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ABSTRACT

In this thesis, aspects of fluid flow with disordered interfaces are investigated by numerical
and theoretical means, and their relations to geophysically relevant systems are discussed.
The research output consists of physical models, numerical methods and tools, and
applications of the models and methods to problems ranging from the pore to the pipe
scale.

A part of the work focuses on single-phase fluid flow. In order to address the
universality class of the laminar—turbulent transition in pipe flow, particle-based models
for the interaction between turbulent domains are introduced. To illuminate the joint
effects of a disordered geometry and fluid inertia on macroscopic transport properties,
transitional flow in rough fractures is investigated by direct numerical simulations. In
the limit of creeping flow, the coupling between flow and stress in dissolving porous
rock is studied.

The remainder of the work concerns flows where the effects of a second phase,
chemical transport, and electric fields, are included. Models for such electrohydrodynamic
and two-phase flows are analysed herein. Furthermore, efficient numerical methods are
developed both for single- and two-phase electrohydrodynamic flow, and a simulation
framework, based on a diffuse-interface model, is introduced to facilitate simulation of
phenomena including wetting at the pore scale and microfluidic devices.

DANSK RESUME

I denne athandling underseges aspekter af veeskestremning med uordnede greenseflader i numeriske og
teoretiske termer. Forskningsresultaterne bestar af fysiske modeller, numeriske metoder og veerktgjer samt
anvendelser af modellerne og metoderne til problemer, der speender fra pore- til rgrskala.

En del af arbejdet fokuserer pa enfasestremning. For at undersgge universalitetsklassen for overgangen
fra lamineer til turbulent stremning i rer, introduceres partikelbaserede modeller for interaktionen mellem
turbulente domeener. For at belyse den koblede virkning af en uordnet geometri og vaeskens inerti pa de
makroskopiske transportegenskaber, underseges stremning ved den turbulente overgang i ru spreekke ved
hjeelp af direkte numerisk simulering. I grensen af krybende stremning undersgges forbindelsen mellem
stremning og speending i porese stenarter der undergar oplgsning.

Resten af arbejdet beskeeftiger sig med stremning, hvor virkningerne af en anden fase, kemisk transport
og elektriske felter er inkluderet. Modeller af sadan elektrohydrodynamisk stremning og tofasestremning
analyseres. Yderligere udvikles effektive numeriske metoder til bade en og to faser, og et simuleringsveerktej
baseret pa en diffus-greenseflademodel, indfert for at muliggere simulering af feenomener som veedning pa
poreskala og mikrofluidiske indretninger.
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INTRODUCTION

1.1 A CONTEMPORARY SURVEY OF FLUID NATURAL RESOURCES

How do fluids flow through rocks? Answers to this blunt question are not simple and
straightforward, but the advances made by humanity in addressing this question has
had widespread consequences for the standard of living in the 21 century. From the
moment you wake up in the morning and brew yourself a cup of coffee, you enjoy the
fruits of fluid flow in porous media.

From a purely geophysical perspective, fluid circulation from the mantle to the
atmosphere shapes the world around us. In porous rocks, fluid flow is an important
factor for pattern formation and rock weathering[?'%], as it controls mineral transport
and heat flow from the nanoscale to the field scale®®]. Deformation coupled to fluid
flow is also tightly connected with the triggering of earthquakes [171:303384409] Hence,
understanding the intimate coupling between fluid flow, reaction and deformation of
rocks is crucial for understanding how patterns form in nature and how sceneries are
sculpted.

From a more industrial point of view, many of the Earth’s most desired natural re-
sources are found below the surface, in a liquid state of matter in porous rock formations.
Freshwater stored in aquifers, i.e. underground water-bearing rock formations, is an
essential natural resource. Groundwater accounts for roughly a third of the available

4071 and has served to keep the author, among others,

freshwater resources in the world[
hydrated during the last three years. Due to food production requirements for a rapidly
growing global population, many groundwater resources are becoming depleted !4, Un-
sustainable harvesting of groundwater may not only have dire consequences for drinking
and irrigation purposes, but may also reduce the integrity of rock formations . Simul-
taneously, human activity has led to unintended groundwater contamination('®*].! In ' As anyone knows who has
fact, the scarcity of drinkable water (being in surface or subsurface reservoirs) represents seen the movie Erin Brock-
such a fundamental issue that it can trigger future wars.? In this respect, technological ovich (2000).
progress in desalination—roughly speaking, turning seawater into freshwater—could ’ Li%;j’s}t has in the past, see
prevent future conflicts. The downside with many current methods is that they are highly e
energy consuming.
In this respect, petroleum (oil and natural gas)—another important fluid resource
found in porous geological formations—has been a major contributor to covering the
Earth’s exploding energy consumption during the last century. At the time of writing,
petroleum accounts for more than half of the total global energy usage [*>]. Many renew-
able energy sources, such as wind and solar energy, cannot produce energy on-demand,
as both wind and sun conditions fluctuate in time and space. The only completely re-
newable energy source that can be used to provide a base load in the global electrical
grid is hydroelectricity. However, in many developed countries, the majority of available
waterfalls are already exploited [**°), at least to the point where they pose a threat to
biological diversity in and around the affected drainage systems. It thus seems clear that
hydroelectricity alone cannot compensate for the soaring demand for (green) energy in



Geothermics is another
practically renewable energy
resource, where water heated

deep in the Earth’s crust is
pumped from reservoirs to
either drive power plants or

directly heat buildings.

% And is, of course, interesting
in itself.
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the world. An alternative candidate for providing a base load is nuclear energy, where
the basic energy production process does not release CO,. Despite large reserves, unfor-
tunate accidents, most recently caused by earthquakes (Fukushima, 2011), have degraded
public and political opinion on nuclear energy and stalled development [46°],

In the advent of sufficiently large-scale renewable energy production, petroleum
will therefore remain a major source of energy. If coal is the direct alternative (as with
Germany’s phase-out of nuclear plants), oil and (in particular) natural gas appear to be the
lesser of evils. In this respect, basic knowledge of how fluid flows from the nanometer to
the basin scale is essential. A contrasting laissez-faire attitude likely leads to unforeseen
consequences such as, e.g., induced seismicity 17434 (generation of earthquakes by
human activity), and land lowering or groundwater contamination due to shale gas
extraction %),

The Paris Agreement from 2015 states that global warming should be limited to 1.5 °C
above pre-industrial levels—a goal which seems to be at odds with current trends in
energy consumption. A possible remedy from the dire consequences of continued reliance
on fossile fuels, is to reduce the net release of CO, by means of carbon capture, transport
and storage (CCS)[?*4]. The idea behind CCS is to capture the CO, where it is released,
typically at an industrial site; transport it to suitable storage sites, e.g. saline aquifers
or depleted petroleum reservoirs; and inject it into the formation through injection
wells[203260328] Injected CO, should then bind to the rock[?*!), and by that and other
trapping mechanisms [1122%3] remain permanently stored in the geological formations.
Although CCS is already being carried out in practice (e.g. in Norwegian deep saline
aquifers since 1996), many fundamental processes are not fully understood2%]. Injection
of CO, into petroleum reservoirs can be used to increase the amount of oil that can be
harnessed—called enhanced oil recovery—closing the circle between CCS and petroleum
production. Enhanced oil recovery is, however, usually carried out using other fluids
and water of varying salinity, surfactants, or other chemicals 2],

Taken together, fluid natural resources are essential to our existence. Knowing
how fluids flow in rocks, pipes, fractures, and other geophysical systems, can improve
safety and efficiency of energy harnessing and transport and storage of CO,.> While the
applications differ, the underlying physical mechanisms, the resulting equations, and
the methods used to investigate them, are largely similar. In these cases the results are
not limited to, e.g., a given type of rock or fluid composition, but universal or general
properties can be found which have consequences for a broad range of systems. Thus, it
makes sense to address these topics in a unified way.

1.2 SCOPE AND OBJECTIVES

The survey in the previous section is not intended to be complete, but merely to motivate
why fluid flow in disordered geometries—and in particular why the question asked at
the beginning of the chapter—is relevant.

The present thesis does not mainly concern specific applications, but addresses
instead the general physical concepts behind the applications, using theory and numerical
simulations. A recurrent theme in this thesis is flow resistance, or conversely, permeability.
In most applications, it is desirable to minimize the driving force needed to sustain a
certain flow rate; that is, to maximize the permeability. This holds valid for flow across
several scales; from the pore scale, through networks of pores and fractures, to the
corrugated internal surface of a pipe. Complex interfaces, between either a solid and
a fluid phase, or between two fluid phases, also have consequences for flow resistance
on macroscopic scales, and are not fully understood. Physical processes such as ion
migration and surface charges inducing an electric field, may influence flow properties
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even on large scales.

As an illustrative example, consider Fig. 1.1 where we show a schematic dead-end
pore wherein an amount of “oil” is stuck. Above the pore, another phase a shear flow
of “water” is imposed, and the two phases are taken to be immiscible. This is a basic
example of a multiphase system with complex interfaces, where a solid phase provides a
disordered confining geometry and the two liquid phases interact nonlinearly.

To both a petroleum engineer (seeking to harness the oil) and an environmental
remediator (seeking to decontaminate the soil), it would be desirable to get the oil out of
the pore. As the water flows above it, however, the droplet remains stuck in its dead-end
pore. Two apparent suggestions on how to get the droplet out are the following:

« Increase the flow rate, i.e., the effect of inertia.

« Account for the effect of ions in the solution and the electric field due to surface
charges on the pore walls, i.e., include electrohydrodynamics (EHD).

The scope of this thesis is rather broad, and it aims to address effects on flow typically
present in geologically relevant systems—in particular, the roles of inertia, disordered
interfaces, and the effect of surface charges and ionic solutions.

Using continuum-scale descriptions, these effects are investigated on scales from
a single pore, through fractures and pore networks, to pipe flow. As these scales span
roughly from sub-micrometer to the kilometer scale, it is clear that this thesis cannot
cover all aspects of flow in this range. Hence, the objectives can (in some retrospect) be
summarized as the following:

1. Develop and analyse physically consistent continuum-scale models for single- and
two-phase flow in geophyisically relevant systems, including solute transport and
electric fields.

2. Develop methods for simulating such models, predominantly using the finite
element method.

3. Apply the developed models and methods to studying flows with complex inter-
faces.

In particular, both models and methods are developed, and studies are carried out.

Although the broad, overarching question was posed already in the first sentence
of this chapter, the more specific physical research questions in this thesis include the
following:

« How does a disordered geometry influence the macroscopic transport properties
of geophysically relevant media?

FIGURE 1.1: A conceptual
dead-end pore filled with con-
ceptual oil, while water is
flowing above. A slight dis-
tortion of the oil surface is
observed, but the oil remains
stuck in the pore. (Figure
courtesy of A. Bolet.)



TABLE 1.1: How the dif-
ferent papers comprising this
thesis relate to each other.
The overview indicates in-
cluded physical effects and
novelties in the appended pa-
pers. The papers are grouped
according to the summary in
chapter 5.
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« What is the combined effect of inertia and a disordered geometry?

« How do charged surfaces and ions in solution influence the wetting behaviour and
macroscopic flow properties in disordered geometries?

Progress towards answering these questions is presented in this thesis. Moreover, nu-
merical methods and software are developed that can help gaining even more insights
into these questions in the future.

The results are primarily given in the papers that make up the thesis. Summaries
of these and more specified research questions are given in chapter 5, along with some
complementary information. In Table 1.1, the interested reader will find a simple overview
of how the appended papers relate to each other.

Paper Phases Scale Including Novelty

1 2 Pore Fracture Pipe Inertia EHD Model Method Study

Turbulent fronts in pipe flow (section 5.1)

1 v v v v v v
Flow in fractured and porous media (section 5.2)

2 v v v v

3 v v v v
Electrohydrodynamics (section 5.3)

4 v v v v v v

5 v v v v v v v

6 v oV v v v v

7 v v v v v
Homogenized models for two-phase flow (section 5.4)

8 v v v v

9 v v v v v v

1.3 APPLICATIONS TO OTHER FIELDS

Obviously, although the results presented in this thesis have in common that they are
related to geophysics, the results are by no means limited to such systems. Below follows
a brief and incomplete list of topics to which the results presented here may be of
relevance.

+ Microfluidics: The coupling of two-phase fluid flow and electrochemistry prob-
ably has even more applications within micro-74418] and nanofluidics[*°®! than
in geophysics. Technological applications span from fabricating microelectrome-
chanical devices [24%-301:41%] electronic displays [¥7-%183210] desalination devices 411,

inkjet printing, and more.

« Phase separation: Two-phase systems with electric fields and chemical effects
have applications to electrocoalescers, i.e., devices used to separate water and
crude oils in emulsions (1352801,

+ Biology: Unsteady, inertial flow in disordered geometries, e.g. rough pipes, has
applications to how blood flows in our bodies. In particular, inertial effects are
important in the larger artieries; in the aorta the Reynolds number (see next
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chapter) is around 4000[238] which is far beyond the point where turbulence arises

in smooth pipes or tubes?,

Moreover, electrohydrodynamic (or at least electrokinetic) effects control how
fluid is transported in the brain[1*], and how neural signals propagate [?81:416] As
another unexpected link, the Barkley model 3] that describes the turbulent
transition in pipe flow as an excitable medium, is inspired by models for nerve
signals.

Multiphase porous flows and poroelasticity is also relevant in biological tissue, e.g.
in the dynamics of cancerous invasions 401,

« Nuclear engineering: Many of the models for two-phase flow that are now
extensively used for petroleum and CO, transport, have not only applications to,
but actually their origin in, nuclear engineering?#4l; where they describe the
flow of the working fluid (heated in the nuclear reactors) used to drive the steam
turbines that produce electricity.

+ Semiconductor physics: The equations of electrohydrodynamics, in particular
the Nernst-Planck equations, find wide use in semiconductor physics[®1268] At
least through the use and development of numerical methods, these fields could
find common ground.

« Food industry: Foams, sauces (some of which are oil-in water emulsions), milk,
etc., are all realizations of two-phase flow with chemical interactions, and thus
relevant to the present work.

Finally, we return to the first paragraph of the chapter, and to the freshly brewed
cup of coffee that you might enjoy in the morning. Consolidated, grinded coffee
is perhaps the archetypical example of a porous medium. In the art of coffee
making, a multitude of physical and chemical processes are at play and must be
controlled. Influenced by gravity, one fluid (water) intrudes and displaces the other
(air) within the porous medium, the porous medium deforms, chemical reactions
and diffusion (extraction) occur, and heat flows through the system; but still you are
likely left with a reproducible cup of coffee.? Adding the socio-economic aspects
of cultivating coffee to the picture (e.g. freshwater requirements, global export),
makes it clear that coffee brewing is a far too complicated task to take on in this
project. We will therefore leave it to the baristas, for now.>

1.4 STRUCTURE OF THE THESIS

The structure of this thesis is as follows. Chapter 1, which you are now reading, is
an attempt to put the topics of this thesis into a broader context, without diving into
too specific details; and in a broad sense to motivate the work presented. Chapter 2
gives an overview of historical development, phenomenology, and the state of the art of
the topics involved. Chapter 3 deals with the physical models employed in the present
work. In chapter 4, an overview is given of the numerical methods, spatial and temporal
discretization strategies, and numerical software employed and developed in this work.
In chapter 5, brief summaries of the research articles that comprise the results of this
thesis are given. Finally, chapter 6 concludes and points to future avenues of research.
The research papers are collated in appendix A.

* For a popular-science based
introduction to coffee brew-
ing, see (8],

> Perhaps, some day, coffee
brewing will be the subject of
a Horizon 2020 Initial Train-
ing Network.
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BACKGROUND

2.1 BRIEF HISTORICAL DEVELOPMENT AND PHENOMENOLOGY

The Navier—Stokes equations, which can be stated for an incompressible fluid evolving
in space x and time ¢, as

p(Ou+u-Vu) — pVia = —Vp, (2.1a)
V-u=0, (2.1b)

are at the heart of this thesis. Equation (2.1) describes the velocity u(x, t) and pressure
p(x,t) of a fluid of constant density p and dynamic viscosity p. The left hand side of
eq. (2.1a) constitutes a balance between intertial forces, represented by the parenthesis
term, and viscous forces, represented by the last term. Roughly speaking, the viscous
term dampens out fluctuations, and when it dominates over the inertial term, the flow
field tends to be smooth and predictable, i.e. laminar, much like the flow of syrup under
calm breakfast conditions. Conversely, when the inertial term dominates, fluctuations
may be enhanced rather than dampened, eventually leading to unsteady and irregular
flow patterns—colloquially termed turbulence. Such flows can be observed (under the
same breakfast conditions) by vigorously pouring milk into your coffee, leading to the
formation of unsteady swirls, or turbulent eddies. This simple physical experiment is
shown in fig. 2.1 (b). The eddies eventually decay, as the viscous term takes its toll, when
you stop injecting energy.

(a) (b)

138] Navier [**] with the improvements of

Building on work by, among others, Euler!
Stokes[192423] arrived at the equations (2.1) which bear their name. However, scientific
investigations of fluid dynamics predate these, as will become apparent below. As
an example, the first recorded sketch and description of turbulent eddies is due to da

Vinci 22, The following account is neither complete (reference is given to more elaborate

FIGURE 2.1: Different
flow regimes related to cof-
fee. (a) Creeping flow (Re <
1) through a consolidated
porous medium during the
brewing process. (b) Turbu-
lent flow (Re >> 1) triggered
by pouring of milk into a cup
of coffee. Turbulent eddies
can be observed. (Photos by
Linn Helmich Pedersen.)
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texts where appropriate) nor chronological, but gives a primer on the phenomenology
and history of the themes encountered in this thesis.

In 1883, Reynolds[*®] set out to investigate the “circumstances which determine
whether the motion of water shall be direct or sinuous,” or in modern terms, what
conditions determine whether flow in pipes is laminar or turbulent. The investigation
led to the identification of a dimensionless number, now called the Reynolds number,

_ pud

Re , (2.2)
"

where u is the mean axial velocity and d is the pipe diameter. The number Re roughly
measures the ratio of inertial to viscous forces. Reynolds indentified Re, as the sole
parameter determining the flow regime: when Re was below a “critical” value Re, =~
2000, the flow was laminar, whereas above, it could become turbulent. In a transitional
region around Re,, the turbulence would appear as intermittent flashes, being neither
fully laminar nor turbulent. We will revisit this transitional region in section 2.1.2.

As we will see, the Reynolds number is an extremely useful quantity for all aspects
of fluid flow, giving a simple criterion for which flow regimes are relevant, and which
approximations can be made.

2.1.1 Flow in disordered media

Due to its ubiquity, flow in porous media has been a subject of scientific investigations
since the days of Euler [1113%140] Two examples of porous media are shown in fig. 2.1
(a) and in fig. 2.2 (b). A porous medium can arise as an aggregation of solid particles and
by chemical or biological processes. The resulting solid matrix contains pores that, if
connected from inlet to outlet, can allow a macroscopic flow through the system. As
a lowest-order description of its geometry, a porous medium can be characterised by
its porosity ¢. Due to the unfeasibility of analytically solving the equations of fluid
motion within the pore, much of the theory of porous media flow has been focused on
obtaining macroscopic equations for flow through representative elementary volumes.
A basic question (in e.g. hydrogeology) has thus been how to relate the flow rate q, i.e.
volumetric discharge per unit area, through a porous medium, to the imposed pressure
gradient Vp. Following pioneering work by Woltmann (48], Delesse ['7], and Fick [14°],
Darcy (1] came up with his celebrated law,

k
q=—-Vp, (2.3)
7

where k is the permeability of the porous medium. This linear relationship has a direct
link from the Re < 1 limit of the Navier—Stokes eq. (2.1), where the inertial part can be
neglected, leading to the Stokes equations,

pV2u=Vp, V-u=0. (2.4)

This is often a good approximation in porous media, where the characteristic pore diam-
eter d is exceedingly small. For a more complete historical account of the development of
the theory for porous media, see e.g.[''!]. Herein, of particular relevance to the present
thesis might be the work of Biot concerning the mechanical behaviour of fluid-saturated
solids, called poroelasticity 49523844591

Historically, much effort has been devoted to relating the permability, k in eq. (2.3),
to quantities such as the porosity ¢[°>?2. The arguably most popular such relation is
the Kozeny-Carman equation 34852371,

¢3 d2

Ea Tt

(2.5)
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(a) (b)

where d is a characteristic pore diameter. The relation (2.5) is typically applicable to
packed beds. Other common modelling choices is to use empirical power laws, k ~ ¢™
(with high exponents m) suitable for soils!">?], or exponential forms, cf.[131].

Darcy obtained eq. (2.3) (in a one-dimensional form) by empirically-based considera-
tions, but both eq. (2.3) and improvements thereof have been found by systematic means.
Homogenization techniques (e.g. volume averaging) can be used, as demonstrated by
Whitaker[46%], to derive from first principles a generalized version of eq. (2.3),

k
q=-—-Vp, (2.6)
7

where k is the permeability tensor, reflecting the fact that the discharge need not be
directed parallel to the pressure gradient. For non-negligible inertia (moderate Re),
empirical corrections eq. (2.3) are due to e.g. Forchheimer(**] and Ergun('**], who both
on empirical grounds proposed to add a positive term  p|q|q (where p is still the
density), to the left hand side of eq. (2.3)[">#'?]. A more general power-law description
o p|q|™q (where n is an empirical exponent) is due to Izbash 2], Correction terms can
also be found by homogenization, see e.g.[*®l for the Forcheimer term above, which is
valid for strong inertia. For weaker inertia, Mei and Auriault(?**! found a correction term
o |q|2q*?). Early disputes concerned whether the departure from the linear Darcy law
was due to turbulence, but careful analysis has shown that this is not a necessity (see
section I in[?43]),

In crustal rock, the permeability is often so low that the fluid transport is not con-
trolled by the microscopic pore size distribution, but takes place mainly in fracture
networks spanning large scales[*%273°], To estimate the macroscopic permeability
of such rocks, a description of both the fracture network topology and of the single
fractures is necessary. An intriguing property of fracture surfaces is that they display
scale-invariance. In particular, they are self-affinel®!, i.e. the fracture surface z = h(z,y)
is statistically invariant under the transformation

T AT, y— ANy, z— N2, (2.7)

or h(z,y) ~ A"Hh(A\z, \y) in a statistical sense (214, Here, H is called the Hurst
exponent, characterizing how correlated the surface is, and A is a real number. The expo-
nent H = 0.8 has been shown to hold for both synthetic and natural three-dimensional

FIGURE 2.2: Examples of
rough and porous systems
in nature. (a) Rough stylo-
lite surface. (b) Sample of a
reservoir rock (Fontainebleu
sandstone), imaged by X-
ray microtomography. The
blue color indicates poros-
ity. (Courtesy of Frangois Re-
nard.)

When both the porous rock
and the fracture network
contribute to permeability,
so-called dual-porosity
models are often applied,
where voids can correspond
to either pores or

fractures 2],



® Similar to the effect that can
lead to atherosclerosis in ar-
teries.

12 CHAPTER 2. BACKGROUND

fractures in a wide range of materials [61,62,282.398] There are, however, notable exceptions,
such as in sandstones (H ~ 0.6)*¢4] and in glassy ceramics (H ~ 0.4)%333],
Classically, a fracture geometry was approximated by two parallel plates separated
by a constant separation d, which amounts to so-called plane Poiseuille flow where an
analytical solution is available—often termed the parallel plate law. Improvements to
the latter can be found when the flow is creeping (Re < 1), and the in-plane length
scale of the height variations is much larger than the local fracture aperture d(x,y)
(here, the local distance between the upper surface zpyax and the lower surface zpiy). In
particular, the lubrication approximation can be used. Defining the aperture-averaged flux

by Q = fzirz:"(xy?; u(z,y, z) dz, a variant of the Darcy equation (cf. eq. (2.3)) arises (336],
d3
Q- Ty (2.8)
124

Equation (2.8) is commonly termed the local cubic law (LCL)[#?! due to the (local) presence
of the d? term. The parallel plate law is given by eq. (2.8) with a constant d. Generaliza-
tions to eq. (2.8) for the case of non-neglible inertia in the lines of Forchheimer 1% are
commonly applied#'?]. By imposing conservation of mass, i.e. V - Q = 0, the velocity
can be eliminated, which yields the Reynolds equation [*!]

V - (d*(z,y)Vp) =0, (2.9)

which has been of extensive use in the literature. However, once the roughness varies
abruptly over small length scales, the lubrication approximation is inapplicable. Mod-
elling approaches for flow in fractured rock were reviewed by Zimmerman and Yeo [434],
and on somewhat larger scales by Berre et al.[4?]

In general, increasing inertia, and decreasing permeability, is associated with in-
creased energy dissipation or equivalently pressure loss (or hydraulic head loss). Since
this is often unsought in industrial settings, flow in fractures is scientifically closely
connected to flow in pipes, with smooth or rough internal surfaces. All industrial pipes
are rough on some microscopic scale!), and in many cases (such as in geothermics)
transport supersaturated aqueous solutions that lead to precipitation patterns on the
pipe walls; a phenomenon known as scaling!!74. Scaling increases flow resistance and
can lead to clogging.®

Efforts to estimate the friction loss, or conversely, the permeability, in pipes and
channels date back at least to measurements by French hydrologists Chézy and Prony in
the early 18th century (see[’!). Poiseuille ***] and Hagen['””) independently empirically
found the relation between flow rate, pressure gradient, and tube dimensioms for laminar
flow in smooth tubes (now known as Hagen—Poiseille flow, see (>l for a more complete
historical account), which can be summarized as

d2
= @’VPL (2.10)

where u is the mean velocity and R is the tube radius. Weisbach[4] collected results
from several experiments and proposed to write the relation in the following form,
known as the Darcy-Weisbach equation,

1.2
2PU

Vpl = (2.11)

where the dimensionless quantity fp is called the Darcy friction factor (due to improved
experiments by Darcy [1°7)). The Fanning[1#4] friction factor fr, which is also often used,
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is simply frp = fp/4. For turbulent flow in smooth pipes, Blasius, a student of Prandtl,
found the scaling f ~ Re /4 for large Re. Rough pipes turned out to be more elusive.
Nikuradse [3%], another student of Prandtl, carried out an impressive range of experi-
ments, where the interior of pipes were coated with sand of a characteristic particle size,
i.e. roughness size, . From his data, spanning many decades in Re and several roughness
sizes, it could be seen that the friction factor fp stabilized at a certain value for hight
Re. This asymptotic value displays the Strickler scaling fp ~ (r/d)/3[164424] In the
years following, e.g., Colebrook and White [°°] provided experiments with less uniform
roughness. With the introduction and resultant popularity of the Moody diagram [*1¢]
(which plots fp as a function of Re), the Darcy-Weisbach equation (2.11) and the Darcy
friction factor fp became the accepted way of expressing friction in pipe flow ", The
data from Nikuradse’s experiments are plotted in a Moody diagram in fig. 2.4 (e), showing
the friction factor fp as a function of Re for varying roughness. Much research has been
directed into attempts to connect the empirical laws to fully developed turbulence; in
particular recently due to the evident connection to dynamical critical phenomena from
statistical physics 1041651, The fully-developed limit will not be a focus of this thesis;
rather we will be focused in coming sections on the transition region from laminar flow to
turbulence. This region is indicated as the crossover region between laminar and Blasius
scaling in fig. 2.4 (e).

Having taken a detour into high-velocity flows with disordered boundaries, we now
return to the pore network scale. The perhaps most obvious contribution from the
statistical physics community to flow in porous and fractured media has been to draw
attention towards spatial (or temporal) fluctuations, e.g. in porosity and velocity, instead
of the average quantities. In this respect, percolation is a conceptually important class
of models. These models were originally devised by Flory!'>>] and Stockmayer [42?]
describe polymers. The application to porous flows was pioneered by Broadbent and
Hammersley [7°], who coined the name due to its resemblance to the phenomena taking
place in a coffee percolator[**). The basic variant of percolation considers a lattice with
sites (site percolation) or bonds (bond percolation) that all can be open with a probability s.
The analogy to a porous medium is striking, both on the level of pores and single fractures
in a fracture network—s being analogous to porosity. A comparison between flow in
porous rock and a percolation cluster is shown in fig. 2.3 (a) and (b). At a certain value
s = S, there appears a connected path through the system from one end to the other, and
the system is permeable. Continuing the analogy to porous media flow, it is clear (from
conservation of mass) that the same flux of fluid must pass through any cross-section,
implying that in sych systems, close to s, the local velocities will vary by orders of
magnitude. This is illustrated in fig. 2.3 (b). Considering s as a control parameter, and the
percolation probability P(s) as the order parameter, the system exchibits a continuous
phase transition at s., with associated critical exponents. A thorough introduction to
percolation can be found in the book by Stauffer and Aharony!*?°] and their many
applications and implications for flow in rocks have been reviewed by Sahimi 3% 311,

to

FIGURE 2.3:  Variations
over percolation. (a) Numeri-
cally resolved flow through a
porous rock sample, from 1.
(b) Bond percolation on a
hexagonal lattice, slightly
above the percolation thresh-
old. The percolating clus-
ter was extracted, Darcy’s
law was assumed to hold
for each bond, and a pres-
sure drop was imposed from
top to bottom. The pres-
sure is shown in the back-
ground color coding (lighter
is higher). The collection
of squiggly dark lines is the
conducting part of the clus-
ter, i.e. the percolation back-
bone. (c) Directed percola-
tion model, below the critical
point (blue are active sites).
(d) Spatio-temporal dynamics
of puffs (blue), slightly below
criticality, in the experiments
by Mukund and Hof!*¥,
(Reprinted from %]



FIGURE 2.4: From lam-
inar to turbulent flow in
pipes. Figures (a)-(d) show
the four flow regimes of sin-
gle phase pipe flow, for in-
creasing Reynolds number
Re. Figure (e) shows the
data from the seminal exper-
iments by Nikuradse **! re-
plotted in a Moody diagram.
Here, the Darcy friction fac-
tor fp is plotted against
Re, k is a roughness ampli-
tude and R is the pipe ra-
The laminar scaling
fo ~ Re 1, corresponding
to (a), and the Blasius scaling
fo ~ Re /4 correspond-
ing to (d) are indicated as
dashed lines. Additionally,
the region of transitional flow,
where (b) and (c) belong, is in-
dicated, along with the criti-
cal point Rex, measured by
Avila et al. [23], where solitary
puffs are equally likely to split
as to decay.

dius.
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Several versions of percolation models beyond the basic ones apply to porous media,
such as invasion percolation (one phase displacing another), or gradient percolation
(in the presence of an external field). In this work, we shall mainly be acquainted with
directed percolation (DP), which is a variant of bond percolation where the bonds are
directed. Typically, one considers a 45° tilted square lattice, where the “fluid” is only
allowed to flow downwards. A realisation of directed percolation is shown in fig. 2.3 (c),
and is seen to yield a different pattern than regular percolation, cf. fig. 2.3 (c). Percolation
models have in general had important consequences for understanding fluctuations in
two-phase flow (e.g. related to imbibition and drainage) in porous media, but we will not
consider that here. For overviews of such studies, the reader is referred to the recent
thesis of Moura!3??] and references therein, or the review of pore network models by
Joekar-Niasar and Hassanizadeh [22°].

2.1.2  Pipe flow phenomenology
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We now return to Reynolds’ experiments on transitional flow in smooth pipes.
Although his investigations led to the estimate of a critical Re, the picture of the transition
between laminar flow and turbulence was not complete—and remains incomplete to this
day[?°3?7] Nevertheless, he noted that depending on how carefully the inlet conditions
were prepared, laminar flow (see fig. 2.4 (a)) could be sustained up to Re ~ 13000. That,
along with the identification of a critical Re below which turbulence would ultimately
decay, pointed to the fact that he already then identified the transition to turbulence
as subcritical: finite perturbations are required to trigger turbulence, and nonlinearity
drives the instability that ultimately leads to turbulence. It is now generally believed that
the laminar Hagen—Poiseuille solution (see fig. 2.4 (a)) to the Navier—-Stokes equation
is linearly stable for all Re—as demonstrated in simulations up to Re =~ 107 [300392]
and underpinned by experiments[1°547°], This supports the view of the transition as a
subcritical one, and also helps explain why approaches to account for this transition using
hydrodynamic stability theory (Orr-Sommerfeldt method) have been fruitless 2], Other
shear flows, such as that in a Taylor-Couette cell (shear flow between counter-moving
cylinders), does exhibit a linear instability at finite Re, and for such systems, the global
‘period doubling’ route to turbulence by chaos theorists proved successful (see e.g.[43]).
Here, we will consider only the transition to turbulence in pipe flow. For fully developed
turbulence, consider standard textbooks on the topic (e.g. [313’440]), and for the transition
in shear flows in general, consider the reviews by Manneville [283 2841,

Reynolds noted that around the critical point, turbulence did not rise uniformly, but
occurred as intermittent “flashes,” which are now usually termed turbulent puffs and slugs.
These structures are shown, respectively, in fig. 2.4 (b) and (c). This underpins the notion
that transitional flow does not consist of a diffuse mix of laminar flow and turbulence,
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but rather as a spatial and temporal distribution of relatively sharply separated domains
of either turbulence or laminar flow. Puffs are arrowhead-shaped patches of localized
turbulence that travel downstream at approximately the mean velocity of the flow. A
turbulent puff is separated upstream from laminar flow by a sharp interface, leading to
early analogies to gas-liquid phase transitions?*747% ' At the downstream front the flow
more gradually relaminarises, eventually reaching the Hagen—Poiseuille profile (unless a
trailing puff comes along). The puffs may either split or decay spontaneously. During
puff splitting, a daughter puff is created at the downstream end of a mother puff(232%:471],
leading to two coexisting puffs, and accordingly a higher fraction of the pipe being in
a turbulent state. At low Re, puffs are more likely to decay than to split, whereas for
higher Re, they are more likely to split than to decay. Evidently, for (spatially localized)
puffs, the upstream front travels at the same net speed as the downstream one. At a
certain second critical Re, the downstream puff starts to move faster than the upstream
front, and single puffs start to expand. These expanding puffs are known as slugs. When
the downstream front is characterized by gradual relaminarization, the slugs are termed
weak slugs, whereas when the Re is sufficiently high for the downstream edge to invade
the laminar flow as aggressively as the upstream front, the slugs are termed strong slugs.
At the Reynolds where slugs are present, the entire system will be filled with turbulence;
see fig. 2.4 (d). A clear description of the transition of turbulence in pipe flow is given
by Barkley!?], and, in particular, the Barkley model[?®-3%] has given a near complete
understanding—at least qualitatively—of the dynamics that gives rise to turbulence in a
smooth pipe.

2.1.3  Two-phase flow

Two-phase flow in pipes and tubes, typically of two immiscible fluids (e.g. gas and liquid),
displays a significantly more complex phase diagram than what does single-phase flow
in the same geometries. These flows can, for example, be classified into the following
categories!®1941%7] which are also shown schematically in fig. 2.5:

- Stratified flow: The lighter phase (e.g. gas) floats on top of the liquid, and there is
a clear interface separating the phases. Such flows occur when gravity is important
and the pipe is horizontal or inclined from vertical.

« Dispersed flow: One of the phases is dispersed in the other, as small bubbles,
drops or droplets.’

« Annular flow: The lighter phase flows through the center of the pipe, while the
other phase flows along the walls.

+ Slug flow: Alternating, unsteady, intermittent flow of extended bubbles of one
fluid, intersped by the other phase.

In addition to the fact that turbulence can occur in both phases, the phenomena are further
complicated by the existence of surface forces on the fluid-fluid interface. Nevertheless,
accurate phenomenological descriptions of the thermophysical properties of two-phase
mixtures transported in tubes is of critical importance for an impressively wide range of
applications, including nuclear reactors), heat exchangers, petroleum production!!]
and CO, transport!®?8]. As a first-principles simulation of the complex interface is
generally unachievable for large systems, experimentally based correlations are usually
employed in simulations %), These correlations are algebraic expressions that relate
the macroscopic heat transfer, friction, etc., to dimensionless parameters describing the
flow. In two-phase flow, there can be several other dimensionless parameters than the
Reynolds number Re which control the flow. Some of these are:

e =]

(a) Stratified flow

B .o. ' g"' -’:i“:’..;’-};’
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(b) Dispersed flow

—

(c) Annular flow

(d) Slug flow

FIGURE 2.5: The author’s
impression of the four flow
regimes listed in the text.

7 Droplet means ‘small drop’
and typically refers to a drop
less than 500 pm in size.



FIGURE 2.6: Wetting. (a)
A droplet wetting a substrate,
where the contact angle 6 is
indicated. A close-up of the
force balance at the contact
line is shown. (b) An elec-
trowetting setup, reprinted
from ™%, The setup corre-
sponds to (a), but an elec-
trolyte is added to the sur-
rounding phase, and an elec-
tric field is applied across the
system. The close-up shows
that the apparent (on scales
beyond Ap) contact angle dif-
fers from the local one, 6g.
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« The Weber number, We: inertia to surface forces,
« The Capillary number, Ca: viscous to surface forces,
 The Bond number Bo or E6tvés number Eo: buoyant to surface forces.

At smaller scales, such as in porous media (where two-phase flow was briefly in-
troduced in section 2.1.1) or when modelling individual droplets, the Reynolds number
will often be small, and a more important control parameter will then be the capillary
number Ca. As mentioned above, it measures the ratio of viscous to surface forces, and
it is defined by

Ca= 2

v

where v is a characteristic velocity, and ~y is the fluid—fluid interface tension. For flow
near solid boundaries, an essential concept is wetting, which is the ability of a liquid phase
to adhere to the surface. The wetting properties of two-phase flows are of importance in
a wealth of applications (see e.g.[°)), including in geophysics, as they are a controlling
factor e.g. oil recovery[*4. Observations of wetting and capillarity date, at least, back
to da Vinci, and the foundations of its theoretical understanding were laid by, among
others, Hauksbee 18], Young[478] Laplace[?*%], Plateau[**7], and Gibbs[16%] (see [?51)),

For a static droplet (or drop) immersed in another liquid, the Young-Laplace law
states

, (2.12)

Ap =k, (2.13)

where Ap is the pressure difference between the inside and the outside of the droplet,
and k is the curvature, which for a spherical droplet with radius R (in 3D) is given by
k = 2/ R. The wettability is often quantified through the spreading parameter S:

S=m—-+7), (2.14)
where ~; is the surface tension between the solid and the surrounding phase and 7
is that between the solid and the droplet. If S > 0, it is energetically favoured for the
droplet to wet the entire solid; in practice a thin (nanometer-sized) film will remain.
If S < 0, the droplet is partially wetting. Then, in equilibrium, the contact angle e,
which quantifies partial wettability, is given by the energy balance—or alternatively force
balance—at the three-phase contact line. This balance gives Young’s law,

M2

cos Oeq = (2.15)
Y

A droplet wetting a solid substrate is shown in fig. 2.6 (a), along with the force balance,
and the contact angle, at the contact line.
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Out of equilibrium, e.g. when a glass plate is slowly lifted out of a water bath,
the contact line may be forced to move along the solid substrate. Huh and Scriven [201]
demonstrated that blindly assuming that there is no hydrodynamic slip (which is common,
and usually valid, for the single phase case) leads to a logarithmically diverging energy
dissipation near the contact line. Thus, in their words, “not even Herakles could a
sink a solid”[%2°1] " The no-slip Navier-Stokes equations are therefore not directly
compatible with a moving contact line (MCL). Near the moving contact line, a more
precise microscopic description is needed to supplement the purely hydrodynamic model.
One way is to abandon the no-slip condition and regularize the microscopic length scale
that leads to the divergence, with a slip length; referred to as a Navier slip boundary

condition. This is compatible with the Voinov-Tanner-Cox law for Ca < 1[81:101:435455]

0~ Call3  R(t) ~t/10 (2.16)

Here, R is the radius of a droplet spreading on a substrate in time ¢, and 6 is an apparent
contact angle, valid on scales beyong the moving contact line. Equation (2.16) also
has experimental support for a range of systems(®). Other models for the moving
contact line include molecular kinetic theory®¥, and evaporation and condensation
at the fronts, which is particularly relevant for a moving liquid droplet surrounded by
its vapour®). Another complicating factor is that surfaces usually have a micro- to
macroscopic roughness or chemical inhomogeneities, which means that in the static
case there are several metastable states that locally minimize the energy, imparting
hysteresis effects4]. For a broader introduction to the field of wetting, consider the
seminal reviews by de Gennes ('3
that by Snoeijer and Andreotti

1, Leger and Joanny (%'}, and Bonn et al.[®], as well as
[415] for modelling contact line motion.

2.1.4  Electrohydrodynamics

Loosely speaking, electrohydrodynamics constitutes the joint effects of fluid flow and
solute transport in the presence of electric fields. Such effects are important within
geophysics[?7] because charged surfaces appear naturally as rocks are exposed to
water. Electrohydrodynamic effects can be harnessed for detecting seismic events or
earthquakes [*>319442] and have been suggested as a source of increased dissipation
during seismic activity *. Moreover, electrohydrodynamics is of relevance e.g. for
geothermics®”! and environmental remediation of soils or aquifers!®). In addition
to being important for the permeability of reservoirs, electrokinetic effects may be of
importance for two-phase flow, as surface charges and electric fields are known to
change the wetting properties of fluids (4382 Electrohydrodynamic effects could thus
be instrumental in the explanation of why and how oil recovery can be enhanced by
injecting water of a particular salinity 17%192],

The possibly first report of electric fields generating fluid motion was given by
Reuss [*%), who observed that clay particles moved relative to the fluid when subjected
to an electric field; an effect now known as electrophoresis. The streaming potential, i.e.
the build-up of an electric potential due to the flow of an electrolyte solution through a
charged channel, was first observed by Quincke 1. von Helmholtz[%7 %581 provided
early theoretical results explaining the ‘double layer’ at the electrolyte-solid interface,
and its role as a capacitor. Separate from this, Nernst 333321 and Planck [3%3%
albeit not together (see the review [21), on the problem of electrodiffusion. Not long after,
Smoluchowski modelled electrophoresis and streaming potential [413414] Gouy (167 1681,
and later Chapman [°°], derived the Poisson-Boltzmann equation, which gave an expres-
sion for the extent of the electrical double layer. The latter is termed the Debye length Ap,
named after Debye, who rederived it in his work with Hiickel 13116 These theoretical

I worked,



® Lippmann later went on to
win the Nobel prize for in-
venting color photography.

The controversy regarding
the share of labour between
Millikan and Fletcher is not

entered here; it suffices to
state that Fletcher’s own
recollection ™ is an
interesting read.
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descriptions formed the basis for refinements by Stern[**!], Grahame['*], and others.
A more complete historical review can be found e.g., in (34 and introductions to the
broader field of electrochemistry can be found in several books, see for example [#7:233-367],

Observations of electrohydrodynamics in two-phase fluid systems date back to the
seminal experiments by Lippmann[?7] in 1875, where he pioneered the field of electro-
capillarity, or, the study of the relationship between capillarity and electric fields [3%°] 8
Lippmann observed that the contact angle of mercury in contact with an electrolytic
solution in a capillary could be modified by applying a potential difference V) between
the mercury and the electrolyte. In particular, he found the quadratic relation

1
cos 0 = cos feq + §BV02, (2.17)

where 0 is the observed (apparent) contact angle, 0 is the equilibrium contact angle
without any applied field, typically given by eq. (2.15), and B is a phenomenological
parameter. A similar setup (on an electrode instead of in a capillary), demonstrating the
effect of imposing an electric field on the wetting properties of a single droplet, is sketched
in fig. 2.6 (b). Eq. (2.17) can also be inferred from Gibbs’ adsorption isotherm [2>7314],
This discovery not only led to the first electrocardiograph by Waller in 1887 45462 but
also laid the foundation for the field of electrowetting. Further studies were carried
out by Pellat[3>° 3511 Frumkin et al.['6%] studied wetting of an oil droplet sitting on a
mercury electrode. More recently, electrowetting-on-dielectric (EWOD) was pioneered
by Berge*#% and this technology has since found wide use in e.g. electronic dis-
plays [37:38.183.210] 'For a more complete overview of the state-of-the-art of electrowetting,
the reader is referred to the reviews by Mugele and coworkers [324-32¢],

Around 1905, it was discovered that applying electric fields to water-in-oil emulsions
(i-e. dispersed flows, cf. the start of section 2.1.3) could help speed up the deemulsification
process %] needed for the oil to become usable as fuel. This led to the invention of
the electrocoalescer by Cottrell and Speed (1% (see['%] for a brief history of the latter
invention). Recent reviews of electrocoalescence are available in the literature 2803021,

In 1913, Millikan 34! published the findings from his and Fletcher’s elegant oil drop
experiment. Oil droplets were charged and sprayed into a chamber, and by measuring
the terminal velocity with and without an electric field, they could find the charge of
a droplet. This charge turned out always to be an integer multiplum of the elementary
charge, ¢., which they could measure with (overly) high precision. This led to Millikan
receiving the Nobel prize in 1923.

Much of the early theoretical work on two-phase electrohydrodynamics was, if not
directly motivated by electrocoalescers, at least applicable to such configurations, as it was
concerned with the physics of single droplets of one liquid suspended in another. The early
models assumed that the two phases were either perfectly dielectric (non-conductive) or
perfectly conductive materials. Both these models predict a prolate deformation of the
droplet in the direction normal to the applied electric field (#3431, Careful experiments
by Allan and Mason 8], on the other hand, showed that the deformation could be either
prolate or oblate depending on the conductivities in the two phases. The conundrum was
partly resolved by Taylor 4%, In his “leaky-dielectric” model, the phases were assumed to
be weakly conducting, thus allowing a net current through the system including droplets.
This, in turn, could drive a circulation in the droplet and gives rise to interfacial stresses
that enables the oblate shape, which was shown analytically for small displacements.
The main approximation behind Taylor’s model is (1) that the electric field is strong, and
(2) that the electric double layer is vanishingly thin compared to the droplet; hence the
conductivity is taken to be constant and net charges are confined to the interface, i.e.,
diffusion of charges is neglected. When either of these assumptions are not satisfied, the
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model cannot be expected to hold quantitatively. This concerns in particular situations
with mobile charge carriers, where there can be regions of net charge, and where the
conductivity is not uniform 43381, Phenomena such as concentration polarization cannot
be captured by such models.” As an improvement over Taylor’s analytical solution
to the leaky-dielectric model, Zholkovskij et al.[*83] developed analytical expressions
for droplets with arbitrarily thick Debye layers in one of the phases (but still for small
perturbations). The latter could interpolate between the asymptotic solutions for a
perfectly dielectric and a leaky-dielectric model. Saville(3*] outlined how the leaky-
dielectric model can be derived from the basic electrokinetic equations, illuminating the
assumptions made in the process. Schnitzer and Yariv!3**! showed rigorously, building
on the work by Baygents and Saville!*?], how the leaky-dielectric model can be seen as
a limit of the full model.

2.2 STATE OF THE ART

2.2.1 Direct simulation of flow in disordered geophysical media
Pore scale simulations

The search for macroscopic transport properties such as porosity, permeability and turtu-
osity from a pore-scale description has recently become possible to address numerically,
through the development of numerical methods and improved computational facilities.
The development of the field of digital rock physics imparts calculation of flow properties,
as well as mechanical properties, from 3D images of porous samples obtained using X-ray
microtomography or other imaging techniques [14205676:488] ' Methods for numerically
simulating such flow, reviewed by Meakin and Tartakovsky[2**], has enabled simulation
of solute transport 47482263071 ' myltiphase flow **], and time-dependent evolution of
the microstructure e.g. through dissolution and precipitation kinetics *4!] Simulations
have revealed that the macroscopic behaviour is controlled by local heterogeneities 4!,
Computed elastic properties depend on the initial microstructure and change during
rock transformation processes*®’), and the preferred dissolution patterns impact the
mechanical properties and seismic wave velocities 2!,

Pore-scale simulations have revealed that there exists large (several orders of mag-
nitude) variations in local flow velocities in porous networks [44119247] and in fracture
joints 72}, Much of the information that is contained in the Eulerian velocity field can
be captured by the probability distribution function (PDF) sampled uniformly over the
pore space. Recent simulations of ensembles of synthetically generated porous media
have suggested that the velocity PDFs can be captured by either a stretched exponen-
tial (9192410 o1 a ‘power-exponential’ distribution (23]

n—1 n .
a (u%) exp [— (i) } (stretched exponential),
a exp [— (w) ] (power-exponential).

Us

P(u) = (2.18)

Here ug (peak), us (spread) and 7 (exponent) are fitted parameters that depend on
the geometry, a is a normalizaton factor, and u > 0 can refer to both the (absolute)
transveral and longitudinal component of the velocity field u, as well as to its absolute
value. Note that the two distributions have the same asymptotic behaviour for u > ws,
ie. P(u) ~ exp|—(u/us)"]. In particular, Matyka et al.[?*3] found the exponent 7 in
the power-exponential distributions for the longitudinal component and the absolute
value to be an increasing function of the porosity which interpolates between a broad
distribution (n < 1/2) at (relatively) low porosity, through exponential (7 ~ 1) and a
Gaussian distribution (n ~ 2) at high porosity. Here, the considered porosities were

° That being said, neither
could Millikan’s experiment,
since in Taylor’s model, no
droplet can have a net charge.
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in the range ¢ > 0.4, as compared to 0.2 < ¢ < 0.6 in the study of Siena et al.[#10],
who suggested a stretched exponential distribution. The latter study also encompassed
a different porous medium generation protocol. A stretched exponential distribution
can be theoretically inferred by heuristically assuming the medium to be a collection
of cylindrical pores with exponentially distributed radii, wherein the flow is given by
the Hagen-Poiseuille solution, as demonstrated by [°’]. Other studies have suggested
both exponential and Gaussian distributions for different porous systems [48:108:223.248.285]
Close to the percolation threshold, the velocity PDF obeys a power-law distribution over
several orders of magnitude, as shown in Navier—Stokes simulations in the backbone of
a site percolation network [, These observations together suggest that (i) the velocity
distributions are not a simple function of porosity alone, but that (ii) a general trend
is that a broad (power-law) distribution at low porosity (the percolation threshold) is
gradually turned into a more narrow stretched exponential, exponential, and finally
Gaussian distribution as the porosity is increased. However, these observations apply
only for porous media when flow and deformation are decoupled.

Mechanical coupling

460] considered the viscous stress associated with the flow field in a highly

Voronov et al.l
porous medium, and proposed a gamma distribution to describe the PDF of the largest
eigenvalue of the rate of strain tensor for the bulk. Pham et al.[3**] performed a similar
study on packed beds and Berea sandstone, and found a lognormal distribution of stress.
For assessing the impact of fluid stress on the state of stress in the solid, the pore-wall
stress would be more relevant. In deformable porous media, numerical simulations have
suggested that the relationship between the imposed pressure gradient and velocity
flux becomes non-linear and saturates for large pressure gradients'®°], and can impart
hysteresis effects(17¢]. Saenger et al.[*¥] studied the effect of fluid viscosity on the ef-
fective elastic parameters of rocks. Nonetheless, rocks can usually only deform very
slightly (less than 1%) before they are irreversibly damaged. Opening of microfractures
and collapse of pores lead to a non-linear evolution of porosity and permeability with
the pore pressure gradient (1), Jasinski et al.[?'*} considered the evolution of elastic
parameters and permeability of a Bentheim sandstone under small deformations, through
experiments and simulations. Lan et al.[?**] found normal (within grains) and bimodal
(at grain boundaries) distributions of principal stress in 2D discrete simulations of com-
pressing granite rock. Laubie et al.[?*] studied the stress distributions in 2D artificial
“swiss cheese” porous media. The probability density functions were found to decay
as stretched exponentials for high stresses, and the distributions broadened with the
degree of disorder. They also observed the formation of stress chains analogously to
what are known for granular packings. Other researchers have considered transient cou-
pling between the fluid flow and solid matrix through precipitation [2?2), dissolution [*2]

(thermodynamically driven morphology evolution), erosion and deposition [213214],

Fracture flow

Most numerical studies of flow in rough fractures, up until about a decade ago, have been
carried out in the regime of creeping flow, often using a lubrication approximation (i.e.
the local cubic law, eq. (2.8))[*°). The main challenge is then to relate the permeability
to the aperture field®®432]. The default assumption is to use the distance between
boundaries along the normal direction to the flow plane[*°], but this is clearly unsuitable
for situations e.g. where the surface varies sharply over short distances, or perfect fracture
joints resulting from ‘mode 1’ fracture (no shear displacement). To compensate for this
discrepancy, Mourzenko et al.[3%3] suggested the method of fitting the largest possible
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spheres at each point in the fracture to calculate the effective aperture. Brown 72} solved
the Reynolds equation (2.9) in a synthetic rough fracture and showed that wall roughness
strongly affected the transport. Méheust and Schmittbuhl [2%>,2°°] showed experimentally
and numerically (in the same lubrication paradigm) that the heterogeneity of the rough
surfaces can lead to both enhanced and inhibited flow compared to parallel plates with
the same mean separation, and is moreover dependent on the orientation of the pressure
gradient. Further, long-range correlations in the aperture fields are transmitted to the

flow fields, leading to flow channeling (27,

Gutfraind and Hansen 7>} and Zhang et al.[43?] simulated flow in 2D and 3D fractures,
respectively, beyond the lubrication approximation, considering creeping flow in 2D
self-affine channels. Drazer and Koplik ["?!] studied flow in self-affine fractures, and the
analysis was extended to 3D and compared to effective medium theory (1?2, Through
direct 3D simulations, Brush and Thomson (3] evaluated the effect of roughness and
Re on the validity of the lubrication approximation, giving explicit bounds (on Re and
roughness) on the validity range of the latter. Previous such analyses were based on an
order-of-magnitude analysis*4%]. Lo and Koplik(2*°,27°] considered both pure fluid and
suspension flow in similar geometries. Jin et al.[??*] investigated the role of roughness in
2D simulation, and found, following Talon et al.[43], three regimes for the permeability
dependency on roughness. In particular, it has been found that the permeability is often
dominated by the narrowest constriction, but this effect is more pronounced in 2D than
in 3D [412.432]

Auradou et al.[??] investigated the effect of a shear displacement on fracture walls,
comparing experiments to numerical simulations, and found that the permeability de-
pended linearly on the variance in local aperture. This effect was previously estimated
by geometric considerations**®], and may reduce permability by several orders of mag-
nitude, as shown in laboratory experiments!!?*). Flow in rough fractures imposes a
significant stress on the solid walls, as numerically demonstrated by Lo and Koplik [?70],
Boundary roughness also leads to increased solute dispersion(®4l. Other lines of re-
search concern the coupling of fluid flow to heat transfer in fractures®33-333]  solute

transport[*4], and flow in propped fractures 8],

Inertial effects on the flow properties in porous media have been considered in
2D geometries[1>16130:3%5] and in 3D spherical packings[1>71°191] suggesting that for
moderate Re, steady eddies are responsible for the quadratic deviation from Darcy flow.
Lo Jacono et al.[?”!] simulated weak inertial flow (first-order correction to Poiseuille
flow) in a rough channel, verifying the initial cubic deviation. Gutfraind and Hansen['7%]
simulated flow in a channel with one self-affine wall. High-velocity flow in a 2D self-
affine fracture joint was simulated by Skjetne et al.[4!2] up to Re = 52, who found that
the relation between pressure gradient and velocity was well described by a weak inertial
correction at low Re and a Forchheimer equation at higher Re. Cardenas et al.[3]
simulated flow and solute transport in a 2D asymmetric fracture, paying particular
attention to the role of eddies. A similar study for a larger range in Re, and for several
values of the Hurst exponent H, was carried out by Briggs et al.[°°], but display only
a weak nonlinearity and an Izbash (power-law) equation provided a better fit than
a Forchheimer equation. The Forchheimer equation also appears to be applicable to
flow of non-Newtonian fluids in 2D fractures’4]. Zou et al.[**¢] studied unsteady
flow in 2D fractures up to Re = 1000. The same authors studied steady flow in 3D
fractures up to Re = 400487) ( 4851), while Wang et al.[#9%] studied steady flow
in self-affine fractures for somewhat lower Reynolds numbers. On the experimental
side, laboratory experiments[?2°448] yield good agreement with the phenomenological
Forchheimer equation. Experimental studies of flow in fractures indicate that turbulence
sets in at lower Re for rougher fractures36*37%) In general, a “critical” Reynolds number,

see alsol
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where either (i) laminar non-linear effects (steady eddies) become apparent, or (ii) the
laminar flow field becomes linearly unstable, seems to be highly sample-dependent.
Conceptually, this is understandable for 2D geometries, where the flow is limited by the
narrowest passage along the path. In 3D, however, the flow will tend to pass around
obstacles, yielding lesser impact!4'?]. The comparative investigation of (i) and (ii) above
have been largely omitted in the literature, particularly in 3D, where most studiest have
been carried out by solving the time-independent Navier—Stokes equations. On the other
hand, the spatiotemporal dynamics of the transition to turbulence in rough channels was
recently investigated numerically by Ishida et al.[2%]. These simulations were concerned
with homogeneous small-scale roughness that could be numerically incorporated as
an effective body force near the domain walls(””], thus not enabling the possibility of
eddies deattaching from the boundary and entering into the bulk flow. Nevertheless,
their results showed spatially localized turbulent structures similar, and complementary,
to the stripes and bands observed for transitional plane Poiseuille flows. Thus, they
provide a first link between the studies of the transition to turbulence in shear flows and
the field of fracture flow, briefly introduced above.

Electrohydrodynamics in disordered media

Due to the strong inherent nonlinearity that arises when coupling the Navier-Stokes
equations to electrokinetic transport, computational studies of such phenomena have
been largely limited to two-dimensional ['>>>1] or axisymmetric geometries!?36-287] Re-
cently, a method to simulate steady-state electrohydrodynamic phenomena in nanopores
was presented by Mitscha-Baude et al.[***]. As an alternative, Obliger et al.[3*4] studied
the transport properties of a pore-network model of electrokinetic flow.

2.2.2  Directed percolation and the transition to turbulence in pipe flow

Since Reynolds performed his pipe experiment, much experimental effort has been
invested into determining the precise value of the critical Reynolds number Re, (see [*?”]
for a concise historical overview). However, it was not until the work of Avila et al.[?%]
that an unambiguous value, (approximately) free of finite-size effects and other systematic
errors, could be determined. This was done solely based on single-puff statistics. The
‘life times’ of uncorrelated single puffs are distributed exponentially, so the probability
distribution can be expressed as Py(t) ~ exp(—t/7q) where 74(Re) is a function of Re.
An equivalent distribution holds for the characteristic splitting times 7. By fitting to
experimental data, precise values of 75 and 74 could be obtained for a wide range of
Re. It turns out that both these characteristic times depend superexponentially on the
Reynolds number, i.e. like 7; ~ exp(exp(a;Re + b;)), where i € {s,d} and a;, b; are
empirically determined numerical prefactors. The dependence of the lifetime 74 on Re
can be inferred from extreme value statistics (1), When the two values are equal, i.e.
when a single puff is equally likely to decay as to spread, a critical Reynolds number
Rey can be defined. Avila et al.[?3] found a value Rey ~ 2040, strikingly close to the
value Re ~ 2000 estimated by Reynolds. The transition is, however, not fully quantified
by simply locating a critical value of the control parameter.

Pomeau [3%2] first pointed out that the spreading of turbulent spots in pipe flow had a
striking analogue to directed percolation (DP, described in section 2.1.1). In this picture,
the downward (‘flow propagation’) direction in DP must be identified as the time axis,
and the horizontal direction corresponds to the flow direction (in a co-moving reference
frame). Here, an occupied site corresponds to a coarse-grained region of turbulence, i.e.
a puff, while unoccupied sites corresponds to laminar regions. This analogy between the
rise of turbulence in pipe flow and directed percolation is seen by comparing fig. 2.3 (c) and
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(d). Like in DP, there is in transitional pipe flow a spatio-temporal competition between an
active (turbulent) state and an absorbing inactive (laminar) state. The absorbing property
of laminar flow is given by its linear stability: a laminar region must by contaminated by
a nearby puff to become turbulent; it does not turn turbulent by itself.

As a universality class, DP models have proven to be robust with respect to the details
of the microscopic interaction rules. Janssen and Grassberger 17193216 ¢onjectured that
models should belong to the DP universality class provided that they possess the following
necessary ingredients:

1. The system exhibits a continuous phase transition from a fluctuating active state
to a unique absorbing state,

2. the system is characterised by a positive one-component order parameter,
3. the system has no additional symmetries or quenched randomness,
4. there are only short-range interaction rules.

In this picture, the turbulent fraction F/, i.e. the fraction of the pipe occupied by turbu-
lence,!? fulfils the condition for being the order parameter, and the other conditions seem
also to be satisfied. Hence, Pomeau’s conjecture—a view that since has been advocated
by several others (283284 s that pipe flow belongs to the universality class of 1+1 DP
(which refers to 1 spatial and 1 temporal dimension). If this conjecture holds true, the
instantaneous turbulent fraction F}, i.e., the fraction of the pipe that is occupied by
turbulence at any time ¢, should display the dynamic power-law scaling

Fy ~t® (2.20)
at the critical Re. Close to criticality, the order parameter F' = lim;_,, F} should obey
the scaling

F ~ (Re — Re)?, (2.21)

close to the critical point. Moreover, the distributions of laminar gaps in space (¢;) and
time (¢;) should display the scalings

P(ly) ~ 0% and P({) ~ 0 (2.22)
at the critical point. The critical exponents «, 3, v,, and v; given here should be those of
1+1 DP, which are listed in table 2.1.

Finding experimental realizations of DP, even in other systems than pipe flow, has
proven to be a delicate matter.!! Lemoult et al.[?52) provided strong evidence that Couette
flow (countermoving plates, or actually countermoving cylinders with large radii and
small gap size) belongs to the 1+1 DP universality class. Experiments by Sano and
Tamai[®* indicated that plane Poiseuille flow (PPF) belongs to the universality class
of 2+1 DP (two spatial dimensions). The latter experiments hinged on grid-generated
turbulence at the inlet and were far from reaching a steady state®?”] and reported a
critical Re in disagreement with more elaborate studies!*’?). Hence the quality of their
observations is dubious. On the other hand, Chantry et al.[3°! recently provided clear
evidence that a reduced-order model of Navier-Stokes PPF, Waleffe flow, belongs to
2+1 DP. This type of flow, though less computationally requiring, contains the essential
self-sustaining mechanisms of turbulence and provides strong hints to what should be
expected in experiments.

With regard to pipe flow, Shih et al.[4%] provided a conceptual link between transi-
tional flow and predator-prey models, where zonal flow takes on the role as predator,

' In DNS or experiments, the
square of the non-axial part of
the velocity vector averaged
over the cross section, viz.

q= <u? + “§>r,e (2.19)

makes up a good indicator for
whether a region is turbulent
or not.

TABLE 2.1: Critical expo-
nents in 1+1 directed percola-

tion. Values taken from [?27,
Exponent Value
8 0.276 486(8)
Ve 1.733 847(6)
Vi 1.096 854(4)

a=2 " 0.159464(6)

1 Despite the theoretical
success, experimental
observations of DP were
lacking *" until 2+1 DP
scaling was displayed for
electrohydrodynamic
convection in nematic liquid
crystals by Takeuchi

et al.[#1],



12 The predator-prey
oscillations they observe are
not unlikely to be the result

of the feedback between
friction factor and mean flow,
which is a pronounced finite
size effect that is ubiquitous
for periodic pipes with short
lengths—see the discussion
near the end of this section.
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which could be shown to belong to DP by renormalization group methods. However,
the numerical simulations on which their model was based were incomprehensive, and
the significance of zonal flow is generally believed to be minor[?*).'? Using his model

(28 291 performed simulations which are consistent with 1+1 DP,

for pipe flow, Barkley
whereas a validation using experiments or DNS is still lacking. Mukund and Hof[%?"]
observed in 7800d long pipe experiments a discontinuous transition without signs of
scale invariance. Instead, above criticality, the system was jammed in a ‘crystalline’ state,
where puffs were approximately equidistantly spaced (at Re >~ 2060). Below, the system

would always die out (at Re ~ 2020). This points to two possible explanations:

« The DP scaling range in Re is extremely narrow, i.e. smaller than 2020 < Re <
2060 (within 2 %); or

« the transition to turbulence in pipe flow is not in the DP universality class.

[363], against his own conjecture [362], 30

The latter position was advocated by Pomeau
years after he posed it. A reason for the transition not being in the DP universality
class, could be the asymmetric interaction observed between puffs. As noted already by
Hof et al.['%] and Barkley[*], the interaction between two puffs manifests itself in the
properties of the downstream puff, while the upstream puff remains unaffected ?27. As
the downstream puff is fed less energetic flow, i.e. a more flattened profile than that of
Hagen-Poiseuille flow, the closer to the upstream puff it is, it will be more likely to decay
and less likely to split. Additionally, it will travel at a faster speed downstream, moving
away from the upstream puff. Furthermore, in the crystalline puff state, dowstream waves,
originating from colliding puffs, were observed, representing an emergent property of
puft-puff interactions.

A final point in this section concerns the friction factor for transitional flow. At the
same Re, pipe flow completely contaminated by turbulence will exhibit a higher friction
than what will a compeletely laminar flow. This is connected to the transitional region in
the Moody diagram, where the friction factor fp crosses over from the laminar branch,

where fgam) ~ Re™!, to the turbulent branch, where f](jturb) ~ Re~ /4. For flow in finite
tubes driven by a constant body force (or pressure gradient), this gives rise to a negative

feedback loop between friction and flow velocity; shown schematically:

Higher speed — More turbulence — Higher friction
T 1

Lower friction < Lessturbulence <  Lower speed

This leads to the instananeous Re being a fluctuating quantity. For sufficiently long pipes,
i.e. in the termodynamic limit, these fluctuations should vanish and the Re number can
be considered as the prescribed control parameter. For DNS, this effect must however be
accounted for.

Recent experimental work by Cerbus et al.[¥”] has shown that the friction factor in
transitional flow can be written as the linear combination

fo(Re) = Ff5"" (Re) + (1 — ) /5™ (Re), (2.23)

where F}; € [0, 1] is (still) the instantaneous turbulent fraction, which they could measure
directly from experiments. Thus, the transtional region in the Moody diagram in reality
appars directly from the spatial mixture of turbulent and laminar patches. In the steady
state, in particular close to the critical point, the behaviour of F' is expected to be
described by the universal exponents (table 2.1). This illustrates also a practical need
for a first-principles description and understanding of the dynamics, and in particular,
knowledge of whether the transition belongs to the DP universality class.
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2.2.3  Models and methods for two-phase flow
Overview of methods

Methods for modelling the flow of two immiscible fluids (components or phases) where
the detailed interface is resolved, can be classified into two groups: interface-tracking and
interface-capturing methods. In general, these methods adopt a “one-fluid” formulation,
such that the governing equations are written in terms of one continuous field [***). Some
of the most popular methods are the following:

« The volume-of-fluid (VOF) method®®”), an improvement of the now obsolete
marker-in-cell method by Harlow and Welch['7%]  is perhaps the most widely
used method for the computation of multiphase flows. Here, a marker function
(the volume fraction of one of the phases) which takes the value zero or one, is
advected in a conservative manner. The surface is then reconstructed typically
using piecewise linear interface calculation. Surface forces typically depend on
the curvature (which is found from the reconstructed surface), and are often im-
plemented using the continuous surface force (CSF) approach, which means that
the singular (‘delta function’) force on an interface is replaced by a surface force
that is smeared over a finite “interface thickness” (%], VOF conserves mass locally
very well, but provides inaccurate curvature calculation[4%7],

+ The front-tracking method for multiphase flow belongs to the class of interface-
tracking methods. Pioneered by Unverdi and Tryggvason[**], the methods con-
sists of representing the interface as a collection of connected Lagrangian markers,
i.e. a mesh of codimension 1, which is advected with the flow 358!, This method is
closely linked to the immersed boundary method, which was originally developed
for fluid-structure interaction in the heart (see ®*31). Hence, such methods may be
particularly suitable for elastic interfaces'>”], and can simulate, for example, very
low capillary number flows[4l. The method can be highly accurate, but topological
changes, such as bubble splitting and collapse, are not easily handled. This is
particularly true in 3D, where the required remeshing can be cumbersome and
deteriorate the solution. The method is also prone to numerical instabilities.

« The level-set (LS) method 3474281 (see also the review[%°1]) describes the interface
as the zero-level of a level-set function which is defined in the whole domain. This
method handles topological changes automatically, provided that the level-set
function is well-behaved. In order to do this, it must be reinitialized every few
time steps (which is based on heuristics and tends to degrade the solution)[*¢%],
Further, robust curvature calculations can be challenging (102531 Interface forces
can be included either using the ghost-fluid method (sharp inclusion of forces)
or by using the continuous surface force approach. A weakness of the level-set
method is that it does not properly conserve mass, although mitigation strategies
have been proposed.

« Lattice Boltzmann methods (LBM) %] founded on statistical mechanics and de-
veloped as a refinement of lattice-gas automata, represent a completely different
class of methods. Rather than approximating the Navier—Stokes equations, fluid
dynamics is simulated by collisions of particle distributions which obey Boltzmann
statistics (with a discrete set of velocities). Several methods are available that ex-
tend the lattice Boltzmann method to multiple phases. One advantage of the lattice
Boltzmann method is that it is trivially parallelizable as all interactions are local;
another is that it easily handles complex boundaries. Hence, it has been applied to,
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for example, porous media flows, and constitutes thus another important contri-
bution from the statistical physics community to flow in porous media. However,
time step limitations are more restricted than in other methods, as the method
is (at least in principle) fully explicit. In industrial settings unstructured meshes
are often used, and the unstructured lattice Boltzmann method (ULBM) for both
single and multiphase flow has been a research topic in the group of the author
(see[186:288-290.307.308]) ‘However, some of the intuitiveness and efficiency contained
in the (structured) lattice Boltzmann method is lost through this generalization.

« The phase-field (or diffuse-interface) method (see!® for an early review, and 22
for a more recent one) represents the interface implicitly by the phase field ¢ which
interpolates the fluid parameters smoothly between the phases, and includes the
interface forces through a phase field chemical potential derived from a free energy.
This method has been used in the present thesis, and is discussed in more depth
below.

In addition, less established methods such as smoothed particle hydrodynamics (see
e.g. the review [*'4)), and stochastic rotation dynamics?%], are available, but these are
not discussed here. Moreover, there exist methods that attempt to exploit the strengths
and eliminate the shortcomings of the different methods, such as the combined level-
set/volume-of-fluid (CLSVOF) method [?”). More extensive overviews than presented
here are found in e.g. several books[*®447] and reviews [306:365397.426]

Phase-field models

Phase-field models can typically be derived as a gradient flow of a free energy functional
describing the system, imparting that interface forces can be included directly in a
thermodynamically consistent way. Typically, the order parameter, or phase field, ¢,
equals 1 in one phase, and —1 in the other. At the interface, the phase field interpolates
between the two values. The gradient flow can be taken in L2 or H 1, which leads
to a non-conserved and conserved order parameter, respectively. We will in this work
consider the latter, which, coupled to hydrodynamics, typically results in variations over
the Cahn-Hilliard-Navier-Stokes system.

In phase-field models, topological changes are handled automatically without reini-
tialization. Provided that all relevant physical terms are included in the free energy
functional, the topological changes should also be physically sound. In practical simula-
tions, however, the interface width must be chosen to be much higher than the physical
interface width (which is typically a few molecules wide), and it is not clear whether
the thermodynamic consistency represents an advantage over other methods when the
interface is unrealistically thick. On the other hand, it has become standard for many
of the sharp-interface methods to incorparate the interface forces in a continuous way
over a smoothed interface (cf. the continuous surface force approach in volume-of-fluid
or level-set methods). Sharp jumps in physical quantities such as density and viscosity
also represent a numerical challenge, and smoothing is often done in other methods (e.g.
smoothed Heaviside function). Thus the conceptual difference is not all different.

The phase-field model generally conserves mass globally well, but the phase field is
allowed to move by diffusion in addition to advection, and thus larger droplets will grow
at the expense of smaller ones (Ostwald ripening) 4’"]. However, this can be mitigated by
using a phase-field mobility that makes this time scale much longer than the simulation
time. On the other hand, standard phase-field models may give equilibrium solutions
where |¢| > 1 in the pure phases, which can be catastrophic if the density ratio is
large [3°%47°] Mitigations exist, but however they mean that the model is no longer a
gradient flow.
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Other advantages of phase-field methods is that they are relatively easy to implement
in any finite element framework, and that it is possible to rigorously prove stability and
convergence of numerical schemes.

In general, it is probably not possible to find a method that is entirely satisfactory,
and it is hard to find completely fair comparisons between methods in the literature. An
important advantage of phase-field methods over other methods, however, is the way
complex boundaries are handled. The phase-field model can be easily implemented in
finite-element methods, and can thus operature on unstructured meshes representing
complex geometries. Moreover, implementation of moving contact line models does
not require any additional ad-hoc modelling, in contrast to most other methods. The
contact line moves by diffusion, but contact line dissipation can be introduced in different
ways, which reproduces experimental results both in the nanoscale *7%373] and at the
continuum scale (831,

We now focus on the phase-field models directly applicable to the purposes of this
thesis. Phase-field models have a long history in fluid mechanics, as the concept of
a diffuse interface dates back to Lord Rayleigh®’¢] and van der Waals[*>4]. However,
they have only relatively recently appeared as a serious tool for quantitative simulation,
notably starting with the work by Jacqmin[?! 2] The basic phase-field model is the
‘Model H’ by Hohenberg and Halperin[*], which was introduced to describe phase
separation of binary fluids near the critical point. This model consists of the coupled
Cahn-Hilliard-Navier-Stokes equations and describes fluids with matched densities and
viscosities. Lowengrub and Truskinovsky?7¢] derived a thermodynamically consistent
generalization of Model H for fluids with different densities in the two phases, however
with the numerical difficulty that the velocity field was not divergence free. In contrast,
the model by Ding et al.[18] is a straightforward generalization of Model H, where a
constant density is replaced by a phase dependent one, while the velocity field remains
solenoidal. That model does not appear to be thermodynamically consistent, as it seems
unfeasible to construct a free energy functional for the model that decays in time. To
circumvent these issues, Shen and Yang[“3] heuristically added a term proportional
to O;p + V - (pu) (which vanishes in the bulk but contributes at the interface) to the
momentum equation; and found an associated energy dissipation law. From a more
fundamental starting point, Abels et al.[?] developed a thermodynamically consistent,
frame invariant model for two-phase flow with density contrast. In contrast to the model
by Lowengrub and Truskinovsky [27¢] the velocity field in the latter three models>118:403]
is divergence free, allowing for the use of efficient numerical methods.

Electrohydrodynamic simulations

Most simulations of electrohydrodynamics have been concerned with the leaky-dielectric
model or perfect dielectrics. In this respect, Fernandez et al.['¥"] extended the front-
tracking method by Unverdi and Tryggvason**] to include electric forces at the fluid-
fluid interface. Zhang and Kwok[**!] developed a lattice Boltzmann method with the
same capabilities. Tomar et al.[**3] developed a combined level-set/volume-of-fluid
(CLSVOF) method to simulate the aforementioned mentioned models. Lopez-Herrera
et al.[274] developed a charge-conservative CLSVOF as an enhancement to the model
by Tomar et al.[#43]. As a refinement to the model by Lopez-Herrera et al.[274] Berry
et al.[**] developed a CLSVOF method that resolves the full electrokinetic problem,
where ions were allowed to dissolved in only one of the phases. Bjerklund (3], Teigen
and Munkejord[47 #38] developed a LS method for a leaky-dielectric model including
surfactants. The possibly first phase-field model for such phenomena was introduced
by [?77], but their model was limited to Hele-Shaw cells, using a Darcy equation to



13 Separate velocities allows,

for example, a coarse-grained
dispersed phase to move in
the opposite direction of the
other phase within the same
computational cell.

" That is, imposing equal
phase velocities, which can
be valid e.g. for well-mixed
flows.
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describe the hydrodynamics, and the electric effects were only effectively modelled.
Eck et al.['?] presented a charge conservative phase-field model of the dielectric type
with the purpose of studying electrowetting, and Nochetto et al.[3*] followed thereafter
with a similar model which included a generalized Navier boundary condition and
density contrast. Lin et al.[?°®] presented a leaky-dielectric phase-field model which is
a straightforward simplification of the model by Eck et al.['?8], A thermodynamically
consistent phase-field model which fully accounts for electrokinetic effects, based on
the model by Abels et al.l?], was derived by Campillo-Funollet et al.[”®). This model
is of central importance to the electrohydrodynamic simulations in this thesis, as its
single-phase limit is consistent with standard electrokinetic description. Numerical
resolution of these models is addressed in chapter 4.

Homogenized models

We now move to several orders of magnitude larger scales. A whole different class of
methods for two-phase flows are those that deal with transport of compressible fluids
over large scales, where the interface and the flow patterns are so complex that it is
impossible to resolve the full interface in practical situations. As indicated previously,
this is typically the case for flows in industrial pipelines. Although early models were
purely empirical, it has been recognized that physical modelling strategies are needed
e.g. to better predict operating conditions.

In order to obtain models that are tractable, and that simultaneously contain the
essential physics, homogenization techniques (much like those that can be employed to
derive Darcy’s law in a porous medium [%]) are employed; see Drew and Passman[1%4],
Thus, by averaging either over a representative elementary volume, over time [2%]
ensembles, or simply over cross sections, one ends up with a set of equations that describes
each phase without any notion of an interface. The resulting two-fluid models are derived
from such considerations, and are distinguished from one-fluid models in that both fluids
are governed by a separate set of quantities, including velocity, occupying the same
space 1?31 13 Additionally, a separately governed volume fraction (which summed over
phases must add up to 1) of each phase is added to the description. The detailed description
of the interaction between the two phases is replaced by (more or less empirical) source
terms, typically driving the phases towards thermodynamic equilibrium, and effectively
introducing dissipation due to friction between the phases or between the fluid and the
pipe wall. Since diffusive processes are slow, second order differential terms are typically
omitted (with coarse grids, they will often be dominated by numerical diffusion anyway),
and we are left with models that can be written as first-order hyperbolic systems with

source terms [279317]

, over

One such averaged model is the Baer—-Nunziato model %], originally developed to
model the detonation-to-deflagration transition in solid-gas systems. This model was
revived and stated in a more practical form for the purpose of modelling compressible
multiphase flow by Saurel and Abgrall***], and has since found wide use. The Baer—
Nunziato model describes two phases which are not in equilibrium with each other, in the
sense that all thermodynamic quantities are governed separately in each phase. However,
for many practical purposes, it is both physically and numerically sound to simplify
by imposing partial equilibrium between the two phases, e.g. in temperature, pressure,
chemical potential, or velocity.!* Combination of zero or more of these partial equilibrium
conditions leads to a possible hierarchy of models, one model for each combination. The
assumption of equilibrium in velocity leads to the branch of the hierarchy denoted as
homogeneous flow models, which was studied by Flatten and Lund (3], Lund?7%], For an
overview of models studied by other authors, see the introduction of Paper 825,
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Accurate prediction of the fluid-mechanical speed of sound (in practice, the velocity
of information propagation) is important for many purposes—from preventing running
ductile fracture of pipelines*”] to constructing efficient numerical schemes. It has long
been folklore knowledge in the community that equilibrium constraints tend to decrease
the speed of sound in the resulting models. In the terminology of hyperbolic relaxation
systems (see the review by Natalini[®*]), this corresponds to the subcharacteristic condi-
tion, which is closely linked to the stability of such systems. By building on results from
the literature, Flatten and Lund ['°3], Lund[278] showed that this condition was satisfied
for the entire homogeneous flow branch of the hierarchy. Other authors!4318] have
shown this condition to hold also for two-fluid models. The reader is referred to recent
theses[27%317] or to the appended article [2>] (Paper 8), for a broader overview of the topic.
A continuation of this discussion is found in section 5.4.
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PHYSICAL MODELLING

3.1 SINGLE-PHASE FLOW

In reality, fluids are composed of discrete atoms and molecules that attract and repel each
other. In practice, however, the basic assumption underpinning most of fluid mechanics,
and the work presented in this thesis, is the continuum assumption, i.e., that all matter
can, beyond a certain scale, be assumed to be continuous. On the one hand, the success
of continuum mechanics in describing physical phenomena and enabling industrial
applications is a testimony of the validity of this assumption. On the other hand, the
macroscopic equations of fluid flow can be formally derived from kinetic theory (see for
example, [*2°] Chapter 5). For our purposes, not much is gained from the latter procedure
compared to the macroscopic approach, which we will adopt in the following.

We assume for now that the fluid we consider is a pure phase and that in the region it
occupies, it is completely space-filling, described by a continuous velocity field u, density
p, dynamic viscosity u, etc. For macroscopic derivations of the equations of fluid flow,

e.g. using the Reynolds transport theorem, consider standard textbooks on the topic,
245]

e.q.[255]

3.1.1 Fundamental principles

Now, we consider a fixed domain €2, with a boundary 0f2, which does not vary in time.
For a closed system, the following fundamental physical principles should be satisfied:

« Conservation of mass,
« conservation of momentum (in the absence of friction),
« conservation of (total) energy,

« the second law of thermodynamics, i.e. that the global entropy should be non-
decreasing.

We next present the fundamental compressible flow model and show that the above
points are satisfied.

The equation of state

Generally, fluids, and in particular gases, are compressible. We assume the fluid to
be in local thermodynamic equilibrium, such that the thermodynamic quantities, e.g.
pressure p, temperature 7', and chemical potential 1, are state functions. In particular
they are related by an equation of state. Thus all thermodynamic quantites can be found
as differentials of a thermodynamic Helmholtz free energy a. Given that we are by
definition in a pure stable phase (not on the spinodal), any thermodynamic quantity can
then be found by knowledge of exactly two others.'®

31

15 This is not strictly
necessary, but will suffice for
the arguments made here.



¢ Which illustrates the
importance of universality
classes in practical settings.
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For real fluids, their ‘real’ equations of state must be approximated by algebraic
expressions with complexity and parameter values that depend on the physical parameter
ranges of interest. Examples of equations of state often employed in simulations, ordered
by increasing complexity, are (i) the ideal gas, (ii) the stiffened gas, (iii) van der Waals [45’]
and other cubic equations of state, and (iv) the Span-Wagner equation of state for
CO, [*17), The latter expression contains a total of 51 terms, including exponentials and
logarithms, and uses accurate critical exponents'® for the behaviour near the gas-liquid
critical point. It can therefore be computationally costly to use in numerical simulations.

The following variables are of central to the thermodynamic description of a com-
pressible single-phase fluid:

p — density [kgm™3],

p — pressure [Pal],

e — specific internal energy [Jkg~!],

T — temperature [K],

s — specific entropy [J K~ kg™1],

g — specific chemical potential [J kg ~!].

Compressible flow

The archetypal model of compressible fluid flow can be stated as the following set of
equations:

op+ V- (pu) =0, (3.1a)
8t(pu) + V- (pu ® u) + Vp =V . 0oyise =0, (3-1b)
OWE+V - -((E+pu)— V- (h+oysu) =0. (3.1¢)

Here, o is the (objective and symmetric) viscous stress tensor. For a Newtonian
fluid, where the stress is linear in the velocity field u, the following stress—strain rate
relationship holds:

Oyise = 2pDu + A1V - u, (3.2)
where the symmetric rate-of-strain tensor is given by Du = (Vu + Vu')/2, and

t, A > 0 are viscosity parameters. Further, the total energy per volume is defined by

1
E = §pu2 + pe. (3.3)

The heat flux, h, is proportional to the temperature gradient, and given by
h=KrVT (3.4)

where K7 > 0 is the thermal diffusivity. As noted above, the internal specific energy e
is assumed to be a thermodynamic state variable. Thus it is specified by any two other
thermodynamic variables, such as the pair (p, 7). Note that in the absence of any viscous
dissipation and heat transfer, oisc, h — 0, and we arrive at the classical Euler equations.

Boundary conditions

In addition to bulk equations, boundary conditions for x € 02 must be specified. The
no-slip boundary condition u = 0 is usually applied. The latter is valid down to the
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nanometer scale, but for certain materials it be replaced by the more general Navier slip
condition (see e.g.[*1)),

u-n=0, [oysn+Ilulxn=0, (3.5)

where [ is a slip coefficient. In the limit [ — 0, a shear-free boundary condition is
achieved, while the no-slip condition is recovered in the limit [ — oc.

Conservation laws

Local mass conservation is given by eq. (3.1a). The total mass M = [, p is conserved:

d/\/l_/(?tp——/v-(pu)——/ pn-u =0, (3.6)
dt Q Q Fol9)

where 11 is the outward directed normal of the domain, and we have used that the velocity
flux vanishes at the boundary. For a thermally insulated system, in - h = 0 can be set on
the boundary; otherwise Dirichlet boundary conditions on 7" can be imposed.
The evolution of momentum is governed by eq. (3.1b). Note that due to the presence
of viscous dissipation, the global momentum P = [, pu is not generally conserved.
Energy balance can in general be written as eq. (3.1c). The global energy £ = [, E
is conserved:

de
= /Q OE =0, (3.7)

given that either the shear stress or the tangential velocity vanishes at the boundary, and
that the heat flux across the boundary, n - h = 0.

Entropy production

The global entropy is given by S = [, ps. Now, the second law of thermodynamics
states that the entropy should be non-decreasing. The fundamental thermodynamic
differential can be written as

de = Tds + L.dp. (3.8)
p

Using egs. (3.1a) to (3.1c) and (3.8), we find, with some calculation, that the time derivative
of the global entropy can be written as

24D 2 X 2
dS:/ “'“'d9+/ W“'dQ+/KT|V1nT|2dQ, (3.9)
dt o T o T Q

which, given that p, A, T > 0 on physical grounds, must be non-negative. Hence, the
second law of thermodynamics is satisfied. It is worth noting that when no diffusive
processes (viscous damping and heat transfer) are present in the system, the entropy is
conserved.

3.1.2 Approximations

Isothermal flow

In many physical applications, the temperature can be taken to be constant. This amounts
to assuming that the heat generated externally or internally, i.e. by viscous dissipation,
is negligible, or that temperature equilibrium with the surroundings is enforced instan-
taneously. The energy equation eq. (3.1c) can then be replaced directly by the condition



7 From a numerical stand-
point, the velocity field being
divergence free can be both
advantageous and disadvan-
tageous. On the one hand, it
is a simplification, as one does
not have to resolve the fast
pressure wave. On the other
hand, the infinitely fast in-
formation propagation means
that no interactions are local,
yielding possible issues with
parallel scalability. Further,
incompressible flow is prone
to numerical instabilities; see
the Babuska-Brezzi criterion
in section 4.3.
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T = Tp, where Tj is a specified temperature. In this case, the thermodynamic pressure,
density, internal energy, and so forth, becomes dependent on a single variable.

It is clear that in the case of thermal equilibrium with the surroundings, the energy
conservation principle will not be satisfied. The laws of thermodynamics require that >3]

dF dS dw

at T dt  dt’
where WV denotes work and F is a free energy. In the absence of external work, it can be
seen that the equivalent to entropy increase, in the case of isothermal flow, is a decrease
in the free energy. This is a relevant quantity to inspect for many of the models presented
in this work.

(3.10)

Incompressible flow

In many cases, in particular those considered herein, the flow can be considered to be
incompressible, i.e., the density is constant:

p = constant. (3.11)

This is a good approximation for most liquids. A more general condition can be found
based on the Mach number Ma = u/c, i.e. the ratio of the fluid speed u to the speed
of sound c. The incompressibility assumption is physically justified when Ma? < 1
(see [446], sec. 5.8)'

Using eq. (3.11), we find from eq. (3.1a):

V-u=0, (3.12)

i.e., the velocity field is solenoidal, or divergence free. In particular, the condition eq. (3.12)
imparts that information propagates infinitely fast, i.e. all points in the domain affect
each other instantly. This is because the pressure wave associated with eq. (3.1a) travels
with the speed ¢ — oo in an incompressible (infinitely stiff) medium.!’

Now, the momentum eq. (3.1b) can be written as

p(Ou+u-Vu)+Vp—-V.(2uDu)=0 (3.13)

and the energy eq. (3.1c) becomes decoupled from the mass and momentum equations,
and is thus superfluous to the flow description. The only thermodynamic variable left
now is the pressure, which can be seen as a Lagrange multiplier that makes the velocity
field solenoidal. All other thermodynamic quantities, although uncoupled from the flow,
are given by p alone.

Taking now the viscosity p to be constant, which is valid approximation unless
temperature or pressure variations are too large, we obtain the classical incompressible
Navier—Stokes equations,

p(Ou+u-Vu)+ Vp — uViu =0,
V.-u=0.

