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Abstract

The Greenland Ice Sheet is currently losing mass at a rate that threatens to alter the state
of the Arctic climate system and force coastlines around the world to retreat. This mass loss
rate is expected to change in the future, as it has changed since the Last Glacial Maximum
(LGM). During that period, the Greenland Ice Sheet was much larger, extending far beyond its
present-day boundaries, while global sea levels were about 130 meters lower than they are today.
Computational ice flow modeling provides a method to explore the evolution of the ice sheet
across past, present, and future climate scenarios. These simulations are crucial due to their
high societal relevance, such as providing accurate sea level rise predictions to secure coastlines
effectively. This thesis contains three studies using the Parallel Ice Sheet Model (PISM) to
improve the understanding of the Greenland Ice Sheet’s dynamics and mass loss under different
climate forcings.

In the first study, we investigate the influence of inter-annual temperature variability, which is
expected to increase in the future, on the Greenland Ice Sheet mass loss. To do this, we force
PISM with different realizations of the variability observed in the reanalysis data from NOAA-
CIRES from 1851–2014. We find that including the inter-annual temperature variability causes
the simulated steady-state ice sheet volume to decrease by 1.9�0.4 cm of sea level equivalent
and by 11.5�1.4 cm when the variability is doubled. The sensitivity is most significant in the
northern basins, where 40% of the total mass reduction takes place. Our results stress the need
to include temperature variability in projections of future mass loss.

In a second study, we calibrate a positive degree day (PDD) model of PISM to the surface mass
balance (SMB) of the regional climate model RACMO for the 1960-1989 climatology over Green-
land. Using a Markov chain Monte Carlo algorithm we find that the PDD model successfully
captures the Greenland-wide integrated SMB using uniform PDD parameters of fs = 7:35�1.61
mm K�1 d�1 and fi = 10:21�2:65 mm K�1 d�1 for snow and ice respectively. The inferred prob-
ability density function of PDD parameters is useful for long paleoclimatic simulations, where
the mass balance varies with the ice sheet’s topography.

In a third and final study, we investigate the Greenland Ice Sheet evolution from the LGM and
throughout the Holocene period to the present day. Measurements of oxygen isotope ratios reveal
substantial thinning at four different ice core sites throughout the last 11.7 ka comprising the
Holocene period. We use these surface elevation histories to constrain an ensemble of 841 model
simulations where we vary critical flow and climate forcing parameters to provide confidence in
the modeled ice sheet evolution. We find that the Greenland Ice Sheet has contributed 5.3�0.3
m to the global mean sea level rise since the LGM. Furthermore, we find that the ice bridge that
connected the Greenland Ice Sheet to the Innuitian Ice Sheet collapsed 4.9�0.5 ka ago and that
the ice sheet is still responding to its Holocene deglaciation. This ongoing response has increased
sea levels by 23�26 mm SLE ka�1 in the last 500 years, which should also be considered when
making future mass-loss projections.
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Sammenfatning

Grønlands indlandsis mister i øjeblikket masse med en hastighed, der truer med at ændre til-
standen af det arktiske klimasystem og tvinge kystlinjer verden over til at trække sig tilbage.
Denne massetabs rate forventes at ændre sig i fremtiden, som den har gjort det siden den sidste
istids maksimum (LGM). I den periode var Grønlands indlandsis meget større og strakte sig langt
ud over sine nuværende grænser, mens det globale havniveau var cirka 130 meter lavere end det
er i dag. Modeller for isflydning tilbyder en metode til at udforske indlandsisens udvikling gen-
nem fortidige, nutidige og fremtidige klimascenarier. Disse simuleringer er afgørende på grund
af deres store samfundsmæssige betydning, som for eksempel at levere præcise forudsigelser af
havniveaustigninger for effektivt at sikre kystlinjerne. Denne afhandling indeholder tre studier,
der bruger Parallel Ice Sheet Model (PISM) til at forbedre forståelsen af Grønlands indlandsis’
dynamik og massetab under forskellige klimapåvirkninger.

I det første studie undersøger vi indflydelsen af den årlige temperaturvariabilitet, som forventes
at stige i fremtiden, på massetabet fra Grønlands indlandsis. For at gøre dette kører vi PISM
med forskellige realiseringer af variabiliteten observeret i reanalyse data fra NOAA-CIRES fra
1851–2014. Vores resultater viser at inddragelse af den årlige temperaturvariabilitet fører til
en reduktion i den simulerede steady-state isvolumen med 1,9�0,4 cm havniveauækvivalent, og
med 11,5�1,4 cm når variabiliteten fordobles. Følsomheden er størst i de nordlige regioner, hvor
40% af den samlede masse reduktion finder sted. Vores resultater understreger behovet for at
inkludere temperaturvariabilitet i forudsigelser af fremtidigt massetab.

I det anden studie kalibrerer vi PISM’s positive grad-dags (PDD) model til overflade masse-
balancen (SMB) af den regionale klimamodel RACMO for klimatologien over Grønland fra
1960-1989. Ved brug af en Markov-kæde Monte Carlo-algoritme finder vi, at PDD-modellen
succesfuldt simulerer SMBen integreret over Grønlands ved brug af uniforme PDD-parametre
på fs = 7; 35 � 1; 61 mm K�1 d�1 og fi = 10; 21 � 2; 65 mm K�1 d�1 for hhv. sne og is. Den
fundne sandsynlighedstæthedsfunktion for PDD-parametre er brugbar for lange paleoklimatiske
simulationer, hvor massebalancen varierer med isens topografi.

I det tredje og sidste studie undersøger vi udviklingen af Grønlands indlandsis fra LGM og
gennem hele Holocæn-perioden til nutiden. Målinger af oxygenisotopforhold viser at indlandsisen
bliver betydelig tyndere ved fire forskellige iskerne-steder gennem de sidste 11,7 ka, som udgør
Holocæn-perioden. Vi bruger disse overfladehøjdehistorier til at indsnævre et ensemble af 841
modelsimulationer, hvor vi varierer kritiske flyde- og klimaparametre for at styrke tilliden til
den modellerede iskappeudvikling. Vores studie viser at Grønlands indlandsis har bidraget med
5,3�0,3 m til den globale gennemsnitlige havniveaustigning siden LGM. Desuden finder vi, at
isbroen, der forbandt Grønlands indlandsis med den inuititiske iskappe, kollapsede for 4,9�0,5 ka
siden, og at indlandsisen stadig reagerer på sin Holocæne klimahistorie. Denne fortsatte reaktion
har forøget havniveauet med 23�26 mm SLE ka�1 i de sidste 500 år, hvilket også bør tages i
betragtning ved fremtidige forudsigelser af massetab.
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Chapter 1

Introduction

Glacial ice is formed in areas where snow accumulation exceeds the amount of ablation (melt and

sublimation) over many years. Year after year, as another layer of snow is added, the pressure of

overlying snow increases, and the snow compacti�es into ice. Eventually, the ice becomes so thick

that it starts to slowly deform under its own weight, bringing ice from areas of accumulation to

lower-lying areas of ablation. The biggest bodies of glacial ice are called ice sheets, intermediate-

sized bodies are called ice caps or ice �elds, depending on the underlying terrain, and the smallest

are called glaciers.

Located in the North Atlantic Ocean, the Greenland Ice Sheet is the second largest body of ice

on Earth with a global sea level rise potential of 7.42� 0.05 m including its peripheral glaciers

(Morlighem et al., 2017). It covers 80% of Greenland's total land mass with an area of1:8 � 106

km2 and is up to 3.2 km thick at the interior. At its outlet glaciers, ice slides and accelerates

to speeds of up to 50 meters a day (Joughin et al., 2020) and discharges into the ocean, where

it calves o�, accounting for approximately half of the ice sheet's mass loss today (The IMBIE

Team, 2020; Fox-Kemper et al., 2021). The rest is lost through ablation.

Over millions of years, Earth has undergone periods of warming and cooling forced by changes in

solar insolation and plate tectonic activity and ampli�ed or reduced by various feedback mecha-

nisms within the Earth system (Milankovi¢, 1941). During the Quaternary ice age, constituting

the last 2.6 million years, the Earth is believed to have been covered by ice at its poles with

an ice extent that has varied in so-called glacial-interglacial cycles (Lisiecki and Raymo, 2005).

About 1 million years ago, the pattern of glacial cycles changed from occurring roughly every

41,000 years to approximately every 100,000 years. The 41,000-year cycle corresponds closely

with variations in Earth's axial tilt, while the 100,000-year cycle aligns with changes in Earth's

orbital eccentricity. However, the precise connection between these orbital parameters and the

timing of ice ages continues to be unclear (Raymo and Huybers, 2008). The latest transition

occurred 11,700 years ago when the Last Glacial Period gave way to the current Holocene inter-

glacial (Andersen et al., 2004). During this period, temperatures over Greenland increased until

reaching a thermal maximum between 10,000 and 7,000 years ago. Subsequently, there was a
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long-term decreasing trend in temperatures that persisted until the industrial era (Vinther et al.,

2009).

