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Preface

Over the past 20 years we learnt that General Relativity is not "just" a theory that describes
the 4 dimensional universe we live in, through the study of cosmology and black holes. It is
much more. In fact we discovered that General Relativity can be used as a tool to describe also
other physical settings, not just astrophysics and cosmology. As it happened with Quantum Field
Theory, which was discovered in the realm of quantum electrodynamics but was later applied in
many other branches of physics, so it happened with General Relativity. After the discovery of
the AdS/CFT correspondence we learnt that General Relativity is the tool for describing strongly
coupled system. This is one of the motivations for studying General Relativity in settings that
are different with respect to astrophysics and cosmology.

The first part of this work, in particular chapters 1-2-3, is devoted to studying higher dimensional
advanced black holes configurations. They can be useful for understanding more about general
relativity, and they can be used, through AdS/CFT correspondence, for studying some strongly
coupled Quantum Field Theory. Over the last years, effective theories for black holes, together
with numerical methods, have been extremely important for studying gravity in higher dimensions,
which is particularly difficult to solve. Among these effective theories, there are the blackfold
approach [87] and the large D expansion [81]. In this work we analyze the first of these two
approaches. This part of the thesis is organized as follows

• The first chapter is a review of the main developments regarding the blackfold approach in
the last years. It starts by giving the definition of a blackfold and providing the solutions
of the blackfold equations in the regime in which the blackfold is stationary. Then it is
explained how build charged blackfolds, in particular particle and string charged blackfolds.
It is reviewed how the blackfold effective theory can be derived from the Einstein Equations.
At the end of the chapter some examples of charged and uncharged blackfolds are provided.

• The second chapter is based on the paper [17]. The work is about finding novel charged
blackfold solutions placed in different background spaces, such as Lifshitz, (A)dS, Plane
Waves, but also black hole backgrounds, such as Schwarzshild backgrounds. Beside the
standard thermodynamics, also pressure and volume had been computed, following the
work developed for black holes in AdS backgrounds of [137, 65, 59, 63, 141, 67, 145].



Studying the blackfold in other background spaces than AdS, it was evident that those
definitions of volume and pressure ad they were given in the previous works were not
physically interpretable, as it happens in AdS backgrounds. We therefore give a different
point of view of such thermodynamics properties, by studying the gravitational tension.
We also understood that, in order to compute the proper mass of a blackfold in a curved
background, one need to subtract to the blackfold mass a proper factor of the gravitational
tension. All of this is explained in chapter 2.

• The third chapter is based on an unpublished work, which is indeed to be published in the
near future [18]. Following the work done in [20, 12], we would like to find novel blackfold
solution with charge and intrinsic spin, in different backgrounds. For such configurations,
the idea is to calculate their gyromagnetic ratio, which was already defined in the literature.
Some preliminary results are provided in chapter 3.

The aim of the second part of the work is to study holographic applications which are not
relativistic. Not all the systems in nature are in fact relativistic. There are many system, especially
in the condensed matter sector, which exhibits non-relativistic symmetries. In the past years
many work has been done in order to extend the holographic principle (on which the AdS/CFT
correspondence was based) also for non-relativistic physics. These works have been very useful in
studying strongly coupled physical systems with non-relativistic symmetries, such as Galielan or
Schröedinger symmetry. This second part of the thesis is organized as follows

• The fourth chapter is a review of many developments in the study of a novel geometry, which
is called Torsional Newton-Cartan geometry (TNC). This is important for the holographic
description because it was found by [56] that this geometry lives in the boundary of a
Lifshitz bulk. In chapter 4 there will be an introduction on the basis of the TNC geometry,
analyzing some of the methods that were developed in the literature on how to derive such
geometry. Then there is also an overview on one "dual" geometry to TNC, which is the
Carroll geometry. In the second section of the chapter there is a review on how to couple
field theories to TNC background, and the physical interpretation of the non-relativistic
energy momentum tensor. The third section is a summary of the work done in [114]
where they realize that a version of dynamical (T)NC geometry can be seen as a covariant
version of Horava-Lifshitz gravity. At the end of the chapter there is the holographic real-
ization of the geometry explaining an upliftable model which is going to be used in chapter 5.

• The fifth chapter is based on this paper [115]. In this work we developed a gravitational dual
realization of the hydrodynamics, or rather the perfect fluid limit, of a class of non-relativistic
theories by constructing appropriate Lifshitz black branes.
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1. Blackfolds

General relativity in higher dimensions has been an intense subject of research in the last
decades. There are meanly two reasons why it is important to study gravity in higher
dimensions. The first reason is that gravity in higher dimensions is reacher then gravity in
four dimensions, and therefore we can learn more about it. The second reason is that since the
discovery of the holographic correspondence the study of gravity in higher dimensions became
very important for studying field theories. In particular, in the AdS5/CFT4 correspondence,
the development on gravity in 5 dimensions are important to gain more knowledge on
conformal field theories in 4 dimensions.

Since the appearance of black rings in 5 dimensions [78, 80] it was clear that General
Relativity in higher dimensions permits the possibility of a large class of black holes, with
respect to the four dimensional ones. After the black ring in 5 dimensions, other exotic
solutions have been discovered, such as black saturn and multi black ring solutions [74, 73,
128, 88]. Unfortunately the techniques we used to construct exact black holes solutions
in four and five dimensions [155] cannot be naively extended to higher dimensions. Still,
this does not mean that exotic solutions, such as black rings in higher dimensions, do not
exist. In fact, following the intuition that such solutions do exist, it could be possible to
take smoothly bent black branes, and try to solve the Einstein equation in a perturbative
regime. In other words, one can try to work out an effective theory for black branes.

This approach started with the construction of a thin black ring in D = 5 in [86] and
then a general effective theory for bent black branes was developed in [87, 82] and it took
the name of blackfold effective theory.

1.1 Blackfold Effective Theory

The blackfold approach is an effective theory that describes the physics of black objects. It
can be applied whenever there are two widely separated length scales along the horizon of a
black hole: in those situations the natural approach is to integrate out the short distance
physics, and deal with an effective theory with long distance degrees of freedom which
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considers the effects of the short distance degrees of freedom that are encoded into an
effective action. The leftover theory for blackfold then will describe a thin black p-brane
curved on a submanifold Wp+1 embedded in a background spacetime. This effort has been
done in [87]. In the following sections are a review of the main developments of this theory.
We will work within a blackfold regime, considering the horizon size of the black p-brane
much smaller than any other scale in the physical system:

r0(σa)� min(R,L) (1.1)

where r0 is the horizon size of the black p-brane, σa are the coordinates on the worldvolume
(a = 0, 1, . . . , p), R is the curvature radius of the worldvolume, and L is any length scale
of the background where the black p-brane can eventually be placed. The blackfold is
specified by a set of collective coordinates Xµ(σa) that describes the embedding of the
(p+ 1)-dimensional worldvolume of a black p-brane into a specific D-dimensional background
spacetime. The requirement (1.1) implies that near any small enough region around the
blackfold, its geometry looks like that of a boosted flat black brane. The near horizon metric
of a boosted black p-brane can be described at leading order by

ds2 =

(
γab +

rn0
rn
uaub

)
dσadσb +

dr2

1− rn0
rn

+ r2dΩ2
n+1 (1.2)

where n = D − p − 3 (D being the number of dimensions), ua are p independent spatial
components of the velocity field, and γab is the induced metric on the worldvolume, which
depends on σ via the embedding coordinates of the brane

γab = ∂aX
µ∂bX

νgµν (1.3)

where gµν is the metric of the background spacetime. Since this is obtained by just boosting
the metric of a flat p-brane along the worldvolume coordinates, this is still a solution of
Einstein equations.

In order to encode some short distance physics in this metric, the next step is to let Xµ,
ua and r0 to slowly vary along the worldvolume under perturbations over a length scale
R� r0. With this assumption, the near-zone geometry will be described by

ds2 =

(
γab +

rn0 (σa)

rn
ua(σ

a)ub(σ
a)

)
dσadσb +

dr2

1− rn0
rn

+ r2dΩ2
n+1 (1.4)

At this point the blackfold is described by thickness of the black brane r0(σ), the velocity
fluid ua(σ) and the set of the embedding coordinates Xµ(σ)

φ(σ) = {Xµ(σ), r0(σ), ua(σ)} (1.5)

where φ are all the collective variables describing the blackfold. One should also keep in
mind also that, because of diffeomorphism invariance, not all the embedding coordinates are
independent.

Being more precise, the configuration we are describing is as follows: zooming in to a
local neighborhood of the blackfold, the metric is the one of a boosted black p-brane (1.2);
at large scales, instead, the space-time is described by the metric gµν with an infinitely thin
p-brane, with embeddings Xµ(σ) and with r0(σ) and ua(σ).
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The dynamics of this blackfold system is encoded into the stress-energy tensor Tµν of a
black brane, which can be obtained by the Bown-York procedure

Tµν = − 2
√
g

δI

δgµν
(1.6)

The stress-energy tensor of a boosted black p-brane can be computed and the result is that,
to leading order, it takes the perfect fluid form

Tab = εuaub + P (γab + uaub) (1.7)

where ε is the energy density and P is the pressure of the brane

ε =
(n+ 1)Ω(n+1)

16πG
rn0 P = − 1

n+ 1
ε, (1.8)

From the stress energy tensor of a black p-brane, it is possible to derive the stress-energy
tensor of the blackfold by letting the collective parameters of the blackfold (1.5) to slowly
vary along the worldvolume

Tab =
Ω(n+1)

16πG
rn0 (σ) (nua (σ)ub (σ)− γab (σ)) (1.9)

and this will be, to leading order, the stress-energy tensor of the blackfold. To complete the
local thermodynamics of the brane, the entropy and the temperature can be computed via
the Bekenstein-Hawking identification, and the results are the following

s =
(n+ 1)Ω(n+1)

4G
rn+1

0 , T =
n

4πr0
(1.10)

These local physical quantities obey the first law of thermodynamics and the Gibbs relation

dε = T ds , ε+ P = T s (1.11)

1.1.1 Worldvolume geometry
In order to derive blackfold equations, it is important to give some basics of the geometry
governing the worldvolume of the blackfold itself. The geometry of the submanifold Wp+1 is
totally encoded in the induced metric γab(σ) (that fixes the intrinsic geometry) and by the
extrinsic curvature Kµν

ρ(σ) (that encodes the shape of the embedding). The projector to
the tangent space of Wp+1 (which is also called first fundamental form) is given by

hµν = ∂aX
µ∂bX

νγab (1.12)

while the projector of the orthogonal directions is

⊥µν= gµν − hµν (1.13)

Background tensors Aµ...ν... can be converted to worldvolume tensors Aa...b... (pullback) and
viceversa (pushforward) by using ∂aXµ(σ), as it has been done in (1.3). It is important also
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to define covariant differentiation of tensor living on the worldvolume. This is done by the
following

∇̄µ = hµ
ν∇ν (1.14)

The bar will denote the fact that the differentiation will be performed along the worldvolume
directions. Using this definitions one can define also the extrinsic curvature (or second
fundamental form)

Kµν
ρ(σ) = hµ

σ∇̄νhσρ (1.15)

The trace of the extrinsic curvature is called mean curvature vector

Kρ = hµνKµν
ρ (1.16)

1.1.2 Blackfold equations

Since we said that all the dynamics of the system should be encoded into the energy-
momentum tensor, we are going to derive the blackfold equation from it. We know that the
stress-energy should be conserved along the worldvolume of the brane, which means that

∇̄µTµρ = 0 (1.17)

Decomposing the equation of the conservation of the stress-energy tensor of the black p-brane
into components parallel or orthogonal to Wp+1 we obtain the blackfold equations

TµνKµν
ρ = 0 (extrinsic equation) (1.18)

DaT
ab = 0 (intrinsic equation) (1.19)

where Da is the covariant derivative on the worldvolume and T ab is the pullback of the
stress-tensor on the worldvolume. The intrinsic equation describes the fluid living on the
worldvolume, while the extrinsic equation describes the bending of the brane.

It is enlightening to write the extrinsic equation in terms of the embedding coordinates
Xµ:

T ab(∇a∂bXρ + Γµ
ρ
ν∂aX

µ∂bX
ν) = 0 (1.20)

These are the generalization of the Geodesics equations for extended relativistic objects, or
in other words the generalization of Newton second law of dynamics where Tab represent the
mass and Kρ is the acceleration.

If we insert the explicit form of the stress-energy tensor of the black neutral p-brane (1.7)
into the blackfold equations (1.18) and (1.19) we get

u̇a +
1

n+ 1
uaDbu

b = ∂a log r0 (1.21)

Kρ = n ⊥ρ µu̇µ (1.22)

where we defined u̇µ = uν∇νuµ. These are the equations we would like to solve in order to
find specific blackfold configurations.
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1.2 Stationary solutions

In general blackfolds do not have to describe just black branes in equilibrium, in fact we can
describe blackfolds not in thermodynamic equilibrium (over distances ≥ R). In this section
however (and for the rest of this thesis) we restrict ourselves to equilibrium configurations,
which are described by the so called stationary blackfolds. In general all stationary (including
static) black holes have a vector field kµ such that it is a Killing vector field and it is null at
the horizon

Lkgµν = 0 (1.23)
gµνk

µkν |EH = 0 (1.24)

Also for blackfolds we should require the same in order to reach stationarity. In particular we
say that a blackfold is stationary when there exist a Killing vector field kµ of the background
metric such that

1. the pullback of kµ to the worldvolume, i.e. ka = kµ∂aX
µ, is a Killing vector field on

the worldvolume.
2. the velocity fluid is set to be proportional to this killing vector field

ua =
ka

|k|
(1.25)

These two requirements precisely characterize stationary fluid configurations: in particular
they are necessary for the absence of dissipative effects, as it was proven in [44].

1.2.1 Solution of the intrinsic equation
Now, since kµ satisfies the killing equations, and since ua is proportional to ka, we can realize
that

u̇a = ∂a log |k| Dau
a = 0 (1.26)

Plugging this informations into the intrinsic equation (1.18) we get

r0

|k|
= constant (1.27)

which therefore is a solution of the intrinsic blackfold equation for stationary blackfolds. The
only thing that it is left is to fix the constat. It has been argued that the killing vector k it
is null when approaching the horizon and therefore it is a null generator of the horizon. This
means that we can use it to get the surface gravity

κ =
nk

2r0
(1.28)

Thus we have fixed the above constant. Furthermore we can compute the temperature from
the surface gravity, by κ = 2πT . T is really the global temperature of the blackfold. In
conclusion we have

r0(σ) =
n

4πT
|k| (1.29)
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The killing vector ka, without loss of generality, can be written as a linear combination of
the worldvolume coordinates, as

ka∂a = ∂τ +
∑
â

Ωâ∂φâ (1.30)

where τ is the timelike worldvolume directions and Ωâ are the angular velocities associated
with the Cartan angles φâ. We assume now that the background spacetime has Killing
vectors ξ and χi, that they are canonically normalized at infinity, and that their norms at
the horizon are called respectively R2

0 and R2
i . This means that

∂t =
1

R0
ξ , ∂φi =

1

Ri
χi (1.31)

We assume also that ξ is hypersurface orthogonal, such that it can foliate the blackfold into
spacelike slices Bp, and we define the normal vector to Bp as

na =
1

R0
ξa (1.32)

Defining also the "worldvolume velocity field" to be Vi = ΩiRi, one can write the modulus
of k as

|k| = R0√
1− V 2(σ)

(1.33)

which is suggestive because it means that |k| can be interpreted as a relativistic Lorentz
factor, with a local redshift.

Solution to the extrinsic equation and effective free energy functional
Concerning the extrinsic equation (1.19) for stationary configuration, using the solution of
the intrinsic equations, we can rewrite it as

Kµ =⊥µν ∂ν ln |k|n (1.34)

Since r0/|k| is required to be constant, using the explicit form of the pressure of the p-brane,
we can also write it as

Kµ =⊥µν ∂ν ln(−P ) (1.35)

One can show that in general this equation can be integrated to an effective energy functional

F [Xµ(σ)] = −
∫
W(p+1)

dp+1σ
√
−γP (1.36)

where γ is the determinant of the induced metric γab. Thus this means that we can find
stationary blackfolds configurations by extremizing this action. Then, since ξ is hypersurface
orthogonal, in the action (1.36) one can split the integral into one integral over time and
an other integral over Bp. Wick rotating to Euclidian time, the integration can be trivially
performed along the timelike killing vector generated by ξ (since we are dealing with stationary
configurations that are not changing in time, i.e. time is a killing vecotr) and this gives an
overall factor β of the time interval, so that the Euclidian action becomes

F [Xµ(σ)] = −
∫
Bp
dV(p)R0P. (1.37)

This will be the effective free energy functional that we have to minimize in order to find
stationary blackfold configurations (in the next sections there will be many examples).
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1.2.2 Thermodynamics of stationary blackfolds
Given the effective free energy (1.37), one can easily extract the conjugate global thermo-
dynamics potentials to T and Ωa, namely the entropy S the angular momenta Jâ, via the
corresponding relation

S = −∂F
∂T

, Jâ = − ∂F
∂Ωâ

(1.38)

These thermodynamic relations can be also obtained integrating their conserved currents.
For instance, defining na = ξa/R0, which is the unit normal vector on the worldvolume to
Bp, one can define in general

M =

∫
Bp
dV(p)Tabn

aξb (1.39)

Jâ =

∫
Bp
dV(p)Tabn

aχbâ (1.40)

S = −
∫
Bp
dV(p)suan

a (1.41)

and the two descriptions are equivalent. Having introduced this thermodynamic properties,
one realizes that the free energy functional satisfies

F = M − TS −
∑
â

ΩâJâ (1.42)

Furthermore, one can also define a total tension

T̂ = −
∫
Bp
dV(p)(γ

ab + nanb)Tab (1.43)

and the thermodynamics we just wrote down obey a Smarr-like relation and the first law of
thermodynamics

(D − 3)M = (D − 2)

(∑
â

ΩâJâ + TS

)
+ T̂ (1.44)

dM = TdS +
∑
â

ΩâdJâ (1.45)

1.3 Charged Blackfolds
Charge can be naturally incorporated in this framework as explained in [43], we just need to
change the seed solution. For instance one can consider charged solution of the Einstein-
Maxwell theory

S =
1

16πG

∫
dDx
√
−g
(
R− 2(∇φ)2 − 1

2(q + 2)!
e−2aφH2

[q+2]

)
(1.46)

where φ is the dilaton field, a is the dilaton coupling, H is the two form field strenght of A,
which is the Maxwell field. It is also convenient to introduce the parameter N defined as

N =
4

N
− 2(D − 3)

D − 2
(1.47)
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When we are dealing with a specific type of branes, called Kaluza-Klein branes, the parameter
N is equal to 1. We can think of a p-brane with charge density extend along q spatial
directions. When q = 0 the p-brane has pointlike electric charge on its worldvolume, instead
when q = 1 the p-brane has an electric string dipole. In this section we analyze q = 0 and
q = 1 configurations. They can be studied together, in a unified framework. In general, for a
p-brane carrying a q-brane charge, we can write the charge current as

J = Q V̂q+1 (1.48)

where V̂q+1 is the volume form on Wq+1. For charged configuration, along with the stress-
energy tensor Tab, the dynamics is encoded in the particle current J .

1.3.1 0−charged blackfold
For 0-charged object, the particle current must be proportional to the fluid velocity u

Ja = Qua (σ) (1.49)

and the form of the stress-energy tensor will be the same of the neutral configuration.

1.3.2 1−charged blackfold
When q = 1 instead we should introduce an other vector v orthogonal to u which will
describe the direction along which the string charge will lie (and should be of norm 1, since
it should be spacelike)

u · v = 0 , −u2 = v2 = 1 (1.50)

Then we can write the current as

Jab = Q (uavb − ubva) (1.51)

Moreover, for 1-charged brane, the vector v brakes spatial isotropy because it characterizes a
preferred direction along which the (dissolved) string lays. Therefore the stress-energy tensor
will be characterized by a pressure which will be parallel to this direction and a pressure
orthogonal to it.

Tab = εuaub + P‖vavb + P⊥(γab + uaub − vavb) (1.52)

1.3.3 A unified description
In order to have a unified description of the 0-charge and the 1-charge case, we need to
introduce the projector onto the space parallel to the string/particole worldline/worldsheet

ĥ
(q)
ab = −uaub + qvavb (1.53)

and onto directions orthogonal to it

⊥̂ab = γab − ĥ
(q)
ab (1.54)

Moreover we can define the volume form V̂q+1 of the worldline/sheet as

V̂q+1 =

{
u for q = 0
u ∧ v for q = 1

(1.55)
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With this definitions it is possible to write down the stress-energy tensor and the charge
current in the following way

Tab =
(
ε+ P‖

)
ua (σ)ub (σ) +

(
P‖ − P⊥

)
h

(q)
ab (σ) + P⊥γab (σ) (1.56)

Jq+1 = QqV̂q+1 (σ) (1.57)

1.3.4 Local thermodynamics
Now that we have a unified description of the string and particle charge configurations, it
is important to look at the local thermodynamics of these black p-brane carrying q-brane
charge (with q = 0, 1). The difference between the pressure parallel to the string and the
one perpendicular, which represents the tension that the string produces, can be computed

P⊥ − P‖ = ΦQ (1.58)

and Φ is called string chemical potential. Since we will be considering configuration in
equilibrium, locally on the brane the first law of thermodynamics holds

dε = T ds+ ΦdQ (1.59)

where T is the local temperature, as in the neutral case. Also the thermodynamic Gibbs-
Duhem relations hold

ε+ P⊥ = T s+ ΦQ , dP⊥ = sdT +QdΦ , , dP‖ = sdT − ΦdQ (1.60)

For these configurations, along with the blackfold equations, we should also require the
conservation of the particle current, i.e. the continuity equation

d ? J = 0 (1.61)

The stress energy tensor for a p-brane carrying a q-brane charge for the action (1.46) can be
computed through Brown-York procedure, as it is also for the neutral case. This has been
done for any q < p and the result for the local thermodynamic parameters is the following

ε =
Ω(n+1)

16πG
rn0
(
n+ 1 + nN sinh2 α

)
(1.62)

P⊥ = −
Ω(n+1)

16πG
rn0 (1.63)

P‖ = −
Ω(n+1)

16πG
rn0
(
1 + nN sinh2 α

)
(1.64)

Q =
Ω(n+1)

16πG
n
√
Nrn0 coshα sinhα (1.65)

Φ =
√
N tanhα (1.66)

where α is the charge parameter of the configuration. These local thermodynamics depend
on n and N (defined in (1.47)) but not from p and q since these densities are conserved
charges and they can depend only on the number of dimensions they live in, and on the
dilaton coupling. Therefore, after plugging the local thermodynamics in, the stress energy
tensor of the blackfold becomes

Tab = T s (σ)

(
ua (σ)ub (σ)− 1

n
γab (σ)

)
− Φ (σ)Qh(q)

ab (σ) (1.67)
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1.3.5 Blackfold equations solution for stationary configurations
The intrinsic blackfold equation together with the continuity equations, and keeping in mind
the Frobenius theorem (see reference [79] for details), can be rewritten as

⊥̂abT (u̇b + ∂b log T )−QΦ
(
K̂a− ⊥ab ∂b log Φ

)
= 0 (1.68)

(ĥab + uaub)(u̇b + ∂b log T ) = 0 (1.69)

where we introduced the mean curvature of the worldline/sheet K̂ = ĥbcDbĥc
a. The general

solution of the intrinsic equation (1.69) for 0-brane charge in a stationary configuration
can be easily obtained as we explained before for the neutral case, and the solution to the
intrinsic blackfold equation is

T (σ) =
T

|k|
, φ(σ) =

ΦH

|k|
(1.70)

For the string dipole charge instead, we need to specify the geometry along the currents. We
introduce a vector which is spacelike and commutes with k, i.e. [k, ψ] = 0. Then we need to
construct its component orthogonal to k

ζ = ψ − ψaka
k2

k (1.71)

assuming that ζ is spacelike over the blackfold worldvolume. Then we choose v to be
proportional to ζ

va =
ζa

|ζ|
(1.72)

This is not the most general choice we could make. With this construction we can easily
solve the intrinsic equations also for q = 1, getting

T (σ) =
T

|k|
, φ(σ) =

1

(2π)q
ΦH

|ĥ|(1/2)
(1.73)

where the area element on the string worldline/sheet is

|ĥ|1/2 =

{
|k| for q = 0
|ζ||k| for q = 1

(1.74)

Inverting this equation and using the potentials for the brane, we get

r0(σ) =
n

4πT |k|

(
1− 1

(2π)q
Φ2
H

N |ĥ|

)
, tanhα(σ) =

1

(2π)q
ΦH√
N |ĥ|1/2

(1.75)

This is the solution to the instrinsic blackfold equation (1.69) for stationary configurations in
the unifed description. Concerning the extrinsic blackfold equation (1.68), also for stationary
charged configurations it can be integrated to an effective free energy, where instead of
having just P , we will have P⊥. Also in this case, after a Wick rotation, we can perform the
trivial integral along the Killing time generated by ξ so that

F =
Ω(n+1)

16πG
β

∫
Bp
dV(p)R0r

n
0 (1.76)
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All the thermodynamics can be computed from the free energy, charge density included.

Q = − ∂F

∂ΦH
(1.77)

Also for the obtained thermodynamics holds the first law, and there is an extended Smarr
relation

(D − 3)M − (D − 2)

(
TS +

∑
â

ΩâJâ

)
− (D − 3− q)ΦHQ = 0 (1.78)

1.4 Derivation of the blackfold effective theory
The blackfold equations have been shown to describe correctly many black branes that were
already known. The blackfold theory also yielded to new solutions. In order to solidly ground
the theory it is important to show that the extrinsic blackfold equations can be derived
directly from Einstein equations that describe a black p-brane with a linear perturbation of
scale R� r. Moreover one needs also to show that the black p-brane remains regular under
these perturbations. This has been done in [45] and it works as follows. The starting point
is the metric of a black p-brane in which the parameters vary slowly along the worldvolume

ds2 =

(
γab(σ) +

rn0 (σa)

rn
ua(σ

a)ub(σ
a)

)
dσadσb+

dr2

1− rn0
rn

+r2dΩ2
n+1 +hµν(x)dxµdxν (1.79)

As we said, we would like the perturbations to be slightly away from flatness by terms that
are linear in the fluctuations of transverse coordinates. This can be done by using a set of
adapted coordinates which are called Fermi normal coordinates, which employs the idea
of removing first derivatives of a metric around a given point. We call yi the orthogonal
directions to Wp+1. Including terms to first order in y/R, the metric of the perturbed black
p-brane written in Fermi normal coordinates is

ds2 =

(
ηab − 2Kab

iyi +
rn0
rn
uaub

)
dσadσb +

dr2

1− rn0
rn

+ r2dΩ2
n+1 + hµν(x)dxµdxν +O

(
r2/R2

)
(1.80)

where r =
√
yiyi. Now we restrict ourselves, without loss of generality, to perturbations that

are nonzero only along one specific direction i = î and that are locally linearized, meaning
that

yî = r cos θ (1.81)

Now we look at large r � r0, where the gravitational field that the black brane creates is
weak. In this region the metric of the brane is then

ds2 =

(
ηab − 2Kab

îr cos θ +
rn0
rn
uaub

)
dσadσb +

(
1 +

rn0
rn

)
dr2 + r2

(
dθ2 + sin2 θdΩ2

(n)

)
+ cos θĥµν(x)dxµdxν +O

(
r2n

0 /r2n
)

(1.82)

By using the form of the stress-energy tensor of a black p-brane

Tab =
Ω(n+1)

16πG
rn0

(
nuaub − ηab

)
(1.83)
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plugging in and keeping the terms in the perturbation at large r � r0, the metric can be
rewritten as

ds2 =

(
ηab − 2Kab

îr cos θ
16πG

nΩ(n+1)

(
Tab −

1

D − 2
Tηab

)
1

rn

)
dσadσb

+ r2
(
dθ2 + sin2 θdΩ2

(n)

)
+ cos θĥµν(x)dxµdxν +O

(
T 2/r2n

)
+

(
1− 16πG

nΩ(n+1)

1

D − 2

T

rn

)
dr2 (1.84)

Now by a direct computation of the Einstein tensor Gµν one finds a combination that do
not involve ĥµν which is the following

Grθ −
r tan θ

n+ 1
Grr =

n+ 2

n+ 1

sin θ

r2

8πG

Ω(n+1)
T abKab

î (1.85)

Thus the corresponding equation is a constraint which take the form

T abKab
î = 0 (1.86)

where î denotes an arbitrary direction transverse to the brane. These are the extrinsic
blackfold equations.

1.5 Some examples of blackfold stationary configurations
In this section we review some basics examples of blackfolds, with our without charge, and
in AdS background.

1.5.1 Electrically charged odd-spheres in flat background
We would like to consider a flat background in D dimensions, which is described by the
following Minkowski metric

ds2 = −dt2 + dr2 + r2dΩ2
(D−2) (1.87)

We would like to embed p-dimensional sphere with radius R in this flat background. Therefore
we place a p dimensional sphere of radius R in this metric by choosing the following embedding

t = τ , r = R , θ = 0 , φa = φâ (1.88)

We set the configuration to rotate with equal angular velocity Ω in any [(p+ 1)/2] angles of
the sphere, which we will label by φâ. The geometry of the p-dimensional sphere and the
corresponding killing vector field are

ds2 = −dτ2 +R2dΩ2
(p) , ka∂a = ∂τ +

[(p+1)/2]∑
â=1

∂φâ (1.89)

With this embedding and killing vector field the free energy of this configuration, defined in
(1.76), is

F =
Ω(n+1)V(p)

16πG
rn0 (1.90)
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where

r0 =
n

4πT

(
1− r2Ω2

) 1−N
2
(
1− r2Ω2 − Φ2

H/N
)N/2 (1.91)

and where V(p) = Ω(p)R
p. By minimizing this effective action it is possible to compute the

equilibrium condition for a 0-charge odd-spere in flat background, which is the following

Ω2R2 =
p

nN sinh2 α+ n+ p
. (1.92)

For completeness, in the appendix A, one can find all the thermodynamics of this configura-
tion.

1.5.2 Uncharged odd-spheres in Ads background

As mentioned in the previous pages it is possible to place blackfolds in many different
backgrounds. This possibility is already encoded into our effective blackfold theory by means
of R0 and Ri. One of the characteristic that the background should have is that it should be
asimptotically flat and the (A)dS background has this feature. The metric of (A)dS space
can be written in the following way

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2
(D−2) , f(r) = 1 +

r2

L2
, (1.93)

where L is the AdS radius. In order to obtain the deSitter metric we simply perform the
Wick rotation L→ iL, therefore what follows encodes informations also about blackfolds in
deSitter space (just need to replace L with iL at any time in the description). We would
like to place a p dimensional sphere of radius R in the background described by (2.40).
We set the configuration to rotate with equal angular velocity Ω in each of the [(p+ 1)/2]
Cartan angles of the p-dimensional sphere, labelled by φâ. The embedded geometry and the
corresponding Killing vector field are given by

ds2 = −f(R)dτ2 +R2dΩ2
(p) , ka∂a = ∂τ + Ω

[(p+1)/2]∑
â=1

∂φâ , f(R) = 1 + R2 , (1.94)

where we have defined the dimensionless radius R = R/L. The free energy takes the simple
form

F [R] =
Ω(n+1)V(p)

16πG
f(R)rn0 , (1.95)

Upon variation of this with respect to R, restricting to the cases where p is odd, and solving
the resulting equation leads to the equilibrium condition

Ω2R2 = (1 + R2)
R2 (n+ p+ 1) + p

R2 (n+ p+ 1) + n+ p
. (1.96)

For completeness we will write all the thermodynamics in the appendix A.
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1.5.3 Black odd-spheres with string dipole in flat background
In this section we consider a related configuration to the previous example where instead of
an electric charge, the black hole has a string dipole charge. The background geometry is
still flat space, characterized be the metric (1.87) and the free energy (1.98), but it must be
supplemented with the polarisation vector

va∂a =
γ

R

[(p+1)/2]∑
â=1

∂φâ + ΩR2∂τ

 , γ =
1√

1− Ω2R2
. (1.97)

The free energy is the same as in the 0-charged configuration

F =
Ω(n+1)V(p)

16πG
rn0 (1.98)

Minimizing this free energy (i.e. solving the extrinsic equation) we get the following
equilibrium condition

Ω2R2 =
p+ nN sinh2 α

n+ p+ nN sinh2 α
. (1.99)

The thermodynamic properties are given in App. A.

1.5.4 Black charged discs in flat background
In this section we make a perturbative construction of the analogue of the Kerr-Newman
black hole in higher-dimensional flat with one single angular momentum. This corresponds,
in the blackfold approximation, to an electrically charged rotating disc with induced metric
and Killing vector field

ds2 = −dτ2 + dρ2 + ρ2dφ2 , ka∂a = ∂τ + Ω∂φ . (1.100)

This geometry develops a boundary when k = 0, corresponding to the maximum of ρ given
by

ρmax =

√
1− Φ2

H/N

Ω
, (1.101)

This disc configuration trivially solves the blackfold equations since it is a minimal surface
[10]. The thickness of the disc and the charge parameter are given by

r0(ρ) =
n

4πT

(
1− r2Ω2

) 1−N
2

(
1− r2Ω2 −

Φ2
H
N

)N/2
,

tanhα(ρ) =
ΦH/
√
N√

1− r2Ω2
.

(1.102)

Therefore, at the boundary ρmax the thickness of the disc vanishes and hence the resulting
black holes have topology R×S(D−2). We now proceed and evaluate the free energy for these
configurations from which all thermodynamic properties can be obtained. This is given by

F =
Ω(n+1)

8G
r̃n0

2F1

(
1, 1

2(N − 1)n; Nn2 + 2; 1− Φ2
H
N

)
Ω2(2 +Nn)

, (1.103)



1.5 Some examples of blackfold stationary configurations 23

where we have defined

r̃n0 =
( n

4πT

)n(
1−

Φ2
H
N

) 2+Nn
2

. (1.104)

The thermodynamic properties are given in App. A.





2. Gravitational Tension

2.1 Pressure, Volume and Tension

The discovery that black holes carry an entropy [29, 118] proportional to the area of the
event horizon has lead to view black holes as thermodynamic objects. This point of view
provides a simple set of quantities, such as the mass M , the entropy S and the angular
momenta Ja, which can be used to characterise many of the properties of black holes. For
an uncharged black hole in asymptotically flat spacetime, these quantities satisfy the first
law of thermodynamics

dM = TdS +
∑
a

ΩadJa , (2.1)

where T is the Hawking temperature and Ωa is the set of horizon angular velocities. The
study of (2.1) leads to a deeper understanding of the dynamics, stability and uniqueness
of these objects. Therefore, from a purely gravitational point of view it is important to
understand what types and kinds of physical modifications can occur in (2.1).

Many of such modifications are known and they arise due to other intrinsic properties
that black holes can have, such as an electric/magnetic charge or scalar hair [95]. Other
intrinsic properties such as horizon topology can allow for other types of charges, as in
the case of the five-dimensional charged black ring [76, 58], which can cary dipole charge.1

However, there are also extrinsic properties that can affect (2.1) such as the length scales
characterizing the asymptotic region of a given black hole, or alternatively, the curvature
scales characterising the resulting spacetime once the black hole is removed (i.e. when its
horizon radius is set to zero).2

A concrete physical set up which we have in mind, with potential astrophysical impli-
cations, is to understand what the modification of (2.1) is when a black hole is immersed
in the gravitational field of another black hole, as in a black hole binary system. In this

1For other non-trivial topologies, generalisations of dipole charge were found in [83].
2Another external factor that can affect (2.1) is non-trivial spacetime topology when, for example, there

are fluxes present in the spacetime [94].
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case, each of the black hole horizons will satisfy a first law of thermodynamics of the form
(2.1) in which the mass (or horizon radius) of the other black hole appears as an external
parameter. A natural question to ask is then: how is the first law (2.1) modified when
there are variations in the gravitational field, in which the black hole is immersed, due to
variations in the mass (or size) of the other black hole?

This question would be easily addressed if there existed exact analytic solutions of black
hole binary systems. In four dimensional asymptotically flat spacetime no such solutions
are known, however, perturbative solutions where a small black hole is orbiting a large
black hole do exist up to several high orders [153]. Unfortunately, these distorted black hole
solutions have only been constructed near the horizon and hence are not suitable for studying
thermodynamic properties. Luckily, there are several exact or approximate analytic solutions
that can be used as toy models for this kind of physics. This includes the first-order corrected
solution [101] for localized Kaluza-Klein black holes [104], which due to the periodicity of
one of the coordinates and by the method of images, can be viewed as being immersed
in their own gravitational field. Moreover, in five spacetime dimensions there are several
examples of exact and analytic black hole binary systems in asymptotically flat spacetime.
The simplest of these being the black saturn solution [74], in which a black ring horizon
orbits the centre Myers-Perry black hole.3 Furthermore, the blackfold construction [87, 84]
provides a general tool to analytically construct perturbative solutions of large classes of
black holes in non-trivial backgrounds, such as those considered in [42, 47] along with the
novel solutions with non-trivial spacetime asymptotics constructed in this paper. Indeed, we
will use these examples to study the modifications to (2.1).

When studying the modifications to (2.1) due to the presence of external gravitational
fields, one wishes to introduce/observe new quantities which: (1) have a geometric/physical
meaning, (2) have a thermodynamic interpretation, (3) can be defined in the presence of
any gravitational field and (4) reduce to the same universal result once the gravitational
field is removed. We wish to qualify these statements.

By property (1) we mean that the quantities appearing in (2.1) can be obtained, for a
given black hole spacetime, e.g. by some integration over the horizon involving Killing vector
fields (e.g. the Komar mass) or by looking at the asymptotic fall-off of the metric fields (such
as the ADM mass). By property (2) we mean that all such quantities are clear analogues of
classical thermodynamic quantities as the entropy S or temperature T and can be obtained
by taking appropriate derivatives of the free energy. By property (3) we mean that such
quantities can be defined for all black holes immersed in any gravitational field, regardless of
what the source of that field might be. In fact, we seek to introduce a set of thermodynamic
quantities which can be universally defined, regardless of the field being created by another
black hole, by a star or by some cosmological fluid. Finally, by property (4) we mean that
such quantities must have a universal limit when the gravitational field that surrounds the
black hole is removed. Intuitively, one might think that any such extra quantity appearing
in (2.1) must vanish when the gravitational field is removed since in that case there are no
other quantities characterising the (uncharged) black hole. However, for reasons that will
become apparent later, we will not require from the start that such quantities must vanish
in that limit but we will ultimately argue that the correct physical picture is one where such
quantities do vanish in that limit.

