-loops
and how these integrands can be regulated while preserving dual-conformal invariance. In
section 3 we discuss how we can directly integrate each of the integrands needed for the
seven-particle logarithm, resulting in a representation in terms of explicit hyperlogarithmic
functions. Our main results regarding the heptagon remainder function are described
in section 4, where we determine the scheme-dependent parts of the logarithm of MHV
amplitudes in the conformal regularization scheme and compare these with what is found
for the Higgs regulator.

Available as supplementary material attached to this paper, we have prepared the
supplementary file heptagon logarithm seed data.m. This file contains: Feynman-
parametric integrands for the five (cyclic) seeds which generate the seven-point logarithm
at two loops; analytic expressions for each seed integral — given in terms of Goncharov
hyperlogarithms — obtained via direct integration; details regarding the novel alphabets
that arise for these integrals; and reference details regarding how our coordinates related
to those used by [70] in their representation of the two-loop heptagon remainder function.

2 Local integrands for (logarithms of) MHV amplitudes

In this section, we give a rapid review of the representation (in terms of local Feynman
integrals) of MHV amplitudes and their logarithms at two loops in the planar limit of
sYM. In [7] (see also the earlier work [20, 72, 73]), it was guessed (and checked) that the
n-particle MHV amplitude integrand could be represented as'

m o, (2.1)

A=y

1<a<n
a<b<c< d d
d<n+a

'Notice that we have dropped the typical notation indicating NE=OMHV degree in ‘ASLL)’, as no other
helicity sectors will be considered in this work.



where the double-pentagons, herein ‘Q[(a,b),(c,d)]’, have precise loop-dependent numer-
ators (indicated by the wavy-lines in the figure) expressed in terms of momentum
twistors [74]:

= Q(a,b),(c,d)] (2.2)

_{(t)(a—1aa+1)N(b—1bb+1))(badc)((la)(c—1 cc+1)N(d—1dd+1))
- (C1]a) (C1]a+1) (€1]b) (€1[b+1) (€1 [¢2) (b2]c) (2] c+1) (¢2|d) (b2|d+1)

As usual, we are using the notations (a|b):= (v, — z3)? where x, are the dual coordinates
related to the momenta through p, =z,+1 — 24, and (abed) = det(zq, 2p, 2¢, 24) for the
ordinary four-brackets of momentum twistors.

We should clarify that the factor of ‘1/2’ appearing in (2.1) is really a symmetry
factor: it accounts for the fact that the summand includes each contribution exactly twice
— provided we view the integrand in (2.2) as being (implicitly) symmetrized with respect
to f1 <> l9; in particular, this factor of 1/2 could be dispensed by an instruction to ‘delete
duplicates’ from the r.h.s. (something often left implicit in the relevant literature). As
Q(a,b),(c,d)] and Q[(c,d),(a,b)| are identical upon integration, we consider them equivalent
(a.k.a. ‘duplicates’) — a potential source of confusion below, for which we apologize.

Notice that the definition of 2[(a,b),(c,d)] depends on up to twelve momentum twistors

{Za—1, Zas Za+1 JU{2b—1, 2b, 2o+1 }U{Ze—1, Zes Ze1 YU{ 2Za—1, 24, Zd+1} (2.3)

with cyclic labeling understood. Especially for low multiplicity, these indices can overlap
considerably. When it is necessary to disambiguate the multiplicity n, implicit in the
definition (2.2) above, we will signify this by writing ‘Q (") [(a,b),(c,d)] .

Shortly after the formula (2.1) appeared in [7], a similar expression was derived in [23]
for the four-dimensional integrand of the two-loop logarithm of the MHV amplitude,

_ 2
log(An)(L—2) — A=) _ %(Angl)) — _% Z Q[(ab),(c,d)] . (2.4)
1<a<n
a<c<b<
d<n+a

(As before, the factor of ‘1/4’ above is merely a symmetry factor: the appropriate prefactor
would be 1 times each term in the summand without duplication.) Notice that the summand
in (2.4) now excludes the possibility that a+1= b and — more importantly — the summand
requires that ce {a +1,...,b — 1}.

It is instructive to see a few instances of equation (2.4). Without symmetry factors,
but being explicit about the fact that cyclic seeds should be summed only without duplica-
tion, and being very careful about which cyclic seeds necessitate clarification about when
multiplicity matters, the two-loop logarithms of MHV amplitudes for 4-8 particles are as



follows:

log (As)® = — 0@ [(2,4),(3,1)] + Cyclic4] — W [(2,4),(3,1)] , (2.5)
(no dupl.)

log (As)(Q) —_|0® (2,4),(3,5)] + (Cy(;liclg))] - _
no dupl.

0O [(2,4),(3,5)] + cyclics ] . (2.6)

log (As)® = = [2[(2,4),(3,5)] + Q©[(2,4),(3,6)] + 2 [(2,5),(3,6)] + cyclic6)] . (27
(no dupl.

log (A7) = —Q[(2,4),(3,5)] + Q[(24),(3,6)] + 2[(2,5),(3,6)]
i (2.8)

+Q0[(2,4),3.7)] + 2 [(2,5),3,7)] + cyelicy ] )
(no dupl.)

log (As)” = —|Q[(2,4),(3,5)] + Q[(2,4),(3,6)] + 2[(2,5),(3,6)]
+Q[(2,4),(3,7)] + Q[(2,5),(3,7)] +Q[(2,6),(3,7)] + Q¥ [(2,4),(3,8)]  (2.9)

+0®[(2,5),(3,8)] + 2®[(2,5),(4,8)] + Q2®)[(2,6),(4,8)] + cyclicg ] :
(no dupl.)

There are a couple of things to notice about these representations. First, observe that
for more than six particles the majority of cyclic seeds can be chosen to be independent
of n; therefore, these contributions remain unchanged beyond some threshold multiplicity.
The second thing to notice is that it is fairly easy to organize contributions according to

their degrees of infrared divergence:?

log? -divergent: [(2,4),(3,5)] only,

) (2.10)
log" -divergent: Q[(2,4),(3,b)] for b> 5,

with all other integrals finite. In particular, notice that the only cyclic seed with a log?-
divergence is 2[(2,4),(3,5)] and that this integral is n-independent once it is evaluated for
any n > 6. We will return to the consequences of this fact momentarily.

To regulate these divergences, we employ the so-called ‘dual-conformal’ regulariza-
tion scheme introduced in [24], wherein each (massless) external particle is taken off the
lightcone by an amount proportional to the conformally-invariant parameter denoted ‘¢’
according to

(Pa—1 + Pa)*(Pa + Pat1)?

(@ —1la+ 1)(ala + 2)
(Pa—1 + Pa + Pa+t1)? '

2 2
— )
Pa '™ Pt @—1at2

= (ala+1)+0 (2.11)

(There is an alternative definition of this regulator expressed in terms of dual-momentum
coordinates — where each dual coordinate x, is shifted by a small amount in the direction
of its cyclic neighbor, z,41; these two definitions are not identical for finite &, but they
result in regulated integrals equivalent to O(0).)

2In dimensional regularization, ‘log*-divergent’ should be understood as ‘1 / e*-divergent’.



2.1 Specific contributions to the seven-point logarithm

As seven particles is the primary example of interest to us here, it is worthwhile to give
the five cyclic generators in (2.8) individual names. Let us therefore define

=0 [( 4),(3,5)], IQ::Q[(2,4),(3,6)], T3:=Q[(2,5),(3,6)] ,
'1(2,5),(3

2.12
L= 024,67, T 00 [(29),(.7) 1)

Notice that from our discussion above, only Z; will be log?-divergent in the infrared upon
integration, while {Zy,Z,} will be log!-divergent; the two seeds {Z3,Z5} are infrared finite,
and therefore do not require any regularization.

We will discuss how each of the contributions (2.12) can be evaluated in the following
section. But already now we can observe an important consequence of the fact that Z;
depends exclusively on momentum twistors {z1, ..., z6}: its evaluation will be the same for
seven particles as it was for six. More specifically, Z; is essentially identical to what was
computed (as part of what was called ‘Z;5’) in [71]

= / dyd s T, (2.13)
1
= [2@ log?(8)+6 [log<6>+1] — (5 —2(Go1(1-w)+Go01(1—w)—Go01(1-w)

where

_ (35)(612) _ (2345)(5612)
©(3|6)(52)  (2356)(4512)

Notice that we are reserving calligraphic symbols to denote integrands and italic symbols

(2.14)

to indicate integrals.

As T, is the only cyclic seed with a log?-divergence for arbitrary n, it is wholly re-
sponsible for the leading divergence of the logarithm of MHV amplitudes at two loops.
The coefficient of this divergence is related to the (scheme independent) cusp anomalous
dimension, and the attentive reader can already see that (2.13) captures the right behavior.
We will see this in detail in section 4 below; but before we do, it is worthwhile to describe
how the other seven-point seeds have been evaluated analytically.

3 Feynman parameterization and direct integration

Following the strategy described in [71], it is straightforward to Feynman-parameterize and
regulate each of the contributions (2.12). For each of the double-pentagon integrals, this
will result in a rational, five-dimensional parametric integral representation of the form?

/ d25 I &, B; {21,...,27},5) (3.1)
0

3We hope the reader will forgive our abuse of notation in using ‘Z;’ to denote both the loop-momentum-
space and Feynman-parametric integrands.



In the integral above, [d?’d] =d'a s (aj—l) (for any j) represents a projective, 3-dimensional
volume-form; while the 8 integrations are not taken to be projective. This distinction is
largely irrelevant due to the Cheng-Wu theorem [75]; but it reflects the way in which
the parametric representations were derived via [71], and we find it useful to keep this
information. In the supplementary material, we provide a parametric representation of
each of the seven-point integrals in (2.12).

3.1 (Cluster) coordinate charts for heptagon integrals

In (2.2) we have given the formula for Q[(a,b),(c,d)| in terms of momentum twistors z, € P
fora = 1,...,n that parameterize the kinematic space of n massless particles. As described
in detail in [65] a momentum-twistor parameterization is preferred over one expressed in
terms of dual-momentum z-coordinates, as twistor space immediately provides us with an
integrand that is rational in terms of an independent set of conformal variables.

It turns out that the default cluster coordinates on G, (4,n) of the MATHEMATICA
package positroids [76] provide a very convenient chart for our present purposes. For a
more detailed discussion of these coordinates we again refer the reader to [65]. For seven
points, we can think of these coordinates as parameterizing seven momentum twistors
Z =:(z1 - - z7) according to

L 1+ei+ed e+ (1+ed)ed eked 0 00

i |0 1 I+ed+e2 e2+(1+el)e2 ele2 0 0
Z({eat)= 0 0 1 l+ep+el ef+el el o]’ (3:2)

0 0 0 1 1 11

or, if viewed as coordinates (maps from G (4,7) — RY), the parameters {e’} correspond
to the conformal cross-ratios

L (1234)(1256) o (1235)(1456) 5 (1245)(3456)

6 11236) (1245) 6" 1256 (1345) 6 (1456) (2345) -
L (234)(1235)(1267)  ,  (1236)(1245)(1567) 5 (1256)(1345)(4567) )
T 1236)(1237)(1245)7 T (1256)(1267)(1345)7 7 (1456)(1567)(2345)

3.2 Divide and conquer: parametric integration via various pathways

The seed integrands expressed in this way can be integrated in terms of hyperloga-
rithms [77-79] (e.g. using HyperInt [63, 64]) if there exists an order of the integration
variables in which the integrand is linearly reducible. Naively, however, this turns out not
to be the case for any of the integrals at hand: all require some minor ‘tricks’ of integration
analogous to those discussed in, for example, [65, 66, 71, 78, 80].

Among the integration techniques required are those that allow us to extract the
leading terms in the limit of § — 0% (for the integrals which require regularization). We were
able to effectively use the methods discussed in [71]; we refer the reader to appendix B.1 and
the ancillary files of that work for a more thorough explanation and illustrative examples.

Of the two infrared finite integral seeds, only Z5 required mild cleverness to integrate
directly. For this integral, a strategy which started along similar lines to that described
in [66] worked quite well. Specifically, starting from the Feynman-parametric integrand



representation of the form (3.1) (provided in the supplementary material), we found that
the integrals over as, 81, and B2 could each be performed rationally — i.e. without intro-
ducing any algebraic dependence on the remaining integration variables in the arguments
of the hyperlogarithms or their prefactors.

The (projective) two-fold parametric representation of Z5 obtained in this way suffers
from a mild problem all-too familiar in these examples: integration in any one of the re-
maining variables would result in some terms with a square root depending (quadratically)
on the final integration variable. Such an obstruction is easy to overcome by changing vari-
ables (Euler substitution) as described in e.g. [78, 80]. But a better pathway to integration
turns out to exist: the individual terms of the two-fold parametric representation of Z5 can
be divided into groups which separately avoid this issue with respect to integration in ay
or 1. This results in a final expression with fewer ‘spurious’ algebraic symbol letters —
to be discussed in the next section.

3.3 Refining the results of integration (removing spurious letters)

Following the strategies discussed above, it was fairly easy to obtain hyperlogarithmic
(regulated, if necessary) expressions for integrals {Iy, ..., I4}; but integration of Z5 required
some cleverness, resulting in a representation of I5 that is considerably more complicated
in two key aspects: first, the representation we obtained for I5 was not manifestly pure in
the sense of [23, 81] — namely, it was expressed as a sum of hyperlogarithms with non-
constant (algebraic) coefficients; and second, it was expressed in terms of hyperlogarithms
with many (suspected to be ‘spurious’) algebraic branch points. Let us discuss each of
these complications in turn.

The first complication, regarding the non-manifest ‘purity’ of I turns out to be
straightforward to deal with. First, we should clarify why we expected I5 to be pure de-
spite its representation. Although the conformal regulator is known to spoil an integrand’s
purity (see the discussion in [71]), we strongly expect the logarithm of the amplitude (the
cyclic sum of all seeds) to be pure; as {I,...,I4} were individually pure, it would require
considerable magic for impurities of I5 to cancel amongst themselves in the cyclic sum.

Setting aside our expectations about I5’s purity, it turns out to be fairly easy to test
whether or not any non-manifestly pure sum of hyperlogarithms is in fact pure. Suppose
that some non-manifestly pure sum of hyperlogarithms I({e’}) depending on parameters
{el} is in fact pure; then we should be able to re-express it in terms of some basis of
hyperlogarithms {Gg}:

I({ei )= Ra{eiHGal{ei}) = Y caGa({ei}) . (3.4)
a B

where R, are rational(/algebraic)-function prefactors, cg are constants, and G, Gg mul-
tiple polylogarithms. In order for (3.4) to be true, there would need to be some relations
among the functions G. Crucially, any such relations would necessarily be linear and have
constant coefficients — as all relations between multiple polylogarithms are expected to
preserve transcendental weight and not involve any rational functions of their arguments.



Now suppose we were to Taylor-expand each coefficient R, in (3.4) around some point
el where all the R,’s are non-singular. Then we would have

S SR (e —a) | Golleid) = Y esCi(feh)) (35)
Jj=0 B

a

Since all purported relations among the {G, } are linear, this requires that the identity (3.5)
holds for each term in the Taylor series separately. In particular, it must hold at leading
order. Moreover, as each R((XO) is just some constant, this term in the left-hand side of (3.5)
is itself pure.

The above discussion shows that when an integral is in fact pure, any representation
like that on the Lh.s. of (3.4) can be replaced by series-expanding each coefficient to leading
order around any non-singular point, resulting in a manifestly pure representation. To test
whether or not an integral is in fact pure, we can simply evaluate both ends of this algorithm
numerically and check that they agree. For Is we have checked in this way that it is in
fact pure, and have provided a manifestly pure representation (obtained in this way) in the
supplementary material.

The second complication about the representation of I5 obtained in the manner de-
scribed above (namely, divide and conquer) is that this method has a tendency to introduce
‘spurious’ branch points among terms (which cancel between the divided pieces). When
these spurious branch points are not rational in the variables {e’}, we know of no general
strategy to canonically eliminate them (as we would by choosing a fibration basis, for ex-
ample, had they been rational). Removing a dependence on spurious square roots from
polylogarithmic expressions is in general a difficult problem, and one we will not attempt
to solve here.

Although we have not found a representation for I5 free of spurious square-root branch
points, we are able to confirm that all non-rational branch points are indeed spurious. To
do this, we first compute the symbol [37, 82] of I5, resulting in an alphabet of 85 letters, 22
of which involve square roots. These algebraic letters appear in pairs of the form p + /o,
which can be multiplied to generate root-free letters, leaving us with only 11 algebraic
letters to analyze.

These 11 spurious letters are not all independent. Unlike for symbols involving only
rational letters, merely factoring square-root letters is not enough to trivialize all identities
due to the absence of a unique factorization domain (for further discussion, see [66]).
Here we do not need to make use of the more mathematically sophisticated methods [66].
Instead, we simply observe that products of pairs of our remaining eleven letters can yield
letters that appear elsewhere in the symbol. By taking into account all such pairings, we
find six relations between the 11 letters, and imposing these results in a manifestly rational
symbol. This rationalized symbol for I5 can now be viewed as canonical, and consists of
47 letters (functions of momentum twistor cross-ratios).