Currently, rapid rises in global temperature can be mainly attributed to an increase in atmo-

spheric greenhouse gases (Gulev et al., 2021; Eyring et al., 2021). June 2024 marked a new high

with the global mean temperature being1:5 � C higher than that of the pre-industrial (1850-1900)

level (Copernicus, 2024). In the Arctic, temperatures are increasing nearly four times as fast

as the global level mean (Rantanen et al., 2022) and in response, glaciers and the Greenland

Ice Sheet have retreated and thinned (Hugonnet et al., 2021; The IMBIE Team, 2020) and are

projected to continue towards new equilibria at alarmingly fast rates (Hock et al., 2019; Goelzer

et al., 2020) with some vanishing all together. As global warming progresses, it is expected

to cause not only a rise in temperatures but also an increase in the frequency and intensity

of extreme weather events, including both heatwaves and cold spells (Seneviratne et al., 2021).

Such enhanced climate variability is likely to accelerate the melt rates of ice sheets even further

(Mikkelsen et al., 2018; Beckmann and Winkelmann, 2023; Lauritzen et al., 2023).

Variations in Greenland Ice Sheet mass loss a�ect the temperature and salinity of the surround-

ing North Atlantic Ocean, initiating a complex interplay with the North Atlantic climate system.

An increase in the ice sheet's melt rate could slow down the Atlantic meridional overturning cir-

culation (Rahmstorf et al., 2015) or potentially even force it to collapse (Ditlevsen and Ditlevsen,

2023), which would further decrease sea surface temperatures. These reduced temperatures in

the subpolar gyre south of Greenland have, in turn, been shown to impact the atmospheric cir-

culation in the region (Gervais et al., 2019). Signals of climate variability, identi�ed in ice cores

(Vinther et al., 2003; Appenzeller et al., 1998), in turn a�ect the precipitation patterns over the

Greenland Ice Sheet (Bjørk et al., 2018), thereby completing a feedback loop of interconnected

mechanisms. Exactly how the melting and discharge of the Greenland Ice Sheet a�ect the climate

in the North Atlantic region, and vice versa, remains a topic of active research.

To better understand the behavior of ice �ow and its response to past and future changes in

climate, ice sheet and glacier models have been developed. These models represent simpli�ed

versions of reality and vary in complexity from simple equilibrium models with no spatial resolu-

tion (e.g. Oerlemans, 2003) to complex thermo-mechanical, three-dimensional dynamical models.

These advanced models are coupled with sub-models that include processes at the boundary, such

as Earth deformation and interactions with the ocean and atmosphere. The increase in complex-

ity comes at a cost: full three-dimensional models are computationally expensive and involve

many parameters with complex nonlinear behavior. In recent years, thanks to a rise in compu-

tational resources, large ensembles of models have been run to quantify the uncertainty of model

parameters. For instance, Edwards et al. (2019) revisit the marine ice cli� instability hypothesis

of Pollard et al. (2015), quantifying the uncertainty in projections of future sea level rise.

Running large ensembles of models does not, however, ensure that the range of future model

scenarios re�ects our beliefs, as the models are not necessarily calibrated to observations (As-

chwanden et al., 2021). Since the dawn of the satellite era, the amount of data available to

constrain and validate ice sheet models has improved signi�cantly. Satellite missions employing

� 2 �



gravimetry and laser altimetry, combined with in-situ observations, provide estimates of mass

loss (The IMBIE Team, 2020), while synthetic aperture radar o�ers high-resolution surface ve-

locity estimates (e.g. Solgaard et al., 2021). Within the ice sheet, ground-penetrating radar

maps the stratigraphy and the bedrock topography to constrain ice thickness (Morlighem et al.,

2017), and borehole measurements reveal temperature pro�les and heat �uxes at the base (e.g.

Johnsen et al., 1995). With the increase in computational resources, integrating these datasets

with ice sheet modeling is becoming ever more feasible. Recent advancements have been made to

constrain ice sheet models to gravimetry-derived mass loss (Aschwanden and Brinkerho�, 2022;

Nias et al., 2023), re�ning projections of sea level rise and informing policy decisions related to

climate adaptation.

Calibrating ice sheet models to recent mass losses comes with a risk of overlooking the ice sheet's

long-term memory, though, and calls for proper calibration over longer time scales. Observational

data used to constrain the ice sheet prior to the advent of satellite technology have been limited.

However, evidence for past glaciations has been gathered from various geological features such

as moraine lines, which mark the former edges of the ice sheet (Lesnek et al., 2020; Leger

et al., 2024). Furthermore, deep ice cores carrying isotopic signals � traditionally used to

derive past climates � have also been shown to contain information about historical ice sheet

surface elevations (Vinther et al., 2009). Additionally, present-day uplift rates resulting from

glacial isostatic adjustment indicate past variations in ice mass, which can further constrain ice

sheet evolution (Schumacher et al., 2018). With the increase in computational power and the

availability of longer timescale constraints, the time appears ripe for paleoclimatic calibrations

of the Greenland Ice Sheet (Lauritzen et al., 2024).

1.1 Aim and outline

The aim of this PhD thesis is to improve our understanding of the melt and �ow dynamics of

the Greenland Ice Sheet in response to present-day and Holocene climate forcings, utilizing a

state-of-the-art ice sheet model.

The thesis begins with an introductory review in chapter 2, which covers the fundamentals of ice

�ow modeling and the Bayesian inference and sampling techniques employed for model calibra-

tion. Chapter 3 presents the �rst manuscript, exploring the impact of inter-annual temperature

variability on the steady-state volume and projected mass loss of the Greenland Ice Sheet. The

second manuscript, presented in chapter 4, focuses on calibrating a positive degree day model

to match the surface mass balance of Greenland. The third manuscript, which constitutes the

main body of this thesis, is presented in chapter 5, detailing the calibration of the Greenland

Ice Sheet model throughout its Holocene history using elevation reconstructions from ice cores.

Finally, the insights gained from the free projects is discussed in chapter 6, followed by a �nal

conclusion that synthesizes my three years of research in chapter 7.
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Chapter 2

Background

This chapter introduces the basics of computational ice sheet modeling. First, the conservation

laws of the continuum model are introduced, and then the rheology of ice, which relates the

rate of deformation to the applied forces, is discussed. Next, the boundary conditions needed to

determine the ice �ow are explored before the often-used shallow approximations are introduced.

The chapter then goes through the evolution of the ice �ow, and its coupling to the atmosphere,

ocean, and underlying deforming earth. Finally, the chapter goes through the basics of Bayesian

inference and the statistical tools we use to infer the best model parameters from observations

to increase the predictive skill of ice sheet modeling.

2.1 Ice �ow modeling

On the microscopic scale, ice is composed of a discrete number of ice crystals, which in turn are

made out of water molecules. At this level, it is the hydrogen bonds that hold the ice together,

while the gravitational force drives it apart. On the macroscopic level of glacial-sized ice, however,

we are much less interested in the behavior of individual grains of ice and more interested in

the bulk behavior. At this scale, we can consider the ice to be smooth and approximate it as a

continuum. Ice �ow models are consequently formulated in the language of continuum mechanics

and are based on the conservation of mass, momentum, and energy.

2.1.1 Conservation laws

Although ice is lost and gained at the boundary of the ice sheet, there are no sinks or sources

within the ice. This conservation of mass is formulated in terms of the continuity equation,

@�
@t

+ r � (v � ) = 0 ; (2.1)

where � is the ice density and v is the �ow velocity vector �eld. The density of ice changes

throughout the �rn layer as fresh snow, with a density of 50 kg m� 3, transitions into solid ice,

with a density of approximately 917 kg m� 3 (Cu�ey and Paterson, 2010). Assuming that the
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density is constant below the �rn, the continuity equation becomes:

r � v = 0 : (2.2)

In the continuum formulation, Newton's second law of motion, stating that linear momentum is

conserved, becomes Cauchy's momentum equation,

Dv
Dt

=
1
�

r � � + f : (2.3)

Here � is Cauchy's stress tensor andf is the sum of body forces, whileD
Dt denotes the material

derivative. Typical ice �ow is characterized as slow or 'creeping' and the term on the left-hand

side is much smaller than each of the terms on the right-hand side, i.e. the ice has a low Reynolds

number. Consequently, the momentum balance becomes that of Stokes �ow,

r � � = � � g; (2.4)

where the only macroscopic force acting on the ice is gravity andg is the gravitational accelera-

tion.

Keeping track of the temperature distribution within the ice is important, as the rate of de-

formation increases as the temperature approaches the melting point. Furthermore, meltwater

at the base of the ice acts as a lubricant and allows the ice to slide at speeds that are orders

of magnitude faster than those due to internal deformation. The �rst law of thermodynamics

states that the energy of a closed system is conserved. This together with Fourier's law of heat

conduction yields the heat equation,

�c
DT
Dt

= r � (� r T) + _Ws + _WL ; (2.5)

where � is the thermal conductivity, c is the speci�c heat capacity, _Ws is the heat generated

from strain, and _WL is the latent heat from melt and refreezing of ice. The conduction of heat

is slow and the advective term here cannot be neglected.