(3.14a)
(3.14b)

Laminar and creeping flow

As introduced in the previous chapter, an important dimensionless quantity that arises
in the study of fluid flow is the Reynolds number Re, defined as the ratio of intertial to
viscous forces in eq. (3.14),

pud _ plu-Vu]

Re = o~ 5
o p|Viu|

(3.15)
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where d is a typical length scale, and u is a characteristic velocity.

Laminar flow is a regime associated with low Re, where the fluid travels in a smooth
and predictable way, and there is essentially no transfer of energy across scales. Since
perturbations have a tendency to decay in such flows, such flows can often be taken to
be time-independent. Still assuming incompressibility, the flow can then be described by
the time-independent Navier—Stokes equations, obtained by imposing steady-state flow,
oiu = 0, in egs. (3.14a) and (3.14b):

pu-Vu+Vp—puVu=0 V-u=0. (3.16)
With the presence of the advective term u - Vu, the time-symmetry is broken, and
standing vortices may be present e.g. behind obstacles.

When the characteristic velocity and the length scale is so small that Re < 1, the
flow is not only laminar, but creeping.'® That is, the viscous forces completely dominate
over the inertial forces and egs. (3.14a) and (3.14b) simplifies to

pVu=Vp, V-u=0 (3.17)
which are known as the Stokes equations. As can be seen from eq. (3.17), the equation is
linear and the solution is completely specified by the boundary conditions.?® In fact, the
flow field becomes—up ta a scaling with the value of the forcing—a purely geometric
property. To see this, consider a domain €2 with the no-slip condition u = 0 imposed on
the boundary 052, except at an inlet 0€);,, where an inlet pressure p;, is specified, and
an outlet 02y, where an outlet pressure poy is specified. We can then introduce the
dimensionless variables 14, p, X, defined by:

_ Loy,
= 1% u, ]5 _ p 2(p1n +pout) ’ % — E (3.18)
L(pin - pout) Pin — Pout L
The scaled problem (3.17) then becomes

. ~ -

= - = f € oYy d

Via=Vp, with j=2, O T=%m (3.19)
D) for x € aﬂout,

where 9 is the boundary of the scaled domain. Clearly, the solution (11, ) is independent
of the inlet/outlet pressures p,, Pout, the viscosity p and the scale L of the system. Thus,
the flow field inherently only depends on the shape of the domain, including the location
of the inlet and outlet. The flux () is proportional to the magnitude of the physical flow
field, and hence we can write down the relation

Q — kApln _pout’

T (3.20)

where the permeability k is a function of the shape of the domain, and A is a cross-
sectional area. Heuristically taking the continuum limit, i.e. letting (pin—pout) /L — |V p|

and ) — A|q|, we find that this is consistent with Darcy’s law,
k
q=——Vp, (3.21)
1

where q is the discharge per area. This invariance is heavily exploited in Paper 2[21],
which will be summarized in section 5.2.

8 This can be shown by
nondimensionalization  of
eq. (3.16), and matching the
‘Lagrange multiplier’ p to the
dominating term.

! Since the equation is
invariant under the transfor-
mation (u,p) — (—u, —p),
the flow field is reversible.
The implications of this can
be observed in captivating
experiments on ‘reversible
mixing’ of tracer dyes in a
Taylor-Couette cell. See e.g.
https://www.youtube.com/
watch?v=p08_KITKP50.


https://www.youtube.com/watch?v=p08_KlTKP50
https://www.youtube.com/watch?v=p08_KlTKP50

FIGURE 3.1: Two phase
flow modelling. (a) The
sharp-interface description.
(b) A diffuse-interface model
meant to represent (a). The
red line corresponds to (c). (c)
Profile of the phase field ¢
across the interface.

%0 At least far from the gas—
liquid critical point, where
the interface thickness di-
verges.
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3.2 TWO-PHASE FLOW

Having established the fundamental equations for the continuum description of single-
phase flow, we proceed now to describing the concurrent flow of two fluid phases.
Equations (3.1a) to (3.1c) describe a single phase, and these equations are expected to
hold in the bulk of the two phases; but the sets of parameters in the two phases will be
separate. Therefore, we can replace p by p;, and correspondingly for the other quantities,
where ¢ = 1, 2 denotes either of the two phases. However, the bulk phases are separated
by an interface which requires an explicit description. For simplicity, we will consider, in
the bulk of this section, isothermal and incompressible flow. Under the same conditions
as with single-phase flow, this is usually a good approximation at scales where the
interface is explicitly modelled. We briefly return to compressible two-phase flow in
section 3.2.3.

3.2.1 Interface conditions

As mentioned briefly already, the two-phase interface is not sharp on the molecular scale,
but rather a diffuse one. However, this thickness is usually only a few molecular layers
thick[“7] (i.e. ~ 1079 m),?* and thus already below the micrometer scale (~ 1076 m) it
is perfectly valid to view it as an infinitely thin region where the physical properties
change sharply and local interface forces are acting. A sharp-interface two-phase domain
is sketched in fig. 3.1 (a).

We denote the jump in a physical quantity y; across the interface by [y;]7. That is,
assuming that the interface is located at x = 0, and that phase 1 is in the subdomain
2 < 0 and phase 2 in the subdomain = > 0:

]t = Xalomotr — Xt lamso-- (3.22)

Further, we take nj,; to be the unit vector normal to the interface.
Due to the incompressibility condition (3.14b), the continuity condition holds for the
velocity field:
[u]t =0. (3.23)

Further, the interface stress condition is given by

[P]" Aine — [20:Du] T - Ay = yARing, (3.24)
where £ is the curvature. In equilibrium, shear stresses vanish, and this condition trivially
reduces to the Young-Laplace law (2.13), which in the new notation reads [p]J_r = VK.
Boundary conditions

At the solid—fluid interface, i.e. the boundary of the domain 02, the no-slip condition is
still expected to hold in the bulk of each phase. However, as mentioned in section 2.1.3,
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the hydrodynamic theory with a no-slip condition predicts a non-integrable stress
singularity at the MCL (the Huh-Scriven paradox[?°!]). By some physical means, this
must be regularized; and as listed by Bonn et al.[*°) several mechanisms have been
proposed and are relevant in different settings. In particular, hydrodynamic slip at the
contact line was proposed by Huh and Scriven [2°!] (see also[1?]) as a mitigation strategy,
and it has since been shown in molecular dynamics simulations that this slip is physically
justified, and moreover extends a significant distance from the contact line [371:372.377.426]
Ren and E[*7] proposed a boundary condition for the sharp-interface contact line motion,

which amounts to imposing the Navier slip condition, cf. eq. (3.5),

liug = piOyug away from the contact line, and (3.25a)

leLug,cL = (cos BOeq — cOs 9) , at the contact line. (3.25b)

Here, the surface is oriented along z, and the surface normal is in the y direction, Heq is
the equilibrium contact angle given by Young’s law (2.15), 6 is the instantaneous dynamic
contact angle, and [;, Icy, are the slip coefficients in the bulk phases and at the contact
line, respectively. It is, however, not straightforward to implement such a boundary
condition numerically.

3.2.2 Phase-field modelling

Phase-field modelling is a way to avoid the numerical difficulties associated with satisfy-
ing the jump conditions at the fluid-fluid interface (egs. (3.23) and (3.24)), and is on sound
physical grounds, as the interface on the microscopic scale is diffuse. Early phase-field
models included compressibility and and an energy equation, and were reviewed by
Anderson et al.['3], but as noted by Kim[?*2], much progress has taken place since then.?!

Here we focus on the fully incompressible formulation by Abels et al.[?], and compare
it to other formulations. A phase-field model is characterized by the order parameter
field, i.e. the phase field, ¢, which typically takes the value 1 in one phase, and —1 in the
other.”? At the interface, ¢ € (—1,1). In the forthcoming, the value ¢ = 1 corresponds
to phase ¢ = 1 (with the associated phasic quantitites), while ¢ = —1 corresponds to
phase ¢ = 2.

The thermodynamically consistent and frame indifferent model by Abels et al.[?] is
given by

p(#)0:(w) + (m - V)u - V - [2(¢)Du] + Vp = —6Vg,, (3.262)
V-u=0, (3.26b)
Ohb+u- Vo=V - (M(9)Vgy), (3.260)

96 = x7 [T W'(¢) —eV?g] . (3.26d)

Here, eqgs. (3.26a) and (3.26b) are the Navier—Stokes equations, but augmented by a body
force and a few new factors, which are explained below. Equations (3.26¢) and (3.26d)
govern the conservative evolution of the phase field, and represent the Cahn-Hilliard
equation coupled to an advective field. Thus the system (3.26) is called the (augmented)
Navier—Stokes—Cahn-Hilliard system.

The following new quantities have been introduced:

p(¢) — the phase-dependent density, which interpolates between the phasic values
such that p(1) = p; and p(—1) = po. Here, we use the arithmetic average:

_1+¢ 1-¢

p(9) 5 1T 5P (3.27)

! Much progress has oc-
curred also since the latter re-
(2321 3 briefly surveyed
in section 2.1.3.

view

2 1t is also commonplace to
let it denote a local phase frac-
tion, so that ¢ € [0, 1] but the
difference is trivial.
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which is the only average that ensures global mass conservation; as realized
by integrating over the domain and using that the flux of the phase field
vanishes at the boundary.

w(¢) — the phase-dependent dynamic viscosity. It interpolates between the phasic
values, corresponding to p(¢) above; an arithmetic average is usually used,
but again a harmonic or geometric average may be more suitable if the
viscosity contrast is large.

gy — the phase-field chemical potential [N m~2]. It contains W (¢), a double well-
potential, which has minima at ¢ = 1. Here, we use the Ginzburg-Landau
potential

lVW):iu—¢%? (3.28)

Moreover, Y is a numerical prefactor to ensure the correct surface energy (1]

given by x = 3/v/8 ~ 1.06.
¢ — the interface thickness [m].

m — the advecting momentum, given by:

m = p(p)u — p'(¢)M(4)V gy, (3.29)

which only differs from the canonical momentum pu at the interface, since
gs is constant in the bulk.

M(¢) — The phase-field mobility function [m® s kg~!]. Two common alternatives
are given by:

M(¢) = e Mo, (3.30a)
M(¢) = Mo(1 — ¢%)+, (3.30b)

where M is a constant parameter, and (-)4+ = max(-,0). An aim of these
mobility functions is to reduce the diffusive mass currents that lead to
unphysical (numerical) Ostwald ripening effects. To the author’s knowledge,
there have been few comparative studies of the effect of various mobility
functions.

Abels et al.[?] showed through a matched asymptotic expansion that the model (3.26)
reduces to the correct sharp-interface description (see previous section) in the limit
where the interface thickness € — 0, provided that the phase-field mobility is modelled
as in eq. (3.26). In particular, the correct fluid-fluid interface conditions are contained in
the model, provided that the interface is sufficently thin. The model by Ding et al.[18] js
simply (3.26) with m = p(¢)u instead of eq. (3.29). This formulation is not thermody-
namically consistent (see below), but reduces to the correct interface description. The
model by Shen and Yang [403] is similar to the model by Ding et al.[''8) in that m = p(¢)u,
but additionally a term

5 D+ V- (pu)) (3.31)

is added to the left hand side of eq. (3.26a). This admits an energy dissipation law
(thermodynamic consistency), but the model does not appear to be frame invariant. It
is not known (at least to the author) whether this model reduces to the correct sharp-
interface limit.

Note that the weighted arithmetic average (WAA), e.g. as in eq. (3.27), is not the only
interpolation function that can be used for phasic quantities across the interface. Two
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common alternatives are the weighted harmonic (WHA) and the weighted geometric
average (WGA). For a general quantity A, these three averages are defined by

A te 4 Ajpi? 1 (WAA),
A(0) = { |12 + A5 (whA), (3:32)
1+o 1-9
A7 A (WGA).

and they are compared as a function of ¢ in fig. 3.2. A problem with the WAA, and to
some extent the WHA, is that for values of |¢| numerically only slightly above 1 (which
can occur in phase-field simulations), is that the value of the interpolated quantity may
become negative. This is also seen in fig. 3.2 and can lead to ill-posed problems. The
WGA avoids this, but is more costly to compute. Some authors claim that using the WHA
instead of the WAA for the density, yields more accurate computations 2324764771 byt
this strictly imparts to violate mass conservation (however, the phase-field is conserved).

Boundary conditions

A boundary condition directly on the contact angle and contact line motion, as that
specified in the sharp-interface limit, i.e. eq. (3.25), cannot be directly applied to a diffuse
interface. The static contact angle 6.4 can be imposed through the condition

xen - Vo = cos(0eq) fo,(¢), 1 -Vgy =0, (3.33)

where the wall energy function

ful®) = i (2+ 3¢ — ¢°) (334)
interpolates smoothly between 0 (at ¢ = —1) and 1 (at ¢ = 1). Note that other forms of
fw(¢) that satisfy the criterion fi (1) — fw(—1) = 1 (and are smooth) are viable options,
as discussed by Huang et al.[?°°]. However, the formulation (3.34) is the only one that is
compatible with the equilibrium solution to eqgs. (3.26c) and (3.26d), i.e. g4 = constant.

Due to the presence of a diffuse interface, the contact line will move even when
eq. (3.33) is coupled to a no-slip condition on the velocity, due to interface diffusion.
This can be admissible when the dynamics are governed by processes away from the
contact line, but is not satisfactory on the microscopic scale. A remedy is due to Qian
et al.[371 3731 who extracted phase-field parameters from carefully executed molecular
dynamics simulations, and proposed a generalized Navier boundary condition (GNBC)[*!
valid for x € 0§

u-n=0, [oych+I(d)u— L[p]Vep] xn =0, onthevelocityfield, (3.35a)

dhp+u-Vé=-TL[¢|, f-Vgs=0, onthephase field, (3.35b)

where
L[] = 7 [xenr- Ve + cos(feq) fo ()] , (3.35¢)
Z(¢):zllg¢+z21;¢. (3.35d)

Here, [(¢) can be interpreted as an inverse slip length, interpolating between the values
in the two phases, and I is a phenomenological parameter. It should be noted that the
simulations supporting the GNBC were carried out in a slow wetting regime (#?], and the
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FIGURE 3.2: A compar-
ison of three ways to in-
terpolate a phasic quantity
across the phase-field inter-
face: Weighted arithmetic av-
erage (WAA), weighted har-
monic average (WHA), and
weighted geometric average
(WGA).
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interface width was matched to the actual, molecular one. It is less clear how well the
GNBC works outside this domain.

An important limit to the GNBC is that of short slip length, which is obtained by
letting 1,2 — 0o in eq. (3.35). Then the no-slip boundary condition u = 0 is recovered,
along with the phase-field boundary condition

7106 = v [—xen - V¢ + cos(be) fu(8)] (3.36)

which was obtained by Carlson et al.[#2] on phenomenological grounds, and previously
proposed by Jacqmin[?'!]. Here, 7, = ¢/(I'y) can be interpreted as a characteristic
relaxation time. It was shown e.g. in Refs.[82%3] that the condition (3.36) is fully capable
of modelling rapid non-equilibrium wetting at the millimeter scale. In the limit 7, — 0
(I' = ©0), the static condition eq. (3.33) is recovered.

Free energy

Fundamental to most phase-field models is that they can be derived as the gradient flow
of some energy functional. The system eq. (3.26) is associated with the energy functional

F =Ty + Py + Fu, (3.37)

where the Cahn-Hilliard free energy "% is given by:

Fy = /qu/ [ "W (9) + Le|Vo]?]. (3.38)

The fluid-solid interface energy is given by:

Fy = / e + (1 = 12) fa (D] (3:39)
o0

where Young’s law eq. (2.15) gives 1 — 72 = -y cos fq. The kinetic energy is given by

g — 1 2
Fo = /Q Lo()lul (3.40)

The time evolution of .% is given by using egs. (3.26a) to (3.26¢), along with the GNBC
(3.35), and yields

dd;f = _/ﬂ [M()|Vgs|? + 21(¢)|Dul*] — /aQ [U(@)|u? +T|L[]]*]. (3.41)

In particular, all terms within brackets are squares with positive coefficients, i.e. the
conditions M, i, 1, I' > 0 ensure that the model is dissipative.

3.2.3 Homogenized models

We now return to two-phase flow in pipes. In typical phenomena of interest to these flows,
such as rapid decompression, running ductile fracture®'”), the phenomena of interest
occur at Ma ~ 1; i.e. incompressibility cannot be justified. Thus, fully compressible
models must be employed. Instead of resolving the interface, the Baer-Nunziato model [24]
is based on averaged equations where the interaction between the phases across the
interface is modelled effectively. The model is widely used in practice and extensively
studied in the literature 43%). These effective interaction processes, that should drive the
phases towards equilibrium (i) with each other, and (ii) with the surroundings, can be
modelled as relaxation source terms.
The following processes can be physically motivated to take place:
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p — Volume transfer: Relaxation towards mechanical equilibrium due to pres-
sure differences between the phases, i.e. expansion or compression.

T — Heat transfer: Relaxation towards thermal equilibrium, due to temperature
differences between the phases.

g — Mass transfer: Relaxation towards chemical equilibrium due to differences
between the phases in chemical potential.

u — Momentum transfer: Relaxation towards equal velocities, which occurs
through momentum transfer due to interface friction when the phasic
velocities are different.

Additionally, heat and momentum transfer can occur due to interaction with the sur-
roundings, e.g. the confining pipe.

With all possible relaxation terms, the Baer-Nunziato model*4], formulated in the
lines of Saurel and Abgrall[®**], can be stated compactly as

Ora, + ing - Vg = I, (3.42a)

O(awpr) + 'V - (agprug) = Kg, (3.42b)

Or(agprug) + V- (aprug @ ug + agprl) — pint Vg, = Qin K, + My, (3.420)
+ My ext,

OBy + V - (Exug + agprU) — PintWint - Vg = —Pintl; + Wint - M,
+ (.gint + %u?nt) Kk
=+ Hk: + Hk,extv
(3.42d)

for each phase k € {g, ¢}, where g denotes gas and ¢ denotes liquid. Here, pint, int,
ujy are interface quantities that result from the homogenization procedure and must
be explicitly modelled in a physically consistent way. Moreover, o denotes the volume
fraction of the phase £, such that the condition oz + ay = 1 makes eq. (3.42a) for one
of the phases superfluous. Thus, we are left with 7 independently governed partial
differential equations (where two are vectorial).

In the model (3.42), the relaxation source terms [, Ky, Hj, and My, are modelled as
the following:

« I, = —I; = J (pg — pe) drives the phases towards equal pressure through volume
transfer,

« Ky = —K; = K(g¢ — g¢) drives the phases towards equal chemical potential
through mass transfer,

« Hy = —Hy = H(T, — Tj) drives the phases towards equal temperature through
heat transfer,

« My = —M; = M(u; — ug) drives the phases towards equal velocities through
momentum transfer.

¢ Miext = Qipragay — fr,pu represents momentum transfer due to external
sources; here ag,, represents the graviational acceleration, and f, p represents
friction with the pipe wall (proportional to a Darcy friction factor for phase k).

+ Hj, eyt represents the heat transfer from surroundings.
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The quantities J, IC, H, M can be interpreted as coefficients that can depend on ther-
mophysical properties of the flow, e.g. flow regime or temperature. On physical grounds,
they must all be non-negative; see e.g. [15325%278],

It should be noted that the model (3.42) in practice is comprised of the Euler equations
for each of the phases, supplemented by interface interaction terms and source terms. In

the absence of external source terms, the model (3.42) conserves

« total mass, M = fQ(agpg + aypy), which is realized by summing eq. (3.42b) over
the phases k;

« total momentum, P = [, (agpgug + agpeuy), as seen by summing (3.42c) over k;
and

- total energy, & = [, (Eg + Ey), as seen by summing eq. (3.42d) over k.

Moreover, a second law analysis similar to that shown in section 3.1.1, but by combining
the two phases, can be used to determine the interface parameters such that the model is
thermodynamically consistent 25,

Writing out the differentials and for simplicity assuming a one-dimensional descrip-
tion along x (which is currently of most practical importance), eq. (3.42) can be written
in the quasilinear form

oU+A(U)9,U = %Qi(U), (3.43)

i

Here, U is the (seven-dimensional) vector of unknowns, the matrix A is denotes the
Jacobian of the system, and QQ; contains the relaxation terms for each relaxation process
i, with the associated characteristic timescale 7; (explicit expressions are omitted here).
The eigenvalues of A are independent of the choice of U and determine the propagation
velocities, i.e. the fluid-mechanical sound velocities, of the system.

Partial equilibrium

When one or more of the timescales 7; are much faster than other time scales involved in
the problem, it may be physically valid and practically advantageous to directly enforce
equilibrium in one or more of the aforementioned processes. For example, pressure
equilibrium imparts that

pr = p, which correspondsto J — oo, (3.44)

and similarly for the other processes. Enforcing eq. (3.44) effecively removes one un-
known from the problem, so that one of the 7 equations in eq. (3.42) becomes superfluous.
Typically, eq. (3.42a) is removed for such p-relaxation. Evidently, all the combinations of
equilibrium conditions lead to different models, as mentioned in section 2.2.3. When all
equilibrium are enforced, the homogeneous equilibrium model arises, which is basically
the Euler equations supplied with a two-phase equation of state.

Zein et al.[*3%] discuss the physical mechanisms of the involved relaxation processes,
arguing that pressure relaxation is much faster than temperature relaxation, which again
is faster than chemical potential relaxation; i.e.

Tp L 11 K Ty, (3.45)

which are also common assumptions in the literature. The velocity relaxation time 7, is
expected to depend strongly on the flow regime. For stratified flow, the phase velocities
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can be very different, while for dispersed flow it is reasonable to assume that the velocity
relaxation is fast!?’). On the other hand, for these processes, full equilibrium in pressure
will not be achieved. This is due to (i) gravity, which in stratified flow gives a pressure
difference between the upper and lower phase, and (ii) surface tension, which through
the Young-Laplace law (2.13) gives a higher pressure inside droplets in dispersed flow.

It is evident that replacing a PDE in eq. (3.42) by a functional relationship, such as
eq. (3.44), changes the eigenstructure of the problem. Thereby, the propagation velocities,
i.e. the fluid-mechanical speeds of sound, of the system change. In particular, it can be
shown in the limit of equal phase velocities, that any equilibrium assumption reduces
the fluid-mechanical speed of sound of such models 13252781 This supports the folklore
knowledge in the compressible multiphase flow community that the equilibrium speed
of sound is always lower than the frozen speed of sound.

3.3 SINGLE-PHASE ELECTROHYDRODYNAMICS

The previous section concerned how to extend the modelling of single-phase flow to
including a second phase. In this and the next section, we discuss the extension to
modelling electrohydrodynamics, i.e. how to include the joint effects of dissolved ions and
applied electric fields. The present section considers single-phase electrohydrodynamics,
while in section 3.4 electrohydrodynamics in two phases is described.

The archetypical model for electrohydrodynamic flow, with N chemical species,
is given by the following set of equations. The flow is assumed to be incompressible,
isothermal and the electric currents are (safely) assumed to be to suffiently small for
magnetic forces to be neglected.

N
p(Ou+u-Vu)+ Vp — uV3u = —chVgcj,
j=1
V-u=0,

(3.46a)

(3.46b)

D, .
Oic;+u-Ve; =V - ( 1% Vgcj> , (3.46¢)

kT

.y
kgT In ( r;) + qez;V,
€

—Pe-

9e; (3.46d)

€& V2V (3.46e)

Herein, the following physical quantities are introduced:

¢j — number density, i.e. concentration, of species j € {1,..., N} [m~3].
ge; — chemical potential of species j [J].
kg — The Boltzmann constant [J K~!].
D; — diffusivity of species j [m?s™1].
c;ef — reference concentration for species c; [m—3].
ge — the elementary charge [C],
V' — electric potential [V]. The electric field is given by E = —VV.
zj — valency of ionic species j [—],
€0 — the vacuum permittivity [C V~'m™!],
€; — the relative permittivity [-],

In the literature, the terms
electrohydrodynamics (EHD),
electrokinetics (EK) and (to
some extent)
electro-fluid-dynamics are
often used interchangably.
Bazant[**! uses
electrokinetics to refer to
models which explicitly take
into account ion transport,
while electrohydrodynamics
refers to modelling weakly
conducting liquids with
charged interfaces. The
reason for the separate
terminology is, in part, that
the two fields have evolved
separately and only recently
are starting to become
unified. Bruus!”™, pp. 141/
uses electrohydrodynamics
in a broad sense, including
electrokinetic effects. We
have in this work opted for
the latter definition; in
particular electrokinetics
refers to the part of
electrohydrodynamics where
diffusion of ions is important.



44 CHAPTER 3. PHYSICAL MODELLING

pe — the charge density field [C m~3]. It is given by:
N
Pe = Qe Z zjcj. (3.47)
j=1

Above, egs. (3.46a) and (3.46b) are the Navier—-Stokes equations (3.14), where the mo-
mentum equation (3.46a) is augmented, on the right hand side, by an ‘electrochemical’

body force.
The form of the body force is somewhat unconventional. In most studies, the term
on the right hand side of eq. (3.46a) is taken to be f = —p,VV. This formulation

is related to the form stated in eq. (3.46a) by a redefinition of the pressure to include
an osmotic contribution, i.e. the thermodynamical pressure (in the conventional form)
Dtherm = P + kBT ijl c; (where p is the same as in eq. (3.46a)). The adopted form has
advantages over the conventional one, e.g. as it avoids pressure build-up in the electrical
double layers!®¥]. In this redefinition, care must primarily be taken in applying pressure
conditions at boundaries with different concentrations, but not otherwise, since the role
of the pressure in incompressible flow is to keep the velocity divergence free.

Equation (3.46¢), with (3.46d) inserted, is the Nernst—Planck equation. The two terms
in eq. (3.46d) represent the contribution to the flux from, in written order, diffusion and
migration. Equation (3.46e) is the Poisson equation for electrostatic equilibrium (Gauss’
law).

In Paper 5 (ref.[?%%)), a generalized version of the model (3.46) is presented, where
fluid parameters such as density, viscosity and permittivity, are allowed to depend on the
local concentrations. Additionally, a source term in the concentration equation, allowing
for chemical reactions to occur, term is included. This is discussed in more depth in
section 5.3.

Boundary conditions

The same boundary conditions as for single-phase flow are expected to apply to the
velocity field as before. Here, we assume the standard Navier slip boundary condition
(3.5).

For the concentration fields, the constant concentrations can be set at inlet and outlet
parts of the domain 9, alternatively a no-flux condition is set by imposing fi- Vg, = 0.
The electric potential can e.g. be set to a fixed value V{y on a part of the boundary. In the
presence of a surface charge, the boundary condition

n-vv = ) (3.48)
where o, is the surface charge [C m™2].

Free energy
The free energy functional associated with eq. (3.46) is given by
N
F =Fut+ > Fe; + Fv, (3.49)
j=1
where the kinetic energy .#,, is given by eq. (3.40), the chemical energy is given by

P, = / ksTe; (m (%) - 1) : (3.50)
Q cit

J
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and the electric field energy is given by
F :/ seoe | VV2. (3.51)
Q

Assuming no-flux boundary conditions and a Navier slip condition, the time derivative
becomes:

d.¥# Djc;
= = 24|Dul? J 02—/12. 3.52
=] | ur+2 2190 - [ i (552

Hence, the model is dissipative, and thus thermodynamically consistent.

Creeping flow and steady-state

For microscale flows, the assumption Re < 1 is usually justified. In this case, the inertial
term of eq. (3.46a) can be neglected. Further, we are often interested in the steady-state
transport through microchannels, and hence all time derivatives vanish. The steady-state
equations for creeping flow can be summarized as:

Vp— puVia=— Z ¢iVge; (3.53a)
j=1
V.ou=0, (3.53b)
V- (cju) = D; V¢ + V- Diaezi¢ oy, (3.53¢)
kT
€06, V2V = —p,. (3.53d)

Despite the simplification, this is a strongly coupled non-linear system, which can only
be solved analytically in particular limits and simple geometries.
Equilibrium

In equilibrium, all fluxes should vanish, including the one that is proportional to Vg.,.
Thus, the chemical potential defined in eq. (3.46d) must be constant:

CO
= kgTIn ( ) 4+ gez;V = kgT'In ( o (3.54)
<5 i

where we have implicitly defined a reference concentration ! at a grounded part of the
boundary. Solving this for ¢; yields

e kBT, (3.55)

i.e., the concentrations follow the Boltzmann distribution. We can now insert the distri-
butions eq. (3.55) into eq. (3.53d):

qez; V.

N
Ge 0 — 5

g zic,e kB 3.56
6067. . 1% 9 ( )

VAV = —

which is a non-linear equation to be solved for the single variable V. The latter becomes
particularly appealing when considering a binary symmetric electrolyte, i.e., i € {£}
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and z4 = +z, which is taken to be neutral at the reference point, such that c(:)t = 0.

Then, we obtain the classical nonlinear Poisson-Boltzmann equation

0
vy = 202 Gon (%2 (3.57)
€0€r kT

Here, we can identify the thermal voltage V and the Debye length Ap, respectively

defined by
kT [ kT ege,
= d Mp=4/——. 3.58

Equations (3.57) and (3.58) yield an equation for the scaled electric potential p = V/V7:

1.
V2p = Z sinh . (3.59)
D

The concentrations can subsequently be found from eq. (3.55) as c+ = ’eT¥. Equa-

tion (3.59) can be solved exactly in the one-dimensional case, considering a semi-infinite
domain. The so-called Gouy—-Chapman solution, given in the domain Q = {z € [0, 00)},
with the potential ¢ = g prescribed at = 0, is given by 7]

¢ = 4tanh ™! [tanh (%) e—x/AD] : (3.60)

Clearly, the magnitude of || determines the ‘nonlinearity’ of the potential distribution.
In many practical settings, the magnitude of the scaled surface potential ¢ is so small
that eq. (3.59) (and (3.60)) can be linearized. In this limit, the so-called Debye—Hiickel

approximation, |¢| < 1 (|[V| < Vr), yields the linearized Poisson-Boltzmann equation,
2 1

V2% = 5o, (3.61)
D

where the corresponding solution to (3.60) is ¢ = ¢oe*/*P. Thus, it is clearly seen that
the Debye length A\p is a characteristic length of the diffusive layer, i.e. it measures the
extent of the electric double layer (EDL).

In many applications, a surface charge is prescribed instead of a surface potential. In
the general nonlinear case, these are related through eq. (3.60). By using the surface-
charge boundary condition 0. = —n - E at the surface, we can obtain the Grahame
equation,

2€0€, . .
o= 20T i () = VikaTae @i (5). e

AD QV% 2V&

which relates the surface charge to the surface potential ( = oV, often referred to as
the zeta potential.

Streaming potential and the electroviscous effect

We now have a basic understanding of the electrokinetic effects present in the absence
of fluid flow. A qualitative impression of the effect of coupling to fluid flow becomes
apparent by inspecting fig. 3.3. Here, we consider a capillary of finite length, where
a surface charge is applied to the capillary walls. In fig. 3.3 (a), there is no pressure
difference between inlet and outlet, and hence, in equilibrium, the surface charge is
screened by counterions. In fig. 3.3 (c) a pressure difference is applied across the system.
In the steady state, the ion distributions are continuously advected by the velocity field,
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which means that the electrical double layer is distorted and ions are moved away from
the inlet side and spill out on the outlet side. This, as shown in fig. 3.3 (c) effectively
induces a dipole moment and sets up an electric field E due to the difference in net
charge at each end. This electric field can be attributed to a streaming potential Vy, i.e.
E = —VV,,. The associated electric field will act on the fluid, which has a net charge,
effectively inhibiting the flow.

This effect can be quantified through the Helmholtz-Smoluchowski relation. For
flow in an infinite cylindrical pore (oriented along z, with radius R), it may heuristically
be derived by considering symmetric binary electrolyte. Then, the total charge flux can
be written using egs. (3.46¢), (3.46d) and (3.47):

p=0,cs

e

J. =peu— DVp. + KE, (3.63)

FIGURE 3.3: Streaming po-
tential, electric double layer,
and the electroviscous ef-
fect. Red indicates positive
net charge, and blue indi-
cates negative net charge. (a)
The charge distribution in a
model capillary with surface
charges on the wall, where
the pressure is the same at
inlet and outlet. (b) Same
as (a), but a pressure differ-
ence is imposed across the
system, skewing the electric
double layer. (c) The stream-
ing potential effectively re-
sulting from the skewed elec-
trical double layers in (b). A
net negative charge builds up
to the left, and a net posi-
tive charge builds up to the
right, which sets up an elec-
tric field counteracting fluid
motion. (Courtesy of Asger
Bolet.)

such that 9;p. = V-J.. Here, we have identified the conductivity K = Dz%¢?(cy + c_)/(ksT).

Further, we assume the flux to be given by the Hagen—Poiseuille solution:

A
4p
where f, = —0p/0z + f. is the total average driving force on the fluid, composed by
the constant average pressure gradient, dp/0z, and the induced electric force, fe. In the
steady state, the cross sectional integral of J. must vanish, and so must the integral of the

diffusive term; i.e. the second term on the right of eq. (3.63). By taking the cross-sectional
integrals of eq. (3.63), we find

u (R? —r?)z,

— uy(r)a = (3.64)

Istr + Icond = O,

where we have identified the streaming current I, and the conducting current I.onq
respectively as

(3.65)

R R
Iy = 277/ pe(r)uy(r)rdr and I.opng = 277/ KE,rdr (3.66)
0 0
Within the realm of the linearized Poisson-Boltzmann equation (3.61), we may approxi-
mate c; + c_ ~ 2c and thus K can be taken constant. Further, in the expression for
Iy, we may introduce the new coordinate £ = R — r, linearize the resulting expression
in £ (assuming Ap < R), insert eq. (3.46€) and integrate by parts. We thus obtain

fz€0€6:C 2Dz2qgco
L

kT

Iy = — and I.nq=KE, = FE.. (3.67)

Using egs. (3.58) and (3.65) we find

(3.68)



Much is known about elec-
trical double layers at solid-
fluid interfaces. However, at
fluid-fluid interfaces double
layers have been less stud-
ied, although an overview
for oil-water interfaces can
be found in"***. Depending
on the concentration, the De-
bye length A\p can generally
stretch from (roughly) 1010~
107°% m, meaning that the
clear separation of scales
which is usually the case in
the study of droplets/two-
phase flow is less clear here,
since the EDL and the phys-
ical interface thickness can
have comparable size.
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Using the fact that | f.| < | f.|, and the relation E, = 0V, /0z, we find the Helmholtz-
Smoluchowski relation:
OV /02 N ¢

op/dz ~  uD’

We are, however, interested in an approximation of the flow resistance in the capillary.
Thus we retain eq. (3.68) and seek an approximation of fe, i.e. we take the cross-sectional
average over f. = —p.E:

(3.69)

2

N o€ 2¢06:¢* Ap
= ﬁ = —

Je R\p Du R’'®

R
/ pe(r)E,rdr ~ 2F, (3.70)
0

where we have integrated by parts using eq. (3.46e), used the linearized Grahame eq. (3.62),
and finally inserted eq. (3.68) in the last equality. Solving for f., we obtain

_ —0p/0z
- 1+4E

250€rC2 )‘7D
Dp R

—_
— —
—_—

[z

;  Where (3.71)

Clearly, the actual driving force that acts on the fluid in the capillary is less than the
average pressure gradient, —0p/0z, since = > 0 on physical grounds. Now, interpreting
this expresion in terms of an effective electric viscosity pe as a proportionality factor
between flow rate and imposed pressure (see e.g. eq. (2.10)), gives the following relation:

pe = (1+E), (3.72)
which is larger than the viscosity in the absence of electrokinetic effects, p. While the
derivation of eq. (3.72) was heuristic, it suffices to illustrate the electroviscous effect, which
in practice quantifies the increased flow resistance due to surface charges and ions in
solution. A more general version of eq. (3.72), using a more elaborate derivation with
less restrictive assumptions, was presented by Rice and Whitehead*®*] and later by
Mansouri et al.[?%6 28] Here, e.g. the distortion of the velocity profile due to the electric
force near the boundary is taken into account.

In Paper 418 (see also®)), corresponding expressions to those in Refs. ! are
found for plane Poiseuille flow. These expressions are mainly used for the purpose of
validating a numerical code. Clearly, the assumption of infinitely long capillaries is
highly idealized, and the results are expected to differ for finite and less ideal geometries.
The main purpose of Paper 4% is to investigate electroviscous effects beyond those
present in the simplest geometries—we will revisit these in section 5.3.

286,287]

34 TWO-PHASE ELECTROHYDRODYNAMICS

We now consider electrohydrodynamics in two phases. In this respect, we will first
present the sharp-interface relations that we expect to hold when the interface thickness
becomes vanishingly thin, and thereafter present the related phase-field modelling
approach. We assume the single-phase description (3.46) to hold within the bulk of each
fluid. At the interface, however, new conditions must be supplied.

3.4.1 Sharp-interface conditions

The same continuity in the velocity field should hold as without any electric fields,
namely [u]T = 0. The stress balance at the interface changes from eq. (3.73), in that the
electric stresses must be included:

R R + . .
[p]F Aine — 20Du]” - Ay — [€06E ® E — Seoeri[EPT] " - Aine = yhfiing,  (3.73)
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where E = —VV is (still) the electric field. The Maxwell stress tensor,
oM = Goém‘E QE — %Eoerﬂ"EPI (3.74)

is included in the above expression, and should balance the viscous and pressure forces at
the interface. Here, €, ; denotes the relative permittivity of phase i. Note that an osmotic
contribution (see section 3.3) has been integrated in the definition of the pressure p
above.

In general, the same ionic species j can be present in both phases, such that it
can cross the interface. However, the ionic species will have a different solubility and
diffusivity in the two phases. Similar to what is done with other phasic quantities, such
as density and viscosity, the latter can be included by generalizing (i) the reference
concentration c;ef to cgelf, denoting reference concentration of species j in phase 7; and
(ii) the diffusivity D; to D), ;, denoting the diffusivity of species j in phase i.

Now, the missing pieces is the continuity of the electric potential V' across the
interface (in the absence of any accumulated charges) and the continuity of the normal
component of the displacement field:

VIT =0, and fyy - [e;E]T =0. (3.75)
Finally, the chemical potential g.; must be continuous across the interface:
[9:,] " =0. (3.76)

Using egs. (3.46d), (3.75) and (3.76), the following relation is shown to hold at the interface:

ref
Cs
]‘$—>0+ — ,ze? (377)
Cj ’J:—)O* Cia

which gives a direct interpretation of the quantities involved at the right hand side.
Alternatively, the quantities ¢; can be related via a Henry jump condition (21,

iy Bj2 — Bja
J,2 P32 — Pjl
22— , 3.78
o () o
where
Cref
Bji = —kgT'ln ref (3.79)

can be interpreted physically as an energy penalty for dissolving species j in phase i,
i.e. a solubility energy. In eq. (3.79), ¢**f is an arbitrary global reference concentration (to
make the units consistent). With eq. (3.79) inserted, eq. (3.46d) becomes

— kpTIn ( ) ¥ Bii + e V. (3.80)

The energetic approach to the solubility of a species in a phase differs from the approach
by Berry et al.![3], who, in their sharp-interface model, strictly assumed the ionic species
to be confined to one of the phases. Nonetheless, such immiscibility can be captured
efficiently with the energetic approach, as demonstrated e.g. in Refs. [263:264301],
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3.4.2 Phase-field modelling

Campillo-Funollet et al.[”] presented an extension of the two-phase flow model by
Abels et al.[? (which was presented in the previous section), by including electrokinetic
transport. The model is given by the following set of equations:

N
p(¢)0u+m-Vu+Vp—V.(2u(¢)Du) = — ¢pVygs — Z cjVge;, (3.81a)
j=1
V.ou=0, (3.81b)
Op+u-Vop=V-(M(¢)Vyge), (3.81c)
9o =x7 [T W' (9) — e V?¢]
N
+3° Bi@)e; - beocl () TV,
=1
’ (3.81d)
oicj+u-Ve; =V - <Dk(¢209 v CJ) , (3.81e)
B
ge; = kT In ( ref) + Bj(¢) + ge2;V,
(3.81f)
V - (e0& () VV) = — pe. (3.81g)

Here, we have introduced interpolation functions for the diffusivities D}, the solubility
energies [3;, and the relative permittivities €,(¢). For the diffusivity, both weighted
arithmetic average (WAA) and the weighted geometric average (WGA) are viable options;
see eq. (3.32) for their definitions. The advantage of using the latter, is that this prevents
leakage of ions across the interface if the associated ionic diffusivity is much lower in
one phase than in the other (see(?¢®l). Further, it strictly does not allow negative values
of the interpolated function (if |¢| > 1 numerically), which would lead to ill-posedness
of the discretized problem. For the solubility energy /3; and the relative permittivity e,
we use the WAA:

1+¢ 1o
2
6r(¢):€r11—;¢+6r21;¢

Bj(é) = Bja (3.82a)

+5]2

(3.82b)

By considering the averaging eq. (3.82a) in terms of the reference concentration, c;-ef,

instead, using the definition (3.79) and eq. (3.82a), we find that

c;-'Ef(gZ)) = fexp <%é?)> = (cﬁ) w : (cfé) = ) (3.83)

ref

which is exactly a WGA, ideal for preserving the physically required positivity of ¢j
Choosing the arithmetic averages also simplifies the numerical treatment of the equatlons
above, as the derivatives with respect to their arguments, 3} and €, simply become con-
stants and do not require matrix assembly (in the finite element method, see section 4.1)
at each time step.

Other choices for interpolating the permittivity have been reported in the literature.
Tomar et al.[#43] found, for their combined level-set/volume-of-fluid leaky-dielectric and
perfect-dielectric models with smoothed interfacial properties, that a weighted harmonic
average (WHA) gave more accurate computations of the electric field than what the
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WAA did. However, for a model including free charges, Lopez-Herrera et al.[?74] found
no evidence that WHA was superior.

The model stated in eq. (3.81) is a unification of the two-phase model eq. (3.26), and
the single-phase electrohydrodynamics model eq. (3.46). The eqs. (3.81a) and (3.81b)
are the incompressible Navier-Stokes equations with variable density, augmented by
a body force that accounts for the interface forces and the chemical forces.?> The
eqs. (3.81c) and (3.81d) are the Cahn-Hilliard equations, where two new terms have been
added in eq. (3.81d) due to the chemical transport, compared to the formulation without
electrohydrodynamics, eq. (3.26d). These give, effectively, rise to new force contributions
in the momentum eq. (3.81a). The third term in eq. (3.81d) gives an osmotic contribution,
while the last term yields a Helmholtz force, which arises due to permittivity gradients.
The egs. (3.81e) to (3.81g) are the Poisson-Nernst-Planck system, where the permittivity
and solubility now depends on the phase ¢.

Campillo-Funollet et al.l”®) showed that the model reduced to the correct sharp-
interface description in the limit ¢ — 0 by a matched asymptotic expansion. The
same boundary conditions as for the pure two-phase problem, and the single-phase
electrohydrodynamic problem, apply to this model.

Free energy
Associated with the model (3.81), we have the free energy functional
N
F = Fut+ T+ Fut Y Fo+ Fv. (3.84)
j=1
Here, .7, is given by eq. (3.40), the phase-field energy .%4 is given by eq. (3.38), and the
fluid-solid interface energy is given by eq. (3.39). The chemical free energy (3.50) can be
written in terms of the solubility energy 3;(¢) as

F., = kT [m (%) — 1} + Bi(d)c, (3.85)
while .Zy is given by eq. (3.51).

With the general GNBC boundary condition, the time evolution of the free energy
can be written as

a7
dt

N
Dijc;
== | [2r@Dup + 2(0)1 Vg + 30 PV
=1

= [ @ +TILBIP). G0
o0
Thus, the model is dissipative.

Comparison to other models

Several authors have noted the need to connect the electrokinetic description of two-
phase flow to the leaky-dielectric description [39639%:445:483] " Taylor’s original assump-
tion43] was to impose an instantaneous steady-state charge distribution in the system,
neglecting the diffusive and convective contributions and the continuity of the displace-
ment field. Through the solution of the Poisson eq. (3.81g), this gives rise to charge
accumulation at the interface. Melcher and Taylor *] reviewed the latter model, and in-
cluded in their updated model the effect of convection of charges located at the interface.

# Accordingly, the pressure p
is not the thermodynamic one
here, either. But as before, for
incompressible flow, it only
imparts that care must be
taken at the pressure bound-
aries.
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Baygents and Saville[*?] outlined the analysis of how electrokinetic effects could

alter the leaky-dielectric results. Zholkovskij et al.[*®®] considered the electrokinetic
description for two phases, and assumed that no solute could be adsorbed to the interface.
They obtained an expression for infinitesimal droplet deformation under a weak field
approximation, which was shown to reduce to the leaky-dielectric result(**®l in the
limit of vanishingly thin Debye layers, and to the perfect dielectric result(®**! in the
opposite limit. Schnitzer and Yariv(®**! considered a binary electrolyte and included
rates for the adsorption of charges at the interface, meaning that a net charge would
generally accumulate there in a steady-state. They showed rigorously that the model
using for electrokinetics for each phase, in the limit of strong fields and thin Debye layers,
reduced to the original model of Taylor[*]. In particular, the convection of charge at
the interface was found to be insignificant to the lowest order in their expansion.

In the model (3.81), ions are not allowed to be adsorbed at the interface, although
they may accumulate in thin layers on either side. It is possible that a phase contrast in
Bj could suffice to model these effects. On the other hand, using ideas from the related
topic of surfactants—molecules that tend to stick to the interface and change the surface
tension [13>4%8] _jt may be possible to extend the model to incorporate this effect.

Several phase-field models for soluble surfactants have been proposed, see e.g. [347:133.161.439]
Engblom et al.['33] discuss well-posedness of such models derived from a variational
principle, i.e. as a gradient flow. A surfactant species can be included in the model by
endowing the surfactant concentration ¢ with the free energy functional

Ty = /Q {kBT [wln ( wi) + (W — ) In <1— wi)] +w6¢<¢>} (3.87)

where 1)max is @ maximum concentration such that ¢ € [0, ¥max], and the solubility

energy is given by
1 — 2)2 2
By(9) = —AH 4¢ ) + By

Here, the first term on the right hand side is a smooth approximation of a Dirac delta
function centered at the interface, which makes it energetically favorable to dissolve
surfactants there. Conversely, the last term penalises the presence of surfactant in either
of the pure phases. The coefficients Ay, By, are related to the adsorption rates. The
resulting chemical potential (assuming non-ionic surfactants) is given by

(3.88)

g5 = kT wmw—w + Bul9), (3.89)

The dynamics is analogous to how chemical transport occurs:
Oy +u- Vo =V - (MyVgy), (3.9

except that the mobility is modelled as My (1)) = My 01)(1 — 7). This was shown in[13*]
to yield the Langmuir adsorption isotherm. In precursor work of(*3], Van der Sman and
Van der Graaf[*!] showed that the Langmuir equation of state for the measured surface
tension v/,

v —~~kpTln [1 — v } , (3.91)
max
where 7 is the equilibrium surface tension entering into the model, could be obtained
with approprately chosen coefficients.
For discussions on alternative phase-field models with soluble and insoluble surfac-
tants, see e.g. [34.7.161] Note also that in a similar manner as above, increased interface
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conductivity can be modeled by supplementing the interpolation function D;(¢) with a
similar delta function term at the interface as above.

In the review by Saville [**®], chemical reactions are an integral part to how the author
arrives at the macroscopic model for electrohydrodynamics. Chemical reactions can
trivially be included in the model, as was done originally by Campillo-Funollet et al.[7%].
In Paper 512%°), a single-phase model with reactions is considered. The formulation
(391 ends up with is of a leaky-dielectric type, except that net charge is described

by a conservation law of the type

Saville

az‘,pe +u- Vpe =V (K(¢)VV), (3-92)

where K is the conductivity. A corresponding phase-field model was presented by Eck
et al.[128] albeit a diffusive term was included for numerical purposes. As mentioned,
such a model can be rigorously **" derived from the full electrokinetic model (3.81)
above, but the procedure is fairly cumbersome. Here, we do it instead heuristically by
linearising the concentrations around ¢**f, i.e.

¢; =+ oej, (3.93)
and truncating at the lowest order, assuming a weak electric field, which gives

Ie
Djqezjc

f
Oiocj +u-Véc; =V - |Dj(¢)Vic; + e \A4 (3.94)
B

Assuming D;(¢) = D(¢) for all j, we multiply eq. (3.94) by gcz;, sum over j and obtain
Oipe +u-Vp, =V - [D(Qb)vpe + K(@)VV] (3.95)

where we have identified the conductivity as K (¢) = D(¢)g2c™ (kgT) " Z;VZI z]2~ (cf.
eq. (3.63) and the expression there for K). In this picture, p. can be seen as a single
chemical species associated with a modified free energy density oc p2. In the limit where
we can neglect convection and diffusion, i.e. assume instantaneous steady-state, we
obtain the following Laplace equation:

V. [K($)VV] =0, (3.96)

which yields V' directly, and replaces all solute transport. This constitutes the leaky-
dielectric approximation.

A phase-field model for leaky dielectrics was proposed by Lin et al.[2%]_ constituted
by the normal phase-field equations, supplied by force terms in the momentum equation,
due to the permittivity and conductivity gradients in the two phases. The electric gradient
terms were only included in the momentum equation, not in the chemical potential,
and hence the model is further from being thermodynamically consistent than that of
Eck et al.['?8]. However, such terms in the phase-field chemical potential can lead to
O(e) deviations from the pure phase values ¢ = 411333111 (also curved interfaces may
lead to this[*7]). A possible mitigation strategy is to omit the additional terms in the
phase-field equation, but include them in the momentum equation—a consequence being
that the model loses its dissipative property. However, as mentioned earlier, it is not
clear whether the thermodynamic consistency for unphysically large interface widths
poses a significant advantage with regards to convergence to the correct sharp-interface

description, apart from being advantagous when constructing numerical schemes [403404],



54 CHAPTER 3. PHYSICAL MODELLING

3.43 Electrokinetic scaling of the equations

For both analytical and numerical purposes, it is useful to limit the problem to involving
as few parameters as possible. Thus, we now nondimensionalize the equations, focusing
in particular on the model (3.81) which also covers the special cases of single-phase
electrohydrodynamics and pure two-phase flow. Dimensionless versions of physical
variables are marked by a tilde, while reference values are marked with an asterisk (see
also 203204y ‘'We let t = t/t*, p = p/p*, @ = u/u*, p = p/p*, i = u/u*, é = c;/c*,
V= | A% Dy = D,y /D*, é = €/€e*, and 4 = v/~*. The spatial dimensions are scaled
by a reference linear size R*, such that X = x/R*. The electrostatic potential V" is scaled
by a thermal voltage (cf. eq. (3.58)),

kgT
V= Vp = 2 (3.97a)

e

while all other reference values are given by
R Vi

t* =, p* _ geC 2T, D* _ U*R*, p* — Qec*VTa (397b)

*V R* * R* 2
u* — quiT’ 6* _ M7 ,7* — Qec*VTR*. (3970)

u* €0VT

Altogether, this represents an invertible set of relations between the physical and dimen-
sionless variables. Now, adopting the dimensionless variables and subsequently omitting
the tildes, yields the model (3.81) with g. = kT = 1 and €pe; — €. This represents a
simplification to the equations where the same physics is contained, which will be taken
advantage of in the next section.



NUMERICAL METHODOLOGY

For all geometries but the very simplest ones, computational methods must be employed
to solve the governing equations. In particular, the problems under scrutiny must be
discretized both in space and time. This chapter gives an overview of the numerical
methodology employed in this project. We will first introduce the finite element method,
which is the main spatial discretization strategy used. Secondly, we consider temporal
discretization strategies. In particular, we propose a general numerical scheme that is
applicable to most of the systems in this thesis. Thereafter, we present methods for the
simplified case of single-phase flow. Finally, we present an overview of the numerical
software employed and developed in this work.

4.1 THE FINITE ELEMENT METHOD

The finite element method (FEM) is a popular and efficient method for solving partial
differential equations (PDEs) in arbitrary geometries. The method relies on discretizing
the domain by dividing it into simpler, finite elements. In contrast to finite difference
and finite volume methods, that typically seek to find discrete approximations to the
equations that are to be solved, the FEM consists in approximating the solution itself.
This is achieved using calculus of variations, and by expressing an approximate solution
as a linear combination of basis functions that are compactly supported on the elements.
In the FEM, the original PDE is converted into a weak formulation, which, by using the
Galerkin method, can be turned into a linear system of equations. The Galerkin method
provides a solution that minimizes an error residual between the approximate solution,
found by the finite basis, and the true solution. The finite element method works on
linear PDEs, but by appropriate linearization and iterated solutions (Newton or Picard
iteration) it can be straightforwardly adapted to solve nonlinear problems.

We shall illustrate the above concepts with an exemplary problem. For a more
thorough and technical introduction into the theory of FEM, the reader is referred to
standard textbooks on the topic (e.g. [°7132172]),

A fairly general PDE relevant to many of the PDEs described in this thesis,?* can be
stated in the following form. Find u € U such that

Pu= —au+V - (w(x)u+ k(x)Vu) = f(x), for xeQ, (4.1)
u= fp(x), for x € IOp, (4.2)
n-Vu= fx(x), for xe€ . (4.3)

Here, U is the function space where the solution  lives, and the fields w(x), k(x), f(x)
are taken only to depend on the spatial variable x € Q C R?, and not on u, while «
is a constant. The subdomains 9{)p and 9€)y denote, respectively, the Dirichlet and
Neumann parts of the boundary 0f2 of the domain 2. We also let nn - w(x) = 0 on 02

The inner product of two fields will be used recurrently in the forthcoming. It is
denoted by (e, ®), and can be taken between a pair of scalars a, b; vectors a, b; or tensors
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* For example, when a, w
vanish, eq. (4.1) reduces to
the Poisson equation, which
arises many places in this
work (Gauss’ law for electro-
statics, Darcy flow, pressure
correction). Then, k is anal-
ogous to a space dependent
permittivity/permeability

and f is a space-dependent
source term. It is also easy
to see how eq. (4.1) can be
turned into a temporally
discretized advection—
diffusion-reaction equation.



(b)

FIGURE 4.1: The finite ele-
ment method in two dimen-
sions. (a) lllustration of a dis-
cretized domain, i.e. a triangu-
lar mesh. (b) The P; ‘hat func-
tion’ ; associated with node
i indicated in (a). The maxi-
mum of ¢;(x) is ¢i(x;) = 1,
where x; is the location of
node 1.

% See also ™ or
https://www.femtable.org for
an overview of finite
elements.
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A, B—related to the integral over the domain €2 respectively by

(a,b)z/ﬁab, (a,b):/ﬂa-b, (A,B):/QA:B. (4.4)

Now, we can find the variational form of eq. (4.1), by considering u as a trial function
and multiplying eq. (4.1) by the fest function v it and integrating over the domain,

(Fu.0) = ~a(w,0) = (w0, Vo) - (190, 90) + [ khw=(f0), @9
N
where we have integrated by parts and inserted eq. (4.3). Note that Equation (4.5) holds
for any v.
The discretized domain {2}, approximates the true domain €, and consists of a tesse-
lation of N finite elements €);, such that

Nel
o = . (4.6)
=1

These elements can are typically simplicials; i.e. triangles (2D) and tetrahedra (3D); but
other shapes, such as quadrilaterals (2D) and hexahedra (3D), are also common 1%,
Here, we will primarily be concerned with simplicials. These unit cells share vertices,
edges, and faces (in 3D) with their neighbouring elements. An exemplary discretized
two-dimensional domain is shown in fig. 4.1 (a). The discretized domain is usually called
a mesh, and is typically unstructured. In the following, we consider a mesh with Ny
vertices, Negge edges, and V| elements.

We shall now briefly discuss ways of constructing a set of basis functions ¢; from
the discretized mesh, i.e. which discrete function spaces the solution should belong to.
The most common elements belong to the Py, family (k times differentiable), e.g.:>

Py — Piecewise constant basis functions. (Note that these may be of limited use
alone as their derivative is zero.)

P; — Piecewise linear basis functions.

Py — Piecewise quadratic basis functions.

Generally, P._; elements yield k™ order spatial convergence. Using a P basis yields a
set of N basis functions, while Py yields Ny basis functions. Py elements have ‘nodal’
values also at the middle of each edge, such that a polynomial of order 2 can be uniquely
fixed3% and thus contain Nyer + Negge basis functions. In the Py family, the basis
functions are chosen such that ¢;(x;) = J;; where x; are the positions of these nodes.
An example of a single basis function from the common piecewise linear P; element, is
shown in fig. 4.1 (b). Note that the set of such ‘hat functions’ for all nodes consitutes the
P; basis for this domain. The generalization to three dimensions is straightforward, but
harder to visualize.

We shall here employ a set of basis functions ¢;, ¢ € {1,...,n}, which in principle
could represent all of the above elements. In the following, we use the Einstein convention,
summing over repeated indices.

An approximation to the solution u of eq. (4.1) can be written as a linear combination
of the basis functions:

u~ U= Ujp;(x), (4.7)

where U; are the hitherto unknown coeflicients in this expansion. The Galerkin method
now imparts letting the test functions belong to the same function space as 4. Thus,

v~ 0= Vip;(x). (4.8)
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Now, we can insert these into the terms in eq. (4.5) to obtain

(’LAL, QA)) = (qf)l, gf)]) Ul‘/J, (4.9&)
(Wﬂv VQA}) = (ch?m V¢]) Uivjv (4.9b)
(kVa, Vo) = (kV i, V) UiVj, (4.9¢)
bhvo= [ hisosVi, (49d)

O oON
(f;v) = (f,05) V. (4.9¢)

Since eq. (4.5) should hold for any 9, the equations resulting from inserting eq. (4.9)
should be independent of the choice of V. Thus, eq. (4.5) becomes

a(0i, 0;) Ui+ (Wi, Vo;) Ui + (EV ¢, V) Uy = /89 kfng; — (f, ¢;), (4.10)

We now define the matrix
A= [Aij]a where Aij =« (d)z, d)J) + (W(ﬁl, ng)]) + (k:VgZ)“ qu)]) , (4.11)

where the three contributing terms represent, respectively, the mass matrix, the advection
matrix and the stiffness matrix. Further, the right hand side can be written as

b = [bj], where bj = /aQ k}de)j - (f, ¢j)7 (4.12)

and the vector of unknowns can be written as U = [U;]. Thus, eq. (4.10) becomes
AU = b, (4.13)

which must be solved for U. The numerical calculation of the elements of the matrix M
and right hand side vector b in in eq. (4.13), is called to assemble the system. In terms
of computationa, this process can often be comparatively costly to solving the matrix
system [320]

Mixed elements

It should be noted that a to represent a PDE of order 2k, one would expect that a
discretized function space of (at least) order k is necessary, as this is the best balancing
between trial and test functions that can be achieved by successive integration by parts.
In the present work, this is particularly relevant for the fourth order phase-field equation,
see egs. (3.26¢) and (3.26d). However, low-order elements can be used by introducing an
auxiliary field, and employing mixed elements. For example, solving the equation

Viu=f, (4.14)

for u (with appropriate boundary conditions), would intuitively correspond to the fol-
lowing variational problem: Find v € U such that

(V2u’ VQU) = (fa U) ’ (4.15)

for all v € U. Instead, one can introduce the auxiliary variable g = V2w, which turns
eq. (4.14) into

Viu=g, Vi¢=1F1. (4.16)
The corresponding variational form becomes: Find (u, g) € U’ x G’ such that
(VU, VU) = 7(97”)7 (ngvh) = 7(f7 h)a (417)

for all (v,h) € U" x G'. Here, the discrete approximations to the subspaces U’ and G’
can be of lower order than the approximation to the function space i/ in eq. (4.15). It is
then a trivial task to turn eq. (4.17) into a matrix equation of the form eq. (4.13).
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4.1.1  Solvers and preconditioners

Having assembled the system, as stated in the form (4.13), the task is now to isolate
the vector U with as little computation—or as quickly—as possible. This is in general a
task for numerical linear algebra routines. The most robust methods solve this directly
(using lower—upper (LU) decomposition or Gaussian elimination). However, this is
highly memory consuming for large systems and does not scale well with the number
of unknowns. Better results are therefore achieved with methods that can exploit the
structure of A.

Since the basis functions have compact support, they are typically only nonzero in a
small neighbourhood of a given node or element. Thus the involved inner products are
predominantly zero, i.e., the resulting matrix M is very sparse. Moreover, the bulk of
the nonzero entries are found close to the diagonal.

Such matrix structures are often suitable for use with iterative Krylov subspace
methods. It is not within the scope of this thesis to enter into the technical theory
on Krylov subspaces and sequences—the interested reader is referred to literature on
the field, e.g.[¥7]. We will only briefly outline some of the most popular methods. For
symmetric, positive definite systems, the conjugate gradient (CG) method['88] is typically
the optimal method. For symmetric systems, the minimal residual (MinRes) method [34]
is a viable option. For less restrictive requirements to the system matrices, the more
robust generalized minimal residual (GMRES) method [**, or the biconjugate gradient
stabilized (BiCGSTAB) method [4%2] can be used.

For these methods to converge, it is essential to use good preconditioners. This basi-
cally amounts to multplying both sides of eq. (4.13) by a matrix P ~ A~! (the inverse
of A) to bring the system matrix closer to the identity matrix, or, generally make the
system easier to solve. Common preconditioning techniques include Jacobi precondi-
tioning, algebraic multigrid (AMG), incomplete LU factorization (ILU), and successive
over-relaxation (SOR). The choice of an appropriate preconditioner also depends on
the choice of linear solver, and for large-scale applications, it is fundamental to access
parallel implementations of the preconditioner—solver pair. A thorough overview of
preconditioners and linear solvers, with emphasis on fluid-mechanical problems, can be
found in the book by Elman et al.[132],

4.1.2  Comparison to other methods

The main advantage of using the finite element method (FEM) is its versatility. The
method is not restricted to a specific physical problem, and is intrinsically suited for
a wide variety of physical models and problems. This includes elasticity and solid
mechanics (where it originates from), advection and diffusion, fluid flow, and many
more. Further, the method is not limited to specific mesh structures, but is formulated
in terms of general discretized domains. This is in contrast to finite difference (FDM)
and finite volume methods (FEM), which typically rely on structured meshes or grids. It
is possible to extend FDM and FVM to unstructured grids, but it is not as intuitive as
for the FEM 172l In particular, FEM formulations on structured meshes often become
equivalent to FDM or FVM stencils. Further, implicit or semi-implicit versions of all
three problems typically reduce to solving a linear system of equations?*!J. Gresho and
Sani[172]-se¢- 17 provide an interesting discussion on the relation between FEM and FVM.

Another advantage of the FEM is that it straightforwardly allows to construct nu-
merical schemes where certain stability properties can be shown. In particular, implicit
and semi-implicit schemes can be constructed with easy by using finite differences in
time. Moreover, enforcing Neumann (or even Robin) boundary conditions in a FEM is
straightforward, as they enter directly in the weak formulation. This is, e.g., particularly
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useful for imposing contact angle boundary conditions in phase-field simulations.

Progress in recent years indicate that for incompressible flow, the finite element
method is fully competitive with FVMP?] in terms of computational performance.
Compared to the lattice Boltzmann method (LBM), FEM solves the actual PDEs while
the LBM approximates them using kinetic theory. If steady-state solutions are sought,
implicit or semi-implicit schemes are preferred, as larger time steps are allowed. For
turbulent flow, however, the time-step restrictions may be of lesser importance, and
explicit methods such as the LBM (where all interactions are local) may be advantageous
for parallel scalability. However, unbiased comparisons of the various methods for a
representative spectrum of problems, is in general hard to find. In part, it is also a
question of implicit versus explicit methods. Implicit methods are more stable, but also
tend to smear out the solution more; i.e. they are more dissipative. For other applications,
such as for compressible flow, the FVM is possibly still more mature than the FEM 3],
The unstructured lattice Boltzmann method (ULBM) represents an extension of LBM
to unstructured meshes, opening the way for the same geometric flexibility as found
with the FEM (or FVM). However, the velocities must typically be interpolated on the
unstructured meshes by using FVM or FEM methods, and thus the method loses some of
its advantages.

Finally, it should be mentioned that the choice of basis functions in the Galerkin
method need not be limited to the compactly supported functions employed in the FEM.
In simple geometries with a high degree of symmetry, such as periodic channels, pipes,
and fully periodic geometries, spectral (and spectral Galerkin) methods yield superior
accuracy and efficiency. For example, Lee and Moser[?"] presented direct numerical
simulations of plane channel flow at impressively high Reynolds number using a Fourier
basis in the streamwise and spanwise directions and a B-spline collocation method in
the wall-normal direction. Another option is the use a Chebyshev basis in the wall-
normal direction, see e.g.’"). However, these methods cannot be easily adapted to
more complicated geometries. An alternative, conceptually halfway between these
two approaches is the spectral element method (which is used e.g. in the CFD code
NEK5000 152]) but that shall not be evaluated here.

For two-phase flow simulations, including front-tracking, level-set, volume-of-fluid
and phase-field methods, it is also possible to combine different methods. The methods
typically need some Navier—Stokes solver to advect the fluids, but are not dependent on
which method is used for this purpose. For example, Campillo-Funollet et al.[7] used
a FVM on a dual grid to solve the convective terms, while using FEM on the diffusive
terms; thus taking advantage of the strengths of both methods.

Having discussed spatial discretization strategies, we now proceed to temporal
discretization strategies, which are often independent of the spatial method. In particular,
we consider finite-difference integration in time.

42 A NUMERICAL SCHEME FOR TRANSIENT FLOW

To apply the models considered herein to realistic time-dependent problems, reliable
time-discretization schemes are needed. The models covered in this thesis concern, in a
general sense, the incompressible Navier—Stokes equations, in many cases coupled to
external fields. The latter fields are either an arbitrary number of concentration fields, or
a single phase field.
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We can state the models in the following compact form:

N

poru+m-Vu—V - [2uDu]+ Vp = — Z ViV g, (4.18)
i=0

V- -u=0, (4.19)

Wi +u- Vi — V- (K;Vg;) =0, (4.20)

V. (eVV) = —p,, (4.21)

with appropriate boundary conditions, where v); are the transported scalar fields, i.e. the
collection of all phase and concentration fields,

¢ for =0,

Vi= {ci for 1e{l,...,N}. (422

The associated chemical potentials can be written as the general functionals

N gy for =0,
= gl{ N V] = 423
9 = 9ill¥i}j=o. VI {gci for 1e€{1,...,N}. (4.25)
and the generalized mobilities can be defined by
K= M@ for =0, (4.24)
Di(¢)e; for ie{l,...,N}.

The advecting momentum m is, as before, given by eq. (3.29), such that the total density
evolution can be written as
dp+V -m=0. (4.25)

The coupled problem of fluid flow, transport of scalar fields, and electrostatics, is in
general a hard problem to solve numerically. It is thus beneficial to split the problem into
multiple substeps. Here, we separate out the fluid flow problem from the scalar transport,
while still being able to prove the same energy stability property that is associated with
the continuous problem.

As unconditionally stable schemes of second or higher temporal order still seems
lacking for two-phase flow with unmatched density, we will consider the following
temporally first-order scheme. In particular, the splitting between velocity and pressure,
as seen below, introduces an O(7) error. The method is of arbitrary order in space, as it
depends on the chosen finite element basis.

We will first present the step solving for the scalar fields, including the electric field,
and subsequently the hydrodynamics step will be considered. We assume here for brevity
that the dynamic boundary condition with no-slip (3.36), although the extension to a
generalized Navier boundary condition (GNBC) (3.35) is straightforward (e.g. along the
lines of1®!). To simplify the notation, we use the electrokinetic scaling of the model (3.81)
outlined in section 3.4.3.

We consider schemes that use finite elements in space, and finite differences in time.
Thus, we consider a discrete time step 7, and denote for conciseness the first-order
discrete time derivative by

oAk < At AT Ak_l.

T

(4.26)

Finally, we use the shorthand notation that when a general quantity A is evaluated at a
timestep k, it is denoted by A*, e.g., A¥ = A(¢").
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For completeness, we define the following finite element subspaces:

Uy, = (Up)? where U, = {ve H'(Q)} for velocity, (4.27a)
P, = {p € Lg(Q)} for pressure, (4.27b)
®, ={¢p e H'(O)} for scalar fields, (4.27¢)
Gh={g¢ Hl(Q)} for chemical potentials, (4.27d)
U, ={v e HI(Q)} for the electrostatic potential. (4.27¢)

4.2.1 Scalar transport step

The scalar transport step is given by the following discrete problem at each time step k.
Assume that w(’f—l, e wﬁ[ l,gg Lo, gk Lyk=1 ub=1 ph=1are given. Then, using
eqs. (4.22) and (4.23), solve:

Oy + V- (uyh) =V (K, (4.28a)

1 0B;_ 10

k__ 1717 2k J—. - Ye k|2
ok =xv [eW ev¢}+zj:a¢] 395/ VV (4.28b)
gk = + B+ V", (4.28¢)
V- (FVVE) = —pF, (4.28d)
Here, -

ut=ufl - =) Zgﬁf*lvgﬁ (4.29)

[305]

is a forward-projected velocity, building on an idea by Minjeaud!>*>!. Moreover, we have

introduced the following discretizations:

W’ — A discrete approximation of the derivative of the Ginzburg-Landau double
well potential, W’ (), see eq. (3.28). Here, a convex-concave decomposition

W (9) = W, () — W_(6) is used (see e.g 04
W= W(g") =W (¢5 ) (4.30)
where W, (¢) = (1 + ¢*)/4 and W_(¢) = ¢?/2.

fI — A discrete approximation of the derivative of the wall energy interpolation
function. Here, it is given by

— 1 _ _
fo=73- 6=t = (6")). (431)
¢; — interpolated concentration ¢; = wc +(1—-w) f ! where w € [0,1] is an
arbitrary weighting coefficient.
B; — interpolated solubility energy, 5; = (1 — w)ﬁf + wﬁf_l.
o/ — An approximation of the derivative of a generalized chemical energy a/(c);

we use
o =a (cj) lnc (4.32)

where the last equality holds for standard Nernst-Planck transport.

These discretizations have been made in this way to satisfy a discrete energy dissipation
law, which we will show in the coming sections.
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Weak form

For a finite-element implementation, a weak form of the above scheme must be found.
The following variational problem corresponds to the scheme (4.28).
Find (¥f, ... ,1/)11‘{,,96“, e ,gé’“\,, Vvk) e @g“ X Gg“ X Up, such that

(a;wf,gj) _ (u*qp;?—l,vg) n (Kj’?—lvgf,vgj) —0, (4.33a)

(gf;,, hg) = xye (W7, ho) + x7e (Vaﬁk, Vho)

Al
+ /8 . [y cos(Beq) fie + T8 ¢] ho (4.33b)
08;_ 1 Oe
+Z< ]6]7 0>_<28¢lvvk| ho)a
(g’gj,hj) = (o, hy) + (Bj, hy) + (zjvk,hj) , (4.33¢)
(skVVk,VU) - (p’g,U) n / o U, (4.33d)
oN
for all test functions (o, ..., ¢N, 90, ---,9N,U) € CIDhNH X GhNJrl x Up,.

4.2.2  Fluid flow step

To solve the Navier—Stokes equations with a non-constant density, many approaches
exist, specifically solving for velocity and pressure either in a coupled or in a decoupled
manner. The present method is based on a decoupled fractional-step method, which has
its roots back to the seminal works of Chorin[*>3], The fluid flow step consists of three
substeps: velocity prediction, pressure correction, and velocity correction. They are given in
the following.

Assume that the scalar transport step (4.28) has been carried out, and thus

k ko k E vk k=1 k-1
¢07'--’wN5907'”7gN5V’u P
are given. Then, carry out the following substeps.
1. Tentative velocity step: Solve the following problem for the tentative velocity

step u*.

A (V) - V(244D ) + vt

+ Lk [a;p’“ TV mk_l] =— quf*lng, (4.34a)

N |

with the Dirichlet boundary condition @* = 0 on 9. Here we have used
m” = pFu® — p’(qﬁ)Mngé";. (4.34b)

Note also the presence of the last term in the right hand side of eq. (4.34a), which
is an approximation of 0, cf. eq. (4.25). It is needed to satisfy a discrete energy law,
as will be shown below.
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2. Pressure correction step: Solve the following problem for the pressure p*.

1 1
—Vz(pk — pk_l) = -V -a, (4.34c)
Po T

k—l) —

where pg = min(p1, p2). Here the artificial Neumann condition n-V (p* —p
0 should be enforced.

3. Velocity correction step: To obtain the corrected velocity u¥, solve

pub — ak

pr—=-V (pk —pk%) , (4.34d)

T

with the Dirichlet boundary condition u* = 0 on 9.

Weak form
The following variational problem corresponds to the scheme (4.34) above.

1. Tentative velocity step: Find i € Uy, such that for all v € Uy,
ﬁk _ uk—l
(pkl,v> + ((mk*1 . V)ﬁk,v> + (2,ukDf1k,Dv)
-

() ) - v )

with the Dirichlet boundary condition @* = 0 on 9.

2. Pressure correction step: Find p* € P, such that for all ¢ € P,, we have

1 ko k-l 1 =k
<p0V( —p ),Vq> == (V ‘u ,q) : (4.35b)

3. Velocity correction step: Find u* € Uy, such that for all v € Uy,
k_ =k
<pkuua V) = (pk - pk_la V. V) ) (4350)
T
which we solve by explicitly imposing the Dirichlet boundary condition u* = 0
on Of).

This completes the numerical time discretization scheme. Some remarks are in order:

« At each time step, the scalar transport equations (section 4.2.1) need to be solved
before the hydrodynamic equations (section 4.2.2).

« The scalar transport equations (4.28) (or (4.33)) are at least weakly coupled through
V* and need to be solved simultaneously.

« Multiplying eq. (4.34d) by 7/ p¥, taking the divergence, and using eq. (4.34c), yields:

N I

i.e., the scheme admits a small O(72) compressibility in the corrected velocity field.
This might, however, stabilize the spatial method; see the discussion in section 4.3.
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4.2.3 Energy stability

We now set out to show that there is a discrete energy law associated with the given
scheme.

We start with the hydrodynamic part. First, we note that, using eq. (4.29), eq. (4.35a)
can be written as

We let v = 0" in eq. (4.37):

1 2 L112
e Ve = VT

2

:_7H pF=l(@® —u*)| | (4.38)

and test eq. (4.29) with p*~1u*/7:

R
=-Y (w;?—lvgf,u*) 1 H ph=1(u* — u’H)HQ. (4.39)
i

1
o [V
:

27
Further, we let ¢ = —7p" in eq. (4.35b):

(v at) = [I90]~ or]

and put v = @* in eq. (4.35¢):

1 2 1 21 NI _ -
e N R R R )

(4.41)
From eq. (4.34d), we find
2
|VeFt -y =7 jEV(pk — ) (4.42)

Combining eqs. (4.38) to (4.42) we obtain:

1 2
8;91’;’:_“ 2 FDi" 27H\/ﬁu g _7H\/pk7_1(u*_uk—1)u
T T
2
T 1 B B .
a1 i Ev(pk - =0 (wf 'Vgk,u ) . (443)
j

where we have identified the discrete kinetic energy,

K2, T
-+ 2
2p0

(4.44)
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which contains an additional O(72) compressibility term compared to its continuous
counterpart, eq. (3.40).

Now, we consider the evolution of the scalar fields. In the general case, eq. (4.33a)
becomes, using §; = gé?:

(8;1/4?, gf) — ( St ng H \/Fvgj (4.45)
For the phase field, we find, using ho = 07 ¢* in eq. (4.33b):
(95, 076") = xae™ (W7, 076%) +xve (Vo Vo5 6" ) + o7 7
+ [ riorer) + 3 (e 20 55) = (HOVH 00 ). a0
Here we have used that
om0t = (A6~ fu(@t )] (447
and identified the discrete fluid-solid interface energy (cf. eq. (3.39)),
Fh = / 2 + 7y cos Beq ful9)] (4.48)
o0

Now, note that both W (¢) are convex functions, i.e. W/ (¢) > 0 for all ¢. By Taylor
expansion, we find, using the mean value theorem,

Wi (%) = Wi (6" 1) + Wi (o) (8% — 61 — S(6" — 6" 1)2W(41),  (4.492)
W_(¢F) = W_(¢" ) + W_(¢" 1) (0" — ") + 5(¢F — " 1)?W/(4-), (4.49b)

for some ¢ € [min(¢*~1, ), max(¢F =1, ¢F)]. We thus find
(W7.076") = (Wi(6") = WL ("), 0 — ) (4.50)
:/Q [W(¢’“) - W(¢’“*1)} + AW, (4.51)
where AW = (g% — ¢ 1)2 (W (¢4) + W (¢—)) > 0. We also find that
R L B L B L
For the chemical potential for the ions, we let h; = 9; ¢k in eq. (4.33¢)

(b 07¢f) = (20.07¢)) + (Byoreh) + (V" 07¢)) . (@s59)

where we find that

(ozj, 0~ c]> = /Q [aj(c;?) - ozj(c?*l) + Aaj} (4.54)
where ¢; € [mm(cﬁ; l,c;“) max(c 1,09?)] and the last term, Aa; = %a;-’(éj)(c;? -

k—
k—1\2 J
cj~")? is non-negative since a7 (c) > 0 for all c.
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From eq. (4.33d) we find

(s’fvvk, Vvk) — (,o’;, V’f) n / o vk, (4.55)
15)9)
(s’“—lvvk—l,vv’f) - (plg_l,Vk) n /8 ) o vk (4.56)
which gives
<5kVVk _ gyt Vv’f) =Y (c§ — Vk) : (4.57)

J
Combining eqs. (4.45), (4.46), (4.51) to (4.54) and (4.57), and summing over j where
appropriate, we obtain

2
o | b e D+ 2| = 3 (i veh) - S VKVl
J J ]

—/aQ [T ¢l?] —/xvslAW X HV ¢’H)H2

Hﬁ \ATLI -2V / Aa; (4.58)
where we have used
(e, 07 88) + (B, 07¢h) =~ [k — g1 (459)
and identified the following discrete free energy expressions:
FE =y [/Q W (s Hw H ] (4.60)
7k = /ﬂ [aj(ch) + ;.ccﬂ (4.61)
Fh=1 “@VVk)‘z. (4.62)

These are the discrete counterparts of egs. (3.38), (3.50) and (3.51), respectively.
Now, we are in a position to combine the above results. Summing eqs. (4.43) and (4.58),

we obtain
-S|V - Ww\r—/m oz
J
—/Qxfye_lAW v - ot H Hﬁ (VVE - WV 1)”

_Z/QA%' - % H\/F(ﬁk
j

2
1 H \/ﬁ * =2 T 1 1 k k—1
— — IV (u* —u H—f — =V —p (4.63)
v I rrrad )
where we have identified the total discrete energy,
FE = Fi+ T+ FE+ D FE+ T (4.64)

We observe that all terms on the right hand side of eq. (4.63) are negative; hence 9-.#% <
0, i.e. a discrete counterpart of eq. (3.86) is satisfied. Comparing eqs. (3.86) and (4.63), we
also note that only the three first terms in eq. (4.63) are present in eq. (3.86); the rest of
the terms in eq. (4.63) represent numerical dissipation and are at least of order O(7).
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4.2.4 Discussion

An advantage of using the above scheme is that it is highly decoupled: The hydrodynamic
computation is decoupled from the scalar transport, and within the hydrodynamic
subproblem, the computation of the velocity is decoupled from the pressure computation.
This is achieved by a fractional step method, based on Chorin’s method [*>%3] and similar
to that presented in!*Yl for pure two-phase flow. As noted, the method introduces a
small numerical compressibility, see eq. (4.36), which also serves to stabilize the problem
with regard to the Babuska-Brezzi criterion (see section 4.3 below). Furthermore, the
discrete energy inequality, which is also an important property of the continuous version
of the model, serves to limit the energy blowup that is often associated with the sharp
gradients typically present in two-phase flow. The functional can possibly be used to
prove convergence of the numerical scheme in the same way as done by Shen and
Yang[4%4] for the case of pure two-phase flow, and more recently by Metzger [3!
similar scheme to this.

A main disadvantage of this scheme is that all scalar fields must be solved simultane-
ously, and additionally, it requires using a nonlinear solver, for the discrete energy law to
be satisfied. This may impart a FEM problem that is not necessarily easy to precondition
and solve. Alternatively, a fully linear scheme where all nonlinear terms above are
linearised around the variables at time step k — 1 (and higher order terms are omitted) is
presented in Paper 6293, Although free energy dissipation, as represented by eq. (4.63),
can then not be guaranteed, the problem could be split between (i) computing the phase
field, (ii) computing the chemical transport, and (iii) hydrodynamics. For the resulting
subproblems (i) and (iii) there are efficient and robust solvers that can be used. For (ii) it
has proven harder to solve the equations, in particular when the electric fields are so
strong that we are well into the nonlinear electrokinetic regime (V' 2 V7).

Another disadvantage, compared to solving all equations (including hydrodynamics)
simultaneously—i.e. using a fully implicit scheme—is that the operator splitting imparts
an explicit inclusion of the advective velocity. This introduces a restriction on how
large time steps can be used for the scheme to remain stable, governed by the Courant—
Friedrichs-Lewy (CFL) criterion. Again, however, it is not straightforward to find robust
and efficient preconditioners and solvers for this problem, and fully implicit schemes are
also affiliated with excessive numerical dissipation.

Ifora

Finally, we propose here a way to provide efficient energy-stable simulations, i.e.
solving for the scalar transport values simultaneously. Within the scalar transport
subproblem, the following Picard iteration should be carried out at each time step k.

1. Let the tentative variables (13’5 = (f)k_l, %k S Ve é?() = c;?_l, and let 7 = 1.

2. Solve the phase field equations linearized around (;Aﬁf, and obtain the tentative value

k
Pi41-

3. Solve the electrostatic problem with the newly obtained éf ', 1> and obtain V/fH

4. Solve the chemical transport problem with the new ¢Ef 1 VJ_“H and obtain éé“l i1
5. Compute
k 1k 1k 2 7k 7k 2 A A2
Eiv1 = ‘ A ‘ Viti = Vi ‘ + ) i — éall* (4.65)
J

If Ef_H < tol, where tol is some tolerance, assign qﬁk = Afﬂ, Vk = Vzﬁl c? =
éé“z 41, and proceed to the next time step k + 1. Otherwise, increase 7 < 7 + 1 and
go to step 2.
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Steps 2—4 above are fairly standard procedures, as they require solving a sequence of
decoupled linear equations. Nevertheless, when applicable, a Newton solver would
converge in fewer iterations. However, with the iteration scheme above, effective reuse
of matrices could be permitted in a finite element method, as outlined e.g. in*?°} for a
pure single-phase case, and in!"'] for a two-phase model.

4.2.5 Pure single-phase schemes

Now we consider the flow of a pure single-phase fluid, i.e. the flow is not coupled to any
additional scalar fields. The scheme above reduces to the classical Chorin scheme when
applied to a single-phase case, where p, 1 are taken to be constant. Then, the numerical
problem reduces to sequentially solving

ﬁk: o uk—l
p ( +uft. vak> —uV2ak + vpkl = o, (4.66a)
-
V2(pk — pF1) = gv ok, (4.66b)
uf — o _
p——— =V -p". (4.66¢)

Here, the first and last equations should be solved with the no-slip boundary condition,
% = 0 and u* = 0, respectively. The pressure correction equation is typically solved
with the artificial boundary condition fi - V (p* — p*~1) = 0. A temporally second-order
version of Chorin’s method can be found by a modification of the above equations (4.66)
to arrive at the following fractional step scheme [*2°]:

k k—1
u” —u - k- k- «
p (T + Vu§N1/2> —uVi v =0, (467a)
V2(pE1/2 _ p¥) = gv ok, (4.67b)
k_ ok
u” —u _ X

p——— =V (4.67¢)

Here, ﬁl&;l/ 2 = (@* 4+ u*~1)/2 is the Crank-Nicolson interpolated velocity, and
uigl/ = (3uf~! — u*~2)/2 is the Adams-Bashforth projected convecting velocity.

Equations (4.67a) and (4.67b) are solved in an inner loop, where, before each iteration,
p* < pF~=1/2.26 Hence, this scheme is called an incremental pressure correcting scheme
(IPCS). A convergence criterion based on H ph=1/2 _ H or a desired maximum number
of iterations, is typically set. See also the review by Langtangen et al.[?*!] for an overview
of methods for incompressible single-phase flow.

Assuming the inner loop is solved with high accuracy, such that p* = p
obtain from eq. (4.67c) that 1* = u”. Inserting these expressions into eq. (4.67a), testing
with ufy = kg = (u¥ + u¥~1)/2, and as usual using the no-slip condition, we obtain
2 1

27
where we have also used that V - uky = 0. Comparing to the first-order counterpart
(4.43) (letting u* = uF~! and p* = p and disregarding chemical potential terms) it is
clear that the second-order scheme is less dissipative, while still retaining the sought
energy stability. It is tempting to pursue such a direction for two-phase flow with density
contrast, solute transport and electric fields, and it is trivial to construct schemes that
are, at least, formally second order [403] However, to the author’s knowledge, even for
two-phase flow with mass contrast it is an open question how to achieve energy stability,
which again can allow for rigorous convergence results.

F=1/2 e

1 412 k—1/2||2
oo I i B e e (469
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43 STEADY-STATE SCHEMES

For problems where a steady-state solution is sought, it is often undesirable to go
through thousands of time steps to reach a steady state. Moreover, as seen from eq. (4.63),
the steady state reached by a time-splitting scheme may contain spurious numerical
dissipative terms of the order O(7), and the artificial boundary condition on the pressure
Poisson equation introduces an error O(7) 241} se¢-51_whijch can be detrimental to the
overall solution even when a higher-order method is used.

In this case, it might be worthwhile to solve for velocity and pressure in a coupled
manner. For clarity, we consider the Stokes equation (3.17) for creeping flow, which we
restate here,

—uViu+Vp=f, (4.69)

V-u=0. (4.70)

Here, we have added the constant body force f to the right hand side of eq. (4.69). We
impose the no-slip condition u = 0 on the boundary 0f2.

Equation (4.69) can be written as the following linear variational problem. Find
(u,p) € Uy, x Py such that

H (Vll, VV) - (pa \'E V) = (fa V) (4713)
(V-u,q) =0, (4.71b)

for all test functions (v, ¢) € Uy, x P,. Solving and preconditioning this system remains
an important area of research to this day. Particularly, this is relevant for cases where an
accurate steady state is sought.

Finite element approximation

In the finite element method, as explained in section 4.1, we can expand the solution

functions in a finite basis. For the velocity, we write the approximated solution as[?4!]
N Ndim
u~ia=> Y U;,N; (4.72)
j=1r=1

p~p= Z P;L;. (4.73)

Here, U, j, P; are constant coefficients, while IV}, L; are basis functions. Here, the veloc-
ity is represented by n - ngj, unknowns (ngyy is the number of spatial dimensions) and the
pressure is represented by m unknowns. Using the Galerkin method, as demonstrated
in section 4.1, we can express (4.71) in terms of the basis functions. We then obtain the
following equation sets:

> w (VN VN)Ujr — > (L, 0-N;) P = (fr, Vi) ,
k=1

7=1 (4.74a)
for re{l,...,ndim},
and i€ {l,...,n},

Ndim N

SN Lk 0:N) Uiy =0, for ke{l,...,m}. (474b)

r=1 =1
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Evidently, we can identify the inner products as the matrices A = [A;;] where A;; =
p(VN;, VN;), and B, = [Byj, ] where B;, , = — (0,N;, Ly,); the source term vectors
Q, = [Qri] where Q,; = (fr, N;); and the vectors of unknowns U, = [U; ,], P = [P}].
Here A is an n X n matrix, B, is a n X m matrix, U, is an n-vector, and P is an
m-vector. By defining U = [Uy,..., U P] as the system vector of unknowns,

) Ndim ?