3Other examples are bi-rings, di-rings and several multiple combinations of these [75, 129, 88, 128].
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2.1.1 Pressure and volume for Anti-de Sitter black holes
As we have mentioned, we look for modifications of (2.1) regardless of what is the source of
the gravitational field. One can think of Anti-de Sitter (AdS) black holes in D spacetime
dimensions as being immersed in the gravitational field created by a cosmological fluid with
pressure

Pe = − Λ

8πG
, Λ =

(D − 1)(D − 2)

2L2
, (2.2)

which sources Einstein equations. In this case, variations in the gravitational field are
controlled by variations of the cosmological constant Λ, or alternatively, by variations of the
AdS radius L. In order to analyse the modifications of (2.1) we consider the simplest case of
the Schwarzschild-AdS black hole in D = 4 with mass, entropy and temperature given by

M =
r+

2G

(
1 +

r2
+

L2

)
, S =

π

G
r2

+ , T =
1

4πr+

(
1 + 3

r2
+

L2

)
, (2.3)

where r+ is the horizon radius. Allowing for variations of the length scale L, one can easily
verify that these black holes satisfy the first law of thermodynamics

dM = TdS +BkdLk , (2.4)

where Lk is proportional to some power of L such that Lk = λLk, where λ is an arbitrary
constant which can depend on Newton’s constant G but otherwise cannot depend on any of
the thermodynamic variables of the solution such as temperature T . In turn, the response
Bk is given by

Bk =

(
∂F
∂Lk

)
T

, (2.5)

where F is the Gibbs free energy F = M − TS. Moreover, this leads to a corresponding
Smarr relation which follows from the Euler scaling argument

(D − 3)M − (D − 2)TS = kBkLk . (2.6)

From this point of view, any particular choice of k, from the infinite set of quantities Bk and
their infinite set of conjugate variables Lk, is as good as any other in describing variations of
the external gravitational field - a consideration which has not been previously stated in the
literature.

A very popular choice in describing these variations in AdS has been the choice k = −2
and the identification L−2 of the extrinsic spacetime pressure, i.e. L−2 = Pe [137, 65, 59, 63,
141, 67, 145].4 In this case, L−2 has dimensions of pressure and the quantity B−2 = −Vi has
dimensions of volume. For the particular case of the Schwarzschild-AdS black hole in D = 4,
this intrinsic black hole volume takes the form

Vi =
4

3
πr3

+ . (2.7)

There are several interesting aspects of this particular choice. First of all, the quantities Pe
and Vi have direct analogues with classical thermodynamic systems, they have dimensions

4There is a large literature on considering the cosmological constant as a thermodynamic variable, starting
with the early papers [120, 171, 119] and also for example the later work [41, 161, 176, 175, 144, 174]
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of pressure and volume, respectively [64, 66, 62]. In particular the phase diagram Pe(Vi) for
Schwarzschild-AdS black holes can be recast as a Van der Waals equation [141]5

Pe =
T

v
− 1

2πv2
, v = 2

(
3Vi
4π

) 1
3

, (2.8)

strengthening further the analogy with classical thermodynamic systems. Furthermore, the
quantity Pe is physically meaningful, since it is the pressure of the cosmological fluid, while
Vi has a geometric interpretation, as it can be obtained for a given black hole in AdS by
means of evaluating the Killing potential [137]. Moreover, there is something peculiar to the
volume Vi. As it may be seen from (2.7), the volume remains constant as the cosmological
constant is sent to zero. The fact that this is the case and that the volume (2.7) coincides
with the naive volume6 in the flat spacetime limit has been seen as further strengthening
the case for introducing the pair of thermodynamic variables (Pe, Vi), despite the fact that
no such quantity enters the first law (2.1) for asymptotically flat black holes.

2.2 Pressure, volume and gravitational tension: a different point of view

We would like to understand whether or not the introduction of the set of variables (Pe, Vi) is
unique to AdS or can actually satisfy the desired properties (1)-(4) which we have described
above. Regarding property (2) it is clear that it is satisfied by this set of variables, which
also has property (3) since the exercise that we have performed for the Schwarzschild-AdS
black hole can be carried out for any black hole with non-trivial asymptotics and because
extra terms in the first law of the form (2.4) can be obtained by performing the Legendre
transform

M →M +BkLk , (2.9)

therefore moving onto extended phase space in which the length scale Lk is allowed to vary.
However, property (1) is not satisfied in a straightforward way. By this we mean that

one cannot use Killing potentials to obtain the volume Vi for any black hole in an arbitrary
gravitational field, since the volume obtained by a suitable integral of the Killing potential
is non-zero if there is a non-zero cosmological constant [137]. As we will show in the course
of this work, defining Vi does not require a cosmological constant nor introducing matter in
Einstein equations. In fact, it can be defined in backgrounds with non-trivial length scales
which are solutions of the vacuum Einstein equations, such as plane wave solutions or black
hole solutions. Moreover, the pair of variables (Pe, Vi) does not satisfy property (4), since
as we will show in this paper, the volume Vi in flat spacetime, obtained via the limit in
which the background length scales are removed, is meaningless. We show this by taking
two different charged black hole solutions both of which, when the length scales are removed,
reduce to the same charged rotating asymptotically flat black hole but lead to two different
volumes. In addition, one may study asymptotic plane wave black holes with an arbitrary
number of length scales La which, when La = 0, lead to an arbitrary number of volumes

5For earlier work in the same spirit see [49, 41].
6By the naive volume we mean the volume that can be obtained by taking the metric and performing a

volume integration up to the horizon radius. For other black holes like rotating black holes there have been
proposals for how to define the volume [152, 25, 26] and we refer the reader to the review [61] for a more
detailed explanation of these cases.
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describing an asymptotically flat black hole. In this sense, one would have to argue that an
asymptotic flat black hole is characterized by an infinite set of volumes.

These considerations demand another point of view and the introduction of new quantities
which can be generally applied to any context where a gravitational field surrounding the black
hole is present. We consider borrowing a concept which has its roots in the study of black
branes and Kaluza-Klein (KK) black holes, namely, gravitational tension (or gravitational
binding energy) [173, 172, 105] and applying it in a broader context.

Gravitational tension can be thought of as the contribution to the black hole energy due
to the energy stored in the surrounding gravitational field. In the case of the black hole
being a black brane, it is the same as the brane tension associated with a given non-compact
direction. This notion of energy is described by the simplest choice of quantities in (2.4),
namely, k = 1 and λ = 1 for which L1 = L and B1 = T . The first law of thermodynamics
then takes the following form

dM = TdS +
∑
a

ΩadJa + ΦHdQ(p) +
∑
a

T adLa , (2.10)

where we have allowed for the presence of a p-form charge Q(p) and corresponding chemical
potential ΦH as well as the existence of several length scales La and their corresponding
tensions per unit length T a. The corresponding Smarr relation (2.6) reads

(D − 3)M − (D − 2)

(
TS +

∑
a

ΩaJa

)
− (D − 3)ΦHQ = T̂ , (2.11)

where T̂ is the total tension (or gravitational binding energy) given by

T̂ =
∑
a

T aLa =
∑
a

La

(
∂F
∂La

)
T,Ωa,ΦH

. (2.12)

From here we note that the total tension is obtained by summing the result of acting with
the scaling operators d/d logLa on the free energy. If we apply this to the case of the
Schwarzschild-AdS black hole in D = 4 for which L1 = L and T 1 = T we obtain

T = −
r3

+

L3
. (2.13)

This quantity vanishes, as well as T̂ , in the limit L → ∞, in which the surrounding
gravitational field is removed.

The introduction of these new pairs of variables (La,T a) has several advantages. First of
all, they have a well defined physical and thermodynamic meaning. If we take AdS spacetime
as an example then L1 = L is a measure of the spacetime volume associated with each
spacetime direction7, while T a is a measure of the energy stored per unit spacetime volume.
In fact, when considering the case of black branes, T a is the brane tension per unit length,
which is equal to minus the brane pressure. The variables (La,T a) can be thought as the
reverse of the variables (Pe, Vi), in which brane tension has replaced spacetime pressure and

7Note that since we are using the word volume associated to a given spacetime direction then this is
equivalent to using the word length.
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spacetime volume has replaced black hole volume. Indeed, such point of view had already
been taken in [104, 106, 139, 103] for the particular case of KK black holes.

The variables (La,T a) besides having a physical meaning, also have a well defined
geometrical meaning. The length scales La are simply the length scales associated with the
curvature of spacetime along given spacetime directions. The gravitational tensions T a, in
turn, can be obtained in several different ways. If the spacetime has a compact direction,
such as KK spacetimes, or if the the horizon is non-compact then one can simply apply
the prescription of [105].8 If the black hole admits a blackfold limit, as large classes of
higher-dimensional black holes do [85, 16, 98, 43, 83, 13, 10, 11], then the prescription of [105]
also applies, once we zoom locally into the horizon rendering it brane-like. The total tension
is subsequently obtained by integrating the local tension over the blackfold worldvolume. If
the black hole does not admit such limit, as is the case of the Schwarzschild-AdS black hole,
then the prescription of [105] needs to be generalised and we leave this generalization for
future work. For the moment, when dealing with these cases, we simply apply (2.12).

Finally, the set of variables (La,T a) can be introduced in the presence of an arbitrary
gravitational field and in this respect it is not different than the set of variables (Pe, Vi).
However, the variables (La,T a) satisfy property (4) which the set (Pe, Vi) does not. More
precisely, when removing the gravitational field we find the universal result T a → 0, which
naturally does not lead to extra quantities describing an asymptotically flat black hole.

2.2.1 Brief summary
In order to illustrate the ideas expressed above we will first consider the case of distorted
black holes in Sec. 2.3, i.e., localized KK black holes which can be seen as black objects
surrounded by the presence of their own gravitational field. In this context, we will show
that the concept of tension is much more natural to introduce than the notion of black hole
volume and we will already give evidence for the non-universality of black hole volume in
the flat spacetime limit.

In Sec. 2.4 we construct a series of new non-trivial and perturbative charged black hole
solutions in Anti-de Sitter, plane wave and Lifshitz spacetimes using the blackfold approach.
In here we study examples of spacetimes with multiple length scales, such as plane waves,
and construct analogues of the higher-dimensional Kerr-Newman solution of [43] in Anti-de
Sitter and plane wave spacetimes. These new black hole solutions are interesting in their own
right, in particular, the Kerr-Newman solution in AdS for which there is no corresponding
exact solution. Furthermore, we provide the first example of a black hole with non-trivial
horizon topology in Lifshitz spacetimes. The reader may skip this section entirely if he/she
is only concerned with the implications of these results to the modifications of (2.1).

In Sec. 2.5 we construct perturbative solutions in backgrounds with a black hole. One of
these solutions corresponds to a specific limit of the black saturn solution. We then study
in detail the example of this black hole binary system in five spacetime dimensions using
the exact and analytic solution of [74]. Here we focus on the case in which the Myers-Perry
black hole in the centre is not rotating and show that the black ring horizon satisfies a first
law of the form (2.10).

Finally, in Sec. 2.6, we briefly use the new solutions of Sec. 2.4 to show that the notion
of volume in flat spacetime is non-universal, while in Sec. 6.1 we discuss some of the

8We note that this prescription does not require introducing Killing potentials.
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limitations of this work and future extensions of these research directions. We also provide
some interesting results in the appendices, namely, in App. A we have collected all the
thermodynamic properties of the new perturbative solutions constructed in this paper, while
in App. A.10 we have the explicit construction of a family of black holes carrying string
charge. In App. A.12 we give the thermodynamic quantities of the black saturn solution in
the blackfold regime and compare it with our blackfold constructions.

2.3 Black holes on cylinders: the Kaluza-Klein case
In this section we analyse the thermodynamic properties of localized KK black holes which
were constructed in a perturbative expansion in dimensions greater than four [101]. These
objects provide examples of black holes immersed in their own non-trivial gravitational field.
We review that the thermodynamics of these objects follow (2.10), as noted in [106, 139,
101], and that the tension can be extracted from the free energy using (2.12). We then show
that the concept of black hole volume is not the desirable one when analysing variations
in the surrounding gravitational field, which are controlled by variations in L - the KK
compactification parameter. In the end, we also take a look at the case of KK black strings.

2.3.1 The localised black hole
The localised black hole in KK spacetime is a static and perturbative solution found in
[101] in D ≥ 5, obtained by perturbing the Schwarzschild black hole to leading order in
the parameter r0/L where r0 is the horizon radius and L the size of the KK circle. Its
thermodynamic properties can be found in [101] and read

M =
Ω(D−2)

16πG
(D − 2)rD−3

0

(
1 +

1

2
β
(r0

L

)D−3
)

, (2.14)

T =
(D − 3)

r0

(
1− (D − 2)

(D − 3)
β
(r0

L

)D−3
)

, (2.15)

S =
Ω(D−2)

16πG
rD−2

0

(
1 +

(D − 2)

(D − 3)
β
(r0

L

)D−3
)

, (2.16)

where we have defined9

β =
ζ(D − 3)

(2π)D−3
. (2.17)

As noted already in [104, 101], even though it is a localised black hole, it has a tension which
can be obtained via the Smarr relation (2.11) and the above thermodynamic quantities. It
reads

T̂ =
Ω(D−2)

32πG
β(D − 2)(D − 3)rD−3

0

(r0

L

)D−3
. (2.18)

We note that this quantity vanishes once we take the decompactification limit L→∞. This
result can also be obtained using (2.12) by evaluating the free energy

F =
Ω(D−2)

16πG
rD−3

0

(
1 +

1

2
(D − 2)β

(r0

L

)D−3
)

, (2.19)

9Here ζ(s) is the Riemann Zeta function defined as ζ(s) =
∑∞
m=1 m

−s.
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and provides a non-trivial check of formula (2.12). The existence of this tension justifies
the thermodynamic interpretation in terms of brane tension per unit length T = T̂ /L and
spacetime volume L.

Defining spacetime pressure and black hole volume
We now consider the possibility of defining a spacetime pressure and black hole volume.
As we have noted in the previous section, black holes in spacetimes with non-trivial length
scales satisfy (2.1) for an infinite set of quantities. Following the same footsteps as in the
introduction, we can attempt to define the black hole volume by choosing k = −2. This
leads to the pressure Pe = λL−2G−1 and the volume

Vi = −
Ω(D−2)

64π

L2

λ
β(D − 2)(D − 3)rD−3

0

(r0

L

)D−3
. (2.20)

Looking at the above expression, we notice that in dimensions D > 5, the volume Vi goes to
zero in the decompactification limit L→∞, when one would expect that it would reduce
to the non-zero volume of the Schwarzschild black hole in D > 5 (see e.g. [6]) which was
obtained by taking the flat spacetime limit of the volume of the Schwarzschild-AdS black
hole,

V sch
i =

Ω(D−2)

16π(D − 1)
rD−1

0 . (2.21)

In D = 5 we find that Vi ∝ r4
0 and hence we could choose λ appropriately so that Vi for KK

black holes in D = 5 would be equal to (2.21) for the Schwarzschild black hole in the same
number of spacetime dimensions.

This definition of black hole volume, besides only making some sense in D = 5, would
also loose its geometric interpretation since in D = 5 one would expect the black hole volume
to be Vi ∝ r3

0L. It is possible to attempt defining the black hole volume by introducing a
new length scale and defining a shifted mass. This new length scale L̃ leads to the right
scaling of the volume in the decompactification limit L̃→∞ (or L→∞), namely,(

L̃

r0

)2

=

(
L

r0

)D−3

. (2.22)

In this way, we introduce the spacetime pressure Pe = λG−1L̃−2 and define a new mass M̃
by shifting the mass M by a fraction b of the tension such that

M̃ = M + bT̂ . (2.23)

By requiring the correct thermodynamic behaviour, namely,

∂M̃

∂S
|Pe = T , (2.24)

this implies that we must choose

b =
1

D − 3
− 2

D − 1
. (2.25)
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Using (2.5) with k = −2 and L̃ as the new length scale we obtain the black hole volume

Vi = −
Ω(D−2)

16π

β

λ

(D − 2)(D − 3)

(D − 1)
rD−1

0 . (2.26)

Comparing this volume with the volume of the Schwarzschild black hole in D dimensions
(2.21) we fix the factor λ such that

λ = −β(D − 2)(D − 3) . (2.27)

While we see that introducing a new mass M̃ , with a priori no inherent physical meaning,
allows us to recover the Schwarzschild black hole volume, we believe that such possibility
is not so natural. The concept of black hole volume and spacetime pressure is useful if
the ADM mass M would satisfy the first law (2.10). However, this is not the case for this
particular example. Consequently, we propose that the concept of tension T̂ is a more useful
one for studying variations in the external gravitational field for KK black holes.

2.3.2 The black string
Here we briefly consider the case of the KK black string. This solution is simply obtained by
taking an asymptotically flat Schwarzschild black string and compactifying the infinitely
extended direction on a circle of radius L. The resulting free energy for D ≥ 5 is given by

F =
Ω(n+1)

16πG
rD−4

0 L , (2.28)

and once applying formula (2.12) leads to the tension T̂ = F . This tension naturally behaves
like T̂ → ∞ when we take the decompactification limit L → ∞. This is expected since
the total tension of an asymptotically flat black string diverges while the tension density
T = T̂ /L remains finite. This exercise had the purpose of showing that the tension per unit
length of asymptotically flat black branes can be obtained by compactifying the infinitely
extended directions on a circle and applying formula (2.12).

As in the previous case, we could introduce a naive definition of volume Vi ∝ rD−4
0 L3

or, by introducing a new length scale L̃ = r2
0L
−1 and a new mass M̃ as in (2.23), define a

new volume of the form Vi ∝ rD−4
0 L̃, which would give rise to (2.21) in D − 1 dimensions

once we take the limit L̃→ 0 and evaluate the black hole volume per unit length Vi/L̃. The
latter would require b = −2/(D − 2) and λ = (D − 4)/2. However, for the same reasons as
for the localized black hole, we find both of these possibilities unnatural.

2.4 Blackfolds in background spacetimes with intrinsic length scales
In this section we construct new perturbative (charged) black hole solutions in (Anti)-de
Sitter, plane wave and Lifshitz spacetimes using the blackfold approach, which we first
describe in Sec. 2.4.1. Of special importance is the perturbative construction of the Kerr-
Newman solution in higher-dimensions both in (Anti)-de Sitter and plane wave spacetimes.
Furthermore, we introduce the pair of variables (T , La) for all these solutions in order
to describe variations in the surrounding gravitational field. This pertubative black hole
solutions are interesting in their own right and provide evidence for the existence of a rich
phase space of black hole solutions in these non-trivial spacetimes. If the reader is interested
in the implications of these solutions to the notion of spacetime pressure and black hole
volume, he/she can skip this section entirely and move on to Sec. 2.5.
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2.4.1 Blackfold essentials
In the blackfold approach [87, 84], one constructs stationary black objects with compact
horizons by starting with black brane solutions, with horizon scale r0, of some (super)gravity
theory and wrapping these on compact submanifolds with a characteristic scale R. In the
regime r0 � R the near-horizon region is well approximated by a perturbed black brane
geometry and can be corrected order-by-order in a derivative expansion [86, 20, 45, 8, 9, 14].
The prototypical case to keep in mind is the construction of an asymptotically flat black
ring in any dimension D ≥ 5 by wrapping a thin black string with horizon radius r0 on a
large circle with radius R� r0 [86].

This construction, however, is completely general and can be applied to the wrapping
of black branes in any asymptotic background. Since it is convenient to work with known
exact black brane solutions, the explicit examples studied so far in the literature involve the
bending/wrapping of asymptotically flat black branes. In this work, we are interested in
bending asymptotically flat black branes carrying electric charge, which were found in [43].10

These are black branes which are exact solutions of the following Einstein-Maxwell-dilaton
action

I =
1

16πG

∫
dDx
√
−g
(
R− 2(∇φ)2 − 1

4
e−2aφF 2

)
, (2.29)

where φ is the dilaton field, with a being the dilaton coupling and F is the two-form field
strength dA, with A being the 1-form gauge field. It is convenient to introduce the parameter
N defined as

a2 =
4

N
− 2(D − 3)

(D − 2)
. (2.30)

The perturbative black hole solutions constructed from these brane geometries are not
exclusively solutions of the action (2.29). Instead, other terms, such as the cosmological
constant and other field content, can be added to the above action without affecting this
construction as long as the curvature scales associated with each new field are much larger
than the horizon size r0. More precisely, if the blackfold is being constructed in backgrounds
with a set of intrinsic length scales La then we must require that r0 � min(R,La).11 This
implies that to leading order neither the curvature of the worldvolume nor the curvature
associated with background scales are felt near the horizon and hence that locally the
blackfold is still described by an asymptotically flat black brane solution of the action (2.29).

In order to locally wrap black branes, and in the absence of couplings to gauge/dilaton
external fields, one must satisfy the local constraint equation, which can be derived from
Einstein equations [86, 45], namely,

T abKab
i = 0 , (2.31)

where Kab
i is the extrinsic curvature tensor of the embedding geometry and T ab is the

stress-energy tensor corresponding to the charged black brane, which in this case takes the
perfect fluid form [43]

T ab = (ε+ P )uaub + Pγab , (ε+ P ) = −nP + ΦQ ,

P = −
Ω(n+1)

16πG
rn0 , Φ = tanhα , Q =

Ω(n+1)

16πG
rn0n
√
N sinhα coshα .

(2.32)

10We consider one example of branes carrying string charge in App. A.10.
11A more rigorous determination of the regime of validity of blackfold configurations consists in evaluating

second order world volume scalar invariants [10].
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Here we have introduced the fluid pressure P , energy density ε, chemical potential Φ,
electric charge density Q and the induced metric on the (p+ 1)-dimensional geometry γab in
dimensions D = n+ p+ 3. The fluid variables P, ε,Q depend only on the local temperature
T and the local chemical potential Φ, which are in turn functions of the coordinates σa

along the world volume. We have also introduced α, which is the charge parameter of the
brane and sometimes more convenient to parameterise blackfold solutions than the chemical
potential Φ.

In stationary equilibrium, which is the case we are interested here, as they give rise to
stationary black holes, the fluid velocities ua must be aligned with a world volume Killing
vector field ka with modulus k, which we can write, without loss of generality, as

ka∂a = ∂τ +
∑
â

Ωâ∂φâ , (2.33)

where τ is the time-like world volume direction and Ωâ is the angular velocity associated
with each of the Cartan angles φâ.12 Furthermore, in equilibrium we also have that the
global temperature T and global chemical potential ΦH are determined via a redshift of the
local thermodynamic potentials such that T = kT and ΦH = kΦ. This leads to the relation
between the horizon size r0 and the global thermodynamic potentials [43],

r0 =
n

4πT
k
(

1−
Φ2

H

Nk2

)N
2

. (2.34)

A given stationary blackfold configuration is thus described by an induced world volume line
element ds2 = γabdσ

adσb, a world volume Killing vector field ka and the global potentials T
and ΦH.

Stationary configurations may also have boundaries. In this case, the constraint equation
(2.31) must also be supplemented by the boundary condition

k|∂Wp+1 = 0 , (2.35)

which, in the uncharged case (ΦH = 0) translates into the condition that the fluid must be
moving at the speed of light on the boundary, while for non-zero charge, it has the physical
interpretation that the brane must be extremal at the boundary. Stationary configurations
have topologies of the form Ro B(p) o S(n+1), where B(p) is the topology of the spatial part
Bp of the world volume geometry Wp+1 and S(n+1) denotes the topology of the transverse
spherical space associated with the black brane geometry with properties (2.32).13 In the
case of the existence of boundaries, B(p) is not the topology of Bp but instead the result of a
non-trivial fibration over Bp.

In global thermodynamic equilibrium, the constraint equation (2.31) can be equally
derived from an effective free energy functional F given by [83, 43, 98]

F [Xi] = −
∫
Bp
R0P (T ,Φ) , (2.36)

where Xi denotes the set of transverse scalars describing the position of the surface in the
ambient space and R0 is the modulus of the time-like worldvolume Killing vector field ∂τ .

12The Killing vector field (2.33) is required to map to a background Killing vector field [84].
13Here we have assumed that the world volume geometry is of the form R× Bp.
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Given the effective free energy, one can easily extract the conjugate global thermodynamic
potentials to T,Ωâ,ΦH of the blackfold configuration, namely, the entropy S, the angular
momenta Jâ and the electric charge Q via the corresponding relations

S = −∂F
∂T

, Jâ = − ∂F
∂Ωâ

, Q = − ∂F
∂ΦH

. (2.37)

These thermodynamic properties can also be obtained via the integration of appropriate
conserved currents [84, 43]. With these quantities introduced, we note that the free energy
(2.36) satisfies

F = M − TS −
∑
a

ΩaJa − ΦHQ(p) . (2.38)

The total tension can also be obtained using (2.12), and using appropriate conserved currents,
it is possible to derive its general form

T̂ = −
∫
Wp+1

dV(p)R0

(
γab + nanb

)
Tab , na∂a = R−1

0 ∂τ . (2.39)

By the same token, it is possible to derive, from general principles, the Smarr relation (2.11)
and the first law (2.10). The Smarr relation (2.11) with the tension (2.39) was first derived
in [85] and using the Euler argument, it follows that the first law (2.10) is satisfied. We thus
see that blackfolds naturally exhibit this universal thermodynamic behavior in spacetimes
with non-trivial asymptotics.

2.4.2 (Anti)-de Sitter background
Here we construct novel black holes with electric charge in global (A)dS and in App. A.10
we consider the case of black holes with dipole charge. We write the global (A)dS metric in
the form

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2
(D−2) , f(r) = 1 +

r2

L2
, (2.40)

where L is the AdS radius. In order to obtain the de Sitter metric we simply perform the
Wick rotation L→ iL.

Charged black odd-spheres
This type of configurations are obtained by embedding a p-dimensional sphere with radius
R in the background (2.40). We set the configuration to rotate with equal angular velocity
Ω in each of the [(p+ 1)/2] Cartan angles of the p-dimensional sphere, labelled by φâ. The
embedded geometry and the corresponding Killing vector field are given by

ds2 = −f(R)dτ2 +R2dΩ2
(p) , ka∂a = ∂τ + Ω

[(p+1)/2]∑
â=1

∂φâ , f(R) = 1 + R2 , (2.41)

where we have defined the dimensionless radius R = R/L. We choose to parametrise the
resulting configuration in terms of the variables r0,R, α. In terms of these, the free energy
takes the simple form

F [R] =
Ω(n+1)V(p)

16πG
f(R)rn0 , (2.42)
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where V(p) = Ω(p)R
p. Upon variation of this with respect to R, restricting to the cases where

p is odd, and solving the resulting equation leads to the equilibrium condition

Ω2R2 = (1 + R2)
R2
(
nN sinh2 α+ n+ p+ 1

)
+ p

R2
(
nN sinh2 α+ n+ p+ 1

)
+ nN sinh2 α+ n+ p

. (2.43)

This expression connects to several others in the literature. In the uncharged limit α = 0,
this yields the result obtained in [16], while in the flat space limit L→∞, this yields the
result of [43]. When taking both limits, α→ 0 and L→∞ we obtain the result of [85].

Properties of the solution
There are several interesting cases that should be noted. First of all, these black holes with
horizon topology R× S(p) × S(n+1) admit an extremal limit. Taking α→∞ we obtain the
equilibrium condition

Ω2R2 =
1 + R2

2
, (2.44)

for extremal black odd-spheres. In the flat space case for which R = 0 this reduces to the
analysis of [43].

Secondly, in the deSitter case for which L→ iL and hence R→ iR, not all values of R
are allowed. In fact we find the two possible regimes

R ≤ 1 ∨ p

nN sinh2 α+ n+ p+ 1
≤ R ≤ nN sinh2 α+ n+ p

nN sinh2 α+ n+ p+ 1
. (2.45)

The extremal branch of solutions lies within the regime R ≤ 1. Furthermore, as noted in
[16], in deSitter spacetime there can exist static solutions (Ω = 0) and, as noted in [10], they
are valid for all p ≥ 1 and not only for odd p. These are solutions for which the radius takes
the specific value of

R =
p

nN sinh2 α+ n+ p+ 1
. (2.46)

We note here that this branch of static solutions does not admit an extremal limit.

Gravitational tension
Using (2.42) we can obtain all thermodynamic properties which we collect in App. A while
here we present expressions for the tension. Using formula (2.12) together with (2.42), we
obtain the total tension given by

T̂ = −
Ω(n+1)V(p)

16πG
rn0R

2
√

1 + R2
(
nN sinh2 α+ n+ p+ 1

)
, (2.47)

which is a function of T,Ω and L, where Ω was given in (2.43). From here we can introduce
the tension per unit spacetime volume such that

T =
T̂
L

= −
Ω(n+1)V(p)

16πG

rn0
L
R2
√

1 + R2
(
nN sinh2 α+ n+ p+ 1

)
. (2.48)

These quantities satisfy the first law (2.10) and the Smarr relation (2.11). Furthermore,
both these quantities vanish once we take the limit L → ∞, leaving their corresponding
asymptotically flat counterparts with no extra quantities characterizing them.
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Charged black discs: analogue of the Kerr-Newman black hole
In this section we make a perturbative construction of the analogue of the Kerr-Newman
black hole in higher-dimensional (A)dS with one single angular momentum. This corresponds,
in the blackfold approximation, to an electrically charged rotating disc with induced metric
and Killing vector field

ds2 = −f(ρ)dτ2 + f(ρ)−1dρ2 + ρ2dφ2 , ka∂a = ∂τ + Ω∂φ , f(ρ) = 1 +
ρ2

L2
. (2.49)

This geometry develops a boundary when k = 0, for which the brane becomes locally
extremal, corresponding to the maximum of ρ given by

ρmax =

√
1− Φ2

H/N

Ω
√
ξ

, ξ = 1− 1

L2Ω2
, (2.50)

which implies in the AdS case that ΩL ≥ 1. This disc configuration trivially solves the
blackfold equations (2.31) since it is a minimal surface [10]. The thickness of the disc and
the charge parameter are given by

r0(ρ) =
n

4πT

(
1− ξρ2Ω2

) 1−N
2

(
1− ξρ2Ω2 −

Φ2
H
N

)N/2
,

tanhα(ρ) =
ΦH/
√
N√

1− ξρ2Ω2
.

(2.51)

Therefore, at the boundary ρmax the thickness r0 of the disc vanishes and hence the resulting
black holes have topology R× S(D−2). The thickness remains finite for all values of ξ and
hence this configuration lies within the regime of validity r0 � L.14 In the uncharged case
ΦH = 0, this reduces to the construction of [16] and when L → ∞, hence when ξ → 1, it
reduces to the higher-dimensional Kerr-Newman solution perturbatively constructed in [43].

This configuration has several interesting properties. In particular, it admits an extremal
limit, for which ΦH →

√
N . In this case it seems that the size of the disc (2.50) would shrink

to zero. As noted in [43] for the asymptotically flat case, one must also have that Ω→ 0 such
that the ratio

√
1− Φ2

H/N/Ω remains finite. However, in the presence of the cosmological
constant this is not possible. Instead, attaining extremal regimes is only possible in AdS for
which one must send ΩL → 1, hence ξ → 0, such that the ratio

√
1− Φ2

H/N/
√

Ω2L2 − 1

remains constant. From (2.51) it implies that the temperature must also approach zero such
that the ratio (1− Φ2

H/N)N/2/T remains finite. In this situation, the disc is not rotating at
very slow speeds as in the flat space case. This is not possible in deSitter spacetime as there
one has that ξ ≥ 1. On the other hand we note that in dS, static solutions where the disc
has finite size exist for which its size is given by

ρmax|Ω→0 = L
√

1− Φ2
H/N . (2.52)

When the disc is uncharged and static, it ends on the cosmological horizon as noted in
[16]. However, we observe here that if the disc is charged it does not reach the cosmological

14The boundary of the blackfold deserves special attention, see [10] for a discussion of its validity.
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horizon. One may also conclude from here that static and extremal discs do not lie within
the regime of validity of our method.

We now proceed and evaluate the free energy for these configurations from which all
thermodynamic properties can be obtained. This is given by

F =
Ω(n+1)

8G
r̃n0

2F1

(
1, 1

2(N − 1)n; Nn2 + 2; 1− Φ2
H
N

)
ξΩ2(2 +Nn)

, (2.53)

where we have defined

r̃n0 =
( n

4πT

)n(
1−

Φ2
H
N

) 2+Nn
2

. (2.54)

The thermodynamic properties are given in App. A. From here we also extract the tension

T̂ = −
Ω(n+1)

4G
r̃n0

2F1

(
1, 1

2(N − 1)n; Nn2 + 2; 1− Φ2
H
N

)
(2 +Nn)ξ2L2Ω4

, (2.55)

which, as expected, vanishes in the limit L → ∞. Its thermodynamic properties satisfy
(2.10) and (2.11).

2.4.3 Plane wave background
In this section we consider the perturbative construction of new black holes in a plane wave
background with metric

ds2 = −(1 +
D−2∑
q=1

Aqx
2
q)dt

2 + (1−
D−2∑
q=1

Aqx
2
q)dy

2 − 2
D−2∑
q=1

Aqx
2
qdtdy +

D−2∑
q=1

dx2
q . (2.56)

Here the constants Aq define the curvature length scales 1/
√
Aq of the spacetime. We

furthermore assume that this is a solution of the vacuum Einstein equations, which requires
that TrAq = 0. This background is of special importance, since contrary to (A)dS, it is
in general anisotropic as there is a set of (D − 3) independent length scales, each of them
associated with a particular spacetime direction.

The configuration studied in (A)dS in Sec. 2.4.2 is also a solution in the background
(2.56) as long as it is embedded such that y = 0 [10]. To leading order in this perturbative
construction all the solution properties are the same provided we define R = R

√
A1 where

A1 is the value of Aq for all the directions involved in the planes of rotation of the odd-sphere.
In order to exhibit the differences between this spacetime and (A)dS, we consider the case of
product of odd-spheres, to highlight its multi-scale properties, and the analogue of the disc
solution of Sec. 2.4.2.

Products of black odd-spheres: a multi scale example
In this section we consider the simple case of the product of m uncharged odd-spheres
in the background (2.56). The corresponding black holes solutions have horizon topology
R ×

∏n
â=1 S(pâ) × S(n+1) and were in fact constructed in [10]. These are described by the

induced metric and Killing vector field

ds2 = −R2
0dτ

2 +

m∑
â=1

R2
âdΩ2

(pâ) , R
2
0 = 1+

m∑
â=1

AâR
2
â , ka∂a = ∂τ +

[(p+1)/2]∑
â=1

Ωâ∂φâ , (2.57)
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where Ωâ is the angular velocity associated with all the [(pâ + 1)/2] Cartan angles of each
pâ-dimensional sphere. It’s free energy is given by

F [Râ] = −V(p)R0P , V(p) =
m∏
â=1

Ω(pâ)R
pâ
â , (2.58)

while the equilibrium condition reads [10]

(Ωâ)2R2
â = R2

0

p̂a + R2
â(n+ p+ 1)

(n+ p) + (n+ p+ 1)R2
, R2

â = AâR
2
â , R =

m∑
â=1

R2
â . (2.59)

The thermodynamic properties, namely, the mass, angular momenta and entropy can actually
be found in [16] since these configurations to leading order exhibit the same properties as
in (A)dS if one identifies Aâ = L−2 for all â = 1, ..,m. Note that here we assume that
there is another non-zero scale Am+1 such that TrAq = 0 but which does not enter in the
thermodynamics of the configuration due to the choice of embedding. Hence all the scales
Aâ with â = 1, ..,m are independent scales.

We now proceed and analyse the total tension T̂ from (2.58), which is given as a sum of
tensions, one for each pâ-sphere, which we label by T̂ â. We find the simple result15

T̂ â = −
Ω(n+1)V(p)

16πG
rn0R

2
â

√
1 + R2 (n+ p+ 1) , (2.60)

which vanishes when Aâ → 0. This example shows that these black holes are characterised
by a set of tensions, satisfying the first law (2.10).

Charged black discs
In this section we construct the analogue of the disc solution of Sec. 2.4.2, which will
reveal the non-universal character of the spacetime pressure for a given spacetime. These
configurations are charged versions of those found in [10], obtained via an embedding such
that y = 0 with induced metric and Killing vector field

ds2 = −R2
0dτ

2 + dρ2 + ρ2dφ2 , R2
0 = 1 +A1ρ

2 , ka∂a = ∂τ + Ω∂φ , (2.61)

where we have chosen A2 = A1 such that the Killing vector field presented above is a Killing
vector field of the background (2.56). This is trivially a solution of the blackfold equations
as it also represents a minimal surface in these spacetimes [10]. The thickness and charge
parameter of the disc are given by (2.51) but with the replacement A1 = L−2. Hence, the
disc has a maximum size given by (2.50) and the discussion regarding extremal limits in AdS
also holds in this case provided A1 > 0. The case A1 < 0 is similar to deSitter spacetime.

The thermodynamic properties, due to the different induced metric, are however altogether
distinct from its (A)dS counterpart. It is possible to derive them for any N , however, the
resulting expressions are slightly cumbersome. Therefore we focus on the simplest case of
N = 1 which captures all the essential physics.16 In this case, the free energy takes the

15Note that here we had to use instead the formula T̂ â = −2Aâ
∂F
∂Aâ

due to the the fact that Aâ has
dimensions of inverse length square.