2.1.2 Rheology of ice

Rheology is the study of deformation and �ow of matter. To determine the ice �ow we need a

constitutive relation relating the strain to the stress �eld. Through compression tests of poly-

crystalline ice, Glen (1952) established that ice behaves as a non-Newtonian �uid; the greater

the stress, the softer it gets, similar to the deformation of metals close to their melting point.

The rheology is usually assumed to be isotropic such that the deformation subject to a given

stress is invariant under rotations within the ice. This assumption, together with the assumption

that ice is incompressible, implies that the deformation only depends on the deviation from the
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isotropic stress (e.g. Nye, 1957). The deviatoric stress tensor is given by

� = � + p1; p = �
1
3

tr � ; (2.6)

wherep is the isotropic pressure and1 is the identity matrix. The non-linear dependence on the

applied stress can then be captured by the Nye-Glen power law,

_" = A� n� 1
e � ; � 2

e =
1
2

tr � 2: (2.7)

Here � e is the e�ective stress or the second invariant of the stress tensor and_" is the strain rate

tensor whose components are derivatives of the �ow velocity,

" ij =
1
2

(@i vj + @j vi ) : (2.8)

With the strain rate tensor at hand, the heat generated from strain can be written _Ws = tr � _" .

The creep exponentn, which determines the non-linearity of the �ow, and the rate factor A

are usually deduced through laboratory measurements and �eld observations. For inferring the

deviatoric stress from observed velocities and for computational purposes, the inverse relation of

eq. 2.7 is sometimes useful,

� = 2 � _" ; � = A � 1 _"
1
n � 1
e ; _"2

e =
1
2

tr _" 2; (2.9)

where � is the viscosity and _"e the e�ective strain.

The initial experiments of Glen (1952) indicated a creep exponent ofn = 4 , but more measure-

ments updated his estimate ton = 3 :2 (Glen, 1955) and the value ofn has been a source of

discussion within the literature ever since. Values from 2-4 have been measured and inferred

from observations, with many studies citingn = 3 to be the value that �ts observed deformation

best (Cu�ey and Paterson, 2010).

More recent laboratory experiments reveal, however, that the deformation rates of ice cannot

be accurately captured by a constitutive relation as simple as eq. 2.7 over a wide range of

applied stresses. Goldsby and Kohlstedt (2001) identify four di�erent mechanisms responsible

for the deformation of ice; di�usion, basal sliding, grain boundary sliding, and dislocation. The

deformation due to each of these mechanisms can then be described by �ow laws of the type

of eq. 2.7 with creep exponents from 1 to 4. The total rate of deformation given by_" =

_" di� + ( _" � 1
basal + _" � 1

gbs)
� 1 + _" disl then match the measured rates with a much better agreement

over a wide range of applied stresses. A recent study by Kuiper et al. (2020) �nd that grain

boundary sliding with a creep exponent ofn = 1 :8 cannot be ignored at the NEEM ice core

while Ranganathan and Minchew (2024) �nd that the dominant mechanism of deformation in

fast-�owing ice streams and sheets is dislocation creep with a creep exponent ofn = 4 .

The rate factor, A, is found to vary orders of magnitude with the temperature, hence the need to
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keep track of the temperature �eld. It is usually taken to obey an Arrhenius relationship,

A = A0 exp
�

�
Q

RT �

�
; (2.10)

where Q is the creep activation energy,R is the gas constant, andT � is the pressure adjusted

temperature. Usually, two values ofQ are used,Q+ and Q� , as ice becomes much softer with an

increase in temperature above� 10� C most likely due to increased grain boundary sliding when

ice starts to "premelt" (Cu�ey and Paterson, 2010). Apart from dependence on temperature, the

rate factor has been found to vary with grain size, water content, number of impurities, and ice

crystal orientation (Lliboutry and Duval, 1985). In glacier-sized ice �ow modeling it is, however,

yet infeasible to account for all these dependencies at once. An enhancement factor,E , is usually

added to eq. 2.10 and tuned to make up for this (Cu�ey and Paterson, 2010).

2.1.3 Boundary conditions

To close the set of equations governing the ice �ow, we need to supply suitable boundary condi-

tions. At the top surface of the ice there is only negligible pressure from the atmosphere and if

the ice is terminating into the ocean, the stresses are balanced by the hydrostatic pressure from

the ocean, i.e.

� � n =

8
<

:
0 At the ice-atmosphere interface

� wgzn At the ice-ocean interface
; (2.11)

wheren is normal vector to the surface,� w is the water density, andz is the water depth.

At the base of the ice sheet, the story is a bit more intricate where the basal stresses are balanced

by friction. Basal movement of the ice is usually either attributed to the ice sliding on top of a

"hard bed" or to basal till deformations within a "soft bed", which carries the overlying ice with

it. As the bottom of the ice is unfortunately mostly inaccessible to us, several sliding laws have

been devised to form a relation between the properties of the basal till, the basal stress, and the

resulting slip, which is the combined e�ect of sliding and till deformation. One commonly used

slip law is the pseudo-plastic power law,

� b = � cu
� q
th jvb jq� 1vb; (2.12)

where � b is the tangential component of the normal force andq is the sliding exponent. The

yield stress,� c, might then be �tted to achieve a good �t with the observed surface velocity, but

the parameter re�ects the physical properties of the bed that may vary with time. Instead, the

yield stress is found to satisfy the Mohr-Columb rule (Cu�ey and Paterson, 2010),

� c = tan( � )N till : (2.13)

Here � is the till friction angle which varies between 10� and 40� and re�ects the di�erences in

clay contents of the till. The e�ective pressure on the till N till depends on the saturation of the
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Figure 2.1: Schematic cross section depicting an ice sheet viscously deforming under its own weight. In the
interior, where the SIA applies, the ice is frozen to the ground, and the driving stress is locally balanced by
horizontal shearing. As the ice approaches the margin, it begins to slip, and longitudinal membrane stresses
become increasingly dominant, making the SSA the more valid approximation. In the ice shelf section, basal drag
is absent and the driving stress is balanced by longitudinal stress gradients and the hydrostatic pressure exerted
by the ocean. The base of the grounded ice sheet rests on a crust of varying friction, which overlies the lithosphere
and asthenosphere that deforms visco-elastically over centuries to millennia.

till and the overburden pressure of the ice (Bueler and van Pelt, 2015).

For the temperature �eld, eq. 2.5 is solved by applying a Dirichlet boundary condition at the

surface, specifying the temperature, while a Neumann boundary condition is used at the base of

the lithosphere, specifying the heat �ux.

2.1.4 Shallow approximations

In principle, the Stokes equations (2.4) together with the constitutive relation (2.7) and appro-

priate boundary conditions (2.11,2.12) is enough to calculate the ice �ow velocities for a given ice

sheet con�guration. However, solving the full Stokes equations for a continental-sized ice sheet

is computationally demanding, especially for longer paleo simulations as four three-dimensional

�elds ( vx ; vy ; vz; p) have to be solved, and approximations to the stress balance are therefore

often applied to lighten these demands. These approximations rely on the small aspect ratio of

ice sheets as the thicknesses of the Greenlandic and Antarctic ice sheets are small compared to

their horizontal extents.

The most fundamental approximation used is the hydrostatic approximation. It assumes that the

horizontal derivatives of the vertical shear stresses are small compared to the vertical derivative

of the vertical normal stress, i.e. @x � xz ; @y � yz � @z� zz. With this assumption, the vertical

component of the stress balance can be vertically integrated to compute the pressure at a given

height,

p = � zz + �g (s � z); (2.14)

with s being the surface elevation of the ice sheet where the pressure is assumed to be zero. The

� 9 �



pressure can then be eliminated from the momentum balance, reducing the number of equations

from three to two,

@i � ji + @j (� xx + � yy )
| {z }

SSA

+ @z� jz| {z }
SIA

= �g@j s; i; j 2 f x; yg; (2.15)

where the summation convention applies. This reduces the problem from four to three �elds.

Further assuming that the horizontal derivatives of the vertical velocities are small compared to

the vertical derivatives of the horizontal velocities reduces the problem to solving two unknown

�elds ( vx ; vy) and yields the Blatter-Pattyn approximations (Blatter, 1995; Pattyn, 2003). The

right-hand side of eq. 2.15 is the driving stress of the ice �ow; gradients in isostatic pressure

caused by surface gradients and driven by gravity. The left-hand side are the forces needed to

balance the driving stress. The dominant balancing forces di�er within an ice sheet resulting in

di�erent types of �ow (see Fig. 2.1).