Q = [Q1,...,Qu,,, 0] (0, is an m-dimensional zero vector) as the source term
vector, and
A B,
M = : (4.75)
A Bndim
T T
B] ...B,,.

as the (n - ngym +m) x (n - ngim + M) system matrix, we can write the linear system as
MU = Q. (4.76)

Now, the main quest is to solve eq. (4.76), i.e. choose basis functions NN;, L, such that
M is not singular. In this respect, the Babuska-Brezzi condition[®”-63241] is a central
concept, which determines whether a finite element approximation is stable and leads
to a uniquely defined solution vector U. In practice, it imparts that a standard P;-P;
discretization (of (u,p)), i.e. piecewise continuous basis functions on the discretized
domain, cannot generally be used to solve the Stokes equations. The arguably most
obvious choice is to use Taylor-Hood elements, which consists of P,—P; elements; i.e.
piecewise quadratic basis functions for the velocity and piecewise linear basis functions
for the pressure. This, however, leads to a larger number of unknowns, and in general, a
large linear system that is hard to solve. The criterion also enables several other mixed
element formulations, such as Py 1-Py for £ > 1, and more advanced elements such as
the MINI element, the “bubble” elements, and Crouzeix—Raviart elements. We will not
discuss such methods here, and the interested reader is referred elsewhere [132172],

A more intuitive way of stabilizing the Stokes equations is to modify the governing
equations, and include a mesh dependent parameter that ensures that convergence to
the correct solution is obtained when the mesh is sufficiently refined, i.e. let the typical
linear element size h — 0. Such stabilization can enable the use of elements of the
same order for both pressure and velocity, i.e. elements that would otherwise violate the
Babuska-Brezzi criterion. When solving the Stokes equations numerically with elements
that violate this criterion, the pressure field is usually found to be highly oscillatory. It
is therefore consistent with physical intuition to add a term to the right hand side of
eq. (4.70) that dampens out short-wavelength oscillations in the pressure field. Such a
term can be expressed by

V -u = 0h*(x)V?p, (4.77)

where h(x) is a local mesh size, and ¢ is parameter that is typically chosen heuristically. It
is clear that the modification of the continuity equation, eq. (4.77), admits a compressibility
proportional to 4, i.e. the velocity field is no longer divergence free. In particular, § should
be large enough to provide stable convergence, but small enough for the introduced
compressibility to be unimportant for the final results.

The modification (4.77) leads to a resulting in a modification (from eq. (4.75)) of the
system matrix M in eq. (4.76):

A B,

Mstab = - A B y (4.78)
d

B? ... BT —sC
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where the m x m matrix C = [C};] is defined by C;; = h? (V L;, VL;). For sufficiently
large 9, the matrix M., becomes nonsingular even for P;-P; elements.

The Babuska-Brezzi criterion is in general not only applicable to mixed elements
and steady-state problems. It also applies to transient problems (the generalisation is
straightforward), including those that inmpart splitting between velocity and pressure.
However, for splitting methods, such as that presented in section 4.2, a weak numerical
compressibility is introduced, V - u « 7'28tp, which can be seen from eq. (4.35b). This
has a similar effect as the stabilization term (4.77) above, rendering simulations using
P; elements for all fields possible. This can be a particularly viable alternative when
the O(7) splitting error dominates. Finally, mixed element formulations that actually
violate the Babuska-Brezzi criterion may also work well in practice. For instance, the
P,—P; element has found wide use?*!]. For more discussions on stabilization methods
for single-phase fluid flow, see e.g.[172241],

44 NUMERICAL SOFTWARE AND TOOLS

Computational tools are needed to numerically solve the discretized equations presented
in the preceding sections. To consider the finite element method, the numerical tasks
at hand include constructing meshes, computing basis functions, assembling system
matrices (typically at each time step), preconditioning and solving the resulting sparse
linear systems, and storing and analysing the data. Many of these steps are in themselves
well-developed scientific topics, and hence it would be daunting task to implement
everything from scratch. Luckily, there exist freely available numerical resources which
allow to use highly optimized routines for all of these tasks. The obvious advantages of
this approach is that one avoids ‘reinventing the wheel’ and the approach thus allows to
obtain reliable results in a shorter amount of time—both in terms of implementation and
simulation time. Obviously, this relies on the employed software to be trustworthy.

The importance of reproducibility in science was pointed out already by Boyle in
the 17th century[#*?] pp. 82. Recently, an increased interest in reproducible research
has emerged, particularly in computational science7>!**]. An essential component to
reproducible science is transparency. For computational science, this imparts that the
numerical codes should be available to the public, so that anyone can inspect and critically
evaluate the validity of the tools with which results have been obtained. An important
facilitator for development of such open source software has been the open version control
system such as Grr[***] and MERCURIAL, combined with public code repositories such as
GitHub and BitBucket.?’ In order to keep in line with this policy, we have opted both to
use and develop open source codes.?

4.4.1 FENICS

Most of the simulations presented in this thesis have been carried out within the finite el-
(2721 FENICS is an open-source computing platform for solving
partial differential equations using the finite element method, which aims to automatize
the discretization and assembly of the problems in question. The backend code is written
in c++, while the features can be accessed using high-level PyTHON code. Since the bulk
of the computation time in a finite element problem is spent on matrix assembly and
linear solvers, the high-level PyTHON interface does not pose a significant cost in terms of
efficiency [®?], Rather, it serves to cut time spent on code development, documentation,
and maintenance. FENICS consists as a collection of dedicated components that together
make setting up finite element problems straightforward. Dorrin[273] is the c++/PyTHON
interface to the computational backend of FENICS. The FENICS Form Compiler FFC [23%]

ement framework FENICS

7 Not only does this pro-
vide a powerful and trans-
parent change-tracking envi-
ronment, and allow users to
quickly update their code (by

“pulling” from the repository);

it invites users to interact,
point out errors or shortcom-
ings (file “issues”), and pro-
vide fixes or new features
themselves (submit “pull re-
quests”), which in term can
be incorporated into the main
branch of the project by the
code authors.

% Open science is also an im-
portant target for the Hori-
zon 2020 programme of the
European Commission ], a
funding agent for the present
project.



? The code can be found

on the GIT repository https:

//github.com/gautelinga/
Oasis/tree/nbiOasis.

% The missing A in BERNAISE
compared to the sauce stands
for adaptivity, which is at the
present not an implemented
feature.
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translates variational forms into efficient c++ code for FEM assembly. The discretized
variational forms can be specified by users via the Unified Form Language (UFL)[1%]. The
Fimnite element Automatic Tabulator (FIAT)[?34] generates various types of finite elements
(including Py,) elements. Drjrrso ™! is a just-in-time compiler for c++ code generated by
PyTHON code.

Within a PyTHON script, FENICS users can specify a mesh, set up finite element
spaces, specify a weak form of the governing equations, and impose boundary conditions.
The numerical problem is then automatically converted to a linear matrix system by
the c++ backend. The computational backend interfaces to highly optimized linear
solver libraries, such as PETSc[?), Hyprg ['#?], and Tririnos['87). Which linear solvers
and preconditioners to use can be specified by the user. In particular, all the solvers
and preconditioners mentioned in section 4.1 can be accessed through FENICS, and
additional preconditioners are found e.g. in FEnaPAcK [*°]. In common with (and partly
due to) its linear algebra backend, FENICS is highly parallelized and developed with
high-performance computing in mind. In particular, it uses the Message Parsing Interface
(MPI) for parallel communication.

For a more thorough introduction to how FENICS is used in practice, the reader is
referred to the extensive tutorial by Langtangen and Logg[?4°]. In this project, FENICS has
been used as the underlying framework for solving the equations of elasticity, creeping
flow, transient single-phase flow, and multiphase flow with electric fields and solutes, as
we will se below.

4.4.2 QOaAsIs

The Oasis (Optimized and Stripped Solver) software, developed by Mortensen and Valen-
Sendstad (32! is a high-level, fast and flexible solver for the Navier—Stokes equations.
Oasis is written entirely in PYTHON, built on top of the FENICS platform, and heavily
exploits its PETSc backend. The runtime of the solver has been shown to be dominated
by Krylov solver iterations, underpinning the fact that the high-level PyrHON interface
is insignificant to the overall performance. In particular, the solver was shown to yield
similar efficiency as solvers written entirely in low level code, i.e. OPENFoAM (217] and
CDP® by comparative simulations on the Abel supercomputer at the University of
Oslo, and weak scaling was demonstrated up to 256 cores.

Oasis is distributed as a Python package and is modular by design. Several solvers,
i.e. numerical schemes, given as separate Python scripts, are implemented in the code.
These include Chorin’s method, i.e. eq. (4.66), and an optimized IPCS, i.e. eq. (4.67), and
other methods. Problems, i.e. simulation cases, are implemented as separate PyTHON
scripts in a similar manner, and user specific problems can be easily defined, for example
by modifying some of the default problems to fit the needs of the user. A customized
version of Oas1s? used in this project was developed by the author jointly with MSc
student Mads H. A. Madsen, whom the author co-advised during the spring of 2016.

4.4.3 BERNAISE

BERNAISE (Binary Electrohydrodynamic SolvEr) is a flexible, high-level finite element
solver of two-phase electrohydrodynamic flow problems in complex geometries, which
has been developed in this project!?3] in a joint venture with colleague Asger Bolet.
Inspired by the famous sauce—and oil-in-water emulsion—Béarnaise®, the solver aims
at solving problems involving the smallest constituents of such phases, namely small
droplets of one phase immersed in another phase, possibly subject to chemical transport
and electric fields. The basic version of the solver targets solving the phase-field model
(3.81) as proposed by Campillo-Funollet et al.[”], while other phase-field models can be


https://github.com/gautelinga/Oasis/tree/nbiOasis
https://github.com/gautelinga/Oasis/tree/nbiOasis
https://github.com/gautelinga/Oasis/tree/nbiOasis
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integrated with ease. Employing a phase-field model, the solver is better suited to handle
topological changes and moving contact lines than comparable sharp-interface models;
cf. 143, Several numerical schemes are implemented, which include coupled velocity and
pressure computation, fractional-step methods, energy stable schemes and fully linear
schemes. This permits simulations both in two and in three dimensions. The 3D version
of the solver is fully iterative and demonstrated strong scaling up to about 40 cores on
an in-house computing cluster.

BERNAISE is inspired by the OasIs solver, and is similar to the latter in both structure
and implementation. This approach is chosen both in order to appeal to the same user
base, and because it was the developers’ opinion that the approach of Oasis is a sensible
one. Many of the routine functions are similar, and problems and solvers can easily
be implemented in a reminiscent?! way by the user, i.e. by supplying single PyTHON
scripts. Nevertheless, it is our hope and opinion that most users—familiar with OAs1s or
not—should easily arrive at a decent level in BERNAISE.

In addition to the simulation environment, BERNAISE comes with a set of utility tools.
This includes post-processing tools for analysing data, producing figures, etc., a mesh
generation utility, and a plotting utility.

The appended Paper 63 which documents the software, simulation method, and
code validation, is described also section 5.3. Additionally, the code has been used for
several of the other appended publications.

444 Meshing tools

Although meshing was mentioned only in passing in section 4.1, it represents a genuinely
hard and important problem. Unstructured meshes have the initially persuasive feature
that they allow to represent parts of the domain with finer elements and thus allowing to
obtain locally higher accuracy. However, for complex domains in 3D, constructing quality
meshes is a challenging task. In many settings, such as in simulation of incompressible
flow, ‘bad’ elements can deteriorate the solution, and lead to instabilities in otherwise
stable methods!?*!). Moreover, splitting schemes for transient flow are subject to the CFL
criterion and therefore strongly inhibited by the smallest grid size (or specifically, the
highest local Courant number).

The CGAL library**! is an extensive c++ library for meshing in 2D and 3D, but
is difficult to master. TETGEN [4%%] is another robust mesh generation tool with a more
modest feature list. FENICS’ built-in meshing tool, the PyTHON package Msur 2> inter-
faces to both the above libraries. Another good PyTHON package is MEsaPY %3], which
interfaces to TRIANGLE **] for 2D meshes and above-mentioned TETGEN. Iso2MesH [14°]
is a MATLAB toolbox which both interfaces to CGAL and TETGEN, and contains several
other features.

In this work, Iso2MEsH was used to generate meshes from segmented X-ray micro-
tomography data of a porous limestone (see section 5.2), using the interface to TETGEN
to produce the surface mesh and the CGAL interface to produce the interior tetrahedra.

Periodic domains constitute an additional difficulty, as nodal values must be mapped
exactly to the opposing sides. This is particularly relevant for constructing meshes for
rough channel or pipe geometries. To do this, a meshing tool was developed in Python,?
that takes an arbitrary (rough) surface as input and creates a periodic mesh from it. Using
a combination of manually written routines for the edges, TRIANGLE (via MEsHPY) for
the flat (periodic) sides, and TETGEN for the interior tetrahedra, reasonably high-quality
meshes could be obtained that were also fully periodic. As will become obvious in the
next chapter, these routines were taken advantage of in both electrohydrodynamic and
transitional flows.

31 As the two codes simulate
related, but in many ways
quite different physical prob-
lems, significant differences
in the code structure are nec-
essary.

* Some of the meshing
tools used in this project
are available at the GIr
repository  https://github.
com/gautelinga/meshtools.
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SUMMARY OF PAPERS

In this chapter, the research articles produced in this project are summarized. The papers
are roughly organized into four overarching themes for which background material has
been introduced in the previous chapters.

5.1 TURBULENT FRONTS IN PIPE FLOW

PAPER 1: Statistical mechanics of puff-splitting in the transition to pipe turbulence
Hong-Yan Shih, Gaute Linga, Grégoire Lemoult, Mukund, Vasudevan, Bjérn
Hof, Joachim Mathiesen, and Nigel Goldenfeld
In preparation (2018)

Paper 1 concerns the spatio-temporal transition to turbulence in a smooth pipe,
and starts off where the discussion in section 2.2.2 ended. As noted there, whether
or not the transition belongs to the directed percolation universality class has been a
long-standing puzzle in the community at the intersection between fluid mechanics and
statistical physics. Recent experiments by Mukund and Hof!*?7] showed that even in
(quasi-periodic) pipes of length 7800d (d is pipe diameter), a continuous transition to
turbulence could not be observed. Rather, a discontinuous behaviour was observed, from
the point where all turbulence died out at Re ~ 2020, shown in fig. 2.3 (d), to a point
where turbulent puffs were ‘jammed’ in a crystalline state at Re ~ 2060, shown in fig. 5.1
(a). This relied on the standard view of considering the turbulent fraction F' as the order
parameter and Re as the control parameter?82°]. Moreover, knowledge from studies on
directed percolation suggests that the critical point, Re,, is somewhat higher than at the
Rex ~ 2040 found by Avila et al.[?] based on single-puff statistics[?32%1%%] 33 Here, we
summarize and give some supplementary information to the appended preprint.

In this work, the main assumption is that the statistical properties of a puff depend
(in average) only on the shear profile at its upstream front. In particular, the latter should
depend only on the distance to the nearest neighbour upstream, and not on anything
happening downstream of it. Thus, the dynamics are controlled only by one-way two-
particle interactions. Moreover, the puffs can stochastically spontaneously split and
decay with rates (or conversely, characteristic times) that depend only on Re and the
distance ¢ to its upstream neighbour, and the speed u at which they travel downstream
is also only dependent on £ and Re. Carefully executed experiments presented in this
work show that, at fixed Re, both the decay times 74, splitting times 75, and downstream

velocities u, can be described by the exponential®* relations
Ta(l) = Td 00 [1 — ade_e/’\} , Ts(f) = Too0 [1 + ase_g/)‘} , (5.1)
w(l) = s [1 n be’g/)‘} , (5.2)

where the parameters 74 o, 75,00, Uso are the single-puff properties. The first two, 7q o
and 7, oo, depend superexponentially on Re and can be obtained from (23] The last,

75

This manuscript addresses the
spatio-temporal transition to
turbulence in pipe flow. Re-
sults from Paper 1 were pre-
sented by the author at the con-
ference Computational Meth-
ods in Water Resources, held in
Saint-Malo, France, 3—7 June
2018.

3 However, as noted also
by Avila et al.!®*], the split-
ting and decay rates change
so abruptly around Rey that
Rec is likely only be slightly

larger.

** Which is perhaps not sur-
prising given the exponential
(in time) development of a

Hagen-Poiseuille profile, see
[321]

e.g
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FIGURE 5.1: Puff-splitting
in the transition to pipe turbu-
lence. (a) The experiments by
Mukund and Hof**"] above
the critical point. (b) Simula- parameters found from the experiment. Now, the motion of puff 7 can be described by
tions of the continuous model the Langevin equation

above the critical point. (c)

Ensemble-averaged turbulent dx;
fraction in the steady-state. dt

oo, Which has a weaker dependence on Re can be found from ). Finally, the ampli-
fication/reduction factors a4, as, and b, and the interaction distance A, are empirical

= u(z; — x-1) + VDE(L), (5.3)

where z; is the puff position, and ¢ — 1 is the upstream puff (to the left of 7) such that
x; > x;_1. The noise ; is taken to be uncorrelated and Gaussian, i.e. (§;(t)&;(t')) =
0ij0(t —t'). D is a heuristic diffusion coefficient that represents the stochastic motion
of puffs observed experimentally, and can be determined from experiments or direct
numerical simulations. We assume periodic boundary conditions in the axial direction in
a pipe with length L, and puffs can be removed (‘decay’) and spawned at the downstream
end of another (‘split’) with rates 7, Y T, , respectively.

For numerical implementation purposes, and to limit the number of parameters to a
minimum, it is useful to nondimensionalize the equations. First, we move into a reference
frame moving at the mean speed of newly spawned puffs, i.e. U = uqo(1 + b). Then,
we introduce new space and time variables denoted by tildes, through z; = Xz; and
t = Tt, and correspondingly D = ﬁXQ/T, A=X\NL=XL,u= uX/T, 7 =T7.
Here, X and T are the spatial and temporal scales.

Equation (5.3) becomes

dz;
dt
where we have used & (Tt) = &(t)/v/T, and

(# — #41) + sen(X)V D& (B), (5.4)

<

a(f) = T“?Oob [e—w _ 1] . A0 = T’:ﬁo [1 _ ade_e/)‘} . (5.5)
It is practical to choose the time scale 7' = T« = 74 o (Rex) = 75 0o (Rex ) where Rey
is the single-puff critical Reynolds number found by Avila et al.[?3]. We also choose the
spatial scale X = T4 usb(Rex ). For convenience, and compliance with the next model,
we omit the tildes, flip the sign of the z-axis and invert the order over the puff indices, so
that z;41 > x;. Further, we introduce the simplified control parameter o = Re — Rex.
We thus obtain eq. (5.4) with

u(t) = a(p) [ - 1], e
7i(£) = Bi(w) [1 - ade_w} , Bi(p) = W. (5.6b)
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Here, a(0) = (3;(0) = 1, and can be linearized around ¢ = 0.** This model, which we
call the continuous model, captures the dynamics of puff interaction well.

The equations can be numerically integrated explicitly using the It6 formalism. At
time step k, we calculate

Az* = Atu(af, | — %)+ VDALN(0,1), (5.7)

where At is the discrete time step, and N (0, 1) is an uncorrelated random number drawn
from a Gaussian distribution with mean 0 and variance 1. The position is then updated

by
2P = 2F 4 max(0, min(Az}, 2¥ , — 2F)), (5.8)

to strictly avoid puffs passing each other. The integration is combined with an efficient
double-linked list implementation in c++, where puffs are removed if Py = 1—e~4/7d >
Ry, where Ry is a random number drawn from a uniform distribution in the interval
(0,1).3 Likewise, a puff is inserted into the list if P, = 1 — e=2/™) > R, where R; is
another (uncorrelated) random number drawn from the same distribution as Rq4. Since
we are interested in ensemble properties, the optimal parallillization strategy is to run
thousands of independent simulations simultaneously.

By coarse-graining the continuous model, a simplified lattice-based model can be
obtained, which contains the basic phenomenology of puff interaction. The basic ingre-
dients are splitting, decay, and propagation, which are all described by the rates ws, wq, p.
In this picture, we are in a frame co-moving with the puffs going fastest downstream (as
with the rescaled and shifted continuous model), and in this frame of reference, the puffs
are propagating upstream.?’ If there are no puffs in front (i.e. upstream) of a given puff,
the puff is free to move in that direction. If there is a puff in front of it, the puff cannot
propagate, and a queue starts to form.

Readers who have experience with commuting to work by car, will probably recognize
this dynamics from traffic congestion. Indeed, this lattice model is tightly connected to
traffic models, namely those belonging to the class of asymmetric exclusion processes
(ASEP)[*+184] * Such models have been well studied by statistical physicists!!34. In
particular, the lattice model of puff dynamics is reminiscent of the totally asymmetric
exclusion process (TASEP), in which only unidirectional motion is allowed. Puff dynamics
displays, however, two notable differences from traffic applications: (i) “Cars” (or puffs)
can spontaneously appear or disappear from the queue, and (ii) the boundary is periodic,
i.e., the “cars” drive in circle. The lattice model is straighforward to implement, and the
lattice sites can be set to be updated synchronizously. The processes split, decay, and
propagate can be picked in a random order at each discrete time step.

The mean field equation for this process is given by

O (ni) = —p (ni(1 — nit1)) +p (nim1 (1 — n3)) — wa (i) + ws (Ri1 (1 —ng)) (5.9)

where n; is the occupation number of site ¢ of the lattice. Here, the first two terms
represent propagation, and the last two represent decay and splitting, respectively.
If p = 0, the model contains the four ingredients of DP: diffusion, de-coagulation,
coagulation and annihilation %3], We can identify e.g. ws as a control parameter, such
that the mean number of particles p = (n;) ~ (ws. — w.)?, where the exponent 3 is
found in table 2.1.

By performing a Kramers—Moyal expansion to second order, a Fokker-Planck equa-
tion can be obtained, which again can be transformed to a Langevin equation representing
the model. In this (further) coarse-grained continuum description, i.e. i — z, the re-
placements

n; — p(z) and mniy1 — p(z) + Opp(x) + 302p(2), (5.10)

% The code is available at the
Git repository https://github.
com/gautelinga/puffdyn.

% Avila et al.?®) gave the
functional form 7;(¢p)
exp(exp(asp — b;)) fori €
{s,d}, including numerical
values for the parameters a;,
b;. Thus, 7; are rapidly grow-
ing analytic functions. The
linear range may however be
very narrow, as seen by Tay-
lor expansion of 7;. Using the
values fromm], we find that
the contribution of the second
order term is of the order 10%
when ¢/Rex ~ 2%.

%7 This is also the correct way
of looking at it, according to
Barkley®); by viewing the
puff motion as an interface
propagation phenomenon.
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must be made, leading to the equation

Op = —wap + 3(p+ ws)02p — (p + ws)0zp + wsp(1 — p)
Ws
+ (2 + wi)pdup = 7 pOip + V/p(1 = p)§, (5.11)

where £(x, t) is a white noise, such that (£(xz,t)¢(2/,t")) = §(z —2')d(t —t"). Compared
to the corresponding Langevin equation for DP, eq. (5.11) contains two terms proportional
to ~ pd4p where j = 1,2, which in TASEP models lead to shocks or ‘traffic jams’ The
question is now whether the presence of these terms change the universality class away
from DP. By a renormalizaton group argument outlined in the appended preprint, it can
be shown that these terms are indeed irrelevant at the DP fixed point.

To test this prediction, numerical simulations were carried out both for the continuous
model and the lattice model. The experimental values provide a basis for the parameters
in the continuous model, while in the lattice models the parameters are chosen more
heuristically. Nevertheless, universal dynamics should not be sensitively dependent on the
details of the implementation. Figure 5.1 (a) shows the puff dynamics in the experiment
by Mukund and Hof[*?”], and in fig. 5.1 (b) we show corresponding simulations with the
continuum model. The similarity between the two is striking, in particular with regard
to how waves of puff repulsion propagate through the system. This behaviour is also
captured in the discrete model, but in a more coarse-grained way. In this picture, the
typical interaction distance A in the continuous model, which presumably is proportional
to a puff size, should correspond to a lattice unit. By carefully accounting for finite size
effects, the DP scaling p ~ ¢ could be reproduced with both models. For the continuous
model a system size L/\ = 10° (and a simulation time 7'/7y« = 5 - 10*) was required to
obtain a reasonable scaling range, see fig. 5.1 (c).

In light of these insights, we can reinterpret the results of Mukund and Hof[3%"],
It is clear that with a puff interaction distance A ~ 15d (estimated from experiments),
the system size L = 7800d corresponds to L/ ~ 500, which is nearly three orders
of magnitude smaller than what we needed to obtain an acceptable range numerically.
Knowing that asymptotically close to the critical point, the equilibration time diverges,
it seems clear that an experimental measurement would be hard. A simple extrapolation
from the continuous simulations carried out here, indicates that a system size of at
least L ~ 10°d and a simulation time of 7' ~ 10!! advective units would be necessary
(T« ~ 107 advective units, from[?’l). As a large ensemble is needed to obtain robust
results, this might pose significant challenges to realize experimentally.

REMAINING WORK The experimental work needs to be included in the manuscript.
Furthermore, it would strengthen the paper to give a more quantitative prediction on
how large systems and simulation times would be required to observe the DP scaling in
an actual experiment.

CONTRIBUTIONS For the first paper, the idea of probing the large-scale behaviour
by using ‘two-particle’ puff statistics was conceived by Lemoult. The experiments were
carried out by Mukund and Hof. Goldenfeld, Shih, Mathiesen and I developed an in-
dependent model and made through discussions the connection to the TASEP model.
Lemoult, Mathiesen and I implemented different versions of the lattice model and car-
ried out simulations. Lemoult and I developed independent versions of the continuous
molecular dynamics model and carried out simulations. Goldenfeld and Shih derived
the Langevin equation from the lattice model, and performed the renormalization group
analysis. The manuscript in the appended state, was written mainly by Goldenfeld, with
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input from the other authors, while the section on the continuous model was written by
me.



These papers concern flow in
disordered geophysical media.
Paper 2 concerns the mechan-
ical coupling between creep-
ing flow and solid stress in
an evolving porous medium,
while Paper 3 focuses on the
role of unsteady flow on the
transport properties in a frac-
ture. Paper 2 was the basis
for an oral presentation at the
EGU General Assembly, Vi-
enna, 2016, while a prelim-
inary version of the second
paper formed the basis for a
poster presentation at the AGU
General Assembly, New Or-
leans, 2017.
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PAPER 2: Self-similar distributions of fluid velocity and stress heterogeneity in a
dissolving porous limestone
Gaute Linga, Joachim Mathiesen, and Francois Renard
Journal of Geophysical Research: Solid Earth 122, 17261743 (2017)

PAPER 3: Transitional flow in self-affine rough fractures
Gaute Linga, Luiza Angheluta, and Joachim Mathiesen
In preparation (2018).

As mentioned in section 2.1.1, the disordered microstructure of porous rocks is known to
cause a strong heterogeneity in local flow rates and solid stress. Accordingly, an evolving
microstructure will have consequences on the distributions of fluid flow and stress in
the solid. In Paper 2, we consider numerically the coupling between fluid flow and solid
stress in a dissolving porous limestone sample. The aim of the study is to assess (i) how
an imposed fluid flow through the pore space can affect the stress distribution in the
solid, and (ii) how an evolving microstructure can affect the same distribution, and (iii)
how dissolution in the rock can modify the flow heterogeneity. The simulation set-up is
shown in fig. 5.2 (a).

The starting point for the investigation is the experiments by Noiriel et al. [342 3431,
where an acidic fluid was injected into a core sample of porous limestone in multiple
rounds, leading to dissolution and porosity increase. The sample was imaged using
X-ray microtomography at each stage of dissolution. Noiriel generously provided to the
authors segmented three-dimensional images (consisting of fluid and solid voxels) at
four stages of dissolution, with porosities ¢ ranging from 0.09 to 0.2. The segmented
data was then post-processed, and unstructured meshes were generated of the sample at
each dissolution stage (see section 4.4.4).

To model the coupling between the fluid flow and the state of stress in the solid,
two main approximations are made. The first is to assume creeping flow, i.e. the Stokes
equations (3.17) is assumed to hold. This assumption, which amounts to Re < 1, can
also be verified based on parameters from the actual experiment Noiriel et al. **?]. The
second assumption is to consider quasi-static deformation; i.e., the time-scale of geometry
change is considered to be slow, so that we can seek equilbrium solutions to the elastic
problem. The assumption also imparts a one-way coupling from the fluid to solid: we
assume that the effect of fluid flow and external forces is so small that the geometry does
not deform enough for the velocity field to be affected. In particular, locally infinitesimal
displacements of the solid matrix are assumed, and linear elasticity should be a valid
description.

The assumptions imply that the Stokes equations need to be solved in a constant
geometry, with the no-slip conditions at the pore wall, and with pressure boundary
conditions at the inlet and outlet. As demonstrated in section 3.1.2, this is then a linear
problem, and the velocity can be shown to be dependent solely on the geometry on the
one hand, and (is proportional to) the pressure difference on the other hand. A similar
linear relation holds for the pressure distribution, and accordingly for the fluid stress
tensor. It is thus only necessary to perform one accurate steady-state solution in each
mesh, and the solution for all pressure conditions can be found by a trivial rescaling. The
boundary conditions entering the elasticity problem are given by the traction on the
pore walls due to fluid flow and pressure.

Elastostatics is described by

V. o,=0, (5.12)
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where the o is the solid stress tensor, and external body forces have been neglected.
Equation (5.12) is analogous to Stokes equations for creeping flow, except that it is not
supplied by a divergence criterion. In linear elasticity, the stress tensor is given by

E

Us[d] - 1+v

Dd + V.d

5.13
1-2v ( )

where d(x) is the displacement vector, E is Young’s modulus and v is the Poisson ratio.

The strain tensor is given by Dd = sym(Vd) (analogously to its fluid counterpart,
the strain rate tensor Du). In our set-up, eq. (5.12) is subjected to external loading
on the outer boundary, along with internal stress from the fluid, in order to mimic
experimental settings. Hence, we are left with solving a set of linear equations for a
range of parameters.

With respect to the fluid phase, the results show that for the porosity range considered,
the permeability £ varies over more than an order of magnitude, and can be well described
by a power law k ~ ¢ where 3 ~ 4. This is consistent with observations in the literature
(see section 2.1.1, but contrary to the Kozeny—Carman relation (8435237 ' Secondly, we find
that the probability density functions of velocity (sampled over volume) can be described

by a stretched exponential function with exponent 1/2 (see eq. (2.18) in section 2.2.1).

The distributions are shown in fig. 5.2 (b). Moreover, even though the porosity varies by
a factor two, and the permeability varies by a factor 10, the distributions can be collapsed
onto the essentially same master curve by rescaling with the mean velocity. Whether
these observations are a result of e.g. preferential dissolution in dominant channels, or
of more generic nature, remains an open question.

By analyzing the pressure and viscous stress, we show that the contribution to
the traction by pressure (normal stress) is dominant over that by viscous shear by an
order of magnitude. Probability density functions of the invariants of the stress tensor
(mechanical pressure and von Mises stress) also display a heavy tail, consistently with
e.g.[2*4] and for all considered loading and flow conditions, they can be collapsed onto
the same universal curve, cf. fig. 5.2 (c). With regard to the von Mises stress, which is
often used as a fracture criterion, the heavy tail of the distribution implies that a small
increase in dissolution and fluid flow rate can bring a large number of ‘sites’ in the rock
across a critical threshold. Hence, if these results can be extrapolated to other rocks, they
could provide an additonal explanation of the sensitivity of rocks to failure under slight
changes of stress.

The stress that a flowing fluid exerts on the confining boundaries is directly related
to the flow resistance, and thus the friction factor. In Paper 3, we disregard the state
of stress in the solid, and abandon the paradigm of creeping flow. As documented in
section 2.2.1, most numerical studies have considered steady-state flow, either creeping

FIGURE 5.2: Flow and stress
in a dissolving porous lime-
stone, reprinted from !, (a)
Schemetic setup of the prob-
lem. (b) Probability density
functions of the of the ve-
locity sampled over the pore
space, rescaled by mean ve-
locity. A stretched exponen-
tial decay is plotted alongside
the data. The inset shows the
raw data. (c) Probability den-
sity functions of von Mises
stress in the solid. The in-
set shows how the distribu-
tions collapse when rescaled
by their means.



(2)

Forcing f

\ Velocity u

745

40

735 F

730

250300350400450 500550

FIGURE 5.3: Transitional
flow in self-affine rough chan-
nels, from % (a) A snapshot
from a simulation. (b) The
instantaneous Reynolds num-
ber as a function of time. In-
set: a close up of the sampling
time in the steady state. (c)
Geometric friction factor as
a function of Reynolds num-
ber. Inset: Darcy friction fac-
tor. (d) The fluctuation-based
Reynolds number, indicating
the presence of turbulence, as
a function of (fluxed-based)
Reynolds number.

0 100 200 300 400 500 600

Time ¢ (adv. units)

82 CHAPTER 5. SUMMARY OF PAPERS

(c) =00 —e (d) 1000 A=01 %>
A=01 —o— A — 0.2

- [= 4202 g A=05

SETCARE A=038 il 800 ¢ A=08 —

= H Xiong et al. -

E § . 600 - y

§ 1073 L susd s & :

£ 10! 109 10" 10* 10% _/ | 400 . .

I Re ’

3 : 20  F :

) A—J i %

10° Q 2 »»**'/ 0 Lt

500 1000 1500 2000 2500 3000 3500
Reynolds number Re

10! 10° 10° 0

Reynolds number Re

10°

or laminar. Despite its apparent industrial relevance, unsteady, transitional flow in three
dimensional fractures is largely unexplored. In this study, we consider a simple and
generic fracture geometry that consists of a periodic self-affine surface (see eq. (2.7))
that has been shifted vertically by a distance d to form a rough model fracture joint.
The main research questions underlying the investigations can be summarized as the
following: (i) What is the impact of a generic roughness on the transport properties
of a channel geometry? (ii) What is the effect of velocity fluctuations? (iii) How is
the laminar-turbulent transition in such channels affected by including a boundary
roughness?

To construct a mesh for the fracture joint, we generate a periodic self-affine surface
h, parametrized in terms of (z,y) € [0,10d] x [0, 10d]. This forms the lower boundary
of the flow geometry. The same surface, shifted by a distance d along the z-axis, forms
the upper boundary, and the flow is confined to the slab between these two boundaries.
Since a self-affine surface does not have an intrinsic length scale, we define the roughness
amplitude A as the root-mean-square height undulations of the surface h(x,y). Here,
we consider the four roughness amplitudes A € {0.1d,0.2d, 0.5d, 0.8d} with the same
self-affine realization.

Fluid flow in the spanwise and streamwise periodic domain is enforced using a fixed
uniform body force f = fX%, and the Navier—Stokes equations (3.14) are integrated in
time using an incremental pressure-correction scheme (see eq. (4.67) in section 4.2.5) in a
modified OAsIs solver (see section 4.4.2 and ref.[3?]). Simulations are run until a steady
state is reached, either in an absolute or in a statistical sense; the latter for unsteady flow.
The instantaneous flow rate u,(t) can then be computed, and a flux-based Reynolds
number can be measured by averaging it in time (indicated by an overline), i.e.

_ pud

Re ,
1

(5.14)

In fig. 5.3 (a) an instantaneous snapshot of a typical simulation is shown, and in fig. 5.3
(b) we display the development of the instantaneous Reynolds number Re; (based on
U, (t) instead of the time-averaged ). In fig. 5.3 (c) we show the geometric friction factor,
defined by

_
- 12um

Cy (5.15)
as a function of Re, for all four considered roughness amplitudes A. This quantity has
the property that it equals C'y = 1 in the double limit Re, A — 0, and can be seen as an
inverse permeability relative to plane Poiseuille flow. The inset of the fig. 5.3 (c) shows
the same data, but plots instead the Darcy friction factor fp = 2fd/pu? versus Re.

As discussed in section 2.2.1, the Forchheimer law is often used to describe rela-
tionships between friction loss and flow rates. In this work, we find that a generalized
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Forchheimer equation, which takes into a finite crossover region between the scaling
Cy ~ constant for Re < Re¢, and Cy ~ Re for Re > Re,, fits the data well. This
leads us to identify a critical Reynolds number Re., which quantifies the point where
nonlinear flow sets in, and a purely geometric friction Cy . The latter two quantities
depend on the roughness A, and lead to a reasonable data collapse for the data shown
in fig. 5.3 (c). However, nonlinear friction is not synonymous with unsteadiness, and to
assess the effect of transitional flow, we perform a Reynolds decomposition of the flow
field,

u'(x,t) = u(x, t) — u(x), (5.16)

to obtain the velocity fluctuations u’(x,t). Here, u(x,t) is the transient flow field,
and U(x) = u(x,t) is the time-averaged flow field, sampled over a time period in the
steady state as indicated in fig. 5.3 (b). Now, taking the time and space average of the
squared velocity fluctuations, ¢ = (|u/(x,t)|?), we obtain an indicator of the global
turbulent intensity as the fluctuation-based Reynolds number Re’ = p,/qd/p. In fig. 5.3
(d), we show the fluctuation-based Reynolds number Re’ plotted against the flux-based
Reynolds number Re for all roughness amplitudes A. We observe that the relation
between the two quantities is linear beyond a certain second critical Reynolds number
Rec 4. For sufficiently high roughness, this linear relation extends down to Re’, indicating
a supercritical transition to turbulence, while for low Re, the transition is subcritical.
This suggests that at a certain roughness amplitude A, the transition changes character
from subcritical to supercritical.

Further, given that Re. , and Re, are of comparable magnitude, we conclude that
transitional flow may play a significant role in fracture flow, and must be accounted for
in simulations on larger scales when roughness and flow rates are sufficiently high.

REMAINING WORK It would strengthen the results in Paper 3 to provide a more quan-
titative investigation of the suggested change of the transition from sub- to supercritical.
Further, the robustness of the results to the particular realization of a self-affine surface,
and secondly, to the streamwise and spanwise scale of the periodic domain, should be
assessed. Numerical simulations investigating this are underway. Finally, it would be
useful to estimate the quantitative contribution of the fluctuations to the friction factor.

CONTRIBUTIONS For the first paper, I wrote most of the manuscript, carried out
simulations and analysed data. Renard initiated the study and wrote significant parts of
the introduction and discussion. Renard and Mathiesen contributed in discussions and
interpretation of the results.

The second manuscript was written by me, and I carried out simulations and analysed
data. Angheluta and Mathiesen participated in discussions and in interpretation of results.



These four papers concern
fluid flow with solutes and
electric fields. Papers 4 and 5
deal with single-phase electro-
hydrodynamics, while Papers
6 and 7 deal with two-phase
systems. Some of this work
was the basis for an invited
talk by Mathiesen at AGU Gen-
eral Assembly, New Orleans,
2017. Some of this work was
also presented in the thesis by
Bolet!*],

FIGURE 5.4: Sketch of the
model microfracture or pore,
wherein
namic channeling effects are
studied. Reprinted from ).
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PAPER 4: Electrohydrodynamic channeling effects in narrow fractures and pores
Asger Bolet, Gaute Linga, and Joachim Mathiesen
Physical Review E 97, 043114 (2018)

PAPER 5: Transient electrohydrodynamic flow with concentration-dependent fluid
properties: modelling and energy-stable numerical schemes
Gaute Linga, Asger Bolet, and Joachim Mathiesen

Submitted to Journal of Computational Physics (2018)

PAPER 6: Bernaise: A flexible framework for simulating two-phase electrohydrody-
namic flows in complex domains
Gaute Linga, Asger Bolet, and Joachim Mathiesen

Submitted (2018)

PAPER 7: Controlling wetting with electrolytic solutions: Phase-field simulations of a
droplet-conductor system
Gaute Linga, Asger Bolet, and Joachim Mathiesen

Physical Review E 98, 013101 (2018)

In Paper 4, we consider steady-state single-phase flow in a charged model microfracture.
As mentioned briefly in section 2.1.1, the inherent nonlinearity of the governing equations
has imparted that most numerical studies having been limited to geometries with a high
degree of symmetry, such as 2D geometries["*151 or axisymmetric cylindrical capillaries
of finite length [286287] Here, we consider full three-dimensional simulations in a model
fracture or narrow pore. Even simpler than the self-affine geometry in which we studied
transitional flow (see section 5.2), we consider here a periodic channel where the bottom
surface is sinusoidally undulated along the spanwise direction (see fig. 5.4).

We are here interested in electroviscous flow channeling, i.e. how fluid flow is directed
to or from narrow parts of the channel, in the presence of a surface charge. This effect can
have consequences for both transport on larger scales and surface growth in geological
systems. We investigate the (i) impact of the Debye length Ap (which characterises
the extent of the electric double layer, see section 3.3), relative to the fracture aperture
d, and (ii) the additional impact of the undulation amplitude on the flow channeling.
The steady-state Stokes—Poisson-Nernst-Planck equations are solved using a hybrid
algorithm similar to that proposed by Mitscha-Baude et al.[3°]. The algorithm combines
a Picard iteration scheme in an outer loop, splitting between the Stokes and the Poisson-
Nernst-Planck subproblems. Here, the solver alternates between a linear solver for the
linear Stokes problem, and a nonlinear solver for the Poisson-Nernst-Planck problem,
which uses a Newton method in an inner loop. The method is detailed in the paper,
and the problem is solved using FENICS, with preconditioning using FENarack P> To
quantify the flow channeling relative to the reference case of vanishing Debye length,

electrohydrody- we define the relative asymmetry (Eq. (29) in the paper). We find that compared to the

case without surface charge, the flux can be reduced in the narrowest regions by up to
5%, and locally up to 10% velocity can be observed. Thus ridges may be more prone to
precipitation than valleys, leading to even more pronounced channeling.

In Paper 5, we consider modelling of transient single-phase electrohydrodynamic
flow. The model is derived by considering the single-phase electrohydrodynamic energy
functional similar to that stated in eq. (3.49):

N
7 :/g solul® + ) Mj + 5e[Bf® — px - aguy (5.17)

J=1
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Here, the added last term represents gravitational energy, and M is a generalized
chemical energy. In contrast to the modelling in section 3.3, fluid parameters such as
density, permittivity, and viscosity, are allowed to depend on the concentration fields,
and we allow for chemical reactions to occur. We determine the chemical fluxes and the
induced body force by using the Onsager variational principle in a similar way as in
Refs. [279], For the resulting model, we propose a set of energy-stable numerical schemes,
similar to the more general scheme presented in section 4.2. The numerical schemes are
implemented in BERNAISE, and validated in the last part of the paper.

In Paper 6, we present BERNAISE, which was already described in section 4.4.3,
a framework for simulating two-phase electrohydrodynamics in complex geometries.
The literature and background for the modelling approach is introduced in the first
part of the paper. The basic model(’ is then presented, whereupon we present two
numerical schemes: (i) a fully implicit scheme, and (ii) an alternative linear, decoupled
scheme which splits the problem into three subproblems, as outlined in section 4.2. The
latter scheme is validated through numerical simulations. First, the convergence of the
scheme towards the theoretical profile of the phase-field interface is verified in both
space and time. While, to our knowledge, no analytical reference solutions are available
for dynamical simulations of two-phase electrohydrodynamics with soluble species,
phase-field models can (in contrast to sharp-interface models) provide such solutions if
augmented by appropriate source terms. This is known as the method of manufactured
solution, which constitutes a powerful tool for validating numerical implementations.
To this end, we present an electrohydrodynamic Taylor-Green vortex to address the
temporal and spatial convergence, and find satisfactory convergence results. Finally,

FIGURE 5.5:  Snapshots
of simulations of a dead-
end pore under a shear flow.
The black phase (“o0il”) does
not contain solutes, and the
other phase (“water”) con-
tains a symmetric monova-
lent electrolyte. The color
indicates net charge, red is
positive and blue is nega-
tive. The left column shows
a simulation without surface
charge (and hence only nu-
merical noise can be seen of
the charge field), while the
right columns shows a sim-
ulation with surface charge.
Reprinted from 6%,
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convergence from the solution of the equations with finite interface thickness ¢ to the
sharp-interface description in the limit ¢ — 07 is verified by comparison to a high-
resolotion reference solution. In a final part, we demonstrate two possible applications
of the framework. First, we consider the expulsion of a droplet of one phase (“0il”) which
is placed in a dead-end pore, where another phase (“water”) flows above. This should be
a familiar set-up for readers who still remember section 1.2.

As shown in fig. 5.5, with shear flow and without any electrohydrodynamic effects,
the droplet is stuck in the pore. By including electrohydrodynamic effects, a thin film
of water is drawn into the pore and expels the oil droplet from the pore and releases
it in the bulk flow. Although the parameter values used in the simulations are not real
values, the results indicate that such a minimal model of electrochemical interactions
at the pore scale can be a contributing factor to the enhanched oil recovery observed
when injecting water of a particular salinity into porous rocks (see e.g. [143179:192.382])
Secondly, we demonstrate that the code can be applied to studying droplet breakup and
coalescence in full 3D, as shown in fig. 5.6.

In Paper 2, we quantitatively inspect the wetting properties of a single droplet of one
phase sitting on an electrode, surrounded by a second phase. A potential drop is imposed
across the system, and changes the wetting properties of the droplet, i.e. the contact
angle. This set-up is fairly well-studied in terms of conducting liquids and relatively
strong fields, in the context of electrowetting-on-dielectric (EWOD) devices. Here, we
consider weak fields and a dissolved binary electrolyte in the surrounding fluid. We
also consider an insulated electrode where no net current is allowed to pass through the
system. Important theoretical progress in describing this system was achieved by Monroe
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et al.[314 3151 who used non-linear Poisson-Boltzmann theory to obtained an expression
for the total Gibbs free energy of a so-called ITIES®® system. They assumed that the Debye
length was small enough to assume that one-dimensional back-to-back distributions
could describe the chemical and potential distributions (and for the contact line region
to be neglected), and by an energy minimization they obtained an expression for the
dependence of the apparent contact angle (see section 2.1.3) on the applied potential and
system parameters. In this work, we propose a heuristic generalization (or simplification)
of the latter theory to concern a pure droplet phase. Dynamical simulations carried out
using BERNATISE for a range of realistic parameters indicate that the theory well describes
the apparent contact angle, and allows us to fit the only phenomenological dependence
that appears in the theoretical description. From the simulations, we deduce an effective
boundary condition that can be used in simulations on a larger scale, where the electric
double layer is not fully resolved.

CONTRIBUTIONS In the first paper, all authors took part in designing the study. The
numerical program used to carry out most of the simulations was written by Bolet, with
input from me. Bolet performed most of the simulations, and I constructed the meshes,
performed complementary simulations and theory, and contributed in discussions.

The remaining papers were written mainly be me. The topics studied in the papers
are results of discussions with Bolet, who also wrote some sections in the last paper,
and performed some of the code validation. Both Bolet and Mathiesen contributed with
discussions and feedback on the manuscripts.

% Interface between Two
mmiscible Electrolyte
solutions; where no ions can
cross the fluid-fluid interface.
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PAPER 8: A hierarchy of non-equilibrium two-phase flow models
Gaute Linga and Tore Flatten
Submitted to ESAIM: Proceedings & Surveys (2018).

PAPER 9: A two-fluid model for vertical flow applied to CO; injection wells
Gaute Linga and Halvor Lund
International Journal of Greenhouse Gas Control 51, 71-80 (2016)

These two papers concern In Paper 8, we start out with the Baer-Nunziato model (), and consider the relaxation
homogenized models for processes discussed in section 3.2.3. From this, we can derive a hierarchy of relaxation
two—phaseﬂow, which are d 1 f _ h ﬂ : h lb . . f h . bl
, ‘ , models for two-phase flow with equilibrium in one or more of the variables pressure,
typically applied to pipe flow. . . . . . . .
Flatten presented paper 8 a¢ temperature, chemical potential, and velocity. We review the resulting hierarchy, derive
the Workshop on Compressible the remaining models and provide expressions for the sound velocities of the models.*
Multiphase Flows: Derivation, n the context of two-phase flow models, the subcharacteristic condition implies that the
closure laws, thermodynamics, f1,;q_mechanical speed of sound is reduced by every equilibrium assumption. We show,
Strasbourg, May 2018. Most of . ol hni hat thi dition i h din the hi hv i
the work forming the basis of USIg stmple techniques, that this condition 1s everywhere respected in the hierarchy, in
this section was carried out the analytically tractable limit of equal phase velocities. This analytical result is supported
before starting the PhD numerically by plots of the model speeds of sound for the entire hierarchy, using data
project, but the papers were  fom two industrially relevant two-phase mixtures.
completed during the course . . . . .
the period Paper 9 is of a more applied nature, and concerns modelling and simulation of two-
phase flow in an injection well for CO,. The model, which assumes equilibrium in
pressure, temperature and chemical potential, incorporates correlations for interface
39 o o friction, wall friction and heat condition based on flow regimes (see section 2.1.3), and
That is, in the limit of [417] !
instantaneously equal phase - We apply
velocities, which makes the the model to studying sudden blowout and shut-in cases, in a well configuration chosen
eigenstructure analytically to resemble the Sleipner CO; injection well. The model is simulated numerically using a

tractable  finite volume method detailed in the paper.

employs the accurate industrial Span-Wagner equation of state for CO,

CONTRIBUTIONS The first paper was written by me, and I carried out the analysis.
Flatten contributed in designing the research, contributed in discussions, gave comments
on the manuscript, and verified the analysis.

The second paper was written jointly with Lund. Both authors took part in develop-
ment and implementation of the model and method, running simulations and writing of
the paper.



CLOSING REMARKS

It is now time to revisit the blunt question asked in the opening lines of the introduction:
How does fluid flow through rocks? Although it is apparent that this question touches
upon many scientific disciplines, and poses neither a single nor a simple answer, the author
is of the opinion that some insights have been provided through the work presented
in this thesis. Perhaps more importantly, the results provided lay the foundations for
ensuing research that could potentially continue in many directions.

The unifying theme has been numerically resolving fluid flows with disordered
interfaces. In one aspect, fluid flows near complex solid boundaries, i.e. fluid-solid
interfaces, have been considered, spanning from laminar flow in an evolving porous
medium, through high-Reynolds number flows in rough model fractures, to electro-
hydrodynamic flow over charged surfaces. Another aspect concerns the propagation
of turbulent-laminar interfaces, i.e. turbulent fronts. A third aspect is the concurrent
motion of fluid-fluid interfaces, which has been investigated also in the presence of
electrohydrodynamic effects. Although these interfacial flows are governed by inherently
different mechanisms, where the role of inertia and the time scale of interface motion
varies strongly, the theory describing them, and the tools used to explore them, bear
many similarities.

In this work, the research output has been threefold: We have contributed with (i)
physical modelling, (ii) development of numerical methods and tools, and (iii) applications
of the developed models and methods.

In the part of the work concerning single-phase transitional flow, we have developed
a model that could help resolve the conundrum regarding Pomeau’s hypothesis on the
universality class of the transition to turbulence in pipe flow. Also in fracture flow, the
laminar—turbulent transition was investigated. Here, the friction factor was found to
be sensitive to the roughness, leading to unsteady transitional flow accompanying the
departure from linear friction. By numerically investigating the solid stress due to flow
in a porous rock under dissolution, we observed a heavy-tailed distribution that could
be useful to explaining how sensitive rocks are to slight increases in loading or fluid
pressure.

In the part of the work concerning two-phase and electrohydrodynamic flows, mul-
tiple flow phenomena have been considered. This includes a numerical investigation
of flow channeling in microfractures, wetting behaviour of droplets subject to electric
fields, modelling of flow with concentration-dependent fluid properties, an analysis
of a hierarchy of homogenized two-phase flow models, and modelling and simulation
of a CO; injection well. Numerical methods that could provide efficient and robust
simulations of electrohydrodynamic and interfacial flows have been developed.

Finally, and perhaps most prominently, the BERNAISE framework for simulating
two-phase electrohydrodynamic flow has been developed and documented. It is our hope
that this framework can be of use not only for studying geophysically relevant settings,
but also to be a useful tool to the microfluidics community, where many researchers rely
on using proprietary (and to some extent black-box) software.
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6.1 OUTLOOK

Having experienced the ups and downs of a project with a broad focus, it has occurred to
me that project management and planning skills might be underrated assets in (at least
some parts of) academia. An optimum of scientific quality and productivity—relative to
the workload—would, in the author’s opinion, be obtained with a narrower focus and
more rigid planning. On the other hand, perfect is the enemy of good. The broad scope
(and the accompanying heavy workload) has, at least for the author, opened connections
between topics that would otherwise seem less apparent.

It is my sincere hope that the work contained in this thesis will be helpful to others.
In the following, I give some suggestions for avenues of future research, particularly
with emphasis on the limitations of the present work.

TRULY EVOLVING MICROSTRUCTURE: With regard to the work presented in Papers
2 and 3, on single-phase flow in disordered geometries, it would be a natural step onwards
to abondon the one-way coupling from the solid to fluid phase. The solid phase, and thus
the accessible space for the fluid, would then deform due to fluid motion. This could occur
due to dissolution or precipitation processes, either including a thermodynamic descrip-
tion, or along the lines of Hawkins et al.[13!182] where the solid grows proportionally to
a concentration gradient. A part of the author’s stay at the University of Oslo was dedi-
cated to developing a phase-field model for interface evolution incorporating solid stress
into the thermodynamic description. This essentially couples an Asaro-Tiller—Grinfeld
instability (see e.g.[??522]) to fluid flow. Evolving the microstructure by a sharp-interface
method['718338] would also be a possibility. However, precipitation kinetics becomes
harder to model, since the precipitated solid need not inherit the state of stress from the
solid it is precipitated onto; see e.g.[1?”] for a relevant discussion on crystal growth in
confinement. A simpler approach is that taken by Jager et al.[213 214
evolution is driven by deposition and erosion depending on the tangential shear force.

] where interface

FLOW AND STRESS DISTRIBUTIONS: A limitation of the work presented in Paper 2
is that it is unclear whether the results can be extrapolated to other rocks, and to other
deformation mechanisms than dissolution. A different mechanism of deformation would
be fracturing of a rock, and an investigation of flow and stress evolution is underway in
collaboration with Francois Renard at the University of Oslo.

Another open question concerns the observed “universal” stretched-exponential or
power-exponential distribution of velocity?*3] in porous media, and how much informa-
tion about the pore geometry is necessary to predict the velocity (and stress) distribution.
It seems likely that the ‘distance’ (in porosity) from the percolation threshold might
determine the range of power-law scaling. Moreover, the effects on the distributions
of wall slip, which could be important at the nanoscale (311 and inertia, which could be
important at larger scales, remain, to the author’s knowledge, open questions.

PHASE-FIELD MODELLING: The phase-field modelling considered herein, and the
related numerics, could be improved in many ways. Although fairly complicated (at
least in terms of number of fields and equations), the model in the state presented in the
current thesis, constitutes an idealised representation of electrohydrodynamics. Real
systems are usually dirty. As such, many possibly important effects have been neglected
in the present work, including electrochemical reactions at the fluid-solid interface,
thermal gradients, surfactants or other large molecules at the fluid-fluid interface (which
could imply elastic effects!'3”]), and boundary inhomogeneities, to name a few. It would
therefore be important to properly benchmark the models against experiments and/or
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ab initio simulations. (It was briefly outlined in section 3.4.2 how to include surfactants,
but no proper testing of this has yet been done.)

Another avenue would be to extend the model, with and without electrohydrody-
namics, to encompassing more than two fluid phases. It is possible that augmenting
the three-phase model by Minjeaud ] with electrohydrodynamics is not particularly
challenging, but extending that formulation to more than three phases (even without
electrohydrodynamics) is known to be a non-trivial task. It could also be useful for
simulation of many relevant systems, to let the third phase be a solid phase, such that
interface evolution with two fluid phases could be simulated. By evolving the solid
interface, one should then be able model electrodeposition*3¥] in the single-phase limit;

relevant phase-field modelling approaches can be found in Refs, [181:182473],

NUMERICAL METHODS: The general scheme for two-phase electrohydrodynamics
was presented and shown to be energy stable in section 4.2 and should thus provide robust
solutions without energy blow-up. However, it is possible that these schemes introduce
too much dissipation, i.e. that they require unecessarily fine mesh and small time steps
to reproduce the continuum equations. Another point in question is whether phase-field
models (with finite interface thickness) in themselves may be overly dissipative compared
to the sharp-interface equations which they are meant to represent. In particular, a critical
evaluation of (i) which weighted averages should be used for the fluid properties across
the interface, and (ii) how to model the phase-field mobility, should be carried out.

A limitation of the schemes presented here is that they are only first-order in time. It
would be desirable to obtain higher-order temporal accuracy, and as shown e.g. in14% it
is easy to construct schemes that are formally second-order using a backward differencing
formula (BDF). However, it has not yet been possible to construct second-order schemes
with the desired energy stability.

Finally, the solvers implemented in BERNAISE could be optimized heavily, especially
in terms of reusing system matrices along the lines of ref.[*?) and in particular ref. [1*%],
possibly in combination with the Picard iteration scheme outlined in section 4.2.

HEAT AND SOLUTE TRANSPORT: In the spirit of e.g.[**3-3%] it would be interesting
both from a fundamental and a geothermal engineering point of view to extend investigate
heat transfer both in 3D and to higher Re flows, particularly in fractures. This would, as
a first approximation, amount to a one-way coupling of incompressible fluid flow to a
passive scalar temperature field (much like how a passive concentration field is described
herein). The natural first investigative steps would then be to seek the dependence of the
Nusselt number, Nu (which measures the ratio of convective to conductive heat transfer),
on the Reynolds number Re.

Another topic, which has drawn much attention both by the author, collaborators
and others, is that of passive tracer transport in disordered media. In contrast to the
concentration fields described previously in this thesis, we are here concerned with
ensembles of particles advected solely by the velocity field u (not by diffusion), similar
to how tracer statistics is studied in turbulence. Early efforts on simplified models
were reviewed by Bouchaud and Georges (93], while the recent access to high-fidelity
simulation tools and high-resolution tomography data of natural rocks has revived the
subject and complemented the early models with direct simulations in a variety of real
and synthetic porous geometries. The displacement of particles has been observed to
be superdiffusive (in the direction of forcing) and subdiffusive (in the direction normal
to forcing), see e.g.[199226246275] * This is closely connected to the wide distribution
of velocities in such geometries, as manifested in the Eulerian velicity PDFs. In 2D
(synthetic) and 3D (synthetic and natural) systems, continuous-time random walks have
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provided a framework for describing such transport1**]. While homogeneous porous
media is well understood [247256256] ]ess is certain for dense and heterogeneous porous
media, in particular close to the percolation point. However, as a numerical velocity
field is only approximately divergence free, simulations in such geometries cause the
problems that passive tracers can be spuriously ‘adsorbed’ to the boundary. This is
particularly relevant for very narrow pore throats, and raises doubts about the validity
of the results of e.g. Kang et al.[?%°], As a first step, numerical solvers must be properly
tested against pore network models, where quasi-analytical reference solutions can be
found. Our prelimary results were reported in [}, but are omitted here.

Solute transport in fractures has also been studied['??!, but many unanswered ques-
tions remain. In this respect, it would be interesting to study solute transport in 3D
self-affine fractures at higher Re; in particular, can the results of Bouquain et al.[%4] be
generalized or extended to such geometries?

TURBULENT FRONTS IN ROUGH PIPES: Asmentioned in section 2.1.2, flow in rough
pipes has been extensively investigated in the fully turbulent regime, and transitional
flows in smooth pipes have been studied for many years. However, little work has
concerned the intersection of these two often separate areas—transitional flow in rough
pipes—even though both roughness and transitional flows may appear in the context of
blood flow in our bodies ?*®]. A reason for this being uncharted territory might be that it
is extremely challenging to numerically resolve turbulent flow in large domains in the
presence of complex boundaries, as spectral methods are not easily applicable to these
settings (see section 4.1.2). Numerically, even lifetime statistics of puffs, at least close to
criticality, may be out of reach for direct numerical simulations. It would therefore be a
natural first step to investigate the speeds of turbulent fronts of single puffs and slugs in
rough pipes, similar to the smooth-pipe study by Barkley et al.[*°]. In this respect, the
experiments by Cerbus et al.[¥”], who essentially measured the friction factor of single
puffs and slugs, would be interesting to compare with.

SPATIO-TEMPORAL TRANSITION TO TURBULENCE: The Barkley model[28-3% has
provided great qualitative insight into the transition to turbulence in pipe flow. Moreover,
it can also quantitatively describe most features of the spatio-temporal dynamics near
the transition. However, this relies on fitting a set of model parameters to resemble
the observations from experiments or direct numerical simulations. As discussed by
Barkley[?°], a first-principles derivation of a macroscopic model (Barkley model or
similar) for the transition is still lacking. The ‘holy grail’ is to predict, for example,
front speeds from the Navier—Stokes equations. Another point to add, is the lack of
an equivalent of the Barkley model for e.g. plane Poiseuille flow, which could help in
understanding off-critical transitional flow in that system.

In this work, we studied transitional flow in fractures, but as demonstrated e.g.
in Paper 1, the really interesting dynamics occurs in the study of collective motion of
turbulent structures. By considering ensembles of large systems, thus, one might be able
to investigate whether adding a ‘quenched randomness’ such as boundary roughness
(possibly different from self-affine) may push shear flows out of the directed-percolation
universality class.*’

Investigations in this direction are already underway. Notably, the direct numerical
simulation study by Ishida et al.[?%) with transitional flow in the presence of several
types of (effectively modelled) roughness displayed a richer phase diagram (in terms of
flow regimes) than what has been observed for smooth-walled transitional flow. For large
systems, however, computations are incredibly demanding. It is likely that the approach
mainly taken in this project; involving unstructured meshes (explicitly representing



6.1. OUTLOOK 93

the boundary) and using the finite element method, is not the way to proceed for large
systems. Instead, spectral methods on structured grids which effectively incorporate the
rough boundary as a body force (see ":2°°]) would likely lead to significant computational
speedup.

APPLICATIONS OF BERNAISE: The simulation framework developed in this project
enables many possible applications, one of which being electrowetting, as shown in
Paper[2641[264]  Another interesting application could be to study phase separation
kinetics (spinodal decomposition) in the presence of an electric field; related to the
original motivation of Hohenberg and Halperin '] to introduce their ‘Model H’ phase-
field model. Droplet motion, coalescence, break-up, and pinch-off, particularly in the
presence of solid surfaces and electrokinetic effects, would all provide interesting studies.
Such effects are now possible to simulate efficiently in full 3D, in contrast to earlier
studies which have often been limited to axisymmetric geometries; cf.[*3 and related
publications. Finally, we hope that, in time (and with possibly more validation, testing,
and incorporation of necessary additional features), the framework could be used by the
microfluidics community for prototyping and optimizing lab-on-a-chip devices.
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Very close to the laminar-turbulent transition in pipe flow, localized regions of turbulence known
as puffs proliferate and interact, leading to spatio-temporal intermittency. We develop a one-
dimensional stochastic model of puff dynamics, taking into account puff decay, propagation and
splitting, as well as short-range interactions whereby a puff experiences lifetime suppression and ve-
locity pushing by a sufficiently close upstream puff. The universality class for the resulting laminar-
turbulence transition in pipe flow is 14 1-dimensional directed percolation, with puff-puff interactions
irrelevant at the renormalization group fixed point. Continuum and discrete numerical simulations
are in agreement with the theory, after taking into account finite-size and crossover effects.

Fully-developed turbulence remains one of the most
challenging problems in physics [1], due to the strong
non-linearities arising from advection and the lack of an
appropriate small parameter that can be used to identify
and control the observed universal scaling behavior [2].
The phase diagram for simple fluid flows is governed by
the Reynolds number, Re = UD/v, where U is a char-
acteristic velocity, which in pipe flow we will take to be
the centerline flow speed, D is a length scale that we will
take to be the pipe diameter, and v is the kinematic vis-
cosity. At low Re, below about 2000 in pipes, fluid flow is
smooth, deterministic and predictable (i.e. laminar), but
becomes irregular, stochastic and unpredictable (i.e. tur-
bulent) at higher Re, resulting in fully-developed turbu-
lence in the asymptotic limit of Re — co. An impressive
body of recent work has explored the laminar-turbulent
transition observed in pipe flow around Re ~ 2000 with
considerable experimental ingenuity [3, 4] and theoret-
ical detail, from multiple perspectives that encompass
dynamical systems theory and statistical mechanics (for
recent reviews and perspectives, see (e.g.) [5-9]). A syn-
thesis is emerging that suggests the existence of universal
scaling phenomena associated with transitional phenom-
ena too. In this case, the universality class appears to be
directed percolation (DP), as supported by experiments
on Couette flow [10] and perhaps channel flow [11], simu-
lations of Waleffe flow [12], theoretical predictions of pipe
flow [13], and anticipated by earlier studies [14-16].

Despite the clear evidence for a non-equilibrium statis-
tical mechanical phase transition in bounded flows, the
situation for pipe flow is not yet clear despite the preci-
sion of modern measurements. Near the transition, puffs
decay and split in a way that is memoryless with a char-
acteristic time that depends super-exponentially on Re
[3, 4], not the power-law divergence that one might have
expected. Such behavior can nonetheless be consistent
with DP [13, 17], because the time for turbulence to de-
cay can be identified with the length of the longest di-
rected percolation path. It also can arise through a sep-

arate connection with extreme value statistics [18, 19],
because Reynolds number-dependent thresholds control
the fate of puffs [20]. Finally, recent experimental work
has documented strong interactions between puffs [21],
raising the question of whether or not they cause DP to
break down close to the critical point.

In this Letter, we propose a model for puff interactions
that is abstracted from the experimental observations,
and solve for the critical behavior using field theoretic
arguments and numerical simulations. We find that the
puff interactions give rise to strong nonlinearities, but
these are irrelevant at the renormalization group (RG)
fixed point governing the DP transition in all dimensions
less than 4. The experimental situation is strongly lim-
ited by finite-size effects in pipe length and timescale, and
we describe how these mask the underlying critical point
behavior, leading to artifactual first-order transitions and
anomalously low, non-universal effective order parameter
exponents. These results show that in sufficiently long
pipes, it would be possible to extract the universal crit-
ical exponents of the laminar-turbulent transition, and
they would be consistent with DP also.

Phenomenology of puff interactions:- The question we ad-
dress is the following. We start with a description of tur-
bulent puffs in a pipe that is coarse-grained so that each
puff is considered to be a single particle that can move
on a line or a one-dimensional (1D) lattice. Later we will
comment on the hydrodynamic basis for this assumption.
The turbulent puffs can spontaneously relaminarize (i.e.
“die”), diffuse and split (i.e. “birth”). A general config-
uration will be a gas of puffs that is very dilute near the
laminar-turbulence transition, and becomes increasingly
dense as the Reynolds number is increased. We wish to
understand the functional form of this mean density field,
which we will sometimes call the turbulent fraction. In
addition to their intrinsic dynamics, puffs are being ad-
vected downstream by the mean flow, which we will take
to be moving from left to right.



Systems of particles hopping predominantly in one di-
rection along a line, with strong repulsive interactions,
arise in many fields of physics, and are generally de-
scribed by a class of models known as asymmetric exclu-
sion processes (ASEP) [22, 23]. The variant of these mod-
els that is appropriate here as a minimal model is based
upon the totally asymmetric exclusion process (TASEP),
in which only unidirectional hopping is allowed. The
question that is usually asked of ASEP models is how is
the bulk dynamics of the particles affected by the bound-
ary conditions? In these models, particles are injected at
a given rate on the left and removed with a given rate
on the right of the system. In our case we are primarily
interested in the case of periodic boundary conditions.
Particles are, however, not conserved in our case: they
are born through splitting, and they die through decay.
Thus the appropriate model for puffs combines TASEP
with the additional birth and death processes of DP.

Let n; be the occupation number of the site i in a 1D
periodic lattice of N sites. Then the puff-splitting model
(ignoring for now puff-puff interactions) is given by the
following stochastic processes:

1. Puff at site ¢ is removed with rate wy (decay)

2. Puff at site ¢ moves to site i+1, if that site is empty,
with rate p (propagation)

3. Puff at site ¢ creates a puff at site ¢ 4 1, if that site
is empty, with rate ws (splitting)

To implement this model, random asynchronous up-
dating should be used, in which the three rate processes
are carried out on randomly chosen particles in random
order, with probabilities per unit time given by the coef-
ficients p, wq and ws.

The mean field equation for this process is given by

9¢(ni) = —p(ni(L — nit1)) + p(ni—1(1 — ny))
—wa(ni) + ws(ni—1(1 —ny)) (1)

The first term describes the process in which a puff
hops away from site ¢ onto the neighbouring downstream
site ¢ + 1, but only if the destination site is empty. This
process happens with a rate p. If the puff does not hop,
it is effectively moving backwards (i.e. upstream) com-
pared to the mean flow of the puffs. The second process
is similar but is a flow onto site 7 from the upstream site
t — 1. Together these terms represent single puff hopping
unless blocked by a downstream puff. The third term
represents decay, and the forth term puff-splitting. Note
that this term resembles the second half of the puff hop-
ping process, but its effect is different because there is no
term which effectively removes the puff at site i, as does
the first term in eq. (1).

Living in one dimension, puff-puff interactions are very
strong, and there are two additional microscopic interac-
tions that need to be considered in addition to the fact
the puffs cannot pass through one another: a puff that is
upstream of another occupying its nearest-neighbour site
can neither split nor hop to the right, until the down-
stream puff has itself hopped downstream or decayed.
First, the lifetime of the puff that is downstream of its
nearest-neighbour will have a drastically shortened life-
time (by perhaps 5 orders of magnitude) compared to a
free puff. We will call this “suppression”; it arises from
the way in which a puff distorts the mean velocity pro-
file. Second, the puffs have a strong short-range repul-
sion, which we will call “pushing”: a puff that is created
by splitting will for a short distance experience a faster
downstream velocity that has the effect of separating it
quickly from its mother puff. If the daughter does not
get pushed then it will have a high likelihood of decaying
rapidly.

These interactions can be added to the simple puff-
splitting model by two additional rules. Suppression can
be modeled by assuming that the decay rate is much
greater if a puff is immediately downstream of another
puff, i.e. wgq — @. Pushing can be modeled by intro-
ductin an increased hopping rate r if a puff is immedi-
ately downstream of another puff, i.e. p — r. For now,
we will not include these terms.

If we set p = 0, then this model describes purely split-
ting and decay. Since splitting followed by decay repre-
sents hopping (i.e. anisotropic diffusion), and there is a
limit of one puff per site, this model includes the four
basic processes of directed percolation (DP): diffusion,
de-coagulation, coagulation and annihilation [24]. For
wq large enough, the ultimate fate of the system is to be
empty. As wy becomes smaller, there will be a continuous
transition in the DP universality class to a state with per-
sistent mean number of particles p = (n;) ~ (we — waq)?,
with 8 =0.276 in 1D.

The question that we now address is how the additional
terms in the puff-splitting model modify the critical be-
havior from DP. We will answer the question by writ-
ing down a stochastic hydrodynamic model for the puff-
splitting model, and then analyze its critical behaviour
using renormalization group arguments.

Stochastic hydrodynamics for puff-splitting model:- The
discrete stochastic puff-splitting model can be expressed
as a field theory using standard techniques that use the
Doi formalism [25], followed by a Martin—Siggia—Rose
[26—28] transformation to a coherent state path integral
[29]. We will not use that method here, although we will
need to use the result later. An alternative, shown in the
Appendix, is to derive the stochastic equation by writ-
ing down the master equation, and then performing a
Kramers-Moyal expansion to second order to derive the
corresponding Fokker-Planck equation, and thence the



Langevin equation [30]. In this coarse-grained formu-
lation that neglects higher order derivatives, the lattice
becomes a continuum (¢ — x). This amounts to writing
n; — p(x) and

nist  ple) + Do) + 5 02p(x) (2)

and reading off the noise, to obtain

1
Oup = —wap + 5P+ ws)9zp = (p+ ws)dup + wsp(1 = p)

Ws
+(2p +ws)pdup — 7 pO5p + v/ p(1 = p)n
(3)

where n(x,t) is a white noise delta-correlated in space
and time. The dynamics is controlled by multiplicative
noise, which has the effect that the empty state is ab-
sorbing. This form of the noise arises because of the
rule that there can only be one particle per site. If this
were enforced by an explicit coagulation term of the form
2n; — n; + &, the equations would be the same but the
minus sign in the noise term would be replaced by a plus
sign.

Eq. (3) is similar to the Langevin equation for DP, but
with the addition of three terms: the term proportional
to 0,p and the last two terms of second order in p. The
linear term arises because the puff dynamics is diffusive
(the second order term, linear in p) but in a frame moving
with the net velocity of the puffs. This anisotropic dif-
fusion can be removed by a Galilean transformation into
the comoving frame. The second term is proportional to
p0,p and has the functional form of the advective nonlin-
earity in Burgers equation. Such terms naturally arise in
TASEP models, and loosely speaking lead to shocks that
model the bunching up of particles, as occurs in traffic
jams, transcription by ribosomes moving on mRNA etc.
These shocks are regularized by the higher order deriva-
tive terms, including the third extra term and the linear
diffusive term. We will refer to the terms pd,p and pd?p
as the Burgers-like terms.

Universality class of the puff-splitting model:- The puff-
splitting model without the Burgers-like terms is in the
universality class of DP. We now examine whether or not
the Burgers-like terms change the universality class, by
calculating whether or not they are relevant or irrelevant
in the renormalization group sense at the fixed point that
controls DP. To do that, we will use the field theoretic
RG, in which the critical dynamics of DP is generated by
a Martin-Siggia-Rose action of the form [29]

Alp.p) = [ dhade 50+ D~ 02)) o
—ugp(p = p)p+usp’p® + 0(0°)]  (4)

where p is a so-called response field that arises during the
representation of the problem as a field theory, ug and uy

are coupling constants of cubic and quartic terms, D is an
effective diffusion coefficient, and r is a control parameter
that vanishes at the critical point (for an excellent review,
see Ref. [29], pp. 173-174). The requirement that the
action be dimensionless implies that the dimensions of
the fields can be expressed in terms of the momentum
cut-off p as follows: [2] = p=', [t] = pu=2, [p] = u¥/?,
[D] = 0, [r] = p?, [us] = =42, [ua] = p>~.

The lowest order nonlinearity beyond free field theory
is the cubic term, whose scaling dimension is 2 — d/2,
implying that the critical behavior deviates from mean
field theory for d < 4 (for an introduction to the renor-
malization group for DP, see Ref. [29], p. 404 et seq.).
The cubic nonlinearity is the only contributor to the non-
analytic scaling behavior below four dimensions, and the
critical behavior can be calculated using (e.g. an expan-
sion in 4 — e dimensions) (see (e.g.) [31]). The quartic
coupling constant w4 has scaling dimension 2 — d, so as
the momentum cut-off 4 — oo, the quartic coupling gets
weaker and weaker, and is irrelevant in the RG sense at
the four dimensional fixed point that controls the behav-
ior for d < 4. Thus, even as low as d = 1, DP is controlled
by the cubic nonlinearity only. We now apply the same
reasoning to the Burgers-like terms in Eq. (3), but work
directly with the stochastic differential equation rather
than the field theoretic action.

The stochastic differential equation corresponding to
the DP action of Eq. (4) is [29]:

Op=—D(r—0)p—usp”+& ()
(E(z, )E(2! 1)) = 2ugp(x,t)d(x — 2')5(t — ) (6)

Note that the dimension of all the terms in the equa-
tion is p2t4/2. Thus, to see how the Burgers-like terms
scale under renormalization, we calculate the coupling
constant dimensions using the known scaling dimensions
of space and the field p. Denoting the coupling constant
of the Burgers term as A1, we equate

M p0ap) = p* /2 (7)
to obtain
M) = p! 42 (8)

At the fixed point in d = 4, this has negative scaling
dimensions and flows to zero as p — co. We conclude
that this Burgers-like term is irrelevant for DP. Similarly,
the coupling constant Ay for the Burgers-like term pd2p
scales as 1~ %2 and thus is also irrelevant at the DP fixed
point. These results are consistent with earlier studies
briefly mentioned in Ref. ([32]) (p. 471 and 477).

Puff suppression and pushing:- The experiments suggest
that puffs that are close and downstream of another puff,
experience an additional rate of decay, @ and a higher
velocity to the right. We can model suppression in the



stochastic hydrodynamic model by a term that in mean
field theory follows:

8t<7’LZ> = —@(ni_lni) (9)

and model pushing by an enhanced hopping at a rate r
for nearest neighbour downstream puffs:

O¢(ni) = —r(nini—1(1 — nig1)) + (1 — ny)ni—1ni—2).
(10)
Going to the continuum stochastic hydrodynamical de-
scription, these terms will all be represented by high or-
der operators of the form

o g
Lagy = Aagy0” (92p) (11)

where the coupling constants A,g scale as pY~fv with
Yapy = 2(2—a =) = B. (12)

For o, 8,7 > 1, yagy < 0, so the effect of puff suppres-
sion and pushing, at least at large scales is irrelevant and
should not change the universality class of the transition
from DP.

Numerical results on lattice model:- To verify these pre-
dictions, we have performed numerical simulations. The
RG calculation reveals the asymptotic critical scaling,
but in practice there might be slow crossovers to the true
critical behavior, due to the finite length of a pipe and
the finite time for sampling puff dynamics. These ef-
fects will be acute near any putative critical point, and
so it is important to be able to predict how these ef-
fects will be manifested in experiments and simulations.
In addition, the divergence of the relaxation time near
the critical point means that simulations may be biased
by long-lived transients, and these need to be taken into
account also.

To rule out sensitive dependence on the numerical im-
plementation, two different computer codes with different
update rules and parameter sets were used to check the
results. In the first, a minimal discrete model was used
to check numerically the conclusions based on perturba-
tive RG arguments given above. In the second, a contin-
uum stochastic dynamics simulation was performed, with
a greater level of realism regarding the interactions be-
tween the puffs, as determined experimentally. In both
simulations, we observe the emergence of a jammed or
crystalline phase above the turbulence transition due to
the “traffic jams” experienced by puffs. As the transi-
tion is approached from higher Reynolds numbers, the
crystalline phase effectively melts due to strong fluctua-
tions through the appearance of interspersed disordered
regions. Both simulations, when analysed properly, show
that the asymptotic universality class is directed perco-
lation, but we identify strong artifacts that complicate
the direct observation in experiments of the asymptotic
critical scaling.

FIG. 1. Numerical simulations of the lattice model for systems
respectively below (left panel) and above (right panel) the
critical point. Clearly visible above the critical point are traf-
fic jams of puffs, forming a crystalline phase, interspersed with
regions of disordered puffs. As the transition is approached
from above, the disordered eventually dominate, leading to
the pure DP behavior at the critical point. In these simula-
tions, wqg = 0.01, @ = 0.01, p =r = 0.5, and wpush = ws with
ws = 0.0175 in the left panel and ws = 0.0375 in the right
panel.

We performed the numerical simulations on a periodic
lattice of length L (see Fig. 1). In addition to the nearest-
neighbor rules propagation, decay and splitting described
above, additional rules are implemented modeling sup-
pression and pushing. Specifically, in each time step
all puffs on the lattice are submitted randomly to one
of three actions, move, split and decay. After we have
picked a given action, we execute it with a probability
computed from predefined rates. The move shifts a puff
on site ¢ one lattice unit ahead at a rate p provided that
the site ¢ + 1 is vacant. A splitting event of a puff on site
1 introduces a new puff either at site i + 1 or site ¢ + 2
with pre-defined rates ws and wpysh, respectively. The
push is only possible if the sites ¢ + 1 and i 4+ 2 are va-
cant. Please note that we could instead have introduced
the new puff on either of the sites i — 1 or i — 2 without
changing quantitatively the dynamics. A puff on a site
i decays with a rate wy if the site ¢ + 1 is vacant. Oth-
erwise it decays at a higher rate @. We then performed
the simulations for different systems sizes and for a given
number of time steps. We output the density of puffs on
the lattice at regular time steps and check whether the
system has collapsed into the absorbing state. We also
take care to remove long-lived transients, and only take
data once the transients have decayed. This required us
to run as much as 107 time steps before equilibration,
when close to the transition.

The results of our simulations are summarized in
Fig. (2). The turbulent fraction p varies with the split-
ting rate (w, — w.)? with 0.27 < 8 < 0.285, consistent
with the expectation from DP. We have verified that the
puff dynamics is in a range where there are strong push-
ing and “traffic jam” effects.
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FIG. 2. Turbulent fraction p as a function of splitting rate,
for a system size L = 3200 and averaged over 400 simulations
and after a transient of 7' = 107 time steps. The vertical axis
is the turbulent fraction pl/ # where 8 has been estimated by
a linear model whose residual is shown as function of £ in
the inset. The value of = 0.278 used in the vertical axis
varies slightly but has a sample variation in the range 0.270
to 0.285, which is consistent with the known value 8 ~ 0.276
for DP. In these simulations, wg = 0.04, © = 0.2, p = r = 0.5,
and wpush = ws as on the abscissa.

Numerical results on continuum model:- The discrete
model of puff dynamics captures the basic puff inter-
actions efficiently, allowing the universality class to be
determined. Nevertheless, it is important to check that
a molecular dynamics simulation of interacting puffs, us-
ing the measured effective potential between puffs, is in
the universality class of the minimal models presented
above, and so indeed exhibits the predicted DP scalings.
We have checked this by solving the equations of motion.
The experimental results indicate the excess velocity of a
downstream neighbour puff depends exponentially on the
separation, with a decay constant that is roughly twice
the puff extent. Puffs extend about 20D, so the interac-
tion range is given by A ~ 40D. The stochastic equations
of motion of puffs are given by:

de;L = ’U(.%'H_l — .Z'Z) + \/Eﬁl(t) (13)
where v(¢) = 1—e /* wy(f) = W) [A+ (1 — A)v(¢)] and
ws() =wl [A7 + (1= A7 Y w(0)], and &(t) is a Gaus-
sian white noise, such that (& (¢)§;(t')) = 6;;0(t — t').
Here A is a prefactor for the exponential amplifica-
tion/reduction when a puff is close upstream. Note that
these equations of motion have been formulated in a co-
moving frame, in order to limit the number of input vari-
ables.

In our simulations, we have introduced a model
Reynolds number R through setting w) = & — R and

w? = @+ R. We have chosen the fixed model values

S

w© = 0.005, A =50, A = 0.1, and D = 0.001 to mimic
the experimental results in Ref. [21]. The initial state
was chosen to be equidistant spacing with ¢ resulting
from solving wq(¢) = ws(¢) (i.e. the mean field solution).
Eq. (13) was solved numerically using the It formalism
and an explicit Euler scheme. Fig. 3 shows space-time
plots over three realisations in a rather small (L = 100
system) for the initial time window ¢ € [0,10000]; for R
below, approximately on, and above the critical point.
Below criticality (Fig. 3a), the turbulent fraction quickly
decays and less of the domain is in a crystalline state,
whereas above (Fig. 3c), the turbulent fraction stays
higher and the puffs remain jammed. Fig. 4 shows the
time-asymptotic turbulent fraction as a function of R, av-
eraged over up to 10 realisations per R. Every R where
at least one of the realisations died out has been omit-
ted; hence we should be guaranteed to move towards the
true curve from above. It is clear that increasing system
size yields consistent results and the possibility stabilize
at lower values of p. The critical point at R = R, was
computed by plotting p'/# versus R and extrapolating a
linear fit to the lowest 20% of the data points to intersect
with the abscissa (see inset of Fig. 4). With the parame-
ters above, our results give the value 3.455 x 107°. Now,
plotting t“p; against t|e|”, where e = R— R,., should give
two scalings below and above criticality. Shown in Fig. 5
are only data from the L = 10000 simulations, and in-
deed the results are consistent with DP, since, by using
only the DP exponents and the computed R., the scaled
data collapses onto two universal curves.

Finite-size effects and artifactual first-order transitions:-
Directed percolation lifetimes diverge rapidly near the
critical point, and failure to take this properly into ac-
count can generate misleading results. This is illustrated
in Fig. 6. In particular these effects are related to the
finite size in space L and the finite simulation time (num-
ber of time steps) T'. Since the system exhibits critical
slowing down p; ~ ¢t~ at the critical point, the number
of time steps required to reach a converged turbulent frac-
tion p, diverges. Near the transition correlation lengths
in space and time respectively diverge with critical ex-
ponents v and v respectively. Thus, if the simulation
domain does not scale in the same way as the transition
is approached, finite size or finite time effects will arise.
This can be quantified by the quantity

Q=T/LN/V+. (14)

If @ = O(1) as the critical point is approached, the scal-
ing is not contaminated by finite-size or finite-time ef-
fects. If Q <« 1, the time of simulation is too short,
and so some sample paths will survive even though they
would in fact die out at longer times. This corresponds
to the regime in Fig. (6) where T is the limiting fac-
tor, and w, is under-estimated. On the other hand, if



(a) R = 0.00001

(b) R = 0.000035

(c) R = 0.00005

FIG. 3. Spacetime plots at (from left to right) increasing model Reynolds numbers R for the continuous numerical model.
Panel (a) shows subcritical behaviour, while (b) and (c) are supercritical. The continuum model clearly exhibits the same
phenomenology as the minimal discrete model, with puff traffic jams (crystalline phases) interspersed by disordered regions,
whose extent grows as the critical point is approached from above.
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FIG. 4. Time-asymototic turbulent fraction p versus model
Reynolds number R for the continous model. The solid black
line is the DP asymptote (determined in the inset). Inset:
p*/? versus R, to be consistent with DP the data should be
linear close to the critical point. (Corrections to scaling are
expected and clearly observed.)

Q> 1as w — we L is not large enough for there to
be enough trajectories to survive to 7', and so some of
the trajectories that should have survived to long times
will have decayed due to stochastic effects, so that it ap-
pears that p vanishes at a higher w than the correct w,.
As a result, it will seem that p jumps discontinuously or
rises very quickly from the over-estimated w,., implying
the interpretation of a first-order transition, or a small

10° - - - - : .

tpy

10*

1078 1077 107° 105 101 1073
t‘Fll/f

FIG. 5. Data collapse for the continous model for the L =
10000 case shown in Fig. 4. The only parameter used was R.,
determined from the linear extrapolation shown in the inset
of Fig. 4. The critical exponents are from DP.

value of 8 (which would give rise to a steeper rise of the
order parameter). Only if @ = O(1) as the transition is
approached will the correct scaling be found.

These scaling arguments lead to a surprising conse-
quence. In the regime where @ > 1, running the simula-
tions for too long a time will mean that the trajectories
will ultimately die out, leading to the artifactual conclu-
sion that the transition is first order, or has a value of /3
that is smaller than the DP value, and in fact, will not
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FIG. 6. Sketch of how finite size effects that give rise to error
in the estimation of the critical exponent 8 close the critical
point at w = we. If the system size L (called N in the figure
but we will change that) is the limiting factor, fluctuations will
kill turbulent states above w., leading to an overestimation of
we and a lower perceived exponent ( (or the perception of
a discontinuous phase transition). If the simulation time T
is the limiting factor, long-lived turbulent states do not have
time to decay and this leads to an underestimation of w., and
a higher perceived S.

have a fixed value, but will appear to continually change
as a function of the finite time 7'

We have verified these scaling predictions in the dis-
crete and continuous simulations. For example
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FIG. 7. Demonstration of finite size and time artifacts on the
order parameter scaling of directed percolation. (a) System
size L = 800, simulation time shown in legend. As the sim-
ulation time is increased, the transition becomes apparently
first order. As the simulation time is decreased the transition
does not occur until an anomalously small value of ws. (b)
System size is varied between 200 and 12800 while simulation
time is held constant at 7= 5 - 107. The transition becomes
apparently first-order for small system sizes.

Effects of weak and strong pushing:- We can use the finite-
size scaling to deduce how artifacts can arise in finite-
size and time simulations as the strength of the pushing
effect, denoted here as F', is increased. Physically, the

strength of pushing is determined by the magnitude of
the puff interaction range A, but this can also be a range
of hopping parameter in the discrete model. The essential
result of increasing F' is that the puff interactions have
an effective hard core size that is of order F'. Thus in
effect, the system size has been reduced by the factor F'.
This means that if we keep L and T fixed but simply vary
F, the effective value of Q is replaced by Qp = QF"I/VL.
Then for Qr < 1, the transition will be rounded and
the critical ws will be under-estimated. For Qp > 1,
the transition will appear to be discontinuous or have
an unexpectedly small 8. This artifactual result will be
found in the strong pushing limit.

Discussion:- We conclude that RG theory and simula-
tions indicate that even with strong puff-puff interactions
of the suppression-pushing type, the universality class
for the transition to pipe turbulence is consistent with
directed percolation.