16The case N = 1 corresponds to a Kaluza-Klein reduction.
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following form

F =
Ω(n+1)

8G
r̃n0

2F1

(
−1

2 , 1; n+4
2 ;

A1(Φ2
H−1)

Ω2−A1

)
(n+ 2) (Ω2 −A1)

, r̃n0 =
( n

4πT

)n (
1− Φ2

)n
2

+1
, (2.62)

while the remaining thermodynamic properties are given in App. A. From here we extract,
as previously, the total tension and find

T̂ =−
Ω(n+1)

2G
r̃n0

Γ
(
n
2 + 3

)
(n+ 2)(n+ 4) (A1 − Ω2)2

(
Ω2

2F̃1

(
−1

2
, 2;

n+ 4

2
;
A1(Φ2

H − 1)

Ω2 −A1

)
+
(
A1 − Ω2

)
2F̃1

(
−1

2
, 1;

n+ 4

2
;
A1(Φ2

H − 1)

Ω2 −A1

))
,

(2.63)

which vanishes, as expected, when A1 → 0.

2.4.4 Lifshitz background
We now consider one of the Lifshitz spacetimes found in [168] as the background for
perturbatively constructing new solutions. This spacetime has a spherically symmetric
metric of the form

ds2 = − r
2z

L2z
f(r)dt2 +

L2

r2
f(r)−1dr2 + r2dΩ2

(D−2) , f(r) = 1 + β
L2

r2
, (2.64)

where we have defined the constant β as

β =

(
(D − 3)

(D + z − 4)

)2

. (2.65)

Here, z is the Lifshitz exponent which can lie in the interval z ≥ 1. In the limit z → 1 we
obtain the AdS metric (2.40). This spacetime is in fact supported by several gauge fields
and dilaton in order to be a solution of the model studied in [168]. However, since we will be
constructing an uncharged solution, we do not need to take into account possible couplings
to these background fields.

We focus on the analogue configurations of the odd-spheres of Sec. 2.4.2, hence of a class
of black holes with horizon topology R× S(p) × S(n+1) which includes the case of the black
ring (p = 1). This configuration has an induced metric and Killing vector field given by

ds2 = −R
2z

L2z
f(R)dτ2 +R2dΩ2

(p) , f(R) = 1 + β
L2

R2
, ka∂a = ∂τ + Ω

[(p+1)/2]∑
â=1

∂φâ . (2.66)

The blackfold equations (2.31) are easily solved. By defining R = R/L we obtain the
equilibrium condition

ΩR =

√
β + R2Rz−1

√
(n+ 2) (R2z + β(z − 1)) + p (β + R2)√

(β + R2) .(n+ p+ 2z − 1)− β
. (2.67)

With this we evaluate the horizon size of the odd-sphere and find

r0 =
n

4πT

(
−
n
(
β + R2

)
R2z−2

(
R2(z − 1) + β(z − 2)

)
(β + R2) (n+ p+ 2z − 1)− β

)n/2
. (2.68)
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We see that for this to take real values we must require that

R2(z − 1) + β(z − 2) < 0 , (2.69)

which implies that we must restrict to values of z within the interval 1 ≤ z < 2. This we
assume from now on and in the remaining of this section.

With this we obtain the total tension which takes the form

T̂ = −
Ω(n+1)

16πG
V(p)r

n
0

(n+ p+ z)
√
β + R2

(
z
(
β + R2

)
− β

)
Rz−1

|R2(z − 1) + β(z − 2)|
, (2.70)

which vanishes when L→∞. The thermodynamic quantities non-trivially satisfy the first
law (2.10). This is the first example of a black hole solution with non-trivial topology in
these spacetimes.

2.5 Blackfolds in background spacetimes with a black hole

In this section we present the perturbative construction of toy models of black hole binary
systems, namely, the generalisation of the black saturn solution to higher-dimensions and
with electric charge. Focusing on the case in which the centre black hole is not rotating
and is surrounded by a black ring, leaving the rotating case for future work, we consider
introducing a definition of black hole volume. We show that such definition does not give rise
to the expected scaling once the centre black hole is removed. Therefore, using gravitational
tension as the natural modification of (2.1), we take the exact black saturn solution in five
dimensions and extract the tension to one higher-order in the ultraspinning regime. This
requires enforcing the first law (2.10) to hold on the black ring horizon.

Finally, we also consider the generalisation of these solutions to AdS backgrounds, thereby
illustrating the case in which there are two different tensions, where one is associated with
the centre black hole mass and the other with the cosmological constant.

2.5.1 Schwarzschild black hole background
We begin with the Schwarzschild black hole background which has a spherically symmetric
metric as in (2.40) but with a function f(r) given by

f(r) = 1− µD−3

rD−3
, (2.71)

where µ is the horizon location of the Schwarzschild black hole. In this background we
place a charged odd-sphere geometry at a fixed r = R and hence the induced metric and
Killing vector field are the same as in Sec. 2.4.2 as well as the free energy (2.42) but with
the function (2.71). It is straightforward to obtain the equilibrium condition, which reads

Ω2R2 = f(R)
2pf(R) + (1 + n+ nN sinh2 α)Rf ′(R)

2(nN sinh2 α+ n+ p)f(R) +Rf ′(R)
. (2.72)

This equilibrium condition is in fact valid for any spherically symmetric spacetime of the
form (2.40) for some function f(r). In the limit α→ 0 it reduces to that obtained in [16].
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Defining the dimensionless ratio R = µ/R, which vanishes when the black hole is removed
µ→ 0, and using (2.71) we can rewrite the above condition as

Ω2R2 =
(Rn+p − 1)

(
Rn+p

(
nN sinh2 α(n+ p) + n(n+ p+ 1)− p

)
+ 2p

)(
2nN sinh2 α (Rn+p − 1) + (n+ p) (Rn+p − 2)

) . (2.73)

From here we see that extremal configurations exist when α→∞. Furthermore, using the
free energy (2.42) in order to compute the conserved charges of this configuration, which are
presented in App. A, and the Smarr relation (2.11), we obtain the total tension

T̂ = −
Ω(n+1)V(p)r

n
0

16πG
Rn+p

√
1−Rn+p

(n+ p)
(
nN sinh2 α+ n+ p+ 1

)
2−Rn+p(n+ p+ 2)

, (2.74)

where we have defined V(p) = Ω(p)R
p. We note that in D = 5 and for a ring geometry

(p = 1), that is, n = 1, and in the uncharged limit (α = 0), this describes the black ring
surrounding the spherical black hole in the black saturn solution of [74]. In App. A.12 we
show explicitly, by taking the blackfold limit of [74], that this is indeed the case.17 We note
that the thermodynamic properties of this solution and considering the tension per unit
length T = T̂ /µ, it is straightforward to check that the first law (2.10) is satisfied and,
furthermore, both T and T̂ vanish when µ→ 0.

Spacetime pressure and black hole volume in black hole backgrounds
As we have shown in the introduction, these solutions satisfy the first law (2.1) for an infinite
set of quantities. We may introduce a notion of black hole volume by choosing k = −2,
which leads to the black hole volume

Vi =
Ω(n+1)V(p)

32πG

rn0
λ
µ2Rn+p

√
1−Rn+p

(n+ p)
(
nN sinh2 α+ n+ p+ 1

)
2−Rn+p(n+ p+ 2)

. (2.75)

From here we see that once we remove the black hole µ → 0, the volume (2.75) vanishes.
This is not the expected result for the volume in this limit. More precisely, the volume
for the black ring (p = 1) has been computed in [6] by taking the flat spacetime limit of
the perturbative construction of an uncharged AdS black ring in the ultraspinning regime
[42]. The volume for this case scales like Vi ∝ rn0R2 in the flat spacetime limit. Since this
solution corresponds to the case µ→ 0 and α = 0, p = 1 in (2.75), we see that the volume
introduced in (2.75) does not scale in the expected way. We could introduce by hand a new
length scale L̃ such that (L̃/R)2 = (µ/R)D−3 which would lead to the right scaling in the
flat spacetime limit. However, this would not satisfy the first law (2.1) with a pressure of
the form Pe = λL̃−2, even if we would try to define a new mass M̃ as in Sec. 2.3. Again,
therefore, we conclude that the notion of gravitational tension is more natural than the
notion of black hole volume.

Blackfold mass in asymptotically flat black hole backgrounds
We note that the definition of gravitational tension is related to the generalised first law
of thermodynamics (2.10), and hence to a specific definition of mass/energy, namely, the
definition of mass that enforces (2.10) for a given black hole horizon in the presence of

17In the charged case for Kaluza-Klein coupling (N = 1) this potentially describes a particular limit of the
charged black saturn solution obtained in [99]. We leave this check for future work.
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surrounding gravitational fields. When using the free energy (2.42) and the thermodynamic
relations (2.37),(2.38) we obtain the mass of this blackfold construction, which is given by

M =
Ω(n+1)V(p)

8πG
rn0 (1−Rn+p)

3
2

(
nN sinh2 α+ n+ p+ 1

)
2−Rn+p(n+ p+ 2)

. (2.76)

However, as we show in App. A.12 this mass, with the appropriate values of the several
constants involved, does not correspond to the Komar mass MBR measured near the black
ring horizon of the black saturn solution. In fact we find that

MBR = M − T̂
(D − 3)

. (2.77)

This is expected since the authors of [74] have shown that the first law (2.1) holds for the
black saturn solution whereM is the total ADM mass, which is the sum of the Komar masses
of the centre black hole and of the black ring. However, if we require the existence of a first
law that holds for each individual horizon then we must introduce a new mass measured in
connection with each separate horizon. For the black ring horizon, this is precisely (2.76),
that is, the mass that is directly obtained from the blackfold approach. Note that this is
rather different than the KK case of Sec. 2.3, since there both the original mass M and the
shifted mass M̃ satisfied the first law of thermodynamics. In this case, only the blackfold
mass (2.76), obtained from general principles, satisfies the first law.

Free energy for the black ring in the black saturn solution
From the above discussion about the mass we are lead to an intriguing consequence for
the thermodynamics of disconnected horizons, namely, the free energy for a given hori-
zon, obtained via local computations of the conserved quantities, does not behave in a
thermodynamically correct way.

In the case of the black saturn solution in D = 5, if we denote the black ring mass and
angular momentum, which can be obtained via Komar integrations near the horizon [74],
by MBR and JBR , and furthermore, denoting the black ring horizon temperature, angular
velocity and entropy by TBR, ΩBR and SBR, then the free energy FBR = MBR−TBRSBR−
ΩBRJBR can be seen as the free energy of a black ring in a non-trivial background for which
the background length scale is that associated with the mass MBH of the black hole in the
center. However, we find that the following expected thermodynamic relations do not hold,
i.e.,

SBR|MBH ,ΩBR 6= −
∂FBR

∂TBR
, JBR|MBH ,TBR 6= −

∂FBR

∂ΩBR
. (2.78)

Indeed this could have been anticipated, due to the fact that in the ultraspinning limit, the
black ring mass, obtained from the blackfold approach, does not coincide with the Komar
integration on the black ring horizon. Therefore, in order to define a proper free energy
for a given horizon in a black hole solution with multiple disconnected horizons, we must
introduce another notion of mass for that specific horizon.

We now give an explicit construction of this mass for the black ring in the black
saturn solution for which the angular momentum of the center black hole vanishes. All
thermodynamic quantities can be parametrised by 3 parameters L, β, k2 (see App. A.12),
where β controls the mass of the center black hole. If β = 0 we obtain the pure black ring
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solution. The relation between these parameters, in the ultraspinning limit, and those used
to parametrize the solution (2.73), is given in (A.41)-(A.42). We now proceed by introducing
a new mass M by adding to the Komar mass MBR a term proportional to a function f(β, k2)
such that

M =
3π

4G
L2 (k2 + f(β, k2)) , (2.79)

and we want to demand that the resulting free energy F = M−TBRSBR−ΩBRJBR satisfies
the thermodynamic relations (2.78). Due to the cumbersome expressions inherent to the
black saturn solution, we will show how this is done to first order in the ultraspinning
approximation, i.e., in an expansion around k2 = 0. We first decompose f(β, k2) as

f(β, k2) = k2f(β)(0) + k2
2f(β)(1) +O(k3

2) . (2.80)

To leading order in the ultraspinning limit, there is already a correction, as we have seen
above, which one can easily corroborate from the analytic solution and hence obtaining
f(β)(0) = β/(β − 2). Proceeding to next order we find,

f(β)(1) =
β (β(17 + β(2β − 5))− 12)

6(β − 2)3(β − 1)
. (2.81)

Now, using the Smarr relation (2.11) we find the total tension

T̂ = −3πL2

2G
k2β

(
1

(2− β)
+

(β(17 + β(2β − 5))− 12)

6(β − 2)3(1− β)
k2 +O(k2

2)

)
, (2.82)

which when using (A.41)-(A.42) coincides with (2.74). This procedure can be iteratively
continued to arbitrary orders in k2. It would be interesting to obtain an exact expression for
the shifted mass to all orders, and consequently obtain the exact gravitational tension for
the black ring in the black saturn solution. Furthermore, a similar analysis can be carried
out for the free energy of the centre black hole horizon, which can be thought of as a black
hole placed in the gravitational field of a black ring. We leave this interesting analysis for
future work.

2.5.2 Schwarzschild-(A)dS black hole background
We now briefly consider a similar construction in (A)dS spacetimes by placing a ring
surrounding a Schwarzschild-(A)dS black hole. The metric of the Schwarzschild-(A)dS black
hole takes the same form as in (2.40) but with the blackening factor

f(r) = 1 +
r2

L2
−
(µ
r

)n+p
, (2.83)

where µ is the horizon location of the Schwarzschild black hole and L is the size of (A)dS. In
this background we place a neutral odd-sphere geometry at a fixed r = R and hence the
induced metric and Killing vector field are the same as in Sec. 2.4.2 as well as the free energy
(2.42), but with the function (2.83). The equilibrium angular velocity is given by (2.72) and
using (2.83) we can rewrite the equilibrium condition as

Ω2R2 =

(
1 + R2−R̃

n+p
)(

(n+ 1)
(

2R2+(n+ p)R̃
n+p
)

+ 2p
(

1+R2−R̃
n+p
))

((
2R2 + (n+ p)R̃

n+p
)

+ 2(n+ p)
(

1 + R2 − R̃
n+p
)

+ 2p
) , (2.84)
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where we have defined the dimensionless quantities R = R/L and R̃ = (µ/R). We now
proceed and analyse the total integrated tension T̂ from (2.58), which is given as sum of
tensions, one for the black hole and one for the the (A)dS radius. The results are the
following

T̂ µ =
V(p)Ω(n+1)

16πG
rn0 R̃

n+p (n+ p+ 1)(n+ p)

√
1 + R2 − R̃

n+p

(n+ p+ 2)R̃
n+p − 2

, (2.85)

T̂ L =
V(p)Ω(n+1)

8πG
R2 (n+ p+ 1)

√
1 + R2 − R̃

n+p

(n+ p+ 2)R̃
n+p − 2

rn0 . (2.86)

Since each scale is independent, we can view this spacetime as having two distinct tensions:
the one associated with AdS spacetime and the one associated with Schwarzschild spacetime.
By defining the corresponding tensions per unit length, it is straightforward to see that the
first law (2.10) holds. The remaining thermodynamic properties can also be easily obtained
as in the previous examples.

2.6 Non-universality of black hole volume
In this section we analyse the consequences of the existence of the perturbative solutions of
Sec. 2.4 to the notion of black hole volume. We have already argued that this notion was
unnatural and did not lead to he expected scaling for both the KK black holes of Sec. 2.3
and the higher-dimensional black saturn solutions of Sec. 2.5.1. However, since a sceptic
reader might consider those examples too exotic or far removed from the case of black holes
in AdS, we focus in this section on two simpler examples. In particular, we look at the family
of (charged) black odd-spheres of Secs. 2.4.2, 2.4.3 and 2.4.4 in AdS, plane wave and Lifshitz
spacetimes respectively, as well as the family of charged rotating black holes in Secs. 2.4.2
and 2.4.3 in AdS and plane wave spacetimes respectively.

Our methodology consists in analysing the flat spacetime limit of each of these families of
solutions. Since in this limit all the different cases within each familiy reduce to the same flat
spacetime black hole solution, then, if the notion of black hole volume is to be meaningful in
this limit, it must be universal. If we denote the black hole volume for a given family of
solutions in the flat spacetime limit by Ṽi, then we must require that

Vi|La→∞ → Ṽi . (2.87)

However, as we will see, if we require this to be the case for the family of black odd-spheres
(which contains black rings as a particular case) then we are forced to accept that black
odd-spheres in flat spacetime are characterized by an infinite set of volumes. Furthermore,
we will see that it is not possible to demand (2.87) for the family of charged black discs
(charged rotating black holes).

2.6.1 Black odd-spheres
We first consider the case of the black odd-spheres in AdS, which we constructed in Sec. 2.4.2.
Since we are in AdS, we take (2.8) as a working definition of pressure in AdS. Therefore we
find the black hole volume

Vi =
Ω(n+1)V(p)

2(n+ p+ 1)(n+ p+ 2)
rn0R

2
√

1 + R2
(
nN sinh2 α+ n+ p+ 1

)
, (2.88)
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for this particular class of AdS solutions. In the uncharged case (α = 0) and for the ring
(p = 1) this volume had been obtained in [6]. From here we obtain the non-zero flat spacetime
limit of the volume (2.88) by taking R→ 0. For simplicity, focusing on the uncharged case
α = 0, we obtain

Ṽi =
Ω(n+1)V(p)

2(n+ p+ 2)
rn0R

2 . (2.89)

We now consider, by the same token, obtaining the black hole volume for the class of Lifshitz
solutions of Sec. 2.4.4. We note that in Lifshitz spacetimes, the authors of Ref. [39] have
recently proposed the following definition of the spacetime pressure

Pe =
(D + z − 2)(D + z − 3)

16πL2
, (2.90)

which reduces to (2.8) when z = 1. Using (2.90), the black hole volume for this class of
solutions is given by

Vi =
Ω(n+1)

2
V(p)r

n
0

√
α+ R2

(
z
(
β + R2

)
− β

)
Rz−1

(n+ p+ z + 1) |R2(z − 1) + β(z − 2)|
. (2.91)

This indeed reduces to the volume (2.88) when z = 1 and hence has the same flat spacetime
limit (2.89). This corroborates the choice of spacetime pressure (2.90) by the authors [39].

However, let us consider the case of the odd-spheres in plane wave spacetimes constructed
in Sec. 2.4.3. These solutions reduce to the same flat spacetime odd-spheres as the previous
two cases when Aâ → 0. Since in plane wave spacetimes we have m length scales and each
length scale is independent, then, associated with each tension computed in (2.60), we have
a specific black hole volume V â

i . Taking the pressure on each direction to be given by

P âe =
(D − 1)(D − 2)

16π
Aâ , (2.92)

we obtain a set of black hole volumes

V â
i =

Ω(n+1)V(p)

2(n+ p+ 2)
rn0R

2
â

√
1 + R2 , (2.93)

each associated with one of the pâ-spatial parts of the worldvolume. The existence of this
set of volumes is a direct consequence of the anisotropy of the spacetime. The definition of
pressures (2.92) is indeed the correct one for these configurations since the flat spacetime
limit of the volume (Aâ → 0) coincides with (2.89). However, since we have an arbitrary
number of volumes V â

i associated with each non-trivial plane wave direction, then we must
conclude that the corresponding flat spacetime black holes would be characterised by an
arbitrary number of black hole volumes. For this reason, we argue that it is more natural to
work with the gravitational tension associated with each spacetime direction, all of which
vanish when taking the flat spacetime limit.

2.6.2 Charged rotating black holes
We first consider the analogue of the Kerr-Newman solution in higher-dimensions in AdS
constructed in 2.4.2. Using the results of that section we obtain black hole volume

(Vi)AdS =
2Ω(n+1)

(D − 1)(D − 2)
r̃n0

2F1

(
1, 1

2(N − 1)n; Nn2 + 2; 1− Φ2
H
N

)
(2 +Nn)ξ2Ω4

, (2.94)
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where we have used the definition of pressure (2.8). This volume in the limit L→∞ and
for ΦH = 0 yields the black hole volume corresponding to the Myers-Perry black hole in the
ultraspinning regime in D ≥ 6, which has been analysed in [59]. In the uncharged case and
in (A)dS, this volume has also been computed in [59, 67, 6] for the entire family of higher-
dimensional Kerr-(A)dS black holes. The exact form obtained here for the ultraspinning
regime was only analysed in [6] and for the special case where ξ → 0 for which the black
hole saturates the BPS bound [57] in AdS.

We now consider the case of the charged black holes in plane wave spacetimes constructed
in Sec. 2.4.3 which have the same flat spacetime limit as the case above. In this case we
take the pressure to be of the form Pe = λA1G

−1. Using (2.63), we express the black hole
volume in terms of λ and the tension T̂ such that

(Vi)pp = − T̂
2λA1

. (2.95)

In order to obtain the correct factor λ we compare the volume (2.94) in the flat spacetime
limit L→∞ and the volume (2.95) in the same flat spacetime limit A1 → 0. We find the
ratio

(Ṽi)AdS

(Ṽi)pp
=

16πλ

(n+ 3)(n+ 5− Φ2
H)

. (2.96)

If we demand the black hole volume to be universal in the flat spacetime limit we must
require the above ratio to be equal to unity. However, we would have to require λ to have
a dependence on the chemical potential ΦH which is not possibe since λ is a constant by
definition. If we were to allow such dependence then the first law (2.1) would bot be satisfied.
Therefore, we conclude, black hole volume in the flat spacetime limit is not universal.



3. Blackfolds gyromagnetic ratio

The gyromagnetic ratio of a particle (or g-factor) is a dimensionless quantity that relates the
magnetic moment to the angular momentum. It is basically defined by the following formula

µ = g
q

2m
j (3.1)

where µ is the magnetic moment, q is the charge, m is the mass and j is the angular
momentum. The gyromagnetic factor has been computed for various particles in the
standard model, and actually these computations is its major success, since it reproduce with
very high precision the experimental results. QED predicts, up to radiative corrections, that
g = 2 for charged fermions [90]. The g-factor plays an important role also for physics beyond
the standard model. In fact the exact result g = 2 is related to unbroken supersymmetry
and therefore the factor λ = g − 2 is a measure of SUSY-breaking effects [165].

The gyromagnetic ratios could also play some role in the AdS/CFT correspondence.
It is well known that there is a duality between the thermodynamic features of a black
hole living on the bulk and the properties of the boundary conformal field theory. For
instance [117] shows that the thermodynamic of a Kerr-AdS black hole coincides with the
ones of a conformal field theory at the boundary of a Einstein universe at the critical limit
(meaning the limit in which the Einstein universe is rotating at the speed of light). Since
the gyromagnetic ratio is a thermodynamic property of the black hole living in the bulk, it
could play a role in this description. For instance it could be interesting to see if there is a
connection between the gyromagnetic ratio of a black hole in the bulk and some properties
of the boundary conformal field theory, it could be somehow connected to the gyro of the
particle living in the boundary CFT.

Charged black holes with intrinsic spin and charge can have a gyromagnetic ratio and
this has been computed. A remarkable fact is that the gyromagnetic ratio of a rotating
asymptotically flat black hole is equal to 2 [48, 159, 156]. It takes the same value of the
fermions in the standard model. The g-factor for black holes is defined in the same way of
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equation (3.1), meaning

µ = g
Q

2M
J (3.2)

where µ is the magnetic dipole moment of a black hole, Q is the total electric charge, M is
the total mass and J is the total angular momentum. The value of the gyromagnetic ratio for
black holes in 4 dimensions is universal, meaning that it is 2 for any black hole configuration.
The analysis changes when the g-factor is computed for higher dimensions [5, 4, 148, 43]: in
fact, already for 5 dimensional Myers-Perry black holes, the gyromagnetic ratio is find to
be 3. A more recent paper [3] computed the g-factor for the Kerr-Newman-AdS black hole
solution in higher dimensions, and it has been found the following remarkable formula

g = 2 + (d− 4)ξ (3.3)

where d is the number of spacetime dimensions (so when d = 4 the formula gives back the
universal result of four dimensions) and ξ is defined to be

ξ = 1− a2

l2
(3.4)

where a is the spin parameter of the black hole, and l is the AdS length scale. There is an
other important limit: when l→∞, i.e. when the cosmological constant is zero, the formula
recovers the value of g previously computed for charged Myers-Perry black holes in d = 4.

In the rest of this chapter we would like to compute gyromagnetic ratios for blackfolds.
There are two main reasons why we would like to do this. The first reason is that blackfolds
are effectively geometries that could be used in a bulk of a holographic picture. Therefore,
for reasons explained above, their gyromagnetic ratio could be important in a duality with
some conformal field theory on the boundary. The second is that we believe that the g-factor
could be a good way to classify different types of blackfolds. The gyromagnetic ratio for
blackfold will be defined in the same it was defined for black holes, meaning by the formula
(3.2). The content of this section is new expected to appear in published form in the near
future [18].

3.1 Magnetic dipole moment
In order to compute the gyromagnetic ratio for a blackfold, we need to understand how to
compute its magnetic dipole moment first. The method for measuring the dipole transport
coefficient has been analyzed by [12]. The method works as follows. The first step is to
consider a multiple expansion of the energy-momentum tensor and of the current tensor, for
configurations charged under a q-form gauge field:

Tµν(x) =

∫
Wp+1

dσ
√
−γ
[
Tµν(0)

δD(x−X(σ))√
−g

−∇ρ
(
Tµνρ(1)

δD(x−X(σ))√
−g

)
+ . . .

]
Jµ1...µq(x) =

∫
Wp+1

dσ
√
−γ
[
J
µ1...µq
(0)

δD(x−X(σ))√
−g

− (3.5)

∇ρ
(
J(1)µ1 . . . µqρ

δD(x−X(σ))√
−g

)
+ . . .

]
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Where the tensors with subscript (0) represent the monopole term of the expansion, while
the tensors with subscript (1) represents dipole terms that we are interested in. The tensors
that represent dipole terms could be decomposed in a particular way, in order to encode
degrees of freedom connected to its physical interpreation. This process is quite complex,
since there are extra symmetries due to gauge symmetry and diffeomorphism invariance of
the expansion (3.6), and using those symmetries some components of the dipole correction
of the energy-momentum tensor and of the charge current can be gauged away. In any case,
those dipole correction can be decomposed, and the physical components (meaning those
that cannot be gauged away) are the following

Tµνρ(1) = ub
(µjbν)ρ + ua

µub
νdabρ (3.6)

Jµν(1) = mµν + ua
µpaν (3.7)

where uaµs are the projector on the worldvolume directions (uaµ = ∂aX
µ, where Xµ(σ) are

the embedding coordinates), jaµν is the tensor that encodes spin degrees of freedom, dabµ is
the tensor that encodes the bending degrees of freedom of the brane, while mµν encodes the
magnetic dipole moment and paµ the electric dipole moment (which will be important for
the piezoeletric effect). In this discussion we restricted ourselves to particle charged branes
(i.e. q = 0), but the method provides a way for considering also higher gauge field charge,
and the paper [12] provides also the detailed analysis for string charged branes, that we are
not going to consider.

The method explained in [12] for measuring those transport coefficients work as follows.
We consider asymptotically flat dilationic black brane solution of a theory with the following
action

S =
1

16πG

∫
dDx
√
−g
[
R− 1

2
(∇φ)2 − 1

2(q + 2)!
eaφH2

q+2

]
(3.8)

where Hq+2 is the field strength of the gauge potential Aq. The equations of motion of the
theory are the following

Gµν − 1

2
∇µφ∇νφ−

1

2(q + 1)!
eaφ
(
Hµρ1...ρq+1Hν

ρ1...ρq+1 − 1

2(q + 2)
H2gµν

)
= 8πGTµν

∇ν
(
eaφHνρ1...ρq+1

)
= −16πGJµ1...µq+1 , �φ− a

2(q + 2)!
eaφH2 = 0 (3.9)

In order to measure the transport coefficient one needs to look at large r-asymptotics of the
equation of motion of the theory (3.9). The large r expansion of the metric and the gauge
potential can be written in the following way

gµν = ηµν + h(M)
µν + hµν(D) +O

(
1

rn+2

)
(3.10)

Aµ1...µq+1 = A(M)
µ1...µq+1

+A(D)
µ1...µq+1

+O
(

1

rn+2

)
(3.11)

The method of finding the dipole coefficients of the theory, meaning the tensors (3.6), is then
to expand the equation of motion using (3.10), (3.11) and (3.6) and matching the terms
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with the same r dependence in both side of the equations. Expanding in particular one of
the equation of motion, one obtains

∇2
⊥A

µ
(D) = 16πG

[
mµr⊥ + pµr⊥∂r⊥δ

n+2(r)
]

(3.12)

therefore by reading off the expansion of the gauge field one can measure the dipole magnetic
moment. Moreover, by expanding one of the other equations of motion, one can also argue
that

mµν = λ(σ)uaj
aµν (3.13)

where λ is a coefficients depending on the brane one considers.

3.2 Corrections for Rotating EMD Black Holes in D dimensions
This section will start by considering the ultraspinning limit of rotating Einstein-Maxwell-
Dilaton black holes in D dimensions, and showing that there exist a limit in which the
horizon flattens out along one of the planes of rotation, meaning that the horizon geometry
becomes locally the one of a boosted charged rotating membrane. This will be an important
result since it means that we can check the blackfold description by comparing it with the
ultraspinning limit of rotating Einstein-Maxwell-Dilaton black holes in D dimensions with
discs obtained with the blackfold analysis.

Then in this section we will measure the coefficient λ(σ) for black holes in the EMD
theory, and we will compute their magnetic dipole moment mµν .

3.2.1 Refined ultra-spinning limit
We start by considering the metric of a charged rotating solution of the EMD model, taken
from [143], with two angular momenta in D dimensions

ds2 =
(

1 +
m

r2N−2+εΠF
sinh2 α

) 1
D−2

{
−dt2 +

ΠF

Π−mr2−2N−εdr
2

N∑
i=1

(r2 + a2
i )(dµ

2
i + µ2

i dφ
2
i ) + εr2dν2

m

r2N−2+εΠF +m sinh2 α

(
coshαdt+

N∑
i=1

aiµ
2
i dφi

)2


(3.14)

where the only nonzero spins are a1 and a2, and where

Π =

(
1 +

a2
1

r2

)(
1 +

a2
2

r2

)
F = 1− a2

1µ
2
1

r2 + a2
1

− a2
2µ

2
2

r2 + a2
2

(3.15)

and where we defined

N :=

[
D − 1

2

]
, ε :=

1

2

(
1 + (−1)D

)
(3.16)



3.2 Corrections for Rotating EMD Black Holes in D dimensions 53

where [·] denotes the integer part. So for even D we have that N = (D − 2)/2 and ε = 1,
whereas for odd D we have N = (D−1)/2 and ε = 0. Moreover no all the µis are independent,
we need to require the following constraint

N∑
i=1

µ2
i + εν2 = 1 (3.17)

We would like to choose a parametrization of the angular variables

µ1 = sin θ , µ2 = cos θ sinψ (3.18)

and with this parametrization we get the following metric

ds2 =
(

1 +
m

rD−3ΠF
sinh2 α

) 1
D−2

{
−dt2 +

ΠF

Π−mr3−D dr
2

2∑
i=1

(r2 + a2
i )(dµ

2
i + µ2

i dφ
2
i ) + r2

(
dθ2 + cos2 θ

(
dψ2 + cos2 ψdΩ2

(n−1)

))
m

rD−3ΠF +m sinh2 α

(
coshαdt+

2∑
i=1

aiµ
2
i dφi

)2


(3.19)

The event horizon of this black hole is located at r = r+ , where r+ is the largest positive real
solution of the equation Π−mr2(1−N)−ε. For clarity of notation we perform the following
change of labelling for the spins, by replacing a1 and a2 with a and b. We introduce also the
coordinate ρ1 as

ρ1 = a sin θ (3.20)

This coordinate can be seen as the radius of the disc in which the black hole will pancake to.
Assuming that b� a cos θ the angular part of the metric will reduce to

2∑
i=1

(r2 + a2
i )(dµ

2
i + µ2

i dφ
2
i ) = dρ2

1 + cos2 θ(r2 + b2 cos2 ψ)dψ2 + . . . (3.21)

at first order in a a cos θ expansion. Now we can look at the local geometry at a fixed angle
θ?. The refined ultraspinning limit with respect to the spin a of this black hole solution is
reached therefore by considering

r � a cos θ? , b� a cos θ? (3.22)

After performing the ultraspinning limit, it is useful to redefine some variables in the following
way

r̃ = r cos θ?

b̃ = b cos θ?

r̃D−5
0 =

m(cos θ?)D−5

a2

(3.23)
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in order to make contact with the metric of a charged spinning membrane. Also other
redefinitions are important

Σ = r̃2 + b̃2 sin2 ψ , ∆ = r̃2 + b̃2 − r̃n0
r̃n−2

(3.24)

Also, we introduce the coordinate z which will parametrize the angular direction of the disc

z = ρ?1φ1 (3.25)

Then, under this redefinitions and parametrization, in this refined ultraspinning limit, we
obtain

ds2 =

{
1−

(
r̃0

r̃

)D−5 r̃2

Σ

sinh2 α

cos2 θ?

} 1
D−2 {

−dt2 +
Σ

∆
dr̃2 + dρ2

1 + dz2 + Σdψ2 (3.26)

(r̃2 + b̃2) sin2 ψdφ2
2 +

(
r̃0
r̃

)D−5

r̃2Σ +
(
r̃0
r̃

)D−5 sinh2 α
cos2 θ

(
coshα

dt

cos θ?
+ tan θ?dz + b̃ sin2 ψdφ2

)2
}

In order to compare this metric we obtained with the metric of a charged Kerr membrane, we
should first compute the metric of the charged Kerr membrane itself. This kind of solution
can be obtained by using a solution generating technique which consists in uplifting a vacuum
(rotating) solution of pure Einstein gravity by adding an extra flat direction, consequently
boosting along the (t, z) plane with a boost parameter α and later reducing the metric over
the z-direction. This technique is called uplift, boost and reduce (UBR) and it leads to a
charged (rotating) solution of the equations of motion derived by minimizing the action

S =

∫ √
−g
(
R− 1

2
(∇φ)2 − 1

4
e−aφF 2

)
(3.27)

where R is the Ricci curvature tensor, φ is the dilaton field, with a being the dilaton coupling
and F is the 2-form field strength of A, which is the 1-form gauge field. The dilaton coupling
is fixed and it is given by

a =
1

2(D − 2)
(3.28)

where D is the number of dimensions. The result of applying this technique is the following

ds2 =
(

1 +
m

rD−3ΠF

){
−dt2 +

a2 cos2 θ + r2

r2 − m
rD−3 + a2

dr2 + dr̂2 + r̂2dφ̂2 + (r2 + a2 cos2 θ)dθ2

+(a2 + r2)µ2dφ2 +
m

rD−3

r2 + a2 cos2 θ + m
rD−3 sinh2 α

(
coshαdt− aµ2dφ

)2} (3.29)

and with the following definition

∆ = r2 − m

rD−3
+ a2

Σ = r2 + a2 cos2 θ

r̂ = ρ1

φ̂ = ρ1?z

µ = sinψ

(3.30)
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becomes

ds2 =
(

1 +
m

rD−3Σ

){
−dt2 +

Σ

∆
dr2 + dρ2

1 + ρ2
1dz

2 + Σdθ2

+(a2 + r2) sin2 ψdφ2 +
m

rD−3

Σ + m
rD−3 sinh2 α

(
coshαdt− a sin2 ψdφ

)2} (3.31)

We would like to boost the metric along the tz direction:

ds2 =
(

1 +
m

rD−3Σ

){
−dt2 +

Σ

∆
dr2 + dρ2

1 + ρ2
1dz

2 + Σdθ2 + (a2 + r2) sin2 ψdφ2

+
m

rD−3

Σ + m
rD−3 sinh2 α

(
coshα cosh ηdt+ coshα sinh ηdz − a sin2 ψ2dφ

)2} (3.32)

From a direct comparison with the metric we obtained by taking the ultraspinning limit of
the charged rotating solution of the EMD theory, we see that they are the same with the
following identifications

r̃0 = m

sinh2 αK =
sinh2 αMP6

cos2 θ?

coshαK cosh η =
coshαMP6

cos θ?
coshαK sinh η = − tan θ?

(3.33)

which means that the boost parameters are related to the θ? angle and to the charge of the
pancake by the following relations

cosh η =
coshαEMD√

cos2 θ? + sinh2 αEMD

sinh η = − sin θ?√
cos2 θ? + sinh2 αEMD

(3.34)

This relations are the same found in [20] when you set αEMD = 0.
It is also interesting to look at the refined ultraspinning limit of the Maxwell field

describing the charged rotating black hole solution of the EMD model. The Maxwell field of
the solution is the following

Aµdx
µ =

m

rD−3ΠF +m sinh2 α
sinhα

(
coshαdt− a sin2 θdφ1 − b cos2 θ sin2 ψdφ2

)
(3.35)

And performing the reparametrization and the refined ultraspinning limit in the same way
we explained before, we obtain

Aµdx
µ =

(
r̃0
r̃

)D−5

r̃2Σ +
(
r̃0
r̃

)D−5 sinh2 α
cos2 θ

sinhα

cos θ?

(
coshα

cos θ?
dt− tan θ?dz − b̃ sin2 ψdφ2

)
(3.36)
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The Maxwell field of a Kerr Membrane, after the redefinitions (3.33) is the following

Aµdx
µ =

mr sinhα

Σ
(
1 + mr

Σ sinh2 α
) (coshαdt− a sin2 ψdφ

)
(3.37)

We could also perform a boost:

Aµdx
µ =

mr sinhα

Σ +mr sinh2 α

(
coshα cosh ηdt+ coshα sinh ηdz − a sin2 ψdφ

)
(3.38)

and the result matches with the identifications given before. Therefore we conclude that the
refined ultraspinning limit of a charged rotating black hole solution of the EMD theory is
indeed a boosted charged rotating disc. The fact that there is a limit in which the charged
rotating black hole can be locally seen as a black membrane is important since it means that
it is possible to describe it using the blackfold formalism. In the following we are going to
analyze the setup from the blackfold prospective.