The shallow ice approximation (SIA) assumes, apart from the Blatter-Pattyn approximations,

that the membrane stresses (longitudinal and horizontal shear stresses) are negligible compared

to the vertical shear stresses (Morland and Johnson, 1980). This is valid where ice is frozen to

the bed and the deformation is dominated by the vertical shear1.

Neglecting the horizontal gradients of eq. 2.15, the velocity can easily be solved locally for a col-

umn of ice using the inverse constitutive equation (2.9) and neglecting the horizontal derivatives

of the vertical motion,

v (z) � vb = � 2(�g )n jr sjn� 1 r s
Z z

b
dz0A(s � z0)n ; (2.16)

where the velocity and the gradient are horizontal. The temperature dependence of the creep

rate, A, requires the remaining integral to be solved numerically. The basal velocityvb is usually

assumed to be zero where the SIA is valid.

Complementary, the shallow-shelf/shelfy-stream approximation (SSA) assumes that the vertical

shear is negligible compared to the membrane stresses (Morland, 1987; MacAyeal, 1989). This

is valid in the ice shelves and the fast-�owing ice streams where the basal friction is small.

Casting eq. 2.15 in terms of the velocity �elds through the inverse constitutive equation (2.9)

and vertically integrating yields

@i (��h (@j vi + @i vj )) + 2 @j (��h (@xvx + @yvy)) + � b;i = �gh@j s; i; j 2 f x; yg; (2.17)

where h is the local ice thickness,�� is the depth-integrated viscosity and � b;i is the basal drag

which can be replaced with an appropriate slip law like eq. 2.12. The horizontal gradients in the

stress balance result in a non-local stress balance in the sense that the driving stress is balanced

by ice speeding up and spreading or buttressing downstream.

1This is not valid within a few ice sheet thicknesses from the divide where vertical shearing is absent. Here the
ice underneath the divide becomes very hard which results in observable Raymond bumps in radargrams where
isochrones forms arches at the divide (Raymond, 1983; Conway et al., 1999).
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With the SIA or SSA velocities now at hand, assuming that we can �gure out how to solve the

remaining di�erential equation (2.17), we can vertically integrate the continuity equation (2.2)

to arrive at a prognostic equation for the evolution of a column of ice

@h
@t

= �r � (hv ) + bs + bb; (2.18)

wherev is the depth-integrated velocity of either SIA or SSA andbs and bb are the mass balances

at the surface and at the bottom respectively which we will also have to determine.

To take advantage of the two shallow approximations, Bueler and Brown (2009) devised a hybrid

scheme in which they combined the depth-integrated velocities found using the non-sliding SIA

and the SSA as a weighted average,

�vhybrid = f (j �vSSAj) �vSIA + (1 � f (j �vSSAj)) �vSSA; (2.19)

with weights given by

f (x) = 1 �
2
�

arctan
�

x2

v2
c

�
; vc = 100 ma� 1: (2.20)

This ensures a smooth transition of the velocities, although Winkelmann et al. (2011) argued

that a simple sum of the two solutions would also be smooth as each solution is already smooth.

Other approximations to the Blatter-Pattyn model exist, each with its right and limitation (e.g.

Robinson et al., 2022).

The heat equation (2.5) also has a shallow approximation as the horizontal temperature gradients

are much smaller than the vertical. The horizontal conduction can therefore be neglected. The

horizontal advection is however important as it transports colder ice from the interior to the

warmer exterior parts (e.g. Cu�ey and Paterson, 2010).

2.2 Mass balance processes

To determine the ice sheet evolution through time, we need to supply the prognostic equation

(2.18) with speci�c mass balances at the surface and the base of the ice sheet.

2.2.1 Surface mass balance

At the surface of the ice sheet, mass is gained through accumulation (precipitation), lost through

ablation (melt and sublimation), and transported by the wind in snow drifts. Some of the melted

snow and ice �ows in rivers on top of the ice sheet to the margin where it is lost or through big

moulins. Some of the melt refreezes in the �rn while some of it can be stored in big �rn aquifers

where it can even be stored throughout winter (Miller et al., 2022). Needless to say, correctly

determining the surface mass balance is no easy task.

Although present-day surface mass balances can be derived from satellite radar altimetry, �rn

densi�cation makes the mass balance estimates uncertain, and in-situ observations are needed to
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correct biases. Furthermore, radar altimetry does not tell us about mass balances in the future

and in the past, for this we need models.

In general, the energy budget on the top of an ice sheet is made up of electromagnetic radiation

from the sun and the snow and ice itself, heat transferred from the atmosphere through turbulent

mixing close to the surface, and latent heat gained or lost when rain freezes or ice sublimates. En-

ergy balance models try to model this energy exchange and calculate the melt, sublimation, and

refreezing within the �rn or on top of the ice. The re�ectivity of electromagnetic waves (albedo)

depends both on the frequency of the radiation and the condition of the ice or snow.

A regional climate model (RCM) can be used to simulate the precipitation, wind, and heat con-

vection over an ice sheet given appropriate boundary conditions from a global general circulation

model and can be coupled with an energy balance model (e.g. Noël et al., 2015).

The positive degree day (PDD) model provides the simplest way to model melt. It assumes

that the net energy surface �ux is simply proportional to the surface air temperature as if the

atmosphere was a simple heat conductor and Fourier's law applied. Although this is not the

mechanism for heat transfer, Braithwaite and Olesen (1989) found a correlation of 0.96 between

measured ablation in West Greenland and the degree day index,D , de�ned by

D(� t) =
Z

� t
dtT max(T � Tm ; 0); (2.21)

where� t is the time interval of interest, T is the temperature,Tm , is the melting point. The melt

is then assumed proportional to the degree day index with di�erent constants of proportionality

for snow and ice, re�ecting the di�erence in snow and ice albedo.

2.2.2 Basal mass balance

At the base of the ice sheet, the heat transferred from the underlying bedrock to the iceis by

conduction. Additionally, heat is generated by the work done against the basal friction and

transported by basal water �ow which could be modeled although it's often neglected. When the

base is at the pressure melting point, a positive energy balance results in melt while a negative

one results in refreezing. A typical geothermal heat �ux is about50 mW m� 2 which is about

3.5� 10� 5 of the mean solar insolation and corresponds to5 mm a� 1 of temperate ice melt.

2.2.3 Sub shelf mass balance

Water exerts an upward buoyant force on ice, equal in magnitude to the downward gravitational

force that would have been exerted on the water displaced by ice; this is Archimedes' principle.

When the water depth increases above the height of ice displacing water the ice starts to �oat.

That happens when

zsl � b > h
� i

� w
; (2.22)
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where zsl is the sea-level height, and� i and � w are the density of ice and water respectively.

Where the ice is �oating, the base of the ice does not exchange heat with the bedrock but with

the underlying lake or ocean instead. At equilibrium, the ice and water are at the freezing point

while colder ice results in the freezing of water, and warmer water results in the melting of ice.

The freezing point decreases with salinity and pressure while the density increases and typical

sea water has a surface freezing point of� 1:8 � C.

Without any ocean currents, the pressure dependence causes ice to melt at the base of the ice

shelf near the grounding line. The melted ice is buoyant freshwater that rises and refreezes at the

surface. This process is known as the ice pump and draws in water masses causing an overturning

circulation beneath the ice shelf (Lewis and Perkin, 1986). The amount of melt depends on the

temperature and salinity of the open ocean water and the amount of meltwater routed from

underneath the ice sheet, which ampli�es the ice pump e�ect.

Ocean models capable of modeling this process do exist but require the ability to resolve narrow

fjords and knowledge of the ocean temperature and salinity, which may in turn be modeled by

an ocean circulation model (e.g. Olbers and Hellmer, 2010). Instead, simple empirical ocean

melt parametrizations are sometimes used like that of Aschwanden et al. (2019) who based on

observations varied ocean melt along Greenland's coast with latitude.

2.2.4 Calving

At the ice shelves, ice fractures and breaks o� into icebergs in what is known as calving events

when it is subjected to large stresses. The biggest calving events occur in Antarctica where

icebergs as big as11 000 km2 have been observed (Slominska et al., 2012).

Accurately modeling calving would require modeling the evolution of rifts through fracture me-

chanics, but as this is a subgrid process, parametrizations using the ice-ripping stress �eld are

often used.

Common calving laws include the eigen calving law in which the calving rate is assumed propor-

tional to the product of the horizontal principal strain rates. However, this law predicts no or

limited calving in the narrow fjords of Greenland, where the transverse principal strain is close

to zero or negative (compressional). Instead, Morlighem et al. (2016) proposes a calving law in

which the calving rate is proportional to the Von Mises stress and the velocity. This is unphysical

in that it breaks with Galilean symmetry, but it produces realistic terminus withdrawal.

2.3 Earth deformation

In a crude description Earth consists of spherical layers; an atmosphere, an outer crust, a mantle,

and a core, each of which can be subdivided and each with di�erent rheologies2 (e.g. Lowrie and

Fichtner, 2020). The outer crust is a thin �lm of low-density rock that �oats on top of a higher-

2The crust is made up, partly by the cryosphere; the name given to the joint masses of all ice including
permafrost.
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density mantle like an iceberg in water. Because the crust is buoyant, changes in load on the

crust force it to respond by rising and sinking in what is known as isostatic adjustment.