In the model considered here, the unit of turbulence
is considered to be a single puff, and the model purely
describes the interactions between puffs treated as space-
filling particles. The dynamics of these puffs is modeled
by rules that encapsulate the actual hydrodynamic inter-
actions arising from the way in which one puff influences
the mean velocity profile across the pipe. However, one
can also ask what is the dynamics of turbulence in gen-
eral, and in particular on scales smaller than a single
puff? Do they also exhibit the characteristics of directed
percolation, as originally implied by Pomeau [15]. This
question is distinct from the model considered here, and
can be addressed by attempting to derive the effective
theory for turbulence from the Navier-Stokes equation,
as was done in Ref. [13]. The result in this case was
that the most singular contribution to the behavior near
the onset of turbulence arose from the interplay between
a collective large-scale zonal flow and small scale turbu-
lent anisotropy. Remarkably, the ensuing Landau the-
ory model turns out also to be in the universality class
of directed percolation, at least asymptotically close to
the transition. The point we wish to emphasise is that
the occurrence of directed percolation in this case is very
different from what happens in the puff-splitting model
of the present paper. In fact, the puff-splitting model
describes decay, merging and splitting of point particles
and these dynamics are all that is needed in order for the
directed percolation universality class to emerge.
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SUPPLEMENTARY MATERIAL: MASTER EQUATION FOR THE PUFF SPLITTING MODEL

In this Supplementary Material, we derive Eq. (3) of the main paper. The puff splitting model is based on the
reactions of decay, hopping and splitting process in one dimension:

A 2% F (15)
Ai+ By 25 B+ Ay, (16)
Ai+ By =5 A+ Ay, (17)

where A; denotes a particle at site i, F; represents the vacancy at site ¢, and ¢ = 1,2,..,L. We introduce the
coarse-grained particle density centered at site i over a length scale of K lattice sites with a uniform kernel as n;,
specifically,

K/2

1
ni = > N (18)
j=—K/2

where N; = 0,1 is the particle number at each site i. We denote the state vector by n = (ny,n2,...,nz)? and define

the lattice density operator £ as
EFf(ni) = f(ni £ 1), (19)

and the master equation can be represented as

8tP(n, t) = %Z |:(52 — 1)(4}(1712‘ + (gi_lg,;l — 1)&)5’117;_1(1 — ’I”L,L) + (51‘_15;1 — 1)]97’11_1(1 — ’I”LZ) P(n,t), (20)

where A = 1/K. By applying Kramers-Moyal expansion with truncation to the second order,

1
EF ~ 1+ AD,, +§A263“ + . (21)



Eq. (20) can be rewritten into a Fokker-Planck equation:

0(A;
8tP(n,t):fZ ( = +gh Z 8nz6m ’

where

A; = —wagn; — pni(1 — nig1) + (p + ws)ni—1 (1 — ny),

B;; = [wani +wsni(1 —nip1) + pni(1 — ngp1) + pri—1(1 — ni)] 85 + 2pni (1 — n5)d5,i41-

The corresponding Langevin equation in Ito’s sense is
Om = A(n) +£(1),
(&(B)&u (1)) = ABiwrd(t —t').
In continuum limit in space, the density operator is defined as

E-Flp@)] = Flo(y) £ Ad(y — )],
and Eq. (20) becomes

or(p.0) = 5 { [(E = Daplo)P da
/ g &L pp(y) [1 — p(x)]6(x — y — €) P dady

G 1) up(9) L= )] 3o =y = P dod .

where € is the lattice spacing. The Kramers-Moyal expansion gives

5 5 1 52
FldEA—— A2
b 5o@) T 27 ()

and with truncation to the second order, Eq. (28) becomes

+ ...,

0P (put) % = [ s {wupla = )+ -+ 00) plo = ) 1 = ple)] = po(e) 1 = plo -+ O]} da

+A [ 5 (o) + 0+ 0) pla = ) 1= pla)] + o) L= o + ) o
52
+A // 5p(2)0p(y) {=2pp(y) [L — p(2)] 6(z — y + €) } dudy.
By using
ol €) % ple) & upla) + 53Dupla) + .

Eq. (30) can be written into a Fokker-Planck equation:

orp.0~- [ %@;)M(p, Plas+3a [ W W [B(p, z, ) P) dady,

where
Alp,) = —wap(w) +w,p(@) [1 — p(a)] + 2€(p + w,)02p(a)
—elp+ wa)Duplw) + e(2p + ws>p<x>azp<x> — 5 Pwup(a)32p(),
B(pv.3) = {wap(o) + (20 + )plo) 1 = p(a)] + 50 + )220

—elp+ 0)0npla) + npl@)0up(o) 52+ w2)pl)02p0) | ol )

~20{p(e) 1 = o))+ [ plo)] [~<0upte) + 320200 | oo =+

(22)

(23)
(24)

(25)
(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)
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The corresponding Langevin equation in Ito’s sense is
Op(x) = Alp, =) + (2, 1), (35)

By setting € = 1, near transition p < 1, one obtains
1
Oup ~ —wap +wsp (1= p) + 5P+ ws)05p = (P +ws)0up

1
+(2p + wi)pdap — SwspOip + Vap = bpn, (37)
where n(x,t) is a Gaussian white noise and a and b are functions of wg, ws and p. The nonlinear term in the square
root that multiplies the white noise n can be replaced by ,/p near the transition where p — 0. This equation is of the
form of Eq. (3).
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Self-similar distributions of fluid velocity and stress
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Abstract In a porous rock, the spatial distribution of the pore space induces a strong heterogeneity

in fluid flow rates and in the stress distribution in the rock mass. If the rock microstructure evolves
through time, for example, by dissolution, fluid flow and stress will evolve accordingly. Here we consider

a core sample of porous limestone that has undergone several steps of dissolution. Based on 3-D X-ray
tomography scans, we calculate numerically the coupled system of fluid flow in the pore space and stress
in the solid. We determine how the flow field affects the stress distribution both at the pore wall surface
and in the bulk of the solid matrix. We show that during dissolution, the heterogeneous stress evolves in a
self-similar manner as the porosity is increased. Conversely, the fluid velocity shows a stretched exponential
distribution. The scalings of these common master distributions offer a unified description of the porosity
evolution, pore flow, and the heterogeneity in stress for a rock with evolving microstructure. Moreover,

the probability density functions of stress invariants (mechanical pressure or von Mises stress) display heavy
tails toward large stresses. If these results can be extended to other kinds of rocks, they provide an additional
explanation of the sensitivity to failure of porous rocks under slight changes of stress.

1. Introduction

Reactive fluid flow in porous rocks under stress is ubiquitous both in nature and in industrial applications.
Porous flow controls rock weathering, diagenesis in the crust, karst formation, and large-scale fluid circulations
at the origin of ore deposits [Jamtveit and Hammer, 2012; Bjorlykke and Hgeg, 1997]. Fluid flow coupled to
deformation of porous rocks control the degree to which earthquake-induced deformation can drive transient
or permanent changes in crustal permeability [Rice and Cleary, 1976]. In fault zones, fluid may exert a pore
pressure large enough to reduce the apparent strength along the slip surface, providing an explanation for
the apparent low heat frictional force observed on the San Andreas Fault in California [Byerlee, 1990]. When
coupled to rock transformations in fault zones, this mechanism was also proposed to explain how long-term
variations of fluid pressure could control the seismic cycle [Sibson, 1992; Gratier et al., 2003].

Industrial applications include enhanced oil recovery, carbon dioxide sequestration, hydraulic fracturing, and
cement aging. Injection of CO, into geological formations, aquifers, or depleted petroleum reservoirs, poses
a promising route to reduce greenhouse gas emissions in the framework of Carbon Capture and Storage [/EA,
2014]. Since such formations often contain carbonate minerals, they may react with the injected CO,-rich
fluid, resulting in changes of the pore space geometry that couples to deformation [Rohmer et al., 2016]. This
modifies both reactive surface area, porosity, permeability, and, finally, the ability of the rock to store carbon
in minerals [Noiriel et al., 2004, 2005].

Search for macroscopic properties, such as porosity or permeability, from local-scale description of microstruc-
tures, show that the presence of heterogeneities controls nonlinearities in the transport properties of a porous
medium [Bernabé and Revil, 1995]. The recent development of the field of Digital Rock Physics now allows to
calculate various mechanical and transport properties in rocks based on the full 3-D images of the samples
measured by X-ray microtomography [Arns et al., 2002; Andrd et al., 2013; @ren et al., 2007]. Fluid flow at the
pore scale has been studied using 3-D porous media extracted by X-ray microtomography to characterize
processes such as capillary trapping, CO, sequestration, multiphase flow, solute transport, time-dependent
evolution of microstructures during fluid-rock interactions [Blunt et al., 2013; Noiriel, 2015; Bultreys et al.,
2016; Misztal et al., 2015], and numerical modeling methods are reviewed in [Meakin and Tartakovsky, 2009].
Elastic properties change during rock transformation (dissolution and precipitation) and depend on the initial
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microstructure [Wojtacki et al., 2015]. For example, if either micropores or macropores dissolve preferentially
in a limestone rock, the resulting change of elastic parameters and seismic wave velocities would be different
[Arson and Vanorio, 2015].

On the one hand, simulations of flow through porous solids have determined that there exists orders of mag-
nitude variations in local fluid velocity, even at the millimeter scale [Brown, 1987; Bijeljic et al., 2013; De Anna
etal.,, 2013; Le Borgneetal., 2013], indicating that both local pressure gradients and channeling flow are impor-
tant [Brown, 1987]. On the other hand, the study of coupled fluid flow and solid deformation is the basis of the
theory of poroelasticity [Rice and Cleary, 1976; Coussy, 2004]. Here we study the coupling between stress and
fluid flow in a porous rock that dissolves. The complexity of fluid flow and stress heterogeneity stems from
randomness of the medium and the possible coupling between forces in the solid and forces exerted by the
flowing fluid. The stress distribution in the solid phase, and in particular at the solid-fluid interface, is highly
heterogeneous at the scale of grains and pores in the rock. Regions of high stress are prone to stress-enhanced
dissolution and crack formation, while regions of low stress are prone to precipitation due to solute transport
in the pore space. These processes, over time, alter the pore space geometry and constitute a feedback loop
between flow and deformation.

We characterize numerically how heterogeneities in stress, fluid flow, and microstructures impact the
hydromechanical behavior of a limestone rock that has undergone several steps of dissolution. We aim to
answer the following questions:

1. How does single-phase fluid flow through the pore space of a rock sample under external load affect the
stress distribution in it, and, in particular, what is the effect of a heterogeneous microstructure on the stress
distribution?

2. How does rock dissolution modify the state of stress and yield strength in the solid?

3. How does dissolution in the rock modify single-phase fluid flow?

The main objectives are (1) to examine whether the stress distributions in the bulk of the solid and at the
solid-fluid interface can be described by a common probability density function (PDF) and (2) to quan-
tify the effects of dissolution, i.e., changes in the complex pore space, on the stress distribution, and flow
properties. We address these objectives by computational means, using the finite element method to solve
the coupled fluid-solid mechanics problem in three-dimensional digitized porous rocks. From our com-
putations, we achieve the fluid velocity field and the stress field in both the fluid and in the solid. We
further estimate the mechanical pressure and von Mises stress in the solid under various conditions of
external and internal loading. We apply our method to a sample of limestone that has undergone succes-
sive steps of dissolution through the percolation of an acidic fluid. This sample was imaged in 3-D before
percolation and at three successive steps of dissolution using synchrotron X-ray microtomography [Noiriel
et al., 2004, 2005].

The results of the present study can be of primary interest in domains where the heterogeneous and multi-
scale nature of rocks plays a key role, including, for example, oil and gas reservoir engineering, CO, geological
sequestration, and fracture mechanics.

2. Model and Method

In this section, we present the numerical methods and the computational model used to calculate the state of
stress in a porous solid with a percolating fluid. As we are interested in the instantaneous effects of steady fluid
flow, we assume a timescale where the effect of chemical reactions is negligible and where the pore space
geometry does not change —i.e., there is no evolution of the microstructure. In this regime, the computational
problem involves a one-way coupling of normal stress from the fluid flow to the solid stress field.

2.1. Fluid Flow in the Pore Space
The Navier-Stokes equations, governing the incompressible fluid flow in the pores, are given by

ov 2y, _
p<E+(V~V)V)—/4V vV=_VP, (1)

V.-v=0, (2)
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defined on a domain €. Here v(x, t) is the velocity field, P is the pressure of the fluid, p is the (constant) fluid
density, and y is the dynamic viscosity. Closure is obtained by supplying an initial condition v(x, 0) = v,(x),
and a set of boundary conditions:

vix,t)=0 for xeT ., (3)
P(x,t) =P, for xeTy, (4)
P(x,t) =P, for xeTl,. (5)

HereI' =T, Ul UTy, represents the entire boundary of Q,, which we, for now, assume does not deformin
time, while P,, and P, are constant fluid pressures imposed at the inlet and outlet of the system, respectively.

For a porous rock we consider that the characteristic length scale ¢, of the pore space is small, such that
the ratio between inertial and viscous forces is low, i.e,, the Reynolds number Re = p|v|¢,/u < 1. Thus, the
advection part of equation (1), dv/dt + (v - V)v, is assumed to be negligible. This assumption is verified, as in
experiments by Noiriel et al. [2004] (see section 2.4), the speed |v| is in the range 1-4 x1073 m s, the typical
pore size 7, is in the range 1-3 x10~* m, and the kinematic viscosity of water #/p = 1 x 107> m? s™', which
gives a Reynolds number Re < 0.1.

In the limit of low Reynolds number, the Navier-Stokes equations (1) and (2) reduce to the Stokes equations,
which are linear in velocity and pressure, and can therefore be solved using optimized linear solvers. The time
dependence has now vanished, and we are seeking the steady flow field. By introducing the dimensionless
variables %, ¥, and P, implicitly defined by

< L

& B Pin + Pout
x=1IL% v= ;(Pm — P, IV, P=(P,, — P, )P+ 2

s 6
3 (6)
where L is the system length; we obtain from equation (1) the well-known Stokes equation in nondimen-
sional form,

Vv =vp, @)
V.v=0, (8)

V(%) = 0fork & [\, ©)
Bx) = %for)"( el (10)
PO = —2 forx € Ty (n

Here V = LV is the scaled del operator, and I (with the respective subscripts) is the scaled domain. Since these
expressions are all independent of the constants p, u, P;,, and P, all solutions to the Stokes equations are
the same up to a scaling constant and a shift in pressure.

out’

The stress tensor in Stokes flow in dimensional quantities is given by
V==Pl+u(Vv+VW'), (12)

which means that the dimensional strain tensor can be found from the nondimensional one,

V=-Pl+Vi+Vi, (13)
by the transformation
- P, +P
V = (P, — Po)V — ——2% > L), (14)
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As a consequence, for a given pore space geometry, performing one single steady state simulation is sufficient
to obtain the stress field for arbitrary inlet and outlet fluid pressures. Only the linear transformation described
above is required to achieve the field resulting from the sought inlet/outlet conditions.

In the forthcoming, we use the following definitions:

PO=Pin+Pout

5 (base pressure) (15)

AP =P, — P, (pressure drop) (16)

in
to quantify the effect of fluid flow in the pore space.

2.2. Fluid-Solid Stress Coupling at the Pore Scale
At the boundary between fluid and solid, T',,;, the normal stress should be continuous if the solid-fluid
interfacial tension is neglected:

wall’

el =c-nlw —o-nlw =0, (17)

where n is the unit normal at the interface, pointing into the solid. The superscripts (s) and (£) denote eval-
uation at the solid and liquid sides of the interface, respectively. If we assume that we consider time scales
in which the solid does not deform due to fluid flow (equations (7)-(11)), the no-slip boundary condition (9)
on the fluid is valid, and hence, the viscous stress boundary condition on the solid is prescribed by the fluid.
As mentioned above, this yields a one-way coupling from the fluid to the solid phase which encompasses
computational simplification.

2.3. State of Stress in the Solid Phase
For small deformations, the solid phase is described by linear elasticity, such that stress, o, and strain, €, are
related via Hooke's law

v
1 —

o =

[e + 2Vltr((-:)] , (18)

T+v

where E is Young’s modulus and v is Poisson’s ratio. The strain tensor in the solid is given by
1 T
e==-(Vu+Vu'), 19
3 ( ) (19)

where u(x) is the displacement field. By considering the static elastic field (i.e., time scales much larger than
the time elastic waves take to propagate through the system), stress equilibrium in the rock is expressed by

V- olux)] =0, (20)

where the right-hand side is equal to zero since we neglect body forces, such as gravity.

Closure of the equation system is obtained by supplying the following boundary conditions. Inside the rock,
at the interface between fluid and solid interface, this boundary condition is given by equation (17). At the
outside boundary of the solid, T',,;, i.e., the part of the boundary which is not in contact with the fluid, a
prescribed normal traction (equivalent to a pressure force) is imposed:

c-n=-P,n, for xe€T \Ty (21)

except at the bottom plane I',,, where we apply a no-slip condition on the displacement field,
ux)=0, for xeTly,, (22)
in order to remove translational and rotational freedom and thereby achieve uniqueness of solution. Doing

so, the force exerted by the fluid flowing in the pore space to the solid surfaces are integrated as a boundary
condition and therefore coupled to the state of stress of the solid.
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Figure 1. Fluid meshes of the limestone sample at different steps of dissolution. Subfigures show (a) initial geometry,
and (b) one step, (c) two steps, and (d) three steps of dissolution. Fluid flow was from bottom to top during the
experiments.

2.4. Geometry and Mesh of the Porous Samples

We consider a digital 3-D rock sample which was studied and described by Noiriel et al. [2004]. It is a crinoi-
dal limestone of middle Oxfordian age extracted from the Lérouville formation (Paris Basin). Acidic fluid was
injected into this sample, leading to dissolution and porosity increase. The experiments were performed in the
diffusion-controlled regime, at low injection rates to avoid dissolution fingering instabilities. The sample has
undergone three steps of dissolution, and, between each dissolution step, it was scanned in 3-D, using X-ray
microtomography at the European Synchrotron Radiation Facility, at a voxel resolution of 4.91 pm. The results
are four digitized volumes: the initial sample before percolation and three volumes after the three stages of
dissolution (Figure 1). The original 3-D digitized volumes were segmented to separate the pore space from
the solid phase and resampled at 9.8 pm voxel size. The volumes used in the present study have dimensions
of 3403 voxels. The segmented images were prepared such that they constituted one connected cluster both
for the solid and fluid phases; i.e., all disconnected “islands” were removed. The removed disconnected pores
represented a fraction less than 0.05 of the total pore volume. The segmented volumes were then converted
to a tetrahedral mesh for the fluid phase using ISO2mesH [Fang and Boas, 2009], a MATLAB interface to TETGEN
[Si, 2015] for the surface mesh, and CGAL [The CGAL Project, 2016] for the volumetric mesh. The triangulated
surface of this mesh is used as the inner surface of the solid mesh. This surface mesh was then embedded into
a cubic surface mesh, which constituted the outer mesh (Figure 2). This cubic mesh was chosen to be slightly
(about 2%) larger than the fluid mesh, such that the whole sample could be loaded uniformly, yielding the
same total force on each side of the cube. A tetrahedral volume mesh was then generated between these sur-
faces. In this way, (1) the solid matrix can be loaded with a uniform normal stress at the outside boundary and
(2) no-slip conditions can be appropriately applied for the fluid phase at the entire surface I, except inlet T,
and outlet T,

out*

2.5. Computational Model

The rock we consider is a cubic, sealed, elastic porous sample which can be mechanically loaded along all
axes, and saturated with a steadily flowing single-phase liquid. With this model, by varying the flow rate and
the externally applied stress, one may obtain (1) the fluid velocity field in the pore space of the sample at

Figure 2. (left) Schematic setup of the model. (right) Simulated 3-D volume, after three dissolution steps, with fluid
velocity streamlines and von Mises stress in the solid. The upper half has been clipped to display the fluid phase.
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the different steps of dissolution, (2) the stress distribution in the solid space of the sample as a function of
applied fluid pressure and external stress, and (3) the probability distributions of invariants of the stress tensor
throughout the sample surface or volume.

2.6. Implementation

The coupled fluid-solid problem is solved numerically using the FENICS/DoLFIN framework [Logg et al., 2012a,
2012b]. The FENICS project is a collection of software for automated solution of differential equations using
the Finite Element Method (FEM), whereas DOLFIN is a C++/PYTHON library functioning as the main user inter-
face to FENICS. It allows for efficient solution of differential equations requiring only a weak (variational)
formulation of the problem to be specified.

2.6.1. Fluid Phase

The fluid equations (7) to (11) are solved using a continuous Galerkin method with first-order Lagrange (P;)
elements both for the velocity and pressure fields [Langtangen et al., 2002]. Since this mixed-space formu-
lation of the Stokes equations causes stability problems, as it violates the Babuska-Brezzi condition [Brenner
and Scott, 2008], we use a pressure stabilization technique. This amounts to allowing a small grid-dependent
compressibility which will smooth out the pressure field solution [Langtangen et al., 2002], i.e.,

V-v =68h’V2P, (23)

where his the element size and 6 is a heuristically chosen parameter. Here we have omitted the tildes used for
scaled units for the sake of visual clarity. We verified that (= 0.04) was chosen small enough for the absolute
difference in inlet/outlet flux to be well below 2%, such that the mass of fluid is almost conserved.

The weak formulation of the fluid equations can thus be stated as the following: Find v € V, P € P such that

/(Vv:Vv’—PV-v’+P’v-v+5h2VP-VP’)dv=—/ Pinn-v’dS—/ Poun-v'dS (24
Q, T T,

in out

forallv' € V,P' € P,and v(x) = 0 forx € I',,;. Here ¥V and P are the function spaces for velocity and
pressure, respectively.

2.6.2. Solid Phase

The elasticity problem is resolved similarly as the fluid phase using P, finite elements for the displacement
field. The stress in the fluid is transferred to the boundary of the solid phase. The pressure field is given as
nodal values, due to the use of first-order Lagrange elements, and can therefore be transferred directly to
the solid mesh. However, the viscous stress is a derivative of the velocity field, and therefore exists as con-
stant values on each element. Therefore, by stress reconstruction, the stress is interpolated on the boundary
nodes, yielding an error of the order of the element size. To minimize this error, the mesh was refined near the
fluid-solid boundaries. Additionally, the magnitude of the viscous stress is orders of magnitude smaller than
that of the pressure, as shall be demonstrated in the next section, yielding an even smaller relative error in the
boundary stress.

The weak problem formulation can be put as follows: Find u’” in V such that

/ o-[u]:e[u’]dV:—/ Pextn-u’dS—/ Pn~u’d$+/ u’-o-‘}isc~nd5, (25)
Qs rexl\rbot I I

wall wall

forallu’ € V,and u(x) = 0forx €T,

wall*

2.7. Probability Density Functions

In the simulated samples, the empirical probability density functions (PDFs), p(y) for any given scalar field
(e.g., pressure, stress invariants, and fluid velocity components), y, can be calculated either on the surface or
in the bulk (volume) of the sample. That is, p(x) dW gives the probability of finding the value x in an arbitrary
infinitesimal volume or area dW.

For the volumetric probability distribution functions, optimal representation is achieved by weighting each
nodal value by the size of its surrounding volume, similar to its Voronoi cell. For a given node i, this weight can
be expressed as

1
wi=on 2V (26)

IS
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Here &, is defined as the set of all mesh elements which contain node i, V; is the volume of element j, and V is
the total volume. Similarly, for the surface PDFs, the nodal weight is found by

1
W=z DA 27)

JEF;

where F; is defined as the set of all mesh facets which have node i as a vertex, A; is the area of facet j, and A is
the total area. The PDF is then calculated by normalizing the weighted histogram of the given field. In order
to minimize the effect of application of external loading, the nodes closest (within 2%) to the cubic bounding
box are omitted.

3. Results

This section presents the results from the coupled fluid-solid simulations. In turn, we present the results from
the fluid, and then the stress calculations in the solid due to fluid flow and porosity increase.

3.1. Main Assumptions
Our results are sensitive to a series of assumptions made, mainly related to the discretization of flow in the
porous samples:

1. The segmentation process of solid and fluid does not unambiguously capture microporosity as some voxels
could contain a fraction of solid and a fraction of porosity.

2. The removal of disconnected pores and the micropores smaller than the voxel size should contribute to
stress heterogeneities. Note that the removed disconnected pores represented a fraction less than 0.05 of
the total pore volume.

3. The meshing of the complex microstructure could be done in different ways. Note that we are here
using unstructured meshes which better approximate the true microstructures than what would using,
e.g., a Cartesian grid.

4. The elastic parameters of the solid phase are assumed to be constant throughout the sample.

5.The boundary conditions could have been chosen differently (e.g., strain controlled rather than stress
controlled).

6. The sample has a finite size, limiting the range of length scales for the observed spatial correlations.

As such, perfect agreement in comparison to experiments should not be expected. However, the meshes cor-
responding to snapshots of the sample at different stages of dissolution are prepared in the same way, and
therefore the evolution of the distributions should hold as long as we consider viscous flow and linear elasto-
statics. Moreover, the largest stress concentrations are expected to be found near the biggest pores, meaning
that the discretization is justified, although, e.g., the “mesh porosity” is not the true porosity. Moreover, the
fluid-solid solver was validated against cases where analytical expressions where available, e.g., for fluid flow
in a cylindrical pipe and the stress field around a fluid-filled spherical pore. However, as the methods are rather
standard and the framework is tested by the group of developers, we believe that the main sources of error
lie in the points above, not in the solver itself.

3.2. Fluid Flow in the Pore Space

Here we present the results from pure fluid flow simulations. Due to the invariance under a linear transforma-
tion described in section 2.1, the results are given in scaled units. Similarly as in section 2.6.1, we have omitted
the corresponding tildes for scaled units. Physical values are found by using equations (6) and (14).

In Figure 3, the simulated flow field is visualized by streamlines, i.e., integrated Lagrangian trajectories of the
velocity field. As expected with increasing porosity, the flow through the sample increases. At low porosity, a
few preferential flow paths are present. At higher porosities, more paths appear and cross-link with each other.

Flow through porous media is on the macroscale governed by Darcy’s law,

a=-Lvp, (28)
"

where q is the flux (discharge per area) and k is the permeability. Here the flux is related to the mean velocity
through the relation q = ¢v. Historically, much effort has been devoted to relating the permeability k to
porosity ¢, the most popular being the Kozeny-Carman relation commonly expressed as k = C¢3/(1 — ¢)?
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Figure 3. (a—d)Streamlines of simulated velocity field in the sample at different steps of dissolution. Figures 3a and 3b
correspond to those in Figure 1.

[Costa, 2006; Matyka et al., 2008], where C is a constant of dimension (length)? related to the geometry of
the porous medium. The mean absolute velocity (speed) and the mean axial velocity (parallel to the pressure
gradient) are plotted as functions of porosity, <Vy> (¢), in Figure 4 (left), and display superlinear increase with
porosity. The solid lines represent power law fittings to the data, which both yield exponents ~3. Taking the
pressure drop to be constant, the Kozeny-Carman relation predicts that the flux through any cross section of
the sampleg=q-h=¢ <vy> of a porous media should depend on porosity as

a—ar

q (29)

This means that the average velocity should scale as {v) ~ q/¢ ~ ¢? /(1 — ¢)?. The fittings shown in Figure 4
are thus not in quantitative agreement with Kozeny-Carman relations. However, this is not unexpected, as
Kozeny-Carman relations, being derived for packed beds, are usually more applicable to configurations such
as high-porosity sandstone, and less so for low-porosity limestone undergoing dissolution. This observation
is consistent with the data presented in Figure 4 (right), where permeability k in physical units is plotted as a
function of porosity ¢, and the relationship k ~ ¢* grows faster than the prediction from the Kozeny-Carman
relation. The behavior seen here is comparable to the data reported by Ehrenberg et al. [2006], although the
magnitude is somewhat higher here, especially as dissolution progresses. The permeability calculated here,
however, coincides well with the permeability reported in the original experiment [Noiriel et al., 2004].

Figure 5 displays the measured probability distribution of fluid speed in the four volumes. The inset of Figure 5
shows the raw (nonnormalized) data, with a shift of the distribution toward higher speed as porosity is
increased. The relevant features of the distributions are extracted by rescaling the speed, v, by the mean speed
(v) in each sample (displayed in Figure 4), as shown in the main panel of Figure 5. The distributions collapse,
apart from in the tail (possibly due to the finite size of the computational meshes). As the porosity increases,
the distribution approaches a stretched exponential function for large v,

p(?) ~ exp (—ad”) (30)
— 1.6 T T T T T 25 ) T
7 Parallel velocity v, = = fit, ~ ¢*18
S 14+ Speed v o 7 S
— 1.2 fit. ~ ¢3.12 < 20 -
- L2 ) E— b sl
% fit, ~ ¢2.94 o —
= 1F ’ E = 15 L
208t |z
g o6t : T4 B0
£ 04t . . E
= 5t

g 0.2 | i 3
g 7 e o — A
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Figure 4. (left) Mean axial velocity/speed in the bulk of the fluid versus porosity in the sample, in scaled units.
(right) Corresponding permeability in SI units.
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Figure 5. Probability density of the fluid velocity in the pore space at different steps of dissolution. The velocity
distributions are collapsed upon rescaling by the average velocity. Inset: Nonnormalized distribution.

where ¥ = v/ (v), the exponent f ~ 1/2, and the scale parameter @ ~ 0.25. This observation is consistent with
established velocity statistics for disordered porous media [Matyka et al., 2016], and the stretched exponential
distribution can theoretically be inferred by considering the porous media as a collection of cylinders with
exponentially distributed radii [Holzner et al., 2015].

The fluid pressure distribution is shown in Figure 6 and displays a highly heterogeneous distribution between
the inlet pressure P,, = 1/2 and the outlet pressure P, = —1/2. The distribution is characterized by fluctua-
tions (spikes) that are interpreted to be related to a heterogeneous distribution of dead-end pores. To quantify
the heterogeneity in the pressure field arising from the flow, the deviation from a linear pressure profile
(like what appears in hydrostatics with a constant gravitational force) can be calculated as

AP (X) = P(X) = Pjjn(X), (31
where P;,,(x) = 1/2 —y,y € [0, 1] is the scaled coordinate along the direction of the imposed pressure drop,

such that y = 0 corresponds to the inlet face, and conversely for y = 1. The resulting distribution is shown in
the inset of Figure 6. The distribution is seen to be sharply peaked around AP, = 0, due to the fixed pressure

16 — : . . : ‘ :
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12 | a E
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& .
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Figure 6. Fluid pressure statistics at the pore walls in the sample at different steps of dissolution.
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Figure 7. Fluid shear stress statistics at the pore walls in the sample at different steps of dissolution.

at inlet and outlet, but apart from this, slightly skewed toward negative values. This indicates a geometrical
asymmetry in the sample: more dead-end pores stretch from the top (low pressure) to the bottom of the
samples, than the other way around.

The fluid pressure exerts a normal traction pa upon the solid matrix. The viscous flow field, on the other hand,
contributes to a tangential traction. The scaled viscous stress tensor is given by

Guic = VV+ WV, (32)
and to quantify this (while suppressing the influence of the boundary normal, which must be reconstructed
on nodes, introducing an error of order element size), we report the distribution of z, the largest absolute
eigenvalue of o,,, sampled over the surface nodes (as in Voronov et al. [2010]). The resulting distribution is
shown in Figure 7. From the latter figure, it is clear that the viscous forces are, generally, at least 1-2 orders of
magnitude lower than the pressure drop, which again is lower than the base pressure P, and the external pres-
sure P,,,. We emphasize that this observation is independent of the value of the viscosity y, as the equations
are linear, and therefore, only one unique solution for the stress field exists apart from a scaling (by AP) and a
shift (by P).

3.3. Stress in the Porous Solid

In the following, the results from calculating the state of stress in the solid due to fluid flow and porosity
increase are reported. In all cases, a Poisson’s ratio v = 0.3, an external pressure P,,, = 2.2x 107 Pa, and a base
pressure P, = 1.0 x 107 Pa were used.

3.3.1. Measures of State of Stress in the Solid

In order to assess the impact of applied external stress on the porous sample, we consider frame-invariant
quantities. Combinations of the first two invariants of the stress tensor will therefore be used (I, and I,). First,
the mechanical pressure is defined as

tr(o)

Pmech == 3 (33)

Second, the von Mises stress [von Mises, 1913] is defined by

3
oym = Eo-dev P Odeys (34)

where the deviatoric stress tensor is defined by 64, = 6 + Pl The von Mises stress is commonly used
to predict yielding of materials under multiaxial loading. The tightly related von Mises yield criterion states
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Figure 8. Probability density function of the mechanical pressure P, at the pore walls in the sample before
dissolution, at various imposed fluid pressure drops AP. Here P, = 2.2 X 107 Pa, Py = 1.0 x 107 Pa. Inset: data collapse
by rescaling. The straight line shows power law decay p(x) ~ x> as a guide to the eye. Similar plots are also found for
the various dissolution steps.

that a material starts to deform irreversibly when o, reaches a certain critical threshold o,;e4. As such, it is
a measure of how close to fracturing the material is when considering a brittle material such as a rock in
the first kilometers of the Earth’s crust. We note that we could as well have considered some of the common
alternatives to the von Mises stress, such as the maximum principal stress (strain), i.e., the largest eigenvalue
of the stress (strain) tensor, o, (or o, — v(o, + 03)), and the results are largely similar.

3.3.2. Influence of Pressure Drop Over Fluid on Stress in the Solid

Figure 8 shows the probability distributions of P, in the sample before dissolution, normalized by the exter-
nal pressure P, obtained for various fluid pressure drops AP € [0, P,,,]. The distributions are peaked around
Prech/Pext = 1, with a markedly heavy tail for large P, ,ocp,-

In the inset of Figure 8 the distributions are seen to collapse by the normalization

P

p= mech ™

Pext (35)

N2
PextsAP (a)

Here S,p(AP/P,,,) is a scaling function described below.

For large P, a power law behavior p(P) ~ P~7, where y ~ 5, can possibly be observed. The support is, however,
only over 1 order of magnitude, and therefore, other distributions might also provide good fits, e.g., a stretched
exponential distribution.

The probability distributions of the von Mises stress o, corresponding to Figure 8, are shown in Figure 9. The
distributions of o, display similar characteristics as the distributions for P.,. Scaling by S,,(AP/P,,,) yields
the same data collapse as for P, i.e., distributions of

O,
b = +MAP (36)
PextSAP (a)
are independent of AP.

In Figure 10, the data points show the mean of the pore wall distribution of o, /P, plotted as a function of
(normalized) pressure drop. A linear least squares fit is used to determine the scaling function:

Sap (PA—P) =027 PAP +0.82. 37)

ext ext
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various imposed pressure drops AP. P, and Py are the same as in Figure 8. Inset: data collapse by rescaling. A power
law decay with exponent —5 is shown as a guide to the eye. Similar plots are also found for the various dissolution steps.

3.4. Influence of Dissolution and Increasing Porosity

The probability distributions of the mechanical pressure at the pore walls of the sample at different stages of
dissolution are shown in Figure 11. Here the pressure values used were P, = 2.2 x 107 Pa, P, = 1.0 x 107 Pa,
and AP = 0.The peaks of the distributions are located at the same position, P, = Pey, but the distributions
become wider as the porosity is increased, indicating more stress concentration and more stress shadows
with increasing dissolution.

To segregate the distributions of values above (+) and below (-) the peak at P, = P, We define

£ =+ Pmech - Pext (38)

PeaS (22 ) S4()

where the scaling function S (¢) is defined below (see equation (39)). As shown in the inset of Figure 11, the
resulting distributions largely collapse: the distributions of f* are seen to fall onto the same curve, while f~
displays a slightly varying slope with dissolution step.
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Figure 10. Mean von Mises stress as a function of the pressure drop AP inducing flow through the sample. The means
are taken over the distributions in Figure 9.
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Figure 11. Probability density function of the mechanical pressure at the pore walls for all dissolution steps, at fixed
AP = 0. P, and P are the same as in Figure 8. Inset: data collapse by rescaling. The line shows a power law with
exponent —5 as a guide to the eye. Similar plots exist for other pressure drops.

The probability distribution of the (relative) von Mises stress is plotted for the pore walls in Figure 12 and for
the solid bulkin Figure 13. The pore wall distributions display the same behavior and collapse by S ;(¢) as that
of f* above. In comparison, the bulk distribution extends the suggested power law distribution, p(c,,,) ~ "V_JV
y = 5, for large o,

The bulk averages of o,,,, corresponding to the probability distributions shown in Figure 13, are plotted in
Figure 14. The scaling function S;(¢) is approximated as a fit to these points. We expect no deviatoric stress
at 5,(0) = 0, and the simplest form satisfying this is

Sp() = Co’. (39)

Here the exponent f ~ 0.56 yields the best fit of the experimental data using a least squares method. An even
better fit would be achieved by using more complicated expressions with more fitting parameters, but for that
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Figure 12. Probability density function of the von Mises stress at the pore walls for all samples, at fixed AP = 0. P, and
Py are the same as in Figure 8. Inset: data collapse by rescaling. Similar plots exist for other pressure drops.
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the same as in Figure 8. Inset: data collapse by rescaling, and a superimposed power law with exponent —5 as a guide to
the eye. Similar plots exist for the other pressure drops.

to be justified one would also have required more than the four porosity levels available herein. Alternatively,
exponential fits could be used, analogous to the compiled data of critical axial stress as a function of porosity
in limestones summarized in Croize et al. [2013, section 3.1.3].

3.5. Common Probability Density Functions
As a consequence of the above analysis, all distributions considered will collapse onto the same master curves,

by the scaling relationships

Pext (40)

PecSar (22 ) S46)

P

mech ™

5

and

G = + @1
PawcSar (22 ) So(@®)

where the scaling functions S,,(AP/P,,,) and S ,(¢) are given by equations (39) and (37), respectively. This uni-
fied description of stress heterogeneities in the limestone sample studied here represents the main outcome
of the present study.
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Figure 14. Bulk mean von Mises stress versus porosity. The data points correspond to the distributions in Figure 13.
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4, Discussion

4.1. Complexity of Fluid Flow in a Porous Medium

Brown [1987] solved Reynolds equations in 2-D in a synthetic rough aperture fracture and showed that for low
aperture, the roughness of the walls had a significant effect, leading to flow channeling. In a porous medium,
the pore structure complexity generates a wide range of flow velocities, from the fast advective flows in the
main channels, to the very slow diffusive flows in dead ends where the fluid is almost stagnant and rarely
mix with that in the main channels [Bijeljic et al., 2013]. The pore heterogeneities have a strong effect on the
long-range spatial correlations of the flux. Numerical simulations show that the distributions of the kinetic
energy and the velocity in the fluid follow power laws over at least 5 orders of magnitude [Andrade et al.,
1997; Makse et al., 2000] and that the flow is correlated in space and time [Le Borgne et al., 2008], leading to
intermittency [De Anna et al., 2013]. Increasing the complexity of pore geometry, from a simple bead-pack
porous medium to natural rock samples with micropores and microfractures increases as well the range of
velocities observed in the fluid. The velocity distribution is characterized by a main peak, controlled by the
pressure drop imposed on the system, and a tail of slow velocities that increases with pore network complexity
[Bijeljic et al., 2013; Jin et al., 2016]. Based on Lattice Boltzmann simulations, Matyka et al. [2016] proposed
that the probability distribution function of fluid velocity, for velocities larger than the average fluid velocity,
follows a “power exponential” law. This is in contrast with other studies which have proposed either a Gaussian
or an exponential distribution [Mansfield and Issa, 1996; Datta et al., 2013; Bijeljic et al., 2013; Lebon et al., 1996].

With regard to the speed distributions presented in section 3, a stretched exponential probability density
function provides a good fit for large speeds. A shifted, stretched exponential (power exponential) distribu-
tion, as proposed by Matyka et al. [2016], would also be in agreement with our results, but this would require
introducing another fitting parameter. Moreover, the evolving pore structure due to dissolution in our sample
does not significantly alter the functional dependence of the probability density function of fluid velocities,
when rescaled by the average velocity.

4.2. Coupling Fluid Flow and Deformation

The fluid flow in the porous medium exerts both shear and normal stress on the solid walls, as shown numer-
ically for a rough fracture [Lo and Koplik, 2014]. Because of the complexity of the porous medium, additional
complexity of the flow pattern exists and long-range correlations in the stress distribution at the solid
interface emerge.

Flow-induced stresses have been modeled for several biological applications where porosity of the medium
was quite high (above 80 %) and the solids were very soft. Under these conditions, numerical simulations
indicate that the fluid viscous stress at the pore walls follows a gamma distribution [Voronov et al., 2010].
Numerical models of fluid flow in highly deformable elastic porous media indicated that as the elastic solid
deforms under flow, the relationship between pressure drop and flux becomes nonlinear and saturates for
large-pressure gradients [Hewitt et al., 2016]. Hysteresis due to the coupling between fluid and solid can
emerge [Guyer and Kim, 2015]. Pham et al. [2014] calculated the stress exerted by a fluid around a spherical
solid using Lattice Boltzmann simulations, and the existence of areas with stress concentration on the solid,
and lognormal stress distribution was observed. However, in all these studies, the porosity was quite large
and/or the solids were very soft and relevant for bioengineering applications. This renders comparison with
solids that are stronger and with lower porosity, such as rocks, challenging.

In rocks, elastic deformations are quite small, usually below one percent, before irreversible strain occurs.
Depending on stress and the mechanisms of irreversible deformation, such as closure and opening of micro-
cracks or pore collapse, the relationship between porosity and permeability evolves, controlling the pore
pressure gradient [David et al., 1994]. Under loading, the microscale heterogeneities control both the ini-
tiation of microcracks and the overall strength of the material. Using a 2-D discrete element modeling
approach applied to a granite rock, Lan et al. [2010] showed a difference between geometrical heterogeneities
(i.e., difference of grain size), which control the nucleation of microfractures and initiation of damage, and
strength heterogeneities at the grain contacts (i.e., elastic stiffness), which control the overall strength of the
solid under uniaxial loading. In these simulations, the stresses inside the grains show a normal distribution
for both the maximum and the minimum principal stresses, with an average value which corresponds to the
external loading. Conversely, the normal stress at grain contacts shows a bimodal distribution. Some contacts
are under tensile normal stress conditions and provide sites for the nucleation of extensional microfractures.
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The evolution of elastic parameters and permeability during small elastic deformations of a Bentheim sand-
stone was experimentally measured and successfully modeled using X-ray microtomography images where
unstructured meshes were built [Jasinski et al., 2015]. The effect of fluid viscosity on the effective elastic prop-
erties of rocks and the attenuation of elastic waves was studied in Saenger et al. [2011] by solving the dynamic
elastic equation in 3-D rock samples imaged with X-ray microtomography. Other researchers have simulated
deformation of calcium carbonates with a back coupling to flow through dissolution [Pereira Nunes et al.,
2016] and precipitation [Jiang and Tsuji, 2014], although without accounting for the stress distribution in the
solid matrix. In the present work, the fluid-solid coupling is only one way, and therefore, the effect of flow on
changing pore space geometry cannot be assessed.

By considering probability density functions of bulk and pore wall properties, the results presented in
section 3 show that for a steadily flowing fluid in the pore space of a limestone, the dominating force from
the fluid stems from the base pressure in the solid, as the viscous force generated by the fluid is generally
orders of magnitude lower. This implies that under such conditions, the viscous stress is of minor importance.
Moreover, the stress distributions are controlled by the pressure drop AP in a simple manner. In particular, the
position of the tail of the distributions of stress in the sample may ultimately depend on the maximum dif-
ference between external and internal pressure. This broad tail, with a power law decay with a quite strong
exponent of —5, has the following consequence: a slight increase in fluid pressure or a small amount of disso-
lution will significantly increase the number of locations in the solid where the von Mises criteria (or another
failure criteria) will be reached. A consequence of such behavior is the following. It is known that the injection
or removal of fluid at depth can trigger induced seismicity [Talwani and Acree, 1984]. Recent field observations
at the outcrop scale show that a small fluid injection can trigger microearthquakes at some distance from the
injection point [Guglielmi et al., 2015]. If they can be extended to other kinds of rocks, our results, with a heavy
power law tail of stress heterogeneities, show that a small change in fluid pressure can drive a significant vol-
ume of the rock toward failure. The nature of microstructural heterogeneities and their relationships to fluid
flow and stress would then provide an additional explanation of induced seismicity.

Whether the observed self-similarity persists if the porosity is increased beyond the range considered here,
is an open question, and could be assessed, e.g., by using tomography data from experiments where more
dissolution is performed. However, in the Earth’s crust failure would occur before reaching a high porosity,
whichis what happens, for example, in karst with the formation of caves. Further, how the distribution changes
if such failure occurs, i.e., the stress heterogeneity leads to fractures, is an interesting point in question. We
expect the self-similar behavior will reach its end at latest when the first failure occurs, as the solid matrix will
then reorganizes itself.

5. Conclusion

We have in this work computationally studied how an evolving microstructure influences fluid flow in the
pore space of a rock, and how fluid flow influences the state of stress in the solid phase. We have considered
a limestone which has been scanned at four stages of dissolution using X-ray microtomography.

Steady incompressible laminar fluid flow in the sample at each stage of dissolution was computed by solving
Stokes’ equations. By assuming negligible displacement of the fluid-solid boundary due to elastic deforma-
tion, the stress field from the fluid enters as a boundary condition on the solid, yielding a one-way numerical
coupling. Both the fluid and the solid problems were solved numerically using the finite element method
through the FEniCS/DOLFIN framework.

Our main finding is that as the rock is dissolved, and as the pressure drop driving the fluid flow is increased, the
distribution of heterogeneous stress in the sample evolves in a self-similar manner. In particular, the proba-
bility distributions of the mechanical pressure and the von Mises stress can be collapsed onto the same curve
by a normalization. The common master curves display a broad distribution, with a suggested power law tail
for high stresses. The broad tail shows that the rock is very sensitive to small perturbations, and a slight fluid
pressure increase locally would drive a significant number of local heterogeneities toward failure. We propose
that this heavy tail can be used as a simple criterion for the integrity of porous rocks.

Whether the observed self-similar evolution is restricted to dissolution processes remains to be answered. For
example, do other morphology-changing processes, such as fracturing or precipitation (lowering porosity)
evolve similarly? A more fundamental question is related to identifying the link between pore geometry and
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the velocity distribution/stress distribution. Future work will include a back coupling from solid deformation
to fluid flow, yielding transient dynamics of fracture and/or precipitation-dissolution processes.
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Abstract

We present comprehensive direct numerical simulations of fluid flow in three-dimensional (3D)
self-affine channels that are representative of fractures. We solve the time-dependent Navier—Stokes
equations, from laminar flow, through transitional, to turbulent flow, focusing our investigation on
the role of inertia and roughness on the macroscopic transport properties. In contrast to previous
studies, we have access to the full, 3D time-dependent velocity field, and quantify the effect of
unsteady and transitional flow on fracture permeability. We compute friction factors (geometric
and Darcy fraction factor fp) for flow spanning three orders of magnitude in velocity and one order
of magnitude in roughness amplitude. The dependence of the friction factors on the Reynolds
number Re can be approximated using a generalized Forchheimer law, which takes into account
a finite transition region between a laminar asymptotic scaling, fp ~ Re™! (Re < Re.), and an
inertial asymptote, fp ~ constant (Re > Re.). For each roughness amplitude, this leads to the
identification of a critical Reynolds number Re., where inertial effects arise, and a characteristic
geometric friction factor. Based on the latter two quantities, the friction factor for all roughness
amplitudes can be collapsed onto a single curve, where only the transition region is roughness
dependent. To quantify the onset of unsteady flow, we compute the fluctuation-based Reynolds
number Re’, which beyond a certain second critical Rec 4, is shown to depend linearly on Re.
For sufficiently high roughness, the linear dependence extends from Re’ = 0, suggesting that the
turbulent transition changes character from sub- to supercritical as the roughness increases. We
find that Recq is comparable in magnitude to the Re. for the departure from laminar friction,
implying that transitional flow is an integral part of fracture flow, and must be accounted for in

coarser simulations when Re and the roughness amplitude are sufficiently high.
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I. INTRODUCTION

The transport properties of fractured materials are industrially relevant for a range of
reasons [1]. In aquifers and petroleum reservoirs, fractures are ubiquitous, and often the
dominating part of the fluid transport in such media takes place in fracture networks [2-5].
Knowledge of the flow properties in the single fractures that together form the networks
is hence necessary for safe and efficient operation downhole [6]. High velocity flow in such
systems is of particular importance for geothermics, since turbulent mixing is known to
increase heat conduction by several orders of magnitude. Further, hydraulic fractures may
be driven by transitional flow [7]. Historically, much effort has been devoted to estimating
the permeability (or conversely, flow resistance) of fractures [8, 9], e.g. by considering the
properties of the aperture field [1, 10, 11]. For flows in pipes and channels, it was early on
debated whether the departure at high flow rates from Darcy’s law [12], which states that
pressure loss is proportional to the discharge rate, was due to turbulence. However, careful
studies have shown that this departure can be attributed to steady eddies; see e.g. [13, Sec.
1.

On the other hand, flow in rough fractures is interesting from a turbulence perspective.
The onset of turbulence in pipes and channel flow is a phenomenon that historically has
received broad attention since the early experiments by Reynolds [14]. Only during the
last decades, the phenomenon is beginning to be fully understood [15-19]. However, in the
presence of roughness, much less is known. In the 1930’s, Nikuradse undertook an extensive
set of experiments on flow in pipes with a characteristic roughness length scale [20]. Dur-
ing recent years, this has been characterized as a non-equilibrium critical phenomenon by
numerical and theoretical considerations [21-23]. The transition to turbulence in smooth-
walled shear flows is believed to be subcritical, meaning that it is not driven by a linear
instability, but requires a perturbance of a finite size to proliferate. In particular, experi-
ments and simulations indicate that it belongs to the directed percolation (DP) universality
class [24-27]. This expectedly holds for Hagen-Poiseuille (pipe) [15, 18, 28], Taylor-Couette
(TCF) [29], plane Couette [30], and plane Poiseuille flow (PPF) [31].

It has been established experimentally that fractures in both geological and other mate-

rials are self-affine [32], i.e. the fracture surface z = h(x,y) is statistically invariant under
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the transformation

T = A, y— Ny, z— Mz (1)

or h(z,y) ~ A"Hh(Ax, \y) in a statistical sense [33, 34]. Here, H is the Hurst exponent,
which is broadly considered to take the universal value H = 0.8 for fractures in three
dimensions (3D). Note however, that there are exceptions, such as in sandstones (H ~ 0.6)
[35] and in glassy ceramics (H ~ 0.4) [36, 37].

The early models for computing flow in fractures encompassed approximating fractures as
two parallel plates, stated as the parallel plate (PPL) or cubic law, which gives the discharge
rate Q as a function of the average pressure gradient Vp as

3
QZ—@VP, V-Q=0. (2)
An improvement of the PPL amounts to letting d be a field that depends on the in-plane
coordinates, which is termed the local cubic law (LCL) or the Reynolds equation (lubrication
appriximation). An important research topic encompasses solving this equation for self-affine
fractures, see e.g. [4, 38-40]

Beyond the lubrication approximation, Gutfraind and Hansen [41] and Zhang et al. [42]
were probably the first to consider flow in self-affine geometries, albeit in two dimensions
(2D). Drazer and Koplik [43, 44] considered the transport properties of 2D and 3D self-affine
fractures. Brush and Thomson [45] evaluated the validity of the lubrication approximation
by comparison to full 3D simulations. Lo and Koplik [46, 47] considered flow in self-affine
fractures of both pure fluid and suspension flow in 3D self-affine fractures, and studied
especially the flow channeling and fluid stress on the wall. Inertial effects have been studied
both in fractures [48], in 2D porous media [49-52] and in 3D spherical packings [53-55]
Notably, Skjetne et al. [48] simulated high-velocity time-independent flow in a self-affine 2D
fracture joint in two dimensions. They found that the relationship between average forcing
f and mean flow u, was well described by a (weak inertia) cubic form [56, 57|, f ~ u, + ku>

(k being an empirical constant) at low Reynolds numbers Re, and a Forchheimer law [58],
J=au, + b’U,i, (3)

at higher Re (a,b are empirical coefficients). The functional form (3) has provided good
quantitative fits also in other rough geometries [52]. Zou et al. [59] studied unsteady flow in

2D fractures, and subsequently steady flow in 3D fractures [60]. Wang et al. [61] and Briggs
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et al. [62] studied steady flow in self-affine fractures for somewhat lower Reynolds num-
bers. However, a proper assessment of the role of unsteady flow and the impact of velocity
fluctuations on macroscopic transport properties seems to be lacking in the literature.

In the other end of the spectrum, an extensive body of research considers fully developed
turbulence near rough walls (see [63] for a review). To our knowledge, however, there have
been few works that have considered the transition to turbulence in fracture-like geometries.
As such, addressing the universality class of the transition to turbulence, including resolving
the associated large-scale spatiotemporal intermittency, would require domain sizes compa-
rable to that considered by Chantry et al. [30]. In this direction, significant progress was
made recently for rough-walled PPF [64] and TCF [65]. The present paper aims to show
that it is possible, for significantly smaller domains, to address whether the transition to
turbulence remains subcritical as a boundary roughness is imposed. In particular, we will
find, by quantifying the velocity fluctuations, that the transition becomes supercritical given
a sufficiently large roughness amplitude.

In this work, we consider high-velocity flow in three dimensional self-affine channels which
realistically mimic real fracture geometries. The geometry is constructed to be a simple,
albeit generic, description of a fracture: the same surface is shifted vertically to constitute
both the upper and lower wall, and the channel is periodic in the x and y directions. This
allows a Reynolds number based on the flux through any perpendicular cross section to
be uniformly well-defined. Within this setup, we are primarily interested in the transport
properties of the fracture when the flow within it goes from being stationary, in a time-
independent steady-state (i.e. well within the laminar regime, which, as outlined above, is
fairly well studied in the literature), to being in a steady state in a time-sampled statistical
sense.

As already indicated, the main research questions underlying this investigation are:

e What is the impact of a generic roughness on the macroscopic flow properties (perme-

ability, or conversely, friction factor) of a channel geometry?
e What is the effect of velocity fluctuations?

e How does the nature of the turbulent transition in a channel depend on roughness?

To characterize the effect of this transition, we first consider the geometrical properties

of the fractures; i.e., we estimate in a classical way the permeability field of the fractures;
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which gives a first estimate of the expected permeability of the fractures. Secondly, based on
extensive direct numerical simulations (DNS) we measure the friction factor of the channels
as a function of Reynolds number and roughness amplitude. We evaluate the prediction
from the geometrical estimates, and are able to collapse the friction factors onto a single
curve by a scaling argument. In particular, we find that a generalized Forchheimer law well
captures the dependence of the friction factor on the Reynolds number. We also quantify
the point where the flow becomes transitional by inspecting the temporal fluctuations in the
velocity field.

The article is organized as follows. In Sec. II, we describe the fracture geometry and
computational mesh used in the simulations. In Sec. III, we describe the problem set-up,
the governing equations and the numerical methods, and in Sec. IV, we present our results.
Finally, in Sec. V we discuss implications and limitations of our study, draw conclusions,

and point to future work.

II. FRACTURE GEOMETRY AND MESH

In this section we describe the geometry of the rough channels, and the computational

meshes used to represent them.

A. Self-affine channel

There is significant evidence for fracture surfaces being self-affine [32]. We therefore
choose to study a system comprised of two identical, vertically shifted (along z), self-affine
surfaces z = h(z,y) and z = h(x,y) + d. Together they form a channel of constant height d,
wherein an incompressible fluid is forced to flow along the z axis. This direction is henceforth
called the streamwise direction, while the y direction is called the spanwise direction. In
geoscience, this type of geometry is known as a fracture joint, resulting from mode I fracture,
in contrast to a fault, where the surfaces woul be shifted both vertically and in the zy plane
[48].

The self-affine profile is, as mentioned, described as a 2D surface in 3D space, which
is statistically invariant under the transformation (1). Using a self-affine surface is also a

simple and generic way of describing a rough surface profile where as few as possible length



scales are involved. In addition to the Hurst exponent H, there needs to be specified a lower
cut-off (larger than the finite element size Ax), and a system size, L. However, this does
not fully fix the vertical undulation of the surface. We therefore specify a root-mean-square
height deviation, A = L*1¢ fOL fOL h?(z,y) dz dy, which we call roughness amplitude, which

ultimately fixes the surface. Clearly, due to the self-affine nature of the surface, the latter

scales with the finite system size as A ~ L¥. It is therefore evident that a proper study of
the scaling properties of flow in self affine geometries would require to properly correct for
finite-size effects, etc., which has been done in the lubrication approximation (see e.g. [4]),
but is computationally costly for DNS in 3D. With this in mind, we will in the present work
hold L fixed, leaving a scaling analysis for future work.

Our motivation for using a self-affine channel is twofold: (i) It is a simple way to introduce
a random perturbation to an otherwise linearly stable flow, and (ii) it is a physically relevant
system as it results from natural processes, such as brittle fractures [32, 66] and surface

growth [34].

B. Computational meshes

Unstructured tetrahedral meshes are generated by first constructing a 256 x 256 (lattice
units) self-affine surface with H = 0.8 using a Fourier filtering method [67]. There are several
other ways of constructing such surfaces, but the Fourier method has the advantage that
it results in a periodic surface, which will be of importance in imposing periodic boundary
conditions on the flow field. To check that the surface is actually self-affine with the correct
Hurst exponent, we compare the power spectrum of the surface height (measured along a

line in the plane) with the theoretical one,

Pk:) ~ k7728 for i€ {o,y}, (4a)
P(k,) ~ k771, (4b)

Here, k = (k,, k) is the wave vector in Fourier space and k, = |k|. The power spectrum of
the self-affine surface is shown in Fig. 1, and is seen to yield a self-affine scaling, consistent
with (4), over roughly two orders of magnitude.

After the self-affinity has been established, we interpolate the surface smoothly (using

bicubic interpolation) between all the points of the lattice, in order to remove sharp edges in
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FIG. 1. Power spectrum of the self-affine surface used in this study, along = and y in Fourier

space (ky, ky), and radially averaged, k.. The solid lines show the theoretical power spectra of a

surface with the Hurst exponent H = 0.8.

the mesh that could cause unsought numerical inaccuracies. Note that this implies that the
roughness cut-off scale is somewhat larger than the mesh size. The resulting 512 x 512Axz?
surface, which is ensured to be periodic, is scaled in the plane to 10 x 10 simulation units.
The surface height is rescaled to yield a specified roughness amplitude A. The surface mesh
is then copied and shifted a distance d vertically. At the corners making up the slab, nodes
are added with a spacing Az. The side faces nodes are then triangulated (with a typical
length Az) using the MESHPY [68] interface to TRIANGLE [69]. Finally, the interior of the
slab is meshed using TETGEN [70]. The mesh is refined near the surface to represent the

complex surface (but to resolve turbulent flow, a fine mesh in the bulk is also necessary).

To address the effects of inertia and roughness, we have in the simulations used one
single initial self-affine surface, with the power spectrum shown in Fig. 1. The roughness
amplitudes have been chosen to be A = 0,0.1d,0.2d,0.5d, and 0.8d, as compared to the
channel width d = 1. More detailed mesh information is given in Appendix A, and the four

meshes used in this study are visualized in Fig. 2.
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(a) A=0 (b) A=0.1 (c) A=0.2 (d) A=05 (e) A=0.8

FIG. 2. The five meshes used in this study.

C. Brief discussion of length scales

For transitional flow, Re ~ 1000, the Kolmogorov scale ¢ is comparable to the typical
element size leen (cf. Table II in Appendix A), which is generally smaller than the most
dissipative eddies. As a comparison, extrapolation of the relationship ¢x ~ Re "™ from the
simulations by Mortensen and Valen-Sendstad [71] at a shear Reynolds number Re, ~ 180
(Re =~ 3000), yields a comparable grid scale. Since their simulations were almost indis-
tinguishable from the reference data by Moser et al. [72], we estimate that our simulation
results, which are mostly concerned with Re < 2000, should be sufficiently well-resolved.
(However, rough meshes at Re ~ 3000 will be pushing the limits.) This is particularly true
as the dominating source of error lies, in our case, in the particular realization of a self-affine
surface. Finally, we verified a posterior: that mesh refinement gave no significant change in

the macroscopic flow properties even for the highest roughness.

III. FLOW PROBLEM SETUP AND NUMERICAL METHOD
A. Governing equations and problem setup

As outlined above, the setup we consider is a flow in a rough channel. We consider the
domain €2 to be periodic in the x and y directions, and constrained by the same, shifted,
rough surface above and below in the z direction. The mean sampled over the xy plane of
the lower surface is at z = 0, and the mean at the upper surface is at z = d.

Within the slab, we perform direct numerical simulation (DNS) of fluid flow. The incom-

pressible flow is governed by the Navier-Stokes equations:
ou+u-Vu—vViu=-Vp+f, V. .u=0. (5)

Here u is the velocity field, v is the kinematic viscosity, and p is the pressure. For convenience

of notation, we have absorbed the constant density into the latter quantity.
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The flow is driven by a constant, uniform body force f, either to a laminar or a transi-
tionally turbulent flow depending on the magnitude of f. The force f is in the steady state
(where the velocity is at, or temporally fluctuating around, a constant value) compensated
by the friction between the flow field and the rough walls. At the same time it controls the
injected energy per time, [,f-udV (V is volume), which is compensated by the (turbulent
or laminar) dissipation rate, both at the walls and in the bulk. The present work is con-
cerned with the transport properties of rough channels in this statistical steady state. The
proper quantification of the transient dynamics of the transition process is left for future

work.

In all simulations, no-slip conditions are applied at the boundaries, u = 0 for x € 9¢). In
order not to trigger any spurious long-lived turbulent modes, we start all simulations from
below, i.e. either at Re = 0 or from a steady laminar or a transitional state below the sought

Re.

B. Numerical methods

The finite element method (FEM) for fluid flow simulations in regular geometries such as
smooth pipes, ducts, and channels, is usually outperformed by spectral methods. However,
when complex boundaries are present, the latter methods cannot be applied without loss
of performance. Irregular geometries, such as in our case of rough cracks, are accurately

represented by unstructured meshes, which leaves the FEM as a viable option.

In order to numerically resolve the Navier-Stokes equations (5), we use a customized
version of the OASIS software [71], which is both fast and highly flexible. OAsIS is built on
top of the FENICS/DOLFIN framework [73, 74], which in turn interfaces to highly optimized
linear solvers through the PETSc backend [75]. In fact, although most of the user inter-
action with OAs1S/FENICS is through the high-level Python interface, the runtime of the
simulations are dominated by the backend PETSc Krylov solvers. This makes the runtime

comparable to e.g. OPENFOAM [76].

To discretize the flow equations, we use a temporally second-order incremental pressure

correction scheme (IPCS) [71]. The equations we solve, at time ¢ = nAt (n is time step
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number, At is the time step size), are

ut — un—l

NI - Va=vVii—Vp +f, (6a)
1
20 = L
u" —u*

Here, i = (3u™! — u"?)/2 is an Adams-Bashforth projected advecting velocity, 1 =
(u* 4+ u"1)/2 is the Crank-Nicholson interpolated advected velocity, and ¢ = p"~1/2 — p*
is an incremental pressure difference. In the above, velocity and pressure are solved in a
segregated manner; Eq. (6a) is a velocity prediction step, Eq. (6b) is a pressure correction
step, and Eq. (6¢) is a velocity correction step. In this scheme, which is further documented
in Ref. [71], Egs. (6a) and (6b) are solved iteratively in an inner loop until a convergence
criterion is reached, before in the end of a timestep (outer loop), Eq. (6¢) is solved. For
the spatial discretization, we use piecewise-linear Lagrange elements both for velocity and

pressure (P1—P;), which yields second-order convergence in space.

IV. RESULTS

In this section, we report the results from our simulations of flow in rough channels. First
we consider the geometrical properties of the fractures, and then we proceed to qualitatively
inspecting the flow field and a typical simulation. We subsequently consider the macroscopic

flow resistance, and finally the velocity fluctuations characterizing transitional flow.

A. Effective aperture field

It is well known in the literature that the actual fracture width is not limited by the
vertical width (along the z coordinate), d, but rather by an effective channel width deg, which
can be better approximated as the smallest distance between the channel walls measured
perpendicularly to the local flow direction [48, 77]. Since this direction changes along the
rough surface, it consitutes an effective aperture field in the xy plane. In our simulations,
the vertical displacement is given by d = 1 everywhere, but the effective apperture depends

sensitively and nontrivially on the roughness of the surfaces.
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Now, we estimate the effective aperture field on purely geometrical grounds. The method
we use is based on that by Mourzenko et al. [78], who suggested to fit the largest possible
sphere at each point in the fracture to calculate the effective aperture. At a given in-plane
coordinate (z,y), we locate a sphere of radius R(z) centered at (x,y, z). Varying z, we seek
a sphere of such a size that it barely touches the lower and upper channel walls, i.e. find the
z for which the minimal distance to the above surface equals the minimum distance to the
lower surface. This gives us an optimum z = z,p and a smallest effective channel width,
der = 2R (%opt). Doing this for all (z,y) € [0, L] x [0, L], we obtain the fields zp(z,y) and
degr(x,y). The former can be related to the tortuosity of the flow field [79]. The latter, which

is of primary interest here, is a geometric approximation to the effective aperture field.

(a) (b) (c) (d)

FIG. 3. Effective aperture field dog(x, y) for increasing roughness amplitude A. Subfigures (a)—(d)

correspond to (b)—(e) in Fig. 2.

The effective aperture fields deg(z, y) are shown in Fig. 3 for increasing roughness. Here,
it can be readily seen that the effective width depends strongly on the roughness amplitude,
and for higher roughness, some areas are shielded by the most pronounced fracture tooths.
In particular, it seems that an area with particularly low permeability emerges near the

lower left corner, mimicking an obstacle.

It is also of interest to inspect the probability density functions of the effective aperture,
sampled over the xy plane, which are shown in Fig. 4. We note that the distributions are
slightly skewed, decrease as the roughness amplitudes increases, and seem to approach a
normal distribution for the highest roughness. This is further seen in the inset, where we

show the dependence of the mean effective aperture upon the roughness amplitude.
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FIG. 4. Probability density of the effective aperture fields deg sampled over the plane (z,y). Inset:

The mean of the distributions in the main panel, with the standard deviations plotted as bars.
B. Qualitative inspection of the velocity fields

We now turn to inspecting the velocity fields that arise in the self-affine channels as a
body force (or average pressure gradient) f is imposed. Figure 5 (a) shows an instantaneous
snapshot of the velocity field in the statistical steady state. Here, it can be seen that
transient flow patterns are present, particularly at the streamwise periodic cross-sectional
plane, show to the left in the figure.

To investigate the flow rate in time, we define a flux-based Reynolds number [80],

Qe (u)d -

Re — -
eLl/ v

where @, is the flux, i.e. volume per time, that passes through any (due to the incompress-
ibility) cross section normal to the z-axis. Correspondingly, (u,) is the mean velocity in the
x direction. We can interpret Eq. (7) either in an instantaneous or a in statistical sense,
depending on whether (), is a fluctuating quantity—which again will depend on the forcing
f. In particular, for a given f, the instantaneous Reynolds number (for which we emphasize
the time dependence by a subscript t) yields a unique value of Re in the following sense.
Either, if the flow is unsteady, Re is found as the average over a sufficiently long time in the

statistical steady state, i.e. Re = Re; or if the flow is laminar and steady, the relation is
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FIG. 5. A typical simulation in a self-affine channel with roughness amplitude A = 0.2, forcing
f = 1.5 x 1076 and viscosity v = 9 x 107°. (a) A snapshot from the simulation after roughly
450 advective time units. The direction of forcing is shown, and the lighter color indicates higher
speed. (b) Instantaneous Reynolds number Re; (based on instantancous flux) as a function of time.
The time when a statistical steady state has been reached is indicated by tg, and we indicate a
sampling time T over which statistical quantities are estimated. Inset: Amplification of the Re;
signal during the sampling time, and the eventually estimated Re is indicated by a horizontal solid
red line. The standard deviation (shown around Re as horizontal dashed red lines) shows that the
error in the time signal is less than 0.4%. The snapshot in (a) is taken at the time indicated by a

vertical black line.

Re = lim;_,, Re;. The notion of the statistical steady state is exemplified in Fig. 5 (b). The
latter shows the time evolution of Re;, in the simulation shown in Fig. 5 (a), starting from
a quiescent state at Re; = 0. After an initial transient of exponential relaxation toward a
steady value, a noisy signal develops. Indicated in the figure is a sampling interval between
t = to, where the statistical steady state has been reached, and t = ty + T". The inset of

Fig. 5 (b) shows a close-up of the velocity signal in the sampling interval, displaying a fluc-

13



Uz

FIG. 6. Depth-averaged velocity fields for low Re, i.e. laminar flow. The figure shows the
three components of the velocity vector, for four values of roughness amplitude A. The velocity

components are normalized by (u).

tuating signal. However, the standard deviation of this signal is less than 0.4% of Re, which
is much less than the local fluctuations, meaning that lim, ., Re; ~ Re, and the steady and
unsteady methods of computing Re are virtually equivalent.

Next, to qualitatively visualize the spatial distribution of local fluxes, we consider depth-
averaged velocity fields, i.e. the velocity fields in the zy plane that result from averaging
over z € [h,d + h|. First, we present plots of the flow fields in the fully laminar, low inertia
regime (Re ~ 1), shown in Fig. 6 for all velocity components normalized by (u,). It is clear
that similar features are present for all roughness amplitudes. In particular, one obstacle
(the dark region in rows 1 and 2) leads to flow being directed around it. A bottleneck effect
may result from this (see [10]), but this effect will be significantly smaller in 3D than in 2D
fractures, since the flow is allowed to simply pass around the obstacle [48].

For the case of high inertia (Re ~ 1400), the velocity fields are well above the turbulent
thresholds and thus strongly fluctuating in both time and space. In order to isolate the
spatial fluctuations and visualize the mean transport channels, we therefore consider the

time-averaged velocity fields, which are computed by averaging the flow field over time in
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FIG. 7. The depth-and-time-averaged velocity field from high-Re simulations. Rows and columns

correspond to Fig. 6.

the statistical steady state, i.e.,

where ty is some initial transient that ensures that the system is equilibrated, and T is
the sampling time. We present in Fig. 7 corresponding plots to the above, and show the
depth-averaged time-averaged velocity fields @ for varying roughness. From these plots,
in particular by inspecting u, (row 1), it is clear that at low roughness, preferential paths
emerge that extend across the finite system. The slowest channel coincides with the obstacle
noticed in the low Re regime (cf. Fig. 6). For higher roughness, this effect is less noticeable, in
particular, the obstacle region cannot be seen for u, (but it is possible to see it for u,). This is
possibly because the roughness amplitude is so high that there is now no continuous straight

chord that connects the flow field “to itself” (through the periodic boundary condition).
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C. DMacroscopic flow properties

Now we proceed to inspecting the macroscopic properties of flow through self-affine chan-
nels. This amounts to relating the properties such as the flow rate, the imposed forcing,
and the roughness amplitude of the channel. Since f = fx, we may define a dimensionless
geometrical friction coefficient (which can be seen as an inverse relative permeability):

2
Cs = 0
The reason for choosing this quantity is that, for Stokes flow (Re — 0), this C'y comes out
of the equations as a purely geometric quantity. Moreover, it takes the lowest value possible
(with no-slip condition on all fixed boundaries) in a plane channel. The only requirement
is the no-slip condition and a prescribed mean flow direction. The prefactor 1/12 is chosen
such that C'y = 1 for laminar PPF.

Another commonly applied quantity e.g. for flow in pipes is the Darcy friction factor fp,

defined through the Darcy—Weisbach relation [81, 82]:
fd

= i 10

fD % <u1:>2 ( )
Between these two quantities, we have the relation
/pRe

Cr= ) 11

1= (11)

For the special case of laminar PPF, we thus have fp = 24/Re.

In Fig. 8, we present a diagram of the statistical steady-state relationship between the
Reynolds number Re and the friction factor C; for the various roughness amplitudes. It
is clear that for low Re, C} attains a constant value dependent on the roughness A. At
higher Re, there seems to be a certain threshold where the scaling of C} crosses over and
starts to grow, for higher Re, close to linearly. The point where the dependence departs
from the constant behaviour is where the inertial effects come into play. However, these
effects are not necessarily due to turbulence, and may come from growth of steady eddies
in the laminar regime. It is seen from Fig. 8 that the transition point appears at lower
Re for higher roughness amplitude A. For A = 0, owing to the subcritical nature of the
transition, unsteady flow does not occur by itself, since the flow is always linearly stable. In

particular, the flow needs a perturbation of a certain finite size for turbulence to proliferate
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FIG. 8. Friction factor C'; plotted against Reynolds number Re for the five roughness amplitudes.
The data for PPF marked with star symbols are taken from Xiong et al. [83]. Inset: Darcy friction

factor fp versus Re number for the same roughness amplitudes.

and spread [18, 26]. In Fig. 8, we therefore include the friction factor measurements of [83].
Their results are in good agreement with the current data, as the transition point is moved
towards higher Re, and the same slope is evident for large Re. It should be noted that in
the range roughly above Re = 1000, the latter authors observed and investigated large-scale
turbulent patterns (bands and stripes), which are generally unattainable in our simulations
due to domain size limitations. However, features of single turbulent bands were observed

for the lowest roughness around Re = 1100.

The same data is plotted as a Moody diagram [84] in the inset of Fig. 8, showing the
dependence of the Darcy friction factor fp on Re. From the figure, we note that fp seems
either to almost saturate at a constant value, or to decay very weakly with Re. Whether

this behaviour persists for higher Re remains an open question.

In order to quantify the point at which the inertial effects become apparent, the following
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functional form provides a good fit to the entire range of data, at each roughness:

B
Cr |+ <Re)
Cﬁo Rec

Here, Cf is the purely geomeric friction factor, identified in the limit Re — 0, while Re,

/8

(12)

is a critical Reynolds number where the inertial effects come into play. This function (the
(g-norm of (1,Re/Re.)) has the feature that it interpolates between two scalings over the

range in Re,

Oy 1 for Re < Re, (13)
Cra F;R—i for Re > Re..

The exponent 5 in Eq. (12) controls the width of the transition region between the two
regimes; a high exponent indicates a narrow region (fast decay) and vice versa. Note also
that when 8 — oo, Cf/Cto = max(1,Re/Re.). When =1, Eq. (12) is consistent with the
Forchheimer law (3). Further, when 5 = 2, Eq. (12) attains a quadratic correction term for
Re/Re. < 1, which is consistent with the weak inertia law. Using Eq. (11), Eq. (12) can be

written in terms of the Darcy friction factor as

()"

which attains the qualitatively correct asymptotes fp ~ Re™' for Re < Re,, and fp ~

Jo

fD,oo B

/b = const. for Re > Re,, cf. [52, Eq. (5)]. The asymptote is then given by fp. =
24Co/Ree.

It is thus clear that Eq. (12) (or equivalently, Eq. (14)) can be seen as a generalized
Forchheimer equation. While Eq. (12) does not have a direct physical motivation, it describes
the data well and provides an unbiased determination of Re. for all roughness amplitudes
A. Uy can be read off directly from the simulation data in the Re ~ 0 limit, which means
that g and Re. can be considered as the only two fitting parameters in the expression,
and are readily calculated using a nonlinear least squares method. In Fig. 9, we show the
parameters computed from the data in Fig. 8 as a function of roughness A. Figure 9 (a) shows
the purely geometric friction factor Cy as a function of roughness amplitude A, computed
by three methods. The first method is by direct numerical simulations, solving the Navier—
Stokes (NS) equations. The data show that Co depends approximately quadratically on

the roughness amplitude, increasing with roughly a factor 4 for the highest roughness. The
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FIG. 9. Parameters based on the friction factor data in Fig. 8. The computed values at A = 0
are based on Ref. [83]. (a) The purely geometric friction factor computed from Navier—Stokes
(NS) simulations, compared to that found by using the local cubic law (LCL) and the parallel
plate law (PPL). A quadratic fit to the NS data is shown as a guide to the eye. (b) Critical
Reynolds number Re. where inertial effects arise, estimated by a least squares fit the generalized
Forchheimer equation Eq. (12). (The error bars are smaller than the points.) (¢) The exponent 3

which characterizes the transition region in Eq. (12), estimated the same fit as Re. in (b).

second method applies the lubrication approximation and computes Cf by the local cubic
law (LCL), and the third approach consists in further assuming the confining boundaries
to be flat, using the parallel plate law (PPL). The LCL method amounts to solving the
Reynolds equation (2) using the effective aperture fields (see Fig. 3), effectively letting
d = deg(x,y). The PPL method assumes the constant plate separation d = (deg), which are
shown in the inset of Fig. 4 (disregarding all fluctuations). Both the LCL and PPL predict
the true friction factor fairly well, overestimating the friction loss by less than 10%. The
overestimation may be due to the fact that a parabolic flow profile (which is the essence
of the lubrication approximation) is not the least dissipative one when short-wavelength
roughness is taken into account. We observe also that the PPL, which is a simplification of
the LCL, performs better than the latter. A more thorough assessment of these predictions
would require simulations in several realisations of self-affine surfaces at the same roughness

amplitude A; see e.g. Ref. [45] for a study in this direction.

Figure 9 (b) shows the estimated critical Reynolds number Re, as a function of roughness
amplitude A. The estimated Re. displays a decrasing trend with A, being reduced by more
than an order of magnitude for the highest amplitudes. Combination of the quadratically

increasing Cyo(A), in Fig. 9 (a), and the decaying Re.(A), in Fig. 9 (b), precludes the
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existence of a Strickler scaling [21, 85], i.e., fp.oo ~ A3 [86]. However, the latter scaling is
found in pipe flow with a Nikuradse-type roughness and furthermore at Re = 10°, and thus
disagreement with our data is expected. Figure 9 (c) shows the estimated exponent [ in
Eq. (12). For low roughness amplitude A, the exponent is high, indicating a sharp transition
between the two scaling regimes. For increasing A, S decreases monotonously, indicating
broader transition regions, and approaches the standard Forchheimer value § = 1 for the

highest roughness amplitudes considered.

A final test of the unified description of the data presented in Fig. 8 is to inspect how
well they collapse when rescaled by the parameters Cfp, Re, (leaving now the additional
fitting parameter 8 out of the picture). In Fig. 10, we plot for all simulated roughness
amplitudes A, C/Cy as a function of Re/Re.. For all A, the data is seen to follow the
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FIG. 10. Data collapse of the scaled geometric friction factor, C¢/Cf, as a function of scaled
Reynolds number Re/Re. for all roughness amplitudes A considered in the present work. In
particular, we show the data presented in Fig. 8, when Cy and Re are rescaled by the parameters

Ct,0 and Rec, respectively shown in Fig. 9 (a) and (b).

same asymptotic behaviour, differing only in the transition region (which in the least squares
fit was captured by (). In particular, the transition region is seen to become wider as the
roughness is increased, consistent with the quantitative observation of the behaviour of 5(A)

in Fig. 9 (c).

20



D. Temporal fluctuations

We have until now characterized the onset of non-linear flow; however, to characterize
the appearance of unsteady, transitional or turbulent flow, we need a method to estimate
presence of such flows. Here, we separate between steady flow, which is always laminar,
and unsteady flow, which can in principle both time-periodic laminar flow (where there is
essentially no nonlinear transfer of energy across scales) or turbulent flow. However, we
assume that for flow over a sufficiently large rough surface (with high enough amplitude to
produce detaching vortices), a time-periodic signal from a single defect will not contribute
noteworthy to the overall transport properties. Above this, there will be several (for an
infinitely large domain, infinitely many) interacting ‘defects’ that produce vortices, and thus
no time-periodic signal should be found. We therefore adopt the following heuristic notion of
turbulence. By using Reynolds decomposition, the velocity field u(x, t) can be decomposed

into its ezpectation value U(x) and the velocity fluctuations u'(x,t):
u(x,t) =u(x) + u'(x,1). (15)
Now, an indicator function for turbulent intensity can be found by defining
q(x,t) = |[u'(x,1)[*. (16)

Since we are primarily interested in the global presence of transitional flow, we use the space-
and-time averaged indicator function @, which should only depend on Re and A, where the
error (or standard deviation) can be estimated based on the temporal fluctuations of (g) (¢).

This leads to the definition of a fluctuation-based Reynolds number [87],
V (a)d
Re' = ) : (17)
v

which has the property that it is approximately zero for steady or close to steady (laminar)

flow, and positive for extended unsteady (transitional) flow.

In Fig. 11, we show the dependence of the fluctuation-based Reynolds number Re’ on the
flux-based Re for all simulated roughness amplitudes A. For sufficiently high Re, the data for
all roughness amplitudes seemingly obey linear relationships. For the lowest amplitude, A =
0.1, the transition appears to be subcritical (as it is for A = 0). Around Re ~ 1100, the error

bars increase, indicating large temporal oscillations in the instantaneous turbulent intensity
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FIG. 11. The fluctuation-based Reynolds number Re’ (indicator of turbulence) as a function of

the flux-based Reynolds number Re, for all considered roughness amplitudes A.

(q). This indicates the presence of a metastable turbulent band which will eventually decay
given sufficiently long time [31]. Furthermore, the linear trend found by fitting a linear
slope to the data points for which Re’ > § (§ = 1072 is a small numerical tolerance), does
not extend down to Re’ = 0. However, for A > 0 it does, meaning that unsteady flow
is continuously produced by the boundary for Re > Re.,, where Re., is a second critical
Reynolds number which quantifies the point where transitional flow sets in, in contrast to
the point of nonlinear flow resistance quantified by Re.. This suggests that the transition to
turbulence changes from being subcritical to being supercritical at a roughness amplitude
A €[0.1,0.2].

Based on the adequacy of linear fits (as outlined above) to describe the Re'(Re) data over

roughly an order of magnitude, we propose the following relation:

0 for Re < Recyg,
Re' = (18)
k,(Re —Re.,) for Re > Re.,,

22



(a) 100 e (b) N (c) 2 I .
10 g 103 Extrap. —— - . ¢
- - |[®  Est. e 2 o
+ - o=t
-t e 2 L
10 0 | | | |
1071 109 0 02040608 1 0 0204 06 08 1
A A A

FIG. 12. Parameters estimated from least squares linear fits to the data shown in Fig. 11. (a) The
proportionality factor k, shown in a double logscale plot. (b) The critical Reynolds number Re. 4
where turbulence proliferates. The values for A > 0.2 (marked with blue error bars) are computed
by linear extrapolation of the slopes to the Re’ = 0 plane. The estimated values (marked as red
dots) are computed as described in the main text. (¢) The ratio between the turbulent critical

Reynolds number Re., and the inertial critical Reynolds number Re,.

which should hold for amplitudes A 2 0.2. In Eq. (18), both the proportionality factor k,

and the second critical Reynolds number Re 4 should depend on A.

In Fig. 12 we plot the parameters k, and Re., resulting from linear fits of to the data
shown in Fig. 11 (where Re’ > §). In Fig. 12, we show the relationship between the pro-
portionality factor k,, which is well captured by a functional form k, = kA" (kg0 =~ 0.8,
v ~ 0.7). However, neither the range in A nor the number of data points strictly suffice
to justify this relation, but the functional form illustrates the general trend. Figure 12 (b)
shows the relation between the critical Reynolds number Re., where transitonal flow sets
in. By extrapolating the linear fits to the data in Fig. 11, we obtain three values of Re.,
(which are positive), which is not enough to get an idea of a trend. Thus, to give an idea of
the trend, we augment the figure by two heuristically estimated values, based on simulations
and the available literature. Here, the estimated values are, for A = 0.1, given by the highest
value of Re where turbulence was not triggered in our simulations, and for A = 0, given by
the point Re ~ 4/3 x 1000 (see [80] for the origin of the prefactor), where turbulence in PPF
is more likely to spread than to decay [83].

The latter plot, Fig. 12 (b), calls for a comparison with Fig. 9 (b). In particular, we inspect
now the relation between Re. and Re. 4, and since Re., could not be reliably computed, we

consider only the highest roughness amplitudes, i.e., A > 0.2. As shown in Fig. 12 (c),
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we find here that Re.,(A) and Re.(A) are comparable, but that Re.,(A) > Re.(A) for
sufficiently high roughness amplitude A. This implies that for the rough geometries, there
is a window for Re. < Re < Rec,, where there are significant inertial effects, but no
transitional or unsteady features are present. For low roughness amplitudes, Re., < Re,,
and there is no such region; however, due to the finite transition region there may still
be weak inertial features present below Rec,. In the former regime, i.e. when Re., >
Re,, standard (nonlinear) laminar correlations are expected to hold; whereas above, the
transitonal and fluctuating flow patterns will have a significant effect on friction (which is

already incorporated into the results herein), solute dispersion and heat transfer.

V. DISCUSSION

In this work, we have investigated flow in self-affine channels, representative of fracture
joints, by extensive direct numerical simulations. The motivation for this study was twofold,
in the sense that we sought to investigate the role of a generic, naturally occurring roughness
both for the macroscopic transport properties, and the nature of the transition to turbulence
in the presence of boundary roughness. A major advance compared to previous studies is
that we pay particular attention to transitional flow, including the velocity fluctuations that
are present during strong continuous forcing of such flows. In the following, we summarize
and discuss our main findings, as well as the major limitations of our work.

In the geometries considered, the impact of a generic roughness on the macroscopic flow
properties was found to be the following: (i) The purely geometric friction factor, Cfo cor-
responding to the Re — 0 limit of the geometric friction factor C/, scales approximately
quadratically with roughness amplitude A (root-mean-square height undulation of the rough
surface). (i) Secondly, the critical Reynolds number Re. where inertial effects come into
play decreases monotonously with A. (iii) The crossover region from the constant asymp-
tote, Cy ~ Cfo for Re < Re, to the linear asymptote 'y ~ Re for Re > Re., can be
described by a generalized Forchheimer equation (12). The velocity fluctuations associated
with transitional flow turn out to have a pronounced effect, and in particular they appear
at a second well-defined Re.,, which has a qualitatively similar dependence on A as Re,
and is larger than Re. for sufficiently high A. Thus, there is then a region Re € [Re., Rec 4]

where inertial effects are present but the flow remains laminar. This implies that turbulent
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effects must be accounted for in simulations on larger scales already at such moderate Re.
Finally, our simulations and subsequent analysis suggest the turbulent transition in a rough
channel goes from being subcritical (at low A) to being supercritical at some A, € [0.1,0.2].
A major limitation of the present work is that we have, due to computational limitations,
considered only a single realization of a self-affine surface, and varied only the amplitude of
the undulation of that surface. In order to investigate the robustness and possible universal
aspects of the present work, future research should not only consider ensemble averages of
self-affine surfaces, but also of other types of roughness (e.g. Nikuradse-type roughness [20,
88]). Indeed, there is a possibility that our results are sensitive to e.g. the largest obstacle in
the domain. A second limitation, related to this, is the question of scale. In our simulations,
the domain size was fixed to L = 10d, while it is known that transport properties of self-affine
channels scale nontrivially with the system size [4]. Future work should therefore critically
reexamine whether the functional forms found here are valid regardless of L. Finally, to
properly quantify the universality class of the transition, significantly larger domains are
needed. As a comparison, the length scale of the domain considered by Chantry et al. [30]
for Waleffe flow (model plane Couette flow), was roughly equivalent to L ~ 1280d (in our
units). Such domain sizes are out of reach with the finite element method presented herein,
and an alternative route might be to follow in the lines of Ishida et al. [64], who instead of
resolving the complex boundary directly, used an effective body force to model boundary
friction [89]. However, this type of roughness cannot produce vortices that are released into
the bulk, and it is therefore doubtful whether the latter approach is valid when the roughness
amplitude is sufficiently large. We hope to address some of these issues in the near future.
In conclusion, we believe that our results can be of interest both to the geophysical and
to the turbulence communities, as we have provided new light on the role on transitional

flow in the presence of a generic roughness found in many natural and industrial settings.
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Appendix A: Detailed mesh information

The properties of the surface meshes used in this study are listed in Table I. As is seen from
the table, the surface area increases with the roughness amplitude A, but this is independent
of the self-affine property, as any undulated surface should scale as S?(A) — S%(0) ~ A2
Here, S is the area of the self-affine part of the mesh with a given roughness scaling A,
i.e. when the slab’s faces are excluded. As a check, we verified that our meshes satisfy this.
In principle, since S ~ Az~ it is not expected to be finite for any nonzero roughness
amplitude A. The surface that is accessible to the flow field will in any case be limited by
the viscous boundary layer, which in the Reynolds number range we are considering is larger

than this smallest scale.

TABLE I. Surface mesh information. The faces of the slabs are included.

A Nodes Facets Total area Leacet

0.0 698,146 1,396,288 240.0000 0.01311
0.1 698,606 1,397,208 245.4747 0.01325
0.2 699,008 1,398,012 260.5035 0.01365
0.5 698,382 1,396,760 339.2817 0.01558
0.8 697,110 1,394,216 441.2603 0.01779

The properties of the full mesh are listed in Table II. The number of nodes and elements

in the meshes are fairly constant, as the meshes were generated using identical procedures.

TABLE II. Full mesh information, including bulk and surface.

A Nodes Elements Volume Lolem

0.0 3,696,368 21,526,314 100.0 0.0166
0.1 3,690,237 21,440,983 100.0 0.0167
0.2 3,672,117 21,302,242 100.0 0.0167
0.5 3,607,372 20,905,569 100.0 0.0168
0.8 3,518,454 20,382,889 100.0 0.0170
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Appendix B: Probability density functions of the velocity field

Here, we consider the probability density functions (PDFs) of the velocity distributions
for flow in the rough cracks. The probability distribution of velocity links the spatial velocity
field to macroscopic properties such as permeability and tortuosity [90].