3.2.2 Magnetic dipole moment for rotating EMD black holes
The goal of this section is to find an expression for the magnetic dipole moment for rotating
black holes in the EMD model. This is very important for our work because we are going
to use these black holes as seed solutions in the blackfold effective theory in order to
construct exotic bent black branes with intrinsic spin. The method for calculating such
dipole corrections was explained in the section 3.1. We just need to expand in a large r
regime the metric and the gauge potential of a boosted charged rotating kerr membrane
(which will be the membrane that we are going to use as seed solution in the blackfold
theory). As it can be read off from the equation (3.32), the effect of performing a boost on
the metric is to generate other components in the following way

gboostedtφ = gtφ cosh η

gboostedtz = 2 sinh η cosh η(gtt + gzz)

gboostedzφ = gtφ sinh η

(3.39)

where gµν is the metric of the unboosted rotating charged membrane of equation (3.31). The
same can be done for the gauge potential: the boost also generates new components on the
gauge potential, as can be read off from (3.38)

Aboostedt = At cosh η

Aboostedφ = Aφ

Aboostedz = At sinh η

(3.40)

where Aµ are the components of the unboosted gauge potential of the rotating charged mem-
brane of equation (3.37). We can look at linearized Einstein equation for those component,
in particular for dipole contribution (we omit the boosted label):

∇2
⊥h̄

(D)tφ = ∇r cos θ(u
t
aj
aφr cos θ)

∇2
⊥h̄

(D)zφ = ∇r cos θ(u
z
aj
aφr cos θ)

∇2
⊥h̄

(D)tz = ∇r cos θ(u
t
aj
azr cos θ + uzaj

ar cos θ + utau
z
bd
abr cos θ)

(3.41)
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From the first two equations we can simply read off jaφr cos θ. We have almost the same
situation for the Maxwell field

∇2
⊥A

(D)t = ∇ρ(mtρ + utap
aρ)

∇2
⊥A

(D)z = ∇ρ(mzρ + uzap
aρ)

∇2
⊥A

(D)φ = ∇ρmφρ

(3.42)

Now we may use some properties of the magnetic dipole moment and of the dipole spin
current which are described in [12]. The first property is that the second index of dipole
spin current is orthogonal to the worldvolume of the brane, meaning that uaνjbνρ = 0. The
second property we use is that the magnetic dipole moment should be transverse in both
indices. Using this knowledge on the spin current and on the magnetic dipole moment, one
can read off the transport coefficients from the above equations and they are the following

jtφr cos θ = 2am coshα cosh η cos θ (3.43)
jzφr cos θ = 2am coshα sinh η cos θ (3.44)
mφr cos θ = 2am sinhα cos θ (3.45)

From this equation it is possible to calculate also the λ(σ) coefficients of equation (3.13) for
this particular type of rotating charged membrane, which is

λ(σ) = 2 cothα (3.46)

We recall also that, whenever we are dealing with stationary blackfold solution, the boosted
factor of the brane is connected to the k vector through

cosh η =
1

k
(3.47)

3.3 Stationary blackfold solutions

In the blackfold approach one constructs new stationary black objects starting with known
black brane solutions (seeds) of a supergravity theory. In the specific case we would like
to study in this paper, we need to start from a seed solution which should be charged and
rotating. In order to compute the potentials for a charged rotating brane, we need to apply
the UBR technique. The potentials of the rotating (Kerr) brane are the following

T =
n− 2bω̃

4πr0
, ω̃ =

b

r2
0 + b2

(3.48)

and after the UBR procedure they become

T =
n− 2bω̃

4πr0 coshα
, ω̃ =

b

r2
0 + b2

1

cosh2 α
, Φ = tanhα (3.49)

In this paper we are interested in new solutions in stationary equilibrium since they give
rise to stationary black holes. In this solutions the fluid velocities ua must be in the same
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directions of a worldvolume Killing vector field ka with modulus k, and we assume its
existence. Without loss of generality we can write it as

ka∂a = ∂τ +
∑
a

Ωa∂φa (3.50)

with τ being the time coordinate on the submanifold, Ωa the angular velocity on each angular
coordinate φa on the worldvolume. We furthermore assume that this killing vector fields
(that lives on the worldvolume of the brane) maps to a background Killing vector field
(kµ = kaeµa) and that the global transverse velocity of the solution ω is the angular velocity
associated with a background transverse Killing vector field kµ⊥∂µ = ω∂ψ, where φ labels
the transverse angular coordinate. In equilibrium we also have that the global temperature,
the global chemical potential and the global angular momentum are determined via redshift
of the local thermodynamics potentials such that T = kT , φH = kΦ and ω = kω̃. These
equations are indeed what we usually call the intrinsic blackfold equations and they can be
inverted. We find three relations between the global thermodynamics potentials and the
three parameter of the solution we are seeking: r0 (horizon size), α (charge) and b (intrinsic
spin).

r0

k
=

√
1− φ2

k2

(
2πnT − 2πT

√
1− φ2

k2 +
√

1− φ2

k2

√
nω2

(
2
√

1− φ2

k2 − n
)

+ 4π2T 2

)
8π2T 2 + 2ω2

(
1− φ2

k2

)

b

k
= −

2πT

√(
1− φ2

k2

)(
nω2

(
2
√

1− φ2

k2 − n
)

+ 4π2T 2

)
− nω2

(
1− φ2

k2

)
− 4π2T 2

√
1− φ2

k2

2
(
ω3
(

1− φ2

k2

)
+ 4π2T 2ω

)
α = tanh

φ

k
(3.51)

There are several reality conditions of the square roots to take into account, depending on
the values of the seeds potentials, which are a remanent of the Kerr bound of the Kerr brane
and the usual conditions that one has when studying charged blackfolds.

As explained in [15] it is possible to write down an effective free energy in a derivative
expansion on some parameter ε (that for the blackfold approach is typically related to the
thickness of the blackfold as it was explained in the previous section of the thesis), and for
intrinsically rotating branes it takes the following form

F = −
∫
Bp

√
| − γ|P (T , ω) + 2J (T , ω)uaωa + . . . (3.52)

where the scalars P and J are respectively the pressure density and the density of transverse
angular momentum of the blackfold and they take the following form

P = −
Ω(n+1)

16πG
rn0

(
1 +

b2

r2
0

)
, J =

Ω(n+1)

16πG
rn0 b

(
1 +

b2

r2
0

)
(3.53)

The result obtained in [15] can be generalized to charged blackfold by performing the UBR
technique. After a direct computation one realizes that the form of the effective free energy
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doesn’t change if you add charge, as it happened also for non intrinsically rotating objects
[43]. It is impressive that, despite the presence of the charge, the effective free energy of
the blackfold still depends directly just on the thickness r0 and on the density of intrinsic
rotation b.

The equation of motion of such configurations (i.e. the extrinsic blackfold equation) can
be obtained by minimizing the action (3.52).

It is possible to study also configurations with boundary, that are obtained by finding the
values of the parameters such that r0 = 0. As in the non intrinsically rotating (but charged)
configurations, the equation r0 = 0 does not have as solution just k = 0 (as it happens in
the uncharged case), but it has also some other solutions. For a given fixed φH , the horizon
r0 vanishes also for k = ΦH , and this is satisfied when the charge boost α diverges, therefore
the brane become locally extremal.

From the free energy (3.52) it is possible to compute all the thermodynamics of the
blackfold. In particular the angular momentum along the worldvolume directions and the
transverse angular momentum are given by

J(l) = − ∂F
∂Ω(l)

, J⊥ = −∂F
∂Ω̂

(3.54)

while the charge and the entropy can be obtained by

S = −∂F
∂T

, Q = − ∂F
∂ΦH

(3.55)

The thermodynamic mass can be obtained instead by using a property of the effective free
energy, which is

F = M − TS −
∑
(l)

Ω(l)J(l) − Ω̂J⊥ − ΦHQ (3.56)

These thermodynamics we just wrote obey the Smarr relation

(D − 3)(M − ΦQ)− (D − 2)

∑
(l)

Ω(l)J(l) + Ω̂J⊥ + TS

 = T̂ (3.57)

where T is the total tension, that can be obtained, as explained in [17], by

T̂ = −L∂F
∂L

(3.58)

where L is the actual size of the background where the blackfold is placed. The thermody-
namics also obey the 1st law

dM = TdS +
∑
(l)

Ω(l)dJ(l) + Ω̂dJ⊥ + ΦHdQ (3.59)

Moreover, as explained in [17], whenever there is an intrinsic length-scale describing the
background where the blackfold is placed in, i.e. whenever there is a tension T̂ , the mass M
computed by (3.56) does not correspond to the physical Komar mass. The physical mass
must take into account the binding energy of the blackfold with the background and it is
find to be

M̂ = M − T̂
D − 3

(3.60)
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Some interesting limits

The first limit we are interested in is the low frequency limit, which is the limit for small ω.
The parameters of the solutions in this limit take the following form

r0
(0) =

n

4πT
k

√
1− φ2

k2
(3.61)

b(0) =
n

4πT

nω

4πT
k

√
1− φ2

k2
(3.62)

α(0) = tanh
ΦH

k
(3.63)

In the following sections we are going to study solutions under this limit.
An other limit which is worth analyzing is the extremal limit, which is obtained by taking

T → 0. Setting T = 0 in (3.51) leads to

r0
(extr) =

k
√

1− φ2

k2

√
n

(
2
√

1− φ2

k2 − n
)

2ω
√

1− φ2

k2

(3.64)

b(extr) =
kn

2ω
(3.65)

Since r0
(extr) should be real and non-vanishing, we should require that

n < 2

√
1− φ2

k2
(3.66)

We will try to analyze further also this limit in future works.

3.4 Examples of configurations with small ω

In this section we construct novel perturbative charged and slowly intrinsically spinning
black holes solutions in (Anti) - de Sitter, plane wave and Lifshitz spacetimes using blackfold
approach. We also compute their magnetic dipole moment, and their gyromagnetic ratio.
Since the intrinsic spin is small we take as potentials the ones of equation (3.61), (3.62) and
(3.63).

3.4.1 (A)dS background and low intrinsic spin

Here we would like to construct novel solutions of electrically charged intrinsically spinning
blackfolds in global (A)dS background. We write the global (A)dS metric in the following
form

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2
D−2) , f(r) = 1 +

r2

L2
(3.67)

where L is the AdS radius.
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Discs
Here we would like to construct an electrically charged intrinsically spinning rotating disc in
(A)dS background. The Killing vector field on the worldvolume for this configuration takes
the following form

ka∂a = ∂τ + Ω∂φ (3.68)

This geometry develops a boundary when k = 0 corresponding to the maximum radius of
the disc

rmax =

√
1− Φ2

H

Ω
√
ξ

, ξ = 1− 1

L2Ω2
(3.69)

The thickness of the disc, the charge parameter and the intrinsic spin, at leading order in ω,
are given by

r0
(0) =

n
√

1− ξr2Ω2
√

1− φ2

1−ξr2Ω2

4πT
(3.70)

b(0) =
n2ω

√
1− ξr2Ω2

√
1− φ2

1−ξr2Ω2

16π2T 2
(3.71)

α(0) = tanh−1

(
φ√

1− ξr2Ω2

)
(3.72)

We can now proceed to evaluate the free energy for these configurations from which all
thermodynamic properties can be obtained. At next to leading order in ω, the free energy
functional is given by

F =
Ω(n+1)

8G

r̃0

(
1− Φ2

H

)
ξΩ2(n+ 2)

[
1− n2(n+ 2)

2(n+ 3)

( ω
2π

)2√
1− φ2

2F1

(
1

2
, 1;

n+ 5

2
; 1− φ2

)]
(3.73)

where we have defined

r̃0 =
( n

4πT

)n (
1− Φ2

H

)n
2 (3.74)

It is not worth to write down the thermodynamics of the configuration since the expressions
are cumbersome and they do not say anything more about the configuration, but it satisfies
the first law of thermodynamics and the following Smarr relation

(d− 3)(M − Jωω −Qφ)− (d− 2)(TS + JΩΩ)− T (3.75)

where T is the total tension and it is computed by

T = L
∂F
∂L

= −
Ω(n+1)

4G

r̃0(1− ξ)
(
1− Φ2

H

)
ξ2Ω2(n+ 2)

(3.76)

With the definition of magnetic moment given in (3.45), one can compute it

µ =
Ω(n+1)

8G

1

8πT

n2ωr̃0φ
(
1− Φ2

H

)1/2
ξΩ2(n+ 2)

2F1

(
1

2
, 1;

n+ 4

2
; 1− φ2

)
(3.77)
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and one can also compute the gyromagnetic ratio for this configuration using the formula
(3.2)

g =
nξ + (ξ − 2)φ2 + ξ + 2

ξ
(3.78)

which has two interesting limits

lim
φ→1

g = 1 extremal charge (3.79)

lim
φ→0

g =
(n+ 1)ξ + 2

ξ

ξ→1−−−→ n+ 3 zero charge (3.80)

Rings
In this section we show that, using the theory of charged rotating blackfolds, we can construct
novel charged black rotating rings. In the metric (3.67) we have to place a ring geometry of
radius R, and we want this ring to spin in two direction, one along the worldvolume and the
other orthogonal to it. In order to do so we rewrite the metric (3.67)

ds2 = −ν(r)dt2 + ν(r)dr2 + r2
(
dθ2 + sin2 θdψ2 + cos2 θdχ2 + dΩ2

(d−5)

)
(3.81)

where ν(r) is the same function of (3.67), and we choose the following embedding

t = τ , r = R , θ = 0 , χ = ψ (3.82)

We set the ring to rotate with angular velocity Ω along the direction φ while with angular
velocity Ω̂a long the transverse direction ψ. This setup is described by a surface Killing
vector field and a transverse killing vector field

ka∂a = ∂τ + Ω∂φ , kµ⊥∂µ = Ω̂∂ψ (3.83)

The first thing to notice is that the background is non-rotating. This means that ωa = 0 and
that the second term in the general action of rotating blackfold (3.52) described in [15] is
absent. Therefore if we set a ring rotating with angular velocity Ω along the direction φ and
with velocity ω along the transverse direction ψ, the corresponding equilibrium condition
can be easily computed. In particular, we have that the free energy functional takes the
following form in terms of k and φ, at next to leading order in ω

F = R0r
p

(
nk

4πT

)n(
1− φ2

k2

)n/2 1 +
n2ω2

16π2T 2

√
1− φ2

k2 − 2 + 2φ
2

k2√
1− φ2

k2

 (3.84)

Note that the term proportional to ω2 is k independent when φ is set to zero. This means
that whenever the charge is set to zero, the intrinsic spin does not change the equilibrium
condition of the ring, as it is experienced in [15]. We are able now to compute the equilibrium
condition by minimizing the free energy functional. The result we get, at next to leading
order in ω is the following

Ω2R2 = (1 + R2)
R2
(
cosh2 α+ n+ p

)
+ p

R2
(
cosh2 α+ n+ p

)
+ n cosh2 α+ p

[
1 + (3.85)

+
n2ω2

16π2T 2

sinhα tanhα(p+ (1 + p)R2)[
p+ R(1 + p+ n cosh2 α)

] [
p+ n cosh2 α+ R2(1 + p+ n cosh2 α)

]]
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This result reproduces the result of [17] when ω is set to zero, and of [15] when φ is set to
zero. Given the equilibrium condition, one can compute the thermodynamics of the ring,
and in particular it is possible to compute the total tension, using the formula (3.58). We
recall that, since we put the ring in a curved background, the true mass of the blackfold
is not M , but one should subtract a proper factor of gravitational tension, as explained in
(3.60). It is not worth to write down the thermodynamics of the configuration since the
expressions are cumbersome and they do not say anything more about the configuration, but
this thermodynamics obey the first law and the Smarr relation (3.57), and it reproduces the
results of [17] when ω is set to zero. In this section we write down two novel thermodynamic
feature of the ring, which are the angular momentum JΩ̂ (associated to the intrinsic spin)

JΩ̂ =
Ω(n+1)V(p)

8πG

n2ω

(4πT )2
r̃n0
√

1 + R2(2− coshα)sechα (3.86)

and the magnetic dipole moment

µ =
Ω(n+1)V(p)

32πG

nω

4πT
r̃n+1

0 sinhα (3.87)

We are able now also to compute the gyromagnetic ratio for this novel configuration using
formula (3.2). We write down the gyromagnetic ratio at leading order in ω

g =

(
1 + R2

)3/2
coshα(n cosh(2α) + n+ 2p+ 2)

π(2− cosh(α)) (n (1 + R2) cosh(2α) + n (1 + R2) + 2 (pR2 + p+ R2))
(3.88)

This gyromagnetic ratio has an interesting zero charge limit

g0 =
n+ p+ 1

n+ p

(
1 + R2

)
(3.89)

3.4.2 Generalization of odd-spheres result to any ν(r) backgrounds
The result obtained in the last section can be easily generalized for all background with the
following form of the metric

ds2 = −ν(r, L)dt2 + ν(r, L)−1dr2 + r2dΩ2
D−2) (3.90)

keeping ν(r, L) general. Belongs to this category for instance (A)ds, which the case studied
in the previous section, but also plane wave background and Schwarzshild background. Since
all this backgrounds are non rotating, the term second term in the action (3.52) of [15] is
zero since ωa is zero. The free energy functional is already described in the action (3.84).
The final result for the equilibrium condition is the following

Ω2R2 =
ν(2pν + r(1 + n cosh2 α)ν ′)

rν ′ + 2(p+ n cosh2 α)ν

[
1 + (3.91)

+
ω2n2

8π2T
sinhα tanhα

(2ν − rν ′)(2pν + rν ′))

(2pν + 2n cosh2 αν + rν ′)(2pν + rν ′ + nr cosh2 αν ′)

]
where ν is really ν(r, L) and ν ′ means derivative with respect to r, we wrote in this way
in order to simplify the formula. This formula gives back the same equilibrium condition
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(3.85) when you set ν(r, L) to be the function described in(3.67) and it reproduces know
results of [17] whenever you set specific background selecting the function ν(r, L), plane
wave background and Schwarzshild background and you set the intrinsic spin ω to zero.

The background function ν(r, L), in order for the configuration to obey the first law
of thermodynamics and the Smarr relation (3.57), need to fullfill the following derivative
relation

∂

∂L
ν(r, L) = −r ∂

∂r
ν(r, L) (3.92)

which is obeyed for all the background we are interested in (AdS, plane waves, and
Schwarzshild).

In this section we write down two novel thermodynamic feature of the ring, which are
the angular momentum JΩ̂ (associated to the intrinsic spin)

JΩ̂ =
Ω(n+1)V(p)

8πG

n2ω

(4πT )2
r̃n0 (2sech(α)− 1)

√
ν(r, L) (3.93)

and the magnetic dipole moment

µ =
Ω(n+1)V(p)

32πG

nω

4πT
r̃n+1

0 sinhα (3.94)

We are able now also to compute the gyromagnetic ratio for this novel configuration using
formula (3.2). We write down the gyromagnetic ratio at leading order in ω

g = −cosh(α)
√
ν(n cosh(2α) + n+ 2p+ 2) (2(n+ p)ν + rν ′)

2π(cosh(α)− 2)(n+ p) (ν(n cosh(2α) + n+ 2p) + rν ′)
(3.95)

This gyromagnetic ratio has two interesting limits, one is zero charge

g0 =
n+ p+ 1

n+ p
ν (3.96)

and one is extremal charge

gextr =
2(n+ p)ν(r, κ) + rν(1,0)(r, κ)

2π(n+ p)
√
ν(r, κ)

(3.97)

3.4.3 Odd-spheres in Lifshitz spacetime
An other interesting setup one could study is the odd-sphere in Lifshitz backgrounds. The
metric that describes the background is the following

ds2 − r2z

L2z
ν(r)dt2 +

L2

r2ν(r)
dr2 + r2dΩ2

(d−2) , ν(r) = 1 + β
L2

r2
(3.98)

where we have defined the constant β as

β =

(
d− 3

d+ z − 4

)2

(3.99)
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This metric does not belong to the previous family because of the parameter z the gtt and grr
are not one the inverse of the other. The same consideration done in the previous sections
hold for this configuration. The equilibrium condition is then

Ω2r2zL−2z =
r2ν

(
2pν + 2z(1 + n cosh2 α)ν + r(1 + n cosh2 α)ν ′

)
2zν + 2(p+ n cosh2 α)ν + rν ′

[
1 + (3.100)

+
n2ω2

8π2T 2

sinhα tanhα(2(z − 1)ν + rν ′)(2pν + 2zν + rν ′)(
2zν + 2(p+ n cosh2 α)ν + rν ′

) (
2pν + 2z(1 + n cosh2 α)ν + r(1 + n cosh2 α)ν ′

)]
In order for the Smarr and the first law to be satisfied we need to require the same condition
(3.92) and the function in (3.98) satisfies that condition. The computation of the magnetic
dipole moment and of the gyromagnetic ratio for this configuration is left for the future.





4. Applied Newton-Cartan geometry

Newton-Cartan geometry can be used to geometrize Newton’s theory of gravity. This
geometry describes spacetimes that exhibit non relativistic symmetries. Over the recent
years the interest in such geometries has grown because it has been understood that this
geometrical framework for non-relativistic physics opened up many areas of applications in
different directions. In fact many branches of physics are not controlled by Lorentz symmetry
but by some non-relativistic symmetry or some other effective symmetries. This chapter
begins with an overview of the possible application of Newton-Cartan geometry. This is
not meant to be a exhaustive picture of the possible application of this novel geometrical
framework, since a lot of work has been done in this research direction, but it is an overview
describing some of the research developments. Three main areas of application in which the
Newton-Cartan geometry plays an important role have been developed:

Non-relativistic holographic models

Holography is essentially a map between a gravity theory which lives
in the bulk of a spacetime, often with negative cosmological
constant, and a conformal field theory that lives on the
boundary of that spacetime. This duality between field the-
ories and gravity theories is very important because through
gravity we can access some dark corners of field theory in
which the particles are highly interacting, and viceversa
through field theory we can access corners of gravity in
which the gravitational force is very strong. In particular,
concerning our interest in this thesis, this means that gravity
is interesting not only in its own right, meaning describing
the gravitational force that governs nature, but also as a
tool for learning more about (conformal) field theories. This
opened up many branches of research. In this direction
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it is also insightful to study holography in which the bulk
space-time is not AdS. In fact if one would like to study strongly coupled conformal field
theories which exhibit non-relativistic scaling, this necessitates the consideration of a bulk
space-time with asymptotics which is not AdS. In the past years there has been a lot of
activity in this direction studying non-AdS bulk space-times that exhibit non-relativistic
symmetries, like Lifshitz or Schrödinger space-times. It has been shown in [56] that the
holographic dual of Lifshitz space-time solution of the Einstein-Proca-Dilaton model is
described by a boundary theory which lives on a new extension of Newton-Cartan geometry,
which has been called torsional Newton-Cartan geometry.

Pushing this area of research further, one may ask if it is possible to have a bulk which is
described by a dynamical Newton-Cartan geometry, or better to some non relativistic string
theory. This is an interesting open area of research [102, 107] but this argument is beyond
the scope of this thesis.

Field theories: Condensed matter and statistical physical systems

There are many physical systems in nature that exhibit non-relativistic symmetry. One
of the first application of Newton-Cartan geometry has been to effective theories for the
Fractional Quantum Hall effect [93, 163].

Moreover Newton-Cartan geometry could be used not only for studying specific non
realitivistic systems, but also as a theoretical tool for writing field theories with non relativistic
symmetries. In fact one can use the background field method, writing down the coupling of
a non realtivistic field to the underlying (fixed) NC geometry and computing the energy-
momentum tensors, Ward identities and the anomalies.

A lot of work has been done in this direction, developing the coupling of Galilean invariant
field theory to curved spacetime [132] and for studying coupling of different type of matter
(different spin and mass) to NC space-time using limiting or null reduction technique [33,
32].

An other important application of NC geometry is that it could be used to give a covariant
formulation for non-relativistic hydrodynamics [37, 38]

Gravity

The study of non-relativistic theories of gravity has its own importance. In fact, one of
the biggest difficulties in finding a meaningful theory of quantum gravity is that general
relativity in non-renormalizable. Hořava-Lifshitz (HL) gravity has appeared [123, 124] and it
is a tentalizing possibility of a non-Lorentz invariant and renormalizable theory of gravity,
because it has been shown that it is power-counting renormalizable and it is expected to be
renormalizable and unitary. Therefore, while observational constraints put severe limitations
on the application of HL gravity to the studies of the universe, it still has a high theoretical
interest as an effective theory of gravity. In fact it is an example of gravity with anisotropic
scaling between time and space. In particular it could be very interesting to provide, through
HL gravity, an alternative way for constructing gravity duals to strongly coupled system
with non relativistic scaling [130]. As we are going to see later in this thesis, the dynamics of
the Newton-Cartan geometry is a covariant formulation of HL gravity. Therefore, studying
the dynamics of (T)NC geometry becomes really important because on one hand one can try
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to use it as a toy model to build theories of non-relativistic quantum gravity; on the other
hand one can try to develop new holographic bulk alternatives.

Figure 4.1: A schematic overlook to some of the applications that have been pursued over
the last years in the realm of Newton-Cartan geometries

It is well known that local Lorentz symmetry give rise to (pseudo)-Riemannian geometry
and therefore it is used to describe the kinematics of general relativity, which means that
local symmetries of space and time are connected to the geometry of space and time, In the
same way, local Galilean symmetry give rise to Newton-Cartan geometry and it can be used
to describe the kinematics of non-relativistic gravity.

Examples of non relativistic symmetries are given by the Galilean or the Bargmann
algebra, that are transforming space and time in the following way

t→ t , ~x→ ~x+ ~vt (4.1)

There are also ultra-relativistic symmetries: for instance the Carroll algebra, that induces on
space and time the following transformations

t→ t+ ~v · ~x , x→ x (4.2)

which is a ultra-relativistic symmetry. In both these transformations, the main difference
with respect to the relativistic symmetry, generated by the Poincaré algebra, is the type of
boosts.

4.1 Newton Cartan Kinematics
4.1.1 A General Relativity review

In order to better understand Torsional Newton Cartan formulation of gravity, we would
like to give a very brief review of Einstein gravity. In the Einstein picture, free falling frames
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are those without gravitational force and they are connected to Poincaré symmetry, which is
described by the Poincaré algebra

[PA,MBC ] = 2ηA[BPC] , [MAB,MCD] = 4η[A[CMD]B]. (4.3)

where P is the generator of space-time translations and MAB is the generator of Lorentz
rotations. All the other commutators are zero. Usually the gravitational force is described
by a symmetric tensor field gµν , and in order to describe the kinematics of gravity, one
needs to introduce other geometric objects. In particular one needs a way to take covariant
derivatives of tensor. In the Riemannian geometry, by requiring metric compatibility, i.e.

∇µgνρ = 0 (4.4)

you can introduce the Christoffel symbol and you can take covariant derivatives in the
following way

Γµ
ρ
ν =

1

2
gρλ (∂µgλν + ∂νgλµ − ∂λgµν) (4.5)

∇µAνρ = ∂µAν
ρ + Γµ

ρ
λAν

λ − Γµ
λ
νAλ

ρ (4.6)

It is possible to write down the Christoffel symbols in terms of the metric tensor by requiring
metric compatibility. Moreover one can introduce the Riemann tensor, the Ricci scalar, and
the Einstein tensor

Rµν
ρ
σ = ∂νΓρµσ − ∂σΓρµν + ΓλµσΓρνλ − ΓλµνΓρσλ (4.7)

Rµν = Rµν
ρ
ρ (4.8)

Gµν = Rµν −
1

2
gµνR (4.9)

and with these objects one can write down the Einstein equations, which describe how
gravity couples to some matter fields through its energy-momentum tensor. Those equations
can be find also from a variational principle, minimizing the Einstein-Hilbert action.

Rµν −
1

2
Rgµν = κTµν (4.10)

S =

∫
dx
√
−gR+ SM (4.11)

It is well-known also that Einstein gravity can be written also in the vielbein formulation,
just defining the vielbein field in the following way

gµν = Eµ
AEν

Bηab (4.12)

where ηµν is the Minkowski metric (we use mostly plus signature). In this formulation
the kinematics of General Relativity will be described from the vielbeins and from their
spin-connections Ωµ

AB . The spin-connections are required to obey a constraint which is the
following

2∂[µEν]
A − Ω[µ

ABEν]
cηBC = 0 , Ωµ

AB = Ων
AB(e) (4.13)
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which means that using (4.13) one can write the spin-connections in terms of the vielbeins.
The metric compatibility in the metric formulation of GR correspond to requiring that the
vielbein is covariantly conserved in the vielbein formulation.

∇µEνA = ∂µEν
AΓν

ρ
µEρ

A − ΩAB
µ eν

CηBC = 0 (4.14)

From this equation one can obtain the relation between the spin-connections and the
Christoffel symbols.

General relativity by Gauging Poincare’
The vielbein formualtion of General Relativity can be viewed as the gauging procedure of
the Pioncare’ algebra, as it was explained in [50, 114]. The gauging procedure of Poincare’,
leading to GR, will be as follows. The starting point is the Poincare’ algebra (4.3). It is
possible to introduce a Lie algebra valued connection Aµ which is a way for introducing a
gauge field for each generator of the algebra

Aµ = PAEµ
A +

1

2
MABΩµ

AB (4.15)

The connection Aµ will transform under the adjoint representation

δAµ = ∂µΛ + [Aµ,Λ] , Λ = PAξ
A +

1

2
MABσ

AB (4.16)

For each gauge field it is possible to write down their transformations properties (under
diffeomorphism and under Lorentz rotations)

δEµ
A = ξρ∂ρEµ

A + Eρ
A∂µξ

ρ + λABEµ
B (4.17)

δΩµ
AB = ξρ∂ρΩµ

AB + Ωµ
AB∂µξ

ρ + ∂µλ
AB + 2λ[A

CΩµ
CB] (4.18)

and their curvatures

Rµν
A(P ) = 2∂[µEν]

A − 2Ω[µ
A
BEν]

B (4.19)

Rµν
AB(M) = 2∂[µ]Ων]

AB − 2Ω[µ
A
CΩν]

CB (4.20)

In order to take contact with familiar objects in General Relativity, in is possible to relate
the curvature of P to the torsion, and this is why it is called the torsion tensor, and the
curvature of M to the Riemann tensor. This is done in the following way

Rµν
A(P ) = Γ[µ

ρ
ν]E

A
ρ (4.21)

Rµν
σ
ρ = EρAE

σ
BRµν

AB(M) (4.22)

In general these two curvatures can be different from zero. In General Relativity usually
one considers metrics which are covariantly constant (the constraint which is usually called
metric compatibility). Moreover the common choice in General Relativity is to deal with
theories without torsion, i.e. one usually imposes the curvature of P to zero (curvature
constraint). With this choice, the spin-connection ωµ

AB are fully dependent connection
expressible in terms of the vielbeins and their derivatives. Otherwise, without fixing the
torsion, the vielbeins and the spin-connection remain independent, as it happens for instance
in the Palatini formulation of Einstei gravity.

These informations are sufficient to define and understand the kinematics of General
Relativity from a gauging procedure. If one is interested also in the dynamics of General
Relativity, this can be obtained by putting the theory on-shell, imposing Einstein equations.



72 Chapter 4. Applied Newton-Cartan geometry

4.1.2 Newton Cartan geometry by limit of relativistic gravity

In non relativistic theories the falling frames are connected with Galilean symmetry instead
of Poincare’ symmetry. For reasons that will become clear at the end of this section, it is
useful to work with the Bargmann Algebra instead of the Galilean algebra. The Bargmann
algebra is just a central extension of the Galilean algebra, and the central extension will
become important in the gauging procedure. In [31] it was argued that the Bargmann
Algebra can be obtained by an Inonü-Wigner contraction of the direct sum of the Poincaré
with an abelian factor with generator Z. The abelian factor will be represetend by the
gauge field Mµ and it will transform under diffeomorphism and gauge transformations in
the following way

δMµ = ξρ∂ρMµ +Mρ∂µξ
ρ + ∂µΛ (4.23)

and its curvature will be

Fµν(M) = ∂µMν − ∂νMµ (4.24)

Starting from the Poincaré algebra (4.3), with the central extension Z (which is a generator
that commutes with everything, as it should be since it is a central extension) it is possible
to define the following generator, using a contraction parameter ω

P0 →
1

2ω
H + ωZ , Z → 1

2ω
H + Z , Ma0 → ωGa (4.25)

and all the other generators of the Poincaré algebra are left untouched (i.e. Pa = Pa and
Mab = Jab). Plugging in this ansatz (4.25) into (4.3) and taking the limit for ω →∞ one
gets the following algebra

[Jab, Jcd] = 4δ[a[cJd]b] (4.26)
[Pa, Jcd] = 2δa[bPc] (4.27)
[Pa, Jcd] = 2δa[bPc] (4.28)
[H,Ga] = Pa (4.29)
[Pa, Gb] = δabZ (4.30)

where a, b, c indices run over the spatial directions and all the other commutators are zero.
This is the Bargmann algebra. Now we know that General Relativity can be obtained by a
gauging procedure of Poincaré, and we know that the Iononü-Winger contraction of Poincaré
is Bargmann, therefore we can argue that also the Bargmann algebra can be gauged.

The gauging of the Bargmann algebra can be done, and the result of the gauging is a
new geometry, that has been called (Torsional) Newton Cartan geometry (TNC).

In this few pages we would like to present yet an other point of view. In [31] it has been
argued that the limiting Iononü-Winger procedure can be done not only at the level of the
generators, but at the level of the gauge fields. This will not give you the most general (T)NC
geometry, but a sub-case of it. We will comment later on some more general frameworks. In
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this setup, one can give the following redefinitions of the gauge fields

Eµ
A = δA0

(
ωτµ +

1

2ω
mµ

)
+ δAa eµ

a (4.31)

EµA = δaAe
µ
a +

1

ω
δ0
av
µ +O

(
1

ω2

)
(4.32)

Mµ = ωτµ −
1

2ω
mµ (4.33)

From the properties of vielbeins in the relativistic picture, it is possible to derive the
properties of the geometrical objects we just defined

eµaeµ
b = δba , vµτµ = −1 , vµeµ

a = τµe
µ
a = 0 , eρaeµ

a = vρτµ (4.34)

Moreover, if you perform the substitution and the limit at the level of the gauge field (4.15),
using the redefinitions of the gauge fields and the redefinitions of the algebra generator, you
get

PAEµ
A +MABΩµ

AB = Paeµ
a +Hτµ + Zmµ + +Mabωµ

ab − 2Gaωµ
a (4.35)

and the explicit form of the spin-connections ωµab and ωµa are given in terms of eµa, τµ and
vµ through the existing relativistic relations between the relativistic spin-connection Ωµ

AB

and the relativistic vielbein EµA. Therefore we ended up by having one gauge field for each
generator of the Bargmann algebra. We can push ourselves a step further, and compute the
transformation properties of those gauge field (up to diffeomorphism for simplicity)

δτµ = 0 (4.36)
δeµ

a = λabeµ
b + λaτµ (4.37)

δmµ = ∂µσ + λaeµ
a (4.38)

δωµ
ab = ∂µλ

ab + 2λ[a
c + ωµ

cb] (4.39)
δωµ

a = ∂µλ
a + λabωµ

b − ωµacλc (4.40)

and the expressions for the curvatures

Rµν
a(P ) = 2∂[µe

a
ν] − 2ω[µ

abebν] − 2ωa[µτν] (4.41)
Rµν(Z) = 2∂[µmν] − 2ω[µ

aeν]
a (4.42)

Rabµν(J) = 2∂[µων]
ab − 2ω[µ

a
cων]

cb (4.43)

Raµν(G) = 2∂[µω
a
ν] − 2ω[µ

abωbν] (4.44)
Rµν(H) = 2eµae

ν
b∂[µτν] (4.45)

The curvatures of P and Z are automatically zero if you take the expressions for ωµab and
ωmu

a in terms of eµa, τµ and vµ computed by taking the limit of Ωµ
AB (this resembles

the imposition of the momentum constraint in the relativistic theory). Imposing the H
constraint, meaning setting the curvature Rµν(H) to zero, one has a restriction on τ , which
is the following

∂[µτν] = b[µτν] (4.46)
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where bµ is an arbitrary vector field. This resembles the constraint which was found in [7],
where the twistless torsional Newton Cartan geometry was developed (TTNC). If you set bµ
to be the zero, you obtain a geometry without torsion where time is absolute.

This ends the kinematic of the TTNC geometry. If one is interested also in the dynamics,
the exercise to do is to take the non relativistic limit of the Einstein equations. This can be
done and it leads, for the specific case in which the torsion is zero, to the same equation
of motion presented in [7]. One of this equations, once gauge-fixed, reproduces the first
Newton-Cartan equation of motion ∆Φ = 0 (which is the well-known Poisson equation).

As in General Relativity, it si possible to write an action that can be minimized in order
to obtain the NC equation of motion. This work has been done in [100].

It is also possible to introduce a spatial metric hµν from the NC vielbeins as follows

hµν = eµ
aeν

bηab (4.47)

Looking at the transformation properties (4.36) it is possible to derive some combinations
of Newton Cartan vectors that are invariant under Galilean boosts, and these objects are
going to be very important in the future works

v̂µ := vµ + hµνmν (4.48)
h̄µν := hµν − τ(µmν) (4.49)

Φ̃ := −vµmµ +
1

2
hµνmµmν (4.50)

These will be the geometric invariants, together with τµ, hµν and the determinant e =
(τµ, eµ

a), we need to use to build tensors that transform covariantlly under local diffeomor-
phism transforamtion and that are invariant under the internal symmetries (boost, space
and time translations, but not for the Bargamann U(1) symmetry).