The displacement of the mantle di�ers from that of water, and its rheology is less well-known.

The upper mantle can be divided into two or more layers characterized by their response to

stress. The upper part of the upper mantle, the lithosphere, is cold and solid and responds

through elastic deformation and �exing, pushing the underlying asthenosphere away. Within the

asthenosphere the rock is close to the melting point and deforms viscously, again analogous to

ice. Because of the rigidity of the lithosphere, the response of a point load is distributed over a

large lateral distance resulting in peripheral bulges. The amount and rate of isostatic adjustment

depend on the viscosity of the asthenosphere and on the �exural rigidity of the lithosphere which

in turn depends on its thickness and elastic properties. The timescale at which elastic and viscous

deformation is comparable, known as the Maxwell time, is on the order of a few hundreds of

years for the upper mantle (Peltier et al., 1981).

The lithosphere is believed to have deformed hundreds of meters in glacial isostatic adjustment

since the last glacial and is still responding by rising up to15 mm a� 1 where the Laurentide Ice

Sheet used to be (Schumacher et al., 2018). This deformation acts a as negative feedback to

glacial retreat and can possibly explain the shape of the 100.000 year cycle observed in oxygen

isotope records (Oerlemans, 1981).

2.4 Numerical solution of the equations

To solve the stress balance (2.4) time and space is discretized to solve the equations numerically.

This is usually done by the �nite di�erence method or the �nite element method. In the �nite

di�erence method the di�erential operators are approximated using a Taylor expansion and

evaluated on a grid turning the di�erential equations into algebraic equations which are then

solved iteratively. In the �nite element method, the solution is approximated rather than the

di�erential operators. This starts with a partial integration of the stress balance equation (2.4)

multiplied by a weight function to form a 'weak' formulation of the problem. The domain is

then discretized, and a set ofN linearly independent test functions de�ned on this mesh is used

to approximate the solution. This approach transforms the problem into N linear algebraic

equations, which are then solved algebraically to �nd the approximate solution.

2.4.1 PISM

Numerous ice sheet models that solve various orders of Stokes �ow, using either the �nite di�er-

ence method or the �nite element method, have been developed in recent decades and are freely

available to use. For the studies presented in this thesis, we use the open-source Parallel Ice

Sheet Model (PISM; Bueler and Brown, 2009; Winkelmann et al., 2011) to model the evolution

of the Greenland Ice Sheet. PISM includes both a Blatter-Pattyn solver and a hybrid SIA-SSA

solver. The SIA is solved for each grid point and given by eq. 2.16 while the SSA is solved either

by the �nite element method or by �nite di�erence method using Picard iteration to solve the
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nonlinear system of algebraic equations. The hybrid SIA-SSA solution is then given by eq. 2.19.

The time integration used in PISM is the explicit Euler scheme and an adaptive time step is

used limited by both the SIA and the SSA solutions to ensure stability.

PISM is well suited for longer paleoclimatic simulations with changing ice sheet geometry as

PISM uses a sub-grid parametrization of the grounding line, allowing grid cells to be partly �lled

such that there are no abrupt changes in basal friction and melt (Gladstone et al., 2010). Rather

than solving the heat equation (2.5) directly, PISM tracks the enthalpy of the ice from which both

the temperature and the liquid water fraction within the ice can be determined (Aschwanden

et al., 2012). Additionally, PISM incorporates a two-layer earth deformation model, originally

developed by Lingle and Clark (1985), and e�ciently solves the linear di�erential equation for

vertical displacement at the lithosphere-asthenosphere interface in Fourier space (Bueler et al.,

2007).

PISM was installed on the Danish National Life Science Supercomputing Center, Computerome.

The architecture of this high-performance computing cluster limits the e�ciency of a single sim-

ulation distributed across multiple computational nodes. However, the architecture is ideal for

large ensemble studies, enabling us to explore ice sheet simulations within a statistical frame-

work.

2.5 Bayesian inference

This section provides a short review of Bayesian inference, for a more thorough description see e.g.

Tarantola (2005) or Fichtner (2021). As outlined in the previous sections, the ice sheet evolution

depends on the viscosity of ice, the basal friction, the mass balance, the Earth deformation as

well as the initial state of the ice sheet. All of this is described by the full set of model parameters

m 3. With our ice sheet model at hand, we are then able to determine the evolution of an ice

sheet given the model parametersm, i.e. we can solve the forward problem,

d = G(m): (2.23)

Here G is the forward model operator that simulates the ice sheet evolution given the model

parameteres, m, and returns some observable,d, which could be a time series of mass loss,

bedrock uplift rates, surface velocities or something else. Given some observation it might then

be interesting to �nd the model parameters that are consistent with this observation, i.e. �nding

a solution to the inverse problem,

m = G� 1(d): (2.24)

Depending on the number of model parameters and observations and on the functionG the

inverse problem might be non-unique. It might be an under-determined problem in which several

model parameters will reproduce the observation or an over-determined problem in which no set

3The initial state of the ice sheet is not a model parameter per se, but will be treated like so in this section as
it is no di�erent in terms of in�uencing the observations.
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of model parameters will be consistent with the observations andG� 1 does not exist. Even if

G� 1 does exist, there is no guarantee it will be robust towards noisy data.

As any real-world observation comes with some uncertainty the nature of the inverse problem

changes. The introduction of uncertainty invites us to treat the problem in terms of probabilities.

We would like to know the probability density function of the model parameters conditioned on

some uncertain observations. According to Bayes' theorem thisposterior probability density

function is given by

� (m jdobs) =
� (dobsjm)

� (dobs)
� (m): (2.25)

This is the solution to the inverse probabilistic problem inferred from the observationsdobs. Here,

� (m) is the prior probability density function. It should contain all the information we know

about the model parameters before making the observation. The choice of prior is inherently

subjective and should be chosen with care as it can dominate the posterior for poorly constrained

parameters. Usually there is always some knowledge of the parameters beforehand, such as their

sign and magnitude or from previous independent inferences. Otherwise one might attempt to

construct an uninformed prior although this is somewhat ambiguous. Naively, one might think

that if the viscosity prior � (� ) is taken to be uniform within some range it would be uninformed.

However, the prior of the inverse of the viscosity, the �uidity, � (� � 1) would then not be uniform

and thus informed4.

� (dobsjm) is the likelihood and depends on the nature of the observationsdobs. Often, the data

is noisy and can be thought of as a random variable. The di�erencedobs � G(m) will then also

behave like a random variable and become a function of the model parametersm. In this thesis

the data is taken to be normally distributed and the likelihood takes the form

� (dobsjm) =
1

p
(2� )k det �

exp
�

�
1
2

(dobs � G(m))T � � 1(dobs � G(m))
�

; (2.26)

where � is the covariance matrix andk is the size ofdobs.

The denominator � (dobs) is known as theevidence. It is a scalar quantity that is usually disre-

garded as it only normalizes the posterior.

2.5.1 Sampling methods

Usually, we are less interested in the posterior distribution itself and more interested in the

expectation value of some function ofm,

E [f (m)] =
Z

M
dmf (m)� (m jdobs): (2.27)

4Je�ry's prior aims to remedy this by being invariant under this transformation. It will however not be
invariant under other transformations and is thus still subjective.
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Figure 2.2: Three di�erent sampling techniques within the unit square with 9 samples each. The Latin square
sampling divides each univariate parameter space into intervals of equal probability. Orthogonal Latin square
sampling further divides the joint parameter space into subspaces of equal probability.

This might be the expectation value of the parameters themselves or it could be the expectation

value of G or some other observable in the model. Determining this requires determining the

likelihood for all model parameters in the parameter spaceM. As M is usually an in�nite set

and G does not have a closed-form expression, this is not possible and we need to estimate the

posterior by drawing samples fromM.

When G is su�ciently simple and computationally inexpensive, drawing a large number of ran-

dom samples becomes feasible to estimate the posterior distribution; this process is known as

Monte Carlo sampling. In Markov chain Monte Carlo (MCMC) sampling, the samples are gener-

ated in a sequence where each sample depends on the position of the previous one. The objective

is that the distribution of the samples in the chain converges to the posterior distribution when

the sequence equilibrates. The most famous algorithm in this category is the Metropolis-Hastings

algorithm where a random walk in the parameter space is performed. Here, subsequent samples

are either accepted or rejected based on the probability at that point compared to the previous

point (Metropolis et al., 1953; Hastings, 1970).

When the modelG is su�ciently complex and requires several computation hours as in the case

of ice sheet modeling, MCMC algorithms are not feasible and great care is needed in selecting

the samples as they can be costly.