From the symbol of I5, it would be possible to reconstruct a rational, hyperlogarithmic
representation — using essentially the same techniques by which the two-loop heptagon
remainder function was first obtained in [70] from its symbol, which in turn was first



computed in [67] (see also [68, 69]). We choose not to pursue this for I5 because functional
reconstruction is not our goal here. Rather, we are interested in how far we may push
direct integration of local integrals. One can easily check that the representation we give
for Is — despite its spurious letters — perfectly matches Monte Carlo integration.

4 The two-loop heptagon remainder function

We are now ready to describe the results of our analysis — to discover the form of the
(all-orders) relationship between the logarithm of the MHV amplitude and the so-called
‘BDS’ remainder function [20] in the conformal regularization scheme. Both for the sake of
comparison and in order to introduce some useful notation, let us first pause to review the
form of this relationship in the so-called ‘Higgs’ regularization scheme described in [83, 84].

4.1 Exempli gratia: Higgs-regulated (logarithms of) MHV amplitudes

At leading order in the coupling a:= ¢g?N,/(87?%), the MHV amplitude (divided by the tree)
and its logarithm are identical (in any regularization scheme ‘reg.’):

o0

lOg (An,reg.) = Z (LZ lOg (An,reg.) © = aAnl,reg. +(L2 |:An2,2“eg. - % (Anl,zeg.) 2 +O(a3) . (41)
(=1

(Recall our convention that calligraphic symbols such as A denote integrands while italic
symbols such as A denote integrals.) As such, it is useful to first review the form of the
one-loop amplitude in the relevant regularization scheme.

For the Higgs regulator described in [83, 84], one loop MHV amplitudes take the form

n 2
m 1 of My (1) 2
An,Higgs - 4 [; log ((a|a + 2)) + Fn,Higgs + O(ma) ’ (4'2)
where Frgll){iggs is the so-called” ‘finite part’ of the one-loop amplitude in this scheme, and

where we have added an index ‘a’€ [n] to distinguish between the various internal masses
m?2 (which are typically taken to be the same). Notice that we are using dual-momentum
notation where (alb):= (x4 — )%= (po + ... + pp_1)%. It is worthwhile to consider the
direction along the Higgs branch where these masses scale according to

TN 5(a —1la+ 1)(ala + 2)

N (@ —1la+2) (4.3)

under which

+ P st O0).

AN —% nlog?(8)+log(d)log(w - --wn)—i—ZlogQ <(a\a+2))

n,Higgs (4.3) p (a‘a+3) n,Higgs
(4.4)
where the cross-ratio w, is given by
2
w0y (ala + 2)(a + 3|a + 5) . (4.5)
(ala+ 3)(a + 2]a + 5)

Tt is so-called despite the fact that the leading term of (4.2) includes parts finite as m2 — 0.

~10 -



This is extremely similar to the form of the one loop amplitude in the conformal regular-
ization scheme. Before we get to that, however, let us first recall a few more facts about
the Higgs regulator and the form that the logarithm (4.1) takes in this scheme.

In [84], the all-order form of the logarithm (4.1) was represented according to the BDS
ansatz [85] as

ogCAn ) = ~ 5 A+ S0 S o () )+ o)+ )

16~ miess g Lo (ala+2)
(@) ) Go(a) 1 (4.6)
'(4—_3; 16 An,Higgs—i_ 9 nlOg(5)+ 9 lOg(wl wn)

+nf(a)+C(a)+Ra(a)

where v.(a) is the (scheme-independent) cusp anomalous dimension [86, 87]
oo
Ye(a) = Z aty O = da—4¢a? 42240’ — (24(§+4C§ +20 G+ C@) at+0(d®), (4.7)
=1

Go(a), f(a),C(a) are scheme-dependent functions of the coupling and R, (a) is the remain-
der function [20]. In the Higgs regularization scheme these functions were determined
by [83, 84] to be

Gola) = ~ o + O@*),  Jla) = 3Ga® + O(e?), Ca) =~ Gaa® +O),  (43)

at two-loop order. (See e.g. [88, 89] for more recent, higher-order results.)
With this comparison in mind, let us now return to the main purpose of this work and
describe the form the logarithm takes for the conformal regularization scheme.

4.2 Conformally-regulated (logarithms of) MHV amplitudes

Using the conformal regulator described in [24] the divergences of one-loop amplitudes take
a form strikingly similar to that of (4.4). In this scheme, the n-point MHV amplitude is

given by’
1
ATher= — 5 [n log¥(8) + log(6) log(ws - --w,) + no + F oy | +0(),  (4.9)
where the cross-ratios w, are the same as those defined in (4.5) and
[n/2]+1 1
FS])DCI = [ Z Lia(1 —uyyp) + 3 log(uy ) log(vip) | + cyclic,, (4.10)
b=4 (delete duplicates)

where the cross-ratios u,; and v, are given by

L@t ipO g (= lat Diala+ 26— 1+ DEb+2) (411)
T @1+ DOl T (@—1la+2@b)b—1p+2)b+la+ 1) '

®We have added a factor of 1/2 relative to [24] to match conventions for the coupling a.

11 -



In terms of the regulated amplitude at one loop (4.9), it was suggested in [71] that the
conformally regulated logarithm (4.1) would take the form
B 1
- %éa)A;%CI—i- 52(a) nlog(d) +n + 5 log(wy - - - wy)

~

+nf(a)+ C(a) + Rn(a)

log(A, =
8(4n.pcr) (4.12)

where Bs(a):= 3(3a%+ O(a?) is the so-called virtual anomalous dimension [90, 91], and the
functions f(a) and C (a) are analogous to f(a) and C(a) — which could not be disentangled
from each other knowing the logarithm for six particles alone.

In [71], the six-point logarithm was shown to take the form®

4 4
BT R (4a3)

3 1
log(AG,DCI)(Q) — _CQAé%])DCI—Fﬁ Cg |:610g(5)+6+2 log(w1 ce wG):| 7920 6

and for five particles, starting from representation given in (2.6), it is not hard to show
that”

3 17 74
log(As,per)® = —C2A§1)JCI +56 [5 log(d) + 5 + log(wy - -- w5)} ~ogs T R (4.14)
Combining this with our new result for seven particles,
3 1 37 7t
log(Arpen)? = = GAThe+5 G [7 log(8) + 7 + 5 log(w, - -w7>] - FRY (419)
allows us to conclude that, in the conformal regularization scheme,
~ 1 1 ~ 1
fla) = —§<C4 + 1@2)@2 +0(a®), C(a) = —3 202 +0(d%). (4.16)

Although already mentioned in the introduction, it is worth pausing to note that, in
the representation of the logarithm (4.15), the remainder function R;Q) numerically matches

the analytic expression derived in [70] from the symbol (from [67]).

4.3 Symbology and the alphabets of individual integral contributions

Interestingly, almost all of the seed integrals we compute contain symbol letters that are
not present in the full remainder function. The integral I is the only exception: it in fact
requires only the ordinary hexagon-function symbol alphabet. However, each of the other
integrals involve spurious (but rational) symbol letters. Specifically, each of {Is, I3, I4}
involve two ‘new’ letters relative to the remainder function, and I5 involves nine additional
letters (after all the simplifications described in subsection 3.3). In cyclic sum, however, all
these additional letters cancel — and quite nontrivially. For example, among these contri-
butions only the entire cyclic sum of (IQ + I3+ Iy + I5) is free of ‘spurious’ letters relative
to the 42 letter alphabet expected for heptagon functions [70] (see also [47-49, 92-96]). For
the sake of those readers interested in more details, we have provided the additional symbol
letters that arise for the cyclic seed integrals in the supplementary material attached to
this work.

5Nota bene: for six particles, (w1 - - - ws) = (wiwews)?, with w; more familiarly denoted {u, v, w}.
"Nota bene: for five particles, wq = 1 for all a and Réé) =0 for all 4.
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5 Discussion

In this paper, we have computed the logarithm of the two-loop MHV amplitude at seven
points in planar, maximally supersymmetric (N =4) super Yang-Mills theory directly from
a local integrand representation. In doing so, we have shown that carefully preserving the
symmetries of the theory makes computations dramatically easier, even when using other-
wise traditional methods. However, these methods are still not optimal: as we have seen, is-
sues of linear reducibility make some of the integrals we find unsuitable for expansion into a
fibration basis (by known methods), resulting in a sometimes unnecessarily-spurious symbol
alphabet. It would be interesting to see whether other common methods (for example, dif-
ferential equations, or integration-by-parts reduction) can simplify this calculation further.

In using the dual conformal regularization of [71], we have checked the conjectures for
the scheme dependence of the logarithm of the amplitude put forward in that paper. It
would be interesting to check these conjectures at higher loop orders, and more generally,
to understand in detail the relationship between the conformal regulator and the Higgs
regulator.
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1. Introduction

Understanding the interplay between supersymmetry and inte-
grability in the AdS/CFT correspondence might hold the key to un-
derstanding the deeper reason for the integrability of the systems
involved. Motivated by such considerations we will be pursuing a
line of investigation which involves breaking the supersymmetry of
N =4 SYM in a simple way by introducing a domain wall, a co-
dimension one defect, separating two regions of space-time with
different vacuum expectation values (vevs) for the scalar fields. To
be more precise, we will assign vevs in a particular way to either
five or to all six of the scalar fields on one side of the defect while
keeping the vevs zero on the other side. In the language of in-
tegrability the defect can be described as a matrix product state
or a boundary state [1] and for one of the set-ups the bound-
ary state has been found to be integrable [2], for the other one
not [3], where the notion of integrability of a matrix product state
was introduced in [4]. The string theory duals of these defect
CFTs are two D3-D7 probe brane systems, named [ and I, with
non-vanishing background gauge field flux and instanton number
respectively, cf. Table 1.

Our aim will be to calculate a non-local observable, the expec-
tation value of a Wilson line, running parallel to the defect, both

* Corresponding author.
E-mail addresses: sara.bonansea@nbi.ku.dk (S. Bonansea), khalil903@gmail.com
(K. Idiab), kristjan@nbi.dk (C. Kristjansen), mvolk@nbi.ku.dk (M. Volk).

https://doi.org/10.1016/j.physletb.2020.135520

from the gauge theory- and the string theory perspective. A double
scaling limit, invented for a related supersymmetric D3-D5 probe
brane set-up in [5] and generalized to the two relevant D3-D7
probe brane set-ups in [6] will allow us to compare the results
of the two calculations. We remark that the gauge theory calcula-
tions are rather involved due to the non-vanishing vevs which mix
color as well as flavor components of the N =4 SYM fields but the
perturbative framework necessary for the calculations has been set
up in [7] and [8].

Earlier studies of Wilson loops in domain wall versions of N =
4 SYM have been limited to the supersymmetric and integrable
case of the D3-D5 probe brane system. For the D3-D5 case using
the perturbative set-up developed in [9,10], agreement between
gauge and string theory calculations in the double scaling limit
was found for a single Wilson line in [11,12], a pair of Wilson
lines in [13] and a circular Wilson loop in [14], see also [15].

With the present work we are able to address AdS/dCFT while
eliminating both supersymmetry and (boundary) integrability. In-
terestingly, we find agreement between the gauge- and string the-
ory result to two leading orders in the double scaling parameter
for both of the non-supersymmetric set-ups and in particular both
for the integrable and the non-integrable case.

Our paper is organized in the following simple way. In sec-
tion 2 we compute the expectation value of the Wilson line for
our two defect set-ups from the gauge theory perspective where-
after in section 3 we perform the computations from the string
theory perspective. Finally, section 4 contains our conclusion and
outlook.

0370-2693/© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.
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Table 1

The probe brane configurations dual to the dCFT versions of N =
4 SYM theory considered in this paper and their corresponding
double scaling (d.s.) parameters. The discussion of the integrability
properties of the associated boundary states can be found in [2,3].

D3-D7 set-up I Il
Supersymmetry None None

Brane geometry AdSsx S% x S2 AdSsx S*
Flux/Instanton no. k1, k2 w
D.s. parameter m 2
Boundary state Non-integrable Integrable

2. The gauge theory computation
2.1. The defect theories

The gauge theory duals of the two probe-brane setups of Ta-
ble 1 are obtained as defect versions of ' =4 SYM in which
(some of) the scalar fields are assigned a non-vanishing vacuum
expectation value for x3 > 0. The vevs are solutions to the classical
equations of motion,

V20 =[ 90, [ 95 0. 9 0 || (1)

For system I (cf. Table 1), the relevant solution to (1) with
SO(3) x SO(3) symmetry is [6]

1 t,(kl) ® 1k2) 0
1 .
golc (X)=_g ( ! 0 O(N—klkz) s 1=17213,
(2)
1 (100 g *) 0
1 _ _ f
(pic x) = —g ( 0 i-3 oN—kiks) | i=4,5,6.

Here the matrices t,.(k) constitute the k-dimensional irreducible rep-
resentation of the Lie algebra su(2) and we denote by 0N —k1k2) the
zero matrix of dimension (N — kiky) x (N — k1ky). We will only
need the explicit form of the diagonal matrix tg ;s eigenvalues
are

1
dj,k=§(k—2j+1), j=1,....k 3)

For system II (cf. Table 1), the solution to (1) with SO(5) sym-
metry is given by [16,17]

1 Gig 0 .
ﬁ)@(é O(N,dc)>,z=1,...5; ) =0. (4)

The matrices Gig together with Gj; = —i[Gie, Gjg| form the dg =
%(n + 1)(n + 2)(n + 3) dimensional irreducible representation of
the Lie algebra of SO(6). For the purpose of this paper, we only
need an explicit representation of Gsg. This matrix can be taken to
be diagonal [18]; its eigenvalues 7;, and the corresponding mul-
tiplicity wj, are

o (x) =

n . . . .
nj,n=—5+1—1, Mjn=jn—j+2), j=1,...,n+1
(5)

Note that for both systems, the classical solutions (2) and (4)
pertain to x3 > 0. The vevs for all other fields in N' =4 SYM are
zero in this region. For x3 < 0, the vevs for all fields vanish.

We shall calculate the expectation value of the Wilson line per-
turbatively in A at tree level and at one-loop, and in both cases
consider only the leading order in respectively n and ki,k» as
n, ki, ky — oco. This is motivated by a string theory analysis [5,6],
which introduced the following double scaling limits (d.s.l.)

Fig. 1. Diagrams at tree level and one-loop order. (Figure adapted from [12].)

[: A—=o00, ki, kp — o0, finite, (6)

w2 (k3 +k3)

A
) finite, (7)

II: A—o00, n— o0,
where in case I also the ratio k;/k; has to be taken finite. Impos-
ing the d.s.l. on the string theory side allows one to expand string
theory observables, such the expectation value of the Wilson line,
as a power series in the double scaling parameter and formally

compare the result to a perturbative gauge theory computation.
2.2. Wilson line setup

As in [11,12], we consider a straight Wilson line parallel to the
defect parametrized by y (t) = (¢, 0,0, z), i.e. a straight line at a
fixed distance z from the defect. For this case, the Wilson line is
given by

B
trU(a, B) =tr Pexp/th(t) , (8)
with
AV () =iAo(t) — @3() sin(x) — @e(t) cos(x), 9)
AW () =iAg(t) — ¢5(t) sin(x) — pe(t) cos(x), (10)

for the two set-ups respectively. We will be interested in the gauge
invariant infinite line given by

— 00 2

. T T
W = lim trU(——,—), (11)
T 2

which is related to the physical particle-interface potential. In or-
der to compute the expectation value of the Wilson line, we ex-
pand the fields around the classical solution as

A@t) = A% + A(t). (12)
To one-loop order, the path-ordered exponential becomes

B
U, p) =U%a, B) + / dt U (a, ) Aty Ut B)

o

5B
+ / dt / dt’ud(a,t),i(t)ud(t,t’)A(t’)UC‘(t’,ﬂ)+O(A3),
o t

(13)

where U%(x, B) is the path-ordered exponential for the classical
solution. The corresponding diagrams are illustrated in Fig. 1 and
the following subsections will be devoted to dealing with each of
the terms.
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2.3. Tree-level

The tree level contribution is given by the first term of (13) and
is now evaluated in the large T limit,

T/2
(W)tree = lim_tr Pexp / dt A% (t) (14)
—00
-T/2
T cl
_TILmoo [exp (TA )]i,i’ (13)

since the classical solutions are time-independent. In the large T
limit, only the largest eigenvalue of A contributes, which gives

(Winee = pexp (T7). (16)

where 1/z is the largest eigenvalue of A and p its multiplicity.
For the first setup, we have 2n® = (k; — 1) sin(y) + (ky — 1) cos(x)
and ® = 1. For the second setup, we have n = % sin(x) and

wW = (n+1). We may thus write the tree level results as

(kq — l)sin(x);rz(kz - 1)C05(X))’ (17)

I
(Wite = u¥ exp (T

an i nsin(yx)
(W)iree = 11V exp (TW : (18)
They lead to the following particle-interface potentials
o1 k1 sin(x) + k2 cos(x)
Vt(llge = lim — lOg (W)ill')ee = , (19)
T—o00 2z
I a nsin(x)
Vt(re)e li)ngo T log (W >tre)e =- \/gz > (20)

having taken the limit kq, k; — oo in (19) as implied by the double
scaling limit.