The metric compatibility condition in the relativistic setup, imposes Eµa to be covariantly
conserved, as we already said in the previous section. This implies that also τµ and hµν are
covariantly conserved

∇ρhµν = 0 , ∇ρτµ = 0 (4.51)

In this non-relativistic case, however, this equations do not solve uniquely for the Christoffel
symbols, as it happens in the relativistic case. One can perform the Inonü-Wigner limit of
the relativistic connection, simply by substituting the redefinitions (4.31) and taking the
limit for ω → ∞. With this method you will obtain a valid Christoffel connection in the
non-relativistic setup. But it will not be the only connection that satisfies (4.51). In fact, in
the Newton Cartan framework, we will have a family of connections, as it was argued in
[114], that satisfies (4.51)

Γ(α)
µ

ρ
ν = −v̂ρ∂µτν +

1

2
hρσ

[
∂µH

(α)
νσ + ∂νH

(α)
µσ − ∂σH(α)

µν

]
(4.52)

where

H(α)
µν = h̄µν + ατµτνΦ̃ (4.53)

where α is any constant. They are all equivalent, and we will use one or the other in different
setup we would like to study.
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4.1.3 Generic torsion and the Stückelberg Scalar
As we previously said, there is no need in setting to zero the curvatures. This happens when
you construct the non-relativistic geometry using the limiting procedure explained in the
previous sections. But this is not the general case. In general the curvatures can be non-zero,
and this will give us the torsion feature. We will see that in order to construct a theory with
generic torsion, one need to introduce an extra scalar field in order to preserve covariance.

The first thing to notice is that the antisymmetric part of the connection (4.52) is fixed
because the second term of it is totally symmetric

Γ
(α)
[µ

ρ
ν] = −v̂ρ(∂µτν − ∂ντµ) (4.54)

Moreover, given the compatibility conditions (4.51) and the form of the curvature of P given
in (4.41), it follows that

Rµν
a(P ) = eµamµ (∂µτν − ∂ντµ) (4.55)

From this expression we see that the left hand side transforms under our internal symmetries
in the same way of the right hand side only if we ignore the transformations due to the
central extension N , and this is due to the presence of mµ that transforms also under N as
it is evident from equation (4.36). One way to solve the problem is to introduce and other
scalar, that we call Stückelberg Scalar χ. which will transform under the N transformation
as a scalar, i.e.

δχ = σ (4.56)

and it will be a shifting of mµ in the following way

Mµ = mµ − ∂µχ (4.57)

In this way, Mµ will be invariant under N transformations. Therefore, in order to have a
theory covariant under N , it is important to replace all the mµ with the Mµ defined in (4.57)
(note that it is not the same Mµ that it was used in the limiting procedure: that one was a
field of the relativistic framework). Therefore, if we want theory which preserves this U(1)
symmetry, one way is to introduce the Stückelberg Scalar χ. This new scalar is necessary if
one wants the U(1) invarance whenever there is torsion, i.e. whenever the right hand side of
(4.55) is nonzero.

Therefore we conclude that it is possible to have a generic torsion if we add the Stückelberg
Scalar χ. Depending on the features of the curvature constraint (4.54) we distinguish three
cases for the torsion
• ∂µτν − ∂ντmu = 0: no torsion. This is called Newton-Cartan geometry (NC) and it

has absolute time.
• τ[µ∂ντρ] = 0, which means that τµ is hypersurface orthogonal (HSO). This is called
Twistless Torsional Newton-Cartan geometry (TTNC). This is a geometry in which
the induced geometry on the slices to which τµ is HSO, is described by a torsion free
Riemannian geometry. In this setup is also useful to introduce a new vector

aµ = v̂ρ∂ρτµ − τρ∂µv̂ρ (4.58)

which can be called the torsion vector.
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• No constraint on τµ which corresponds to the Torsional Newton-Cartan geometry
(TNC). This particular new geometry is very subtle. In this case in fact, there is no
foliation of time, and in this case the geometry violates causality. So what is the
relevance of this novel geometry? The fact is that it still can be used as a background
geometry to which a field theory can couple, and it is a more general geometry with
respect to the one in which the τµ is closed. So as a fixed background geometry it plays
an important role, because it is important to have it in order to define the most general
energy-momentum tensor of a field theory coupled to a non-relativistic geometry. The
fact that there is no foliation in the geometry does not imply non-causal effect on
the matter field, as we are going to see in the following sections. Concerning instead
its role as a proper dynamical geometry, one would like that, once you analyze the
dynamical structure of the geometry generated by the Bargmann algebra, those modes
are not allowed by the equation of motion.

4.1.4 Null reduction of metric
The Newton-Cartan geometry could be also obtained by null reduction of a Lorentzian
spacetime with one extra dimension u, as it was studied by [68, 134, 28, 56, 55]. Consider
the null reduction ansatz for the metric

ds2 = γABdx
AdxB = 2τµdx

µ (du−mνdx
ν) + hµνdx

µdxν , (4.59)
= 2τµdx

µdu+ h̄µνdx
µdxν (4.60)

where A = (u, µ), in which a = 1 , . . . , d. The reduction ansatz is the most general metric for
which γuu = 0 and such that ∂u is a null Killing vector of γAB . The fields τµ and eaµ are the
vielbeins of the d+ 1 dimensional TNC geometry. The metric (4.59) preserves the following
local tangent space transformations

δτµ = 0 , (4.61)
δeaµ = τµλ

a + λabe
b
µ , (4.62)

δmµ = ∂µσ + λae
a
µ . (4.63)

The local σ transformation requires δu = σ. The transformations with local parameter λa

correspond to tangent space Galilean boosts (G) and transformations with local parameter
λab correspond to tangent space rotations (J). The metric components γµu = τµ and
γµν = h̄µν are invariant under these local transformations. The inverse metric is

γuu = 2Φ̃ , γuµ = −v̂µ , γµν = hµν , (4.64)

where Φ̃ and v̂µ are defined in (4.48).
A TNC compatible connection can be obtained by performing the null reduction of the

Levi-Civita connection of the higher dimensional spacetime. A torsionful affine connection
Γρµν that is invariant under the local tangent space symmetries (G, J) and that satisfies
metric compatibility, in the TNC sense, i.e.

∇µτν = 0 , (4.65)
∇µhνρ = 0 , (4.66)
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is given by

Γ̄ρµν = −v̂ρ∂µτν +
1

2
hρσ

(
∂µh̄νσ + ∂ν h̄µσ − ∂σh̄µν

)
. (4.67)

In [109] is presented a more sophisticated way to perform the reduction. In fact, instead of
speaking about null reduction, the point of view of [109] is that TNC is the geometry on the
spacetime orthogonal to the null Killing vector ∂u. This makes the reduction more general
and the result is that one can access more general connections of the TNC geometry.

4.1.5 Gauging Carrol algebra: Carrollian spacetime
The Carrol algebra can be obtained as a Iononü-Wigner contraction of the Poincaré algebra,
as it was explained for the Galilean algebra. The difference with the previous exercise is
that instead of taking ω →∞, one should take the opposite limit, i.e. ω → 0. This has been
done by [21] and the resulting Carrol algebra is the following

[Jab, Jcd] = δacJbd − δadJbc + δbcJad − δbdJac (4.68)
[Pc, Jab] = δbcPa − δacPb (4.69)
[Cc, Jab] = δbcCa − δacCb (4.70)
[Pa, Cb] = δabH (4.71)

where a = 1, . . . , d. This Carrol algebra can be gauged in the same way as we did for the
Bargmann algebra. This work was earlier done in [30]and more recently from an other point
of view by [109]. As in the Bargmann case one could define a Lie valued algebra connection
in the following way

Aµ = Hτµ + PAe
a
µ + CaΩ

a
µ +

1

2
JabΩ

ab
µ (4.72)

and as in the previous case one can study how internal transformation acts on the gauge
fields (for simplicity we don’t write diffeomorphism, but they can be considered as in the
Bargmann case)

δτµ = eaµλa (4.73)

δeaµ = ebµλ
a
b (4.74)

δΩa
µ = ∂µλ

a + λabΩµ
b − λbΩµ

ab (4.75)

δΩab
µ = ∂µλ

ab + λacΩµ
cb − λbcΩµ

ca (4.76)

and their curvatures

Rµν(H) = ∂[µτν] + 2ea(µΩν)a (4.77)

Rµν
a(P ) = 2∂[µe

a
ν] − 2Ω[µ

abebν] (4.78)

Raµν(C) = 2∂[µΩa
ν] − 2Ω[µ

abΩb
ν] (4.79)

Rabµν(J) = 2∂[µΩν]
ab − 2Ω[µ

a
cΩν]

cb (4.80)

The following step is to impose vielbein postulates so that we can write (4.77) in terms of
the curvature and the torsion of an affine connection Γ which should be invariant under the
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internal symmetry transformations. This can be done and it is possible to write down a very
general torsionful connection. In this framework we thus have a transformation δ, which will
transform the fields as (4.73), acting on the fields τµ, eaµ, Ωa

µ and Ωab
µ , with a connection Γρµν

which is computed in such a way that is metric compatible, i.e. ∇µτν = 0 and ∇µhνρ = 0.
As opposed to the Bargmann case, in this Carrol framework we haven’t introduced yet any
vector Mµ. This is because in the algbebra (4.68) there wasn’t a central extension (and one
can prove that the Carrol algebra cannot be centrally extended) therefore in the connection
Aµ there wasn’t any extra U(1) gauge field. In this framework one can anyway introduce an
extra Mµ field by hand. In the case of TNC geometry the gauge field Mµ was important
when curvature constraints were imposed. The effect of such curvature constraints was that
the connection Γρµν became a fully dependent connection. In other words the effect of adding
curvature constraints was that of realizing the algebra on a smaller number of fields. In fact,
before imposing the curvature constraints, one had τµ, eaµ and Ωa

µ as field content; instead
after imposing the curvature constraints one has τµ, eaµ and Mµ as field content. We are not
going to add the details of this, but it is possible to do it. Once a new Mµ field is added,
one can also define invariants under Carrol boost C, which are the following

τ̂µ = τµ − hµνMν (4.81)
h̄µν = hµν −Mµvν −Mµvµ (4.82)

Φ̄ = −Mντν +
1

2
hνσM

νMσ (4.83)

and it is possible to write the affine connection in terms of these invariants. Moreover it is
also possible to derive the Carrollian geometry by considering it as the geometry induced
on a null hyper-surface, as it was done in the section 4.1.4 for the TNC geometry. The
reduction ansatz is the following

ds2 = du
(
2Φ̄du− 2τ̂µdx

µ
)

+ hµνdx
µdxν (4.84)

The Carrollian spacetime can be thought in this framework of null reduction ad the geometry
of the null hypersurface u = const whose normal is ∂au.

Moreover, as it was suggested by [69] there is a strong duality between Newton-Cartan
and Carrol spacetime, and this is evident also in the null reductions realization of such
geometries. The metric-like objects in the TNC geometry are given by τµ and hµν while
in the Carrol geometry are given by vµ and hµν . One can show that there si the following
duality

τµ ↔ vµ , hµν ↔ hµν (4.85)

Moreover, also the extra U(1) fields can be related in the following way

Mµ ↔Mµ (4.86)

and, as a consequence, also the invariants (4.48) and (4.81) can be related

v̂µ ↔ τ̂µ , h̄µν ↔ h̄µν , Φ̃↔ Φ̄ (4.87)

Moreover, an other important thing to notice in this duality is that whenever there is no
coupling to Φ̃ and to Φ̄, also the affine connection of the two geometry coincides. Therefore,
when Φ̄ = Φ̃ = 0 the Newton-Cartan and the Carrol geometry are the same.
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4.2 Field theories on TNC background
There are many ways to construct field theories in curved TNC background. One of those
is of course a bottom up approach, i.e. consider a field and write down all the terms that
respect the symmetries using the Newton Cartan invariants (4.48). This method was mainly
developed in [110]. The first step is to write down an action that will be dependent on the
Newton Cartan invariants

S = S [v̂µ, hµν ,Φ] (4.88)

When we will perform the variations, we need to keep in mind that not all the Newton
Cartan geometric objects are independent. In fact there are some orthogonality relations
which are described in equation (4.34). This means that we need to choose a set of fields
that we consider independent (it does not matter which field we choose at this point, what
matters is just the number of degrees of freedom). We choose as independent background
fields the set {v̂µ, hµν ,Φ}. The reason we did such a choice will become clear soon. All the
variations with respect to other background field will be dependent from this set of variation.
For example

δτµ = τµτνδv̂
ν − h̄µρτνδhνρ (4.89)

δh̄µν = −2τµτνδΦ + (τµh̄νρ + τν h̄µρ)δv̂
ρ − ĥµρĥνσδhρσ (4.90)

Here we summarize results obtained in [56, 55, 111, 112, 33, 110, 114] regarding the most
general formulation of torsional Newton–Cartan (TNC) geometry. We will focus only on
those aspects that are needed for the purposes of this work. Since here we encounter TNC
geometry through null reduction of the AdS5 boundary metric we will study its properties
in this context.

4.2.1 Non relativistic analogue of the energy-momentum tensor and Ward identities
To make connection with some literature in the field, and also to make connection with the
holographic description that we are going to develop later, we first write the variation with
respect to the background NC fields in the following way

δS =

∫
dx e

[
−S0

µδv
µ + Saµδe

µ
a + T 0δm0 + T aδma + 〈Oχ〉 δχ

]
(4.91)

where m0 = −vµmµ and ma = eµamµ. Now we can substitute in the Stückelberg Scalar and
the field Mµ by mµ = Mµ + ∂muχ and we can write the variations with respect to the boost
invariant geometric NC objects. In order to do so, it is convenient to define two new tensors

Tµ = −T 0vµ + T aeµa (4.92)
Tµν = −(S0

ν + T 0∂νχ) + (Saν + T a∂νχ)eµa (4.93)

The variation of the action with respect to the background fields, written in terms of the
invariants, with the Stückelberg Scalar turned on, and with these field redefinitions, will
then become

δS =

∫
dx e

{
−τνT νµδv̂µ − (êaν v̂

µT νµ) êσaτρδh
ρσ +

1

2

(
êbνe

µ
aT

ν
µ

)
êρbê

a
σδh

ρσ (4.94)

+ τµT
µδΦ +

(
〈Oχ〉 −

1

e
∂µ (eTµ)

)
δχ+

(
êaµ − τνeµaT νµ

)
δMa −

1

2
ê[a
ν e

b]µT νµ
(
êρaδe

ρ
b − êρbδe

ρ
a

)}
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This variations of the action tells us many things. First of all that the components of the
tensors defined in (4.92) can describe physical quantities since they are boost invariant. In
fact this will be the case, and in particular they will represent the following physical quantites

êaµT
µ
ν → energy density (4.95)

v̂νTµν → energy flux (4.96)
τµT

µ
ν → momentum density (4.97)

eaνT
µ
ν → stress density (4.98)

τµT
µ → mass density (4.99)

eaµT
µ → mass flux (4.100)

Moreover the Ward identities for the Stückelberg Scalar and for the local Galilean boost,
which are associated to local shift transformations acting on Ma and χ, are

1

e
∂µ (eTµ) = 〈Oχ〉 , êaµT

µ − τνeµaT νµ = 0 (4.101)

and the Ward identity associated to the local rotation symmetry is

ê[a
ν e

b]µT νµ = 0 (4.102)

So far we have looked at general variations of the background fields. Now we would like
to look to global TNC spacetime symmetry. There is a symmetry of this type that plays an
important role in the Newton-Cartan geometry and in all physics. We are talking about the
diffeomorphism, which is the set of transformations that leave the background field invariant.
We write the variation of the action with respect to tensors that are invariant under the
internal symmetry, because it is more convenient. The variation of the action with respect
to diffeomorphism acting only on the background fields is

δbgS =

∫
dd+1xe

[
−τνT νµLξ v̂µ −

(
ĥσν v̂

µT νµ

)
τρLξhρσ

+
1

2

(
ĥρν ĥσλh

λµT νµ

)
Lξhρσ + τµT

µLξΦ̃
]
, (4.103)

where Lξ is the Lie derivative with respect to the vector ξµ. The solution to this equation is
to ask that

Lξ v̂µ = 0 , Lξhµν = 0 , LξΦ̃ = 0 (4.104)

We call Kµ the vector that solve this equations, which will be a Killing vector for TNC
geometry. The variation of the action can yet be written in an other way (by explicitly
writing down the Lie derivatives)

δbgS = −
∫
dd+1x∂ν (eξµT νµ) +

∫
dd+1xeξρ

[
e−1∂ν (eT νρ) + τµT

µ∂ρΦ̃ (4.105)

+ T νµ (v̂µ∂ρτν − eµa∂ρêaν)] , (4.106)

hence, on-shell (i.e. after throwing away boundary terms and after imposing the equation of
motions for the NC fields) we have the following diffeomorphism Ward identity

e−1∂ν(eT νµ) + T ρν
(
v̂ν∂µτρ − eνa∂µêaρ

)
+ τνT

ν∂µΦ̃ = 0 (4.107)
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This Ward Identity can be rewritten also in the following way

∇νT νµ + Torsion terms + τνT
ν∂µΦ̃ = 0 (4.108)

which tells us that the energy momentum tensor of the non relativistic matter we have
coupled to the Newton-Cartan geometry is influenced in this way by the Newton potential,
as we expected.

4.2.2 Local scale transformation and the dilatation connection
It is important also to study setups in which the theory under consideration could be scale
invariant and coupled to a Newton-Cartan background. In order to do so, it is necessary
to set appropriate weights to the fields and to the background NC field such that the scale
transformation leaves the action invariant.

One way of describing such configurations is to consider the gauging of the Schrödinger
algebra which is described by the Bargmann algebra plus a Dilaton generator which commu-
tators with the generators of the Bargmann algebra are

[D,H] = −zH (4.109)
[D,Ga] = (z − 1)Ga (4.110)
[D,Pa] = −Pa (4.111)
[D,Z] = (z − 2)N (4.112)

Note that when D is added to the algebra, the generator Z is not central anymore, since the
commutator with D is nonzero (unless when z = 2 which is a special case). The Lie valued
connection we can define for this algebra in order to gauge it will be

Aµ = Hτµ + Pae
a
µ +Gaω

a
µ +

1

2
Jabω

ab
µ + Zm̃µ +Dbµ (4.113)

Among the other internal transformations, there will be also a transformation associated
to the dilatation with parameter ΛD. The transformations of the gauge fields under the
dilatation operator, can be read off from (4.109). Now it is important to rewrite the
covariant derivatives and therefore the affine connections in such a way that they consider
also the transformations under the dilatation operator through ΛD. One way to write down
expressions which are dilatation covariant is to replace the derivatives with a dilatation
covariant derivative. For example one can write the following connection [33, 114, 110]

Γ̃ρµν = v̂ρ (∂µ − zbµ) τν +
1

2
hρσ

[
(∂µ − 2bµ) h̄νσ + (∂ν − 2bν) h̄µσ − (∂σ − 2bσ) h̄µν

]
(4.114)

An other question to ask is how to express the Schrödinger field m̃µ in terms of the Bargmann
field mµ and the Stückelberg Scalar. In the definition of Mµ given in the Bargmann case
we need to substitute the derivative with the dilatation covariant derivative. Therefore we
define a new Mµ for Schrödinger invariant field theories in the following way

Mµ := m̃µ − (∂µ + (z − 2)bµ)χ (4.115)

Therefore we conclude that

m̃µ = mµ + (z − 2)bµ (4.116)
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4.2.3 Null reduction of energy-momentum tensor
In [55, 111, 112, 110] we have worked out the coupling prescriptions of non-relativistic field
theories to torsional Newton–Cartan (TNC) backgrounds both directly in field theory and
from Lifshitz holography. The results of course agree (see e.g. [110]). Here we briefly review
these results and derive them from null reduction as done in [55].

The TNC energy-momentum tensor (EMT) is defined as the response to varying the
TNC fields via

δbgS =

∫
dd+1xe

[
−τνT νµδv̂µ −

(
ĥσν v̂

µT νµ

)
τρδh

ρσ

+
1

2

(
ĥρν ĥσλh

λµT νµ

)
δhρσ + τµT

µδΦ̃

]
, (4.117)

where e is the determinant of the 3 by 3 matrix (τµ, e
a
µ) which is both boost and rotation

invariant. We can alternatively define an energy-momentum tensor by varying the unhatted
TNC fields via

δbgS =

∫
dd+1xe

[
−Tµδvµ +

1

2
Tµνδhµν + Tµδmµ

]
. (4.118)

The two are related via
hνρTρµ − vνTµ = T νµ + T νmµ . (4.119)

According to the null reduction of [55] the energy momentum tensor Tµν and mass
current Tµ are related to the higher dimensional energy-momentum tensor tAB via1

tµu = 2Φ̃Tµ − v̂σTµσ , (4.120)
tµν = −v̂µT ν + hµρT νρ . (4.121)

The latter relation implies due to the symmetry of tµν

−v̂µT ν + hµρT νρ + v̂νTµ − hνρTµρ = 0 , (4.122)

from which we read off the boost and rotation Ward identities

0 = −ĥµνTµ + τµh
ρσĥνσT

µ
ρ , (4.123)

0 = ĥµρĥνλh
λσT ρσ − (µ↔ ν) . (4.124)

The definitions (4.120) and (4.121) imply

−1

2
tABδγAB = −τνT νµδv̂µ −

(
ĥσν v̂

µT νµ

)
τρδh

ρσ

+
1

2

(
ĥρν ĥσλh

λµT νµ

)
δhρσ + τµT

µδΦ̃ , (4.125)

in agreement with the definition of Tµν and Tµ as the response to varying the TNC invariants
v̂µ, hµν and Φ̃ as given in (4.117). The relation between the higher and lower dimensional
energy-momentum tensors holds for any reduction given that γAB admits a null Killing
vector. No additional assumptions such as hypersurface orthogonality of ∂u are needed.

1Since tAB is the response to varying γAB there is no need for tuu since γuu = 0.
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The higher-dimensional energy-momentum tensor corresponds to the boundary theory of
a bulk AdS5 space-time and is thus traceless. Further by boundary diffeomorphism invariance
it satisfies a Ward identity for local diffeomorphism invariance. Upon reduction these give
rise to Ward identities for local scale and diffeomorphism invariance. To this end it is useful
to consider2 tAB, i.e.

tuu = 2Φ̃τµT
µ − v̂ντµTµν , (4.129)

tuν = 2Φ̃τµT
µ
ν − v̂σĥνρT ρσ + τν v̂

ρv̂σtρσ , (4.130)
tµu = Tµ , (4.131)
tµν = Tµν , (4.132)

where v̂ρv̂σtρσ, which contains tuu, is unspecified in terms of lower dimensional quantities as
it will drop out of the Ward identities. We can derive the following identities

∇AtAu = ∂µ (eTµ) , (4.133)
∇AtAµ = e−1∂ν (eT νµ) + T ρν

(
v̂ν∂µτρ − eνa∂µêaρ

)
+ τνT

ν∂µΦ̃ , (4.134)

tAA = −2v̂ντµT
µ
ν + êaµe

ν
aT

µ
ν + 2Φ̃τµT

µ . (4.135)

If we are dealing with a relativistic and scale invariant theory, i.e. ∇AtAB = tAA = 0 we
find the diffeomorphism, U(1) and the z = 2 version of the local dilatation Ward identities
as given in [55, 111, 112, 110].

The diffeomorphism Ward identity (4.134) can also be written in a TNC covariant form
using the connection (4.67) as done in [111]. Instead of the connection (4.67) we can also
take the Riemann–Cartan connection of [109], that we will denote by Γ̌ρµν , given by

Γ̌λµρ = −v̂λ∂µτρ +
1

2
hνλ

(
∂µĥρν + ∂ρĥµν − ∂ν ĥµρ

)
− hνλτρKµν , (4.136)

where Kµν = −1
2Lv̂ĥµν is the extrinsic curvature. This connection obeys

∇̌µτν = 0 , ∇̌µĥνρ = 0 , ∇̌µv̂ν = 0 , ∇̌µhνρ = 0 , (4.137)

and the relation (4.134) becomes

∇AtAν = ∇̌µTµν + 2Γ̌ρ[µρ]T
µ
ν − 2Γ̌µ[νρ]T

ρ
µ + τµT

µ∂νΦ̃ . (4.138)

This is the most compact and TNC covariant way of writing the diffeomorphism Ward
identity.

In [109] it was shown that TTNC geometry (but not the more general TNC geometry) can
be obtained by projecting the higher dimensional metric compatibility conditions involving
the Levi-Civita connection onto the surface orthogonal to ∂u (null reduction) in the sense that

2Sometimes it is useful to express tAB in terms of lower-dimensional quantities via

tµν = ĥρνT
ρ
µ + ĥρµT

ρ
ν − ĥµρĥνσhσλT ρλ + τµτν v̂

ρv̂σtρσ , (4.126)
tµu = τρT

ρ
µ , (4.127)

tuu = τρT
ρ . (4.128)
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the TNC metric compatibility conditions follow from the projection of the higher dimensional
metric compatibility conditions only when ∂u is hypersurface orthogonal. However, the
condition that the TNC metric compatibility conditions follow by projection is somewhat
artificial. Here we see that the diffeomorphism Ward identity takes the required form for any
field theory on a TNC geometry and not just TTNC geometry. At no point in the analysis
did we assume anything about τµ.

4.2.4 Energy-momentum tensors for Non-relativistic particles
In this section we would like just to give an example of energy-momentum tensors, taking
the simplest example: the non-relativistic particle. The motion of a non-relativistic particle
of mass m is governed by the following action

S =

∫
dλL =

m

2

∫
dλ
ĥµν ẋ

µẋν

τρẋρ
(4.139)

where the dots denotes derivative with respect to λ. This action has a reparametrization
symmetry, i.e. {δλ = ξ , δxµ = ξẋµ}. This can be used to fix a gauge and in particular we
choose τρẋρ. The equation of motion of the action (4.139) is

d2xµ

dλ2
+ Γµνρ

dxν

dλ

dxν

dλ
= 0 (4.140)

where Γµνρ is the affine connection defined in (4.52) once α is set to zero. By varying the
action(4.139) with respect to the background NC fields we obtain for -Tµν the following
result

Tµν = −Pν ẋµ (4.141)

where Pµ is the generalized momentum defined by

Pµ =
∂L

∂ẋµ
= −m

2
τµhρσẋ

ρẋσ +mhµν ẋ
ν −mMµ = pµ −mMµ (4.142)

and the mass current is the following

Tµ = −mẋµ (4.143)

4.2.5 Null reduction of a perfect relativistic fluid
Since we are interested in non-relativistic versions of the fluid/gravity correspondence we
study here the null reduction of a relativistic fluid3.

A relativistic perfect fluid is given by a conserved energy-momentum tensor tAB that is
of the form

tAB = (E + P )UAUB + PγAB , (4.144)

where UA satisfies UAUA = −1. Consider the following parametrization of UA,

U2
u =

ρ

E + P
, (4.145)

hµνUν = Uu (v̂µ − uµ) , (4.146)

v̂µUµ =
1

2
Uu

(
ĥµνu

µuν + 2Φ̃ + U−2
u

)
, (4.147)

3This has also been done in [27] but our approach differs in that we do not need to introduce what is
called a null fluid in [27].
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where uµ satisfies τµuµ = −1. It follows that

Uµ = −1

2
Uuτµ

(
ĥρσu

ρuσ + 2Φ̃ + U−2
u

)
− Uuĥµνuν (4.148)

= −Uu
[

1

2
τµ
(
hρσu

ρuσ + U−2
u

)
+ hµνu

ν +mµ

]
, (4.149)

which (except for the U−2
u term) takes the form of the velocity of a point particle. The

components of Uµ are given by

Uu = −1

2
Uu

(
ĥµνu

µuν − 2Φ̃ + U−2
u

)
, (4.150)

Uµ = −Uuuµ . (4.151)

Further redefine the energy density E as

E = 2E + P . (4.152)

Using the above results it follows that Tµν and Tµ are given by

Tµν =

(
E + P + ρΦ̃ +

1

2
ρĥλκu

λuκ
)
uµτν + Pδµν + ρuµĥνρu

ρ

=

(
E + P +

1

2
ρhλκu

λuκ
)
uµτν + Pδµν + ρuµhνρu

ρ + ρuµmν , (4.153)

Tµ = −ρuµ . (4.154)

This can be shown to agree with the notion of a Galilean perfect fluid as given in [131].
The null reduction ansatz has a local U(1) symmetry which is the diffeomorphism

δu = −ξu and δmµ = −∂µξu. If we act with this diffeomorphism on UA and UA via

δUA = ξB∂BUA + UB∂Aξ
B , δUA = ξB∂BU

A − UB∂BξA , (4.155)

with ξA = δAu ξ
u we see that Uu and Uµ are U(1) invariant. It follows from (4.151) that the

fluid velocity uµ is particle number invariant.
The z = 2 trace Ward identity reads (for d = 2 spatial dimensions)

tAA = −2v̂ντµT
µ
ν + êaµe

ν
aT

µ
ν + 2Φ̃τµT

µ = −2E + 2P = 0 . (4.156)

The null reduction only leads to theories with z = 2 scaling relations.

4.2.6 Schrödinger field on NC curved backgroung from limiting procedure
The NC theory can be coupled to some matter content also in an other way, using the
non-relativistic limit procedure. The matter couplings can be derived by taking some
relativistic matter coupling and taking the non relativistic limit of it. This method was
mainly developed in [32] .For example we can consider a complex Klein-Gordon vector field
coupled to relativistic gravity

Srel =

∫ √
−g
(
−1

2
gµνDµΦDνΦ? − M2

2
ΦΦ?

)
(4.157)
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where we defined the following covariant derivative with respect to a U(1) gauge field Mµ

DµΦ = ∂µΦ− iMMµΦ (4.158)

This is not a coupling to the electromagnetic field, but it is really a U(1) curl free field. This
lagrangian is invariant under a local U(1) transformation which transforms the field in the
following way

δΦ = iMΛΦ (4.159)

As always, we can associate to this U(1) a conserved current which is given by

jµ =
M

2i
(Φ?DµΦ− ΦDµΦ?) (4.160)

Using the redefinitions of field described before in (4.31), and rescaling the mass parameter
as M = ωm, taking the limit for ω →∞ this lead to the well defined lagrangian

Srel =

∫
e

(
i

2
vµ (Φ?DµΦ− ΦDµΦ?)− 1

2m
hµνDµΦDνΦ?

)
(4.161)

where

DµΦ = ∂µΦ + immµΦ (4.162)

This is the lagrangian of a Schrödinger field coupled to an arbitrary TTNC background, and
it has a symmetry under the following transformation

δΦ = ξµ∂µΦ− imσΦ (4.163)

Also in this case it is possible to find a conserved current associated to this symmetry, and it
is the following

jµ = vµΦΦ? +
1

2mi
hµν (Φ?DνΦ− φDνΦ?) (4.164)

This is often called number current because it counts the number of particle, and the number
of particle is conserved. In [32] the coupling to more complicated matter is derived : fermions,
bosons, massless and massive matter. There are also some details on spin-3/2 field.

4.3 Dynamical Newton Cartan geometry and Hořava-Lifshitz gravity
In this section we would like to briefly analyze the work done in [114] in the context of
making the geometry described in 4.1.1 dynamical. The goal is to write down an action
which encodes the dynamics of the geometry described by the fields τµ, eaµ and ma only.
For simplicity we restrict ourselves to 2 spatial dimensions and to values of z between 1
and 2. This is a restriction done for simplicity, but it is straightforward to consider higher
dimensions. First of all, since we demand manifest G and J symmetry, the terms that will
be present in the action should involve the invariants (4.48). Moreover the action should
have dilatonic weight zero. The weights of the NC fields can be read off by the Schrödinger
algebra (4.109) and are given in the following table
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G and J invariants τµ ĥµν v̂µ hµν e

dilatation weight −z −2 z 2 −(z + 2)

The terms that are going to appear in the action, can be build essentialy in 3 ways
• The first way is employing the torsion tensor, which is the antisymmetric part of the

affine connection of the NC geometry
• The second way is taking covariant derivatives of ĥµν and of the torsion tensor itslef
• The third way is building scalars out of curvature tensor of G and J

We are not going to classify all the terms that could be taken into account of this 3 types, it
is out of the scope of this brief review. This has been done in [114] and, taking into account
all the information given in this section, the action they obtain is the following

S =

∫
dtd2xe

[
C
(
hµρhνσKµνKρσ − λ(hµνKµν)2

)
− V

]
(4.165)

where the potential is

−V = 2Λ + c1h
µνaµaν + c2R+ δz,2

[
c10(hµνaµaν)2 + c11h

µρaµaρ∇ν(hνσaσ)

+ c12∇ν(hµρaρ)∇µ(hνσaσ) + c13R2 + c14R∇µ(hµνaν) + c15Rhµνaµaν
]
(4.166)

and Kµν = −ĥνρ∇µv̂ρ, aµ is the Lie derivative of τµ along v̂µ (and it was previously defined
in (4.58)). What it is nice in this action is that the field mµ is not explicitly present, but it
is hidden into v̂µ and ĥµν . The explicit field content of the theory is {τµ, v̂µ, ĥµν , hµν}. This
means that we could effectively treat v̂µ and ĥµν as new fields and "forget" about mµ.

As we said at the beginning of this section, this is the action which encodes the dynamics
of the geometry spanned by the field τµ, eaµ and ma only. In the work done in [114] there is
a generalization. in which also the extra U(1) symmetry is considered and the fields Φ̃ and
χ are turned on. We are not going to write details about this.

The result can be generalized to higher dimensions and in the same paper they also
developed the dynamics of the geometry generated by the Schrödinger group, which should
be the analogue of conformal gravity but for non-relativistic geometries.

Moreover they showed that the action (4.165) is just the action which has been considered
when people studied Horaw̌a-Lifshitz gravity in 3D.

4.3.1 Horav̌a-Lifshitz cosmology
In the paper [114], which has been briefly reviewed in the last section, it was shown that the
dynamics of TTNC (Twistless Torsional Newton Cartan) geometry is given by non-projectable
Horav̌a-Lifshitz gravity and that the projectable case corresponds to the dynamics of NC
geometries without torsion. It is worth to point out that, in the absence of a cosmological
constant, the vacuum of this dynamical geometry is not Minkowski space-time, but is is flat
NC space-time which has different symmetries than Minkowski space-time, as it is explained
in [110]. Therefore it could be interesting to study the propagation of degrees of freedom
and compare them with some known results in the studies on Horav̌a-Lifshitz cosmology. In
this light is then important also to find the equations of motion for the theory and possible
vacuum solutions, such as black holes or maximally symmetric spaces. This work could
be important also because one can ideally use this dynamical geometry as a bulk in the
holographic correspondence. Moreover, if there are some black holes solution of the theory
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(and they should be since black hole solutions to HL gravity possibly exist), they can be
used some version of the fluid/gravity correspondence. I will report in the following some
preliminary results of this work, which may become a paper in the future.

The first step in deriving the equation of motion is to choose a linear independent set of
variation for NC objects. In fact, not all the NC datas are linear independent, since they
obey the following orthogonality conditions

v̂µĥµν = 0 τνh
νµ = 0 τµv̂

µ = −1 (4.167)

therefore also the variations δv̂µ, δτµ, δhµν , δmµ or δφ̃ are not independent from each other.
One can choose as linear independent variations the set {δv̂µ, δhµν , δφ̃}, where the last
variation will come into play only when the conformal symmetry is manifest, for obvious
reasons. The other variations are dependent from those in a way such that (4.167) is fullfilled,
i.e.

δτµ = τµτνδv̂
ν − ĥµρτνδhρν (4.168)

δĥµν = (τµĥνρ + τν ĥµρ)δv̂
ρ − ĥµρĥνσδhρσ (4.169)

The second step is to perform the variation of the action (4.165). The first set of the equation
of motion, found by varying it with respect to v̂µ, for dynamical NC geometry (with torsion)
is the following

hµν [2C(∇µ − aµ)pαν − 2c1τα∇νaµ + 2c2τα(∇µ − aµ)aν ] = 0 (4.170)

This is often called in the Horav̌a-Lifshitz literature, the momentum constraint. A remarkable
fact is that, ince the torsion is set to zero (i.e. aµ = 0) this equation is just the "covariant"
conservation of the tensor pµν . Having the expression of the momentum constraint, one can
also try to look at linear perturbations around the flat NC background without matter, and
count the number of degrees of freedom. Considering the most general linear perturbation
around a flat NC background without matter, it can be decomposed in tensors as follows

τµ = δtµ + tµ + ∂µT (4.171)
v̂µ = −δµt + ωµ + ∂µB (4.172)
ĥµν = (1 + ε)δaµδ

b
νδab + ∂µεν + ∂νεµ + εµν + ∂µ∂νεL (4.173)

hµν = (1 + ε̃)δµa δ
ν
b δ
ab + ∂µε̃ν + ∂ν ε̃µ + ε̃µν + 2∂µ∂ν ε̃L (4.174)

where tµ, ωµ, εµ and ε̃µ are transverse and εµν and ε̃µν are traverse traceless. Diffeomorphism
invariance can be used to kill some gauge residual symmetry. In particular one can choose
ξt = −T and ξa = −εa − ∂aεL. Moreover, recalling that the NC sources obey orthogonal-
ity conditions (4.167), the perturbations are further constrained. Applying orthogonality
conditions and killing the residual gauge symmetry one is left with the following set of
perturbations

δĥµν = (δaµδ
t
ν + δtµδ

a
ν) (ωa + ∂aΩ) + δaµδ

b
ν(2εδab + εab) (4.175)

δhµν = −(δµt δ
ν
a + δµa δ

ν
t )ta + δµa δ

ν
b (ε̃ab − 2εδab) (4.176)

δτµ = δtµtt + δaµta (4.177)
δv̂µ = δµt tt + δµa (ωa + ∂aΩ) (4.178)
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performing the redefinition tt = χ. Transversality on tµ, ωµ, εµ and εµν translates on ta, ωa,
εab, χ and B in the following way

∂at
a = 0 , ∂aω

a = 0 , χ̇ = 0 (4.179)
∂aε

ab = −ω̇b , ∂aε̃
ab = ṫb (4.180)

Before expanding the action one should solve the momentum constraint first. In this gauge,
the momentum constraint without matter is

C∂a [(dλ− 1)ε̇− 2(λ− 1)�B] + C(∂2
t + �)ωa = 0 (4.181)

where d is the space dimension. One can formally solve this equation and get the following

B =
dλ− 1

λ− 1

ε̇

�
, ωa = 0 (4.182)

which is the same result of the review [147] but for ta that in the review is zero (projetable
theories) but in general it could not zero. The difference with projectable theories is then
that one has a nonzero ta/ωa and a nonzero tt. Now one can expand the action (4.165) and
apply the momentum constraint, getting the following result

S =

∫
ddxdt

[
1

4
εab
(
−C∂2

t − c2�
)
εab + (d− 1)ε

(
−C (dλ− 1)

λ− 1
∂2
t + c2d�

)
ε

− C

2
ωa
(
c2

1

c2
2

∂2
t +

1

2
�

)
ωa − tt(c1 − c2)�tt

]
(4.183)

In this preliminary work, also the Einstein tensor has been computed and it has been shown
that it obeys the corresponding Bianchi identities.