Latin hypercube sampling (LHS; McKay et al., 1979) is a strati�ed sampling technique that

ensures a uniform exploration of the parameter space to reduce the variance in the estimates

compared to random sampling if the integrand is monotone. In LHS each univariate parameter

space is strati�ed into n strata and the samples are then drawn such that there is one sample

in each stratum for every dimension in the parameter space. This ensures that every parameter

is sampled uniformly across its entire range to account for their main e�ect. This is especially

e�cient for high-dimensional sampling spaces where some parameters might explain a larger

amount of the variance in G than others; the strati�cation in the subspace of important param-

eters ensures that these are explored while the simultaneous strati�cation of the unimportant

parameters makes little di�erence. Additionally, r -order orthogonal Latin hypercube sampling

� 17 �



also strati�es each r -dimensional subspaces intor -dimensional strata, from which one sample is

selected (Tang, 1993). This ensures that the sampling captures the multivariate e�ects ofG,

making it possible to pick out the main correlations. An example of a second order orthogonal

Latin square with n = 9 samples can be seen in Fig. 2.2.

Lately, LHS has been extensively used in the literature to quantify the uncertainty of Ice �ow

modeling (e.g. Larour et al., 2012; Edwards et al., 2019; Aschwanden et al., 2019; Hill et al.,

2021; Nias et al., 2023).
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Chapter 3

Inter-annual temperature variability

This chapter contains the following paper:

Mikkel Lauritzen, Guð�nna Aðalgeirsdóttir, Nicholas Rathmann, Aslak Grinsted, Brice Noël, and

Christine S. Hvidberg (Aug. 9, 2023). �The In�uence of Inter-Annual Temperature Variability

on the Greenland Ice Sheet Volume�. In:Annals of Glaciology, pp. 1�8. doi : 10.1017/aog.

2023.53

which was received on 1 March 2023, revised on 19 May 2023, and accepted on 17 June 2023.

The bibliography for the manuscript is included in the main bibliography at the end of the

thesis.
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The in�uence of inter-annual temperature vari-
ability on the Greenland Ice Sheet volume

Mikkel Lauritzen 1, Guðfinna Aðalgeirsdóttir 2, Nicholas Rathmann 1,

Aslak Grinsted 1, Brice Noël 3, and Christine S. Hvidberg 1

1 Niels Bohr Institute, University of Copenhagen, Copenhagen, Denmark
2 Institute of Earth Sciences, University of Iceland, Reykjavík, Iceland
3 Department of Geography, Laboratoire de Climatologie et Topoclimatologie, University of Liège,
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Abstract

The Greenland Ice Sheet has become an increasingly larger contributor to sea level rise

in the past two decades and is projected to continue to lose mass. Climate variability

is expected to increase under future warming, but the e�ect of climate variability on the

Greenland Ice Sheet volume is poorly understood and is adding to the uncertainty of the

projected mass loss. Here we quantify the in�uence of inter-annual temperature variability

on mass loss from the Greenland Ice Sheet using the PISM model. We construct an ensem-

ble of temperature-forcing �elds that accounts for inter-annual variability in temperature

using reanalysis data from NOAA-CIRES over the period 1851�2014. We investigate the

steady state and transient response of the Greenland Ice Sheet. We �nd that the simulated

steady-state ice sheet volume decreases by 1.9� 0.4 cm of sea level equivalent when forced

with a varying temperature forcing compared to a constant temperature forcing, and by

11.5� 1.4 cm when the variability is doubled. The northern basins are particularly sensitive

with a change in volume of 0.9�1.1%. Our results emphasize the importance of including

temperature variability in projections of future mass loss.

1 Introduction

With about two-thirds of global mean sea level rise being due to ice mass loss in the period

1900�2018 and the rest being mainly attributed to thermal expansion (Frederikse et al., 2020;

Fox-Kemper et al., 2021), the knowledge of future glacier and ice sheet mass loss is of utmost

importance. The Greenland Ice Sheet holds an ice volume of 7.4 meters of global mean sea level

equivalent (SLE) (Morlighem et al., 2017) and has contributed10:8 � 0:9 mm to the mean sea

level rise between 1992 and 2018, with 49.7% of the mass loss caused by dynamic discharge into

the ocean and the rest by melt and runo� (The IMBIE Team, 2020; Fox-Kemper et al., 2021).

Polar ampli�cation has caused the Arctic to warm nearly four times as fast as the rest of the
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Earth (Rantanen et al., 2022) and with the global temperatures expected to rise further due

to increased anthropogenic forcing, the sea level contribution from the Greenland Ice Sheet will

continue to increase in the coming centuries.

Global warming also induces increased variability of climate, including more extreme events

of both warm and cold temperatures, which are expected to be more frequent in the future

(Seneviratne et al., 2021). Increased climate variability is expected to cause the ice sheet to melt

even faster than today (Mikkelsen et al., 2018; Beckmann and Winkelmann, 2023). Atmospheric

warming causes the surface melting to increase when the temperature is above the freezing point,

while a similar cooling would not a�ect the melting for temperatures below the freezing point.

Consequently, a surface temperature varying around the freezing point will tend to cause the

melting to increase and lead to net mass loss. However, the response of the ice sheet mass

balance to increased temperature variability is complex and highly non-linear, and if the snow

accumulation rate increases in warmer climates, higher variability could also result in a larger

ice sheet (Albrecht et al., 2020a). An earlier study investigated this asymmetric response to

temperature �uctuations using a simpli�ed, perfectly plastic ice sheet model and concluded that

the Greenland Ice Sheet would become 0.5�1 m SLE smaller when including the inter-annual

temperature variability than without this variability (Mikkelsen et al., 2018). It is unclear

what the in�uence of including temperature variability would be in a model of the Greenland

Ice Sheet that includes ice dynamics and discharge. Most models in the Ice Sheet Modelling

Intercomparison Project for the IPCC's sixth Assessment Report (ISMIP6) had a mass loss

lower than the observed in the historical period below (Aschwanden et al., 2021), and in some

cases, this was traced back to a lack of variability in the climate model forcing over the historical

period (Goelzer et al., 2020). Another recent study found that the Greenland Ice Sheet volume

decreased when extremely warm summers were included in the temperature forcing (Beckmann

and Winkelmann, 2023), but the e�ect of cold spells was not included.

In this paper, we examine the e�ect of inter-annual variability in atmospheric temperatures on

the present-day Greenland Ice Sheet geometry and volume by using a thermodynamically coupled

three-dimensional ice sheet model to account for ice-dynamical feedbacks. Our goal is to revise

the previous results for a simpli�ed ice sheet model (Mikkelsen et al., 2018) by using a dynamic

ice �ow model with realistic geometry and mass balance forcing. This is needed to assess the

importance of including climate variability in ice sheet simulations over the historical period and

can inform e�orts to develop a new protocol for projections of ice sheet mass loss in ISMIP7

(Aschwanden et al., 2021).

We construct an ensemble of temperature-forcing time series that mimics the mean annual tem-

perature variability found in the NOAA-CIRES 20th Century Reanalysis (20CR), version 2c

(Compo et al., 2011) following the method of Mikkelsen et al., 2018. We add this variability to

the seasonal mean temperatures of the period 1960�1989 from the RACMO model (Noël et al.,

2019). We then perform an ensemble of ice sheet simulations, where each ensemble member is

forced with a corresponding temperature-forcing time series ensemble member. We compare this

simulated ice sheet ensemble to a control run forced with constant climate without inter-annual
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temperature variability to assess the impact on the ice sheet volume, and we identify the most

sensitive ice sheet areas. The spatial di�erences in the response to the inter-annual tempera-

ture forcing are then analyzed in six regional sectors of the GrIS. Finally, we investigate how

temperature variability in�uences the response of the ice sheet to an abrupt warning.

2 Methods

2.1 The ice sheet �ow model

To determine the in�uence of inter-annual temperature variability on the modeled present-day

Greenland Ice Sheet we use the three-dimensional Parallel Ice Sheet Model (PISM) (www.pism.io).

PISM is an open-source thermodynamically coupled ice sheet model that applies two shallow ap-

proximations to the Stokes equation, both assuming a small ice-sheet aspect ratio. The Shallow

Ice Approximation (SIA) assumes that the horizontal shear stresses and the longitudinal devia-

toric stresses are negligible compared to the vertical shear stresses. This assumption holds well

for most of the interior of the Greenland Ice Sheet where there is limited basal sliding. The Shal-

low Shelf Approximation (SSA), on the other hand, assumes that the shear stresses are negligible

compared to the longitudinal or membrane stresses of the ice �ow (Schoof, 2006). In the hybrid

model incorporated in PISM, the horizontal velocity of the ice is given by a weighted average of

the SIA velocity and the SSA velocity using the SSA as a sliding law (Bueler and Brown, 2009).