2.4. Lollipop

The focus of this subsection is the second term of (13), which
involves the one-loop expectation value of A and which we call
the lollipop contribution.

T/2

(W)ior = TIL“§o<tr f deUs (=36 AOUe (¢, %)> o
)
. T.Ad 1
_TILH;OTI:e ]ij<|:Aj|ﬁ>1loop’ -

where we have used the fact that the expectation values are time
independent. The one-loop corrections to the vevs for the two
set-ups are given in [7,8]. Notice that as opposed to what was
the case for the supersymmetric D3-D5 probe brane set-up [9,10],
these corrections are non-vanishing. In the large T limit, only the
components multiplying the fastest growing exponential will con-
tribute, which in both conventions is also the first component

(Whiot = T/LeT']/X3 <[A]1l>l—loop ’ (23)

Given the one-loop correction to the vevs, we find

)
I ATeTn"/z
W) = —p®

lol —

— (kK3 sin(x) + kaki cos(x) ),
472z (k2 +k2)° ( )

a
an (II)AT‘"T'7 /z

wig) =—n"

sm(X), (25)

having again taken the double scaling limit in (24).
2.5. Tadpole

As in [12], the third term of (13) is the least straight forward
term to compute. However, the same techniques can be employed
with just minor complications. The tadpole term is

BB

Uaa (e, B) = / dt / dt'UY e, ) AU, tH)AHUY ', B).
o t

(26)

The fields are all N x N matrices; decomposing them into the block
structure given by the classical solutions (2) and (4) and writing
out the matrix indices explicitly, we find

B B
(tr Upa(t, B)) = / dt | dt' (LA LA 1) (27)

dt

+

Q\m Q;m Q\m

ar’ [e“’-f“‘“‘]cd (LA L LA®) Tec)

dt [ a [ew*wfff’v‘“]eb (LAWD1pLAE )] e)

I Iy [e(ﬁfaﬂft’)Ad]Eb [e(t’—t)Ad]Cd A T A o).

H\m H\m H\m

For the first setup the latin indices run from 1 to kik; and the
greek indices run from kik; + 1 to N, while for the second setup
the latin indices run from 1 to dg and the greek indices run from
dc + 1 to N. In the large N limit only the second and third term
contribute, given the propagators found in [7,8]. We thus have

T/2 T/2
(W)tag = lim / doz/dﬁ
T—o0
-T2 o
cl cl ~ ~
[e‘““ﬁ”“ +elaprDA } ([Alay @[ Aluc(B)).
d
‘ (28)
For both setups the propagator has the form
2
([ Ala (@[ Aluc(B)) ZD > Aink™Min(a, B), (29)
i

2
where D is a diagonal prefactor and K™in is the spacetime part of
the propagator given in (31) below. This means we have to perform
integrals of the form

T/2 T/2
(W)eag = lim / da/dﬁ
T—o0
-T/2 o

[e—<a—f‘>f‘c‘+e<“—ﬁ””““} 20 Z)‘anm’”(Ol p. (30)

Following [12], we proceed by using the following representation
of the propagator
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202 [ sines
K™ (o, B) = g‘lyyiwz /drrsm; r)IUl.(rz)Kvi(rz), (31)
0
, 1
Vi = m,‘ + Z: (32)

having defined § = 8 — «. We may now plug this back into (30),
change variables o =8 — T/2, rescale r — r/z and do the 8 inte-
gration,

2
(Whaa =L lim / s (T ) f P

4

cl cl
|:eS.A +e(T*6).A j|

D DY il (DK, ().
cd n i

(33)
Integration by parts is performed on the r integration in order to

cancel the % such that the integration over § can be carried out,

2

(Weaa = gz 3 Jim fdm 6)[ A M- M‘} (34)
cd

ZDZC/drcos((Sr/z)fdr’r/Z)\,’,nlvi.n(r’)l<ui.n(r’).
n 0 r i

Using this antiderivative makes the boundary term vanish at infin-
ity, whilst the sin(ér/z) part makes the boundary term vanish at
r =0. We can now perform the § integration. In the large T limit
we have

> D}, cos(sr/z)

cd

n n
Dy 4, 35
n2 412 Xn: 11 (35)

since for our two setups the largest eigenvalue of D coincides with
the largest eigenvalue of A, We use this result in (34),

T
/ ds (T — 8) [eMd + e<T—“>A“]
0

= e/ Tz

o0
gyuTe / n

Wtaa = r
( )tad 1% A2z 772 +r2

o0
> i, / 'ty Ainly, () Ky, (7). (36)
n 4 i

It is here and in the following implicit that T is large. We will
now perform the r’ integration in the double scaling limit and for
convenience we define the functions A and F

A = / dr' "y hinlug, () Ky, () (37)
v i
==Y hinFu, () + lim > inFy,, ), (38)
Fy, (1) :/dr/ 'Ly, (Ko, , (). (39)

By doing the integral from (39), we find F,, () to be

Vi 1
Fy (= — ITn + 5 (rz + viz,n) Ly , MKy, , (1)
1
= 50, (OK, (). (40)

In the double scaling limit, we can use the behavior of the Bessel
functions at large order and finite argument [19] and find

=) o)

We note that A(r) is divergent unless ) ; A; » = 0, but by properly
bunching our terms we can show that this condition is satisfied.
Then, we find

A(@:—%in,n (v£n+r2)l/2+o(v,.j,}). (42)
i

This result is now plugged into (36) and the final integral is per-
formed

2 T/z
g5 Tell
(Wiaa = —p=Hem-— > Dis (43)
N 1/2
n 2 2
/dr—Z)\in(v» +r>
2 2 ) nLn
/ ne+r p
2 nT/z
gymTe
= H  6n22 ZD?'] (44)

> Aim [Zm arccot ( v?n—nZ) —nlog <V12n>:| ’
" nLn

where we again used ) ;1;, =0 in the second line. We finally
plug in the coefficients for the first setup, let k; = kq tan(yp) and
take the large ki limit

o ATe""2 cos (o) sin (Yo + 1)
4727k 4cos3 (o + x)
o +2x — 1 +sinRvo +2x)), (45)
~12

I
Wit ==

notice that cos(yo)/k1 = (k3 +Kk3) gives the combination ap-
pearing in the double scaling parameter. For the second setup in
the large n limit we find

an ATe™ "/ sin?(x)

wh® _
W) 4./872zn cos3(x)

tad = 2x —m +sin2y)). (46)

2.6. Full one-loop result

The full one-loop result is now obtained by adding the lollipop
and the tadpole contribution

O}
<W>1—100p

M 2Te""/z cos (o)
427k,

[COS(X) sin(o) cos* (o)
+ sin() cos(yo) sin* ()

sin (Yo + X)

(47)

having also expressed the lollipop contribution in terms of ¥ =
arctan(ky /kq). For the second setup we have
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W)y == .
w’n /8z
. sin®(x) :
[sm(x) - F(X) (r—2x — sm(2x))]. (48)

The corresponding correction to the particle-interface potential is
given by

1 (W)_
Vl—loop —_ lim - (Wh loop
T—oo T (W)tree

which concludes the gauge theory computation with the following
results:

: (49)

vy _y0 » 1 50
1—loop tree 72 (k% +k§) ZSirl(l//() + X) ( )
sin? (o 4 X) .
[m (T — 240 — 2 — sin(2y0 + 2 X))

— cos(x) sin(¥o) cos* (o) — sin(x) cos(yo) Siﬂ4(1/fo)},

A sin(x) . 1
am
Vl—loop = Viree (n2n2> |:4C053(X) (r —2x —sin2x)) — Z:| .
(51)
3. The string theory computation

As summarized in Table 1, we will be considering two different
D3-D7 probe brane systems. In the set-up I, the probe D7-brane
has geometry AdS4 x S x S2, and a background gauge field has k;
and k; units of magnetic flux through the two S? spheres, respec-
tively. In the second configuration, II, the D3-branes are intersected
by a (small) number of D7-branes with AdS4 x S* geometry and a
background gauge field supports a non-vanishing instanton num-
ber on S*. In both cases, the system is stabilized for sufficiently
large values of the flux or instanton number.’

It is convenient to write the AdSs x S® metric in two different
ways, depending on the D7 geometry that we are considering

1
ds? = 7 (dy2 + dxudxvr}’“}) +dy? + cos® y dQ2,

+sin? y dQ2,, (52)
1
ds? = 7 (dy2 + dxudxvn’“’) + dyr? + cos® yr dS2§4 , (53)

where dQZ, and dQZ, are the metrics of the two S? spheres
and dQ2, denotes the metric of the S* inside the S°. In both
cases X, = (Xo, X1, X2,X3) and the boundary of AdSs is located at
y =0. In the set-up I, the D7-brane has world volume coordinates
(X0, X1, X2, Y, Qg2, fzsz), while in the configuration Il the D7-branes
wrap the four-sphere and extend in the (xg, X1, X2, y) directions.
The embedding of the D7 in the target space is given by [16,20,6]

X
=2 a= - ,
! JU +acost ) (3 +asint y) — f7 £
(54)
where f1,= 2”’% and the angle ¢ has to satisfy

1 We notice that the perturbative regime for the double scaling parameter, con-
sidered in the gauge theory computations, lies within the region of stability of the
probe brane systems [7,8].

X0,1,2

Fig. 2. The minimal surface corresponding to the Wilson line for the set-up IL In
the AdSs factor, the minimal surface (green) stretches from the Wilson line (black)
on the boundary (red) to the D7 brane (blue). In the S° factor, it stretches from
the S* wrapped by the D7-brane (blue) along the perpendicular direction for an
angular extent of 5 — y. For the set-up II, the minimal surface in the AdS part of
the geometry looks similar whereas in the spherical part it is somewhat different,
cf. eqns. (52), (53). (Figure adapted from [12].)

(f? + 4cos* y)tan® y = (f2 + 4sin* y) (55)
X3

I oy=-_2, =0, 26

v=1 v (56)

when n—o00: Ajp

L N Lo ( 2372 )

V2V 4V2rn w33 )
In both cases, the D7-brane intersects AdSs along an AdS4 hyper-
plane, tilted with respect to the boundary y = 0 at an angle that
depends on Aj or Aj. In the supergravity limit A — oo, following
the idea of [21-23], the Wilson line expectation value is described
by the area of a minimal surface stretching from the boundary of
AdSs5 to the D7-brane in the interior. Notice that the minimal sur-
face attaches to the D7-brane along a straight line in its AdS part
as well as along an arc in its spherical part, cf. Fig. 2.

We parametrize the worldsheet using coordinates (7,c0) with
te[-1, 11 and o €[0,6]. For the straight Wilson line (parallel
to the defect) we make the following ansatz for the embedding of
the string [11,13]

t=r, x3=x3(0) and ¢ =¥ (o). (57)

A new feature in the defect set-up is that the extremal surface has
to satisfy two different sets of boundary conditions. At the bound-
ary of AdSs, which is approached when o — 0, the usual Dirichlet
boundary conditions must be imposed

y=y(0),

YO =0, wO=z and yO=2-x, (58)

The second set of boundary conditions ensures that the extremal
surface intersects the boundary brane at 6 orthogonally

I y(&)=x3[§f),y’(6>+A1x’3(&)=0, v@E =y1. (59
e ~ _X3(&) = /oo ~N\
:y(0)= A , ¥'(0)+ Aux3(6) =0, ¥ (0)=0, (60)

where ¢ is the maximum value of the worldsheet coordinate o
and v has to satisfy eq. (55) and ¥ € [0, r /2]. The construction
of the solution follows the idea of [11]. The Euclidean Polyakov
action in conformal gauge reduces to

. 1
T Ao/

1
/drda 7 (1 Fy? 42+ y2w/2) . (61)
The Euler-Lagrange equations of motion for the action (61) must
be combined with the Virasoro constraint

YE+xE+yyt=1. (62)
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Since the coordinates x3 and v are cyclic variables, cf. (61), their
equations of motion immediately translate into two conservation
laws

X(0)=—cy’(c) and Y'(0)=], (63)

where j and c are two integration constants to be determined. The
equation of motion for y(o) is given by
v —y?+1+c2yt=o0. (64)

Using the Virasoro constraint we get the following first order dif-
ferential equation for y'(o)

y'=\1-j2y? =2yt (65)

The solutions to eqs. (63) and (65) are?

y(o) =

F]H 0

1//(0)—JO“+——X, (68)

m+1

where to determine the form of the solutions we have used the
boundary conditions at ¢ = 0. The parameter m is the elliptic
modulus and it ranges from 0 to —1. The boundary conditions on
o fix the remaining parameters (&, j, m) in terms of the geomet-
rical data (z, Aj or Ay, x)

.1 T
I: 0=—,<¢1+X—5), 0<y1+x= (69)

b/
——), O<x=
2

1
j
( ~/m+1sn
= %(am(% ) 0
zs/—m m—i—l
2 N\
B m+la:|>’ (1)

n(/-L6 m ) dn I o
m+1 9L ) 1, (| m
’ . (72)
4/ —msn < m+1 O’] (I )

Choosing the convention in which ¢ is positive, for the value of
the angles considered in (69) and (70), j has to be negative.

The area of the minimal surface is obtained by evaluating the
Polyakov action on the classical solution. As usual, one has to in-
troduce a cut-off € in the y coordinate such that the regularized
area is given by an integral in the region y > ¢ and then remove

N|2|

n: 6= (70)

N|1:l

ALy =

2 Qur notation for elliptic functions and integrals follows that of the Wolfram
Language of Mathematica.

the divergent piece before comparing to the field-theory computa-
tion. The expression for the regularized action is

s o VAT [ P
= O] —
I, (N 27 \ma1 m+1 1, (1)
2
— E | am O] ml||m]|—
m+1 L

3
cn < mJ—_HO'L (I ) dn < m+1 O'I ) )
- . (73)
25
sn ( m_HGl~ n m)

We can rewrite S (i) in a more compact form using eq. (71) to
replace the incomplete elliptic integral of the second kind and
noticing that

- i .
"(6)=cn 0 m | dn 0 m|, (74
y () ‘,m—f—l 1, () ma1onm (74)

we get

VAT
S1, =—?ZC, (75)

where ¢ = ’ o7 - To compare the supergravity and the gauge the-
ory results, we have to expand our results in the double scaling
parameter given in eqns. (6) and (7). One can get the expansion

for Aj in powers of m looking at its definition in eq. (54).
1 2
Notice that eq. (55) is satisfied in the large flux limit if

cosYo(sinyp —sin3yp) A
472 k2 + k3

A2
o[ ———; ). (76)
74 (k2 +k3)

where tan g = ,2 Thus, the expansion for Aj is

[ k2 + 12 in? 2 A A
_ 1+ 2ﬂ_sm Yo vol—2 ).
2 8 k2 + k3 w2(k3 +Kk3)

(77)

Y1 =1v0+

The double-scaling expansion for Ay can be read off from eq. (56).
Notice that in this limit also Ay have to be large. Namely, we re-
quire that the denominator in eq. (72) vanishes. This occurs when
m goes to zero. Moreover, we can assume the following expansion
for m

3

m=3S"22L (78)

in such a way that eq. (72) is satisfied. The coefficient in the above
expansion can be determined by solving iteratively equation (72).
In the end, we get the following expansions for the particle-defect
potential in the two different cases I and II

k1 sin(x) + ka cos(x) 1 A 1
2z m2 (k2 +k3) 2sin(¥o + X)

sin® (o + X)
4cos3 (Yo + x)

v = _

(7T —2v0 — 2 —sinRyo +2x))
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— cos(x) sin(¥o) cos* (o) — sin(x) cos(¥o) sin® (o)

52
+0|—F—7—7=51 1t 79
T4 (k3 + k3)2 (79)

i A sin(x) .
y _ _"sin0o | 7 — 2y —sin(2
w2z || e 4cos3(x)( X = sin@x)
o s (80)
4 a4t ) |

We thus find perfect agreement with the field theory results to
two leading orders in the double scaling limit. Notice also that
when o — 0 (namely k,/k; — 0), the expansion for the action
n (79) reduces to the result for the Wilson line in the D3-D5
case [11,12]. For the set-up II the correction to the potential looks
similar to the one of the D3-D5 brane case up to a replacement
of n by ~/2k. This is a peculiarity of the one-loop approximation
where only the first term in the expansion in eqn. (56) contributes,
and it will not remain true at higher loop orders. Finally, we men-
tion that for the set-up I there is no particular point of symmetry
where the potential vanishes. This is due to the fact that for set-
up I all scalar fields get vevs, and it is not possible to choose a
direction on the sphere which is unaffected by these.