4.4 Holographic renormalization of the upliftable model

The EPD model with

Z = e3Φ , W = 4 , V (Φ) = 2e−3Φ − 12e−Φ , x = 3 . (4.184)

can be obtained from a Scherk–Schwarz reduction of the 5-dimensional action

S =
1

2κ2
5

∫
d5x
√
−G

(
R+ 12− 1

2
∂Mψ∂

Mψ

)
, (4.185)

where κ2
5 = 8πG5 with G5 the 5-dimensional Newton’s constant and where M = (u,M).

The consistency of this reduction will be shown in section 4.4.5.
In this section we will first perform the holographic renormalization in 5 dimensions for

those asymptotically locally AdS space-times that have a boundary metric obeying the null
reduction ansatz of section 4.1.4. We then subsequently reduce the result to obtain the
counterterms and near boundary expansions in 4 dimensions for asymptotically locally z = 2
Lifshitz space-times.
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4.4.1 Fefferman–Graham expansions and counterterms
By using the results of [108, 150, 54, 55]4 we can obtain the solution to the equations of
motion of (4.185) (that are given further below in (4.201) and (4.202)) expressed as an
asymptotic series in radial gauge, i.e. as a Fefferman–Graham (FG) expansion [89]. The
result reads5

GMNdxMdxN =
dr2

r2
+ γABdx

AdxB , (4.186)

γAB =
1

r2

[
γ(0)AB + r2γ(2)AB + r4 log rγ(4,1)AB + r4γ(4)AB +O(r6 log r)

]
,(4.187)

ψ = ψ(0) + r2ψ(2) + r4 log rψ(4,1) + r4ψ(4) +O(r6 log r) , (4.188)

where the coefficients are given by

γ(2)AB = −1

2

(
R(0)AB −

1

2
∂Aψ(0)∂Bψ(0)

)
+

1

12
γ(0)AB

(
R(0) −

1

2
(∂ψ(0))

2

)
,(4.189)

ψ(2) =
1

4
�(0)ψ(0) , (4.190)

at second order and by

γ(4,1)AB =
1

4
∇C(0)

(
∇(0)Aγ(2)BC +∇(0)Bγ(2)AC −∇(0)Cγ(2)AB

)
− 1

4
∇(0)A∇(0)Bγ

C
(2)C

+γ(2)ACγ
C
(2)B −

1

2
∂(Aψ(0)∇(0)B)ψ(2) − γ(0)AB

(
1

4
γCD(2) γ(2)CD +

1

2
ψ2

(2)

)
,(4.191)

ψ(4,1) = −1

4

[
�(0)ψ(2) + 2ψ(2)γ

A
(2)A +

1

2
∂Aψ(0)∇(0)Aγ

B
(2)B − γ

AB
(2) ∇(0)A∂Bψ(0)

−∂Aψ(0)∇B(0)γ(2)AB

]
, (4.192)

at order r4 log r. We note that the quantity γ(4,1)AB is traceless. Indices of the expansion
coefficients are raised and lowered with the AdS boundary metric γ(0)AB. At order r4 we
have that γ(4)AB is constrained by

γA(4)A =
1

4
γ(2)ABγ

AB
(2) −

1

2
ψ2

(2) , (4.193)

∇B(0)γ(4)AB = ψ(4)∂Aψ(0) −
1

2
ψ(2)∇(0)Aψ(2) −

1

4
γBC(2) ∇(0)Aγ(2)BC

−1

4
γ(2)AC∇C(0)γ

B
(2)B +

1

2
γBC(2) ∇(0)Bγ(2)AC +

1

2
γC(2)A∇

B
(0)γ(2)BC .(4.194)

Following [108] we write the coefficient γ(4)AB as

γ(4)AB = XAB −
1

4
tAB , (4.195)

4We set χ̂ = 0 and redefine φ̂ = ψ in [55].
5We will denote here and further below by a(n,m) the coefficient at order rn(log r)m of the field r∆a where

r−∆ is the leading term in the expansion of a with the exception of the a(n,0) term which we will simply
denote as a(n).
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where tAB is the boundary energy-momentum tensor defined in (4.207). The trace and
divergence of tAB will be given below together with the explicit form of XAB. In the
expansion for the scalar we have that ψ(4) is a fully arbitrary function of the boundary
coordinates.

The complete action with Gibbons–Hawking and local counterterms (using minimal
subtraction) is given by

Sren =
1

2κ2
5

∫
M
d5x
√
−G

(
R+ 12− 1

2
∂Mψ∂

Mψ

)
+

1

κ2
5

∫
∂M

d4x
√
−γK + Sct , (4.196)

where γ denotes the determinant of the metric γAB on the cut off boundary ∂M, the extrinsic
curvature K is given by

K = γABKAB , KAB = −1

2
LnγAB , nM = −rδMr , (4.197)

and where

Sct =
1

κ2
5

∫
∂M

d4x
√
−γ
(
−1

4

(
R(γ) + 12− 1

2
∂Aψ∂

Aψ

)
− 1

2
A log r

)
, (4.198)

with

A = −1

4

(
QABQAB −

1

3
Q2 +

1

2

(
�(γ)ψ

)2)
, (4.199)

QAB = R(γ)AB −
1

2
∂Aψ∂Bψ .

4.4.2 One-point functions
To compute one-point functions, we write the total variation of Sren = Sbulk + SGH + Sct as

δSren =
1

2κ2
5

∫
M
d5x
√
−G

(
EMN δGMN + Eψδψ

)
+

1

2κ2
5

∫
∂M

d4x
√
−γ
(

1

2
TABδγ

AB + Tψδψ

)
, (4.200)

where EMN and Eψ are the equations of motion

EMN = GMN − 6GMN −
1

2
∂Mψ∂Nψ +

1

4
GMN (∂ψ)2 , (4.201)

Eψ = �ψ , (4.202)

and where

TAB = −2(K − 3)γAB + 2KAB −QAB +
1

2
hABQ+ log rT

(A)
AB , (4.203)

Tψ = −nM∂Mψ −
1

2
�(γ)ψ + log rT

(A)
ψ . (4.204)

Here we defined

T
(A)
AB = − 2κ2

5√
−γ

δA

δγAB
, T

(A)
ψ = − κ2

5√
−γ

δA

δψ
, (4.205)
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with

A =
1

κ2
5

∫
∂M

d4x
√
−γA . (4.206)

From the expansions it follows that
√
−γ = r−4√−γ(0)+O(r−2), δγAB = r2δγAB(0) +O(r4),

δψ = δψ(0) +O(r2), which is used to obtain the following one-point functions (we take the
cut-off boundary at r = ε)

tAB =
4κ2

5√
−γ(0)

δSon-shell
ren

δγAB(0)

= lim
ε→0

ε−2TAB = −4γ(4)AB + 4XAB , (4.207)

〈Oψ〉 =
2κ2

5√
−γ(0)

δSon-shell
ren
δψ(0)

= lim
ε→0

ε−4Tψ = 4ψ(4) + ψ(2)γ
A
(2)A + 3ψ(4,1) , (4.208)

where

XAB =
1

2
γ(2)ACγ

C
(2)B −

1

4
γC(2)Cγ(2)AB +

1

8
γ(0)ABA(0) −

3

4
γ(4,1)AB , (4.209)

with

A(0) = lim
ε→0

ε−4A = (γA(2)A)2 − γAB(2) γ(2)AB − 2ψ2
(2) . (4.210)

Using equations (4.193) and (4.194) we can compute the trace and divergence of the
boundary energy-momentum tensor and the result is

tAA = A(0) , (4.211)

∇(0)At
A
B = −〈Oψ〉∂Bψ(0) . (4.212)

4.4.3 Dimensional Reduction of the action

The Scherk–Schwarz reduction leading to (5.3) with the choices (5.17) is obtained by the
following reduction ansatz

ds2
5 = GMNdxMdxN =

dr2

r2
+ γABdx

AdxB = e−ΦgMNdx
MdxN + e2Φ

(
du+AMdx

M
)2

= e−Φ

(
eΦdr

2

r2
+ hµνdx

µdxν
)

+ e2Φ (du+Aµdx
µ)2 , (4.213)

ψ = 2u+ 2Ξ , (4.214)

where the all functions are independent of the fifth coordinate u which is periodically
identified u ∼ u+ 2πL. The only exception is the term linear in ψ which means that upon
going around the reduction circle ψ comes back to itself up to a constant shift. This is
allowed because shifting ψ is a global symmetry of the higher dimensional theory. The
consistency of the reduction is proven in section 4.4.5.
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After reduction the four dimensional action is

S =

∫
d4x
√
−g
(
R− 3

2
∂MΦ∂MΦ− 1

4
e3ΦFMNF

MN − 2BMB
M − V

)
+2

∫
d3x
√
−hK + Sct , (4.215)

Sct = 2

∫
∂M

d3x
√
−h
[
−1

4
eΦ/2

(
R(h) −

3

2
∂µΦ∂µΦ− 1

4
e3ΦFµνF

µν − 2BµB
µ + 10e−Φ

)]
− log r

∫
∂M

d3x
√
−he−Φ/2A , (4.216)

where

BM = AM − ∂MΞ , (4.217)
FMN = ∂MBN − ∂NBM , (4.218)

V = 2e−3Φ − 12e−Φ , (4.219)

and where we used that 2πL
2κ2

5
= 1.

The total variation can be written as

δSren =

∫
M
d4x
√
−g
(
EMNδg

MN + ENδBN + EΦδΦ
)

+

∫
∂M

d3x
√
−h
(

1

2
Tµνδh

µν + T νδBν + TΦδΦ

)
, (4.220)

with

EMN = GMN +
1

8
e3ΦgMNFPQF

PQ − 1

2
e3ΦFMPFN

P + gMNBPB
P − 2BMBN

+
3

4
gMN∂PΦ∂PΦ− 3

2
∂MΦ∂NΦ +

1

2
gMNV , (4.221)

EΦ = 3�Φ− 3

4
e3ΦFMNF

MN + 6e−3Φ − 12e−Φ , (4.222)

EN = ∇M
(
e3ΦFMN

)
− 4BN , (4.223)

and

Tµν = −2Khµν + 2Kµν − eΦ/2G(h)µν + 5e−Φ/2hµν

+
1

2
e7Φ/2FµρFν

ρ − 1

8
e7Φ/2hµνFρσF

ρσ − eΦ/2hµνBρB
ρ + 2eΦ/2BµBν

+
1

2
eΦ/2

(
∇(h)
µ ∂νΦ− hµν�(h)Φ

)
+

7

4
eΦ/2∂µΦ∂νΦ− eΦ/2hµν∂ρΦ∂

ρΦ ,(4.224)

TΦ = −3nM∂MΦ− 1

4
eΦ/2R(h) −

3

8
eΦ/2∂µΦ∂µΦ− 3

2
eΦ/2�(h)Φ

+
7

16
e7Φ/2FµνF

µν +
1

2
eΦ/2BµB

µ +
5

2
e−Φ/2 , (4.225)

T ν = −e3ΦnMF
Mν − 1

2
∇(h)
µ

(
e7Φ/2Fµν

)
+ 2eΦ/2Bν , (4.226)
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where the extrinsic curvature is

K = hµνKµν , Kµν = −1

2
Lnhµν , nM = −re−Φ/2δMr . (4.227)

These expressions are correct up to log r terms since we did not vary those counterterms.

4.4.4 Sources and Vevs

We write the 4-dimensional metric in (4.213) as

ds2 = eΦdr
2

r2
+ hµνdx

µdxν = eΦdr
2

r2
− E0E0 + δabE

aEb . (4.228)

In order to compute the vevs we use the identity [55, 111]

1

2
Tµνδh

µν + T νδBν + TΦδΦ = S0
µδE

µ
0 + SaµδEµa + Tϕδϕ+ T aδAa + TΞδΞ + TΦδΦ , (4.229)

which holds up to a total derivative, where we used that Bν = Aν − ∂νΞ, Aa = EµaAµ and
where ϕ is defined by [111]

ϕ = Eν0Aν − α(Φ) , (4.230)

with α = e−3Φ/2 for the particular model studied here [55] and where

S0
µ = −

(
TµνE

ν
0 + T ρE0

ρAµ
)
, (4.231)

Saµ =
(
TµνE

νa − T ρEaρAµ
)
, (4.232)

Tϕ = T νE0
ν , (4.233)

TΦ = TΦ + T νE0
ν

dα

dΦ
, (4.234)

T a = T νEaν , (4.235)
TΞ = e−1∂µ (eT µ) . (4.236)

The 4-dimensional sources are defined as the leading terms in the expansions of the
bulk fields appearing on the right hand side of (4.229). We find the sources vµ, eµa ,mµ, φ, χ
defined via

Eµ0 ' −r2α
−1/3
(0) vµ , (4.237)

Eµa ' rα
1/3
(0) e

µ
a , (4.238)

Aµ − α(Φ)E0
µ ' −mµ , (4.239)
Φ ' φ , (4.240)
Ξ ' −χ , (4.241)

ϕ ' r2α
−1/3
(0) vµmµ , (4.242)

Aa ' −rα1/3
(0) e

µ
amµ . (4.243)
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Likewise the vevs are defined as the leading terms in the expansions of the objects that are the
responses to the variations written in (4.229), i.e. we define the vevs S0

µ, S
a
µ, T

0, T a, 〈Oφ〉, 〈Oχ〉

S0
µ ' r2α

2/3
(0) S

0
µ , (4.244)

Saµ ' r3Saµ , (4.245)

Tϕ ' −r2α
2/3
(0) T

0 , (4.246)

T a ' −r3T a , (4.247)

TΦ ' r4α
1/3
(0) 〈Oφ〉 , (4.248)

TΞ ' −r4α
1/3
(0) 〈Oχ〉 , (4.249)

where
α(0) = e−3φ/2 . (4.250)

Using (4.228), (4.213) as well as the definitions of the 4-dimensional sources (4.237)–
(4.239) we can derive the following relation between the 5-dimensional boundary metric
γ(0)AB and the 4-dimensionsal sources τµ, mµ and eaµ,

ds2 = γ(0)ABdx
AdxB = 2τµdx

µ (du−mνdx
ν) + hµνdx

µdxν , (4.251)

where hµν = δabe
a
µe
b
ν which is the form of a null reduction ansatz for a reduction along

u as discussed in section 4.1.4. The fact that the boundary metric of the 5-dimensional
asymptotically locally AdS space-time must have a null circle means that the source φ which
appears in the expansion of Φ is not independent of the other sources. This can be seen by
noting that γuu = e2Φ, so that the 5-dimensional FG expansion via (4.187) and (4.189) tells
us that

e2φ = γ(2)uu = −1

2
R(0)uu + 1 = −1

4
(εµνρτµ∂ντρ)

2 + 1 , (4.252)

where the epsilon tensor is given by εµνρ = e−1εµνρ where e is the determinant of the TNC
vielbein matrix (τµ , e

a
µ) and εµνρ is the Levi-Civita symbol. For more details we refer to [55].

The consequence of this is that the variation of the on-shell with respect to φ gives zero
since nothing depends on φ.

We now relate the 5-dimensional vevs to the 4-dimensional vevs. For all solutions
obeying the reduction ansatz the variation of the on-shell action can be written in both a
5-dimensional and a 4-dimensional notation. From a 5-dimensional perspective we have

δSon-shell
ren = lim

ε→0

1

2κ2
5

∫
r=ε

d4x
√
−γ
(

1

2
TABδγ

AB + Tψδψ

)
=

∫
∂M

d3xe

(
1

2
tABδγ

AB
(0) + 〈Oψ〉δψ(0)

)
, (4.253)

where we used the fact that
√
−γ(0) = e = det

(
τµ, e

a
µ

)
as follows from (4.251) and the fact

that nothing depends on u so that we can perform the u integral. At the same time from a
4-dimensional perspective we also have, using (4.220), (4.229),

δSon-shell
ren = lim

ε→0

∫
r=ε

d3x
√
−h
(

1

2
Tµνδh

µν + T νδBν + TΦδΦ

)
(4.254)

=

∫
∂M

d3xe
(
−S0

µδv
µ + Saµδe

µ
a + T 0δm0 + T aδma + 〈Oχ〉δχ+ 〈Õφ〉δφ

)
,
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with m0 = −vµmµ, ma = eµamµ and where we used

ψ(0) = 2u− 2χ , 〈Oψ〉 = −1
2〈Oχ〉 , (4.255)

so that δψ(0) = −2δχ and where furthermore Õφ is given by

Õφ = Oφ −
1

2

[
vµ
(
S0
µ + T 0mµ

)
+ eµa

(
Saµ + T amµ

)]
= 0 , (4.256)

which must vanish because of the comment below (4.252). The extra terms added to Oφ
come from the variation of φ due to the α(0)(φ) factors in (4.237)–(4.239). Equating (4.254)
with (4.253) we obtain

1

2
tABδγ

AB
(0) + 〈Oψ〉δψ(0) = −S0

µδv
µ+Saµδe

µ
a +T 0δm0 +T aδma+ 〈Oχ〉δχ+ 〈Õφ〉δφ , (4.257)

up to total derivatives. The right hand side can be rewritten as follows

− S0
µδv

µ + Saµδe
µ
a + T 0δm0 + T aδma + 〈Oχ〉δχ+ 〈Õφ〉δφ = (4.258)

− τνTχνµδv̂µχ −
(
τ(µĥ

χ
ν)ρv̂

σ
χTχ

ρ
σ

)
δhµν +

1

2

(
ĥχµρĥ

χ
νλh

λσTχ
ρ
σ

)
δhµν + τµT

µδΦ̃χ

+

(
〈Oχ〉 −

1

e
∂µ (eTµ)

)
δχ+

(
êχ
a
µT

µ − τνeµaTχνµ
)
δMa −

1

2
êχ

[a
ν e

b]µTχ
ν
µ

(
êχρaδe

ρ
b − êχρbδe

ρ
a

)
,

where v̂µχ, êχaµ and Φ̃χ are given by (4.50), (4.48) and (4.49) but with mµ replaced by Mµ

which is
Mµ = mµ − ∂µχ . (4.259)

This does not affect their orthonormality propertier. Further we defined Ma = eµaMµ and

Tχ
µ
ν = −

(
S0
ν + T 0∂νχ

)
vµ + (Saν + T a∂νχ) eµa , (4.260)

Tµ = −T 0vµ + T aeµa . (4.261)

The definitions of the 4-dimensional sources (4.251) and (4.255) imply that they transform
under the local symmetries

δeaµ = τµλ
a + λabe

b
µ , (4.262)

δmµ = ∂µσ + λae
a
µ , (4.263)

δχ = σ , (4.264)

for the same reasons as discussed in section 4.1.4. From this we conclude that

δeµa = λa
beµb , (4.265)

δMa = λa + λa
bMb , (4.266)

so that we must have the off-shell Ward identities

êχ
a
µT

µ = τνe
µaTχ

ν
µ , (4.267)

0 = êχ
[a
ν e

b]µTχ
ν
µ , (4.268)

〈Oχ〉 =
1

e
∂µ (eTµ) . (4.269)
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Hence we obtain the following relation between the 5- and 4-dimensional vevs

1

2
tABδγ

AB
(0) + 〈Oψ〉δψ(0) = −τνTχνµδv̂µχ −

(
τ(µĥ

χ
ν)ρv̂

σ
χTχ

ρ
σ

)
δhµν

+
1

2

(
ĥχµρĥ

χ
νλh

λσTχ
ρ
σ

)
δhµν + τµT

µδΦ̃χ . (4.270)

Using the same reasoning as in section 4.2.3 we conclude from this that the relation between
the 5- and 4-dimensional vevs can be summarized as

tµu = 2Φ̃Tµ − v̂ν (Tχ
µ
ν − Tµ∂νχ) , (4.271)

tµν = −v̂µT ν + hµρ (Tχ
ν
ρ − T ν∂ρχ) . (4.272)

Note that Tχµν − Tµ∂νχ is independent of χ because we absorbed Tµ∂νχ into the definition
of Tχµν (see also (4.260)). Put another way we can use equations (4.126)–(4.132) with

Tµν = Tχ
µ
ν − Tµ∂νχ . (4.273)

The Ward identities are then obtained by the dimensional reduction of (4.211) and (4.212)
using (4.255) and equations (4.126)–(4.132) with Tµν = Tχ

µ
ν − Tµ∂νχ. On a flat boundary

with τµ = δtµ, hµν = δijδ
i
µδ
j
ν , mµ = 0 and χ = 0 this becomes

2T tt + T ii = 0 , (4.274)
∂µT

µ
ν = 0 , (4.275)

∂µT
µ = 〈Oχ〉 . (4.276)

4.4.5 Consistency of the reduction

In this subsection we will show that the Scherk–Schwarz reduction (4.213) and (4.214) is
consistent. We performed the reduction at the level of the action in section 4.4.3. It remains
to show that also the equations of motion of the 5-dimensional action reduce correctly. The
5-dimensional equations of motion (4.201)and (4.202) can be written as

R
(5)
MN = −4GMN +

1

2
∂Mψ∂Nψ , (4.277)

0 = ∂M

(√
−GGMN∂Nψ

)
, (4.278)

where the superscript on the Ricci tensor is used to distinguish its MN component from the
4-dimensional Ricci tensor R(4)

MN .
The Kaluza–Klein ansatz for the metric (4.213) tells us that

GMN = e−ΦgMN + e2ΦAMAN , GMu = e2ΦAM , Guu = e2Φ , (4.279)
GMN = eΦgMN , gMu = −eΦAM , Guu = e−2Φ + eΦAMAM . (4.280)

Further we have
√
−G = e−Φ√−g. The reduction of the 5-dimensional Ricci tensor follows

from standard results on circle reductions of gravity (see for example [149]). The components
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of the 5-dimensional Ricci tensor can be written as follows

R(5)
uu = −e3Φ�Φ +

1

4
e6ΦF 2 , (4.281)

R
(5)
uM = R(5)

uuAM +
1

2
∇N

(
e3ΦFMN

)
, (4.282)

R
(5)
MN = AMR

(5)
uN +ANR

(5)
uM −AMANR

(5)
uu +R

(4)
MN −

3

2
∂MΦ∂NΦ

+
1

2
gMN�Φ− 1

2
e3ΦFMPFN

P . (4.283)

Using the Scherk–Schwarz reduction ansatz for ψ given in (4.214) we also have

R(5)
uu = −4e2Φ + 2 , (4.284)

R
(5)
uM = −4e2ΦAM + 2∂MΞ , (4.285)

R
(5)
MN = −4e−ΦgMN − 4e2ΦAMAN + 2∂MΞ∂NΞ . (4.286)

It is now straightforward to verify that combining (4.281) and (4.284) leads to the
equation of motion for Φ given in (4.222). Continuing with (4.282) and (4.285) we obtain
the equation of motion for BM = AM − ∂MΞ given in (4.222). Finally the equations (4.283)
and (4.283) lead to the trace-reversed versions of the Einstein equation given in (4.221).
We also have the 5-dimensional equation of motion for ψ. This can be seen to reduce to
∂M
(√
−gBM

)
= 0 which is a consequence of (4.222). We have hereby shown that the

reduction (4.213) and (4.214) is consistent.

4.4.6 Comparison to other approaches
The works [52, 53] and [111, 110] both study asymptotically locally Lifshitz solutions of the
EPD model. The setup of [52, 53] includes in principle what we refer to as the upliftable
model but does not study it explicitly. Below we will make a first attempt at a comparison
between the two approaches. We will do this for the general class of EPD models for as much
as possible. Some statements will however be more specific for the case of the upliftable
model.

In the notation of [52, 53] the solution to the equations of motion of the EPD model near
a Lifshitz boundary is written as

ds2 = dr2 + γijdx
idxj , (4.287)

A = Aidx
i , B = A− dω . (4.288)

The U(1) gauge transformations have been partially fixed by setting Ar = 0. In [111, 110]
we make the same gauge choice only for z = 2. In our notation we would replace the i index
by a µ index and replace r by log r. Further ω here is denoted by Ξ6 and γij is called hµν
here.

In [52, 53] they employ a radial gauge (F2 = 1) for the metric while in [111, 110] we allow
for a general function in the rr component of the metric. For example for the upliftable
model it is more natural to work with a gauge in which7 F2 = e−Φ so that the 5-dimensional

6The source ω(0) of the Stückelberg field ω is what we call χ.
7Similar gauge choices for F2 are also important for some other EPD models that do not admit an uplift

(see the z = 2 and ∆ = 0 cases discussed in [111]).
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uplifted asymptotically locally AdS metric is written in radial gauge. This difference is more
than just a matter of choice because we have shown in [55] that one cannot transform to the
F2 = 1 gauge unless the leading term in the expansion of Φ, that we call φ, vanishes8. This
is not always the case and when we impose this extra condition it leads via (4.252) to the
condition that τµ is hypersurface orthogonal. Hence if we make the assumption that the
asymptotically locally Lifshitz boundary conditions of [55] are compatible with radial gauge
we need to put the source φ = 0.

The authors of [52, 53] write the metric γij in ADM decomposition as

γijdx
idxj = −n2dt2 + σab (dxa + nadt)

(
dxb + nbdt

)
, (4.289)

where a labels the number of spatial dimensions which here is d = 2. In order to make
contact with the way we set up the definition of the sources we write the ADM decomposition
in terms of vielbeins as follows

γijdx
idxj = −E0E0 + δabE

aEb , (4.290)

where underlined indices a refer to flat tangent space indices that take as many values as
there are spatial coordinates. We keep here with the notation of [52, 53]. Since they do not
use tangent space indices we introduced these underlined indices only in this section for the
sake of comparison. We can take without loss of generality

E0 = ndt , Ea = eaa (dxa + nadt) . (4.291)

This allows us to establish the following dictionary between the sources in [52, 53] and those
defined in [111, 110]

τµ =
(
n(0) , 0

)
, vµ = n−1

(0)

(
−1 , na(0)

)
, (4.292)

hµνdx
µdxν = g(0)ab

(
dxa + na(0)dt

)(
dxb + nb(0)dt

)
. (4.293)

Hence in [52, 53] the source τµ is always taken to be hypersurface orthogonal.
In the work [111, 110] has been introduced the Newton–Cartan vector mµ as a source

or rather the U(1) invariant combination Mµ = mµ − ∂µχ. By fixing local tangent space
transformations (with parameter λa) we can fix all but one component ofMµ. The remaining
component is related to Φ̃χ which is defined by (4.50) with mµ replaced by Mµ. The scalar
Φ̃ has scaling weight 2(z− 1). Similarly there is a scalar source in the work of [52, 53] that is
denoted by ψ following [160]. The main difference between the approach of [52, 53] and [111,
110] lies in the fact that the dilatation weight of ψ denoted by ∆− does not in general agree
with the dilatation weight of Φ̃. The number of sources (when comparing both approaches
in radial gauge and taking τµ to be hypersurface orthogonal) thus agrees but for one of them
the scaling dimensions differ.

8For general EPD models we set Φ ' r∆φ [111, 110] where the value of ∆ depends on the details of the
EPD action. To the best of our knowledge this ∆ parameter does not appear explicitly in [52, 53]. However
there is a comment below their equation (5.25) stating that the asymptotic form of the dilaton depends on
the potential which is essentially allowing for a ∆ in the fall-off of the dilaton.
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To see where Φ̃ appears in our near boundary expansion we consider purely radial
solutions, like we studied in section 5.2.2. Recall that in section 5.2.2 we set Φ̃ = 0 by hand.
If we do not do this then we obtain, using the results of appendices 4.1.4 and 4.4.1,

γ(2)AB = δuAδ
u
B −

1

3
Φ̃γ(0)AB , (4.294)

γ(4,1)AB =
4

3
Φ̃δuAδ

u
B −

2

3
Φ̃2γ(0)AB , (4.295)

γ(4)AB = −1

2
Φ̃δuAδ

u
B +

5

18
Φ̃2γ(0)AB −

1

4
tAB , (4.296)

ψ(2) = ψ(4,1) = ψ(4) = 0 . (4.297)

Components such as γ(4,1)AB correspond to logarithmic terms in the expansion. This implies
that for example the expansions of the matter fields become

Φ =
2

3
Φ̃r2 log r − 1

8
(ρ+ 2Φ̃)r2 + . . . , (4.298)

Aµ = r−2τµ −
4

3
log rΦ̃τµ +

1

6
Φ̃τµ +

1

4
ρτµ + . . . , (4.299)

where the dots denote subleading terms.
It would be nice to make a direct comparison between the case studied here where V

is a sum of two exponential potentials as given in (5.17). However the case where V is the
sum of two exponentials is not explicitly studied in [52, 53] so this would have to be worked
out first9.

9There exists another model used in [55] that contains two dilatons that can be obtained by a similar
Scherk–Schwarz reduction as used in the present work admitting a z = 2 Lifshitz solution. This model is
related in [54] (see around equation (6.40)) to an EPD model with a single exponential potential, which
is a case explicitly worked out in that paper. This is done by setting a linear combination of these two
scalars equal to a constant, which, however, is not a consistent truncation of the model discussed in [54].
The relation (6.40) of [54] only holds asymptotically at leading order in a near boundary expansion.



5. Lifshitz Holography

Hydrodynamics is a powerful tool to describe the long wave-length physics of quantum
field theories at finite temperature. Remarkably, holography provides a dual realization
of such effective descriptions, typically at strong coupling in the field theory, in terms of
the long-wave length dynamics of black holes. The seminal example of this has been the
calculation of the viscosity to entropy ratio [154, 140] (see [162] for a review) of strongly
coupled plasmas using black hole via the AdS/CFT correspondence. This deep relation
between fluid dynamics and gravity has led to the fluid/gravity correspondence [36, 23] (see
[157] for a review) which as sparked numerous novel insights on both sides of the duality.1

These developments initially focused on the dual gravitational formulation of relativistic
hydrodynamics, since in the standard AdS holography the dual field theories are relativistic.
Motivated by applying holography to more general settings, in particular strongly coupled
non-relativistic field theories, more general bulk theories with anistropic scaling between
time and space, charactererized by the dynamical exponent z, have been introduced [164, 24,
135, 170]. These include include Schrödinger and Lifshitz spacetimes, and in the latter case2

there are different bulk realizations (e.g. Einstein-Maxwell-dilaton (EMD) and Einstein-
Proca-dilaton (EPD) models) which have distinct physical features. All these bulk models
serve to describe different types of non-relativistic field theories, where in the former there
is Galilean boost symmetry, while in the latter there is a broken boost symmetry. For
possible applications to condensed matter systems, but also to further our understanding of
holography in non-AdS setups, it is thus a natural question to generalize the fluid/gravity
correspondence to these different classes of non-relativistic field theories. This may also serve
as a step towards a more general classification of such field theories.

For theories with Schrödinger symmetries a corresponding version of (conformal) non-
relativistic fluid/gravity correspondence was developed in Refs. [121, 146, 1, 158]. Certain

1For asymptotically flat black branes the blackfold approach [87, 84, 46] also gives a relation between the
long wave-length dynamics of black branes and fluids that live on dynamically embedded surfaces. Applied
to D3-branes this has been shown to encapsulate AdS fluid/gravity [77].

2See Ref. [169] for a review on Lifshitz holography.
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realizations of Lifshitz hydrodyamics and their holographic description have subsequently
been considered in Refs. [127, 126, 125]. Another class of Lifshitz theories and their
hydrodynamics was holographically studied in the context of a bulk Einstein-Maxwell-dilaton
(EMD) model [138]. In these theories there is an extra bulk U(1) symmetry and since the
dilaton runs logarithmically close to the boundary, there is a new scaling exponent on top of
the dynamical exponent z.

In this paper we will focus on yet another class of Lifshitz theories, namely those that
have Lifshitz symmetry in the bulk and Schrödinger symmetry with broken particle number
on the boundary. For a large class of EPD models, it was shown in [56, 55, 111] that
holography in such bulk theories is dual to non-relativistic field theories of this type, coupled
to a background torsional Newton-Cartan geometry that is induced on the boundary. Our
aim is therefore to find a gravitational dual realization of the hydrodynamics, or rather
the perfect fluid limit, of this class of non-relativistic theories by constructing appropriate
Lifshitz black branes.

A classification of the different version Lifshitz hydrodynamics will be given in the
companion paper [37] using a field theory perspective. The novel version of Lifshitz hydrody-
namics that we find in this paper is a holographic realization of one particular class, which
will be also discussed in [37] with field theory examples.3 We will find in this paper that this
version of Lifshitz hydrodynamics requires the construction of a new class of four-dimensional
z = 2 Lifshitz black branes that have a non-zero linear momentum. While, as mentioned
above, a large class of general z Lifshitz spacetimes can be constructed in the EPD model,
we restrict for technical reasons to a particular EPD model with z = 2 solutions, that can
be obtained by Scherk–Schwarz circle reduction of AdS5 gravity coupled to a free real scalar
field.

Our new z = 2 Lifshitz black brane solutions exhibit the following features:
• The linear momentum of the black brane cannot be obtained by a boost transformation,

and hence this class of solutions is physically distinct from unboosted solutions.
• The (squared) magnitude of the boost velocity plays the role of a chemical potential

dual to the mass density. Consequently, the mass density occurs asymptotically as an
extra parameter on top of the energy, even when the velocity is zero.
• The black brane configurations describe a new class of Lifshitz perfect fluid that are

obtained by breaking particle number symmetry in the Schrödinger perfect fluid.
In further detail, the thermodynamics for these Lifshitz black branes can be summarized by

E + P = Ts+
1

2
ρV 2 , (5.1)

δE = Tδs+
1

2
V 2δρ , (5.2)

where E is the energy density, P the pressure with equation of state P = E (2 spatial
dimensions with z = 2), T temperature, s entropy density, ρ mass density and V 2 = V iV i

with V i the fluid velocity.

Outline
The outline of the paper is as follows. In section 5.1 we introduce the Einstein–Proca-dilaton
(EPD) theory which consists of Einstein gravity coupled to a massive vector and a dilaton

3See also [110] for a discussion on field theories coupled to TNC with broken Schrödinger symmetries.
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with arbitrary dilaton-dependent couplings between the massive vector and the dilaton. In
section 5.1.2 we show that this model admits, under some mild restrictions on the dilaton-
dependent coupling functions, Lifshitz solutions for any value of the dynamical exponent z.
Important for the rest of this work we show in section 5.1.3 that there is one EPD model
that can uplifted to a 5-dimensional AdS gravity theory coupled to a free real scalar field.
This specific model will be referred to as the upliftable model and it admits z = 2 Lifshitz
solutions.

For the higher-dimensional AdS theory it is known how to perform holographic renor-
malizaton and by reducing the result to one dimension lower we can obtain the relevant
counterterms and near boundary asymptotic expansions. This reduction is of the Schwarz–
Schwarz type meaning that the 5-dimensional scalar field is required to come back to itself
up to a shift (which is a global symmetry) upon going around the compact 5th dimension.
In section 4.4 we provide the details of the holographic renormalization before and after the
dimensional reduction. In section 4.4.5 we give a proof that the reduction is consistent.

The reduction in the bulk is everywhere along a spacelike circle however on the boundary
(due to conformal rescaling) the circle is null. Hence from a boundary perspective we are
dealing with a null reduction. It is well known that null reductions of Lorentzian geometries,
in this case the boundary of the asymptotically AdS5 space-time, lead to Newton–Cartan
geometries. The details of this null reduction for both the metric and energy-momentum
tensor are given in chapter 4.

Section 5.2 is concerned with the construction and properties of Lifshitz black branes
with linear momentum. We start with the ansatz in section 5.2.1 where we also show that
the effective action, that reproduces the equations of motion of the EPD model in which
our ansatz has been substituted, possesses two scale symmetries. This leads to two Noether
charges or first integrals of motion that are constant along the holographic coordinate. The
following sections 5.2.2–5.2.4 study the properties of the solution near the boundary and
near the horizon. In the last two subsections 5.2.5 and 5.2.6 we work out the thermodynamic
properties of the solution showing that the magnitude of the velocity acts like a chemical
potential whose conjugate variable is the mass density. We further derive an Euler-type
thermodynamic relation for Lifshitz perfect fluids using the conserved Noether charges and
once more using the Killing charges associated with bulk Killing vectors. We end with a
discussion of the first law of thermodynamics (summarized in (5.1)) for these Lifshitz black
branes.

The final section can be read independently from sections 5.1 and 5.2. It only requires
chapter 4. It takes the point of view that these Lifshitz perfect fluids can be obtained by
dimensional reduction of a relativistic perfect fluid (as discussed in appendix 4.2.5) in the
presence of a scalar source that is linearly dependent on the circle coordinate. It presents
the Ward identities of a Lifshitz fluid and the expressions for the energy-momentum tensor
and mass current at the perfect fluid level. The goal of this section is to derive the first
law of our Lifshitz perfect fluids from the requirement that the Ward identities lead to the
existence of a conserved entropy current.

5.1 The bulk theory

Lifshitz space-times as a solution of a theory with Einstein gravity coupled to matter fall
into 2 classes. These are the Einstein–Proca-dilaton (EPD) theories of [92, 96] and the
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Einstein–Maxwell dilaton (EMD) theories of [170, 51]. We are interested in Lifshitz black
brane solutions of the EPD models and to ultimately use them as a starting point to set up
a fluid/gravity correspondence for Lifshitz space-times. Black brane solutions of theories
with massive vectors were studied for models without a dilaton in [34, 35]. However in
such theories the solutions are not analytically known. Nevertheless it is possible to work
out the thermodynamics of these solutions by using first integrals of motion (with respect
to the holographic radial coordinate) that allows one to relate near horizon expansions to
asymptotic expansions. We will follow a similar approach here.

Regarding Lifshitz black brane solutions of the EMD models, they are known analytically
however they have different physical properties due to the presence of an extra bulk U(1)
symmetry and the fact that the dilaton is running logarithmically close to the boundary which
introduces a new scaling exponent on top of the dynamical exponent z. The fluid/gravity
correspondence for these black branes was studied in [138].