It is useful to compare our empirical PDFs with a case for which there is an analytical

solution, namely Hele-Shaw flow along the x-direction. The velocity field is then given by

2 2\ .
u(z) = 6 (u,) - (1 - E) %, (B1)
This gives, sampled uniformly over z € [0, d], the PDF

for @, € 0,2],

1
play) = § V32 (B2)
0 otherwise.
Here, we have defined the normalized velocity 4; = u;/ (u,) for i € {z,y, z}. Note that this
distribution diverges as ~ (1 — t, /Umax) "2 as u, — ug,,. The other components, i = y, 2,
have the PDF p(4;) = 0(4;), where 6(+) is the Dirac delta distribution.

We obtain the velocity PDFs by sampling randomly 10° points over the entire volume,
and creating a normalized histogram from the resulting values.

In Fig. 13, we show for low-inertia flow (Re ~ 1) the empirical velocity PDFs, for all five
roughness amplitudes. In the main panel of Fig. 13, the distribution of the streamwise com-
ponent is shown, and the left and right insets show, respectively, the spanwise and vertical
components. Along with the empirical distribution, we show the theoretical distributions.
We note first that the empirical distributions for A = 0 agree very well with the theoretical
predictions, which serves as a validation of the method. Inspecting the main panel of Fig. 13,
we notice a trend in how the PDF changes as the roughness amplitude is increased. The
sharp peak at the maximum velocity which is present for A = 0 is gradually smoothed out
as A increases, and another finite peak appears at 4, = 0, and the distribution becomes
bimodal. This can be attributed to the fact that when the roughness increases, more of the
fluid is located within shielded areas, e.g. in “cavities” of the rough walls.

The spatial distributions of the spanwise component of the velocity fields are shown
in the left inset of Fig. 13. Here, the distributions of 4, are sharply peaked around O,
fairly symmetric, and fall off superexponentially at higher values. The magnitude of the

fluctuations in 7, increases with roughness, as seen from the increasing spread in values.
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direction, z.

The same observation holds for the vertical velocity component 4., but the magnitude of
the fluctuations are roughly twice the size of u,, independently of the roughness.

We are now interested in how the PDF evolves as the inertia is increased. For demon-
strational purposes, we hold the roughness fixed at A = 0.8. The data for 4, is presented
in Fig. 14. The most notable feature here occurs for negative velocities. As the Reynolds
number increases, a larger portion of the velocity field is negative. Since negative velocities,
in the stationary frame, stems from backflow, this must be related to vortices forming in
the wake of the roughness elements. This is furter justified by the fact that at the lowest
Reynolds number, no backflow occurs, since vortices cannot exist at Re — 0 (in the absence
of singularities at the boundary, see e.g. [91]).

The height of the first peak seems to decrease with increasing Re. The location of the
second peak does not seem to vary with Re in a monotonous manner. This is possibly due
to the fact that (u,), with which the fields are scaled, depends on the amount of fluid where
u, < 0.

In the left inset of Fig. 14, the distributions of the spanwise velocity component 1, are

shown. The same trend is observed as for the distributions of negative u,; higher inertia
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Main panel: velocity component along the streamwise direction, x. Left inset: velocity component
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leads to higher spatial fluctuations (even relative to the mean flow). This effect is not
present for the vertical component, shown in the right inset of Fig. 14. This indicates that
the spatial fluctuations in this velocity component are imposed in essence by the vertical

spatial fluctuations in the bounding surfaces.

Appendix C: Correlation functions

Here we present correlation functions in Fourier space, i.e. the power spectra of some of
the involved fields.

It can be seen in Fig. 3 that a length scale typical of the shielding area emerges as the
roughness amplitude is increased. This is quantified in Fig. 15, where the power spectrum
of deg is plotted (along x and y). Here, cross-over from one exponent to another is seen
to takes place. (For low roughness amplitudes, when no shielding takes place, one would
expect that deg (and its scaling) is related to Vz.)

In Fig. 16, we plot the power spectra of the depth-and-time averaged velocity components,
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both for the low and the high Reynolds number cases. We first discuss the former. From the
figure we see that at low roughness, the power spectra for u, and u, scale as the confining
surfaces themselves, while at higher roughness, they scale as the effective aperture. We can
interpret this in the sense that, as the roughness increases, the spatial fluctuations of the
velocity field goes from being controlled by the surface undulations (of small amplitude), cf.
Fig. 1, to being controlled by the effective aperture (i.e. angular effects), cf. Fig. 15. With
regards to u,, the situation is more involved. The latter is also the case for the high Re

simulations.
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In low-permeability rock, fluid and mineral transport occur in pores and fracture apertures at the scale of
micrometers and below. At this scale, the presence of surface charge, and aresultant electrical double layer, may
considerably alter transport properties. However, due to the inherent nonlinearity of the governing equations,
numerical and theoretical studiesof the coupling between el ectric doublelayersand flow have mostly been limited
to two-dimensional or axisymmetric geometries. Here, we present comprehensive three-dimensional simulations
of electrohydrodynamic flow in an idealized fracture geometry consisting of a sinusoidally undulated bottom
surface and aflat top surface. We investigate the effects of varying the amplitude and the Debye length (relative
to the fracture aperture) and quantify their impact on flow channeling. The results indicate that channeling can
be significantly increased in the plane of flow. Local flow in the narrow regions can be slowed down by up to 5%
compared to the same geometry without charge, for the highest amplitude considered. This indicates that elec-
trohydrodynamics may have consequences for transport phenomena and surface growth in geophysical systems.

DOI: 10.1103/PhysRevE.97.043114

I. INTRODUCTION

Electric double layers (EDLS) play an important role in
many chemical and physical processes, and are a controlling
factor in many industrially applied microfluidic devices [1]
and electrochemical cells [2]. Examples include nanofluidic
devices for electrophoretic separation or the large-scale har-
vesting of energy by mixing fluids of different salinity (“blue
energy”) [3]. In biological systems, EDLs are important, e.g.,
for ion transport across membranes or for polymer aggregation
[4-6]. In fluid-saturated low-permeability rock, the presence
of an EDL can significantly alter the mineral transport and
thereby inhibit or amplify transformation reactions, as demon-
strated by field observations and nanopore molecular dynamics
simulations[7]. Furthermore, EDL s alter the effective wetting
properties of mineral surfaces (see, e.g., [8] for a study of
reservoir sandstone), which could play an important role in
enhanced oil recovery based oninjection of low salinity fluids.

Thetransport of fluid and mineralsin fluid-saturated porous
rock often occurs in networks of narrow fractures or pores,
many of which have (sub) micrometer-sized apertures. When
the pore walls are charged, and the resulting EDL extends
significantly into the pore fluid, it may change the bulk flow
properties of single fractures and pores, and consequently of
the whole network. Electrokinetic flow, however, is a highly
nonlinear process, which is hard to quantitatively describe in
even the most simple systems. In general, mean-field approxi-
mationsare often used to model systemsbeyond the nanometer
range [9,10]. From a number of simplifying assumptions,
e.g., heglecting ion-ion correlations and non-Coulomb forces
(so-called Gouy-Chapman theory), one obtainsfield equations,
which can be used for basic theoretical considerations. Even
then, only simple geometries permit analytical solutions, such
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as cylindrical capillaries [11]. In equilibrium and when the
electric field isweak, the linearized Poisson-Boltzmann equa-
tion can be applied:

Vi = k%, 6h)

where ¢ is the electric potentia and 1 is the Debye length
characterizing the extent of the EDL. However, when ion
transport is coupled to fluid advection, the equilibrium as-
sumption generally breaks down and other means must be
pursued. Further, numerical simulations can be challenging,
and have in general been limited to simple geometries such as
finite-length symmetric channels, e.g., in studies of transient
streaming potentialsin single-phase flow [12,13] or in studies
of electroconvection near permsel ective membranes [14,15].

Here, we consider electrokinetic flow in a model porous
material or fractureby solving numerically the Stokes-Poisson-
Nernst-Planck (SPNP) equations. In particular, we quantify
how the permeability changes as the extent of the EDL
compared to channel sizeis varied, and we also describe how
the EDL can switch the channeling of the flow in our system
from regions of small aperture to regions of larger aperture.
The paper is organized as follows. In Sec. 11, we present the
model setup, the governing equations, and their dimensionless
form; in Sec. 111 we present the simulation method and our
numerical scheme; and in Sec. IV we present the results of
the simulations, including validation, and effects of varying
amplitude and relative Debye length. In Sec. V we discussthe
technical aspects of our work and finally the conclusions and
future directions follow in Sec. VI.

1. MODEL
A. Flow geometry and problem setup

We consider amodel system consisting of anionic solution
near an undulated charged wall, as shown schematically in
Fig. 1. Pressure-driven flow isimposed along the z direction.

©2018 American Physical Society
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Inlet

FIG. 1. Schematic setup of the model system. Theinlet, charged-
surface, and outlet areas (see text) are indicated. The x direction is
periodic. Note that the dimensions are not to scale.

In the transverse direction, i.e., dong the x axis, the system
is considered to be periodic. In the y direction the domain
is bounded by two surfaces, where the bottom surface is
undulated and the top surface isflat. Along the flow direction,
the domain is decomposed into three regions: an inlet region
with no surface charge, a region of uniform surface charge,
and an outlet region again with no surface charge. The inlet
and outlet regions must be long enough in the flow direction
so asto properly account for the decay of the EDL, asdiscussed
in more detail in Sec. V.

In our three-dimensional (3D) fluid slab (Fig. 1), the bottom
surface is described by the function y = h(x) and the top
surfaceislocated at y = L. In the plane perpendicular to y,
our system is limited to a rectangle (x,z) € [0,L.] x [O,L.].
We seek to quantify how the EDL changes our flow when the
tranglational symmetry is broken, which we here break in the
x direction by a harmonic undulation,

h(x) = Acos<22x>, 2

X

where A isthe amplitude of the undulation.

B. Governing equations

The €electrohydrodynamic problem is described by the
SPNP equations, which coupl ethree processes: fluid flow, €l ec-
trostatics, and ion transport. The transport of ionsis described
by the Nernst-Planck equation. For ion i, the evolution of its
number density, n;, is given by

871,'

Dz
— =V. (_niu +D;Vn; + iZiqe

ksT

Y niV(p>. 3

Here, u is the fluid velocity, D; and z; are, respectively, the
diffusion constant and valency for ion i, g, is the electron
charge, kg is Boltzmann's constant, 7' is the temperature, and
¢ isthe electric potential.

In the limit of negligible inertia (i.e., Reynolds number
Re « 1), assuming the fluid to be incompressible, fluid flow
is governed by the Stokes equations:

au
por =—VP+uViu—pVe, 4

V.u=0. )

Here, o isthe density of the fluid, P isthe pressure, u isthe
dynamic viscosity, and the charge density p. is given by

N
Pe = (e Zzi”ia (6)
i=1

where N isthe number of ion speciesin the fluid. Finally, the
electrostatic problem is given by the Poisson equation:

vip =L )

€,€0
where ¢q is the vacuum permittivity and ¢, isthe relative per-
mittivity. Together, Egs. (3)—(7) constitute the time-dependent

SPNP problem.

Boundary conditions

With regard to the velocity field, the Stokes equation is
solved with a no-glip condition at the top and bottom walls of
the undulated channel. In the z direction the flow is assumed
to be periodic, such that the velocity field at the inlet matches
that at the outlet. We drivetheflow by introducing abody force
along the z direction, which is equivalent to having an average
pressure gradient, which we denote by 9 P/dz. In addition,
we find that the resulting pressure at the inlet-outlet planeis
approximately constant, and hence the solution is equivalent
to having a constant-pressure boundary condition [16].

The Nernst-Planck equation is solved with ano-flux condi-
tion on the top and bottom channel walls, and at the inlet and
outlet, we prescribe the number density n*° of theions. Finaly,
for the Poisson equation, a surface charge boundary condition
is specified:

Vo h= % (®

€,€0
where fi is the surface normal pointing out of the domain
and o, is the surface charge. The prescribed surface charge
is adjusted to keep a constant surface potential, through the
Grahame equation for a symmetric monovalent solution [17]:

- Sereos ( qe§ )

(o] V8kgTn>®¢,€psinh T (9)
In deriving this equation, the ion-number density n* is con-
sidered to be set infinitely far away from the charged wall, and
¢ isthe surface potential when also the electric potential is set
tozero at infinity. Hence, theinlet isgrounded, i.e., ¢ = 0, and
a the outlet, a zero normal electric flux density is imposed,
i.e, - Vg = 0. Asindicated above, al fields are taken to be
periodic along the x direction.

C. Dimensionless form

For both numerical and analytical purposes, it is convenient
to express the model in terms of dimensionless variables.
We further limit ourselves to a system with a symmetric
monovalent ion solution, where both ions have the same
diffusion constant. Using the scaling reported in Table | [18],
we obtain the following form of the Nernst-Planck equation
3):

Ny

-7 = V - (—PeiiLll+ Viiy £,V ), (10)
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TABLE I. Physical variables, their symbols, and the normaliza-
tion used in deriving dimensionless quantities, based on Ref. [18].
Note that n*° is chosen to be one of the ion-number densities at the
inlet.

Variable Symbol Normalization
lon-number density n; n®
Electric potential @ Vp =2l
Length X R

. eoé,-Vz
Velocity u Uo = ; R
Time t &
Pressure P wo

where atilde denotes that it is a dimensionless field, and the
Péclet number isdefined asPe = RUy/D. Here R isatypical
length scale. The Stokes equations (4) and (5) become

1 90 ~ ~ ~2.  R%?

——=-VP via-—

Sc ot + 2
V.i=0, (12)

where the Schmidt number is defined as Sc = /(o D), the
Debye length is defined as

-l kgT e, €o
) 222g2n>”

and the dimensionless form for the charge density is

eV, (11)

Pe =Ty —H_. (13
Finally, the Poisson equation (7) becomes
e R2K2 .
Vio=———"P (14)

D. Time-independent form of the dimensionless equations

In this work, we are mainly interested in the steady-state
behavior and the properties of electrohydrodynamic flow
in narrow channels. We therefore seek the time-asymptotic
solutions to the coupled equations (10), (11), (12), and (14).
The time-independent set of equationsis given by

V . (—Peiill + Viiy 7.V ) = 0, (15a)
2,2
VP + V- 5.V3=0, V.0=0, (15h)
. RZ 2
Vo= -—ph. (159

I11. SMULATION METHOD
A. Numerical scheme

We solve the time-independent nonlinear equations (15)
by a splitting scheme, where the flow equations (15b) are
solved in one step, while the other equations, the nonlinear
Poisson-Nernst-Planck (PNP) problem [Egs. (15a) and (15¢)],
are solved in a second step using a Newton method. The final
solution is achieved by iteratively alternating between the two
steps using the algorithm outlined in Ref. [19]. The splitting

Algorithm 1. Hybrid solver for the SPNP system (adapted from
Ref. [19]).

1. Solve Stokes equations (15b) to obtain (u, P).

Solve the linearized Poisson-Boltzmann equation (1) to get an
initial guessfor (¢,ny,n_).

Solve one Newton step [Eq. (A3)] in the PNP problem
[Egs. (158) and (15¢)] for (8¢,8n, ,0n_).

Update (¢p.n,n_) < (¢ + d¢,ny +8ny,n_+8n_).
Store (Ui, Polg) < (U, P).

Solve Stokes equations (15b) to get (u, P).

Find (SU,SP) <~ (U0|d — U, Pyq — P).

Compute Error = J(1eteenl 4 JGuiDl),

. If Error < 7, stop.

10. Else, goto step 3 for another iteration.

w

© NSO O

scheme resultsin asignificant reduction in computational cost
in comparison to monolithic solvers and further reduces the
size of the system matrix. Finally, the scheme permits the use
of specialized solvers for the two subproblems.

The proposed scheme iswell suited for physical conditions
wheretheelectricfield strengthisrelatively weak and the solute
number density is low. However, for simulations where the
field strength is high, it would be necessary to solve the non-
linear Poisson-Boltzmann equation in step 2 of Algorithm 1.
This could give a sufficiently precise initial guess to achieve
convergence in the subsequent PNP solution step. See, eg.,
Refs. [20,21] for agorithms suitable for this purpose.

B. Implementation

Our numerical solvers areimplemented in the open-source
finite element framework FEniCS [22] through the Python
interface to DOLFIN [23]. The Stokes equation is solved using
an iterative finite element solver with a pressure-convection-
diffusion preconditioner and Taylor-Hood elements, imple-
mented in FENAPACK [24]. In Appendix A, we derive the
Newton method to solvethe PNP problem. Thefinal method for
solving the fully coupled problemisgivenin Algorithm 1. The
Newton step Eq. (A3) is solved using the generalized minimal
residual method with block Jacobi and incomplete LU pre-
conditioning. To achieve convergenceit is essential to provide
agood initial guess. We establish an initial guess by solving
the linearized Poisson-Boltzmann equation (1) with the same
boundary conditionsasthe PNP problem. Notethat the precon-
ditioning of thissystemisdonein an ad hoc manner and might
be less robust when solving systems beyond the sizes consid-
ered here. More sophisticated preconditioners such as HYPRE
EUCLID, which was used by [19] for similar purposes, were
found not to be robust enough for strongly interacting EDLs.

C. Mesh generation

Themesh for thetest case of achannel was generated by the
built-in FEniCSfunctionRectangleMesh for two dimensions
(2D) and BoxMesh for three dimensions (3D), which produces
a structured triangular or tetrahedral mesh. The mesh for the
undulated channel was made by combining Triangle [25], via
the Python package MESHPY [26], to produce the surface mesh,
and TETGEN [27] for the volumetric mesh. The combination of
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TABLE Il. Numerical values of parameters used in the simula-
tions, with physical units where applicable.

Quantity Parameter Value Unit
Ref. concentration n® [6.691 — 240.8] x 10° No./m?
Zeta potential® ¢ —51.34 x 103 \Y
Channel aperture® a 288 x 10~° m
Ref. length R 96 x 107° m
Temperature T 298 K
Diffusivity D 1.0x 107° m?/s
Boltzmann const. kg 1.38 x 1073 J/K
Permittivity €,€0 8.854 x 10 C/Vm
Dyn. viscosity m 1.003 x 1073 Pas
Electron charge qe 1.602 x 10°%° C
Valency b4 1

Pressure gradient & 1.0 x 107 Pa/m
Error tolerance T 1.0 x 1075

aPrescribed.
bThat is, channel half-height.

the two meshing tools allows us to produce a mesh that is
periodic in both x and z directions. The grid resolution §x was
varied within the interval §x € [0.2,0.5].

IV. RESULTS

Using the model and methods described in the preceding
sections, we performed simulations of electrohydrodynamic
flow in channelsin two and three dimensions, with and without
undulations of the bottom surface. The physical parameters
usedinour simulationsaregivenin Tablell, althoughthey enter
through thedimensionlessquantitiesgivenin Tablel. Notethat
we assume anumerically moderate value of the zeta potential,
which isin the relevant range for geological settings [28,29].
The computations were performed on an in-house computing
cluster using up to 28 CPU cores @ 3.0 GHz and 512 GB
RAM.

A. Electroviscous effectsin a straight channel

We first validated our numerical methods against a theo-
retical expression for the flow in an infinitely long channel
with noninteracting EDLSs. In a straight channel (i.e., plane
Poiseuille flow between charged plates), the flow is expected
to be modified from the plane Poiseuille result by an effective
electric viscosity 1., defined through

a? 3P
(u) = 3 00
Here, (1) isthe mean velocity of thefluid, and a isthe channel
half-height, henceforth denoted aperture. The aperture is in
physical units given by 3R where R can be found in Table .
This expression is directly related to the permeability, K,
defined through Darcy’s law by K = (u)u/(0 P/3z). Hence,
we expect K = %azu/um and thus . /u can be seen as an
inverse permeability (corrected for the scaling with a). In
our simulations, with the parameters given in Table II, the
permeability is in the absence of electroviscous effects given
by K ~ 28 mDa.

(16)

In Appendix B, assuming noninteracting EDLs, we derive
the following theoretical estimate of the electric viscosity:

68 1 -1
mf(l((l,ﬂ)(l— Etanh(xa))} .
17

He =u[1—

where 8 = €,¢022/(uD), and ¢ is the surface potential, and
we have used the expressions

1
_ q.. cosh(kaX)

— % tanh(xa)

flka,p) = 1+ £ [ 2 tanh(ca) — sech?(ka)]’

(19)

Theintegral inthe expressionfor F iscomputed numerically.
The expression for the streaming potential Vg is given by

2
nDk?Fe

In the limit of small Debye length compared to the
channel width, i.e., ka — oo, we have that F. =2 and
f(x,8) = 1. Equation (20) then reduces to the classical
mean-field Helmholtz-Smoluchowski equation Vg /AP =
e,eog’/(uog), where we have identified the conductivity
o7 =2Dz°q*n> [ kgT.

We compare our simulations to the analytical prediction
of . by integrating the total fluid flux Q,(xa) through the
channel for arange of values of the ratio of aperture to Debye
length, xa. Note that we vary «a indirectly, by varying n*.
Then, we use the following relation:

Me,n _ QZ(O)
M Q(ka)
As only half of the length of the channel in our numerical
simulationsischarged, we denotetheresulting el ectroviscosity
by . ». In order to obtain avaluefor the electric viscosity that
should correspond to the theoretical one, we scale it in the
following way:

Var = f(ka,B)AP. (20)

(21)

Hen _
TR | (22)
K .

The value in the denominator is the ratio of the length of the
charged part of thechannel, , tototal length, L, suchthatinour
simulationswe havethat [ /L, = 0.5. Asincreased dissipation
is expected mainly to take place in the charged part of the
channel, we have here ignored inlet and outlet effects, and
the accuracy of these expressions would therefore improve for
longer domains. The streaming potentia is measured by

E — frou{la i ds , (23)
l l frm.a ds
where the integral is taken over the outlet boundary of the
domain, Toytiet-

We tested our numerical simulations against the analytic
resultsusing both 2D and 3D versions of our code. In addition,
we tested the influence of the numerical resolution on the
results. In Fig. 2(a) we present plots of the measured electric
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FIG. 2. Comparison of 2D simulations of two channel lengths to
theoretical predictions. The blue points, where the resolution §x has
a subscript In correspond to simulations with channel length 160R,
and the red points, with a subscript sk, to simulations with channel
length 40R. Both channels have awidth of 6R. The solid lines denote
the analytical results from Egs. 17 (&) and 20 (b). In both cases the
center half of the channel has a surface charge. (a) Plot of the electric
viscosity as afunction of xa. (b) The streaming potentia in units of
the thermal voltage.

viscosity and in 2(b) the streaming potential per length for
2D simulations, compared to the theoretical predictions of,
respectively, Egs. (17) and (20). For the theoretical curves,
the ¢ potential in Eq. (9) is not used directly. Instead we
use an empirical value computed from our simulations, which
here in physical units has the value ¢ = —45.2 mV. The
quantities are plotted as a function of «a, i.e., the ratio of
the channel aperture to the Debye length. We also investigate
the effect of the domain length using two lengths, L, = 40R
and L, = 160R. Withregard to the electric viscosity, shownin
Fig. 2(a), itisclear that the value .. approachesthetheoretical
one for large values of ka but departs for small values of
ka. This departure has different reasons for the two channel
lengths. For the long channel, the departure arises because
the linear Poisson-Boltzmann theory bresks down when we
have strongly interacting EDLs, and for the short channel the
departureiscaused by surface charge which cannot be screened
within the domain. The effect of strongly overlapping EDLs
could be incorporated into the theoretical estimate by solving
the nonlinear Poisson-Boltzmann equation numericaly, or
using the implicit solution found by Verwey and Overbeek
[30, pp. 67] and extending the procedure in Appendix B.

In Fig. 2(b), we observe that the streaming potential Vg is
in good agreement with the theory in the limit of large values
of xa. The departure from the theoretical prediction for small
values of xa appears for the same reasons as for the electric
viscosity.

We further validated that our 2D steady-state solver gives
the physically correct solution by comparing with the asymp-
totic solution to the full time-dependent equation system. For
that purpose, we applied the independently developed time-
dependent solver [31], implemented inthe Ber nai seframework
[32], for flow through acircular packing with similar boundary
conditionsasconsidered inthispaper. It was confirmed that the

fe/

Viar/ Vi [um "]

KRa

FIG. 3. Comparison of 3D versus 2D channel flow simulations.
The 2D channel is the short channel described in Fig. 2, and the 3D
channel hasthe same size in the streamwise and vertical dimensions,
while the additional horizontal dimension is periodic with length R.
The analytical predictions shown as solid lines are the same as in
Fig. 2. () Electric viscosity as a function of «xa. (b) The streaming
potential in units of thermal voltage as afunction of «a.

time-dependent solver approached the steady-state solution in
the large-time limit; in particular, the difference in streaming
potential was less than 1% after asimulationtime T ~ 107,
where the Debye length based diffusive time scale is tp =
k~2/D ~ 5 (see[31] or Supplemental Material [33]).

Figure 3 shows a comparison of our 3D simulations with
2D simulations in equivalent geometries, i.e., geometries
trangdlationally invariant in the transverse direction. In (a), we
see that the curves for the electric viscosity coincide, meaning
that the 3D simulations give comparableresultsto the 2D case.
Likewise, we seein (b) that the streaming potentials of 2D and
3D compare well to each other. This gives a strong indication
that the full 3D simulation constitutes a reliable approach.

An apparent discrepancy between the analytical and simu-
lated results occurs when the Debye length becomes larger
than the channel height. There are two reasons for this:
(i) the overlapping double layers from top and bottom, and
(i1) leakage of ionsinto theinlet and outlet zones, which leads
to unphysical boundary conditions and a spurious negative
streaming potential. The latter effect can be compensated by
extending theinlet and outlet zonesto be sufficiently long, such
that to agood approximation, both7i. =l1andf- Vg =0 at
bothinlet and outlet [34].

B. Macroscopic effects due to an undulated surface

In order to quantify how the flow is affected by electrovis-
couseffectsin uneven channels, simulationswereruninthege-
ometry showninFig. 1 with an amplitude A varyingfrom 0.5R
to 3R, and the other dimensions fixed to L, = 12R, L, =
6R, L, = 40R, and [ = 20R. From these simulations, we
calculated 11, and Vg, asdescribedin Sec. IV A, and theresults
areshowninFig. 4. Asshownin (a), the electric viscosity does
not seem to be strongly affected, but it isworth noting that for
increasing amplitude, a slight decrease is observed for small
valuesof ka. Thestreaming potential, shownin(b), seemsto be
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FIG. 4. Comparison of electric viscosity and streaming potential
in 3D channels with varying undulation amplitude. The channels,
shown schematically in Fig. 1, have dimensions given in the text, and
A is given in the legend. The solid lines are theoretical predictions
and thesameasin Figs. 2 and 3. (a) Theelectric viscosity plotted asa
function of xa. (b) The streaming potential in units of thermal voltage
plotted as afunction of «a.

more affected by the change of amplitude. Thiscould bedueto
the overlap of double layersin the narrow regions, leading to a
stronger nonlinear effect, but al so moreleaking to theboundary
(i.e., afinite-size effect). However, these plots yield limited
insight into the effect of any asymmetry induced by the undu-
lation, asthese quantities are averaged over the whole domain.

C. Quantification of flow channeling

In order to quantify the asymmetry induced by the electro-
viscous effect in the charged part of the channel, we define the
following subdomains of Q:

Quot = [0,12R] x [-3R.6R] x [15R,25R],  (24)
Q, = [0.12R] x [3R.6R] x [15R,25R],  (25)
Q, = [-3R.3R] x [-3R.6R] x [15R,25R].  (26)

Here Q. isatotal cross-sectional subdomain of the channel,
while ©, is the half of Qi where the channdl is narrowest
aong the x direction. Further, €2, isthe top half (along the y
direction) of Q.

Note that the domain of Q, has half the volume within
the computational domain compared to that of Qi for the
undulated channel, aslong asthe amplitudeissmaller or equal
to 3R. We then integrate the longitudinal component of the
velocity field, u,, in the subdomains and divide by the length
in order to find the average flux through each subdomain:

1
Q.i(Aka) = 08 Jy u,dv, (27)

where the index i refers to the subdomains defined in
Eqgs. (24)—(26).

1. % QZ,A/QZ,O x‘ i
0.9 - x ]
0.8 | x ]
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FIG. 5. Simulations in an undulated 3D channel without any
electric effects included, i.e., ka = 0. (a) Flow rate in undulated
channels as a function of undulation amplitude A, relative to the flat
channel A = 0. (b) The absolute asymmetry of theflow inthe channel
as afunction of amplitude A. The linear dependence of ®, on A is
in good agreement with the theoretical prediction " derived in
Appendix C.

Now, we define the absolute asymmetries ©, and ®, by

Qz,i(AaKa)
Qz,tot(A»Ka)’
and finally the relative asymmetries 6, and 0, by

0;(A,ka)
0;(A,ka) = m

This quantity gives ameasure of how the flow isre-distributed
between regions of small and large aperture (6,) and between
top and bottom (6,) dueto asurface undulation, with amplitude
A, and the effect of EDL, through «a.

It is interesting to first consider the isolated effect of an
undulated geometry, i.e., flow without any electric effects,
but with a variable amplitude on one of the sides. This is
achieved by setting xa = 0 in our smulations. In principle,
this limiting case results in trandational symmetry along
the streamwise direction and thus reduces to a 2D Poisson
problem (see Appendix C), but here we show results from
full 3D simulations. In Fig. 5, both the relative flow rate,
0(A,0)/0(0,0), and the absolute asymmetries, ®;(A,0), are
plotted as a function of amplitude A. In (a), we see that
the total flow rateis significantly reduced. In (b), the absolute
asymmetry along the vertical direction displays a rather weak
dependence on the amplitude (it becomes pronounced only
a A = 2.5R), while the absolute asymmetry along the x
direction seems to depend linearly on the amplitude. Thisis
also in agreement with the theoretical prediction based on a
first-order expansionin theundulation amplitude A obtainedin
Appendix C.

The plots presented in Fig. 5(b), without electric effects,
serve as a reference for the simulations with electrohydro-
dynamic effects, i.e., the relative asymmetries 6; for ka > 0.
Plots of the relative asymmetries 6, (A,«xa) and 6,(A,ka) are

0;(A,ka) = i €{x,y}, (28)

i €f{x,y} (29)
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FIG. 6. Relative asymmetries are plotted as a function of «a.
(a) The relative asymmetry in the plane of flow, 6. (b) The relative
asymmetry norma to the plane of flow, 6,.

shown in Fig. 6. Inspecting 6, in Fig. 6(a), we seethat thereis
an increased damping of the flow in the narrow part of the
channel, which means that the electric effects amplify the
channeling beyond what is caused by the amplitude alone
[shown in Fig. 5(b)]. The effect in the vertical direction is
weaker, as shown in Fig. 6(b), and only becomes visible when
the amplitude is large enough to form a narrow region in the
bottom of the channel. Even then, the effect is less than 1%. It
should be noted that in our simulationsonly half of the channel
is charged, and if a larger fraction of the wall was charged,
the effect would presumably be stronger. An open question is
whether thiseffect islinear inthelength of the charged domain,
asisthe case with the electric viscosity [see EQ. (22)].

D. Local effects

In order to get a detailed understanding of the increased
asymmetry and channeling of the flow in the undulated
channel, we visualize the local ratio between the flow
field with and without electric effects. To this end, we
measured u, in 40 cross sections evenly spaced in the interval
z € [12.5R,27.5R], which isinside the charged region of the
channel. This was done for both the uncharged realization
and the one corresponding to ka = 3.0. The 40 cross sections
were averaged in order to cancel out noise, and we denote the
resulting z-averaged fields by (u.).(xa). However, near the
walls there are still some artifacts present (see Fig. 7 below)
dueto astructured surface mesh and an amplification of errors
as the reference solution was near 0 here—a consequence
of the no-dlip condition. In Fig. 7, we plot the ratio between
the charged and noncharged flow fields, (u.).(xa)/(u;).(0).
The panels in the figure show increasing amplitudes A for
a fixed xa = 3. In panels (8) and (b), we see that the main
difference is in the boundary layer near the walls and there
is only a minor increase in channeling. For sufficiently high
amplitudes, shown in panels (c) and (d), it is clear that the
flow is channeled to the region where the amplitude is largest.
Thelocal changein the flow rateis of the order of 10%—15%
in the narrow regions, particularly visible near the walls.

0.05 0.95
0.925
0.90 5 0.90 0.925
0.5 0-875 L 0875
(0)A=0.5R (b)A=1.0R
0.95 0.875 0.95
0.925 0.925
0.90 - 0.90
0.83" 0.85
() A=2.5R (A)A=3.0R

FIG. 7. The flow field at xa = 3 divided by the flow field for
the flow without any electric effects, probed as described in the text.
(a) to (d) show increasing amplitude.

V. TECHNICAL DISCUSSION

In Figs. 24 and 6, we have plotted the physical quantities
as afunction of the ratio, xa, of the channel aperture and the
Debyelength. Wenotethat thereisasubtlety whenvarying «a,
either through the Debye length «— or by tuning the channel
aperture a. This is due to the quadratic dependence on « in
Eg. (20). In this work, we have held a fixed while varying «,
indirectly by setting the reference concentration n>°. Thereis
a so another effect at play when approaching low concentration
in finite channels, namely, that the equilibrium approach of the
Poisson-Boltzmann equation is less accurate as the advection
term becomes more dominant in the Nernst-Planck equation.
This effect could in part be responsible for the increasein the
streaming potential, which was observed from Fig. 2 for the
long tube. Mansouri et al. [12] avoided such complications
by instead varying a when addressing the dependence of the
streaming potential on «a for axially symmetric capillaries.

In this work, we have considered dilute solutions and
moderate €l ectric fields. When theion concentrations approach
that of, e.g., sea water, we would have to include the effect
of dispersion forces near the charged walls, high-density
corrections to the Nernst-lanck chemical potential, and ac-
count for other strongly coupled phenomena[35]. Simulations
taking into account such size and correlation effects have, for
example, been carried out inbiological ion channelsby Liuand
Eisenberg [21]. Inthe context of strong electricfields, standard
finite element methods have been shown to fail due to the vi-
olation of the Scharfetter-Gummel stability condition [20,21].
Methods employed, e.g., in simulating semiconductors [20],
could be augmented with an advective term and thereby permit
simulations of our system in the regimes of high ion-number
densities and/or strong electric field.

As pointed out in Sec. IV, there is a quite pronounced
effect of having a short inlet and outlet. This was, however,
necessary in order to run full simulationsin 3D since the PNP
problem becomesincreasingly hard to solve numerically when
the system size increases—a hallmark of ill-preconditioned
matrices for Krylov-subspace solvers. Therefore, in order to
handle larger systems, we would have to either (i) rely on
a direct solver implying a massive increase in the need for
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computational resources, (ii) find a better preconditioner, or
(iii) discard the Newton method approach in favor of other
methods [21]. This could allow for a deeper investigation into
the regime where the EDLSs overlap and the linear Poisson-
Boltzmann theory breaks down.

V1. CONCLUSION

Flow in highly irregular geometries with charged surfaces
is commonplace in many geological and industrial settings.
In some situations, even a moderate change of the local
flow distribution can have an impact on the precipitation and
chemical reactions[36]. We have in this paper considered the
e ectrohydrodynamic effects on flow by numerically solving
the Stokes-Poisson-Nernst-Planck equation in narrow undu-
lated channels. The undulated channel geometry serves as a
simplified model of microscale fractures, which often mediate
the large-scale transport, e.g., in porous rock. By varying the
amplitude of the channel undulation and the Debye length,
we have analyzed the macroscopic flow changes in terms of
the streaming potential and electric viscosity. Further, we have
observed an enhanced channeling of the flow. In particular,
we observe for the larger undulation amplitudes up to 5% flux
reductions, relative to a system without surface charge. The
local flow may vary as much as 10%. In comparison to pure
hydrodynamic channeling, our resultsindicate that ridges may
be even more prone to precipitation than valleys, leading to a
positive feedback with enhanced channeling effects.

Our results offer insight into electrohydrodynamic flow in
realistic pore and fracture geometries. Further studies would
be of interest, primarily in larger and more complex samples,
to get an even deeper understanding of electrohydrodynamic
effectsin geological settings. Further, it would beinteresting to
study the precipitation and/or dissolution dynamicsinthe pres-
ence of surface charge. Finally, electrohydrodynamics might
be important in two-phase flow, where the local forces could
alter the wetting properties and hence control the macroscopic
fluid flow.
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APPENDIX A: NEWTON METHOD FOR THE
NERNST-PLANCK-POISSON PROBLEM

The Nernst-Planck-Poisson problem takes the following
nonlinear weak form:

R22
0=/¢V2¢+1/f X
o 2

+¢c4Von, + ¢,V - (n Vo) —c_PeV - (un_)
+c_V2n_—c_V-(n_Ve)dv,

(ny —n_)—c,Pev - (uny)

(A1)

where ¢ is the test function for the electric potential and
cy,c_ are the test functions for the cation and anion number
densities, respectively. We can develop a Newton method for
solving the equation by viewing the weak form in Eq. (A1)
as afunctiona caled F(U), where U = (¢,n,,n_), and then
expanding around some U°. This gives

§F(U)

O:F(UO)+/—8Udv + 0(8?),
e 8U

u=u°

(A2)

where U is avariation away from U°. Now, performing this
for Eq. (A1) and applying the appropriate boundary conditions
gives the following linearized weak form:

R%?

> (ng —n%)

o- | [—V¢~V¢°+w
Q
1 0 0 0y, 0
—|—P—ch+~(Un+)—Vc+~Vn+—VC+-(n+V<p )
1
+ P—ch, cun®) = Ve - vn® +ve_ . (n(iV(pO):|dU

R2K2

2

+/ [-wvaw + v (ny —dn_)
Q

1 0
+ P—eV ccp(Udny) — Vey - Véng — V¢ (6n Vo)
1
— V., (nIVsp) + P—evc_ ~(udn_) —Ve_ - Vén_

+ Ve - (5n_V¢°) + Ve_ - (nOV(S(p):|dv

R?ic?
—|—/ v o.ds.
r 2

This weak form can then be discretized and solved using the
finite element method.

(A3)

APPENDIX B: ANALYTICAL EXPRESSIONS FOR
THE ELECTROVISCOUS EFFECT

Herewe derive analytical expressionsfor flow inachannel,
used as a comparison to our numerical simulations. The
derivation closaly follows the one found in [11,12], but is
considered with channel flow instead of flow in atube.

Consider the steady-state Nernst-Planck equation with a
zero velocity field:

V.- (DiniVg) =0, (B1)
where g; isthe chemical potential defined as
eli
; = In(n; — . B2
g =In(n;) + PR (B2)
Now if Eq. (B1) has to be satisfied, n; must be given by
geli
L= p™® - B
m=nep(~22y) ®3

where n® is the mean or inlet number density of the ions.
Plugging Eq. (B3) for a symmetric monovalent solution into
Eq. (7) yields the Poisson-Boltzmann equation

2 e *© . el
Vip = A" g ( = o).
€,€0 k, T

(B4)
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Now expanding in ¢ around zero linearizes the Poisson-
Boltzmann equation:

V2p = k2. (B5)
This can now be solved in a channel with walls at x = =+a,
under thefollowing boundary conditions ¢|,—+, = ¢, and that
its transverse derivative is zero in the center of the channel,
%|._o = 0. Thisgives
dx
cosh(k x)
cosh(xa)’
and the charge density within the linear approximation be-
comes

p(x) = (B6)

,Cosh(kx)
cosh(ka)’
Consider the Stokes equation in the same infinitely long

channel with a pressure gradient and electric field along the
z-direction:

pe(x) = —{€r€0k (87)

2
I E;;{ = —%—f — peE:. (B8)
Solving thiswith ano-dlip condition at thewallsand the charge
density for Eq. (B7) yields
P
oz (a xZ) _
21

€€l E, cosh(x x)
u,(x) = " (1— cosh(;«a))' (B9)

Now, to close the system, we assume that the charge-current
flux along the z direction in the channel vanishes at steady
state. The charge-current density is given as

2 qe o0 Qe‘p(x)
oy = peledus(x) + S Een cosh( wr ) (10

and integrating it over the channel cross section gives the flux

“ oP 1
ﬁ/ Jeydx = — 2£a—Q[1 - — tanh(lca)]
—a 0z Ka

1
+ EanEz;ucz[— tanh(xa) — SeChz(Ka)]
Ka
2LaDg?’n™
———< EF B11
kBT z4 CcCs ( )

where 2 = =% and
1
q.¢ cosh(kaX)
Foe = 2cosh —= )dX.
= /0 o (kBT cosh(ca)

Using the no-flux condition to get an expression of the ration
of E; and 22 gives

(B12)

E;
3 = iDx 2F ———f(ka,pB), (B13)
92 11in=0
where
Flca.p) 1- ﬁ tanh(ka) (B14)
Ka, == )
1+ £[2 tanh(ca) — sech®(xa)]
_ ereol?
B = R (B15)

Integrating Eq. (B13) from one end of the channel to the other
gives the Helmholtz-Smoluchowski equation

Voo =D Fccf(w BIAP. (B16)
Tofind the el ectroviscous effect, we use Eq. (B13) to eliminate
E. in EQ. (B9) and integrate to get the velocity flux Q, along
the z direction:

2£ P 1
L= 3z [az _ % f(Ku,ﬁ)(l— —tanh(xa))].
3u Ka
(B17)
Now, the electric viscosity u, must be defined implicitly by
2La 30P
z= —87; (B19)
3pke

hence, from consistency, we have

e = ,u|:1 — %f(/ca,ﬁ)(l — i tanh(Ka)>:|_1.
Feo Ka
(B19)
Note that 1, also have the following functional definition
Me _ Q10 (B20)
wo Qzne

where the extra subscript on Q. denotes the ion-number
density.

APPENDIX C: FIRST-ORDER AMPLITUDE EXPANSION
OF THE FLOW FIELD IN THE ABSENCE
OF SURFACE CHARGE

Here we expand the flow field to the first order in a small
surface undulation. We consider first the case where there is
no surface charge. Hence, we consider a system and solution
independent of the z coordinate; considering for simplicity
the domain between y =0 and y = h(x). Without loss of
generality, the domain has been inverted along y compared
to the numerical simulations. The surface undulation function
is given by h(x) = H(1+ € coskx). We seek an expression
which is first order in ¢ for the flow field (u = u,2). The
equation to solve is the Poisson problem

Vou,=—f (C1)

with the no-dlip condition u, = 0 on the top and bottom

boundaries specified above. Following [37], we make the
coordinate transformation

n=x, (C2)
oy
¢ = ) (C3)

and in these coordinates, the domain is ¢ € [0,1]. In the new
coordinates, the Laplace operator is given by [37]

1 h
V2 = ﬁ(H £%h2) o, — 2;7"8;,7 + By

2
SR
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so to first order in e, Eq. (C1) gives (letting u, = u©@ + eu®)
H?*Vu, = ug(? + Azu,(f% + e[uglg — ZCOSﬂu??
+ 20 A%sing + Azufglg + A%sing COSﬁugo)]

where 8 = kn, and A = kH characterizes the ratio between
channel height and wavelength of the undulation. Solving this
to zeroth and first order gives the solution

w0 =L, (co)
u® = g[(l -2 + S;.n:htﬂ cosp (€7

and, hence, the full expression in the origina coordinates
becomes

sinh 42
Uy = g[l(l_ l) + —H ¢ coskxi|, (C8)

H H sinh A

tothefirst order ine.
Integrating (C8) over y and subsequently over the narrowest
region, x € [L,/4,3L, /4] yields(notethat thex axisisshifted

compared to the numerical simulations), according to the
definition (27) of Q. .(A,0),

CFHL1 e 1
0..(A4,0) = > [E‘ﬁ(l_mﬂ’ (C9)

while the total flux is given by

HL,
0.u(4.0= LT (10
Thisyields, using Eqg. (28), the absolute asymmetry
1 6e 1
0,A0==—-—(1-——). C11
(4.0) 2 nA( coshA) (€1

Finally, identifying H = Ly, A= Lye, and A =27 L,/L,,
we may write this in the somewhat more familiar form

1 6AL, 1
0,(A,00 == — 1- . (C12)
2 27T2L§ |: cosh (2712_;):|
It is interesting to note that corrections to Q. ,(A,0) and
Q..y(A,0) arebothof at least order O (e2), and hencethecurves
plotted against A should beflatat A = 0.
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Abstract

Transport of electrolytic solutions under influence of electric fields occurs in phenomena ranging
from biology to geophysics. Here, we present a continuum model for single-phase electrohydrody-
namic flow, which can be derived from fundamental thermodynamic principles. This results in a
generalized Navier—Stokes—Poisson—Nernst—Planck system, where fluid properties such as density
and permittivity depend on the ion concentration fields. We propose strategies for constructing
numerical schemes for this set of equations, where solving the electrochemical and the hydrody-
namic subproblems are decoupled at each time step. We provide time discretizations of the model
that suffice to satisfy the same energy dissipation law as the continuous model. In particular, we
propose both linear and non-linear discretizations of the electrochemical subproblem, along with a
projection scheme for the fluid flow. The efficiency of the approach is demonstrated by numerical
simulations using several of the proposed schemes.

Keywords: electrokinetic flow, electrohydrodynamics, energy stable numerical schemes

1. Introduction

Electrokinetic or electrohydrodynamic flow concerns the coupled transport of charged species
and fluid flow in the presence of electric fields. Such phenomena have gained increasing attention
in recent years due to the rise of the fields of micro- [1] and nanofluidics [2]. Important tech-
nological applications include biomedical lab-on-a-chip devices [3|, electrophoretic separation of
macromolecules such as DNA and RNA [4], battery and fuel cell technology [5, 6], desalination
of water [7], and the possibility of harvesting of energy due to salinity gradients (“blue energy”)
[8]. Further, electrokinetic effects can be important within geophysics [9, 10], as fluid flow through
charged pores induces a streaming potential that counteracts the fluid motion and increases the
apparent viscosity [11, 12, 13, 14]. In fluid-saturated porous rocks, large-scale transport can be
mediated by electrochemical gradients [15].

Electrohydrodynamics is usually described by coupling incompressible fluid flow, governed by
the Navier—Stokes equations, to solute transport, governed by the Nernst-Planck equations, and
electrostatics, governed by a Poisson equation, thereby neglecting magnetic forces. This results in
the strongly coupled Navier—Stokes—Poisson—Nernst—Planck (NSPNP) system of equations. Numer-
ical approaches have often aimed for the steady-state solution to the governing equations [16, 14].

*Corresponding author.
Email address: 1linga@nbi.dk (Gaute Linga)
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To this end, commercial multi-physics software packages (e.g. Comsol) are available, and have long
been successfully applied to simulate a variety microfluidic systems. With regard to the transient
development of streaming potential, detailed simulations have often been limited to two-dimensional
or axisymmetric geometries such as finite-length symmetric channels [17, 18]. In studies of elec-
troconvection near permselective membranes [19], both finite element [20] and (pseudo-) spectral
methods [21, 22, 23] have proven efficient. Recently, a spectral method was also applied in a study
of the interaction between electrokinetics and turbulent drag [24]. In simulations of electrokinetic
flow, the electrolyte solutions are usually assumed to be dilute enough for density, viscosity and
permittivity to be independent of the local ion concentrations. The ion mobilities are usually taken
to be proportional to the concentrations.

For the separate subproblems comprising the NSPNP problem, there exists many efficient nu-
merical methods. For the Poisson—Nernst—Planck (PNP) problem, efficient approaches have been
demonstrated for semi-conductors [25] and biological ion channels [26], where e.g. dispersion and
size effects of ions can be included. For transient simulation of the Navier—Stokes equations, pro-
jection methods that date back to Chorin [27, 28| (see also Guermond, Minev, and Shen [29]), have
imparted speedup compared to solving the monolithic problem, since it effectively decouples the
computation of velocity and pressure (although at the cost of some reduced accuracy). For the full
NSPNP problem, however, less is certain, but it seems clear that succesful numerical schemes should
aim to decouple, at least, the fluid mechanical subproblem from the electrochemical subproblem,
and thus take advantage of the progress made in numerically resolving each of these, although a
direct combination does not necessarily yield a successful scheme.

In the field of diffuse-interface (or phase-field) methods for two-phase flow, recent years have
seen progress in developing energy-stable numerical schemes. Such schemes are appealing because
they share the common property with the physical models in the sense that they, in the absence
of external driving forces, unconditionally dissipate energy. Hence, the schemes can be said to be
thermodynamically consistent. Schemes that do not respect this energy law are prone to numerical
errors and instabilities near singularities [30, 26|, particularly applicable to flows involving sharp
gradients such as both two-phase and electrohydrodynamic flow. Further, the energy laws permit
to establish results on the convergence of numerical schemes. Schemes that require solving the fully
coupled (nonlinear) problem implicitly can relatively easily be constructed to satisfy this property,
while a splitting stategy introduces additional difficulty [31, 32]. Notably, Shen and Yang [26]
presented linear, decoupled schemes for phase-field models with density contrast, relying in part on
a projection method for the NS equations and a stabilization method for the phase-field equation.

The NSPNP system with two chemical species has been extensively studied by, e.g., Prohl and
Schmuck [33, 34, 35, 36] who considered also the construction of an energy-stable scheme [35] with
a coupling between the PNP and NS subproblems. Schemes for multi-ion electrohydrodynamics are
also available [37]. An energy stable-splitting scheme for a thermodynamically consistent model for
two-phase electrohydrodynamics [38] was presented and recently elaborated by Metzger [39, 40].

1.1. Contributions of this work

The objective of this paper is twofold. One is to obtain a generalized, thermodynamically con-
sistent, model for electrohydrodynamics where the density, viscosity, mobilities, and permittivity
depend on the ion concentrations. The second is to construct a decoupled energy-stable numerical
scheme. To this end, we will consider a general, thermodynamically consistent model for single-
phase flow including electric fields and transport of ions, i.e. a generalized NSPNP system. The
subproblems of fluid flow and electrochemistry will be decoupled, where the key to energy-stability
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lies in a forward-projected velocity that enters in the advection term in the solute transport equa-
tion, an idea which builds heavily on appraches used in two-phase flow models [31, 32, 26, 39|.
For the electrochemical suproblem we propose discretization strategies that suffice to satisfy energy
stability [35], one of which consititutes a linear scheme. For the fluid-mechanical part we consider
two linear approaches, both a coupled strategy and a projection scheme for this subproblem. To
the authors’ knowledge, it is the first time an energy-stable projection scheme has been presented
for electrohydrodynamic flow, in particular with concentration-dependent densities, viscosities and
permittivities. Our schemes are shown to be numerically convergent by means of an electrohydro-
dynamic Taylor—Green vortex; to be numerically energy stable by a stress test of ions flowing in a
closed container; a reaction cell to test the reliability of the reaction kinetics; and lastly applied to
a geophysical setting, a porous media flow, to demonstrate the potential of the schemes in practical
simulations.

1.2. Outline

The outline of the paper is as follows. In Sec. 2, we present a derivation of the model for
electrohydrodynamic flow that we consider, and in Sec. 3, we investigate some properties of the
resulting model. In Sec. 4 we present discretization strategies for the model, i.e. numerical schemes
for the electrochemical and hydrodynamical subproblems. Further, in Sec. 5 we present numerical
simulations using combinations of the numerical schemes presented, for the case of the conventional
NSPNP model, and in Sec. 6 we conclude and provide a brief discussion.

1.3. Notation

Some remarks on notation is in place before we embark on the main part of the paper. We will
denote an integral of a general quantity f over the domain 2 by

(LfdQ. (1)

The L? inner product of the quantities a and b is denoted by (a,b). For example,
9) = /Q fgdQ (2)

if f and g are scalars. The L? norm of a general quantity a is denoted by ||a|. In particular,

112 = / s, (3)

A general time-discretized quantity a evaluated at the time step k is denoted by a*. For the time
discretization strategies in the forthcoming, we will make use of the backwards-differencing discrete
differential operator. For the sake of simplicity, we adopt the following notation for a discrete time
derivative:

fk fk 1

o= fk = : (4)

where f is a general function (scalar or vector), and 7 is a discrete time step.



2. A general model for single-phase electrohydrodynamics

Physically, single-phase electrohydrodynamic flow consists of the coupled system of fluid flow,
ion transport and electrostatics. Such a continuum modelling approach is realistic down to the
scale of a few nanometers. We will in the coming sections present a derivation, using variational
principles, of a thermodynamically consistent and frame-invariant model of electrohydrodynamic
flow, where the fluid properties are allowed to depend on the local concentrations of the chemical
species. The main approximation underlying the model is that the volume of a fluid element does
not change with increasing concentrations, only the weight, and hence the velocity field can be
taken to be solenoidal. We will end up with the following partial differential equations, evolving in
the spatial coordinate x € Q C R?, where € is the domain and d is the dimension, and in time ¢:

pou+ (m-V)u—V . (2uDu)+ Vp = — Z ¢ Vi, (5)
V-u=0, (6)
8tcl- +u-V¢g =V (KlVgZ) + R; (7)
oM ap 1 Oe
6= 5, TV " ga2e X 5lVVIGL )
j (] (2 (3

Vo (eVV) ==z (9)

i
Here, the following quantites are involved.
p — fluid density,
u — velocity field,
m — advecting momentum (defined below),

@ — dynamic viscosity,

p — pressure,

¢; — concentration of ion species ¢ € 1,..., N,

gi — the chemical potential associated with species 1,

K,; — the mobility of species 1,

R; — reaction source term for species i,

M; — a specific energy related to having ion species ¢ dissolved,
z; — valency of species i,

a, — the gravitational acceleration,

V' — electric potential,
e — electric permittivity.

In this general formulation, the fluid properties p, u, K;, M;, and € are allowed to depend on the
set of concentrations {c; }é\le In particular, we assume that the following linear equation of state
holds for the density:

iy
pleh) =+ 5 (10)
j=1""

Here, pp is the density of the “background” fluid, typically water, and the constant 9p/dc; = Mw;,
where M is a constant conversion factor and w; is the number of nuclei in a given species j. Note
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that in our formulation, we have reduced the number of parameters to a minimum, such that some
prefactors have been absorbed into the relevant variables.

Egs. (5) and (6) are the Navier-Stokes equations with variable density. Here, the advecting
momentum m = pu—y %Kngi, m differs from the canonical pu due to mass diffusion and mi-
gration through ¢;. An unconventional forcing term on the right hand side (RHS) of (5), = >, ¢;Vg;

can by a redefinition of the pressure, and integration by parts, be written as the more conventional
1 2
pag — p.VV — §|VV| Ve, (11)

which reveals the origin of the (conservative) driving forces in that may be present in the system.
The terms represent, respectively, gravity, electric force, and a Helmholtz force due to permittivity
gradients. However, the formulation of the RHS in (5) has e.g., numerical advantages, as g; is
constant at equilibrium, and therefore near equilibrium, the term —) . ¢;Vg; will be less prone
to catastrophic cancellation and pressure-buildup in the electric double layer [5]. Further, the
symmetric gradient entering into the viscous term is defined by Du = sym(Vu) = (Vu+ Vu®)/2.

Egs. (7) and (8) can be seen as a generalized Nernst-Planck equation. Typically in electro-
hydrodynamics, the standard Nernst—Planck equation is used and the mobility that enters here is
then given by K; = D;c;, where D; is the diffusion constant of species ¢. Further, M; is then given
by M; = cj(Inc; — 1) + Bjcj, where is a constant that shall be elaborated on later.

Finally, (9) is the Poisson equation, or Gauss’ law, with non-constant permittivity.

To close the system, we assign the following boundary conditions on the boundary 92 of Q:

u =0, (12)
n-eVV =0, or V=0, (13)
n- Vg =0. (14)

Eq. (12) is the standard no-slip condition on the velocity field. Further, o, in Eq. (13) is the assigned
surface charge of the boundary, and n is the unit normal vector pointing out of the domain. We
consider a boundary that will either be charged or grounded. Eq. (14) represents a no-flux condition
on the chemical species, i.e., impenetrable boundaries.

With regard to modelling the reaction terms R;, we consider a sequence of reactions m &
1,..., M, where each reaction m can be written in the compact form

0= tmiXi, (15)
m

where vy, ; is the net stoichiometric coefficent (products minus reactants) of ion 4 in reaction m,
and ; is the chemical symbol of ion i. In Appendix A, we argue that we can model

R, = ZVm,iRm with Ry, = —Cpy - Z VUm,i3j, (16)
m J

where Cp, > 0 is a function of the involved variables. Such modelling of the reaction term was also
considered by, e.g., Refs. [41, 39, 40]. Note that C,, can also be a function of the spatial coordinate
X, i.e., a reaction can be promoted or demoted in a certain region of the domain; effectively allowing
to simulate, e.g., catalytic or other electrochemical systems.



2.1. Derivation of the model

We now present a derivation of a model for general electrohydrodynamic flow. The forthcom-
ing analysis is similar to that considered by previous authors [38, 41]. We seek to formulate a
model where the fluid properties are allowed to depend on the concentrations, which is both frame-
invariant (Galilei invariant), thermodynamically consistent (dissipates free energy), and where the
velocity field is solenoidal (divergence-free). The latter point limits the generality of the model,
in the sense that we consider quasi-incompressible fluids; such that the local concentration fields
only makes a fluid element heavier, but does not make it expand. This is a fair assumption for
e.g. dissolving table salt in water under certain conditions. In general, however, liquids can both
contract and expand with the addition of another component. Moreover, this behaviour can be
non-monotonous.

The evolution of the concentration fields ¢; can in general be written in the conservative form

Oci + V- (ciu) = -V - J., + Ry, (17)

where J., is an undetermined diffusive flux, and R; is a reaction source term. The left hand side is
for convenience written in the convective form.

For the density field we assume the linear equation of state (10). With the quasi-incompressible
assumption, the velocity field will still, as without any solutes, be solenoidal, i.e.,

V.-u=0. (18)

Using (10), (18) and (17) we can derive the evolution of the density,

dp+V - ( Z 3, [Bici + V - (¢;u)] (19)
= Z o 7V Je + Rl (20)

_ (Z apJ > (21)
Op+V-(pu)=-V-J,, (22)

where we have used the condition that a reaction does not change the density, i.e., >, R;0p/dc; = 0.
This follows from the quasi-incompressible condition, and the fact that mass is conserved in a
reaction (for all practical purposes, as the binding energy is, as far as these conservation laws are
concerned, negligible compared to the rest energy of an atom or molecule). We have also implicitly
defined the diffusive density flux,

J, = Z ap e (23)

Eq. (22) suggests that the momentum is transported by the velocity
Umom = U + p_lJp. (24)
Following the discussion in Refs. [38, 41], the momentum should be transported by

m=pu+lJ, (25)
6



in order for the model to be frame-invariant and not to introduce further nonlinearities. This gives
the following evolution equation for the momentum:

poru+ (m-Viu—V-S+Vp=K, (26)

where K is a forcing term that will be determined by thermodynamic consistency, and S is a stress
tensor to be decided.
The electric field can be found through Gauss’ law:

V- le({ci})E] = pe, (27)

Pe = Zzzcz (28)

In Eq. (27) we have taken the permittivity € to be a function of the concentrations. This is motivated
by, e.g, observations for aqueous NaCl solutions where it has been observed that permittivity can
be significantly reduced due to multibody effects [42]. For simplicity we have dropped the weak
dependence of permittivity on the electric fields [43] which for most purposes are insignificant [11].
Now, using (28) and (17) we can write,

where the total charge is

8tpe +V. peu Z V. zz cl =-V. Jea (29)

where we have used that Zl z;R; = 0 due to charge conservation in a reaction, and defined J. =
> zide,. Using (27), we find
O [e({c:}E] + peu = —Je. (30)

or
e E = —pou—J, Z E—@tcl (31)

We can now define the following general free energy density f:

flu{ex}, El(x, 1) = S p({cr})u +ZM ({er}) + 6({Ck})E2—pX'ag (32)

and thus the total energy density

_ /Q Fdo. (33)

Now,
dF af
T /Q [U- - poyu + ZZ: ?qatci +E - cOE| dQ (34)
Further,
af _ u? 8Mk E? 0e
7= () 20 )




and hence

dF

of
Ty Q[u-(—(m-V)u—I—V-S—Vp—i—K)—in:aCi&gcZ

-E- (peu-i-J +ZE@C atcl>

Integrating in parts, using that all fluxes vanish at the boundary, we obtain

dF
@ :/Q [Z(gi—ziV>atci+u‘K—peE-u—E~Z%Jq

an  (36)

do — / Du:SdQ  (37)
Q

where we have defined the chemical potential

of 1 ,0p 0

9i = 96 o e -E 9 + 2V (38)
— . aga +Za;i’“ EzgeJrzzv (39)
Now,
Z /Q(gi —2iV)0pc;dQ) = — Z/Q(gi = zV)(V - (cu+Jg) — R;)dQ (40)
-3 /Q(Vgi 4B (ut 3 A2+ Y /Q gRAQ (1)
such that

dF
N _/Q K+ ¢ Vg dQ — /Du SdQ+Z/ o VgZdQ—FZ/glR dQ. (42)

To choose the fluxes according to Onsager’s variational principle (as in Refs. [38, 41]), we identify
Je, = —Ki({ck}) Vi, (43)

where K; > 0 are the mobilities. Further, the viscosity tensor can be modelled with the Newtonian
form,

S = 2({ei})Du. (44)

Note that the viscosity u > 0 can also depend on Du to model non-Newtonian fluids, but we shall
not consider that here. Finally, to minimize the dissipation we choose the forcing term according
to

K= —ZCZ‘Vgi. (45)

The motivation for modelling the last term in (42) is given in Appendix A.

3. Properties of the model

In this section, we inspect some properties of the model presented in the preceding section.
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3.1. Ewolution of ion concentration

The first notable feature of the model is that the total ion concentration evolves only due to
the reaction source term R;:

;t c; dQ = /8tcldﬂ_ /V J; dQ+/R dQ = /RidQ, (46)
Q

where we identified the chemical flux as J; = uc; — K;Vg;. When no reactions occur, the number
of ions (integrated concentration) is conserved.

3.2. Mass conservation

The evolution of the density p can be expressed by using Eqgs. (10) and (7):

) )
8tp228—£8tci: 8’)( V.J;+R)=-V -m, (47)

where we have, as in the previous section, used the condition that a reaction can not change the
density, i.e., >, %Ri = 0. Thus mass is conserved in the model:

d

ai J, = /atde— /deQ_O (48)

3.8. Free energy

Associated with the above system we have the free energy

1 1
F = /Q [2p|ul2 + §€’VV’2 + ;MZ —pag-x

where the first term represents the kinetic energy, the second the electric field energy, the third
term the chemical energy, and the last term the gravitational energy. We are now interested in an
expression for the evolution of the free energy in time, i.e. dF'/dt. We therefore decompose the free

e, (49)

energy into:

F=Fy+F +)Y F,+F, (50)
where
Lo 1 2
Fo= [ zplul°dQ, Fy= | -¢VV|*dQ, (51)
Q2 02
F,, = / M;dQ, and F,= —/ pag - xd. (52)
Q Q

Now, we seek the temporal evolution of these quantities.



e The kinetic energy:

dFy
Q
dt /@[ \u|]d

1
= (u,p@tu) + <2|11|2, 8tp>

=(u,V:(2uDu) + Vp — Z ¢iVg;)

=~ [vau| - Y eva)
— —||\/2uDu 2+Z (9,0 Vi)
= — \/ﬂDu — Z |: gz,atCZ + H\/>ng guRz):| )

where we have used the fact that

e The electric field energy:
dFy d

dt  dt Jo 2

K is non-negative.

1
~€¢|VV|?dQ

= (VV,ed,VV) + (;\VVF,&e)

= (VV,0,(eVV) — VVe) + <;|VV|2, (9,56)

= (VV,0:(eVV)) — <;yvvﬁ,ate>

- v -3 (heve o)

= Z(sz

i
e The chemical energy:

Cq

e The gravitational energy:

dF

%

1 5 O€
— 5‘VV| aﬁq,&t@,)

OM;
= 8MidQ:§/ “ e dQ
/Qt ; Qacj

= / Oipagy - xdQ

=— Z <ag x,@tci)

10

(65)

(66)

(67)



Using egs. (50), (58), (64) and (67) and the definition of g; in Eq. (8) we obtain:

a5 Vs

Y R, (6s)

Clearly, the two first terms on the right hand side of Eq. (68) are negative. Thus, what remains is
to model the reaction terms R; in such a way that the last term is also negative.
In particular, we obtain from Eq. (68) the free energy evolution

2
2
- %:Cm/Q (Zl: Vm,iQi) dQ <o. (69)

Hence the free energy is decaying in time — i.e. the model is dissipative. This is an important
property, as it guarantees that, in the absence of external driving forces, the system at all instances
does not produce energy, i.e. it evolves towards a state of lower energy. Hence, a proper time
discretization scheme should also have this property, in order to avoid spurious energy blow-up.

Note that we will not attempt to quantitatively model the reaction function C,, (apart from the
example considered in Appendix A). This will in general require more detailed or phenomenological
modelling of the particular chemical reaction m.

In the remainder of this article, we will for concreteness consider the chemical energy functions

o =~ vl - X Vs

M;({cr}) = alci) + Bics, (70)

where (3; are constants. The role of §; is to energetically penalize (or promote) the presence of a
species ¢; in comparison to ther species. Hence, the set of 3;; should fix a (chemical) equilibrium
state of the system. Now, the derivative of M; that enters into the model can be expressed by

OM;
dc;

= O/(cj)(sij + /Bjéijv (71)

where ¢;; is the Kronecker delta function.Note that since the 3; are constant, they will not affect
the system through the chemical fluxes x Vg;, but will enter in the reaction term R;.
Further, we will consider only permittivities which can be written in the form

e({er}) = e+ erler), (72)
p

where, in particular, no cross terms are present. Here, €y is not the vacuum permittivity, but
the permittivity of the background fluid. Note that on physical grounds e > 0 (in particular, the
vacuum permittivity is an absolute lower bound) and hence ¢ should be always positive. This
formulation is consistent, e.g., with the empirical relation found in simulations by Hess et al. [42]
for a NaCl solution, where a relation 1/e(c) oc 1 + ke (k is a constant) was reported.

4. Energy-stable time discretization

We will in the forthcoming consider schemes that are finite difference in time, and finite element
in space. We present schemes to simulate the general model for single-phase electrohydrodynamics
which was presented in the previous section. In this section, we will first present the schemes and
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afterwards the appropriate variational form which is used in the finite element spatial discretization.
To this end, for the velocity components we define the function space V as

V={ve H(Q):v=0on 00} (73)

where H'(Q) is the Sobolev space containing functions f such that f2 and |V f|? have finite integrals
over 2. For the remaining scalar fields we will use the spaces X which we define as simply V without
the boundary restrictions.

4.1. Decoupled schemes

We will in this paper adopt a strategy known from simulating, e.g., two-phase flow. It is
beneficial to split the problem in a hydrodynamical step and an electrochemical step, since it is
in general harder both to effectively precondition and to solve the coupled system. On the other
hand, there exists approaches for the effective solution of the subproblems PNP system (for the
electrochemistry) and for the NS system (for the hydrodynamics). The decoupling strategy may
also enable the construction of linear schemes, instead of non-linear, which are more easily solved.

The main advantages of the schemes presented here are that the computation of the electro-
chemical problem is decoupled from the hydrodynamic problem, while we are still able to guarantee
the energy dissipation associated with the physical problem.

Hence, we shall now consider schemes which employ a divide-and-conquer strategy, with two
subproblems to be solved sequentially at each time step k:

1. Electrochemistry: Using information from the previous time step k — 1, i.e., {uf~1, pF=1,

c]f_l, e c]fv_l, Vk_l}, obtain a numerical approximations of the primary electrochemical
variables, i.e. {c}, ..., c’fv, V*} at the present time step k.
2. Hydrodynamics: Using the newly updated electrochemical variables {c]f s ey c]f\,, Vk} and

hydrodynamic variables {ukil7 pkil} from the previous time step k — 1, obtain an approxi-
mation of the primary hydrodynamical variables, i.e. {u*, p*} at the present time step k.

4.2. Strategy for the electrochemistry step

Scheme. Suppose {ukil,pkfl,clf_l,...,c’]‘:v_l,kal} are given. Now, to obtain {cf,...,ck Vk}
solve ) 3
= -V . (u') -V (K,-ng) = R;, for i€]ll,N], (74a)
v. (ekvvk) =3 ad, (74b)
where
k_ ~r p 1 k22 Op
g =& + B +zV —§|VV | €~ 5% ag (74c)

Here, & (c¥, ¢"~1) is a numerical approximation to o/ (€%), where min(c¥, ¢¥~1) < €F < max(cF, ¥ 1).

Further, f(z-(cf, c?il) > 0 approximates K;, ¢; is an approximation to ¢;, and R; is an approximation
to R;. Moreover,

6z(C,’f)—€i(Ck b & 1
gk by ) T for g F G -
aci (ci ), for CZ = Ci ,

is an approximation to de;/dc;. Recall also that dp/dc; is a constant.
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The following boundary conditions are enforced on the boundary 052

n-Vgk=o0, (76a)
n-fvvF =0 or VF=0o. (76D)

In eq. (74a) we have used the definition:
* — T ~
i

which is a forward-projection of the velocity based on the chemical fluxes, and introduces a first-
order error in 7. This projection is a key ingredient to obtaining Note that when the system
approaches equilibrium, the second term, which is already close to equilibrium, vanishes.

Variational form. A variational form of egs. (74a) to (74c) can be written as the following.
Find (cf,...,c&, gf, ... gk, V) € XN x XN x X, such that for all (bf,... 0% Kk, .. W& UF) e
XN x XN x X, we have

<8;cl b ) —(u*E, Vb)) + (f(ivgf, Vbi> - (Ri, bi) , (782)
(gf, h) — <5/ + Bt V- %Wv’f\?g; - %x -ay, h> (78b)
(ekVVk, VU) - /8 oUdr = é (zicf, U) . (78¢)

4.2.1. Free energy evolution
Lemma 1. For the electrochemical step, the following inequality holds:

1 - S
ok ¥ =k k k k
O; Fic < Z <u aCngi> - ZAFCZ- - Z ’\/ KiVgi|| + (Riagi) : (79)
7 (2
Here,
Fpo=> Fr+Fi+Fy, (80)
7
and
AFckz =T (&’(Cf,cffl) + /Bh 87__c5> — Fcli + Fck;_la (81)
which represents an excess free energy introduced by the numerical approximation a( k. k 1) to

a/(c).

Proof. By testing eq. (78a) with b; = g, we get:

(8 cz,gz) — (u cl,VgZ H\/>ng

+ (Rirgt) - (82)
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and further, testing eq. (78b) with h = 97 c¥, we obtain:

T V10

1/ _ 1 , 0
(gZ , 07 ¢ ) — (& (Y B+ aVE - S| VVEPE - Px. ag, el —cF1 (83)
T 2 oc;
AFY 1 d
— 07 FE 4+ =5 (mVE, 07 k) — (SIVVER 0rek ) - (2% ag 0ck ), (84)
v T 2 dc;
where we have introduced the splitting (81) and the shorthand definition of the discrete total
chemical energy:
Ft = / [a(cf) +,Bicﬂ Q. (85)
Q
By defining the shorthand discrete gravitational energy,

Fj:—/ﬂp’fx-agd(z, (86)

where pF = p({cF}), we find that the sum over the phases in the last term in Eq. (84) becomes

We also define the discrete electric energy by

1
F"}z/gzek]VVdeQ. (88)

Now, testing eq. (78¢) with U = V* yields:

k k k k k
eVV*, VVT¥)| — / oV=:dl = zlc \% 89
( )= /., 2 (e V). ®9)
Considering eq. (78c) with k& — k — 1, and testing it with U = V*, yields:
k—1vyoy k—1 k k k—1 1/k
€T VVEITE VYT ) — / oVidll' = zic; VUL 90
( )= ) 3 (el v) (%0

1

Subtracting eq. (90) from eq. (89) and dividing by 7 gives

> (8;62 , v’“) - (vvk,ekvv’f - e’va’H) (91)
( + EF1 Ek —27]—53k_1 7 ok (Ek _ Ekl)) + (Ek, a;EkEkfl) (92)

- 21 (k ]Ek| B2 4 H\F( E’H)HQJr (BF 07 EFT) (93)

= 7P+ o H\/e’Tl (wvt—wvi) H (a— £ IvVEE) (94)

14



Now, combining eqs. (82), (84), (87) and (94), we obtain
1
O FF + 07 Ff + 0y FF = —= S AFF (w.aval)
Z’T cl+7' V+’T g T; cl+§i:uac 9;

i

which yields eq. (79) and thus completes the proof. O

T % H\/e?l (VVk _ VV’H) H2 + (Ri,gf) . (95)

4.8. Strategies for the hydrodynamic step
For the hydrodynamic step, we can consider either the standard coupled approach, which is to
solve the velocity and pressure simultaneously at each time step, or an approach which decouples

the velocity and pressure at each step. We shall denote the former as Scheme I and the latter as
Scheme II.

4.8.1. Scheme I: Coupled hydrodynamics
Scheme. The first scheme can be written in variational form as the following. Suppose that
{ub=t pF=t AL .,clfv_l,c’f, oy ckogh o gk} are given. Now, in order to obtain {u®, p*}, we

solve
P Lo uf + (mF 1. vuk - v (QMkDuk) + Vvt

+ %uk (a;p +V. mkil) =— ZEiVQf? (96a)

V-u* =0 (96b)

Note that the last two terms on the left hand side of Eq. (97a) are an approximation to the mass
conservation equation (47), i.e., 9p + V - m = 0. The incorporation of these terms is a standard
way of satisfying the discrete energy law at each time step. The equations (96a) and (96b) are
solved in combinaton with the no-slip condition u* = 0.

Variational form. Find (u*, p*) € V¥ x X such that for all (v,q) € V¢ x X,
(pkilﬁ;uk,v> + ((mk*1 . V)uk,v) + (2ukDuk,Dv> — (pk, V- v)

+ % (uk(?;pk,v) - % (mk_l,V(uk . V)) = — Z (@'ng,V) , (97a)

(q, A\ uk) =0, (97Db)
with the Dirichlet boundary condition u® = 0.

4.8.2. Scheme II: Fractional-step hydrodynamics

Instead of solving for velocity and pressure in a coupled manner, we may use a projection method
to decouple the velocity computation from the pressure. Such a scheme describing the somewhat
similar equations of two-phase flow, was already proposed by, e.g., Shen and Yang [26].
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Scheme. In the spirit of the latter reference, the scheme is given by the following. Suppose that

k=1 k-1 k-1 k=1 _k ko k k ;
{u = p" e ey el e 9T - g ) are given.

e Tentative velocity step: To obtain the intermediate velocity @¥, solve

ﬁk _ uk—l
PSS VAT U <2M’fDﬁk) +wph!
-

—_

e R A

i
with @* = 0 on 5.
e Pressure correction step: To obtain the corrected pressure p*, solve
vk —p ) = Bv e, (99)
with the artificial Neumann condition n - V(p¥ — p*~1) = 0. Note that this introduces an
O(1) error at the boundary.

e Velocity correction step: To obtain the final velocity u*, solve
k k

p—L - v (p'“ —pk_l) : (100)
T

with the Dirichlet boundary condition on u¥ = 0, which supresses the error from the Neumann
condition above.

Together with the analysis in the previous section, this constitutes a scheme which is decoupled
between the three parts electrostatics, velocity and pressure. Therefore, it is significantly easier to
solve than the fully coupled problem, and easier than solving for only velocity and pressure in a
coupled manner.

Variational form.

e Tentative velocity step: Find G* € V? such that for all v € V¢,

<pk1ﬁk_u,€_1,v> + ((mk*1 : V)ﬁk,v) + (2ukDﬁk,Dv> — (pkil,V . V)

:
() =} (6 ) = (Evet). o

7
with the Dirichlet boundary condition @* = 0 on 9.
e Pressure correction step: Find p* € X such that for all ¢ € X', we have

(plov( k _pk—l),vq> _ _% (V . ﬁk,q) , (102)
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e Velocity correction step: Then, find u* € V¢ such that for all v € V¢,
k _ ~k
<pkuu7v> = (pk - pk717 V : V) ) (103)
T

which we solve by explicitly imposing the Dirichlet boundary condition on u® = 0.

Note that using v = (p¥)7'Vq in eq. (103) yields, in combination with eq. (102)

(V - uk,q> — 72 ((plk _ p10> V(9= p), Vq) : (104)

i.e., that the fractional-step scheme introduces a weak compressibility of order O(72), which becomes
increasingly small when p* ~ py. When the density does not vary with concentration, p* = py and
the final velocity field u® is divergence free.

Remark 1. With a slight reformulation of the variational problem, we can simplify the computation
of the velocity steps ¥ and u¥, by solving for each of the components successively, since in the
decoupled approach none of the components uj and u ,je{l,...,d} of a* and uF, respectively,
depend on the other components. This simplification is fazrly commonplace [44]. We shall leave this
technical detail for further work.

4.8.3. Free energy evolution
Now we set out to show that a free energy inequality is satisfied for a discrete time update.

Lemma 2. For the hydrodynamic step, the following inequality holds:

Oy g < — HWDu’“\f - (avghar), (105)

)

where
FF for Scheme I,
Fg={ " (106)
Fk Vp H for Scheme II.
Here,
1
FF = / —pk[u®|2dQ. (107)
Q2

Proof. We will first show that eq. (105) holds for Scheme I, and subsequently that it holds for
Scheme II.

Scheme I. First, note that eq. (97a) can be written as

<pk_1uk ; u*’v> . ((mk—l ' V)uk’v> n (QMkDuaDV) ( )

+;( ko pk V>+

%( AV . m* ,v):O. (108)
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Testing this with v = u” yields:
2

1 2 1 2 2 1
N o Ca R
27 2T 27
since 1
((mk_1 - V)uF, uk> + 3 (ukV -mFL uk> =0. (110)

By considering eq. (77), and taking the inner product of it with p*~!'u*, we obtain
1 2 1 2 1 2
— k—1.%| _ = E—1y,k—1| — _ = kooox) _ — E—1(y* _ 451 ) 111
g [ VA - g [V = - (et ) - 5 [V - w L a
Summing egs. (109) and (111) yields
2 1
S
T
1 2
- Z (Engf,u*> ~ 5 H\/ P (u* — ukil)H . (112)
. T
(2

2

Using eq. (106), this yields eq. (105).

Scheme II. The analysis for this scheme follows the same lines as in the above and closely resembles
the lines of Shen and Yang [26].
Testing eq. (101) with @* and using the definition of u* yields

B Y N N R
Testing eq. (102) with 7p” yields
(v-dpt) == (;V(p’“ -, Vp’“) (114)
7|1 e T k—1 orl e ko k-1 ’
D) ﬁVP 5 \/p»OVP - QH\/PT)V(]) —p") (115)

Testing eq. (103) with &%, yields:
1 2 1 2 1 2
g |V - g Ve - g Vet e = (e eat) e
2T 2T 2T

We also have that, from Eq. (100),

2

2 1
H\/p’“(uk - ﬁk)” = ‘ ﬁV(p’“ —p* || (117)
p
Combination of egs. (111), (113) and (115) to (117) gives
1 2 1 2 7|1 T 1 2
M e o (R s
2TH’)“ s IV TRV Tl Y

T e G I |
EACACE
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The first term on the right hand side is positive, since py < p*. Now, Eq. (105) follows trivially by
noting the definition (106). This concludes the proof. O

Remark 2. Compared to Scheme I, the free energy in Scheme II has an extra O(7%) term related
to pressure variations, cf. eq. (106). This is related to the weak numerical compressibility introduced
by the splitting approach.

4.4. Free energy evolution for the combined steps

Lemma 3. For the schemes presented above, the following free energy inequality holds:

2
- FF < _iZAFC’j - H\/zukDukW B Z H\/Evgf - Z (Ri,gf) : (119)

where
FF = Ffy + FE. (120)

Proof. This follows directly by summing eqgs. (79) and (105). O

For any of the possible schemes considered above, if all AF, C’j > 0, the scheme is energy stable,
ie.,

o-FF <o, (121)

given the approriate boundary conditions and the fact that f(lk > 0.
We will now consider approximations &’(¢) of the chemical energy a(c) in order to satisfy the
condition (121).

4.5. Approximating the chemical energy

In the previous section, several quantities were undefined. We now consider various numerical
approximations of the chemical energy derivative &'.

Nonlinear discretizations.

NL1 The first option is to use the non-linear approximation

k k—1
~ B alcl) —a(cf™)
o (cf,ef ) = =t

i TG

: (122)

which yields AFQ = 0. This gives the least possible dissipation, while still leading to the cor-
rect inequality. On the downside, the expression (122) is ill-defined when |¢¥ —cF~!| < 1, and
in order not to focus on this issue we will not consider implementations of this approximation
in the present paper.

NL2 A second option is to use the non-linear (unless o'(¢) ~ ¢) approximation

o/ (cF, ) = o/ (D). (123)

R 7

Taylor expansion around cf and the mean value theorem gives

S I N R TN c Ll (S I S Y
Fe, —Fe " = o (i) —¢ ) 5 (ci —ci)7| dQ (124)
Q
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where ¢¥ € [min(cF1, ¢¥), max (¢!, ¢¥)]. This gives

AFE =7 (a/(c, b h), 07¢F) - FE + i (125)
1
= [ 3o - R (126)
Q

Typically, o’(¢) > 0, such as for a weak solution, where a(c) = c¢(loge — 1). The latter
leads to the common Nernst—Planck equation for the ion transport. For such a system, where
o (¢) > 0 everywhere, the inequality is satisfied. Note that if o’(¢) < 0 anywhere, a locally
higher ion concentration would be favoured energetically, and effectively we could then have
a negative mobility (which is mathematically ill-posed).

Linear discretizations.

L1 Another option is to use the linear approximation

a(ef, i) = o () e (T (el — . (127)

()

Taylor expansion around cf_l and the mean value theorem gives

m( k—1 m ek
Fh - P = [ el - oy G e S - oy ao
Q !
(128)
where ¢F € [min(cF™1, k), max(cF™!, )], This gives
AFE = ¢ (olf(cf, by, a;cf) — FF 4 (129)

N /Q [(7 a ;> o(ef ™) — amgffk)(cf — | (F =) an. (130)

If v > 1/2 the first term will be positive. For sufficiently small 7, it will dominate over the
second term. However, we have in general no control over neither sign nor magnitude of the
second term.

L2 To circumvent the latter problem, we may introduce a regularization of «(c), denoted by a(c).
Assuming o/ (¢) is always positive and monotonously non-increasing, we define

a’(c) = o (max(c, cs)), (131)

where ¢s is a small cut-off concentration. Hence 0 < @”(c) < @”(¢s). We use the linear
numerical approximation

1
& =a(d™)+ [’y@”(cf_l) + 26/’(00)] (cf =), (132)

where the second term inside the brackets is a stabilizing term of order 7, similar to what was
used by Shen and Yang [26] for the case of two-phase flow. We expand around cf_lz

r-r = [ [ - dn s TS - do ae g
Ci Ci - i {2 % 2 7 ) :
Q
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This gives

AFckl :/Q |:’YO_ZN(C§_1) + ; (O_/,(Co) o o‘/’(&k)ﬂ (Cic o Cic—l)Q do (134)
> 'y/Qa//(cfl)(cé€ —chH2daa > o, (135)

where we have used that &”(co) — @"(¢%) > 0, and that v > 0, and that &”(cg). Hence,
we have derived a linear, and energy stable scheme, which approximates the equations of
electrohydrodynamics, given some rather general assumptions on, and a regularization of,
a(c). A similar regilarisation was considered recently by Metzger [40].

In order to ensure that the whole electrochemical step is linear, it is necessary to model K; and
¢; to depend on the previous time step. To this end, we will set

K, = fQ(c?il), and ¢ =c*

7

L (136)

We have now considered general numerical schemes for electrohydrodynamics, and it is now neces-
sary to give a brief summary and come with some concrete expressions.

Remark 3. The regularization defined in eq. (131) can be applied also to the non-linear schemes
to ensure that the energy is defined even if concentrations are numerically slightly negative, which
might occur in simulations of highly depleted solutions, e.g. simulations of electrokinetic instabilities.

4.6. Approximating the reaction term

It is in place to approximate the discrete reaction term R; which enters in (119). This term was
modeled in the continuous model in (16) and discussed in Appendix A. Using (16), we can write

the discrete version as B .
RZ‘ = —ZCmZVmJVm’jgf. (137)
m J

Here, the reaction functions C,, can be modelled as C,, = CF . i.e. using values from the current

step, for a non-linear scheme, or as C,, = C¥~1, i.e., using values from the previous step, for a linear

scheme. In either case, we have that
\/ C~m Z Vm,igéC
i

Z (Rl’ gzl'C ) = Z
j m

where the last equality holds given that Cm > 0. For the remainder of this article, we shall for

concreteness assume Cy, = C=1.

2
<0, (138)

1

4.7. Tentative summary

It is now appropriate to briefly summarize the major results so far.

Theorem 1. Any decoupled scheme consisting of the combination of Scheme I or Scheme II (for the
hydrodynamics), the chemical discretizations NL1, NL2 or L2, and the reaction term formulation
(137), is energy stable.
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Proof. This follows from Lemma 3 and the results for AFC’j in the definitions of the discretizations
NL1, NL2, L2 above, along with the result (138) for the source term. O

Remark 4. Because of the mentioned problem with the chemical discretization L1, this approxi-
mation is not generally energy stable. The discretization L1 can only be energy stable provided that
a”'(e) = 0.

Remark 5. When all AFfi > 0, and the source term is modelled as (137), the free energy inequality

eq. (119) becomes ,

, (139)

oo Fk < — H\/ﬁDu’fH2 - H\/ZVg,’-“

which bears striking similarity with its continuous counterpart, eq. (68). In particular, it can be
verified that the terms that differ between 07 F* and 0,F are of order O(T).

4.8. Concretization and specification

The analysis thus far has considered quite general forms of the chemical energy «, that we have
presented energy-stable approximations of, the mobility K;, and the chemical concentration &. To
be more specific, we therefore consider concrete forms of the undefined approximations that will be
discretized and tested numerically.

4.8.1. Chemical energy function, mobility and permittivity assumptions

We consider the Nernst—Planck equation for solute transport. For the continuous equations,
this imparts the following:

ale) =ci(lne; — 1), and K;(¢;) = Djcy, (140)

where D; is the diffusion coefficient of ion species i. This corresponds to dilute ionic solutions.
Since ¢/ (¢) = In ¢ is undefined when ¢ — 0, we can regularize o below a small cut-off ¢, as outlined
above. Then, in the next time step, we assign cf_l — max(cf_l, ¢s). An examplary regularisation
of the functional form «a(c) = ¢(Inc — 1) is shown in Fig. 1. The regularised functional forms are:

(a) () (c)
S 1 0
4+ - 0 —0.2 | -
= 37 \ 1 = 1 Va 1= —0.4 ’\;\ ‘ 1 Normal ———
> 2 . -2 |/ 13 —0.6 |\ 4 Reg.
1+ 1 -3 : 0.8 1
0 — 4 -1 Lt
0051152 0051152 0051152
c & c
Figure 1:  Regularisation of the chemical energy function a(c) = c¢(lnc — 1), with the artificially high cutoff

concentration ¢s = 0.5 for visual clarity. The cutoff concentration is indicated by a dotted vertical line.
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1

SN 141
a’(c) max(c, cs)’ (141)
1 f > Cs,
a'(c) = nc or c¢> ¢ (142)
lnc(;—l—é—l for ¢ <cs,
c(lnc—1 for ¢ > cg,
a(c) = ( ) o ’ (143)
c(Ines — 1)+ =2 for c<gcs.

The same regularisation was assumed by Metzger [40].

Further, we will for simplicity assume in our simulations that the permittivity does not depend
on the concentrations. Nevertheless, the schemes themselves support energy stability also in this
case.

4.8.2. Schemes used in simulations

We define now the different schemes that will be used in simulations, and the associated ap-
proximations to (140) that will be used. In general, the approximations should be chosen to impart
soluble equation systems, i.e., for which the finite element method yields spatial convergence.

We will in this work focus on the following discretizations:

NL2 Since the discretization NL2 is non-linear, it is necessary to use e.g. a Newton solver, where
the matrices will be reassembled at each iteration, to solve this step. A weak coupling between
the Nernst—Planck and Poisson equations can be obtained by

K;=Dicf™' and & =" (144)
L2 The linear discretization in L2 imparts the following:

Ki =D, max(cffl, 65) and ¢; = kT (145)

7

Without further ado, we might set v = 0 to minimize the dissipation in this scheme.

Remark 6. A stronger coupling between the Nernst—Planck and Poisson equations in the non-linear
scheme NL2, could be obtained by letting K; = Dicig and ¢; = cf. In general, we cannot control
the sign of K; here, since we solve for ci. Hence, if ¢y, becomes (numerically) negative, we are not
guaranteed to dissipate energy (but then the energy is not defined either). This issue could possibly

be mitigated by a regularization.