4. Conclusion and outlook

Our investigation of Wilson lines provides an example that the
AdS/dCFT dictionary for non-local observables remains valid upon
breaking of both supersymmetry and (boundary) integrability. In
addition, it serves as an important consistency check of the pertur-
bative framework that was set up in references [7,8] for the dCFTs
involved. We stress that having a perturbative framework for these
defect CFTs is indispensable as these theories, due to the lack of
supersymmetry, are not amenable to methods such as localization.
For other defect versions of A/ =4 SYM, conserving part of the
supersymmetries, such as the D3-D5 probe brane model, impor-
tant progress on the use of localization has recently been made in
[26].

With the perturbative framework and the AdS/dCFT dictionary
in place, possibilities for further scrutiny of the present defect CFTs
open up. Finst. one can scan the parameter spaces of the mod-
els for the presence of Gross-Ooguri like phase transitions [24]
as it was done for the supersymmetric D3-D5 probe brane set-
up in [15,14,25]. It would likewise be interesting to study the
transport properties of the various defect CFTs, supersymmetric or
not, by calculating correlation functions of the stress energy tensor
across the defect or other related quantities.
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1 Introduction

While it was initially hoped that the integrals which appear in computations in planar
N =4 SYM are expressible in terms of generalized polylogarithms, it has by now become
clear that this is not the case.! Not only are the generalized polylogarithms insufficient
but, by any reasonable measure, most of the integrals in A/ = 4 SYM seem to require more
complicated classes of functions, which are as of yet very poorly understood.

One class of integrals which is relatively well-understood is the class of pure integrals.
These integrals have leading singularities (see ref. [3]) which are pure numbers such as 0 or
41. In all known examples they are computable in terms of generalized polylogarithms.

Recall that to obtain leading singularities one takes residues in the propagators of the
integral. Doing so, Jacobian factors are generated in which one can often take further
residues. If we start with an integral with fewer propagators than integration variables,
two things can happen. Either one can generate enough Jacobian factors to take residues
in, so that the integral localizes, or not. If the integral does not localize, then the process

"Work on the Kontsevich conjecture by Belkale and Brosnan [1] had given good reasons to be pes-
simistic. More recently, Brown and Schnetz [2] have given explicit examples in ¢* theory, which contain K3
geometries.



of taking residues ends with a holomorphic form. This form may however develop poles
for special kinematics.

The leading singularity locus, when it is not a set of points, turns out to be an in-
teresting variety of Calabi-Yau type. The discussion above makes it plausible that one
is more likely to find integrals which do not localize if we consider examples with as few
propagators as possible. Since triangles are not possible in a dual-conformal expansion in
planar N' = 4 SYM, the examples we consider are box integrals. As it turns out, ladder
integrals are computable in terms of classical polylogarithms (see ref. [4]). The simplest
integral which can not be localized by taking residues is the elliptic double box integral,
studied in refs. [5, 6]. It is part of a family of integrals, called traintrack integrals (see
figure 1). There are many other examples in the literature, where Calabi-Yau geometries
have been identified in loop integrals, see e.g. [2, 7-14].

The traintrack integrals were studied in ref. [15]. This reference studied three- and four-
loop integrals using Feynman parametrization. The leading singularity loci were defined
as hypersurfaces in various weighted projective spaces, whose coordinates were related to
the Feynman parameters of the original integral. The constructions in ref. [15] were pretty
involved, in that they required complicated changes of variables which did not seem to fit
a pattern that could be generalized to all loops.

In this paper we study the leading singularity locus by using the momentum twistor
description of the traintrack integrals. Momentum twistors were introduced by Hodges [16]
in order to make the dual conformal symmetry [17-19] more manifest. The translation from
momentum space to twistor space proceeds as follows. Given a planar Feynman integral
such as the one in figure 1, we introduce dual coordinates z,, for each loop and z; for each
external region. Under the twistor correspondence, each of these dual points corresponds
to a projective line P! inside a P? space. This P2 is called momentum twistor space. Under
this dictionary, the action of the conformal group on the dual space with coordinates x
becomes the familiar PSL(4) action on P3.

Two dual points are light-like separated if their corresponding lines in momentum
twistor space intersect. This simple geometric fact, which is manifestly invariant under
PSL(4) transformations, will be central to our discussions below. Indeed, the leading
singularity locus is obtained by imposing a number of light-like conditions between the dual
points. Using the momentum twistor constructions these constraints yield a configuration
of intersecting lines, which is much easier to describe than the set of quadratic equations
which one has to solve in momentum space or dual space.

Another advantage of the momentum twistor description is that it automatically picks
for us a compactification and complexification of the dual space which is compatible with
the dual conformal symmetry. The complexification is essential as well since all the varieties
we will describe below are complex varieties.

Our analysis is similar in spirit to the analysis done by Hodges [20] for the one-loop box
integral. The one-loop box example is however much simpler, since its leading singularity
locus is a set of two points.

In this paper we obtain the following results. We describe the leading singularity locus
of the elliptic double box as an intersection of two quadrics in P3. We compute the j-



Figure 1. The traintrack integrals.

invariant of this intersection and compare with the answer obtained in ref. [6]. Next, we
analyze the three-loop case and we identify the leading singularity locus with a K3 surface.
The K3 surface is described as a branched surface over the union of two genus-one curves in
P! x P'. We compute its Euler characteristic and the number of moduli. Then, we analyze
the leading singularity locus in the four-loop case. We obtain a Calabi-Yau three-fold which
can be realized as a complete intersection. We analyze its topology using the methods of
Batyrev and Borisov. Finally we end with short discussions of the higher-loop cases and
of the supersymmetrization.

2 Two loops: the elliptic double box

2.1 Construction

We consider the two-loop traintrack diagram, i.e. the two-loop version of the class of di-
agrams depicted in figure 1. Its leading singularity is determined as follows. There are
three dual points z1, x2, x3 corresponding to the left loop and three dual points x4, x5, xg
corresponding to the right loop. The left loop internal dual point z,, has to be light-like
separated from the three dual points x1, z2, x3. The right loop internal dual point z,, has
to be light-like separated from the three dual points x4, x5, 6. Finally, the points z,, and
xy¢, have to be light-like separated.

In momentum twistor space this can be described as follows. To each dual point x;
we associate a line A; A B; in momentum twistor space P3. Two dual points are light-like
separated if their corresponding lines in P? intersect. At first, we assume that all the lines
corresponding to external dual points are skew (do not meet in P?). When some of these
lines intersect, the geometry simplifies.

Given three skew lines, there is a one-dimensional family of lines which intersect all of
them. This can be seen by using several fundamental results about quadrics in P3. The
first fact is that three skew lines uniquely determine a non-singular quadric ). The second
fact is that a non-singular quadric @ in P? contains two families of lines where the lines
in a given family are skew while two lines in different families always intersect. Finally,
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Figure 2. Relationship between the endcap of the traintrack and the quadric.

through a given point passes a unique line from each family of lines. Such families of lines
on a quadric are called rulings.

More concretely, given three skew lines A;AB; for ¢ = 1,2, 3, the quadric they determine
can be written as

Q(Z) = <ZAlBlA3><ZAQBng> — <ZA1B1B3><ZA2B2A3>. (2.1)

Here Z, A; and B; are points in P3 and (ABC D) = det(A, B, C, D) is the usual four-bracket
of momentum twistors. The three lines appear symmetrically, but this is not manifest in
the formula above. Using Pliicker relations one can show that the symmetry holds.

Then, to the dual points x1, x2, x3 neighboring the left loop we can associate a quadric
@1, and to the points x4, x5, T neighboring the right loop we can associate a quadric Qg;
cf. figure 2. Next, consider the intersection C' = Q1 N Qpr C P3 of these two quadrics,
which is a curve. To each point on C' we can associate a line in (), which intersects all the
three lines determining )r. This line corresponds to the interior dual point z,, of the left
loop. Similarly, through the same point of C' we can construct a line which intersects all
the lines in Q) corresponding to the interior dual point z,,. The line in )1, and the one in
QR intersect in a point in C' so their corresponding dual points are also light-like separated
as required for the leading singularity.

The intersection of two quadrics in P? is a genus-one algebraic curve, see figure 3.

We can connect this construction to the more familiar picture of a cubic curve in P? as
follows: without loss of generality, we can take the point [X¢: X1 : X9 : X3]=1[0:0:0:1]
to belong to both quadrics. Then the equations for the two quadrics can be written as

QL = X3Lp + My, Qr = X3Lg + Mg, (2.2)
where L; and Lg are of homogeneous of degree one and Mj; and Mgz are homogeneous

of degree two in Xy, X1 and X3. When eliminating X3, we obtain Ly Mr — LrMyp = 0,
which is a cubic in P2.



Figure 3. Two intersecting quadrics. Their intersection is the genus-one curve C' in the elliptic
double box.

2.2 Analysis of the two-loop leading singularity locus

Having constructed a genus-one curve C' as the intersection of two quadrics in P3, we now
proceed to analyze its properties.

The holomorphic differential one-form on the curve can be found by taking Poincaré
residues,

wp3
wco = Resg, Resg, ———. 2.3

QL QR QLQR ( )
Here wps is the PSL(4)-invariant, weight-four holomorphic three-form on P3. The quadrics
Q1 and Qg both have weight two so that the ratio Q“L)HSR is invariant under rescaling of

the homogeneous coordinates of P2. Then, we take two Poincaré residues which yields a

one-form localized on C. This is in fact the unique holomorphic one-form on C so the curve
C' is indeed a genus-one curve. A genus-one curve is characterized by only one modulus,
which can be taken to be its j-invariant.

We can also see that there is only one modulus by counting parameters as follows:
there are six dual points, each with four coordinates. From this, we need to subtract the
dimension of the four-dimensional conformal group, which is 15. In total we obtain 6 x 4 —
15 = 9, assuming the conformal group acts effectively. However, there are configurations of
the three skew lines in the left quadric which generate the same quadric. Indeed, consider
a line inside @y which intersects all the lines which determine (). We can displace any
of these three lines along the chosen line without changing ;. Hence, there is a three-
dimensional space of three skew lines which parametrize the same quadric Q7. The same
holds for @r. Moreover, the same curve C can be obtained by considering any two members



of the so-called pencil of quadrics generated by Qr, and Qr.> In other words, instead of
using (1, and Qg we can use linear combinations of them, A\;Qr+ArQr and urQr+urQr,
where [Ar : Ag| and [ur : pr] are homogeneous coordinates on a projective line. This
amounts to two extra parameters which do not appear in the moduli of C. In the end, C
has 9 — 3 — 3 — 2 = 1 moduli.

The pencil of quadrics AL@Qr, + Ar@r also allows us to compute the j-invariant of the
curve C'. As mentioned above, C' is obtained as the intersection of any two members of the
pencil. We now think of each of the quadrics as a 4 x 4 symmetric matrix of the coefficients
in the defining equation (2.1) and consider the determinant

det(A\LQr + ArQR)- (2.4)

This is a polynomial of degree four in the homogeneous coordinates [Ay, : Ag] of P1. Hence,
it vanishes at four points in P! and we conclude that there are four singular members of the
pencils.? The cross-ratio of these four points is an invariant of the pencil. More concretely,

let us denote the four points where (2.4) vanishes by A’ :== [\, : Ai]. Then, we can form
the cross-ratio z = ggigi;, where (ij) = det(\?, M), and the j-invariant
, (22 — 2z +1)3
= 256——— 2.
J 56 210 (2.5)

As pointed out above, the curve C' is obtained as the intersection of any two members
of the pencil of quadrics AQr + ArQr. Thus we can characterize isomorphism classes
of C' by completely characterizing the pencil. The cross-ratio z formed above classifies
the isomorphism classes of four ordered points on P! up to projective equivalence. The
j-invariant formed in (2.5) has the correct symmetries for the corresponding elliptic curve:
in defining the cross-ratio z, we have the freedom of permuting three of the points A\* on
P! while keeping one fixed without changing C. This permutation acts on z by sending
22 e z,%,lfz,lf%,ﬁ,lf 1iz
invariant under this map.

}. One can check that the j-invariant in (2.5) is

In [6], the elliptic double box integral was analyzed using the method of direct inte-
gration. Starting from a dual-conformally invariant expression, Feynman parameters were
introduced and as many integrations as possible were performed in terms of multiple poly-
logarithms. Eventually, the authors found a representation of the double box integral of

> Hj(a)
/0 do 0@) (2.6)

Here Hj is a combination of weight-three multiple polylogarithms and Q(«) is a polynomial

the form

in a of degree four with coefficients depending on conformal cross-ratios. The equation

y?> = Q(a) thus defines an elliptic curve. We have checked that the j-invariant of this

2A pencil is a set of subvarieties, in this case quadrics, which are parametrized by a line [21].

3Note that we assume that the quadrics Q. and Qg are in general position such that the four roots
of (2.4) are distinct. If they are not, then the intersection degenerates and the integral can be computed in
terms of generalized polylogarithms.



Figure 4. Quadrics and lines defining the K3 surface in the three-loop traintrack diagram.

curve matches the j-invariant of the curve constructed directly in momentum twistor space
above. This is an encouraging result as it means that the geometry is not merely an artifact
of the chosen parametrization but an intrinsic property of the leading singularity of the
double box integral.

3 Three and more loops

3.1 K3 surface
3.1.1 Construction

The construction of a geometry for the three-loop traintrack integral is similar to the one
for the two-loop case presented in section 2. This time, however, we have two extra lines
in momentum twistor space corresponding to the two additional external dual points. The
geometry in this case is given by two quadrics Q1 and QQg, constructed in the same way as
at two loops, together with two lines ¢ and ¢». Given points P; € 1 and P, € {5, we can
construct a line P; A P» whose corresponding dual point is light-like separated from both
dual points corresponding to ¢1; and £5. The line P; A P, corresponds to the middle loop in
the three-loop traintrack integral. The moduli space of these lines is P! x P! corresponding
to the freedom in choosing P; and P». We illustrate the construction in figure 4.

The rest of the light-like constraints for the leading singularity can be imposed as
follows. By Bezout’s theorem, the line P; A P intersects the quadric ()7, in two points and
the quadric Qg in two points.* Choosing one of these intersections in Q7 and one in Qg,
we obtain a leading singularity configuration. In total, there are four choices. The total

4Bezout’s theorem states that n hypersurfaces of degrees di,...,d, in complex projective space P"
intersect in d - - - dy, points, if the number of intersection points is finite [21]. In our case, the quadric has
degree two, while a line can be seen as the intersection of two hyperplanes, each of degree one. Hence, the
intersection consists of two points.



space of leading singularities is therefore a four-fold cover of P! x P!, branched over the
curves where the line P; A P, is tangent to Q1 or Qg.

To find out where this branching arises, consider the points a1 P; + as P> on the line
P; A P,. The intersection with @Q)r, is given by the equation

of QL(Pr, Py) + 2102 QL(Pr, P) + a3 Q. (P2, P2) = 0. (3.1)

The line P; A P» is tangent to (), if this has a double root, i.e. when the discriminant with
respect to a1 or asg vanishes,

Ap = Qr(P1, P)? — Qr(P1, P)QL(Py, Py) = 0. (3.2)

The polynomial Ay, is homogeneous of bidegree (2,2) in the coordinates of P! x P! that
parametrize the points P; € /1 and Py € {.

A similar analysis can be done for the right quadric and we obtain another polynomial
Apg of bidegree (2,2). The curves determined by Aj and Ap intersect in eight points.® At
these eight points, all the branches of the surface meet. Over the remaining points of the
curves determined by Ay and Apg there are only two branches, while over the remaining
points of P! x P! there are four branches.

The curves in P! x P! defined by the vanishing locus of Ar, and Ag are themselves
genus-one curves as can be seen as follows. If we choose coordinates © = [z : x1] and
y = [yo : y1] on P! x P!, then we can write the equation for a biquadratic as

1
A, y) = D Adbat Talb Yo'y, (33)
a,b,a’ ,b’=0
where A is symmetric in the first and second pair of indices independently and thus has 9
independent components. We now embed P! x P! into IP? using the Segre map. Concretely,
we identify the homogeneous coordinates [zg : 21 : 22 : 23] on P3 with the coordinates on
P! x P! as

20 = ZoYo, 21 = XoY1, Z92 = X1Y0, Z3 = X1Y1- (3'4)

The image of P! x P! is then a quadric in P? given by 2923 — 2122 = 0. The biquadratic (3.3)
becomes

3
A(z) = Y Ajj ziz, (3.5)
i,j=0

where Aisadx4 symmetric matrix that depends on the original coefficients Ay /. This
defines another quadric in P3. The intersection of these two quadrics is a genus-one curve
with only one modulus, as we have discussed before.