In this section we will introduce the EPD model and discuss its Lifshitz solutions. In the
last section 5.1.3 we will show that there is a specific EPD model that can be obtained from
dimensional reduction of an action in one dimension higher that admits asymptotically AdS
solutions. This so-called upliftable model will be used throughout the rest of this work.

5.1.1 The EPD model

The general class of 4-dimensional bulk EPD models is described by the following family of
actions

S =

∫
d4x
√
−g
(
R− 1

4
Z(Φ)F 2 − 1

2
W (Φ)B2 − x

2
(∂Φ)2 − V (Φ)

)
, (5.3)

where F = dB. The equations of motion are

GMN =
x

2

(
∂MΦ∂NΦ− 1

2
(∂Φ)2gMN

)
− 1

2
V (Φ)gMN

+
1

2
Z(Φ)

(
FMPFN

P − 1

4
F 2gMN

)
+

1

2
W (Φ)(BMBN −

1

2
B2gMN ) , (5.4)

x√
−g

∂M
(√
−g∂MΦ

)
=

1

4

dZ

dΦ
F 2 +

1

2

dW

dΦ
B2 +

dV

dΦ
, (5.5)

1√
−g

∂M
(√
−gZ(Φ)FMN

)
= W (Φ)BN . (5.6)

It is convenient to keep x arbitrary. Of course one can always set it equal to one but often it
is more convenient to take some other value for it. We will also write

BM = AM − ∂MΞ , (5.7)

and F = dA. The axion Ξ has dimensions of length while all other fields are dimensionless.
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5.1.2 Lifshitz solution

The equations of motion admit the following Lifshitz solutions (with z > 1)

ds2 = − 1

r2z
dt2 +

1

r2

(
dr2 + dx2 + dy2

)
, (5.8)

B = A0
1

rz
dt , (5.9)

Φ = Φ? , (5.10)

provided that

A2
0 =

2(z − 1)

zZ0
, (5.11)

W0

Z0
= 2z , (5.12)

V0 = −(z2 + z + 4) , (5.13)
V1 = (za+ 2b)(z − 1) . (5.14)

where

a =
Z1

Z0
, b =

W1

W0
. (5.15)

Above we have defined the notation

V0 ≡ V (φ∗)
V
1 ≡

dV

dΦ

∣∣∣
φ=φ∗

, V2 ≡
d2V

dΦ2

∣∣∣
φ=φ∗

(5.16)

etc. In (5.10) we indicate that the scalar is constant in this solution. Equations (5.12)
and (5.13) determine the value of φ∗ and z in terms of the functions appearing in the
action. Equation (5.11) determines A0, and (5.14) is an extra condition that makes Lifshitz
a non-generic solution of the family of actions (5.3). We note that there are also solutions of
the EPD model with a running scalar whose metric is a Lifshitz space-time [96, 92]. These
will not be considered here.

Without loss of generality we can always perform a constant shift of Φ and redefine the
functions Z, W and V such that for the new Φ the solution has Φ? = 0. We will from now
on always assume this has been done.

In order to study the boundary fluid properties (or even only thermodynamic properties as
we will do here) one needs to understand the near boundary expansion and the identification
in that expansion of all the sources and vevs. Despite a lot of effort we do not feel confident
that this problem has been tackled fully. We will therefore restrict our attention to a specific
model for which this problem has been solved because it can be related to an AdS holographic
renormalization problem in one dimension higher. The general features of Lifshitz black
brane solutions of other EPD models will have to wait until we have understood fully the
problem of performing holographic renormalization for asymptotically Lifshitz solutions
of the general class of EPD models. The model for which we do have full control of the
asymptotic expansion is called the upliftable model and will be the subject of the next
subsection.
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5.1.3 The upliftable model
When we make the choices

Z = e3Φ , W = 4 , V (Φ) = 2e−3Φ − 12e−Φ , x = 3 . (5.17)

the action (5.3) can be uplifted to

S =
1

2κ2
5

∫
d5x
√
−G

(
R+ 12− 1

2
∂Mψ∂

Mψ

)
, (5.18)

where κ2
5 = 8πG5 with G5 the 5-dimensional Newton’s constant and where M = (u,M).

The relation between the 5- and 4-dimensional theories is via a so-called Scherk–Schwarz
reduction whereby we demand that the scalar field ψ when going around the compatification
circle comes back to itself up to a shift. This is also known as a twisted reduction. This is
possible because the higher dimensional theory has a shift symmetry acting on the scalar.
The Scherk–Schwarz reduction leading to (5.3) with the choices (5.17) is obtained by the
following ansatz

ds2
5 = GMNdxMdxN =

dr2

r2
+ γABdx

AdxB = e−ΦgMNdx
MdxN + e2Φ

(
du+AMdx

M
)2

= e−Φ

(
eΦdr

2

r2
+ hµνdx

µdxν
)

+ e2Φ (du+Aµdx
µ)2 , (5.19)

ψ = 2u+ 2Ξ , (5.20)

where the four dimensional fields gMN , AM , Ξ and Φ are independent of the fifth coordinate
u which is periodically identified u ∼ u + 2πL. In our normalization the 4-dimensional
Newton’s constant G4 obeys 16πG4 = 1. This means that 5-dimensional Newton’s constant
G5 obeys 2πL

16πG5
= 1

16πG4
= 1.

What the Scherk–Schwarz reduction does is that it gauges the shift symmetry of ψ using
the Kaluza–Klein vector. This results in 4 dimensions in a covariant derivative acting on
Ξ. This covariant derivative can be read as a massive vector field B where B is given by
(5.7). The consistency of the reduction will be proven in appendix 4.4.5. We now specialize
to the case of the upliftable model (5.17) because for this theory we have full control over
the asymptotic solution space.

5.2 Black branes with linear momentum
The goal of this work is to construct the gravity dual of a Lifshitz perfect fluid. The
Lifshitz algebra does not contain a boost generator. We will be interested in cases where the
Lifshitz algebra arises from a larger algebra that contains boosts4 by some explicit symmetry
breaking. The bulk Lifshitz space-time has no boost Killing vector and the EPD model has
no additional local symmetries that could combine with a space-time transformation to give
an additional global symmetry like a Galilean boost5. Hence in order to study perfect fluids

4These can only be Galilean or Carrollian boosts as these are compatible with a z > 1 scaling. We cannot
obtain a Lifshitz algebra by breaking Lorentz boosts because these require z = 1.

5What we have in mind here is some bulk dual of the mechanism discussed in [112, 110] whereby a
boundary space-time transformations combined with a certain U(1) transformation leads to an additional
global symmetry. For example Galilean boost symmetries of the Schrödinger equation come about by a
combination of a space-time Galilean coordinate transformation and a U(1) phase transformation of the
wave function. The latter can be traded for a U(1) transformation of a background gauge field.
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with a non-zero velocity we cannot simply boost a static Lifshitz black brane and promote
the boost velocity to the fluid velocity. If we do that for a static Lifshitz black brane solution
of the EPD model we simply describe a static black brane in a moving coordinate system and
that is not equivalent to a moving black brane in a static coordinate system because of the
absence of a boost symmetry. That means that we need to construct a new class of Lifshitz
black branes that have a nonzero velocity or as we shall say nonzero linear momentum. We
will construct these solutions near the Lifshitz boundary and near the horizon. We will then
construct first integrals of motion to relate near horizon quantities such as temperature and
entropy to near boundary quantities such as energy and mass density6.

5.2.1 The ansatz

We assume that the black brane solution admits time and space translation Killing vectors.
We can perform a rotation to make sure that the linear momentum is only along the
y-direction. The full non-linear solution is thus of the form

ds2
4 = −F1(r)

dt2

r4
+

1

F2(r)

dr2

r2
+ F3(r)

dx2

r2
+ F4(r)

(
dy

r
+N(r)

dt

r2

)2

, (5.21)

B = G1(r)
dt

r2
+G2(r)

(
dy

r
+N(r)

dt

r2

)
, (5.22)

Φ = Φ(r) , (5.23)

where we did not fix the r reparametrization invariance. The powers in r are chosen for
convenience to match with the Lifshitz scaling of the boundary coordinates t, x and y.

We can go to Eddington–Finkelstein coordinates7 by defining V and Y coordinates as
follows

dt = dV + r (F1F2)−1/2 dr , (5.24)

dy = dY −N (F1F2)−1/2 dr , (5.25)

leading to

ds2
4 = −F1

dV 2

r4
− 2

(
F1

F2

)1/2 dV dr

r3
+ F3

dx2

r2
+ F4

(
dY

r
+N

dV

r2

)2

, (5.26)

B = G1
dV

r2
+

G1

(F1F2)1/2

dr

r
+G2

(
dY

r
+N

dV

r2

)
. (5.27)

Substituting the ansatz (5.21)–(5.23) into the bulk equations of motion (5.4)–(5.6) for
(5.17) and integrating the equations to an action leads to the following effective Lagrangian

6If we assume that a Galilean boost symmetry has been broken, the velocity V i or rather by rotational
invariance, its magnitude V 2, will be a chemical potential. On dimensional grounds it follows that the dual
thermodynamic variable must be a mass density denoted by ρ. We will show that Lifshitz black branes
indeed contain such a quantity.

7Null geodesics with generalized momenta ∂L
∂ẋ

= 0 and ∂L
∂ẏ

= 0 where L = 1
2
gµν ẋ

µẋν correspond to
V = cst and Y = cst.
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for the equations of motion

L = r−5 (F1F2F3F4)1/2

[
r2

2

F ′1
F1

F ′3
F3

+
r2

2

F ′1
F1

F ′4
F4
− rF

′
3

F3
− rF

′
4

F4
+ 2r

F ′2
F2

+
r2

2

F ′3F
′
4

F3F4
− 6

+
1

2

F4(rN ′ −N)2

F1
+

1

2

Z (rG′1 − 2G1)2

F1
+ 2

G2
1

F1F2
− 3

2
r2Φ′2 − V

F2
− 2

G2
2

F2F4
(5.28)

+
1

2

ZG2
2 (rN ′ −N)2

F1
− 2

ZG1G2 (rN ′ −N)

F1
+ r

ZG2G
′
1 (rN ′ −N)

F1
− 1

2

Z (rG′2 −G2)2

F4

]
,

where the independent variables are F1 to F4, N , G1, G2, Φ and their derivatives with
respect to r. This effective Lagrangian can also be obtained by substituting the ansatz
(5.21)–(5.23) into the bulk action (5.3) with (5.17) and performing a few partial integrations.
This ansatz is a generalization of a static black brane with zero momentum corresponding to
setting G2 = N = 0 and F3 = F4.

The effective Lagrangian (5.28) has the following two scaling symmetries

F1 → λ2F1 , F3,4 → λ−1F3,4 , N → λ3/2N , G1 → λG1 , G2 → λ−1/2G2 , (5.29)

and
F3 → µ2F3 , F4 → µ−2F4 , N → µN , G2 → µ−1G2 . (5.30)

Both of these transformations are symmetries of the ansatz (5.21)–(5.23) provided we
transform the coordinates appropriately. For the λ transformation that means that we must
rescale the coordinates as

t→ λ−1t , x→ λ1/2x , y → λ1/2y , (5.31)

while for the µ transformation it means that we must rescale the spatial coordinates as

x→ µ−1x , y → µy . (5.32)

Using Noether’s theorem the associated charges are Qλ and Qµ, respectively, that are given
by

Qλ = −2
∂L

∂F ′1
F1 +

∂L

∂F ′3
F3 +

∂L

∂F ′4
F4 −

3

2

∂L

∂N ′
N − ∂L

∂G′1
G1 +

1

2

∂L

∂G′2
G2 , (5.33)

Qµ = −2
∂L

∂F ′3
F3 + 2

∂L

∂F ′4
F4 −

∂L

∂N ′
N +

∂L

∂G′2
G2 . (5.34)

Using that L is given by (5.28) these charges can be shown to be equal to

Qλ = −3

2
r−1QNN + r−4 (F1F2F3F4)1/2

[
−ZG1

F1

(
rG′1 − 2G1

)
− 2 + r

F ′1
F1
− r

2

F ′3
F3
− r

2

F ′4
F4

−ZG1G2 (rN ′ −N)

F1
− 1

2

ZG2 (rG′2 −G2)

F4

]
, (5.35)

and

Qµ = −r−1QNN + r−4 (F1F2F3F4)1/2

[
r
F ′3
F3
− rF

′
4

F4
− ZG2 (rG′2 −G2)

F4

]
, (5.36)
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where we defined the charge QN

QN =
∂L

∂N ′
= r−3 (F1F2F3F4)1/2

[
F4 (rN ′ −N)

F1
+
ZG2

2 (rN ′ −N)

F1
− 2

ZG1G2

F1

+
ZG2 (rG′1 −G1)

F1

]
, (5.37)

which results from the fact that L does not depend on N . The Noether charges Qλ and Qµ
are first integrals of motion and thus independent of the radial coordinate r. This will play
an important role later when we derive the thermodynamics properties. We will see that Qλ
relates to the energy and Qµ to the linear momentum of the black brane.

The ansatz (5.21)–(5.23) has a third global scale symmetry namely

t→ ν−1t , F1 → ν2F1 , N → νN , G1 → νG1 . (5.38)

However this transformation does not leave the effective Lagrangian (5.28) invariant because
it is not a symmetry of the prefactor. On top of the 3 global symmetries whose parameters are
λ, µ and ν the ansatz also has one local symmetry which corresponds to r-reparametrization
invariance. This symmetry acts as

δF2 = ξrF ′2 + 2F2

(
r−1ξr − ∂rξr

)
, δAI = ξrA′I , (5.39)

where AI is any of the functions appearing in the ansatz that is not F2 and ξr is the local
parameter generating the r reparametrization. This local symmetry can be fixed by choosing
a gauge. This local symmetry implies that using the F2 equation of motion (which is first
order and needs to be differentiated with respect to r) and any 6 of the other AI equations
of motion the remaining 7th AI equation of motion can be derived.

5.2.2 The asymptotic solution
The 4-dimensional near boundary expansion follows by dimensional reduction using the
reduction ansatz (5.19) and (5.20) as well as the 5-dimensional Fefferman–Graham (FG)
expansion (4.187) and (4.188), the details of which are given in appendix 4.4.1.

The ansatz for the black branes with linear momentum are such that all 4-dimensional
fields only depend on the radial coordinate r. From the 5-dimensional FG expansion point
of view that implies that all sources and vevs must be constants. The only exception to
this is of course the fact that ψ is allowed to be linear in the reduction circle coordinate u
because we are performing a Scherk–Schwarz reduction. That means that our ansatz forces
us to consider a FG expansion in 5D with the following sources and vevs

γ(0)AB = cst , with γ(0)uu = 0 , (5.40)
tAB = cst , (5.41)
ψ(0) = 2u , so that Ξ = 0 , (5.42)
〈Oψ〉 = 0 , (5.43)

where tAB obeys the Ward identities (4.211) and (4.212). Setting 〈Oψ〉 = 0 is a consequence
of the Ward identity ∇(0)At

A
B = −〈Oψ〉∂Bψ for B = u and constant tAB. Since the field

Ξ always appears differentiated it makes no difference if we set it equal to zero or equal to
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some constant. The choice γ(0)uu = 0 is rather important and is necessary in order that the
lower-dimensional theory has a z = 2 scaling exponent. This is explained in detail in [54, 55].
It is shown in section 2 of [55] that the reduction in the bulk is everywhere along a spacelike
circle (due to ψ(0) = 2u) but that this circle is null on the boundary8.

It is well known that reductions along null Killing directions turn a Riemannian geometry
into a torsional Newton–Cartan geometry [70, 142, 134, 55]. For details see appendix 4.4.3.
In particular see the reduction ansatz for the AdS5 boundary metric (4.251). In the language
of TNC geometry the uu component of the inverse metric is called Φ̃ which is defined in
(4.50) where Mµ = mµ − ∂µχ with mµ the Kaluza–Klein vector associated with the null
reduction as given in (4.251). Since here we have χ = 0 we can take Mµ = mµ. From the
inverse metric we know that

γuu(0) = 2Φ̃ . (5.44)

We will be interested in flat boundaries of the 4-dimensional z = 2 Lifshitz space-time. A
flat space-time in TNC language means that there exists a coordinate system in which we
have [110]

τµ = δtµ , Mµ = 0 , htt = hti = 0 , hij = δij . (5.45)

This means in particular that Φ̃ = 0. Turning on Φ̃ corresponds to turning on a Newtonian
potential for the boundary theory [33, 110]. We will thus not consider this possibility.

The expansion of the 4-dimensional fields follows from (5.19) and (5.19) which imply
that9)

e2Φ = γuu , (5.46)

Aµ =
γuµ
γuu

, (5.47)

hµν = (γuu)1/2

(
γµν −

γuµγuν
γuu

)
, (5.48)

where γAB is FG expanded using the results of appendix 4.4.1. In order to carry out this
reduction we need to know how to reduce the AdS boundary energy-momentum tensor into
the laguage of the energy-momentum tensor of the TNC boundary of the lower-dimensional
Lifshitz space-time. The relation between a relativistic energy-momentum tensor and the
TNC energy-momentum tensor related via null reduction is explained in appendix 4.1.4
where we derive the following relations

tuu = ρ , (5.49)
tuµ = τρT

ρ
µ , (5.50)

tµν = ĥµρĥνκh
κσT ρσ −

(
τν ĥµρ + τµĥνρ

)
v̂σT ρσ + (v̂ρv̂σtρσ) τµτν , (5.51)

where
v̂ρv̂σtρσ = tuu − 4Φ̃2ρ+ 4Φ̃v̂στρT

ρ
σ . (5.52)

8Here we use a model that is simpler than the one used in [55] but regarding this point the properties are
identical.

9We warn the reader that we use hµν both to denote the µν component of the bulk metric as well as the
spatial metric-like quantity (??) on the boundary. We hope that this will not cause any confusion.
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Recall that here Φ̃ = 0. The TNC energy-momentum tensor is denoted by Tµν and the TNC
mass density is denoted by ρ. We note that tuu has no lower dimensional interpretation in
terms of energy-momentum or mass density. As shown in appendix 4.1.4 it does not appear
in any of the Ward identities involving Tµν and ρ. Hence we will set tuu equal to zero. It
would appear in 4 dimensions for the first time at order r2 in that part of the expansion of
hµν that is proportional to τµτν . We refer to [55] for more discussion on the role of tuu.

In order to find out where the momentum flux, the spatial projection of τρT ρµ, which is
one of the quantities of interest, the spatial stress tensor etc appear upon reduction we need
to know what happens with tµν upon reduction. Clearly in 5 bulk dimensions tµν appears
in γµν at order r2. Therefore in order to see it in four bulk dimensions we need to expand
Aµ and hµν up to order r2. This follows from (5.47) and (5.48) and implies that we need to
expand γuu to order r6, γuµ to order r4 and γµν to order r2.

We will now proceed to construct the 5-dimensional solution up to the required order.
Since the sources and vevs only depends on r so we have that �ψ = 0 implies that

√
−Gr2∂rψ = C , (5.53)

where C is an integration constant. Using that
√
−G = 1 +O(r6) , (5.54)

it follows that
r−3∂rψ = C

(
1 +O(r6)

)
, (5.55)

so that the fact that ψ(4) = 0 implies that C = 0. Hence ∂rψ = 0 or in other words ψ = 2u
to all orders. With this result the Einstein equation simplifies to

GMN = 6GMN + 2δuMδ
u
N − GMNγuu , (5.56)

which is equivalent to
RMN = −4GMN + 2δuMδ

u
N . (5.57)

To find the solution up to order r6 we make the following ansatz

γAB = r−2

(
γ(0)AB + r2δuAδ

u
B −

1

4
r4tAB + r6γ(6)AB + r8γ(8)AB +O(r10)

)
. (5.58)

The log terms at order r2 log r are zero and so it is expected that they are zero to all orders.
This is a correct assumption as long as we do not need to put constraints on the sources and
vevs coming from the nature of the expansion. The inverse metric reads

γAB = r2

(
γAB(0) − r

2γAu(0)γ
Bu
(0) +

1

4
r4tAB + r6σAB(6) + r8σAB(8) +O(r10)

)
, (5.59)

where

σAB(6) = −γAB(6) −
1

4
γAu(0) t

uB − 1

4
γBu(0) t

uA , (5.60)

σAB(8) = −γAB(8) + γAu(0)γ
uB
(6) + γBu(0) γ

uA
(6) +

1

16
tACtC

B +
1

4
γAu(0)γ

Bu
(0) t

uu . (5.61)
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The Christoffel symbols are

Γrrr = −1

r
, ΓrrA = 0 , ΓrAB = −1

2
r2∂rγAB ,

ΓArr = 0 , ΓArB =
1

2
γAC∂rγBC , ΓABC = 0 . (5.62)

From this we conclude that

Rrr = −4r−2+r4
(
−12γA(6)A − 2tuu

)
+r6

(
−24γA(8)A + 18γuu(6) +

1

2
tABtAB

)
+O(r8) . (5.63)

The rr component of (5.57) tells us that Rrr = −4r−2 so that

γA(6)A = −1

6
tuu , γA(8)A =

3

4
γuu(6) +

1

48
tABtAB . (5.64)

The rA component of (5.57) brings nothing as both sides are identically zero. Using that

RAB = −4r−2γ(0)AB − 2δuAδ
u
B + r2tAB + r4

(
1

4
tuuγ(0)AB − 10γ(6)AB −

1

2
δuAt

u
B −

1

2
δuBt

u
A

)
+r6

(
−20γ(8)AB − γuu(6)γ(0)AB −

1

24
tCDtCDγ(0)AB + 6δuAγ

u
(6)B + 6δuBγ

u
(6)A

+
1

2
tA
CtCB +

1

2
δuAδ

u
Bt

uu

)
+O(r8) , (5.65)

as well as the equation of motion RAB = −4γAB + 2δuAδ
u
B, we find that

γ(6)AB = −1

6
δuAt

u
B −

1

6
δuBt

u
A +

1

24
tuuγ(0)AB , (5.66)

γ(8)AB = − 1

16
tuuδuAδ

u
B −

1

384
tCDtCDγ(0)AB +

1

32
tA
CtBC . (5.67)

From the reduction (5.46)–(5.48) it follows that

Φ = −1

8
r2ρ+ r4

(
1

6
v̂στρT

ρ
σ −

1

64
ρ2

)
+O(r6) , (5.68)

Aµ = r−2τµ +
1

4
ρτµ + r2

(
1

12
τρT

ρ
µ +

1

16
ρ2τµ −

1

3
h̄µρT

ρ

)
+O(r4) , (5.69)

hµν = −r−4τµτν + r−2

(
h̄µν −

1

8
ρτµτν

)
− 1

8
ρh̄µν +

1

4
(τµτρT

ρ
ν + τντρT

ρ
µ)

−
(

3

128
ρ2 − 1

6
v̂στρT

ρ
σ

)
τµτν + r2

(
−1

4
ĥµρĥνκh

κσT ρσ +
1

12

(
τν ĥµρ + τµĥνρ

)
v̂σT ρσ

+

(
1

6
v̂στρT

ρ
σ −

1

128
ρ2

)
h̄µν −

1

16
ρ (τµτρT

ρ
ν + τντρT

ρ
µ)

+

(
3

64
ρv̂στρT

ρ
σ +

1

64
T στρT

ρ
σ −

5

1024
ρ3 − 1

32
tuu
)
τµτν

)
+O(r4) . (5.70)
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For the interested reader we have included the term tuu. But as said earlier we will set this
independent quantity equal to zero. If we choose the boundary sources to correspond to a
flat TNC boundary as in (5.45) then the expansions become

Φ = −1

8
r2ρ− r4

(
1

6
T tt +

1

64
ρ2

)
+O(r6) , (5.71)

At = r−2 +
1

4
ρ+ r2

(
1

12
T tt +

1

16
ρ2

)
+O(r4) , (5.72)

Ai = −1

4
r2T ti +O(r4) , (5.73)

htt = −r−4 − 1

8
r−2ρ+

1

3
T tt −

3

128
ρ2 +O(r2) , (5.74)

hti =
1

4
T ti + r2

(
− 1

12
δijT

j
t +

1

32
ρT ti

)
+O(r4) , (5.75)

hij = r−2δij −
1

8
ρδij + r2

((
1

12
T tt −

1

128
ρ2

)
δij −

1

4
δikT

k
j +

1

8
T kkδij

)
+O(r4) ,(5.76)

where in the last expression we used the z-deformed trace Ward identity (equation (4.135)
with zero on the right hand side)

2T tt + T kk = 0 . (5.77)

In this work we are interested in gravitational duals of boundary perfect fluids so without
loss of generality we can assume that Tµν takes the form of a perfect fluid. This form is
derived in appendix 4.2.5 by the null reduction of a relativistic perfect fluid. On flat TNC
space-time it reads

T tt = −
(
E +

1

2
ρV 2

)
, T it = −

(
E + P +

1

2
ρV 2

)
V i , (5.78)

T ti = ρVi , T j i =
(
Pδji + ρV jVi

)
, (5.79)

where E is the total energy density, P the pressure, ρ the mass density and V i the velocity
of the fluid. The z-deformed trace Ward identity tells us that the equation of state is P = E .

It is interesting and insightful to take a closer at look at this V -dependent solution from
the 5-dimensional point of view. Using the relations between the lower and higher-dimensional
energy-momentum tensors (5.49)–(5.51) we see that the 5-dimensional energy-momentum is
given by

tuu = ρ , tut = −E − 1

2
ρV 2 , tui = ρVi ,

tti = −
(
E + P +

1

2
ρV 2

)
Vi , tij = Pδij + ρViVj , (5.80)

with ttt being undetermined. A convenient way of writing this is in terms of tABdxAdxB

which can be seen to be equal to

tABdx
AdxB = ρ

(
du+ Vidx

i − 1

2
V 2dt

)2

− 2Edt
(
du+ Vidx

i − 1

2
V 2dt

)
(5.81)

+Pδij
(
dxi − V idt

) (
dxj − V jdt

)
+

(
ttt −

(
E + P +

1

2
ρV 2

)
V 2

)
dt2 .
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The rest of the solution is fully determined by the following boundary data

γ(0)ABdx
AdxB = 2dtdu+ δijdx

idxj , (5.82)
ψ(0) = 2u , (5.83)
〈Oψ〉 = 0 . (5.84)

If we now perform the following coordinate transformation, which from a lower dimensional
point of view is a Galilean boost and a U(1) gauge transformation (acting on the Kaluza–Klein
vector mµ),

u = u′ − 1

2
V 2t′ − Vix′i , t = t′ , xi = x′i + V it′ , (5.85)

we obtain

tABdx
AdxB = ρdu′2 − 2Edt′du′ + Pδijdx

′idx′j

+

(
ttt −

(
E + P +

1

2
ρV 2

)
V 2

)
dt′2 , (5.86)

γ(0)ABdx
AdxB = 2dt′du′ + δijdx

′idx′j , (5.87)

ψ(0) = 2u′ − V 2t′ − 2Vix
′i , (5.88)

〈Oψ〉 = 0 . (5.89)

We thus see that the boundary metric γ(0)AB remained invariant and that all the V -
dependence now resides in the expression for ψ(0). The t′t′ component of tAB is not
important for the lower dimensional boundary EMT and its Ward identities. It is thus
clear that due to the presence of ψ, and the Scherk–Schwarz reduction ansatz ψ = 2u+ Ξ,
solutions with different V i are not diffeomorphic. We will later see this reflected in the fact
that V 2 plays the role of a chemical potential. The ansatz in section 5.2.1 used rotations to
orient the flow in the y-directions. We will see further below that indeed V x = 0.

5.2.3 The near horizon solution
The near horizon expansion is entirely straightforward. Referring to the ansatz (5.26) and
(5.27) in EF coordinates we can make the following observations about the behavior of the
solution near the horizon.

The horizon is located at the locus where the r = cst hypersurface becomes null, i.e. at
grr = 0. That means that F2 will have a first order zero at r = rh. Regularity of the metric
in EF coordinates, in particular of the component gV r then tells us that F1 must also have a
first order zero at r = rh. Note that for N 6= 0 this is not the locus where ∂t becomes null.
In other words the stationary limit surface gtt = 0 comes before the horizon (viewed from
outside). Regularity of the massive vector at horizon forces G1 to have a first order zero
at r = rh. The functions F4 and N are both regular without any zeros at the horizon, i.e.
F4(rh) 6= 0 and N(rh) 6= 0. The latter quantity can be zero but as we will see in the next
subsection that corresponds to a brane without any momentum so we take it to be nonzero.
The remaining functions G2 and Φ are regular at the horizon, but they do not have to be
non-vanishing.

A convenient gauge choice to fix the r reparametrization invariance of the ansatz to study
the near horizon solution is to take F3 = 1. In this gauge we will refer to the radial coordinate
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as R to distinguish it from the radial coordinate r used in the previous subsection10. The
horizon is now located at R = Rh.

The ansatz also has three global scale symmetries (5.31), (5.32) and (5.38) that leave
the ansatz invariant. These can be viewed as rescalings of x, y and t. We have used these
symmetries to set the asymptotic values of F1, F3 and F4 equal to one. This fixes the
asymptotic values of Φ and thus of F2 (via the asymptotic gauge choice F2 = e−Φ) as well as
of G1 via the equations of motion. That means that we cannot use these rescaling symmetries
a second time to fix parameters in the near horizon solution. We thus take for the near
horizon solution the following expansion

F1 = f1
R−Rh
Rh

+ . . . , (5.90)

F2 = h1
R−Rh
Rh

+ . . . , (5.91)

F3 = 1 , (5.92)

F4 = p0 + p1
R−Rh
Rh

+ . . . , (5.93)

N = n0 + n1
R−Rh
Rh

+ . . . , (5.94)

G1 = g1
R−Rh
Rh

+ . . . , (5.95)

G2 = m0 +m1
R−Rh
Rh

+ . . . , (5.96)

Φ = l0 + l1
R−Rh
Rh

+ . . . . (5.97)

Most but not all of the coefficients appearing in the near horizon expansion will be
determined by solving the equations of motion of the effective action L in an expansion
around R = Rh. We studied the solution up to second order in R − Rh and it leaves 8
parameters unfixed. These are f1, p0, g1, m0, n0, n1, l0 and rh. The parameter h1 is fixed
by the equations of motion to be11

h1 =
2f1

(
2e−3l0 − 12e−l0

)
4f1 − e3l0 (g1 +m0n1)2 , (5.98)

where the numerator is 2f1 times the potential (5.17) evaluated at R = Rh. We expect that
most of these parameters will be determined by matching the solution onto the asymptotic
region.

There are not many examples known of analytic black branes solutions of the EPD
model. However in the context of Schrödinger space-times we can obtain analytic solutions
by applying a sequence of duality transformations known as TsT transformations [146] to
obtain black brane solutions from known AdS black branes [1, 121, 116]. The resulting

10We permit ourselves to also use r for the family of gauges parametrized by the ansatz (5.26) and (5.27).
We hope that this will not cause any confusion.

11To find this result one solves the leading term of the F1 equation of motion for p1 and the leading term
of the F3 equation of motion for f2. The expression then follows from the leading term in the F4 equation of
motion. A similar expression has been observed in [34].
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Schrödinger black branes have a nonzero charge associated with particle number. Since
in Schrödinger holography particle number is realized geometrically this means that these
correspond to black branes with a linear momentum along a direction that asymptotically
becomes null. If we study these black branes near the horizon in the same coordinates
in which the AdS black brane has a flat boundary Minkowski metric written in Cartesian
coordinates then we see the exact same near horizon boundary conditions as we imposed for
our Lifshitz black brane12.

5.2.4 Comments on the interpolating solution

We have used different radial gauges in the near horizon region (F3 = 1) and in the asymptotic
region (F2 = e−Φ). The two coordinates are related via the coordinate transformation

hxx = R−2 , (5.99)

where hxx is given in (5.76). In order to write both the near horizon and the near boundary
expansion in the same gauge it is convenient to rewrite the expansions (5.71)–(5.76) in terms
of the radial coordinate R. This can be done as follows. The expansions (5.71)–(5.76) in
terms of the ansatz functions correspond to

F1 = 1 +
1

8
r2ρ+ r4

(
−1

3
T tt +

3

128
ρ2

)
+O(r6) , (5.100)

F2 = e−Φ = 1 +
1

8
r2ρ+ r4

(
1

6
T tt +

3

128
ρ2

)
+O(r6) , (5.101)

F3 = 1− 1

8
r2ρ+ r4

(
1

12
T tt −

1

128
ρ2 +

1

8
ρV 2

)
+O(r6) , (5.102)

F4 = 1− 1

8
r2ρ+ r4

(
1

12
T tt −

1

128
ρ2 − 1

8
ρV 2

)
+O(r6) , (5.103)

N =
1

4
r3ρV +O(r5) , (5.104)

G1 = 1 +
1

4
r2ρ+ r4

(
1

12
T tt +

1

16
ρ2

)
+O(r6) , (5.105)

G2 = −1

4
r3ρV +O(r5) , (5.106)

Φ = −1

8
r2ρ− r4

(
1

6
T tt +

1

64
ρ2

)
+O(r6) , (5.107)

where we remind that V = V y and V x = 0. The change of gauge (5.99) implies that we
define R asymptotically as

R−2 = r−2

(
1− 1

8
r2ρ+ r4

(
1

12
T tt −

1

128
ρ2 +

1

8
ρV 2

)
+O(r6)

)
. (5.108)

12More explicitly if we use equation (62) of [116] setting ξ = V the TsT transformation (113)–(115) provides
us with a z = 2 Schrödinger black brane solution of some EPD model. If we then perform the coordinate
transformation t = T −X and 2ξ = 2V = T +X we find that the near horizon geometry has exactly the
same properties as the Lifshitz black brane solution studied here.
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We can invert this order by order to obtain r = r(R) up to any desired power of R. Inverting
(5.108) up to order R6 we find

r = R

(
1− 1

16
R2ρ+

1

8
R4

(
1

3
T tt +

1

64
ρ2 +

1

2
ρV 2

)
+O(R6)

)
. (5.109)

This can be used to express (5.21)–(5.23) with the above expansions for the various functions
as an asymptotic solution that is written in terms of the same radial coordinate R as the
near horizon solution. If we carry out these steps we obtain the following expressions for the
ansatz functions in the new gauge

F1 = 1 +
3

8
R2ρ+

1

2
R4

(
−T tt +

9

64
ρ2 − 1

2
ρV 2

)
+O(R6) , (5.110)

F2 = 1 +
3

8
R2ρ+R4

(
−1

6
T tt +

11

128
ρ2 − 1

2
ρV 2

)
+O(R6) , (5.111)

F3 = 1 , (5.112)

F4 = 1− 1

4
R4ρV 2 +O(R6) , (5.113)

N =
1

4
R3ρV +O(R5) , (5.114)

G1 = 1 +
3

8
R2ρ+

1

2
R4

(
9

64
ρ2 − 1

4
ρV 2

)
+O(R6) , (5.115)

G2 = −1

4
R3ρV +O(R5) , (5.116)

Φ = −1

8
R2ρ− 1

6
R4T tt +O(R6) . (5.117)

In order to find an interpolating solution we thus need to solve the equations of motion
of (5.28) in the F3 = 1 gauge such that near the horizon the solution looks like (5.90)–(5.97)
while near the boundary it looks like (5.110)–(5.117). It would be interesting to study the
interpolating solution numerically. For the purposes of this work we do not need this explicit
solution, but we will need to assume that it exists.

We also see from the asymptotic solution that even for V = 0 we still can turn on the ρ
deformation. Hence static Lifshitz black branes can have a nonzero mass density. Further
even though the full non-linear solution breaks rotational symmetries the near boundary
solution has an asymptotic Killing vector for rotations. Hence rotations are spontaneously
broken.

5.2.5 Thermodynamics
The most general Killing vector that (5.21) admits is of the form

KM = (∂t)
M +A1 (∂x)M +A2 (∂y)

M , (5.118)

where A1 and A2 are constants. The norm is given by

||K||2 = −F1

r4
+
F4

r2

(
N

r
+A2

)2

+A2
1

F3

r2
. (5.119)
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In order to find the generator of the horizon we demand that ||K||2 vanishes at R = Rh
which will be the case if and only if

A1 = 0 , A2 = −N(Rh)

Rh
. (5.120)

Hence the horizon generator which we will denote by XM is given by

XM = (∂t)
M − N(Rh)

Rh
(∂y)

M . (5.121)

We thus see that there is a chemical potential −N(Rh)/Rh associated with the motion in
the y-direction.

The metric and vector field expanded near the horizon read

ds2
4 = −ρ̃2dt̃2 + dρ̃2 +

1

R2
h

dx2 +
p0

R2
h

(
dy +

N(Rh)

Rh
dt

)2

, (5.122)

B =
1

2
g1

(
h1f

−1
1

)1/2
ρ̃2dt̃+

m0

Rh

(
dy +

N(Rh)

Rh
dt

)
, (5.123)

where we defined

ρ̃ = 2

(
R−Rh
h1Rh

)1/2

, (5.124)

t̃ =
1

2
(f1h1)1/2R−2

h t . (5.125)

We next ask which linear functions f(t, x, y) solve the equation XM∂Mf = 0. These are x
and y + N(Rh)

Rh
t. The metric induced on the common intersection of the hyperplanes x = cst

and y + N(Rh)
Rh

t = cst, after Wick rotating the time coordinate t = −itE , is called the bolt
and is given by

ds2|bolt =
F1

R4
dt2E +

dR2

F2R2
. (5.126)

We expand this metric around R = Rh with a periodic tE demanding the absence of conical
singularities. Because we are on the hyperplane y + N(Rh)

Rh
t = cst this forces us to also

Wick rotate y = −iyE and make it periodic as well in agreement with the interpretation of
−N(Rh)/Rh as a chemical potential. The inverse temperature is the periodicity of tE . The
temperature and entropy density are given by

T =
1

4πR2
h

(f1h1)1/2 , (5.127)

s = 4π
(p0)1/2

R2
h

, (5.128)

where we used units in which 16πGN = 1.
In the Wick rotated geometry tE and yE are periodic. The thermal cycle parametrized by

tE is contractible while the cycle parametrized by yE + N(Rh)
Rh

tE is non-contractible. Hence
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we can compute
∮
R=Rh

B where we integrate along the cycle parametrized by yE + N(Rh)
Rh

tE .
The result is ∮

R=Rh

B =
4πm0n0

(f1h1)1/2
. (5.129)

In general using our ansatz the massive vector field can be written as

BM = −R2G1

F1

(
(∂t)

M − N

R
(∂y)

M

)
+R

G2

F4
(∂y)

M . (5.130)

It thus follows that for m0 = 0 the massive vector field BM is proportional to the horizon
generator XM at R = Rh.