5. Numerical simulations

We have in the previous section shown how various discretization schemes satisfy a free energy
inequalitity, which is also present in the models they are meant to approximate. In this section we
proceed to show and compare the effectiveness of these schemes. The schemes have been imple-
mented and simulations are carried out within the Bernaise framework, developed by the authors
[45]. Bernaise is a flexible simulation environment for two-phase electrohydrodynamic flow, which
is built on top of the Dolfin [46] interface to Python within the finite element framework Fenics
[47]. As single-phase flow is a special case of two-phase flow, it works equally well for single-phase
flow, which we consider in this paper. For all simulations we use triangular meshes and piecewise
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quadratic (P2) finite elements for the velocity field, and piecewise linear (P1) elements for the re-
maining fields. We use meshes that resolve the spatial problem sufficiently well for the error to be
dominated by the time discretization errors.

In the following, we consider simulations of a few interesting cases.

e First, to test the accuracy of the schemes, we consider the convergence towards an analytic
solution.

e Second, to demonstrate the energy stability of the schemes, we consider an isolated, closed
system of a concentration spreading in a charged cell. We display the various terms in the
free energy and compare the various schemes evolving in time, with varying time step 7.

e Third, we consider a reaction cell to test the reaction part of the numerical schemes.

e Fourth, we show for a system the efficiency of the schemes to approach a steady state in an
open complex geometry (porous medium) where energy is injected through a body force.

The schemes we consider are denoted by the following:

e I-NL2: Scheme I with the non-linear NL2 discretization.

e I-L2: Scheme I with the linear L.2 discretization.

o II-NL2: Scheme II with the non-linear NL2 discretization.

e II-L2: Scheme II with the linear L2 discretization.

5.1. Accuracy test: Manufactured solution

Now we verify the accuracy of the schemes by inspecting whether the scheme converges to a
manufactured analytical solution. Taylor-Green flow is one of a few cases for the Navier—Stokes
equations where analytical solutions are available, and is therefore standard to use for validation
purposes. To this end, we consider a two-dimensional Taylor-Green flow extended to account for
electrohydrodynamics. The derivation of this manufactured solution is given in Appendix B. We
consider flow of two counterions ¢ = 4, such that z. = £1, and assume constant density, viscosity,
and permittivity, and neglect gravity.

We consider the double periodic domain x € [0, 27] x [0, 27], where the pressure p and the electric
potential V' is set to zero at x = (7/4,7/4) to fix the pressure and potential gauges, respectively.
We obtain an analytical solution augmenting eq. (7) with the source term ¢ on the right hand side,
where
Dc3C?(t)

2e
The analytical solution to this Taylor—Green vortex is given by:

q(z,y) = [cos 22 + cos 2y + 2 cos 2x cos 2y] . (146)

u="U(t)(xcoszsiny — ysinz cosy), (147)
p= —% (pOUQ(t) + C%C:(t)> (cos 2z + cos2y) — C%C;(t) cos 2x cos 2y (148)
¢+ = co(l £ coszcosy C(t)) (149)
V= —C—EO cosx cosy C(t) (150)
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where
U(t) = exp(—2ut/po), (151)
C(t) = x exp (—2D (1 + c—”) t) . (152)

€

A constraint ensuring that cx > 0is 0 < x < 1. The parameters used in these simulations are
p=3,u=2, D=2 ¢cy=1,e=2, and xy = 0.5. Further, we stop the simulation after a final time
T = 0.25, and measure the error norm respective to the analytical solution. In Fig. 2, we show

(a) I-L2 (b) INL2  (¢)II-L2  (d) II-NL2

N'q 101 T 77 u
g 100 ¢ + + + ] p o
é 107" - T % . + + y ] Ccy
g 10_2 = — " =+ x - — - ’;’ L */;/% I = - - c
5 1073 L - - 1 1 1 NT‘{ B
ms_' 10_4 . L I ... I |

1072 107! 1072 107! 1072 107! 1072 10!

Figure 2: Temporal convergence of the schemes considered in the electrohydrodynamic Taylor—Green vortex case.
The plots (a)—(d) show the L? error norm for the various schemes for all fields compared to the reference analytical
solutions as a function of time step 7. The simulations are in good compliance with the theoretical first-order
convergence prediction, indicated as a black solid slope (same in all plots).

convergence in the L? error norm for the four schemes considered. Schemes I and II are virtually
indistingushable. The errors are about an order of magnitude smaller for the nonlinear NL2 scheme
than for the linear L2 scheme, which not unexpected as the NL2 provided a better approximation of
the derivative of . Nonetheless, all schemes seem to be reliable in that they achieve the expected
O(T) convergence.

5.2. Stress test: Ion spreading in a charged reservoir

To numerically test the energy stability of the schemes in a complex and challenging setting,
we construct a system setup where the individual contributions to the free energy from inertia,
chemistry and electrostatics are of comparable magnitude during the simulation. The aim of this
system is not to be physically realistic, but to reveal possible weaknesses of the schemes. We
consider a fixed domain Q = [0,1] x [0, 2], which could represent a microchannel. The geometry
and initial state is sketched in Fig. 3.

On the lower boundary, we assume a uniform surface charge o., and the upper boundary is
assumed to be grounded, i.e. V = 0. The left and right boundary are assumed to be insulators. All
four walls are subject to no-slip boundary conditions on the velocity, u = 0. We consider an initial
state where a Gaussian concentration profile of negatively charged species is placed above, and the
same profile of positively charged species is placed below the center of the microchannel.

The electrochemical interaction between the upper and lower boundaries and the two species
in the bulk leads to motion due to two mechanisms. The fluid regions with positive and negative
charge are pulled (i) towards each other, and most prevalently, (ii) attracted towards opposite ends
of the reservoir. This creates a flow in the system which eventually decays due to dissipation.
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Figure 3: Schematic set-up of the initial state in the test case of ion spreading in a charged reservoir.

The simulation parameters are listed in Table 1. Note that we have assumed here a linear
dependency of the viscosity upon the concentrations, i.e.,

ples) = po + ;Ciq + ;C'uc_, (153)
where the constant coefficients du/dcy are given in Table 1. Chosing Ou/dcy > 0 ensures that
the viscosity is always positive. We have also assumed a dependency of the density upon the
concentration, given through the parameters dp/dcy > 0.

In Fig. 4 we show snapshots from a simulation of this system at several instances of time. The
corresponding total free energy contributions, integrated over the domain, are shown in Fig. 5.
Here, we have compared the two chemical discretization strategies L2 and NL2, and two time step
sizes. From the latter figure, it is evident that the schemes approach the same equilibrium state
regardless of the time step size 7 and discretization. We observe that the increased dissipation due
to a larger time step size results in lower fluid speed, which in turn leads to delayed equilibration.
Moreover, as expected, the linear .2 scheme is more dissipative than the NL2 scheme and requires
much a smaller time step to produce a reliable kinetic energy development, cf. Fig. 5. Nonetheless,
the schemes always decrease the total free energy in every time step, as expected.
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Table 1: Parameters used in the case of ion spreading in a reservoir.

Parameter Symbol  Value
Base density 00 1.0
Base dynamic viscosity 1o 0.08
Diffusivity D 0.01
Permittivity € 0.5
Surface charge Oe 1.0
Density per concentration Op/dcy  0.02
Dyn. viscosity per concentration op/dcy  0.001
Solute mass Co 3.0
Initial spread of concentration (std. dev.) R 0.25
Width of domain L, 1
Height of domain L, 2
Horizontal displacement of initial conc. ly 0.125
Vertical displacement of initial conc. ly 0.5
Total simulation time T 10
Cut-off concentration (L2) s 0.1

5.8. Reaction cell
To verify the modelling and implementation of the reaction term, we now simulate a reaction
cell test case. We consider the simple reaction

AT+ B = AB. (154)
We define cy+,cg- and cap to be the associated concentrations. The associated stoichiometric
coefficients are now v,+ = vg- = —1 and vap = 1. We let the reference concentrations (at
equilibrium) be defined by cg L =Cpg- = ® = 3 and cap = 1. We consider reaction kinetics as the

example discussed in Appendix A, i.e.,

eIAB — e~ 9a+—9B—
C =0 : (155)
gAB — ga+ — 9B-

(@t=0 Mt=025 (c)t=0.5 (©t=1.0 (©)t=25 ©t=5 (©t=10

Figure 4: Snapshots in time of the ion spreading simulation case. The flow lines are normalized for each simulation
and omitted in the first and last snapshots. The color indicates the net charge, red is positive, blue is negative, and
gray is neutral. The related color scale is normalized for the entire simulation. For this simulation, Scheme II-NL2
with a time step 7 = 0.005 was used.
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Figure 5: Free energy in time. All simulations are done using fractional step hydrodynamics, i.e., Scheme II.

which is a generalization of the law of mass action. Here, Cy is a constant coefficient. The same
reaction kinetics was considered, e.g., by Campillo-Funollet et al. [41], Metzger [40]. Hence, in
equilibrium, we should have

ar e (O,
gAB — ga+ — gp- =0, which gives =-5— =K, =9 (156)
CAB CAB
We consider a domain © = [—0.5,0.5]x[—0.5, 0.5], where we start out the simulation with a Gaussian

distribution of neutral species AB centered at (0,0) and with a standard deviation R = 0.15. At the
bottom boundary we apply a surface charge o, and the top boundary is grounded. At the left and
right boundary we apply no-flux conditions, and all boundaries are subject to the no-slip condition
on the velocity field. We take the initial average concentration of the chemical species AB in the
domain to be ¢g = 10. The other ions are set to a (negligibly) low concentration cy+ = cg- = 1074
Hence, in the absence of an applied electric field, the uniform equilibrium concentrations should be
cp+ = cg- = 6 and cpp = 4.

The equilibrium state with an applied electric field is also possible to find quasi-analytically.
The solution will thus only depend on the vertical coordinate y. We consider a domain y € [—/, ¢].
At equilibrium, the electrochemical potentials must be constant:

gi=In <Ci(oy)> + 2V (y) = const. (157)

)

Without loss of generality, we take the electrostatic potential V(y) to be antisymmetric about
y = 0 (and thus omit the grounded boundary condition at the top). Thus, V(0) = 0. Further,
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due to symmetry, the concentrations c,+(0) = cg-(0) = ¢ (const.) here. Therefore, the constant
gi =In (/) for i € {A*,B™}, and

ci(y) =ce VW for ie{At B} (158)
The neutral concentration will be uniform, i.e., cag = KSPEQ. This gives, in the Poisson equation,

d*v

ed—yQ = —cp+ + cg- = 2¢sinh(V), (159)

where we still need to determine the value of the unknown constant ¢.
The average number of ions must be conserved. We started out with an average concentration
co of only AB which contains both A* and B~. Conservation of both ions can, e.g., be written as:

L (" epr +ep-
+ d 1
CAB T 55 /_é 5 Y = co, (160)

since we have already assumed that that the total number of ions of AT and B~ is equal. Inserting
for cap and cp+, cg-, we get

24
K@ + c/ cosh(V) dy = cp. (161)
—L
The charged boundary condition can be written as
dVv Oe
- _Ze 162
4y ; (162)

at both the upper and the lower boundary. We thus have to solve the nonlinear Poisson—Boltzmann
equation (159) with the Neumann boundary conditions (162) coupled with the integral (161). This
can be done numerically with standard ordinary differential equation solvers.

With the chosen parameters, we obtain Fy = 1.5516, F,, , = F., = —0.6890 and F,, =
0.9927. We choose also the dynamic parameters D = 0.01, Cy = 10, 9p/0cp+ = Op/Idcg- = 0.1,
Ip/Ocap = 0.2, Op/0cp+ = Op/dcg- = 0.02, Op/Ocap = 0.04, a time step 7 = 0.01 and a total
simulation time 7" = 10. In Fig. 6 we demonstrate how the energy decays towards these values
for the scheme II-NL2. As shown in the inset, the values are fairly close to the equilibrium values
although we have not simulated many diffusive time scales. Therefore the (total) chemical energy
is slightly above the equilibrium values. The other schemes yield similar results, but are omitted in
the figure for visual clarity.

5.4. Application: Electrohydrodynamic flow in a charged porous medium

Finally, we test the applicability of the schemes in a case where energy is injected into the
system. The overall discrete free energy inequality will then be broken. Energy stable schemes
are nevertheless useful, since the dissipation guarantee in the bulk will still hold. The departure
from global energy dissipation will be controlled by the flux through the inlet and the outlet of the
System.

We consider flow in a two-dimensional domain 2 = {(z,y) € [—L./2,Ls/2] X [=Ly/2, Ly/2]},
where L, L, are domain size along the x,y directions, respectively, and L, > L,. The domain is
taken to be periodic in the y-direction. Within the domain, there are N = 8 circular obstacles with
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Figure 6: Free energy in time for the reaction cell simulation case. These simulations were carried out using Scheme
II-NL2. The inset shows a close-up of the data (except the total energy, for clarity).

radius R placed randomly within the subdomain [—L, /2, L, /2] x [—Ly, L, /2], but no closer to any
other obstacle than R. We assume the no-slip boundary condition, u = 0, on the obstacles, and
p = 0 on left and right boundaries. The flow is driven by an average pressure gradient, implemented
as a uniform body force f, = fx. Further, a constant concentration ¢y = c— = ¢y is assumed at
both inlet and outlet. The left side is grounded, V = 0, and on the right side we assume a no-flux
condition on the electric field, i - VV = 0. These boundary conditions are fairly standard in this
kind of computation [17, 18, 14].

We will now compare the time-dependent solution using the schemes presented herein to the
steady-state solution provided by the independently developed solver presented in a companion
paper [14]. The simulations parameters are given in Table 2. A fine mesh size h = 0.25 was used
to minimize errors from the spatial discretization. Based on the resulting maximum velocity U ~
3-1071, the pore radius R, and the kinematic viscosity u/p, we can estimate the Reynolds number
to be Re = pUR/p ~ 0.02. Further, the Schmidt number can be estimated to Sc = p/(pD) ~ 100,
and Péclet number Pe = UR/D = Re - Sc ~ 2. We can also estimate the Debye length in these
units to be Ap = \/€/(2¢p) ~ 1.5, i.e., the dimensionless Debye length to pore size is Ap/R ~ 0.5.

The steady-state solver was run with the same settings as the time-dependent solver, only
differing in the fact that the velocity field is periodic also in the z-direction (while the ionic system
is finite in the z-direction), and that the inertial term is completely ignored (Re = 0). Hence, this
steady-state should represent a minimum of dissipation. The electric potential of the steady-state
solver is presented in Fig. 7 and the velocity field is shown in Fig. 8.

In Fig. 9, we measure in time the potential at the right boundary, i.e. the streaming potential, as
a function of time, obtained with the various time-dependent schemes. Also plotted is the reference
streaming potential obtained with the steady-state solver. The total simulation time is 7' = 50. We
may define a diffusive time scale 7p based on the Debye length, 7p = /\% /D ~ 5; hence we have
simulated here over about 10 of this diffusive time scale. This time scale may be present in the fast
decay seen in the initial stages in Fig. 9. From Fig. 9, it is clear that the time step 7 has a relatively
strong effect on the resulting streaming potential. In particular, the O(7) dissipative term that will
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Table 2: Parameters used in the simulations presented here.

Parameter Symbol  Value
Domain length along x L, 60
Domain length along y (periodic direction) L, 30
Number of obstacles N 8
Obstacle radius R 3.0
Concentration co 1
Surface charge Oc -5
Density p 0.02
Dynamic viscosity 1" 4.5
Permittivity € 4.5
Diffusivity of ions D 0.457
Average pressure gradient v 0.09
0.75
0.50
‘ 0.25
0.00
—-0.25
~
—0.50
—-0.75
—1.00
—1.25
50 M _150

Figure 7: Steady state electric potential for the case of electrohydrodynamic flow in a porous medium.

be present in the steady state, due to the presence of u* in the scheme, has consequences also for

the streaming potential. Hence, good agreement is only found for relatively fine time steps. Finally,
we conclude from this figure that the linear EC scheme L2 is less precise than the NL2 scheme, and
hence NL2 may be required for this type of computation. For this particular problem, there does
not seem to be a pronounced difference between the coupled and the splitting scheme.

6. Discussion and conclusion

The contribution of the work presented here is twofold. Firstly, we have presented a general
model for single-phase electrohydrodynamic flows, where the fluid properties are allowed to depend
on the concentrations of ions. Secondly, we have proposed discretization strategies for the resulting
set of equations. The proposed schemes impart decoupled computation of electrochemistry and
hydrodynamics, while still satisfying the same free energy inequality as the underlying model.

The results presented allow for the following discussion.
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Figure 8: Steady-state velocity field for the case of electrohydrodynamic flow in a porous medium.

The model presented in this work is fairly general, and provides a consistent way of including
permittivity gradients, gravitational effects and vscosity dependence on salinity in simulations
of electrohydrodynamics. This also imparts that the model can be used to study simplified
systems, such as the effects of salinity gradients in the absence of electric fields. Further, the
effects of non-constant density and permittivity can be included in studies of electrokinetic
instabilities beyond the Boussinesq approximation.

The limitations of the model are (i) that we have assumed quasi-incompressibility (solenoidal
velocity field), and (ii) that we have assumed isothermal flow. The first assumption is com-
monplace even beyond the Boussinesq approximation, see e.g., [48, 49]. The second is standard
in electrokinetics.

Dependence on the electric field strength, in particular for the permittivity, has been ignored
in the model, although studies indicate that it might be significant at high field strengths
[11, 43]. Tt is in principle trivial to include this effect by letting € be a function of |E|? (as
well as {¢;}) in (27).

The decoupling strategy is highly efficient, in the sense that it permits the use of specialized
numerical routines for the resulting subproblems. Hence, the schemes hould facilitate efficient
simulations of electrohydrodynamic flows in arbitrary complex geometries.

In particular, the fractional-step method (Scheme II) for the hydrodynamics leads to sig-
nificant speed-up compared to the coupled hydrodynamics (Scheme I). Combined with the
linear chemical discretization L2, which is based on a regularisation and a stabilization of the
chemical potential, it yields a completely linear scheme that can be solved at each time step.

Since the velocity field will typically have to be resolved with a higher spatial order than
the pressure field (e.g., P2-P1 elements for the mixed problem) to deal with the Babuszka—
Brezzi condition [50], the main computational cost may still be associated with computing the
velocity field. In these cases, choosing a nonlinear chemical discretization (e.g., NL2) might
be worthwhile, as it gives a more accurate solution while not contributing significantly to the
computational runtime. The results shown in Sec. 5.4 underpin this observation.
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Figure 9: We show the time-development of the streaming potential, comparing the time-dependent solution V (¢)
to the reference steady-state solution Vier obtained by the method presented in [14]. The time-dependent solution
relaxes exponentially to the steady-state solution.

e The decoupling between electrochemistry and hydrodynamics introduces a time step restric-
tion (related to the Courant number), since the advective term in the chemical transport
equation is integrated explicitly. Thus, fully implicit methods will possibly be more stable,
allowing larger time steps, and may for certain applications be more efficient.

e The work presented here, in particular related to the numerical schemes, builds on many
known results from the literature, e.g. [31, 32, 39, 26, 40]. A main novelty in the present work
is to combine the results on chemical potential stabilization and fractional schemes known
from phase-field simulations of two-phase flows [26] with electrochemical gradients [39, 40].
Further, these methods have been adapted to the case where fluid properties depend on
concentrations rather than an order parameter (phase) field.

e Rigorously proving existence of solutions and convergence of the proposed numerical schemes
is a challenge that has not been undertaken in the present work. Progress here could be made
along the lines of related work, see e.g., Ref. |26, 40].

In future work, the model and scheme should be generalized to multiphase systems. In particular,
this would impart a combination of the present work and the model by Campillo-Funollet et al.
[41]. To simulate solid-liquid interaction, the geometry could be described by a phase field which
could evolve due to chemical reactions at the interface, i.e., the function C could be nonzero only
here. Then phase transformations from solute to could occur only at the phase field interface and
proportionally (or another functional dependence) to the concentration of a given species. This
could provide a refinement to other studies [51, 52.

A more challenging, but highly physically relevant, extension of the model would be to extend it
to encompass non-isothermal flow and non-solenoidal velocity fields. This would require a derivation
taking into account entropy production rather than free energy dissipation. Non-solenoidal velocity
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fields would also require more sophisticated numerical schemes for reliable and efficient simulation.

Appendix A. Modelling the reaction terms

The reaction term R; remains to be modelled, and the dissipation related to the reaction is

given by (cf. (42))
Z/QgiRidQ. (A1)

We consider a set of M possible reactions including all NV chemical species, where we can write the
reactions in the following way:

viax1+ ...+ nxn =0,

vpMaiX1+ ... +vpnxn = 0,

where x; symbolizes the chemical species, and v; is the corresponding net stoichiometric coefficent.
The latter is such that v; > 0 for (net) products and v; < 0 for (net) reactants. If the chemical
species does not enter into the reaction, v; = 0. More compactly, we can write

> Umixi =0, Vm € [1,M]. (A.2)

Note that due to charge conservation in a reaction, ), z;v;m ; = 0 and due to mass conservation in a
reaction, ). vy ;0p/0c; = 0, for all reactions m. For each reaction m we have a reaction rate R,.
The reaction source term that enters in the concentration equation of species 7, can be written as

Ri =) tmiRm. (A.3)

Now, what remains is to define R, on physical grounds. We have from statistical mechanics that
in equilibrium, the reaction (A.2) is given by

> Umigl =0, (A.4)

where the superscript “0” indicates local equilibrium. This suggests that a form
R =—Cn- Y Vimi(gi = 9) = —Cn - Y Vim.i6i, (A.5)
i i

where C,, > 0, should drive the species towards equilibrium; in the sense that

e aterm with g; > ¢? should promote generation of more reactants (v, ; < 0) and less products
(V’m,i > 0))

e a term with g; < g? should push towards less reactants and more products, and
e a term with g; = ¢? should not contribute.
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Inserting (A.3) and (A.5) into (A.1),

Z/ngRj dQd = _ZCMZZ/QQJ‘Vm,ij,igi dQ2 (A.6)
J m i g
2
= Zcm/ <Z Vm,iQi) d <0, (A.7)

which is clearly dissipative.

Note that in general, no assumptions were made about Cy, except that it should be nonnegative.
For dilute systems described by the classical Nernst—Planck equations this is in general satisfied.
Here, g; =Inc¢; — In c? + 2z;V, and in general, we can model by statistical rate theory:

U U
R =—kbm [] ™ +kem [[ & (A.8)
Vi >0 Vm,i<0
— _kb m H l/m 26 Vm ;>0 giVm,i 4 kfm H Vm,iei Zym,i<0 9iVm,i 67 Zl’m,i>0 Ziym,iv'
Vm,i>0 Vm,i <0
(A.9)

Here, kg, is the forward reaction rate and kp, , the backward rate. The references C?

through the equilibrium condition

__kbm H sz"i'k'fm H le (AlO)

Um z>0 VUm, z<0

are defined

which relates to the solubility product Ky, through the law of mass action,

k?f,m HVm i>0 (C?)Vm’i

= = : ) A1l
sp,m kb7m Hym7i<0<0?>_ym‘i ( )
Inserting into the above,
Rm = —kbm H JymigTzivm,iV 2, >0 I o Dy <0 giym’i] (A.12)
Vm Z>0
VeZym7l->() 9iVm,i _ e_ Zl’m,i<0 9iVm i
—_ _kb m l/m ze—Zsz i giVm,i (A13)
u}lo 2 Gitm.i zz:
=—Cp Z 9iVmi- (A14)
7
Where we have identified
v ezymyi>0 9iVm,i _ 6_ zymyi<0 9iVm,i
=k YWmi g Fimi A.15
m ,m y 1_[>0 EZ giVm,z' ( )
Note that for any =1,z € R,
C(z1) = C(22) = {'(z) (21 — 22), (A.16)

for some z € [min(z1, x2), max(z1,x2)]. Since [exp(x)]’ > 0 for all z, we have that C,, > 0.
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Appendix B. Derivation of manufactured solution

Here we derive the analytical solution used to show convergence. We will assume an incom-
pressible flow where neither density nor permittivity depends on the ion concentrations.
A Taylor-Green vortex flow in the periodic domain (x,y) € Q = [0, 27] x [0, 27], is given by
u="U(t)(xcosxsiny — ysinz cosy), (B.1)
ct = co(l £ cosxcosy C(t)). (B.2)

Solving the electrostatic problem yields
pe = 2co cos z cosy C(t) (B.3)
V= C—OcosxcosyC(t) (B.4)
€

which gives a residual of order O(cp/e). We assume the mobilities Ky = Dcy, and the chemical
energy function a(c) = ¢(lnc—1).

The divergence criterion is obtained by taking the divergence of the Navier—Stokes equations
with constant density:

po(Vu)' : Vu+ V- (p.VV) = -V? <p +) ci> = -V? (B.5)
Hence, inserting the manufactured solutions egs. (B.1) and (B.2) yields
2 2 cC?(t)
—V*p = —poU=(t)(cos 2z + cos 2y) — ————= (cos 2z + cos 2y + 2 cos 2x cos 2y) (B.6)
202(4 2202 (¢
=— <poU2(t) + COC()) (cos 2z + cos 2y) — 2C7(H) cos 2x cos 2y (B.7)
€

we find that the pressure is

c2C%(t)

1 SC2(t
p=-7 <p0U2(t) + CO()> (cos2x + cos2y) — cos 2z cos 2y (B.8)
€
We have that )
peVV = —;—002(1&) (% sin 2z(1 + cos 2y) + y(1 + cos 2x) sin 2y] (B.9)
€
and that
1 212 2012
V=1 [(P0U2(75) + O o 2y>> sin 2% + <poU2(t) + A0 o 29:)) sin 2yy}
(B.10)
so that )
t
Vo + p.vv = LU ®) [sin 22X + sin 2yy] (B.11)
and since
u - Vu = X(uy 03Uy + uyOyus) + ¥ (up Oty + uyOyuy) (B.12)
2
— —UQ(t) [% sin 2z + ¥ sin 2y] (B.13)
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Hence, the Navier—Stokes equations give

U _ 2

Ut) — po

Further, the ion transport equations must both be augmented by a carefully chosen source term g:

= U(t) = exp(—2ut/po). (B.14)

O +u-Ver — DV - (Veg + 240¢4.VV) = q(x,y), (B.15)
where o
D t
q(z,y) = COQC() [cos 22 + cos 2y + 2 cos 2z cos 2y] . (B.16)
€

This gives local charge conservation, but a local reaction changes the concentration of both ions.
Insertion gives us that

O(t) = xexp (—2D (1 + %0) t) . (B.17)

Hence the concentrations decay to the equilibrium concentrations. Note that x < 1 in order for the
ion concentrations to stay positive.
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Abstract

Bernaise (Binary ElectRohydrodyNAmic SolvEr) is a flexible high-level finite element solver
of two-phase electrohydrodynamic flow in complex geometries. Two-phase flow with electrolytes
is relevant across a broad range of systems and scales, from ‘lab-on-a-chip’ devices for medical
diagnostics to enhanced oil recovery at the reservoir scale. For the strongly coupled multi-physics
problem, we employ a recently developed thermodynamically consistent model which combines a
generalized Nernst—Planck equation for ion transport, the Poisson equation for electrostatics, the
Cahn-Hilliard equation for the phase field (describing the interface separating the phases), and the
Navier—Stokes equations for fluid flow. As an efficient alternative to solving the coupled system
of partial differential equations in a monolithic manner, we present a linear, decoupled numerical
scheme which sequentially solves the three sets of equations. The scheme is validated by comparison
to limiting cases where analytical solutions are available, benchmark cases, and by the method of
manufactured solution. The solver operates on unstructured meshes and is therefore well suited
to handle arbitrarily shaped domains and problem set-ups where, e.g., very different resolutions
are required in different parts of the domain. Bernaise is implemented in Python via the FEniCS
framework, which effectively utilizes MPI and domain decomposition, and should therefore be
suitable for large-scale/high-performance computing. Further, new solvers and problem set-ups

can be specified and added with ease to the Bernaise framework by experienced Python users.
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I. INTRODUCTION

Two-phase flow with electrolytes is encountered in many natural and industrial settings.
Although Lippmann already in the 19th century [1, 2] made the observation that an ap-
plied electric field changes the wetting behaviour of electrolyte solutions, the phenomenon
of electrowetting has remained elusive. Recent decades have seen an increased theoretical
and experimental interest in understanding the basic mechanisms of electrokinetic or elec-
trohydrodynamic flow [3, 4]. Progress in micro- and nanofluidics [5, 6] has enabled the use
electrowetting to control small amounts of fluid with very high precision (see e.g. the com-
prehensive reviews by Mugele and coworkers [2, 7] and Nelson and Kim [8] and references
therein). This yields potential applications in, e.g., “lab-on-chip” biomedical devices or
microelectromechanical systems [9-11], membranes for harnessing blue energy [12], energy

storage in fluid capacitors, and electronic displays [13-16].

It is known that electrohydrodynamic phenomena affects transport properties and energy
dissipation in geological systems, as a fluid moving in a fluid-saturated porous medium sets
up an electric field that counteracts the fluid motion [17-19]. Electrowetting may also be an
important factor in enhanced oil recovery [20, 21]. Here, the injection of water of a particular
salinity, or “smart water” [22], is known to increase the recovery of oil from reservoirs as
compared to brine [23]. Further, transport in sub-micrometer scale pores in low-permeability
rocks in the Earth’s crust may be driven by gradients in the electrochemical potential [24],

which may have consequences for, e.g., transport of methane-water mixtures in dense rocks.

Hence, a deepened understanding of electrowetting and two-phase electrohydrodynamics
would be of both geological and technological importance. While wetting phenomena (or
more generally, two-phase flow) on one hand, and electrohydrodynamics on the other, remain
in themselves two mature and active areas of research which both encompass a remarkably
rich set of phenomena, this article is concerned with the interface between these fields. For
interested readers, there are several reviews available regarding wetting phenomena [25-27]
and electrohydrodynamics [28-30]. Notably, the “leaky dielectric” model originally proposed
by Taylor [31] (and revisited by Melcher and Taylor [28]) to describe drop deformation, is
arguably the most popular description of electrohydrodynamics, but it does not describe
ionic transport and considers all dielectrics to be weak conductors. In this work, we shall

employ a model that does not make such simplifications. Recently, Schnitzer and Yariv



[32] showed rigorously that models of the latter type reduce to the Taylor-Melcher model
in the double limit of small Debye length and strong electric fields. The simplified model
may therefore have advantages in settings where those assumptions are justified, e.g., in
simulations on larger scales; while the class of models considered here are more general and
expected to be valid down to the smallest scale where the continuum hypothesis still holds.

Experimental and theoretical approaches [33-35] in two-phase electrohydrodynamic flows
need to be supplemented with good numerical simulation tools. This is a challenging task,
however: the two phases have different densities, viscosities and permittivities, the ions have
different diffusivities and solubilites in the two phases, and moreover, the interface between
the phases must be described in a consistent manner. Hence, much due to the complex
physics involved, simulation of two-phase electrohydrodynamic phenomena with ionic trans-
port is still in its infancy. It has been carried out with success e.g. in order to understand
deformation of droplets due to electric fields [36-38], or for the purpose of controlling mi-
crofluidic devices (see e.g. [39]). Lu et al. [40] simulated and performed experiments on
droplet dynamics in a Hele-Shaw cell. Notably, Walker et al. [41] simulated electrowetting
with contact line pinning, and compared to experiments. In practical applications, such as
in environmental remediation or oil recovery, the complex pore geometry is essential and it
is therefore of interest to simulate and study electrowetting in such configurations. However,
to our knowledge, there have been few numerical studies of these phenomena in the context
of more complex geometries.

In this article, we introduce and describe Bernaise (Binary ElectRohydrodyNAmic
SolvEr), which is an open-source software/framework for simulating two-phase electrohy-
drodynamics. It is suitable for use in complex domains, operating on arbitrary unstructured
meshes. The finite-element solver is written entirely in Python and built on top of the
FEniCS framework [42], which (among other things) effectively uses the PETSc backend
for scalability. FEniCS has in recent years found success in related applications, such as
in high-performance simulation of turbulent flow [43], and for single-phase, steady-state
electrohydrodynamic flow simulation in nanopores [44] and model fractures [45]. Since
Bernaise was inspired by the Oasis solver for fluid flow [43], it is similar to the latter in
both implementation and use.

In this work, we employ a phase-field model to propagate the interface between the two

phases. Such diffuse interface models, as opposed to e.g. sharp interface models (see for
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instance [46]), assume that the fluid-fluid interface has a finite size, and have the advantage
that no explicit tracking of the interface is necessary. Hence, using a phase-field model
has several advantages in our setting: it takes on a natural formulation using the finite
element method; in sub-micrometer scale applications, the diffuse interface and finite inter-
face thickness present in these models might correspond to the physical interface thickness
(typically nanometer scale [47]); and the diffuse interface may resolve the moving contact
line conundrum [27, 48]. Note that although ab initio and molecular dynamics simulation
methods are in rapid growth due to the increase in computational power, and do not require
explicit tracking of the interface or phenomenological boundary conditions, such methods
are restricted to significantly smaller scales than continuum models are. Nevertheless, they
serve as valuable tools for calibration of the continuum methods [48-51]. We note also that
sharp-interface methods such as level-set [52, 53] and volume-of-fluid methods [38, 54, 55]
are viable options for simulating electrohydrodynamics, but such methods shall not be con-

sidered here.

The use of phase field models to describe multiphase flow has a long history in fluid me-
chanics [56]. Notably, the “Model H” of Hohenberg and Halperin [57], for two incompress-
ible fluids with matched densities and viscosities, is based on the coupled Navier—Stokes—
Cahn—Hilliard system, and was introduced to describe phase transitions of binary fluids or
single-phase fluid near the critical point. Lowengrub and Truskinovsky [58] later derived
a thermodynamically consistent generalization of Model H where densities and viscosities
were different in the two phases, however with the numerical difficulty that the velocity field
was not divergence free. To circumvent this issue, Abels et al. [59] developed a thermody-
namically consistent and frame invariant phase-field model for two-phase flow, where the
velocity field was divergence free, allowing for the use of more efficient numerical methods.
Lu et al. [40] proposed a phase-field model to describe electrohydrodynamics, but was re-
stricted to flow in Hele-Shaw cells, using a Darcy equation to describe the flow between the
parallel plates [60]. A phase-field approach to the leaky-dielectric model was presented by
Lin et al. [61]. Using the Onsager variational principle, Campillo-Funollet et al. [62] aug-
mented the model of Abels et al. [59] with electrodynamics, i.e. inclusion of ions, electric
fields and forces. This can be seen as a more physically sound version of the model proposed
by Eck et al. [63], which only contained a single “net charge” electrolyte species. A model

for two-phase electrohydrodynamics was derived, with emphasis on contact line pinning, by
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Nochetto et al. [64], but this does not appear to be frame-invariant, as the chemical potential
depends quadratically on velocity [62]. In this work, we will therefore focus on the model

by Campillo-Funollet et al. [62].

There is a vast literature on the discretization and simulations of immiscible two-phase
flows including phase-field models (see e.g. [46, 56]), but here we focus on research which
is immediately relevant concerning the discretization and implementation of the model by
Campillo-Funollet et al. [62]. Griin and Klingbeil [65] discretized the model in Ref. [59] (with-
out electrohydrodynamics) with a dual mesh formulation, using a finite volume method on
the dual mesh for advection terms, and a finite element method for the rest. Based on the
sharp-interface model benchmarks of Hysing et al. [66], Aland and Voigt [67] provided bench-
marks of bubble dynamics comparing several formulations of phase-field models (without
electrodynamics). Energy-stable numerical schemes for the same case were presented and
analyzed in [68, 69]. Campillo-Funollet et al. [62] provided preliminary simulations of the
two-phase electrohydrodynamics model in their paper, however with a simplified formulation
of the chemical potential of the solutes. A scheme for the model in [62] which decouples
the Navier—Stokes equations from the Cahn—Hilliard-Poisson—Nernst—Planck problem, was
presented and demonstrated by Metzger [70, 71]. In the particular case of equal phasic per-
mittivities, the Cahn—Hilliard problem could be decoupled from the Poisson—Nernst—Planck
problem. Recently, a stable finite element approximation of two-phase EHD, with the simpli-
fying assumptions of Stokes flow and no electrolytes, was proposed by Niirnberg and Tucker
[72].

The main contributions of this article is to give a straightforward description of Bernaise,
including the necessary background theory, an overview of the implementation, and a demon-
stration of its ease of use. Solving the coupled set of equations in a monolithic manner (as is
done in Ref. [62] using their in-house ECONDROP software) is a computationally expensive
task, and we therefore propose a new linear splitting scheme which sequentially solves the
phase-field, chemical transport and the fluid flow subproblems at each time step. We demon-
strate the validity of the approach and numerical convergence of the proposed scheme by
comparing to limiting cases where analytical solutions are available, benchmark solutions,
and using the method of manufactured solution. We demonstrate how the framework can
be extended by supplying user-specified problems and solvers. We believe that due to its

flexibility, scalability and open-source licensing, this framework has advantages over soft-



ware which to our knowledge may have some of the same functionality, such as ECONDROP
(in-house code of Griin and co-workers) and COMSOL (proprietary). Compared to sharp-
interface methods, the method employed in the current framework is automatically capable
of handling topological changes and contact line motion, and the full three-dimensional (3D)
capabilities allows to study more general phenomena than what can be achieved by axisym-
metric formulations [38]. We expect Bernaise to be a valuable tool that may facilitate the
development of microfluidic devices, as well as a deepened understanding of electrohydro-
dynamic phenomena in many natural or industrial settings.

The outline of this paper is as follows. In Sec. II, we introduce the sharp-interface equa-
tions describing two-phase electrohydrodynamics; then we present the thermodynamically
consistent model of electrohydrodynamics by Campillo-Funollet et al. [62]. In Sec. III, we
write down the variational form of the model, present the monolithic scheme, and present a
linear splitting scheme for solving the full-fledged two-phase electrohydrodynamics. Sec. IV
gives a brief presentation of Bernaise, and demonstrates its ease use through a minimal
example. Further, we describe how Bernaise can be extended with user-specified problems
and solvers. In Sec. V, we validate the approach as described in the preceding paragraph.
Finally, in Sec. VI, we apply the framework to a geologically relevant setting where dy-
namic electrowetting effects enter, and present full 3D simulations of droplet coalescence
and breakup. Finally, in Sec. VII we draw conclusions and point to future work.

We expect the reader to have a basic familiarity with the finite element method, the
Python language, and the FEniCS package. Otherwise, we refer to the tutorial by Langtan-
gen and Logg [73].

II. MODEL

The governing equations of two-phase electrohydrodynamics can be summarized as the
coupled system of two-phase flow, chemical transport (diffusion and migration), and electro-
statics [62]. We will now describe the sharp-interface equations that the phase-field model
should reproduce, and subsequently the phase-field model for electrohydrodynamics. For
the purpose of keeping the notation short, we consider a general electrokinetic scaling of the
equations. The relations between the dimensionless quantities and their physical quantities

are elaborated in Appendix A.



A. Sharp-interface equations

In the following, we present each equation of the physical (sharp-interface) model. With
validity down to the nanometer scale, the fluid flow is described by the incompressible
Navier—Stokes equations, augmented by some additional force terms due to electrochemistry:

pi OV + (v-V)V) — 1, Vv + Vp = — Z ¢; Ve, (1)

J

V.-v=0. (2)

Here, p; is the density of phase i, v is the velocity field, u; is the dynamic viscosity of phase
i, p(x,t) is the pressure field [74], ¢;(x,t) is the concentration of solute species j, and g,
is the associated electrochemical potential. The form of the right hand side of Eq. (1) is
somewhat unconventional (and relies on a specific interpretation of the pressure), but has
numerical advantages over other formulations as it avoids, e.g., pressure build-up in the
electrical double layers [75].

The transport of the concentration field of species 7 is governed by the conservative

(advection—diffusion—migration) equation:
ath +v- VC]‘ -V (Kijchng) = 0, (3)

where Kj; is the diffusivity of species j in phase i. The electrochemical potential is in general
given by
9¢,(¢;, V) = d/(¢j) + Bij + 2V, (4)

where o/(¢) = da/0c(c), and «a(c) is a convex function describing the chemical free energy,
Bi; is a parameter describing the solubility of species j in phase i, z; is the charge if solute
species j, and V' is the electric potential. Eq. (3) can be seen as a generalized Nernst—Planck
equation. With an appropriate choice of a(c), Eq. (3) reduces to the phenomenological
Nernst-Planck equation, which has been established for the transport of charged species in
dilute solutions under influence of an electric field. The latter amounts to a dilute solution,

using the ideal gas approximation,
a(cj) < ¢;(Ine; —1). (5)
With this choice of a, the solubility parameter 3;; can be interpreted as related to a reference
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concentration c;ef’i, through the relation
Bij = —In C;ef’i- (6)

This gives a chemical energy G; = a(c;) + Bij¢; = ¢;(In(e; /™) — 1) which has a minimum

J
at ¢; = c;-ef’i (see also [76]).

Since the dynamics of the electric field is much faster than that of charge transport, we
can safely assume electrostatic conditions (i.e., neglect magnetic fields). This amounts to

solving the Poisson problem (Gauss’ law):
V- (&,VV) = —pe, (7)

Here, ¢; is the electrical permittivity of phase i, and p, = > ; Zj¢j is the total charge density.
In the absence of advection, for the case of two symmetric charges, and under certain
boundary conditions, Eqgs. (3)—(7) lead to the simpler Poisson-Boltzmann equation (see

Appendix B).

1. Fluid-fluid interface conditions

It is necessary to define jump conditions over the interface between the two fluids. We
denote the jump in a physical quantity y across the interface by [X]f, and the unit vector
n;,; normal to the interface.

Firstly, due to incompressibility, the velocity field must be continuous:

vz =o. (8)

The electrochemical potential must be continuous across the interface,

[9.,]" = 0. (9)

Due to conservation of the electrolytes, the flux of ion species j into the interface must equal
the flux out of the interface,

[Kijcjvgt:j}t My = 0, (1())

and the normal flux of the electric displacement field D = —¢; V'V, and the electric potential,

should be continuous (since by assumption, no free charge is located betweeen the fluids):
& VV]T hy =0, [V]T=0. (11)
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Finally, interfacial stress balance yields the condition

1 +
()" Py — 20 DV]F -y — |6 EQE — 552-\E|21 i = KNy, (12)

where o is the surface tension, x is the curvature, and E = —VV is the electric field.

Moreover, we have defined the shorthand symmetric (vector) gradient,
1
Dv =sym (Vv) = 3 (Vv+Vvh). (13)

Further, all gradient terms have been absorbed into the pressure. Note that Eq. (12) leads

to a modified Young-Laplace law in equilibrium, which include Maxwell stresses.

2. Boundary conditions

There are a range of applicable boundary conditions for two-phase electrohydrodynamics.
Here, we briefly discuss a few viable options. In the following, we let n be a unit normal
vector pointing out of the domain, and t be a tangent vector to the boundary.

For the velocity, it is customary to use the no-slip condition u = 0 at the solid boundary.

Alternatively, the Navier slip condition, which is useful for modelling moving contact lines

[50], could be used:

n-v=0, (yv—2uDvn)xn=0, (14)

where 7 is a slip parameter. The slip length 1/ is typically of nanometer scale and depen-
dent on the materials in question. However, since the implementation of such conditions
may become slightly involved, we omit it in the following.

With regards to the electrolytes, it is natural to specify either a prescribed concentration

at the boundary, ¢; = ¢y, or a no-flux condition out of the domain,
n- (—UC]' + KijCngcj) =0. (15)

For the electric potential, it is natural to prescribe either the Dirichlet condition V =V,

or a prescribed surface charge o.(x),

he vy =28 (16)



B. Phase-field formulation

In order to track the interface between the phases, we introduce an order parameter
field ¢ which attains the values 41 respectively in the two phases, and interpolates between
the two across a diffuse interface of thickness €. In the sharp-interface limit ¢ — 0, the
equations should reproduce the correct physics, and reduce to the model above, including
the interface conditions. A thermodynamically consistent phase-field model which reduces

to this formulation was proposed in Ref. [62]:

A(p(P)v) +V - (p(d)v @ V) = V- 2u(d)Dv + v @ p'(¢) M () V gy] + Vp

17

= _¢Vg¢ - Z CngCw ( )

V.v=0, (18)

Oip+v -V =V (M(¢)Vgy) =0, (19)
ath +v- VC]' -V (Kj(¢)ijgcj> = O, (20)
V- (e(@)VV) = —pe. (21)

Here, ¢ is the phase field, and it takes the value ¢ = —1 in phase ¢ = 1, and the value ¢ = 1
in phase i = 2. Eq. (19) governs the conservative evolution of the phase field, wherein the
diffusion term is controlled by the phase field mobility M (¢). Here, p, p, €, K; depend on
which phase they are in, and are considered slave variables of the phase field ¢. Across the

interface these quantities interpolate between the values in the two phases:

_ PLtp

plo) = B2+ BB, (22)
plo) = R g (23)
f(g) = T2+ 22 (24)
Koy = 2t By B = Bai (25)

These averages are all weighted arithmetically, although other options are available. For
example, Tomar et al. [54] found that, in the case of a level-set method with smoothly inter-
polated phase properties, using a weighted harmonic mean gave more accurate computation
of the electric field. However, Léopez-Herrera et al. [55] found no indication that the har-

monic mean was superior when free charges were present, and hence we adopt for simplicity
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and computational performance the arithmetic mean, although it remains unsettled which
mean would yield the most accurate result.

Further, the chemical potential of species ¢; is given by
e, (cj, ¢) = & (¢;) + B;(0) + 2V, (26)

where we, for dilute solutions, may model a(c) = ¢(logc — 1) to obtain consistency with
the standard Nernst—Planck equation. Further, we use a weighted arithmetic mean for the

solubility parameters f;:

Bi(¢) = (27)

B, 42' B2, n B, ; B2, é

which, under the assumption of dilute solutions and with the interpretation (6), corresponds

to a weighted geometric mean for the reference concentrations:

C;ef(¢) _ (C;efJ) . (C;ef@) ) (28)

In analogy with g., being the chemical potential of species c¢;, we denote g, as the chemical

potential of the phase field ¢. It is given by:

of of
9= 54~ av¢+25 ()| vV (29)

The free energy functional f of the phase field is defined by

30
2v2 12
where where o is the surface tension, € is the interface thickness, and W (¢) is a double well

potential. Here, we use W(¢) = (1 — ¢?)?/4. We have also implicitly defined the scaled

F(6,96) = == [SIVol + W (0)| =& |5 Vel* + W (9)] | (30)

surface tension ¢ for convenience of notation. With this free energy, we obtain
~ —1 / ~ 2 / 1 / 2
gs = 0 W(9) = 5V + Y B(0)e; — 5£'(9)[ V VI, (31)
J

We will assume this form throughout.
After some rewriting, exploiting Eq. (18) and the fact that p'(¢) is constant due to
Eq. (22), Eq. (17) can be expressed as

p(@)0rv + ((p(@)v = p ()M ($)V gy) - V)V =V - [2u(¢) D] + Vp
= —¢pVgy — Z ¢jVge;.

J
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1. Phase field mobility

Given a proper definition of the phase-field mobility M (¢), the phase-field model should
reduce to the sharp-interface model given in the previous section. As discussed at length in

Ref. [62], the two following ways are viable options:

M () = €M, (33a)
M(¢) = Mo(1 — ¢%) . (33b)

Here M, is a constant, and (-); = max(+,0). Other formulations of M are possible; some of
these will in the limit of vanishing interface width reduce to a sharp-interface model where

the interface velocity does not equal the fluid velocity [59, 62].

2. Boundary conditions

Some of the interface conditions from the sharp-interface model carry over to the phase
field model, but in addition, some new conditions must be specified for the phase field. Here
we give a brief summary. We assume that the boundary of the domain €2, 9€2, can be divided
into an inlet part 0€2,, an outlet part 0., and a wall part 0Qy.n. We shall primarily
discuss the latter here.

For the velocity field, we assume the no-slip condition
v(x,t) =0 for x € 0Qyan. (34)

Alternatively, a no-flux condition and a slip law could have been used; in particular, a
generalized Navier boundary condition (GNBC) has been shown to hold yield a consistent
description of the contact line motion [48, 49]. However, to limit the scope, the moving
contact line paradox will in this work be overcome by interface diffusion.

With regards to the flow problem, the pressure gauge needs to be fixed. To this end,
the pressure could be fixed somewhere on the boundary, or the pressure nullspace could be
removed.

For the concentrations ¢;, we may use a prescribed concentration, or the no-flux condition
n- (Kj(¢)cjvg0j) =0 on O (35>
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For the electric potential, we use either the Dirichlet condition V = V (which is reasonable

at either inlet or outlet), or in the presence of charged (or neutral) boundaries, the condition

£(9)

similar to the sharp-interface condition. Note that o.(x) is prescribed and can vary over the

n-vyv = on 8(2%11, (36)

boundary.

We assume that the no-flux conditons hold on the phase field chemical potential,
n- Vg¢ =0 on 8Qwa11. (37)

For the phase field itself, a general dynamic wetting boundary condition can be expressed
as [77]:

€700 = —den - Vo + 7 cos(0.) f1,(6), (38)
where 6, is the equilibrium contact angle, 7,, is a relaxation parameter, and f,(¢) = (2 +
3¢ — ¢®)/4 interpolates smoothly between 0 (at ¢ = —1) and 1 (at ¢ = 1). In this work, we
limit ourselves to studying fixed contact angles, i.e. considering Eq. (38) with 7, = 0. For

a GNBC, the phase-field boundary condition (38) must be modelled consistently with the
slip condition on the velocity [48].

III. DISCRETIZATION

For solving the equations of two-phase EHD, i.e. the model consisting of Egs. (17)—(21),

there are four operations that must be performed:

—_

. Propagate the phase field ¢.

[\

. Propagate the chemical species concentrations c;.

3. Update the electric potential V'

=~

. Propagate the velocity v and pressure p.

The whole system of equations could in principle be solved simultaneously using implicit
Euler discretization in time and e.g. Newton’s method to solve the nonlinear system. How-
ever, in order to simulate larger systems faster, it is preferable to use a splitting scheme

to solve for each field sequentially. One such splitting scheme was outlined in [70], based
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on the energy-stable scheme without electrochemistry as developed by [68, 69]. However,
that scheme did not take into account that the electric permittivities in the two fluids may
differ, and when they do, the phase field and the electrochemistry computations become
coupled through the electric field [71]. We will here discuss two strategies for solving the
coupled problem of two-phase electrohydrodynamics. First, we present the fully monolithic,
non-linear scheme, and secondly, we propose a new, fully practical linear operator splitting
scheme. As we are not aware of any splitting schemes that are second-order accurate in time
for the case of unmatched densities, we shall constrain our discussion to first-order in time
schemes.

In the forthcoming, we will denote the inner product of any two scalar, vector, or tensor
fields A, B by (A, B). Further, we consider a discrete time step 7, and denote the (first-order)

discrete time derivative by
Ak - Akfl

T

o= AF

(39)

The equations are discretized on the domain Q C R?, d = 2,3, with the no-slip boundary I
Since we do not consider explicitly in- and outlet boundary conditions in this work, we will
omit this possible part of the domain for the sake of brevity.

We define the following finite element subspaces:

Vi = (Vy)? where V,={veH'(Q)} for velocity,
P, = {p € L(Q)(Q)} for pressure,

®, ={¢ € H'(Q)} for phase field,

Grp={g€ H'(Q)} for phase field chemical potential,
Cp={ce H'(Q)} for concentrations,

Uy,={V e H'(Q)} for the electrostatic potential.

A. Monolithic scheme

Here we give the fully implicit scheme that follows from a naive implicit Euler discretizion
of the model (17)—(21), and supplemented by Eq. (31).
Assume that (vF~1 pF=1, gbk_l,gq]z_l, A it VR s given. The scheme can then

be summarized by the following. Find (v*, p*, ¢F, gg, kL VE)YE VX Py x @y x Gy X
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(Ch)N x Uy, such that

(pka;vk, u) + ((mk . V) vk, u) + (Q,uvak,Du) — (pk, A\ u)
=—(¢"Vgl,u) - Z (c?ngj,u) , (46a)

(V vk, q) =0, (46b)

(07 ¢* ) — (V" Vo) + (M*V g5, Vi) =0, (46¢)
(66:00) = (5 W(0H).04) = o) | F1(¢4)gs T + (56965 Vi)
+32(5) - (5E1ovHRa ) s

(07 ¢k b;) — (v, Wb;) + (Kk gk, Vi) =0, (46e)

T+ Cjs
(e"VVF VU) = (ph,U) + / o Udr, (46f)
for all test functions (u, q, %, gy, b1, ...,bn,U) € V), X PI;: x @), x G, x (Cp)N x Uy,. Here we
have used
m” = pFvF — p’Mng(’; (47)
and the shorthands

= p(¢k)> ﬂk = ,u(¢k)7 M* = M(¢k)> b = €(¢k)’
KE= K69, and o = pu({ch)).

Note that Eqgs. (46) constitute a fully coupled non-linear system and the equations must thus
be solved simultaneously, preferably using a Newton method. This results in a large system
matrix which must be assembled and solved iteratively, and for which there are in general no
suitable preconditioners available. On the other hand, the scheme is fully implicit and hence
expected to be fairly robust with regards to e.g. time step size. There are in general several

options for constructing the linearized variational form to be used in a Newton scheme.

B. A linear splitting scheme

Now, we introduce a linear operator splitting scheme. This scheme splits between the pro-
cesses of phase-field transport, chemical transport under an electric field, and hydrodynamic

flow, such that the equations governing each of these processes are solved separately.
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a. Phase field step Find ((bk,g(’;) € ®;, x Gy, such that

(070", 0) — (vV71F, o) + (M*'W gk, i) =0 (484)

(95, 90) = e (W(6", 0" 1), gy) +6¢ (V" Vgy)
. - _ ) ke L, _
~geos(6,) [ Fol6h o) gudl + 308 (¢ g) - 52 (9VFPg) (a8
r -
j
for all test functions (v, g,) € ®, x Gj,. Here, W/ (¢*, ¢*1) is a linearization of W'(¢*)
around ¢F1:
Wi (", ") = W'(" 1) + W' (6" 1)(0" — o). (49)
We have also used the discretization of Eq. 38
gen - Vo' =6 cos(0e) f, (6", "), (50)
where we have used the linearization
Fo(@ 6" = fo(8"71) + fu(e" (" — o). (51)

b. Electrochemistry step Find (cy,...,cn, V) € (Cp)Y x Uy, such that

(a;cj,bj) _ (Vk—lc;?, Vbj) + (jlgj, Vbi> =0 (52a)
(e"VVE, VU) + / o Udl + (pf,U) =0 (52b)
r
for all test functions (by,...,by,U) € (Cy)Y x Uy. Here j’jj_ is a linear approximation of the

diffusive chemical flux J., = K;(¢)c;Vyg.,. For conciseness, we here constrain our analysis
to ideal chemical solutions, i.e. we assume a common chemical energy function on the form

a(c) = ¢(lnc—1). To this end, we approximate the flux by:
Tk _ gk ko ok k k—Ixg1/k
Jo, = K (Ve + BV + zic; V). (53)
c. Fluid flow step Find (v¥,p*) € V), x P, such that
(pk_la;vk, u) + ((ﬁlk_l . V) v u)
1 1
- 5 (ka);pk,u) ~3 (rhk_l, V(vFh. u)) + (Q/fDVk,Du) — (pk, V- u)

= (" w) - 3 (it u) (54a)

J
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(. V-vF) =0 (54b)

for all test functions (u,q) € V,, x P,. Here, we have used the following approximation of

the advective momentum:
mk‘—l — pk’—lvk‘—l o p/Mng(]Z (55)

Note that the terms in (54a) involving - p* + V - m*~!, which is a discrete approximation
of Oyp+ V -m = 0, is included to satisfy a discrete energy dissipation law [78] (i.e., to
improve stability). This step requires solving for the velocity and pressure in a coupled
manner. This has the advantage that it yields accurate computation of the pressure, but
the drawback that it is computationally challenging to precondition and solve, related to
the Babuska—Brezzi (BB) condition (see e.g. [79]). Alternatively, it might be worthwhile to
further split the fluid flow step into the following three substeps, at the cost of some lost

accuracy [80].

e Tentative velocity step: Find v¥ € V}, such that for all u € Vy,

(pkl%,u) + ((ﬁlk’1 . V){fk,u) + (QMkfok,Du) — (pkfl, V- u)
1, 1, ., - -
+5 (V0o 08 ) — o (L V) = — (¢"'Vggu) = (7' u), (56a)

)

with the Dirichlet boundary condition v¥ = 0 on I

e Pressure correction step: Find p* € P, such that for all ¢ € P,, we have

1 ko ok—1 1 ok
(905 =) V4) = =1 (V- 54.0) (561)

e Velocity correction step: Then, find v¥ € V}, such that for all u € Vy,

vk — vk _
(pk - ,u>=(p'“—p’“ LV ), (56¢)

which we solve by explicitly imposing the Dirichlet boundary condition u* = 0 on T.

Egs. (56a), (56b), and (56¢) should be solved sequentially, and constitutes a variant of a
projection scheme, i.e., a fractional-step approach to the fluid flow equations [78, 80-83].

We will in this paper refer to the coupled solution of the fluid flow equations, unless stated
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otherwise. Specifically, the fractional-step fluid flow scheme will only be demonstrated in
the full 3D simulations in Sec. VIB.

The scheme presented above consists in sequentially solving three decoupled subproblems
(or five decoupled subproblems for the fractional-step fluid flow alternative). The subprob-
lems are all linear, and hence attainable for specialized linear solvers which could improve
the efficiency. We note that the splitting introduces an error of order 7, i.e. the same as the
scheme itself. Moreover, our scheme does not preserve the same energy dissipation law on
the discrete level, that the original model does on the continuous level. We are currently
not aware of any scheme for two-phase electrohydrodynamics with this property, apart from

the fully implicit scheme presented in the previous section.

IV. BERNAISE

We have now introduced the governing equations and two strategies for solving them.
Now, we will introduce the Bernaise package, and describe an implementation of a generic
simulation problem and a generic solver in this framework. For a complete description of
the software, we refer to the online Git repository [84]. The work presented herein refers to

version 1.0 of Bernaise, which is compatible with version 2017.2.0 of FEniCS [42].

A. Python package

Bernaise is designed as a Python package, and the main structure of the package is shown
in Fig. 1. The package contains two main submodules, problems and solvers. As suggested
by the name, the problems submodule contains scripts where problem-specific geometries
(or meshes), physical parameters, boundary conditions, initial states, etc., are specified. We
will in Sec. IV B dive into the constituents of a problem script. The solvers submodule, on
the other hand, contains scripts that are implementations of the numerical schemes required
to solve the governing equations. Two notable examples that are implemented in Bernaise
are the monolithic scheme (implemented as basicnewton) and the linear splitting scheme
(implemented as basic). We shall in Sec. IV C describe the building blocks of such a solver.
Further, a default solver compatible with a given problem is specified in the problem, but

this setting can—along with most other settings specified in a problem—be overridden by
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providing an additional keyword to the main script call (see below). Note that not all solvers

are compatible with all problems, and vice versa.

BERNAISE

4 sauce.py

+— postprocess.py

+— common

— __init__.py
+— bcs.py
+— cmd . py

+— functions.py

+— 1o0.py

— o o o

+— problems

— __init__.py
+— charged_droplet.py

+— taylorgreen.py

L snoevsen.py

+— charged_droplets_3D.py

— o o o

+— solvers

— __init__.py
+— basic.py
+— basicnewton.py

— fracstep.py

— . . .

— utilities

...

FIG. 1: Part of the directory structure of Bernaise.

A simulation is typically run from a terminal, pointing to the Bernaise directory, using
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the command
>> python sauce.py problem=charged_droplet

where charged droplet may be exchanged with another problem script of choice; albeit we
will use charged droplet as a pedagogical example in the forthcoming. The main script
sauce.py fetches a problem and connects it with the solver. It sets up the finite element
problem with all the given parameters, initializes the finite element fields with the specified
initial state, and solves it with the specified boundary condition at each time step, until the
specified (physical) simulation time T is exceeded. Any parameter in the problem can be
overridden by specifying an additional keyword from the command line; for example, the

simulation time can be set to 1000 by running the command:

>> python sauce.py problem=charged_droplet T=1000

After every given interval of steps, specified by the parameter checkpoint_interval, a
checkpoint is stored, including all fields, and all problem parameters at the time of writing
to file. The checkpoint can be loaded, and the simulation can be continued, by running the

command:

>> python sauce.py problem=charged_droplet \

restart_folder=results_charged_droplet/1/Checkpoint/

where the restart_folder points to an appropriate checkpoint folder. Here, the problem
parameters stored within the checkpoint have precedence over the default parameters given
in the problem script. Further, any parameters specified by command line keywords have
precedence over the checkpoint parameters.

The role of the main module sauce.py is to allocate the required variables to run a
simulation, to import routines from the specified problem and solver, to iterate the solver in
time, and to output and store data at appropriate times. Hence, the main module works as
a general interface to problems and solvers. This is enabled by overloading a series of func-
tions, such that problem- and solver-specific functions are defined within the problem and
solver, respectively. The structure of sauce.py is by choice similar to the NSfracStep.py

script in the Oasis solver [43]; both in order to appeal to overlapping user bases, and to
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keep the code readable and consistent with and similar to common FEniCS examples. How-
ever, an additional layer of abstraction in e.g. setting up functions and function spaces is
necessary in order to handle a flexible number of subproblems and subspaces, depending
on e.g. whether phase field, electrochemistry or flow is disabled, or whether we are running
with a monolithic or operator splitting scheme. To keep the Bernaise code as readable and
easily maintainable as possible, we have consciously avoided uneccessary abstraction. Only

the boundary conditions (found in common/bcs.py are implemented as classes.

B. The problems submodule

The basic user typically interacts with Bernaise by implementing a problem to be
solved. This is accessible to Bernaise when put in the subfolder problems. The imple-
mentation consists in overloading a certain set of functions; all of which are listed in the
problems/__init__.py file in the problems folder. The mandatory functions that must be

overloaded for each problem are:
e mesh: defines the geometry. Equivalent to the mesh function in Oasis [43].

e problem: sets up all parameters to be overloaded, including defining solutes and types

of finite elements. The default parameters are defined in the problems/__init__.py

file.
e initialize: initializes all fields.

e create bes: sets all subdomains, and defines boundary conditions (including point-
wise boundary condtions, such as pressure pinning). The boundary conditions are

more thoroughly explained below.
Further, there are functions that may be overloaded.
e constrained domain: set if the boundary is to be considered periodic.
e pf mobility: phase field mobility function; cf. (33a) and (33b).
e start_hook: hook called before the temporal loop.

e tstep_hook: hook called at each time step in the loop.
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e end hook: hook called at the end of the program.

e rhs_source: explicit source terms to be added to the right hand side of given fields;

used e.g. in the method of manufactured solution.

Note here the use of three hooks that are called during the course of a simulation. These
are useful for outputting certain quantities during a simulation, e.g. the flux through a cross
section, or total charge in the domain. The start_hook could also be used to call a steady-
state solver to initialize the system closer to equilibrium, e.g. a solver that solves only the
electrochemistry subproblem such that we do not have to resolve the very fast time scale of
the initial charge equilibration.

In Listing 1, we show an implementation of the problems function, which sets the neces-
sary parameters that are required for the charged droplet case to run. Here, the solutes
array (which defines the solutes), contains only one species, but it can in principle contain

arbitrarily many.

def problem():

info_cyan("Charged droplet in an electric field.")

# Define solutes
# Format: name, wvalency, diffusivity in phase 1, diffusivity in phase 2,
# solubility energy in phase 1, solubility energy in phase 2

solutes = [["c_p", 1, le-5, 1le-3, 4., 1.]]

# Default parameters to be loaded unless starting from checkpoint.

parameters = dict(

solver="basic", # Solver to be used.
folder="results_charged_droplet", # Folder to store results in.
dt=0.08, # Timestep

t_0=0., # Starting time

T=8., # Total stmulation time
grid_spacing=1./32, # Mesh size

**

interface_thickness=0.03, Extent of diffuse interface
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solutes=solutes, # Array of solutes defined above

Lx=2., # Length of domain along =

Ly=1., # Length of domain along y
rad_init=0.25, # Initial droplet radius
V_left=10., # Potential at left side
V_right=0., # Potential at right side
surface_tension=5., # Surface tension
concentration_init=10., # Initial (total) concentration
pf_mobility_coeff=0.00002, # Phase field mobility coeff. (M_0)
density=[200., 100.], # Density in phase 1, phase 2
viscosity=[10., 1.], # Viscosity in phase 1, phase 2
permittivity=[1., 1.] # Permittivity <n phase 1, phase 2

)

return parameters

Listing 1: The problems function for the charged droplet case.

In Listing 2, we show the code for the initialization stage. Here, initial pf and
initial c are functions defined locally inside the charged droplet.py problem script, that
set the initial distributions of the phase field and the concentration field, respectively. Here,
it should be noted how the (boolean) parameters enable PF, enable EC and enable NS al-
low to switch on or off either the phase field, the electrochemistry or the hydrodynamics,

respectively.

def initialize(Lx, Ly, rad_init, interface_thickness, solutes,
concentration_init, restart_folder, field_to_subspace,
enable_NS, enable_PF, enable_EC, #**namespace):
i Create the initial state. """
w_init_field = dict()
if not restart_folder:

x0, y0, rad0, cO = Lx/4, Ly/2, rad_init, concentration_init

# Initialize phase field

23



if enable_PF:
w_init_field["phi"] = initial_pf(
x0, y0, radO, interface_thickness,

field_to_subspace["phi"].collapse())

# Initialize electrochemistry
if enable_EC:
w_init_field[solutes[0][0]] = initial_c(
x0, y0, rad0/3., cO, interface_thickness,

field_to_subspace[solutes[0] [0]].collapse())

return w_init_field

Listing 2: The initialize function for the charged droplet case.

C. The solvers submodule

Advanced users may develop solvers that can be placed in the solvers subdirectory.
In the same way as with the problems submodule, a solver implementation constists of

overloading a range of functions which are defined in solvers/__init__.py.

e get_subproblems: Returns a dictionary (dict) of the subproblems which the solver
splits the problem into. This dictionary has points to the name of the fields and the

elements (specified in problem) which the subspace is made up of.
e setup: Sets up the FEniCS solvers for each subproblem.

e solve: Defines the routines for solving the finite element problems, which are called

at every time step.

e update: Defines the routines for assigning updated values to fields, which are called

at the end of every time step.

The module solvers/basicnewton.py implements the monolithic scheme, while the module

solvers/basic.py implements the segregated solver [85]. The problem is split up into the
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subproblems corresponding to whether we have a monolothic or segragated solver in the
function get_subproblems. Within the setup function, the variational forms are defined,
and the solver routines are initialized. The latter are eventually called in the solve routine
at every time step. Note that the element types are defined within the problem, and that
the solvers in general can be applied for higher-order spatial accuracy without further ado.
The task of get_subproblems is simply to link the subproblem to the element specification.

In Listing 3, we show how the get_subproblems function is implemented in the basic
solver. As can be readily seen, the function formally splits the problem into the three

subproblems NS, PF, and EC.

def get_subproblems(solutes, enable_NS, enable_PF, enable_EC, **namespace):
""" Returns dict of subproblems the solver splits the problem into. """
subproblems = dict()

if enable_NS:

subproblems["NS"] [dict (name="u", element="u"),
dict(name="p", element="p")]

if enable_PF:

subproblems ["PF"] [dict (name="phi", element="phi"),
dict(name="g", element="g")]

if enable_EC:

subproblems ["EC"] ([dict (name=solute[0], element="c")
for solute in solutes]

+ [dict(name="V", element="V")])

return subproblems

Listing 3: The get_subproblems subroutine of the basic solver.
The other functions (such as setup) are somewhat more involved, but can be found at the
Git repository [84].
Note that the implementations of the solvers presented above are sought to be short
and humanly readable, and therefore quite straightforwardly implemented. There are sev-
eral ways to improve the efficiency (and hence scalability) of a solver, at the cost of lost

intuitiveness [43].
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D. Boundary conditions

Boundary conditions are among the few components of Bernaise which are implemented
as classes. Physical boundary conditons may consist of a combination of Dirichlet and Neu-
mann (or Robin) conditions, and the latter must be incorporated into the variational form.
The boundary conditions are specified in the specific problem script, while the variational
form is set up in the solver. To promote code reuse, keeping the physical boundary condi-
tions accessible from the problems side, and simultaneously independent of the solver, the
various boundary conditions are stored as classes in a separate module. The boundaries
themselves should be set by the user within the problem. By importing various boundary
condition classes from common/bcs.py, the boundary conditions can be inferred at user-
specified boundaries.

Within the bcs module, the base class GenericBC is defined. The boolean member func-
tions is_dbc and is_nbc specifies, respectively, whether the concrete boundary conditions
impose a Dirichlet and Neumann condition, and both return false by default. The base class
is inherited by various concrete boundary conditon classes, and by overloading these two
member functions, the member functions dbc or nbc are respectively called at appropriate
times in the code. There is a hierarchy of boundary conditions which inherit from each

other. Some of the boundary conditions currently implemented in Bernaise are:

e GenericBC: Base class for all boundary conditions.

— Fixed: Dirichlet condition, applicable for all fields.
* NoSlip: The no-slip condition—a pure Dirichlet condition with the value 0,
applicable for velocity.

*x Pressure: Constant pressure boundary condition—adds a Neumann condi-

tion to the velocity, i.e. a boundary term in the variational form.

— Charged: A charged boundary—a Neumann conditon intended for use with the

electric potential V.

— Open: An open boundary—a Neumann condition is applied.

We note that when a no-flux condition is to be applied, no specific boundary condition class
needs to be supplied, since the boundary term in the variational form then disappears (in

particular when considering conservative PDEs).
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As an example, we show in Listing 4 the create bcs function within the
charged droplet case. Here, the boundaries Wall, Left, etc., are defined in the standard

Dolfin way as instances of a SubDomain class.

def create_bcs(field_to_subspace, Lx, Ly, solutes, V_left, V_right,
enable_NS, enable_PF, enable_EC,
*xnamespace) :

""" The boundary conditions are defined in terms of field. """

boundaries = dict(
wall=[Wall(Lx)],
left=[Left ()],

right=[Right (Lx)]

noslip = Fixed((0., 0.))

bcs = dict()

bcs_pointwise = dict()

bes["wall"] dict()

bes["left"] dict()

bes["right"] = dict(

if enable_NS:
bes["wall"] ["u"] = noslip
bes["left"] ["u"] = noslip
bes["right"] ["u"] = noslip

bes_pointwise["p"] = (0., "x[0] < DOLFIN_EPS && x[1] < DOLFIN_EPS")

if enable_EC:
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becs["left"] ["V"] = Fixed(V_left)

bes["right"] ["V"] = Fixed(V_right)

return boundaries, bcs, bcs_pointwise

Listing 4: The create_bcs function within the charged droplet case.

E. Post-processing

An additional module provided in Bernaise is the post-processing module. It operates
with methods analogously to how the main Bernaise script operates with problems. The base
script postprocess.py pulls in the required method and analyses or operates on a specified
folder. The methods are located in the folder analysis_scripts/ and new methods can be
implemented by users by adding scripts to this folder.

To exemplify its usage, we consider a method to analyse the temporal development of

the energy. This is done by navigating to the root folder and calling
>> python postprocess.py method=energy_in_time folder=results_charged_droplet/1/

where we assume that the output of the simulation, we want to analyse, is found in the
folder results_charged droplet/1/. The analysis method energy_in time above can, of
course, be exchanged with another method of choice. A list of available methods can be

produced by supplying the help argument from a terminal call:
>> python postprocess.py -h

Similar to the problems submodule, the methods are implemented by overloading a set of
routines, where default routines are found in analysis_scripts/__init__.py. The routines

required to implement an analysis method are the following:

e description: routine called when a question mark is added to the end of the method
name during a call from the terminal, meant to obtain a description of the method

without having to inspect the code.

e method: the routine that performs the desired analysis.
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The implementation hinges on the TimeSeries class (located in utilities/TimeSeries.py),
which efficiently imports the XDMF/HDF5 data files and the parameter files produced by
a Bernaise simulation. Several plotting routines are implemented in utilities/plot.py,

and these are extensively used in various analysis methods.

V. VALIDATION

With the aim of using Bernaise for quantitative purposes, it is essential to establish that

the schemes presented in the above converges to the correct solution—in two senses:
e The numerical schemes should converge to the correct solution of the phase-field model.

e The solution of the phase-field model should converge to the correct sharp-interface

equations [86].

Unless otherwise stated, we mean by convergence that the error in all fields y should behave

like,
IX = Xell, ~ Cuh™ + Gt (57)

where ||-||, is an L? norm, x is the simulated field, x. is the exact solution, h is the mesh
size, 7 is the time step, kj is the order of spatial convergence, k. is the order of temporal
convergence (k, = 1 in this work), and C}, and C,; are constants.

In the following, we present convergence test in three cases. Firstly, in the limiting case
of a stable bulk intrusion without electrochemistry, an analytical solution is available to
test against. Secondly, using the method of manufactured solution, convergence of the full
two-phase EHD problem to an augmented Taylor—Green vortex is shown. Thirdly, we show
convergence towards a highly resolved reference solution for an electrically driven charged
droplet.

We note that the aim of Bernaise is to solve coupled multi-physics problems, and while
the solvers may contain subtle errors, they may be negligible for many applications, and
dominant only in limiting cases. In addition to testing the whole, coupled multi-physics
problem of two-phase EHD, a proper testing should also consider simplified settings where
fewer physical mechanisms are involved simultaneously. A brief discussion of testing and

such reduced models is given in Appendix C. In this section, we show the convergence of
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the schemes in a few relevant cases, which we believe represent the efficacy of our approach.

Tests of simplified-physics problems are found in the GitHub repository [84].

A. Stable bulk intrusion

A case where an analytic solution is available, is the stable intrusion of one fluid into
another, in the absence of electrolytes and electric fields. A schematic view of the initial
set-up is shown in Fig. 2. A constant velocity v = vpx is applied at both the left and right
sides of the reservoir, and periodic boundary conditions are imposed at the perpendicular
direction. We shall here consider the convergence to the solution of the phase-field equa-
tion, i.e. retaining a finite interface thickness e. This effectively one-dimensional problem is

implemented in problems/intrusion bulk.py.
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FIG. 2: Schematic set-up of the stable bulk flow intrusion test case. Here, the ‘water’
(subscript w) displaces the ‘oil’ (subscript o). At the left and right boundaries, a constant

velocity is prescribed.

Due to the Galilean invariance, we expect the velocity field to be uniformly equal to the
inlet and outlet velocities, i.e. v(x,t) = vox. The exact analytical solution for the phase

field is given by

é(x,t) = tanh (%QZW) , (58)

30



for which we shall consider the error norm. Note that the only parameters this analytical
solution depends on are the initial position of the interface z(, the injection velocity vy,
and the interface width e. We consider the parameters p; = ps = 1000, p; = 100, puo = 1,
o =245 ¢=0.03, M(¢) = My=2-10"°,20=1, L, =5, L, =1 and vy = 0.1.

Fig. 3 shows the convergence to the analytical solution with regards to temporal resolu-
tion. The order of convergence is consistent with the order of the scheme, indicating that

the scheme is appreciable at least in the lack of electrostatic interactions.
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FIG. 3: Convergence in time for the case of stable intrusion. The mesh size is held fixed
at h = 0.0039. Left: We show the phase field interpolated at equidistant points along the
centerline for increasing temporal resolution. The solid black line is the analytical solution.
Right: The integrated L? norm of the phase field plotted against time step. The solid
black line shows the theoretical convergence order of the scheme (~ 7). As can be seen

from the figure, it displays close to ideal scaling.

Fig. 4 shows the convergence of the phase field with regards to the spatial resolution.

The scheme is seen to converge at the theoretical rate, ~ hZ.

B. Method of manufactured solution: a two-phase electrohydrodynamic Taylor—

Green vortex

Having established convergence in the practically one-dimensional case, we now consider
a slightly more involved setting where we use the method of manufactured solution to obtain
a quasi-analytical test case.

The Taylor—Green vortex is a standard benchmark problem in computational fluid dy-
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FIG. 4: Convergence in space for the case of stable intrusion. The time step is held fixed
at 7 = 0.0025. Left: Phase field interpolated at equidistant points along the centerline for
increasing spatial resolution. Right: The L? norm of the phase field is plotted against

mesh resolution. The solid black line shows the theoretical convergence order (~ h?).

namics because it stands out as one of the few cases where exact analytical solutions to the
Navier—Stokes equations are available. However, in the case of two-phase electrohydrody-
namics, the Navier-Stokes equations couple to both the electrochemical and the phase field
subproblems. In Ref. [76] the authors augmented the Taylor-Green vortex with electrohy-
drodynamics, and in this work we supplement the latter with a phase field and non-matching

densities of the two phases.

We consider the full set of equations on the domain ©Q = [0,27] x [0,27], where all
quantities may differ in the two phases. The two ionic species have opposite valency +z.

The fields are given by

u=U(t)(xcosxsiny — ysinzcosy), (59a)
p=— Z P (t) cos(2max) cos(2ny), (59b)
¢ = ®(t) cosx cosy, (59¢)
cr = co(1 £ coszcosyC(t)), (59d)
V= ZCOTC(t)cosxcos y. (59¢)
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Here, the time-dependent coefficients are given by

U(t) = Uy exp (—%ﬂ ) | (60)
O(t) = Cy exp (—QD (1 + %) t) , (61)
O(t) = By exp (—2M& <26 - %) t) , (62)

where Uy, Cy and @ are scalars, and

Q1 (t) + Qa(t) for (m,n) € {(0,1),(1,0)},
Pun =4 O(t) for (m,n) € {(1,1)}, (63)
0 otherwise.

where
22c2C%(t)
4e ’

Further, a bar indicates the arithmetic average over the value in the two phases, i.e. ¥ =

(x1 + x2)/2 for any quantity y, and D = (D, + D_)/2 = (Dy1+ Do+ D_; + D_5)/4

1
Q) = ZPUg(t), and Q= (64)

is the arithmetic average over all diffusivities. The time-dependent boundary conditions
are set by prescribing the reference solutions at the boundary of 2 for all fields given in
(59a)—(59e), except the pressure p, which is set (to the reference value) only at the corner
point (x,y) = (0,0). The method of manufactured solution now consists in augmenting the
conservation equations (17), (19), (20) and (21) by appropriate source terms, such that the
reference solution (59a)—(59e) solves the system exactly. These source terms were computed
in Python using the Sympy package, and are rather involved algebraic expressions. The
expressions are therefore omitted here, but can be found as a utility script in the Bernaise
package. Note that in the special case of single-phase flow without electrodynamics, i.e. ¢ = 1
and z = 0, we retrieve the classic Taylor-Green flow (with a passive tracer concentration
field), where all artificial source terms vanish.

We consider now the convergence towards the manufactured solution. We let the grid
size Ah € [27/256,27/16] and the time step 7 € [0.0001,0.01], and evaluate the solution
at the final time 7" = 0.1. The parameters for two phases used the simulation are given in
Table I, while the non-phase specific parameters are given in Table II. Note that in order
to test all parts of the implementation, all parameters are kept roughly in the same order

of magnitude. When all the physical processes are included, the manufactured solution
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TABLE I: Phasic parameters used in the Taylor—Green simulations.

Parameter Symbol Value in phase 1 Value in phase 2
Density ) 3 1

Viscosity 7 3 5

Permittivity € 3 4

Cation diffusivity Dy 3 1

Anion diffusivity D_ 4 2

Cation solubility B+ 2 -2

Anion solubility 6 1 -1

TABLE II: Non-phase-specific parameters used in the Taylor—Green simulations.

Parameter Symbol Value
Surface tension o 0.1
Interface thickness € 1/V2
Phase field mobility M 1
Initial velocity Uo 1
Initial concentration co 1
Initial phase field P 1
Initial conc. deviation Co 0.5

becomes an increasingly bad approximation and thus the resulting source terms become
large. Thus, in order to avoid numerical instabilities, it was necessary to evaluate the error
at a relatively short final time T'. However, it should be enough to locate errors in most

parts of the code.

We plot the L? errors of all the fields as a function of the grid size h in Fig. 5. In these
simulations, we used a small time step 7 = 0.0001 to rule out the contribution of time
discretization to the error, cf. Eq. (57). It is clear that the spatial convergence is close to
ideal for all fields, indicating that the scheme approaches the correct solution. The pressure

p displays slightly worse convergence and higher error norm than the other fields, which may
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be due to the pointwise way of enforcing the pressure boundary condition (all other fields

have Dirichlet conditions on the entire boundary).
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FIG. 5: Convergence in space for the two-phase electrohydrodynamic Taylor—Green
manufactured solution. The solid black line shows the theoretical convergence rate based
on the order of the finite elements chosen (~ h?). All fields display close to ideal

convergemnce.

In Fig. 6, we plot the L? errors of the same fields as in Fig. 5, but as a function of the
time step 7. In the simulations plotted here, we used a fine grid resolution with h = 27/256
to rule out the contribution of spatial discretization to the error, cf. Eq. (57). Clearly, first

order convergence is achieved for sufficient refinement, for all fields including the pressure.

C. Droplet motion driven by an electric field

We now consider a charged droplet moving due to an imposed electric field; a problem for
which there is no analytical solution available. However, by comparing to a highly resolved
numerical solution, convergence for the fully coupled two-phase electrohydrodynamic prob-
lem can be verified. This problem has already been partly presented in the above, and is
implemented in problems/charged droplet.py. A sketch showing the initial state is shown
in Fig. 7. We consider an initially circular droplet, where a positive charge concentration is
initiated as a Gaussian distribution, with variance §2, in the middle of the droplet. In this

set-up, we consider only a single, positive species. The total amount of solute, i.e. integrated
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FIG. 6: Convergence in time for the two-phase electrohydrodynamic Taylor-Green
manufactured solution. The solid black line shows the theoretical convergence rate of the

scheme (~ 71). All fields display close to ideal convergence.

concentration, is Co = [, co dA. The left wall of the reservoir is kept at a positive potential,
V' = AV, while the right wall is grounded, V' = 0. The top and bottom walls are assumed to
be perfectly insulating, i.e. a no-flux condition is applied on concentration fields and electric
fields, and a no-slip condition is applied on the velocity. The fluid surrounding the droplet
is neutral, and its parameters are chosen such that the solute is only very weakly soluble
in the surrounding fluid, and the diffusivity here is very low here to prevent leakage. The
droplet is accelerated by the electric field towards the right, before it is slowed down due to

viscous effects upon approaching the wall.

With regards to reproducing the sharp-interface equations, we consider now the case of
reducing the interface thickness ¢ — 0. To this end, we keep the ratio h/7 between mesh
size and time step fixed, and further we keep the interface thickness e proportional to h.
The latter spans roughly 3-4 elements. Since the interface thickness € changes, an important
parameter in the phase-field model changes, which couples back to the equations, and thus
the Ly norm does not necessarily constitute a proper convergence measure. We therefore
resort to using the picture norm or contour of the droplet as a measure, i.e. the zero-level set
of the phase field ¢ = 0. In particular, we will consider two observables: circumference and
the center of mass (along x) of the droplet, as a function of resolution. A similar approach

was taken for the case of phase-field models without electrodynamics by Aland and Voigt
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FIG. 7: Schematic set-up of the test case of droplet motion driven by an electric field.
The ‘water’ droplet contains positive ions and is driven by the electric field set up between

the high potential on the left wall and the grounded right wall.

[67] who compared their benchmarks to sharp interface results by Hysing et al. [66].

The resolutions used in our simulations are given in Table III. In order not to have to
adjust the phase field mobility when refining, whilst still expecting to retrieve the sharp-
interface model in the limit € — 0, we choose the phase field mobility given by (33b). All
parameters for the phasic quantities are given in Table IV, while the remaining parameters
are given in Table V. From these parameters, using the unit scaling adopted in this paper,
we find an approximate Debye length A\p = /e/(222cg) ~ 1/1/(2-10) =~ 0.2 (see Section
B2 in the Appendix for this expression), since we can approximate the order of magnitude

of cp < C/(wR?) = 10/(m - 0.25%) for a moderate screening.

In Fig. 8, we show the contour of the driven droplet at two time instances t = 4 and t = §,
and compare increasing resolution (simultaneously in space, time and interface thickness).
Qualitatively inspecting the contours by eye, the droplet shapes seem to converge to a
well defined shape with increasing resolution at both time instances. However, qualitive
comparison is clearly not enough to assess the convergence. As in Refs. [66, 67], we define

three observables:
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TABLE III: Numerical parameters that vary with resolution in the charged droplet

simulations: Mesh size h, time step 7, and interface thickness e.

h T €

0.04 0.04 0.06
0.02 0.02 0.03
0.01 0.01 0.015
0.005 0.005 0.0075
0.0025 0.0025 0.00375

TABLE IV: Numerical parameters for the phases that are common for all charged droplet

simulations.
Parameter Symbol Value, phase 1 Value, phase 2
Density p 200.0 100.0
Permittivity € 1.0 1.0
Diffusivity D 1-107° (~0) 0.001
Solubility B 4.0 1.0
Viscosity I 10.0 1.0

TABLE V: Numerical parameters not specific to phase for the charged droplet simulations.

Parameter Symbol Value
Potential difference AV 10.0
Integrated concentration Co 10.0
Phase field mobility coeff. My 1.5-107°
Initial droplet radius R 0.25
Initial conc. std. dev. O 0.0833
Surface tension o 5.0
Length in x-direction L, 2.0
Length in y-direction L, 1.0
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FIG. 8: Shape comparison of electrically driven charged droplet at two time instances.
The effect of the four resolutions given in Table III is shown. The legend shown in the

figure refers to both spatial (h) and temporal resolution (7).

e Center of mass: We consider the center of mass of the dispersed phase (phase 2,

Le. ¢ <0),
I f¢<0di
OM = (1
f¢<0dA

where we approximate the integral over the droplet (phase 2) by [ s o) dA= Jo(1—
¢)(-)/2dA.

(65)

e Drift velocity: Similarly as above, the velocity at which the droplet is driven is mea-

sured by
f¢<0 u-xdA

Y=
JyepdA

e Circularity: Defined as the ratio of the circumference of the area-equivalent circle to

2, /7 dA
C= & (67)

14

(66)

the droplet circumference,

The circumference ¢ and the integrals are computed by the post-processing method geometry_in_time
which is built into Bernaise.
Fig. 9 shows the three quantities as a function of time for increasing resolution. (Here we

have omitted the coarsest resolution h = 0.04 for visual clarity.) The curves seem to converge
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towards well-defined trajectories with resolution. For a more quantitative comparison, we
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FIG. 9: Observable quantities as a function of time. Increasing resolutions (spatial and

temporal) are compared.

define the time-integrated error norm,
T 1/p
’ Sy N (D) it
for a given quantity q. We can compute an empirical convergence rate of this norm,
10w (lell, (o)l ()
me log (hit1/hs)

for two successive resolutions (h;y1 > h;). Here we shall consider the L? error norm in time,

(69)

i.e. p =2, and in practice we compute the integrals in time by cubic spline interpolation of
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TABLE VI: Mesh size h, error norm ||e|,, and empirical convergence rate ky for increasing

grid refinement, assuming the solution for the finest resolution to be exact.

h el ko

Center of mass

0.04 0.1798

0.02 0.0955 0.9129
0.01 0.0410 1.2186
0.005 0.0126 1.7033

Drift velocity

0.04 0.3427

0.02 0.2067 0.7293
0.01 0.1032 1.0025
0.005 0.0341 1.5932
Circularity

0.04 0.0891

0.02 0.0423 1.0757
0.01 0.0205 1.0467
0.005 0.0060 1.7612

measurement, points saved at every 5 time steps. There is no exact solution, or reference
high-resolution sharp-interface solution available for this set-up. However, if we now assume
that the finest resolution is the exact solution, and use this as the reference field in Eq. (68),
we can compute error norms and convergence rates. These values are reported in Table VI.
The computed convergence rates increase for all three observables and reach 1.6-1.7 with
increasing resolution, indicating also quantitatively a convergence that is in agreement with
the anticipated convergence rate. Considering Eq. (57), from the temporal discretization,
we expect ko ~ 1, and from the spatial ky ~ 2. Depending on which term contributes most
to the error, we will measure either of these rates. The values measured here indicate that
both terms may be comparable in magnitude; however if we instead of using directly the

finest solution as reference, extrapolated the trajectories further, we would presumptively
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TABLE VII: Phasic parameters for the simulations of shear flow over a dead-end pore.

The subscript £ indicates the value for both the positive and negative ions.