The constitutive relation for the rheology of ice used in PISM is based on Glen's �ow law (Glen,

1955), modi�ed by Nye (Nye and Perutz, 1997) and Lliboutry and Duval (Lliboutry and Duval,

1985), or formally the Glen-Paterson-Budd-Lliboutry-Duval law:

_� ij = EA (T; P; w)� n� 1
e � ij ; (3.1)

where n is the �ow law exponent, which we take to be 3 for both shallow approximations,� e is

the e�ective deviatoric stress and� ij are the components of the deviatoric stress tensor.A is the

ice softness which is given piecewise for cold and temperate ice by two Arrhenius functions of

the pressure,P, temperature, T, and liquid water fraction, w, (Aschwanden et al., 2012). The

enhancement factor,E , is set to 3 for the SIA and 1 for the SSA. The study by Aschwanden et al.

(2016) recommended an SIA enhancement factor ofE = 1 :25 for the Greenland Ice Sheet when

tuned to match the ice �ow velocity of the outlet glaciers, but we use their recommended set of

parameters forE = 3 , which overall provides the best �t to the Greenland Ice Sheet ice volume,

see discussion. The basal sliding velocityub from the SSA is related to the basal shear stress� b

and the yield stress through a power friction law, where we use a pseudo-plasticity exponentq of

0.6 following Aschwanden et al. (2016). The yield stress is given by the Mohr-Columb model and

is modi�ed by a till friction angle to make the till softer in lower-lying regions. We parameterize

the till friction angle as a continuous function of the bed topography that increases linearly from

5� to 40� between 700 m below and 700 m above sea level following Aschwanden et al., 2016.

For bed topography, we use IceBridge BedMachine Greenland, version 4 (Bamber et al., 2013),

while the geothermal heat �ux distribution is taken from Shapiro (2004). Our model setup does

not account for calving through a representation of the physical processes, instead, we remove
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Figure 3.1: (a) Standard deviation of the annual mean temperature in the 20CR dataset, for the period 1851�
2014 (Compo et al., 2011). (b) Anomalies compared to the mean of the whole period of the spatially averaged
annual mean temperatures over the red box in (a) together with �ve of the modeled auto-regressive surrogates
used to mimic the variability in the experiments.

all ice that exceeds the present-day boundary using the prescribed front retreat option in PISM,

similar to the "retreat implementation" used in ISMIP6 (Nowicki et al., 2020).

2.2 Climate forcing

For the surface boundary conditions, we use the 2-meter air temperature �eld and precipitation

�eld from RACMO2.3p2 at 5:5 km spatial resolution (Noël et al., 2019). We use a 12-month

climatology based on the multi-year monthly averages of temperature and precipitation for the

period 1960�1989, in which the Greenland Ice Sheet volume is considered to be close to equilib-

rium (The IMBIE Team, 2020). This is used as the climate forcing in the model initialization.

The temperature and precipitation �elds are used to calculate the surface mass balance (SMB).

All precipitation is taken to be snow accumulation for temperatures below0 � C, while the fraction

of snow is taken to linearly decrease to zero between0 � C and 2 � C. Surface melt is calculated

with a positive degree-day scheme which assumes that the amount of melt is proportional to

how much the temperature exceeds the freezing temperature. The positive degree day factors

used are3:3 mm K � 1 d� 1 for snow and 8:8 mm K � 1 d� 1 for ice. In addition to the inter-annual

variability and the seasonal cycle, the temperatures also �uctuate daily, so while the monthly

mean temperature might be below freezing, some days it will be above, resulting in melting.

Therefore, it is assumed that the daily temperature is given by a normal distribution around �T

with variance over the month of � 2
pdd . The number of positive degree-days,D , for a time interval

� t = t2 � t1 is given by

D(� t) =
Z t2

t1

dt
Z 1

0
dT exp

 

�
(T � �T(t))2

2� 2
pdd

!

: (3.2)

We use a constant uniform positive degree day standard deviation of� pdd = 5 K (Payne et al.,

2000). To adjust the temperature for changes in surface altitude throughout the simulation, we

use a lapse rate of6:5 K km � 1.
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2.3 Including inter-annual temperature variability in the forcing �eld

To assess the e�ect of inter-annual temperature variability on the Greenland Ice Sheet volume

evolution, an ensemble of 50 temperature time series with a length of 10 ka, denoted surrogates,

are constructed based on the statistics of the 20CR over the period 1851�2014 (Compo et al.,

2011). These are then added to the 12-month climatology from RACMO with mean monthly

temperatures averaged over 1960-1989, which does not include inter-annual variability. The

resulting climate-forcing �elds represent the 1851�2014 inter-annual temperature variability over

Greenland, and we use these climate-forcing �elds to investigate the e�ect of realistic climate

variability in a model of the Greenland Ice Sheet. By using an ensemble of idealized, detrended

forcing �elds, we can assess the modeled ice sheet response and take into account the stochastic

nature of the climate variability.

The inter-annual temperature variations of the temperature surrogates,T, are modeled as a func-

tion of time, t, according to the �rst-order auto-regressive model, (Hasselmann, 1976; Frankignoul

and Hasselmann, 1977)

Tt = c + �T t � 1 + " t ; (3.3)

where� is the auto-regressive parameter and" t is white noise drawn from a Gaussian distribution

with zero mean and variance� 2
" . We use the statistics of the full period of the 20CR to generate

the 10 ka timeseries. The variability found in the 20CR dataset is non-uniform over Greenland

as shown in Fig. 3.1 (a), so we follow the procedure by Mikkelsen et al. (2018) and average over

a box spanning from 68 to 80� N and from 25 to 60� W. We then de-trend this time series by

subtracting its least squares linear �t and set c = 0 , such that the temperature surrogates have

zero mean. From the resulting time series, we estimate the parameters in (3.3) to be� = 0 :67

and � � = 0 :92 K. The 50 temperature surrogates constructed using these parameters all have

a standard deviation of 1.24 K. The de-trended time series and a subset of the constructed

temperature surrogates used to force the positive degree day model are shown in Fig. 3.1 (b).

To account for the variability being non-uniform, we scale the time series to match the temporal

standard deviation in each grid point, i.e. we compute the outer product of the standard deviation

map in Fig. 3.1 (a) and the generated time series divided by their standard deviation. In addition

to the 50 surrogates based on the 20CR data, we also construct an ensemble of 50 surrogates

with twice the standard deviation representing another background climate state with more

pronounced extreme events denoted 20CRx2.

2.4 Model initialization

The ice sheet model is initialized prior to the experiments with the inter-annual temperature

time series. As a �rst step in the model initialization, the ice sheet model is run for 50 ka

forced with the 12-month climatology at 9:6 km resolution followed by a 20 ka run at 4:8 km

resolution to obtain a state-state Greenland Ice Sheet close to equilibrium. The steady-state

volume �uctuates around equilibrium with a standard deviation of 2:95 mm SLE for the 9:6 km

resolution and 0:33 mm mm SLE for the 4:8 km resolution. As mentioned above, we restrict
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Figure 3.2: (a) Observed ice sheet thicknesses of the Greenland Ice Sheet (Morlighem et al., 2017). (b) Changes
in modeled ice sheet thickness after initializing it for 50 ka at a resolution of 9.6 km followed by 20 ka at a
resolution of 4.8 km.

Figure 3.3: Cross sections of the Greenland Ice Sheet surface elevation at 73� N going East for the initialized
ice sheet model at di�erent enhancement factors.

the ice sheet to the domain of the present-day ice sheet and remove all ice beyond the present-

day margin. This boundary condition leads to a larger amount of ice discharge compared to

observations but is required to keep the geometry of the ice sheet close to the observations. The

resulting steady-state Greenland Ice Sheet has decreased in volume to 7.07 m SLE relative to the

observed present-day GrIS. It is thinner in the interior and thicker close to the margin compared

to the observed Greenland Ice Sheet as shown in Fig. 3.2 with an overall RMSE of the elevation

di�erence between modeled and observed thickness of247 m.

The overall shape of the ice sheet depends on the SIA enhancement factor,E . As mentioned

above, we useE = 3 in our study, which overall provides the best �t to the Greenland Ice Sheet,

but we also made an additional set of runs usingE = 1 :25 to test the e�ect of the enhancement

on our results. As shown in Fig. 3.3, decreasing the softness toE = 1 :25 in the steady-state run

results in an ice sheet that is thicker than both the observed ice sheet and the one modeled with

E = 3 . Consequently, the total SMB over the Greenland Ice Sheet is 21.2 Gt a� 1 larger with

E = 1 :25 compared to E = 3 due to the surface elevation feedback; this results in an equally

larger discharge at the front, since we are investigating steady-states.
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2.5 Experiments

After the model initialization, the simulation is continued with an ensemble of runs where the

temperatures are uniformly o�set from the 12-month climatology by the two ensembles of tem-

perature surrogates. Like the ensembles of temperature surrogates, we denote the two ensembles

of Greenland Ice Sheet simulations, 20CR and 20CRx2. We run the ensembles for 10 kyrs with

a resolution of 4:8 km until the ensemble means have reached new steady states. In addition, an

unperturbed control run is also considered to assess the e�ect of the inter-annual temperature

variability.