It can be shown by using the near horizon solution that the charges Qλ and Qµ (5.35)
and (5.36) are such that

Qλ −
3

2
Qµ = Ts . (5.131)

Using the asymptotic form of the solution (5.71)–(5.76) with (5.78) and (5.79) to compute
the left hand side of (5.131) we conclude that

E + P = Ts+
1

2
ρV 2 . (5.132)

The equations of state follows from (5.77)

P = E . (5.133)

We have thus been able to derive the thermodynamic relations without knowing the
full solution analytically using the Noether charges Qλ and Qµ. This is similar to what
has been done in [34, 35]. We will see further below that we can also derive the first law
of thermodynamics without having full analytic control of the solution. All that we need
to know is the near horizon expansion, the near boundary expansion and the existence of
an interpolating solution. The latter we assume to be the case. It would be interesting to
provide numerical evidence for the interpolating solution.

5.2.6 Charges
The goal of this subsection is to find an alternative derivation of (5.132) which can be
thought of as an integral form in terms of the renormalized on-shell action and certain
horizon charges. The second goal is to find additional relations between near boundary and
near horizon quantities. In particular we will show that the velocity V y = V is equal to the
chemical potential −N(Rh)/Rh.

In order to define the black brane charges we use the boundary diffeomorphism Ward
identity which on a flat TNC geometry reads (4.275). Given a boundary Killing vector Kµ

in the sense that
LKτµ = 0 , LK h̄µν = 0 , LKΦ̃ = 0 , (5.134)

it can be shown (see [112, 110]) that we find the conserved current

∂µ (KνTµν) = 0 . (5.135)
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The conserved charge associated with the boundary Killing vector Kµ is thus

QK = −
∫
t=cst

dxdyKνT tν . (5.136)

For our case the integrand is independent of x and y and so it is better to consider the
charge per unit boundary volume. We will often write

∫
t=cst dxdy as a formal integral that

we never really perform. We can always divide the charges by it. We will assume that Kµ is
the µ component of a bulk Killing vector KM .

Using the definitions of the vevs in (4.231), (4.232) and (4.244), (4.245)13, as well as the
boundary energy-momentum tensor in (4.260) and (4.273) we find that

T tν = − lim
r→0

r−2
(
TµνE

ν
0 + T ρE0

ρBµ
)
. (5.137)

Using (4.224) and (4.226) we find that for purely radial solutions (no dependence on boundary
coordinates)

TµνE
ν
0 + T ρE0

ρBµ =
1√
−h
Los

bdryE
0
µ + 2KµνE

ν
0 + e3ΦnMEν0FMνBµ , (5.138)

where Los
bdry is the on-shell value of the counterterm Lagrangian (4.216) including the

Gibbons–Hawking boundary term, i.e.

Los
bdry =

√
−h
(

2K − 5e−Φ/2 + eΦ/2BρB
ρ
)
. (5.139)

The extrinsic curvatureK = hµνKµν whereKµν is the µν component ofKMN = −1
2LnhMN =

∇MnN −nMnK∇KnN with the unit normal vector nM given by nM = −(grr)−1/2δrM . Since
the Killing vector KM is a boundary Killing vector we have KMnM = 0. Further we employ
a radial gauge choice such that EM0 nM = 0. Using these results we can write

QK =

∫
t=cst

dxdy lim
r→0

r−2

(
1√
−h
Los

bdryK
ME0

M + nMEN0ZNM

)
, (5.140)

where ZNM = −ZMN
14 is given by

ZNM = 2∇NKM + e3ΦFNMK
PBP . (5.141)

The integrand is over a t = cst hypersurface. Its timelike unit normal is given by

uM = UδtM , U = r−2

(
1 +

1

16
r2ρ+ r4

(
−1

6
T tt +

5

2

1

256
ρ2

)
+O(r6)

)
, (5.142)

where we used the boundary expansions of section 5.2.2. It can be shown using these same
expansions that

U t = Et0 +O(r8) , U i = O(r4) , (5.143)

13The quantity α(0) defined in (4.250) equals unity because for our solutions Φ = O(r2) so that φ = 0 as
follows from (4.240).

14The antisymmetry follows from the fact that KM is also assumed to be a bulk Killing vector.
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where Et0 = U−1 + O(r8). We also have that Ei0 = O(r4). Using these results together
with the near boundary expansion of ZNM it can be proven that we can replace EN0 by uN

everywhere in the integrand of QK , i.e. we can write

QK =

∫
t=cst

dxdy lim
r→0

r−2

(
1√
−h
Los

bdryK
MuM + nMuNZNM

)
. (5.144)

Let us define the projector PNM = δNM+uMu
N which projects onto the t = cst hypersurface

whose metric we will denote by HIJ , i.e. using the ADM decomposition we obtain

ds2 = −U2dt2 +HIJ

(
dxI + uIdt

) (
dxJ + uJdt

)
. (5.145)

Let us furthermore define ZM = uNZNM . We can derive the following identity

PNM∇NZM =
1√
−H

∂I

(√
HZI

)
. (5.146)

Hence it follows that∫
t=cst

d3x
√
HPNM∇NZM =

∫
t=cst

dxdy

∫ Rh

ε
dR∂R

(√
HZR

)
, (5.147)

where we used the radial R coordinate of section 5.2.4, i.e. the F3 = 1 gauge, with a cut-off
boundary at R = ε and the horizon at R = Rh. The integration measure in terms of the
ansatz functions can be written as

√
H = r−3F

−1/2
2 F

1/2
4 . (5.148)

It follows that∫
t=cst

d3x
√
HPNM∇NZM =

∫
t=cst

dxdyR−2nMZ
M |R=ε

+

∫
t=cst

dxdyR−3F
−1/2
2 F

1/2
4 ZR|R=Rh . (5.149)

We conclude that the charge QK can be written as

QK =

∫
t=cst

dxdyR−2 1√
−h
Los

bdryK
MUM |R=ε +

∫
t=cst

dxdy

∫ Rh

ε
dR
√
HPNM∇NZM

+

∫
t=cst

dxdyR−2F
1/2
4 XNY PZNP |R=Rh , (5.150)

where we send ε to zero. In the horizon integral XP is the horizon generator (5.121) and
Y N is given by (in the EF coordinates of (5.26) with F3 = 1)

Y N = R3

(
F2

F1

)1/2

δNR . (5.151)

The vector Y is a null vector that satisfies X · Y = −1 at the horizon.
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Using the equations of motion (5.4)–(5.6) with (5.17) as well as the fact that the Killing
vector K is a symmetry of the matter fields which means that

LKBM = 0 , LKΦ = 0 , (5.152)

it can be shown that
PNM∇NZM =

1√
−g
Los

bulkK
MuM . (5.153)

The charge can now be written as

QK = KtTSos
E +

∫
t=cst

d2x
√
σXNY PZNP |R=Rh , (5.154)

where we used that KMuM = KtU with
√
−g = U

√
H and where we defined

√
σ = F

1/2
4 R−2

which is the determinant of the metric on the t = cst and R = cst submanifold. In this
expression for the charge Sos

E is the Euclidean on-shell action, i.e.

TSos
E = lim

ε→0

[∫ Rh

ε
dR

∫
t=cst

d2xLos
bulk +

∫
t=cst

d2xLos
bdry|R=ε

]
. (5.155)

Equation (5.154) is the result we were looking for. It expresses the asymptotic charge
associated with the Killing vector KM in terms of a horizon integral and the Euclidean
on-shell action.

This result can be used to compute the charges associated with the Killing vectors ∂t
and ∂y twice, once near the boundary using (5.136) and once at the horizon using (5.154).
Near the boundary we find

Q∂t = −
∫
t=cst

dxdyT tt =

∫
t=cst

dxdy

(
E +

1

2
ρV 2

)
, (5.156)

Q∂y = −
∫
t=cst

dxdyT ty = −
∫
t=cst

dxdyρV . (5.157)

Using (5.154) we can derive the following relation

Q∂t − TSos
E = T

∫
t=cst

dxdys− N(Rh)

Rh
Q∂y , (5.158)

where we used (5.127) and (5.128).
The momentum Q∂y can be written in terms the Noether charge Qµ defined in (5.36)

via
N(Rh)

Rh
Q∂y =

∫
t=cst

dxdyQµ . (5.159)

This can be proven by computing the left and right hand side at the horizon where for the
left hand side we use the integral form given in (5.154). The Noether charge Qµ can also
be computed near the boundary where it gives Qµ = ρV 2. Hence with (5.157) we conclude
that

N(Rh)

Rh
= −V y = −V , (5.160)
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i.e. the chemical potential is the velocity of the fluid. From this and (5.158) it follows that
the Euclidean on-shell action relates to the pressure as follows

TSos
E = −

∫
t=cst

dxdyP . (5.161)

We believe that similar arguments allow one to derive the first law of thermodynamics
for these Lifshitz holographic fluids. For example using arguments similar to those of [151]
that do not require an explicit knowledge of the interpolating solution. However there are
quite compelling arguments that fix the first law in a more straightforward manner so we
will refrain from using a more general approach. One of these arguments uses the Ward
identities of the dual holographic fluid and the existence of an entropy current. This will
be discussed in the next section. The other argument results from the assumption that
the pressure only depends on temperature and chemical potential. Given, say, a numerical
solution this could be tested by evaluating (5.161). For us this is a rather minor assumption
because it is essentially assuming that a solution with a horizon generated by XM exists. If
we assume that P = P (T, V 2) we can vary it and use (5.132) to derive(

∂P

∂T

)
V 2

= s ,

(
∂P

∂V 2

)
T

=
1

2
ρ , δE = Tδs+

1

2
V 2δρ , (5.162)

where the latter relation is the first law for our holographic Lifshitz perfect fluid. More will
be said about this in the next section.

5.3 Lifshitz perfect fluids

This section is independent from holography and derives the Lifshitz perfect fluid from
dimensional reduction. In appendix 4.2.5 we have discussed the null reduction of a relativistic
perfect fluid. This gives rise to a Galilean perfect fluid. If furthermore the relativistic fluid
is scale invariant, i.e. conformal, the lower-dimensional Galilean perfect fluid has a z = 2
Schrödinger invariance. The z = 2 Schrödinger algebra contains the z = 2 Lifshitz algebra
as a subalgebra. Hence a Lifshitz invariant system can be obtained by starting with a
Schrödinger invariant system and breaking the generators that are part of the Schrödinger
algebra but not of the Lifshitz algebra. One of these symmetries is particle number N . By
breaking N explicitly the z = 2 Schrödinger algebra reduces to the z = 2 Lifshitz algebra15.
This is precisely what our holographic model for Lifshitz invariant field theories does.

We have shown that the 4-dimensional bulk theory follows from Scherk–Schwarz reduction
of a 5-dimensional AdS-gravity model coupled to a scalar field. This scalar field leads to
an additional source in the dual field theory and the corresponding diffeomorphism Ward
identity, as derived in section 4.4.2, reads

∇AtAB = −〈Oψ〉∂Bψ . (5.163)

15In the Schrödinger algebra the commutator between Galilean boosts Gi and momenta Pi reads [Pi , Gj ] =
δijN so by breaking N keeping Pi intact we break Gi. Further special conformal symmetries K in the
Schrödinger algebra satisfy the commutation relation [K ,Pi] = −Gi so that breaking Gi leads to broken
K symmetries. Hence by breaking N we loose the Gi and K generators as well and we are left with the
Lifshitz algebra.
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Here we will be interested in flat space only so the left hand side is simply ∇AtAB = ∂At
A
B .

The Scherk–Schwarz reduction tells us that

ψ = 2u− 2χ , (5.164)

〈Oψ〉 = −1

2
〈Oχ〉 , (5.165)

where χ and 〈Oχ〉 are independent of u. If we now set the 4-dimensional scalar source χ = 0
we obtain the 4-dimensional Ward identities (see also (4.275) and (4.276))

∂µT
µ
ν = 0 , (5.166)

∂µT
µ = 〈Oχ〉 , (5.167)

where we used (4.131) and (4.132). We thus see that the mass current Tµ is not conserved
due to the presence of 〈Oχ〉. The z = 2 scale Ward identity follows from (4.135) with tAA = 0
which for the case of a flat TNC space-time (5.45) reads

2T tt + T ii = 0 . (5.168)

The null reduction also implies the identities (4.123) and (4.124) which on a flat TNC
space-time read

T ti = T i , T ij = T j i . (5.169)

The null reduction in the presence of the scalar source ψ as written in (5.163)–(5.165)
gives rise to a system that breaks Galilean boost symmetries and particle number. This is
due to the fact the ψ in (5.164) breaks these symmetries. What we are left with is a z = 2
Lifshitz invariant system in one dimension lower.

We will now apply the Lifshitz Ward identities (5.166)–(5.169) to the case of a d = z = 2
perfect fluid where E = P and V i are functions of t, xi. It has been shown that the form of
Tµν and Tµ for the null reduction of a relativistic perfect fluid take the form (4.153) and
(4.154). We now consider the fluid equations as follows from the Ward identities and demand
that there exists a conserved entropy current. The latter requirement will tell us what the
thermodynamic relations for a Lifshitz perfect fluid are.

On flat TNC space-time the form of the fluid energy-momentum tensor and mass current
for a perfect fluid are given by (5.78) and (5.79). The fluid equations are thus given by the
Ward identities which read16

0 = ∂t

(
E +

1

2
ρV 2

)
+ ∂i

((
E + P +

1

2
ρV 2

)
V i

)
, (5.170)

0 = ∂t (ρVi) + ∂i

(
Pδji + ρV jVi

)
, (5.171)

〈Oχ〉 = ∂tρ+ ∂i (ρVi) . (5.172)

These equations can be used to rewrite the equation for energy conservation (5.170) as

∂tE + V i∂iE +

(
E + P − 1

2
ρV 2

)
∂iV

i − 1

2
V 2
(
∂tρ+ V i∂iρ

)
= 0 . (5.173)

16If in the holographic setup we would make the fluid variables functions of the boundary coordinates
we would have to correct the energy-momentum tensor by derivatives of the fluid variables. The Einstein
equations will then lead to Ward identities for this corrected boundary energy-momentum tensor. At leading
order in derivatives it will however reduce to the Ward identiites for a perfect fluid.
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This gives rise to an equation for conservation of entropy,

∂ts+ ∂i
(
sV i

)
= 0 , (5.174)

provided we take

E + P = Ts+
1

2
ρV 2 , (5.175)

δE = Tδs+
1

2
V 2δρ . (5.176)

These two equations together with the equation of state P = E (that follows from (5.168))
describe the thermodynamic properties of a Lifshitz invariant system obtained by breaking
particle number symmetries. What we see here is a realization of a Lifshitz perfect fluid
where the velocity or rather, due to rotational symmetries, V 2, plays the role of a chemical
potential.17 The thermodynamically conjugate variable is the mass density ρ. From the first
law (5.176) it follows that

δP = sδT +
1

2
ρδV 2 , (5.177)

so that pressure is a function of T and the chemical potential V 2.
We see here that the way in which we realize Lifshitz hydrodynamics is quite different from

what has been discussed in [127]. The approach in [127] is to start with a z = 1 relativistic
perfect fluid and to break Lorentz symmetries by adding higher derivative interactions that
break the symmetry of the energy-momentum tensor. One can then take a non-relativistic
limit to obtain system with z 6= 1 that break Galilean boost symmetries. This leads to a
model where Galilean boosts are broken at higher orders in a derivative expansion. On
the other hand here we realize Lifshitz symmetries by breaking particle number and hence
Galilean boosts already at the perfect fluid level. In [37] we will present more examples of
Lifshitz hydrodynamics from a field theory perspective.

As a final comment we note that in order to solve the d+ 2 equations (5.170)–(5.172) we
need to know what 〈Oχ〉 is in terms of the fluid variables ρ, V i and E . Explicit examples
will be given in [37].

17A similar extension of the first law of thermodynamics involving a fluid with boost momentum was seen
in Ref. [11] in the proposed effective theory for the dynamics of helicoidal black p-branes using the blackfold
construction [87, 84].





6. Conclusions and Outlooks

In this thesis we discussed mainly two different directions in which higher dimensional gravity
is important. The first was about the blackfold approach. In this framework, novel blackfold
solutions were discussed. In particular chapter 2 was about finding novel charged blackfold
solutions in different backgrounds, giving a physical interpretation to the gravitational
tension, and showing that the definitions of pressure and volume previously given for black
holes in AdS space do not have the same physical meaning in different backgrounds, and their
role could be played by the gravitational tension. Chapter 3 instead was about studying novel
blackfold solution with charge and intrinsic spin placed in different background, computing
also their magnetic moment and their gyromagnetic ratio. The second part of the thesis
was then devoted to Lifshitz Holography. In particular chapter 5 was about studying the
Lifshitz/TNC correspondence, previously discovered in the literature, in a fluid/gravity
regime. It has been discovered that there is a new class of Lifshitz perfect fluids in which
Galilean boosts are broken at the perfect fluid level, and the holographic dual description
was realized by a moving black brane solution of the EPD model.

There are still some open problems and follow up projects which would be interesting to
pursue. Some fo these projects are work in progress.

6.1 Outlook for the blackfold project

In this paper we have shown that there is an infinite set of conjugate thermodynamic variables
(Bk,Lk) that can be introduced in order to describe the modifications in the first law (2.1)
due to variations of external gravitational fields. We have argued that the most natural
quantity that describes these variations is the gravitational tension (or gravitational binding
energy) that describes the extra energy associated to a black hole due to the presence of
surrounding gravitational fields. We have furthermore argued that the popular choice of
black hole volume and spacetime pressure used to describe such variations in AdS spacetimes
is not the most natural one and leads to non-universal results in the flat spacetime limit.

In order to reach these conclusions we have proposed in Sec. 2.1 that modifications to
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(2.1) should satisfy four different properties. We could, in principle, not demand property (4),
namely, the existence of a universal result when the external gravitational field is removed.
Imposing it, selects the introduction of gravitational tension instead of black hole volume to
describe the modifications of (2.1), namely, via (2.10). Not imposing it, would in principle
render any of the choices of k in (2.4) as good as any other. However, we must also recall
property (1), which requires the existence of a geometrical interpretation. Since we have
shown that the notion of black hole volume can be defined in spacetimes which are solutions
of the vacuum Einstein equations, then the geometrical interpretation in terms of Killing
potentials [137] does not hold. On the other hand, there is a well-defined prescription for
evaluating the gravitational tension, following [105], that works for arbitrary black hole
spacetimes, at least when there are periodic or non-compact horizon directions or whenever
the black hole admits a blackfold regime. In order to complete this picture, we would need
generalise the prescription of [105] to black holes which do not admit a blackfold regime.
This interesting task we leave for future work.

Furthermore, when considering complete UV theories of gravity, we must in fact add an
extra property, namely, (5) the existence of a microscopic description. As it is well known,
the entropy of black holes has played a central role in developing and testing theories of
quantum gravity. In particular, it has led to the celebrated holographic principle [122, 167]
as embodied in the AdS/CFT correspondence [2]. The existence of a macroscopic entropy
poses the challenge of a microscopic explanation, and one of the successes of string theory
has been to provide this for classes of supersymmetric black holes [166]. Similarly, one
may expect that such microscopic description should also exist for the quantities describing
variations in the gravitational field. In the particular case of AdS, recent work [136] has
given a possible CFT interpretation of black hole volume. However, we think that a similar
interpretation could be given for gravitational tension and this research direction would be
very interesting to pursue.

Finally, we note that we have constructed novel perturbative black hole solutions in
AdS, plane wave and Lifshitz spacetimes. In particular we constructed the analogue of the
higher-dimensional Kerr-Newman solution in AdS and we gave the first example of a class of
black hole solutions in Lifshitz spacetimes with non-trivial horizon topology. These solutions
were found using the blackfold approach and their consequences for the universality of black
hole volume in the flat spacetime limit were studied. This exercise is yet another illustration
of how the blackfold approach can be used in a very simple way to study interesting properties
of higher-dimensional black holes.

In connection with the novel Lifshitz solutions that we have obtained, we note that since
Lifshitz spacetimes play a role in holography for field theory systems with anisotropic scaling
between time and space [135, 170], it would be interesting to generalise the perturbative
Lifshitz solutions of this paper in order to include charge. In particular, an interesting
family would be the analogue of the Kerr-Newman solutions of Secs. 2.4.2, 2.4.3 in Lifshitz
spacetimes. These would be the rotating versions of the black holes constructed in [168].
Since for these solutions the Lifshitz vacuum is supported by non-trivial matter fields, this
would require the use of the generalisation of the blackfold equations of motion to such
backgrounds [19].

We also briefly mention a number of more general settings in which it would be interesting
to examine the gravitational tension perspective proposed in this paper. These include
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Taub-NUT spacetimes1, KK bubbles [177] and the more general sequences of bubbles and
holes (see e.g. [72]), other limits of the black saturn configuration, black holes in flux
bagrounds, and high-derivative gravity theories.2

6.2 Discussion and Outlook for the Lifshitz Hydrodynamics project
We have shown that there is a new class of Lifshitz perfect fluids in which Galilean boosts
are broken at the perfect fluid level. The holographic dual description is realized by a moving
black brane solution of the EPD model. The motion of the black brane is not obtained by
applying a boost transformation to a static black brane but follows from constructing a new
class of solutions corresponding to Lifshitz black branes with linear momentum. From the
dual field theory point of view the boundary fluid can be obtained by a twisted null reduction
of relativistic fluid in the background of a free scalar source that depends linearly on the
null circle. From the lower-dimensional point of view this corresponds to a Schrödinger fluid
with broken particle number symmetry.

In this work we restricted our attention to a specific EPD model for which we obtained the
counterterms and near boundary expansion by dimensional reduction from AdS holography
coupled to a free real scalar. In order to consider similar solutions of other EPD models we
need to be able to write down the counterterms and near boundary expansions for general
EPD models. Despite a lot of effort the situation is presently still not fully understood.
There are different proposals [52, 53] and [111, 110] (see [160, 22] for earlier work) that
share certain similarilties but that also have some differences. A comparison between [52,
53] and [111, 110] is made in appendix 4.4.6. We believe that more work needs to be done
before we can state what the near boundary expansion and counterterms are for a given
EPD model in the general class that admits Lifshitz solutions. This general analysis includes
asymptotically Lifshitz solutions with hyperscaling violation exponent θ and the charge
hyperscaling violation exponent introduced in [92, 96].

A special subset of the EPD models are those for which W = 0 so that the bulk vector
field becomes a Maxwell gauge potential with a U(1) gauge symmetry. It has been shown in
[138] that the corresponding global U(1) symmetry in the boundary theory leads to mass
conservation. For the EMD model we know the black brane solutions that are dual to perfect
fluids analytically [170, 51]. For the solutions of the EPD models with W 6= 0 we only know
the solution near the boundary and near the horizon but we do not know that interpolating
solution. Hence we have to resort to arguments based on the existence of conserved Noether
charges that are a consequence of various ansatz symmetries that allows one to relate near
boundary and near horizon properties of the solution as was done in [34, 35]. Here we
followed a similar approach and we added to this various integral forms of the asymptotic
charges related to the existence of Killing vectors. It would be interesting to see how far
one can push this kind of analysis beyond the perfect fluid level. In other words it is worth
exploring if it possible to construct bulk solutions in which the fluid variables such as the
temperature and velocity become slowly varying functions of the boundary coordinates in
such a way that we can extract all the relevant boundary properties from the near horizon
and near boundary features. Further, it would be nice to have numerical confirmation about
the interpolating solution we have assumed to exist.

1Black hole volume and spacetime pressure have been considered for such spacetimes in e.g. [133].
2See e.g. [40] for RN-RN-AdS black holes in Gauss-Bonnet gravity.
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We also remark that it would be interesting to study the role of charge in the boundary
Lifshitz hydrodynamics by adding additional U(1) vector gauge fields to the bulk description
like in [168]. For this the recent results in [91] on non-relativistic electrodynamics coupled to
TNC could be relevant.

Finally, another interesting direction to pursue is to use Horava-Lifshitz gravity theories as
bulk theories in holography [97, 130] and examine the connection with Lifshitz hydrodynamics
[71, 60]. It would be worthwhile to pursue this further in the light of the results of this paper.
In particular in connection to dynamical NC geometry [114] and the finite temperature states
in the 3-dimensional Chern-Simons Schrödinger gravity found in [113].



A. Blackfolds Thermodynamics

A.1 Electrically charged odd-spheres in flat background

The thermodynamic properties of the configurations found in Sec. 1.5.1 can be easily obtained
from (2.42) using formulae (2.37) and (1.77), and written in terms of r0, α. These read
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Ω(n+1)V(p)
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(A.1)

while the temperature T and chemical potential ΦH are given in terms of r0, R, α via the
expressions
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(A.2)
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A.2 Uncharged odd-spheres in (A)ds background

The thermodynamic properties of the configurations found in Sec. 1.5.2 can be easily obtained
from (2.42) using formulae (2.37) and (1.77), and written in terms of r0, R. These read
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(A.3)

while the temperature T is given in terms of r0, R via the expressions

T =
n

4πr0

√
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R2 (n+ p+ 1) + n+ p
, (A.4)

Moreover using (1.43) it is possible to compute the tension of the blackfold and the result is
the following
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16πG
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With this tension and the previous thermodynamics the Smarr relation (1.44) is satisfied.

A.3 Black odd-spheres with string dipole in flat space

In terms of the parameters r0, α, the thermodynamics quantities associated with the pertur-
bative solution of Sec. A.10 are
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while the temperature and chemical potential read
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A.4 Black discs in flat background

For these black holes found in Sec. 1.5.4, the thermodynamic properties can be extracted
from (2.53) and read
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The mass of the black hole can be readily obtained using (2.38) together with the free energy
(2.53) and the above quantities.

A.5 Electrically charged black odd-spheres in (A)dS

The thermodynamic properties of the configurations found in Sec. 2.4.2 can be easily obtained
from (2.42) using formulae (2.37),(2.38) and written in terms of r0, R, α. These read
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where g(α) = sinhα coshα while the temperature T and chemical potential ΦH are given in
terms of r0, R, α via the expressions

T =
n

4πr0

√
n (R2 + 1)

(
N sinh2 α+ 1

)
R2
(
nN sinh2 α+ n+ p+ 1

)
+ nN sinh2 α+ n+ p

,

ΦH = tanhα

√
n (R2 + 1)

(
N sinh2 α+ 1

)
R2
(
nN sinh2 α+ n+ p+ 1

)
+ nN sinh2 α+ n+ p

.

(A.10)



134 Chapter A. Blackfolds Thermodynamics

A.6 Black discs in (A)dS: analogue of Kerr-Newmann black holes

For these black holes found in Sec. 2.4.2, the thermodynamic properties can be extracted
from (2.53) and read
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The mass of the black hole can be readily obtained using (2.38) together with the free energy
(2.53) and the above quantities.

A.7 Electrically charged black discs in plane wave background

Here we collect the thermodynamic properties of the configurations of Sec. 2.4.3. These are
given by
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A.8 Black odd-spheres in Lifshitz background

The thermodynamic properties of the Lifshitz black holes found in Sec. 2.4.4 are given by
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where we have assumed that (2.69) holds and where β and r0 are given by (2.65) and (2.68)
respectively.

A.9 Black odd-spheres in Schwarzschild background

In this section we collect the conserved charges for the black odd-spheres constructed in
Sec. 2.5.1. These are given by
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while the mass was given in (2.76). Also the horizon radius and the chemical potential are
given by

T =
n

4πr0 coshN α

√√√√√n
(

1− R̃n+p
)(

(n+ p+ 2)R̃n+p − 2
) (
N sinh2 α+ 1

)
2nN sinh2 α

(
R̃n+p − 1

)
+ (n+ p)

(
R̃n+p − 2

) , (A.15)

ΦH =
√
nN tanh(α)

√√√√√n
(

1− R̃n+p
)(

(n+ p+ 2)R̃n+p − 2
) (
N sinh2 α+ 1

)
2nN sinh2 α

(
R̃n+p − 1

)
+ (n+ p)

(
R̃n+p − 2

) .(A.16)
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Since we will need to compare this with the black saturn solution in App. A.12 it is convenient
to provide these thermodynamic properties in the uncharged limit. In this case we have

M =
Ω(n+1)V(p)

8πG
rn0 (1− R̃n+p)3/2 (n+ p+ 1)

2− R̃n+p(n+ p+ 2)
,

J =
Ω(n+1)V(p)

16πG
rn0
R
√
R̃n+p(n(n+ p+ 1)− p) + 2p

2− R̃n+p(n+ p+ 2)

√
(n+ p) (2− R̃n+p) ,

S =n
Ω(n+1)V(p)

16πTG
rn0 (1− R̃n+p)1/2 ,

T =
n

4πr0

√√√√√n
(

1− R̃n+p
)(

(n+ p+ 2)R̃n+p − 2
)

(n+ p)
(
R̃n+p − 2

) ,

Ω2R2 =

(
R̃n+p − 1

)(
R̃n+p (n(n+ p+ 1)− p) + 2p

)
(

(n+ p)
(
R̃n+p − 2

)) ,

T =−
Ω(n+1)V(p)r

n
0

16πG
R̃n+p

√
1− R̃n+p

(n+ p) (n+ p+ 1)

2− R̃n+p(n+ p+ 2)
.

(A.17)

A.10 Black odd-spheres with string dipole

In this appendix we consider a related configuration to the one studied in Sec.2.4.2 where
instead of an electric charge, the black hole has a string dipole charge. The geometry is still
characterised by (2.41) and the free energy (2.42), but it must be supplemented with the
polarisation vector [43],

va∂a =
γ

R

[(p+1)/2]∑
â=1

∂φâ + ΩR2∂τ

 , γ =
1√

1− Ω2R2
. (A.18)

Using the free energy (2.42) where now the dependence of α on R is different than in the
previous case, we obtain the equilibrium condition

Ω2R2 = (1 + R2)
R2
(
n+ p+ 1 + 2nN sinh2 α

)
+ p+ nN sinh2 α

R2
(
n+ p+ 1 + 2nN sinh2 α

)
+ n+ p+ nN sinh2 α

. (A.19)

Again, in the flat space limit, this reduces to the result obtained in [43]. A discussion of the
different limits and static cases follows similarly to the previous section. Furthermore, we
obtain the tension

T̂ = −
V(p)Ω(n+1)

16πG
rn0R

2
√

1 + R2
(
2nN sinh2 α+ n+ p+ 1

)
. (A.20)
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The thermodynamic properties can be easily obtained. In terms of the parameters r0,R, α,
these read

M =
Ω(n+1)V(p)

16πG
rn0
(
1 + R2

)3/2 (
2nN sinh2 α+ n+ p+ 1

)
,

J =
Ω(n+1)V(p)

16πG
rn0R

√(
R2(2nN sinh2 α+ n+ p+ 1) + p

)
n

×

√(
(2nN sinh2 α+ n+ p+ 1)(1 + R2) + R2

)
n

,

S =
Ω(n+1)V(p)

4G
rn+1

0 coshN α

√
R2
(
2nN sinh2 α+ n+ p+ 1

)
+ nN sinh2 α+ n+ p

n
,

Q =
Ω(n+1)V(p)

32π2RG
rn0n
√
N sinhα coshα ,

(A.21)

while the temperature and chemical potential are given by

T =
n3/2

4πr0 coshN α

√
R2 + 1

n
(
N (2R2 + 1) sinh2 α+ R2 + 1

)
+ (p+ 1)R2 + p

,

ΦH = 2πR
√
N
√

1 + R2 tanhα .

(A.22)

A.11 Disc with low intrinsic spin in AdS global background

From the free energy functional we are able to compute all the thermodynamics, at leading
order in ω.

M =
Ω(n+1)

8G

r̃0

ξ2Ω2(n+ 2)

[
2− 2Φ2

H + ξ
(
1 + n+ Φ2

H

)]
(A.23)

JΩ =
Ω(n+1)

4G

r̃0(ξ − 1)
(
1− Φ2

H

)
ξ2Ω3(n+ 2)

(A.24)

S =
Ω(n+1)

8GT

nr̃0

(
1− Φ2

H

)
ξΩ2(n+ 2)

(A.25)

Q =
Ω(n+1)

8G

r̃0ΦH

ξΩ2
(A.26)

Jω =
Ω(n+1)

8G

n2ωr̃0

(
1− Φ2

H

)3/2
ξΩ2(n+ 3)

2F1

(
1

2
, 1;

n+ 5

2
; 1− φ2

)
(A.27)

A.12 The blackfold limit of the static black saturn

In this section we take the blackfold limit of the black saturn solution of [74] for which the
spherical black hole in the centre is static and compare this with the results of Sec. 2.5.1.

We are interred in the case for which the angular momentum of the black hole in the
middle vanishes. Following the notation of [74], this means that JBH = 0 which in practice
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amounts to set the constant c̄2 = 0. In this case we have the following thermodynamic
properties for the black ring surrounding the black hole

MBR =
3πL2

4G
k2 , JBR =

πL3

G

√
k3k2

2k1
, ΩBR =

1

L

√
k1k3

2k2
, (A.28)

TBR =
1

2πL

√
k1(1− k3)(k1 − k3)

2k2(k2 − k3)
, SBR =

L3π2

G

√
2k2(k2 − k3)3

k1(k1 − k3)(1− k3)
. (A.29)

It is also important to take a look at the mass of the black hole in the centre. This is given
by

MBH =
3πL2

4G
(1− k1) . (A.30)

The constants k1, k2, k3 are related to the rod intervals of the seed structure used in [74] in
order to obtain the solution. These are required to satisfy

0 ≤ k3 < k2 < k1 ≤ 1 , (A.31)

but only two of them are independent. The balancing condition, in order to avoid conical
singularities, fixes one of them in terms of the others . This condition reads

(k1 − k2) =
√
k1(1− k2)(1− k3)(k1 − k3) , (A.32)

and has two solutions but only one satisfies (A.31), which reads

k3 =
1

2


√
−k1(k2 − 1)

(
−k1((k1 − 2)k1 + 9)k2 + k1(k1 + 1)2 + 4k2

2

)
k1(k2 − 1)

+ k1 + 1

 . (A.33)

Limits
From the mass of the middle black hole (A.30), we see that the limit in which we recover the
black ring, and hence the middle black hole disappears, is the limit for which k1 = 1. It is
indeed useful to consider the reparametrization k1 = 1− β where now the black ring limit is
achieved when β = 0. An expansion in powers of β is thus a weak background gravitational
field expansion which can be thought of an expansion in powers of β/L where β is related to
the middle black hole horizon and L is the radius of the black ring. Here we fix the radius L
which formally can be set equal to one.

Furthermore, we wish to know the limit in which the black ring is ultraspinning and
hence becomes effectively thin. Since we have fixed the radius L, this limit is achieved by
sending k2 → 0 for which the black ring mass (A.28) is small and hence we have an expansion
of the form k2/L where k2 is proportional to the black ring horizon radius.

Therefore, to first order β and to leading order in k2 we find the following thermodynamic
expressions

ΩBR =
1

2L

(
1 +

1

4
β

)
+O(β2, k2) , JBR =

L3πk2

2G

(
1 +

5

4
β

)
+O(β2, k2

2) , (A.34)
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TBR =
1

2πLk2

(
1− 1

4
β

)
+O(β2, 1) , SBR =

L3π2k2
2

2G

(
1− 5

4
β

)
+O(β2, k4

2) . (A.35)

Furthermore, note that MBR does not get corrected with these expansions, neither does
MBH . To all orders in this expansion, they are given by

MBR =
3πL2

4G
k2 , MBH =

3πL2

4G
β . (A.36)

If we set β = 0 in these expressions we recover the thermodynamics of 5D ultraspinning black
rings. Here we have performed a weak-field expansion in order to gain intuition regarding
ultraspinning regimes of the black saturn. However, this is not necessary. To all orders in β
and to first order in k2 we obtain

ΩBR =
1√
2L

√
1− β2

2− β
, JBR =

L3πk2√
2G

√
1 + β

2− 3β + β2
, (A.37)

TBR =
1

2Lπk2

√
(2− β)(1− β)2

2− 4β
, SBR =

√
2L3π2k2

2

(1− β)G

√
(1− 2β)3

(2− β)3
. (A.38)

Comparison with the blackfold construction
We now compare this analytic solution with the construction of Sec. 2.5.1. Using the
thermodynamic charges obtained in (A.17) and taking the particular values D = 5, p =
1, n = 1 we find

Ω =
1

R

√
1− R̃4

2− R̃2
, J =

πR2r0

2G

√
2 + R̃2 − R̃4

1− 2R̃2
, (A.39)

T =
1

4πr0

√
1− 3R̃2 + 2R̃4

2− R̃2
, S =

2π2Rr2
0

G

√
2− R̃2

1− 2R̃2
. (A.40)

If we now compare the angular velocity Ω given in (A.39) with the analytic solution ΩBR in
(A.37) we find that we must have

R =
√

2L , R̃2 = β . (A.41)

Furthermore, comparing the temperature T in (A.40) with TBR in (A.38) we find that we
must have

r0 =
Lk2√

2

√
(1− 3R̃2 + 2R̃4)(1− 2R̃2)

(2− R̃2)2(1− R̃2)2
. (A.42)

Indeed, this identification is enough to match both the entropy and the angular momentum
of the analytic solution with the blackfold approach. As for the mass, we refer to the
discussion at the end of Sec. 2.5.1, in which we have noted that the mass of the blackfold
construction does not match the mass of the analytic solution MBR. Instead we find that,
in the particular case of D = 5, we have an agreement by subtracting an appropriate factor
of the tension, namely,

MBR = M − 1

2
T . (A.43)
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