Parameter Symbol Value in phase 1 Value in phase 2
Viscosity W 1.0 1.0
Density P 10.0 10.0
Permittivity € 1.0 1.0
Solution energy B+ 4 1
Ton mobility Dy 0.0001 0.01

have achieved lower convergence rates. This might indicate that the convergence error is

eventually dominated by the temporal discretization, cf. Eq. (57).

VI. APPLICATIONS
A. Oil extrusion from a dead-end pore

Here, we present a demonstration of the method in a potential geophysical application.
We consider a shear flow of one phase (“water”) over a dead-end pore which is initially
filled with a second phase (“o0il”). The water phase contains initially a uniform concen-
tration of positive and negative ions, c4|—g = co, and the water—oil interface is modelled
to be impermeable. The simulation of the dead-end pore is carried out to preliminarily
assess the hypothesis that electrowetting could be responsible for the increased expelling
of oil in low-salinity enhanced oil recovery. The problem set-up is schematically shown
in Fig. 10. The phasic parameters used in the simulations are given in Table VII, and
the remaining parameters are given in Table VIII. This problem is implemented in the file
problems/snoevsen.py.

To investigate the effect of including electrostatic interactions, we show in Fig. 11 instan-
taneous snapshots of simulations with and without surface charge at different times. The
left column, Figs. 11(a), 11(c), and 11(e), shows the results for vanishing surface charge,
and the right column, Figs. 11(b), 11(d), and 11(f), shows the results for a surface charge
of 0. = —10.
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FIG. 10: A schematic depiction of the “dead-end pore” geometry, with the appropriate
boundary conditions for the problem and specified initial conditions for the phase field.
The geometry is specified by the two lengths L., L,, and the radius R used to define the
dead-end pore in the center of the channel by a circle and a circular smoothed inlet. The
roman numerals indicate the phase, along with the tone of gray. The darker phase is the

oil-like phase (I), and the lighter one is the water-like phase (II).

For the uncharged case, the frames that are shown are almost indistinguishable. In fact,
the main difference is the numerical noise of the total charge, which is due to roundoff errors
of machine precision. The initial dynamics of the oil plug interface, which is to equilibrate
with the neutral contact angle and the shear flow, mainly happens before the first frame

presented; compare Figs. 10 and 11(a).

A markedly different behavior is displayed in the right column, Figs. 11(b), 11(d), and
11(f), where a uniform surface charge density is enforced the walls at the simulation start,
t = 0. Here, we see first that two tongues are intruding on both sides of the droplet, which
push the droplet out into the center of the dead-end pore. The process is continued, as
shown in the second frame, and finalized, as shown in the third frame, with the complete

release of the droplet as the two tongues meet at the bottom of the dead-end pore, cutting
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TABLE VIII: Simulation parameters for the simulations of shear flow over a dead-end

pore.
Parameter Symbol Value
Length L, 3.0
Height L, 1.0
Total simulation time T 20
Radius R 0.3
Time step T 0.01
Resolution h 1/120
Interface thickness € 0.02
Phase field mobility My 2.5-1076
Surface tension o 2.45
Surface charge Oe {-10,0}
Reference concentration co 2
Shear velocity Utop 0.2

the final contact point.

With these simulations, we have demonstrated the effects when a surface charge couples
to hydrodynamics. This has lead to the observation that oil phase, on a larger scale than
the Debye length, behaves like it is completely dewetting even when we locally enforce a

neutral contact angle.

B. 3D simulations of droplet coalescence and breakup in an electric field

Finally, to demonstrate the ability of Bernaise to simulate 3D configurations, we present
simulations of two oppositely charged droplets that coalesce. In order to achieve this ef-
ficiently, a fully iterative solver was implemented. The solver consists of a fractional step
version of the basic solver, in the sense that within the fluid flow step, it splits between
the velocity and pressure computations, as shown in Eqs. (56a), (56b), and (56¢). The

splitting introduces a weak compressibility which suffices to stabilize the problem [80] (with
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respect to the BB condition) and thus we can use P; finite elements also for the velocity.
The combination of fewer degrees of freedom and the applicability of iterative linear solvers
imparts significant speed-up compared to coupled solvers, which is of paramount impor-
tance for 3D simulations. This yields advantages over solvers which rely on a mixed-element
formulation of the hydrodynamic subproblem [71]. The detailed analysis of the fractional
step solver will be published in a separate paper, but the implementation can be found in
solvers/fracstep.py. For solving the linear systems iteratively, we use an algebraic multi-
grid (AMG) preconditioner and a generalized minimal residual (GMRES) linear solver for
the electrochemical and the pressure correction step; Jacobi preconditioner (Jacobi) and a
stabilized bi-conjugate gradient method (BiCGStab) for the velocity prediction, and Jacobi
and GMRES for the velocity correction. For the phase field we use Jacobi and a conjugate
gradient method.

To prevent leakage of ions out of the two coalescing droplets, a weighted geometric mean
was used for the diffusivities:

K;(¢) = Kj,12 'Kj22 ) (70)

instead of the arithmetic mean (25) used in most of the article.

We consider a setup of two initially spherical droplets in a domain €2 = [0, L,] x [0, L, ] X
[0, L,]. The droplets are centered at (L,/2, L,/2, (L, £ L,)/2) and have a radius R. The
lower droplet (along the z-axis) is initialized with a Gaussian concentration distribution of
negative ions (z_ = —1), whereas the upper droplet is initialized with positive ions (z; = 1).
The average concentration of the respective ion species within each droplet is ¢y, such that
the total charge in the system is zero, and the initial spread (standard deviation) of the
Gaussian distribution is R/3. A potential 1} is set on the top plane at z = L, and the
bottom plane at z = 0 is taken to be grounded. We assume no-slip and no-flux conditions
on all boundaries, except for the electrostatic potential V" at the top and bottom planes, and
the fluid is taken to be in a quiescent state at the initial time ¢ = 0. The phasic parameters
used in the simulations are given in Table IX, and the remaining parameters are given in
Table X. The problem is implemented in the file problems/charged droplets_3D.py.

Fig. 12 shows snapshots from the simulations at several instances of time. As seen
from the figure, the droplets are set in motion towards each other by the electric field and
collide with each other. Subsequently, the unified droplet is stretched, until it touches both

electrodes. The middle part then breaks off, and as it is unstable, it further emits droplets
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TABLE IX: Phasic parameters for the simulations of droplet coalescence and breakup in

an electric field. The subscript £ indicates the value for both the positive and negative

ions.

Parameter Symbol Value in phase 1 Value in phase 2
Viscosity 0 1.0 0.5
Density p 500.0 50.0
Permittivity € 1.0 2.0
Solution energy B+ 2 0
Ton mobility Dy 0.0001 0.1

TABLE X: Simulation parameters for the simulations of droplet coalescence and breakup

in an electric field.

Parameter Symbol Value
Length along x L, 1.0
Length along y L, 1.0
Height L, 2.0
Total simulation time T 20
Initial radius R 0.2
Time step T 0.005
Resolution h 1/64
Interface thickness € 0.01
Phase field mobility My 1-107°
Surface tension o 2.0
Initial avg. concentration co 20.0

that are released to two two sides. Finally, two spherical caps form at each electrode, and a
neutral drop is left in the middle, due to the initial symmetry. Similar behaviour has been

observed in axisymmetric simulations (e.g. [87]).

We finally carry out a strong scaling test of the linear iterative solver on a single in-house
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server with 80 dedicated cores. The results of average computational time per time step (av-
eraged over 10 time steps) versus number of cores are shown in Fig. 13. We show here the
amount of time spent per time step for all substeps in order to illuminate where most of the
computational resources are spent. As can be seen, a significant portion of the computational
time is spent on the electrochemical substep. Overall, the solver displays sublinear scaling
with the number of cores, but the results are promising given that neither the solver nor
the FEniCS install (a standard PPA install of FEniCS 2017.2.0 on Ubuntu 16.04 server) are
fully optimized. Much could be gained by improving the two steps where solving a Poisson
equation is involved; in particular it seems possible that more specifically tailored precon-
ditioners than the straightforward AMG preconditioning could impart speedup. However,
we stress that the division of labour between the steps is highly problem-dependent, and
in particular, the electrochemical subproblem is susceptible to how far into the non-linear

regime we are (see e.g., [45]).

VII. DISCUSSION AND CONCLUSION

We have in this work presented Bernaise, a flexible open-source framework for simulating
two-phase electrohydrodynamics in complex geometries using a phase-field model. The
solver is written in its entirety in Python, and is built on top of the FEniCS/DOLFIN
framework [42, 88] for solving partial differential equations using the finite element method
on unstructured meshes. FEniCS in turn interfaces to, e.g., scalable state-of-the art linear
solvers through its PETSc backend [89]. We have proposed a linear operator-splitting scheme
to solve the coupled non-linear equations of two-phase electrohydrodynamics. In contrast
to solving the equations directly in a monolithic manner, the scheme sequentially solves
the Cahn—Hilliard equation for the phase field describing the interface, the Poisson—Nernst—
Planck equations for the electrochemistry (solute transport and electrostatics), and the
Navier—Stokes equations for the hydrodynamics, at each time step. Implementation of new
solvers and problems has been demonstrated through representative examples. Validation
of the implementation was carried out by three means: (1) By comparison to analytic
solutions in limiting cases where such are available, (2) by the method of manufactured
solution through an augmented Taylor-Green vortex, and (3) through convergence to a

highly resolved solution of a new two-phase electrohydrodynamics benchmark problem of
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an electrically driven droplet. Finally, we have presented applications of the framework in
non-trivial settings. Firstly, to test the applicability of the code in a complicated geometry,
and to illuminate the effects of dynamic electrowetting, we simulated a shear flow of water
containing an electrolyte over a dead-end pore initially filled with oil. This problem is
relevant from a geophysical standpoint, and exemplifies the potential of the method to
simulate the dynamics of the interaction between two-phase flow and electric double layers.
Secondly, the ability of the framework to simulate three-dimensional configurations was
demonstrated using a fully iterative version of the operator-splitting scheme, by simulating
the coalescence and subsequent breakup of two oppositely charged droplets in an electric
field. The parallel scalability of the latter solver was tested on in-house computing facilities.
The results presented herein underpin our aim that Bernaise can become a valuable tool

both within the micro- and nanofluidics community and within geophysical simulation.

There are several possible avenues for further development and use of Bernaise. With re-
gards to computational effort, the linear operator-splitting scheme constitutes a major com-
putational improvemnt over a corresponding monolithic scheme. For the resulting smaller
and simpler subproblems, more specialized linear solvers and preconditioners can be used.
However, the implementation of the schemes are still not fully optimized, as in many cases
it is not strictly necessary to reassemble entire system matrices (multiple times) at every
time step. Using ideas e.g. from Ref. [43] on how to effectively preassemble system matrices
in FEniCS, one could achieve an implementation that is to a larger extent dominated by
the backend linear solvers. However, as the phase field is updated at every time step, there

may be less to gain in performance than what was the case in the latter reference.

With regard to solving the Navier—Stokes equations, the solvers considered herein either
rely on a coupled solution of the (the basic and basicnewton solvers) or a fractional step
approach that splits between the computations of velocity and pressure (the fracstep solver
that was considered in Sec. VIB). Using direct linear solvers, the coupled solvers yield
accurate prediction of the pressure and can be expected to be more robust. However,
direct solvers have numerical disadvantages when it comes to scalability, and Krylov solvers
require specifically tailored preconditioners to achieve robust convergence. An avenue for
further research is to refine the fracstep solver and develop decoupled energy-stable schemes
for this problem, which seems possible by building on literature on similar systems [68—

71, 76, 78]. The implementation of such enhanced schemes in Bernaise is straighforward, as
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demonstrated in this paper.

A clear enhancement of Bernaise would be adaptivity, both in time and space. Adaptivity
in time should be implemented such that time step is variable and controlled by the globally
largest propagation velocity (in any field), and a Courant number of choice. Adaptivity
in space is presently only supported as a one-way operation. Adaptive mesh refinement is
already used in the mesh initialization phase in many of the implemented problems. However,
mesh coarsening has currently limited support in FEniCS and to the authors’ knowledge
there are no concrete plans of adding support for this. Hence, Bernaise lacks an adaptive
mesh functionality, but this could be implemented in an ad hoc manner with some code

restructuring.

In this article, we have not considered any direct dependence of the contact angle (i.e. the
surface energies) on an applied electric field. However, the contact angle on scales below
the Debye length is generally thought to be unaffected, albeit on scales larger than the
insulator thickness, an apparent contact angle forms [90, 91]. Using the full two-phase
electrohydrodynamic model presented herein, effective contact angle dependencies upon the
zeta potential could be measured and used in simulations of more macroscopic models;
i.e. models admissible on scales where the electrical double layers are not fully resolved.
This would result in a modified contact angle energy that would be enforced as a boundary

condition in a phase field model [92].

Physically, several extensions of the model could be included in the simulation framework.
Surfactants may influence the dynamics of droplets and interfaces, and could be included as
in e.g. the model by Teigen et al. [93]. The model in its current form further assumes that
we are concerned with dilute solutions (i.e., ideal gas law for the concentration), and hence
more complicated electrochemistry could to some extent be incorporated into the chemical

free energy a(c).

Finally, the requirement of the electrical double layer to be well-resolved constitutes the
main constraint for upscaling of the current method. Thus, for simulation of two-phase
electrohydrodynamic flow on larger scales, if ionic transport need not be accounted for, it
would only require minor modifications of the code to run the somewhat simpler Taylor—
Melcher leaky dielectric model, e.g. in the formulation by Lin et al. [61], within the current

framework.
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Appendix A: Electrokinetic scaling of the equations

For completeness, we show here, as in a companion paper [91], how the dimensionless
variable scaling assumed in this paper arises from the equations formulated in physical (e.g.,
SI) units. The scaling results in equations that are easier to work with, but that need to be
scaled back to physical units in order to be e.g., compared to experiments.

For concreteness, we consider the standard Nernst—Planck equation (i.e., dilute solutions)

for solute transport, which in physical units can be written as

oc; 2:eC;
a—tj—i‘U'VCj:V' (DjVCj— IZJBTJ ) X (Al)

where kg is Boltzmann’s constant, T is the temperature, and ¢, is the elementary charge.

The Poisson equation is in physical units given by
V - (€06 E) = pe, (A2)

where the net charge is given by p. = ¢. > ;¢j- The Navier—Stokes equations are given by

the usual

p(Ou+u-Vu) - uVu+Vp=—pVV, (A3)
V.-u=0. (A4)

Continuity of the normal stress across the interface between the phases can be formulated
as

1
2uDu — p'T+ okl + g6, EQ E — §eoerE2I ‘N = 0, (A5)

where p’ is a pressure which has absorbed some extra gradient terms. We introduce now
dimensionless versions of all physical variables, and indicate the dimensionless versions by

a tilde. Further, all reference values are marked with an asterisk. Hence, we let t = ¢/t*,
p~ - p/p*J u = U/U*7 ﬁ - p/p*a /:L - M/M*v E] - Cj/C*7 ‘7 = V/V*7 D:I: - -D:I:/D*J €= €r/€>k7
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nd ¢ = o/o*. All spatial dimensions are scaled by a reference linear size R*, such that

x = x/R*. The electrostatic potential V' is scaled by a thermal voltage,

kgT
V= Vp = (A6)
e
The other reference values are given by [91]
R* .V
t*:—, p*: geC T’ D* :U*R*, p*:qu*V% (A?)
u* (u*)2
. *V R* . * R* 2
oo LC T : E*:—qc( ) , 0" =q.c VIR, (A8)
u* €0VT

This constitutes an invertible set of relations between the physical and dimensionless vari-
ables. In particular, adopting the dimensionless variables and subsequently dropping the
tildes, results in the set of equations (Al) to (Ab) with ¢. = kgT =1 and €ye, — €. This is

essentially the scaling adopted in this paper.

Appendix B: Poisson—Boltzmann equation for two phases

Here, we derive a generalized Poisson—-Boltzmann equation for the case of two phases, valid
in equilibrium. We are here considering the steady state of the sharp interface equations.
Considering Eq. (3) with 9, = 0 and v = 0, taking the inner product of it with g.,, and

integrating over the domain 2, we obtain

/ KijCj|ng|2 dQ) = / Kijcjgcjﬁ . Vgcj dl’ = O, (Bl)
Q or

where the last equality holds, since at equilibrium the fluxes must vanish at the boundary
(and hence also in the bulk). Since ¢; is positive, g., may not vary. Hence, the electrochemical

potential associated with electrolyte j must satisfy:
gcj = Oé/(Cj) + Bij + ZjV = Cj, (B2>

where Cj is a constant. We assume that one of the two phases is connected to a reservoir far
away, such that here 8;; = fr, ¢; = cg and V = V. Evaluating Eq. (B2) at the reservoir,

we have

Cj = O/(CR) + ﬂR + ZjVR. (B?))
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By defining x(-) as the inverse function of /(-), we may combine Egs. (B2) and (B3) and

invert with respect to c;:
¢j = x((cr) + Br — B — % (V = V&) (B4)
Hence, by Eq. (7), we obtain a closed equation for V:
VWV = —¢;! Z zix (&/(cr) + Br — Bij — 2;(V — VRr)), (B5)
J
with the above boundary conditions at the reservoir. The interface condition between the

phases is [V]T = 0, i.e. continuity in V, and the boundary condition at the reservoir is

V = Vgx. Next, we consider some special cases of this equation.

1. Standard Poisson—Boltzmann

With two symmetric electrolytes, j € {£}, zo = £z, 8;; = 8;, Ve = V and the ideal gas
chemical potential, we have that o/(c) = Inc, x(a) = €%, and we obtain from Eq. (B5):

V2V = %ﬁeﬁpﬁﬁi sinh (ZV) _ M

B6
&; )\QDﬂZ ’ ( )

where we have defined a phase-dependent Debye length \; p = +/g;e #rt5i /(222cg). Now,
Eq. (B4) yields that the concentration is retrieved by

cy = cprePRBTHV, (B7)

a. Linearized

When [2V]| < 1, we may expand Eq. (B6) to the first order to obtain the linearized

Poisson—-Boltzmann equation:

v
ADi
In principle, we can also expand Eq. (B7):
ey = crePrP (1 2V), (B9)
so that the total charge density is given by
pe = —22%cpe’ V. (B10)
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2. Net charge

Now we consider the single “net charge” model which was proposed in Ref. [63] and used
in the simulations of Ref. [62]. (Note that these papers redefined the diffusivity to absorb the
net charge, effectively K;;c; — K; but this does not have consequences in the forthcoming.)
Here, we have only one species ¢; = p, with charge z, and o/(c) = Ac, such that x(a) = A" 'a.

We consider the reservoir to be neutrally charged. Further, Vg = 0, for simplicity. Eq. (B5)

yields
2
2 z BR _ /62
_ _ B11
vV = (V . ) , (B11)
and Eq. (B4) becomes
pe =2\ (Br— B —2V). (B12)

Note that in the case of single-phase flow, Eq. (B11) becomes Eq. (B5) yields

2
V2V = j—AV = A2V, (B13)

which is the linearized Poisson-Boltzmann equation (see Sec. B 1), where we have identified

a Debye length \p = vel/z. Eq. (B12) becomes:
pe = —A"12°V. (B14)

Comparison to (B10) leads us to identify 2cgp = A™!, which yields A\p = +/¢/(22%cg) in
compliance with the definition in Sec. B1. Note that even though the equilibrium solution
complies with the linearized, equilibrium Nernst—Planck equation, the dynamics, particularly

with two phases, may differ significantly.

a. Simple case

It is interesting to investigate this equation for a single phase in a finite 1-D geometry,
x € [0,L]. We assume the boundary conditions dV/dx|,—o = —o./¢ and V|, = 0. The

solution is

V= —2—2 (sinh kz — tanh kL cosh kz) | (B15)
where k = z/veA. Thus,
220, .
Pe= 1y (sinh kx — tanh kL cosh kx) . (B16)
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Hence this form of the chemical potential yields an exact solution. Note however, that there
is in principle no mechanism controlling the sign of p., which is natural given that it should
here signify a net charge.

The total charge is

L 25 L
Q= / pedr = —= / (sinh kx — tanh kL cosh kz) dx (B17)
0 ek Jo
220, L
= o [cosh kx — tanh kL sinh kx| (B18)
1
7 [1 cosh kL} ’ (B19)

which approaches the (negative) applied surface charge in the limit of infinite domain, L —

oo, as it should.

Appendix C: Some considerations on testing and applicability of the framework

To simplify the complexity of the problem, the scheme can be reduced to describe settings

where fewer physical mechanisms are present simultaneously.

e The very simplest is pure single-phase flow, containing only point 4 from the list in

Sec. III.

e Slightly more demanding is single-phase flow with transport of a tracer dye (in the

absence of electric charges and fields), using points 2 and 4.

e More demanding, pure two-phase flow (with unmatched densities and viscosities),

where only points 1 and 4 from the list above enter.

e In the absence of electric charges and external electric potential, two-phase flow with

passive transport of a tracer dye can be modelled, i.e. using the points 1, 2 and 4.
e Time-dependent single-phase EHD can be modelled using points 2, 3 and 4.

e There is also a subtle case where all concentrations ¢; = 0, but the electric field acts
as a force on the interface of the two-phase flow only due to the jump in permittivity

¢. This includes points 1, 3 and 4.
e Finally, the full-fledged two-phase EHD includes all the points in the list in Sec. III.
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Rigorous testing the solver should therefore follow these steps of increasing complexity.
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FIG. 11: Oil released from a dead-end pore. We show instantaneous snapshots from the
simulations of the dead-end pore under a shear flow. The black phase is the oil phase,
which does not contain solutes, and the other phase is the water phase, which contains
monovalent positive and negative ions. The color in the lighter phase indicates the local
net charge, red meaning positive charge, blue negative charge, and gray neutral charge.
The color scale is relative to the maximum deviation from neutral charge for an entire
simulation; therefore the neutral simulations display numerical noise (which is of the order
of machine precision). In the left column the surface charge is zero, and in the right
column, a uniform surface charge density o, = —10 is set. The rows show snapshots at

different times t.
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FIG. 12: Snapshots from the simulations of droplet coalescence and subsequent breakup
in an electric field. The phase boundary shows the ¢ = 0 isosurface of the phase field. The
coloring indicates charge: red is positive and blue is negative. The color bar goes from -20

(deep blue) to 20 (deep red). The quivers show the velocity field in the x = 0.5 plane

(color indicates intensity).
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Gaute Linga,” Asger Bolet, and Joachim Mathiesenf
Niels Bohr Institute, University of Copenhagen, Blegdamsvej 17, DK-2100 Copenhagen, Denmark

® (Received 9 May 2018; published 5 July 2018)

The wetting properties of immiscible two-phase systems are crucial in applications ranging from laboratory-
on-a-chip devicestofield-scaleoil recovery. It haslong been known that effective wetting properties can be altered
by the application of an electric field; a phenomenon coined as electrowetting. Here, we consider theoretically
and numerically asingle droplet sitting on an (insulated) conductor, i.e., within a capacitor. The droplet consists
of a pure phase without solutes, while the surrounding fluid contains a symmetric monovalent electrolyte, and
the interface between them isimpermeable. Using nonlinear Poisson-Boltzmann theory, we present a theoretical
prediction of the dependency of the apparent contact angle on the applied electric potential. We then present
well-resolved dynamic simulations of electrowetting using a phase-field model, where the entire two-phase
electrokinetic problem, including the electric double layers (EDL ), isresolved. The simulations show that, while
the contact angle on scales smaller than the EDL is unaffected by the application of an electric field, an apparent
contact angle forms on scales beyond the EDL. This contact angle relaxes in time towards a saturated apparent
contact angle. The dependency of the contact angle upon applied electric potential is in good agreement with
the theoretical prediction. The only phenomenological parameter in the prediction is shown to depend on the
permeability ratio between the two phases. Based on the resulting unified description, we obtain an effective
expression of the contact angle which can be used in more macroscopic numerical simulations, i.e. where the

electrokinetic problem is not fully resolved.

DOI: 10.1103/PhysRevE.98.013101

I. INTRODUCTION

Precisely controlling the effective wetting properties of
droplets in immiscible two-phase flows is desirable in many
applications[1,2], from fabricating microfluidic devices[3-5]
and electronic displays[6-9] to understanding the microscopic
dynamics of enhanced oil recovery, which has field-scale
consequences [10-14]. Lippmann aready in the 19th century
[15,16] laid the groundwork for the field of electrowetting, by
making the observation that applying an electric field indeed
can change the wetting behavior of conductive liquid-liquid
systems. The dependence of the contact angle 6 on the applied
electric potentia Vj could be described by a quadratic law,

cosf) = costy + 3BVE, (1)

where 6, isthe contact angle in the absence of electrical fields,
and B is a phenomenological parameter. Eq. (1) can also be
inferred from Gibbs' adsorption isotherm [17,18].

Theoretical and experimental works have explained the
basic mechanisms of electrowetting, particularly in the case
of conducting liquids [16,19] separated from a conductor by
a thin insulating layer. This concept of electrowetting-on-
dielectric (EWOD) was pioneered by Berge [20,21], and such
devices have an operating voltage of 10-20 V [22]. Careful
experiments have shown that the contact angle described
by Eq. (1) is a macroscopic effect, apparent only on scales

*linga@nbi.dk
fmathies@nbi.dk
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beyond the insulator thickness [23]. Two notable remaining
open issues within electrowetting are (1) the dynamics of
the contact line [24], and (2) the effect of electrolytes in
either of the phases on the wetting properties [19]. The latter
point was explored theoretically by Monroe et al. [17,25],
who consideredinterfacesbetween twoimmiscibleelectrolytic
solutions (I TIES), and obtained atranscendental expressionfor
the contact angle of a droplet sitting on an isolated, grounded
plate using an energy minimization approach. In contrast to
conventional EWOD systems, the phases in ITIES systems
contain ions which cannot pass over to the other phase (nor to
the plate). The apparent contact anglein the case of conductive
liquids can only become more acute with the application of
a potential, while the latter work showed that contact angles
in the presence of electrolytes (and in the absence of flow)
could become both obtuse or acute depending on the con-
centrations, permittivities, and applied potential. Moreover,
both theory and experiments [22] suggest that such electrolytic
ITIES systems could operate on voltages in the range of 10—
1000 mV, i.e., 1-2 ordersof magnitudelower than conventional
EWOD devices. Thisindicatesthat the energy consumption of
such devices could be greatly reduced by incorporating such
effects.

For conductiveliquidswith low net concentration of charge,
theleaky-dielectric model isadmissible. Originally, thismodel
was proposed by Taylor [26] (and revisited by Melcher and
Taylor [27]) to describe the distortion of drops in electric
fields. Since advection and diffusion of charges is neglected
in thismodel, the electric double layers (EDL ), characterized
by the Debye length, are not resolved. As shown rigorously by
Schnitzer and Yariv [28], it can be seen as athin Debye layer

©2018 American Physical Society
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limit of the full electrokinetic model [29,30]. However, when
ionic effects are important and charges are not constrained to
the liquid-liquid interface, the more detailed level of descrip-
tion (i.e., resolving the full electrokinetic model) is necessary.
Several authorshave considered thefull model intheabsence of
boundaries(i.e., for dropletsimmersedinaliquid). Berry et al.
[31] presented a sharp-interface combined level-set/volume-
of-fluid method to simulate such systems, as an enhancement
compared to the leaky-dielectric simulations by Tomar et al.
[32] and the charge conservative model by Lopez-Herrera
et al. [33]. Eck et al. [24] provided the first direct simulation
studiesof dynamic el ectrowetting with el ectrolytes. Themodel
used in the latter work belongs to the leaky-diglectric type,
as the mobility does not depend on concentration. However,
it contains a concentration regularization parameter which
introduces a length scale, and effectively sets the thickness
of the Debye layer. A similar model and a more detailed
study were carried out by Nochetto et al. [34]. Other works
have adopted a more macroscopic viewpoint and used the
electrowetting contact angle as an input to model effective
behavior on the microfluidic scale [35-37]. On the other hand,
there are a number of assumptions underpinning the purely
theoretical worksof Monroeet al. [17]. Asexperimentsremain
sparse (abeit Frumkin undertook such studies already in the
1930s[22,38]), simulationswould be of interest to test validity
of, and extensions to, the theory. To the authors’ knowledge,
there has been no systematic numerical study of the direct
dependency of the contact angle on applied electric potential
for afully resolved electrohydrodynamic model with partially
soluble electrolytes.

In this work, we consider theoretically and numerically
the effect of an applied potential on the wetting properties
of an immiscible two-phase system consisting of a single
droplet placed on an insulated electrode. The droplet phase
is nonconducting, while the surrounding fluid contains an
electrolyte, and all interfaces are taken to be impermeable.
Such approximations are valid for many industrially and
geologically relevant systems such as oil-in-water flows [31].
Using Poisson-Boltzmann theory and following the approach
of Ref. [17], we develop a theoretical prediction for the
apparent contact angle dependency on applied potential. In
our simulations, we use the thermodynamically consistent
and frame-invariant model for two-phase electrokinetic flow
which was proposed by Campillo-Funollet et al. [39]. This
phase-field model combines the Nernst-Planck equation for
chemical transport, the Poisson equation for electrostatics, the
Cahn-Hilliard equation for the description of theinterface, and
the Navier-Stokes equations for fluid flow. Using a recently
introduced solver [40] for this model, we simulate electrowet-
ting dynamically. We demonstrate explicitly that the contact
angle is only apparent on scales beyond the Debye length,
whereasthe mi croscopic contact angleremai nsunaffected. Our
main finding is that the apparent contact angle dependency is
well described by thetheoretical prediction, in particular when
our only phenomenological quantity, the effective screening
area, is modeled as a function solely of the ratio between
the permittivities. This, microscopically viewed, apparent
contact angle, can thus be turned into a fixed contact angle
boundary condition which can be used for simulationson more
macroscopic scales.

= Ty (sym. axis)

01

FIG. 1. Schematic setup of the numerical experiment. Here, d
indicates the droplet phase, s indicates the surrounding phase, and
e indicates the electrode. The figure shows the fina state after the
application of a potentia difference V, between the two electrodes.
Due to the dissolved electrolytes in phase s, an electric double
layer, characterized by the Debye length s is formed near the lower
electrode, and an apparent contact angle 6 isformed. Also indicated
with a dotted line is the initial state of the droplet (where Vo = 0),
forming the contact angle 6,. Note that the simulations considered
hereinexploit theindicated axial symmetry of theproblem. A close-up
view of the contact line shows how the contact angle 6, persists on
small scales, whereas the apparent contact angle 6 isonly evident on
sufficiently large scales.

Il. MODEL SYSTEM

We consider a droplet (phase d), surrounded by another
fluid (phase s), sitting on an el ectrode (phase €) in the presence
of an electric field. A sketch of the system setup is shown in
Fig. 1. Within the surrounding fluid, abinary salt is dissolved.
We denote the concentrations of these ionic speciesby c... We
consider symmetric ions, such that z. = +z arethe valencies
of theions. Theionsare not allowed to passthrough the liquid-
liquid interface (ds), and the droplet contains no ions. This
setup is representative of most oil-in-water systems and most
microfluidic applications.

Thesubstrateisheld at aconstant electric potential V = Vp,
while the system is grounded far from the droplet. We take the
lower boundary, representing the el ectrode, to beimpermeable
for ions and the fluid phase, and hence assume a no-dip
condition. This assumption, which implies zero conduction
through the system, is the main distinction from most of the
existing literature [16].

Conversely, the top boundary mimics a reservoir and thus
assumes constant concentrations, i.e., c+ = cg. Due to the
impermeable boundary, an EDL is formed near the electrode,
as quantified by the Debye length As indicated in Fig. 1. It
is well known that the local contact angle 6, is given by the
interfacial energies between the three phases, while, on scales
beyond Ag, an apparent contact line 6 is formed. Using the
presented setup, we shall in the forthcoming consider how this
apparent contact angle depends on the applied potentia Vj.

[Il. THEORY

Two-phase electrokinetic fluid dynamics is described by
the coupled problem of solute transport, fluid flow, and
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electrostatics. The Nernst-Planck equation governs the chem-
ical transport,

d e
s L ve 2. (Dchi . Z,f;iE), @

at

where ¢ is the time, u is the fluid velocity, E = —VV isthe
electric field, D, are the diffusivities of the “4" ions, kg
is Boltzmann's constant, T is the temperature, and ¢, is the
elementary charge. Electrostatic equilibrium is determined by
the Poisson equation,

V - (e0&E) = po, 3
where ¢q is the vacuum permittivity, ¢ is the relative permit-

tivity, and the total chargeisgivenby p, = g.z(c. — c_). The
fluid flow is governed by the Navier-Stokes equations,

B

p(du+u-Vu)—uVu+Vp=—pVV, (4)

V.u=0, 5)

where p isthe density, u isthe dynamic viscosity, and p isthe
pressure. The equations are closed by boundary conditionsand
the continuity of the normal stressacrosstheinterface between
the phases,

[21Du — p'l + ousc| + €06l E ® E — Ze0e,E?l] - i = 0.
(6)
Here, the pressure p’ has been redefined to absorb an osmotic
contribution, Du = (Vu + VuT)/2 isthe (symmetric) strain-
rate tensor, oy is the fluid-fluid surface tension, « is the
interface curvature, and i is an interface normal.

A. Scaled variables

We employ a standard electrokinetic scaling to obtain
dimensionless variables which are more practical to work with
in the following. To this end, we introduce the dimensionless
variables indicated by a tilde, such that 7 = t/t*, p = p/p*,
U=u/u, p=p/p* fi=p/u, E=c/c", V=V/V*,
Dy = Dy /D*, € =¢/€e*, and Gys = ogs/0g,. Here, dl the
quantities marked by an asterisk are reference values. Further,
all length variables are scaled by a droplet reference linear
size R*, i.e, X = x/R*. In particular, the electric potential V
is scaled by the thermal voltage,

kgT
Vi= V= ™
29e
The remaining reference quantities are given by
R* 2q.c*Vr
l‘* =—, * =z 2 8
u* p (u*)? ®
D* = M*R*, p* = quC*VT, ,LL* = —quC *T . (9)
u
. *(R* 2
e* = M, 04 = 2q.c" VI R, (10)

€Vr

Note that time 7 is given in advective time units. Adopting
the chosen scaling, and subsequently skipping the tildes, now
resultsin amodel consisting of the set of equations (2) to (6),
but where zg. = kpT = €9 = 1 and ¢, — €. For simplicity
of notation we shall thus retain this normalization throughout
the paper.

B. Equilibrium free energy

Weare hereinterested in thetime-asymptotic steady state of
the droplet. Since thereis an impermeable no-slip boundary at
y = 0, and hence no charge transport through the systemin the
steady state, the steady state will be without fluid circulation.
We can thus safely neglect the velocity field in seeking the
time-asymptotic state.

We denote the phasic quantities of the concentrations by
ci, the (dynamic) viscosity by w;, the permittivities by ¢;,
for phases i € {d,s}, and the interface energies by o;, for
J € {ds,de,es}. The droplet and surrounding subvolumes are
denoted by Q24 and 2, respectively.

Following Monroe et al. [17], we write the Gibbs energy G
of the system as

1 2
Gz_ézfgjejE ds

i=d,s
7
+ Inc; — Dc; + Lc;V |dQ Q;
Z/Q[( Dt } +-Zp
j==% S i=d,s
+Adsods + AdeOde + AesOes. (11)

Here, Aqeistheareabetweenthedroplet andtheelectrode, Ags
isthe area between the dropl et and the surroundings, and Agsis
the area between the electrode and the surrounding fluid. Like
Qs and A, thisenergy scales with the size of the domain, and
weneedtofix it by defining somereference. Thereferencestate
can be chosen as the state without a droplet, Go. We denote
the deviation from thisreferenceby AG = G — Go.

In contrast to Monroe et al. [17], we consider here a
droplet which does not contain electrolytes. Neglecting the
energetic contribution of the electric field within the droplet
and the charge distribution around the droplet, the deviation
in Gibbs free energy from a reference state without a droplet
can be written in the large-dropl et approximation of nonlinear
Poisson-Boltzmann theory [17] as

AG 8.2 . Vi
—_— = Ade[ﬂ sinh? (f) - coseo}

Ods Ods
Q
+Ags + —2 Ap. (12)
Ods

Here, Ap isthe pressure difference acrossthe interface, which
hereistobeconsidered asal agrangemultiplier. Since Eq. (12)
was derived without accounting for the energy within the
droplet, thisexpression providesan upper bound for theenergy.
This can be redlized by considering the contribution from the
thin screening layer outside the droplet (interface ds) and the
negative sign of the electric field inside the droplet.

C. A scaling ansatz
To somewhat simplify, we define the quantity

fo= 8«/265C0’ (13)

Ods
which, along with the applied potentia Vy, is predicted to be
acontrol parameter of the system. To incorporate the effect of
screening the electric field due to the droplet, we heuristically
generalize Eq. (12). Since the electric flux into the droplet
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is roughly proportional to the contact area Age, We postulate
that the effect can effectively be incorporated by making the
modification

AG (Vi Q
=7 — Age| Fsinh? (=2 ) — cosbo | + Adgs + —2 Ap,
Ods 4 Ods

(14)

where f — fo in the limit of no electrical flux through the
droplet (and hence no screening around). Note that, to be
consistent with the*“ upper bound” observation made above, we
must have f < fy for al sets of parameters. Further, making
the ansatz that f/fo should depend only on quantities present
in both phases, that further contribute to the energy in the
equilibrium state [cf. Eq. (11)], we have

f= foh(Z—“), (15)

where 4 < 1isan unknown function.

D. Expression for the contact angle

When the surface tension oy is sufficiently high, and
considering atwo-dimensional (2D) system, we may take the
droplet to beacircular cap. We can write down expressionsfor
the interfacial areas and the droplet volume in terms of circle
radius r and angle 6:

Ade = 2r SN0, Ags = 2r0,
1.
Q4 = r2(0 — —sm29>.
2
The latter yields
= —— . (16)

Now, Eq. (14) can be written as
AG sing + 6 Q
29(11/2—s i + 2

O 1 O
ds VO —5sin29 ds
where
& = fsinh 2 €0oS 6. (18)

We need to minimize AG with respect to the apparent contact
angle 6; this amountsto finding the 6 that minimizes

£sin0 +0

x(O) = F——. (19)
VO —3sin20
i.e., solving
, g£cosh + 1 (£sin6 + 0)(1 — cos20)
X (9) = - 1. 3/2 =
/6 — Lsin2g 2(0 — 3sin20)
(20)
This gives

(& + cosf)(6 cos® — sing) = 0. (21)

The second factor on the left-hand side is nonzero for 6 €
(0,7). Hence, the apparent contact angle is given by cosé =
—& (which can also be verified to correspond to aminimumin
x)- This can be written as

cos# = cosép — f sinh? (?) (22)

Thus we have a simple expression for what to expect from
numerical simulations.

Notably, since we know from before that f < fo, we thus
haveaprediction of alower boundfor thecontact angle, namely

. Vi
cosf — €osby > — fo sinh? (Z()) (23)

Furthermore, expression (22) is consistent with Lippmann’s
expression (1) in the limit of Vp « 1. This leads us to the
identification
f
B=—-=, 24
. (24)
and hence we have obtained a prediction of the phenomeno-
logical parameter B.
Weshall check thevalidity of Egs. (22) and (15) numerically
in the forthcoming.

IV. PHASE-FIELD MODEL AND SIMULATIONS

For simulating the two-phase flow problem of dynamic
electrowetting, we adopt a phase-field (or diffuse-interface)
approach. The interface is described by the order parameter
field ¢ which attains the values +1 respectively in the two
phases, and interpolates between the two across the diffuse
interface of thickness ¢. In the limit ¢ — 0, the equations
should reproduce the correct sharp-interface physics (see
Ref. [40]). A thermodynamically consistent phase-field model
fit for our purpose was formulated by Campillo-Funollet et al.
[39], and is given by the following set of equations:

I (p(P)u) +V - (p(¢)u @ u)
=V - [2u(#)Du +u® o' (9)M($)Vgel + Vp

=—¢Vgy— D c;Vg,. (25)

J

V.u=0, (26)
dp+U-Vo— V- (M($)Vgy) =0, @27)
dcj+U-Ve; =V (Dj(@)c;Vg,) =0,  (28)
V- (e(@)VV) = —p.. (29)

Here, Egs. (25) and (26) are the incompressible Navier-
Stokes equations, the Nernst-Planck equation (28) governs
solute transport, and the Poisson equation (29) determines
electrostatic equilibrium. The phase field ¢ takes the value
¢ = —1 in phase s, and the value ¢ = 1 in phase d. The
(conservative) temporal evolution of ¢ is governed by the
Cahn-Hilliard equation (27), wherein the diffusion term is
controlled by the phase-field mobility M (¢). Here, we use the
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nonlinear phase-field mobility

M(¢) = Mo(1 — ¢7)s, (30)

where My isaconstant and (-). = max(-,0).
The chemical potential of species c.. isgiven by

8eu(cx,0) = In(cs) + B(¢) £ 2V, (31)

where B (¢) isan energy penalty for dissolvingionscy. inthe

phase given by ¢. The chemical potentia g4 of the phasefield
¢ isgiven by

g = 3Uds

¢ 2«/§

+> Bi@)e; — %e’(cp)wvﬁ (32)
J

[£7IW(¢) — ¢ V3]

where € is the interface thickness and W (¢) is a double well
potential. Here, we adopt the commonly used W(¢) = (1 —
$%)?/4.

The density field p, viscosity field w«, permittivity field ¢,
solubility energies 8., and diffusivity fields D.. al depend on
the phaseg, i.e., ¢. Inthiswork, they are given by the following
weighted arithmetic averages (WAA):

Pd+ps  pd— Ps

PP =——F—+—5—9 (33)

ulg) = LTt My, (34
@)= T+ Ny, (35
Du(p) = 2E T2y DR Z Dy (3
() = 8 Jz”gi’s e 5 Pasy (@)

Tomar et al. [32] found, for a level-set electrohydrodynam-
ics model with smoothed interfacia properties, that using a
weighted harmonicaverage(WHA) for the permittivity yielded
more precise results for the electric field than the WAA did.
However, for a model including free charges, Lépez-Herrera
et al. [33] found no evidence that WHA was superior, and for
simplicity we therefore use the WAA for all fields.

A. Boundary conditions

Most boundary conditionsinvolved in the present work are
of Dirichlet type. We set fixed electric potential at the top and
bottom boundaries, and a no-slip condition on the velocity
field at the bottom boundary, and fixed concentrations on the
top boundary. Further, we assume a no-flux condition on the
concentration fields at the bottom boundary. With regard to
the phase field, a dynamic wetting boundary condition can be
expressed as the following Robin condition [41]:

3
T = ———N - V¢ + cos(bo) f,,(9) |, 38
Criip = o] 20 Vo +oos) L), (@8
where 6 is the prescribed contact angle, 7, isarelaxation pa-
rameter, and f,,(¢) = (2 + 3¢ — ¢°)/4 interpolates smoothly
between 0 (at ¢ = —1) and 1 (at ¢ = 1). In order not to
introduce an additional unknown timescale into the problem,

FIG. 2. Typical mesh used in simulations. The zero-level set of
the phase field is shown as a solid yellow line.

we limit ourselves to considering Eq. (38) with 7, = 0.
Electrowetting with emphasis on contact line pinning was
previously studied numerically by Nochetto et al. [34], who
used a generalized Navier boundary condition on the velocity
field (cf. [42]). However, as contact-line modeling remains
phenomenological, we shall leave it for further work.

B. Numerical implementation

We consider computationally the 2D domain [0,L,] x
[0,L,], since, as indicated in Fig. 1, a mirror symmetry is
present. Although aternatively an axially symmetric geometry
could have been considered, we consider here the 2D case.
In order to mimic a reflective boundary and without loss
of generality, we use a free dlip condition on the left-hand
side and a no-flux condition on both €l ectrolyte concentration
and electric potential. The numerical benefits are that this
avoids drift of the droplet (due to numerical noise or mesh
asymmetries) and limits the computational domain to half the
size.

Thesimulationisinitiated with a (half) circular droplet cap
of areaw R3/4 (in the half domain) that forms a contact angle
of 8y with the surface, and auniform concentration of bothions
isset in the surrounding phase. Attimer = 0, apotential V is
Set at the bottom electrode.

To solvetheequationsnumerically we usethefinite-element
solver BERNAISE devel oped by the authors, and presented and
validated in a separate work [40]. BERNAISE is written in
Python and builds on the FENICS/DOLFIN framework [43,44].
The solver operates on unstructured meshes and is therefore
suitable when different parts of the domain require very
different resolutions.

A typical mesh used in the simulations is shown in
Fig. 2. The mesh is gradually refined near the electrode, to
resolve the electrical double layer that arises here. Further,
around the evolving interface, afine mesh is required, both to
resolve the diffuse interface associated with the phase field,
and to resolve the Debye layer. In order to capture the motion
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TABLE I. Physical parameters of a water-nitrobenzene system.
The parameters related to solubility are typical of a monovalent
electrolyte such as NaCl.

Phase i

Parameter d (nitrobenzene) s (water) Unit
€ ~40 ~80
ci 0 0.1 M

0 6 x 10% No./m?3
Ai ~3 nm
D ~1x 107° m?/s
i ~1.2g/mL ~1.0x 1073 kg/em®
Wi/ pi ~1.7 x 10-® m?/s ~1076 m?/s

of the interface without having to refine adaptively (which is
both undesirable for parallelization, and has limited support
in FENICS), the mesh is refined beforehand over an extended
areasuitablefor circle capswith both acute and obtuse contact
angles.

We discretize the equations using finite elements in space,
and finite difference in time. For the temporal integration of
the equations, we use afirst-order linearized operator-splitting
scheme. Theschemeis presented and validated in acompanion
paper [40], but is briefly outlined here. At each time step,
we solve sequentially three subproblems. First, the phase-field
equations (27) and (32) are solved in a coupled manner; then
the electrochemical equations(28), with (31) inserted, and (29)
are solved together; and finally the Navier-Stokes equations
(25) and (26) are solved simultaneously. Each substep is
semi-implicit, in that the equations are linearized around the
variables at the previous time step. This yields an efficient,
decoupled and fully linear scheme. More detailson the scheme
can be found in Ref. [40, Sec. 11l B], and the implementation
is openly available.! With regard to spatial discretization, we
use P, finite elementsfor the velocity field and P, elementsfor
the scalar fields, which imparts second-order convergence in
space. We use FENICS' built-in direct linear solversto achieve
robust convergence.

C. Physical parameters

In Sec. Il A, the governing equations were scaled, and
since the simulations are carried out in these scaled variables,
the results may correspond to a variety of parameter sets.
However, it isinteresting to consider concrete physical values
in order to relate the numerical experiments to reality. We
consider as an example the components of the ITIES setup
considered by Monroe et al. [25], with a nitrobenzene droplet
and water surroundings. The relevant phasic parameters are
given in Table |. Additionaly, the surface tension of the
water-nitrobenzene interface is (in the order of magnitude)
0ds ~ 25 x 1073 kg/s” [45]. We are now in a position to

1See the GitHub repository https://github.com/gautelinga/
BERNAISE. The numericd scheme is implemented in
solvers/basic.py, and the simulation set-up is a customized
version of problems/electrowetting.py.

estimate the expected control parameter f definedin Eq. (13).
Translating back to the dimensiona quantities, we have the
expression

8V7€’/2, /22q.co€0€r s
fO = ’ (39)
Ods

which gives a numerical (dimensionless) value of the order
fo =~ 0.3. By inspecting (23), we see that this value imparts
significant deviations from the neutral angle even at moderate
V. For example, complete dewettingispredicted at Vy >~ 7Vy
(assuming the neutral contact angle 6y = /2 inthe absence of
electric field). For systems with lower surface tension and/or
higher concentration, the effect should be stronger.

Inspired by the parameters for the water-nitrobenzene sys-
tem, we make the simplifying assumptions pq >~ ps, itd >~ Us,
and D_ >~ D,. On the other hand, we choose us/ps ~ D+
in order to reduce the computation required to equilibrate the
chargesin the system. This does not have consequencesfor the
time-asymptotic solution [cf. Eqg. (11)], and should only have
minor consequences for the dynamics.

V. RESULTS

Here, we study numerically the dynamic relaxation to an
apparent contact angle when an electric field is suddenly
turned on. Simulation parameters, in scaled units, common
for all smulationsare setto pg = ps = g = us = 10, Mo =
2 x 10_6, Dj:,s =1, D:i:,d = 0.001, ,Bi,s =0, ,35:,5 = 4. For
specific sets of simulations, further parameters are given in
Table Il below. We use a time step T = 0.25 for al simula-
tions, a minimum grid size iy, = 0.0125 (unless otherwise
stated), interfacethickness¢ = 2hp,in, andadomainsize L, =
L, = 2Ry.

A. Qualitative description

When the potential difference is applied at time r = 0,
charge quickly flows towards the bottom electrode to screen
the charge. Gradually, the contact line moves and an apparent
contact angle forms. In Fig. 3, we visualize the relaxation to
the apparent contact angle for one specific applied voltage.
Inspecting thelocal contact angle, we seethat the contact angle
approaches the strictly enforced angle, here 6 = 7/2. Thisis
further quantifiedin Fig. 4, wherewecomparethefinal statefor

TABLE Il. Parametersused inthe simulations shownin Fig. 6, 7,
and 9.

Sm. Ry ¢ € €d As  0as 6o hmin=1¢/2
A 1.0 10 01 0.2 0.071 5 m/2 0.0125
B 15 10 01 0.2 0.071 5 =n/2 0.0125
C 40 10 01 02 0.071 5 =n/2 0.0125
D 10 1 01 0.2 0.22 5 /2 0.0125
E 10 1 01 0.2 0.22 5 /2 0.025
F 15 10 01 20 0.071 5 /2 0.0125
G 1.5 10 0.1 0.005 0.071 5 =n/2 0.0125
H 15 10 09 0.2 0.21 5 =n/2 0.0125
| 1.0 10 01 0.2 0071 10 =m/2 0.0125
J 10 10 01 0.2 0.071 5 =n/4 0.0125
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@t=0 b)t=125 (c)t=25.0

(dt=625 (e)t=125.0 f)t=>500.0

FIG. 3. Relaxation to the apparent contact angle when an electric
field is suddenly applied. The electric potentia difference is turned
ontoV =25attimer = 0. The red color in the surrounding fluid
shows the net charge, and thus represents the EDL. (a) to (f) show
increasing simulation time.

the same set-up, same parameters and applied potential, where
only thedroplet sizeisvaried. Asseenfromthefigure, the shape
of the droplet is fairly robust to the size of the droplet, but is
slightly distorted dueto the presence of the three-phase contact
region. However, asthe Debyelength becomessmall compared
to the droplet radius, the apparent contact angle persists.

B. Contact anglerelaxation in time

We now seek to quantify the evolution of the apparent
contact angle through time. We compute this angle by fitting
a semicircle to the zero-level set of the phase field, for all
points where y > 0.1 (~Rp/10 for most simulations). The
intersection betweenthiscircleandthe y = 0 planedetermines
the apparent contact angle 6. In Fig. 5, we plot the resulting
contact angle in time for arange of potential drops.

C. Dependence of the contact angle on applied potential

In Fig. 6, we plot the contact angle as a function of applied
potential, for arange of different parameter sets. The parameter

12 ——
—— Ry =05 —
1L Y Ry=10 - -- |
\\ Ry=15
0.8 L N Ro=40 1
= \‘ = i 7 -
506 \ 008 ' 1
= 006 | 1
0.4 | 1004 b 1]
1002 1 1 .
0.2 + " 0 il L 7
0 1 1 1 I 1 0\75 1 08\
0 0204 06 08 1 12 14 16

.L‘/R()

FIG. 4. Comparison of thedroplet shapefor different droplet size,
when the Debye length and other parameters are kept constant. The
Debyelengthisis = +/€s/(2co) ~ 0.071. Theinset showsaclose-up
of the contact line.
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FIG. 5. Contact angle in time for a range of potential drops V5.
The lines between points are linearly interpolated for visua clarity.

setscorrespondingtoFig. 6 aregivenin Tablell. Thefunctional
form seemsto be sensitively dependent onthe parametersused.
The prediction of Eq. (22) suggests that plotting cosé —
costp against the composite variable (/esco/os) S nh? (Vo/4)
should make the paints fall on a straight line, provided that f
isindependent of V. InFig. 7, we show for arange of different
parameters the contact angle as a function of this composite
variable. As predicted by Eq. (22), it is clear that the proposed
functional form matches very well for the entire range until
complete dewetting occurs. Indeed, we find that the points
fall onto straight lines for a range of parameters. Further, the
predicted inequality, (23), seems to be satisfied for all. From
the figure, it is apparent that the slope of the curves depend
mainly on the permittivities in the two phases.
Toinvestigatetheroleof the permittivitiesin thetwo phases,
we fit linear slopes to the data plotted in Fig. 7. In particular,
weuseY = cosf — cosp and X = (,/esco/0as) Sinh? (Vo/4),
and find for each parameter set the slope k which minimizes
theresidual of thefit of Y = kX tothe (X,Y) data points. The
resulting slopesk (which areall suchthat —8v/2 < k < 0) are
plotted in Fig. 8 against the ratio between permittivities eq/es
for therespective parameter sets. Sinceweexpect f < fo,they

1 \
A ——
B —<— |
C
D
E " _
0.4 7 -l
0.3 . 7 I — A -
0.2 ) I I I I I I I ]\ 7\
0 05 1 15 2 25 3 35 4 45 5
Vo

FIG. 6. We plot the apparent contact angle as a function of
applied potential, for arange of parameters. The simulation sets A-J
correspond to the parameter sets reported in Table 1.
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141 ;

L L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
/& /o sinh?(Vp/4)

FIG. 7. We plot the quantities involved in Eq. (22) for arange of
parameters.

axishas been shifted by the numerical prefactor in fo, 8v/2. We
heuristically fit afunction B(eq/€es)* to these pointsusing least
squares, where B,a are (dimensionless) fitting parameters.
The best fit gives B >~ 2.6 and « = 0.28 (with rather large
residuals). Note that many functional formswould yield fairly
equal results. Our motivation for using exactly this functional
formwasmerely that it required thefewest possible parameters
to provide a reasonable fit for the entire range. Nevertheless,
using this scaling function, we are as expected able to collapse
the data shown in Figs. 6 and 7. The resulting relationship is
shown in Fig. 9. By inspection, moderate deviations from the
exact relationship between the abscissa and ordinate quantities
can be seen, indicating that improvement could be gained by
explicitly taking into account the energy within and around
the droplet in the free energy (12). Thisis, however, out of the
scope of the current work.

Within the crude approximations made in deriving (22),
however, the expression

c0s6 = cosfy — Y0 [8\/5 — B(e—d) ] sinh?(Vy/4)
€s

Ods
(40)
7
6 L =
5L i
<
+ 4+ e
Q|
Syl L ,
0 y
2 7 b
1t data N
0 fit, 2.622(eq/€s)?2™®
0 5 10 15 20
6d/es

FIG. 8. Computed slopesfrom thedatain Fig. 7 and several other
sets of simulations, plotted against permittivity ratio €4/€s, Shown
along with aleast squares fit.

0t e
—0.2 | &
—0.4 / 1
—0.6 g
—-0.8 g
1L ./ i
—-1.2 + R
14 ¢ ]
—16 L T/ | | B
-1.5 -1 -0.5 0
Vesco/o sinh?(V/4)(—8v/2 + Bleq/es)®)
FIG. 9. Collapse of the contact angle data involved in Eq. (40),

using the same data as presented in Figs. 6 and 7. The black solid line
indicates an exact rel ationship between the ordinate and the abscissa.

cos ) — cos By

well describes the apparent contact angle for the parameter
range considered herein.

D. Reélaxation times

As mentioned previously, it is out of the scope of thiswork
to consider quantitative modeling of the contact line motion.
However, itisin placetoinspect therelaxation timesassociated
with thefinal apparent contact angles presented in the previous
subsection.

We estimate the rel axation times ¢, by fitting an exponential
function, C + C’" exp(—t/t,) to the contact angles as function
of time ¢ (cf. Fig. 5), where C,C’,#; are considered fitting
parameters. Inthemain panel of Fig. 10, weshow therelaxation
timesthat correspond to thefinal contact anglesshowninFig. 6.
The relaxation times are fairly constant for each parameter
set. Deviations are noticeable when the applied voltageislow,

220 \ \

200L 80 ‘ N
60 ]
_ 180 “7 :?L di
™ 160 |- S0t ]
g 140 l‘ _2- 20 L v o &P |
= 0 L ! | |
- 120 | S
£100 | =
g . cos ) — cos by
% 80 I ]
< 60 8 LN o]
40 [ P ]
20 lA—a— 4, A |
0 | ‘ |
0 0.05 0.1 0.15 0.2
V€ /o sinh?(V/4)

FIG. 10. The relaxation times for our simulations obtained by
fitting exponential functions to the contact angle in time. The data
correspond to what is shown in Fig. 6. Inset: Data collapse obtained
by using a dimensionless relaxation time based on surface tension
ogs, VisCosity u, and theinitial wetting length scale ¢o. The outliersat
low potential/contact angles are due to the poor fit of an exponential
function to the data when the contact angle changes only slightly.
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FIG. 11. Comparison of the evolution of the apparent contact an-
gleasafunction of timefor thefull model, including electrochemistry,
and two-phase flow without direct resolution of the electrodynamics
but instead using the boundary condition (42) and the relationship
(40).

i.e., when the contact angle only changes very dlightly and
the exponential fit becomes unreliable. Further, at higher Vo,
the apparent contact angle becomes very obtuse and thus 6
becomes sensitiveto the circular fit. The dlight drift seeninthe
relaxation times should be attributed to that.

On dimensional grounds, we might expect, for flows dom-
inated by viscous and capillary forces,

l
o~ 2 (41)

Ods

where ¢y isatypical length scalewhich wetaketo bethelength
of thewetted areain theinitial state. Thistime scaleisrelated
to the capillary number Ca = uUp/ogs, Where Ug ~ £o/1r iS@
characteristic velocity. The expectation is further admissible
since have not introduced any (pinning) dissipation at the
moving-contact line in our model. We check this by plotting
the dimensionless quantity #.04s/(£oi) ~ Ca~! against, e.g.,
the quantity cosé — cosfy, and the resulting plot is shown
in the inset of Fig. 10. The data points collapse fairly well,
indicating that the time scale identified above is the relevant
time scale in our simulations.

E. Comparison to effective modelling

As suggested by Eq. (40), it might be useful to avoid
simulating dynamic electrowetting using the full model, and
instead incorporate the result as a modified contact angle
boundary condition. Recalling Eq. (38) (putting again z,, = 0),
we may simply replace 6y by the expression for 6(V;) given
by Eg. (40). Thisyields the phase-field boundary condition

3 /

Weik V¢ = cos[6(Vo)] £, (¢) (42)
Now, we carry out a direct comparison between the full
model and the effective model, where the whol e el ectrokinetic
problem is included only through the boundary condition. In
Fig. 11 weshow adirect comparison of thetimeevolution (for a
simulation at Vp = 2.5) between these two approaches. Ascan
be seen from the figure, the effective boundary condition (BC)

approach leads to afaster relaxation to the final contact angle.
Thelatter also slightly overshoots compared to the ssmulations
using the full model, as can be seen from the inset of Fig. 11.
Hence, the two approaches differ, but not necessarily signif-
icantly more than the variations seen within the simulations
using the full model, as documented in Figs. 10 and 9. This
indicates that the effective BC approach is admissible, but that
further modeling might be necessary to quantitatively model
the contact line motion.

VI. DISCUSSION

Compared to previous numerical studies of electrowetting
[24,34,39], we have in this work used a model that accounts
for different ions, and where the conductivity depends on the
local ion concentrations instead of being held constant. We
have studied systematically the effect of varying the applied
potential, as well as other physical parameters. We confirm
the results by Mugele and Buehrle [23] that the contact angle
observed by Lippmann is a macroscopic apparent contact
angle (also commented on by, e.g., [24]). For a conducting
system, the key length scale is the insulator thickness d, and
the apparent contact angle is only observed on scales beyond
d. In our case, we consider an equipotential boundary, and
therefore the length scale that controls the apparent contact
angle is the Debye length A5 in the surrounding fluid.

Monroe et al. [17] considered theoretically a setup where
ions were dissolved in both phases, whereas we have consid-
eredthe casewherethedropl et phase contained noions. Hence,
the analytical solution to the electrolyte system presented in
Ref. [17] was not directly applicable in our case. Nonetheless,
our numerical experiments have shown that a simplified and
dlightly heuristically generalized version of the prediction in
Ref. [17] provides agood description of the contact angle asa
function of the the applied potential, even for relatively large
Debye lengths. From a theoretical point of view, a derivation
explicitly taking into account, e.g., an electrostatic potential
distribution along the droplet interface that minimizes the
energy, could improve the suggested relation between contact
angle and applied potential.

Clearly, many approximations underpin our results. First,
for the Nernst-Planck equations to hold, we are limited to
ideal (i.e., weak) ionic solutions. High concentrations would
probably not be compatible with the assumption of imper-
meable interfaces. Furthermore, we have due to resolution
requirements been limited to two-dimensional simulations.
Future studies building on the present work should consider
axisymmetric or fully three-dimensional geometries.

The assumption of acircular droplet geometry (away from
thethree-phase contact line) may fail when the surfacetension,
a least compared to the Maxwell stresses, becomes small.
Hence, the results presented are only expected to hold for
high surface tension. We emphasize that although the results
presented herein [e.g., Eq. (40)] should clearly not be used
outside their domain of validity, the work presented yields
a recipe for extending the covered parameter space. Further,
we demonstrated here that numerically resolving electrical
double layers constitute an alternative route to obtaining very
obtuse or acute contact anglesin diffuse-interface simulations
of two-phase flow with boundaries.
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As mentioned previously, we have not attempted to model
contact line friction quantitatively, since thisremainsin itself
an important direction of research [41]. A next step could
be to include the generalized Navier slip boundary condition
[42,46], as was done by Nochetto et al. [34]. Finally, we have
not considered any direct dependency between surfaceenergies
and the applied potential. In general, it would require more
detailed modeling to reproduce all the electrochemical effects
that are present in experimental settings.

VIl. CONCLUSION

Controlling wetting properties of two-phase systems is
desirable for a wide range of applications. We have in this
paper considered how an applied electric field can control the
wetting properties of an electrolytic two-phase system. To this
end, the electrowetting setup of a droplet sitting on top of an
isolated conductor, and where an electrolyte is dissolved in
the surrounding phase, was humerically simulated. This was

achieved using a phase-field model for the full electrokinetic
two-phase flow problem. We have confirmed observations of
similar systems from the literature [23], i.e., that an apparent
contact angle forms on scales beyond the Debye length, which
characterizes the extent of the electric double layer. A main
result of our work is summarized in our expression for the
effective contact angle, Eqg. (40), which was motivated by
predictions from nonlinear Poisson-Boltzmann theory. For
models operating on larger scales, the use of such an effective
contact angle can greatly improve thecomputational efficiency.
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A HIERARCHY OF NON-EQUILIBRIUM
TWO-PHASE FLOW MODELS

GAUTE LINGAA:B* AND TORE FLATTENC

ABsTRACT. We review a hierarchy of relaxation models for two-phase flow.
The models are derived from the non-equilibrium Baer—Nunziato model, which
is endowed with relaxation source terms to drive it towards equilibrium. The
source terms cause transfer of volume, heat, mass and momentum due to dif-
ferences between the phases in pressure, temperature, chemical potential and
velocity, respectively. In the context of two-phase flow models, the subchar-
acteristic condition implies that the sound speed of an equilibrium system
can never exceed that of the relaxation system. Here, previous work by Flat-
ten and Lund [Math. Models Methods Appl. Sci., 21 (12), 2011, 2379-2407|
and Lund [STAM J. Appl. Math. 72, 2012, 1713-1741] is extended to encom-
pass two-fluid models, i.e. models with separately governed velocities for the
two phases. Each remaining model in the hierarchy is derived, and analytical
expressions for the sound speeds are presented. Given only physically funda-
mental assumptions, the subcharacteristic condition is shown to be satisfied in
the entire hierarchy, either in a weak or in a strong sense.

subject classification. 76T10, 35160

key words. two-phase flow, relaxation systems, subcharacteristic condition

1. INTRODUCTION

The concurrent flow of two fluid phases occurs in a wide range of industrially
relevant settings, including in nuclear reactors [10], petroleum production [1, 8|,
heat exchangers [51], cavitating flows [56], and within carbon capture, transport
and storage (CCS) [9, 38, 46]. However, for most simulation purposes, resolving
the full three-dimensional flow field may be too cumbersome, due to the complex
interaction between the phases. In particular, this encompasses calculating the
temporal evolution of the interface between the phases, and the transfer of mass,
heat and momentum across it. Averaging methods (see e.g. Ishii and Hibiki [32]
or Drew and Passman [16]) may therefore be applied to avoid direct computation
of the interface. The resulting coarse-grained models may often be expressed as
hyperbolic relaxation systems with source terms accounting for the interactions
between the phases, driving them asymptotically towards equilibrium at a finite
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2 LINGA AND FLATTEN

rate. In a quasi-linear form, one-dimensional versions of such systems may be
written as

@U+MU@M:%QWL (1)

wherein U(z,t) € G C RY is the (smooth) vector of unknowns and A(U) is a
matrix which we shall call the Jacobian of the system, in analogy to conservative
systems.? Further, € is a characteristic time associated with the relaxation process
described by Q(U). For an extensive review of the existing literature on such
systems, see e.g. Natalini [48], or, for a more concise summary, consider the first
few sections of Solem et al. [58] and the references therein.

Two limits of the relaxation system (1) will be considered in this paper:

e The non-stiff limit, corresponding to the limit ¢ — oco. In this case, we may write
(1) as

8,U + A(U)3,U = 0. 2)

We will refer to (2) as the homogeneous system.

e The formal equilibrium limit, which is characterized by Q(U) = 0. This defines an
equilibrium manifold [11] through M = {U € G : Q(U) = 0}. We now assume
that the reduced vector of variables u(x,t) € R", where n < N, uniquely defines
an equilibrium value U = £(u) € M. We may then express (1) as

dru+ B(u)d,u=0, U=¢&(u), (3)

where B(u) = P(u)A(€(u))0,E(u) is the Jacobian of the reduced system. Herein,
we have defined the operator P(u) : R — R” through P(u)9,&(u) =1, i.e. the
identity matrix. We will refer to (3) as the equilibrium system.

We expect solutions of (1) to approach solutions of (3) as € — 0, i.e. in the stiff
limit, where the relaxation towards equilibrium is assumed to be instantaneous.

1.1. The subcharacteristic condition. An essential concept which arises in the
study of relaxation systems and their stability, is the so-called subcharacteristic
condition. It was first introduced by Leray [36], subsequently independently found
by Whitham [66], and later developed by Liu [39] for conservative 2 x 2 systems.
For more general systems, Chen et al. [11] defined an entropy condition which they
showed implies the subcharacteristic condition. Yong [68] proved that for n = N—1,
the subcaracteristic condition is necessary for the linear stability of the equilibrium
system. For strictly hyperbolic systems, Solem et al. [58] proved that it is also
sufficient. Hence, for strictly hyperbolic relaxation systems where n = N — 1, the
subcharacteristic condition is equivalent to linear stability.

For a general N x N relaxation system, such as (1), the condition may be
formulated as follows.

Definition 1 (Subcharacteristic condition). Let the N eigenvalues of the matrix
A of the homogeneous system (2) be given by A;, sorted in ascending order as
A <. <A <A <...< Ay (4)

Similarly, let \; be the n eigenvalues of the matriz B of the equilibrium system
(3). Herein, the homogeneous system (2) is applied to a local equilibrium state

n systems which can be written on the conservative form 9;U + 9,F(U) = 0, we have that
in the weak form (2), A = OyF is the actual Jacobian of a flux F.
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U = &(u), such that A; = Ai(E(u)), and A\j = A(u). Now, the equilibrium system
(3) is said to satisfy the subcharacteristic condition with respect to the homogeneous
system (2) when (i) all \; are real, and (i) if the \; are sorted in ascending order
as

M < <A <A< < A, (5)

then the eigenvalues of the equilibrium system are interlaced with the eigenvalues
of the homogeneous system, in the sense that \; € [Aj, Ajrn_n].

The subcharacteristic condition has been shown to be an important trait of many
physical models [5, 6, 21], since the eigenvalues then have a direct physical interpre-
tation as the characteristic wave speeds of the system. In the context of relaxation
models for two-phase flow, the fastest wave speeds are the speeds of pressure waves,
which involve the fluid-mechanical speeds of sound. The subcharacteristic condi-
tion then implies in particular that the sound speeds of an equilibrium model can
never exceed that of the relaration model it is derived from. This is precisely the
observation, well known in the fluid mechanics community, that the “frozen” speed
of sound is higher than the equilibrium speed of sound [20, 26, 52].

1.2. The model hierarchy. In a general averaged two-phase flow model, the mix-
ture will consist of two fluids which evolve independently. We assume local thermo-
dynamic equilibrium in each phase, i.e. each of the phases may be described by an
equation of state. Specifying two thermodynamic quantities then completely deter-
mines all thermodynamic properties of that phase. Herein lies also the assumption
that the thermodynamic quantities are unaffected by the local velocity field. Each
phase k£ may then be thought of as having separate pressures p;, temperatures Ty,
chemical potentials uy, and velocities vg. Since the two-phase mixture will move
towards phase equilibrium in each of the mentioned variables, we may model these
interactions by employing relazation source terms corresponding to the following
relazation processes:

p — volume transfer. Relaxation towards mechanical equilibrium due to pres-
sure differences between the phases, i.e. expansion or compression.

T — heat transfer. Relaxation towards thermal equilibrium, due to temperature
differences between the phases.

w — mass transfer. Relaxation towards chemical equilibrium due to differences
between the phases in chemical potential.?

v — momentum transfer. Relaxation towards velocity equilibrium, due to ve-
locity differences between the phases, i.e. interface friction.

The starting point of the forthcoming analysis will be the classical Baer—Nunziato
(BN) model [3], which is a general formulation of a two-fluid model, in the sense
that the phases are associated with separate velocity fields. The BN model is
endowed with appropriate relaxation terms corresponding to each of these processes
presented above. By considering the homogeneous and equilibrium limits of each
relaxation process, i.e. assuming all combinations of zero or more of them to be
instantaneous, we obtain a hierarchy of models, each with partial equilibrium in
one or more of the aforementioned variables.

This hierarchy can be represented as a four-dimensional hypercube, as illustrated
in Figure 1. Herein, each model is symbolized by a circle, and corresponds to a

2See also Remark 2.
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7 eqn. 6 eqn. 5 eqn. 4 eqn. 3 eqn.

F1GURE 1. The 4-dimensional hypercube representing the model
hierarchy. Parallel edges correspond to the same relaxation pro-
cesses, and each vertex signifies a unique model in the hierarchy,
assuming instantaneous relaxation in zero or more of the vari-
ables p (pressure), T (temperature), u (chemical potential) and
v (velocity). The leftmost, red circle denoted by “0” represents the
Baer—Nunziato model [3]. The colored edges represent relaxation
processes where a subcharacteristic condition has previously been
explicitly established in the literature; models described in [20]
and [40] are shown in yellow, whereas models described by [19] are
shown in green. Subcharacteristic conditions were obtained in [44]
for the model represented by the blue circle.

“corner” of the hypercube. Parallel edges, in turn, correspond to the same instan-
taneous relaxation assumption, in the direction of the arrow. The basic model,
denoted by “0” and shown in red as the leftmost circle of Figure 1, is thus reducible
to all models in the hierarchy. Many of the models in the hierarchy have already
been derived, explicitly expressed and thoroughly analyzed, and in this respect, the
current paper builds heavily on previous work [2, 7, 14, 23, 33, 35, 56, 57, 69].

The models shown in yellow circles in Figure 1 constitute the v-branch of the
hierarchy, i.e. the homogeneous flow models, wherein the phase velocities are equal.
Such models are subclass of the so-called drift-flux models, where the phasic veloci-
ties are related by an algebraic expression. Herein, the v-model was derived by [57],
the vp-model is due to [33] (see also Refs. [2, 47]), and the vpT-model was studied
e.g. by [21]. The vpT p-model is known as the homogeneous equilibrium model and
has been studied by several authors, see e.g. Refs. [12, 18, 30, 31, 42, 60, 65]. Flat-
ten and Lund [20] collected results on the v-, vp-, vpT-, and vpT p-models, derived
the vpu-model, and showed that the subcharacteristic condition was satisfied for
all relaxation processes within this branch of the hierarchy. Lund [40] completed
the v-hierarchy by deriving the vT-, vu- and vT' u-models, and established the sub-
characteristic condition in the remainder of the v-branch, given only physically
fundamental assumptions.
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With regards to the two-fluid models in the hierarchy, several of these models
have been derived, employed in simulation [8, 10|, and analyzed. Here, the p-
model was analyzed e.g. in Refs. [13, 60], and the pT-model was studied e.g. in
Refs. [19, 27].

An important issue with p-relaxed (one-pressure) two-fluid models is that they
develop complex eigenvalues when the velocity difference between the phases ex-
ceeds a critical value, i.e. they become non-hyperbolic [15, 22, 44, 60, 64]. This
may lead to the lack of stable mathematical and numerical solutions. Nevertheless,
these models are extensively used for practical applications; and in numerical sim-
ulations they are often mitigated by specifying a regularizing interfacial pressure
(see [10, 49, 61]). Further, estimates of fluid-mechanical sound speeds is of practical
importance for the construction of efficient numerical schemes [27, 53]. For rela-
tions between two-fluid models, we find, as in Ref. [19], the need to state a weaker
formulation of the subcharacteristic condition.

Definition 2 (Weak subcharacteristic condition). When the subcharacteristic con-
dition of Definition 1 holds with the additonal equilibrium condition of equal phasic
velocities, the weak subcharacteristic condition is said to be satisfied.

The p- and pT-models were analyzed by Martinez Ferrer et al. [19], who showed
that the subcharacteristic condition, in a weak or strong sense, is satisfied with
respect to existing neighbouring models. Similarly, Morin and Flatten [44] studied
the pTu-model, and showed that subcharacteristic conditions were satisfied in rela-
tion to existing neighbouring models. The highlighted edges in Figure 1 summarize
the relations between models where a subcharacteristic condition has already been
shown to be satisfied.

1.3. Contributions of this paper. The objective of the current paper is to com-
plete the study of the subcharacteristic condition in the full hierarchy of two-phase
flow models, proving the remaining subcharacteristic conditions. In this respect, a
generalization of the work by [20] and [40] is provided, extending the hierarchy to
encompass also two-fluid models, i.e. models with separate momentum equations
for the two phases. Herein, the inclusion of the two-fluid T-, u-, pu- and T y-models
represent original contributions. A similar hierarchical derivation of two-phase re-
laxation models was done in the thesis of Labois [35], who focused primarily on
the stiffened gas equation-of-state. In our current work, expressions for the sound
speeds of the models are provided, valid for general equations of state. Moreover,
we show that the remaining 15 subcharactistic conditions are satisfied, i.e. that
the subcharacteristic condition is everywhere respected in the hierarchy, either in a
strong or in a weak sense. This is done by comparing the new expressions for the
sound speeds to many known results from the literature, and by using techniques
involving writing the difference of wave velocities as sums of squares (cf. [20, 40]).
We present each of the models for which we prove at least one subcharacteristic
condition.

1.4. Outline. The organization of the current paper is as follows. In Section 2 we
present the basic model with all possible source terms, derive evolution equations
for the primitive variables, and state a parameter set which suffices to satisfy the
laws of thermodynamics. In Sections 3 to 8, we present in turn the v-, p-, T-, u-,
pu~ and Tp-models. For each model we give explicit analytic expressions for the
sound speeds, and prove the remaining subcharacterisic conditions with respect to
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related models. In Section 9 we show plots of the sound speeds in the different
models, and briefly discuss physical and mathematical properties of models in the
hierarchy. Finally, in Section 10, we draw conclusions and suggest possible future
work.

2. BASIC MODEL

In this section, we present the basic BN model [3]. In this model, which is hy-
perbolic, the two phases have separate pressures, temperatures, chemical potentials
and velocities. We state the model in a form reminiscent of that proposed by Saurel
and Abgrall [54], but with all four possible relaxation source terms accounting for
the interaction between the phases. From this, we determine the evolution equa-
tions of the primitive variables. Based on the evolution equations, we derive a
parameter set which suffices for the model to satisfy fundamental physical laws.

2.1. Governing equations. In the following, we present the governing equations
in the basic model, supplemented with physically appropriate relaxation terms. We
let oy, denote volume fraction, vy velocity, py density, py pressure, T temperature,
ui chemical potential, ey internal energy per mass, for each phase k € {g, ¢}, where
g denotes gas and ¢ denotes liquid.

2.1.1. Volume advection. We assume that apart from advection, the interface be-
tween the phases can only move due to pressure differences. This is commonly
formulated as

Orag + 010z = I (Dg — Do), (6)

wherein v; is an interface velocity and .# is the pressure relaxation parameter.
Hence, the volume fraction is advected with the velocity v;. There are several
discussions available on how to choose this interface velocity, see e.g. [14, 55]. In
the following, we shall motivate it from a thermodynamic point of view, using the
second law of thermodynamics.

The local volume transfer must occur so that the phase with the lowest pressure
is compressed, and the phase with the highest pressure is expanded. This is enforced
through .# > 0. Moreover, the volume fractions must satisfy o, + ay = 1, where
ar € (0,1), and hence only one evolution equation for the volume fractions is
needed.

2.1.2. Mass balance. The evolution of the mass of each phase is contained in the
balance equations
0yagpg + Opgpgvy = H (e — Ng)> (7)
Orouppe + Opappeve = (g — fie), (8)

wherein ¢ is the mass relaxation parameter, and the source terms on the right
hand sides of (7) and (8) account for mass transfer between the phases [24, 25]. The
mass transfer occurs from the phase with the highest chemical potential towards
the phase with the lowest, which is ensured through the assumption J# > 0. We
observe that conservation of total mass is contained by summing (7) and (8):

Op + 0y (gpgvg + aupeve) = 0, 9)

wherein we have defined the mixture density p = agpg + agpe.
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2.1.3. Momentum balance. Similar balance laws apply for the momentum of each
phase:

8tagpgvg + aﬂﬁ(agpgvz + agpg) - piaﬂcag = Ui%(llf - ,ug) + '//Z(UZ - Ug)7 (10)
Bpagpeve + Oz (upevy + cupe) — piacy = vt (g — o) + M (vg —v).  (11)

Herein, p; is an interface pressure and ./ is the momentum relaxation parameter.
Note that from the averaging procedure resulting in these models, the interface
velocity v; in (10) and (11) need not be the same as that in (6) (see e.g. Ref. [43]).
However, we have chosen these to be equal to keep the notation to a minimum,
as this will not influence the main conclusions of this paper. The source terms
associated with v; on the right hand sides of (10) and (11) represent the momentum
of the condensating or vaporizing fluid, which is transferred to the other phase. The
source terms associated with .# represent interfacial friction, and are assumed to
cause momentum transfer from the phase with highest velocity towards the one with
lowest velocity, which is ensured by requiring .# > 0. We observe that conservation
of total momentum is ensured by summing (10) and (11):

Oy (agpgvg + aupeve) + Oy (Agpgvs + aupev; + agpg + cupr) = 0. (12)

2.1.4. Energy balance. The balance laws for the energy of each phase may be stated
as

OtEg + O0p (EgUg + 0igUgDg) — DiVi 030
= —piI (g — pe) + (i + 20i%) H (e — pg) + vicdl (ve — vg) + H(Ty — Ty), (13)

O Er + 0 (Egvg + agvgpe) — piviOzay
= —piﬂ(pg - pg) + (,ui + %’UF) %(/Lg — ,u,g) + vi///(vg — Ug) + %(Tg - Tg). (14)

Herein, p; is an interface chemical potential, 7 is the temperature relaxation
parameter, and we have introduced the total phasic energy per volume Ej, = E}* +
E}C‘i“, where the phasic internal and kinetic energies are given by, respectively,

B = agprer, (15)
Ef™ = Lagppv}. (16)

On the right hand side of (13) and (14), the terms associated with .# represent
energy transfer due to expansion—compression work, the terms associated with 2
represent the energy which the condensating or vaporizing fluid brings into the
other phase, the terms associated with .# represent energy transfer due to frictious
momentum transfer, and the terms associated with J# represent pure heat flow.
The latter should flow from the hotter to the colder phase, which is ensured through
the assumption s# > 0. Moreover, we see that total energy is conserved by summing
(13) and (14),

Ot E + 01 (Eqvg + Epve + 0igvgpg + cyvepe) = 0, (17)
where we have introduced the mixed total energy per volume F = E, 4 E,. Note
that the same observation on the interfacial velocity as pointed out in Section 2.1.3
applies to (13) and (14). The interface velocity is for simplicity of notation chosen

to be the same v; in (13) and (14) as in (6) and (10) and (11), but the choice
does not have consequences for our main conclusions.
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2.1.5. Phase independent form. With all possible relaxation terms, the BN model
[3], as presented in (6) to (8), (10), (11), (13) and (14), can be stated compactly
as

O + vidzag = I, (18)

Orapr + Ozagpror, = Ky, (19)

Oranprvg + Ou(arprvl + arpr) — pidsor = vily + My, (20)
O Ex + 0y (Exvi + agoepr) — pivipoe = —pile + (i + 3vi%) Ki + vi My + ](E;kl’)

for each phase k € {g,¢}. Herein, the shorthand forms of the relaxation source
terms, I, Ky, Hi and My, have been defined such that I = —I, = 7 (ps — pe),
Kg = 7Kg = t%/(ﬂgflj,g% Hg = 7Hg = %(T[*Tg% and ]\/fg = 7Mg = .///(vgf’l)g)

2.2. Evolution of primitive variables. In order to systematically derive other
models in the hierarchy, and to derive a physically valid parameter set for the
basic model, we now seek the evolution equations for primitive variables, such as
phasic velocity vy, density py, pressure pi, temperature T}, entropy s; and chemical
potential px. To simplify the notation in the forthcoming, we introduce the phasic
material derivative, defined by

Dy () =0: () + 00z (), (22)

for each phase k € {g, ¢}.
In the forthcoming calculations, the following relation will prove useful. For an
arbitrary quantity f, we have from (19) and (22) that

opprDif = Oranpr f + Opopprvr f — fKy. (23)

2.2.1. Volume fraction. For clarity we state the evolution equation for the volume
fraction. Using (18), we have that

Drap =1 + (’Uk - ’Ui)azak. (24)

2.2.2. Velocity. We now seek the evolution equation for the phasic velocity. Using
f=wvin (23), and (20), we obtain

Dok = (arpr) ™" ((pi — pr)Osct — aOupi + (vi — v) Ki + My) . (25)
2.2.3. Density. The density evolution equation is found by combining (19) and (24),

1
Dipr = _%(Uk — ;) Optyy — PEOLVE — Z—]ZI;C + a—kKk. (26)

2.2.4. Kinetic energy. In order to obtain the evolution equation for the specific
internal energy, we start by finding the evolution equations for the kinetic energy.
Using f =v?/2in (23), and (16) and (25), we obtain

QEF™ + 0u B vy, + cgvkOypi + vi (P — pi)Opok = (vivg — 207) K + v M.
(27)
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2.2.5. Internal energy. We obtain the evolution equation for the internal energy by
subtracting (27) from (21), expanding and collecting terms:

OB + 0, B vi, + arprOpvr + pi (v, — vi)Op k. = —pily+ gk K + (vi — vi) My + Hy,,

(28)
where we have introduced a shorthand interface energy gr = pi+ 5 (v — vk)Q. Now,
by using (15) and (28) and f = e, in (23), we obtain

Dyep = ak_lpk (=pi(I+ (vk — v3) D) — kPR Og Uk + (g — ) K+ (v — 0g ) My + Hy, ).
(29)

2.2.6. Entropy. The fundamental thermodynamic differential reads
dey, = Tydsy + prpy, *dpr, (30)

where sy, is the specific entropy of phase k. By writing (30) in terms of material
derivatives, and inserting (26) and (29), we obtain the evolution equation for the
phasic entropy as

Disik = (oeprTr) ™ [(pe—p1) (I + (0 — v1)Opouk) + (g — hie) K + (vi— v ) My + Hy .
(31)

Herein, the phasic specific enthalpy is defined as hy = ey + pr/pr. By using f = si

in (23) along with the identity uy = hr —Tksk, (31) may be written in the balance

form

0y S+0, Sk = Tj {(Pk—pi) (I + (v — Ui)axoék)+(gk—uk)Kk-F(Ui—Uk)Mk-FHk}
(32)

where we have defined the phasic entropy per volume Sy = aipiSk-

2.2.7. Pressure. The pressure differential in terms of the density and entropy dif-
ferentials may be written as
dpi = cidpy, + DiprTrdsy, (33)

where we have introduced the phasic thermodynamic speed of sound and the first
Griineisen coefficient, respectively defined by

k= (Opr/dpr),, and Ty = p;' (Ipr/dey),, - (34)
By writing (33) in terms of the phasic material derivative, and inserting (26)
and (29), we arrive at
Dypr = 7“(“75;)7%0% (I + (v — vi)Owour)

2
- pkciagcvk + Fk(gk;wl(k + %(Ui - 'Uk)Mk + %Hk (35)

k

2.2.8. Temperature. We now seek the equation governing the phasic temperature
evolution. The temperature differential may in terms of the pressure and entropy
differentials be written as

ATy, = Tk Trpy, ¢ *dpr + TiC, pdsy, (36)

where the specific isobaric heat capacity is defined by Cp, , = T}, (9s/0T}) - Now,
writing (36) in terms of phasic material derivatives, and inserting (31) and (35),
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we obtain
1+ 7F26;pz’ka I
DTy, = m(pk —pi) — o (I, + (vg — v1)Oza) — T T30 vy,
r2C, v Tk r2c, v T
R S Y01 it S Y
P o prCp B ¥ aprChp PR M

(37)

2.2.9. Chemical potential. The natural differential of the phasic chemical potential
reads

dpr, = py, ' dpi — s, d T (38)

Therefore, writing (38) in terms of phasic material derivatives, and inserting (35)
and (37), we obtain

2 —
Dkﬂk = aik [(Fk — % — M) (pe=pi) _ Ci + Fkask] (Ik + (Uk: - Ui)axak)

Ci Pk
2
— (¢ = TwTisi) dovr + 55 {ci — DiThesk + (Fk o chT%fsk> (9r — hk)} Ky,
: T}y si
o (Te = g — B ) (o — vi) My + Hi . (39)

2.3. Laws of thermodynamics. For the model to correctly represent physical
phenomena, it should be verified that it satisfies fundamental physical principles
[20, 21]. We have already verified that it conserves mass, momentum and energy,
respectively represented by (9), (12) and (17), where the latter is known as the
first law of thermodynamics. We now consider the second law of thermodynamics,
which states that the total entropy should be non-decreasing. The analysis in the
following is reminiscent of that of various previous works [14, 20].

2.3.1. Total entropy evolution. The total entropy per volume is given by S = S, +
S¢. The evolution equation for the total entropy is therefore found by summing
(32) over k € {g,(}:

8t5+8$(5g1}g+5(1}g)Zyp-FyH‘i‘X;-ﬁ-yT:y, (40)

where we have defined the entropy source terms
S = (pgT—gpi _ Pfj:épi) I, + {(pg_Pi%ivg_Ui) _ (m—pa)T(éve—vi)} D, (41)
S = ((Mi — g+ 5(vi —ve)?) Ty ' — (s — pe + 5 (vi — v0)?) Tgfl) Ky, (42)
Sy = [ = v Ty = (0= 0) T M, (43)
S = (T;" =T, ) H,. (44)

2.3.2. The second law of thermodynamics. We define the global entropy as
Qt) = / S(z,t)dx, (45)
¢

where ¢ C R is some closed region.
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Definition 3. The second law of thermodynamics states that the global entropy is
non-decreasing, i.e.,

dQ

s t 4
dt_o Vi, (46)

n our context.

Proposition 1. Sufficient conditions for the relazation model given by (6) to (8),
(10), (11), (13) and (14) to satisfy the second law of thermodynamics (Definition 3)
are

I H M, T >0, (47)
min{pg, e} < pi < max{pg, pe}, (48)
o Tepg+\/TTgP15
pl - \/Fng\/Fe ) (49)
A Tevg+ /Ty
R euy (50)
given only the physically fundamental assumption Ty, > 0 for k € {g, (}.

Proof. By temporal differentiation of (45), in combination with (40) and (46), we
obtain

/ dz S (z,t) > 0, (51)
¢

where we have assumed that the entropy flux of (40), Sgvg + Seve, vanishes at
the boundary of €. For (51) to be satisfied, clearly .# > 0 is a sufficient crite-
rion, for which statement to hold the non-negativity of all the partial source terms
Iy S, ST and S, is in turn sufficient. We now show this for each of the terms
under the conditions of (47) to (50).