5To see why, consider first the intersection of such a genus-one curve with a line in P! x P! which sits
at a point in the first or the second P!. It is easy to see that this intersection consists of two points. Now,
consider a degeneration of the biquadratic into four lines. Two of the lines sit at a point in the first P!
while the other two sit at a point in the second P'. Each one of them intersects the biquadratic in two
points. In total, there are eight intersection points. As we deform from a singular curve consisting of four
lines to a non-singular one, the number of intersections is conserved. This type of argument is often used
in Schubert problems (see ref. [22] for a detailed discussion).



3.1.2 Analysis

The holomorphic two-form on the surface is
Wp1 Wp1

w = —
K3 /7AL /7AR

Notice that this ratio has the right homogeneity in P* x P': the first wp: has bidegree (2,0)
while the second one has bidegree (0,2). The polynomials A7, and Ar both have bidegree

(3.6)

(2,2) so that (3.6) has homogeneity zero as required.

An analogous construction can be done for the simpler case of a genus-one curve in P2
as a two-fold branched cover over four points in P'. In that case, we can define a polynomial
P whose roots are the four points and the holomorphic form is %.

Euler characteristic. It is well-known that the Euler characteristic x of a K3 surface
is 24, but we can directly compute this from the construction in momentum twistor space.
To do so, we will use the basic fact that y is additive under surgery.

According to the branching described above, the K3 surface S has only one branch on
the points P! x P! where the two curves Az, and Ag meet, i.e. for the points in A;, N Ag.
For the points that lie on either of the two curves, i.e. for Ay UARr \ Ap N Ag, there are
two branches. In the complement of the two curves, i.e. in P! x P!\ Ay U Ag, there are
four branches. It follows that

X(S) =4 [x(P' x P') — x(AL UAR)] + 2[x(AL UAR) — x(AL N AR)]
+ x(Ar N AR) (3.7)
= 4X(]P>1 X IP):[) — QX(AL U AR) - X(AL N AR)

Next, we use the fact that y(P' x P!) = x(P!)2, x(P!) = 2 and x(AL UAR) = x(AL) +
X(Ar) — x(Ar N Agr). The Euler characteristic of a point is one and the intersection
A, N Apg consists of eight points, thus we get x(Ar N Agr) = 8. Moreover, Ay and Ag are
genus-one curves, thus x(Ar) = x(Agr) = 0. Finally, we get

X(S)=4x2x2—2x(—8)—8=24. (3.8)

This is the expected number for a K3 surface which has Betti numbers by = 1, bo = 22 and
b4 = 1 with the odd Betti numbers vanishing.

Counting the number of moduli. We would now like to count the number of moduli
of these K3 surfaces. This amounts to a counting of degrees of freedom of two genus-one
curves in P! x P!, intersecting in eight points. On top of that, there are moduli that
roughly speaking describe the position of the quadrics corresponding to the endcaps of the
traintrack integrals.

Before solving the first problem, recall the more familiar case of two cubic curves in the
projective plane P2. A cubic curve in the projective plane is a non-zero linear combination
of ten monomials. Hence, the set of cubic curves forms a P?. The condition that a point
belongs to a cubic curve imposes a linear condition in PY. Given nine points in general
position, there is a single cubic curve which contains all of them. The condition that the



nine points be generic is essential here. In fact, consider two cubics in the projective plane.
By Bezout’s theorem, they intersect in nine points. In this case, these nine points can not
be generic since they do not uniquely determine a cubic curve. In fact, they determine a
pencil of cubics.

The theorem of Cayley-Bacharach states that if two plane cubics intersect in nine
points, then any other cubic which passes through eight of them automatically passes
through the ninth [21].6

Let us now return to genus-one curves in P! x P!. A biquadratic curve in P! x P! is
a linear combination of nine monomials of bidegree (2,2). Hence, these curves form a P®.
As before, the condition that a point belongs to such a curve is a linear condition in P8,
Hence, eight points in general position uniquely determine a genus-one curve in P! x PL.

Next, consider two such biquadratic curves. They intersect in eight points. If the
equations of the two biquadratics in homogeneous coordinates = = [xg : 1] and y = [yo : y1]
of P! x P! are

Aoo(y).%'g + 2A01 (y)xol'l + An(y)x% =0, (39)
00(¥)ag + 280, (y)zoz1 + Ay (y)at =0, (3.10)

then the intersection points have y coordinates satisfying
(AboA11 — AooA11)? + 4(AjpAor — AooAgy) (AT A0 — Ay Air) = 0. (3.11)

Here A;; and Agj are quadratic in y such that this is a degree-eight polynomial and that
generically there are eight such intersection points. For each of these values of y the
corresponding value of € P! is given by

2(A60A01 — A00A61)$0 + (A60A11 — AOOAIU)-Tl =0. (3.12)

These eight points can not be in general position, otherwise there would be a unique
biquadratic curve containing them. For this case, we have a variant of the Cayley-Bacharach
theorem, stating that if two biquadratic curves meet in seven points then they meet in the
eighth as well.

Returning to the problem of counting the moduli, we see that we have to specify seven
points in P! x P! which amounts to 14 parameters. From this we have to subtract 2 x 3
parameters due to PSL(2) transformations on each P!. Moreover, we need to pick two
members of the pencil of quadrics A\;Qr + A\g@r which adds two additional moduli. It
turns out that there is one more modulus corresponding to the relative position of the left
and right quadric along the middle line through the points P; and P». In total, the number
of moduli is

14-2x3+2+1=11. (3.13)

There is another, more direct way to establish 11 as an upper bound for the number
of moduli: the K3 surface only depends on the left and right quadrics and the two lines ¢

5The Cayley-Bacharach theorem is essential in proving the associativity of the group law on a genus-one
curve.
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and #5. In dual space we have 8 x 4 — 15 = 17, where we subtracted 15 due to the action
of the conformal group. As discussed in section 2.2, we can move each of the three lines
defining a quadric up and down along a line from the opposite ruling without changing the
quadric. Thus we can subtract 2 x 3 = 6 coordinates. In total we get 8 x 4 — 15— 6 =11
moduli.

For algebraic K3 surfaces, the sum of the dimension of the moduli space and the generic
Picard rank has to equal 20 (see ref. [23]). Since we found a moduli space of dimension 11,
then the generic Picard rank should be 9. Below, we find the same answer by looking at
Nikulin involutions.

In [15], the authors analyzed the three-loop traintrack integral using Feynman param-
eters and identified a K3 surface as a hypersurface in a certain weighted projective space.
For a generic hypersurface in this space they found an upper bound of 18 for the number
of moduli which is compatible with the number that we found above. In the case of the
elliptic curve we were able to compare the momentum twistor construction to the one found
in Feynman-parametric integration using the j-invariant of the curve and found that they
give the same geometry. For the K3 surfaces, a more thorough study of their characteristics
is needed to conclude whether or not they are equal.

Automorphisms and Nikulin involutions. To further characterize the K3 surface S,
we study its automorphisms, in particular those automorphisms that leave the holomorphic
two-form on S invariant. Such automorphisms are called symplectic. If f is a symplectic
automorphism of finite order n and f # id, then one can show that the set of fixed
points Fix(f) C S is non-empty and finite. Moreover, the number of fixed points satisfies
1 < |Fix(f)| < 8 and depends only on the order n of f, see for example ref. [24]. Nikulin [25]
also showed that the order n can at most be eight, i.e. n < 8, which means that only the
combinations of n and |Fix(f)| in table 1 are possible.

Symplectic automorphisms of order two are called Nikulin involutions and the corre-
sponding number of fixed points is eight. Such involutions are realized in our K3 surface
as follows.

Consider the left quadric 7, and the line P, A P» transversal to 1 and /o, see also
figure 4. Py A P> intersects (01, in two points and exchanging these two points constitutes
an involution of the left quadric. Recall that the points of intersection are given by the two
roots of (3.1). Since this in a quadratic equation, the difference between the two roots is
V/Ar. Thus, exchanging the two points of intersection, sends /Ay to —/Ap. The fixed
points of this involution of the left quadric are the points of @Q;, at which P; A P, becomes
tangent, i.e. the points described by the genus-one curve Ay = 0 in P! x P!, Since the map
we described so far changes the sign of /A, the holomorphic two-form (3.6) also changes
sign and we only obtain a Nikulin involution of the K3 surface if we perform the same
involution on the right quadric. The fixed points are then the eight intersection points of
the curves Ay, and Ap in P! x P

An involution which is not symplectic is the exchange of the two P! corresponding to
the lines /1 and ¢. Indeed, under this transformation the holomorphic two-form in eq. (3.6)
picks up a sign.
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The existence of automorphisms implies a lower bound for the Picard number p(S) of
the K3 surface [24]. For a Nikulin involution, i.e. a symplectic automorphism of order two,
the bound is p(S) > 9 (see appendix A). Since the Picard number plus the dimension of
the moduli space are equal to 20, this bound is consistent with the counting of the moduli
above. In fact in our case the bound is satisfied, i.e. p(S) = 9; for this case a complete
description of the Picard lattice of S can be found in ref. [26].

3.2 Three-fold and beyond

In this section, we demonstrate how we can build a Calabi-Yau manifold embedded in a
toric variety for the four- and higher-loop traintrack integrals. It was shown by Batyrev
that mirror families of Calabi-Yau manifolds can be constructed as anticanonical hyper-
surfaces in toric varieties and that their Hodge numbers can be computed combinatorially
by counting points in an associated pair of reflexive polytopes [27]. This construction was
generalized to complete intersection Calabi-Yau (CICY) manifolds by Batyrev and Borisov
using the nef-partitions of a reflexive polytope pair [28, 29]. The Hodge numbers in this
case can be computed by means of a recursive generating function; an implementation of
this function is available in PALP [30].7

3.2.1 Three-fold

The leading singularity configuration for the four-loop traintrack integral is depicted in
figure 5. Compared to the three-loop case discussed in section 3.1, we have two new lines,
¢3 and {4, corresponding to the two extra external dual points.

Let us introduce coordinates ([ : az], [B1 : B2]) for the P! x P! corresponding to the
lines ¢; and /o and similarly ([y1 : 72|, [01 : d2]) for the lines ¢3 and ¢4. Then the embedding
space is a toric variety defined by the relations

(a1, 2, B1, B2, y1) ~ (t1 o, t1 ag, B, B2, t1yL),

(3.14)
(o, a2, 1, B2, yr) ~ (a1, a,ta B, t2 B2, ta yr)
for the left part of figure 5 and
(71,72, 01, 02, yR) ~ (t371,t372,01,02,t3YR), (3.15)

(71572, 01,02, YR) ~ (71,72, t4 01,14 62,t4 YR)

from the right part. Here t1,t9,t3,t4 € C\ {0} and the role of y;, and yr will be clarified
momentarily. Since we have ten coordinates and four relations, we are left with a six-
dimensional space.

Following the same construction as for the three-loop (K3) case, we obtain two poly-
nomials Az and Apg of bidegree (2,2) in P! x P! from the left and right outermost loop
of the traintrack. In the six-dimensional toric variety constructed above, the Calabi-Yau
manifold is defined as a codimension-three subvariety by means of the constraints

y% = AL, y%% = AR, <P1P2P3P4> = O. (316)

"Note that technically the generating function computes the stringy Hodge numbers introduced in [31].
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Figure 5. Quadrics and lines defining the CY three-fold in the four-loop traintrack diagram.

The last condition forces the two transversals P; A P, and P3 A P, to intersect, see also
figure 5.

The toric variety defined by the relations (3.14) and (3.15) can be described by a
polytope with ten vertices in a six-dimensional integer lattice. Explicitly, the vertices are
given by the columns of the matrix

1001 -1000 O
0101 -1000 0
001-1 00000 O

1
0000 01001 (8:17)
0000 00101

0000 0001-10

The Hodge numbers of a generic codimension-three subvariety in this space can be
obtained by computing the nef-partitions of the polytope defined by (3.17). Using PALP [30],
in particular the component nef.x,® we find that there are 22 nef partitions. Out of
these, we identify three that have defining equations with degrees compatible with the
constraints (3.16). The Hodge numbers are h'' = 12 and h'? = 28 which gives a Euler
characteristic of y = —32.

3.2.2 General case

The construction used for the three-fold, i.e. the four-loop case of the traintracks, gen-
eralizes to higher loops. For L > 4, we build a toric embedding space as follows: there
are 2 + 4(L — 2) coordinates, 2 from y;, and yr and 2 x 2(L — 2) from the two external

8Note that we had to set VERT Nmax to 96 in Global.h for the computation to succeed.
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dual points added with each loop. The number of relations between these coordinates is
2(L — 2); thus the dimension of the embedding space is 2+ 4(L —2) —2(L —2) = 2(L —1).
In this space, we impose 2 quadratic constraints, namely y = Ay and y% = ARg, as well as
L — 3 multilinear constraints. Thus, the Calabi-Yau manifold is obtained as a subvariety
of codimension L — 1 in a toric variety of dimension 2(L — 1). Note that the dimension of
the manifold is also L — 1.

As above, we can describe the embedding space by a polytope with vertices in an
integer lattice. The dimension of this lattice equals the dimension of the embedding space,
i.e. 2(L—1), while the number of vertices is equal to the number of coordinates, 2+4(L—2).
The vertices are given in the general case by the columns of a block-diagonal matrix

AOO -0

0AO 100 1 —1

00B . A=|o101 =1, B:<1—1). (3.18)
: o 001 -1 0

0 ... B

Note that in the case of the threefold (i.e. L = 4) that was discussed above, B does not
appear and the matrix reduces to (3.17).

We note that the codimension grows with the loop order and this makes the analysis
of these varieties in terms of complete intersections more challenging. One may hope for a
more “efficient” description of these varieties, but it remains to be seen if this is possible
in way which is compatible with supersymmetry, as described in section 4.

4 Supersymmetrization

The constructions presented so far are manifestly dual-conformal invariant. Indeed, this
is one reason why it makes sense to use momentum twistors to describe their geometry.
However, we know that the scattering amplitudes in N' = 4 are in fact dual super-conformal
invariant. It is then natural to ask what becomes of the supersymmetry.

In order to describe the supersymmetrization, we will redo the previous analysis in
such a way that the various incidence relations are described in terms of PSL(4)-invariant
delta functions. The basic ingredient will be the delta function of two points on P3, which
we denote by 5%,3 (Py; Py), where Pp, Py € P3.

This quantity can be used to define 51%,3 (L; P), which has support when the point P
lies on the line L. If the line P contains two points Py and P;, then we have

52,(L; P) = / wpr (0)0ps (Ao Py + o Pr: P). (4.1)

Similarly, we can define dps(L1; Lo), which has support when the two lines L; and Lo
intersect.

To define a delta function with support on a quadric, we use the fact that the quadric
is determined by three skew lines L1, Lo and Ls. The quadric is ruled by a family of lines
which intersect L1, Lo and Ls. Moreover, through any point on the quadric passes one line

— 14 —



in this ruling. We can then describe the conditions that a point P belongs to the quadric
Q) determined by the skew lines L1, Lo and L3 by the following integral

ops(Q; P) = /MP3(L)5P3(L;L1)5P3(L;L2)5P3(L;L3)5§»3(L;P), (4.2)

where pps(L) is the integral over the space of lines in P3. This integral is four-dimensional
so, after performing the integrals, we are left with a single constraint. This is expected
since a quadric is of codimension one in P3.

To obtain the genus-one curve we simply take the product of the two delta functions
corresponding to (1, and (Qr. This is a distribution which has support on the intersection
of the two quadrics Q@ N Qr. We can also obtain the holomorphic top form, but instead
of taking Poincaré residues, we proceed as follows. We look for a one-form w¢ such that

/C we(2)(2) = / wps (2)853(Qs 2)05 (Qrs 2) f(2), (4.3)

for any meromorphic function f on P3 whose poles lie outside Q7 N Qg.
This construction is rather unnatural when done in P3, but its advantage lies in the fact
that it can be pretty straightforwardly supersymmetrized to P34, Indeed, in P3* we have

a delta function 5;514

ref. [32]. For the superquadric we obtain

P3 case, we finally define wé'm using

(Z1; 23), and so on. These supersymmetrizations were introduced in

S8

IP)3|4(Q, Z). Pursuing the same strategy as in the

/C w2 (2)1(2) = / wpsts (2)0p514 (Q1; Z)0psis (Qrs 2) f(2), (4.4)

where Z = [Zy: Z1: Zo: Z3| x1: X2 : X3 : X4] and wpsja (Z) = wps(Z)dx1dx2dxzdxa is the
PSL(4[4)-invariant form on P34,
This construction can be generalized to higher dimensions.

5 Summary and outlook

We have presented a few examples of Calabi-Yau varieties arising as the leading singularity
loci of the class of traintrack integrals.

For the elliptic double box we have a pretty explicit understanding of the moduli space
and how it relates to the external kinematics of the integral. We believe this should be a
useful ingredient in the computation of these integrals.