The second experiment starts from the same initialized ice sheet as the above experiment but

with an instantaneous and uniform change in temperature forcing of [0, 0.5, 1, 1.5, 2] K in order

to assess the response of the Greenland Ice Sheet to changes in temperature with and without

inter-annual temperature variability. These simulations are all carried out over 500 years after

the instantaneous temperature change.

3 Results

3.1 Steady state

The evolution of ice volume of the two ensembles is shown in Fig. 3.4. After 10 ka, the ice volumes

are 1.9� 0.4 and 11.5� 1.4 cm SLE smaller relative to the control for the 20CR and 20CRx2

simulations, respectively, where the �rst number denotes the ensemble mean and the second

number the ensemble standard deviation. The volume changes correspond to mean elevation

changes of 1.8� 0:3 and 10.8� 1:3 m for the 20CR and 20CRx2, respectively. This shows that

the modeled ice sheet response to variability is strongly non-linear. A doubling of the variability

results in an approximately 6 times larger response.

As shown in Fig. 3.5, the temperature-variability-induced mass losses from the SMB and basal

mass balance are fully compensated by reduced discharge at the end of the simulation, resulting

in the steady states. This result shows that the increased melt in ensemble runs is being com-

pensated for by reduced discharge, i.e. a negative feedback caused by calving dynamics.

The thickness di�erence between the control run and the ensemble mean is shown in Fig. 3.6

(a) and (b) and the ensemble standard deviations in Fig. 3.6 (c) and (d). The ensemble mean

simulated ice sheet is thinner than the control run and the largest di�erence is in the north region,

but for the 20CRx2 the di�erence is also considerable on the west coast. From this, we see a

clear thinning induced by the temperature variability, especially in the North for both ensembles.

We divide the Greenland Ice Sheet into the 6 basins (Mouginot and Rignot, 2019) shown in Fig.

3.6, with their respective mean ice thickness changes listed in Table 3.1. The Northern (NO)

basin holds 11.6% of the initialized ice volume but contributes to about 40% of the mass loss

during the simulations with inter-annual variability in the temperature forcing. In contrast, the

Southeast (SE) basin holds 12.8% of the initialized ice volume but contributes only about 1% of

the total mass loss during the simulations. Fig. 3.7 shows the SMB for the control run and the
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Figure 3.4: Evolution of the Greenland Ice Sheet volume over 10 ka including the inter-annual temperature vari-
ability of 20CR (blue) and 20CRx2 (green) in the temperature forcing and without the inter-annual temperature
variability (red). The blue and green solid lines denote the average of the simulations in each ensemble while the
light and dark-shaded areas denote the range and the standard deviation of the ensembles, respectively.

Figure 3.5: Evolution of the sum of the surface mass balance and the basal mass balance (SMB+BMB) (solid),
and of discharge (dashed) over the Greenland Ice Sheet over 10 ka including the inter-annual temperature vari-
ability of 20CR (blue) and 20CRx2 (green) in the temperature forcing and without the inter-annual temperature
variability (red). The solid and dashed lines denote the average of the simulations in each ensemble while the
light and dark-shaded areas denote the standard deviation of the ensembles of the SMB+BMB and the discharge,
respectively. Both observables have been smoothed with a 500 year running mean.

ensemble mean for the �rst 10 years. The distribution of mass loss negatively correlates with the

SMB, i.e., areas with high mass loss correspond to areas with a low SMB.

The e�ect of including climate variability on the Greenland Ice Sheet volume is similar for the

E = 1 :25 runs compared to theE = 3 runs; the mean ensemble ice volume is 2.0� 0.4 cm smaller

for the 20CR run and 8.8� 0.9 cm smaller for the 20CRx2 run compared to the control simulation

with E = 1 :25.

We also tested a uniform variability over Greenland, following Mikkelsen et al. (2018), which

resulted in a slightly larger e�ect.

3.2 Response to instantaneous changes in temperature forcing

The transient behavior of the simulations when forced with an instantaneous change in the

temperature forcing, with and without the inter-annual variability is shown in Fig. 3.8 where

the average rate of change in mass for the �rst 100, 300, and 500 years are shown. The mass
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Figure 3.6: Ensemble mean ice sheet thickness deviations with respect to the control run for 20CR (a) and
20CRx2 (b) and ensemble standard deviations for 20CR (c) and 20CRx2 (d).

Basin Control 20CR 20CRx2
SLE Rel � SLE � h Rel � SLE � h Rel

NW 1.10 m 15.5 % �2.5� 0.7 mm �3.6 � 1.1 m 12.6 % �16.8� 2.6 mm �24.4 � 3.8 m 14.6 %
CW 1.25 m 17.7 % �1.8� 0.4 mm �3.1 � 0.6 m 9.3 % �8.2� 1.3 mm �14.0 � 2.2 m 7.1 %
SW 0.80 m 11.3 % �1.0� 0.4 mm �1.7 � 0.8 m 4.9 % �4.6� 1.5 mm �8.3 � 2.7 m 4.0 %
SE 0.90 m 12.8 % �0.2� 0.4 mm �0.3 � 0.5 m 1.0 % �1.5� 1.0 mm �2.1 � 1.4 m 1.3 %
NE 2.14 m 30.4 % �6.0� 0.8 mm �5.0 � 0.6 m 31.0 % �36.4� 3.5 mm �30.3 � 2.9 m 31.6 %
NO 0.82 m 11.6 % �7.8� 0.9 mm �13.1 � 1.5 m 39.8 % �44.6� 4.6 mm �75.7 � 7.7 m 38.7 %
Total 7.06 m 100.0 % �19.5� 3.6 mm �1.8 � 0.3 m 100.0 % �115.2� 13.9 mm �10.8� 1.3 m 100.0 %

Table 3.1: The SLE volumes of each basin at the end of the control run and the average volume loss of the two
ensembles in SLE (� SLE), average elevation deviation ( � h) and percentage of total volume loss (Rel).
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loss rate increases with increasing temperature step. For the �rst 100 years, the average rate of

mass loss per degree warming is approximately 0.15 mm SLE a� 1 K � 1 for the control run, and

0.014�0.17 mm SLE a� 1 higher than the control run when adding the inter-annual variability in

the temperature forcing depending on the size of the temperature step. For the 20CRx2, the rate

of change in mass is almost twice as large as the rate of the control run. For each experiment with

an instantaneous change in temperature, the control run lies within the range of the ensemble

runs for the �rst 100 years, close to the lower bound of mass loss rate of the 20CR runs for

the 300 and 500 years, and below the mass loss rates of the 20CRx2 runs for the 300 and 500

years.

4 Discussion

In this study, we investigate the e�ect of climate variability on the steady-state volume of the

Greenland ice sheet. Most models in the ISMIP6 study had a mass loss lower than observed

over the historical period (Goelzer et al., 2020). In some cases, this di�erence could be explained

by the fact that climate forcing over the historical period did not include climate variability on

interannual and decadal timescales, but the e�ect from the historical mass loss being inaccurate

was e�ectively removed by considering only the di�erence from a control run (Goelzer et al.,

2020). In order to improve projections of the ice sheet mass loss, one step could be to include

the observed variability in the forcings over the historical period in order to improve the model

initialization. Our results provide a quanti�ed assessment of this e�ect.

The main goal of our study was to revise the previous results for a simpli�ed Greenland Ice Sheet

(Mikkelsen et al., 2018) by considering a more appropriate state-of-the-art ice �ow model for the

GrIS. We found that the total volume of the Greenland Ice Sheet is reduced by 1.9� 0.4 cm SLE

after 10 ka when including the inter-annual variability of the 20CR in temperature forcing. This

is much less than the result of 0.5�1 m in Mikkelsen et al. (2018), showing that a more complex

model in our study, including ice-�ow dynamical feedback, reduces the e�ect of temperature

variability on the ice sheet volume. Our study di�ers from Mikkelsen et al. (2018) by the

complexity of the ice sheet model. They use a simpli�ed model (Oerlemans, 2003), assuming that

ice �ows as perfectly plastic material and that the ice sheet is axially symmetric with a bedrock

that slopes linearly downward. They coupled their model to atmospheric variations only by

changing the equilibrium line altitude linearly according to variations in global temperature and

then calculating the corresponding change in the steady-state volume. The simpli�ed ice sheet

model used by Mikkelsen et al. (2018) does not have ice-ocean interaction or calving included,

a process that plays a signi�cant role for the GrIS, where only half of the mass loss is due to

ablation (The IMBIE Team, 2020).

In our model setup, the in�uence of inter-annual temperature variability on the total mass

balance of the Greenland Ice Sheet is reduced by ice discharge, since an increase in the melt due

to temperature variability will result in thinning resulting in reduced discharge. The feedback

from discharge to the mass loss induced by including inter-annual temperature variability is thus

negative. This negative feedback is not accounted for in the study by Mikkelsen et al. (2018),
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