Firstly, the conditions (49) and (50) inserted into (41) yields

Iy =5 (pg —po)” (TuTy) Y2 > 0. (52)

Now, (48) is equivalent to p; = Bupug + (1 — Bu)pe, with 8, € [0,1]. Hence,
combination of (42) and (50) yields

o= H = pg)? |1 = BT+ BT > 0, (53)
Next, (50) inserted into (43) yields
Ty =M vy —vg)X(TTy) V2 > 0. (54)
Finally, (44) becomes
S = (T = Ty) (TyTr) ™ > 0, (55)
and hence all the source terms are non-negative. (I

Remark 1. The interface conditons (49) and (50) are sufficient, not necessary,
and the square-root-of-temperature weighted average between the phasic values dif-
fers from choices in the literature, e.g. the initial choices by [3]. The reason for
this particular weighting is that we enforced the interface velocities in (6), (10),
(11), (13) and (14) to be equal. Allowing these to differ would enable other linear
combinations of the phasic quantities, which could possibly be more suitable for nu-
merical simulations [55]. These differences, however, do not have implications for
the main conclusions of this paper.
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2.4. Wave velocities. We now consider the homogeneous limit of the BN model,
where the source terms %, %, #, 7 — 0. The resulting model has previously
been extensively studied by several authors, see e.g. [54, 69]. The model has two
fluid-mechanical sound speeds; one for each of the phases. The seven wave velocities
are given by Ao = {vi, Vg, U, Vg — Cg, Vg + Cg, V¢ — ¢, v¢ + Co} [54].

In typical applications, the flow is subsonic, i.e. |vg —v¢| < ¢g, ¢ may be a valid
approximation. Evaluated in the velocity equilibrium limit, taking v = v, = vy, the
eigenvalues are, sorted in ascending order,

)\(()0) ={v—co4,v—co—,0,0,0,v+ o, U+ Co 4} (56)
where we have defined ¢g + = max{c,, ¢} and co— = min{c,, ¢¢} as the higher and

lower sound speeds, respectively.

3. THE v-MODEL

We now study the model that arises upon imposing instantaneous equilibrium
in velocity, i.e. letting the velocity relaxation parameter .# — oo, which we expect
corresponds to

Vg = Vg = 0. (57)

Simultaneously, we require the term My = .# (vy — vg) to remain finite. By noting
that for a general function f, the phasic material derivatives are equal for the two
phases, i.e. Dy f = 0if + v0, f = Df, then the system that results from evaluating
(25) for the two phases k € {g, ¢} can be solved to yield

Mg = (nge + Yfpg - pi) aacag + O‘gnaacpg - Oéngapr (58)

where we have introduced the phasic mass fractions Y, = agpr/p. The model that
now results from inserting (57) and (58) into the basic model of Section 2, was
analyzed by Flatten and Lund |20, 40], as it constitutes the basic model of the v-
branch of the hierarchy. The model is hyperbolic and has previously been studied
by many authors [33, 50, 57].

3.1. Wave velocities. The wave velocities of the velocity equilibrium model, in
the homogeneous limit where ., %, # — 0, are given by [20]

A ={v—cp,v,0,0,0,0+ ¢} (59)
Herein, the sound speed of this model is defined by
= chg + Yics. (60)

Proposition 2. The v-model satisfies the subcharacteristic condition with respect
to the basic model, given only the physically fundamental conditions py,ci > 0, for

ke {g, l}.

Proof. We observe that Y, + Y, = 1, and due to the given positivity conditions, we
have that Yj, € (0,1). Therefore, (60) implies that min{c,, ¢/} < ¢, < max{cg, co}.
It then follows trivially that the wave velocities of the v-model are interlaced in
the wave velocities (56) of the basic model evaluated in the velocity equilibrium
state (57). Hence, the associated subcharacteristic condition of Definition 1 is
satisfied. O
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4. THE p-MODEL

In this section, we consider the mechanical equilibrium model, which arises when
we assume instantaneous mechanical equilibrium in the basic model of Section 2.
We let the pressure relaxation parameter .# — oo, which we expect to correspond
to pg = p¢ = p. Simultaneously, the product Iy = #(pg — p¢) should remain finite.
The mechanical equilibrium model is found by using (35) evaluated for each of
the two phases. From this, we may find an expression for I, without temporal
derivatives, and insert it into the basic model of Section 2. The resulting model
has been extensively studied previously [19, 54]. Like other one-pressure two-fluid
models, the model is not hyperbolic.

4.1. Wave velocities. We consider now the homogeneous limit, where &, # , 7 —
0. The eigenvalues to the lowest order in the small parameter € = vy — v, i.e. eval-
uated in the equilibrium state defined by (57), are given by [19]

A;O) ={v—cp,v,0,0,0,0+cp}, (61)

where the sound speed in the p-model is given by

-1
2 _ (og L ) ( « )

‘= (p: + pe) (pgiﬁ + pecﬁ) : (62)

Proposition 3. The p-model satisfies the weak subcharacteristic condition of Def-

inition 2 with respect to the basic model of Section 2, subject only to the physically

fundamental conditions pg,ci > 0, for k € {g,(}, in the equilibrium state defined
by (57).

Proof. We see from (62) that ¢ is a convex combination

-1
cﬁ = Spgcg +@ZC?7 where Pk = ( Lk ) ( L + i ) ) (63)

peci ) \Psci  pecq
since g + ¢¢ =1, and ¢y € (0,1), due to the given conditions. This implies that
min{eg, ¢r} < ¢ < max{cg, ¢/}, (64)

and hence the weak subcharacteristic condition is fullfilled with respect to the basic
model, whose local eigenvalues evaluated in the same state are given by (56). O

5. THE T-MODEL

In this section, we investigate the thermal-equilibrium model (T-model), which
emerges from assuming instantaneous thermal equilibrium in the basic model of
Section 2. To this end, we let 5 — oo herein, which we expect corresponds to

T,=T,=T, (65)

in such a way that Hy, = J€(Ty — T,) remains finite. In the following we present
the governing equations.

5.1. Governing equations. The full T-model may be stated as the basic model of
Section 2, in which (13) and (14) are replaced by (17) and the thermal equilibrium
condition (65).

In order to establish the impact of instantaneous thermal relaxation on the wave
velocities, we need to express the model in a quasi-linear form, and thus obtain the
velocities as the eigenvalues of the associated Jacobian. This is most easily done
by exploiting the primitive variables, which is what we now turn to do.
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Firstly, we have that the phasic pressure differential in terms of density and
temperature may be written as
dpr = 3¢y tdpr + TrprCp iy HdT. (66)

where we have introduced the ratio of specific heats ¢, = 1+T1%C, ,T/ci, and used
(65). With (66), (25) becomes

Aipk
my

2 C .
Oyt — piﬁaxpk - chk”’k 0, T + Lmzk Ky, + m%ch, (67)

where we have defined the phasic mass per volume my = «aypg, the phasic interface
pressure jump A;pr = p; — pk, and the phasic interface velocity difference Ajv =
v; — vg. Furthermore, (37) becomes

Dyvg =

DT = — [z 4 D] (1, — Aywydn) — DT 0,0

B L (g — ha)| Ko+ £ Aoy + £ Hy, (68)

Mk Cp.k Co,k Ch

s

where we have introduced the extensive heat capacity at constant pressure C’p,k =
mCp . We now define the weighting factor 65, = C*p,kg,;l/(ép,g(; —O-pr,g([l), for
which clearly 6, + 6y = 1 and 65 € (0,1). Multiplying (68) by 6k, and summing
over the phases yields

QT+ (00 + 0000) 0,T = — | %216t 4 0L B2t 0 — 0,1, T, 0, — 0, T T,
+ pg — Dy . HgFgT + egFgT T + hg — hg + ggFgT . egFgT K
ép,g + épl Oég Qyp & ép,g % mg my &
Cg CE Cg Cé
+ 7% g, (69)
Ch.g + Cp.e
Cg Cé

where have used the interface parameter definitions of (49) and (50) evaluated in
thermal equilibrium (65) to simplify.

5.2. Wave velocities. We now seek the wave velocities, i.e. eigenvalues, in the
homogeneous limit, where the relaxation source terms %, %, . # — 0. From (24),
it is then clear that oy is a characteristic variable of the system, since the volume
fraction is advected with the velocity v; in the absence of relaxation source terms.
By using (26), (67) and (69), the remaining, reduced system may now be expressed
in the quasi-linear form d,ar + Ar (ar) Ozur = 0, where Gy = [pg, pr, Vg, Ve, T,
and the associated Jacobian is given by

Vg 0 Pe 0 0
0 Vy 0 pPe 0

- c? r,C

AT ngCg 0 Vg 0 g(gp'g ’ (70)
0 L0 ve Lelnt

peCe Ce
0 0 HgFgT 0,T,T vag-i—ww

from which we can find the remaining five eigenvalues. The characteristic polyno-
mial of the latter is a fifth-degree polynomial, for which in general no closed-form
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solution can be obtained. We now note that we may write Ay = A(O) + EA(l)
where € = vy — vo. The matrices are given by

v 0 Pg 0 0
0 @ 0 pe 0
2 (0) 2 5 2Cp.g
AT = | pele 02 v 0 Ce ’ (71)
2 - T'eCpe
0 peCe 0 v Ce

0 0 GgFgT 0,1, T v

and A(Tl) = diag (0¢, —0g, 0, —0g, 0) , where we have taken o = 0gvg + 0pv,. Hence,
we approximate the eigenvalues by means of a perturbation expansion in the small
parameter €. To the lowest order in €, vy, = vy = ¥ = v, and the eigenvalues of the
T-model are given by

A’EI(’)) = {U*CT,+7U7CT,*7U7,U7/U+CT7*7U+CT7+} (72)

where the two distinct sound speeds of the model are given by

02+02 22 F2CZ
g TC 1 1 ¢
-t ( + = )+m +

2 Cre Cp-,é & mec
Cr+ = r2 1 1
2 mg c2 + myc? o +5-
éc Cp.e Cp,g

+ szc? 1 + 1 _ 202 + FZCZ 2+4F§F2
T Cr.e Cpg m (‘2 mgc mgmyg

1 1
2 |:m 02 + mgc% (Cp,g + ép,£)i|

Proposition 4. The T-model satisfies the weak subcharacteristic condition with
respect to the basic model of Section 2, subject only to the physically fundamental
conditions pr, Cpr, T >0, for k € {g, £}, in the equilibrium state defined by (57).

(73)

Proof. We first show that the sound speeds are real. We note that on the given
conditions, clearly ¢f . € R, and moreover, ¢z, > 0. The product of the sound

speeds may be written as
r2 r;
z ¢
T (m,gcé + mgc%)

ci%rcif CO+CO + 29, where Z9 = (1 1 ) (74)

2 2
C, C, =
0,470, \ Cp e Cp.e

Based on the given conditions, it is clear that Z% > 0 and therefore

0<ch ch_ <cgch_, (75)
and hence also c%_ > 0, and thus ¢ 4+ are real, and by definition, positive. Now,
using the definitions of ¢y + and (73), it follows that

(G4 =) — NG - — )G - — ) =—9f, (76)
where
0 _ (2 2\2 Iirg 1 1 \172
QT - (Cg - Cf) mimfg |:m c2 + mgc2 (Cp7g + ép‘l)i| . (77)

The given conditions ensure that Q% > 0. The only ordering of sound speeds
compatible with (75) and (76) is 0 < ep,— < ¢o— < ¢4+ < ¢4+, and hence the
subcharacteristic condition of Definition 1 is satisfied. d
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Proposition 5. The vT-model of Lund [40] satisfies the subcharacteristic con-
dition with respect to the T-model, given the physically fundamental assumptions
pkvcp,va > Oa fO?" ke {gvg}

Proof. The sound speed of the vT-model is given by [40]

2
2 2 1(_1 1 2 2
1 MegCamucy (m g + mec ) + 7 (épg + C‘p,z) (mgcg + mgce)

= . : (73
p m gc2 + mec? ( + 3z )
gCg ‘Zc Cp g Chp.e
Now, using (73), we can write the product of the differences as
(C%,Jr - C%T) (C%,f - C%}T) = *QfTv (79)
where
1 (1 1 2 .2 Tgci | Tic 1 1 ?
7 b (g + ) (4 - Cl) ~ et * et * (4 — ) Dol
Qlr = Y,Ye o —
& _ —
mgcy + mfcz + (Cp,g + ép,@)
(80)

With the given conditions, clearly Q. > 0. Hence exactly one of the factors on
the left hand side of (79) is negative, and combined with Proposition 4 we realize
that ¢ — < cyr < er 4+, and hence the subcharacteristic condition is satisfied. O

Proposition 6. The pT-model satisfies the weak subcharacteristic condition with
respect to the T-model, given the physically fundamental assumptions py, Cp 1, T > 0
for k € {g, £} in the equilibrium state defined by (57).

Proof. The sound speed of the pT-model is given by [19]

Qg 1 1
- (52 + )(eﬁcﬂ)
Cpr = N2
op 4 o Iy

(et 7ea) (e + o) + 7 (e~ ate)

We may now write
(4 —cor) (- — cor) =~ L, (82)
where

g 1 1 r? ;7 11 1
QII;T: 2g Z2T + = g2+ 22"'? =t 3
PeCePrCy Cpg  Cpu) |mecg  muci Cpg  Cpu
1 2 IN Ty T C? F[CE 2
(o) (2-) *T(pgiz o) (e + )
| S s3)
Qg ap Y
(pgc p/zce) ( ) (pgcz pzc;‘?)
Clearly Q;;T > 0, on the given conditions. Hence exactly one factor on the left hand

side of (82) is negative, yielding cr_ < ¢,r < ¢p 4, and the weak subcharacteristic
condition is satisfied. d

(81)

-1
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6. THE p-MODEL

We now proceed to investigate the chemical-equilibrium model (the p-model),
which arises when we assume instantaneous chemical equilibrium, i.e. let the chem-
ical relaxation parameter J£ — oo, which we expect corresponds to

g = pe = pe (84)

Simultaneously, we require the product K, = J# (ug — i) to remain finite, and in
the forthcoming we seek to express this without any temporal derivatives.

Remark 2. [t should be noted that there does not seem to be a general agreement
in the literature on how to properly model mass transfer (see e.g. [41, pp. 13]).
Strictly enforcing (84) may sometimes lead to unphysical results [4]. The present
choice (84) is primarily motivated by compliance with the v-subhierarchy compiled
by [40], and evaluating the physical relevance of these models is out of the scope of
the present work.

The chemical potential evolution equation (39) may be written as

Dip = — [hrlipr + &roy | (I — Ajvrdaou) — E60uvi + Xu Kk + Uk Ajvi My, + 0y Hy..
(85)
where we have used (84), and defined the shorthands

2 2
&n=cp —TpThsy, p = S — Sk gy = mikci + B 4 L(Avor) . (86)

mycy Cpi’ Ch.k

By using (85) evaluated for each of the phases, and subtracting these expressions
from each other, we obtain

Ky = "5;1 (£g02vg — &rOzvp — (g + we)Hg)_ﬂﬂarag"‘(vg_W)"i;lamﬂ"‘xpujg_%uMg

(87)
where we have defined the shorthands
T,s2 Tys2 &2 &2
Fp = C‘gpz C‘lp; m;cg + m;cj + % ("/}g(Aivg)Q + wZ(AiUZ)2) ) (88)
gt = /ﬁ];l {(ngipg + %) Aivg + ('l/}gAipg + (%) Aivg:| R (89)

&=k, [ngipg + e Aipe + fy—i + %} o &=k, (VeAjvg + YeAiug) . (90)

6.1. Governing equations. By using the expression (87) to insert for K in the
basic model of Section 2, the u-model can now be summarized with the following
set of equations:

e Volume advection: i + v;0,05 = I,
o Conservation of mass: 0¢p + 0 (gpgvs + agpeve) =0,
e Momentum balance:

atagpgvg + 31(04ng1/§ + Olgpg) - (pi - 'Uiﬂﬂ) amag - Uifg’i,jlamvg + 'Uiféﬁ;laxvﬂ

— vi(vg — W)n;lawu = 0K g + (1 — v k) Mg — vi (Yg + ) m;ng, (91)



18 LINGA AND FLATTEN

e Energy balance:

O Eg + 0 (Egvg + aigUgpg) — [Pivi - (N + %012) /’4”] 0200
_ (p + %vﬁ) ,Q;l [£5020g — £005v¢ + (Vg — V) Dp ]

= [(1n+30%) &' = p] Lt [ = (14 304%) &) Mg+ [1 = (1 + 505%) (g + ), | He,
(92)

Momentum and energy equations for the liquid phase are found by phase symmetry;

interchanging indices g and /.

6.2. Evolution of primitive variables. In order to write the system in a quasi-
linear form, and thereby find the wave speeds of the y-model, we use the evolution
equations for the primitive variables. We therefore now seek the evolution of some of
the primitive variables under the assumption of instantaneous chemical equilibrium.

We first define the weighting factor ¢ = X,Zl/(xg’.l + Xe_l). Multiplying (85)
by ¢x and summing over the phases, we get for the chemical potential

Oep + (Pgvg + Grve) Onpt + G Ourg + P00y + Pe&eOrve
— [~0u(vetdime + €0y ) + Gueddipe + €0 M| Iy
+ (Pg¥gAivg — peheAive) My + (dgg — detbe) Hg,  (93)
where we have defined the shorthand coefficient
G, = % (e Aipg + gy ') Ajvg + e (Wﬁipz + &zag_l) Ajvy. (94)

For the phasic velocity vg, we find from (25) the evolution equation

5 A;v EgAiv Aiv ﬂ“—Aip 1 Aiﬂ (1} —’Ug)
Ovg+ [vg — 75@'%; 6w”g+7mmf Opvp+—-5——12=% e gﬁxangpfgampgfiﬁlgiu Ozt

A Aivg Yg+v
= mff x4 Iy + mig (1 — Ajug kM) My — mff T Hy,  (95)
and vy is found by phase symmetry.

The phasic pressure evolution is found from (35). For the gas phase, it reads

Orpg + Vg0upg + Pyl Ovtg + Pyl 0yv0g + Py, 0000 + P 0upt
=o' [ (TgAipg + pgcl) + (& + 3Ts(Aivg)?) &4] I,
+ ot [TeAivg — (& + 3T5(Aivg)?) K] My
+ 0‘;1 [Fg - (fg + %Fg(Aivg)z) (wg + W)’fﬁl] Hg~ (96)

wherein we have defined the coefficients

Plo, = ag ' [(& + 3Ta(Aivg)?) 2" — (TgAipg + pgch) Aivg] , (97)
P, = pgcg - (fg + %Fg(Aivg)Q) fgaglnﬁl, (98)
P, = (& + 3Te(Aivg)?) frag 'hy, (99)
Pl = — (& + 5Te(Aivg)”) (vg —v)ag 'kt (100)

The corresponding expressions related to the evolution of p, are found by phase
symmetry.
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6.3. Wave velocities. We now wish to derive the wave velocities of the p-model
in the homogeneous limit, where .%, 7, .# — 0. In this limit, the volume fraction
oy is a characteristic variable with the associated eigenvalue v;. The remaining,
reduced model, i.e. (93), (95) and (96) for both phases, may then be expressed
in the quasi-linear form d;ii, + A, (1,)0,@, = 0, where the reduced vector of
unknowns is @, = [{t, Vg, V¢, Pg, P¢], and the reduced Jacobian reads

gbgvg + ¢pvy ¢gfg De&e 0 0
|l iiisz s s 0
I Lvg L,ve ¢

Again the eigenvalues A are given the roots of a fifth degree polynomial, for which in
general no closed-form solution exists. We therefore expand in the small parameter
€ = Vg — Vg, ie. Au = AELO) + EAE}) +..,and A = XO 4 XM 4 Herein, the
lowest-order system matrix reads, taking o = ¢gvg + dpvy,

v d’ggg ¢Z€Z 0 0

0 v pgl 0
AO = [0 0 v 0 o', (102

0 0 _

0 pact — €2/ () fg@/mg o

0 &&/lan) et = /lam) 0

where we have used the lowest-order term of ,, as defined in (88):
() = Tetg y Trst | & | G (103)

) -
Cp,e Cp.e MgCy mecy

To the lowest order in €, vy, = v = U = v, and thus the eigenvalue problem consists

in finding the roots of det(AELO) — AOT) = 0. Hence, the full vector of eigenvalues
is given by

)‘LO) ={v — Cupts U — Cpu—, V0,V Cp VA Cp it} (104)

where the two sound speeds in the py-model are given by

Tgéé Tgs% 2 2 gch
= = C c
02 _ (Crug + Cp.e ( & + é) * mch * mgcé
wE 9 |:Tgs§ n Tys? i £ & }
[ Chp.e mgcg mecy

T,s2 | Tus? g2 ea31?, a8
\/[(éi,i ton) @G-+ - | e
:l: 2 2 (105)
9 |:Tg3 Tese Eg 3 i|

2y S0

2 )
Cpe Cp.e MgCy mecy

Proposition 7. The pu-model satisfies the weak subcharacteristic condition with
respect to the basic model of Section 2, given only the physically fundamental con-
ditions pg, Cp r, T, > 0 for k € {g, £}, in the equilibrium state defined by (57).



20 LINGA AND FLATTEN

Proof. We first note that Ci,i € R on the given conditions, and that ci, 4+ 2>0. The
product of the sound speeds may be written as

é &

2 2

-2 -2 _ -2 -2 0 0_ —2 —2Ms% mecy
CuiCa_ =¢y4C - +2,, where Z,=c,"c To? T (106)

ép,g C’pl

Given the conditions we have that ZS > 0, and hence
2 2 2 2

0<c,4Ch_ <H4Cp (107)

Therefore also c%ﬁ is positive, and thus we have that ¢ + are real and, by choice,
positive.
Now, the product of the differences of the sound speeds may be written as

(Cg,+ - Ci,+)(03,+ - 0/21,7)(03,7 - CIQJHF)(C(Q),* - 0/21,7) = ng, (108)

where

-2

Q0 = (2 2)2 a¢t [Ting:@s%jL &, & (109)

Cg — G mgmye | Cp o Cp.e mgcé mecz
Clearly, with the given conditions, Qg > 0, and hence the only ordering of sound
speeds compatible with (107) and (108) is 0 < ¢, — < co,— < ¢u+ < co,4, which
means that the weak subcharacteristic condition is satisfied. O

Proposition 8. The vu-model satisfies the subcharacteristic condition with respect
to the p-model, subject only to the physically fundamental conditions py, Cp i, T >
0, for k € {g,(}.

Proof. The sound speed in the vu-model is given by [40]

2 Tys? | Tuss
1 MgCamucy ( S+ 542> + (—~gsg + —fse) (mgcé + mch)

mgc2 mecy Chp.e Cp.e
C%u . 2 T, s2 p; pz (110)
14 ,Ijgsg f‘sz + fg &
Chg Chp,e mgey | mucy

We now consider the product of the differences in the sound speeds of the two
models, which may be written as

2 2\, 2 2\ _ "
(Cu7+ - cvu)(cp,,f - Cvu) - 7Qvu7 (111)
where
Tys; Tesi 2 2y _ e | b 1 1 2
mgChp o + meChp e (Cg - CZ) T mgc2 + myc? + mg  me fgf@
QM — Y 1/@ g , , g 3
o =Y T T, @ @
Cp.g Cp.e mgcg mec}

(112)

Clearly Q4 > 0. Hence, exactly one of the factors on the left hand side of (111)
must be negative, which gives ¢, _ < ¢, < ¢, 4, i.e. the subcharacteristic condition
is satisfied. O
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7. THE pyu-~-MODEL

We now consider the model which arises when we impose instantaneous mechanical-
chemical equilibrium, i.e. we let the relaxation parameters .#, % — oo, which we
expect corresponds to

pg=pe=p and pg =i = pi. (113)

Simultaneously, Iy = #(pg — p¢) and Kz = J (jtg — ptg) should remain finite. We
now seek explicit expressions for these terms in order to find the governing equations
of the model.

In the following analysis we use the parameter set stated in Section 2 and there-
fore let the interfacial pressure jump Ajp = p; —p = 0. From (35) and (85) we
have

1 2
Dip = —% (jk + 8zakvk) + MKIC + %AiUkMk + %Hk, (114)

Qg k

Dip = —o% (I:k + azak-vk) + [nikci + T@LS: + 2(Aiop) | K + eAiop My, + 1 Hy.
’ (115)

where we have defined Ij, = Iy, — v;0,00 = Oyau.

Egs. (114) and (115) evaluated for each phase now constitute a 4 x 4 system
which is straightforward to solve for the four unknowns dp/dt, Op/0t, Iy, and K,
in terms of spatial derivatives and the remaining source terms. The final expressions
for the latter two are
I, = —?5“(% —p)0up — gg“(vg —00)Oppt — POy rgg + PpOycrpvg + 1PH My + 17V H,,

(116)
Ky = =2l (vg — 00)02p — G8H (vg — v0) Ot — VIR 0,0 + KV Mg + %7 Hg, (117)

where the coefficients are given in Appendix A.

7.1. Governing equations. Inserting the expressions (116) and (117) into the
basic model of Section 2, we are now in a position to state the full model. The
mechanical-chemical equilibrium model may thus be formulated as follows.

o Conservation of mass: 0¢p + 05 (Mmgvs + meve) =0,
e Momentum balance:
Oymgvg + 6xmgv§ + (ag + vifﬁ”(vg - vg)) Ozp + vigﬁ“(vg —0g) Ot + U{Vﬁ’fé@w@
= (1+ v xM") My + vig" Hg, (118)

e Energy balance:

OrEg + 0y Egvg + [ogug + (10 + 30:%) 25" — ph) (vg — v)] Oup
+ [(e+ 30%) G = pGp"] (v = v)Oop + [(p+ qui) Yy + p®e] 0,
= [Ui + (,u + %1)12) KPH —pr)’”] Mg + [1 + (,u + %viQ) KR —pl%“] H,. (119)
The momentum and energy equations for the liquid phase are found by phase
symmetry. Note that, like other p-relaxed models, the pu-model is expected to be

non-hyperbolic for nonzero difference in the velocity unless a regularising interfacial
pressure p; is defined.
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7.2. Wave velocities. We now wish to write the system in a quasilinear form, in
order to find the wave speeds of the system, in the homogeneous limit where we
let the relaxation terms .4, % — 0. To this end, we will express the model in the
vector of unknowns u,, = [p, tt, U, vg, v¢]. We therefore seek the evolution equations
for the elements of u,,,.

For the volume evolution, we find, using (24) and (116), that

8tOCg + Tgﬂ(vg - Ul)axp + gg”(”g - Ué)azu + q)gawagvg — ®0, vy = 0, (120)

For the volume-averaged velocity ¥ we find, using (25), (116), (117) and (120),
that

00 + (ogpy ' + aupyt + PEHE?)0up + GEFE*Op i + g0 04
— edpvp 4 (Pgug + Ppvg — Vibhe) 0,0 =0, (121)
where we have defined the shorthand coefficients P;*, G5*, Vil (for which expres-
sions are given in Appendix A), used € = vy — vy, and inserted fg = 1 — B¢ =

VIi/(\/Ty + /T;). Now, for the pressure and chemical potentials, we get from
(114) and (115) that

O+ (Whvg + Vv ) 0up + GLleOupu + V0,0 = 0, (122)
Outt+ PP etup + (Whvy + Wive) Oppt+ V40,0 = 0. (123)
Again, the coefficients are given in Appendix A.

The homogeneous system in a quasilinear form thus reads dyup,+Ap, (Upy) Opuyp, =
0, where the system Jacobian is given by

P p D 123
UPvg + Wyue Ghle Vi 0 0
’
Pff”s Uhvg + ‘Iﬂe vy Vj“ 0 0
a ag DL 2 PH 2 ph
A, = et T e Gy'e Pgvg + Ppvp — Ve age —aye

1 Berp® &2 _ Begit &2 *BN/‘IZ“;6 v 0
Pe m% Mg m% g
1 Bg2i" o _ Bg " g2 5g'V5,;8 0 v
pPe me mye me £

(124)

Obtaining the assocated eigenvalues exactly by analytic means is again unfeasible,
as the problem consists in finding the roots of a fifth-degree polynomial. We there-
fore expand in € A, = A,(,?B + EASB + 52A§)2u) + ..., where it is assumed that
the matrices AI(,ZJ are independent of €. To the lowest order, where ¢ — 0, taking
v = vy = vy, we get the matrix

v @ 0 0
o v v g o
0) _ | Qs Qe
A;(m)_ pg+pe 0 v 00 ’ (125)
pi 0 0 v 0
L 9 0 0w
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where the superscript “(0)” on the coefficients signifies the zeroth-order expansion
in £, such that

TgSZ' Tgs?
Cpe  C
Vppuy(U) — P8 Pt 5 (126)
a ag Tgs2 | Tes} 3 &
LI 4 £% 4 ) 4 £ _ a
pgcZ T pec Cps = Cpu pPgCa  pecy

The eigenvalues in the pu-model are, to the lowest order in e,
)\1(32 ={v— cpu,v,0,0,0+ cpu}, (127)
where we have identified the sound speed cp,, of the model, given by

ag o) (Tesg T/zs?)
2 — (pg + pé) (prg * Chp.e . (128)

P T,s2  Tys? ¢ & \2
o ay g ¢ £
(et + o) (B2 + o) + (i - )
Proposition 9. The pu-model satisfies the weak subcharacteristic condition with

respect to the p-model, given only the physically fundamental conditions py, Cp ., Ty, >
0, for k € {g, L}, in the equilibrium state defined by (57).

Proof. From (62) and (128), we observe that we may write

2
gg _ 54
ché pPe C?

-2 _ -2 P yZ—
Cop =Cp -+ 25, where ZP = (% N ﬂ) (Tgsg N TZS%) . (129)
Pg pe ép,g épl
Due to the given physical conditions, Z5, > 0, and hence 0 < ¢, < ¢, Le. the
weak subcharacteristic condition is satisfied. (|

Proposition 10. The pu-model satisfies the weak subcharacteristic condition with
respect to the p-model, under the physically fundamental conditions py, Cp 1, Ty > 0,
for k € {g, £}, in the equilibrium state defined by (57).

Proof. Using the expressions (105) and (128) for the sound speeds in the two
models, we may write

2 2 2 2\ _ _op
(G = )G — ) = = Qs (130)
where
2
s (3 ) (5 9) (3= )~ (s~ ) (- )
on _ pec2pec; \Cpg ' Cpu Cpe ' Cpu g PsCg  pucy ag o
P 5
&

T,s2  Tys? 2 Tys2 | Tes? 2
(Bt 2h kv e (e o) (B2 50+ G- ) |
(131)
Clearly, on the given conditions, Q1 > 0. Therefore, exactly one factor on the
left hand side of (130) is negative, and hence ¢, < ¢p, < ¢, 4, so the weak
subcharacteristic condition is satisfied. [l

Proposition 11. The vpu-model satisfies the subcharacteristic condition with re-
spect to the pp-model, given the physically fundamental conditions py, Cp 1, Ty > 0.
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Proof. The sound speed in the vpu-model is given by [20, 40]

Tgsé Tgsf
2 _ l Cp.g Cp,e (132)
C’UPM - T, 2 T, 52 2"
P Qg 4 (7] ~gsg + fse + [N _ Ee
PgCy pect Cpg Cp.e Pgcy pecy
Now, we may write
-2 _ =2 DU pu . gy _ 2 -2

Copp = Cop + 20005 where Z0 = o (pe — pg) Cppis (133)

which is clearly positive, due to the given conditions. Thus, 0 < ¢,y < ¢p, i.€. the
subcharacteristic condition is satisfied. (|

Remark 3. By direct comparison of (128) and (132), we find the ratio

o _ p(ag-i-aZ). (134)
Cupu Pg Pt
This is exactly the same ratio as has been shown to hold for other models associated
with v-relazation in the p-branch of the hierarchy [19, 44|. We can thus extend the
relation
S _ ST _ STw _ Cpu (135)
Coup CopT CopTu Copp '
by the newly obtained ratio (134) between the sound speeds of the vpu- and pu-
models.

Proposition 12. The pT p-model satisfies the weak subcharacteristic condition with
respect to the pu-model, given the physically fundamental conditions py,Cp i, T > 0,
in the equilibrium state defined by (57).

Proof. In the equilibrium state defined by the pT'u-model, we have T, = T, = T.
The sound velocity in the pT'u-model is given in [44], and may be rewritten as

Qg Qe
Pg - Pe
2, 4oy O T [ (8- L)+ ] G [ (2 - ) - ]
pecz U puc? P&~ | Ah \ pe  pg pgCa AL\ AR \ b T b pec?
(136)

2 _
pTp —

C

where we have introduced the enthalpy difference Ah = hg — hy.
We may reorganize the last equality in (135) to yield

Son . Copn (137)

CpTp  CopTp
Flatten and Lund [20] showed that the subcharacteristic condition is satisfied be-
tween the models on the right hand side, i.e. that 0 < cypry < cypu- The same
must hold for the models on the left hand side of (137), ie. 0 < cpru < Cpu, and
hence the weak subcharacteristic condition is satisfied. In particular, we may write
the sound speed as

Cotn = Core + 200, (138)

where

1 1 1 s ¢ Fg s Ve
1 I S S = g_ -8
|:Ah (pz pg) (Cp,g + ,2) * pgcé Cp.e + picf prg:|

Cp
) (&5 +25)
Cp.g Cp.e

PL _ A O
ZpTu - Cp,gcp,éT

(139)

ag |
(Pg + Pe
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Clearly, Z7., > 0 based on the given conditions. O

8. THE T'u-MODEL

We now investigate the model which arises when we assume instantaneous thermal-
chemical equilibrium, i.e. let the relaxation parameters %, ¢ — oo, which expect-
edly corresponds to

Te=T, =T and pg=pe=p. (140)

The products Hy, = J(T; — T,) and K, = JH# (¢ — pg) remain finite, and may
be expressed in terms of spatial derivatives and remaining source terms. In the
forthcoming, we seek explicit expressions for these terms to insert into the basic
model of Section 2.

The equilibrium conditions are contained in (68) and (85). These may be
combined to yield

K, = —ﬂi“@xag—gg“saiu—‘z‘f“a@mT— %{g@wagvg—ﬁ—fl/,ffaxagw—f—ﬂ(;”fg—i—7(UT“£Mg
(141)
where the coefficients are given in Appendix B.

8.1. Governing equations. We are now in a position to state the T y-model in
its entirety, by inserting (141) into the basic model of Section 2. The model can
be expressed by the following equation set:

e Volume advection: i + ;0,0 = I,

o Conservation of mass: 0yp + 05 (gpgUs + aepeve) = 0,
e Conservation of momentum:

g pgvg + Op (agpgvé + D)
+ v [gg“(vg — )0t + Tf"(vg —v0)0, T + fl/i{g‘axagvg - Vgl’f@xawg]

+ (0 (VI +v0E) = i) Geog = vk + (14 0K (0 — ) My, (142)
o Conservation of energy: O;E + 0, (Egvg + Egve + 0gUgDg + apvepe) = 0.

8.2. Wave velocities. We now seek the wave velocities of the model in the homo-
geneous limit, where %, .# — 0. As usual, we are interested in the zeroth-order
expansion in € = vy — vg.> We may therefore directly evaluate the evolution equa-
tions in this limit, and take v, = v, = v if they are outside the differential operator.

After some tedious, but fairly straightforward algebra, we find that to the lowest
order in ¢, the wave velocities of the T'u-model are given by

(0)
)‘Tu ={v—cru+4,V—Crpu— 0,V + Crpy—, U+ Crpu4}- (143)
3Strictly speaking, exact eigenvalues may be found analytically in this model, since noting

that ag is a characteristic variable reduces the eigenvalue problem to finding the solutions of a
fourth-degree polynomial, which is analytically tractable.
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Herein, cr,,,+ are the sound speeds of this model, which may be expressed by

r 2 2
mMe+mg <1+7§Ah> mg+my (172—%Ah>
g

2 1 Ah2mgmg(c +c[)
CTu+ = 3 3 + ; +
1, 2) TG, CpiT?c2e CpaT CpeT
r 2 ) 2\ 2 r
Ah’mgm (c —c ) me—Mmg <1+C%Ah) mg—myg <1*%Ah> 1+C%Ah 1,iAh
- et ‘ = £ + = £ +dmemyp | =+ —=2—
CrpuCpiT2c2c2 Cp el CpoeT g\ &, T CpT
me Ty 2 Mg My Ty 2 —1
— Ah —+—3 | 1—-—F A}
o | _antmgm, T g~( +gan) G ~( " +(& L rgrzAh)Z
C'p,ng’zT%éc% Cp.eT p,eT & ca czc}
(144)

Proposition 13. The Tu-model satisfies the weak subcharacteristic condition with
respect to the T-model, given the physically fundamental conditions py,Cp i, T > 0,

in the equilibrium state defined by (57).

Proof. We may write

2 2 2 2 2 2 2 2 _ T
(CT,+ - CTH7+) (CT,+ - CT;L-,—) (CT,— - CTH,+) (CT,— - CT;L,—) =—Qr, (149)
where
2 s
T 1 1+T¢c, “Ah 1 1-Tgc, “Ah Ty (Ly Iy Tgly
1y = e (c‘pﬂ Gur Gt e tw g —d - dath
2
(i Lnetan n (e nrag)) 2
CpsT Chp, IZT Ch, ZT CpsT mg \ ¢} < czcq ¢
Ah%?memy 1 mye 7 Iy 2 1 m mye T 2
g me | Mg le 1 [ me , M _ 1=
“Wearaate r\a T4 (1 gan) )rgts (% + o (1-gan)
-2
Iy Ty Tgly 1 1 Iy I
+ (C? 2 czc} Ah CpeT CpeT + myc mgc2 (146)

Moreover, we may write

2 2 2 2 _ T
(CT,+ + CT,—) - (CT;L,+ + CT/L,—) - ZT[L (147)
where
_ e
P G St bl VI S VIR MR N VA N T
Ty Cp.eT Cp T me \ ¢f g cgeq 5
.
1+-—=Ah
(~1 n c &(&_&_FgFgAh))mgce
Cp T Cp.eT mg \ ¢} c2 c2c} 2
me  mg (HQM)? mg | me (1,% Ah>2
» ~Af£2mgmg C? c§~ % +c§ (%~ z + Q—&—FFZA}’L
Cp ng,gTzcéc% Cp,eT CpT c? c2 c2cf
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Clearly, Z%N > 0 and Q%M > 0 on grounds of the given conditions. The only
possible ordering of sound speeds is thus 0 < ¢y, - < cr - <eruy < or4, ie. the
weak subcharacteristic condition is satisfied. [l

Proposition 14. The T'p-model satisfies the weak subcharacteristic condition with
respect to the p-model, given the physically fundamental conditions py,Cp 1, T > 0,
in the equilibrium state defined by (57).

Proof. We note that we may write

2 22 2 2 2 2 2 2 Ak
(C“*+ CT”F") (Cltv"" CTM-,—) (Cuv_ CT!M+) (Cuy— CT;L,—) - QT/U (149)
where
Sg <1+ 2 Ah) s s (1 2 Ah) r, r T, ¢ )
= & (£ _ s _ -2
Q1 = Mmgme (@ . )(c+ Co ( < ac ) ) E
14—t AR 2
Sg n se| 1 cz Ah s n Sg +2 i Q _ & _ Fgre Ah 578 62
Cpg Cpoe Cp,e Cr.e c2 c2 c2c} mg

) 2
P8 Ch.e MgCy mecy

-2
2 2 2 2 2
N (%_&_ Ff{mh) > (g by sy & )] - (150)

: 2 2 ) _ (2 2 — gk
Now, we may also write (c%_i_ + c%_) (CT%_’_ + cTH’_) = ZT;u where

(1 FgAh) 2
(1 L=
gr s N AT (Te Ty Tuleap) & | e
Tu Cpe Chpye C? C§ Cécf me Cf
I 2
s e <1jL Cg Ah) T T T, I3 mec
Se < e leg Zeleap g &€
tle. <G, F ( T aa ) mg | 2

-1
2 2 2 2 2 2
1 m mye T T T r.r ng Ts 13 13
+eis ( + 2% (1- T5an) >+(j ) ) (F=+ 75+ g + Weﬁ)} .
(151)

Clearly, Q. , = 0and ngﬂ > 0 for the given conditions. The only possible ordering
of the sound speeds is therefore 0 < cp,,— < ¢, - < erp+ < ¢y 4, ie. the eigen-
values of the relaxed model are interlaced between the eigenvalues of the parent
model, and the weak subcharacteristic condition is satisfied. (I

Proposition 15. The vT u-model satisfies the subcharacteristic condition with re-
spect to the Tp-model, given the physically fundamental conditions py,Cp ., T > 0.
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Proof. The sound speed in the vTp-model is given by [40]

2 2
Ty r
“LAR —me B AR
_ Ah?mgmfci + <ﬂ+”’fg i ) + (p mf °z Ah)
62 . C'I)YgC,,)[Tchc%p Cp T CpeT
vTu ﬂ+$(1+ﬂAh)2 mg +ﬂ(1—r—gAh>2
AR*mgmy i 7 <k % n G g 4 (Te _Te _ Lule Ah
Cp,eCp eT?c2c? Cp T Cp.eT c2 c2 czcz
(152)
We may now write the product of the differences between the sound speeds as
2 2 2 2 _ T
(CT#,-Q- - CvTu) (CTH,— - chu) - _QUT#’ (153)
where

AhZmgme(cg c,f) Telh_ (me +myg (1 " F—fAh)) LgAh (mg +my (1 - %Ah))

2c2c2 X
Tp Cp,sCpeT2¢ Cp sT'cy
QUTH - an

- +
Cp,eCp, I’T2C2 7 Cp.sT

2
mg
+ I4+— Ah) + < s ) 2
Ah2mgmg I 3 cg< <} c2 \ § +(rg Ty FgFgAh)
Gy,

(154)
Due to the given conditions, it is clear that qu'fﬂ > 0, and thus exactly one of
the factors on the left hand side of (153) is negative. Hence, the sound speeds
must be ordered as ¢y, — < cyry < eru 4, ie. the subcharacteristic condition is
satisfied. O

Proposition 16. The pT'p-model satisfies the weak subcharacteristic condition with
respect to the T'u-model, subject to the physically fundamental conditions py, Cp ., T >
0, in the equilibrium state defined by (57).

Proof. The sound speed in the pT u-model is stated in (136). We note that we may
write

2 2 2 2 _ Tu
(CTIL7+ - CpTu) (CTM»— - CpTu) == (155)
where
QT;I, _ ép,gép T
pTp Ah2p2p}

m r 2 -1
T+ TE (1475 an) e (1-ZEAn
x A}f MgMy ¢ ‘s 4 ‘g % A ‘s 4 Iy Ty Tgly Ah
Cp,eCh ¢T2C§C% Cp.eT p,eT 5] Lg; Cé"?

Due to the given conditions, it is clear that Qz{fu > 0. Hence, exactly one of the
factors on the left hand side of (155) must be negative, and therefore cr, - <
cpru < ¢y, 6. the weak subcharacteristic condition is satisfied. O
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9. COMPARISON AND DISCUSSION OF MODELS

In this section, we compare the models in the hierarchy. We first show plots
for relevant cases, and then briefly discuss physical and numerical aspects of the
different models.

9.1. Comparison of sound speeds. We now present plots of the sound speeds in
all the models in the hierarchy, for different physically relevant conditions, in order
to illustrate the effect of different equilibrium assumptions. Plots with the same
physical parameters were presented by Lund [40] for the v-branch of the hierarchy,
building on plots by [20]. [19] and [44] presented similar plots for the p-branch of
the hierarchy. In the following, results for the complete hierarchy are shown.

The main panel of Figure 2 shows the fluid-mechanical sound speeds of all the
models in the hierarchy for a water-steam mixture at atmospheric conditions. The
thermophysical parameters are shown in Table 1. Apart from the fact that the
subcharacteristic condition is always respected, we notice that there are mainly two
equilibrium assumptions that affect the propagation speeds, namely those of p- and
v-relaxation, respectively. First, imposing instantaneous equilibrium in pressure
attracts the sound velocities to the lower bound of the parent models, which can
be seen in the insets of Figure 2. Further imposing velocity equilibrium, the sound
velocity is reduced by a factor (see Remark 3)

p (ag + ae) ~ /agalgﬂ. (157)
Pg  Pe Pg

The approximation made is valid when p, < p;, which is the case here. Hence,
these equilibrium assumptions seem to have severe impact on the wave velocities,
in particular when the density difference between the phases is large.

TABLE 1. Parameters for a water-steam mixture at atmospheric pressure.

Quantity Symbol  Unit Gas Liquid
Pressure p MPa 0.1 0.1

Temperature T K 372.76  372.76
Density P kgm™3 0.59031 958.64
Speed of sound c ms~* 472.05 1543.4
Heat capacity Cp JkgT'K~! 20759 4216.1
Entropy s m?s72K~! 73588 1302.6
Griineisen coefficient T' =) 0.33699 0.4

In Figure 3, the sound speeds in the entire hierarchy are plotted for a CO2 mix-
ture at 50 bar, whose thermophysical properties are given in Table 2. By close in-
spection, it can be seen that the subcharacteristic condition is everywhere respected.
In particular, the sound speeds of an equilibrium system are always interlaced be-
tween the sound speeds in the parent models. Again, the pressure relaxation has
the most prominent effect on the sound speed, but also combining thermal and
chemical equilibrium seems to have a strong effect.

9.2. Discontinuous sound speeds. All the models considered in the present pa-
per are only strictly valid when the gas fraction az € (0,1). One would expect
the sound speeds of the models to be continuous at the phase boundary, i.e. at the
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FIGURE 2. Sound velocities in a water-steam mixture at atmo-
spheric conditions. The insets show close-ups of parts of the plots
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FIGURE 3. Sound speeds in a two-phase COs mixture at 50 bar.

transition between single and two-phase flow, in the sense that the two-phase speed
of sound should reduce to the single-phase speed of sound in the limit where one
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phase disappears:

lim cx — ¢ (158)
ap—1

for a given model X in the hierarchy. However, some of the models have wave
speeds that are discontinuous at the phase boundary. In particular, this concerns
the pT'u- and vpT p-models, whose sound speeds are discontinuous in both limits
ar — 1, which can be seen directly by evaluating the analytic expressions in these
limits (see Refs. [40, 44]).

The T- and p-models have “half-continuous” sound speeds, in the sense that for
the “+” sound waves, only one of them is continuous in the limit ap — 1. For the
pu-model, taking ey — 1 in (105) yields

Tgsé( 2 1 2) 29, + 22 et
Cos BT T C*( — g (159)

lim & | =
ap—1 M’i

which is equivalent to

Co . Co
lim ¢, ; = max —_ ¢ |, and lim Cu,— = min —
ap—1 e o ag—1 "7 & o
1+ 25728 1+ 22 =Zp2
c2 Tys2 c2 Tys2

(160)
Clearly, only one of these approach the appropriate phasic value cZ. The result
limits for ay; — 1 are found by phase symmetry. Similarly, we find for the T-model,
from (73), that

c c
lim cr 4+ = min 7‘%, ¢ |, and lim cp_ =min — |,
ap—1 F CP gT ap—1 F Cp gT

1+ 14

g
(161)
to which the same observation applies.
The remaining sound speeds are continuous at the phase boundary; for the T'u-
model in the sense that limg, 1 ¢y 4+ = ¢ and limg, 1 ¢y, — = 0, which can be
deduced from the analytic expression (144).

TABLE 2. Parameters for a two-phase COy mixture at 50 bar.

Quantity Symbol Unit Gas Liquid
Pressure P MPa 5.0 5.0

Temperature T K 287.43  287.43
Density p kgm™3 156.71  827.21
Speed of sound c ms~! 201.54  398.89
Heat capacity Cp Jkg7!K~1 3138.0 3356.9
Entropy m?s72K~! 1753.9 11288

s
Griineisen coefficient T’ =) 0.30949 0.63175
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9.3. Physical considerations. It is commonly argued that pressure relaxation is
a much faster process than the other relaxation processes [56, 69]. Temperature
relaxation, or heat flow, is associated with diffusion, which is an intrinsically slow
process. Chemical potential relaxation, i.e. mass transfer, is also slow compared to
pressure relaxation. Zein et al. [69] provide interesting discussions on the topic and
argue that temperature relaxation is faster than chemical relaxation. Generally, the
magnitudes of the different relaxation times may be strongly problem-dependent.
Such considerations may have implications, e.g., for the mass flow through a nozzle,
which has been shown to be linked to the subcharacteristic condition [37].

Apart from this, effects not captured by the coarse-grained flow models may
come into play, and which model is more accurate may depend heavily on the
flow regime under consideration. The effects that arise from having independent
phasic pressures may be of importance for the wave dynamics of the system, and
thus models with different pressures may be sensible, even though the associated
relaxation time is commonly thought to be comparatively short. With regards to
evaluating the physical relevance of the models presented herein, experimental data
on sound speeds in two-phase flow can be found for various systems [67, 34, 59, 62].

9.4. Numerical considerations. A well-known problem with p-relaxed (one—
pressure) two-fluid models is that they develop complex eigenvalues when vy # vy.
This is commonly resolved e.g. by adding a regularising pressure which enforces
hyperbolicity [10, 13, 17, 49, 63]. It is worth noting that the two-fluid models with
independent phasic pressures, i.e. the T-, - and T'u-models, are locally hyperbolic
even for small perturbations away from velocity equilibrium, due to the following
argument: An eigenvalue of a matriz with real coefficients may only be complex if
its complex conjugate is also an eigenvalue. Since the eigenvalues of the individ-
ual phasic pressure models are real and distinct when € = vy — vy = 0, they must
remain so for sufficiently small €, as the eigenvalues may only become complex in
a continuous way. In order to determine how large € may be before hyperbolicity
is lost, we must find the higher-order corrections in ¢ to the eigenvalues, which is
beyond the scope of this work.

10. CONCLUSIONS AND FURTHER WORK

In this paper, we have presented and completed a hierarchy of relaxation models
for two-phase flow, which arises when we impose instantaneous equilibrium in dif-
ferent combinations of velocity, pressure, temperature and chemical potential. The
starting point of the analysis has been the classic seven-equation Baer—Nunziato
model [3] equipped with relaxation source terms. We have in the present work
provided the T-, p-, pu-, and Tu-models, which represent original contributions
to the hierarchy. Explicit expressions for the sound speeds of these models have
been derived. Using the new expressions and results from the literature, we have
shown analytically that the subcharacteristic condition is always satisfied in the
hierarchy, given velocity equilibrium between the phases. To this end, we have
contributed with 15 new subcharacteristic conditions, stated in propositions 2—-16.
Out of these, five have been shown in a strong sense, and ten hold in a weak sense,
i.e. given equilibrium in velocity.

In further work, the hierarchy could be extended to multi-component or multi-
phase flow, as already initiated by [28, 29, 45]. Moreover, the different models
could be implemented and studied numerically for relevant cases (cf. [55]). Upon
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comparison with experimental data, one may then unravel under which conditions
the different models are admissible.
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APPENDIX A. COEFFICIENTS IN THE pu-MODEL
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Herein, we have defined the shorthand denominator

2 2 2
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and an entropy contribution due to Velocity differences

2(v/Tg + V/T0)?)-

The coefficients related to the quasi—linear form are given by
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APPENDIX B. COEFFICIENTS IN THE T u-MODEL
The coeflicients in the T'u-model are given by
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Flow of CO, in wells is associated with substantial variations in thermophysical properties downhole, due
to the coupled transient processes involved: complex flow patterns, density changes, phase transitions,
and heat transfer to and from surroundings. Large temperature variations can lead to thermal stresses
and subsequent loss of well integrity, and it is therefore crucial to employ models that can predict this
accurately. In this work, we present a model for vertical well flow that includes both two-phase flow and
heat conduction. The flow is described by a two-fluid model, where mass transfer between the phases
is modelled by relaxation source terms that drive the phases towards thermodynamic equilibrium. We
suggest a new formulation of the mass transfer process that satisfies the second law of thermodynamics,
and that is also continuous in the single-phase limit. This provides a more robust transition from two-
phase to single-phase flow than the previous formulation. The model predicts which flow regimes are
present downhole, and calculates friction and heat transfer depending on this. Moreover, the flow model
is coupled with a heat conduction model for the layers that comprise the well, including tubing, packer
fluid, casing, cement or drilling mud, and rock formation. This enables prediction of the temperature in
the well fluid and in each layer of the well. The model is applied to sudden shut-in and blowout cases of
a CO; injection well, where we employ the highly accurate Span-Wagner reference equation-of-state to
describe the thermodynamics of CO,. We predict pressure, temperature and flow regimes during these
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Well integrity
Thermal modelling

cases and discuss implications for well integrity.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Carbon Capture and Storage (CCS) will play an important role
on the path to a low-carbon society. In the two-degree scenario of
the International Energy Agency (IEA), CCS is expected to reduce
the global emissions of CO, by about seven gigatonnes per year in
2050 (IEA, 2014). The captured CO, can be transported to storage
sites using both pipelines and ships. Several authors (Austegard
et al., 2006; Kjdrstad et al., 2014; Vermeulen, 2011; Roussanaly
et al.,, 2014) have concluded that ship transport can be a cost-
efficient solution for many offshore storage sites. Ship transport
creates additional challenges when CO, is injected through a well
into a reservoir. The transported CO, will typically be kept at a
low temperature and pressure, close to the triple point (5.1 bar
and —56.6°C). Some heating will be required before the CO, is
pumped into the well, in order to avoid damage to the well and the
reservoirs due to low temperatures or high pressures. To predict

* Corresponding author.
E-mail addresses: gaute.linga@nbi.ku.dk (G. Linga), halvor.lund@sintef.no
(H. Lund).

http://dx.doi.org/10.1016/j.ijggc.2016.05.009
1750-5836/© 2016 Elsevier Ltd. All rights reserved.

the temperature and pressure conditions in a well, accurate and
reliable models are required.

A significant body of research concerns the flow of CO; in reser-
voirs, and leakage through sealed wells (Nordbotten et al., 2005a,b;
Nordbotten and Celia, 2011). The thermal effects of CO, flow in
reservoirs have also been specifically considered (Goodarzi et al.,
2010; André et al., 2007). However, models developed specifically
for well flow of CO, seem to be scarce, especially for transient
scenarios.

For wells without any downhole measuring equipment, steady
state models can provide predictions for the pressure and tem-
perature conditions in the well under steady conditions. Lindeberg
(2011) proposed a simple model using Bernoulli’s equation and a
model for heat exchange with the surrounding rock, and used it to
the predict temperature and pressure in the Sleipner CO, injection
well. Pan et al. (2011) derived an analytic solution for steady-state
flow of a CO,-water mixture in a well using a drift-flux model.
Similarly, Lu and Connell (2008) proposed a quasi-steady model
to predict the bottomhole pressure and injection rate in a CO,
injection well. Singhe et al. (2013) presented a simple quasi-steady
analytical model for temperature effects in a gas injection well,
and compared their model to results from the Ketzin injection well
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(Henninges et al., 2011). Han et al. (2011) considered injection of
relatively hot (supercritical) CO, at 35-45 °C, using a model based
on that of Lu and Connell (2008). They focused on the effects of
CO, injection on injectivity, due to cooling when water vaporizes
in supercritical CO,, and the following precipitation of salt. Pre-
cipitation of salt has been identified as one of the main causes of
the pressure build-up experienced during CO, injection at Snghvit
(Hansen et al., 2013).

Transient models allow the prediction of conditions in wells
that are subject to more transient operations such as blowout,
shut-in and varying injection rates. Ruan et al. (2013) considered
an axisymmetric two-dimensional model, accounting for the con-
vection of water in the annulus in addition to that of the CO,
in the tubing. They simulated injection using the Peng-Robinson
cubic equation of state with a reservoir pressure of 27 MPa, which
resulted in the CO, being in a single, dense phase during the injec-
tion scenario. Pan et al. (2009) implemented a drift-flux model in
the TOUGH2 code with the ECO2N equation of state, and used it
to simulate upwards flow of CO, and brine in a wellbore. Lu and
Connell (2014) simulated CO, injection using the homogeneous
equilibrium model and the Peng-Robinson cubic equation of state,
coupled with a heat conduction model. The same authors have also
presented a drift-flux model with phase slip (Lu and Connell, 2014).

Krogh et al. (2012) simulated offloading of CO, from ships and
injection of liquid CO, using OLGA and HYSYS. They found that
there is a high risk of hydrate formation and freezing in the for-
mation and on the outside of the riser. Klinkby et al. (2011) also
used OLGA to study transient variations in pressure, temperature
and phase composition during injection of CO,-brine mixtures into
the proposed Vedsted pipeline, injection well, and reservoir. Li
et al. (2015) focused on the well-head temperature during shut-
in and start-up, also using OLGA. Azaroual et al. (2012) presented
experiments and modelling of injection of supercritical CO, into
saline aquifers. They focused on how e.g. precipitation of salt due
to dryout in the near wellbore can lead to changes in injectivity.
Three commercial simulators - PipeSIM, PROSPER and NEWSIM -
were used and their results compared, which showed significant
differences.

The available research on flow in vertical CO, wells is to a large
extent based on either simplified steady-state models, or commer-
cial simulators. The use of complex commercial simulators can
make model validation difficult, since there is often little public
data available about the details of the models.

1.1. Contributions of the current paper

In this paper, we aim to present a model that is suitable for ver-
tical flow of CO,, and to explain to a sufficient level of detail all
parameters and sub-models used. The flow is described by a physi-
cally consistent two-fluid model, with the Span-Wagner reference
equation-of-state (Span and Wagner, 1996) to describe the thermo-
dynamics of CO,. Friction and heat transfer in the flow are modelled
specifically for each flow regime, such as bubbly, annular and mist
flow. The flow model is coupled to a model for heat conduction
through the various layers of the well, such as tubing, packer fluid,
casing, cement and rock. Large temperature variations can be detri-
mental to well integrity and are therefore given special attention.
The performance of the model is demonstrated by using it to sim-
ulate transient well operations, in particular critical incidents such
as sudden shut-in and blowout.

1.2. Paper outline
In Section 2, we present the model including flow equations,

heat conduction model and correlations employed for friction and
fluid-to-wall heat transfer. Section 3 gives a brief description of the

numerical methods used, with references to relevant literature, and
Section 4 presents the simulation cases considered. In Section 5 we
present results from simulations of sudden blowout and shut-in
of a vertical CO, well, with emphasis on pressure and tempera-
ture conditions in the well. We also discuss the implications of the
simulation results on well operations and well integrity. Finally, in
Section 6, we summarize and draw conclusions.

2. Model

In this section, we present the model used in our simulations.

2.1. Flow model

In the present work, we consider pure CO, in at most two
phases, i.e. liquid and gas. Since the vertical length scale of a well
is several orders of magnitude larger than the radial scale, we
consider a fluid flowing in one dimension. Modelling the flow in
more than one dimension could require detailed resolution of the
gas-liquid interface, as well as a much higher computational cost.
For this reason, most models for well and pipeline flow are one-
dimensional, with constitutive relations that implicitly account for
higher-dimensional effects that cannot be explicitly captured in a
one-dimensional model.

In order to allow for three-dimensional effects, such as phase
separation, we employ a two-fluid model. This class of two-phase
flow models is characterized by the property that the two phases
are allowed to have individual velocities, i.e. each phase is gov-
erned by a separate momentum equation (Munkejord et al., 2009;
Paillére et al., 2003; Stewart and Wendroff, 1984; Toumi, 1996).
This is in contrast to the further simplified class of drift-flux mod-
els (Flatten et al., 2010; Masella et al., 1998; Saurel et al., 2008;
Zuber and Findlay, 1965), wherein the velocities of the two phases
are related by a functional relation (a slip law).

Two-fluid models have been extensively studied in the litera-
ture, and are commonly used in numerous applications. A general
seven-equation model for two-phase flow was derived by Baer and
Nunziato (1986), and later revived by Saurel and Abgrall (1999),
upon which many of later two-phase flow models have been based.
To bring the phases towards equilibrium in velocity, pressure, tem-
perature or specific Gibbs free energy at a finite rate, relaxation
source terms are typically included in the equations of motion. This
has been studied by a range of authors (Karlsen et al., 2004; Natalini,
1997; Pareschi and Russo, 2005; Pelanti and Shyue, 2014; Baudin
et al., 2005). By assuming instantaneous equilibrium, i.e. infinitely
stiff relaxation source terms, in zero or more of these variables,
a hierarchy of models can be derived (Linga, 2015; Lund, 2012;
Flatten and Lund, 2011). For each imposed equilibrium condition,
the number of partial differential equations (PDEs) in the model is
reduced by one. Popular models in this context include e.g. a six-
equation two-fluid model used in nuclear industry (Bestion, 1990;
Tiselj et al., 2004), and a five-equation model used in simulation of
pipeline transport of petroleum (Bendiksen et al., 1991).

For the purpose of our simulations, we assume that the time
scale of the thermodynamic relaxation is much smaller than that
of the flow, and hence we assume instantaneous equilibrium in
pressure (p), temperature (T) and specific Gibbs free energy ().
However, for practical reasons (which we shall discuss in Sec-
tion 2.2), we choose to allow the specific Gibbs free energy to be
out of equilibrium and model mass transfer using a relaxation pro-
cess. The resulting five-equation two-fluid model (the pT-model,
cf. Linga, 2015) was studied by Martinez Ferrer et al. (2012) and
further by Morin and Fldtten (2015). Hammer and Morin (2014)
combined the model with the Span-Wagner equation of state (Span
and Wagner, 1996).
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With source terms accounting for the interaction between
phases and with the pipe wall, the model may be stated as the
following set of PDEs, for time t and spatial coordinate x,

e Mass balance:
0e(agpg) + Ox(agpgvg) = W, (1)
e(atgpe) + Ox(agpeve) = =, (2)
e Momentum balance:
Je(agpgvg) + Ox(atg(pgvg + p)) — Pidxarg
=W+ fi + g 0g8x — fwall g (3)

(e peve) + Ox(ete( g7 + P)) + PiOxctg
=W~ fi + 0 08 — fwall,e» (4)

¢ Energy conservation:

O¢E + Ox(Egvg + Eguy + Up) = (g pglg + 0t pge )8x + Q. (5)

Herein, we have used the volume fraction oy, the density p,, and
the velocity vy, for each phase k € {g, £}, where g denotes gas and
£ denotes liquid. We have defined the total phasic energy by

1
Ep = ooy (ek + 5”%) , (6)

where e, is the specific internal energy. The common pressure is
denoted by p, the mixed density and mixed total energy are respec-
tively given by

p=0agpg+0aypy, and E=Eg+Ey, (7)

and the volume-averaged velocity is given by
D:agvg-FOlgU[. (8)

The regularizing interface pressure, which makes the model hyper-
bolic, is modelled as (Stuhmiller, 1977)

Qg Pg Py 2
—= =~ (g — 1), 9
angJFO‘g)O(( t) ®)

where 6> 1, and in this work we choose §=1.2. Further, f; is an
interfacial friction term, gx is the gravitational acceleration along
the x coordinate, f,)x represents the fluid-wall friction of phase
k, and Q represents heat exchange with the surroundings. Finally,
W represents the mass transfer between the two phases, and v; is
the interfacial velocity. Expressions for these terms will be given in
the following.

pi=p-34

2.2. Mass transfer

The term W, representing mass transfer between phases, can
in general be expressed as W = K(u, — ig), where K is associated
with a characteristic relaxation time for the mass transfer. As £ > 0,
the relaxation term drives the two phases asymptotically towards
equilibrium in specific Gibbs free energy, i.e. mass is transferred
from the phase with the highest Gibbs free energy to the phase
with the lowest, until the values are equal. If the mass transfer is
taken to be instantaneous (as advocated in the previous section), i.e.
K — oo (zero relaxation time), the model is equivalent to the four-
equation model with full thermodynamic equilibrium (Hammer
and Morin, 2014), as described by Morin and Flatten (2015). In
particular, solutions of the relaxation model should approach solu-
tions to the equilibrium model as K — oo. For a recent survey of
the underlying theory for general hyperbolic relaxation systems,
consider Solem et al. (2015, Sec. 1) and the references therein.

Mass transfer also leads to transfer of momentum, represented
by the term v; W in Egs. (3) and (4). As Morin and Flatten (2015)
point out, v; = (vg + v,)/2 is the only interfacial velocity that satis-
fies the second law of thermodynamics (i.e. that the global entropy
is nondecreasing), and that is also independent of the difference in
specific Gibbs free energy (g — f4g.

The relation between change in entropy and in kinetic energy,
when transferring mass from one phase to the other, is found from
the fundamental thermodynamic relation,

d(pe)=TdS+udp=TdS, (10)

where have utilized that the total mass is constant, dp=0, and
introduced the total volumetric entropy S and the mixture specific
Gibbs free energy n=e+(p —1S)/p. The total energy E = pe + Ey, is
conserved,

dE = d(pe) + dE, = 0. (11)

Combining Egs. (10) and (11) yields
a5 = . dE, (12)

in other words the second law of thermodynamics, implied by the
local relation dS>0 (Morin and Flatten, 2015; Flatten and Lund,
2011; Lund, 2012; Linga, 2015), is satisfied as long as the kinetic
energy is not increasing during the mass transfer process. Note that
these relations only apply to the local mass transfer process, not the
fluid flow model as a whole.

The interfacial velocity suggested by Morin and Flatten (2015)
conserves kinetic energy during the mass transfer relaxation pro-
cess, and, in other words, no entropy is generated. However, this
interfacial velocity presents problems if the mass transfer process
brings us from a two-phase to a single-phase solution. In this case,
kinetic energy cannot be conserved and entropy must be generated,
as we will see next.

We will solve the equation system (1)-(5) using a fractional-step
method, in which we

. solve Eq. (1)-(5) system with =0,
. solve an ODE system for mass transfer given by
dMg
dt
dM,
dt
dllg
dt
drIi,
dt
dE
=

N —

=, (13)
=y, (14)
W, (15)
S (16)
0, (17)

where we have introduced the shorthands M=o, and I1; =
o prVi for mass and momentum of phase k, respectively. The mass
transfer term is W = K(uy — tg) where K — oo, so the ODE sys-
tem approaches thermodynamic equilibrium where pg=pw,. We
therefore rather solve a more straightforward discrete equation
system.

Let M}, and IT}; denote the mass and momentum of phase k after
the homogeneous step (step 1), and M}, and I denote values after
mass has been transferred (step 2). We need to conserve total mass,
momentum and energy,

ZM* - ZMk (18)
k k
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§:“Z=§:“k (19)
ZM* (ek+ =(v}) ) ZMk (ek+ vﬁ) (20)

Through the equation of state we ensure thermodynamic equilib-
rium,

Hgleg, pg) = e(ee, pe) (21)
Pg(eg, Pg) = Dpeleg, o) (22)
Tg(eg, pg) = Te(er, pe) (23)

Together with Zk(xk =1, this gives us 7 equations and 8 unknowns
(atk, ek, Px» V), which allows us to make a choice that determines
the amount of entropy generated by the mass transfer, or in other
words how much kinetic energy is lost.

However, if the equation of state predicts that the mass transfer
will lead to a single-phase solution, we are forced toset oy = vy =0,
where V is the vanishing phase. Interestingly, this uniquely deter-
mines the total kinetic energy after the mass transfer,

2
2 (Ekn;;)
25 Mg
where K is the phase that is kept. The change in kinetic energy is
given by

(24)

M3M;
%M" Z L) 1: Sy v’ (25)
k

As we see, kinetic energy is lost, which corresponds to an increase in
entropy as given by Eq. (12). With this insight, we therefore suggest
a general expression for the kinetic energy lost,

Mg — M| 26)
)

AEl(in =5

1
Amm=—5MgA@f+MﬂAﬁfy<

— Mg +M
where Avf = v} — 7", and
IT; + IT3
=L ¢ (27)
0

is the centre-of-mass velocity. This expression (26) gives a smooth
transition between cases where kinetic energy must be lost, and
those where it can be conserved. For example, AE,;, = 0if the veloc-
ities are equal or if no mass is transferred, while eq. (25) is fulfilled
if Mg =0 or My =0. We propose that this gives a numerically more
robust transition from two-phase to single-phase flow than the
previous formulation, which we experienced to give unphysical
oscillations in the transition region.

2.3. Equation of state

The state-of-the-art reference equation-of-state (EOS) for CO,
is that of Span and Wagner (1996), which gives the Helmholtz free
energy in terms of phasic density and temperature, i.e. a(p, T). It is
formulated in terms of the non-dimensional Helmholtz free energy
¢ =a/RT, where R is the specific gas constant, and is comprised of
an ideal gas part, ¢, and a residual part, ¢F,

¢(7,8) = ¢°(7,8) + ¢'(z, 5). (28)

Here, t=T¢/T is the non-dimensional inverse temperature, and
8=p/pc is the non-dimensional density. pc and T are the critical
density and temperature, respectively. The expressions in the orig-
inal paper (Span and Wagner, 1996) contain a total of 51 terms,
including logarithms and exponentials, making it computation-
ally demanding to solve compared to e.g. cubic equations of state.

However, due to their simplicity, cubic equations of state do not
accurately describe the thermophysical properties of CO, on the
vast range of densities and temperatures required for simulat-
ing CO, injection wells, in contrast to the Span-Wagner EOS. The
energy-density equilibrium problem is solved using the approach
of Hammer et al. (2013).

2.4. Flow regimes

The behaviour of two-phase flow can change dramatically
depending on the amount of gas in the flow and the velocity of each
phase. This behaviour can typically be divided into flow regimes,
such as bubbly, stratified, slug, churn, annular and dispersed/mist
flow.

Since experimental data and mathematical models for flow
regimes in vertical CO, flow are rather scarce, we use the RELAP
(Ransom et al., 1995) code to classify flow regimes. RELAP was
developed for simulation of water-steam flow in cooling systems
for nuclear reactors. Nevertheless, its expressions for flow regimes
and friction are formulated so that the properties of any fluid can
be used as input, which allows us to use them for CO, flow. We
limit ourselves to bubbly, annular and mist flow, since these flow
regimes are most relevant for the cases we look at. Slug flow is not
expected to occur in vertical pipes of such large diameters as those
we consider; in the RELAP code the maximum diameter where slug
flow can occur is 8 cm.

2.5. Friction

The friction correlations we have employed are based on the
RELAP code (Ransom et al., 1995). Since experimental data on CO,
in large-diameter tubes are scarce, we assume that RELAP’s corre-
lations hold also for CO,, as long as physical parameters for CO, are
used as input.

2.6. Heat transfer

Heat transfer between the fluid and the pipe wall can depend
significantly on which flow regime is present. For turbulent flow
we use the correlation by Dittus and Boelter (1930). For subcooled
and saturated boiling, we use the correlations by Chen (1966) and
Forster and Zuber (1955).

2.7. Heat conduction

Heat conduction is modelled in the layers extending outwards
from the well tubing. In a radial geometry this can be expressed as
(Cannon, 1984)

p(r)ep(r)9cT(r, t) =

where k(r), p(r) and cp(r) are the thermal conductivity, density and
specific heat capacity (at constant pressure)at radius r, respectively.
Using this formulation, we neglect any heat conducted along the
pipe (in the axial direction). Heat is nevertheless transported along
the pipe by the fluid inside the well.

%ar(r/c(r)arT(r, t), (29)

3. Numerical method

In this section, we present the numerical methods used in the
simulations. We may write the equation system (1)-(5) as

0ru + O0xf(u) + B(u)dxw(u) = s(u). (30)
In general terms, we can write Eq. (30) as

0ru = (A + B)u, (31)
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where A and B are the solution operators for the flow and source
terms, respectively. If u” is the solution at time ", then the solution
u™! attime 1 ="+ At can be formally written as (LeVeque, 2002)

un+1 — eAt(A+B)un (32)

Since the flow and source terms have somewhat different time
scales, we treat them separately using a fractional-step approach. A
fractional-step approach applies the solution operators in separate
steps, as opposed to simultaneously. Strang splitting (Strang, 1968)
is a second-order fractional-step method, as long as each step is of
second order, and applies the operators in three steps,

ut! — eAt/ZBeAtAeAt/ZBun (33)

In other words, we first apply flux terms with time step At/2, then
the source terms with time step At, and finally flux terms again.
This splitting allows us to solve each substep in the most efficient
way. In the following, we describe how each substep is solved.

3.1. Flow equations

The flow equations
0ru + O0xf(u) + B(u)oxw(u) = 0, (34)

are solved with a finite-volume scheme. To achieve second spatial
order, we use piecewise linear reconstruction based on the MUSCL
approach, and use the FORCE flux to calculate the numerical fluxes.
For more details, see Hammer and Morin (2014).

A main advantage of employing a finite-volume scheme is that
conserved quantities are well conserved over shocks, not only
for smooth solutions. However, such numerical schemes generally
apply to the flux part (0xf) of Eq. (34), and the non-conservative
part (Bdyw) must be integrated separately, e.g. as a source term.
In our context, this affects only the numerical integration of the
momentum Egs. (3) and (4).

An important property that should be satisfied, is therefore that
the total momentum should be conserved (up to the accuracy of the
finite-volume scheme), according to its evolution equation, which
is found by summing Eqs. (3) and (4):

atn+8x(ng1/g+n[vg +p)=0. (35)

Here we disregard wall friction, gravity and heat transfer for the
sake of the argument, and II=IIg+Il, is the total momentum.
In order to conserve the total momentum, summing the discreti-
zations of Egs. (3) and (4), the numerical scheme should therefore
reduce to a pure flux formulation,

Fi_1,—F
.11, = W (36)

In the model formulation of Hammer and Morin (2014), the
momentum equations are discretized as

Fgi1/2 — Fgiv1/2 +og Ap;

Ol = Ax : (37)
Fei172 = Fiv172 + e Ap;

0eMy; = 4i-1/2 fgxl/z tApi. o9

which yields the total momentum discretization

3,1, = Foi1pp —Feivi2 +Fgic12 —Feiv12 + AP:‘. 9)

Ax

The superfluous last term in Eq. (39), with respect to Eq. (36), shows
that this formulation does not conserve total momentum properly.
In the present model formulation, i.e. Egs. (3) and (4), we have

Fgi_1/2 = Fgip12 +Di Aag i

Ax (40)

8[Hg’i =

Fpi_1j2 —Fe 12 +Di Aoy

0eTy ;= Ax , (41)
which adds up to
3T, = Foic12 = Feiv12 + Fgic12 — Fgiv12 ' (42)

Ax
Identifying Fi 12 =Fg 112 + Fyiz1/2, this complies with Eq. (36). In
other words, our model formulation ensures that whatever amount
of momentum is added to one phase due to non-conservative terms,
is subtracted from the other phase. Hence, the total momentum is
conserved according to Eq. (35), up to the accuracy of the flux-based
numerical scheme.

3.2. Source terms and closure relations

The source term ODEs
o5 = S(w), (43)

are solved using the Forward Euler method. Since we let the flow
equations determine the global time step At, it might need to be
reduced to ensure stability in the source terms ODE. In this case,
more than one smaller time step At; is performed that in total add
up to At.

3.3. Heat equations

The heat equation (29) is solved using a finite volume scheme
as described by Lund et al. (2015).

3.4. Reservoir boundary condition

The injection rate into a reservoir can be described by the
injectivity I, which determines the injection rate resulting from a
certain pressure difference between the well and the reservoir.
This is implemented as a ghost cell with prescribed pressure p =
Dreservoir + (Ap?)/I where Ap? is the flow rate. The same procedure
is used when fluid flows out of the reservoir, in which case the pres-
sure in the well will be lower than the reservoir pressure. In other
words we assume that the productivity and injectivity are equal.

4. Simulation cases

In the following, we describe the simulation cases including
material parameters, initial and boundary conditions. In all cases,
we use the same well geometry and material parameters. Key
parameters are listed in Table 1. The parameters used are inspired
by the conditions at the Sleipner CO, injection well (Lindeberg,
2011; Krogh et al., 2012), and hence the results are to some extent
applicable to this well. However, in our case we consider a purely
vertical well of length 1000 m, whereas the Sleipner well has signif-
icant horizontal deviation. In a real-world application, the reservoir
injectivity/productivity will typically be time-dependent when the
well starts to produce. However, since the effect of injectivity is not
our main focus, we here assume a constant reservoir injectivity.

The heat conduction model assumes that the well is divided into
five layers, whose properties are listed in Table 2. The layers are a
7 in. tubing, packer fluid, 9.5 in. casing, drilling mud (or cement for
the lower 100 m), and a sandstone formation.

4.1. Sudden blowout

In this case, we consider an abrupt blowout scenario from a well.
In the initial state, the well is closed at the top, and in contact with
the reservoir at the bottom. The initial condition consists of a col-
umn of liquid in the lower part of the well, and gas in the upper
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Table 1
Well and reservoir properties used in simulations.
Parameter Value Unit Reference
Well depth 1000 m Lindeberg (2011) and Krogh et al. (2012)
Ambient water temperature 5 °C Krogh et al. (2012)
Geothermal gradient 41 °C/km Lindeberg (2011)
Reservoir pressure 104 bar Lindeberg (2011)
Injectivity/productivity 8.7 x 1075 kg/(sPa) Thu (2013)
Table 2
Material properties and dimensions for the layers surrounding the pipe.
Item Radial segment [cm] Axial segment [km] Density [kg/m?] Thermal conductivity Specific heat capacity
[W/(mK)] [J/(kg K)]
Tubing (ST 52-3) (Albawi, 2013) 8.5-9.0 0-1 7850 40 500
Packer fluid (Halliburton, 2012) 9.0-11.1 0-1 1400 0.26 4000
Casing (ST 52-3) (Albawi, 2013) 11.1-12.2 0-1 7850 40 500
Drilling mud (Bjorkevoll., 2014) 12.2-155 0-0.9 1500 0.8 2500
Cement (Portland Class G) (Albawi, 2013) 12.2-15.5 0.9-1 1917 0.72 780
Sandstone (Castlegate) (Albawi, 2013) 15.5-500 0-1 2600 2.0 1000
part of the well. The pressure is assumed to be hydrostatic, extrap- 110 . . 320 08
olated from the reservoir pressure in the bottom of the well. The {or
temperature is assumed to be equal to the rock temperature until 100 | 315 '
the boiling point is reached (at around 250 m depth), above which o6
the temperature is set to be slightly above the boiling point, so that ol 310 —
the fluid is in a gas state. The initial condition is illustrated in Fig. 1. = 5 195 ¢
At t=0, the well head is opened to atmospheric pressure, % . é 3
p=1.013 bar. If the flow reaches sonic velocities, the flow is choked E 0T 50 £ o “’f
(see e.g. Linga et al., 2015) by imposing the choke pressure at 5 % {03 &
the outlet, rather than the atmospheric pressure (Munkejord and 0 300 &
Hammer, 2015). The lower end of the well is in contact with the : 102
reservoir, as described in Section 3.4, which causes CO5 to flow from 60 : — Pressure 1995
the reservoir into the well. : ~ + Temperature 1%
Gas fraction
50 . L : 290 Joo
0 200 400 600 800 1000

4.2. Sudden shut-in

In the shut-in case, we assume that there is a steady injection
of CO, into the reservoir in the initial condition. The flow is set to
28.7 kg/s, similar to the flow in the Sleipner well (Thu, 2013). The
bottom temperature is set to the reservoir temperature, and the
pressure is set according to Section 3.4. The pressure in the rest of
the well is set so that it balances the friction and gravity forces,

oxp = ferav — fwall- (44)

320

310
_ <
] 300 —
£ 2
g £
E 290 £
&

- 280

40 + — Pressure
— + Temperature
30 - - - - 270
0 200 400 600 800 1000

Position (m)

Fig. 1. Initial condition before blowout. There is liquid below x~250m, and gas
above.

Position (m)

Fig. 2. Initial condition before shut-in.

The temperature is set by assuming the flow is isentropic, which
leads to the initial condition depicted in Fig. 2. At t=0, valves at
both ends of the pipe are abruptly closed.

It turns out that the resulting initial well-head conditions are
rather close to those present at Sleipner. The pressure and temper-
ature at the Sleipner well-head are known to be 65 bar and 24°C,
whereas the gas fraction has been estimated to be around 0.85 (Thu,
2013).

5. Results and discussion
5.1. Blowout

The blowout case was simulated for 150 s, after which a some-
what steady flow out of the reservoir was reached. Fig. 3 shows
the pressure at three locations in the pipe. The pressure at the out-
let drops rapidly from 60 bar to approximately 10bar in the first
seconds, before it increases somewhat around t=7s. At this time,
the speed of sound suddenly drops, since flow changes from pure
gas to a two-phase mixture, as seen in Fig. 4. This causes the flow
to be choked, resulting in a pressure jump. The pressure in the bot-
tom part of the well drops slowly as the flow out of the reservoir
increases, as specified in Section 3.4.

Fig. 4 shows the gas volume fraction for the well head and the
middle of the well. A small amount of liquid occurs at the well head
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Fig. 4. Gas volume fraction during blowout at the well head and in the middle of
the well.

in early phases of the blowout, which is likely to have been sucked
up from the liquid column due to the rapid flow of gas. The middle
of the well transitions gradually from pure liquid to almost pure
gas over the course of the simulation, as the pressure slowly drops.
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Fig. 5. Flow regimes during blowout.
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Fig. 6. Temperature during blowout for three pipe locations.

Fig. 5 shows the flow regimes present in each part of the well. In
the initial condition, the whole well is in a single-phase state (either
pure liquid or pure gas). During the first 50-55 s, the upper part of
the liquid column quickly boils and creates a zone of bubbly flow.
When the velocity has increased sufficiently, most of the upper
well has annular flow, with a liquid annulus and gas flowing in
the middle. After around 100s, the flow at the well head is purely
gaseous.

During blowouts, very low temperatures can occur, which can
be detrimental to well integrity and materials. Fig. 6 shows the tem-
perature at three well locations. Since the flow in the bottom of the
well comes directly from the reservoir, which has a temperature
of 319K, the lower part of the well does not experience any signif-
icant temperature drop. At the well head, however, temperatures
as low as 225 K (or —48 °C) occur in the initial phase. The well head
temperature rises somewhat when the flow is choked after around
7 s, and is thereafter steady at around 240K (or —33 °C). This tem-
perature is not necessarily low enough to cause damage to the steel
pipe itself, but may be problematic due to mechanical stresses that
arise due to thermal contraction.

It is important to note that our simulations do not predict any
formation of dry ice in the well itself, although it might be formed
just beyond the outlet at the well head. However, we assume that
the temperature of the flow out of the reservoir is equal to the
long-scale reservoir temperature. This is unlikely to hold on longer
time scales, since some Joule-Thomson cooling will occur as the
CO, fluid flows through the pores of the reservoirs and out into the
well. The prediction of this phenomenon will require coupling the
flow model to a reservoir model. Over time, the temperature of the
flow from the reservoir will likely decrease, potentially damaging
the well and allowing dry ice to form.

5.2. Shut-in

The shut-in case is simulated for around 40 s, which allows us to
capture the most important features of the initial phase of a shut-
in. Since valves are closed in both ends of the well, we can expect a
pressure jump (water hammer) at the bottom valve, and a pressure
decrease at the well head. As shown in Fig. 7, the bottom pressure
increase is close to 10 bar. The pressure decrease at the well head
is smaller, since there is two-phase flow in the upper part of the
well, which makes the fluid more compressible. The fluid column,
which is in motion initially, will be compressed at the bottom and
decompressed at the top. This will cause pressure waves that prop-
agate up and down the well, which are slowly damped by friction.
These pressure oscillations are clearly seen in Fig. 7.
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Fig. 8. Temperature during shut-in at three pipe locations.

Fig. 8 shows the temperature at three positions in the well. The
temperature oscillations follow the pressure oscillations, since the
fluid temperature is increased by compression.

Finally, Fig. 9 shows the flow regimes during the shut-in.
The bottom of the well has a dense/liquid phase column which
stretches up to a depth of around 370 m. At this depth, the liquid
starts boiling, which leads to a layer of bubbly flow. Above this
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Fig. 9. Flow regimes during shut-in.

layer, the flow is predicted to be in a transition phase between
bubbly flow and annular flow. These flow regimes are similar to
what was observed by camera inspection in the Ketzin well during
a shut-in (Henninges et al., 2011). In the upper part of the well,
CO, was condensing and raining down on a layer of bubbly flow
at around 300 m depth. The amount of bubbles decreased with
depth until a stationary single-phase liquid column was reached.
Although the geothermal conditions in our simulations are
different than those at Ketzin, the results are qualitatively similar.

6. Conclusion

We have presented a two-fluid model for flow of CO, in a ver-
tical injection well, coupled with a model for heat conduction in
the layers that comprise the well. The flow model predicts what
flow regime the flow is in, and calculates friction and heat transfer
accordingly. It was derived with emphasis on making sure that the
mass transfer was continuous in the single-phase limit. The ther-
modynamic closure of the flow was provided by the Span-Wagner
reference equation-of-state for CO,.

The model was applied to sudden blowout and shut-in cases.
The well was chosen to mimic the Sleipner CO, injection well, with
similar well depth, geothermal gradient, reservoir temperature and
reservoir pressure. The predicted temperature in the blowout case
was not low enough to lead to dry ice in the well itself. Dry ice may
nevertheless form as the flow exits the well head, but this is outside
the modelled domain. The assumption that flow out of the reser-
voir is at the reservoir temperature leads to steady temperature
conditions in the lower parts of the well, but this assumption dis-
regards any Joule-Thomson effect that may occur in the reservoir.
We also predicted that annular flow is prevalent where the flow is
in a two-phase state.

In the shut-in case, we predicted the water hammer effect
resulting from simultaneously closing well-head and bottom-hole
valves when there is a steady downwards flow. With a flow rate
similar to that in the Sleipner well, the bottom-hole pressure jump
was predicted to be around 10 bar. The pressure then oscillates in
~13 s cycles as the fluid is compressed and decompressed. The fluid
is found to be in a single-phase state up to around 370 m depth,
above which the liquid starts to boil.

6.1. Further work

In further work, the model could be used to predict other tran-
sient operations of a well, such as shut-in on longer time scales,
blowout with Joule-Thomson cooling in the reservoir, or intermit-
tent injection from ships with resulting temperature variations.
More realistic blowout and shut-in scenarios could also include
valves that do not close or open suddenly, but are opened/closed
over a certain time. The effect of a non-constant (time-dependent)
injectivity, rather than a constant one used here, should also be
considered. Moreover, horizontally deviating wells may behave
differently due to e.g. different flow regimes, and could be worth
looking into.

When it comes to applying the model for longer time scales
(such as injection over several days/years), different numerical
schemes are probably necessary to keep the computational cost at
an acceptable level. For intermediate time scales, a semi-implicit
scheme which solves pressure waves implicitly, could be used (see
e.g. Chalons et al., 2011; Evje and Flatten, 2005). For even longer
time scales, the flow may be considered to be in a steady state,
hence one can solve the steady-state (9(-)/dt=0) version of Egs.
(1)-(5) using an ODE solver.

Currently, there is little available high resolution experimental
data for CO, wells. If such data become available, a proper model
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validation could be performed to uncover potential modelling inac-
curacies.
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Appendix A. Nomenclature

Symbol Description Dimension  SI unit

A Tubing cross-sectional area 12 m?

[ Phase specific Heltmoltz free energy L?T2 m?2/s?

Cp Specific heat capacity at constant pressure L[2T20~! m?/(s?K)

E Total energy density ML-1T-2 kg/(ms?)

ek Phase specific internal energy L?T2 m?/[s?

Ex Phase total energy density ML1T2 kg/(ms?)

Exin Kinetic energy density ML1T-2 kg/(ms?)

fi Interface friction density ML—2T-2 kg/(m? s2)

fwanx  Phase wall friction density ML2T2 kg/(m? s?)

2« Gravity on well axis LT2 m/s?

1 Reservoir injectivity LT ms

K Mass transfer rate constant 273 m?2/s3

My Phase mass per total volume ML3 kg/m3

p Pressure ML-1T-2 kg/(ms?)

pi Interface pressure ML-1T-2 kg/(ms?)

Q Heat transfer ML-'T-3 kg/(ms3)

r Radius from tubing centre L m

R Specific gas constant [2T201 m?/(s?K)

S Volumetric entropy ML-'T-20-! kg/(ms?K)

t Time T S

Vk Phase velocity LT 1 m/s

v Interface velocity LT! m/s

v Centre-of-mass velocity LT! m/s

v Volume-averaged velocity LT! m/s

X Distance along well L m

o Phase volume fraction - -

) Regularizing pressure factor - -

K Thermal conductivity MLT- 1! kg m/(sK)

Ik Phase specific Gibbs free energy 1272 m?2/s?

Iy Phase momentum per total volume ML~2T! kg/(m? s)

p Mixture mass density ML-3 kg/m3

Pr Phase mass density ML-3 kg/m3

v Mass density transfer rate ML-3T-1 kg/(m3s)
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