The moduli space of algebraic K3 surfaces has a global description as a double coset of
an orthogonal group (see ref. [23]). This moduli space should be somehow parametrized by
the external kinematics, but this global description does not seem to arise naturally from
the twistor representation of the kinematics. So, while we have described the topology of
these varieties in some detail, our description of their moduli space has not been as detailed
as we would like. One approach we have sketched is to use a parametrization where 10
moduli arise from an intersection of two genus-one curves in P! x P! and an extra modulus
arises from the intersections of transversals to these P! with the two quadrics Qr, and Q.
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It remains to be seen if this parametrization will be useful for expressing the corresponding
integral.

One slightly mysterious aspect remains in connection with Calabi-Yau varieties encoun-
tered in non-planar integrals. The twistor methods are well-adapted for studying planar
integrals. How should non-planar integrals be described in this language? It is not clear
yet if the momentum twistor approach is a useful description for the leading singularity
locus of these integrals. We hope to report on this issue in future work.

We have also discussed supersymmetrization. The approach to supersymmetrization
we have sketched generalizes to other cases as well. Clearly supersymmetry imposes some
restriction on the geometry of these varieties and it would be interesting to understand this
better.
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A Automorphisms of K3 surfaces

For an account of the automorphisms of K3 surfaces see for example ref. [24, chapter 15].
In the following we summarize some of the most important facts.

When studying the group of automorphisms Aut(S) of a K3 surface S, one distinguishes
between symplectic and non-symplectic automorphisms. An automorphism f: S — S of a
K3 surface S is symplectic if the induced action on HO(S, Q%) is the identity, i.e. if it leaves
the holomorphic two-form on S invariant. One can show that Aut(S) is discrete and that
the subgroup Auts(S) C Aut(S) of symplectic automorphisms is of finite index, at least
for projective K3 surfaces.

One can moreover show the following result: let f € Auts(S) be of finite order n and
f #1id. Then the set of fixed points Fix(f) is non-empty and finite and

IFix(S)] = % 11 (1 + 1) o (A1)

p
pln

Moreover the number of fixed point satisfies 1 < |Fix(f)| < 8 and only depends on the
order n of f.

Nikulin also proved that for f € Auts(S), the order n of f satisfies n < 8. This
means that only the combinations of n and |Fix(S)| shown in table 1 can occur. For each
n, one can also derive a lower bound for the Picard number p(S) which is also shown in
table 1. One can see that the Picard number of K3 surfaces with automorphisms tends to
be quite high.
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Ordern 2 3 4 5 6 7 8
Fix(S)] 8 6 4 4 2 3 2
p($)> 9 13 15 17 17 19 19

Table 1. Symplectic automorphism orders and number of fixed points for a complex K3 surface S.
Here p(S) is the Picard number of S. Table from ref. [24].

Symplectic automorphisms of order two were studied by Nikulin [25] and are called
Nikulin involutions. According to table 1, a Nikulin involution of a complex K3 surface has
eight fixed points and Picard number p(S) > 9. A classification of all algebraic K3 surfaces
with Picard number satisfying the lower bound, i.e. p(S) =9 can be found in ref. [26].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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1 Introduction

There has recently been a flurry of interest in Feynman integrals associated with elliptic

curves. Many different ways to represent these integrals have been developed [1-24], cul-

minating in bases of functions that are believed to be powerful enough to represent all such

integrals [25-27]. A common feature of most of these representations is the characteriza-

tion of each integral in terms of a single, specific family of elliptic curves depending on

the kinematic data of the Feynman integral. With the family specified, relations can be

found between functions defined on the same family, allowing for the choice of a linearly

independent basis.



What these representations typically do not consider are relations between Feynman
integrals associated with distinct families of elliptic curves.! This deficit is thrown into
sharp relief by a pair of papers, one by Adams and Weinzierl [15], and the other by Bogner,
Miiller-Stach, and Weinzierl [28], investigating the two-loop sunrise integral with all equal
masses and with distinct internal masses respectively. These integrals have long been
known to involve elliptic curves [1, 2, 4-6, 8, 13, 29-43]. What they found was that the
sunrise integral can in fact be described by two distinct elliptic curves in different contexts,
with the curves related by a quadratic transformation, characterized in the latter paper as
an isogeny [28]. One curve appeared when analyzing the integral in terms of its Feynman-
parametric representation, while another emerged from the maximal cut expressed in the
Baikov representation [44] (see also [45-50]). They refer to these as the curve from the
graph polynomial and the curve from the maximal cut, respectively.

In this work, we investigate the origin of the distinction between these two curves:
whether they differ because one comes from the maximal cut, or due to their origin in
different representations. We examine two diagrams, the sunrise with all distinct internal
masses and the elliptic double-box [51, 52], in a variety of representations. In particular,
we compare maximal cuts of these diagrams both in Baikov representations and in other
representations (a light-cone representation in two dimensions, and a momentum twistor
representation in four dimensions). We find that in general these representations can
all give identical elliptic curves. Instead, we explain the observations of refs. [15, 28] as
a consequence of a particular choice those references made when extracting an elliptic
curve from the Baikov representation, involving combining two square roots. If we instead
rationalize one of the roots, we find not an isogenous curve, but an identical curve to that
found in Feynman parametrization.

The paper is organized as follows: after a quick review of the relevant mathematics in
section 2, in section 3 we consider the sunrise integral with three distinct masses. We review
the Feynman-parametric representation in subsection 3.1, and the loop-by-loop Baikov
representation found in ref. [28] in subsection 3.2. We then derive two more representations,
the traditional Baikov representation in subsection 3.3 and a representation in light-cone
coordinates in subsection 3.4, and compare the resulting curves. In subsection 3.5 we
explain the differing curves as a result of combining distinct square roots, and extract an
alternate curve by rationalizing a quadratic root instead, finding consistency with other
methods. We give another view on the relation between the curves that avoids introducing
square roots in subsection 3.6. In subsection 3.7 we close with a brief discussion of how
the elliptic j-invariants of these curves shed light on the singularities of the diagram. In
section 4 we investigate the elliptic double-box, where we compute Baikov representations
of the maximal cut to compare to curves extracted in prior work. Specifically, we compare
a d-dimensional Baikov representation (subsection 4.1) and a Baikov representation derived
in strictly four dimensions (subsection 4.2) finding agreement between the two. We then
conclude and raise some topics for future investigation in section 5.

'From here on, we will in a slight abuse of language refer to distinct elliptic curves instead of distinct
families of curves. This terminology is typical in the physics literature, and can be justified in cases where
one compares representatives of both families at the same, fixed kinematic point.



Our paper also includes an appendix, reviewing both the loop-by-loop and the standard
approach to the Baikov representation in A.2 and A.3 respectively, as well as deriving our
d-dimensional Baikov representation of the elliptic double-box in A.4 and presenting more
details of our four-dimensional derivation in A.5. We also include two files as supplementary
material: doublebox_curve.txt, presenting the elliptic curve for the double-box, and
doublebox_baikov_rep.txt, presenting the Baikov representation for the double-box.

2 Lightning review: elliptic curves and isogenies

An elliptic curve is a smooth projective algebraic curve of genus one, together with a
rational point which serves as the origin for its group structure.

There are many ways to represent such curves. One can write them as the vanishing
loci of cubic polynomials in projective plane, or in terms of a quartic in a single variable
with no repeated roots. One standard form is the so-called Weierstrass normal form, the
equation

y? =42® — gow — g3, (2.1)

for some coefficients go and gs.

Two elliptic curves are called isogenous when there is a non-constant map between them
given by rational functions which sends the origin of the first to the origin of the second. To
every isogeny corresponds a dual isogeny and their composition is a homomorphism from
an elliptic curve to itself. If this homomorphism is the multiplication by two, we call the
initial isogeny a two-isogeny. If an isogeny has an inverse (that is, when the inverse map
is also rational), one further calls the two curves isomorphic [53]. Isomorphic curves have
the same j-invariant, which can be specified in terms of the coefficients of the Weierstrass
normal form as follows?

j=1728%2 (2.2)

where the elliptic discriminant A = g5 —27g3. The elliptic curve defined by the Weierstrass
model (2.1) is smooth if and only if A # 0.

3 The elliptic sunrise integral

The two-loop sunrise integral shown in figure 1 is given by
) . / dzk‘lkoz
(k3 —m3) (k1 — k2)? = m3) ((p — k1) — m3)

This integral is finite in two dimensions, so it is often studied in that context. In this

2 2 2 2
I(p y Ty, Mo, My

(3.1)

section we will extract an elliptic curve from this integral in several ways, constructing the
j-invariant for each such curve. We will find that the different methods we use provide
only two distinct j-invariants, and are grouped as follows:

2The factor of 1728 = 25 x 3% is required for various number theoretic reasons which will not be relevant
for us. We choose to keep it in order to minimize confusion, but also because some of the formulas we will
find below actually look nicer when including this factor.
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Figure 1. Sunrise integral. All internal propagators are massive and we consider the most general
case where all masses can be unequal. The momentum labeling is chosen such as to make the
loop-by-loop Baikov representation easier to derive.

o Feynman parametrization (subsection 3.1), solving the cut equations in light-cone
coordinates (subsection 3.4)

o Loop-by-loop Baikov representation with 4 inverse propagators (subsection 3.2), full
Baikov representation with 5 inverse propagators (subsection 3.3)

These two j-invariants correspond to two distinct elliptic curves, which are not iso-
morphic. However, as described in [28], the two curves are related by a two-isogeny.

In the rest of this section, we will describe how to extract an elliptic curve using each
of these methods, and finish by reconciling the Baikov representations with the first set of
methods, before briefly discussing this integral’s Landau singularities.

3.1 Feynman-parametric representation

We begin by reviewing the two representations considered in ref. [28]. The first representa-
tion considered in that reference was for the full integral expressed in Feynman parameters.
In Feynman parameters, the integral can be written as [ % where § is the second graph
polynomial,

§= m%x%(@ + z3) + mgwg(iﬂ:& +x1) + m§$§($1 + x2) + (—p2 + m% + m% + m§)$1$2$3
(3.2)

and
w = r1drodrs — Todz1dzs + 23dT1dTs. (3.3)

The variables x1, z2 and x3 are homogeneous coordinates on P? and the equation § = 0
defines an elliptic curve in P2.3

To compute the j-invariant of this curve we may first divide by p? to make the ex-
pression dimensionless, then transform to the Weierstrass normal form. For the purpose of

writing the j-invariant for this curve, we define the following notation: writing u? = T;g ,

we then write,

o=+ po+p3, §1=—p1+po+pz, So=p1— g2+ p3,  §3= 1+ p2 — p3.
(3.4)

3In this paper we always write P™ for the complex projective space P™(C).



With this notation, we can specify the j-invariant:

L@@ -G - )& -1 1633 (35)
phided (€ - D(E - DE - D& - 1) |

where we have used a subscript F' to indicate that this is computed from the Feynman

parameter representation.

3.2 Loop-by-loop Baikov representation

Ref. [28] presented the maximal cut of the two-loop sunrise integral in a loop-by-loop
Baikov representation (as distinct from the traditional, or “full” Baikov representation, see
ref. [49], appendix A, or the next section to clarify the difference). We review below how
to derive this representation in the case of this integral.

In the Baikov representation we want to change the integration variables in the integral
I(p%,m?,m3, m3) from the loop momenta k; and ko to the inverse propagators. For the

integral in eq. (3.1) the inverse propagators are
Dy =ki—mi, Dy=(k1—ka)*—mj, Ds=(p—hk)’—mi Di=ki,  (3.6)

where we had to add D4 to be able to express all scalar products between the momenta. In
the following we consider the integral in the Euclidean region which corresponds to p? < 0
and ml2 > 0 for all masses.

The first step is to decompose the loop momenta into a part that is parallel and one
that is orthogonal to the external momentum p:

ki =ap+ki, ko=yp+ko,. (3.7)

The orthogonal parts satisfy p- k; | = 0. As we are in two dimensions, k1 | and ky | are
proportional and we can write them as ki | = up, and kg | = vp,. Here p; is chosen
so that p-p; = 0 and pi = p?. Expressing the inverse propagators in terms of the
dimensionless quantities x, ¥, © and v we obtain

Dy =p*(y* +0v*) —mi, Dy = p*(z —y)* + p*(u—v)> —m3,
D3 = p*(z — 1)* + p*u® — mj3, Dy = p*(z® +u?). (3.8)

Moreover, the integration measure becomes d%kd%ks = p* do dy du dv.

We now want to change integration variables from (x,y, u,v) to (D1, Dy, D3, D4) under
which the measure transforms as dzdydudv = J~'dD; dDydD3dDy. For the Jacobian
factor J we get

a(Dl,D27D37D4)

J o(x,y,u,v)

= —16p8u(uy —vx). (3.9)

This Jacobian now has to be expressed in terms of the new variables D;. The equations (3.8)
are quadratic in (z,y,u,v) and J can therefore not be expressed rationally in terms of the
D;. However, one can solve for the squares of v and uy — vz in eq. (3.9) rationally. While



this is possible for the full integral, here we only give the expression for the maximal cut
corresponding to D1 = Dy = D3 = 0:*

Q1 i=u’= —411)4 [D4 — (m3 —p)ﬂ {D4 — (m3 +p)2} ; 5.10)
Q2 := (uy —vz)? = —4}194 {D4 — (m1+ mg)ﬂ [D4 — (my1 — mg)z} )

Note that in the Euclidean region p? is negative implying that the equation D; = 0 does not
have a real solution. In order to impose the cut conditions we are thus forced to consider
the analytic continuation of the integral.

Multiplying (01 and (2 from the previous two equations we obtain an expression for
J? as a polynomial of degree four in D4. This approach was followed in refs. [15, 28] and is
equivalent to extracting the square root of each line in eq. (3.10) and combining the square
roots under a common square root, i.e. to writing J = —16p®/Q1Q2. Another, inequivalent
approach is to keep the square roots separate, i.e. to write J = —16p®\/Q1/Q2. As Q1
and Q9 are quadratic in Dy, one can again change variables to rationalize either \/Q1 or
v/Q2. In subsection 3.5 we will show that this connects the elliptic curve arising from the
first approach to the curve defined by the vanishing of the §-polynomial in subsection 3.1.

Following the approach taken in ref. [28], we define an elliptic curve by the equation
J? = (=16p®)2Q1Q2. We can transform it to Weierstrass form and compute its j-invariant
as in the previous section, obtaining:

_ @ — D& - 1) - 1)(& - 1) +2563303]°
pagps (6 — D& - D& - 1)2(& - 12

(3.11)

where we have again made use of u? = T;—; and the variables &; defined in eq. (3.4). This
clearly differs from the j-invariant computed in the previous subsection, see eq. (3.5).
However, as observed in ref. [28], the two curves are isogenous. This has been checked in
ref. [28] by computing the complex structure parameter 7 of the elliptic curve. Here we
check it by using the relations between the j-invariants of the two elliptic curves. The j-
invariants for a pair of two-isogenous elliptic curves are related by the modular polynomial
®9(X,Y) (see e.g. [54, Chapter 5])

By(X,Y) = X34 V5 - X2¥? 4 1488 (X?Y + XV?) — 162000 (X* + V)
+ 40773375 XY + 8748000000 (X + Y') — 157464000000000.

(3.12)

See ref. [55] for details about how these modular polynomials are computed. It can be
checked that ®2(jp,jp) = 0. This is an infinite precision test of two-isogeny. Ref. [28]
used the approach of comparing the periods which are computed using elliptic integrals.
This involves transcendental functions while the approach we followed here only requires
algebraic operations with rational functions.

4By abuse of notation we are here writing p for the absolute value of the momentum p*.



3.3 Full Baikov representation
For a “full” Baikov approach to an L-loop integral with E + 1 external legs one needs
%L(L + 1) + LE Baikov variables D,. In the present case (L =2, E =1, M = L+ E = 3),
the variables are D1, ..., D5 and the maximal cut corresponds to setting D; = Dy = D3 =0
at the end of the computation.

We now follow [49] to derive the Baikov representation. The inverse propagators are

Dy =kj —mi, Dy = (k1 — k2)* —m3 , Dy =(p—ki)*—mj,
Dy=k}, Ds = (p— ko)%. (3.13)

Loosely following the notation of the paper above we set ¢ = ki1, g2 = ko and ¢3 = p and
write s;; = ¢; - ¢;. The Gram determinant® is

S11 S12 S13
G(ky1,k2,p) = det | s12 522 s23

2 3.14

S§13 S23 P ( )
2 2 2

= 511 (P 522 — 823) — 512 (p S12 — 813823) + S13 (812823 - 313822) .

The Baikov polynomial is obtained by rewriting the Mandelstam variables s;; in terms of
the inverse propagators D, in this Gram determinant,

P(Dla"'7D5):G(klak2ap) : (315)
5ij(Da)
The cut integral (D; = Dy = D3 = 0) is of the form
dD4dD5 d—M—l
———2p Dy, Ds)( )2, 1
D$4D§z5 (070707 4, 5) (3 6)

Where a4 and s are the exponents of Dy and Ds in the original integral respectively.
Since M =3, d =2 and a4 = a5 = 0 we get

dD4dDs
3.17
/P(070707D47D5)7 ( )

where P is a polynomial of overall degree three in Dy and Ds,
1
P = 1| = DiDs + Ds(mi —m3)(m5 — p*) — (mim§ — m3p*)(m —m3 + m3 —p°)
— Dy(D} + (m3 — m3)(m} — p?) — Ds(mi +m3 +m3 +p?)].  (3.18)

The equation P = 0 defines an elliptic curve. We may again transform this curve to
Weierstrass form. As it turns out, this curve has the same j-invariant as that from the
loop-by-loop Baikov computation in the previous section. Rather than repeating it here
we thus refer back to eq. (3.11).

®The astute reader may notice that this Gram determinant vanishes when in strictly two dimensions. If
one is uncomfortable with this one can instead derive a Baikov representation strictly in two dimensions.
We will do something similar for the elliptic double-box in section 4.2. Details relevant for either case (in
particular, how to handle cases when the internal momenta are spanned by the external momenta) are
presented in appendix A.5.



3.4 Light-cone coordinates

One convenient way to enforce on-shell conditions in two dimensions is via light-cone co-
ordinates. We wish to enforce the conditions for the maximal cut:

k3 —m2=0, (ky—hk)?—m3=0, (p—Fk)?—mi=0. (3.19)

We define the auxiliary momentum ks = k1 — ko and use that in light-cone coordinates
the square of a momentum is given by k? = kf k; . Then the first two conditions in
eq. (3.19) are solved by

2 2
ky = % ky = 2. (3.20)
2

The last condition in eq. (3.19) becomes

_ — 2 m% m% 2
(0" —ky —k3)(p~ — ks —ks)—ms,:(p*—kz*—k;)(p —)—m3=0-

ok kg

(3.21)

2

Introducing dimensionless quantities as k;r =pta, k3+ = pTy and again using ,u% = 7;5,

the previous equation becomes

2 2

(1xy)<1“1“2>ugzo. (3.22)
x Yy

In homogeneous coordinates [z : y : z] and after multiplying by xyz we are left with a cubic
curve in P? given by the equation

Pr=ayz (143 + 3 — 3) + 22 (12— y) + v (132 —2) = 2 (4Bz + udy) = 0.
(3.23)

This is an elliptic curve whose defining equation is closely related to the §-polynomial
n (3.2). Specifically, their discriminants with respect to z are related by

disc, Pr(z,y, z) = disc, §(y, z, 2). (3.24)

Once again we can transform the curve to Weierstrass form, and evaluate its j-invariant.
As suggested by the relationship in eq. (3.24), we find it has the same j-invariant as the
Feynman parametric representation (given in eq. (3.5)), and a distinct (but isogenous)
j-invariant to those in the two Baikov representations.

3.5 Rationalizing the square roots in the Baikov representation

In subsection 3.2 we derived a loop-by-loop Baikov representation of the sunrise integral
and explained how the equation J = —16p®/Q1Q2 defines an elliptic curve isogenous to
the one obtained by Feynman parameters and the light-cone computation as in ref. [28].
Combining v/Q1 and 1/Q2 in this way is safe if both Q; and Q2 are positive. However, for
complex kinematics it may lead to an incorrect phase.



Instead of combining the two roots, we can rationalize one of them. Recall that @
and ()2 were given in eq. (3.10) as

Q1= —41p4 [D4 — (m3 —p)z} [D4 — (ms3 +P)2} )
Q2 = _41]?4 {D4 - (m1 + mg)z} [D4 — (m1 — mg)ﬂ .

(3.25)

Choosing to rationalize /)2, the change of variables amounts to replacing

2 2
D4—>2tlm1 L

Y

t—1 t+4+1

VO (t(my — ma) + (my +27522()22(t_(nf)1 +mg) + (mq — mg))

(3.26)

It turns out that the Jacobian from the change of variables cancels against the trans-
formed /Q and a factor of t> — 1 coming from /@Q7. In the end we obtain

dDy 1 dDg4 1 dt
I(p%,m? m2, m2 =pt = — =— —, 3.27
W mim,mg)| =P 16pt )] VQivQ2  16p* ) VR (3:27)
where R is a polynomial of degree four in ¢,
R=— [((ms = p)? = 20m3 +m3)) 2 = 2(m — m)t — (ms - p)?]
64p (3.28)

x [ ((ms +p)* = 2(m + m3)) £ = 2(m} — m3)t — (m3 + p)?|.

The equation y? = R(t) defines an elliptic curve as a hypersurface in a weighted projective
space P12 Tt turns out that this curve has the same j-invariant as that from the graph
polynomial (given in eq. (3.5)). Note that this is not the same j-invariant as in the Baikov
representations above, even though the loop-by-loop Baikov representation was our starting
point: by rationalizing instead of combining roots we have achieved agreement with the
graph polynomial and light-cone derivations of the elliptic curve.

Another way to think about how the two curves emerge is to track what happens
to the branch points of the curves under the change of variables above. In ref. [28] and
subsection 3.2 the elliptic curve arising from the Baikov representation is defined by J? =
(—16p®)2Q1Q2. This is a double cover of P! branched over four points. Since Q1 and Q-
are already factorized, the branch points are easy to read off:

D{) = (mi £ ma)?, DF) = (ms+p)>. (3.29)

These are four points on a projective line parametrized by the coordinate D4. They have

%. This approach gives the

a cross-ratio A with corresponding j-invariant j = 256
“Baikov” j-invariant shown in eq. (3.11).
On the other hand, when rationalizing the quadric Q2 we write  as the image of a

map from a different P! with coordinate ¢,

mi | mj

t—1 t+1

ts a(t) = 2t [ (3.30)




Under this change of variables, Q1 becomes a polynomial of degree four and we again define
an elliptic curve as a double cover of P!, but this time the P! has coordinate t. The branch
points are the preimages of the two points Df}r and Dfl. Since the change of variables is
quadratic each point has two preimages and we indeed get four branch points as required.
As we now again have four points on a projective line, we can form a cross-ratio and the
corresponding j-invariant. This is the j-invariant that comes from the §-polynomial and
the light-cone approach in eq. (3.5).

The analysis presented here applies to the loop-by-loop Baikov representation, and
at first this may make the full Baikov result seem mysterious, as unlike the loop-by-loop
representation it does not obviously involve combining square roots. However, if one derives
the Baikov representation by dividing each loop momentum into perpendicular and parallel
subspaces, as for example in ref. [46], then one naturally passes through a form closely
related to the loop-by-loop representation in which there are indeed multiple square roots.
In particular, the individual equations that need to be solved to land on the cut solution
will be the same. If one understands the Baikov representation as a result of this kind of
procedure, then the elliptic curve we found for it earlier can be explained in the same way
as the loop-by-loop curve, and a similarly more careful treatment (especially one along
the lines of the next section) will result in the same curve as was found from Feynman
parameters and light-cone coordinates.

3.6 Derivation of the double cover relation

In this section we study the relation between the two genus-one curves from a different point
of view. We describe the curves purely by polynomial equations and we avoid introducing
square roots.

On the maximal cut we have D; = Dy = D3 = 0 and these equations together with

Dy = p*(2® + u?) define a curve. We introduce a dimensionless variable dy = %. Then,

the equations (3.8) can be simplified by solving

dy—p3+1
g=—t"13T (3.31)
2
1
u? = = 2(da = (L4 p3))(da — (1= pi3)?), (3.32)
v =pf -y, (3.33)
das — 2 1 2 2 2 1

wo =(1—1y) ke e A Mot 1 . (3.34)

2 2

We now obtain the equation for the curve in variables y and d4, by substituting the ex-
pressions above in (uv)? = u?v?. This equation is

P(y,di) = — 4y’dy + 2yd} + 2 (43 = — g3 + 1) yds — (ud +1) &3
+2 (—pdd + g+ i3 — 3) y+ 2 (33 + 113) da

— Hips — g 20—y + 2 — i =0, (3.35)

~10 -



and is a cubic equation in y and d4. It is not in Weierstrass form. The expression for the
Jacobian can also be written in the variables y and dy:

8

J =P (dyds — (da+ 13 = 1) (da — 3 + 1)), (3.36)

Note that this approach avoids introducing square roots, at the cost of working with
two variables constrained by an algebraic relation.

Let us show that % is the holomorphic one-form on this curve. Taking the differential
of P(y,ds) = 0 we obtain

oP oP
<) dy + () ddy = —2J(y, d4) dy + K(y, d4) ddy =0, (3.37)
By 8d4

where
_ 2 2_ 2 2 2 2 2 2
K(y,ds) = —4y* + dydy + 2(pf — py — p5 + )y — 2(pf + 1)ds + 2p5ps + 205, (3.38)

Since we assume that the curve described by P = 0 is nonsingular, we have that
oP _ ddy

ay = —2J and g—(i = K can not vanish simultaneously. Then, we have =/ = 2%’. Hence,
one can see that at the zeros of J this holomorphic form does not have poles, when written
with the denominator K. It can be checked that this curve is the same as the one obtained
by the more traditional Baikov approach.

However, one can see that the curve we started with, in the variables x, y, u, v and
dy is a double cover of the curve P(d4,y) = 0. Given a point (d4,y), we can uniquely
find z and v?, v? and wv. This allows us to solve for u and v up to a sign. Hence, to
a point on the curve P(d4,y) = 0 correspond two points on the initial curve defined by
D1:D2:D3:Oandd4:x2+u2.

To find a one-to-one projection of the curve which is easily recognizable as an elliptic
curve, we proceed as follows. We can use a kind of Euclidean lightcone construction and

transform the equations to

12
y+iv= "1 (3.39)
y— v
13
z—y)+i(lu—v)= - , 3.40
(@ =) il =) = P (3.40)
13
-1 = ——>——. 41
(@ —1)+iu (x—1) —iu (3.41)
Combining them, we find
2 2 2
[ad! Mo H3
— =1. 3.42
y—iv+(az—y)—i(u—v) (x—1)—iu (342)
If we introduce ( = y — iv and £ = = — iu, we have a curve
2 2 2
H1 Ho H3
T (343)

11 -



which is a cubic equation in (¢, ). Once we have ¢ and £ we obtain

y=;(€+‘?>, v=21i<—c+ﬁ?), (3.44)

and similarly for x and . Finally, we obtain d4 = 2> + u2. This time, given a point (¢, &)
we can find a unique point on the initial curve.

This second curve looks very similar to the lightcone solution of section 3.4 and indeed
it has the same j-invariant.

3.7 Singularities of the geometry and Landau analysis

Recall that the j-invariant of an elliptic curve is

j=1728%2 (3.45)

where A is the elliptic discriminant. When A vanishes, j is singular, and the elliptic curve
degenerates.
For the curve arising from Feynman parametrization and the light-cone computation

we obtained

L LG =0 - 10E - 1)(& — 1) + 16133,8]° (3.46)
phided (&~ D(E - D@ - D& -1 |

while for the curve arising from the Baikov representation we obtained

_ [ - D& - 1)~ 1)(& - 1) +2563303]°
wiwsps (& — D — D& — 126 — 1?2

The denominators of these expressions are distinct, but they clearly have the same

(3.47)

zeros, just with different multiplicities. These zeros all correspond to physical singularities
of the diagram, either to thresholds, pseudo-thresholds, or vanishing internal masses. Each
corresponds to a consistent Landau diagram, for particular choices of the sign of the energies
of each particle. The easiest to recognize are the thresholds, occurring when (£)2 = 1 and
thus (my + mg + m3)? = p?, which is the condition for energy conservation when all of the
intermediate particles are traveling in the same direction. The Landau analysis also reveals
that there are other singularities, arising at pseudo-thresholds p? = (—mj + ma + m3)?,
p? = (m1 — mg + m3)? and p? = (m1 + m2 — m3)2. In terms of variables ¢ these are
(£1)2 =1, (&)? = 1 and (&3)? = 1. Finally, the singularities arising when one of the masses
vanishes are of a different type. They arise due to the fact that when one of the masses
vanishes the integral becomes divergent.

4 The elliptic double-box integral

The elliptic double-box integral has previously been analyzed in ref. [52] from the point of
view of direct integration in a Feynman parametric representation, and in ref. [56] from the
point of view of the maximal cut in twistor space. In both papers the same elliptic curve
was found using very different methods. In this section we derive a Baikov representation
of the double-box, and show that it also defines the same curve.

- 12 —
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ks + p12 k1 + p123
ka+p1 A Akl — ke Y k1 + p1234
ko k1 + p123ss
D1 bs
Pe

Figure 2. Double-box integral in momentum space. Incoming momenta are assumed to be off-
shell, i.e. p? # 0, and p;,...;,, = pi, + -+ + pi,. The internal propagators are massless.

4.1 Baikov representation

The Baikov representation is a rewriting of Feynman integrals where the integration is
over Lorentz-invariant quantities, such as dot products. In appendix A we derive such
a representation for the elliptic double-box integral shown in figure 2 (see in particular
appendix A.4).

The maximal cut of the elliptic double-box can be written in a loop-by-loop Baikov
representation as an integral over two Baikov parameters. The cut integrand takes the
following form:

TG dagdzg
Bi(xs, z9)\/Ba(ws, v9)’

where zg and zg are the two remaining Baikov variables after all propagators have been

(4.1)

cut. The polynomials B and Bs are of degree two in xg and also of degree two in xg. The
factors J and G; only depend on the external kinematics. We include expressions for these
polynomials in the supplementary material, doublebox_baikov_rep.txt.

To obtain an elliptic curve, we may begin by taking a residue around Bi(zg,x9) = 0.
Without loss of generality, let us take this residue in xg. Solving Bj(xg,x9) = 0 for xg
introduces a square root that contains xg, and this square root can be rationalized by
Euler substitution as done in subsection 3.5 for the sunrise integral. Denoting by ¢ the
variable that replaces xg to rationalize the square root we find that Ba(t) becomes a quartic
polynomial in t. We can therefore define an elliptic curve by y? = By(t) and compute its
j-invariant through standard changes of variables.

The problem with this approach is that the change of variables from zg to ¢t may itself
introduce a square root in the kinematic parameters. Since the j-invariant of the elliptic
curve is expected to be a rational function of the kinematics, this root is spurious and must
cancel in j.

The spurious kinematic root can be avoided if we view xg and zg as a subset of the
coordinates on a P? with homogeneous coordinates [xg : 29 : 4 : z]. From the denominator

~13 -



in the integrand in eq. (4.1) we define the two quadrics®
Sy = {[mg cxg 1y 2] € P3| By(xs, g, 2) = O},

(4.2)
82 = {[1‘8 1T9 Y Z] S Pg ’ y2 _82(1'871'972:) - 0}

The integrand in eq. (4.1) corresponds to a differential form on the intersection of S; and
So. For generic quadrics S7 and Sy this intersection is a smooth curve of genus one.

We now review briefly how this curve may be characterized and refer to [57, Chapter
22] for further details. The quadrics S; and Sy generate a family of quadrics

{)\081 + A189 ’ [)\0 : )\1] S ]P’l, $1 € 51, 80 € SQ}. (4.3)

This family is called the pencil of quadrics and the intersection C' = S1 N Ss is called the
base locus of the pencil. The members Sy of the pencil are quadrics in P? and for some
choices of A € P! they may be singular. If S; and S intersect transversely, there are four
such singular members Sy, with ¢ = 0,...,3. Out of the four points \; we can form a
cross-ratio k and subsequently the invariant combination

(k2 —Kk+1)3

) = 206————
J K2(k—1)2 7

(4.4)
which characterizes the pencil of quadrics up to isomorphism. One can now moreover show
that the base locus C of the pencil is isomorphic to a genus-one curve in the plane with
the same j-invariant as the pencil.

An advantage of this description is that it allows us to compute the elliptic discriminant
of the curve using only rational operations. Writing S; and Ss for the 4 x 4 symmetric
matrices associated to the quadrics S; and So in eq. (4.2) respectively, the locations \;
of the singular members of the pencil are given by the eigenvalues of the matrix S, 's;.
The curve degenerates if two of those points in P! are the same, i.e. if Sy 1S, has a double
eigenvalue. This leads to the expression

A = discy det(\ — S5 '81) (4.5)

for the elliptic discriminant. Moreover, a defining equation for the curve is given by y? =
det(z—S5 1S,) = 0. This depends rationally on the kinematic variables contained in 81 and
So and a Weierstrass form and the j-invariant can subsequently be computed by rational
transformations.

It turns out that the elliptic curve obtained in this way has the same j-invariant as
those computed from twistor space in ref. [56] and from the parametric representation of
ref. [52]. As we do not need to combine distinct square roots in this representation, this is
consistent with our observations in the previous section.

In the supplementary material of this paper, we provide the file doublebox_curve.txt
that contains an expression for the defining equation of the curve. With minor modifications
the file should be readable with most computer programs.

®Note that here we are writing Bi(xs, 9, z) for the homogenization of the polynomial B; in eq. (4.1)
and similarly for Ba.
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4.2 Four-dimensional derivation of the Baikov form

In this section we present a derivation of the Baikov form without using dimensional reg-
ularization. This avoids having to take the potentially somewhat tricky limit d — 4.
Equivalently, one can obtain the cut integrand as a one-form and it is not necessary to take
one extra residue as in section 4.1.

Consider the loop parametrized by ks in the elliptic double-box. This loop has
denominators

Dy = k3, Dy = (p1 + k2)?, D3 = (p12 + k2)?, Dy = (kg — k)% (4.6)

It has “external” momenta pi1, p2, k1 + p12 and k;. The integral measure A%k, decomposes
into an integral d3/<:g over the space spanned by the independent “external” momenta pq,
po and k1, and an orthogonal integral dd_?’kj. The dot products of kg with the “external”
momenta are

1
ky-p1 = §(D2 —pi — D), (4.7)
1 2 2
ko -po = §(D3—D2—p1z +p1), (4.8)
1
ko ky = —§(D4 — Dy —k?). (4.9)

Using identities from appendix A.5, it follows that

3.0 d(ka - p1)d(ke - p2)d(ks - k1) B 1dDydD3dDy + dD(--+)
d°ky = T = —g T , (4.10)
det G(p1,p2, k1)2 det G(p1,p2, k1)2
d—>5
_ 1 det G(k‘g P1,DP2 k‘l) 2
A3kt = 2 Q4 ( e ) dD;. 4.11
27273 det Gp1, pa, k) ' (#-11)

Of course, we do not need to keep the dimension d arbitrary and we can set d = 4 here. In
that case we have 1 = 2.

When computing the full d*ky measure the extra terms in d%g proportional to dD;
drop out:

N

(4.12)

1 _1 /det G(k )\~
> = _2T6dD1dD2dD3dD4(det G(p1,p2, k1)) 2 ( et G(kg, p1,p2, 1))

det G(p1,p2, k1)

Note that we have not canceled the factor det G(p1, p2, k1) since we do not allow ourselves
to combine square roots. Note also that we have some Gram determinants whose entries
contain k1 - p1, k1 - po and k2. We need to keep these dot products in mind when analyzing
the kp integral, to which we turn next.

For the kq integral we have new denominators

Ds = (ky + p123)?, Dg = (k1 + p1aza)?, D7 = (k1 — ps)?, (4.13)

while in the Jacobian of the d%ksy integral we have k%, k1 -p1 and kq - ps. We introduce two
new Lorentz-invariant quantities Dg = k? and Dg = (k1 + p12)?.
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However, not all quantities Ds, ..., Dy can be independent; there are five such quanti-
ties and only four components for the vector ki. The relation connecting these quantities
can be obtained by computing the Gram determinant det G(ky, p12, p123, P1234, P12345) = 0.
Equivalently, we can antisymmetrize in five different vectors to obtain

k' e(p12, p123, P1234, P12345) — Phae(k1, D123, P1234, P12345) + Plose(k1, P12, P1234, P12345)

— Phgsa€(k1, P12, P123, P12345) + Plagas€(k1, P12, P123, Pr23a) = 0. (4.14)

When decomposed over the basis pi12, p123, p1234 and pi2345, k1 has components k1 - pi2,
etc., with a metric given by the inverse of the Gram matrix G(p12,p123, P1234, P12345). The
scalar products k%, k1 -p1 and ki -ps can be computed from this decomposition. In particular,
this implies that we can compute Dg = k? in terms of the other D; (since here there are
no transversal components there is no need to introduce Dg at all). Let us compute the
measure d*k; in terms of Do, D5, Dg and D7. Using eq. (A.39), we find

1
1 (det My)™ 2 det M,
Ak, = 7( ot Mo)”2 de 2 dDyd Dsd Dgd Dy, (4.15)
2% (det M, det M)?
where
Moy = G(pi12, p123, P1234, D12345 ) (4.16)
Dy 5(Dy + D5 — p3) 5(Dg + Dg — p3y) 5(Dg + D7 — p3ys)
M, = Ds 3(Ds + Ds —p3) 5(Ds+ D7 — pis) (4.17)
Dg (D¢ + D7 — p?)
Dy

Here we have written only some of the matrix entries, the others can be determined from
these by symmetry.

When taking the cuts we need to set D; through D7 to zero, and thus we only need
the expression for det M; when Dy = --- = D7y = 0. Then det M; is a quadratic polynomial
in Dg. Taking the squares of the Jacobians obtained in this section we obtain a genus-one
curve as an intersection of two quadrics. This curve has the same j-invariant as the one
obtained by considering the curve embedded in momentum twistor space as described in
ref. [56].

5 Conclusions

We have shown that the maximal cut and the Feynman parametrization of the two-loop
sunrise integral do not necessarily correspond to different elliptic curves. The observation of
different curves for these two objects in the literature was an artifact due to combining two
square roots, and a more careful treatment shows the same curve for both the Feynman-
parametric and Baikov representation, reinforced by the observation of the same curve in
a light-cone parametrization of the maximal cut. We have shown that similarly the Baikov
and twistor representations of the elliptic double-box also describe the same elliptic curve.
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In some ways, the appearance of the same curve in different representations of these
integrals should not be surprising. If one thinks of the maximal cut as a variety in loop mo-
mentum space, that variety should already define an elliptic curve. Whether we parametrize
it with Baikov, light-cone, or twistor coordinates, we are performing changes of variables
which should preserve invariant features of the geometry, such as the j-invariant. From this
perspective, the surprise is actually that this curve is preserved in Feynman parameters.
Feynman parameters do not correspond straightforwardly to a change of variables from
the initial loop momenta, so the fact that they apparently preserve the geometry deserves
further explanation.

One of the implications of our work is that analytic continuation of the Baikov repre-
sentation away from the Baikov integration domain has to be done with some care. Inside
this domain the Jacobians involved in changing coordinates are positive and one can pick
the positive solution of any square roots that appear. However, while this is possible for
Euclidean kinematics, there is no canonical choice of square roots outside this region.

In ref. [58], an extension of the notion of leading singularity was put forward which
applies to integrals containing genus-one curves as well. The construction in that reference
implicitly assumes a fixed geometry for the genus-one curve. If there were a genuine
ambiguity in the underlying genus-one curve it is not clear how one should modify their
construction. Fortunately, the results of this paper imply that such a modification may
not be necessary.

In previous investigations of the elliptic double-box, conformal symmetry served as
an important constraint that allowed for particularly clean representations. The Baikov
representation is by its nature not conformal, as it uses momentum invariants as variables.
It would be interesting to find a variant of Baikov that preserves conformal symmetry,
to make better use of this kind of representation in the context of, e.g., N' = 4 super
Yang-Mills.

Finally, there is a broader concern raised by the observations of refs. [15, 28] that we
do not fully address. While we do find the same curve for both the cut and Feynman
parametrization of the sunrise integral, this by no means shows that isogenies are never
relevant to the elliptic integrals that occur in physics. In particular, while our work suggests
that each elliptic Feynman integral has a preferred curve, it may be that there exist distinct
diagrams whose corresponding curves are isogenous. If such an example were to be found,
it would suggest the need for a formalism that relates not merely iterated integrals on the
same elliptic curve, but iterated integrals on isogenous curves as well.
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A Baikov representations with derivations

In this appendix we carefully derive the Baikov representation in its loop-by-loop and
its standard forms. This derivation mostly follows ref. [46] and the loop-by-loop part
additionally ref. [49].

A.1 The one-loop case

As both the loop-by-loop and standard Baikov representations build off of the Baikov
representation at one loop, we will start by reviewing the situation there. Writing a generic
one-loop integral,

_ [ 4% N(k)
= / ind/2 Py(k)a1 - - - Pp(k)ar (A.1)

we then split the integral up in parts parallel and perpendicular to the space spanned by
the F independent external momenta:

d%% = d¥kyd* Pk, (A.2)
= dPky |k | P ]k |dEQ. (A.3)
Using
271'”/2
"0 =0, = S—= A4
/ I'(n/2) (A4)
we get
2 N(k) APk |k |“F-1d|k
I | / (k) d%ky |k L (A5)
I'((d—E)/2)irE/? Py(k)m - Pp(k)er
We may write the parallel component as
E
k= Z 2iPis (A.6)
i=1
which implies that
E
kj-pj=k-pj=>_ zpi-p;. (A7)
i=1

We introduce the Gram matrix G' with entries G;; = p; - pj. This allows us to write,

E
Z; = Z G;l(k . pj>. (AS)

J=1
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We further have that

E E
ki= Y 2i2Gij = D (k-pi)(G™)ii(k - py). (A.9)
3,j=1 i,j=1

We may pick a basis in which the quantities
G — k “Di. (Al())
are the components of the vector k). In that case, the metric is nontrivial and is given by
the inverse of the Gram matrix. The integration measure is then

E
dPky = (det G2 [ di- (A.11)
=1

The orthogonal part has norm ki =k2 - kﬁ Including the expression for k‘ﬁ we have

E
KL=k = > (k-pi)(G )ik - py)- (A.12)

1,7=1

Let us form the (E + 1) x (E + 1) Gram matrix,

A K kepi
G = . A.13
() (19
Using the expression for the determinant of a matrix written in terms of blocks, we have that
A E
det G = [kQ = > (k- p)(G ik -pj)] det G. (A.14)
ij=1

Hence, (k)% = 32;5
Using the expression of k% from eq. (A.14), we find that |k |d|ky| = |k|d|k| + ...,
where the missing terms contain components dg; which vanish when wedged into d¥ k-

This means that we get the relation
dlky|dPky = Lk dso d¥ky (A.15)

where we have used the notation ¢y = k2.
Inserting egs. (A.15), (A.12), (A.11) into eq. (A.5) we get

I g(Efd+1)/2 / N(C) B(g)(defZ)ﬁ dEJrlg (A 16)
- D((d— E)/2) b/ Py(q)a -+ Pp(c)™® '
where we have defined
B:=det G =det G(k,p1,...,pE) , G :=detG =detG(p1,...,pE), (A.17)

with G denoting the Gram matrix.
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Now the only step left is to change to the Baikov variables x;, which equal the propa-
gators. If there are too few propagators (P < E + 1) one will need to introduce additional
variables, but this is mostly relevant at higher loops. The Jacobian J for the change
of variables will depend on the exact expressions used for the propagators, but for most

conventions it equals,
J==+2"F (A.18)

Thus the final result for a one-loop Baikov representation is

(E—d+1)/2 (d—E—-2)/2 JE+1
= J9 /N(x) B(z) T (A.19)

- I'((d— E)/2)inE/? R s
A.2 Multi-loop, the loop-by-loop approach

With this representation in hand, we now want to apply it to multi-loop cases. A multi-loop
Feynman integral is given by

A%k Ak N({k})
= / A Pi({k})e - Po({k})er (A.20)

Our strategy will be to go through the steps from the previous section one loop at a time,
starting with loop number L and then going down towards 1. We call E; the number
of momenta external to loop number [. This may include the loop momenta of lower-
numbered loops. We will denote with G; the Gram-matrix of the momenta external to loop
[, while B; is the same but with the loop-momentum k; included. If we follow the steps of
the previous section with this notation, we arrive at the correspondence

ddk‘l gl(El—d'H)/2 Bl<§l)(de172)/2

—_— . Ej+1
imd/? L'((d— Ey)/2) inEi/?

< (A.21)

where ¢; corresponds to the set of dot-products between k; and itself along with the mo-
menta external to the Ith loop. Putting this together for each loop gives

AL ,(ZlEl)/Q N(g) l—ILg(El*UlJrl)/QB(d*Elfz)/2 d(ZiEi)+Lg
(—i)*m / ( 1Y 1 ) (A.22)

T IFT(d - E)/2) Pi(c)™ -~ Po(s)o®

and changing to the Baikov variables gives the final expression for the loop-by-loop Baikov
representation:

J (—i)F o (QCiE)/2 / N(x) (HlL gl(El—d+1)/2 Bl(d—E,—z)/z) A EL, .
O IIFT((d - B)/2) P (A.23)

where the Jacobian for the final variable change still depends on the specific expressions

used for the propagators, but is usually given as
J = +27 0, (A.24)

The expression of eq. (A.23) may also be found in ref. [59].
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A.3 Multi-loop, the standard approach

The standard approach to multi-loop Baikov parametrization can be thought of as a version
of the loop-by-loop approach, but with the assumption that all loops depend on all lower
loop-momenta and all external momenta. This means

E=E+1-1 (A.25)

If this is the case then G; = B;_; since their definitions will be the same. We also have that
the power of G; which appears in the expression, (E; —d+1)/2, is equal to minus the power
with which B;_; appears, making the two contributions cancel. This will happen pairwise
for each loop, leaving only By, and G;. Renaming these to B and G means we have

B =detG(p1,...,pE k1,-.., kL) and G =detG(p1,...,pE). (A.26)

Then eq. (A.23) becomes

J (—i)L rL—n g(E—d—l—l)/Z N(x) B(d—E—L—l)/Z d"z (A o7
~ I D((d+1-B-)/2) | = 20)

where we have used and defined
n=L+Y E; = EL+L(L+1)/2 (A.28)

7

and where we (usually) have J = £257". We see that for L = 1 eq. (A.27) reduces nicely
to eq. (A.19).
A.4 The elliptic double-box

Let us look at the example of the elliptic double-box shown in figure 2. We have the
propagating momenta

q1 = ko, g2 = ko + p1, q3 = k2 + p12,
qa = k1 + p123, g5 = k1 + p1234, g6 = k1 + p12345, (A.29)
g7 = k1 — ko, qg = k1, qo = k1 + p1o.

The last two ¢gg and g9 do not actually appear in the diagram, but they are needed to
express all scalar products in terms of the Baikov variables.

We have Fs = 3, counting the three momenta ki, p1,p2 that are external to the ks-
loop, while E; = 4 since this is the maximum number of independent momenta in four
space-time dimensions. The four Gram determinants appearing are

By = det G(ka, k1, p1,p2), Go = det G(k1,p1,p2),
Bi = det G(ki1, p3, pa, b5, D6), G = det G(ps, p4, ps, ps)- (A.30)

1
We have J = i2f7(%) *. Putting this together in eq. (A.23) we obtain the

expression

~7/2 g(5—d)/2 (4=d)/2 3(d=5)/2 p3(d—6)/2 39
I Jr =G / N(z) Gy B, B; d z (A.31)

~ T((d-3)/2)T((d-4)/2)

a]‘ ) a7
Ly L7
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A.5 Derivation of a four-dimensional Baikov representation

In this section we consider the case when there is no orthogonal component k; = O,
which will be needed for our derivation of a Baikov representation in four dimensions. We
also introduce the vectors v; which are defined from the denominators D; = (k — v;)2,
corresponding to massless propagators. We take all of these vectors to be nonvanishing.
In other words, we will use as new coordinates the quantities D;, but k2 will not be one of
these coordinates.

Then, we have

d
dk = (det G! H (k- v;). (A.32)

We want to express this in terms of D; = (k — Ul) instead of k - v;. We have

HdD H2 — ) dv—2dH(kodk7d(k-vi))
=1
d

d
—2)? [ TT (k- v) = S (~1) (k- dk) T d(k - vi)
i=1 j=1 i#j
(A.33)

Plugging in k- dk = Y4 (k- vg)(G™1)d(k - v7), we obtain
d d d
[[aD; = (-2) [1 - (k- vk)(Gl)kj] [Td(% - vs). (A.34)
i=1

Gk=1 i=1

Let us rewrite the Jacobian in a simpler way

1 Zdj (k - vk)(Gl)kj] det G = det (1 k'”ﬂ') = det((v; — k) - v)). (A.35)

k=1 1 Gji g

To compute this last determinant, consider the decomposition of k¥ —v; and k — v; on the
basis of vectors vi. Upon taking the dot product in this basis we obtain

d
(k—vi)-(k—vj) = > ((k—v5) - vp) (G (k= v5) - vy), (A.36)
k=1
whence
det((k = vi) - (k = v;)) = (det((k — v5) - vi))*(det G) 7. (A.37)
Since
(k= vi) - k= 03) = 5 [k =0+ (b =03 = (i =0y ?] = 5 [P+ Dy = (= ;7]

(A.38)

the determinant det;;((k — v;) - (k — v;)) can be written in terms of D variables and con-
stants (v; — v;)%. This determinant is the Cayley-Menger determinant which arises when
computing the volume of a simplex in Euclidean space.
In the end, we find
4k — (—1)¢ (detG)_% det G d
~ T od
2% (detij((k — vi) - (k —v;)) det G) % i

dDi. (A.39)

NI
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